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Subgroup growth in free class-2-nilpotent groups
Viola Siconolfi, Marlies Vantomme, and Christopher Voll

Abstract. We describe an effective procedure to compute the local subgroup zeta functions
of the free class-2-nilpotent groups on d generators, for all d > 2. For d = 4, this yields a
new, explicit formula. For d € {4, 5}, we compute the topological subgroup zeta functions. We
also obtain general results about the reduced and topological subalgebra zeta functions. For the
former, we determine the behaviour at one; for the latter, the degree and behaviours at zero
and infinity. Some of these results confirm, in the relevant special cases, general conjectures by
Rossmann.
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1. Introduction

1.1. Setup

We study the subgroup growth of finitely generated free nilpotent groups of nilpotency
class two. The free nilpotent group F, 4 of nilpotency class two on d generators has
presentation

Frqg=1(g1,....8a | Vi, j,k e{l,....d} :[[gi.gj]. gl = 1).
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The subgroup zeta function of F, 4 is the Dirichlet generating series
(ra(8) = ) |Faa: H[™.
H=<F> 4

where s is a complex variable (and co™*

the subgroups of finite index). It is well known that {f, , (s) has an Euler product

(ry ) = [ ¢roap®) (1.1)

D prime

= 0, so the sum extends in effect only over

where, for each prime p, the Euler factor {F, ,,,(s) enumerates the subgroups of F, 4

of p-power index; cf. [9, Prop. 4]. By a result of Grunewald, Segal, and Smith ([9,

Thm. 2]) these local zeta functions are all rational in the parameters p and t = p~*.

Computing these—and other groups’—local zeta functions explicitly, however, is dif-

ficult. Previously, explicit formulas were only known for d € {2, 3}; see Section 7.
The free class-2-nilpotent Lie ring f, 4 on d generators has presentation

fo,a = (x1,....xq | Vi, j.k €{1,....d} : [[xi, x;], xk] = 0).

The subalgebra zeta function of 5 4 is

Cha($) = Y Ifaa: HI.

H<f> 4

It is well known that the problem of counting subgroups of the group F; 4 is the same
as the problem of counting subalgebras of f, 4. Indeed, the fact that

CFy 4 (8) = &y 4 () (1.2)

is not hard to verify; see [9, Chap. 4]. It justifies that we concentrate on subalgebra
zeta functions in the following.

For any (commutative) ring R, we set 5 4(R) = f2,4 ®z R and consider the
subalgebra zeta function

tha®@) = Y [faa(R): H|™, (1.3)

H<f>,4(R)

enumerating R-subalgebras of f, 4(R) of finite index. In practice, we will focus on
rings R which are compact discrete valuation rings (cDVRs), viz. rings of integers
of finite extensions of the field Q, of p-adic numbers (in characteristic zero) or
rings F, [T] of formal power series over finite fields (in positive characteristic). We
write p for the unique maximal ideal of o, with residue field cardinality |o/p| =: ¢o,
a prime power. The Euler product decomposition (1.1) is mirrored by the factorization

8y q(8) = 1_[ éfz,d(Zp)(S)' (1.4)

p prime
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1.2. Main results

In [9, Thm. 2] Grunewald, Segal, and Smith established that there exists a bivariate
rational function (s, , (g, ) such that {s, ,(p, p™*) = &, ,(z,)(s) for all primes p.
Their arguments extend easily to general cDVRs o, that is

é‘fz,d (qD’ qO—S) = é‘fz’d (D) (S)

Indeed, the proof of [9, Thm. 2] is based on the observation that whether or not a sub-
module A of the Z-module f, 4 (Z) is a subalgebra may be decided by a combinatorial
criterion involving the elementary divisor types of the Z-modules

A+ [f2,d(Z).72,4(Z)] and A N [f2,4(Z).F2,a(Z)].

This criterion carries over verbatim to o-modules f, 4 (o) for any cDVR o. We spell
this out in Proposition 4.4.

In the present paper, we present an effective procedure to compute these bivariate
rational functions. The formula for ¢, ,(¢,¢) we present in Theorem 4.25 is given in
terms of Gaussian g-multinomials and finitely many generating functions enumerat-
ing the integral points of rational polyhedral cones.

We apply this formula in different ways, both theoretically and practically. First,
it inspires a notion of no-overlap subalgebra zeta function of f, 4(o) enumerating,
loosely speaking, “most of” the finite-index subalgebras of f, 4 (o), see Section 5.1.
We prove that this summand satisfies the same local functional equation as {5, ,(0)(5);
see Theorem 5.11. Second, we derive from the formula that, for all d and all cDVRs o
whose residue field cardinalities avoid finitely many values, the p-adic subalgebra zeta
function {s, ,(0)(s) has a simple pole at s = 0, establishing a conjecture of Rossmann
for the relevant algebras, see Theorem 5.15. Third, we compute the subalgebra zeta
functions {s, ,(0)(s) explicitly by implementing the formula in SageMath [18] using
LattE [1] and Zeta [13], see Theorem 7.3 for a paraphrase; full details can be found
on Zenodo.org [15].

To consider Euler products such as (1.4) is just one way to capture informa-
tion about “many” p-adic zeta functions uniformly. Others include the reduced zeta
functions pioneered by Evseev ([8]) and the topological zeta functions developed by
Rossmann ([12]). Both may be paraphrased as results of “setting g, = 17, in subtly
different ways. Crudely speaking, the reduced zeta function { red (t) is the univariate
rational function in 7 defined as {y, ,(1,7). Equally 1nf0rma11y, the topological zeta
function C f2.a P (s) is the univariate rational function in s obtained as the first non-zero
coefficient of 8554 (90,95°), expanded in g, — 1.

In Theorem 6.8 we show that the reduced subalgebra zeta function E;fd (t) has a
poleatt = 1 oforder D :=d + ( ) which is the Z-rank of f, 4. In Theorem 6.10 we
establish that D is also the degree of the topological subalgebra zeta function ¢ f;”d (s).
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In Theorem 6.13 we show that the topological zeta function has a simple pole at s = 0
and compute its residue there. This confirms, in the relevant special cases, general con-
jectures by Rossmann. The topological and reduced subalgebra zeta functions feature
together in Theorem 6.11; it links the topological zeta function’s behaviour at infinity
and the reduced zeta function’s residue at # = 1. We also compute the topological
subalgebra zeta functions {;Op (s) and (;Op (s) explicitly using our implementation
of Theorem 4.25; see Theorems 7.5 and 7.7.

1.3. Related work

For d < 3, the p-adic subalgebra zeta functions sz, 4 (0)(8)—and, as corollaries, their
topological and reduced analogues—have been known for some time; see Section 7
for explicit formulas and references. For ¢ > 2, the subalgebra zeta functions of
the free class-c-nilpotent Lie rings on d generators f. 4 are largely unknown. To
our knowledge, explicit formulas are only known for (¢, d) = (3, 2), by work of
Woodward; cf. [7, Thm. 2.35].

The ideal zeta functions f2 (o) (s), enumerating ideals of finite index, have been
computed, for all 4, in [19]. ThlS yields, in particular, the (global) ideal zeta function

é‘1’2d Hé‘fz d(Zp)( 5)-

In analogy with (1.2), we have ¢ ;‘2 J (s)=¢ ;‘,2 4 (s), the normal zeta function of the
free class-2-nilpotent group F; 4, eAnumerating normal subgroups of finite index.

1.4. Organization and notation

In Section 2 we recall some well-known nomenclature and results. We consider both
Gaussian binomial and multinomial coefficients in Section 2.1; the enumeration of
submodules of o-modules of finite rank in Section 2.2, convex polyhedral cones in Q™
in Section 2.3; various monoids in N{*, in particular, solution sets of systems of linear
homogeneous Diophantine equations, in Section 2.4; and generating functions of sub-
sets of N, in particular monoids, in Section 2.5. In Sections 2.6 and 2.7, we define
some notation and prove preliminary results for certain subsets of a monoid in N{".
In Section 3 we define the specific monoids and subsets in N§’ that are used in the
later sections to write down formulas for the subalgebra zeta functions considered.
Section 4 culminates in Theorem 4.25, an explicit formula for y, , (o) (s) as a finite
sum, whose summands are products of Gaussian g-multinomials and generating func-
tions of subsets of N’ as discussed in Section 2.5. We give an informal overview of
the proof of Theorem 4.25 in Section 4.1. In Section 5, we use this explicit formula to
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obtain several general results on the p-adic subalgebra zeta functions &y, , (o) (s). Not-
ably, we introduce the no-overlap subalgebra zeta function of f, 4(o0) in Section 5.1
and show, in Section 5.4, that for all d and all cDVRs o whose residue field cardinal-
ities avoid finitely many values, the p-adic subalgebra zeta function &y, ,(0)(s) has a
simple pole at s = 0.

In Section 6 we obtain results on the reduced and topological zeta functions men-
tioned in Section 1.2. For the former, we determine the behaviour at 1 = 1 and for
the latter, the degree and behaviours at zero and infinity. In Section 7 we record expli-
cit formulas for p-adic, reduced, and topological subalgebra zeta functions associated
with f, 4 for small values of d, both known and new.

Table 1.1 gives a partial list of the notation used.

Notation Meaning Location
0 compact discrete valuation ring Section 1.1
4o cardinality of the residue field o/p, a prime power  Section 1.1
f2,a4(0) tensor product f5 4 ®7 o Section 1.1
8.0 (0)(5) subalgebra zeta function of f, 4 (o) (1.3)
$ir.0(q, 1) rational function with {5, ,(¢0,45°) = &5, ,(0)(s)  Section 1.2
forall o
D dd+ (i) = (djl), the Z-rank of f, 4 Sect?on 1.2
d’ () Section 2.1
(;)q Gaussian multinomial coefficient Definition 2.2
Pn set of integer partitions of at most n parts Section 2.2.1
v v; < u; fori € [n] for partitions p,v € P, Section 2.2.1
)t&") (A)jeln] € Pn Section 2.2.1
a(A, u;0) number of subgroups of isomorphism type @ ofa  Section 2.2.1
finite o-module of isomorphism type A
|A| S A Section 2.2.2
F interior of a monoid F in N§' Section 2.4
L(E) lattice of supports of a monoid £ Section 2.4
X(Z) generating function of X C N’ Section 2.5
FE 4, I*:E,A submonoid resp. subset of a monoid E for Section 2.6
A€ L(E)

Table 1.1. Notation (cont. on next page).
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Notation Meaning Location

Dy specific finite subset of a monoid F (2.8)

Soar subset of the symmetric group S, 4/ Definition 3.1

W, set of relevant pairs (1, 0) with I C [d — 1] and Definition 3.11
0 € Szd’

Gro specific monoid of N(‘)i +4’ for (I,0) e Wy Definition 3.13

X tuple of indeterminates (X;);e[q] Section 3.2

Y tuple of indeterminates (Y;);e[a] Section 3.2

Hr g specific subset of NgJ“d/ for I C [d — 1] and Definition 3.30
J Cld —1]

Doy set of Dyck words of length 2d’ Section 3.6

Wq Dyck word associated with o € S5/ Definition 3.37

75 partition (u;);e[a] € Pa’ such that the multisets Definition 4.1
| e [y and A + A | i < i’ € [d])
coincide, for A € £,

GMCj product of Gaussian multinomial coefficients Definition 4.20
associated with (1,0) € W,

Ao numerical data map Definition 4.22

Z%‘;d (g,1) rational function with {%‘;d (q0.95°%) = ff“;d(o) (s)  Section 5.1
for all o

;‘;’d (g,1) rational function with ¢ ?204 (0.95°) =¢ ?2051 (0) (s)  Section 5.1

for all o

Xn.o. no-overlap numerical data map Section 5.2

MCj » product of multinomial coefficients associated to Definition 6.1

ag (@), bo ()

UI,a,max
Cd

red
8, (0

Xred
top
é‘fz,d (s)

(1,0)
non-negative integers for o € 54/ and o € N(')" o
that are closely related to the numerical data

map xo
set of u € Uy s such that dim K, = D

specific positive rational number

reduced subalgebra zeta function of f, 4
reduced numerical data map

topological subalgebra zeta function of f, 4

Definition 6.2

Definition 6.4
Definition 6.4
Section 6.2
Definition 6.6
Section 6.3

Table 1.1. Notation (cont.).
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2. Preliminaries

2.1. Gaussian binomial and multinomial coefficients
We start by recalling Gaussian binomial and multinomial coefficients.

Definition 2.1. Let k,n € Ng with k& < n. The Gaussian binomial coefficient or
q-binomial coefficient (Z)q is the following polynomial in g:
(n) (=g =¢")---(1=g"*
k), (A=gbH(U—gFY--(1—-q)
Definition 2.2. Letn € Noand J = {j; | i € [r]} C [n — 1] with j; <--- < j,. The
Gaussian multinomial coefficient (3) is the polynomial in g defined as
q

(2),=G).G), - Go)
)y J1)g\J2—J1)4 Jr—Jr—1/y

We write S, for the symmetric group of degree n, a Coxeter group with Coxeter

generators §q,...,S,—1. For € §,, we write £(o) for the Coxeter length of o and
Des(o) ={i € [n — 1] | £(0s;) < £(0)} for its (right) descent set. The unique £-longest
element in S, is denoted ¢, with £(0g) = (;) The identities

L(oog) = L(0g) —L(0), Des(oog) = [n— 1]\ Des(o), 2.1

and
I
q 0€Sy,Des(0)CJ
for J C [n — 1] are well known; see [4, Proposition 3.2.3] for (2.1) and [16, Propos-
ition 1.7.1] for (2.2). We represent permutations ¢ € S, by their one-line notation,
i.e. the word 6 (1) (2) ...o(n) in the letters [n].

2.2. Counting submodules of o-modules

We recall some well-known facts about the enumeration of submodules of finitely
generated o-modules, where o is a cDVR. We consider finite modules in Section 2.2.1
and torsion-free modules in Section 2.2.2.

2.2.1. Finite o-modules. Let %, C N{ be the set of integer partitions of at most n
(non-zero) parts, i.e. the set of tuples A = (A;),e[,) With A; € Ny for i € [n] and
Ai > Aiqq for i € [n — 1]. By convention, A,+1 = 0 for A € £,. We call a finite
o-module of isomorphism type A if it is isomorphic to the product

Co = o/p)tl X oee X o/pA"

of finite cyclic o-modules. By slight abuse of notation we call the A; the elementary
divisors of Cy .
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Let A, u € . We write u < A if u; < A; for every i € [n]. Let a(A, u; 0) be
the number of submodules of C, ; of isomorphism type . The following formula
for a(A, u; o) was recorded in [5]. (There, it is only stated for the case o = Z,, i.e.
for finite abelian p-groups. The formula’s proof, however, works just as well for any
c¢DVR.) We denote the conjugate partition of A by A’, following [16, Section 1.8].

Proposition 2.3 ([5]). Ler u < A be partitions, with conjugate partitions u' < A'.
Then

L G—) (A — 14y
a(A.pio) =[] qa*"* “k( k ’f“) : 2.3)
k>1 e = Pieyr /a5

For later use, we obtain an alternative expression for (A, u; 0) in Lemma 2.6.

Definition 2.4. Let u <A € $,. Let m; € Ng for j € [2n] be such that the multisets
AU pand {m;};epn) are equal and my > my > --- > my,. Let Lo = My = 0 and

Ly =#ien]|Ai=m;}, M;j=#ic€ln]|p >mj}
for j € [2n].
We note that similar but different integers L; and M; are defined in [14, (2.13)].
Example 2.5. For A = (4,2,1) and u = (3,2,0) in &3, we find that

(mj)jere] = (4,3,2,2,1,0),

(Lj)jefo,..ep = (0,1,1,2,2,3,3), and (M});eqo,...6p = (0,0,1,2,2,2,3).

.....

Figure 2.1 illustrates this example.

