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Join irreducible pseudovarieties of dimension six

Edmond W. H. Lee and John Rhodes

Abstract. A nontrivial pseudovariety of semigroups is join irreducible if its inclusion in the join
of a collection of pseudovarieties implies its inclusion in at least one member of that collection.
The dimension of a finitely generated pseudovariety is defined as the order of its minimal gener-
ating semigroup. There are precisely 30 join irreducible pseudovarieties of dimension 5 or less.
While those of dimension 6 have not been fully identified, 16 such examples are known so far.

In this article, several pseudovarieties are examined to determine their join irreducible sub-
pseudovarieties, achieving complete identification in some cases. By applying these results
alongside existing sufficient conditions, join irreducible pseudovarieties of dimension 6 are
completely identified. Notably, no additional examples exist beyond the 16 previously known.
This is a surprising result, considering that there are 28,634 semigroups of order 6 up to iso-
morphism.

Dedicated to Jorge Almeida on the occasion of his 70th birthday in 2026

1. Introduction

1.1. Join irreducibility

The class SEM of all finite semigroups is closed under the formation of homomorphic
images, subsemigroups, and finitary direct products; such a class is called a pseudo-
variety. The subpseudovarieties of SEM form a complete lattice £ (SEM) under class
inclusion. In the 1970s, Eilenberg [5] and Schiitzenberger established an isomorphism
between £(SEM) and the lattice of varieties of regular languages. Since then, the
lattice £(SEM) rose to prominence and much effort has been devoted to the study of
pseudovarieties of semigroups. Refer to Almeida [2] and Rhodes and Steinberg [19]
for more information.

A natural way to study the lattice £ (SEM) is to examine its elements with impor-
tant lattice properties, such as those described in Rhodes and Steinberg [19, Defini-
tion 6.1.5]. One such property—;join irreducibility—is the main focus of the present
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article. Recall that a nontrivial pseudovariety V is join irreducible if the following
implication holds for any collection {V; | i € I} of pseudovarieties:

Vg\/{V,- |liel} =— VCYV,forsomei.

Each join irreducible pseudovariety is necessarily finitely generated. Define the dim-
ension of a finitely generated pseudovariety to be the order of its minimal generator.

A finite semigroup § is join irreducible if the pseudovariety (S ) it generates is
join irreducible. The join irreducibility of a finite semigroup can be characterized in
several ways, one of which involves the class

Excl(S) ={X € SEM | § ¢ (X))},
called the exclusion class of §.
Theorem 1.1 (Rhodes and Steinberg [19, Chapter 7]). A finite semigroup § is join
irreducible if and only if any of the following conditions hold:

(1) if S divides a direct product §1 X 8, for some $1, 8, € SEM, then there exists
i € {1,2} such that § divides some finite direct product §; X §; X -+- X 8;;

(i) Excl(8) is a pseudovariety.
In Theorem 1.1, the pseudovariety Excl(S) is defined by a single pseudoidentity,

called an exclusion pseudoidentity for §, and the intersection ($ )) N Excl(S) coincides
with the unique maximal subpseudovariety of (S ).

1.2. Overview of results

A systematic study of join irreducible pseudovarieties was first initiated by Rhodes
and Steinberg [19, Chapter 7] and more recently continued by Lee et al. [11,12]. An
overview of relevant results is given in this section.

1.2.1. Some examples of join irreducible semigroups.
Example 1.2 (Rhodes and Steinberg [19, Section 7.1.1]). All atoms in the lattice
L(SEM) are join irreducible, and they are generated by

(i) the nilpotent semigroup N> = (a | a®> = 0);

(ii) the semilattice S€, = {0, 1};

(iii) the left zero semigroup £, = (e,f | € = ef = e,f? = fe = f);

(iv) the right zero semigroup R, = (e,f | e = fe = e,f> = ef = f);

(v) the cyclic group Z, = (g | g” = 1) of prime order p.

Up to isomorphism, N>, $€5, £2, R, and Z, exhaust all semigroups of order 2; see
Table 1.
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N 2 0 a S¢ 2 0 1 L 2 R 2 Z 2 1 g
0 0 0 0 0 0 e e 1 1 g
0 0 1 0 1 f f g g 1

Table 1. Multiplication tables of semigroups of order 2.

Example 1.3 (Lee et al. [11, Theorems 4.20 and 5.3]). The following groups are join
irreducible:

(i) cyclic group Z,m of prime power order p™;
(ii) dihedral group £, of order 2p with odd prime p.
Conversely, the groups Z, and D, are not join irreducible if # has two or more distinct

prime divisors.

Example 1.4 (Lee et al. [11, Theorem 5.7]). For each n > 2, the nilpotent semigroup
Ny = {(a]a” =0)
of order n is join irreducible.

Example 1.5 (Lee [7, Propositions 2.3 and 3.3]). For each n > 2, the J-trivial semi-

group
= 2 2 D
In = (e,f | e« = e, =f, efefe 0)

length n
of order 2n is join irreducible.

Example 1.6 (Rhodes and Steinberg [19, Examples 7.3.4 and 7.3.6]). The 0-simple
semigroups

,AQ:(a,e|a2=0,aea=a,e2=eae=e),
B, = (a,b|a®> = b? = 0,aba = a,bab = b)

of order 5 are join irreducible; see Table 2.

Example 1.7 (Rhodes and Steinberg [19, Theorem 7.3.10]). For each prime p, define
the following p x p matrices over {0, 1}:

¢ the zero matrix O;

* the standard basis matrix E; ; with the (i, j)-entry being its only nonzero entry;
and
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* the cyclic permutation matrix

01 00 00
0010 00
00 01 00
C=|: : : @ . 1
0000 - 10
0000 --- 01
1000 - 00

Then under usual matrix multiplication, the set
BZ, = {0,E;,CF i, jke{l,2,....p}}

is a semigroup of order p? + p + 1 that is join irreducible.

1.2.2. Some constructions of join irreducible semigroups. An important approach
to the study of join irreducible semigroups is to construct new examples from known
ones. For any semigroup §, let $°P denote the opposite semigroup—obtained by
reversing the multiplication on S—and §! denote the smallest monoid containing §.
Then the operators

$+> 8% and $ §!

on SEM preserve join irreducibility [11, Examples 1.3 and 1.4].

