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Subgroup growth in free class-2-nilpotent groups

Viola Siconolfi, Marlies Vantomme, and Christopher Voll

Abstract. We describe an effective procedure to compute the local subgroup zeta functions
of the free class-2-nilpotent groups on d generators, for all d � 2. For d D 4, this yields a
new, explicit formula. For d 2 ¹4; 5º, we compute the topological subgroup zeta functions. We
also obtain general results about the reduced and topological subalgebra zeta functions. For the
former, we determine the behaviour at one; for the latter, the degree and behaviours at zero
and infinity. Some of these results confirm, in the relevant special cases, general conjectures by
Rossmann.
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1. Introduction

1.1. Setup

We study the subgroup growth of finitely generated free nilpotent groups of nilpotency
class two. The free nilpotent group F2;d of nilpotency class two on d generators has
presentation

F2;d D hg1; : : : ; gd j 8i; j; k 2 ¹1; : : : ; dº W ŒŒgi ; gj �; gk� D 1i:
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The subgroup zeta function of F2;d is the Dirichlet generating series

�F2;d .s/ D
X

H�F2;d

jF2;d W H j
�s;

where s is a complex variable (and1�s D 0, so the sum extends in effect only over
the subgroups of finite index). It is well known that �F2;d .s/ has an Euler product

�F2;d .s/ D
Y

p prime

�F2;d ;p.s/; (1.1)

where, for each prime p, the Euler factor �F2;d ;p.s/ enumerates the subgroups of F2;d
of p-power index; cf. [9, Prop. 4]. By a result of Grunewald, Segal, and Smith ([9,
Thm. 2]) these local zeta functions are all rational in the parameters p and t D p�s .
Computing these—and other groups’—local zeta functions explicitly, however, is dif-
ficult. Previously, explicit formulas were only known for d 2 ¹2; 3º; see Section 7.

The free class-2-nilpotent Lie ring f2;d on d generators has presentation

f2;d D hx1; : : : ; xd j 8i; j; k 2 ¹1; : : : ; dº W ŒŒxi ; xj �; xk� D 0i:

The subalgebra zeta function of f2;d is

�f2;d .s/ D
X

H�f2;d

jf2;d W H j
�s:

It is well known that the problem of counting subgroups of the group F2;d is the same
as the problem of counting subalgebras of f2;d . Indeed, the fact that

�F2;d .s/ D �f2;d .s/ (1.2)

is not hard to verify; see [9, Chap. 4]. It justifies that we concentrate on subalgebra
zeta functions in the following.

For any (commutative) ring R, we set f2;d .R/ D f2;d ˝Z R and consider the
subalgebra zeta function

�f2;d .R/.s/ D
X

H�f2;d .R/

jf2;d .R/ W H j
�s; (1.3)

enumerating R-subalgebras of f2;d .R/ of finite index. In practice, we will focus on
rings R which are compact discrete valuation rings (cDVRs), viz. rings of integers
of finite extensions of the field Qp of p-adic numbers (in characteristic zero) or
rings FqJT K of formal power series over finite fields (in positive characteristic). We
write p for the unique maximal ideal of o, with residue field cardinality jo=pj DW qo,
a prime power. The Euler product decomposition (1.1) is mirrored by the factorization

�f2;d .s/ D
Y
p prime

�f2;d .Zp/.s/: (1.4)
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1.2. Main results

In [9, Thm. 2] Grunewald, Segal, and Smith established that there exists a bivariate
rational function �f2;d .q; t/ such that �f2;d .p; p

�s/ D �f2;d .Zp/.s/ for all primes p.
Their arguments extend easily to general cDVRs o, that is

�f2;d .qo; q
�s
o / D �f2;d .o/.s/:

Indeed, the proof of [9, Thm. 2] is based on the observation that whether or not a sub-
moduleƒ of the Z-module f2;d .Z/ is a subalgebra may be decided by a combinatorial
criterion involving the elementary divisor types of the Z-modules

ƒC Œf2;d .Z/; f2;d .Z/� and ƒ \ Œf2;d .Z/; f2;d .Z/�:

This criterion carries over verbatim to o-modules f2;d .o/ for any cDVR o. We spell
this out in Proposition 4.4.

In the present paper, we present an effective procedure to compute these bivariate
rational functions. The formula for �f2;d .q; t/ we present in Theorem 4.25 is given in
terms of Gaussian q-multinomials and finitely many generating functions enumerat-
ing the integral points of rational polyhedral cones.

We apply this formula in different ways, both theoretically and practically. First,
it inspires a notion of no-overlap subalgebra zeta function of f2;d .o/ enumerating,
loosely speaking, “most of” the finite-index subalgebras of f2;d .o/, see Section 5.1.
We prove that this summand satisfies the same local functional equation as �f2;d .o/.s/;
see Theorem 5.11. Second, we derive from the formula that, for all d and all cDVRs o

whose residue field cardinalities avoid finitely many values, the p-adic subalgebra zeta
function �f2;d .o/.s/ has a simple pole at s D 0, establishing a conjecture of Rossmann
for the relevant algebras, see Theorem 5.15. Third, we compute the subalgebra zeta
functions �f2;4.o/.s/ explicitly by implementing the formula in SageMath [18] using
LattE [1] and Zeta [13], see Theorem 7.3 for a paraphrase; full details can be found
on Zenodo.org [15].

To consider Euler products such as (1.4) is just one way to capture informa-
tion about “many” p-adic zeta functions uniformly. Others include the reduced zeta
functions pioneered by Evseev ([8]) and the topological zeta functions developed by
Rossmann ([12]). Both may be paraphrased as results of “setting qo D 1”, in subtly
different ways. Crudely speaking, the reduced zeta function �red

f2;d
.t/ is the univariate

rational function in t defined as �f2;d .1; t/. Equally informally, the topological zeta
function � top

f2;d
.s/ is the univariate rational function in s obtained as the first non-zero

coefficient of �f2;d .qo; q
�s
o /, expanded in qo � 1.

In Theorem 6.8 we show that the reduced subalgebra zeta function �red
f2;d

.t/ has a
pole at t D 1 of orderD WD d C

�
d
2

�
, which is the Z-rank of f2;d . In Theorem 6.10 we

establish thatD is also the degree of the topological subalgebra zeta function � top
f2;d

.s/.
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In Theorem 6.13 we show that the topological zeta function has a simple pole at s D 0
and compute its residue there. This confirms, in the relevant special cases, general con-
jectures by Rossmann. The topological and reduced subalgebra zeta functions feature
together in Theorem 6.11; it links the topological zeta function’s behaviour at infinity
and the reduced zeta function’s residue at t D 1. We also compute the topological
subalgebra zeta functions � top

f2;4
.s/ and � top

f2;5
.s/ explicitly using our implementation

of Theorem 4.25; see Theorems 7.5 and 7.7.

1.3. Related work

For d � 3, the p-adic subalgebra zeta functions �f2;d .o/.s/—and, as corollaries, their
topological and reduced analogues—have been known for some time; see Section 7
for explicit formulas and references. For c > 2, the subalgebra zeta functions of
the free class-c-nilpotent Lie rings on d generators fc;d are largely unknown. To
our knowledge, explicit formulas are only known for .c; d/ D .3; 2/, by work of
Woodward; cf. [7, Thm. 2.35].

The ideal zeta functions �G
f2;d .o/

.s/, enumerating ideals of finite index, have been
computed, for all d , in [19]. This yields, in particular, the (global) ideal zeta function

�Gf2;d .s/ D
Y
p

�Gf2;d .Zp/.s/:

In analogy with (1.2), we have �Gf2;d .s/ D �
G
F2;d

.s/, the normal zeta function of the
free class-2-nilpotent group F2;d , enumerating normal subgroups of finite index.

1.4. Organization and notation

In Section 2 we recall some well-known nomenclature and results. We consider both
Gaussian binomial and multinomial coefficients in Section 2.1; the enumeration of
submodules of o-modules of finite rank in Section 2.2, convex polyhedral cones in Qm

in Section 2.3; various monoids in Nm
0 , in particular, solution sets of systems of linear

homogeneous Diophantine equations, in Section 2.4; and generating functions of sub-
sets of Nm

0 , in particular monoids, in Section 2.5. In Sections 2.6 and 2.7, we define
some notation and prove preliminary results for certain subsets of a monoid in Nm

0 .
In Section 3 we define the specific monoids and subsets in Nm

0 that are used in the
later sections to write down formulas for the subalgebra zeta functions considered.

Section 4 culminates in Theorem 4.25, an explicit formula for �f2;d .o/.s/ as a finite
sum, whose summands are products of Gaussian q-multinomials and generating func-
tions of subsets of Nm

0 as discussed in Section 2.5. We give an informal overview of
the proof of Theorem 4.25 in Section 4.1. In Section 5, we use this explicit formula to
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obtain several general results on the p-adic subalgebra zeta functions �f2;d .o/.s/. Not-
ably, we introduce the no-overlap subalgebra zeta function of f2;d .o/ in Section 5.1
and show, in Section 5.4, that for all d and all cDVRs o whose residue field cardinal-
ities avoid finitely many values, the p-adic subalgebra zeta function �f2;d .o/.s/ has a
simple pole at s D 0.

In Section 6 we obtain results on the reduced and topological zeta functions men-
tioned in Section 1.2. For the former, we determine the behaviour at t D 1 and for
the latter, the degree and behaviours at zero and infinity. In Section 7 we record expli-
cit formulas for p-adic, reduced, and topological subalgebra zeta functions associated
with f2;d for small values of d , both known and new.

Table 1.1 gives a partial list of the notation used.

Notation Meaning Location

o compact discrete valuation ring Section 1.1
qo cardinality of the residue field o=p, a prime power Section 1.1
f2;d .o/ tensor product f2;d ˝Z o Section 1.1
�f2;d .o/.s/ subalgebra zeta function of f2;d .o/ (1.3)
�f2;d .q; t/ rational function with �f2;d .qo; q

�s
o / D �f2;d .o/.s/

for all o

Section 1.2

D d C
�
d
2

�
D
�
dC1
2

�
, the Z-rank of f2;d Section 1.2

d 0
�
d
2

�
Section 2.1�

n
J

�
q

Gaussian multinomial coefficient Definition 2.2

Pn set of integer partitions of at most n parts Section 2.2.1
� � � �i � �i for i 2 Œn� for partitions �; � 2 Pn Section 2.2.1
�
.n/
1 .�1/j2Œn� 2 Pn Section 2.2.1
˛.�; �I o/ number of subgroups of isomorphism type � of a

finite o-module of isomorphism type �
Section 2.2.1

j�j
Pn
iD1 �i Section 2.2.2

xF interior of a monoid F in Nm
0 Section 2.4

L.E/ lattice of supports of a monoid E Section 2.4
X.Z/ generating function of X � Nm

0 Section 2.5
FE;A; xFE;A submonoid resp. subset of a monoid E for

A 2 L.E/

Section 2.6

Table 1.1. Notation (cont. on next page).
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Notation Meaning Location

D xF specific finite subset of a monoid F (2.8)
�2d 0 subset of the symmetric group S2d 0 Definition 3.1
Wd set of relevant pairs .I; �/ with I � Œd � 1� and

� 2 �2d 0

Definition 3.11

GI;� specific monoid of NdCd 0

0 for .I; �/ 2 Wd Definition 3.13
X tuple of indeterminates .Xi /i2Œd� Section 3.2
Y tuple of indeterminates .Yj /j2Œd 0� Section 3.2
HI;J specific subset of NdCd 0

0 for I � Œd � 1� and
J � Œd 0 � 1�

Definition 3.30

D2d 0 set of Dyck words of length 2d 0 Section 3.6
w� Dyck word associated with � 2 S2d 0 Definition 3.37
�� partition .�j /j2Œd 0� 2 Pd 0 such that the multisets

¹�j j j 2 Œd
0�º and ¹�i C �i 0 j i < i 0 2 Œd �º

coincide, for � 2 Pd

Definition 4.1

GMCI;� product of Gaussian multinomial coefficients
associated with .I; �/ 2 Wd

Definition 4.20

�� numerical data map Definition 4.22
�wf2;d

.q; t/ rational function with �wf2;d .qo; q
�s
o / D �w

f2;d .o/
.s/

for all o

Section 5.1

�n:o:
f2;d

.q; t/ rational function with �n:o:
f2;d

.qo; q
�s
o / D �n:o:

f2;d .o/
.s/

for all o

Section 5.1

�n:o: no-overlap numerical data map Section 5.2
MCI;� product of multinomial coefficients associated to

.I; �/

Definition 6.1

a� .˛/, b� .˛/ non-negative integers for � 2 �2d 0 and ˛ 2 Nm�
0

that are closely related to the numerical data
map ��

Definition 6.2

UI;�;max set of u 2 UI;� such that dimKu D D Definition 6.4
cd specific positive rational number Definition 6.4
�red

f2;d
.t/ reduced subalgebra zeta function of f2;d Section 6.2

�red reduced numerical data map Definition 6.6
�

top
f2;d

.s/ topological subalgebra zeta function of f2;d Section 6.3

Table 1.1. Notation (cont.).
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2. Preliminaries

2.1. Gaussian binomial and multinomial coefficients

We start by recalling Gaussian binomial and multinomial coefficients.

Definition 2.1. Let k; n 2 N0 with k � n. The Gaussian binomial coefficient or
q-binomial coefficient

�
n
k

�
q

is the following polynomial in q:�
n

k

�
q

WD
.1 � qn/.1 � qn�1/ � � � .1 � qn�kC1/

.1 � qk/.1 � qk�1/ � � � .1 � q1/
:

Definition 2.2. Let n 2 N0 and J D ¹ji j i 2 Œr�º � Œn� 1� with j1 � � � � � jr . The
Gaussian multinomial coefficient

�
n
J

�
q

is the polynomial in q defined as�
n

J

�
q

WD

�
n

j1

�
q

�
n � j1

j2 � j1

�
q

: : :

�
n � jr�1

jr � jr�1

�
q

:

We write Sn for the symmetric group of degree n, a Coxeter group with Coxeter
generators s1; : : : ; sn�1. For � 2 Sn, we write `.�/ for the Coxeter length of � and
Des.�/D ¹i 2 Œn� 1� j `.�si / < `.�/º for its (right) descent set. The unique `-longest
element in Sn is denoted �0, with `.�0/ D

�
n
2

�
. The identities

`.��0/ D `.�0/ � `.�/; Des.��0/ D Œn � 1� n Des.�/; (2.1)

and �
n

J

�
q

D

X
�2Sn;Des.�/�J

q`.�/ (2.2)

for J � Œn � 1� are well known; see [4, Proposition 3.2.3] for (2.1) and [16, Propos-
ition 1.7.1] for (2.2). We represent permutations � 2 Sn by their one-line notation,
i.e. the word �.1/�.2/ : : : �.n/ in the letters Œn�.

2.2. Counting submodules of o-modules

We recall some well-known facts about the enumeration of submodules of finitely
generated o-modules, where o is a cDVR. We consider finite modules in Section 2.2.1
and torsion-free modules in Section 2.2.2.

2.2.1. Finite o-modules. Let Pn � Nn
0 be the set of integer partitions of at most n

(non-zero) parts, i.e. the set of tuples � D .�j /j2Œn� with �i 2 N0 for i 2 Œn� and
�i � �iC1 for i 2 Œn � 1�. By convention, �nC1 D 0 for � 2 Pn. We call a finite
o-module of isomorphism type � if it is isomorphic to the product

Co;� WD o=p�1 � � � � � o=p�n

of finite cyclic o-modules. By slight abuse of notation we call the �i the elementary
divisors of Co;�.
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Let �; � 2 Pn. We write � � � if �i � �i for every i 2 Œn�. Let ˛.�; �I o/ be
the number of submodules of Co;� of isomorphism type �. The following formula
for ˛.�; �I o/ was recorded in [5]. (There, it is only stated for the case o D Zp , i.e.
for finite abelian p-groups. The formula’s proof, however, works just as well for any
cDVR.) We denote the conjugate partition of � by �0, following [16, Section 1.8].

Proposition 2.3 ([5]). Let � � � be partitions, with conjugate partitions �0 � �0.
Then

˛.�; �I o/ D
Y
k�1

q
�0
k
.�0
k
��0

k
/

o

�
�0
k
� �0

kC1

�0
k
� �0

kC1

�
q�1o

: (2.3)

For later use, we obtain an alternative expression for ˛.�; �I o/ in Lemma 2.6.

Definition 2.4. Let � � � 2 Pn. Letmj 2 N0 for j 2 Œ2n� be such that the multisets
� [ � and ¹mj ºj2Œ2n� are equal and m1 � m2 � � � � � m2n. Let L0 DM0 D 0 and

Lj D #¹i 2 Œn� j �i � mj º; Mj D #¹i 2 Œn� j �i � mj º:

for j 2 Œ2n�.

We note that similar but different integers Lj and Mj are defined in [14, (2.13)].

Example 2.5. For � D .4; 2; 1/ and � D .3; 2; 0/ in P3, we find that

.mj /j2Œ6� D .4; 3; 2; 2; 1; 0/;

.Lj /j2¹0;:::;6º D .0; 1; 1; 2; 2; 3; 3/; and .Mj /j2¹0;:::;6º D .0; 0; 1; 2; 2; 2; 3/:

Figure 2.1 illustrates this example.

�1 �2 �3 �1 �2 �3

m1 m3 m5m2 m4 m6

Figure 2.1. Illustration of Example 2.5.
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The following lemma resembles [14, Lemmas 2.16 and 2.17].

