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Fine structures inside the pre-Lie operad revisited

Vladimir Dotsenko

Abstract. We prove a conjecture of Chapoton from 2010 stating that the pre-Lie operad, as a
Lie algebra in the symmetric monoidal category of linear species, is freely generated by the free
operad on the species of cyclic Lie elements.

Introduction

Recall that a pre-Lie algebra is a vector space with a binary operation a; b 7! a G b

satisfying the identity

.a1 G a2/ G a3 � a1 G .a2 G a3/ D .a1 G a3/ G a2 � a1 G .a3 G a2/:

This is a remarkable algebraic structure appearing in many different areas of math-
ematics, including category theory, combinatorics, deformation theory, differential
geometry, and mathematical physics, to name a few. It seems to have first appeared
independently in the work of Gerstenhaber [9] and Vinberg [15] in the 1960s. In par-
ticular, in each pre-Lie algebra the commutator Œa1; a2� D a1 G a2 � a2 G a1 satisfies
the Jacobi identity, and hence defines a Lie algebra structure on the same vector space.

A fact that could have been discovered by Cayley [3] in 1857, but had to wait till
the work of Chapoton and Livernet [6] in 2000, states that free pre-Lie algebras can
be described using rooted trees. For the case of the free pre-Lie algebra on one gen-
erator, the corresponding commutator algebra, the Lie algebra of rooted trees, plays
an important role in the celebrated construction of Connes and Kreimer [12]. A res-
ult going back to the work of Foissy [8] in 2001 states that the Lie algebra of rooted
trees is a free Lie algebra; in fact, it is easy to generalize that proof to the case of the
commutator algebra of any free pre-Lie algebra. In 2007, Chapoton [4] and Bergeron
and Livernet [1], established the same result in a more functorial way, proving that the
pre-Lie operad is free as a Lie algebra in the symmetric monoidal category of linear
species.
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In 2010, Bergeron and Loday proved [2] that in any pre-Lie algebra, the symmet-
rized product a1 � a2 D a1 G a2 C a2 G a1 does not satisfy any identity other than
commutativity, which is a striking contrast with the symmetrized product in associ-
ative algebras [11]. Soon after their work was circulated, Chapoton proposed in [5] a
beautiful conjecture substantially generalizing this result. Informally, that conjecture,
which we shall state precisely below after some recollections, is as follows. There
exists a sequence W D ¹W.n/º of representations of the symmetric groups Sn (n� 2)
with dim W.n/D .n� 2/Š, often referred to as the Whitehouse modules [14,16]. One
may use that sequence to generate a free operad T .W/. The conjecture of Chapo-
ton states that the species that freely generates the pre-Lie operad as a Lie algebra is
isomorphic to the underlying species of T .W/. In this paper, a simple proof of the
conjecture of Chapoton is given.

1. Recollections

All vector spaces and chain complexes are defined over a ground field k of zero char-
acteristic. For necessary information about operads, we refer the reader to [13]. We
emphasize that it is important for our purposes to think of operads as monoids in
the category of linear species, since that viewpoint, in particular, greatly helps the
intuition on operadic modules and bimodules upon which the below proof crucially
relies. We shall repeatedly use the fact that a morphism of operads �WP !Q makes Q

into a P -bimodule. If one uses the monoidal definition of operads to define bimod-
ules, that fact is a tautology: both the left action P ı Q ! Q and the right action
Q ı P ! Q arise from the morphism � and the operad structure of Q as composites
P ıQ! Q ıQ! Q and Q ıP ! Q ıQ! Q, respectively.

We shall now introduce one of the protagonists of the conjecture we prove in this
paper, the species CycLie of cyclic Lie elements. For our purposes, it is convenient
to use the following definition that places it in the realm of modules over non-cyclic
operads.

Definition 1. The species CycLie of cyclic Lie elements is the underlying species of
the right Lie-module generated by the species X with

X.I / D

´
keI ; jI j D 2;

0; jI j ¤ 2;

modulo the relations
e¹a;?º ı? Œb; c� D e¹c;?º ı? Œa; b�:

Consequently, a cyclic Lie element on a finite set I is an element of the vector space
CycLie.I /.
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In plain words, for a finite set I , the vector CycLie.I / is spanned by expressions of
the form .a; b/, where .�;�/ is symmetric and bilinear, a and b are Lie monomials
in the variables xi (i 2 I ), each variable xi appears in .a; b/ exactly once, and the
relation �

Œa; b�; c
�
D
�
a; Œb; c�

�
is satisfied for all a; b; c. Thus, in the same way as the Lie operad is made of universal
Lie expressions, the species CycLie is made of universal values of invariant bilinear
forms on Lie algebras, see [10, Section 4].