A more substantial operator involves transformation semigroups. For any set X
and semigroup §, let (X, §) denote the right regular representation of § acting on X
by right multiplication and X denote the set of all constant maps on X,. More specif-
ically, if X = {x1,x2,...,Xm}, then for any x € X and s € §, the maps ps € (X, )
and X € X are given by

X1 X2 e Xm _ X1 X2 e Xm
Ps = and X = .
X1S  X2S c+ XmS X X e X
Define the augmentation of § to be

ghar _ ($.8)uUs if (8, 8) is a faithful transformation semigroup,
(Sl, SHu S1  otherwise.

Then §°* is a semigroup under composition with independent variable written on the
left, and the operator § — §° on SEM preserves join irreducibility. With respect to
augmentations of semigroups, only a few specific examples are required in the present
article. For more information, refer to Lee et al. [11, Section 2].
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Ay |0 a e ae ea B, | 0 a b ab ba
0 0O 0 0 0 O 0 o0 0 0 0
a 0 0 a 0 a 0 0 ab

e 0 ea e e ea b 0 ba 0 b

ae |0 a ae ae a ab |0 a 0 ab 0
ea |0 e 0 ea ba |0 0O b 0 ba

Table 2. Multiplication tables of /A, and B>.

Example 1.8. Since the semigroups Z, = {1, g}, £, = {e,f}, Rr = {e,f}, and N3 =
{0, a, a2} are join irreducible (see Examples 1.2 and 1.4), their augmentations Z5,
L5, R52", and NP2" are also join irreducible.

(i) The semigroup Z5" = (Z,, Z,) U Z, consists of the transformations

1 g 1 g - 1 g _ 1 g

(ii) The semigroup £5*" = (£1, £2) U £ consists of the transformations
e 1 e 1
Pe = e f o)’ pr = e f ]’
— e f 1 - e f 1 - e f 1
e = , f= , 1= .
e e e ff f I 11
(iii) In the semigroup R5" = (R2, R») U R, since

,oe=ef=€ and pf=ef=?,
e e f f

one has R5*" =~ R,.

(iv) The semigroup N2 = (NS, N3) U <A_/31 consists of the transformations
[0 a a1 [0 a a1 [0 a a 1
PP=10 0 0o o) T o a2 0 af 7o o o a2f

See Table 3.
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Zh 1 g 1 g LErle f e f 1
1 1 g 1 g e e e e f 1
g g 1 1 g f f f e f 1
1 1 g1 g e e e e f 1
g g 1 1 g f f f e f 1
1 e f e f 1

NP0 a a2 3 32 1

0 0 0 0 a a2 1

a 0 a2 0 a 2% 1

a? 0 0 0 a a2 1

a 0 a2 0 a a2 1

22 0 0 0 a a2 1

1 0 a 22 a a2 1

Table 3. Multiplication tables of Z5", £5, and N3°" with transformation ps abbreviated to s.

Example 1.9. Consider the semigroup J, = {0, e, f, fe} from Example 1.5.

bar :
2

(i) Since g, is join irreducible, its augmentation ¢5°" is also join irreducible. The

transformations in $5% = (g, $o) U g are

_ [0 e f fe [0 e f fe
PP=10 00 of 7 \0 e fo fe)
_ [0 e f fe 0 e f fe
PP=Vo o f o) "7 \lo o fe o)
E_Oeffe ?_Oeffe f—_Oeffe
T le e e e’ B N A A T \fe fe fe fe

See Table 4.

(ii) Let g2 denote the subset #22\{€} of 5. Then it is clear from the multipli-
cation table of g5 that 5" is its subsemigroup; see Table 4. The semigroups $5%

and 525"' generate the same pseudovariety because the mapping

;ar N g’igar % g[gar
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given by
po = (po, o), pe > (pr, pe),  pr > (o, pr),  Pre > (Po, Pre)s

e (?’ PO)» ?H (p()’?)’ E g (,0(),%)

is an embedding. It is easily checked that {$5°")) is not of dimension 5 or less [11], so

that (g5°) = ( Agar» is of dimension 6.

bar |0 fe f fe f e
0 0 0 0 0 fe f @
fe |0 0 0 fe fe f @
f 0 fe f fe fe f @
e 0 0 0 e fo f @
fe |0 0 0 fe fe f @
f 0 fe f fe fe f @
e 0 0 0 e fe f @

Table 4. Multiplication table of ;;gaf with transformation ps abbreviated to s.

The operators § +—> S and § + $", when iterated appropriately, can further
produce many join irreducible semigroups. For instance, by letting b = op o bar o op,
then starting with any join irreducible semigroup §, the semigroups

Sbar’ (S bar)b’ ((Sbar)b)bar’ (((Sbar)b)bar)b’ o

are all join irreducible and the pseudovarieties they generate form a strictly increasing
chain in the lattice £(SEM); see Lee et al. [11, Corollary 4.11].

On the other hand, not only do the operators § > S! and § +— $" preserve
join irreducibility, they can produce join irreducible semigroups from some non-join
irreducible examples.

Example 1.10 (Lee et al. [11,12]). Foreachn > 2,

(i) the semigroup €, = (a,b | ab” = 0,ba = a, b"*! = b") of order 2n + 1 is
not join irreducible but the monoid €} is join irreducible;

2

(i) the semigroup @, = (a,e|a"” = a" e = 0,ea = a,e? = e) of order 2n — 1

is not join irreducible but its augmentation 95" is join irreducible.

1.2.3. Determining join irreducibility. An ultimate goal in the study of join irre-
ducible semigroups is to determine which finite semigroups satisfy the property. It is
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presently unknown if this problem is decidable. Until a full solution is found, exam-
ination of individual semigroups is unavoidable. It would therefore be convenient to
be able to identify—and hence disregard from consideration—any semigroup S that
is redundant in the loose sense that it does not generate a new join irreducible pseudo-
variety, that is, either § generates a known example of join irreducible pseudovariety
or § is not join irreducible by virtue of belonging to the complete join of some pseudo-
varieties but not to any one of the pseudovarieties. If appropriate identities are known,
then sufficient conditions would be available to determine redundancy of a finite input
semigroup S:

(C1) given any known join irreducible pseudovariety V defined by some identity
system X and any identity o defining its unique maximal subpseudovariety,

SEXandS £Fo = (§) = Visjoinirreducible;

(C2) given any known complete join V = \/{V; | i € I} defined by some identity
system X and any identities {o; | i € I} such that V; = 0; and V £ o,

SEXandS o forallie ]l = (8) C Visnotjoin irreducible.

With the aid of a computer, these sufficient conditions can be applied to quickly
check the redundancy of a large number of finite semigroups. A project that imm-
ensely benefited from this approach is the classification of join irreducible pseudo-
varieties generated by a small semigroup. Recall that the dimension of a finitely
generated pseudovariety is the order of its minimal generator.