Lemma 2.6. Let �;� 2 Pn with � � �. Then

˛.�; �I o/ D

2nY
jD1

�
Lj �Mj�1

Mj �Mj�1

�
q�1o

q
Mj .Lj�Mj /.mj�mjC1/
o : (2.4)

Proof. The product in (2.3) is indexed by integers k. Suppose that j 2 Œ2n� and
k 2 Œ�1� are such that mj � k > mjC1. Then �0

k
D Lj and �0

k
D Mj . Hence, (2.3)

reads

˛.�; �I o/ D

2nY
jD1

mjY
kDmjC1C1

q
Mj .Lj�Mj /
o

�
Lj � �

0
kC1

Mj � �
0
kC1

�
q�1o

:

Now �0
kC1

is equal to Mj if mj > k > mjC1 and equal to Mi if k D mj and i D
max.¹i 2 Œ2n� jMi < Mj º/. If �0

kC1
DMj , then�

Lj � �
0
kC1

Mj � �
0
kC1

�
q�1o

D 1:

Removing these factors from the product, we obtain

˛.�; �I o/ D

2nY
jD1

�
Lj �Mj�1

Mj �Mj�1

�
q�1o

mjY
kDmjC1C1

q
Mj .Lj�Mj /
o

D

2nY
jD1

�
Lj �Mj�1

Mj �Mj�1

�
q�1o

q
Mj .Lj�Mj /.mj�mjC1/
o :

Given �1 2 N0, we write �.n/1 for .�1/j2Œn� 2 Pn. The following is obvious.

Corollary 2.7. Let � 2 Pn and set I WD ¹i 2 Œn � 1� j �i > �iC1º. Then

˛.�
.n/
1 ; �I o/ D

�
n

I

�
q�1o

nY
jD1

q
j.n�j /.�j��jC1/
o :

2.2.2. Free o-modules. Let � be a uniformizer of o, i.e. a generator of p.

Definition 2.8. Letƒ be a submodule of on of finite index. Let ¹��j ºj2Œn� with �1 �
� � � � �n be the multiset of elementary divisors of on=ƒ. The partition �D .�j /j2Œn� 2
Pn is the elementary divisor type of ƒ, written ".ƒ/ D �.

We note that Corollary 2.7 yields the number of submodules of on of elementary
divisor type �. This proves the following proposition, which counts submodules of
fixed elementary divisor type. Given � D .�j /j2Œn� 2 Pn, we set j�j D

Pn
iD1 �i .
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Proposition 2.9 ([6, Section 4.2]). Given a partition � D .�j /j2Œn� 2 Pn,X
ƒ�on; ".ƒ/D�

jon W ƒj�s D ˛.�
.n/
1 ; �I o/q�sj�jo :

The following proposition counts submodules containing a given submodule.

Proposition 2.10 ([6, Section 4.3]). Let M � on be a submodule of finite index with
elementary divisor type ".M/ D �. ThenX

ƒ�on;ƒ�M

jon W ƒj�s D
X

�2Pn; ���

˛.�; �I o/ q�sj�jo :

Proof. Observe that on=M Š Co;� and jon W ƒj D qj�jo if ".ƒ/ D �.

2.3. Convex polyhedral cones in Rm

We recall some general nomenclature and results for convex polyhedral cones. We
largely follow [16, p. 477].

The dimension dimA of a subset A � Rm is the dimension of the subspace of Rm

generated by A. A cone in Rm is a subset C � Rm that is closed under addition and
scaling by non-negative real numbers. The convex cone generated by A � Rm is

CA WD ¹a1x1 C � � � C atxt j t � 0; x1; : : : ; xt 2 A; a1; : : : ; at 2 R�0º:

A linear half-space of Rm is a subset of Rm of the form H D ¹v 2 Rm j w � v � 0º

for a vector w 2 Rm n ¹0º. A convex polyhedral cone C is the intersection of finitely
many half-spaces. It is pointed if it does not contain a line.

Let C be a convex polyhedral cone in Rm. A supporting hyperplane for C is a
hyperplane H that divides Rm into two linear half-spaces HC and H� such that
C � HC or C � H�. A face F of C is either an intersection C \H of C with a
supporting hyperplane H or equal to C . Faces of dimension one are called extreme
rays and faces of dimension m � 1 are called facets. The convex polyhedral cone C

is simplicial if it has exactly dim C extreme rays.
For x 2 Rm and " > 0, let N".x/ be the closed ball of radius " around x. Let A be

any subset of Rm and aff.A/ the affine hull of A. The relative interior relint.A/ of A
is the set of points a 2 A such that there is an " > 0 with N".x/ \ aff.A/ contained
in A. If A is a convex polyhedral cone, then the relative interior of A is the set of
points in A that are not contained in any face of A of lower dimension than A.

Definition 2.11 ([16, p. 477]). Let C be a convex polyhedral cone in Rm. A triangu-
lation of C is a finite family � D ¹Kuºu2U of simplicial polyhedral cones Ku such
that the following hold:

• C D
S
u2U Ku,
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• for each Ku 2 � , every face of Ku is an element of � , and

• for every Ku;Kv 2� , the intersection Ku \Kv is a common face of Ku and Kv .

An element of � is called a face of � .

Remark 2.12. If � D ¹Kuºu2U is a triangulation of C , then C D
S
u2U relint.Ku/

and this union is disjoint.

Proposition 2.13 ([16, Lem. 4.5.1]). Every pointed polyhedral cone C has a trian-
gulation whose one-dimensional faces are the extreme rays of C .

Let P be a poset with partial order relation �P . An interval in P is a subset of P
of the form Œx; y� D ¹z 2 P j x �P z �P yº for some x �P y 2 P . An interval is
non-trivial if x <P y. The element x covers y in P if Œy; x�D ¹x; yº and x ¤ y. The
poset P is graded if it is endowed with a rank function rkWP ! N0, i.e. a function
satisfying rk.x/ > rk.y/ if x >P y in P and rk.x/ D rk.y/ C 1 if x covers y. A
graded poset P is Eulerian if, in any non-trivial interval, the number of elements of
even rank and the number of elements of odd rank coincide.

Let C be a convex polyhedral cone in Rm. The lattice of faces L.C/ is the poset
consisting of the faces of C ordered by inclusion, together with an additional ele-
ment ¿, called the empty face. We set dim.¿/ D �1. The following is well known
and is a consequence of [3, Cor. 3.5.4] and [3, Cor. 3.3.3].

Proposition 2.14. The lattice of faces L.C/ of C is Eulerian: the rank of a face F

is the length of Œ¿;F �, viz. the length of a saturated chain from the empty face to F .
If C is pointed, then the rank of a face F is dim.F /C 1.

2.4. Monoids in Nm
0

In this subsection we discuss monoids in Nm
0 . In particular, those that are associated

with systems of homogeneous linear equations with integer coefficients. We largely
follow [16, Sec. 4.5].

A monoid F in Nm
0 is a subset of Nm

0 that contains zero and is closed under
addition. The interior of F , denoted by xF , is the set of points in F that lie in the
relative interior of CF . The completely fundamental elements CF.F / of F are the
elements ˇ 2 F such that if n 2 N and ˛; ˛0 2 F are such that nˇ D ˛ C ˛0, then
˛ D iˇ and ˛0 D .n � i/ˇ for some i 2 N0 with i � n. A system of r homogeneous
linear equations with integer coefficients in m variables ˛1; : : : ; ˛m can always be
written as ˆ.˛1; : : : ; ˛m/> D 0 for an r � m matrix ˆ over Z. The set of solutions
in Nm

0 of this system,

E D Eˆ WD ¹˛ 2 Nm
0 j ˆ˛ D 0º; (2.5)

is a monoid in Nm
0 .
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Remark 2.15. The convex cone CE generated by E is a pointed convex polyhedral
cone. The completely fundamental elements ofE each generate an extreme ray of CE

and vice versa.

Remark 2.16. We may assume that the rank of ˆ is r by deleting dependent rows
of ˆ. If E \Nm D ¿, then there must be an i 2 Œm� such that the i -th entry of ˛ is 0
for every ˛ 2 C . In this case, we can just ignore the i -th coordinate. In general, we
assume that no coordinates are redundant and that E \Nm ¤ ¿. Then the interior xE
is the set E \Nm of positive points in E.

Remark 2.17. Through slack variables, (2.5) can be used to study monoids defined
by linear inequalities as well. Concretely, letˆ2Matk�m.Z/ and consider the monoid
� D ¹v 2 Nm

0 j ˆv � 0º. The points in � are in bijection with the points in

¹v 2 Nm
0 ; 
 2 Nk

0 j ˆv � 
 D 0º;

where 
 is a tuple of k (slack) variables.

A monoid F in Nm
0 is simplicial if there exist Q-linearly independent tuples

˛1; : : : ; ˛t 2 F , called quasigenerators of F , such that

F D ¹
 2 Nm
j 9n 2 N; 9a1; : : : ; at 2 N0 W n
 D a1˛1 C � � � C at˛tº:

A monoidF is simplicial if and only if CF is a simplicial polyhedral cone. In this case,
the completely fundamental elements CF.F / are quasigenerators of F . The interior xF
of a simplicial monoid F can be characterized by

xF D ¹
 2 Nm
j 9n 2 N; 9a1; : : : ; at 2 N W n
 D a1˛1 C � � � C at˛tº:

The support of a tuple x D .x1; : : : ; xm/ 2 Rm is the set

supp.x/ WD ¹i 2 Œm� j xi ¤ 0º:

The support of a set V �Rm is supp.V / WD
S
v2V supp.v/. Suppose thatE DEˆ for

someˆ 2Matr�m.Z/. The lattice of supports L.E/ ofE is the set ¹supp.˛/ j ˛ 2Eº
of supports of tuples in E, ordered by inclusion. The next result identifies the posets
L.CE / and L.E/.

Theorem 2.18 ([16, p. 479]). The map

L.CE /! L.E/WF 7! supp.F / (2.6)

is a poset isomorphism.

By Remark 2.16 we may assume that L.E/ has Œm� as greatest element.
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2.5. Generating functions of subsets of Nm
0

We discuss a generating function associated with subsets of Nm
0 , in particular monoids

and their interiors. We largely follow [16, Sec. 4.5].
For a subset X � Nm

0 , define the generating function

X.Z/ WD
X
˛2X

Z˛ 2 QJZK; (2.7)

in the indeterminates Z D .Zj /j2Œm�, where

Z˛ D
Y
j2Œm�

Z j̨

j

for ˛ D . j̨ /j2Œm� 2 Nm
0 . The sets X whose generating functions we consider are

often monoids F or E D Eˆ, or the interiors xF or xE of such monoids.
Consider a monoid F in Nm

0 that is simplicial with quasigenerators ˛1; : : : ; ˛t .
Define the following finite subsets of F which depend on the choice of quasigen-
erators:

DF WD ¹x 2 F j x D a1˛1 C : : :C at˛t ; 0 � ai < 1º;

D xF WD ¹x 2 F j x D a1˛1 C : : :C at˛t ; 0 < ai � 1º:
(2.8)

Theorem 2.19 ([16, Cor. 4.5.8]). LetF�Nm
0 be a simplicial monoid with quasigener-

ators ˛1; : : : ; ˛t . The generating functions F.Z/ and xF .Z/ are rational and given by:

F.Z/ D
P
ˇ2DF

ZˇQt
iD1.1 � Z˛i /

; xF .Z/ D

P
ˇ2D xF

ZˇQt
iD1.1 � Z˛i /

:

For monoids E of the form (2.5), we have the following result.

Theorem 2.20 ([16, Thm. 4.5.11]). Let E D Eˆ for someˆ 2Matr�m.Z/. The gen-
erating functions E.Z/ and xE.Z/ are rational. When written in lowest terms, both
these rational functions have denominatorY

ˇ2CF.E/

.1 � Zˇ /:

The following two theorems are reciprocity results for X.Z/, for simplicial mon-
oids and monoids of the form (2.5) respectively. Let Z�1 D .Z�1j /j2Œm�.

Theorem 2.21 ([16, Lem. 4.5.13]). Let F � Nm be a simplicial monoid of dimen-
sion n. Then

xF .Z�1/ D .�1/nF.Z/:

Theorem 2.22 ([16, Thm. 4.5.14]). Let E D Eˆ for some ˆ 2 Matr�m.Z/, assume
that E � Nm and write n D dim.E/. Then

xE.Z�1/ D .�1/nE.Z/:
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2.6. The submonoids FE;A and subsets xFE;A of E D Eˆ

Let E D Eˆ for some ˆ 2 Matr�m.Z/. We define submonoids FE;A and subsets
xFE;A of E where A is an element of the lattice of supports L.E/ of E. We formulate

some reciprocity results for their generating functions.
For A 2 L.E/, define

FE;A WD ¹˛ 2 E j supp.˛/ � Aº; xFE;A WD ¹˛ 2 E j supp.˛/ D Aº:

The first set FE;A is a submonoid ofE. The convex cone CFE;A is the unique (cf. The-
orem 2.18) face of CE whose support is A. In other words, CFE;A is the inverse image
of A under the map in (2.6). The second set xFE;A is a subset of E and is the interior
of FE;A. Clearly, E D FE;Œm� and

FE;A D
[

B2L.E/;B�A

xFE;B ; (2.9)

where the union is disjoint.

Remark 2.23. If ˛ 2 FE;A, then the i -th coordinate of ˛ is zero for all i 2 Œm� nA. In
what follows we focus on the support of these submonoids. Therefore, the coordinates
Œm� n A of FE;A may be discarded. We may thus identity FE;A D EˆA , where ˆA
is a matrix found by removing the columns Œm� n A from ˆ and deleting resulting
dependent rows.

Remark 2.24. For every A 2 L.E/, let ZA be the tuple .Zj /j2Œm� where Zj is an
indeterminate for j 2 A and Zj D 0 for j 2 Œm� n A. Then FE;A.Z/ D E.ZA/.

The following is a reciprocity result for the submonoids FE;A � E and subsets
xFE;A � E.

Proposition 2.25. Let E D Eˆ for ˆ 2 Matr�m.Z/. For all A 2 L.E/,

xFE;A.Z�1/ D .�1/dimFE;AFE;A.Z/

D .�1/dim xFE;A
X

B2L.E/;B�A

xFE;B.Z/: (2.10)

Proof. The first equality is an application of Theorem 2.22 to FE;A, which is applic-
able because of Remark 2.23. Recall that xFE;A is the interior of FE;A. Using (2.9),
the second equality follows.

Corollary 2.27 states an alternative reciprocity result for xFE;A that is analogous
to [21, Lem. 2.17]. To prove it, we need the following lemma.
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Lemma 2.26. Let E D Eˆ for ˆ 2 Matr�m.Z/. For all A;C 2 L.E/ with A � C ,

X
B2L.E/;A�B�C

.�1/dimFE;B D

´
.�1/dimFE;A if A D C ;

0 otherwise:
(2.11)

Proof. If A D C , then the summation in (2.11) has exactly one summand, namely
.�1/dimFE;A . In general, the set ¹B 2 L.E/ j A � B � C º is an interval in L.E/.
If A ¤ C , then it is a non-trivial interval. Combining Proposition 2.14 with The-
orem 2.18, we find that L.E/ is an Eulerian poset where the rank of B 2 L.E/
is dim FE;B C 1. Recall that Eulerian means that in every non-trivial interval, the
number of elements of even rank and the number of elements of odd rank coincide.
Therefore, the summation (2.11) completely cancels out if A ¤ C .

Corollary 2.27. Let n be the dimension ofE. LetA� supp.E/ be such thatA2L.E/
or supp.E/ n A 2 L.E/. ThenX

B2L.E/;B�A

xFE;B.Z�1/ D .�1/n
X

C2L.E/;C�supp.E/nA

xFE;C .Z/: (2.12)

Proof (Adapted from [21, Lem. 2.17]). Using (2.10), we find thatX
B2L.E/;B�A

xFE;B.Z�1/ D
X

B2L.E/;B�A

.�1/dim xFE;B
X

C2L.E/;C�B

xFE;C .Z/

D

X
C2L.E/

� X
B2L.E/;B�C[A

.�1/dimFE;B

�
xFE;C .Z/; (2.13)

where we used that dim xFE;B D dimFE;B . If A 2 L.E/, then also A [ C 2 L.E/
for C 2 L.E/. Therefore, Lemma 2.26 implies that the expression between brack-
ets in (2.13) is .�1/d when C [ A D supp.E/ or, equivalently, C � supp.E/ n A,
and zero otherwise. Thus (2.12) holds if A 2 L.E/. Notice that the roles of A and
supp.E/ nA in (2.12) are symmetric, so (2.12) also holds if supp.E/ nA 2 L.E/.

2.7. The subsets IE;A;C of E D Eˆ

LetE DEˆ forˆ 2Matr�m.Z/. We define subsets IE;A;C ofE for all A;C 2 L.E/
with A � C . We show a reciprocity result for their generating functions and specify
a decomposition as a disjoint union of interiors of simplicial monoids.

For all A;C � Œm� with A � C , define

IE;A;C WD ¹˛ 2 E j A � supp.˛/ � C º: (2.14)
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In other words, the elements in IE;A;C are the elements ofE that have positive entries
in the coordinates indexed by elements in A, non-negative entries in the coordinates
indexed by elements in C n A, and zeros elsewhere. Obviously,

IE;A;C D
[

B2L.E/;A�B�C

xFE;B ; (2.15)

where the union is disjoint.
We formulate a reciprocity result for IE;A;C whenA;C 2L.E/ andC nA2L.E/.

Proposition 2.28. Let E D Eˆ forˆ 2Matr�m.Z/. Suppose that A;C 2 L.E/ with
A � C and C n A 2 L.E/. Then

IE;A;C .Z�1/ D .�1/dim IE;A;C IE;CnA;C .Z/: (2.16)

Proof. By (2.15),

IE;A;C .Z�1/ D
X

B2L.E/;A�B�C

xFE;B.Z�1/:

By (2.10), it follows that

IE;A;C .Z�1/ D
X

B2L.E/;A�B�C

.�1/dim xFE;B
X

D2L.E/;D�B

xFE;D.Z/

D

X
D2L.E/;D�C

� X
B2L.E/;A[D�B�C

.�1/dim xFE;B

�
xFE;D.Z/:

Since,A andD are inL.E/, it follows thatA[D 2L.E/. Therefore by Lemma 2.26,
the expression between brackets is .�1/dim xFE;C when A [D D C or, equivalently,
C n A � D, and zero otherwise. Thus we find

IE;A;C .Z�1/ D
X

D2L.E/;CnA�D�C

.�1/dim xFE;C xFE;D.Z/:

Since .�1/dim xFE;C does not depend on D, it may be pulled out of the summation.
Using (2.15), and the fact that dim xFE;C D dim IE;A;C , we then find (2.16).

The following proposition gives a decomposition of IE;A;C as a disjoint union of
interiors of simplicial monoids.