At A2 A3 M1 M2 13

\/

my mp ms3 mq ms Me

]

Figure 2.1. Tllustration of Example 2.5.
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The following lemma resembles [14, Lemmas 2.16 and 2.17].

Lemma 2.6. Let A, yu € P, with u < A. Then

2n

L — Mj_ ML M Yo —m
a(r, ;o) = ]_[(M’J _ij_l)q_lqo 5 (R =M emj=mj0), (2.4)
i -

Proof. The product in (2.3) is indexed by integers k. Suppose that j € [2n] and
k € [A1] are such that m; > k > m;1. Then A} = L; and ) = M;. Hence, (2.3)

reads .
. 21 2 M;(L;—M;) Lj _/’L;c+1
ey =] ] v 1
J=lk=m; {1+1 P T M /gy

Now wy, is equal to M; if mj > k > mj4; and equal to M; if k = m; and i =
max({i € [2n] | M; < M;}). If wi ., = M;, then

(Lj _M;C-i-l) =1
Mj = 1) g3

Removing these factors from the product, we obtain

2n L.—M: m; ML M)
a(A, 1:0) = J Jj—1 Jj =M
(hpie) U(Mj_Mj—l)q—‘ _1,_[ o

j=1 o k=m;1+1

= 1_[ q(I)VIj(L,-—M,-)(m,-—ij). .
| M M]

Given A1 € Ny, we write Agn) for (A1);e[n] € Pn. The following is obvious.

Corollary 2.7. Let A € P, andset I :={i € [n—1] | A; > Aj11}. Then

™ .5 _ (" jn=P) R =Ar 1)
(A’ ,x,o)_(l) 1‘[ y

qD ] 1
2.2.2. Free o-modules. Let 7 be a uniformizer of o, i.e. a generator of p.

Definition 2.8. Let A be a submodule of 0" of finite index. Let {7*/ } je[n) With A1 >
-+ > A, be the multiset of elementary divisors of 0" /A. The partition A = (1) ¢[n] €
P, is the elementary divisor type of A, written e(A) = A.

We note that Corollary 2.7 yields the number of submodules of 0" of elementary
divisor type A. This proves the following proposition, which counts submodules of
fixed elementary divisor type. Given A = (A;)jen] € Pu, we set [A| = D7 A;.
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Proposition 2.9 ([6, Section 4.2]). Given a partition A = (Aj)je[n] € Pn,

S A = a0 2 0)g;
A<o0",e(A)=A

The following proposition counts submodules containing a given submodule.

Proposition 2.10 ([6, Section 4.3]). Let M < 0" be a submodule of finite index with
elementary divisor type e(M') = . Then

Z [0" : A|7° = Z a(u,v; o) q;””'.

A<o",A>M VELP,, V<

Proof. Observe that 0" /M = C,,, and [0" : A] = g}l if e(A) = v. "

2.3. Convex polyhedral cones in R™

We recall some general nomenclature and results for convex polyhedral cones. We
largely follow [16, p.477].

The dimension dim A of a subset A € R™ is the dimension of the subspace of R™
generated by A. A cone in R™ is a subset € € R™ that is closed under addition and
scaling by non-negative real numbers. The convex cone generated by A C R is

Cy={ax1+--+ax; |t=>0, x1,...,x € A, ay,...,a; € Ry}

A linear half-space of R™ is a subset of R of the form # = {v e R | w-v > 0}
for a vector w € R™ \ {0}. A convex polyhedral cone € is the intersection of finitely
many half-spaces. It is pointed if it does not contain a line.

Let € be a convex polyhedral cone in R™. A supporting hyperplane for € is a
hyperplane ¢ that divides R™ into two linear half-spaces # T and #~ such that
€ CHT or€ C H. A face F of € is either an intersection € N H of € with a
supporting hyperplane # or equal to €. Faces of dimension one are called extreme
rays and faces of dimension m — 1 are called facets. The convex polyhedral cone €
is simplicial if it has exactly dim € extreme rays.

For x € R™ and ¢ > 0, let No(x) be the closed ball of radius ¢ around x. Let 4 be
any subset of R” and aff(A) the affine hull of A. The relative interior relint(A) of A
is the set of points a € A such that there is an ¢ > 0 with N, (x) N aff(4) contained
in A. If A is a convex polyhedral cone, then the relative interior of A is the set of
points in A that are not contained in any face of A of lower dimension than A.

Definition 2.11 ([16, p.477]). Let € be a convex polyhedral cone in R™. A triangu-
lation of € is a finite family I' = {K,, },ev of simplicial polyhedral cones K, such
that the following hold:

c €= UueU Ku,
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» foreach K, € I, every face of KX, is an element of I', and
» forevery K, Ky € I, the intersection K, N K, is a common face of KX, and K.

An element of I is called a face of T".

Remark 2.12. If ' = {K },ey is a triangulation of €, then € = J,, ¢ relint(Ky,)
and this union is disjoint.

Proposition 2.13 ([16, Lem. 4.5.1]). Every pointed polyhedral cone € has a trian-
gulation whose one-dimensional faces are the extreme rays of €.

Let P be a poset with partial order relation <p. An interval in P is a subset of P
of the form [x,y] ={z € P | x <p z <p y} forsome x <p y € P. An interval is
non-trivial if x <p y. The element x covers y in P if [y, x] = {x,y} and x # y. The
poset P is graded if it is endowed with a rank function rk: P — Ny, i.e. a function
satisfying rk(x) > rk(y) if x >p y in P and rk(x) = rk(y) + 1 if x covers y. A
graded poset & is Eulerian if, in any non-trivial interval, the number of elements of
even rank and the number of elements of odd rank coincide.

Let € be a convex polyhedral cone in R™. The lattice of faces L(€) is the poset
consisting of the faces of € ordered by inclusion, together with an additional ele-
ment &, called the empty face. We set dim(&) = —1. The following is well known
and is a consequence of [3, Cor. 3.5.4] and [3, Cor. 3.3.3].

Proposition 2.14. The lattice of faces L(€) of € is Eulerian: the rank of a face ¥
is the length of (@, ), viz. the length of a saturated chain from the empty face to ¥ .
If € is pointed, then the rank of a face ¥ is dim(¥') + 1.

2.4. Monoids in N (')"

In this subsection we discuss monoids in N§'. In particular, those that are associated
with systems of homogeneous linear equations with integer coefficients. We largely
follow [16, Sec. 4.5].

A monoid F in N§' is a subset of N that contains zero and is closed under
addition. The interior of F, denoted by F , is the set of points in F that lie in the
relative interior of €. The completely fundamental elements CF(F) of F are the
elements B € F such that if n» € N and «, @’ € F are such that n = « + o/, then
a=ifand o’ = (n—1i)p forsome i € Ny with i < n. A system of r homogeneous
linear equations with integer coefficients in m variables oy, ..., ®, can always be
written as ®(ay, ..., ay,) " = 0 for an 7 x m matrix ® over Z. The set of solutions
in N§" of this system,

E = Eg :={a € NI" | da = 0}, 2.5)

is a monoid in N{'.
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Remark 2.15. The convex cone €g generated by E is a pointed convex polyhedral
cone. The completely fundamental elements of E each generate an extreme ray of €g
and vice versa.

Remark 2.16. We may assume that the rank of @ is r by deleting dependent rows
of ®.If E N N™ = @, then there must be an i € [m] such that the i-th entry of « is 0
for every o € €. In this case, we can just ignore the i-th coordinate. In general, we
assume that no coordinates are redundant and that £ N N # & Then the interior £
is the set £ N N of positive points in E.

Remark 2.17. Through slack variables, (2.5) can be used to study monoids defined
by linear inequalities as well. Concretely, let ® € Matyx,, (Z) and consider the monoid
S ={v € NJ' | ®v > 0}. The points in § are in bijection with the points in

{veN(')”,yeNgHDv—y:O},
where y is a tuple of k (slack) variables.

A monoid F in Ng' is simplicial if there exist Q-linearly independent tuples
a1,...,0y € F,called quasigenerators of F, such that

F={yeN"|3neN,Jay,...,a; € Ng:ny =ajoy +--- + asa;}.

A monoid F is simplicial if and only if €F is a simplicial polyhedral cone. In this case,
the completely fundamental elements CF(F) are quasigenerators of F . The interior F
of a simplicial monoid F can be characterized by

F={yeN"|3dneN,ay,...,a; e N:ny =ajoq + -+ a;a;}.
The support of a tuple x = (x1,...,Xn) € R™ is the set
supp(x) := {i € [m] | x; # 0}.

The support of aset V€ R™ is supp(V) := |,y supp(v). Suppose that E = Eg for
some ® € Mat, x,,, (Z). The lattice of supports L(E) of E is the set {supp(«) | @ € E}

of supports of tuples in E, ordered by inclusion. The next result identifies the posets
L(€g) and L(E).

Theorem 2.18 ([16, p.479]). The map
L(€g) —> L(E):F + supp(¥F) (2.6)
is a poset isomorphism.

By Remark 2.16 we may assume that L (E) has [m] as greatest element.
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2.5. Generating functions of subsets of N(')"

We discuss a generating function associated with subsets of N{?, in particular monoids
and their interiors. We largely follow [16, Sec. 4.5].
For a subset X C N, define the generating function

X(2):= > 7% € Q[Z]. 2.7

acX

in the indeterminates Z = (Z;),e[m], Where

2o =[] z7
jé€lm]
for @ = (aj);epm) € Ni'. The sets X whose generating functions we consider are
often monoids F or E = Eg, or the interiors F or E of such monoids.
Consider a monoid F in N{* that is simplicial with quasigenerators aj, ..., o;.
Define the following finite subsets of F' which depend on the choice of quasigen-

erators:
Dp={xeF|x=aa1+...+a,0;,0<a; <1}, 2.8)
Dp:={xeF|x=ai1+...+a0:,0<a; <1} )

Theorem 2.19 ([ 16, Cor. 4.5.8]). Let F CN{' be a simplicial monoid with quasigener-

ators ay, . .., a;. The generating functions F(Z) and F (Z) are rational and given by:
7B _ > W/
F(Z) = %’ F(Z) = #‘
[Tic (1 —Z%) [Ti=i (1 —Z%)

For monoids E of the form (2.5), we have the following result.

Theorem 2.20 ([16, Thm. 4.5.11]). Let E = Eg for some ® € Mat,x;,(Z). The gen-
erating functions E(Z) and E(Z) are rational. When written in lowest terms, both
these rational functions have denominator

[ a-2z%).
BECF(E)

The following two theorems are reciprocity results for X(Z), for simplicial mon-
oids and monoids of the form (2.5) respectively. Let Z~' = (Z7)je[m)-

Theorem 2.21 ([16, Lem. 4.5.13]). Let F € N™ be a simplicial monoid of dimen-
sion n. Then
F(Z™) = (-1)"F(Z).

Theorem 2.22 ([16, Thm. 4.5.14]). Let E = Eg for some ® € Mat,x,, (Z), assume
that E C N™ and write n = dim(E). Then

E(Z™Y = (-)"E(Z).
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2.6. The submonoids Fg 4 and subsets F EAOE =Eg

Let E = Eg for some ® € Mat,,,(Z). We define submonoids Fg 4 and subsets
Fg 4 of E where A is an element of the lattice of supports L(E) of E. We formulate
some reciprocity results for their generating functions.

For A € L(E), define

Fgai=1{a€E |supp(@) C A}, Fga:=1{aeE |supp(a)= A}.

The first set Fg_4 is a submonoid of E. The convex cone € Fg_4 18 the unique (cf. The-
orem 2.18) face of €g whose supportis A. In other words, €F,. , is the inverse image
of A under the map in (2.6). The second set F E,4 1s a subset of E and is the interior
of Fg 4. Clearly, E = Fg [, and

Fga = U  Fes. 2.9
BeL(E), B<A

where the union is disjoint.

Remark 2.23. If @ € FEg_4, then the i-th coordinate of « is zero for all i € [m] \ A. In
what follows we focus on the support of these submonoids. Therefore, the coordinates
[m] \ A of Fg 4 may be discarded. We may thus identity Fg 4 = E¢,, where &4
is a matrix found by removing the columns [m] \ A from & and deleting resulting
dependent rows.

Remark 2.24. For every A € L(E), let Z4 be the tuple (Z;),e[m) Where Z; is an
indeterminate for j € A and Z; = O for j € [m] \ A. Then Fg 4(Z) = E(Z4).

The following is a reciprocity result for the submonoids Fg 4 € E and subsets
FpaCE.

Proposition 2.25. Let E = Eg for ® € Mat,x,,,(Z). Forall A € L(E),
FEA(Z7) = (=) 54 Fp 4(Z)

= (-nimFea NN Fpp(2), (2.10)
BeL(E),BCA

Proof. The first equality is an application of Theorem 2.22 to Fg_4, which is applic-
able because of Remark 2.23. Recall that F E.,4 1s the interior of Fg 4. Using (2.9),
the second equality follows. ]

Corollary 2.27 states an alternative reciprocity result for Fg_4 that is analogous
to [21, Lem. 2.17]. To prove it, we need the following lemma.
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Lemma 2.26. Let E = Eg for ® € Mat,x;, (7). Forall A,C € L(E) with A C C,

(_1)dimFE!A lfA — C,

Z (_l)dimFE,B — { (211)

BeL(E),ACBCC 0 otherwise.

Proof. If A = C, then the summation in (2.11) has exactly one summand, namely
(=1)4mFE.4 In general, the set {B € L(E) | A € B C C} is an interval in L(E).
If A # C, then it is a non-trivial interval. Combining Proposition 2.14 with The-
orem 2.18, we find that L(E) is an Eulerian poset where the rank of B € L(FE)
is dim Fg p + 1. Recall that Eulerian means that in every non-trivial interval, the
number of elements of even rank and the number of elements of odd rank coincide.
Therefore, the summation (2.11) completely cancels out if A # C. ]

Corollary 2.27. Letn be the dimension of E. Let A C supp(E) be such that A € L(E)
orsupp(E)\ A € L(E). Then

Y Fep@)=(1)" > Fgc(2). (2.12)

BeL(E),B2A CeL(E),C2supp(E)\A

Proof (Adapted from [21, Lem. 2.17]). Using (2.10), we find that
Y Fgs@h= ) (=DImFEs N Fpe(@)

BeL(E),B2A BeL(E),B2A CeL(E),C<B

> ( > (—l)dimFE»B)FE,c(Z), (2.13)

CeL(E) “BeL(E),BoCuUA

where we used that dim Fg g = dim Fg p. If A € L(E), then also AU C € L(E)
for C € L(E). Therefore, Lemma 2.26 implies that the expression between brack-
ets in (2.13) is (—1)¢ when C U A = supp(E) or, equivalently, C D supp(E) \ 4,
and zero otherwise. Thus (2.12) holds if A € L(E). Notice that the roles of A and
supp(E) \ 4 in (2.12) are symmetric, so (2.12) also holds if supp(E)\ A € L(E). =

2.7. The subsets Ig 4,c of E = E¢

Let E = Eg for ® € Mat, x,,(Z). We define subsets /g 4,c of E forall A,C € L(E)
with A € C. We show a reciprocity result for their generating functions and specify
a decomposition as a disjoint union of interiors of simplicial monoids.

For all A,C C [m] with A C C, define

Ig.ac ={ee€ E|ACsupp(x) € C}. (2.14)
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In other words, the elements in /g _4,c are the elements of E that have positive entries
in the coordinates indexed by elements in A, non-negative entries in the coordinates
indexed by elements in C \ A, and zeros elsewhere. Obviously,

Ig.ac = U FE.B, (2.15)
BeL(E),ASBSC

where the union is disjoint.
We formulate a reciprocity result for /g _4,c when A,C e L(E)and C\ A€ L(E).