Theorem 1.11 (Lee et al. [11, Theorem 7.1]). There are precisely 30 join irreducible
pseudovarieties of dimension 5 or less:

Dimension 1: {(&£2)), (R2)), (N2}, (S€2), (Z2);
(£3) (RN, (NS ), (N3), (Z3);
(F2) CNZ2D, (NN, (NS D, (Nad, (ZFD, ((ZFDP), (Za);

(A2), (Ba), (F2) (L37), ((L3)P), (N (((NF*)DP),
(N ), (N5, <<C9ba“>> ((@37)°°), (Zs).

In the proof of Theorem 1.11, all semigroups of order 5 or less are checked
against 36 sufficient conditions of types (C1) and (C2) [11, Section 7]. In Table 5,
the large number of semigroups [4, Table 3] involved in this proof is compared with

Dimension 2:

S

Dimension 3:

S

Dimension 4:

o~

the corresponding number of pseudovarieties [3, Table 4].

1.3. Main result and organization

In view of Theorem 1.11, a next step in the study of join irreducible pseudovarie-
ties is to consider those of dimension 6. Achieving a complete classification would
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Number of n=2 3 4 5 Total
non-isomorphic semigroups of order n 5 24 188 1,915 2,132
pseudovarieties of dimension n 5 14 53 147 219
join irreducible pseudovarieties of 5 5 8 12 30
dimension n

Table 5. Number of non-isomorphic semigroups of order n < 5 and number of (join irreducible)
pseudovarieties of dimensionn < 5.

be nontrivial since the number of non-isomorphic semigroups of order 6 is 28,634
(seeDistler and Kelsey [4, Table 3]), while the number of pseudovarieties of dim-
ension 6 has not yet been determined but is known to be at least 463 (see Araujo
et al. [3, Table 4]). Presently, according to results from Section 1.2, there are 16 known
join irreducible pseudovarieties of dimension 6:

(AL (B3) (€30 (D). (D3). (45
(@5%P). (Fa) (25N (((L5DH%P), (M),
(N5™P), (Ns ) (Mo, (257D, ((Z5)). (L.1)

Given the large number of semigroups of order 6, it seems inconceivable that
there are only 16 join irreducible pseudovarieties of dimension 6: is there another
example beyond those from (1.1)? The main goal of the present article is to show that
surprisingly, the answer to this question is negative.

Theorem 1.12. The 16 pseudovarieties from (1.1) are precisely all join irreducible
pseudovarieties of dimension 6.

Sufficient conditions stronger than those of types (C1) and (C2) will be devel-
oped for the proof of Theorem 1.12. For any nontrivial pseudovariety V and any
me{2,3,...,00}, define

irr,V={(S8) | S €V, isjoin irreducible, and |§| < m}.

In other words, irr,,, V is the set of all join irreducible subpseudovarieties of V of dim-
ension at most m; in particular, irroo V is the set of all join irreducible subpseudovarie-
ties of V. In general, computing the set irroo V—or even irr,, V for a moderate m—is
highly nontrivial, but if it can be accomplished for some pseudovariety V with known
basis of identities, then the resulting sufficient condition to determine redundancy of a
finite input semigroup § would be simpler to apply than those of types (C1) and (C2):

(C3) given any known pseudovariety V defined by some identity system X,

SEXand|S|<m = (S8) €im,Vor(S) isnot join irreducible.



E. W. H. Lee and J. Rhodes 344

In Section 2, the set irr, (S ) is computed for several finite semigroups § and
values m > 6. Sufficient conditions that determine redundancy, mostly of type (C3),
are then established and collected in Section 3. Based on these sufficient conditions,
the proof of Theorem 1.12 is given in Section 4.

The article ends with some open problems in Section 5.

2. Join irreducible subpseudovarieties of certain pseudovarieties

This section is concerned with computing the set irr,, (S )) for several finite semi-
groups S and values m > 6. Specifically,

» some basic and some known examples of irro ($ ) are given in Section 2.1;
e {(Z5) is given in Section 2.2;

o oo ({057 and irreo (N5 ) are computed in Sections 2.3 and 2.4, respectively;
o irre((MN), irme (N, ), and irrg (Nd ) are computed in Section 2.5.

Results in the present section are required in Section 3 to establish sufficient con-
ditions to determine redundancy of finite semigroups.

2.1. Some basic and known examples

Lemma 2.1. For any nontrivial pseudovarieties V.and W withm € {2,3, ..., 00},
G iy (VV W) =irr,VUirr, W;
(i) if VW, thenirr,V Cirr,, W;
(iii) if W is join irreducible and V is its unique maximal subpseudovariety, then
imeoW = {W} Uirrg V.
Proof. This is routinely established. |

Lemma 2.2. The following equalities hold:
(i) irreo(A2) = {{A2). (B2). (#2). (£2). (R2). (N2). (SE2)}
(i) irmoo (N ) = {(Ma)). (N2 ). (S L)}
(i) iroo (3 ) = {{d2). (F2). (M), (N ). (SE2)}:
(iv) irmoo(O2)) = {{M2)), (SL2)}-

Proof. Parts (i)—(iii) have been established in Lee [8, Propositions 7 and 9 (vi) and
Theorem 10]. As for part (iv), since (9, is isomorphic to a subsemigroup of J,, the

result easily follows from part (iii) and Lemma 2.1 (ii). ]
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IDEM

fegnhHer)

((C2 0k

Figure 1. The lattice £ (IDEM).

Lemma 2.3. The equality irroo ( N27) = {(Na), (N2), (R2)} holds.

Proof. Since (N*") = [xyz ~ yz] by Leeetal. [11, Proposition 5.12 (i)], it follows
from Tishchenko [21, Corollary 2.5 (c) and Proposition 3.4] that the subpseudovarie-
ties of (N,2")) form the following lattice:

(M) C (MhV{R2) C (M)
U U
0 C (Ra)

It is clear that the join (N> ) V (R2)) is not join irreducible, while the pseudovarieties
(MN2), (NF2), and (R, ) are join irreducible by results in Section 1.2. (]

Lemma 2.4. The following equality holds:
oo ((£3™)1) = {{L2). (L2, (L3). ((£3). (R2). (R). (SL2)}.
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Figure 2. The lattice £(Z5")

Proof. The well-known lattice £ (IDEM) of all pseudovarieties of finite idempotent
semigroups is shown in Figure 1; see, for example, Almeida [2, Section 5.5]. The
unlabeled subpseudovarieties of {(£5)!) in this figure are clearly not join irreduci-
ble, while the other nontrivial subpseudovarieties are join irreducible by results in
Section 1.2. ]

2.2. Subpseudovarieties of ((Z5"))

Proposition 2.5. The equality ireo (Z5") = {{R2), (R3). (S€2). (Zp). (Z5")}
holds.

