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Evaluating a permutation of the power and complement
operations of a graph with respect to its independence numbers

Margarida Cleto, Rosário Fernandes, and Rúben Palma

Abstract. Let G be a simple graph and k 2 N. Two important graph operations are: the k-th
graph power of G, denoted by Gk , where Gk is the graph obtained from G by adding an edge
between every pair of vertices that have a distance at most k, and the complement graph of G,
denoted by G. In this paper, we studied the relation between the independence numbers of G

k

and Gk .

1. Introduction

Let G D .V .G/; E.G// be a simple graph with vertex set V.G/ and edge set E.G/.
A path with n � 2 vertices, denoted by Pn, is a simple connected graph with 2 leaves
(vertices of degree 1) and the other vertices having degree 2. The length of Pn is the
number of its edges. Let u;v 2 V.G/. If u;v belong to the same connected component
of G, the path between u and v in G is a subgraph of G that is a path where u and v
are its leaves. In this case, the distance between u and v, denoted by distG.u; v/ or
simply by dist.u; v/, is the minimum length of all paths between u and v in G. If u; v
belong to different connected components of G then distG.u; v/ D 1. The diameter
of G, denoted by diam.G/, is the farthest distance between any two of its vertices,
that is,

diam.G/ D max
u;v2V.G/

¹distG.u; v/º:

Let S � V.G/. The subgraph of G formed with all vertices of S and all edges of G
with both endpoints in S is called the subgraph in G induced by S .

Let k be a positive integer. The set consisting of all the vertices of G whose dis-
tance to u is positive and at most k is denoted by NG

k
.u/. Therefore, the degree of

u in G, dG.u/, is the cardinality of NG
1 .u/. The k-th graph power Gk of G is the

graph whose vertex set is V.G/ in which two distinct vertices are adjacent if and only
if their distance in G is at most k.
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A set S � V.G/ is a k-independent set of vertices ofG if the distance between any
two elements of S is greater than k in G. The k-independence number of G, denoted
by ˛k.G/ or simply ˛k , is the cardinality of the largest k-independent set of G. It is
known that determining ˛k.G/ is NP-hard in general [8]. A k-independent set S ofG
is called an ˛k-set ofG if jS j D ˛k.G/. When k D 1we write ˛.G/ instead of ˛1.G/.
It is well known that the unique graphG that satisfies ˛.G/D 1 is the complete graph
and the unique graph that satisfies ˛.G/ D jV.G/j is the null graph.

Several researchers have noted the relationship ˛1.G
k/ D ˛k.G/. However, this

fact did not simplify the problem of deducing the independence number ofGk . Conse-
quently, in the last few years, many papers have been dedicated to this matter. In 1997,
Firby et al. described an upper bound for ˛k.G/ when G is a connected graph, [6]. In
2005, Beis et al. [2] proved some upper bounds for ˛k.G/ in random regular graphs.
In 2019, the k-independence number was studied from an algebraic point of view
by Abiad et al., [1]. In 2021, [9], Suil O et al. published a work dedicated to upper
bounds for the k-independence number in connected graphs using their minimum
and maximum degrees. Furthermore, in 2021, [7], Koerts wrote his bachelor’s thesis
on the k-independent sets. More recently, in 2026, [5], Fernandes et al. studied the
k-independence number of trees.

As usual, we denote by G the complement graph of G, that is, the graph obtained
from G by removing all edges and adding an edge between any two vertices not
adjacent in G. For more basic definitions and notation of graphs, see [3, 4].

In all papers on the k-independence number of a graph, we have seen that the main
problem in calculating this number is the existence of cycles in the graph. In some
cases, this problem is solved by considering the complement graph. For example:

• if G has n vertices, with n � 4, and n.n�1/
2
� .n � 1/ edges, then G has n � 1

edges. Furthermore, if G is a connected graph, then G is a tree, and it is possible
to use known results in this matter for the k-independence number of G;

• if G has more cycles than G and it is easier to calculate the k-independence num-
ber of G.

Therefore, it is important to know the relation between the k-independent numbers of
G and G.

Mixing the two mentioned graph operations, the complement graph and the k-
th graph power, we obtain the graphs G

k
and Gk . So, we get these three numbers

˛.G
k
/, ˛.Gk/, ˛k.G/. As we mentioned before, two of these numbers are equal,

˛.G
k
/ D ˛k.G/. Consequently, the focus of this paper is on the relationship between

˛.G
k
/ and ˛.Gk/. More specifically, whether one of them can be said to be an upper

bound of the other. Since the complement graph of the complement graph is the initial
graph, each graph is the complement graph of a graph. Therefore, we want to find an
upper or lower bound for the k-independence number of a graph.
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We define the �k-gap of G, denoted by �k.G/, the difference between ˛.Gk/ and
˛.G

k
/, that is,

�k.G/ D ˛.Gk/ � ˛.G
k
/:

It is well known that if G has n vertices then 1 � ˛.G/ � n. This implies that

1 � n � �k.G/ � n � 1:

Let r , k, n be fixed as integers with n � 1, 1 � n � r � n � 1 and k � 2. Two
questions that naturally arise in this context are the following.