Proposition 2.28. Let E = Eg for ® € Mat, «,,(Z). Suppose that A,C € L(E) with
AC CandC\ A € L(E). Then

IEac(Z7Y) = (=) EACTE o\ 4c(2). (2.16)
Proof. By (2.15),

Igac(Z7) = > Fg p(Z7").
BeL(E), ACBCC

By (2.10), it follows that

Igac@Z™) = > (—1)dm Fe.s > Fep@)

BeL(E), ACBCC DeL(E), DCB

— Z ( Z (—l)dimFE’B)FE,D(Z)-

DeL(E),DCC “BeL(E),AUDCBCC

Since, A and D are in L(E), it follows that A_U D € L(E). Therefore by Lemma 2.26,
the expression between brackets is (—1)%™F£.C when 4 U D = C or, equivalently,
C \ A C D, and zero otherwise. Thus we find

Igac@™) = > (—D)IFEC Fg p(2Z).
DeL(E),C\AcDcC

Since (—1)dm Fe.c does not depend on D, it may be pulled out of the summation.
Using (2.15), and the fact that dim FE,C =dim /g 4,c, we then find (2.16). [

The following proposition gives a decomposition of /g _4,c as a disjoint union of
interiors of simplicial monoids.

Proposition 2.29. Let E = Eg for ® € Mat, 3,y (Z) and A,C € L(E) with A < C.
There is a finite family I' = { Ky }yev of simplicial monoids K,,  N{* such that

o Ig.ac = U,ey Ku and this union is disjoint,

* CF(Ky,) CCF(E)forallu e U.
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Proof. Equation (2.15) already writes /g 4,c as a disjoint union of interiors of mon-
oids Fg, p, but these are not simplicial in general. By Remark 2.23 and Remark 2.15,
CFp p 1s a pointed convex polyhedral cone with extreme rays generated by the com-
pletely fundamental elements of Fg p. Since Cf,, , is a face of g, the completely
fundamental elements of Fg g are completely fundamental elements of E. Therefore,
by Proposition 2.13, €F,. , has a triangulation I's = {Ky }ycv,; , where each K, for
u € Up is a simplicial polyhedral cone and the one-dimensional faces are generated
by completely fundamental elements of E. Let U be the set of u € Up such that X,
is not contained in any of the facets of €, ,. Equivalently, Uy is the set of u € Up
such that relint(X,) is contained in relint(Cr, ). Set Ky, = K, N Fg g foru € Ug.
Then

FE,B = relint(tf’FE.B) NFg,p= U relint(Ky) N Fgp = U Eu

o o
uelp uelp

Setting
U= U U,
BeL(E),ACBCC
we find using (2.15) that |,y K, = IE,a,c and this union is disjoint because the Jzu

coming from the same triangulation I'p are disjoint, and the union in (2.15) is also
disjoint. |

3. The subsets Gy, and Hj, j of N(‘)l +d’

In this section, we define the specific subsets of N, for various m, that are used in
the later sections to write down formulas for the considered subalgebra zeta functions.
In Sections 3.1 and 3.4, we define monoids E, C N(')"" and E,, C Ng+d/+l. In
Sections 3.2 and 3.3, we discuss subsets Gy 4 of Nngd/, which are used to express a
formula for {5, ,(0)(s) in Section 4.5 and é‘f“;d(o) (s) in Section 5.1. In Section 3.5, we
discuss subsets Hy j of N(‘)l +d’, which are used to express a formula for g“?;;i (0) (s)
in Section 5.2. We also prove some properties of the associated generating functions
that are used to prove properties of {5, ,(0)($), § %‘; e, (s), and E?Z"d () (s) in Section 5.
Dyck words and the relation between the Gy, and Hy ; are discussed in Section 3.6.

3.1. The monoids E, < N(')””

Setd’ := (”21) We define monoids E, € Ny'@ for certain permutations o € Sp4. This
is done by defining a matrix ®, and setting £, = Eg, asin (2.5).
The permutations o € S, 4/ for which we define a monoid E, are as follows.
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Definition 3.1. Let $,,/ be the set of permutations o € S, 4/ such that
W elillo(l) <d'}| <[{leli]lo()>d"}] (3.1

foralli € [2d'] andifi < j € [2d’] are suchthato(i),0(j) € [d'] and 6 (i) > o (j),
then
o(i)>o0(i+1)>--->0(j—1)>0()).

Example 3.2. Letd =d’ = 3. Then 123456 &€ S, 4+ as (3.1) is not satisfied for i € [3].
Also 653421 & 8,47 because 3 < 5 are such that6(3) =3,0(5) =2 €[3],and o (3) =
3>0(05)=2,yetc(3) =3 #0(4) =4 > 0(5) = 2. However, 451632 € S, 4.

We fix an indexing of the set {(i, j) € [d]* | i < j} U [d'] by [2d].
Definition 3.3. Define the bijection
bi{i.j) € [dP |i < jiuld]— [2d):
G j)y—d +j—-1+3G-1DQ2d-2-1i)/2,
J=
Remark 3.4. The map b respects the lexicographical ordering of the pairs (7, j) with
i<j.
Example 3.5. If d = 4, then b maps
Il—1, 44, (1,2)—~17, (2,3)~ 10,

22, 55 (1,3)=38, (2,4) 11,
353, 66, (1,49, (3.4 - 12.

Next, we associate a tuple of length d + d’ to every element of [2d’]. For i €
[d +d'], let §; € Ng +4" be the i-th unit basis vector. Recall that we write x™ for
the tuple (X);epm-

Definition 3.6 (Corresponding tuple). Leti € [d’]. The tuple v; corresponding fo i is

d+d’
v; 1= Z Sk = (0(d+i—1)’ l(d/_i+1)) c Ng-i-d/.
k=d+i

Leti € d' + [d']and b~ (i) = (j, k). The tuple v; corresponding to i is
d d ) ‘
v; = 281 + Z(gl — (0(]—1)’ l(k_/),Z(d_k+1),0(d )) c N(t)1+d )
I=j 1=k

Fori, j € [d + d'], let v; ; be the j-th component of v;.



Subgroup growth in free class-2-nilpotent groups 393

Example 3.7. Letd =3 andi = 4. Thenb™!(i) = (1,2) and v4 = (1,2,2,0,0,0).
Now leti = 5. Then b~1(i) = (1,3) and vs = (1, 1,2,0,0,0).

Using the integers v;,;, we define the matrix ®, and monoid E.

Definition 3.8. Foro € >4/ set Ry :=1{i € [2d' —1]|o(i) >d ' oro(i +1) > d'},
Fo := |Rys|,and my :=d + d’ + r4. Let Wi = e(i),j — Vo(i+1),; fori € [2d’ —1]
and j € [d + d']. Then ®, € Mat,_xm, (Z) is the matrix whose row corresponding
toi € Ry has
wf; incolumn j € [d +d],
—1 incolumnd +d’' +1i,
0 in the remaining columns.

Let E, be the monoid E¢, associated with the matrix ®, as in (2.5).

Remark 3.9. The matrix ®, in Definition 3.8 is only defined for permutations o €
S, rather than all o € S, 4. This ensures that E, \ {(0™9)} is non-empty (see Pro-
position 3.22); cf. Remark 2.16.

Example 3.10. Let 0 = 451632 € S¢. Then ry = 4, me = 10, and

o1 0 0 0 0 —1 0 0 0
1 1 2 -1 -1 -1 0 -1 0 0
®, =
0 -1 =2 1 1 1 0 0 -1 0
o1 2 0 0 -1 0 0 0 -1

3.2. The subsets Gy,  N&+%'

We define subsets Gy s C N(‘)ier/ for certain pairs (/,0) with I C[d — 1] and o € S, 4.
They are used in Section 4.5 and Section 5.1 to write down formulas for {5, , (o) (s) and
4 f"; @) (). The relevant pairs (/, o) for which we define a set Gy ¢ are the following.

Definition 3.11. Let W, be the set of pairs (/,0) with I C [d — 1] and 0 € S,4/
such that the following system of inequalities in the variables ry, ..., rz has non-zero
solutions in Ng :

r; >0 fori € I,
ri =20 fori € [d' — 1]\ I,
Z/f=1(vi,k —vjp)ry >0 fori,j ed+[d] (3.2)

witho™1(i) <o~ !(j)andi < j,
Y ik — vk =0 fori,jed+[d]
witho~1(i) <o 1(j)andi > j.
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Example 3.12. Letd =2,s0d’ = 1. The set §, contains only 21. If I = &, then (3.2)
reduces to one equation: 7; = 0, and therefore any r, € N together with r; = 0 gives a
non-zero solution. If / = {1}, then (3.2) reduces to one inequality: r; > 0, and there-
fore any pair r; € N, r, € Ny gives a non-zero solution. Thus W, ={(3,21), ({1},21)}.

Foro € S,4/, let
Asc(o):={i € [2d'—1]|o(i) <o(i + 1)},
Des(o) = {i € [2d’ —1] | 6(i) > o i + 1)}.

We call elements of Asc(o) ascents and elements of Des(o') descents of . Let r and s
be short for rq,...,rg and sy, ..., 54/ respectively.

Definition 3.13. Write N(‘,Hd/ ={(r.s) | ri,s; € No}. For (I,0) € Wy, the set G 4

is the set of tuples (r,s) € Ng +4” that satisfy the following equations and inequalities:
ri >0 fori e I, 3.3)
ri=20 fori e [d —1]\ 1, (3.4)
Z;i:l wy i + Z}i/zl wy 48 >0 fori € Asc(o), (3.5)
Z}Ll wyirj + Z;-i/:l wl?”dﬂsj >0 fori € Des(o). (3.6)

Example 3.14. Let d = 2 and (/,0) = ({1}, 21). Then G, is the set of tuples
(r1,72,81) € Ng such that r; > O and r; + 2r, —s1 > 0.

Remark 3.15. By design of the sets W; in Definition 3.11, the sets G, in Defini-
tion 3.13 are non-empty.

Remark 3.16. The dimension of Gy is d + d’ — |[d — 1] \ I|. Indeed, only the
equations (3.4) cut down the dimension from the ambient space Ng +d /, namely by
|[d — 1] \ I|. Hence the maximum

max{dim Gy, | (I,0) € Wy} =d + d’,
is attained for the pairs (/,0) € Wy with I = [d — 1].
We describe which entries s; of (r,s) € Gy, are positive.
Definition 3.17. For o € $,4/, define
Jo={jeld' =1]107'(j) <o7'(j + D}
Example 3.18. Letd = 2 and (/,0) = ({1},21). Then J, = @.

Proposition 3.19. Let (r.s) € Gro. If j € Jg, then s; > 0. If j € [d' — 1]\ Jg,
then sj = 0.
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Proof. Let j € Jy,ie.071(j) <o~ 1(j + 1). Summing the common left-hand side
of (3.5) and (3.6) overi € [071(j),071(j 4+ 1) — 1] results in s;. There necessarily
is an ascent in the interval

c'().o7 G+ 1) —1].

Therefore, summing (3.5) overi € [0~ 1(j),07'(j + 1) — 1] N Asc(o) and (3.6) over
i €o71(j),071(j + 1) — 1] N Des(o) results in s; > 0.

Nowlet j € [d' — 1]\ Jy,ie.071(j) > 0~ 1(j + 1). Summing the common left-
hand side of (3.5) and (3.6) overi € [0~1(j + 1),071(j) — 1] results in —s;. Because
0 € 8,4/, there can only be descents in the interval

07"+ .o ' () —11.

Thus summing (3.6) over i € [0~ 1(j + 1),07!(j) — 1] yields —s; > 0, whence
Sj = 0. ]

3.3. Alternative description of Gy

In (2.14) we defined subsets /g 4,c of E, where A and C encoded which entries
were positive and non-negative, respectively. We now describe Gy, using such a set
Ig. a,c where E = E; from Section 3.1.

Definition 3.20. Foro € $54/,let{j; | i € [rs]} = Ry with j; > --- > j, . Forevery
(I,0) € Wy, let A;» and Cy s be the following subsets of [m]:

Aro:=1Ud + Js) U (d +d +1{ie€r]]ji€ Asc(o)}),
Cro=1U(d+Js)U{d.d+d}U(d+d +][r]).

Example 3.21. Letd =2 and (/,0) = ({1},21). Then
Ay ={1} and Cyy21 =1{1,2,3,4}

Proposition 3.22. Let (I,0) € Wy. Let pr: N™o — N9+4" pe the projection map
which ignores the last ry coordinates. Restricting this projection map to the subset

IEO'yAI.(I:CI,(T g EU g NmO'
results in a bijection between Ig, a, ,.c;, and G 5.

Proof. Let y be short for y1,. .., ¥r,. Suppose that (r,s,y)€lg, 4, ,.c; - Then(3.3)
is satisfied because I € Ay, and (3.4) is satisfied because

(d=1\1)NCro = 2.
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Also (3.6) is satisfied for all i € R, because of the definition of ®, and
d+d +[rs] € Crp.
If i is, moreover, an ascent, then (3.5) holds because
d+d +1{i €lrs]| ji € Asc(0)} € A1 5.
If i € Des(0) \ Ry,i.e.0(i +1) <o(i) € [d'], then
oi+1D)+1=0()

(because 0 € §54-), and therefore (3.6) simplifies to —sg(i+1) = 0. Aso(i + 1) isin
[d" — 1]\ Js, and therefore d + o (i + 1) is not in Cy g, it follows that 55 +1) = 0,
and therefore (3.6) holds.

Ifi € Asc(o) \ Ry, i.e.0(i) <o(i + 1) < d’, then (3.5) simplifies to

o(i+1)

Z S > 0.

j=0G)+1
Ifo~Y(o(i)+ 1) <i,theno(i) + 1 € Jy, and therefore
d+o(i)+1ed+J; CAre and sei)41 > 0.
Ifo~Y(o(i) +1) > i,theno(i) € Jy, and therefore
d+o(i)ed+J; CAre and s5() > 0.

In any case (3.5) holds. Thus we have that (r,s) € Gy .

The restricted projection map prls . A1oCro is injective because y are slack vari-
ables, therefore are uniquely determined by (r, s). To prove that it is surjective, let
(r.s) € Gys. Again because y are slack variables, we can find (y;);e[r,] such that
(r,s,y) € E;. Because of (3.3) and (3.4), we know that fori € [d — 1], r; > 0 if
and only if i € A; s and otherwise i & Cr . Using Proposition 3.19, we find that for
Jj €[d’—1],s; > 0if and only if

d+j€(d+J(7)gAI,0's

and otherwise
d 4+ ¢ CI,U-

We conclude that (r,s,y) € IE, 4, ,.C; - m
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Let X = (X;)ie[a], Y = (Y}) e[ and Z = (Zx ) ke[r,] be tuples of indeterminates.
The generating series enumerating the elements of Ey, Gy, and Ig, 4, ,.c;, S
in Section 2.5 are denoted by E;(X,Y,Z), G1+(X.,Y), and Ig, 4, ,.c; , (X, Y, Z)
respectively. By Proposition 3.22, it follows that

IE, 4;0.0,(X Y, 1) = Grs(X,Y),

where 1 is the all-one tuple of length r,.
Often, we will use the following subdivision of /g, 4, ,,c, , into simplicial mon-
oids, which exists by Proposition 2.29.

Definition 3.23. For every (I,0) € Wy, let I'1 ¢ = (Ky)ueuv, , be a family of sim-
plicial monoids K,, € Ny'? such that

* 1E,.4;4.¢10 = Uyeu, ., K, and this union is disjoint,

e CF(Ky) CCF(E,) forallu e U.

Example 3.24. Suppose (/,0) = (&, 21). Then my = 4 and E, contains all tuples
(r1,7r2,81,%1) € Ng such that

ry+2rp—s1—y1 =0.

Moreover, A;; = @ and Cy, = {2, 3, 4}. It follows that /g, 4, ,.c, , contains all
tuples (r1, 72,51, y1) € Ny such that

2rp—s1—y1 =0 and r; =0.
One possible I'7 = {K,, | u € Ur ¢} is the following family (Ko, K;, K2, K3):

Ko ={(0,0,0,0)},

K1 = {(0,72,51,0) € N¢ | 2rp — 51 = 0},

Ky ={(0.r2.0,y1) € N§ | 2r, — y1 = 0},

K3 ={(0.r2.51.71) € Ng | 2rp —s1 — y1 = 0},

where K3 is simplicial because it has quasigenerators (0, 1,2, 0) and (0, 1,0, 2).