Proof. The semigroup Zgar = (Zp,2Zp) U Zp consists of the transformations

2 L. p—1 2 ... gp-1
Px = (1 & g2 gp_l ) and X = (1 & & & ),
X gx gx --- gPTx X X X 00X
where x € Z,. Since X = 1p, for all x € Z,, the semigroup Zf,ar is generated by the
elements 1 and p:

Z;a' =(l,pg | 17 = T,pé’ =1,pl = 1).

It is then routinely checked that Zgar is isomorphic to the semigroup RG, in Tishchen-
ko [21, p.111], so that the lattice £(Z5") is as shown in Figure 2. The unlabeled
pseudovarieties in this figure are clearly not join irreducible, while the other nontrivial
pseudovarieties are join irreducible by results in Section 1.2. ]
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2.3. Subpseudovarieties of ((95*))

Proposition 2.6. The following equality holds:
oo (O3 ) = {(Ma), (N3™). (O3). (R2). (R2). (SE2)}-

Proof. Recall from Example 1.10 (i) that the pseudovariety {95") is join irreduci-
ble; let M denote its unique maximal subpseudovariety. In the remainder of this
subsection, it is shown that M = (N2") v (O ) v (R1). Then by Lemma 2.1,

oo (O37) = {{O3™)} UirreeM
{{O37)) Ulirtoo (Ny™) Ulirrog (O2)) U irroo (R ).

Therefore, the proposition follows from Lemmas 2.2 (iv), 2.3, and 2.4. |

A variable of a word is simple if it occurs precisely once. For any word w,
* the content of w, denoted by con(w), is the set of variables occurring in w;
» the set of simple variables of w is denoted by sim(w);
* the suffix of w of length n is denoted by suf, (w);
* the final part of w, denoted by fin(w), is the word obtained by retaining the last
occurrence of each variable in w.
Lemma 2.7. Letu = v be any identity. Then
(i) N Eu=a vifand only if sufa(u) = sufa(v);
(i) R1Ew=vifandonly iffin(u) = fin(v);
(iii) O3 = u =~ v ifand only if con(u) = con(v) and one of the following holds:
(a) sufy(u) € sim(u) and sufy(v) € sim(v) with suf; (u) = sufy(v);
(b) sufy(u) ¢ sim(u) and sufy(v) & sim(v).
Proof. Parts (i) and (ii) are well known and easily verified. As for part (iii), since

(O92) = [x?y ~ xy,x2y? ~ y2x?] by Aratjo et al. [3, Variety 8 in supplementary
material], the result follows from Golubov and Sapir [6, Lemma 7]. [ ]

Lemma 2.8. The pseudovariety M is defined by the identities
X2y A~ Xy, XyXZ A yXz, XyIX A YXIX. 2.1

Proof. This result follows from Lee et al. [11, Proposition 5.30], where the semi-
group O, also appears as {3. [ ]

Lemma 2.9. The identities satisfied by the direct product P = N, bar x 9, x R are
axiomatized by (2.1). Consequently, M = (N) v (O2) V (R é))
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Proof. 1t is routinely checked that the identities (2.1) are satisfied by the semigroups
sza', O,, and JQ% and so also J. Therefore, it suffices to show that any identity
Wi &~ W, satisfied by & is deducible from (2.1). It is easily verified that the iden-
tities (2.1) can be used to convert each w; into a word w; of one of the following
types:

X1X2 " Xm+1, x1x2~--xmy2, X1X2 - Xm)Zy, m ZO

In other words, the deduction (2.1) - {w; ~ W/, w2 ~ W, } holds and = w| ~ w,.
If the words w| and w, are of different types, then it easily follows from Lem-
ma 2.7 (i), (iii) that the identity W] ~ W/ is contradictorily not satisfied by . There-
fore, the words w) and w), are of the same type and so have to be identical by
Lemma 2.7 (ii). Hence, (2.1) - w; ~ W} = W, &~ Wy, as required. [

2.4. Subpseudovarieties of ((Ns))
Proposition 2.10. The equality irreo (N5 ) = {{N2), (N3 ), {(Na)), {N5)} holds.

Proof. The pseudovariety (N5 ) is defined by the identities

X% & y1y2y3yays, X2yz A xyiz, Xy & yx;

see Lee et al. [11, Proposition 5.8]. A description of the lattice £(-N5) is given in
Figure 3; see Mel’nik [17, Diagram 3], where the variety generated by N5 appears as
the subvariety of Qs defined by Bs = {x2yz ~ xy?z}. The pseudovarieties (N> ),
(N3), (M), and {N5)) are join irreducible (see Example 1.4), while each unlabeled
pseudovariety in Figure 3 is clearly not join irreducible. The remaining pseudovarie-
ties in this figure are

Vi = [¥* ~ y1yays, xy ~ yx],

Vo = [x* & y1y2y3ya xy ~ yx],

Vs =[x ~ y1y2y3yays, xy ~ yx],

Vi = [x> ~ y1y2y3ya. X%y ~ xy*. xy ~ yx],

Vs =[x ~ y1y2y3y4, xy &~ yx],

Ve =[x ~ y1y2y3yays, x’yz ~ xyz,xy ~ yx],

Vi = [x* ~ y1y2y3yays, x2yz &~ xy?z, xy ~ yx].

It follows from Almeida [2, Corollary 6.1.5] that (N, ) = [x* ~ x?, xy ~ yx];
the inclusion V1, Vo, V3 C ((N,') is routinely verified, so that Vi, Vo, and V3 are
not join irreducible by Lemma 2.2 (ii). The pseudovariety V5 is also not join irre-

ducible [11, Corollary 6.15]. It is shown in Lemmas 2.12 and 2.13 below that the
pseudovarieties V4, Vg, and V5 are not join irreducible. [
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(Ns)

A\

Figure 3. The lattice L{ N5 ).

Lemma 2.11 (Agliano and Nation [1, Lemma 1.4]). Suppose that V is any locally
finite variety, so that V N SEM is a pseudovariety. Then the mapping X — X N SEM
is an isomorphism from the lattice (V) onto the lattice (V N SEM).

