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Decomposition numbers for Rouquier blocks of
Ariki-Koike algebras I

Sinéad Lyle

Abstract. Let # = H#, ,(q, Q) denote an Ariki-Koike algebra over a field of characteristic
p > 0. For each r-multipartition A of n, there exists a J-module S 4 and for each Kleshchev
r-multipartition g of n, there exists an irreducible #-module D#. Given a multipartition A and
a Kleshchev multipartition u both lying in a Rouquier block such that A and g have the same
multicore, we give a closed formula for the graded decomposition number [S#4: D#], when
p = 0 or when each component of p has fewer than p removable e-rim hooks.

1. Introduction

Let # = H#,,(q, Q) denote an Ariki—Koike algebra. These algebras were introduced
by Ariki and Koike [2] as a simultaneous generalization of the Hecke algebras of
type A, when r = 1 and type B, when r = 2. In a natural generalization of the
combinatorics which appear in the type A case, there is a class of important -
modules, called Specht modules, which are indexed by the set of r-multipartitions
of n. When K is semisimple, these Specht modules form a complete set of non-iso-
morphic irreducible J-modules; otherwise, the simple modules appear as the heads
of a subset of the Specht modules.

One of the most important open problems in the representation theory of the
Ariki-Koike algebras is to determine the multiplicity [S* : D#] of a simple mod-
ule D* as a composition factor of a Specht module S*; it also seems to be a very
difficult problem. Even when r = 1, there are very few cases where there is a closed
formula for these decomposition numbers. However when r = 1, the decomposition
numbers are known for certain blocks called Rouquier blocks or RoCK blocks.

The Rouquier blocks for the Hecke algebras of type A were defined by Rouquier
in [37]. Due to work on them by Chuang and Kessar [8], many authors refer to them
as RoCK (Rouquier or Chuang—Kessar) blocks. Chuang and Kessar showed that a
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Rouquier block of F,&,, of weight w < p is Morita equivalent to the principal block
of &, ¢ ©,, and hence they were able to prove Broué’s abelian defect group conjec-
ture for the Rouquier blocks; Chuang and Rouquier [9] later extended the proof of the
conjecture to all blocks of F,®, by showing that any block of weight w is derived
equivalent to a Rouquier block. There is an elegant closed formula for the decom-
position numbers of Specht modules lying in Rouquier blocks, proved by Leclerc
and Miyachi [30] when p = 0; by Chuang and Tan [10] for the symmetric group
algebra when p < w; and by James, Mathas and the author [25] for a Hecke algebra
over a field of characteristic p < w. Apart from the value of knowing decomposi-
tion numbers, this explicit formula has been used to study the other aspects of the
Hecke algebras. Decomposition numbers for the Rouquier blocks were recently used
in the proof that all blocks of weight at least 2 in quantum characteristic e > 2 are
Schurian-infinite [3]; they appear in the classification of the irreducible Specht mod-
ules when e > 2 [15]; they were used in the first construction of homomorphism
spaces of dimension larger than 1 between Specht modules when e > 2 [14]; and they
provide a starting point for many results about Specht modules in blocks of small
weight [17, 18].

In [32], we introduced the notion of Rouquier blocks for the Ariki—Koike algebras,
as a natural generalization of the Rouquier blocks for the Hecke algebras of type A.
The description of Rouquier blocks we give is in terms of abacus combinatorics. Ana-
logously to [41], we use the term RoCK block to refer to a block which is Scopes
equivalent to a Rouquier block; although our main theorem is stated (and proved)
for Rouquier blocks, similar results hold for any RoCK block. Given the known res-
ults for r = 1, it is natural to ask whether it is possible to have a closed formula
for the decomposition numbers for the Rouquier blocks of the Ariki—Koike algebras.
This paper gives a partial answer. When # is defined over a field of characteristic 0
we give such a formula for the graded multiplicity [S A . D], where A and p lie
in a Rouquier block and have a common multicore. The formula also holds when
the characteristic of the field is larger than the number of removable e-rim hooks
in every component of u. Additional motivation for our results is given by work of
Muth, Speyer and Sutton [36] who show that these decomposition numbers should be
related to decomposition numbers for cell modules in the cyclotomic wreath-zigzag
algebra.

We summarize the main results of the paper. We will define notation rigorously in
later sections; for now, we just indicate where the definitions can be found.

Suppose that A and u are both r-multipartitions of n lying in a Rouquier block,
with g e-regular, and that A and g have a common multicore. For 0 < k <r — 1 and
0<i<e—1,let )Lf.‘ (resp. ;Lf?) denote the quotient on runner i of the abacus con-
figuration of the kth component of A (resp. u); we define these terms in Section 2.3.
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We define w(A) in Section 2.3. The terms given by ('oc ..., are generalized Littlewood—
Richardson coefficients, which are defined in Section 2.6, and F; is the set of (sf)-
matrices whose entries are partitions; we give more details in Section 3.1.

Let {5 | A an r-multipartition} denote the standard basis of the Fock space rep-
resentation ¢ of U, (sl ), which appears in Section 2.5. For each e-regular r-multi-
partition u, let G(p) denote the canonical basis vector of ¢ indexed by u and
suppose that

G(p) = df, (v)ss.
A

Theorem A. Suppose that A and . are r-multipartitions of n with u e-regular. Sup-
pose further that A and p belong to a Rouquier block and that they have the same
multicore. Then

48, () = ga(v).

Applying (the graded version of) Ariki’s theorem [1,6] to Theorem A, we imme-
diately obtain the following result.

Theorem B. Let # = ¥, ,(q, Q) be an Ariki—Koike algebra defined over a field
of characteristic 0 and suppose that A and p are r-multipartitions of n with p a
Kleshchev multipartition. Suppose further that A and p belong to a Rouquier block
and that they have the same multicore. Then the graded multiplicity of the simple
module D* as a composition factor of the Specht module S* is

[S* : D", = gan(v).

Using the cyclotomic g-Schur algebra, we may extend this result to fields of prime
characteristic.

Theorem C. Let # = H, ,(q, Q) be an Ariki—Koike algebra defined over a field of
characteristic p > 0 and suppose that A and p are r-multipartitions of n with g a
Kleshchev multipartition. Suppose further that A and p belong to a Rouquier block,
that they have the same multicore and that no component of u has p or more remov-
able e-rim hooks. Then the graded multiplicity of the simple module D" as a com-
position factor of the Specht module S* is

[S*: D*]y = gap(v).
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Let S, denote the cyclotomic g-Schur algebra corresponding to an Ariki—Koike
algebra #;,(q, Q); see [35] for details. For A an r-multipartition of n, let A(4)
denote the Weyl module indexed by A and L(A) the simple module indexed by A. We
prove the next conjecture in the case that u is e-regular.

Conjecture D. Suppose that S, is a cyclotomic q-Schur algebra as above defined
over a field of characteristic p > 0. Suppose that A and w are r-multipartitions of n
which lie in a Rouquier block and which have the same multicore and that p = 0 or
no component of i has p or more removable e-rim hooks. Then the multiplicity of
L(p) as a composition factor of A(L) is given by
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We prove Theorem A using a variation on an algorithm of Fayers [20]. The vari-
ation is very similar to the method employed in [25] to determine the decomposition
numbers for the Rouquier blocks when =1 in that we find elements f /) € U, (;Ie)
whose action on the standard basis elements s; € % where the multipartitions ob-
tained by adding s e-rim hooks to [A] belong to a Rouquier block is particularly nice.
Combined with results of Fayers, this enables us to compute the transition coeffi-
cients dj “ (v) under the assumptions of Theorem A. As noted above, we may then
use Ariki’s theorem to prove Theorem B.

The paper is structured as follows. In Section 2, we recall the definitions that
we will need, including background on the Ariki-Koike algebras, multipartitions and
abacuses, Rouquier blocks, the Fock space representation and Ariki’s theorem, and
Littlewood—Richardson coefficients. Although we include some new results which
will be used later, most of this material is standard.

In Section 3 we move on to the proof of the main results. In Section 3.1 we intro-
duce the coefficients g, (v) and consider some of their properties. In Section 3.2, we
define the elements £ ©>/) and in Proposition 3.5 we describe the action of f/) ona
standard basis element s, where the resulting basis elements are indexed by multipar-
titions lying in a Rouquier block. This enables us to describe the action of f (/) on
a truncated canonical basis element Q(v), which is given in Proposition 3.9. Having
set up our machinery, we then prove Theorem A in Section 3.3. The proof is given by
a triple induction, firstly on r, secondly on the number of removable e-rim hooks in
the first component of p and lastly using a total order on the first component of .

In Section 3.4, we introduce the cyclotomic g-Schur algebra. Working in this
algebra and applying the Schur functor, we prove Theorem C. In Section 3.5, we
note how our results also apply to blocks which are Scopes equivalent to the Rouquier
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blocks. Finally, in Section 3.6 we briefly discuss some open questions related to our
results.

2. Background and definitions

Throughout this paper, the letters n, r and e will be used to represent non-negative
integers, withn > 0,7 > 1 and e > 2. Given ¢, we will take I = {0,1,...,e — 1} which
we may identify with Z /eZ; in particular, once e is established, we will assume [ is
understood and will not define it. The symbol a will be used to represent an element
of I".

2.1. Multipartitions and Young diagrams

For n > 0, we define a partition of n to be a sequence A = (A1, A2,...) of non-
negative integers such that Ay > A, > --- and ) ;.; A; = n. When writing a par-
tition, we usually omit the zeros at the end and gat}_ler together equal terms, so that
(3.3,2,1,1,0,0,...) = (32,2,1?). Let A, denote the set of partitions of n and let
A = J,;~¢ An denote the set of all partitions. We write @ to denote the unique parti-
tion of 0. If A € A, we write A = n.

For r > 1, we say that an r-multipartition, or multipartition, of # is an r-tuple of
partitions & = (A@, AW A=) such that 37—y [A®| = n; we write || = n.
Note that, contrary to the usual convention, the components of our multipartitions are
labelled from O to r — 1 rather than from 1 to . We write A} to denote the set of
r-multipartitions of n and A”™ = | ,,., A}, to denote the set of all r-multipartitions.
Let @" denote the unique r—multiparzition of 0. For e > 2, we say that A € A is e-

regular if no e non-zero parts of A are the same, and we say that A € A" is e-regular

r

if each component of A is an e-regular partition. Let Aleg

denote the set of e-regular
r-multipartitions.
Now fix e > 2. Suppose that A € A" and @ = (ag,a1,...,a,—1) € I". The Young

diagram of A is the set
Al = {(x.y.k) € Zo0Z=0{0.1,....r — 1} | y < A0},

To each node (x, y, k) €[A] we associate its residue, resq (X, y, k) =ax +y—x mod e;
using the identification above we assume that res, (x, y, k) € 1. We define the residue
set of A to be the multiset Resg(A) = {res(un) | n € [A]}.