Proposition 2.29. Let E D Eˆ for ˆ 2 Matr�m.Z/ and A;C 2 L.E/ with A � C .
There is a finite family � D ¹Kuºu2U of simplicial monoids Ku � Nm

0 such that

• IE;A;C D
S
u2U

xKu and this union is disjoint,

• CF.Ku/ � CF.E/ for all u 2 U .
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Proof. Equation (2.15) already writes IE;A;C as a disjoint union of interiors of mon-
oids FE;B , but these are not simplicial in general. By Remark 2.23 and Remark 2.15,
CFE;B is a pointed convex polyhedral cone with extreme rays generated by the com-
pletely fundamental elements of FE;B . Since CFE;B is a face of CE , the completely
fundamental elements of FE;B are completely fundamental elements ofE. Therefore,
by Proposition 2.13, CFE;B has a triangulation �B D ¹Kuºu2UB , where each Ku for
u 2 UB is a simplicial polyhedral cone and the one-dimensional faces are generated
by completely fundamental elements of E. Let U ıB be the set of u 2 UB such that Ku

is not contained in any of the facets of CFE;B . Equivalently, U ıB is the set of u 2 UB
such that relint.Ku/ is contained in relint.CFE;B /. SetKu DKu \ FE;B for u 2 U ıB .
Then

xFE;B D relint.CFE;B / \ FE;B D
[
u2U ı

B

relint.Ku/ \ FE;B D
[
u2U ı

B

xKu:

Setting
U D

[
B2L.E/;A�B�C

U ıB ;

we find using (2.15) that
S
u2U
xKuD IE;A;C and this union is disjoint because the xKu

coming from the same triangulation �B are disjoint, and the union in (2.15) is also
disjoint.

3. The subsets GI;� andHI;J of NdCd 0

0

In this section, we define the specific subsets of Nm
0 , for various m, that are used in

the later sections to write down formulas for the considered subalgebra zeta functions.
In Sections 3.1 and 3.4, we define monoids E� � Nm�

0 and En:o: � NdCd 0C1
0 . In

Sections 3.2 and 3.3, we discuss subsets GI;� of NdCd 0

0 , which are used to express a
formula for �f2;d .o/.s/ in Section 4.5 and �w

f2;d .o/
.s/ in Section 5.1. In Section 3.5, we

discuss subsets HI;J of NdCd 0

0 , which are used to express a formula for �n:o:
f2;d .o/

.s/

in Section 5.2. We also prove some properties of the associated generating functions
that are used to prove properties of �f2;d .o/.s/, �

w
f2;d .o/

.s/, and �n:o:
f2;d .o/

.s/ in Section 5.
Dyck words and the relation between the GI;� and HI;J are discussed in Section 3.6.

3.1. The monoids E� � N
m�
0

Set d 0 WD
�
d
2

�
. We define monoidsE� �Nm�

0 for certain permutations � 2 S2d 0 . This
is done by defining a matrix ˆ� and setting E� D Eˆ� as in (2.5).

The permutations � 2 S2d 0 for which we define a monoid E� are as follows.
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Definition 3.1. Let �2d 0 be the set of permutations � 2 S2d 0 such that

j¹l 2 Œi � j �.l/ � d 0ºj � j¹l 2 Œi � j �.l/ > d 0ºj (3.1)

for all i 2 Œ2d 0� and if i < j 2 Œ2d 0� are such that �.i/; �.j / 2 Œd 0� and �.i/ > �.j /,
then

�.i/ > �.i C 1/ > � � � > �.j � 1/ > �.j /:

Example 3.2. Let d D d 0D 3. Then 123456 62 �2d 0 as (3.1) is not satisfied for i 2 Œ5�.
Also 653421 62 �2d 0 because 3 < 5 are such that �.3/D 3, �.5/D 2 2 Œ3�, and �.3/D
3 > �.5/ D 2, yet �.3/ D 3 6> �.4/ D 4 > �.5/ D 2. However, 451632 2 �2d 0 .

We fix an indexing of the set ¹.i; j / 2 Œd �2 j i < j º t Œd 0� by Œ2d 0�.

Definition 3.3. Define the bijection

bW ¹.i; j / 2 Œd �2 j i < j º t Œd 0�! Œ2d 0�W

.i; j / 7! d 0 C j � 1C .i � 1/.2d � 2 � i/=2;

j 7! j:

Remark 3.4. The map b respects the lexicographical ordering of the pairs .i; j / with
i < j .

Example 3.5. If d D 4, then b maps

1 7! 1; 4 7! 4; .1; 2/ 7! 7; .2; 3/ 7! 10;

2 7! 2; 5 7! 5; .1; 3/ 7! 8; .2; 4/ 7! 11;

3 7! 3; 6 7! 6; .1; 4/ 7! 9; .3; 4/ 7! 12:

Next, we associate a tuple of length d C d 0 to every element of Œ2d 0�. For i 2
Œd C d 0�, let ıi 2 NdCd 0

0 be the i -th unit basis vector. Recall that we write x.m/ for
the tuple .x/j2Œm�.

Definition 3.6 (Corresponding tuple). Let i 2 Œd 0�. The tuple vi corresponding to i is

vi WD

dCd 0X
kDdCi

ık D
�
0.dCi�1/; 1.d

0�iC1/
�
2 NdCd 0

0 :

Let i 2 d 0 C Œd 0� and b�1.i/ D .j; k/. The tuple vi corresponding to i is

vi WD

dX
lDj

ıl C

dX
lDk

ıl D
�
0.j�1/; 1.k�j /; 2.d�kC1/; 0.d

0/
�
2 NdCd 0

0 :

For i; j 2 Œd C d 0�, let vi;j be the j -th component of vi .
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Example 3.7. Let d D 3 and i D 4. Then b�1.i/ D .1; 2/ and v4 D .1; 2; 2; 0; 0; 0/.
Now let i D 5. Then b�1.i/ D .1; 3/ and v5 D .1; 1; 2; 0; 0; 0/.

Using the integers vi;j , we define the matrix ˆ� and monoid E� .

Definition 3.8. For � 2 �2d 0 set R� WD ¹i 2 Œ2d 0 � 1� j �.i/ > d 0 or �.i C 1/ > d 0º,
r� WD jR� j, andm� WD d C d 0C r� . Let w�i;j WD v�.i/;j � v�.iC1/;j for i 2 Œ2d 0 � 1�
and j 2 Œd C d 0�. Then ˆ� 2 Matr��m� .Z/ is the matrix whose row corresponding
to i 2 R� has

w�i;j in column j 2 Œd C d 0�,
�1 in column d C d 0 C i ,
0 in the remaining columns.

Let E� be the monoid Eˆ� associated with the matrix ˆ� as in (2.5).

Remark 3.9. The matrix ˆ� in Definition 3.8 is only defined for permutations � 2
�2d 0 , rather than all � 2 S2d 0 . This ensures that E� n ¹.0m� /º is non-empty (see Pro-
position 3.22); cf. Remark 2.16.

Example 3.10. Let � D 451632 2 �6. Then r� D 4, m� D 10, and

ˆ� D

0BBB@
0 1 0 0 0 0 �1 0 0 0

1 1 2 �1 �1 �1 0 �1 0 0

0 �1 �2 1 1 1 0 0 �1 0

0 1 2 0 0 �1 0 0 0 �1

1CCCA :

3.2. The subsets GI;� � NdCd 0

0

We define subsetsGI;� �NdCd 0

0 for certain pairs .I;�/with I�Œd � 1� and � 2�2d 0 .
They are used in Section 4.5 and Section 5.1 to write down formulas for �f2;d .o/.s/ and
�w

f2;d .o/
.s/. The relevant pairs .I; �/ for which we define a set GI;� are the following.

Definition 3.11. Let Wd be the set of pairs .I; �/ with I � Œd � 1� and � 2 �2d 0

such that the following system of inequalities in the variables r1; : : : ; rd has non-zero
solutions in Nd

0 :8̂̂̂̂
ˆ̂̂̂<̂
ˆ̂̂̂̂̂̂
:

ri > 0 for i 2 I ;

ri D 0 for i 2 Œd 0 � 1� n I ;Pd
kD1.vi;k � vj;k/rk > 0 for i; j 2 d C Œd 0�

with ��1.i/ < ��1.j / and i < j ,Pd
kD1.vi;k � vj;k/rk � 0 for i; j 2 d C Œd 0�

with ��1.i/ < ��1.j / and i > j .

(3.2)
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Example 3.12. Let d D 2, so d 0D 1. The set �2 contains only 21. If I D¿, then (3.2)
reduces to one equation: r1D 0, and therefore any r2 2N together with r1D 0 gives a
non-zero solution. If I D ¹1º, then (3.2) reduces to one inequality: r1 > 0, and there-
fore any pair r12N, r22N0 gives a non-zero solution. Thus W2D¹.¿; 21/; .¹1º; 21/º.

For � 2 S2d 0 , let

Asc.�/ WD ¹i 2 Œ2d 0 � 1� j �.i/ < �.i C 1/º;

Des.�/ WD ¹i 2 Œ2d 0 � 1� j �.i/ > �.i C 1/º:

We call elements of Asc.�/ ascents and elements of Des.�/ descents of � . Let r and s
be short for r1; : : : ; rd and s1; : : : ; sd 0 respectively.

Definition 3.13. Write NdCd 0

0 D ¹.r; s/ j ri ; sj 2 N0º. For .I; �/ 2Wd , the set GI;�
is the set of tuples .r;s/2NdCd 0

0 that satisfy the following equations and inequalities:8̂̂̂̂
<̂
ˆ̂̂:
ri > 0 for i 2 I ; (3.3)

ri D 0 for i 2 Œd � 1� n I ; (3.4)Pd
jD1w

�
i;j rj C

Pd 0

jD1w
�
i;dCj

sj > 0 for i 2 Asc.�/; (3.5)Pd
jD1w

�
i;j rj C

Pd 0

jD1w
�
i;dCj

sj � 0 for i 2 Des.�/: (3.6)

Example 3.14. Let d D 2 and .I; �/ D .¹1º; 21/. Then GI;� is the set of tuples
.r1; r2; s1/ 2 N3

0 such that r1 > 0 and r1 C 2r2 � s1 � 0.

Remark 3.15. By design of the sets Wd in Definition 3.11, the sets GI;� in Defini-
tion 3.13 are non-empty.

Remark 3.16. The dimension of GI;� is d C d 0 � jŒd � 1� n I j. Indeed, only the
equations (3.4) cut down the dimension from the ambient space NdCd 0

0 , namely by
jŒd � 1� n I j. Hence the maximum

max¹dimGI;� j .I; �/ 2 Wd º D d C d
0;

is attained for the pairs .I; �/ 2 Wd with I D Œd � 1�.

We describe which entries sj of .r; s/ 2 GI;� are positive.

Definition 3.17. For � 2 �2d 0 , define

J� WD ¹j 2 Œd
0
� 1� j ��1.j / < ��1.j C 1/º:

Example 3.18. Let d D 2 and .I; �/ D .¹1º; 21/. Then J� D ¿.

Proposition 3.19. Let .r; s/ 2 GI;� . If j 2 J� , then sj > 0. If j 2 Œd 0 � 1� n J� ,
then sj D 0.
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Proof. Let j 2 J� , i.e. ��1.j / < ��1.j C 1/. Summing the common left-hand side
of (3.5) and (3.6) over i 2 Œ��1.j /; ��1.j C 1/ � 1� results in sj . There necessarily
is an ascent in the interval

Œ��1.j /; ��1.j C 1/ � 1�:

Therefore, summing (3.5) over i 2 Œ��1.j /; ��1.j C 1/� 1�\Asc.�/ and (3.6) over
i 2 Œ��1.j /; ��1.j C 1/ � 1� \ Des.�/ results in sj > 0.

Now let j 2 Œd 0 � 1� n J� , i.e. ��1.j / > ��1.j C 1/. Summing the common left-
hand side of (3.5) and (3.6) over i 2 Œ��1.j C 1/;��1.j /� 1� results in�sj . Because
� 2 �2d 0 , there can only be descents in the interval

Œ��1.j C 1/; ��1.j / � 1�:

Thus summing (3.6) over i 2 Œ��1.j C 1/; ��1.j / � 1� yields �sj � 0, whence
sj D 0.

3.3. Alternative description of GI;�

In (2.14) we defined subsets IE;A;C of E, where A and C encoded which entries
were positive and non-negative, respectively. We now describe GI;� using such a set
IE;A;C where E D E� from Section 3.1.

Definition 3.20. For � 2 �2d 0 , let ¹ji j i 2 Œr� �º D R� with j1 � � � � � jr� . For every
.I; �/ 2 Wd , let AI;� and CI;� be the following subsets of Œm�:

AI;� WD I [ .d C J� / [
�
d C d 0 C ¹i 2 Œr� � j ji 2 Asc.�/º

�
;

CI;� WD I [ .d C J� / [ ¹d; d C d
0
º [

�
d C d 0 C Œr� �

�
:

Example 3.21. Let d D 2 and .I; �/ D .¹1º; 21/. Then

A¹1º;21 D ¹1º and C¹1º;21 D ¹1; 2; 3; 4º:

Proposition 3.22. Let .I; �/ 2 Wd . Let prWNm� ! NdCd 0 be the projection map
which ignores the last r� coordinates. Restricting this projection map to the subset

IE� ;AI;� ;CI;� � E� � Nm�

results in a bijection between IE� ;AI;� ;CI;� and GI;� .

Proof. Let 
 be short for 
1; : : : ; 
r� . Suppose that .r;s;
/2IE� ;AI;� ;CI;� . Then (3.3)
is satisfied because I � AI;� and (3.4) is satisfied because�

Œd � 1� n I
�
\ CI;� D ¿:
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Also (3.6) is satisfied for all i 2 R� because of the definition of ˆ� and

d C d 0 C Œr� � � CI;� :

If i is, moreover, an ascent, then (3.5) holds because

d C d 0 C ¹i 2 Œr� � j ji 2 Asc.�/º 2 AI;� :

If i 2 Des.�/ nR� , i.e. �.i C 1/ < �.i/ 2 Œd 0�, then

�.i C 1/C 1 D �.i/

(because � 2 �2d 0), and therefore (3.6) simplifies to �s�.iC1/ � 0. As �.i C 1/ is in
Œd 0 � 1� n J� , and therefore d C �.i C 1/ is not in CI;� , it follows that s�.iC1/ D 0,
and therefore (3.6) holds.

If i 2 Asc.�/ nR� , i.e. �.i/ < �.i C 1/ � d 0, then (3.5) simplifies to

�.iC1/X
jD�.i/C1

sj > 0:

If ��1.�.i/C 1/ < i , then �.i/C 1 2 J� , and therefore

d C �.i/C 1 2 d C J� � AI;� and s�.i/C1 > 0:

If ��1.�.i/C 1/ > i , then �.i/ 2 J� , and therefore

d C �.i/ 2 d C J� � AI;� and s�.i/ > 0:

In any case (3.5) holds. Thus we have that .r; s/ 2 GI;� .
The restricted projection map prjIE�;AI;� ;CI;� is injective because 
 are slack vari-

ables, therefore are uniquely determined by .r; s/. To prove that it is surjective, let
.r; s/ 2 GI;� . Again because 
 are slack variables, we can find .
j /j2Œr� � such that
.r; s; 
/ 2 E� . Because of (3.3) and (3.4), we know that for i 2 Œd � 1�, ri > 0 if
and only if i 2 AI;� and otherwise i 62 CI;� . Using Proposition 3.19, we find that for
j 2 Œd 0 � 1�, sj > 0 if and only if

d C j 2 .d C J� / � AI;� ;

and otherwise
d C i 62 CI;� :

We conclude that .r; s;
/ 2 IE� ;AI;� ;CI;� .
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Let XD .Xi /i2Œd�, YD .Yj /j2Œd 0� and ZD .Zk/k2Œr� � be tuples of indeterminates.
The generating series enumerating the elements of E� , GI;� , and IE� ;AI;� ;CI;� as
in Section 2.5 are denoted by E� .X;Y;Z/, GI;� .X;Y/, and IE� ;AI;� ;CI;� .X;Y;Z/
respectively. By Proposition 3.22, it follows that

IE� ;AI;� ;CI;� .X;Y; 1/ D GI;� .X;Y/;

where 1 is the all-one tuple of length r� .
Often, we will use the following subdivision of IE� ;AI;� ;CI;� into simplicial mon-

oids, which exists by Proposition 2.29.

Definition 3.23. For every .I; �/ 2 Wd , let �I;� D .Ku/u2UI;� be a family of sim-
plicial monoids Ku � Nm�

0 such that

• IE� ;AI;� ;CI;� D
S
u2UI;�

xKu and this union is disjoint,

• CF.Ku/ � CF.E� / for all u 2 U .

Example 3.24. Suppose .I; �/ D .¿; 21/. Then m� D 4 and E� contains all tuples
.r1; r2; s1; 
1/ 2 N4

0 such that

r1 C 2r2 � s1 � 
1 D 0:

Moreover, AI;� D ¿ and CI;� D ¹2; 3; 4º. It follows that IE� ;AI;� ;CI;� contains all
tuples .r1; r2; s1; 
1/ 2 N4

0 such that

2r2 � s1 � 
1 D 0 and r1 D 0:

One possible �I;� D ¹Ku j u 2 UI;�º is the following family .K0; K1; K2; K3/:

K0 D ¹.0; 0; 0; 0/º;

K1 D ¹.0; r2; s1; 0/ 2 N4
0 j 2r2 � s1 D 0º;

K2 D ¹.0; r2; 0; 
1/ 2 N4
0 j 2r2 � 
1 D 0º;

K3 D ¹.0; r2; s1; 
1/ 2 N4
0 j 2r2 � s1 � 
1 D 0º;

where K3 is simplicial because it has quasigenerators .0; 1; 2; 0/ and .0; 1; 0; 2/.

3.4. The monoid En:o: � NdCd 0C1
0

We define a monoidEn:o: �NdCd 0C1
0 , again via a matrixˆn:o:. We list its completely

fundamental elements, define a specific subset E0, and describe a specific triangula-
tion of the cone CEn:o: generated by En:o:.
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Definition 3.25. Let ˆn:o: be the 1 � .d C d 0 C 1/ matrix

ˆn:o: WD
�
0.d�2/; 1; 2; .�1/.d

0C1/
�
: (3.7)

Let En:o: � NdCd 0C1
0 be the monoid Eˆn:o: as in (2.5).