3.4. The monoid E, ,, € N +4'+!

We define a monoid £, , C N(‘)i +d’+1, again via a matrix ®, , . We list its completely
fundamental elements, define a specific subset E(, and describe a specific triangula-

tion of the cone €, , generated by E,,..
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Definition 3.25. Let ®,, be the 1 x (d + d’ + 1) matrix
@y, i= [0€72 1,2, (1)@ D], 3.7)
Let E,, C Ng+d/+1 be the monoid Eg,, asin (2.5).

Recall from Remark 2.15 that the convex cone €g, , generated by E; . is a poin-
ted convex polyhedral cone. The completely fundamental elements of E,, ,. each lie on
an extreme ray of €g, , . Therefore by Theorem 2.18, the completely fundamental ele-
ments of E, , correspond to the minimal (non-empty) supports in L(E,.,.). By (3.7),
we see that the 2d’ + d minimal (non-empty) supports in L(E,,.) are

{i} fori € [d — 2], (3.8)
(d—1,i) foried+[d +1], (3.9)
{d,i} fori ed +[d + 1]. (3.10)

Fori €|d +d' +1],1eté; € N(”)H’d/+1 be the i-th unit basis vector. The 2d’ + d
completely fundamental elements of E,, , are the following:

3; fori € [d — 2],
84-1+06; foried+[d +1],
8q +26; foried+[d +1].

The completely fundamental element §4 + 28, +4/+1 Will receive special attention.
By Theorem 2.18, the 2-faces of €g, , can be found by looking at the elements
of L(E,,.) that properly contain at least one of the sets in (3.8)—(3.10), yet do not
strictly contain any non-empty elements of L(E, ) that are not listed in (3.8)—(3.10).
We are especially interested in the 2-faces of €g, , that contain 87 + 28444/41. The
elements of L(E,,.) that contain {d,d + d’ + 1} and do not strictly contain any
non-empty elements of L(E,, ) not listed in (3.8)—(3.10) are the following:

{i,d.d +d +1} fori € [d —2],
{d—1,d,d +d +1},
{d,i,d +d +1} fori € d + [d'].

Note that the sets {d — 1,d,i,d +d’ + 1} fori € d + [d'] are elements of L(E,,.),
but they strictly contain the set {d — 1,d,d + d’ + 1}, which is not listed in (3.8)—
(3.10), and therefore they do not correspond to a 2-face. The 2-faces of €g, , that
contain 84 + 284+4/+1 are thus generated by

{0a + 28a+a7+1.6i} fori € [d —2],
{8a +284+a'+1:8a—1 + 8a+ar+1}
{84 + 284 +d7+1,04 + 26;} fori ed + [d’]
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Definition 3.26. Let €, be the subcone (not a face) of g, , generated by the set
{8i lield =21} U{da—1 +8avar+1} U{8a + 26 |i €d +[d"+1]}, (.11
andlet Eg = €y N E,,..

Remark 3.27. Being generated by d + d’ linearly independent elements of E,, ., €
and Ey are simplicial and have dimension d + d’.

Proposition 3.28 (adaptation of [16, Lem. 4.5.1]). The pointed polyhedral cone €g,
has a triangulation I' = (K,,)yery whose one-dimensional faces are the extreme rays
of €g, , and there is au € U with X, = €.

Proof. Use the algorithm in the proof of [16, Lem. 4.5.1], while ordering the extreme
rays generated by each of the elements of (3.11) that are not 5 + 28744741 first. =

Remark 3.29. By definition, the subcone €, contains all 2-faces of €, , that contain
84 + 284+47+1. Therefore, in the triangulation I from Proposition 3.28, the faces
of €y are the only elements that contain §; + 267+4741.

3.5. The subsets Hy,; € Ng*+’

We define subsets Hy j < N(‘)Hd/ for every I C [d — 1] and J C [d’ — 1]. These
subsets are used in Section 5.2 to give a formula for E% y (q.1).

Definition 3.30. Forevery I C [d — 1] and J C [d’ — 1], let H] j be the set of tuples
(r,s) € Ng +4 that satisfy the following equations and inequalities:

r; >0 fori e I, (3.12)
ri=20 fori e [d —1]\ 1, (3.13)
s;i >0 for j € J, (3.149)
s5; =0 for j € [d — 1]\ J, (3.15)
Fa—1+2ra — Y0 55 = 0. (3.16)

Example 3.31. Let d =2, I = {1}, and J = @. Then Hj j is the set of tuples
(r1,7r2,51) € Ng such that r; > Oand ry + 2rp — 51 > 0.

Just as Proposition 3.22 described Gy as a set of the form /g, 4,c, we now
describe the sets Hy j as sets of the form Ig,  4,c.

Definition 3.32. Forevery I C [d — 1] and J C [d’ — 1], let A; j and Cy s be the
following subsets of [d + d’ + 1]:

Ay =10+ J),
Cry:=1Ud+J)u{d,d+d,d+d +1}.
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Example 3.33. Letd =2, = {1},and J = @. Then
Apyg ={1} U@ and Cyyg ={1} U U{2,3,4}.

Proposition 3.34. Let pr : N4+t4'+1 _ N4+4" pe the projection map which ignores
the last coordinate. For every I C [d — 1] and J C [d’ — 1], restricting this projection
map to the subset

d+d’+1
Ig, . 41 5.¢;y C Eno. € NOTET

results in a bijection between Ig, 4, ;.c; , and Hy j.

Proof. Suppose (r,s,y1) € Ig,, .4, ,.c; ;- Then (3.12) is satisfied because I C Ay s
and (3.13) is satisfied because ([d — 1]\ 1) N Cr,; = @. Also (3.14) is satisfied bec-
ause (d + J) € A7,y and (3.15) is satisfied because (d + ([d' — 1]\ J)) N Cr.; =2.
Lastly (3.16) follows from the definition of @, . Thus (r,s) € Hy,;.
Suppose that (r,s) € Hy j. Let
4’
Y1 =rg—1+2rg — Zsj.
j=1

Then (r,s,y1) € IE,, .4, ;,c; ,- Moreover, this is the unique element y; € Ng such

that (r,s,y1) € Ig,,,4; ;.¢;; € Eno., becauseif (r,s,y1) € Eq,., then

d/
rd_1+2rd—Zsj—y1:0. ]
Jj=1

Remark 3.35. Note that

Evo = U IEM.,AI.J,CI.J ’
Ic[d—-1],Jc[d’'~1]

and this union is disjoint.
We record the following reciprocity result for the generating functions Hy, j (X,Y).

Proposition 3.36. Let K C[d — 1] and L C [d' — 1], then

§ : Hp (XL Y™ = (—)d+ § : XqYa Hr 7 (X,Y).
IC[d—1],12K, 1€[d—11,1 2[d—1]\K,
JCld'—1],J 2L JCld'—1],J2[d'~1\L

Proof. By Proposition 3.34 and (2.15),
HI’J(X_l’Y_l) =1E,..,41.,.Cr.y x Lyl
= Z FEn.o.aB(X_l’Y_17 ])

BeL(Ey..),
A7, ySBCCr g
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Therefore summing over / 2 K and J 2 L results in

Z HI,J(X_I’Y_I) = Z FEnn.aB(X_l’Y_l’ 1)
IDK,JDL BeL(E,.),Akx,1L.CB

Note that any subset of [d + d’ + 1] that contains d and d + d’ is an element of
the lattice of supports L(Ey,.). In particular, [d + d’ + 1] \ Ak, is an element
of L(E,,.). Therefore, we may use Corollary 2.27 to obtain

Z HI,J(X_19 Y_l) = (_l)dim(Enlo.) Z FEn.o.aD(X’ Y’ 1)
I2K,J2L DeL(En,.),
DD[d+d' +1\Ak 1.

The dimension of E,,. is d + d’ because it is a subset of N¢+4'+1 gubjected to
one linear equation. If D € L(E,,) with D D [d +d’ + 1]\ Ak, L. then there are
unique subsets I C [d — 1] and J C [d — 1] containing [d — 1]\ K and [d' — 1]\ L
respectively such that D = Cj j and vice versa. Thus

S HXTLYT = (- > F,, ¢, ,(X.Y.1).
I2K,J2L I2[d—1\K,J2[d'—1]\L

It is easy to verify that for I C [d — 1] and J C [d’ — 1], the map
FEnAo.:CI,J — Hrji(ar,...,aq,b1,....,bgr,z2) = (ay,...,ag —1,b1,...,bgr — 1)
is a (well-defined) bijection. Thus

Fg,,.c; ,X. Y, 1) = XgYg Hr 5 (X,Y). "

n.o.s

3.6. Dyck words and the relation between Hy ; and Gj

We associate a Dyck word wg to permutations o € §,4/. Then we describe how the
sets Gy o and Hy j are related.

A Dyck word of length 2d’ is a word w in the letters 0 and 1 such that 0 and 1
each occur d’ times in w and no initial segment of w contains more ones than zeros.
For example, 001011 is a Dyck word of length 6, whereas 011001 is not as the ini-
tial segment 011 contains more ones than zeros. We write £, 4/ for the set of Dyck
words of length 2d’. The Dyck word 04'1¢" € 9,4 is called the trivial Dyck word of
length 2d’.

Definition 3.37. Leto € §,4/. The Dyck word w, associated with o is the Dyck word
of length 2d’, where for each i € [2d’], the i-th letter of w, is 0 if 0(i) > d’ and 1
ifo(i)<d'.

Example 3.38. Letd = 3 and 0 = 451623 € S¢. Then w, = 001011 = 021012.
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Remark 3.39. Note that w, is indeed a Dyck word because o € $,4/. It would not
necessarily be a Dyck word if o was a general permutation in S, 4.

The following result links the sets Gy, and Hy . Recall Definition 3.17 of J,;.

Proposition 3.40. Let I C[d — 1], J C [d' — 1], and
Sry =40 €8 | (I,0) € Wg. Jy = J, wey = 0% 1%},
Then Hr,; = Uyes, , G1,0 and this union is disjoint.

Proof. Suppose that o € 87,7 and (r,s) € Gy ¢. Then (3.12) and (3.13) hold because
of (3.3) and (3.4). Using Proposition 3.19, we find that (3.14) and (3.15) hold. Lastly,
(3.16) holds because (3.16) is what (3.6) reduces to when w, = 04'1¢" and i = d’.
Thus (r.s) € Hy,;.

Conversely, suppose that (r,s) € Hy j. Let 0 € S,4/ be the unique permutation
such that

d d’ d d’
D V@it T D VerdiSi Z D Vet + ) Vatn.d+isi  (3.17)
Jj=1 Jj=1 j=1 j=1

for every i € [2d’ — 1] and 0(i) > o(i + 1) if equality holds. The inequality (3.16)
implies that

{o@) |ield]}=d +1[d'] and {o(i)|ied +[d']}=][d"],

therefore wy, = 0414, It also follows by this fact and the construction of o that
0 € $54/. Also (I,0) € W, because if r is non-zero, then it is a non-zero solution
to (3.2), and if r is zero, then I = &, 0(i) =2d’ + 1 —i fori € [d’], and 64/ is a
non-zero solution to (3.2).

If j € J5, then summing the right-hand side minus the left-hand side of (3.17) over
alli € [o71(j),071(j + 1) — 1] results in s; > 0. Therefore, J, € J. Similarly if
j €ld’ — 1]\ Jo, then summing the right-hand side minus the left-hand side of (3.17)
overalli € [o~1(j +1),071(j) — 1] results in —s; > 0. Therefore,

[d' =1\ Jo S [d' 1]\ J

and we conclude that J, = J. Obviously (3.3) and (3.4) hold because of (3.12)
and (3.13). Moreover, (3.5) and (3.6) hold by construction of o. Thus (r,s) € G .
The disjointness follows from the definition of Gy ;. m
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4. The subalgebra zeta function of {2 4

The main result in this section is Theorem 4.25, which gives an explicit formula
for s, ,(0)(s). The remainder of the section works towards proving this formula.

4.1. Overview of the proof of Theorem 4.25

Our starting point for the finite-sum formula for {s, ,(0)(s) we give in Theorem 4.25
is a formula, provided in Proposition 4.4, for this zeta function as an infinite sum,
indexed by a set A, of pairs (4, v) of partitions of at most d resp. d’ parts; see Defin-
ition 4.3. The summands of this infinite sum feature polynomials of the form (2.3),
enumerating submodules of certain finite o-modules. Recall that these factorize as
products of g !_multinomials coefficients and powers of ¢,. The membership condi-
tion for 4, requires v be dominated by the partition obtained from the sums of pairs
of elements of A.

In Section 4.4 we partition the infinite set #4; into the fibres of a surjective map
w: Ag — W, onto the finite set ‘W, introduced in Definition 3.11; see Definition 4.12.
Two facts are crucial. First, the ¢ !-multinomial coefficients of the polynomials fea-
turing in Proposition 4.4 are constant on the fibres of w. We collect them into products
of Gaussian multinomial coefficients called GMCy ;, for (I, 0) € Wy; see Defin-
ition 4.20. Second, the fibres of w are, by design, in bijection with the sets Gy o
introduced in Definition 3.13. Taken together, these two facts allow us to rewrite the
infinite sum in (4.1) by the finite expression (4.8), namely as a sum over 'W;, whose
summands are products of GMCy 4s and generating series of the cones Gy 4, upon a
substitution of variables specified in the numerical data maps y; see Definition 4.22.

4.2. An infinite series expression for {y, , (o) (s)

In Proposition 4.4 we write {5, ,(0)(s) as an infinite sum over pairs of partitions.
Recall that &, is the set of integer partitions of at most n (non-zero) parts, i.e. the set
of tuples A = (A;);e[n) € N with A; > A; 41 fori € [n — 1]. We start by associating
a partition u), of at most d’ parts with every partition A of at most d parts.

Definition 4.1. Given A € Py, let 1) € Py be the integer partition (j4;);e[q/] such
that the multisets {i; | j € [d']} and {A; + A | i < i’ € [d]} coincide.

Informally speaking, the integers 1; are the integers A; + A,/ brought in order.
Example 4.2. For A = (3,2,2,0) € 4 wehave u) = (5,5,4,3,2,2) € ‘7)(‘2‘)'

Definition 4.3. Let Ay 1= {(A,v) € Py x Py | v < uy}.
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The following result draws heavily on [9, Thm. 2]. Recall that

n
AP = AW € Po and [(Adiep] == Y A

i=1
Proposition 4.4. For all cDVR o,

d _ _
tha@® = > a@® Ao)a(us. vio)gy Hgld=IM, 4.1)
(A,U)Go‘\ad

where a(A, w; 0) is discussed in Section 2.2.1.

Proof. Recall that, as an o-module, , 4 (o) is generated by
{xi | i eld]y Ullxi,x]|i.) € [d]}.

Let £ be the rank-d submodule generated by {x; | i € [d]} and £, be the rank-d’
submodule generated by {[x;, x;] | i, j € [d]}. Hence, f, 4 = £1 @ L2 as o-modules.