We say that € [A] is a removable node of [A] if the diagram containing the nodes
[A]\ {u} is the diagram of a multipartition. Similarly we say that u ¢ [A] is an addable
node of [A] if the diagram containing the nodes [A] U {u} is the diagram of a multipar-
tition. If a removable (resp. addable) node has residue i, we refer to it as a removable
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(resp. addable) i -node. Let rem; (1) (resp. add; (A)) denote the set of removable (resp.
addable) i-nodes of A. If n = (x, y, k), n = (X', y', k') € Z>¢Z=0{0,1,...,7r — 1},
then we say that i1y is above n, if k < kK’ orif k = k/ and x < x'.

The rim of [A] consists of the nodes {(x, y,k) € [A]| (x + 1,y + 1,k) ¢ [A]} and
if [ > 1 then an [-rim hook of [A] is a connected subset of the rim of size /.

2.2. The Ariki-Koike algebra

We refer the reader to [35] for a survey of the Ariki—Koike algebras and to [28] for the
relationship between the Ariki—Koike algebras and the cyclotomic Khovanov-Lauda—
Rouquier algebras.

Fix r > 1 and n > 0 and let IF be a field of characteristic p > 0. Suppose g € I \ {0}
and Q = (Qo, ..., Or—1) € F". The Ariki-Koike algebra # = H,,(q, Q) is the

unital associative [F-algebra with generators Ty, 771, ..., T,—; and relations
(Ti +g)(T; —1) =0 forl <i<n-1,
T;T; =T;T; forO<i,j<n-—1,]i —j|>1,

TiTiaTi = TiaTiTi4r forl <i <n-2,

(To— Qo)+ (To — Qr—1) =0,
ToT\ToT) = Ty ToT; To.

Define ¢ > 2 to be minimal such that 1 +¢g +--- + qe_l =0, or sete = oo if no
such value exists. Throughout this paper we shall assume that e is finite and we shall
refer to e as the quantum characteristic of #. We shall further assume that each Qy
is a power of ¢, that is, there exists a = (ag,a1,...,ar—1) € I" such that Q; = g%
for0 < k <r — 1. We call a the e-multicharge corresponding to J.

For each multipartition A € A7 one may define a #-module S* called a Specht
module and when # is semisimple the set {S* | A € A’} forms a complete set of non-
isomorphic irreducible J¢-modules. There is a subset A% C A’ such that the simple
modules arise as the heads of the Specht modules in the set {S#* | u € A%}. We denote
the simple modules as D# so that {D# | u € A%} is a complete set of non-isomorphic
irreducible J¢-modules.

The Specht modules we use are dual to the Specht modules defined in [13] so
that A% is a subset of the e-regular multipartitions; see [19] for the connections
between the two conventions. We use this definition for two reasons: firstly, so that our
description of the decomposition numbers is consistent with the well-known formula
for decomposition numbers of Rouquier blocks when r =1 [10,25,30], and secondly,
so that our notation is consistent with an algorithm of Fayers [20] which informs our
computations. We let A* = ( J,., A% and call the elements of A® Kleshchev mul-
tipartitions, although elsewhere in the literature, our Kleshchev multipartitions are
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often referred to as conjugate Kleshchev multipartitions. If r = 1, they are simply
the e-regular partitions. Otherwise, these is a recursive method that will test whether
A € A7 is a Kleshchev multipartition. A Kleshchev multipartition is always e-regular,
so we have the inclusions

A" C AL, S A"

reg =

IfA € AL and u € A%, let [S* : D] denote the multiplicity of the simple mod-
ule D* as a composition factor of the Specht module S*; these numbers are called
decomposition numbers. Determining the decomposition numbers is one of the most
important open problems in the representation theory of the Ariki—Koike algebras.
Even when r = 1, there are very few cases when a closed formula for decomposi-
tion numbers is known. We note that the decomposition numbers depend only on e, p
and a, not on the actual values of ¢ and Q.

In [5], it was shown that the Ariki—Koike algebra # is isomorphic to a cyclotomic
Khovanov-Lauda—Rouquier algebra of type A. These are Z-graded algebras and it
was further shown in [7] that there is a corresponding Z-grading on the Specht mod-
ules. Using these results one may define graded decomposition numbers [S* : D#], €
N[v, v™!]; we recover the original decomposition numbers by setting v = 1. For more
details, see [28].

All of the composition factors of a Specht module S# belong to the same block,
and so we can think about a Specht module lying in a specific block or two Specht
modules lying in the same block; it is clear that if [S* : D] # 0, then S* and S* lie
in the same block.

Proposition 2.1 ([33, Theorem 2.11]). Suppose that # = H,,(q, Q) has e-multi-
charge a. Let A, p € A},. Then S* and S* lie in the same block of # if and only

ifResqa(A) = Resg(p).

2.3. The abacus

For the remainder of Section 2, we fix e > 2.
The abacus was first introduced by James [23] as a way to represent partitions.
Suppose that A = (A1, 43,...) € A and a € I. Define the B-set

Ba(A) ={i—i+ali=1}

We encode a partition as an abacus configuration. Our abacus will have e runners,
labelled 0, 1, ...,e — 1 from left to right. The positions on the abacus are labelled
in order by the elements of Z such that the runners congruent to i modulo e lie on
runner i, for 0 <i <e — 1. Given A € A and a € I, we form the resulting abacus
configuration by putting a bead at each element of the -set B, (A4).
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Example. Let A = (10%,8,4,2,1%) and leta = 3. Then
Ba(h) = (12,11,8,3,0, -2, -3, —4,—6,—7, -8, .. ).

If e = 5, then the corresponding abacus configuration is given by

where we assume that the runners extend infinitely up and down the page with beads
above the levels shown and empty positions below the levels shown.

Given an abacus configuration corresponding to a partition A and a € I, it is
straightforward to recover a and hence A. Let B be the 8-set of the configuration and
choose x suchthatb € B forallb < xe.If M =#{b B :b > xe}thena =M mod e.
In the example above, with e = 5, we can count 13 beads and so, as expected, a = 3.

If r =1 it is well known that removing a e-rim hook from a Young diagram
corresponds to moving a bead up one position on the corresponding abacus configur-
ation. The partition A obtained by removing all possible e-rim hooks of A, or equally,
by moving all beads up as high as possible on the abacus configuration, is called the
e-core (or core) of A and the number of hooks removed to get to the core is called the
e-weight (or weight) of A.

Proposition 2.2 ([31]). Suppose that r = 1, that a = (a), and that A, u € A. Then
Resg((A)) = Resq((w)) if and only if A and | have the same core and the same
weight.

We now want to translate this to higher levels. Leta € /" and A € A”. The abacus
configuration of A with respect to a is the r-tuple of abacuses where abacus k has -
numbers B, (A (&)), for 0 < k <r — 1. Erasing a removable i -node from component k
of [A] corresponds to moving a bead on runner i of abacus k back by one position,
that is, to runner i — 1 (or from runner O to runner ¢ — 1).

In an analogue of the r = 1 case, we define the multicore A of a multipartition A to
be the multipartition obtained by removing all possible e-rim hooks from all compon-
ents of [A]. We define h(A) = (JA| — |A])/e to be the number of e-rim hooks removed
in order to get to the multicore.

We now define two equivalence relations on the set A”. Let @ € I” and suppose
A.peA.

* Saythat A ~4 p if Resg(A) = Resq ().
e Saythat A =, p if A and g have the same multicore and h(A) = h(u).
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In fact, the relation =, is independent of a as the process of adding and removing
e-rim hooks from a multipartition does not depend on the e-multicharge. Following
Proposition 2.1, we refer to the ~,4-equivalence classes as blocks. Proposition 2.2
shows that if A ~, p then A ~,4 p. The converse is true (again by Proposition 2.2)
if r = 1; but is false in general for r > 1.

Example. Letr =2, ¢ =3, and suppose a = (0,1). Let A = ((9,7,5,3,1?),(22,1?)).
Then the ~4-equivalence class of A splits into five &/4-equivalence classes with rep-
resentatives below:

Suppose now that A € A" anda € I”. For each 0 < k < r — 1, consider the 8-
numbers B, A%, For0<i <e—1, let 235.‘ ={b e B, A | b =i mod e}
and let (Sf‘ ={(b-1i)/e|be %f.‘}. Then each (Sf is a B-set and so corresponds to
a partition which we denote by /\{-‘ . We define the quotient of A to be the r-tuple of
elements of A€ given by

qtA) = (A A0 .- A2 (Agu Al AL D AT AT LU ATY).

Note that
r—1e—1
h(d) = > > Ak
k=0i=0
We also define
r—1e—1
oA) =) Y (e—i+k—DIA;
k=0i=0

we will see this function again in Section 3. Note that if C is a &,4-equivalence class
in A" with h(A) = & for any A € C then the elements of C are in bijection with the
tuples

(A A0 AL AG AL AL D AT AT LU AIY)

with Y20 3720 IAF] = h.
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2.4. Rouquier blocks

The Rouquier blocks for Ariki—Koike algebras were recently introduced by the author
as a generalization of the Rouquier blocks previously defined when r = 1 [32]. The
definition we give here is equivalent. For the remainder of Section 2, we fix an e-
multichargea € I". LetA € A".For0 <i <e—1land0 <k <r — 1, define

bk (1) = max{M | b€ By (A®)and b = i mod e}.
e

We can think of Bf (1) as the lowest level in runner i of component k of the abacus
configuration of A which contains a bead. Note that if A &, u, then B{-‘ 1) = Bf-‘ (n)
foralli,k.Forl <i <e—1and0 <k <r — 1, define

bf () = bf(A) — b, (A).
We say that A is a Rouquier multipartition if
h(d) < dF) +1

foralll <i <e—1and0 <k <r — 1. We say that a ~4-equivalence class B of A"
is a Rouquier block if each A € B is a Rouquier multipartition. As observed in [32],
if » > 2, it is perfectly possible to have A ~, p with A a Rouquier multipartition
and p not. But if A &, pu then A is a Rouquier multipartition if and only if p is a
Rouquier multipartition.

Let R* C A" denote the set of multipartitions that belong to Rouquier blocks. We
return to the last example.

Example. Letr =2, e =3, and suppose @ = (0,1). Let A = ((9,7,5,3,12),(22,1?)).
Then the ~,4-equivalence class of A is a Rouquier block. To see this, it is sufficient to
consider the five & 4-equivalence classes:
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For each multipartition u in the first class (which only contains one multipartition)
we have

DY) =1, d3(w) =4, dy(m) =2, bdi(e) =0, h(u)=0.
Similarly, we can see that the other four classes contain only Rouquier multipartitions.

In fact, it follows from [ 12, Corollary 5.2] that it is sufficient to check the Rouquier
condition on the classes obtained by adding hooks to the ‘core block’ of the equival-
ence class, that is, the classes with the maximal number of removable e-rim hooks.

Given a multipartition g € R¢, we may easily use the abacus to determine whether
it is e-regular.

Lemma 2.3 ([11, Lemma 4.1 (1)]). Suppose that p € R* with

qt(p) = (g 13+ ) (g 1o - ) (g~ il T))).

Then w is e-regular if and only ifulg =Qfor0<k<r-—1.