The length of a word w, denoted by |w|, is the total number of variables in w
counting multiplicity. A word w is an isoterm for a semigroup § if for any word v,

SEwrvy = w=yv.

Let iso($) denote the set of isoterms for §.
To show that the pseudovariety V4 is not join irreducible, the following pseudo-
varieties are required:

D = [xyz12223 ~ yXz12223, X2 &~ x?z],

D® = [z1z2z3xy ~ Z12223YX, ZX° A sz]].

Lemma 2.12. The pseudovariety V4 is not join irreducible because
(i) V4 < DvVD®
(i) V4 € Dand V4 £ DP.
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Proof. The varieties V4, D, and D°P defined by the identities that define V4, D,
and D°P, respectively, are locally finite varieties [20, Proposition 3.1] such that

Vs=V,NSEM, D=DNSEM, D° =D°nNSEM.

(i) Letu & v be any nontrivial identity of D VID°P, so that u, v ¢iso(ID) Uiso(ID°P).
If |u|, |v| > 4, then u = v is easily seen to be an identity of V4. Therefore, it remains
to assume that either |u| < 3 or |v| < 3. It is routinely verified that up to renaming
of variables, x3 is the only word of length 3 or less that is not in iso(ID) U iso(ID°P).
Therefore, generality is not lost by assuming that u = x3. Since u ~ v is a nontrivial
identity of D, it is easily seen that v = x3*% for some k > 1, whence u ~ v is an

identity of V4. Consequently, V4 € D v D°P, so that V4 € D v D°° by Lemma 2.11.

(i) It is easily shown that the variety V4 violates the identity x3y ~ x2y of I,
so that V4 € D. The exclusion V4 € D°P holds by symmetry. Therefore, V4 € D and
V4 € D°° by Lemma 2.11. ]

To show that the pseudovarieties Vg and V7 are not join irreducible, the following
pseudovarieties are required:

E = [Xyz1222324 & YXZ1222324,X°2122 & X22125],

E%® = [[21222324Xy & 21222324YX, 2122X° & 2122x7].

Lemma 2.13. The pseudovarieties Vg and V7 are not join irreducible because
i) Ve, V7 CEVE®?;
(ii) V6,V7 Z Eand Ve, V7 Z E°P.

Proof. The varieties Vg, V4, IE, and [E°P defined by the identities that define Vg, V7,
E, and E°P, respectively, are locally finite varieties [20, Proposition 3.1] such that

Ve=VsNSEM, V;=V;NSEM, E=ENSEM, and E° =E° N SEM.

(i) Letuasvbe any nontrivial identity of E Vv E°P, so thatu, v ¢ iso(E) U iso(IE°P).
If |u|, |v| > 5, then u & v is easily seen to be an identity of Vg and V;. Therefore,
it remains to assume that either |u| < 4 or |v| < 4. It is routinely verified that up to
renaming of variables, x2 y? and x* are the only words of length 4 or less that are not
iniso(IE) U iso(IE°P). Therefore, generality is not lost by assuming that u € {x2y?, x*}.
It is easily checked that

(a) if x2y? & v is a nontrivial identity of E, then v € {x2T%y2 | k > 1};

(b) if x2y? ~ v is a nontrivial identity of E°, then v € {x2y2+% | k > 1}.
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Since u & v is a nontrivial identity of E v E°P, it follows from (a) and (b) that the
case u = x2y? is impossible. Therefore, u = x* is the only possibility; in this case,
it is easily seen that v = x4k for some k > 1, whence u & v is an identity of Vg
and V7. Consequently, Vg, V; C E Vv E°, so that Vg, V; C E vV E® by Lemma 2.11.

(i) It is easily shown that Vg and V7 violate both the identity x3z,z, ~ x2z;z,
of E and the identity z1z,x3 a2, z,x2 of E°P. Therefore, Vs, V; ¢E and Vg, V7 ¢ E°P,
whence Vg, V7 € E and Vg, V; £ E°P by Lemma 2.11. [ ]

2.5. Subpseudovarieties of ((-V, 51 )

For n > 2, define the set

R = (N (Mo ) (N3 D (N D (N (N D (S 2
Proposition 2.14. The equality irrg (NS ) = N5 holds.

The proof of this result is given at the end of the subsection after a few intermedi-
ate results are first established.
Lemma 2.15. Let § be any finite commutative semigroup.
() IFSE{x*~x3x3y2~x2y3yand S V£ x3212023 ~ x?212223, then |S| > 7.
() IfS E x> ~x* x*y3 ~ x3y* and S £ x*z120 ~ X321z, then |S| > 9.
(iii) If S | {x® ~ x>, x3y* ~ x*y>} and § £ x°z ~ x*z, then |S| > 10.

Proof. These results can be confirmed by Mace4 [16]. For instance, for part (i), con-
sider the following identities given in Mace4 syntax:

(xxy)*kz=x*(y*2z), 2.2)

((x*x) *x)*x = (X*X)*X, 2.3)
(xxx)*xx) *xy)*y = (((x*x) xy) *y) *y, 24
((xxx)*x)*xy)*z)*xu=(((x*xx)*y)*2z)*xu 2.5)

When Mace4 is used to show that the assumptions {(2.2), (2.3), (2.4)} do not imply
the goal (2.5), a minimal counterexample of order 7 is returned. ]

Lemma 2.16 (Lee et al. [11, Propositions 5.10 and 6.14]). The following equalities
hold:

i) (ML) = [x"T ~ x", xy ~ yx];

n

(i) (M) N Excl(ND) = (M) N [xnyn=t & xn=1ypn];

n

(i) (Ns) Vv (N ) = [x*z12223 ~ XPz12223, Xy ~ yx];
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Av) (Ns) Vv (N') = [x*z122 &~ x32122, xy =~ yx];
V) ((Ns) V(N =[xz ~ x*z,xy ~ yx].
Lemma 2.17. The following equalities hold:

(i) (N5 ) = M3;
@ii) irrg (N} ) = Na.

Proof. (i) Results in Section 1.2 imply that N3 C irr (N3 ). Conversely, let § be any
join irreducible semigroup in ((N3') with || < 6, so that (S)) € irrg(N' ). Clearly,
if ($) = (N3), then () € N3. IF (S) € (Ns) Vv (N,'), then either

()< (Ns) or ()< (N).
so that (S )) € 93 by Lemma 2.2 (ii) and Proposition 2.10. Hence, assume that
(S)# (N;) and () Z (Ns) v (Ny).
Then it follows from Lemma 2.16 (i), (ii), (iii) that
Sk~ x3 X3y A X2y xy ~ yx) and S B x3z12023 & x2212023.
However, this is impossible by Lemma 2.15 (i).