Given a submodule A < §, 4(0), we associate two submodules A and A, of £;
and £, respectively. The second submodule, A,, is A N £,, while the first submod-
ule A is the unique submodule A} < &£ such that

(A& £L£2)/L2 = (A + £2)/Ls.
This way A is not necessarily equal to A} & A, but
[f2,a(0) : Al = [£1 1 A - [L2 1 Agf

always holds. The condition that A is a subalgebra of f, 4 (o) is equivalent to [A1, Aq]
being a submodule of A;. In complete analogy with [9, Lem. 6.1], one shows that

Chra@() = ) DI AT R Agl
A=Z1  Ar=<&>
[A1,A1]=A2
Recall Definition 2.8 of the elementary divisor type e(A) of a submodule A. We write
the zeta function as a sum over the elementary divisor type of Aj:

tha@® = Y D €AY LA @)

AePy A=£y Ar<&>
e(A1)=A [A1,A1]=A2

Let A be the elementary divisor type (A1) of Ay < £1. Then {z* 4/ |i < j € [d]}
yields the elementary divisor type of [A1, A1] < £,. More precisely, by Defini-

tion 4.1, pg(a,) is the elementary divisor type e([A1, A1]) of [A1, A1] < £2. When
counting submodules A, < £, that contain a given submodule [A1, A1], the only
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thing that is important is the elementary divisor type of the given submodule [A 1, A1],
see Proposition 2.10. Since the elementary divisor type of [A1, Aq] is completely
determined by (A1), we can conclude that counting submodules A, that contain a
given submodule [A;, A;] is also completely determined by e(A1) = A. Therefore,
the last two summations in (4.2) are independent counting problems, connected by
the elementary divisor type of Aj:

8ty 0(0)(8) = Z ( Z |£1 :A1|_s)( Z |§£2:A2|d_s),

AeP; ~ A1=Zy Ar<&»>
e(AD=A My <A,
where M), is any submodule of £, that has elementary divisor type i .
The first counting problem (in the first pair of brackets), is to count submodules
A1 < &£, with fixed elementary divisor type. The solution to this first counting prob-
lem is discussed in Proposition 2.9. The result in this case is

D7 AT = e A 0)g ",
A =&y
(A=A
The second counting problem (in the second pair of brackets) is to count submod-
ules A, < £, that contain a given submodule M) of which we know the elementary
divisor type, namely 1. The solution to this second counting problem is discussed in
Proposition 2.10 and the result in this case is

Z | L5 Ay|95 = Z a(py, v;o)qu_s)l"l. ]
A2§£2 veﬂ’d/
M) <A; V=M

The formula for {f, , (o) (s) in Proposition 4.4 is explicit, contains however infinite
sums. In the following sections, the formula will be written as a finite sum, where each
summand will be a product of Gaussian multinomial coefficients and a substitution of
a series of the form (2.7). This will make the formula amenable to computer algebra
systems capable of enumerating integral points in polyhedra.

4.3. The factor a(i,v; o) in terms of 7,

We associate a permutation 0, € S,4/ with each pair (A, v) € £y x $y/. Then we
rewrite the factor a(u ), v; 0) that appeared in (4.1) as a product of a power of g,
and a product of Gaussian binomial coefficients that depends only on o ,. Recall
Definition 3.3 of the map b.

Definition 4.5. Let A € #; and v € £y/. Then o0, , is the permutation o € Sy4
defined inductively as follows. Consider the multiset

Y ={Ai + A }icjerd) Y vitielan-
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Let o (1) be the maximal b-value among the indices of the elements of X which are
maximal. Now assume that i > 1. To find o (i), consider the subset of ¥ comprising
the elements whose indices have an image under b that is not in {o(j) | j < i}.
Let o (i) be the maximal b-value among the indices of the elements of this subset
which are maximal.

Example 4.6. Letd = 3,1 = (5,4,1),and v = (6,2, 2). Then
AM+A=9, A1 +A3=6, and A, + A3 =235,

thus ¥ ={9,6,5,6,2,2}. Clearly, A; + A, = 9is the (unique) maximal element of .
Therefore, o (1) = b((1,2)) = 4. Among the remaining elements, both A; + A3 = 6
and v; = 6 are maximal. Of the two, the index of A; + A3 has a greater image under b,
whence 0(2) = b((1, 3)) = 5. Among the remaining elements, v; = 6 is maximal,
whence 0(3) = b(1) = 1. Continuing in this way, we find that 0, , = 451632.

Recall Definition 3.1 of the set S, 4.
Remark 4.7. Let A € $; andv € $4/. Thenv < pu; if and only if 0, € S24/.

Next, we define integers L; (o) and M; (o) for all o € $,4- and j € {0} U [2d’].
These are related to the integers M; and L; from Definition 2.4 as discussed in the
proof of Lemma 4.10.

Definition 4.8. For o € S5,/ and j € {0} U [2d], define Lo(0) := 0, My(o) := 0,

Li(0) :=#o()|i €[j]} N (d +[d]) forall j € [2d"],
M;(o) :=#o(i)|i e[j}n[d] forall j € [2d'].

Example 4.9. Letd = 3,0 = 451623 € §¢, and j = 3. Then
L3(0) = [{4,5,1} N{4,5,6}| =2 and M3(0) = [{4,5,1} N{1,2,3}| = 1.

Recall that Asc(o) :={i € [2d' — 1] | 6 (i) < o(i + 1)}. The following lemma
writes the product of Gaussian binomial coefficients in (2.4) in a way that depends
only on o, ,, using the integers L; (o) and M; (o) from Definition 4.8.

Lemma 4.10. Let (A,v) € Ay4. Let 0 1= 0, , € S247 and M and L; be as in Defin-

ition 2.4 with u = . Let r :== |Asc(0)| + 1 and {j; | i € [r — 1]} := Asc(o) with

Ji < Jit1fori € [r —2]. Moreover, set jo := 0 and j, := 2d’. Then

1l (Lj - Mj—, ) -T1 (Lj,- (0) = Mj;_, (0)) _ 43)
Mj—Mj_l q,jl ielr] Mj[(O)—Mjl._l(U) qo—l

je[2d’]
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Proof. Fori € [r], let k; be the smallest element of (j;—1, j;] such that
Mi; = Migg41 = - = M.
It follows directly that
Ly, = Lg;41=---=1Lj; and My, = My, 11 =---=M,;,.
It also follows that my, _; > my,. We also claim that

Mj,_y = Mj;_+1 =" = My;—1.

i—1

Indeed, suppose that M; # M, for some j € [ji—1,k; —1). Thenm; > m; 4 and
there is a v; with v; = m; 4y, thatis, thereisa j' € [j + 1,k;) witho (j') =1 € [d'].
By construction, m; 1 > My;—1 > My; = My, thus we find that

mj >mjy1 =V >mj.

Both if o(j;) € [d'] or 0(j;) € d’ + [d'], this implies that there is an ascent of o
in the interval [j + 1, j;), which is a contradiction. Thus, we showed that the factor
corresponding to j € [2d’] in (4.3) is one for all j € (k;, j;] and j € (ji—1, ki) with
i € [r]. The remaining factors are

(Lki — My; -1 ) _ (Lji - M, )
Mi; — My, q5’! Mj;, — M;, _, a3t
for all i € [r]. If j; € Asc(o), then m;;, > mj, +1 and therefore L;, = Lj, (o) and

M;, = Mj, (o). The same conclusion holds for jo = 0 and j, = 2d’. Thus (4.3)
holds. n

The following proposition writes the factor «(iy, v; 0) in (4.1) as a product of
a power of g, and a product of Gaussian binomial coefficients that depends only
on oy .

Proposition 4.11. Let (A,v) € Ay Let 0 = 0, ,, and write {m; | i € [2d']} ;=) Uv
withm; > mj 41 foralli € [2d’] as in Definition 2.4. Then
L i (0) - M','_ (U)
a(fta, v;0) = ( H(MJ( )_M{ ‘
iepry N9 ji21(0) ) g

qZ/e[qu M (o)(L;(0)—M;(a))(m;—m; 1)
0 .

X 4.4)

Proof. Recall the formula for (i, v; 0) in (2.4). Lemma 4.10 rewrites the product
of Gaussian binomial coefficients in (2.4) as the product of Gaussian binomial coef-
ficients in (4.4). That the power of g, in (2.4) equals the power of ¢, in (4.4) follows
from the fact that m; = m;if L; # L;(0) or M; # M;(0). L]
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4.4. A finite partitioning of #A4

The formula for {, ,()(s) in Proposition 4.4 is an infinite sum over ;. We partition
this infinite series into a finite number of summations indexed by the elements of the
set 'W; from Definition 3.11. More precisely, the set #A, is partitioned by the finitely
many fibres of the following map w.

Definition 4.12. Define the map
w:Ahg > Wi (A,v) > w(A,v) = ,0),

where ] = {i € [d —1] | A; > A;41} and 0 = 0, , as in Definition 4.5.

Example 4.13. Let d = 3, A = (5,4,1), and v = (6,2, 2). The first component of
w(A,v)is I ={1,2},asA; =5 > A, =4and A, =4 > A3 = 1. By Example 4.6,
ojv = 451632. Thus w(A, v) = ({1,2},451632)

Remark 4.14. The map w is surjective by design of ‘W,.

Remark 4.15. One motivation for Definition 4.12 of the map w is that the Gaussian
multinomial coefficients in (4.12) only depend on the image w(A,v) = (I, o). This
allows for the Gaussian multinomial coefficients to be pulled out of the summation
over A and v.

Next, we show that the elements of the fibre @ ~!(I, o) of w are in bijection with
the elements of the set Gy from Section 3.2.

Definition 4.16. For integer partitions A € #; and v € £y, define
ri = Al‘ —AH_] foralli € [d — 1], rqg = /\d,

sj=vj—vjyq forall j € [d —1], sqr =vg.

Example 4.17. Letd =3, A = (5,4,1),and v = (6,2,2). Thenr; =5—4 =1,
n=4—-1=3,r3=1,51=6—2=4,5, =2—2=0,and 53 = 2.

Recall the definition of the corresponding tuples v; in Definition 3.6.

Lemma 4.18. Let A € Py and v € Py be integer partitions with v < ;. Let 0 =
oy and write {m; | i € [2d']} = py U v with m; > mjy; foralli € 2d" — 1] as
in Definition 2.4. Then

d d’
Mi =) Ve, + Y Vo)d+iSi
j=1 j=1
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Proof. Suppose that i € [2d'] is such that o(i) € [d’]. Then vy(),; = 0 for j € [d]

and
d ’

d/
mi =Vo(i) = Z Sj = Z”a(i),dﬂsf"

j=0() j=1
Suppose thati € [2d’]issuchthato (i) € d’ + [d'] andlet b~ (o' (i)) = (I,m), where b
is the map from Definition 3.3. Then v, (;),q4; = 0 for j € [d'] and

d d d
mi:/\1+)tm:er+er:ng(i),jrj. |
j=l j=m j=1

Proposition 4.19. Let (I,0) € Wy. The map
0 ' 1,0) = Gre: (A,v) = (r,s), (4.5)
where r = (ri)ic[a’] and s = (S;)ie[a’] are as in Definition 4.16, is a bijection.

Proof. We first show that the map is well defined. Let A € $; and v € £ be integer
partitions with v < uy and w(A,v) = (I, o). Since A and v are integer partitions, we
have that r; > O and s; > O fori € [d] and j € [d’]. The (in)equalities (3.3) and (3.4)
follow from the definition of / in Definition 4.12 as {i € [d — 1] | A; > A;j+1}. Let

{mi |i€2d']} =py Uv

with m; > m;4; for all i € [2d’ — 1] as in Definition 2.4. Then (3.6) holds by Lem-
ma 4.18. Moreover, from the definition of o in Definition 4.12, it follows that m; >
m;y1 wheni € Asc(o), and therefore using Lemma 4.18, (3.5) also holds. Thus (r, s)
is indeed an element of Gy, and (4.5) is well defined.

Suppose that (r,s) € Gy . Let

d d’
A =er and v; =Zsj.
j=i j=i

ThenA; > A; 41 andv; > v; 4, because r;,s; > Oforalli € [d —1]and j € [d’' —1].
Let
{m; |i€l2d'l} = puprUv

with m; > m;j4q foralli € [2d’ — 1] as in Definition 2.4. Combining (3.5) and (3.6)
with Lemma 4.18, we find that 0, = o and therefore v < u, by Remark 4.7. Lastly,
(3.3)and (3.4) imply that A; > A; 1 foralli € [ and A; = A;4; foralli e [d — 1]\ I.
Thus (A, v) is an element of ™! (/, o) that gets mapped to (r, s), proving that (4.5)
is surjective. The injectivity is trivial. |
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4.5. An explicit finite sum formula for {3, , (0)(s)

Theorem 4.25 is the main result of Section 4. It writes the subalgebra zeta function
85 4(0)(s) as a finite sum indexed by the elements of Wy, whose summands are a
product of Gaussian multinomial coefficients and a substitution of a generating series
of a set Gy, from Section 3.2.

Definition 4.20. Let (I,0) € Wy and {j; | i € {0} U [r]} := Asc(o) U {0,2d’} with
Ji < ji41 for all i € {0} U [r]. The product of Gaussian multinomial coefficients
GMCy  associated with (1,0) is

d Lj, (0) — M, (0) ) ) -1
GMC; 5 = / / Z .
M, (1)4_1(ile_[!](M,,(o)—M,-i_l(o) o) SH

Example 4.21. Letd = 3 and (/,0) = ({1,2},451623). Then

aver — 3 1-0 2-0 3-1 3-2
o=\ ) - \o-0) - \1-0) - \2-1),\3-2)
=q P +4g7 + ¢+ 77+ 47 + 1.

Let g and ¢ be indeterminates and X = (X;);¢[q] and Y = (¥});¢[q’] be tuples of
indeterminates. We write # for the subalgebra of Q(X,Y) generated by X*!, Y*!
and (1 — X?Y?)~! with (0,0) # (a.b) € N¢¢",

In fact, A comprises all rational functions in X and Y we will encounter; cf. The-
orem 2.20. We work with 4 to make substitutions like the following well-defined.

Definition 4.22. Let 0 € $,4/. Define x;(0), yj(0) € Q(qg.t) to be
xi(0) = qZke[zd/] My (0) (L (0)—My (0)) (Vo (k)i Vo (k+1).i)

x '@l fori € [d],

4.6
yi(0) == qzke[zd/] My (0) (L (0)—My (0) (o (k),d+j—Vok+1).d+5) (4.6)

x g/t for j € [d'],
where Vg 24/+1),; = 0 wheni € [d + d']. The numerical data map y is
Ko A = Q(q,0): Xi = x;(0),Y; = y;(0).

Example 4.23. Let 0 = 451623 € §¢ and i = 1. Then vs(1),1 = Vg(2),1 = 1 and
Vo(k),1 = Oforall k € {3,4,5,6}. Thus

Xl(O') — qo(l_0)(1_1)+0(2_0)(1_O)q1(3_1)11 — q2t‘

Similarly, let j = 1, then vy(3)4 = 1 and vo(k)4 = O forall k € {1,2, 4,5, 6}. Thus

02-0)(0-D+1(2=1)(1-0) ,1-3,1 4

y1(0) =¢q q =q't.
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Remark 4.24. Notice that, for each i € [d], the first exponent appearing in (4.6) can
be rewritten as

Z (M (0)(Li(0) — Mi(0)) = Mi—1(0)(Li—1(0) — Mg—1(0))) Vo ),i- (4.7)
ke[2d’]

Given i € [d], vs(x),; can only be non-zero if o(k) > d’. In this case, Lx_1(0) <
Ly (o) and My_1(0) = My (o), and therefore

My (0)(Lg(0) — My (0)) — My—1(0)(Lg—1(0) — Mk—1(0))

is non-negative. It follows that (4.7) is non-negative as well.

Recall that G7,5(X,Y) is the series enumerating the elements of Gy 5. Let {5, , (g, 1)
be the bivariate rational function in Q(g, t) such that

$rr.0 (90, 95") = $hy 4(0)(8)
for all cDVR o.