Recall from Remark 2.15 that the convex cone CEn:o: generated by En:o: is a poin-
ted convex polyhedral cone. The completely fundamental elements ofEn:o: each lie on
an extreme ray of CEn:o: . Therefore by Theorem 2.18, the completely fundamental ele-
ments of En:o: correspond to the minimal (non-empty) supports in L.En:o:/. By (3.7),
we see that the 2d 0 C d minimal (non-empty) supports in L.En:o:/ are8̂<̂

:
¹iº for i 2 Œd � 2�; (3.8)

¹d � 1; iº for i 2 d C Œd 0 C 1�; (3.9)

¹d; iº for i 2 d C Œd 0 C 1�: (3.10)

For i 2 Œd C d 0 C 1�, let ıi 2 NdCd 0C1
0 be the i -th unit basis vector. The 2d 0 C d

completely fundamental elements of En:o: are the following:8̂̂<̂
:̂
ıi for i 2 Œd � 2�;

ıd�1 C ıi for i 2 d C Œd 0 C 1�;

ıd C 2ıi for i 2 d C Œd 0 C 1�:

The completely fundamental element ıd C 2ıdCd 0C1 will receive special attention.
By Theorem 2.18, the 2-faces of CEn:o: can be found by looking at the elements

of L.En:o:/ that properly contain at least one of the sets in (3.8)–(3.10), yet do not
strictly contain any non-empty elements of L.En:o:/ that are not listed in (3.8)–(3.10).
We are especially interested in the 2-faces of CEn:o: that contain ıd C 2ıdCd 0C1. The
elements of L.En:o:/ that contain ¹d; d C d 0 C 1º and do not strictly contain any
non-empty elements of L.En:o:/ not listed in (3.8)–(3.10) are the following:8̂̂<̂

:̂
¹i; d; d C d 0 C 1º for i 2 Œd � 2�;

¹d � 1; d; d C d 0 C 1º;

¹d; i; d C d 0 C 1º for i 2 d C Œd 0�:

Note that the sets ¹d � 1; d; i; d C d 0 C 1º for i 2 d C Œd 0� are elements of L.En:o:/,
but they strictly contain the set ¹d � 1; d; d C d 0 C 1º, which is not listed in (3.8)–
(3.10), and therefore they do not correspond to a 2-face. The 2-faces of CEn:o: that
contain ıd C 2ıdCd 0C1 are thus generated by8̂̂<̂

:̂
¹ıd C 2ıdCd 0C1; ıiº for i 2 Œd � 2�;

¹ıd C 2ıdCd 0C1; ıd�1 C ıdCd 0C1º;

¹ıd C 2ıdCd 0C1; ıd C 2ıiº for i 2 d C Œd 0�:
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Definition 3.26. Let C0 be the subcone (not a face) of CEn:o: generated by the set

¹ıi j i 2 Œd � 2�º [ ¹ıd�1 C ıdCd 0C1º [ ¹ıd C 2ıi j i 2 d C Œd
0
C 1�º; (3.11)

and let E0 D C0 \En:o:.

Remark 3.27. Being generated by d C d 0 linearly independent elements of En:o:, C0

and E0 are simplicial and have dimension d C d 0.

Proposition 3.28 (adaptation of [16, Lem. 4.5.1]). The pointed polyhedral cone CEn:o:

has a triangulation � D .Ku/u2U whose one-dimensional faces are the extreme rays
of CEn:o: and there is a u 2 U with Ku D C0.

Proof. Use the algorithm in the proof of [16, Lem. 4.5.1], while ordering the extreme
rays generated by each of the elements of (3.11) that are not ıd C 2ıdCd 0C1 first.

Remark 3.29. By definition, the subcone C0 contains all 2-faces of CEn:o: that contain
ıd C 2ıdCd 0C1. Therefore, in the triangulation � from Proposition 3.28, the faces
of C0 are the only elements that contain ıd C 2ıdCd 0C1.

3.5. The subsetsHI;J � NdCd 0

0

We define subsets HI;J � NdCd 0

0 for every I � Œd � 1� and J � Œd 0 � 1�. These
subsets are used in Section 5.2 to give a formula for �n:o:

f2;d
.q; t/.

Definition 3.30. For every I � Œd � 1� and J � Œd 0 � 1�, letHI;J be the set of tuples
.r; s/ 2 NdCd 0

0 that satisfy the following equations and inequalities:8̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂:

ri > 0 for i 2 I; (3.12)

ri D 0 for i 2 Œd � 1� n I; (3.13)

sj > 0 for j 2 J; (3.14)

sj D 0 for j 2 Œd 0 � 1� n J; (3.15)

rd�1 C 2rd �
Pd 0

jD1 sj � 0: (3.16)

Example 3.31. Let d D 2, I D ¹1º, and J D ¿. Then HI;J is the set of tuples
.r1; r2; s1/ 2 N3

0 such that r1 > 0 and r1 C 2r2 � s1 � 0.

Just as Proposition 3.22 described GI;� as a set of the form IE� ;A;C , we now
describe the sets HI;J as sets of the form IEn:o:;A;C .

Definition 3.32. For every I � Œd � 1� and J � Œd 0 � 1�, let AI;J and CI;J be the
following subsets of Œd C d 0 C 1�:

AI;J WD I [ .d C J /;

CI;J WD I [ .d C J / [ ¹d; d C d
0; d C d 0 C 1º:
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Example 3.33. Let d D 2, I D ¹1º, and J D ¿. Then

A¹1º;¿ D ¹1º [¿ and C¹1º;¿ D ¹1º [¿ [ ¹2; 3; 4º:

Proposition 3.34. Let pr W NdCd 0C1 ! NdCd 0 be the projection map which ignores
the last coordinate. For every I � Œd � 1� and J � Œd 0 � 1�, restricting this projection
map to the subset

IEn:o:;AI;J ;CI;J � En:o: � NdCd 0C1

results in a bijection between IEn:o:;AI;J ;CI;J and HI;J .

Proof. Suppose .r;s; 
1/ 2 IEn:o:;AI;J ;CI;J . Then (3.12) is satisfied because I � AI;J
and (3.13) is satisfied because .Œd � 1� n I /\ CI;J D ¿. Also (3.14) is satisfied bec-
ause .d C J /�AI;J and (3.15) is satisfied because .d C .Œd 0 � 1� n J // \ CI;J D¿.
Lastly (3.16) follows from the definition of ˆn:o:. Thus .r; s/ 2 HI;J .

Suppose that .r; s/ 2 HI;J . Let


1 D rd�1 C 2rd �

d 0X
jD1

sj :

Then .r; s; 
1/ 2 IEn:o:;AI;J ;CI;J . Moreover, this is the unique element 
1 2 N0 such
that .r; s; 
1/ 2 IEn:o:;AI;J ;CI;J � En:o:, because if .r; s; 
1/ 2 En:o:, then

rd�1 C 2rd �

d 0X
jD1

sj � 
1 D 0:

Remark 3.35. Note that

En:o: D
[

I�Œd�1�;J�Œd 0�1�

IEn:o:;AI;J ;CI;J ;

and this union is disjoint.

We record the following reciprocity result for the generating functionsHI;J .X;Y/.

Proposition 3.36. Let K � Œd � 1� and L � Œd 0 � 1�, thenX
I�Œd�1�;I�K;
J�Œd 0�1�;J�L

HI;J .X�1;Y�1/ D .�1/dCd
0

X
I�Œd�1�;I�Œd�1�nK;
J�Œd 0�1�;J�Œd 0�1�nL

XdYd 0HI;J .X;Y/:

Proof. By Proposition 3.34 and (2.15),

HI;J .X�1;Y�1/ D IEn:o:;AI;J ;CI;J .X
�1;Y�1; 1/

D

X
B2L.En:o:/;
AI;J�B�CI;J

xFEn:o:;B.X
�1;Y�1; 1/:
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Therefore summing over I � K and J � L results inX
I�K;J�L

HI;J .X�1;Y�1/ D
X

B2L.En:o:/;AK;L�B

xFEn:o:;B.X
�1;Y�1; 1/:

Note that any subset of Œd C d 0 C 1� that contains d and d C d 0 is an element of
the lattice of supports L.En:o:/. In particular, Œd C d 0 C 1� n AK;L is an element
of L.En:o:/. Therefore, we may use Corollary 2.27 to obtainX

I�K;J�L

HI;J .X�1;Y�1/ D .�1/dim.En:o:/
X

D2L.En:o:/;
D�ŒdCd 0C1�nAK;L

xFEn:o:;D.X;Y; 1/:

The dimension of En:o: is d C d 0 because it is a subset of NdCd 0C1 subjected to
one linear equation. If D 2 L.En:o:/ with D � Œd C d 0 C 1� n AK;L, then there are
unique subsets I � Œd � 1� and J � Œd � 1� containing Œd � 1� nK and Œd 0 � 1� n L
respectively such that D D CI;J and vice versa. ThusX
I�K;J�L

HI;J .X�1;Y�1/ D .�1/dCd
0

X
I�Œd�1�nK;J�Œd 0�1�nL

xFEn:o:;CI;J .X;Y; 1/:

It is easy to verify that for I � Œd � 1� and J � Œd 0 � 1�, the map

xFEn:o:;CI;J ! HI;J W .a1; : : : ; ad ; b1; : : : ; bd 0 ; z/ 7! .a1; : : : ; ad � 1; b1; : : : ; bd 0 � 1/

is a (well-defined) bijection. Thus

xFEn:o:;CI;J .X;Y; 1/ D XdYd 0HI;J .X;Y/:

3.6. Dyck words and the relation betweenHI;J and GI;�

We associate a Dyck word w� to permutations � 2 �2d 0 . Then we describe how the
sets GI;� and HI;J are related.

A Dyck word of length 2d 0 is a word w in the letters 0 and 1 such that 0 and 1
each occur d 0 times in w and no initial segment of w contains more ones than zeros.
For example, 001011 is a Dyck word of length 6, whereas 011001 is not as the ini-
tial segment 011 contains more ones than zeros. We write D2d 0 for the set of Dyck
words of length 2d 0. The Dyck word 0d

0

1d
0

2D2d 0 is called the trivial Dyck word of
length 2d 0.

Definition 3.37. Let � 2 �2d 0 . The Dyck wordw� associated with � is the Dyck word
of length 2d 0, where for each i 2 Œ2d 0�, the i -th letter of w� is 0 if �.i/ > d 0 and 1
if �.i/ � d 0.

Example 3.38. Let d D 3 and � D 451623 2 �6. Then w� D 001011 D 021012.
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Remark 3.39. Note that w� is indeed a Dyck word because � 2 �2d 0 . It would not
necessarily be a Dyck word if � was a general permutation in S2d 0 .

The following result links the sets GI;� and HI;J . Recall Definition 3.17 of J� .

Proposition 3.40. Let I � Œd � 1�, J � Œd 0 � 1�, and

�I;J WD ¹� 2 �2d 0 j .I; �/ 2 Wd ; J� D J;w� D 0d
0

1d
0

º:

Then HI;J D
S
�2�I;J

GI;� and this union is disjoint.

Proof. Suppose that � 2 �I;J and .r; s/ 2 GI;� . Then (3.12) and (3.13) hold because
of (3.3) and (3.4). Using Proposition 3.19, we find that (3.14) and (3.15) hold. Lastly,
(3.16) holds because (3.16) is what (3.6) reduces to when w� D 0d

0

1d
0

and i D d 0.
Thus .r; s/ 2 HI;J .

Conversely, suppose that .r; s/ 2 HI;J . Let � 2 S2d 0 be the unique permutation
such that

dX
jD1

v�.i/;j rj C

d 0X
jD1

v�.i/;dCj sj �

dX
jD1

v�.iC1/;j rj C

d 0X
jD1

v�.iC1/;dCj sj (3.17)

for every i 2 Œ2d 0 � 1� and �.i/ > �.i C 1/ if equality holds. The inequality (3.16)
implies that

¹�.i/ j i 2 Œd 0�º D d 0 C Œd 0� and ¹�.i/ j i 2 d 0 C Œd 0�º D Œd 0�;

therefore w� D 0d
0

1d
0

. It also follows by this fact and the construction of � that
� 2 �2d 0 . Also .I; �/ 2 W2d 0 because if r is non-zero, then it is a non-zero solution
to (3.2), and if r is zero, then I D ¿, �.i/ D 2d 0 C 1 � i for i 2 Œd 0�, and ıd 0 is a
non-zero solution to (3.2).

If j 2 J� , then summing the right-hand side minus the left-hand side of (3.17) over
all i 2 Œ��1.j /; ��1.j C 1/ � 1� results in sj > 0. Therefore, J� � J . Similarly if
j 2 Œd 0 � 1� n J� , then summing the right-hand side minus the left-hand side of (3.17)
over all i 2 Œ��1.j C 1/; ��1.j / � 1� results in �sj � 0. Therefore,

Œd 0 � 1� n J� � Œd
0
� 1� n J

and we conclude that J� D J . Obviously (3.3) and (3.4) hold because of (3.12)
and (3.13). Moreover, (3.5) and (3.6) hold by construction of � . Thus .r; s/ 2 GI;� .

The disjointness follows from the definition of GI;� .
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4. The subalgebra zeta function of f2;d

The main result in this section is Theorem 4.25, which gives an explicit formula
for �f2;d .o/.s/. The remainder of the section works towards proving this formula.

4.1. Overview of the proof of Theorem 4.25

Our starting point for the finite-sum formula for �f2;d .o/.s/ we give in Theorem 4.25
is a formula, provided in Proposition 4.4, for this zeta function as an infinite sum,
indexed by a set Ad of pairs .�; �/ of partitions of at most d resp. d 0 parts; see Defin-
ition 4.3. The summands of this infinite sum feature polynomials of the form (2.3),
enumerating submodules of certain finite o-modules. Recall that these factorize as
products of q�1o -multinomials coefficients and powers of qo. The membership condi-
tion for Ad requires � be dominated by the partition obtained from the sums of pairs
of elements of �.

In Section 4.4 we partition the infinite set Ad into the fibres of a surjective map
!WAd !Wd onto the finite set Wd introduced in Definition 3.11; see Definition 4.12.
Two facts are crucial. First, the q�1o -multinomial coefficients of the polynomials fea-
turing in Proposition 4.4 are constant on the fibres of !. We collect them into products
of Gaussian multinomial coefficients called GMCI;� , for .I; �/ 2 Wd ; see Defin-
ition 4.20. Second, the fibres of ! are, by design, in bijection with the sets GI;�
introduced in Definition 3.13. Taken together, these two facts allow us to rewrite the
infinite sum in (4.1) by the finite expression (4.8), namely as a sum over Wd , whose
summands are products of GMCI;� s and generating series of the cones GI;� , upon a
substitution of variables specified in the numerical data maps �� ; see Definition 4.22.

4.2. An infinite series expression for �f2;d .o/.s/

In Proposition 4.4 we write �f2;d .o/.s/ as an infinite sum over pairs of partitions.
Recall that Pn is the set of integer partitions of at most n (non-zero) parts, i.e. the set
of tuples � D .�i /i2Œn� 2 Nn

0 with �i � �iC1 for i 2 Œn � 1�. We start by associating
a partition �� of at most d 0 parts with every partition � of at most d parts.

Definition 4.1. Given � 2 Pd , let �� 2 Pd 0 be the integer partition .�j /j2Œd 0� such
that the multisets ¹�j j j 2 Œd 0�º and ¹�i C �i 0 j i < i 0 2 Œd �º coincide.

Informally speaking, the integers �j are the integers �i C �i 0 brought in order.

Example 4.2. For � D .3; 2; 2; 0/ 2 P4 we have �� D .5; 5; 4; 3; 2; 2/ 2 P.42/
.

Definition 4.3. Let Ad WD ¹.�; �/ 2 Pd �Pd 0 j � � ��º:
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The following result draws heavily on [9, Thm. 2]. Recall that

�
.n/
1 WD .�1/i2Œn� 2 Pn and j.�i /i2Œn�j WD

nX
iD1

�i :

Proposition 4.4. For all cDVR o,

�f2;d .o/.s/ D
X

.�;�/2Ad

˛.�
.d/
1 ; �I o/˛.��; �I o/q

�sj�j
o q.d�s/j�jo ; (4.1)

where ˛.�; �I o/ is discussed in Section 2.2.1.