(ii) Results in Section 1.2 imply that N4 C irre(N,! ). Conversely, let § be any
join irreducible semigroup in (V') with || < 6, so that (S)) € irrg(N,'). Clearly,
if ($) = (N}, then () € Na. IF (S) € (Ns) Vv (N,'), then either

(S) < (Ns) or ()< (N;).
so that (S )) € N4 by Proposition 2.10 and part (i). Hence, assume that
(S)# (M) and () Z (Ns) v (Ny).
Then it follows from Lemma 2.16 (i), (ii), (iv) that
SEX ~xt x*y  a X3yt xy ~ yx) and S B xtziz & X322,
However, this is impossible by Lemma 2.15 (ii). |

Proof of Proposition 2.14. Results in Section 1.2 imply that N5 C irrg( N3 ). Con-
versely, let § be any join irreducible semigroup in (N ) with || < 6, so that (S ) €
irrg (N ). IE(S) = (NS ), then (S) € Ns. If (S) € (Ns) v (N,}'), then either

(S) S (Ns) or (S) < (M)
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so that (S )) € N5 by Proposition 2.10 and Lemma 2.17 (ii). Hence, assume that

(S)# (Ns) and (S) Z (Ns) v (Ny).

Then it follows from Lemma 2.16 (1), (ii), (v) that

SE{XC~ X, Xyt ~x?y’ xy &~ yx} and S B X7z A xtz.

However, this is impossible by Lemma 2.15 (iii). ]

3. Sufficient conditions to determine join irreducibility

Recall that a finite semigroup § is informally said to be redundant if either {(S) is
a known example of join irreducible pseudovariety or {$) is not join irreducible. In
particular, any finite semigroup that generates one the 46 join irreducible pseudova-
rieties in Theorem 1.11 and (1.1) is redundant.

Results from Section 2 will figure prominently in the present section to estab-
lish sufficient conditions that determine redundancy. Hence, it is convenient to give a
summary of results from Section 2:

(S1) semigroups in any of the following pseudovarieties are redundant:

(A2). (20 () (UEFDDHPY, (N ). (M),
(AZ®). (N5, O3). (O)P). (Z). ((Z;)P),

where p is any prime;
(S2) finite cyclic groups are redundant;
(S3) semigroups in (N )) of order 6 or less are redundant.
Recall that SEM denotes the pseudovariety of all finite semigroups. Let SEM,,

denote the class of all semigroups of order n or less.

Condition 3.1. Suppose that § € SEM satisfies the identity xyz ~ xyhyz. Then
S € (N, (NS*)°P, N3) is redundant.

Proof. By Monzo [18, Corollary 6 and corrigendum], the decomposition
[xyz ~ xyhyz] = [xyz ~ xy] v [xyz ~ pz] v [¥* ~ y1yayacxy & ya]

holds; since the three pseudovarieties on the right coincide with {((N)°P), (N2,
and (V3 )), respectively [11, Propositions 5.8 (i) and 5.12 (i)], it follows that § belongs
to the join {((Ny2)P) Vv (NL) v (N3). If S is join irreducible, then it belongs to
one of {((N2)°P), (N27), and (N3 ), and so is redundant by (S1). "
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Condition 3.2. Suppose that S € SEMg satisfies the identities

P ax3, xYhx ~ x%hx,  xBhx? ~ xhx?, xBhxtx ~ xhxtx,

x3hx ~ xhx3,  xhx%tx ~ x3htx, xhx?y?ty ~ xhy*x°ty,

xhykxytxdy ~ xhykyxtxdy, xhykxytydx ~ xhykyxtydx.
Then § € (<N31, Zgar, (Zgar)°p, Z3,Z4)) is redundant.

Proof. The identities define the join (N3 ) V (Z57) Vv ((Z5)°P) v (Z3) v (Z4)
(see Lee and Li [10, Theorem 1.1 and Proposition 3.1]), so that § belongs to this join.
If § is join irreducible, then it belongs to one of {N;'), (Z57), ((Z5)°PY, (Z3),
and ((Z4)), and so is redundant by (S1)—(S3). (]

Condition 3.3. Suppose that S € SEM7 is an idempotent semigroup. Then either
S e (L5 or § € (((L5)1)°PY, so that S is redundant.

Proof. Ttis long known that ((£5")!) = [x? ~ x, xyxzxyz ~ xyz]; see Almeida [2,
Figure 5.1], where ((£5")!) is denoted by [R = S3 ||s. Consider the following iden-
tities given in Mace4 syntax:

(xxy)*xz=x%*(y*2z), 3.1)

X % X = X, 3.2)
((xxy)*xx)*xz)*xx)*xy)*z = (X*Y) * 2, (3.3)
((xxy)*z)xx)*kz)*xy)*z=(X*Yy)*2z. 3.4

When Mace4 is used to show that the assumptions {(3.1), (3.2)} do not imply the
goals {(3.3), (3.4)}, a minimal counterexample of order 8 is returned. Hence any idem-
potent semigroup that is excluded from both {((£5%)1) and (((£5)!)°P) is of order
at least 8. Consequently, if § € SEM7 is an idempotent semigroup, then § belongs to
either ((£5")') or (((£5)")°P)), and so is redundant by (S1). "

Condition 3.4. Suppose that S € SEM satisfies the identities
x3 A& X%, XYXYX A XYX, XPXIX A XIXPX.

Then S € (A,) is redundant.

Proof. The identities define the pseudovariety {(+,) (see Trahtman [22]), so that
S € (A,). Therefore, S is redundant by (S1). (]

Condition 3.5. Suppose that § € SEM satisfies the identities
xPthx x, xyxy ~ yx?y (3.5)

for some prime p. Then § € <<Zgar>> is redundant.
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Proof. As observed in the proof of Proposition 2.5, the semigroup Zf,ar is isomorphic
to the semigroup RG, in Tishchenko [21, p. 111]. Let Z, ¢ $£, denote the wreath
product of Z, and §{,. Then the pseudovariety ((Z, ¢ $£>)°?) is generated by the
semigroup RG, and is defined by the identities (3.5); see Tishchenko [21, Proposi-
tion 2.25 and Lemma 3.17]. It follows that <<Zgar>) is also defined by (3.5). Therefore,
$ belongs to (Z5")) and so is redundant by (S1). (]

Condition 3.6. Suppose that S € SEMg satisfies the identities

M x®, x%xa xtyx,  xPyx o~ xyx?, xyxzx ~ x%yzx.