Is there a graph G with n vertices such that �k.G/ D r?
Which graphs G, with n vertices, satisfy �k.G/ D r?
The next tables show us the answers to these two questions when G is a graph

with 4 vertices.
Let Kn, Nn, Cn, Kt;s denote, respectively, the complete graph with n vertices,

the null graph with n vertices, the cycle graph with n vertices, the complete bipartite
graph having t vertices in one of its vertex classes, and s in the other, see [3, 4].

In Table 1 we list all graphs with 4 vertices (first column of this table).
Note that in the third column of this table all graphs of the first appear (this is

because each graph is the complement graph of a graph). In the sixth column, show
us the 2-independence number of each graph with 4 vertices. In this case, �2.G/ � 0,
for all graphs G with 4 vertices. Moreover, there are graphs G with �2.G/ D 0; 1; 2

and there is no graph G such that �2.G/ D 3.

G G2 G G
2

G2 ˛.G
2
/ ˛.G2/ �2.G/

N4 N4 K4 K4 K4 1 1 0

K2 [N2 K2 [N2 K2 [N2 K4 K2 [N2 1 2 1
K2 [K2 K2 [K2 C4 K4 C4 1 2 1
P3 [N1 K3 [N1 P3 [N1 K4 K1;3 1 3 2
K1;3 K4 K3 [N1 K3 [N1 N4 2 4 2
P4 K2 [N2 P4 K2 [N2 K2 [N2 2 3 1
K3 [N1 K3 [N1 K1;3 K4 K1;3 1 3 2
P3 [N1 K4 P3 [N1 K3 [N1 N4 2 4 2
C4 K4 K2 [K2 K2 [K2 N4 2 4 2
K2 [N2 K4 K2 [N2 K2 [N2 N4 3 4 1
K4 K4 N4 N4 N4 4 4 0

Table 1. �2.G/ when G is a graph with 4 vertices and k D 2.
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G Gk G G
k

Gk ˛.G
k
/ ˛.Gk/ �k.G/

N4 N4 K4 K4 K4 1 1 0
K2 [N2 K2 [N2 K2 [N2 K4 K2 [N2 1 2 1
K2 [K2 K2 [K2 C4 K4 C4 1 2 1
P3 [N1 K3 [N1 P3 [N1 K4 K1;3 1 3 2
K1;3 K4 K3 [N1 K3 [N1 N4 2 4 2
P4 K4 P4 K4 N4 1 4 3
K3 [N1 K3 [N1 K1;3 K4 K1;3 1 3 2
P3 [N1 K4 P3 [N1 K3 [N1 N4 2 4 2
C4 K4 K2 [K2 K2 [K2 N4 2 4 2
K2 [N2 K4 K2 [N2 K2 [N2 N4 3 4 1
K4 K4 N4 N4 N4 4 4 0

Table 2. �k.G/ when G is a graph with 4 vertices and k > 2.

In Table 2 we did the same study as in Table 1 but with k > 2.
So, when G is a graph with 4 vertices, �k.G/ � 0, for all k � 2. Moreover, there

are graphs G with �k.G/ D 0; 1; 2 and there is no graph G such that �2.G/ D 3.
However, if k � 3 then �k.P4/ D 3.

This paper is organized as follows. In Section 2, we provide that ˛.Gk/ is an upper
bound to ˛.G

k
/ and characterize all graphs that achieve the equality. In Section 3, we

explore the possible values of �k.G/. The focus of Section 4 is the case �k.G/ D

jV.G/j � 1. Furthermore, when k D 2 we describe necessary conditions for a graph
G to have �2.G/D jV.G/j � 1 without imposing any conditions on G. We finish this
paper with an open problem.

2. The permutation of the two operations

As we saw in Tables 1 and 2, there are graphsG, with 4 vertices, such that �k.G/¤ 0,
for k � 2. The goal of this section is to find necessary and sufficient conditions for
a graph to satisfy ˛.Gk/ D ˛.G

k
/, that is, �k.G/ D 0. The following lemma shows

us that every independent set of G
k

is also an independent set of Gk .

Lemma 2.1. Let G be a graph and k 2 N. If S � X is an independent set of G
k

,
then

(1) S is an independent set of Gk;

(2) the subgraph in G induced by S is a complete graph.
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Proof. If jS j D 1 then S is an independent set of G
k

and Gk .
Suppose that jS j � 2. Let x; y 2 S , x ¤ y. By definition of an independent set of

G
k

, dist
G

k .x; y/ > 1. Then distG.x; y/ > k � 1, implying that x and y are adjacent
in G and Gk . Consequently, x and y are not adjacent in Gk . Due to the arbitrariness
of the choice of the vertices, we conclude that S is an independent set of Gk and its
elements are the vertices of a complete subgraph of G.

Lemma 2.2. Let G be a graph with n vertices and let k � 1. Then,

(1) ˛.Gk/ D 1 if and only if G is the null graph;

(2) ˛.G
k
/ D n if and only if G is the complete graph.