2.5. The Fock space representation of U, (sAI e)

Let U denote the quantized enveloping algebra U = U, (;\Ie). There exists a repres-
entation ¥ of U whose basis {s) | A € A"} is indexed by multipartitions and where
the action of U depends on a. We call ¢ the Fock space representation of U. The
U-submodule M“ generated by sgr is isomorphic to the irreducible highest weight
module V(Y') for some dominant integral weight T of U. This module has a canon-
ical basis (in the sense of Lusztig and Kashiwara) and so we may write the canonical
basis elements in terms of the standard basis above. The canonical basis elements
can be indexed by the set of Kleshchev multipartitions; following the conjecture by
Lascoux, Leclerc and Thibon [29], Ariki [1] proved that the transition coefficients
between the canonical basis and the standard basis evaluated at v = 1 are exactly the
decomposition numbers [S* : D#] which appear in the representation theory of the
Ariki—Koike algebras, where the algebras are defined over a field of characteristic 0.
It was later shown [6] that in fact the transition coefficients are equal to the graded
decomposition numbers [S* : D#],.

We are therefore interested in computing the canonical basis vectors for M%.
There are various algorithms which will perform this computation; we use the main
ideas of an algorithm of Fayers [20] which computes canonical basis vectors for a
U-module M ®¢ where M* € M®? C 7,

Below we describe only the concepts that we need for this paper; for a full descrip-
tion of the algebra U and its action on the Fock space ¢4, we refer the reader to [29].
They may also find it useful to refer to [20].



S.Lyle 246

Let U = ‘uv(sAIe). This is a Q(v)-algebra with generators e;, f; fori € I and v”
for h € PV; the relations may be found in [29]. There exists a Q-linear automorphism
T: U — U called the bar involution determined by

G=e, fi=/fi, v=0v"", vh=07""

Let ¥ be the Q(v)-vector space with basis {sj | A € A" }. This becomes a U-module
under the action described in [29]; it is sufficient for us to describe the action of f;
which we do below. Let M ? be the submodule generated by sgr-. We can define a bar
involution on M*® which is compatible with the bar involution on U by setting

Sgr = Sgr and um = um forallu € U andm € M*?.

Then M?® has a canonical basis {G%*(u) | ¢ € A®} which is uniquely determined
subject to the following properties. For u € A%,

* G%(p) =Gp);

* suppose G*() =D 5 cpr dj, (v)sa, where di, (v) € Q(v). Then
dy, () =1;and
di’ﬂ(v) € vZ[v] for A # u.

As explained in [20, Section 2.5], it is possible to extend the bar involution on M ¢
to the whole of ¢ so that there exists a canonical basis {G*(A) | A € A"} for ¥
which satisfies the conditions above. For A, u € A", we define df “ (v) € Q(v) to be
the coefficient which appears in the sum

G = ) diy(Wsa.
AEAT

Ariki’s theorem relates the coefficients d§ “ (v) evaluated at v = 1 to the decomposi-
tion numbers for the Ariki—Koike algebras over fields of characteristic 0. Brundan and
Kleshchev later showed that d “ (v) is exactly the graded decomposition number.

Theorem 2.4 ([1,6]). Let H = H;n(q, Q) be an Ariki—Koike algebra over a field
of characteristic 0, where # has quantum characteristic e and a € 1" is such that
q% = Qy forall0 <k <r — 1. Suppose that A, p € Al with p € A%. Then

[S* : D*]y = df, (v).

Let ¥° = {x € % | X = x} denote the set of bar-invariant elements of ¥¢. The
next result is used implicitly in [20] and elsewhere.

Lemma 2.5. We have

Fo = { 3 bu@GH () | bu(v) € Q(v) and by (v) = by (v) for all p € A’}.
REAT
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Proof. Take x =3, car bu(v)G*(p) € ¥. Then

=Y bu)G(p)= Y bu()G*(n)

REAT REAT

and equating coefficients, we have X = x if and only if b, (v) = by (v) forall p € A”.
[

Corollary 2.6. Suppose that x = )_; car CaASx € F°, where ¢j € Z[v]. Then

x = Z cu G4 ().

REAN ,cy €Z

As shown in [20, Proposmon 4.2], the space M ®% with basis {G*() | p € A",
is a U-submodule of F¢. Since every Kleshchev multipartition is e-regular, we have

reg }

M® C M®* C . Fayers described an algorithm to compute the coefficients d 2 (V)
where u € Areg The following results are easy consequences of his algorithm.
Lemma 2.7. Suppose that A, € A" with p € Af,.

. lu(v) = 0 unless Resqg(A) = Resq(i). In particular, p and A must have the
same size.

* Suppose that || = |A|. Then dy, (v) = 1 and di’ﬂ(v) = 0 unless |u @] > |1 @),
Suppose r > 2.If A = (A(O),)L(l),...,)k(’_l)) €A, let A = ()L(l),...,k(’_l)) €
A"V Ifa = (ag,ay,....a,—1) € 17, writed = (ay,....a,—1).

Lemma 2.8 ([20, Corollary 3.2]). Suppose r = 2 and that A € A", p € A[, with
n©@ = A1© = & Then R
dy,(v) = dfﬁ(v).

Fori € I and m > 0, we write
(m) m |
S =" Im]t,

the quantum divided power. We describe the actlon of the divided powers f;"" ™) 6n the
standard basis of ¥%. If v € A’ write v —> A if [A] is formed from [v] by adding
m nodes all of residue i. If v —> A set

Nw,A) = Z #{m € add; (v) | m is above n} — #{m € rem; (4) | tt is above u}.
nelA\[v]

Then
fi(m)sv= Z vN(v,A)SA_

m:i
v—>A
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As we have seen previously, adding a node of residue i to a multipartition v cor-
responds to moving a bead on the abacus configuration of v from runner i — 1 to
runner i. By identifying the basis elements s, with abacus configurations, we observe

; (m)
the action of f;"" on s,.

Example. Let r = 2 and e = 3. Take @ = (2, 1) and v = ((4, 3,2, 1), (2%, 13)).
: 2
Consider f;sy.

2
@
—

Note that it is straightforward to read N (v, A) from the abacus. Let v € A" and
for0 <k <r—11let B® = By, (v®)) be the set of B-numbers for v*). Then there
is a bijection between addable i -nodes of v and elements of the set

{((b.k)yez{0,1,....r =1} | b ¢ B® b +1eB® andb =i —1mod e}

with (b, k) lying above (b’, k") if and only if k < k' ork =k’ and b < b’. A similar
construction exists for removable i -nodes.
The next example illustrates Proposition 3.5.

Example. Letr =2,e =3.Takea = (0,2) and v = ((6,4,22,1?),(7,5,3%,22,1?)).
Consider fl(z) fz(z) fo(z)s,,.

2 2 2
2 f2 5@
—_———
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: 8 -

+ 03 +v

+

(4
~

L

The final result, which follows from [29], is used in Fayers’ algorithm [20].

Lemma 2.9 ([29]). First suppose that p € A™ with 19 e-regular. If we then let /’ig =
(@, 1D, uTY), there exists f = -(t’“)fi(tx”) . fiftl) € U such that

Ix x—1
fsﬁ@ =S, + Z ba(v)sa + Z by (v)sy,
A=(AuD, L u =) A~p
A~y @, A @ A<

where by (v) € N[v, v for all A. In particular, if 1'% is an e-core then the middle
term above is empty.

2.6. Littlewood—Richardson coefficients

The Littlewood—Richardson coefficients appear naturally in the representation theory
of the symmetric groups &, over the complex numbers. We give a brief introduction
to them here; for more details, and for a combinatorial description of how to compute
them, we refer the reader to [21, Chapter 5].

For A € A, welet S é denote the irreducible C &,-module corresponding to A. If
«, B € A with |¢| = n and |B| = m, then we have

ﬂ CGn«I»m _ A A
SE®Sc te@ em= D CupSe
An+m
for some non-negative integers Ciﬂ' If , 8,1 € A with |a| + |B]| = |A| then co’}ﬂ

is the corresponding Littlewood—Richardson coefficient. We extend the definition to
arbitrary o, 8, A € A by setting ciﬁ = 0if |a| + |B] # |A|-

Since the tensor product is associative, we can generalize this definition. Suppose
that # > 1 and a1, ap,...,0; € A with o; - n; for each i. Let n = Z§=1 n; and
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let G = ©,,6,,...5,,. Then

ap a ar AC&, __ A A
S¢ ®Sc ®--® S¢ TCGn_ZCalaz...a,SC
Abn

. . A A, . .
for some non-negative integers ¢y o, o,> and we call ¢; ., ,, a generalized Little-

wood-Richardson coefficient. If |A| # |op| + -+ - + |o¢ |, we set céla}._at =0.

Using the properties of the tensor product, we can see that the generalized Little-

wood—Richardson coefficients satisfy the following recursive equation. We have cé =

Sq and for t > 2 we have

A _ 2 : A B .
calaz...(xf - calﬁcaz...at’

BeA

note that for + = 2, this formula is self-referential. Also note that if A, « € A then
ety =834

For the rest of this section, we use the convention that unless otherwise stated, all
sums are over A, with the understanding that only partitions of the right size contribute
to the sum. Recall that if A is a partition of n then A’ is the conjugate partition, that is,
the partition of n such that the Young diagram of the 1-multipartition (1) is given by
the set of nodes

[(AN] ={(x.y.1) € ZooZ>o{l} | x < A}
Lemma 2.10 ([24, Theorem 6.7]). Suppose A € A. Then
sE = st @ sd”,
where S(gn) is the 1-dimensional sign representation.
The following results are well known.
Lemma 2.11. Suppose that o, B,y,A € A. Then
= by = b,
Zcéocgy - chocgy = Zciacgﬂ'
o o o
Proof. The equalities in the first equation follow from Lemma 2.10 and the symmetry
of the tensor product. Then all the terms in the second equation are equal to céﬁy. ]
The proof of the following result again uses the properties of the tensor product.
Lemma 2.12 ([10, Lemma 2.2]). Letv,t,0 € A and lett > 0. Then

t
/“L _ 4
Z CeCory = Z Z CarBCa)Cp1—1)"
"

=0 a,B
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The next result follows immediately from the definition of the Littlewood—Richardson

coefficients.

Lemma 2.13. Letv € A, and s > 1. Suppose A € A, +s. Then

. ‘71/}(13) = 1 if [v] C [A] and no two nodes of [A] \ [V] lie in the same row, and
cl’}(lly) = 0 otherwise;

. cl'}(s) = 1 if [v] C [A] and no two nodes of [A] \ [v] lie in the same column, and
c]’}(s) = 0 otherwise.
We can rephrase Lemma 2.13 in terms of S-numbers.

Lemma 2.14. Letv € A, ands > 1. Let a € I and suppose that 6 = B,(v). Suppose
that A € Ay4s and that € = B, (). Suppose that

(heB|b¢Q)=1{b1bs....b}, fceClce¢B=1c1,ca....01)

where by < by 1 and ¢y < ¢y 41 for 1 <t/ < t; note that these sets do have the same
size and that they satisfy Z;’:l (cr —by) = s. Then
A _ .
chasy = 1if

by <ci<by<cy<---<b;<cyandifby <b <cy for somet’, thenb € B NE;

A
and chas

* ‘71'}(5) =1if

) = 0 otherwise.

by<ci<by<cy<---<b;<cyandifby <b <cy for somet’, thenb ¢ B UG;

and cf( 5 = 0 otherwise.