Then S € (g1, £3, Ry, N&, Zs) is redundant.

Proof. The identities define the join (J1) v (£1) V (RI) V (Nd) v (Z6) (see
Lee et al. [11, Proposition 6.5]), so that § belongs to this join. If § is join irreducible,
then it belongs to one of (&, ), (£3), (R3), (Ns ), and (Zs), and so is redundant
by (S1)—(S3). ]

Condition 3.7. Suppose that S € SEMg satisfies the pseudoidentities

Then § is redundant.

Proof. The pseudoidentities define the join G Vv {(S§4€, ), where G is the pseudovariety
of finite groups [2, Figure 9.1]. Hence, § € G Vv {S$£,). If § is join irreducible, then
it belongs to either G or (($¢, ), and so is redundant by (S1) and Example 1.3. (]

Condition 3.8. Suppose that § € SEMg satisfies the pseudoidentities

w+1

X ~x?, (xy)? ~ (yx)?.

Then S is redundant.

Proof. The pseudoidentities define the pseudovariety J of all finite J-trivial semi-
groups; see Almeida [2, Exercise 5.1.5 (b)]. By assumption, the dimension of {(S))
is at most 6. If ((S)) is join irreducible and of dimension 5 or less, then it is one of
the pseudovarieties in Theorem 1.11. If {(S)) is join irreducible and of dimension 6,
then it is one of (€1 ), ((€))°P), (F3), (N ). and (Ns)); see Lee et al. [12, Theo-
rem 5.1]. [

Condition 3.9. Suppose that S € SEM satisfies the identities
X2y A Xy, XyXZ A pXz.

Then S € (5" is redundant.
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Proof. The identities define the pseudovariety (O5")) (see Lee et al. [11, Proposi-
tion 5.30]), so that § € (O5"). Therefore, § is redundant by (S1). ]

Condition 3.10. Suppose that § € SEMg satisfies the identities
x®~ x5, xXPyx ~xtyx, xyzt ~ yxzt.
Then S € (N2, N is redundant.

Proof. The identities define the join (N ™) v (NJ) (see Lee et al. [11, Proposi-
tion 6.17]), so that § belongs to this join. If § is join irreducible, then it belongs to
either (N;2") or (N ), and so is redundant by (S1) and (S3). "

Condition 3.11. Suppose that § € SEM satisfies the identities

x>~ x?, xPyx? a~xyx, xyhxty ~ xhxty*, xyhytx ~ xhy’tx.

Then S € (5%, N') is redundant.

Proof. The identities define the join (£5) v (N,') (see Lee et al. [11, Proposi-
tion 6.21]), so that § belongs to this join. If § is join irreducible, then it belongs to
either (£5°7) or (N, ), and so is redundant by (S1). "

Condition 3.12. Suppose that S € SEMg satisfies the identities

xzyx ~ xyxz, x2H1XH2XH3xH4x ~ xHixHpyxH3zxHyx,
xyHixHyy ~ yxHixHyy, xHixyHy ~ xHjyxHyy,
xHiyHoxy ~ xHiyHayx, H; € {1, h;}.
Then § is redundant.

Proof. The above identities define certain subpseudovariety of ((£5™)') v (NJ)
(see Lee et al. [12, Proposition 4.4 and Lemma 4.5]), so that § belongs this join. If §
is join irreducible, then it belongs to either {((£5")) or (N ), and so is redundant
by (S1) and (S3). [ ]

Condition 3.13. Suppose that § € SEM satisfies the identities
xHixHyx &~ HixHox, xyHixHpy =~ yxHixH,y, H; € {1,h;},

but violates the identity xyxyh* ~ x*>y?h®. Then S generates ((N*)') and so is
redundant.

Proof. This result follows from Lee and Li [9, Corollary 6.6 and Lemma 6.7], where
the opposite of the semigroup sza' appears as P,. |



Join irreducible pseudovarieties of dimension six 357

Wla b ¢ d e
a a a a d e
b a a b d e
4 a a ¢ d e
d a a d d e
e a d a d e

Table 6. Multiplication table of 'W.

Condition 3.14 (Lee et al. [12, Corollary 4.3]). Suppose that S € SEM satisfies the
identities
xHyxHox ~ HixHpyx, xyHjxHyy ~ yxHixHyy,
xHixyHoy ~ xHyyxHpy, H; €{l,h;},

but violates both the identities x> ~ x and xyhxy ~ xyhyx. Then § € (€, R}) is
not join irreducible and so is redundant.

Condition 3.15 (Lee et al. [12, Corollary 4.9]). Suppose that § € SEM satisfies the
identities
xy?x? ~ y2x?,  x%Hix ~ xHix, xyHixH,y ~ yxHixHyy, H; € {1, h;},

but violates both the identities x> ~ x and xyx? ~ yx2. Then S € (‘W) is not join
irreducible and so is redundant, where W = {a, b, c, d, e} is the semigroup in Table 6.

4. Proof of Theorem 1.12

A finite semigroup is subdirectly indecomposible if it has a unique minimal congru-
ence.

Lemma 4.1. Suppose that S is any join irreducible semigroup that is not subdirectly
indecomposible. Then the pseudovariety (8 ) is of dimension less than |S .

Proof. By assumption, there exist distinct minimal congruences p; and y, on §.
Then § is embeddable in §/uq X §/ua, so that {$) € (S/u1) v (S/u2). Since
the pseudovariety {$ ) is join irreducible, {($) = (S /u;) for some i € {1,2}. Con-
sequently, (S ) is of dimension at most |8 /u;| < |S]. [
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Hence, to identify all new join irreducible pseudovarieties of dimension 6, by The-
orem 1.11 and Lemma 4.1, it suffices to consider only those generated by subdirectly
indecomposible semigroups of order 6. Up to isomorphism and anti-isomorphism,
there exist 15,973 semigroups of order 6, among which 1,823 are subdirectly inde-
composible. With the aid of a computer, it can be routinely checked that by Con-
ditions 3.1-3.15 or their dual conditions, 1,816 of these subdirectly indecomposible
semigroups are redundant, while the remaining 7 semigroups to which the conditions
do not apply are the semigroups ¥;, ¥Y,, ..., Y7 in Table 7.