Theorem 4.25. We have

8 4(q. 1) = Y GMCre 26(Gro(X.Y)). (4.8)
I,0)eW,

Proof. By Proposition 4.4 we may write

lha@() = D Y« Ao)a(ua. vi o)y HgldIOML (4.9)

(I,0)eWy (A v)ew—1(1,0)

Corollary 2.7 with n = d tells us that

d
d {(d—i)(Ai—Ai41)
2D x0) = A 4.10
e A0y =, q_ll"[qo (4.10)

o i=1
For (A,v) € Ay, let

Dj, = Zje[zd/]M (@)L, (0)—M;(0))(m;—mj 1)

i=11(d=D)(A;—A; - -
qu’z 1 i(d—i +1)(C]DS)|M(Q,? S)|”|’ “4.11)

where 0 = 0 and {m; | i € [2d']} = pu; Uv withm; > m;; foralli € [2d' —1]
as in Definition 2.4. Using (4.10) and Proposition 4.11 in (4.9) results in

lhalg)= Y, GMCrs > Di.. (4.12)

I,0)eWy Av)ew—1(,0)
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It now suffices to show that for each (/,0) € Wy,
Y. Div=10(Gro(X.Y)). (4.13)
Av)eo—1(,0)

By Proposition 4.19, the summands on the left-hand side of (4.13) are in bijection
with the elements of Gy, and it suffices to show that

d d’
Dy = ( e (o)’f) ( [T (a)sf‘), (4.14)
i=1 j=1

where the r; and s; are as in Definition 4.16. The D, , in (4.11) are written as a
product of four powers of g,, which we analyze in turn.

(1) The first power of ¢, has exponent
> Mj©)(L;(0) — Mj(0))(m; —mjy1).
je[2d’]
It follows from Lemma 4.18 that
d d’

mp —misr = Y (VoG — Vot 0, + ) Vol +j = Voler1),d+7)S]
i=1 j=1

for all k € [2d'], where vg(24/+1),; = O for each i € [d 4 d’]. We may thus rewrite
this first power as

d
( 1—[ (qZke[zd/] My (0)(Lg (0)—Mg (0))(va(k>,i—Ua(k+1>,i))r,-)
0
i=1

» ( 1—[ (qDZke[zd/] My (0) (L (0)—Mp (0)) (o (k).d+j _vo(k+l).d+j))sj)‘ (4.15)

Jj=1

(2) The second power ¢, is easily rewritten as follows:

d
d VA — s
q?i:]l(d_l)(/lz Aig1) — (1_[ l(d 1) )(1_[(1)5‘/) (416)
i=1
(3) The third and fourth powers of g, can be written as
d’ o
g5 Mg = (H(z )")(H(quﬂ)sf‘). (4.17)
i=1 j=1

The product of (4.15) with the right-hand sides of (4.16) and (4.17) indeed results
in (4.14). [
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5. Overlap type zeta functions, functional equation, and pole at zero

In this section, we present results on the p-adic zeta function {5, , (o) (s). In Section 5.1
we decompose it as a sum of overlap type zeta functions ¢ %’; ) (s), indexed by the
Dyck words w € D, 4. Special attention goes to one overlap type zeta function called
the no-overlap zeta function. Informally and purely heuristically speaking, it enumer-
ates “most” of the subalgebras of f, 4(0); see Remark 5.3. Theorem 5.11 establishes
a functional equation for the no-overlap zeta function, while Theorem 5.13 proves
that it has a simple pole at zero. In Section 5.5 we prove that the p-adic zeta function
{5 4(0) (s) has a simple pole at zero as well, confirming a conjecture of Rossmann in
the relevant cases; see Theorem 5.15.

5.1. Overlap types and overlap zeta functions

We define the overlap type w(}) of a subalgebra f < f, 4 (o) of finite index and define
an overlap type zeta function {%‘; () (s) for each overlap type w, which enumer-
ates the subalgebras of f, z(o) with that overlap type. Then we slightly adapt The-
orem 4.25 to a formula for each overlap type zeta function ¢ 1@_”; e, ().

Recall from Section 3.6 that D,  denotes the set of Dyck words of length 2d’
and w, is the Dyck word associated with o. Recall, moreover, the permutation oy ,,
associated with (A, v) from Definition 4.5.

Definition 5.1. Let f) be a subalgebra of f, 4(0) of finite index. Let A be the element-
ary divisor type of

(5 + [f2,a(0), F2,a (0)])/[F2,a (0), T2,a (0)]

in f2,4(0)/[f2,4(0), f2,4 (0)] as in Definition 2.8. Let v be the elementary divisor type
of B N [f2,4(0). T2.4(0)] in [f2.4(0). 2.4 (0)]. The overlap type w(b) of B is the Dyck
word wg, ,, € Dagr.

We say that f) has no overlap if wg, ,, is the trivial Dyck word 0414’ Equivalently,
b has no overlap if and only if

f1Z e Z g Z 0 Z e 2 Vg, CRY)

where (i4;);je[a/] := M2 as in Definition 4.1. As the multiset of the numbers y; is the
multiset of the numbers A; + A;/, this is in turn equivalent to the elementary divisors
of

[f2,d(0), F2,a (0)]/ (b N [2,4 (0). T2,q (0)])

all being less than or equal to all the elementary divisors of [f, 4(0), f2,4(0)]/[b, b].
Otherwise, we say that §) has overlap.
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Definition 5.2. Let w € D,4/. The overlap type w zeta function is defined as

0 () = > If2a(0):p
h<fr.q(@),wH)=w

In particular, the no-overlap zeta function is defined as

7 7
0414

85y 0)8) =85, 0 (8) = > 2,4 (0) : B|7°.

h<f2.q(0),w(h)=04"14'

Obviously, &5, ,(0)(s) = Zwee@zw é‘%‘; d(o)(s).

Remark 5.3. In [11], Paajanen used an analysis of analogues of {7 fo © (g, 1) for local
zeta functions enumerating normal subgroups of finitely generated, tors1on—free class-
2-nilpotent groups to obtain a lower bound for the abscissa of convergence of these
groups’ normal zeta functions; see Section 1.3 and [11, Thm. 1.3]. That this lower
bound is in fact the exact value was later proven by the third author in [19, Thm. 3].

This fact may support our heuristic that “most” subalgebras of f, 4(o) should
not have overlap: that the numbers u; and v; in equation (5.1) intermingle should
result in containment relations in subquotients of lattices which do not hold gen-
erically. It would, in particular, be of considerable interest to establish whether the
abscissa of convergence of the Euler product over the local no-overlap zeta functions
éfz d( p, p—*) coincides with the abscissa of convergence of the global zeta func-
tion {F, , (s). The former is obviously a lower bound for the latter.

Let q‘) (g, t) be the bivariate rational function in Q(q, ¢) such that g“%” (G0.95°)
equals ¢’ F 4 (0) (s) for all cDVR o. (Its existence follows from the same reasoning as
the one for {5.4(q, 1), discussed in Section 1.2.) Theorem 4.25 is straightforwardly
adapted to obtain a formula for the overlap type zeta functions ¢ %’; u (g, 1) as follows.

Theorem 5.4. Forall w € D4,

8@ 1) = > GMCrg x6(Gro(X.Y)). (5.2)

,0)eWq, wo=w

Proof. In the statement and proof of Proposition 4.4, the summation can be restricted
to the (A, v) € Ay with wg, |, = w:

d — —
foa@:1) = > a (D, h o). vi 0)gy Mg,

(A,v)EA,, Woy ,=w

Similarly, in the statement and proof of Theorem 4.25, the summation can be restricted
to pairs (/,0) € 'W; with we = w, resulting in (5.2). ]
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Remark 5.5. The formula (5.2) for the functions ¢ f“; p (¢,t) may be compared with
the summands D, ,(q, ) in [6, Def. 4.18]. The latter are defined in terms of the gen-
eralized Igusa functions introduced in [6, Def. 3.5]. These in turn are, by definition,
finite sums of finite products of geometric progression, weighted by functions akin
to the GMCy ;. To write down such an Igusa-type formula for the Cf“; P (g,t) would
seem to require a decomposition of the cones G4, ; into simple cones.

5.2. An alternative formula for the no-overlap zeta function

We simplify the formula for ¢ f"; 4 (¢.t) in Theorem 5.4 in the case when w = 04'14’,

i.e. for the no-overlap zeta function Z?z"’;i

products of Gaussian binomial coefficients GMCy , simplify when ws

( 0)(s). We start by establishing how the
= 0417,

Lemma 5.6. Suppose that (I, 0) € Wy with wy = 04 14", With

Jo:={jeld —1o7'(j) <o '(j + D},

GMC —(d) (d) (53)
re =\ ) - \ue ) o '

Proof. If wy = 0914’ then My(0) = --- = My/(0) = 0 and therefore

( Lj; (0) — M;j;_, (0) )
M;j; (o) — Mj;_, (o)

we have

=1
g1

for all j; € Asc(o) N [d']. Moreover, Lg/4j(0) = d’ and My ;(0) = j for all
j €]d’]. Let j; > --- > j, be such that

Asc(o)N(d' +[d' —1])=d" +{ji |i €[r]}.

Because 0 € S,4/, it follows that o (d’ + ji—1 + k) = j; + 1 —k forall i € [r] and
k € [ji — ji—1 — 1], where jo = 0. Therefore,

Asc(o)N(d' +[d' —1]) =d" + Js.

mG=5n),.= ()
Ji = Ji-1 /) g1 Jo )=t

Ji€Jo

Thus

I ( Lji(0) = Mj;_,(0) ) _
Ji €Asc(a)N(d’+[d’]) M;;,(0) = Mj;_, (o) g1
concluding the proof. .

In the following, we will establish what the numerical data map y, simplifies to

when w, = 0414’
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Definition 5.7. The no-overlap numerical data map y,.,. is
nos = Q(q.0): Xi > g4 Y v g @I
Example 5.8. If d = 3, then
Tno(X1) = ¢'C V1t = g% and o (Y1) = ¢TI = ¢

Remark 5.9. Leto € S,4 be such that wy = 0914, Then the numerical data map yq
from Definition 4.22 simplifies to ...

The following theorem provides an alternative formula for the no-overlap zeta
function é’ & " (o) (s). Itis alot less complicated than the general formula for the overlap
type w zeta functlon ¥ f 4 (0) (s) in Theorem 5.4 because it has fewer summands and
the summands are 51mpler Recall the sets H; y from Section 3.5.

Theorem 5.10. We have

d d'
$io(@:1) = > ( 1) ( ; ) Tno(Hry(X.Y)).  (5.4)
g1 g1

Ic[d—1],JC[d’~1]
Proof. Using (5.3) and Remark 5.9 in (5.2), results in

d d’
é‘?zod (q’ t) = Z (I ) (J ) Xn.o.(Gl,a (X, Y))
g 1 \Jo /4—1

(I,G)GW/Vd :
wo=04"14

Now using Proposition 3.40, we find (5.4). ]

5.3. A functional equation for the no-overlap zeta function

It is implied by [20, Thm A] that {5, , (¢, ) satisfies the functional equation

(o@D = “DP¢DPe, (g0, (5.5)

where D :=d +d' = (d+1) the Z-rank of {, 4. By the following result, the no-
overlap zeta function {7 £ © (g, t) satisfies the same functional equation.

Theorem 5.11. The no-overlap zeta function {3 f © (q t) satisfies the functional equa-
tion

e (g7 = (~)Pg(P g (g.0). (5.6)

Proof. This proof follows the proof of [21, Thm. 2.15] which refers to [20, Sec. 2
and 3]. We start from the formula for E;‘;’(‘I (g, t) stated in Theorem 5.10. Using the
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identity (2.2) for the Gaussian multinomial coefficients, we find

pan= 2 (L @) L @) tsx.

I1C[d—1] weSy, veES,r,
JC[d’—1] Des(w)<I Des(v)CJ

Reordering the summations, this becomes

Be (g =Y gt 3 g N e (Hs(X.Y)).

weSy vES Des(w)<IC[d—1]
Des(v)2J C[d'—1]

Inverting g and ¢ on both sides and using Proposition 3.36, we find that ¢ 19204 (g 4t
equals

(~DdFd 3 gl H ) 3 tno(XaYa Hy 7 (X, Y)).

wesS, veSy [d—1]\Des(w)<I<[d—1]
[d’—1]\Des(v)SJ C[d'~1]
Using the two equations in (2.1), {’?;’;i (g 4t are

’ ’_ d’_
()T 3 gt SN ()t Sy (XY Hy s (X.Y)).

weSy veES Des(wwo)SIC[d—1]
Des(vvg)CJ C[d’—1]

Changing the order of summation again results in
no. ( —1 —1y _ d+d’ d'+(%4
g (g7l = (- )dHd g+ (3)

x D ( > q—e(wwo))( > q_e(vvo)))(n.o.(XdYd’HI,J(X’Y))-

IC[d—1] weSy, vES,/,
Jcld’—1] Des(wwo)S! Des(vvg)SJ

Using (2.2) and yn.o.(XzYs) = g9 1914 yields
é'?;.d (q—l l_l) — (_1)d+d'qd/+(‘g)+dd/

d d’
< 3 (5)(5), ot

Icld—1]
Jcld'—1]

Lastly, using d’ + (dz/) +dd’ = D and Theorem 5.10 yields (5.6). [

In light of results such as [6, Prop. 4.19], one might expect that the functional
equation established in Theorem 5.11 might hold for all ¢ %‘; J (g,t) where w € D5y,
not just for w = 041" Our explicit calculations (see Section 7) show that this indeed
holds for d < 4.
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Conjecture 5.12. For all d > 2 and all w € D, 4, the overlap type zeta function
qu; () (s) satisfies the functional equation

& (g = (D2l (q.0).

5.4. The simple pole at zero of the no-overlap zeta function
Next, we study the behaviour of E?zod ) (s)ats = 0.

Theorem 5.13. The no-overlap zeta function {?;’;[ (0) (s) has a simple pole at s = 0
for all but finitely many q,. V

Proof. We start from the formula for é‘%‘;d (g, 1) stated in Theorem 5.10. Let I C
[d —1]and J C [d’ — 1]. Proposition 3.34 implies that

Hr (X, Y) = IEn.o.,AI,JsCI,J(X’ Y. D).

Let I'r,; = {Ky | u € Ur s} be a family of simplicial monoids, satisfying the con-
ditions in Proposition 2.29 with E = E,,, A = Ay, and C = Cy ;. Using that

HiyX.Y) = Ig,, 4, 5.¢;,,(X. Y, 1) and UMEU]!_] Ky = Ig,, . 4;4.c;;, 1n The-
orem 5.10 results in

d d’ _
gran= X (7)) (7)) X w6
rcla-1,Jeld—1 " 747 ' ueu;

By Theorem 2.19,
B
ZﬂEDEu Z
[T (1 =22)°

where o1, . . ., o are quasigenerators of K, Dl?u is defined in (2.8), and Z=(X, Y, 1).

Ky (Z) = (5.8)

Therefore, Xn.o.(Eu (Z))|g—gy,+—q5* has a pole at s = 0 if and only if there is a
quasigenerator y of K,, such that y, , (Z¥) = )(n,o,(Xf'1 .. Y;f“”ﬂ) is a power of ¢. In
this case there is no cancellation between these factors because of the positivity of the
numerator. Looking at Definition 5.7, this means that the monomial Z has to have
degree zero in the variables X1,...,Xg—1, Y1,..., Yq/. Thus the support of y has to be
contained in {d,d + d’ + 1}. We show that there is a K, that has a quasigenerator
whose support is contained in {d,d + d’ + 1}.