We end with a more complicated result that we will use later. If d € A’ we use
the convention thatd = (d°,d',...,d"™ ).

Lemma 2.15. Lets > 0andr > 1 and suppose that0 <m <r — 1. Suppose n,v € A".
Then

r—1
S Yy X (Meddinaon)d

yeATT1 €A ee A" zo++zp—1=5 “k=0

m—1 X
_ sk 8k n §m
=030 3D SEEED DN () (RS e S

YEAT §eA” ee A" zo++zy_1+Z=5 k=0

§k—1 nr—l
1_[ Ckpk— lcvkyk Csr—1-

k=m+1



In particular, setting m = 0, we have

r—1 X
sk 8k n
DN B DIND DR § | LA I &

yeAr+18€A” ee A" zo++zr—1=5s “k=0

§k—1 n'— 1
SDIPIL N (| EER )

yeA” §eAT

Proof. We have

r—1
DND DD DD DR § | C SR

yeATT1 8€AT e€AT zo++zr—1=5 “k=0

r—2
S Yy X (Meddinnom)

yeArt18eA” ee A" zo++zp—1=5 “k=0

§r—1 §r—1 nr—l &
r—lyr lcyr r—lcgr—l(lzr )Cyr

r—2 K
§k 8k n
DS IND SN || (ST
YEAT 8EAT geAr—1 Zo+tzp_1=5 k=0

,8r_l nr—l
(fvrflyrflc(gr—l(lzr_l)

c

r—2
)N DD DINEED DINN § | -t o

YEA” §eAT—1 ge AT zo+HzZp 2+ Z=s k=0

r—2 X
sk 8k n
DD DD DI § | CEC ST o
YEAT §€AT ge AT zo+Fzp 2+ Z=5 k=0
§r—1 7}’—1

c rflyr 1(12) sr—1>

)

S.

n
) Cvr
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%)

r—I1
—1 yr—] (lZ)

and so the result holds for m = r — 1. Suppose now that 0 < m < r — 2 and that the

equation holds for m + 1. Then

r—1
)DND DD DD DI § | CAT S

yeAr+18€A” e€A” zo++zr—1=5 k=0

m
XX B (epdnckon)

YEA" §EAT ge A+1 Z()+"-+Zm+Z=s

3m+1 3k nr—l
Com+1,m+1(17) 1_[ Cyknk—lcvkyk Csr—1

k=m+2

k=0
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m—1
SDID D DD DI O ) (/S y

YeA" §eAN” geAm+]1 zo+tzp—1+Zy+Zp=s k=0

PR L PN Lo 8k n"~!
ComymCoymt1gmC€em(1Za)Cym+1ym+1(12p) l_[ Cyknkflcvkyk Cor—
k=m+2

m—1 P
— 8k 8k n'
DD )3 (n

YEAT §eAN” geAm+1 zo+Fzy 1+ Za+Zp=s k=0

§m §m m 8m+l sk r—1
C C 77 g C C Cn
ymym ym'Hsm 8”’(1261) vm'Hg m+1(1zb) y 77k71 vkyk §r—1

k=m+2

m—1
SRR D ) SRS SN (| A RY

0 mym=+2  yr—1§€AT e€A™ zo Az 1+ Zg+Zp=s " k=0

sgm+1 §m n' g
E cvm ymCymt1g E cym+18mc8m(lza)cym+1(lzb)

ym+l’8m

r—1 )
§k—1 8k n"~
( l_[ Cokpk—=1C ki )(V—l

k=m+2

m—1 i
DN DED SID DENED DI § | G/ Sy

YO,y ym+2 yr—l §€AT e€ A" zo+tzp_1+Z=5s k=0
Z §m+1 Z d .d 8k n" 1
Cvm mcvm+1g anmcam(lz) 1_[ Cyknl‘_]cl)kyk c(grfl’
d k=m+2

by Lemma 2.12, we have

PO D SEEED DD DD )

yO,.ymym+2 yr—=1§0  sm—1gm+1 _ sr—1 geA" zo+-+zy_1+Z=s

m—1

sk gk n* d d gmtl
( 1_[ Cokyk Cph+1gk Cok (12K E Comym1Z)CanmCym+1g
k=0 g.d

R !
( 1_[ Cohenk—1C ki |Csr—1

k=m+2

m—1
SY Y Y (M)

YEA" §EANT ec A zo+~--+zm_1+Z=s k=0

CS 1_[ C CS C‘nr_l
l,m},m(lZ) yknk—l vkyk §r—1-

k=m+1
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and so the equation holds for m — 1. Hence, by induction, the equation holds for all
0 <m <r — 1, and setting m = 0 we get the final result. ]

3. Decomposition numbers

Throughout this section, we fix the parameters r > 1 and e > 2. If @ € I" is an e-
multicharge, recall that R¢ is the set of multipartitions which belong to Rouquier
blocks (with respect to that e-multicharge). If A, p € R® then A ~, p if A and p
have the same size and the same multicore.

From an r-tuple of abacus configurations we can read off not just the corres-
ponding multipartition but also the underlying e-multicharge. Since we think of the
Rouquier multipartitions in terms of abacus configurations, a Rouquier block carries
with it an inherent e-multicharge. Hence, from now on, we set R = |, ;- R* and
when we talk about a Rouquier block we shall assume that the e-multicharge is under-
stood. If A, . € R? for some a € I, we will drop the a in our notation and write
A ~ pinstead of A ~4 u, d;,, (v) instead of d)‘fu (v) and so forth. Set Rreg = R N A,
to be the set of e-regular multipartitions which belong to Rouquier blocks. Set

R ={(A. ) € RRueg | A ~ p}.

In this section we determine a closed formula for d, (v), where (A, p) € R°, in
terms of sums of products of Littlewood—Richardson coefficients. By Theorem 2.4,
this formula also describes the graded decomposition number [S? : D*], where #
is defined over a field of characteristic 0. We begin by defining coefficients g, (v) €
N[v, v™!] and describing some of their properties; we then show that they are equal
to the transition coefficients d, , (v).

3.1. The coefficients g, , (v)

If A € R, we will assume that
qt(d) = (A, AY, ... A% ), (AL AL . AL D, g AT L AT

and we shall use )ti.‘ to denote the i th part of the quotient corresponding to A %) without
further explanation. When the multicore is understood, we shall abuse notation by
identifying A with its quotient.

Fors, f > 1, let F} denote the set of s f matrices whose entries are partitions. The
rows of each matrix are indexed by the set {0, 1,...,s — 1} and the columns by the
set{0,1,..., f —1}.Fora € F} and0 <k <s—-1,0<i < f—l,weletozfc eA
denote the entry in the row indexed by k and the column indexed by i.
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Suppose that (A, x) € R°. Recall from Lemma 2.3 that this implies that ,u,’g =0
forall 0 < k <r — 1. Define

an (v) = p@@A)—om)
1

r—1e— Sk Ak
)SID DD DI I () ) Cr SIS PRRE TV

ael’} | BeTy yer,t1 8ely =Oz=0

%

@
c . 3.1
Y AU R R LY ST A G.D

We find it helpful to arrange the terms in the double product into an array.

Example. Let r = 2 and e = 3, and suppose (A, n) € KR°. Then

gap(v) = p@@A)—om)
89 80 80
¢ 9o € 0.0 c%
KoYo Mlyl szz
,58 kg 80 AO 80 AO

c Cc 4
Z Z Z Z 0‘8113(())1’(% ﬂ() (a0)/ Olﬂl ]/] ﬂl (OIO)/ Oﬂgyzl ﬂ()( 0)/
5 5] 51 ’

282 yer3ser2| € ¢ ¢
aer} periyerisery | Cuiyl wlyl Mél’z
83 S 5! oM 5 o2
c c ¢
b By 75 ﬂo @)  “eiBlyvi ﬂ]( 2 lﬂzyz /32(“3)/

whereygzy{):yg:yg=y12=y22=®.
Lemma 3.1. Ifr = 1, then

e—1
- w o A
gap(v) = p*® o Z Z ncaiﬂicﬂi(ai+1)”

©Q;--5Qe Bo,...,Be—1 i=0

where
i—1
|ai | =Z(Ik}’|—lu}’l) for0<i<e,
j=0
i
Bil = 1201+ Y (19— 1A9]) for0<i<e-—1.
and
e—1 e—1
w(d) —o(p) = Z(e —i — DA —1dl) = Zi(lu?l — 7))
i=0 i=0

Proof. If r = 1, then the only terms yl.k which contribute to the sum are those where
yik =@ fork =0,1and 0 <i < e — 1. Then the only terms 8? which contribute
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must satisfy §? = uf for 0 <i < e — 1, and we see that g, (v) is indeed given by
the formula indicated. The terms ¢; and 8; which contribute to the sum must satisfy

il + 1Bil = [1f], 1Bl + l@is1| = [A]] for0<i<e—1,

and so noting that || = 0, it is clear that such |e; | and |B;| are as stated. The first
part of the formula for w(A) — w(u) follows from the definition and the second part
follows because since A & u, we have

e—1 e—1

0 0
ZMH:ZWJ- u
i=0 i=0

It is well known that the formula in Lemma 3.1 gives the graded decomposition
numbers for the Rouquier blocks in characteristic 0 when r = 1 [30], and this will
later form the base step in our inductive argument to prove the main theorem.

The terms

ch) 0 .0 and 2,

YoV1Ve—1 Yo V ye 1’

which appear at equation (3.1), ensure that the only terms yl.k which contribute to the
sum satisfy yl.k =@ fork =0,r and 0 <i < e — 1. This means that we do not have
to specify the size of the partitions oc{c and so forth that appear in the sum as only
partitions of the right size will contribute.

Lemma 3.2. The only terms «, 8, y, 8 which contribute to equation (3.1) satisfy

k—1e—1
ZW—ZZW—W O<k<r—1,
[=0i=0
i—1
k| =D (MK = k1 = lyf 1+ vFH). O<k<r—-1,0<i<e,
j=0

i
BEL = I+ (51 = A5 T+ yf I =1y ), o<k <r—1,
j=0 051 §6_1,
1851 = L |+ v, 0<k=r-1
0<i<e—1
Proof. Assume that we have terms «, 8, ¥ and § which contribute to equation (3.1).
Then foreach0 <k <r—1and0 <i <e — 1, we have

K] = 1851 + L], 185] = ¥ + 1vEL = Lok |+ 1BE + 1yFH).