Another crucial ingredient of the conjecture of Chapoton is the free operad func-
tor. By contrast with bimodules, for working with free operads it is more convenient
to think of an operad as an algebra over the monad of trees, see [13, Section 5.6]. In
particular, for a linear species X with X.¿/ D 0, the free operad T .X/ generated
by X has components

T .X/.I / D
M

t2RTI

O
v an internal vertex of T

X
�
in.v/

�
:

Here RTI is the set of rooted trees with leaves bijectively labelled by I , and in.v/
is the set of incoming edges of v. In other words, we consider trees whose internal
vertices are labelled by elements of the species X, and use tensor products to ensure
that these are tree tensors, that is, labelled trees that are linear in each individual vertex
label. Usually, we draw our labelled trees on the plane, and changing a planar drawing
of a tree tensor by imposing a different planar order of subtrees of a given vertex v
gives the same result as keeping the drawing but instead acting on the label of the
vertex v by the bijection of the finite set in.v/ that corresponds to changing the order
of subtrees. Let us illustrate this by an example. We shall consider the free operad
T .Œ�;��;� � �/ generated by one anti-symmetric binary operation Œ�;�� and one
symmetric binary operation � � �, that is, by a species X supported on two-element
sets and such that for I D ¹a; bº, the vector space X.I / has a basis made of the
symbol Œa; b� that is anti-symmetric in a; b and the symbol a � b that is symmetric
in a; b. Then the above construction of the free operad amounts to saying that each
component T .Œ�;��;� � �/.I / has a basis of equivalence classes of planar rooted
binary trees whose leaves are in bijection with I , and whose internal vertices are
labelled Œ�;�� or � � � each. The equivalence relation we impose is generated by
elementary equivalences coming from symmetry of generators, so that, for example,

2 1

� � � 3

Œ�;��

D

1 2

� � � 3

Œ�;��

D �

1 2

3 � � �

Œ�;��
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in T .Œ�;��;���/.¹1;2;3º/. For a tree tensor S with leaves labelled 1; : : : ;p and tree
tensors T1; : : : ;Tp with disjoint sets of leaf labels I1; : : : ; Ip , the operadic composition
map 
.S IT1; : : : ; Tp/ grafts the trees T1; : : : ; Tp at the respective leaves of the tree S .

In terms of the notions we recalled, the precise version of the conjecture of Chapo-
ton that we prove below states that the species that freely generates the pre-Lie operad
as a Lie algebra is isomorphic to the underlying species of T .CycLie/.

2. The main theorem

We are now ready to state and prove the main result of the paper.

Theorem 1. We have an isomorphism of Lie algebras

PreLie Š Lie ıT .CycLie/:

More precisely, if we denote by Y the subspecies of PreLie spanned by all elements of
the form ` G `0C `0 G `, where `; `0 are Lie monomials, the following statements hold:

(1) we have an isomorphism Y Š CycLie;

(2) the suboperad P generated by Y is free;

(3) the Lie-subalgebra of PreLie generated by P is free and coincides with PreLie.

Proof. While the operad PreLie is defined in terms of one operation G, namely as the
quotient of the free operad by the operadic ideal generated by the pre-Lie identity, we
shall use a different presentation, using the operations Œa1; a2� D a1 G a2 � a2 G a1

and a1 � a2 D a1 G a2 C a2 G a1 mentioned in the introduction. It is known [7] that
the S3-module of identities satisfied by these operations is generated by the Jacobi
identity for Œa1; a2� and the identity

.a1 � a2/ � a3 � a1 � .a2 � a3/ � a1 � Œa2; a3� � Œa1; a2� � a3

� 2Œa1; a3� � a2 C Œa1; a2 � a3�C Œa1 � a2; a3�C ŒŒa1; a3�; a2� D 0; (2.1)

Let us start with considering the free operad T .Œ�;��;� � �/ generated by the
anti-symmetric operation Œ�;�� and the symmetric operation � � � (before imposing
either the Jacobi identity or Identity (2.1)). Note that the operad T .Œ�;��;� � �/

has a suboperad T .Œ�;��/ generated by the anti-symmetric operation Œ�;�� only;
therefore, as indicated above, we may consider T .Œ�;��;� � �/ as a bimodule over
that suboperad. The argument that follows is a bit intricate, and so we split it into six
relatively simple steps.