Foreachi € [d +d' + 1], let §; € N(‘)Hdurl be the i-th unit basis vector. As
discussed in Section 3.4, 847 + 284+ 4/+1 is a completely fundamental element of £,
and therefore by Proposition 2.29, it is a quasigenerator for some of the K. There
cannot be more than one quasigenerator of €g,  with the same support and thus
the multiplicity of the pole at s = 0 of )(n,o.(lzu (Z))|g—>go,t—q7* 1s at most one. The

order of a pole of a sum is at most the maximal order of the poles of the summands.
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Therefore by (5.7), Z?;é (o) (s) can have at most a simple pole at s = 0 (the Gaussian

binomial coefficients do not depend on s and therefore they have no poles or zeros).
It remains to show that the residues of the summands in (5.7) do not cancel each

other out except for possibly finitely many ¢,. To that end, it suffices to show that

d & )
Z (I)q_1 ( J )q—l sll_I)I(l)S Z Xn.o.(Ku(Z))|t_)q_s (5.9
]

Ic[d—1],J<€[d’-1 uelr s

is a non-zero rational function in g divided by log g. The Gaussian multinomial coeffi-

cients are polynomials in ¢!

with non-negative coefficients. By the reasoning earlier
in this proof, yn.o.(Ku (Z))|g—go,t—q7* can have at most a simple pole at s = 0. If it
has no pole, then

ims Y oo (K@),

s—>0
uely j

is zero. Otherwise, (5.8) shows that the numerator of )(n,o,(I?u (Z)) is a polynomial
in g and ¢t with non-negative coefficients. In addition, it shows that the denominator
of Jno.(Kyu(Z)) is a product of dim K,, polynomials of the form (1 — ¢g?) with
a,b € N. Because we assume that y,.o. (Ky (Z))|g—go.t—q7* has a simple pole at
s = 0, exactly one of these factors has a = 0. Therefore multiplying the denominator
by s~! and taking the limit s — O results in a product of polynomials of the form
(1 — g?%) divided by log ¢g. Thus in this case,

s]i_r)%s Z Xn.o.(Eu(Z))|t_>q—s

uely y

is a non-zero rational function in ¢ multiplied by log g. Thus we find that (5.9) is
indeed a rational function in ¢ divided by log g. To show that it is non-zero, notice that
when evaluated at ¢ = 1/2, both the Gaussian multinomial coefficients, the numerators
and the factors (1 — ¢%) in the denominators of limg_,¢ sZueUI'J Ino. (Ku(Z))]| t—q—s
are non-negative numbers, while log 1/2 is a negative number. Therefore the sum-
mands in (5.9) all have the same sign when evaluated in ¢ = 1/2 and cannot com-
pletely cancel out, and the claim follows since there is a non-zero summand. ]

5.5. The simple pole at zero of the overlap and subalgebra zeta functions

We study the behaviour of {5, ,(0)(s) at s = 0 by first looking at the behaviour of
2.0 @)(8) = 12 () (8)

ats = 0.

Theorem 5.14. The function Ly, ,(0)(s) — {‘,?;d ©) (s) does not have a pole at s = 0.
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Proof. Since
@) =0 = Y )
weD,  r,w#0d 14’
Theorem 5.4 implies that

é‘fz,d (g.1) — gnzod (g.1) = Z GMCI,O’ XU(GI,O'(X’ Y)).

(1,0)eW, we #0414

Therefore it suffices to show that for each pair (I,0) € Wy with w, # 07 19", the
rational function yq(Gy s (X, Y))|q_>qo’,_>q;s has no pole at s = 0. Recall from Pro-
position 3.22 that Gy, can be seen as the projection of /g, 4, ,.c;, on the first
d + d’ coordinates, thus

Gro(X.Y) =Ig, 4, 5.c;., X, Y, 1).

Let ' = {Ky | u € Urs} be as in Definition 3.23. Using that (_J K, =

IECTaA[.O'scl.O' » WE ﬁnd

uels »

XoGreX,Y)) = D xo(Ku(X, Y, 1)). (5.10)

uelys o

By Theorem 2.19, y,(K,(X,Y, 1)) has a denominator of the form [Tio, (1 —Z%),
where a1, ..., o are quasigenerators of K, and Z = (X, Y, 1). Thus

XU(EM (Z))|q—>q0,t—>qo_“'
has a pole at s = 0 if and only if there is a quasigenerator § of K, such that
B ’
Xo(XPU Ly lard

is a power of ¢. By the definition of y, in Definition 4.22, this happens only when the
support of 8 is contained in {d} U{d +d’' +i|i € [rs]}.

Recall that E, is the monoid associated with the matrix ®; € Mat,, xm, (Z)
from Definition 3.8. As wy # 04'14', there is an & € [2d’ — 1] such that the A-th letter
of wy is 1 and the (k + 1)-th letter of w is 0. Let i, j, k be such that o(h) = k € [d’]
and b~ (o(h + 1)) = (i, j) € [d]?. Then ®, has a row

[06=D (1)U (—2){@d=/+D k=D 1@ =k+D o 0,-1,0,...,0]. (5.11)

Note that (5.11) has the entry —1 in column d, another —1 in one other column con-
tained in {d + d’ + i | i € [rs]}, and zero in the other columns also contained in
{d +d’ +i|i € |rs]}. Therefore multiplying the row (5.11) with B could not res-
ult in zero when the support of 8 is contained in {d} U{d +d’' +i |i € [rs]}.
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Consequently, such a tuple 8 could not satisfy ®,8 = 0, and therefore not be an
element of Ky, € E,. Thus we find that x4 (Ky (X, Y,1))|;—g, r—g= and by (5.10)
also x5 (Gr,6(X,Y))|g—¢,,1—>g5s cannot have a pole at s = 0. [

Theorem 5.15. The function {s, ,(0)(s) has a simple pole at s = 0 for all but finitely

many ¢y.

Proof. Follows directly from Theorem 5.14 and Theorem 5.13. ]

This result confirms the first part of [12, Conj. IV (3-adic form)] for the relevant
zeta functions (for all but possibly a finite number of ¢,). (The second part is known
to hold for d € {2, 3, 4}, by inspection of the explicit formulas; see Corollary 7.9.)

6. Reduced and topological zeta functions

We discuss the reduced and topological zeta functions é‘;‘*d (t) and é‘mp (s). Theor-

ems 6.7 and 6.9 provide formulas for §§ed (t) and § P (s) respectively. Theorem 6.8
establishes that the reduced zeta function ¢ ?"d () has a simple pole of order (d;rl) at
t = 1. Theorems 6.10 and 6.13 confirm parts of conjectures from [12] pertaining to
the degree and pole at s = 0 of topological subalgebra zeta functions, in the relevant
special cases.

6.1. Preliminary definitions

In preparation, we make a few preliminary definitions. First, we define the counterpart
of GMCy , that we will use to formulate formulas for f,;ed (t) and ¢ P | (s).

Definition 6.1. For (/,0) € W,, the product of multinomial coejﬁczents associated
with (1,0) is MCy s := GMCj s |g—1-

Second, we define integers aq () and by (@) for all o € S5,/ and o € Ny that
are closely related to the numerical data map y, .

Definition 6.2. Leto € 54 and € N'? . Define aq () and by (@) to be the respect-
ively non-negative and positive integers such that y, (X, Y,1)%)=(1 — g% @ ¢bo (@)

Example 6.3. Leto = 21, o7 := (0,1,2,0), and o := (0, 1,0, 2). Then

1o (XY, D) = 1o (XPX1Y210) = (¢'0)° (12 (¢%0)*1° = ¢*1*,
Xo (XY, 1)®2) = 1o(XP X, Y1%) = (¢'1)°(12) ' (¢*1)°1% = 12

Thus ag (1) = 4, by (1) = 4, ag (o) = 0, and by (o) = 2.
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Recall Definition 3.23 of I'; s = {Ky | u € U s}. Third, we define a subset
Ur,6,max of U & and a positive rational number ¢, for each d € Nx,.

Definition 6.4. For each (I,0) € Wy, let Ur o,max be the set of u € Uy, such that
dmK, =d +d' = (d;rl). Let ¢4 be the positive rational number

Cq = Z MCy » Z D] (6.1)

(I,0)eWg, U€U[ & max HaECFE(Ku) ba (O!)

where D g, is defined in (2.8).

Remark 6.5. Although it is not a priori clear, ¢z does not depend on the family
I'1o = {Ky | u € Ur¢} of simplicial monoids, but only on 4. This is a consequence
of Theorem 6.8.

We lack a conceptual interpretation of ¢4. In Table 6.1 we list ¢; for d < 6.

d 2 3 4 5 6

c 3 25 569 3800243 8743819
d 4 54 2304 32400000 172800000

Table 6.1. Values of ¢; ford € {2,3,4,5, 6}.

6.2. Reduced zeta functions

The reduced zeta function é']?d (¢) can be obtained by substituting g — 1in 5, ,(¢.1).
2.d .

(For a general definition of reduced subalgebra zeta functions in terms of Euler char-

acteristics and motivic zeta functions see [8, Sec. 3].) We straightforwardly adapt The-

orem 4.25 to a formula for ¢ gdd (z) and then use it to determine the order and residue

of the poleatt = 1 of ¢ gdd (). We first define a reduced counterpart of the numerical
data map. '

Definition 6.6. The reduced numerical data map yreq is
Yred: A — Q(t):  X;— i Y, — i
The following theorem is a straightforward adaption of Theorem 4.25.

Theorem 6.7. Forall d € N>,

Z;;C.]d (t) = Z MCI,O’ Xred(GI,o (X, Y))
(I,c)er

Proof. The proof follows from Theorem 4.25 after substituting ¢ — 1 on both sides
of (4.8). ]
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Next, we use this formula to deduce the order and residue of the pole at # = 1 of
£ (1). Recall that D = d + d' = (1) is the Z-rank of 2.4

Theorem 6.8. The reduced zeta function Z,rédd (t) has a pole att = 1 of order D with
residue !

lim (¢ = )P¢E () = (=D,
where cg is defined in Definition 6.4.

Proof. Recall from Proposition 3.22 that Gy, can be seen as the projection of the
subset Iz, 4, ,.c;, € Ng'? on the first d + d’ coordinates, or equivalently

GI,U(X7 Y) = IEU,A[’(;,C[!(T (Xv Y’ 1)
Let I'7o = {Ky | u € Ur s} be as in Definition 3.23. Using that UueUI(,— K, =
lE, 4, ,.C; 5 in Theorem 6.7 results in
Gl )= Y MCre Y fea(Ku(X,Y,1). (6.2)
(],O')GWd uEUIgJ
By Theorem 2.19,
B
ZﬂGDEu Z
[oecren (1 —Z%)

where D is defined in (2.8) and Z = (X, Y, 1). Applying Xreq on both sides yields
ZﬂEDEu Xred(Zﬂ)
HaeCFE(Ku)(l —tbo@)’

where by, (o) was defined in Definition 6.2. It follows that yeq(K, (X, Y, 1)) has a
pole at ¢t = 1 of order dim K, and the residue of this pole is

Eu (Z) =

Xred(lzu (2)) =

D, |
HaeCFE(K,,) be (c)

Recall from Remark 3.16 that the dimension of Gy 5, and hence also of /g, 4, ,.c; ,

lim (¢ — D™ K gy (2)) = (—1)timKu (6.3)

and K, is at most D. Thus the summand indexed by u € U;  in (6.2) has a pole at
t = 1 of order D if dim K, = D and otherwise the pole has a lower order. Therefore,
Z;g‘fd (t) has a pole at ¢ = 1 of order at most D. To prove that the order is exactly D, it
suffices to show that the sum of the residues of the summands in (6.2) with maximal
pole order does not vanish. In other words, we need to show that summing (6.3)
over all u € Uy, with dim K;, = D does not cancel out. This is of course trivial,

because (6.3) has the same sign for all these u. To find the residue of {gdd (1), we

may just sum (6.3) over all these u, resulting in (—=1)Pcy, where cg was defined
in Definition 6.4. ]
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6.3. Topological zeta functions

Next, we study the topological zeta function f2 u P (s). We give a formula in The-
orem 6.9 and determine its degree in Theorem 6. 10 In Theorem 6.11, we link its
behaviour at infinity to the behaviour at = 1 of (;ed (). In Section 6.4 we determine
the behaviour of {T P (s)ats = 0.

In Section 1.2, we informally introduced the topological zeta function Zf P (s)
as the rational function in s obtained as the first non-zero coefficient of the p- adlc
zeta function &y, , (g0, ¢, "), expanded in g, — 1. (For a general definition of topolo-
gical subalgebra zeta functions in terms of systems of local zeta functions, see [12,
Def. 5.13].) More precisely,

Gy (5) = Jim (g — neage (.97,

2.4

For example, fora € Ng and b € N,

1
1—qobs  bs—a’

lim (g — 1) (6.4)
qg—1

The following theorem is an adaption of Theorem 4.25 to a formula for Q;Zpd (5).

Theorem 6.9. We have

to |DI? |
P _ u
§f2.d (5) = Z MCro Z l_[aeCFE(Ku)(bf’ (a)s —ag(a))’ (©.5)

(I’U)E'Wd ueUI.(T.max

Proof. As in the proof of Theorem 6.8, we leverage Proposition 3.22. Applying it to
Theorem 4.25 yields

thal@g)= Y. GMCro Y xo(Ku(X.Y.1)).

(I,0)eWy uely o

By Theorem 2.19,

ZﬂeD— XU(Zﬁ)

o Eu 7)) = ,
xo(Ku(@)) [eecrek,) (1 — X0 (Z%))

(6.6)

where Z = (X, Y, 1). Note that
lim (g = D™ o (Ku(2))

vanishes if dim K;, < d + d’, thatis, u € Uy 5 \ Us,6,max- The numerator of (6.6) is
|D R | after substituting ¢ — 1. For each u € Uy 5 max, the denominator of (6.6) is

[T ®ol@)s—as(@)

€CFE(Ky)
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after multiplication with (¢ — 1)~¢~¢ and taking the limit ¢ — 1, cf. (6.4) and Defin-
ition 6.2. u

The degree of a rational function is the degree of the numerator minus the degree
of the denominator. The following confirms [12, Conj. I] for the considered algebras.

Theorem 6.10. The topological zeta function é‘;zpd (s) has degree —D in s:

deg, (7, (5)) = =D.

Proof. All summands in (6.5) have degree —D in s. For each u € Uy 4 max, the numer-
ator of the summand corresponding to u is MCy s | D x,, |, which is always positive.
Similarly, the highest degree coefficient of the denominator of the summand corres-
ponding to u is ]_[aECFE( k) Do (), which is also always positive. Therefore cancella-
tion of the highest degree terms in (6.5) is not possible. |

Next, we study the behaviour of the topological zeta function at infinity.
Theorem 6.11. The topological zeta function é‘;f;pd (s) satisfies

: —D stop -1\ _
SIER)S é"fz,d(s ) = ca.

where c; is defined in Definition 6.4.

Proof. Substituting s~ for s in the summand corresponding to u € Uy g max in (6.5),

multiplying by s, and taking the limit s — O results in
. _D Dk, | . |Dg, |
lim s — = lim
s—0 HaeCFE(Ku)(bU (@)s7t —ag(a)) s—0 ]_[aeCFE(Ku)(bG (@) —ag(a)s)
_ |1Dg,|
HaECFE(Ku) b (a)

Therefore, using (6.5), we find

IDg, |
lim s~ 2% (s71) = MCy» u ,
5o (1,<§e:wd uez%,max Maecrrcx,) 0o (@)
which is the definition of ¢4 in (6.1). [ ]

The following corollary shows that the behaviour at infinity of {;Zp . (s) is closely
related to the behaviour at ¢ = 1 of Eg‘jd (1).

Corollary 6.12. We have

. —D top -1\ _ 12 _ \D gred
lim s PG (7 = lim (1 = )P L o).
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Proof. Combine Theorem 6.11 with Theorem 6.8. ]

Corollary 6.12 may be compared with [10, Conj. 6.7], which describes an analog-
ous phenomenon for topological and reduced zeta functions associated with graded
ideal zeta functions of free nilpotent Lie rings of arbitrary rank and nilpotency class.

6.4. Behaviour at zero of the topological zeta function

In Theorem 6.13, we show that the topological zeta function ¢; f2 P (s) has a simple
pole at s = 0, just as the p-adic zeta function {s, , o) (s) for all but possibly a finite
number of g, (see Theorem 5.15), and determine the residue at this pole. This the-
orem confirms [12, Conj. IV (Topological form)] for the considered subalgebra zeta
functions.