Now noting that ,ulg =g forall0 <k <r—1and yg = @&, the second condition
above implies that y(’)‘ =gfor0<k<r anda’g = /3’5 =g for0 <k <r—1.From



Decomposition numbers for Rouquier blocks of Ariki—Koike algebras I 257

here, it is straightforward to see that we can indeed write each term |a{‘ [, | ﬂf B |8{‘| as
in Lemma 3.2. Now

r—1e—1 r—1 e—1
ZIMII—ZZW‘
=01i=0 =0i=0
r—1e—1 r—1e—1
= > D (BFI+ ey ) =D (leF 1 + 185 + 1vE = IvF)
k=0i=0 k=0i=0
r—1e—1 e—1
:émeZZmW|m >y =171) =0,
k=0i=0 i=0
soa =g forall 0 <k <r — 1. We now use induction on k to show that the first

equality of Lemma 3.2 holds. If k = 0, both sides of the equation are equal to 0, so
suppose that 0 < k < r — 1 and that the equation holds for k — 1. Then

k—1e—1 e—1
DO (il =141l ZZ il = ML) + Y (= A1)
1=0i=0 1=0i=0 i=0
e—1
=> Iy +Z(|a{°—1| F BT+ I = I = 1B = 1)
i=0 i=0
e—1
=> Iyl
i=0
and so by induction, the first equation holds forall 0 < k <r — 1. [

We could give more restrictions on the size of the partitions yik that contribute to
equation (3.1) using the fact that |alk| > (0 and | ,Blk| > 0 for all possible i, k. However,
we can easily see that for » > 2, it may be that partitions of more than one size can
contribute.

Example. Let r = 2 and e = 3. Suppose that (A, x) € R® with
qi(p) = (2. (1).(1)).(2.2.9)). qd) = ((2,(1),2),(2,(1),2)).

Then there are two values of (&, 8, y, §) which contribute to g, (v), namely,
—(? @ 2 2\ g = g (1) @ ,
@ 1) o s O @

(%)
g O O
_ _[(2 1 @)
lpew) G0 )
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and

g o (1) @ (o o o
@@@@’ﬂ_z(l)z’

g g J
_ (2 @1 (D)
r=|lo @ o|. 3_(® 0 Q).
g I O

After computing the Littlewood-Richardson coefficients, we see that g3, (v) = 2v2.

We note that the coefficients g, (v) do satisfy the properties of the transition
coefficients d;, , (v). It is not, we admit, actually necessary to prove this since we will
later show that they really are transition coefficients; but the proof is not difficult and
may satisfy the reader who prefers not to make assumptions ahead of time.

Lemma 3.3. Suppose (A, p) € R°. Then gy, (v) = 1if A = p, and g, € VN[V]
otherwise.

Proof. If A = u then by Lemma 3.2, the only terms e, 8, ¥, 8 which contribute to
equation (3.1) satisfy

yEl = lak| =0, |85 =[Ak], and |8F| = |uk]

for all possible values of k, i, so in fact must satisfy
ﬂlkz(glkzkle,(f and (1 —'J/l

It is then clear that g, , (v) = 1. So we want to show thatif A # p and ga, (v) # 0,
then w(A) > w(p).

Take (A, p) € R and suppose that g3, 7 0. Choose e, B, y,8 as in equation (3.1)
such that

r—1e—1 k
)~ 2 %)
| | | | k k k+1 , 0,0 .0 Cyryr » > 0,
/3 ﬂ (o +1) V()V] Ye—1 YoV1-Ye—1

k=0i=0

so that «, B, p, 8 satisfy the conditions of Lemma 3.2. Then

r—1e—1 e
ZZM =YY lef| = ZZZ (51 = 11 = yF L+ )
k=0i=0 k=0i=0 k=0i=0j=0
r—1e—1
=Y "> (e—i— D(AF = ufl = 171+ Iyf)
k=0i=0
r—1e—1

= 3" S (e —i - D(AE| - k),

k=01i=0
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so that
r—1e—1
o) —o() =D > (e —i+k—1D(JAF] - |uf)
I r—1e—1
—Zzla [+ 303 k(AE - 15)
k=01i=0 k=01i=0
r—1e—1
—ZZIa [+ =1 Y S = 1))
k=0i=0 k=0i=0
r—1e—1
+ )Y =1 =k)(Iuf] - 1AF])
k=0i=0
r—1 1 e—1
—ZZIa"HZZZIu,I—IA’
k=0i=0 k=01=0i=0
r—1e—1
—ZZIa"HZZIn-
k=0i=0 k=0i=0

Hence, w(A) — w(p) > 0 with equality if and only if |oef| = |yl.k| =0 forall i, k. But
in this case, the Littlewood—Richardson coefficients are non-zero if and only if

ik = = B = 2t

forall0 <i <e—1and0 <k <r —1.Thusif A # p and g», # 0, we do indeed
have w(A) —w(p) > 0. [

We now show that if the first components of A and g have no removable e-rim
hooks then these components do not contribute to g, (v).

Lemma 3.4. Suppose (A, ju) € R°, where h(A(Q) = h(u (@) = 0. Ler
A=00 . A0YYy and po=(u®,. . uY).
Then
gan(®) = g3, V).
Proof. Our assumptions are that
qt(d) = ((@,@,...,@),(Al,/\%,...,)L;_l), U 0 VA L S L i))
qtA) = (A AL AL T AT AT,
qt(p) = (2,9, ..., D). (D, 11, o) (@7 i TD),
qt(ﬁ') = ((®7 l‘l’i’ e ’/“L;—l)’ (@ /”Lr 1""’:u'e—1 )
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For s, f > 1 and € € TS, define € € F}“ bysettingé? =0for0<i < f—1
andé{-c =ef-‘_1 forl <k <sand0<i < f — 1. Then
r—2e—1 x Ak
o o
SHUESD DD SIS DID DI () 1) GRS SRPRRE: F) I
ael, | Bery~! el gery~! " k=0i=0
r—1e—1 V v

-X T X ¥ (nn ;z i )RS

ael) | Ber ! yele gery~! " k=0i=0

r—1e—1
= . 0Cyr
k vt gyt Bty ) YO

o€l | BETE yerst1 8ely =0i=0
where we applied Lemma 3.2 in the penultimate step, and where we use the abbrevi-
: o _ .o _ .2 —
ations cyk = cy(’)fy{‘...yf 1 and c)v/k = CVo P fork =0, r. Also,
r—1e—1
o) —o(p) =Y "> (e—i+k—1)(|AF—|uf))
k=0i=0
r—1e—1
=3 (e —i+k—D(AF] - |pk])
k=1i=0
r—2e—1
_ZZ(e_l+k) A‘k+1| |/~’Lk+1|)
k=0i=0
r—2e—1
= D (e—i k= DA - uk )
k=01i=0
r—2e—1
+ (A = 1)
k=01i=0
r—2e—1
= 33 (e —i 4k = D(AEF = k)
k=0i=0
= w(A) — o),
and so gau(v) = gxﬁ(v), as required. [

3.2. Induction in the Fock space
Suppose that 1 < j <e — 1 and s > 1. Define

f(s J) f(s) fZ(S)fl(S)fj(i)l f(s 0(s) c U
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Define R* C R to be the set of multipartitions A lying in a Rouquier block which
have the property that if we add s e-rim hooks to A, the resulting multipartitions still
lie in R; note that R* is a union of Rouquier blocks. Set Rreg = R* N Ryeg-

Proposition 3.5. Suppose s > 1 and that T € RS Let1 < Jj <e—1and set

I7(t) = {A € R | A and T have the same multicore, and

forOfkfr—l,/\f:tikunlessi =j—-1,j}

Then

: 2K
S 3D SIS SN | F T SN S

Aeli () x=0 lo+-~+l_1=x, k=0
Lo+..+bp—1=s5s—x
Proof. When r = 1, the ungraded version of this result is [25, Lemma 3.6]. We first
prove the ungraded version of Proposition 3.5 by reducing it to the r = 1 case. We
want to consider

fj(S) . fz(s)fl(s)fj(i) f(S) f(S)

where T satisfies the conditions of the proposition. Suppose that s, occurs as one
of the terms in fo(s) Sz, that is, [v] is formed by adding s nodes of residue O to [t].
Suppose that py nodes were added to [z ®)], so that

Po+ pr+ et proi =,

Then, by the assumptions on 7, for 0 < k < r — 1, [v®] has at most p; addable
(e — 1)-nodes. Hence, any multipartition formed from v by adding s (¢ — 1)-nodes
must again add pg nodes to [v®)] for all 0 < k < r — 1. Continuing in this way, we
see that the only terms that occur in f /s, are those formed by choosing some
o+ p1+ -+ pr—1 =sand, for0 < k <r — 1, essentially applying f P+>/) to the
kth component of 7. Hence [25, Lemma 3.6] gives the ungraded version of Proposi-
tion 3.5.

Before giving the graded result, we consider an example which illustrates how
these induction sequences occur. The reader may also find it helpful to read the proof
of [25, Lemma 3.6].

Example. Letr = 1. Take j = 2 and s = 4. To save space, we have omitted the top
lines of the abacuses. Below we have

() = (2,2, (1),2)) and qt(d) = ((2.(2), (1), 2)).
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We now consider the graded version of Proposition 3.5. Assume that s; occurs

in f(s’j)sr with non-zero coefficient. Then there exist ly, ..., —1, %o, ..., {,—1 with
-1
Y i—ollk + ¢k) = s and
k k
A1 Aj

Cc = =
o U0 CThat

forall 0 < k <r — 1. Hence, by Lemma 2.13, )Lj?_l is formed from r]’.‘_l by adding
horizontal strips in non-overlapping rows and A;‘ is formed from fj’-‘ by adding vertical
strips in non-overlapping columns. We have a sequence of multipartitions

:0 e— e— j+2
rs—>r(e)Ll>r(e—l)L2>-.-”—>r(j +2)

G+ ) B gy = A

Let

e—1
N=N(z.7(e)+ Y N(z(m+1).7(m)
m=j+1

J
+N@E(+D. 1)+ Y N(z(m—1).t(m)).

m=2

so that the coefficient of s, in f(s’j)s, is vV,

Let0 <k <r— L.If By = By, (1) and B, = B, (A®)), then by Lemma 2.14
there exist ¢, t]’c > (0 and

alf <a]2C <-e- <alt‘k witha;c =] —lmodeanda;c e%k,a;‘ ¢§B}c for all [,

b’f <b]2C <...<bfk withb{‘zj—lmodeandblk G?B’,b;‘ ¢ By forall [,
h<ck <<

d{‘ <aléC <..-<dtlj,( withdlkzjmodeanddlk € B, d; ¢ By forall [,

with ¢ = j mod e and c;‘ € By, ck ¢ B forall /,
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such that

k

a]f<b]f<a’2‘<b12‘<---<a’fk<bfk<c’1‘<d{‘<c§<d§<---<ct}c<d§(,

and if b € Z is not in the list above then b € By <= b € By . (The middle inequality,
bfk < c’f occurs because we are in a Rouquier block.) We can further say that if b =
Jj — 1 mod e and there exists / such that a;‘ <b< blk, then b ¢ By and if c = j mod e
and there exists / such that c;‘ <c < dlk then ¢ € By. Let

Mlk ={geZ|thereexists | </ <1 suchthatafc <ge+j—-1< b;‘},
M2k ={geZ|thereexists 1 </ <1, suchthatclk <ge+j< dlk}.

The idea is that these sets correspond to the rows of abacus k where, at various steps
in the induction, we will increase a S-number. Note that | M lk| = [ and |M2k| = .
We describe which 8-numbers change at each induction step:

. 5 t(e): Foreach 0 < k < r — 1, on component k, increase the S-number of
all beads in the set
{ge+e—1]|geMFuMmky

by 1.