Proof. Recall that, as an o-module, f2;d .o/ is generated by

¹xi j i 2 Œd �º [ ¹Œxi ; xj � j i; j 2 Œd �º:

Let L1 be the rank-d submodule generated by ¹xi j i 2 Œd �º and L2 be the rank-d 0

submodule generated by ¹Œxi ; xj � j i; j 2 Œd �º. Hence, f2;d DL1˚L2 as o-modules.
Given a submodule ƒ � f2;d .o/, we associate two submodules ƒ1 and ƒ2 of L1

and L2 respectively. The second submodule, ƒ2, is ƒ \L2, while the first submod-
ule ƒ1 is the unique submodule ƒ1 � L1 such that

.ƒ1 ˚L2/=L2 D .ƒCL2/=L2:

This way ƒ is not necessarily equal to ƒ1 ˚ƒ2, but

jf2;d .o/ W ƒj D jL1 W ƒ1j � jL2 W ƒ2j

always holds. The condition thatƒ is a subalgebra of f2;d .o/ is equivalent to Œƒ1;ƒ1�
being a submodule of ƒ2. In complete analogy with [9, Lem. 6.1], one shows that

�f2;d .o/.s/ D
X

ƒ1�L1

X
ƒ2�L2

Œƒ1;ƒ1��ƒ2

jL1 W ƒ1j
�s
jL2 W ƒ2j

d�s:

Recall Definition 2.8 of the elementary divisor type ".ƒ/ of a submoduleƒ. We write
the zeta function as a sum over the elementary divisor type of ƒ1:

�f2;d .o/.s/ D
X
�2Pd

X
ƒ1�L1
".ƒ1/D�

jL1 W ƒ1j
�s

X
ƒ2�L2

Œƒ1;ƒ1��ƒ2

jL2 W ƒ2j
d�s: (4.2)

Let � be the elementary divisor type ".ƒ1/ ofƒ1 �L1. Then ¹��iC�j j i < j 2 Œd �º
yields the elementary divisor type of Œƒ1; ƒ1� � L2. More precisely, by Defini-
tion 4.1, �".ƒ1/ is the elementary divisor type ".Œƒ1; ƒ1�/ of Œƒ1; ƒ1� � L2. When
counting submodules ƒ2 � L2 that contain a given submodule Œƒ1; ƒ1�, the only
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thing that is important is the elementary divisor type of the given submodule Œƒ1;ƒ1�,
see Proposition 2.10. Since the elementary divisor type of Œƒ1; ƒ1� is completely
determined by ".ƒ1/, we can conclude that counting submodules ƒ2 that contain a
given submodule Œƒ1; ƒ1� is also completely determined by ".ƒ1/ D �. Therefore,
the last two summations in (4.2) are independent counting problems, connected by
the elementary divisor type of ƒ1:

�f2;d .o/.s/ D
X
�2Pd

� X
ƒ1�L1
".ƒ1/D�

jL1 W ƒ1j
�s

�� X
ƒ2�L2
M��ƒ2

jL2 W ƒ2j
d�s

�
;

where M� is any submodule of L2 that has elementary divisor type ��.
The first counting problem (in the first pair of brackets), is to count submodules

ƒ1 � L1 with fixed elementary divisor type. The solution to this first counting prob-
lem is discussed in Proposition 2.9. The result in this case isX

ƒ1�L1
".ƒ1/D�

jL1 W ƒ1j
�s
D ˛.�

.d/
1 ; �I o/q�sj�jo :

The second counting problem (in the second pair of brackets) is to count submod-
ules ƒ2 � L2 that contain a given submodule M� of which we know the elementary
divisor type, namely ��. The solution to this second counting problem is discussed in
Proposition 2.10 and the result in this case isX

ƒ2�L2
M��ƒ2

jL2 W ƒ2j
d�s
D

X
�2Pd 0
����

˛.��; �I o/q
.d�s/j�j
o :

The formula for �f2;d .o/.s/ in Proposition 4.4 is explicit, contains however infinite
sums. In the following sections, the formula will be written as a finite sum, where each
summand will be a product of Gaussian multinomial coefficients and a substitution of
a series of the form (2.7). This will make the formula amenable to computer algebra
systems capable of enumerating integral points in polyhedra.

4.3. The factor ˛.��; �Io/ in terms of ��;�

We associate a permutation ��;� 2 S2d 0 with each pair .�; �/ 2 Pd � Pd 0 . Then we
rewrite the factor ˛.��; �I o/ that appeared in (4.1) as a product of a power of qo

and a product of Gaussian binomial coefficients that depends only on ��;� . Recall
Definition 3.3 of the map b.

Definition 4.5. Let � 2 Pd and � 2 Pd 0 . Then ��;� is the permutation � 2 S2d 0
defined inductively as follows. Consider the multiset

† D ¹�i C �j ºi<j2Œd� [ ¹�iºi2Œd 0�:
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Let �.1/ be the maximal b-value among the indices of the elements of † which are
maximal. Now assume that i > 1. To find �.i/, consider the subset of † comprising
the elements whose indices have an image under b that is not in ¹�.j / j j < iº.
Let �.i/ be the maximal b-value among the indices of the elements of this subset
which are maximal.

Example 4.6. Let d D 3, � D .5; 4; 1/, and � D .6; 2; 2/. Then

�1 C �2 D 9; �1 C �3 D 6; and �2 C �3 D 5;

thus†D ¹9;6; 5; 6; 2; 2º. Clearly, �1C �2 D 9 is the (unique) maximal element of†.
Therefore, �.1/ D b..1; 2// D 4. Among the remaining elements, both �1 C �3 D 6
and �1D 6 are maximal. Of the two, the index of �1C �3 has a greater image under b,
whence �.2/ D b..1; 3// D 5. Among the remaining elements, �1 D 6 is maximal,
whence �.3/ D b.1/ D 1. Continuing in this way, we find that ��;� D 451632.

Recall Definition 3.1 of the set �2d 0 .

Remark 4.7. Let � 2 Pd and � 2 Pd 0 . Then � � �� if and only if ��;� 2 �2d 0 .

Next, we define integers Lj .�/ and Mj .�/ for all � 2 �2d 0 and j 2 ¹0º [ Œ2d 0�.
These are related to the integers Mj and Lj from Definition 2.4 as discussed in the
proof of Lemma 4.10.

Definition 4.8. For � 2 �2d 0 and j 2 ¹0º [ Œ2d 0�, define L0.�/ WD 0, M0.�/ WD 0,

Lj .�/ WD #¹�.i/ j i 2 Œj �º \
�
d 0 C Œd 0�

�
for all j 2 Œ2d 0�;

Mj .�/ WD #¹�.i/ j i 2 Œj �º \ Œd 0� for all j 2 Œ2d 0�:

Example 4.9. Let d D 3, � D 451623 2 �6, and j D 3. Then

L3.�/ D j¹4; 5; 1º \ ¹4; 5; 6ºj D 2 and M3.�/ D j¹4; 5; 1º \ ¹1; 2; 3ºj D 1:

Recall that Asc.�/ WD ¹i 2 Œ2d 0 � 1� j �.i/ < �.i C 1/º. The following lemma
writes the product of Gaussian binomial coefficients in (2.4) in a way that depends
only on ��;� , using the integers Lj .�/ and Mj .�/ from Definition 4.8.

Lemma 4.10. Let .�; �/ 2 Ad . Let � WD ��;� 2 �2d 0 and Mj and Lj be as in Defin-
ition 2.4 with � D ��. Let r WD jAsc.�/j C 1 and ¹ji j i 2 Œr � 1�º WD Asc.�/ with
ji < jiC1 for i 2 Œr � 2�. Moreover, set j0 WD 0 and jr WD 2d 0. ThenY

j2Œ2d 0�

�
Lj �Mj�1

Mj �Mj�1

�
q�1o

D

Y
i2Œr�

�
Lji .�/ �Mji�1.�/

Mji .�/ �Mji�1.�/

�
q�1o

: (4.3)
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Proof. For i 2 Œr�, let ki be the smallest element of .ji�1; ji � such that

mki D mkiC1 D � � � D mji :

It follows directly that

Lki D LkiC1 D � � � D Lji and Mki DMkiC1 D � � � DMji :

It also follows that mki�1 > mki . We also claim that

Mji�1 DMji�1C1 D � � � DMki�1:

Indeed, suppose thatMj ¤MjC1 for some j 2 Œji�1; ki � 1/. Thenmj > mjC1 and
there is a �l with �l D mjC1, that is, there is a j 0 2 Œj C 1; ki / with �.j 0/D l 2 Œd 0�.
By construction, mjC1 � mki�1 > mki D mji , thus we find that

mj > mjC1 D �l > mji :

Both if �.ji / 2 Œd 0� or �.ji / 2 d 0 C Œd 0�, this implies that there is an ascent of �
in the interval Œj C 1; ji /, which is a contradiction. Thus, we showed that the factor
corresponding to j 2 Œ2d 0� in (4.3) is one for all j 2 .ki ; ji � and j 2 .ji�1; ki / with
i 2 Œr�. The remaining factors are�

Lki �Mki�1

Mki �Mki�1

�
q�1o

D

�
Lji �Mji�1
Mji �Mji�1

�
q�1o

for all i 2 Œr�. If ji 2 Asc.�/, then mji > mjiC1 and therefore Lji D Lji .�/ and
Mji D Mji .�/. The same conclusion holds for j0 D 0 and jr D 2d 0. Thus (4.3)
holds.

The following proposition writes the factor ˛.��; �I o/ in (4.1) as a product of
a power of qo and a product of Gaussian binomial coefficients that depends only
on ��;� .

Proposition 4.11. Let .�; �/ 2Ad Let � D ��;� and write ¹mi j i 2 Œ2d 0�º WD �� [ �
with mi � miC1 for all i 2 Œ2d 0� as in Definition 2.4. Then

˛.��; �I o/ D

� Y
i2Œr�

�
Lji .�/ �Mji�1.�/

Mji .�/ �Mji�1.�/

�
q�1o

�
� q

P
j2Œ2d 0�Mj .�/.Lj .�/�Mj .�//.mj�mjC1/

o : (4.4)

Proof. Recall the formula for ˛.��; �I o/ in (2.4). Lemma 4.10 rewrites the product
of Gaussian binomial coefficients in (2.4) as the product of Gaussian binomial coef-
ficients in (4.4). That the power of qo in (2.4) equals the power of qo in (4.4) follows
from the fact that mj D mjC1 if Lj ¤ Lj .�/ or Mj ¤Mj .�/.
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4.4. A finite partitioning of Ad

The formula for �f2;d .o/.s/ in Proposition 4.4 is an infinite sum over Ad . We partition
this infinite series into a finite number of summations indexed by the elements of the
set Wd from Definition 3.11. More precisely, the set Ad is partitioned by the finitely
many fibres of the following map !.

Definition 4.12. Define the map

!WAd ! Wd W .�; �/ 7! !.�; �/ D .I; �/;

where I D ¹i 2 Œd � 1� j �i > �iC1º and � D ��;� as in Definition 4.5.

Example 4.13. Let d D 3, � D .5; 4; 1/, and � D .6; 2; 2/. The first component of
!.�; �/ is I D ¹1; 2º, as �1 D 5 > �2 D 4 and �2 D 4 > �3 D 1. By Example 4.6,
��;� D 451632. Thus !.�; �/ D .¹1; 2º; 451632/

Remark 4.14. The map ! is surjective by design of Wd .

Remark 4.15. One motivation for Definition 4.12 of the map ! is that the Gaussian
multinomial coefficients in (4.12) only depend on the image !.�; �/ D .I; �/. This
allows for the Gaussian multinomial coefficients to be pulled out of the summation
over � and �.

Next, we show that the elements of the fibre !�1.I; �/ of ! are in bijection with
the elements of the set GI;� from Section 3.2.

Definition 4.16. For integer partitions � 2 Pd and � 2 Pd 0 , define

ri D �i � �iC1 for all i 2 Œd � 1�; rd D �d ;

sj D �j � �jC1 for all j 2 Œd 0 � 1�; sd 0 D �d 0 :

Example 4.17. Let d D 3, � D .5; 4; 1/, and � D .6; 2; 2/. Then r1 D 5 � 4 D 1,
r2 D 4 � 1 D 3, r3 D 1, s1 D 6 � 2 D 4, s2 D 2 � 2 D 0, and s3 D 2.

Recall the definition of the corresponding tuples vi in Definition 3.6.

Lemma 4.18. Let � 2 Pd and � 2 Pd 0 be integer partitions with � � ��. Let � D
��;� and write ¹mi j i 2 Œ2d 0�º D �� [ � with mi � miC1 for all i 2 Œ2d 0 � 1� as
in Definition 2.4. Then

mi D

dX
jD1

v�.i/;j rj C

d 0X
jD1

v�.i/;dCj sj :
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Proof. Suppose that i 2 Œ2d 0� is such that �.i/ 2 Œd 0�. Then v�.i/;j D 0 for j 2 Œd �
and

mi D ��.i/ D

d 0X
jD�.i/

sj D

d 0X
jD1

v�.i/;dCj sj :

Suppose that i 2 Œ2d 0� is such that �.i/2 d 0C Œd 0� and let b�1.�.i//D .l;m/, where b
is the map from Definition 3.3. Then v�.i/;dCj D 0 for j 2 Œd 0� and

mi D �l C �m D

dX
jDl

rj C

dX
jDm

rj D

dX
jD1

v�.i/;j rj :

Proposition 4.19. Let .I; �/ 2 Wd . The map

!�1.I; �/! GI;� W .�; �/ 7! .r; s/; (4.5)

where r D .ri /i2Œd 0� and s D .si /i2Œd 0� are as in Definition 4.16, is a bijection.

Proof. We first show that the map is well defined. Let � 2 Pd and � 2 Pd 0 be integer
partitions with � � �� and !.�; �/ D .I; �/. Since � and � are integer partitions, we
have that ri � 0 and sj � 0 for i 2 Œd � and j 2 Œd 0�. The (in)equalities (3.3) and (3.4)
follow from the definition of I in Definition 4.12 as ¹i 2 Œd � 1� j �i > �iC1º. Let

¹mi j i 2 Œ2d
0�º D �� [ �

with mi � miC1 for all i 2 Œ2d 0 � 1� as in Definition 2.4. Then (3.6) holds by Lem-
ma 4.18. Moreover, from the definition of � in Definition 4.12, it follows that mi >
miC1 when i 2Asc.�/, and therefore using Lemma 4.18, (3.5) also holds. Thus .r;s/
is indeed an element of GI;� and (4.5) is well defined.

Suppose that .r; s/ 2 GI;� . Let

�i D

dX
jDi

rj and �i D

d 0X
jDi

sj :

Then �i � �iC1 and �j � �jC1, because ri ; sj � 0 for all i 2 Œd � 1� and j 2 Œd 0 � 1�.
Let

¹mi j i 2 Œ2d
0�º D �� [ �

with mi � miC1 for all i 2 Œ2d 0 � 1� as in Definition 2.4. Combining (3.5) and (3.6)
with Lemma 4.18, we find that ��;� D � and therefore � � �� by Remark 4.7. Lastly,
(3.3) and (3.4) imply that �i > �iC1 for all i 2 I and �i D �iC1 for all i 2 Œd � 1� n I .
Thus .�; �/ is an element of !�1.I; �/ that gets mapped to .r; s/, proving that (4.5)
is surjective. The injectivity is trivial.
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4.5. An explicit finite sum formula for �f2;d .o/.s/

Theorem 4.25 is the main result of Section 4. It writes the subalgebra zeta function
�f2;d .o/.s/ as a finite sum indexed by the elements of Wd , whose summands are a
product of Gaussian multinomial coefficients and a substitution of a generating series
of a set GI;� from Section 3.2.

Definition 4.20. Let .I; �/ 2Wd and ¹ji j i 2 ¹0º [ Œr�º WD Asc.�/[ ¹0; 2d 0º with
ji < jiC1 for all i 2 ¹0º [ Œr�. The product of Gaussian multinomial coefficients
GMCI;� associated with .I; �/ is

GMCI;� D
�
d

I

�
q�1

� Y
i2Œr�

�
Lji .�/ �Mji�1.�/

Mji .�/ �Mji�1.�/

�
q�1

�
2 ZŒq�1�:

Example 4.21. Let d D 3 and .I; �/ D .¹1; 2º; 451623/. Then

GMCI;� D
�

3

¹1; 2º

�
q�1

�
1 � 0

0 � 0

�
q�1

�
2 � 0

1 � 0

�
q�1

�
3 � 1

2 � 1

�
q�1

�
3 � 2

3 � 2

�
q�1

D q�5 C 4q�4 C 7q�3 C 7q�2 C 4q�1 C 1:

Let q and t be indeterminates and X D .Xi /i2Œd� and Y D .Yj /j2Œd 0� be tuples of
indeterminates. We write A for the subalgebra of Q.X;Y/ generated by X˙1;Y˙1

and .1 � XaYb/�1 with .0; 0/ ¤ .a;b/ 2 NdCd 0

0 .
In fact, A comprises all rational functions in X and Y we will encounter; cf. The-

orem 2.20. We work with A to make substitutions like the following well-defined.

Definition 4.22. Let � 2 �2d 0 . Define xi .�/; yj .�/ 2 Q.q; t/ to be

xi .�/ WD q
P
k2Œ2d 0�Mk.�/.Lk.�/�Mk.�//.v�.k/;i�v�.kC1/;i /

� qi.d�i/t i for i 2 Œd �;

yj .�/ WD q
P
k2Œ2d 0�Mk.�/.Lk.�/�Mk.�//.v�.k/;dCj�v�.kC1/;dCj /

� qjd tj for j 2 Œd 0�;

(4.6)

where v�.2d 0C1/;i D 0 when i 2 Œd C d 0�. The numerical data map �� is

�� WA! Q.q; t/WXi 7! xi .�/; Yj 7! yj .�/:

Example 4.23. Let � D 451623 2 �6 and i D 1. Then v�.1/;1 D v�.2/;1 D 1 and
v�.k/;1 D 0 for all k 2 ¹3; 4; 5; 6º. Thus

x1.�/ D q
0.1�0/.1�1/C0.2�0/.1�0/q1.3�1/t1 D q2t:

Similarly, let j D 1, then v�.3/;4 D 1 and v�.k/;4 D 0 for all k 2 ¹1; 2; 4; 5; 6º. Thus

y1.�/ D q
0.2�0/.0�1/C1.2�1/.1�0/q1�3t1 D q4t:
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Remark 4.24. Notice that, for each i 2 Œd �, the first exponent appearing in (4.6) can
be rewritten asX
k2Œ2d 0�

�
Mk.�/.Lk.�/ �Mk.�// �Mk�1.�/.Lk�1.�/ �Mk�1.�//

�
v�.k/;i : (4.7)

Given i 2 Œd �, v�.k/;i can only be non-zero if �.k/ > d 0. In this case, Lk�1.�/ <
Lk.�/ and Mk�1.�/ DMk.�/, and therefore

Mk.�/.Lk.�/ �Mk.�// �Mk�1.�/.Lk�1.�/ �Mk�1.�//

is non-negative. It follows that (4.7) is non-negative as well.

Recall that GI;� .X;Y/ is the series enumerating the elements of GI;� . Let �f2;d .q; t/

be the bivariate rational function in Q.q; t/ such that

�f2;d .qo; q
�s
o / D �f2;d .o/.s/

for all cDVR o.