Step one: Factorizing elements of the free operad. Let us consider a typical tree ten-
sor T in the free operad T .Œ�;��;� � �/. We may consider the maximal subtree of
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the underlying tree that contains the root of the tree and all whose internal vertices are
labelled Œ�;��; that includes the possibility that the corresponding subtree is the trivial
tree (corresponding to the unit element of the free operad). If we denote by S the tree
tensor corresponding to this subtree, and by T1; : : : ; Tp the tree tensors corresponding
to the subtrees of the underlying tree of T grafted at the leaves of S , in the free operad
we have thus the unique factorization

T D 
.S IT1; : : : ; Tp/;

where each of the underlying trees of each tree tensor Ti is either a trivial tree or a
tree whose root vertex is labelled � � �.

Step two: Bimodule filtration of the free operad. Using the obtained factorization,
one can define a sort of grading of the free operad. Concretely, if T is a tree tensor
factorized in the form T D 
.S I T1; : : : ; Tp/ as above, we define the weight of T as
the sum of p (arity of S ) and the number of vertices labelled � � � in T . Note that
this weight does not make our free operad a weight graded operad: it is not additive
with respect to operadic compositions.

Let us show that the weight grading we just defined has some compatibility with
the T .Œ�;��/-bimodule structure on T .Œ�;��;���/. First, we see that the left action
of Œ�; �� respects the weight in a very strong sense: for ˛ of weight ` and ˛0 of
weight `0, the element Œ˛; ˛0� has weight exactly `C `0. Indeed, both the parameter p
and the number of vertices labelled � � � are additive in this case. Next, we observe
that the right action of Œ�;�� exhibits certain compatibility with the weight: for ˛ of
weight `, we have ˛ ıi Œ�;�� is at least `. Indeed, our substitution may increase the
parameter p, and does not change the number of vertices labelled � � �. This means
that if we define the decreasing filtration F �T of the free operad with the filtered
component F `T being the linear span of all tree tensors of weight at least `, this
filtration is a T .Œ�;��/-bimodule filtration.

Step three: Further factorization in the free operad. For an element T of the free
operad factorized as above, each of the tree tensors Ti above can be uniquely writ-
ten as an iterated operadic composition of tree tensors for which only the root is
labelled � � �, and all other internal vertices are labelled Œ�;��; this includes the
possibility of the empty composition, for which the result is the trivial tree. Indeed,
to find such composition, one should locate all internal vertices of Ti labelled � � �,
and cut the underlying tree of Ti into maximal subtrees rooted at such vertices with all
other internal vertices labelled Œ�;��. Overall, our factorization can be summarized
by the formula

T
�
Œ�;��;� � �

�
Š T

�
Œ�;��

�
ı T . xY/;

where xY is the subspecies of T .Œ�;��;� � �/ spanned by all elements of the form
˛ � ˛0, where ˛; ˛0 2 T .Œ�;��/. Indeed, xY is precisely the species spanned by tree
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tensors for which only the root is labelled � � �, and all other internal vertices are
labelled Œ�;��, and taking the free operad on xY amounts to taking all possible iterated
operadic compositions.

Step four: Passing to the quotient. Let us now record what all this means for the quo-
tient operad PreLie. Each element of PreLie is a linear combination of cosets of tree
tensors, each of which can be written in the way described above, that is as a com-
position of a coset of a tree tensor all whose internal vertices are labelled Œ�;�� with
iterated operadic compositions of cosets of tree tensors whose root is labelled � � �
and all other internal vertices are labelled Œ�;��. The former cosets clearly span the
suboperad Lie � PreLie, and the latter cosets span the subspecies Y � PreLie. Thus,
the isomorphism

T
�
Œ�;��;� � �

�
Š T

�
Œ�;��

�
ı T . xY/;

induces a surjective map of left Lie-modules

� WLie ıT .Y/� PreLie :

Let us also note that one can define a filtration F � PreLie of the underlying species
of the operad PreLie analogously to the filtration of the underlying species of the
free operad defined above; namely, the filtered component F ` PreLie is defined as
the species of elements that can be written as linear combinations of tree tensors of
weight at least `. The same argument as above (at the end of the “step two” part) shows
that this filtration is compatible with the Lie-bimodule structure on PreLie obtained
from the morphism of operads Lie! PreLie (at this point, just existence of a linear
combination of tree tensors of appropriate weight is used, so non-uniqueness coming
from the fact that we imposed some relations does not create problems). Note that this
filtration is not compatible with the full operad structure; however, as the remaining
part of the proof will show, compatibility with the Lie-bimodule structure is sufficient
to furnish a proof of our main result. This is perhaps the most subtle aspect of our
argument.