. t(m—i—l)ﬂr(m)fore—l >m > j 4+ 1: Foreach0 <k <r — 1, on com-
ponent k, increase the S-number of all beads in the set

{ge+m—1|geM1kUM2k}
by 1.

e (j+1 s 7(1): For each 0 < k < r — 1, on component k, increase the -
number of all beads in the set

{(g+ e | g € Mf U ME}
by 1.

e T(m—1) = t(m)forl <m < j —1:Foreach0O <k <r — 1, on component k,
increase the S-number of all beads in the set

{(g+De+m—1|geMfuMk)
by 1.

e T(j—1) RN 7(j): For each 0 < k < r — 1, on component k, increase the -
number of all beads in the set

{getj—1lgeMU{(g+De+j—1|geMf)
by 1.
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Sofor g € UZ_:IO M lk U Mé‘ , we can consider the contribution made by g to N. First,
consider the removable and addable nodes from components / < k. At the first step
of the induction, there are addable 0-nodes on component / of v but no removable
0-nodes on component / of A. At later steps, only removable nodes contribute to the
sum. The contribution is

k—1 e—1
Z((Bé_l(r) by £ 1) 3l () - Bfn_lm)) .
=0 m=1

where we recall from Section 2.4 that Bg () is the position of the last bead on runner i
of abacus [ in the abacus configuration for 7. Now consider the removable and addable
nodes from component k which contribute to the sum. If g € M¥, then over the course
of the inductions, there is an overall contribution of 0. If g € M k then over the course
of the inductions, there is an overall contribution of 1. Hence,

r—1 r—1
N:Z(Z(k+1)+Zk):Z(k+1)lk+k€k. .
k

=0 “geMF geM¥ k=0

There are two immediate consequences of Proposition 3.5, which will be import-
ant later.

Corollary 3.6. Suppose s > 0 and that T € R*. Let 1 < j < e — 1. If f&Ds, =
> 2 ba(v)sa, then by (v) € N[v] forall A € A".

Corollary 3.7. Suppose s > 0 and that T,0 € RS are such that t ~ o. Let 1 < j =<
e — 1. Suppose that s, appears with non-zero coefficient in f (1), and s, appears
with non-zero coefficient in f(s’j)s(,. Then t ~ o ifand only if @ ~ A.

Now suppose that g € Ry,. Define
Q) =Y gaup()sa and O(p) = Y gau(Dsa.
Axp Axu

The heavy lifting for the proof of the main theorem is done by Proposition 3.9
below. We first prove an ungraded version of the proposition. We abuse notation
slightly by identifying a multipartition with its quotient.

When r = 1, Proposition 3.8 appears as [25, Lemma 3.10 (b)].

Proposition 3.8. Suppose s > 0 and thatv € R5,.. Let 1 < j < e — 1. Then

reg

FEDO () = ch’?(l‘y)Q((vg, Vg,

neh 1.1 1 -1 r—1 -1
(Vs ViseevsVoq)s-ens (Vg o] ,...,vg_l)). (3.2)
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Proof. Let A € R. Let (T) denote the coefficient of the standard basis element s € ¥

on the left-hand side of equation (3.2) and () the coefficient of s; on the right-hand
side of equation (3.2). By Proposition 3.5,

n=x > > ¥ >(T

TAV el bel cerstl dely

(%) (%)
C 0.0 0 C r r cr
€oC1-Coy €0€1°Ce—1

r—1 Ak - 2k
(l_[ H )( ) ¢ k e )Ct’é(lyk))

k=0i#j— xo++xr—1 k=0
tyot+yr—1=s

Y Y r X (I i)

e—

1 1
dl l 1:]‘
Cok k€ k+1 %k
h 5 vics kbk b (a )/
=0i=

/—1!' ,1;;*1 aeI’:_HbEl"e cerr+1d€Fr k=0i#j—1,j
0 r—1
Tl
r—1
k k
2 2 Z l—[ cdjfl Cd./—l
0.0 0 el r
€5C1-+Co_1 €0C1+Ce—1 "5’(—1"}(—1 a?—lb;\—l jkj—ll
xo++x,—1 k=0
tyot=+yr—1=s
k dk dk ‘Ek )Lk }.k
Ti—1 J J Jj—1 J
c c c c c 3.3)
bk_l( Ky “vkek g fbf AR @k ) ) T k)

and applying the definitions, we have

AO
B=2 Sy 2 2 2 2 [Telhoctnpo, e
7 (1) 080y} B, )
/ aGFe+lﬁ€F },err-i-l SeTl Ni#j
80 80 ).0
C C
,”,0 OﬁO /30((1 +l)/
r—1e—1 k k
2 2 .,
s ”z]‘, kﬁk ket ﬂk(a+ D R e O SR 7 3 SR S
=1i=0
)LO
C C
Y Y Y S (M
o€l | BETL yert1 8l “ i)
0 0 0
8 8j ij
v adpdy) Bas,

r—1e—1
k k k
CSi 8 c)L Q, Cg
| | | | ”
VZZ\ )/k k,Bk k+l ﬂk(a +1)/ 0,,0 0

V()Vl YO VOV Ve
k=1i=0

c
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Now we look at some of the terms from the last line of equation (3.3). For fixed

k k+1 k k k
partitions d, ; al+1,b_1,rj_1, j,whereO<k<r—l we have
r 1 () r—1 X, —
. b A X0 1
aJ J +y0+...+yrr71=s

b"_l(ak)’ akpk it bl @l ) e _1(xk) r"(lyk)
—1

a® bO Lbrml o xot X

g 7 yotetyro=s
r—1
k -k k k k
1—[ Cd /_1 CA 1 er CA,J
kbR HKH B @by ok o) b @by Sk iy
k=0

and applying Lemma 2.11 repeatedly, we have

=ZZZZ

a r—l bO br—l eO er—] xo++xr—1
i +yottyr—1=s
r—1
k k k k k
l_[ cd c¢ e c, 7! ¢ cki c
o k+] ek akbk bk—]rjk—l (ak) €75) (aj+l)/ 7k bk(ly)
0
a ey r—l bO br—l eO el 1 X0+ t+xr—1
/ +yot-tyr—1=s
KLk T
- - J
C C C C C
1_[ j€+l k bk lrjk (aj-i-l)/ o~ kbk (a k)/(xk) bk(ly)

and applying Lemma 2.12, we have

r—1
k k k
-y ¥ ¥ Tl e el
+ ek b o @k ) ) ek (1K)

—1
€0,..em1 fO, fr—1 z+otz,=5 k=0 -

We now substitute this expression back into equation (3.3). We also perform the
change of variables ‘L']k_l — (aﬁ.‘)/ and t]’.‘ — bj.“ for 0 < k < r — 1. Thus we see that

=3 ¥ X Z(H | P PR

acl, | bely cerytldely “k=0i#j-1,j

a %]
Coo o C.or.r .r
€01 "'ce—l COC Ce—l
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k k
—] dj—l dj
Ck ok Cak pk c/g+1 k ok
00, er=1 fO.fr=t 2otz msk=o 11T GG NG
k k k
d; Aj 1 Aj Je Tk

c k+l k bk ( k)/cbk( k+1)/c kbkcek(lzk)

)SEDSID S DY 1 (1 S IRRECC I P

acl, | bel cerytldely “k=0i#j-1,j

r—1 .
Cd} Cdj’F_l A’?_l
vk Ck ak_pk kAl bk l(a}‘)’

J—17j—1%j—1

-1

T odk o dk Ak
Z Z Z Cvj]{.'cj?c k+1 gk bk(a 1

er—lfO LfT 1 zog++z,_1=5 k=0

e—1

VAR i @
Ca;?bj?cek(lzk))cc{)c{ <l 3.4

Now we focus on the last line of equation (3.4). Applying Lemma 2.15 we have

r T T T % e

d drfl eO erfl fO B rfl zo+tz,—1=5 k=0
k k
d d rk @

¢ k kc k+1 ok Cek(121)Ceper ..
]

1? do
Z Z Z (1_[ ¢ kbkcbk( ak | )f)cv;j?c;?(m

—1

0 r—l 0. r—l
Qe dPnd 7O
r—1
dk_l dJ]F frfl
l_[ C i i€ Kok |Cor c9 r
e fR=17v3 dr=1 Tepct oy
k=1 J J

—1
ok Ak d¥ d9
= c c ¢ C 40
kbk bk( k ) k+lfk v?c?(l*)
0 0 —1 0 —1 = o
cj,.,.,cj’- dj ,...,d; SO fr k=0

dy A9 dy
= Z Z ¢ Ob0 1cbo(a )/Cvoco(l‘)

a;o;¢; J+1

r—1
k k k
l—[ Cdj A Cdj 2
kbk k+1 bk(a G viccic chel el
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Finally, substituting this expression back into equation (3.4), we see that

0= T ¥ = (bt )

acl, | bel'y cer,tldely “i#j

dO AO dO
c c c
0} Wiat ) ety
r—1e—1
af  df Ak @ @
1_[ 1_[ cvlkclk kbk k+l bk (a ) chc?---c(g)—l CCSC{...CZ_I .
k=1i=0
This is indeed equal to (i), completing the proof of the proposition. ]

Proposition 3.9. Suppose s > 0 and that v € ﬁmg Let1 < j <e—1.Then
FeDow) = X:CO(IS (vo,...,vj(?_l,n,vj(-)ﬂ,...,vg_l),

(vé,vll,...,vel_l),...,(vg_l,v;_l,...,vg:ll)). (3.5)

Proof. By Proposition 3.8, if we set v = 1 in equation (3.5), both sides of the equation
are equal to ), x5 for some x; € N. We claim that both sides of equation (3.5)
are then equal to
Z vw(l)—w(v)—(e—j—l)sx“l_ (3.6)
A
As before, we fix A and look for the coefficient of s, on both sides of the equation.
Let » be any multipartition with

0 0 0 0
qt(n) = ((Vo, cee vj—lv na vj+17 ceey ve_l)’

(Voo Vi Ve )y gV L vITD),

where ¢” W00 ) > (. Then the coefficient of s, on the right-hand side of equation (3.5)
is equal t0 peM=em ) “where w() = w(v) + (e — j — 1)s. So the right-hand side
of equation (3.5) is indeed equal to equation (3.6).
Now suppose that T ~ v. Then g, (v) = V@~ g_(1). If 55 appears in

£ 6D, it appears with coefficient v™ | where

r—1

M ="k + D(IM_y | = Iy ]) + k(1A% = [2f)).
k=0

Thus we have a contribution to the sum of v’ gvv(1)sy, where

r—1

M = o(r) —o®)+ Y (k+ DM | =t 1) + k(A = 1)
k=0
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Now note that

r—1
o) = o) = Y (e~ j + KA | = It ]) + (e = j +k = D(IAF] = [f)
k=0

r—1
=Y (e—j = DX =I5l + IAF 1= 1)
k=0
+ (k + (1M1 ] = 15, ]) + k(5] = 17f)
r—1
=(e—j = Ds+ )k + D] = I1gfal) + k(1451 = 1zf1).-

k=0

Hence,
M =wd)—w®)—(e—j—1)s,

which is independent of the choice of . So the left-hand side of equation (3.5) is
indeed equal to equation (3.6). |