Theorem 4.25. We have

�f2;d .q; t/ D
X

.I;�/2Wd

GMCI;� �� .GI;� .X;Y//: (4.8)

Proof. By Proposition 4.4 we may write

�f2;d .o/.s/ D
X

.I;�/2Wd

X
.�;�/2!�1.I;�/

˛.�
.d/
1 ; �I o/˛.��; �I o/q

�sj�j
o q.d�s/j�jo : (4.9)

Corollary 2.7 with n D d tells us that

˛.�
.d/
1 ; �I o/ D

�
d

I

�
q�1o

dY
iD1

q
i.d�i/.�i��iC1/
o : (4.10)

For .�; �/ 2 Ad , let

D�;� D q

P
j2Œ2d 0�Mj .�/.Lj .�/�Mj .�//.mj�mjC1/

o

� q
Pd
iD1 i.d�i/.�i��iC1/

o .q�so /j�j.qd�so /j�j; (4.11)

where � D ��;� and ¹mi j i 2 Œ2d 0�º D �� [ � with mi � miC1 for all i 2 Œ2d 0 � 1�
as in Definition 2.4. Using (4.10) and Proposition 4.11 in (4.9) results in

�f2;d .q; t/ D
X

.I;�/2Wd

GMCI;�
X

.�;�/2!�1.I;�/

D�;� : (4.12)
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It now suffices to show that for each .I; �/ 2 Wd ,X
.�;�/2!�1.I;�/

D�;� D �� .GI;� .X;Y//: (4.13)

By Proposition 4.19, the summands on the left-hand side of (4.13) are in bijection
with the elements of GI;� and it suffices to show that

D�;� D

� dY
iD1

xi .�/
ri

�� d 0Y
jD1

yj .�/
sj

�
; (4.14)

where the ri and sj are as in Definition 4.16. The D�;� in (4.11) are written as a
product of four powers of qo, which we analyze in turn.

(1) The first power of qo has exponentX
j2Œ2d 0�

Mj .�/.Lj .�/ �Mj .�//.mj �mjC1/:

It follows from Lemma 4.18 that

mk �mkC1 D

dX
iD1

.v�.k/;i � v�.kC1/;i /ri C

d 0X
jD1

.v�.k/;dCj � v�.kC1/;dCj /sj

for all k 2 Œ2d 0�, where v�.2d 0C1/;i D 0 for each i 2 Œd C d 0�. We may thus rewrite
this first power as� dY

iD1

�
q

P
k2Œ2d 0�Mk.�/.Lk.�/�Mk.�//.v�.k/;i�v�.kC1/;i /

o

�ri�
�

� d 0Y
jD1

�
q

P
k2Œ2d 0�Mk.�/.Lk.�/�Mk.�//.v�.k/;dCj�v�.kC1/;dCj /

o

�sj�: (4.15)

(2) The second power qo is easily rewritten as follows:

q
Pd
iD1 i.d�i/.�i��iC1/

o D

� dY
iD1

�
qi.d�i/o

�ri�� d 0Y
jD1

.1/sj
�
: (4.16)

(3) The third and fourth powers of qo can be written as

q�sj�jo q.d�s/j�jo D

� dY
iD1

.t i /ri
�� d 0Y

jD1

.qjdo tj /sj
�
: (4.17)

The product of (4.15) with the right-hand sides of (4.16) and (4.17) indeed results
in (4.14).
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5. Overlap type zeta functions, functional equation, and pole at zero

In this section, we present results on the p-adic zeta function �f2;d .o/.s/. In Section 5.1
we decompose it as a sum of overlap type zeta functions �w

f2;d .o/
.s/, indexed by the

Dyck words w 2D2d 0 . Special attention goes to one overlap type zeta function called
the no-overlap zeta function. Informally and purely heuristically speaking, it enumer-
ates “most” of the subalgebras of f2;d .o/; see Remark 5.3. Theorem 5.11 establishes
a functional equation for the no-overlap zeta function, while Theorem 5.13 proves
that it has a simple pole at zero. In Section 5.5 we prove that the p-adic zeta function
�f2;d .o/.s/ has a simple pole at zero as well, confirming a conjecture of Rossmann in
the relevant cases; see Theorem 5.15.

5.1. Overlap types and overlap zeta functions

We define the overlap typew.h/ of a subalgebra h� f2;d .o/ of finite index and define
an overlap type zeta function �w

f2;d .o/
.s/ for each overlap type w, which enumer-

ates the subalgebras of f2;d .o/ with that overlap type. Then we slightly adapt The-
orem 4.25 to a formula for each overlap type zeta function �w

f2;d .o/
.s/.

Recall from Section 3.6 that D2d 0 denotes the set of Dyck words of length 2d 0

and w� is the Dyck word associated with � . Recall, moreover, the permutation ��;�
associated with .�; �/ from Definition 4.5.

Definition 5.1. Let h be a subalgebra of f2;d .o/ of finite index. Let � be the element-
ary divisor type of

.hC Œf2;d .o/; f2;d .o/�/=Œf2;d .o/; f2;d .o/�

in f2;d .o/=Œf2;d .o/; f2;d .o/� as in Definition 2.8. Let � be the elementary divisor type
of h \ Œf2;d .o/; f2;d .o/� in Œf2;d .o/; f2;d .o/�. The overlap type w.h/ of h is the Dyck
word w��;� 2 D2d 0 .

We say that h has no overlap ifw��;� is the trivial Dyck word 0d
0

1d
0

. Equivalently,
h has no overlap if and only if

�1 � � � � � �d 0 � �1 � � � � � �d 0 ; (5.1)

where .�j /j2Œd 0� WD �� as in Definition 4.1. As the multiset of the numbers �j is the
multiset of the numbers �i C �i 0 , this is in turn equivalent to the elementary divisors
of

Œf2;d .o/; f2;d .o/�=.h \ Œf2;d .o/; f2;d .o/�/

all being less than or equal to all the elementary divisors of Œf2;d .o/; f2;d .o/�=Œh; h�.
Otherwise, we say that h has overlap.
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Definition 5.2. Let w 2 D2d 0 . The overlap type w zeta function is defined as

�wf2;d .o/.s/ WD
X

h�f2;d .o/;w.h/Dw

jf2;d .o/ W hj
�s:

In particular, the no-overlap zeta function is defined as

�n:o:
f2;d .o/

.s/ WD �0
d 01d

0

f2;d .o/
.s/ D

X
h�f2;d .o/;w.h/D0d

01d 0
jf2;d .o/ W hj

�s:

Obviously, �f2;d .o/.s/ D
P
w2D2d 0

�w
f2;d .o/

.s/.

Remark 5.3. In [11], Paajanen used an analysis of analogues of �n:o:
f2;d

.q; t/ for local
zeta functions enumerating normal subgroups of finitely generated, torsion-free class-
2-nilpotent groups to obtain a lower bound for the abscissa of convergence of these
groups’ normal zeta functions; see Section 1.3 and [11, Thm. 1.3]. That this lower
bound is in fact the exact value was later proven by the third author in [19, Thm. 3].

This fact may support our heuristic that “most” subalgebras of f2;d .o/ should
not have overlap: that the numbers �i and �j in equation (5.1) intermingle should
result in containment relations in subquotients of lattices which do not hold gen-
erically. It would, in particular, be of considerable interest to establish whether the
abscissa of convergence of the Euler product over the local no-overlap zeta functions
�n:o:

f2;d
.p; p�s/ coincides with the abscissa of convergence of the global zeta func-

tion �F2;d .s/. The former is obviously a lower bound for the latter.

Let �wf2;d .q; t/ be the bivariate rational function in Q.q; t/ such that �wf2;d .qo; q
�s
o /

equals �w
f2;d .o/

.s/ for all cDVR o. (Its existence follows from the same reasoning as
the one for �f2;d .q; t/, discussed in Section 1.2.) Theorem 4.25 is straightforwardly
adapted to obtain a formula for the overlap type zeta functions �wf2;d .q; t/ as follows.

Theorem 5.4. For all w 2 D2d 0 ,

�wf2;d .q; t/ D
X

.I;�/2Wd ;w�Dw

GMCI;� �� .GI;� .X;Y//: (5.2)

Proof. In the statement and proof of Proposition 4.4, the summation can be restricted
to the .�; �/ 2 Ad with w��;� D w:

�wf2;d .q; t/ D
X

.�;�/2Ad ;w��;�Dw

˛.�
.d/
1 ; �I o/˛.��; �I o/q

�sj�j
o q.d�s/j�jo :

Similarly, in the statement and proof of Theorem 4.25, the summation can be restricted
to pairs .I; �/ 2 Wd with w� D w, resulting in (5.2).
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Remark 5.5. The formula (5.2) for the functions �wf2;d .q; t/ may be compared with
the summands Dw;�.q; t/ in [6, Def. 4.18]. The latter are defined in terms of the gen-
eralized Igusa functions introduced in [6, Def. 3.5]. These in turn are, by definition,
finite sums of finite products of geometric progression, weighted by functions akin
to the GMCI;� . To write down such an Igusa-type formula for the �wf2;d .q; t/ would
seem to require a decomposition of the cones G�;I into simple cones.

5.2. An alternative formula for the no-overlap zeta function

We simplify the formula for �wf2;d .q; t/ in Theorem 5.4 in the case when w D 0d
0

1d
0

,
i.e. for the no-overlap zeta function �n:o:

f2;d .o/
.s/. We start by establishing how the

products of Gaussian binomial coefficients GMCI;� simplify when w� D 0d
0

1d
0

.

Lemma 5.6. Suppose that .I; �/ 2 Wd with w� D 0d
0

1d
0

. With

J� WD ¹j 2 Œd
0
� 1� j ��1.j / < ��1.j C 1/º;

we have

GMCI;� D
�
d

I

�
q�1

�
d 0

J�

�
q�1

: (5.3)

Proof. If w� D 0d
0

1d
0

, then M0.�/ D � � � DMd 0.�/ D 0 and therefore�
Lji .�/ �Mji�1.�/

Mji .�/ �Mji�1.�/

�
q�1
D 1

for all ji 2 Asc.�/ \ Œd 0�. Moreover, Ld 0Cj .�/ D d 0 and Md 0Cj .�/ D j for all
j 2 Œd 0�. Let j1 > � � � > jr be such that

Asc.�/ \
�
d 0 C Œd 0 � 1�

�
D d 0 C ¹ji j i 2 Œr�º:

Because � 2 �2d 0 , it follows that �.d 0 C ji�1 C k/ D ji C 1 � k for all i 2 Œr� and
k 2 Œji � ji�1 � 1�, where j0 D 0. Therefore,

Asc.�/ \
�
d 0 C Œd 0 � 1�

�
D d 0 C J� :

Thus Y
ji2Asc.�/\.d 0CŒd 0�/

�
Lji .�/ �Mji�1.�/

Mji .�/ �Mji�1.�/

�
q�1
D

Y
ji2J�

�
d 0 � ji�1

ji � ji�1

�
q�1
D

�
d 0

J�

�
q�1

;

concluding the proof.

In the following, we will establish what the numerical data map �� simplifies to
when w� D 0d

0

1d
0

.
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Definition 5.7. The no-overlap numerical data map �n:o: is

�n:o:WA! Q.q; t/WXi 7! qi.d�i/t i ; Yj 7! qdjCj.d
0�j /tj :

Example 5.8. If d D 3, then

�n:o:.X1/ D q
1.3�1/t1 D q2t and �n:o:.Y1/ D q

3�1C1.3�1/t1 D q5t:

Remark 5.9. Let � 2 �2d 0 be such thatw� D 0d
0

1d
0

. Then the numerical data map ��
from Definition 4.22 simplifies to �n:o:.

The following theorem provides an alternative formula for the no-overlap zeta
function �n:o:

f2;d .o/
.s/. It is a lot less complicated than the general formula for the overlap

type w zeta function �w
f2;d .o/

.s/ in Theorem 5.4 because it has fewer summands and
the summands are simpler. Recall the sets HI;J from Section 3.5.

Theorem 5.10. We have

�n:o:
f2;d

.q; t/ D
X

I�Œd�1�;J�Œd 0�1�

�
d

I

�
q�1

�
d 0

J

�
q�1

�n:o:.HI;J .X;Y//: (5.4)

Proof. Using (5.3) and Remark 5.9 in (5.2), results in

�n:o:
f2;d

.q; t/ D
X

.I;�/2Wd ;

w�D0d
0
1d
0

�
d

I

�
q�1

�
d 0

J�

�
q�1

�n:o:.GI;� .X;Y//:

Now using Proposition 3.40, we find (5.4).

5.3. A functional equation for the no-overlap zeta function

It is implied by [20, Thm A] that �f2;d .q; t/ satisfies the functional equation

�f2;d .q
�1; t�1/ D .�1/Dq.

D
2 /tD�f2;d .q; t/; (5.5)

where D WD d C d 0 D
�
dC1
2

�
, the Z-rank of f2;d . By the following result, the no-

overlap zeta function �n:o:
f2;d

.q; t/ satisfies the same functional equation.

Theorem 5.11. The no-overlap zeta function �n:o:
f2;d

.q; t/ satisfies the functional equa-
tion

�n:o:
f2;d

.q�1; t�1/ D .�1/Dq.
D
2 /tD�n:o:

f2;d
.q; t/: (5.6)

Proof. This proof follows the proof of [21, Thm. 2.15] which refers to [20, Sec. 2
and 3]. We start from the formula for �n:o:

f2;d
.q; t/ stated in Theorem 5.10. Using the
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identity (2.2) for the Gaussian multinomial coefficients, we find

�n:o:
f2;d

.q; t/ D
X

I�Œd�1�
J�Œd 0�1�

� X
w2Sd ;

Des.w/�I

q�`.w/
�� X

v2Sd 0 ;
Des.v/�J

q�`.v/
�
�n:o:.HI;J .X;Y//:

Reordering the summations, this becomes

�n:o:
f2;d

.q; t/ D
X
w2Sd

q�`.w/
X
v2Sd 0

q�`.v/
X

Des.w/�I�Œd�1�
Des.v/�J�Œd 0�1�

�n:o:.HI;J .X;Y//:

Inverting q and t on both sides and using Proposition 3.36, we find that �n:o:
f2;d

.q�1; t�1/

equals

.�1/dCd
0
X
w2Sd

q`.w/
X
v2Sd 0

q`.v/
X

Œd�1�nDes.w/�I�Œd�1�
Œd 0�1�nDes.v/�J�Œd 0�1�

�n:o:.XdYd 0HI;J .X;Y//:

Using the two equations in (2.1), �n:o:
f2;d

.q�1; t�1/ are

.�1/dCd
0
X
w2Sd

qd
0�`.ww0/

X
v2Sd 0

q.
d 0

2 /�`.vv0/
X

Des.ww0/�I�Œd�1�
Des.vv0/�J�Œd 0�1�

�n:o:.XdYd 0HI;J .X;Y//:

Changing the order of summation again results in

�n:o:
f2;d

.q�1; t�1/ D .�1/dCd
0

qd
0C.d

0

2 /

�

X
I�Œd�1�
J�Œd 0�1�

� X
w2Sd ;

Des.ww0/�I

q�`.ww0/
�� X

v2Sd 0 ;
Des.vv0/�J

q�`.vv0/
�
�n:o:.XdYd 0HI;J .X;Y//:

Using (2.2) and �n:o:.XdYd 0/ D q
dd 0 tdCd

0

yields

�n:o:
f2;d

.q�1; t�1/ D .�1/dCd
0

qd
0C.d

0

2 /Cdd
0

�

X
I�Œd�1�
J�Œd 0�1�

�
d

I

�
q�1

�
d 0

J

�
q�1

�n:o:.HI;J .X;Y//:

Lastly, using d 0 C
�
d 0

2

�
C dd 0 D D and Theorem 5.10 yields (5.6).

In light of results such as [6, Prop. 4.19], one might expect that the functional
equation established in Theorem 5.11 might hold for all �wf2;d .q; t/ where w 2 D2d 0 ,
not just forw D 0d

0

1d
0

. Our explicit calculations (see Section 7) show that this indeed
holds for d � 4.
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Conjecture 5.12. For all d � 2 and all w 2 D2d 0 , the overlap type zeta function
�w

f2;d .o/
.s/ satisfies the functional equation

�wf2;d .q
�1; t�1/ D .�1/Dq.

D
2 /tD�wf2;d .q; t/:

5.4. The simple pole at zero of the no-overlap zeta function

Next, we study the behaviour of �n:o:
f2;d .o/

.s/ at s D 0.

Theorem 5.13. The no-overlap zeta function �n:o:
f2;d .o/

.s/ has a simple pole at s D 0
for all but finitely many qo.

Proof. We start from the formula for �n:o:
f2;d

.q; t/ stated in Theorem 5.10. Let I �
Œd � 1� and J � Œd 0 � 1�. Proposition 3.34 implies that

HI;J .X;Y/ D IEn:o:;AI;J ;CI;J .X;Y; 1/:

Let �I;J D ¹Ku j u 2 UI;J º be a family of simplicial monoids, satisfying the con-
ditions in Proposition 2.29 with E D En:o:, A D AI;J , and C D CI;J . Using that
HI;J .X; Y/ D IEn:o:;AI;J ;CI;J .X; Y; 1/ and

S
u2UI;J

xKu D IEn:o:;AI;J ;CI;J in The-
orem 5.10 results in

�n:o:
f2;d

.q; t/ D
X

I�Œd�1�;J�Œd 0�1�

�
d

I

�
q�1

�
d 0

J

�
q�1

X
u2UI;J

�n:o:. xKu.X;Y; 1//: (5.7)

By Theorem 2.19,

xKu.Z/ D

P
ˇ2D xKu

ZˇQr
iD1.1 � Z˛i /

; (5.8)

where ˛1; : : : ;˛r are quasigenerators ofKu,DxKu is defined in (2.8), and ZD.X;Y;1/.
Therefore, �n:o:. xKu.Z//jq!qo;t!q

�s
o

has a pole at s D 0 if and only if there is a
quasigenerator 
 ofKu such that �n:o:.Z
 /D �n:o:.X


1
1 : : : Y


dCd 0

d 0
/ is a power of t . In

this case there is no cancellation between these factors because of the positivity of the
numerator. Looking at Definition 5.7, this means that the monomial Z
 has to have
degree zero in the variables X1,. . .,Xd�1, Y1,. . ., Yd 0 . Thus the support of 
 has to be
contained in ¹d; d C d 0 C 1º. We show that there is a Ku that has a quasigenerator
whose support is contained in ¹d; d C d 0 C 1º.