Step five: Passing to the associated graded bimodule. Let us now consider the asso-
ciated graded Lie-bimodule grF PreLie. To make a key advance in the proof, we shall
do a small calculation. Denoting (2.1) by r , and computing 1

3
.r � 2r:.23//, we obtain

the relation

Œa1; a2� � a3 � a1 � Œa2; a3�D
1

3

�
�.a1 � a2/ � a3 � a1 � .a2 � a3/C 2.a1 � a3/ � a2

� Œa1 � a2; a3�C Œa1; a2 � a3�C 2Œa1 � a3; a2�

C Œa1; Œa2; a3��C ŒŒa1; a2�; a3�
�
:

Let us understand precisely the filtration levels of the elements in this formula.
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Note that for the two elements on the left-hand side, their unique factorization of
step one in the free operad writes them as a composition of the unit element (of arity
one) with an element corresponding to a tree tensor with the root vertex labelled���,
and the other vertex labelled Œ�;�� (that is, of total weight 1C 1 D 2). Moreover,

Œa1; a2� � a3 2 F
2 PreLie nF 3 PreLie :

Indeed, if we assume the contrary, that is, if we could write the coset of the tree
tensor Œa1; a2� � a3 in the operad PreLie as a linear combination of tree tensors of
weight at least 3, the S3-action shows that the same would be true for Œa1; a3� � a2

and Œa2; a3� � a1. However, the S3-module generated by the relation (2.1) is of dimen-
sion two, so we do not have enough relations to rewrite three different cosets of tree
tensors.

If we now consider the elements on the right-hand side, their unique factorizations
of step one in the free operad are as follows:

• for the first three of them, the factorization writes them as a composition of the
unit element (of arity one) with an element with two vertices labelled � � � (that
is, of total weight 1C 2 D 3),

• for the second three of them, the factorization writes them as a composition of
the Lie bracket (of arity two) with elements that have in total one vertex labelled
� � � (that is, of total weight 2C 1 D 3),

• for the last two of them, the factorization writes them as a composition of a Lie
monomial of arity three with the trivial trees (that is, of total weight 3C 0 D 3).

Therefore, the right-hand side belongs to F 3 PreLie. This implies that in the associ-
ated graded Lie-bimodule, we have a non-trivial relation

Œa1; a2� � a3 D a1 � Œa2; a3�:

This relation is precisely the defining relation of the cyclic Lie module. Since Y is
clearly a right Lie-submodule of PreLie, and since F � PreLie is a filtration by Lie-
bimodules, we conclude that there is a surjective map of right Lie-modules

z�WCycLie� zY

where zY is the right submodule of grF PreLie generated by the coset of the ele-
ment � � �.

Step six: Dimension counting and bijectivity. Since components of these species are
kSn-modules and k is of characteristic zero, passing to the associated graded does not
change the module structure, our previous argument implies that there is a surjective
map of right Lie-modules

�WCycLie� Y;
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and hence a surjective map of linear species

Lie ıT .CycLie/� Lie ıT .Y/� PreLie :

However, a calculation already performed in [5, Section 9] shows that the species
Lie ıT .CycLie/ and PreLie are of the same dimension in each arity, so a surjective
map between the species Lie ıT .CycLie/ and PreLie must be an isomorphism. Our
surjection is constructed using two different surjections, and since the final result is an
isomorphism, each of those surjections is an isomorphism. In particular, the surjection

�WCycLie� Y;

is an isomorphism, so we have a species isomorphism CycLie Š Y, proving the first
claim of the theorem. Furthermore, the surjective map of left Lie-modules

Lie ıT .Y/� PreLie

is an isomorphism, which implies both that the suboperad of PreLie generated by Y

is free and the left Lie-module generated by that suboperad is free and coincides with
PreLie, proving the last two claims of the theorem.

Remark 1. In our previous work [7, Theorem 3], an alternative proof of the result of
Bergeron and Loday [2] on freeness of the suboperad of PreLie generated by � � �
was suggested. However, that proof contains a gap that cannot be fixed by any mod-
erate adjustment: it is possible to show that there is no quadratic Gröbner basis or
convergent rewriting system of the operad PreLie with the indicated leading terms.
The proof above uses the same presentation of PreLie in a conceptually different way,
and, in particular, furnishes a new proof of the result of Bergeron and Loday.
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