Theorem 6.13. The topological zeta function {;Zp . (s) has a simple pole at s = 0 with

residue b
top — (_1) -1
(D -1

Proof. We start from the formula for §f P (s) in Theorem 6.9. Let (I,0) € Wy and
u € Ur,6,max. The summand correspondmg to u in (6.5) has numerator MCy | D ¢ K, |
and denominator [ [, ccpg(x,,) (bo (@)s — aq (). This numerator is a positive rational
number and the denominator is zero at s = 0 if and only if there is a « € CFE(K},)
such that a,(«) is zero. Recall from Definition 6.2 that as () is the non-negative

integer such that
1 (X Y, D)%) = (1 — q”ff(a)tbff(a))'

Looking at Definition 4.22, a, («) is zero if and only if the support of « is contained
in{d}U{d +d' +i|i €[rs]}. Thus the summand corresponding to u in (6.5) has
a pole at s = 0 if and only if there is a completely fundamental element of K,, with
such a support. From the proof of Theorem 5.14 we know that this cannot happen if
Wy 1s not the trivial Dyck word. From the proof of Theorem 5.13 we know that if w,
is the trivial Dyck word, then there are K,, that have such a completely fundamental
element, and, moreover, no K,, can have more than one such completely fundamental
element. Thus the summand corresponding to u in (6.5) has at most a simple pole at
s = 0, and therefore é‘;‘;’id (s) has at most a simple pole there. Let

UO,max = {M € UI,G,max | (17 0) S Wd’ 8d + 25d+d’+1 € Ku}

The summand corresponding to u in (6.5) has a simple pole at s = 0 if and only if
u € Up,max. By the reasoning earlier in this proof, if u € Up max then u € Uy g max
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with wy = 0419, Also I = [d — 1] and J, = [d’ — 1], because otherwise Uy 5 max
is empty. It follows using Lemma 5.6 that if u € Up max N Uy 5, then

mrs = (i) (') =2

The residue of ¢ ;(;p . (s) at s = 0 is therefore

IDg,|
HaGCFE(Ku) (bo(a)s —ag (@)

lim s¢e (s) = dld'l lims Y )"
s—0 2.q s—0
(I,G')E:Wd/ U€U[ 5 max
wg=0d 14

Recall that

|Dg, | dia =
u = li — Dty (KX, Y, 1 ,s.
Mmoo (o (@5 —ar @) lim (g = D o (Kl )] -

and UueU’.a Ky = Ig,,4, ,.c;, Where the union is disjoint. Thus

. top — T : _ 1\d+d’
Sh_r)r(l)sffz‘d(s) d.d.slglg)sél_)ml(q 1)

X Z Yno.(IEyq A7, .Cr0e (XY, 1))|t_>q7x'

Recall from Remark 3.35 that {7 5)ew,, w, =od’1¢" [E
union is disjoint. Therefore the residue can be written as

Ar.J6Cr.is — En.o, and this

n.o.s

t—>q—5"

lim s¢F (s) = dd't lim s lim (g — D+ 0 (Eno (X Y, 1)
s—0 2.d s—>0 g—1

Recall the subset Eq of E, ,. from Definition 3.26 and consider the triangulation
I'={Ky | u € Uy, } of E,,. in Proposition 3.28. Let Uy := {u € Uy,,. | Ky € Eo}
and Ug := {u € Uno. | Ku € Eo}. Then Eg = Uy, K, and this union is disjoint.
Thus the residue is

lim s (s) = d1d'! lim s lim (g — D+ 0 (Eo(X, Y. 1))
s—0 “12.d s—>0 g—1

+ D KX YD)

C
uely

The triangulation I' = {K}, | u € U,,.} was constructed so that the K, foru € U§ do
not contain 845 + 284 14+1. Therefore by the same reasoning as in the proof of The-
orem 6.13, the summands y,.0.(Ky, (X, Y, 1)) do not contribute to the residue. For
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every o € CFE(E)), let a,, (o) and b, (o) be the respectively non-negative and
positive integers such that

Tno. (X, Y, 1)) = (1 — g (@gloo @),

As Ey is simplicial (see Remark 3.27) we may use Theorem 2.19 to deduce

|DE0|
HaGCFE(E()) (bn.o. (Ot)S — dn.o. (Ot))

lim (g = D oo (Eo (X Y. )] yrs =

t—>q—*

Thus the residue is

. 0 . |DE,|
lim s&® (s) = d!d'! lim s >
5—0 f2.q s—0 l_[(xECFE(E()) (bn,o,(a)s - an.o.(a))
= (—1)P'd1a" 1D, :
bn.o. (5d + 28d +d/+1) H(XGCFE(EO)\{Sd +2844q/4+1} an,o,(a)

6.7)

The completely fundamental elements o of Eqy and the corresponding data a, . («)
and b, .. () are listed in Table 6.2.

« € CFE(E) Tno (X, Y, 1)%) an.o.(0r) by.o.(@)
§; withi € [d —2] (1 — g'@=0¢h) i(d—i) i

8d—1 + 8d+a+1 (1—q 171 d—1 d—1
8a + 28414 withk € [d'] (1 —g2k@+d'=k)pd+2ky  o(d +d' —k) d + 2k
8a + 28d+a+1 (1—19) 0 d

Table 6.2. The completely fundamental elements of Eg and the corresponding a, .. () and
bn.o.(a).

Using this data, the denominator in (6.7) is

d( I1 i(d—i))(d—l)( I1 2k(d+d’—k)) =24(d)1(d")(d + d' - ).

ie[ld—2] keld’]

Lastly, we determine | D g,|. To do this, we need to count the number of elements
x € Ey that can be written as a Q-linear combination of the completely fundamental
elements of E¢ with coefficients in [0, 1). Since §; is the only completely funda-
mental element of E¢ with support containing {i} for i € [d — 2], we deduce that
the coefficient of §; needs to be zero for i € [d — 2]. Similarly, 51 + §g4aq/+1 is
the only completely fundamental element with support containing {d — 1}, thus the
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coefficient of §5_1 + 8444741 18 zero as well. Also, §; + 28,41 is the only com-
pletely fundamental element with support containing {i + 1} fori € d — 1 + [d’],
thus its coefficient lies in {0, 1/2}. Since the coefficient of §;_; + §444/+1 is zero,
84 + 284+4/+1 is the only remaining completely fundamental element with support
containing {d + d’ + 1}. Therefore its coefficient lies in {0, 1/2} as well. Thus we
find that

Dgy = EoN { > i +28i41) |ai €10, 1/2}}-
ied—1+[d’+1]

Obviously, Y ey 41ar+1 @i (8a + 28;+1) lies in Ng 4"+ if and only if

Z aieN,

ied—1+[d’+1]

in other words when an even number of a; are non-zero. Moreover, in that case, it
also lies in Eg, thus we find that | Dg, | = 24"
Substituting this data in (6.7) allows us to conclude
2d’ (—I)D

. to; _ (_1\D ’ —
lim s&® () = (=1)7d\d DN+ d D (DD

7. Explicit computations

We record (aspects of) explicit computations of the p-adic, reduced, and topological
zeta functions. The full results are available on Zenodo . org [15].We start by collect-
ing the well-known formulas for d = 2, 3.

Proposition 7.1 (d = 2). We have

B 1—¢33
$ro0(g,1) = (1 —q3t2)(1 — ¢22)(1 —t)(1 — qt)’
top _ 3
é‘fz,z(s) - 225 = 3)(s — 1)s’
= it

(1-12)2(1—1)

Proof. The p-adic formula was given in [9, Prop. 8.1], and the others follow immedi-
ately. ]
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Proposition 7.2 (d = 3). We have

§f2,3 (g.1)

_ (1 =gt Wa3(q.1)

(=01 —g0) (1 = g2 (1 —g*) (1 — g512)(1 — ¢%2)(1 — ¢%3)(1 — ¢713)’
where W 53(X,Y) is

1+ X3V2 4+ X4Y2 4+ X°Y2—X*Y3 —x°v3 —x6y3 —x7yv*— x°r*
_xW0ys_ xlly5_ yl2y5 | ylly6 | yl12y6 4 y13y6 4 yl6ys8

Furthermore,
é_top (s) 2552 — 945 + 84
S) = ,
f2.3 3(3s — 7)(Bs — 8)(2s — 5)(s — 1) (s — 2)2(s — 3)s
£ (1) = 18 4207 + 718 + 95 + 126 + 913 + 712 + 2t + 1
f2.3 - .

(1= —12)2(1 —1)

Proof. The p-adic formula was given in [17, Thm. 24], and the others follow imme-
diately. |

In [2], an algorithm is presented to write the generating function enumerating
integral points of a convex pointed polyhedral cone in a closed form. This algorithm
is implemented in the software package LattE [1], which can be accessed in Sage-
Math [18] through the package Zeta [13]. By this route, we were able to imple-
ment Theorem 4.25 and recover the explicit expressions for {5, ,(¢,1) forn = 2,3 in
Propositions 7.1 and 7.2. Moreover, we were also able to obtain an explicit expression
for 5, ,(q. 1), which was not known before.

Theorem 7.3 (d =4, p-adic). There is an explicitly determined polynomial V5 4(X,Y)
€ Z[X,Y] of degrees 335 in X and 88 in Y such that

_ q)2,4(q7 t)
8 4(0)(q. 1) = Trad.0) (7.1)

where W5 4(q, 1) is
(1 _ q27t7)(1 _q25t7)(1 _ q25l6)(1 _ q28[7)(1 _ q22[5)2(1 _ q21t5)(1 _q17[4)
X (1—g"tH(1 =g rH (1 = g1 — ¢ (1 — "' 7)1 = ¢"* (1 - ¢°1?)
x (1=¢q") (1 = g** %) (1 —q"H (1 — ¢ (1 = ¢°)(1 — q"1%)
x (1 —=gt)(1—1).
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Corollary 7.4 (d = 4, reduced). We have
T (1)
(1—0)2(1 —13)4(1 —tH*’

d —
(a0 =
where @rze"z () is

120 42010 4 15018 4+ 30117 + 87116 4 156115 4 28411 + 414113 + 562112
+ 6581 ++ 703110 + 658¢° + 56218 + 41417 + 2841° + 156¢° + 87¢*
+30¢3 +15¢2 + 21 + 1.

Proof. Substitute g = 11in (7.1). Alternatively, explicate [8, Prop. 4.1]. ]

Theorem 7.5 (d = 4, topological). We have

D57 (s)/(168 g;‘f; (5)) = (7s — 25)(7s — 27)(6s — 25)(55 — 21) (55 — 22)?
X (4s — 13)(4s — 15)(4s — 17)(3s — 11)(3s — 13)2
x (25 —7)(2s — 9)%(s — 1)(s — 3)%(s — 4)*s,

where @tzoﬂ (s) is

2107803600053 — 10400663630645'2 + 236561664853645'!
— 3283795979122465'° 4 31037560471412335°
—21092307321737791s% + 106022910302150804s"
—399106101276334990s° + 1125038325014124489s°
— 2345400850582061927s* + 3514612915281294714s>
— 3584726815997417886s2 + 2230351512292203300s
— 639268261271640000.

The computation of the p-adic zeta function for d = 5 is currently out of our reach,
owing to memory limitations. We are, however, able to compute the reduced zeta

unction s) (using Evseev’s method; note that [8, Prop. 4.1] applicable accordin
fi i gds (using E ’ hod hat [8, Prop. 4.1] applicabl ding

to [8, Exa. 4.1]) and the topological zeta function é'gps (s) (using our method).

Theorem 7.6 (d = 5, reduced; [8]). We have
<I>r2",ds(t)
(1=3)3(1 =13)5(1 —tH*(1 = 1)’

G () =
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where @rzeg- () is

142 41 £ 30040 4 11563 + 431138 + 1330137 + 3709136 + 9185135
+208761%* 4 43410133 4 83737¢3% + 15012713 4 25205613° + 3970401%°
+ 589457128 4 826057127 4 1095916126 + 137778012 + 1644507124
+ 1864452123 42010117122 + 20607841%! +2010117¢2° + 1864452¢1°
+ 1644507t '8 + 1377780117 + 109591616 + 826057¢1° + 589457¢14
+ 397040113 + 252056112 + 150127¢ ' + 83737110 + 43410¢° + 2087613
+ 9185¢7 4 37095 4 13301° + 431¢* + 11563 4 301 4 41 + 1.

Theorem 7.7 (d = 5, topological). We have

top ‘tho,% (s)
é‘1‘2 5 (s) = top ’
, \Dz, 5(5)

where CDg)f;- (s) € Z[s] is an explicitly determined irreducible polynomial of degree 71
and \Iltzol[; (s) is

(385 — 225)(37s — 223)(35s — 216)(31s — 199)(31s — 200)(29s — 189)
x (295 — 190) (265 — 165)(25s — 153)(255 — 161)(255 — 166)(23s — 151)
x (235 — 153)(22s — 141)(22s — 145)(21s — 130)(20s — 131)(19s — 112)
x (195 — 122)(17s — 93)(17s — 108)(17s — 112)(17s — 113)(15s — 89)
x (145 — 85)(13s — 70)(13s — 81)(13s — 82)(13s — 88)(12s — 77)(11s — 71)
x (11s — 72)(10s — 63)2(9s — 44)(9s — 46)(9s — 47)(9s — 55)(9s — 58)>
X (95 — 59)(8s — 45)(8s — 51)(8s — 53)%(7s — 41)(7s — 43)*(7s — 46)>
x (65 — 37)(55 — 21)(55 — 22)(55 — 23)(55 — 24)(55 — 31)(55 — 32)(55 — 33)?
x (45 —21)(4s — 23)3(4s — 25)(3s — 14)(3s — 16)(3s — 17)(3s — 19)>(3s — 20)?
x (25 — 11)2(2s — 13)3(s — 1) (s — 2)(s — 3)(s — 4)%(s — 6)*s.
For d = 6, the computation of both the p-adic and the topological zeta function

is currently out of our reach. We record the explicit formula for the reduced zeta
function, computed using Evseev’s method.

Theorem 7.8 (d = 6, reduced; [8]). We have
(1)
(1 —161)%(1 —15)6(1 —1*)0(1 —1)3’

e () =
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where @rze’dﬁ () is

172 4+ 317 436170 4 14515 4 6691%8 + 25621%7 + 864915 + 27045¢%°
+ 77670¢%* + 206735¢%% + 515748¢°% + 1211748:%! + 2692110¢°
+ 5682609:°° + 1143668718 + 2200744217 + 405982381°¢ + 71961840¢°°
+ 122797673t>* 4 202076190¢°% + 32117164212 + 4936628671°!
+ 7346884801°° + 1059758436¢*° 4 1482992565:*% + 2014885665¢*7
+ 265981313114 4 3413604248:*° + 4261613451¢** + 517773810943
+ 612474988814% + 70561654261*! + 7919643378t*0 + 86616186341>°
+ 9232638888138 + 9592688376137 4+ 9715718352¢3¢ + 959268837613°
+ 923263888813% + 866161863413 + 7919643378132 + 7056165426¢>!
+ 6124749888130 + 5177738109t%° + 426161345128 + 3413604248127
+ 2659813131£26 4 2014885665¢%° + 1482992565¢%* + 1059758436123
+ 734688480122 + 493662867t>! + 3211716421%° + 202076190¢'°
+ 122797673t '8 + 71961840117 + 4059823816 + 220074421 1>
+ 114366871 + 568260913 + 269211072 + 1211748¢' + 515748¢1°
+206735t° + 77670t% + 2704517 + 8649t° + 25621° + 669t 4 14513
+ 3612 + 3¢ + 1.

Our computations of p-adic zeta functions allow us to confirm the second part
of [12, Conj. IV (-adic form)] for small values of d.

Corollary 7.9. Foralld € {2,3, 4}, the following holds:

§fz,d(o)(s)| _
Lop(s) =07

The conjecture’s first part holds for all d and all but a finite number of ¢, see The-
orem 5.15.
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