For each i 2 Œd C d 0 C 1�, let ıi 2 NdCd 0C1
0 be the i -th unit basis vector. As

discussed in Section 3.4, ıd C 2ıdCd 0C1 is a completely fundamental element ofEn:o:

and therefore by Proposition 2.29, it is a quasigenerator for some of the Ku. There
cannot be more than one quasigenerator of CEn:o: with the same support and thus
the multiplicity of the pole at s D 0 of �n:o:. xKu.Z//jq!qo;t!q

�s
o

is at most one. The
order of a pole of a sum is at most the maximal order of the poles of the summands.
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Therefore by (5.7), �n:o:
f2;d .o/

.s/ can have at most a simple pole at s D 0 (the Gaussian
binomial coefficients do not depend on s and therefore they have no poles or zeros).

It remains to show that the residues of the summands in (5.7) do not cancel each
other out except for possibly finitely many qo. To that end, it suffices to show thatX

I�Œd�1�;J�Œd 0�1�

�
d

I

�
q�1

�
d 0

J

�
q�1

lim
s!0

s
X

u2UI;J

�n:o:. xKu.Z//
ˇ̌
t!q�s

(5.9)

is a non-zero rational function in q divided by logq. The Gaussian multinomial coeffi-
cients are polynomials in q�1 with non-negative coefficients. By the reasoning earlier
in this proof, �n:o:. xKu.Z//jq!qo;t!q

�s
o

can have at most a simple pole at s D 0. If it
has no pole, then

lim
s!0

s
X

u2UI;J

�n:o:. xKu.Z//
ˇ̌
t!q�s

is zero. Otherwise, (5.8) shows that the numerator of �n:o:. xKu.Z// is a polynomial
in q and t with non-negative coefficients. In addition, it shows that the denominator
of �n:o:. xKu.Z// is a product of dimKu polynomials of the form .1 � qatb/ with
a; b 2 N. Because we assume that �n:o:. xKu.Z//jq!qo;t!q

�s
o

has a simple pole at
s D 0, exactly one of these factors has a D 0. Therefore multiplying the denominator
by s�1 and taking the limit s ! 0 results in a product of polynomials of the form
.1 � qa/ divided by log q. Thus in this case,

lim
s!0

s
X

u2UI;J

�n:o:. xKu.Z//
ˇ̌
t!q�s

is a non-zero rational function in q multiplied by log q. Thus we find that (5.9) is
indeed a rational function in q divided by logq. To show that it is non-zero, notice that
when evaluated at qD1=2, both the Gaussian multinomial coefficients, the numerators
and the factors .1� qa/ in the denominators of lims!0 s

P
u2UI;J

�n:o:. xKu.Z//jt!q�s
are non-negative numbers, while log 1=2 is a negative number. Therefore the sum-
mands in (5.9) all have the same sign when evaluated in q D 1=2 and cannot com-
pletely cancel out, and the claim follows since there is a non-zero summand.

5.5. The simple pole at zero of the overlap and subalgebra zeta functions

We study the behaviour of �f2;d .o/.s/ at s D 0 by first looking at the behaviour of

�f2;d .o/.s/ � �
n:o:
f2;d .o/

.s/

at s D 0.

Theorem 5.14. The function �f2;d .o/.s/ � �
n:o:
f2;d .o/

.s/ does not have a pole at s D 0.
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Proof. Since

�f2;d .o/.s/ � �
n:o:
f2;d .o/

.s/ D
X

w2D2d 0 ;w¤0d
01d 0

�wf2;d .o/.s/;

Theorem 5.4 implies that

�f2;d .q; t/ � �
n:o:
f2;d

.q; t/ D
X

.I;�/2Wd ;w�¤0d
0
1d
0

GMCI;� �� .GI;� .X;Y//:

Therefore it suffices to show that for each pair .I; �/ 2 Wd with w� ¤ 0d
0

1d
0

, the
rational function �� .GI;� .X;Y//jq!qo;t!q

�s
o

has no pole at s D 0. Recall from Pro-
position 3.22 that GI;� can be seen as the projection of IE� ;AI;� ;CI;� on the first
d C d 0 coordinates, thus

GI;� .X;Y/ D IE� ;AI;� ;CI;� .X;Y; 1/:

Let �I;� D ¹Ku j u 2 UI;�º be as in Definition 3.23. Using that
S
u2UI;�

xKu D

IE� ;AI;� ;CI;� , we find

�� .GI;� .X;Y// D
X

u2UI;�

�� . xKu.X;Y; 1//: (5.10)

By Theorem 2.19, �� . xKu.X;Y; 1// has a denominator of the form
Qr
iD1.1 � Z˛i /,

where ˛1; : : : ; ˛r are quasigenerators of Ku and Z D .X;Y; 1/. Thus

�� . xKu.Z//jq!qo;t!q
�s
o

has a pole at s D 0 if and only if there is a quasigenerator ˇ of Ku such that

�� .X
ˇ1
1 : : : Y

ˇdCd 0

d 0
/

is a power of t . By the definition of �� in Definition 4.22, this happens only when the
support of ˇ is contained in ¹dº [ ¹d C d 0 C i j i 2 Œr� �º.

Recall that E� is the monoid associated with the matrix ˆ� 2 Matr��m� .Z/
from Definition 3.8. Asw� ¤ 0d

0

1d
0

, there is an h 2 Œ2d 0 � 1� such that the h-th letter
of w� is 1 and the .hC 1/-th letter of w is 0. Let i; j; k be such that �.h/ D k 2 Œd 0�
and b�1.�.hC 1// D .i; j / 2 Œd �2. Then ˆ� has a row�
0.i�1/; .�1/.j�i/; .�2/.d�jC1/; 0.k�1/; 1.d

0�kC1/; 0; : : : ; 0;�1; 0; : : : ; 0
�
: (5.11)

Note that (5.11) has the entry �1 in column d , another �1 in one other column con-
tained in ¹d C d 0 C i j i 2 Œr� �º, and zero in the other columns also contained in
¹d C d 0 C i j i 2 Œr� �º. Therefore multiplying the row (5.11) with ˇ could not res-
ult in zero when the support of ˇ is contained in ¹dº [ ¹d C d 0 C i j i 2 Œr� �º.
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Consequently, such a tuple ˇ could not satisfy ˆ�ˇ D 0, and therefore not be an
element of Ku � E� . Thus we find that �� . xKu.X;Y; 1//jq!qo;t!q

�s
o

and by (5.10)
also �� .GI;� .X;Y//jq!qo;t!q

�s
o

cannot have a pole at s D 0.

Theorem 5.15. The function �f2;d .o/.s/ has a simple pole at s D 0 for all but finitely
many qo.

Proof. Follows directly from Theorem 5.14 and Theorem 5.13.

This result confirms the first part of [12, Conj. IV (P-adic form)] for the relevant
zeta functions (for all but possibly a finite number of qo). (The second part is known
to hold for d 2 ¹2; 3; 4º, by inspection of the explicit formulas; see Corollary 7.9.)

6. Reduced and topological zeta functions

We discuss the reduced and topological zeta functions �red
f2;d

.t/ and � top
f2;d

.s/. Theor-

ems 6.7 and 6.9 provide formulas for �red
f2;d

.t/ and � top
f2;d

.s/ respectively. Theorem 6.8
establishes that the reduced zeta function �red

f2;d
.t/ has a simple pole of order

�
dC1
2

�
at

t D 1. Theorems 6.10 and 6.13 confirm parts of conjectures from [12] pertaining to
the degree and pole at s D 0 of topological subalgebra zeta functions, in the relevant
special cases.

6.1. Preliminary definitions

In preparation, we make a few preliminary definitions. First, we define the counterpart
of GMCI;� that we will use to formulate formulas for �red

f2;d
.t/ and � top

f2;d
.s/.

Definition 6.1. For .I; �/ 2 Wd , the product of multinomial coefficients associated
with .I; �/ is MCI;� WD GMCI;� jq!1.

Second, we define integers a� .˛/ and b� .˛/ for all � 2 �2d 0 and ˛ 2 Nm�
0 that

are closely related to the numerical data map �� .

Definition 6.2. Let � 2 �2d 0 and ˛ 2Nm�
0 . Define a� .˛/ and b� .˛/ to be the respect-

ively non-negative and positive integers such that �� ..X;Y;1/˛/D.1� qa� .˛/tb� .˛//.

Example 6.3. Let � D 21, ˛1 WD .0; 1; 2; 0/, and ˛2 WD .0; 1; 0; 2/. Then

�� ..X;Y; 1/˛1/ D �� .X01X
1
2Y

2
1 1

0/ D .q1t /0.t2/1.q2t /210 D q4t4;

�� ..X;Y; 1/˛2/ D �� .X01X
1
2Y

0
1 1

2/ D .q1t /0.t2/1.q2t /012 D t2:

Thus a� .˛1/ D 4, b� .˛1/ D 4, a� .˛2/ D 0, and b� .˛2/ D 2.
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Recall Definition 3.23 of �I;� D ¹Ku j u 2 UI;�º. Third, we define a subset
UI;�;max of UI;� and a positive rational number cd for each d 2 N�2.

Definition 6.4. For each .I; �/ 2 Wd , let UI;�;max be the set of u 2 UI;� such that
dimKu D d C d

0 D
�
dC1
2

�
. Let cd be the positive rational number

cd WD
X

.I;�/2Wd

MCI;�
X

u2UI;�;max

jD xKu jQ
˛2CFE.Ku/ b� .˛/

; (6.1)

where D xKu is defined in (2.8).

Remark 6.5. Although it is not a priori clear, cd does not depend on the family
�I;� D ¹Ku j u 2 UI;�º of simplicial monoids, but only on d . This is a consequence
of Theorem 6.8.

We lack a conceptual interpretation of cd . In Table 6.1 we list cd for d � 6.

d 2 3 4 5 6

cd
3
4

25
54

569
2304

3800243
32400000

8743819
172800000

Table 6.1. Values of cd for d 2 ¹2; 3; 4; 5; 6º.

6.2. Reduced zeta functions

The reduced zeta function �red
f2;d

.t/ can be obtained by substituting q! 1 in �f2;d .q; t/.
(For a general definition of reduced subalgebra zeta functions in terms of Euler char-
acteristics and motivic zeta functions see [8, Sec. 3].) We straightforwardly adapt The-
orem 4.25 to a formula for �red

f2;d
.t/ and then use it to determine the order and residue

of the pole at t D 1 of �red
f2;d

.t/. We first define a reduced counterpart of the numerical
data map.

Definition 6.6. The reduced numerical data map �red is

�redWA! Q.t/W Xi 7! t i ; Yj 7! tj :

The following theorem is a straightforward adaption of Theorem 4.25.

Theorem 6.7. For all d 2 N�2,

�red
f2;d

.t/ D
X

.I;�/2Wd

MCI;� �red.GI;� .X;Y//:

Proof. The proof follows from Theorem 4.25 after substituting q ! 1 on both sides
of (4.8).
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Next, we use this formula to deduce the order and residue of the pole at t D 1 of
�red

f2;d
.t/. Recall that D D d C d 0 D

�
dC1
2

�
is the Z-rank of f2;d .

Theorem 6.8. The reduced zeta function �red
f2;d

.t/ has a pole at t D 1 of orderD with
residue

lim
t!1

..t � 1/D�red
f2;d

.t// D .�1/Dcd ;

where cd is defined in Definition 6.4.

Proof. Recall from Proposition 3.22 that GI;� can be seen as the projection of the
subset IE� ;AI;� ;CI;� 2 Nm�

0 on the first d C d 0 coordinates, or equivalently

GI;� .X;Y/ D IE� ;AI;� ;CI;� .X;Y; 1/:

Let �I;� D ¹Ku j u 2 UI;�º be as in Definition 3.23. Using that
S
u2UI;�

xKu D

IE� ;AI;� ;CI;� in Theorem 6.7 results in

�red
f2;d

.t/ D
X

.I;�/2Wd

MCI;�
X

u2UI;�

�red. xKu.X;Y; 1//: (6.2)

By Theorem 2.19,

xKu.Z/ D

P
ˇ2D xKu

ZˇQ
˛2CFE.Ku/.1 � Z˛/

;

where D xKu is defined in (2.8) and Z D .X;Y; 1/. Applying �red on both sides yields

�red. xKu.Z// D

P
ˇ2D xKu

�red.Zˇ /Q
˛2CFE.Ku/.1 � t

b� .˛//
;

where b� .˛/ was defined in Definition 6.2. It follows that �red. xKu.X;Y; 1// has a
pole at t D 1 of order dimKu and the residue of this pole is

lim
t!1

..t � 1/dimKu xKu.Z// D .�1/dimKu
jD xKu jQ

˛2CFE.Ku/ b� .˛/
: (6.3)

Recall from Remark 3.16 that the dimension of GI;� , and hence also of IE� ;AI;� ;CI;�
and Ku, is at most D. Thus the summand indexed by u 2 UI;� in (6.2) has a pole at
t D 1 of orderD if dim Ku DD and otherwise the pole has a lower order. Therefore,
�red

f2;d
.t/ has a pole at t D 1 of order at mostD. To prove that the order is exactlyD, it

suffices to show that the sum of the residues of the summands in (6.2) with maximal
pole order does not vanish. In other words, we need to show that summing (6.3)
over all u 2 UI;� with dimKu D D does not cancel out. This is of course trivial,
because (6.3) has the same sign for all these u. To find the residue of �red

f2;d
.t/, we

may just sum (6.3) over all these u, resulting in .�1/Dcd , where cd was defined
in Definition 6.4.
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6.3. Topological zeta functions

Next, we study the topological zeta function � top
f2;d

.s/. We give a formula in The-
orem 6.9 and determine its degree in Theorem 6.10. In Theorem 6.11, we link its
behaviour at infinity to the behaviour at t D 1 of �red

f2;d
.t/. In Section 6.4 we determine

the behaviour of � top
f2;d

.s/ at s D 0.
In Section 1.2, we informally introduced the topological zeta function � top

f2;d
.s/

as the rational function in s obtained as the first non-zero coefficient of the p-adic
zeta function �f2;d .qo; q

�s
o /, expanded in qo � 1. (For a general definition of topolo-

gical subalgebra zeta functions in terms of systems of local zeta functions, see [12,
Def. 5.13].) More precisely,

�
top
f2;d

.s/ WD lim
q!1

.q � 1/rank f2;d �f2;d .q; q
�s/:

For example, for a 2 N0 and b 2 N,

lim
q!1

.q � 1/
1

1 � qa�bs
D

1

bs � a
: (6.4)

The following theorem is an adaption of Theorem 4.25 to a formula for � top
f2;d

.s/.

Theorem 6.9. We have

�
top
f2;d

.s/ D
X

.I;�/2Wd

MCI;�
X

u2UI;�;max

jD xKu jQ
˛2CFE.Ku/.b� .˛/s � a� .˛//

: (6.5)

Proof. As in the proof of Theorem 6.8, we leverage Proposition 3.22. Applying it to
Theorem 4.25 yields

�f2;d .q; t/ D
X

.I;�/2Wd

GMCI;�
X

u2UI;�

�� . xKu.X;Y; 1//:

By Theorem 2.19,

�� . xKu.Z// D

P
ˇ2D xKu

�� .Zˇ /Q
˛2CFE.Ku/.1 � �� .Z

˛//
; (6.6)

where Z D .X;Y; 1/. Note that

lim
q!1

.q � 1/dCd
0

�� . xKu.Z//

vanishes if dimKu < d C d
0, that is, u 2 UI;� n UI;�;max. The numerator of (6.6) is

jD xKu j after substituting q ! 1. For each u 2 UI;�;max, the denominator of (6.6) isY
˛2CFE.Ku/

.b� .˛/s � a� .˛//
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after multiplication with .q � 1/�d�d
0

and taking the limit q! 1, cf. (6.4) and Defin-
ition 6.2.

The degree of a rational function is the degree of the numerator minus the degree
of the denominator. The following confirms [12, Conj. I] for the considered algebras.

Theorem 6.10. The topological zeta function � top
f2;d

.s/ has degree �D in s:

degs.�
top
f2;d

.s// D �D:

Proof. All summands in (6.5) have degree�D in s. For each u 2 UI;�;max, the numer-
ator of the summand corresponding to u is MCI;� jDKu

j, which is always positive.
Similarly, the highest degree coefficient of the denominator of the summand corres-
ponding to u is

Q
˛2CFE.Ku/ b� .˛/, which is also always positive. Therefore cancella-

tion of the highest degree terms in (6.5) is not possible.

Next, we study the behaviour of the topological zeta function at infinity.

Theorem 6.11. The topological zeta function � top
f2;d

.s/ satisfies

lim
s!0

s�D�
top
f2;d

.s�1/ D cd ;

where cd is defined in Definition 6.4.

Proof. Substituting s�1 for s in the summand corresponding to u 2 UI;�;max in (6.5),
multiplying by s�D , and taking the limit s ! 0 results in

lim
s!0

s�D
jD xKu jQ

˛2CFE.Ku/.b� .˛/s
�1 � a� .˛//

D lim
s!0

jD xKu jQ
˛2CFE.Ku/.b� .˛/ � a� .˛/s/

D
jD xKu jQ

˛2CFE.Ku/ b� .˛/
:

Therefore, using (6.5), we find

lim
s!0

s�D�
top
f2;d

.s�1/ D
X

.I;�/2Wd

MCI;�
X

u2UI;�;max

jD xKu jQ
˛2CFE.Ku/ b� .˛/

;

which is the definition of cd in (6.1).

The following corollary shows that the behaviour at infinity of � top
f2;d

.s/ is closely
related to the behaviour at t D 1 of �red

f2;d
.t/.

Corollary 6.12. We have

lim
s!0

s�D�
top
f2;d

.s�1/ D lim
t!1

.1 � t /D�red
f2;d

.t/:
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Proof. Combine Theorem 6.11 with Theorem 6.8.

Corollary 6.12 may be compared with [10, Conj. 6.7], which describes an analog-
ous phenomenon for topological and reduced zeta functions associated with graded
ideal zeta functions of free nilpotent Lie rings of arbitrary rank and nilpotency class.

6.4. Behaviour at zero of the topological zeta function

In Theorem 6.13, we show that the topological zeta function � top
f2;d

.s/ has a simple
pole at s D 0, just as the p-adic zeta function �f2;d .o/.s/ for all but possibly a finite
number of qo (see Theorem 5.15), and determine the residue at this pole. This the-
orem confirms [12, Conj. IV (Topological form)] for the considered subalgebra zeta
functions.