3.3. Proof of the main results
Theorem 3.10. Suppose that (A, u) € R°. Then
dap () = gan ().
Proof. Let . € Ree. We want to show that
G(p) = Z gap(v)sa + Z dap(v)sa. (3.7
Axp A~p, AR

We prove this by induction, firstly on r, secondly on h(;(?)) and thirdly using the a
total order > on M(O). Suppose that r = 1. Then equation (3.7) holds by Lemma 3.1
and [30, Corollary 10]. So suppose that r > 1, that Theorem 3.10 holds for r — 1
and that g € Ry,. Suppose first that h(1©@) = 0. Following Fayers [20], if v =
(v(o), v v(’_l)) e A7, we define

i)\: (V(l)’...,v(r_l)) and i’\g — (@,U(l)’___,v(r_l))_
Then il\’ € ﬁreg and by the inductive hypothesis
G@E) =Y @@+ Y. dalsn.
Ll A~ ARR
Applying Lemma 2.8,
G(p?) = Z giﬁ(v)s; + Z di,z(v)sx-

ARAZ, A0 =g A~i? Ax%i?
1 O=g
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Now p(© is e-regular and is an e-core. By Lemma 2.9, there exists

f — fi)(:X)fi)(:fl_l) "'fiftl) ceU
such that
FG@2N = Y aw@sa+ Y dipsat Y. be(v)s
~p, A0 =, (0) A~p, A T~,
AT MO')L:J%')L 7@ <|p@]

for some b, (v) € N[v™!, v], where we note that the identities
¢32(0) = gau(v)

follow from Lemma 3.4. Now f(G(f?)) € U° and of the coefficients in the sum,
gau(v) € yN[v] for A # p and diﬁ (v) € vNJv]. It is possible that we have b, (v) ¢
vN[v], but this is of no consequence since by Lemma 2.7,

daz(v) =0
if |7 < [A©)|. Thus we can conclude that

fG@EZ)=Gw)+ )Y  G)

T~
[t @< (@]
for some ¢; € N[v~! + v], and equating terms we see that

Gw)= > gau@sa+ Y dauv)sa,

Axp A~p, AFEp

as required.

This completes the proof of Theorem 3.10 for multipartitions g when h(p(?) = 0.
Now suppose that 7 = h(11(?)) > 0 and that Theorem 3.10 holds for all multipartitions
in R, with fewer than 4 removable e-rim hooks on the first component. Let H ()
be the set of partitions A &~ g such that

K] = |k

forall0 <j <e—1and 0 <k <r — 1. Define a total order > on H () by saying
that A > 5 if A % 5 and the minimal k such that A®) % y®)_ the minimal i such
that kf #* nf, and the minimal x such that ()Lf.‘)x # (nf.‘)x satisfy ()Ll(k))x > (nl(k))x.

Assume that the inductive hypothesis holds for all multipartitions y € H (), where
n> .
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Choose 1 < j < e — 1 such that ,u? # . Let v be the partition whose Young
diagram is obtained by removing the first column from [u?], where we suppose that
we remove s > 1 nodes. Let v be the multipartition with the same multicore as g and

. {v ifk =0andi = j,

M{-‘ otherwise.

By the inductive hypothesis,

GO =Y g+ Y. du@sa=00+ Y. di@s.

Ay A~v, A%y A~v, A%y

Now

f(s,j)G(v) — f(s’j)Q(V) + f(s,j) Z dpy(V)sa

A~v, Ay

= lan QM+ ¢ 3" da (s (3.8)
n

A~v, Ay

by Proposition 3.9, where we use the terminology of that proposition, so that

0 0 0 0
qt(n) = ((Voy ce ey V]'_l, T), vj+1, e ey Ve_l),

(vé,vll,...,vel_l),...,(v(r,_l,vf_l,...,vzzll)).

Now note that if A ~ v, but A % v, then dj,(v) € vZ[v] from the definition of the
canonical basis. Hence, by Proposition 3.5, we see that

SO dwsi= Y be(W)se

A~v, A%y T~1, TER

where by (v) € vZ[v] for all T. (We note that for this step it is necessary to have
M € Ryeg rather than just g an e-regular Rouquier multipartition, since we need to
apply Proposition 3.5 to multipartitions T ~ g with T % p.) It follows by Corol-
lary 2.6 that

FEPGW) =) el G = Gw) + Y ¢ )G, (3.9)
n

n>n

where the last equality follows from Lemma 2.13. Now suppose A ~ u and consider
the coefficient of 53 in f /) G(v). By equation (3.9), this coefficient is given by

dap®) + Y ]y dyu®) = dap®) + Y el 2pu ),

n>n w>n
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where the last step follows from the inductive hypothesis. However, by equation (3.8),
the coefficient is given by

glﬂ(v) + § :CZQ(ls)g ﬂIL(v)’
J
n

and so we have g3, (v) = dau (v), as required. By induction, this completes the proof
of Theorem 3.10. ]

The next theorem follows immediately by applying Theorem 2.4 to Theorem 3.10.

Theorem 3.11. Suppose that H, ,(q, Q) is defined over a field of characteristic 0.
Take A € Al and p € A% with (A, n) € R°. Then

[S* : D*], = gau(v).

3.4. The cyclotomic ¢-Schur algebra and characteristic p

In order to look at the case where the underlying field F has prime characteristic,
we introduce a new player, the cyclotomic g-Schur algebra. For the definition of this
algebra and the construction of the Weyl modules, we refer the reader to [35, Sec-
tion 4] and for the graded theory we refer them to [39].

Let @ € I". Suppose that [ is a field of characteristic p > 0. For n > 0, take
H = H,n(gq, Q) to be an Ariki-Koike algebra over a field of characteristic p with
quantum characteristic e, where Q. = g%k for 0 <k <r — 1. The cyclotomic g-Schur
algebra is the endomorphism algebra

S = Endyg ( &b M"),

HEAT

where each M# is a certain #-module. Then § is a cellular algebra in the sense
of Graham and Lehrer [22]. It is quasi-hereditary, with the cell modules and the
’, the cell mod-
ule indexed by A is called a Weyl module and is denoted A% and the simple module
indexed by A is denoted L*. For A, u € A”, let [A* : L*] denote the multiplicity

of L* as a composition factor of A*.

simple modules both indexed by the r-multipartitions of n. If L € A

Work of Stroppel and Webster [39] has shown that there is a grading on the cyc-
lotomic g-Schur algebras analogous to that of the Ariki—Koike algebras; we define
[A* : L*], to be the graded multiplicity. Again, when § is defined over a field of
characteristic 0, the decomposition numbers are given by the transition coefficients
for the Fock space.
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Theorem 3.12 ([39, Corollary 7.23]). Suppose that p = O and let A, pu € A}, Then
[AY LM, = dau(v).

Over a field of arbitrary characteristic, the decomposition numbers for the cyclo-
tomic g-Schur algebras agree with those for the Ariki—Koike algebras.

Theorem 3.13 ([35, Theorem 5.1]). Suppose that A, p € A}, with p € A%. Then
[A* . L*] =[S* : D*].

We define a partial order ™ on A}, by saying that u > A if

-1 t -1 J

l l
IR D N EDI
k=0 k=0 i=1

i=1

forall0 </ <r—1landallf >0, and we write g > A if & > A and w # A. The next
results follow from the construction of the cellular basis of § (see [35, Theorem 4.11])
and the block structure of § (see [33, Theorem 2.11]).

Proposition 3.14. Suppose that A, p € Al The following hold:
o [A*:LF] = 1land[A* : L*] = O unless p > A;
o [A*: L*] = Ounless A ~ p.
The next result is an application of a theorem of Bowman and Speyer.

Proposition 3.15 ([4, Corollary 3.15]). Suppose that r > 2, that A, u € A}, and
that [AQ] = |u©|. Let f = (u®, ..., u=V), 2 = AW, ... ACD) and & =
(ai,...,ar—1). Consider the decomposition numbers [A(MO)) : L(“(O))] and [A* : L®)
where the first is for a cyclotomic q-Schur algebra with e-multicharge (ag) and the
second for a cyclotomic q-Schur algebra with e-multicharge @. We have

[AY : L#] = [AXD) . LAl L,

Let G denote the Grothendieck group of § with [M] denoting the element of G
corresponding to the $-module M, so that [M] = [N] whenever the multiset of
composition factors of M is equal to the multiset of composition factors of N. By
Proposition 3.14, {[A*] | A € A’} isabasis of G. Set hy,, = [A* : L*]. For p € A7,
let P* denote the projective cover of the simple module L#. Then, by the properties
of a cellular algebra,

[PF] = 3 haula?].
AEA)
Now let $° denote a cyclotomic g-Schur algebra with the same parameters r, n, e
and a as §, but defined over a field of characteristic 0. Let hg u denote the multiplicity
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of the simple $°-module L* as a composition factor of the §°-module A*. Let D
(resp. Do) denote the decomposition matrix of § (resp. §°), that is the matrix whose
rows and columns are indexed by the elements of A} and where the (A, u)-entry
is hpy (resp. hg u)' We assume that the ordering on D and Dy is identical and is
compatible with > so that by Proposition 3.14 the decomposition matrices are lower
unitriangular.

The reference we give below is actually for the g-Schur algebra, but the proof for
the cyclotomic ¢g-Schur algebra is identical. The matrix 4 is known as an adjustment
matrix.

Theorem 3.16 ([34, Theorem 6.35]). There exists a square lower unitriangular mat-
rix A whose rows and columns are indexed by the elements of A} and whose entries
are non-negative integers such that D = DgA. Hence, if A = (azy) and A, € A},
we have

haw = Z h?\ram-

TEA)

Leti € I and m > 1. As in [40], we define an induction functor
Tl(m): Sr.n-mod — 8, ,4m-mod

with the property that, if v € A],

[A7]1= ) [a%.

v:A

The reader should compare with the action of fi(m) on s, in Section 2.5. The func-
tor T(m) is exact and so
i

[PP]1= 3 balP*].

A€EA”

n+m
for some by, € N. Supposethat 1 < j <e —1ands > 1. Define

PEN=4 0487 0 117 0 417 0000 12 0 17,

and compare the definition with that of /) € U. Mirroring our notation in the
previous section, if g € Ry, We set

O(m) = Y gaulA*].

Axp

where ga, = gan(1). Our set-up is then identical to that of Proposition 3.8, and so
we obtain the following result.
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Lemma 3.17. Suppose s > 0 and that v € RS Letl < j <e—1.Then

reg*

0(v) T55)= Z c")’?(ls)Q((vg, e v](-)_l, n, Vj(')+1’ v ),
neA

(2T PRV TN (At VLA S VLA ).

Lemma 3.18. Suppose s > 0 and that v € R°. Suppose thato ~ v,6 3% v and v > 6.
Suppose that € € R is formed by adding s e-rim hooks to the first component of v.
Suppose that for some 1 < j < e — 1, [A™] appears in the sum [A®] T](.s) with non-
zero coefficient. Then T £ &.