By referring to Tables 24, it is easily checked that the semigroups ¥,, ¥s, Y,
and ¥, are isomorphic to (NJ")°P, (gfzbar)w, B, and A}, respectively, and so are
redundant. In the remainder of this section, the pseudovarieties (¥, ), (¥3)), and (Y4))
are shown to be non-join irreducible, so that the semigroups ¥, ¥3, and Y, are also
redundant. Consequently, there are no join irreducible pseudovarieties of dimension 6
beyond those from (1.1), and the proof of Theorem 1.12 is complete.

4.1. The pseudovariety ((¥1))
The identities satisfied by the semigroup ¥; are axiomatized by
letzx2 ~ xHixHyx, xHixHox =~ xHyxHix, xHixHyyH3zy ~ xHixH3yH,y,

xHixHyyHay ~ xHyyHixH3zy, xHjyHyyHsx ~ xHsxH;yH,y,
XHixHpy yH3 yH4zHs5z &~ xHyxHqzHszHpo yHzy, H; € {1, h;}; “4.1)

see Lee and Zhang [13, Proposition 20.7]. By the proof of this result, any identity
violated by ¥ is also violated by one of the following subsemigroups:

(d,e) ={a,c,d, e} =~ N31 and Xp = (b,e,f) ={a,b,c,e,f}
It follows that the subpseudovariety (N3, X)) of (¥1)) is not proper, whence

(Y1) = (N3) v (X)),

Since the identity xy a yx of N, and the identity x> a2 x? of X; are both violated
by ¥;, one has

(Y1) € (Ny) and  (¥1) Z (K1),

Therefore, the pseudovariety (Y1) is not join irreducible.

Corollary 4.2. Suppose that S € SEM satisfies the identities (4.1) but violates both
the identities x> ~ x? and xy ~ yx. Then ((8)) is a subpseudovariety of (¥,) =
(N, X1) that is not join irreducible.
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c d d d

b

a b b c

a

a d d

a

a b b c

a

a d d

a

Y

Y3

Ys

Y,

Y7,

Table 7. Multiplication tables of ¥1, ¥>, ..
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4.2. The pseudovariety ((¥3))
The identities satisfied by the semigroup ¥5 are axiomatized by
xH1x2 ~ xHix, xH;yHyxy ~ xHjyHyy,
xHyyHoyx =~ xHyyHox, H; € {l,h;}; 4.2)

see Lee and Zhang [13, Proposition 22.9]. By the proof of this result, any identity
violated by ¥3 is also violated by one of the following subsemigroups:

(d,e,f) ={a,c,d, e, f} = (:egar)w and (b,d,f) ={a,b,c,d,f} = WP,
It follows that the subpseudovariety ((£5%)°P, W) of (¥3) is not proper, whence
(Y3) = ((£3)°P) v (WeP).

Since the identity x> ~ x of (£5")° and the identity xyx 2 xy? of W are both
violated by ¥3, one has (¥3) Z ((£5)°P) and (¥3) Z (‘WOP)). Therefore, the
pseudovariety (¥3)) is not join irreducible.

Corollary 4.3. Suppose S € SEM satisfies the identities (4.2), but violates both the

identities x*> ~ x and xyx ~ xy>. Then (8) is a subpseudovariety of (¥3) =

((£5)°P, WOP) that is not join irreducible.

4.3. The pseudovariety ((¥4))

Let X4 be the subsemigroup of ¥4 obtained by removing the identity element e, so

that X i =~ Y,. It is routinely checked that X4 satisfies the identities
x3~x?, xPyx? A xyx, xyhxty ~ xhxty?, xyhytx ~ xhy®tx.

These identities define the pseudovariety (£5, N,')) (see Lee et al. [11, Proposi-
tion 6.21]), so that X4 € (L5, N,1). It follows that

(Ya) = (X3) S (L) v (M)

However, the identity x? ~ x of (£5")! and the identity xy ~ yx of N, are both
violated by Y, so that (¥4 ) Z ((£5)1) and (Y4 ) Z (N,'). Therefore, the pseudo-
variety (Y4 ) is not join irreducible.

5. Open problems

Naturally, the first open problem on the list is to improve the main result.

Problem 5.1. Identify all join irreducible pseudovarieties of dimension 7.
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Much perseverance is required to solve this problem since up to isomorphism, the
number of semigroups of order 7 is 1,627,672; see Distler and Kelsey [4, Table 3].
Presently, the only known join irreducible pseudovarieties of dimension 7 are

(BZa)., (F3). (N (NP, (Ne ) (M), (Z).

It would also be helpful to compute, for as many pseudovarieties V as possible, the
set irr,,, V with some m > 7.

Computation of the sets irroo (N, ) and irroo (N5 ) relied heavily on the descrip-
tions of the lattices LN, ) and £(Ns); see Lee [8, Proposition 7] and Proposi-
tion 2.10. Since the descriptions of the lattices £{ N3 )) and £ (Ne)) have not yet been
found, the problem of identifying all their join irreducible pseudovarieties is probably
very challenging.

Problem 5.2. Compute irroo(N,') for n > 3 and irreo (N, )) for n > 6.

Presently, among all pseudovarieties of nilpotent semigroups, the only known join
irreducible examples are {{(N,)) | n > 2}. Therefore, in view of Proposition 2.10, it
seems plausible that

irtoo (Nn) = {(MNa)), (M), (Na)}-

Similarly, by referring to Lemma 2.2 (ii), it is reasonable to conjecture that

irfoo (N ) = {(S€2). (N2). (N ) (N3 (N5 Do (N, (N D

As mentioned in Section 1, an ultimate goal in the present study is to determine
which finite semigroups are join irreducible, but it is unknown if this problem is even
decidable [11, Question 1.2].

Problem 5.3. Is join irreducibility decidable for finite semigroups?

There has been some pessimism about solving this problem [11], but it turns out
to be a little easier than first thought because the formation of joins in the lattice
L(SEM) may be “dual” to the wreath product. First, one evidence for this “dual”
is that the Presentation lemma (of Krohn—Rhodes complexity) produces surprising
join decompositions; see Rhodes and Steinberg [19, Theorem 4.14.19] and Margolis
et al. [14]. Second, regarding the application of sufficient conditions of type (C2),
techniques from Krohn—-Rhodes complexity [19, Chapter 4] can be used to find a
finite semigroup § that divides the wreath product 4 ¢ B of two given finite semi-
groups 4 and B. If 4 is not join irreducible, say it divides A’ x A", then § divides
(A2 B) x (A2 B), resulting in test cases for (C2).

The recent result of Margolis et al. [15] further demonstrates the strength of these
techniques.
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