Theorem 6.13. The topological zeta function � top
f2;d

.s/ has a simple pole at s D 0 with
residue

lim
s!0

s�
top
f2;d

.s/ D
.�1/D�1

.D � 1/Š
:

Proof. We start from the formula for � top
f2;d

.s/ in Theorem 6.9. Let .I; �/ 2 Wd and
u 2 UI;�;max. The summand corresponding to u in (6.5) has numerator MCI;� jD xKu j
and denominator

Q
˛2CFE.Ku/.b� .˛/s � a� .˛//. This numerator is a positive rational

number and the denominator is zero at s D 0 if and only if there is a ˛ 2 CFE.Ku/
such that a� .˛/ is zero. Recall from Definition 6.2 that a� .˛/ is the non-negative
integer such that

�� ..X;Y; 1/˛/ D
�
1 � qa� .˛/tb� .˛/

�
:

Looking at Definition 4.22, a� .˛/ is zero if and only if the support of ˛ is contained
in ¹dº [ ¹d C d 0 C i j i 2 Œr� �º. Thus the summand corresponding to u in (6.5) has
a pole at s D 0 if and only if there is a completely fundamental element of Ku with
such a support. From the proof of Theorem 5.14 we know that this cannot happen if
w� is not the trivial Dyck word. From the proof of Theorem 5.13 we know that if w�
is the trivial Dyck word, then there are Ku that have such a completely fundamental
element, and, moreover, noKu can have more than one such completely fundamental
element. Thus the summand corresponding to u in (6.5) has at most a simple pole at
s D 0, and therefore � top

f2;d
.s/ has at most a simple pole there. Let

U0;max WD ¹u 2 UI;�;max j .I; �/ 2 Wd ; ıd C 2ıdCd 0C1 2 Kuº:

The summand corresponding to u in (6.5) has a simple pole at s D 0 if and only if
u 2 U0;max. By the reasoning earlier in this proof, if u 2 U0;max then u 2 UI;�;max
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with w� D 0d
0

1d
0

. Also I D Œd � 1� and J� D Œd 0 � 1�, because otherwise UI;�;max

is empty. It follows using Lemma 5.6 that if u 2 U0;max \ UI;� , then

MCI;� D
�

d

Œd � 1�

��
d 0

Œd 0 � 1�

�
D dŠd 0Š:

The residue of � top
f2;d

.s/ at s D 0 is therefore

lim
s!0

s�
top
f2;d

.s/ D dŠd 0Š lim
s!0

s
X

.I;�/2Wd

w�D0d
0
1d
0

X
u2UI;�;max

jD xKu jQ
˛2CFE.Ku/.b� .˛/s � a� .˛//

:

Recall that

jD xKu jQ
˛2CFE.Ku/.b� .˛/s � a� .˛//

D lim
q!1

.q � 1/dCd
0

�� . xKu.X;Y; 1//
ˇ̌
t!q�s

and
S
u2UI;�

xKu D IE� ;AI;� ;CI;� where the union is disjoint. Thus

lim
s!0

s�
top
f2;d

.s/ D dŠd 0Š lim
s!0

s lim
q!1

.q � 1/dCd
0

�

X
.I;�/2Wd

w�D0d
0
1d
0

�n:o:.IEn:o:;AI;J� ;CI;J�
.X;Y; 1//

ˇ̌
t!q�s

:

Recall from Remark 3.35 that
S
.I;�/2Wd ;w�D0d

01d 0 IEn:o:;AI;J� ;CI;J�
D En:o: and this

union is disjoint. Therefore the residue can be written as

lim
s!0

s�
top
f2;d

.s/ D dŠd 0Š lim
s!0

s lim
q!1

.q � 1/dCd
0

�n:o:.En:o:.X;Y; 1//
ˇ̌
t!q�s

:

Recall the subset E0 of En:o: from Definition 3.26 and consider the triangulation
� D ¹Ku j u 2 Un:o:º of En:o: in Proposition 3.28. Let U0 WD ¹u 2 Un:o: j Ku � E0º

and U c0 WD ¹u 2 Un:o: j Ku 6� E0º. Then E0 D
S
u2U0

xKu and this union is disjoint.
Thus the residue is

lim
s!0

s�
top
f2;d

.s/ D dŠd 0Š lim
s!0

s lim
q!1

.q � 1/dCd
0

�n:o:.E0.X;Y; 1//

C

X
u2U c

0

xKu.X;Y; 1//
ˇ̌
t!q�s

:

The triangulation � D ¹Ku j u 2 Un:o:º was constructed so that theKu for u 2 U c0 do
not contain ıd C 2ıdCd 0C1. Therefore by the same reasoning as in the proof of The-
orem 6.13, the summands �n:o:. xKu.X;Y; 1// do not contribute to the residue. For
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every ˛ 2 CFE.E0/, let an:o:.˛/ and bn:o:.˛/ be the respectively non-negative and
positive integers such that

�n:o:..X;Y; 1/˛i / D
�
1 � qan:o:.˛/tbn:o:.˛/

�
:

As E0 is simplicial (see Remark 3.27) we may use Theorem 2.19 to deduce

lim
q!1

.q � 1/dCd
0

�n:o:.E0.X;Y; 1//
ˇ̌
t!q�s

D
jDE0 jQ

˛2CFE.E0/.bn:o:.˛/s � an:o:.˛//
:

Thus the residue is

lim
s!0

s�
top
f2;d

.s/ D dŠd 0Š lim
s!0

s
jDE0 jQ

˛2CFE.E0/.bn:o:.˛/s � an:o:.˛//

D .�1/D�1dŠd 0Š
jDE0 j

bn:o:.ıd C 2ıdCd 0C1/
Q
˛2CFE.E0/n¹ıdC2ıdCd 0C1º

an:o:.˛/
:

(6.7)

The completely fundamental elements ˛ of E0 and the corresponding data an:o:.˛/

and bn:o:.˛/ are listed in Table 6.2.

˛ 2 CFE.E0/ �n:o:..X;Y; 1/˛/ an:o:.˛/ bn:o:.˛/

ıi with i 2 Œd � 2� .1 � qi.d�i/t i / i.d � i/ i

ıd�1 C ıdCd 0C1 .1 � qd�1td�1/ d � 1 d � 1

ıd C 2ıdCk with k 2 Œd 0� .1 � q2k.dCd
0�k/tdC2k/ 2k.d C d 0 � k/ d C 2k

ıd C 2ıdCd 0C1 .1 � td / 0 d

Table 6.2. The completely fundamental elements of E0 and the corresponding an:o:.˛/ and
bn:o:.˛/.

Using this data, the denominator in (6.7) is

d

� Y
i2Œd�2�

i.d � i/

�
.d � 1/

� Y
k2Œd 0�

2k.d C d 0 � k/

�
D 2d

0

.d/Š.d 0/Š.d C d 0 � 1/Š:

Lastly, we determine jDE0 j. To do this, we need to count the number of elements
x 2 E0 that can be written as a Q-linear combination of the completely fundamental
elements of E0 with coefficients in Œ0; 1/. Since ıi is the only completely funda-
mental element of E0 with support containing ¹iº for i 2 Œd � 2�, we deduce that
the coefficient of ıi needs to be zero for i 2 Œd � 2�. Similarly, ıd�1 C ıdCd 0C1 is
the only completely fundamental element with support containing ¹d � 1º, thus the
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coefficient of ıd�1 C ıdCd 0C1 is zero as well. Also, ıd C 2ıiC1 is the only com-
pletely fundamental element with support containing ¹i C 1º for i 2 d � 1 C Œd 0�,
thus its coefficient lies in ¹0; 1=2º. Since the coefficient of ıd�1 C ıdCd 0C1 is zero,
ıd C 2ıdCd 0C1 is the only remaining completely fundamental element with support
containing ¹d C d 0 C 1º. Therefore its coefficient lies in ¹0; 1=2º as well. Thus we
find that

DE0 D E0 \

² X
i2d�1CŒd 0C1�

ai .ıd C 2ıiC1/ j ai 2 ¹0; 1=2º

³
:

Obviously,
P
i2d�1CŒd 0C1� ai .ıd C 2ıiC1/ lies in NdCd 0C1

0 if and only ifX
i2d�1CŒd 0C1�

ai 2 N;

in other words when an even number of ai are non-zero. Moreover, in that case, it
also lies in E0, thus we find that jDE0 j D 2

d 0 .
Substituting this data in (6.7) allows us to conclude

lim
s!0

s�
top
f2;d

.s/ D .�1/DdŠd 0Š
2d
0

2d
0
.d/Š.d 0/Š.d C d 0 � 1/Š

D
.�1/D

.D � 1/Š
:

7. Explicit computations

We record (aspects of) explicit computations of the p-adic, reduced, and topological
zeta functions. The full results are available on Zenodo.org [15].We start by collect-
ing the well-known formulas for d D 2; 3.

Proposition 7.1 (d D 2). We have

�f2;2.q; t/ D
1 � q3t3

.1 � q3t2/.1 � q2t2/.1 � t /.1 � qt/
;

�
top
f2;2
.s/ D

3

2.2s � 3/.s � 1/s
;

�red
f2;2
.t/ D

t2 C t C 1

.1 � t2/2.1 � t /
:

Proof. The p-adic formula was given in [9, Prop. 8.1], and the others follow immedi-
ately.
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Proposition 7.2 (d D 3). We have

�f2;3.q; t/

D
.1 � q8t4/W2;3.q; t/

.1 � t /.1 � qt/.1 � q2t /.1 � q4t2/.1 � q5t2/.1 � q6t2/.1 � q6t3/.1 � q7t3/
;

where W2;3.X; Y / is

1CX3Y 2 CX4Y 2 CX5Y 2 �X4Y 3 �X5Y 3 �X6Y 3 �X7Y 4 �X9Y 4

�X10Y 5 �X11Y 5 �X12Y 5 CX11Y 6 CX12Y 6 CX13Y 6 CX16Y 8:

Furthermore,

�
top
f2;3
.s/ D

25s2 � 94s C 84

3.3s � 7/.3s � 8/.2s � 5/.s � 1/.s � 2/2.s � 3/s
;

�red
f2;3
.t/ D

t8 C 2t7 C 7t6 C 9t5 C 12t4 C 9t3 C 7t2 C 2t C 1

.1 � t3/3.1 � t2/2.1 � t /
:

Proof. The p-adic formula was given in [17, Thm. 24], and the others follow imme-
diately.

In [2], an algorithm is presented to write the generating function enumerating
integral points of a convex pointed polyhedral cone in a closed form. This algorithm
is implemented in the software package LattE [1], which can be accessed in Sage-
Math [18] through the package Zeta [13]. By this route, we were able to imple-
ment Theorem 4.25 and recover the explicit expressions for �f2;d .q; t/ for n D 2; 3 in
Propositions 7.1 and 7.2. Moreover, we were also able to obtain an explicit expression
for �f2;4.q; t/, which was not known before.

Theorem 7.3 (dD4, p-adic). There is an explicitly determined polynomial‰2;4.X;Y /
2 ZŒX; Y � of degrees 335 in X and 88 in Y such that

�f2;4.o/.q; t/ D
ˆ2;4.q; t/

‰2;4.q; t/
; (7.1)

where ‰2;4.q; t/ is

.1 � q27t7/.1 � q25t7/.1 � q25t6/.1 � q28t7/.1 � q22t5/2.1 � q21t5/.1 � q17t4/

� .1 � q15t4/.1 � q13t4/.1 � q26t6/.1 � q13t3/.1 � q11t3/.1 � q18t4/.1 � q9t2/

� .1 � q12t3/.1 � q24t6/.1 � q16t4/.1 � q14t4/.1 � q9t3/.1 � q12t4/

� .1 � qt/.1 � t /:
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Corollary 7.4 (d D 4, reduced). We have

�red
f2;4
.t/ D

ˆred
2;4.t/

.1 � t /2.1 � t3/4.1 � t4/4
;

where ˆred
2;4.t/ is

t20 C 2t19 C 15t18 C 30t17 C 87t16 C 156t15 C 284t14 C 414t13 C 562t12

C 658t11 C 703t10 C 658t9 C 562t8 C 414t7 C 284t6 C 156t5 C 87t4

C 30t3 C 15t2 C 2t C 1:

Proof. Substitute q D 1 in (7.1). Alternatively, explicate [8, Prop. 4.1].

Theorem 7.5 (d D 4, topological). We have

ˆ
top
2;4.s/=.168 �

top
f2;4
.s// D .7s � 25/.7s � 27/.6s � 25/.5s � 21/.5s � 22/2

� .4s � 13/.4s � 15/.4s � 17/.3s � 11/.3s � 13/2

� .2s � 7/.2s � 9/2.s � 1/.s � 3/2.s � 4/4s;

where ˆtop
2;4.s/ is

21078036000s13 � 1040066363064s12 C 23656166485364s11

� 328379597912246s10 C 3103756047141233s9

� 21092307321737791s8 C 106022910302150804s7

� 399106101276334990s6 C 1125038325014124489s5

� 2345400850582061927s4 C 3514612915281294714s3

� 3584726815997417886s2 C 2230351512292203300s

� 639268261271640000:

The computation of the p-adic zeta function for d D 5 is currently out of our reach,
owing to memory limitations. We are, however, able to compute the reduced zeta
function �red

f2;5
.s/ (using Evseev’s method; note that [8, Prop. 4.1] applicable according

to [8, Exa. 4.1]) and the topological zeta function � top
f2;5
.s/ (using our method).

Theorem 7.6 (d D 5, reduced; [8]). We have

�red
f2;5
.t/ D

ˆred
2;5.t/

.1 � t5/5.1 � t3/5.1 � t4/4.1 � t /
;
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where ˆred
2;5.t/ is

t42 C 4t41 C 30t40 C 115t39 C 431t38 C 1330t37 C 3709t36 C 9185t35

C 20876t34 C 43410t33 C 83737t32 C 150127t31 C 252056t30 C 397040t29

C 589457t28 C 826057t27 C 1095916t26 C 1377780t25 C 1644507t24

C 1864452t23 C 2010117t22 C 2060784t21 C 2010117t20 C 1864452t19

C 1644507t18 C 1377780t17 C 1095916t16 C 826057t15 C 589457t14

C 397040t13 C 252056t12 C 150127t11 C 83737t10 C 43410t9 C 20876t8

C 9185t7 C 3709t6 C 1330t5 C 431t4 C 115t3 C 30t2 C 4t C 1:

Theorem 7.7 (d D 5, topological). We have

�
top
f2;5
.s/ D

ˆ
top
2;5.s/

‰
top
2;5.s/

;

where ˆtop
2;5.s/ 2 ZŒs� is an explicitly determined irreducible polynomial of degree 71

and ‰top
2;5.s/ is

.38s � 225/.37s � 223/.35s � 216/.31s � 199/.31s � 200/.29s � 189/

� .29s � 190/.26s � 165/.25s � 153/.25s � 161/.25s � 166/.23s � 151/

� .23s � 153/.22s � 141/.22s � 145/.21s � 130/.20s � 131/.19s � 112/

� .19s � 122/.17s � 93/.17s � 108/.17s � 112/.17s � 113/.15s � 89/

� .14s � 85/.13s � 70/.13s � 81/.13s � 82/.13s � 88/.12s � 77/.11s � 71/

� .11s � 72/.10s � 63/2.9s � 44/.9s � 46/.9s � 47/.9s � 55/.9s � 58/2

� .9s � 59/.8s � 45/.8s � 51/.8s � 53/2.7s � 41/.7s � 43/2.7s � 46/2

� .6s � 37/.5s � 21/.5s � 22/.5s � 23/.5s � 24/.5s � 31/.5s � 32/.5s � 33/2

� .4s � 21/.4s � 23/3.4s � 25/.3s � 14/.3s � 16/.3s � 17/.3s � 19/2.3s � 20/2

� .2s � 11/2.2s � 13/3.s � 1/.s � 2/.s � 3/.s � 4/2.s � 6/4s:

For d D 6, the computation of both the p-adic and the topological zeta function
is currently out of our reach. We record the explicit formula for the reduced zeta
function, computed using Evseev’s method.

Theorem 7.8 (d D 6, reduced; [8]). We have

�red
f2;6
.t/ D

ˆred
2;6.t/

.1 � t61/6.1 � t5/6.1 � t4/6.1 � t /3
;
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where ˆred
2;6.t/ is

t72 C 3t71 C 36t70 C 145t69 C 669t68 C 2562t67 C 8649t66 C 27045t65

C 77670t64 C 206735t63 C 515748t62 C 1211748t61 C 2692110t60

C 5682609t59 C 11436687t58 C 22007442t57 C 40598238t56 C 71961840t55

C 122797673t54 C 202076190t53 C 321171642t52 C 493662867t51

C 734688480t50 C 1059758436t49 C 1482992565t48 C 2014885665t47

C 2659813131t46 C 3413604248t45 C 4261613451t44 C 5177738109t43

C 6124749888t42 C 7056165426t41 C 7919643378t40 C 8661618634t39

C 9232638888t38 C 9592688376t37 C 9715718352t36 C 9592688376t35

C 9232638888t34 C 8661618634t33 C 7919643378t32 C 7056165426t31

C 6124749888t30 C 5177738109t29 C 4261613451t28 C 3413604248t27

C 2659813131t26 C 2014885665t25 C 1482992565t24 C 1059758436t23

C 734688480t22 C 493662867t21 C 321171642t20 C 202076190t19

C 122797673t18 C 71961840t17 C 40598238t16 C 22007442t15

C 11436687t14 C 5682609t13 C 2692110t12 C 1211748t11 C 515748t10

C 206735t9 C 77670t8 C 27045t7 C 8649t6 C 2562t5 C 669t4 C 145t3

C 36t2 C 3t C 1:

Our computations of p-adic zeta functions allow us to confirm the second part
of [12, Conj. IV (P-adic form)] for small values of d .

Corollary 7.9. For all d 2 ¹2; 3; 4º, the following holds:

�f2;d .o/.s/

�oD .s/

ˇ̌
sD0
D 1;

The conjecture’s first part holds for all d and all but a finite number of qo, see The-
orem 5.15.
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