Proof. Take all multipartitions as above and suppose that T > &. Then
(7@ = (6@ = ) + se = 0@+ se = [z,

so we must have equalities throughout the equation. Thus 1) = ¢®) and ¢®) = p®
for all k > 1. However, thanks to the equality of the sizes of the first component and
the dominance conditions, we have

-1 t -1 t
Z|v(k)|+zvi(l) > Z|0(k)| +Zai(l)’
k=1 k=1

i=1 i=1

-1 t -1 t
I 1
DLSED LIS
k=1 i=1 k=1 i=1

forall1 <! <r—1landz > 0, so that in fact 6® = v® forall k > 1. Buto ~ v,
so by Proposition 2.2, we have (6®) ~ (v(@) so that ¢ ~ v, giving the required
contradiction. m

Lemma 3.19. Suppose that o, A € R with p ~ A and |uf| = |A?| forall 0 <i <
e — 1. Suppose that h(u®) = h(A@) < p. Then hj, = 0.

Proof. Given the conditions on g and A, we have |;(?] = |A(9)|. By [25, Proposi-

tion 3.3], we have that
[A(A(O)) : L(M(()))] —0.

The lemma then follows from Proposition 3.15. |

We are now ready to prove the main result of this section. Set g, = gau(1).

Theorem 3.20. Suppose that A ~ j, where A € R and . € Ryey. Suppose further
that p = 0 orh(u®) < p forall0 <k <r — 1. Then

hlu = 8an-
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Proof. If p = 0 then the result follows from Theorem 3.12 and Theorem 3.10, so
assume that p > 0. As in the proof of Theorem 3.10, we use multiple induction argu-
ments. The case r = 1 appears as [25, Theorem 4.1]. So suppose that r > 1, that
Theorem 3.20 holds for r — 1, and that g € R, With h(,u(k)) <pforO<k<r-—1.

Suppose first that h(1 (@) = 0. For any A = (A@ AM_  A0-D) e A" set
A=W, . AC-Y)yandsetd = (ay....,ar—1). Then fi, (@) € Rireg. Suppose
that A ~ p. Ifh(A(®) > 0, then w ¥ A and h2,, = gap = 0, so assume h(1(?) =0,
that is, A(® = (9. Now, applying Proposition 3.15, we have

hap = h(MO))(M(O))hjﬁ =83ap = &an-

where the middle step follows from the inductive hypothesis and Proposition 3.14 and
the last step follows from Lemma 3.4. Hence Theorem 3.20 holds when h(u(o)) =0.

Now suppose that p > h(1(?)) > 0 and that Theorem 3.20 holds for all v € Rireg
with h(V©@) < h(u @) and h(v®)) < pfor1 <k <r —1.Choose 1 < j <e — 1 such
that /,LO # . Let v be the partition whose Young diagram is obtained by removing
the ﬁrst column from [MO] where we suppose that we remove s > 1 nodes. Let v be
the multipartition with the same multicore as g and

. {v ifk =0andi = j,

,uf‘ otherwise.

By the inductive hypothesis,

[[Pv]] = Z gav[[Aﬂ]] + Z hav[[Aa]] =0m) + Z hav[[Aa]]-

oy o~v,0%Y o~Vv,0 %V

Now by Lemma 3.17,
P11 =001+ 3 has[A] 1)

o~V,0 %V

_ch(v)Q(ﬂ)-l- Z h‘,,,[[A"]] T(S)»

o~v,0 %V

we also have

[[Pv]] TES): Z bs[[Asﬂ + Z be[[Ae]]

XM e~ g% N
for some be € N. Take 1) # u? such that CZ(IS) # 0 and define 5 as in the proof of
Proposition 3.9. By Lemma 3.19 we have h,, = 0. Take & ~ u such that e # 0.
* Ife % p,then by Lemma 3.18, & 2 n, and so hye = 0.

 Ife~ pandern,then ef‘ = ,uf.‘ unless k =0andi = j. Hence, by Lemma 3.19,
hye = 0.



Decomposition numbers for Rouquier blocks of Ariki—Koike algebras I 277

Thus the only way that we have hy, = 0is if

[P71157= 3 e [P+ D re[P]

for some r € N. Consider A ~ p. Then the coefficient of [A*] in [P”] Tj(.s) is
Z Cl?(ls)glﬂ = ch(ls)h)'ﬂ + Z rehle.
n n &

But by Theorem 3.16, each p that appears in the sum above is such that

and so we must have g, = hay. Taking 5 = p, we complete the proof of the theorem.
[

Theorem 3.21. Suppose that A ~ p where A, € R and p € A®. Suppose further
that h(u®) < p forall 0 < k < r. Then

[S* : D*], = gan(v).

Proof. The ungraded version of Theorem 3.21 follows from Theorem 3.20 and The-
orem 3.12. The graded version follows from Theorem 3.11 because there is a graded
adjustment matrix that relates the graded decomposition numbers in characteristic 0
and characteristic p (see [28, Section 10.3]). ]

3.5. Scopes equivalences

A celebrated paper of Scopes [38] proves certain equivalences between blocks of
the symmetric group algebra. Scopes’ paper, which was generalized by Jost [27]
to the Hecke algebras of type A, shows that the blocks are Morita equivalent and
that there is a corresponding bijection between the partitions in the respective blocks
which preserves the decomposition matrices. As we explain below, an generalization
of the decomposition number result to the Ariki—-Koike algebras was recently given
by Dell’ Arciprete [ 12] and a generalization of the Morita equivalence is a special case
of even more recent work by Webster [41].
Fix an e-multicharge @ € I". For 0 <i < e — 1, define ¢;: Z — Z by setting

b+1 forb=i—1mode,
¢i(b)y=3b—1 forb=imode,

0 otherwise.
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Suppose A € A”. Define ®; (1) to be the multipartition where the §-set of compon-
ent k is equal to ®; (?B’;k (1)), that is we obtain the abacus configuration of ®;(4)
from that of A by swapping runners i and i + 1 on all components (with a vertical
shiftif i = 0).

The map ®; preserves ~4-equivalence classes.

Lemma 3.22 ([ 16, Proposition 4.6]). Let A, u € A". Then A ~4 u if and only if
D; (A‘) ~a D; (IL)

Let B be a ~4-equivalence class of A”. Say that the ~4-equivalence class B is
formed from B by making a Scopes move if B = ®; (B) for some 0 <i < e — 1 and
no multipartition A € B has any addable i -nodes. Let =g, be the equivalence relation
on the ~,4-equivalence classes of A" generated by making Scopes moves; we call this
Scopes equivalence. If B =g, B then by composing the bijections <I>, , @ ! which give
the Scopes moves between B and B, we have a bijection ®: B — B.

Proposition 3.23 ([12, Proposition 5.5]). Suppose that B and B are ~q-equivalence
classes with B =g, B. Suppose A, u € B with g a Kleshchev multipartition. Then
®(p) is a Kleshchev multipartition, and we have

[S*: D¥] = [s®P) : p*W)],

Proposition 3.24 ([41, Lemma 3.2]). Suppose that B and B are ~q-equivalence
classes with B =s. B. Then the blocks of the Ariki—-Koike algebras corresponding
to B and B are Morita equivalent.

Using Webster’s work and the results of [32, Section 3.3], we can describe when
a block is Scopes equivalent to a Rouquier block. Let A € A" and recall the definition
of Bé‘()c) from Section 2.4. For 0 <i < e — 1, define b} (1) = ,rc;lo Bf(k). By [16,
Lemma 3.2], the function b7 is constant on ~4-equivalence classes, so if B is such a
class, we can define b (B). Define a total order < on {0, 1, ..., e — 1} by saying that

i < jifb/(B) <bj(B)orifb;(B) =bj(B)andi < j,
and define 7 = 7 (B) to be the permutation such that
rr(O)(B) < b 2y (B) << B*(e H(B).
We say that a ~4-equivalence class B is a RoCK block if every A € B satisfies
h(A) < BE (W) — b5 (W) + 1

foralll <i<e—1land0 <k <r-—1.
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Proposition 3.25 ([41, Proposition 4.3], [32, Section 3.3], Section 3.3). A ~4-equiv-
alence class B is a RoCK block if and only if it is Scopes equivalent to a Rouquier
block.

We could equally have defined a RoCK block to be a block which is Scopes equi-
valent to a Rouquier block and then given the equivalent combinatorial definition. Our
terminology follows that of [41], although Webster’s RoCK blocks are defined more
generally; when applied to the Ariki—Koike algebras, the notations coincide. Apply-
ing Proposition 3.23, we are now in a position to give some decomposition numbers
for RoCK blocks.

Theorem 3.26. Suppose that ¥, ,(q, Q) is defined over a field of characteristic
p >0. Take A € A}, and p € A% such that A and p lie in a RoCK block R and
A ~g . Let 1 = (R) be the permutation defined above. Suppose that p = 0 or
h(u®) < p forall0 <k <r — 1. Then

r—1e—1
k k
[ DIL] ( l_lcsz A7':(1) )
E E E E k k k k+1 k
r IyA r+18els “k=0i=0 M”()y ﬂ ﬂ @)’
oE E_Hﬁe ¢ yerl'} €
(%]

1%
C C .
Y AU AR R LY ST A
3.6. Open questions

In Theorem 3.10, we show that

d)uL (v) = 8an (v)

for any (A, p) € R°, and in order to obtain Theorem 3.11 we just ignore any p €
Rreg not indexed by a Kleshchev multipartition. The definition of g, (v) does not
depend on the common multicore of A and p. However, the set A% N R, does.
Unfortunately, we do not have a non-recursive way of testing whether a multipartition
in a Rouquier block is a Kleshchev multipartition; that is, we would like an analogue
of Lemma 2.3 for r > 1.

Example. Lete = 2 and r = 2, and let

V. , V2! , V3! , Vg ,
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The 2-regular multipartitions are v, v4, 5 and 4, and dy ., (v) = dy ., (v) for all
1 <x <4andy = 2,4. However, v, and v4 are Kleshchev multipartitions, whereas
5 and g, are not.

If r = 1, we are able to express the decomposition numbers [S* : D#], in terms
of other (unknown) decomposition numbers.

Proposition 3.27 ([25, Proposition 4.3]). Let r = 1. Suppose that p € Ry and
A & . Set

T(p) ={t ~p:|t°| =W forall0 <i <e—1}.

Then

hluz Z glthtu-
TeT(n)

We were initially hopeful that an analogue of this result held for r > 2. We do
not have any examples that contradict it, however we do not think it is likely to hold.
When v % p, we have no control over the entries a,, of the adjustment matrix.

In Conjecture D, we conjectured that we have a formula for the decomposition
numbers [A(A) : L(p)] for the cyclotomic g-Schur algebras where A ~ u lie in a
Rouquier block that holds for arbitrary p, rather than p e-regular as in Theorem 3.20.
The formula differs from g, (1) only by the addition of a term cf{) Ul In [25,
Corollary 3.12], we proved Conjecture D in the case that r = 1 using a runner-removal
result of James and Mathas [26]. Unfortunately, we do not have an analogue of the
runner removal theorem for » > 1.
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