Proof. (1) As mentioned in the introduction, ˛.Gk/ D 1 if and only if Gk is the
complete graph. Since the complement of the complete graph is the null graph,
Gk is the complete graph if and only if Gk is the null graph. Because G is a
subgraph of Gk formed by all vertices of Gk , Gk is the null graph if and only
if G is the null graph.

(2) As mentioned in the introduction, ˛.G
k
/ D n if and only if G

k
is the null

graph. Because G is a subgraph of G
k

formed by all vertices of G
k

, G
k

is
the null graph if and only if G is the null graph. Since the complement of the
null graph is the complete graph, G is the null graph if and only if G is the
complete graph.

Lemma 2.3. Let G be a non-null and non-complete graph, with ˛.G
k
/ � 2 and let

k 2 N, with k � 2. Let S be an ˛1-set of G
k

. Then, for all y 2 V.G/ n S , the set
S [ ¹yº is an independent set of Gk .

Proof. Let n D jV.G/j. Since G is a non-null and non-complete graph, n � 3. By
Lemma 2.2, jS j � n� 1. Let y 2 V.G/ n S . Suppose that for all s 2 S , ¹y; sº 62E.G/.
Then, for all s 2 S , ¹y; sº 2 E.G/. As k � 2, we get that S [ ¹yº is the set of vertices
of a complete subgraph of G

k
. This implies that S , with jS j � 2, is the set of vertices

of a complete subgraph of G
k

, contradicting the fact that S is an independent set
of G

k
. Therefore, there is s 2 S such that ¹y; sº 2 E.G/. By Lemma 2.1, S is the

set of vertices of a complete subgraph of G. Again, as k � 2, we get that S [ ¹yº is
the set of vertices of a complete subgraph of Gk . Thus, S [ ¹yº is an independent set
of Gk .

The next result follows from Lemma 2.1 and gives us the first relation between
˛.G

k
/ and ˛.Gk/.
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Theorem 2.4. Let G be a simple graph and k 2 N with k � 2. Then,

˛.G
k
/ � ˛.Gk/:

The equality holds if and only if G is the complete graph or the null graph.

Proof. Let S be an ˛1-set of G
k

. By Lemma 2.1, S is an independent set of Gk .
Therefore, ˛.G

k
/ D jS j � ˛.Gk/.

If G is the complete graph with n vertices, then ˛.G
k
/ D n D ˛.Gk/. If G is

the null graph, then ˛.G
k
/ D 1 D ˛.Gk/. Therefore, in these two situations we get

˛.G
k
/ D ˛.Gk/.

Conversely, suppose that G has n vertices and ˛.G
k
/ D ˛.Gk/. If ˛.G

k
/ D

˛.Gk/D 1 or ˛.G
k
/ D ˛.Gk/ D n, by Lemma 2.2 we have G is the null graph or

the complete graph. If 2 � ˛.G
k
/ D ˛.Gk/ � n � 1, using Lemma 2.2, G is a non-

null and non-complete graph and n � 3. By Lemma 2.3 we obtain ˛.G
k
/ < ˛.Gk/.

Contradiction. Therefore, the result follows.

3. Different values of �k.G/

First, we prove a result regarding the power graphs of the same graph and their inde-
pendence numbers.

Proposition 3.1. Let G be a graph and k 2 N. Then,

˛.GkC1/ � ˛.Gk/:

Proof. Since Gk is a subgraph of GkC1 with the same vertex set, an ˛-set of GkC1 is
an ˛-set of Gk . Thus, ˛.GkC1/ � ˛.Gk/.

Theorem 3.2. Let G be a graph, and k; j 2 N with k � j . Then,

�k.G/ � �j .G/:

Proof. If k D j then �k.G/ � �j .G/. Suppose that k < j . From Proposition 3.1,
we get ˛.G

j
/ � ˛.G

k
/. On the other hand, since k < j , Gk is a subgraph of Gj ,

with the same vertex set. Then Gj is a subgraph of Gk , with the same vertex set.
Consequently, ˛.Gk/ � ˛.Gj /. Thus, �k.G/ � �j .G/.

By the last result, we know that for any graph G and k 2 N,

�kC1.G/ � �k.G/ � 0:
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It is important to emphasize that if �kC1.G/ � �k.G/ ¤ 0, it does not mean that it is
equal to 1. There are graphs that verify �kC1.G/ � �k.G/ � 2, for some integer k,
with k� 2. The following picture shows a graphG with 6 vertices such that �2.G/D 2

and �3.G/ D 5. In this case,

�3.G/ � �2.G/ D 5 � 2 D 3:

a

b

c d

e
f

G

a

b

c d

e
f

G2

a

b

c d

e
f

G

a

b

c d

e
f

G
2

Note thatG2 has a clique with 4 vertices and does not have a clique with 5 vertices.
So, ˛.G2/D 4 and ˛.G

2
/ D 2. On the other hand,G

3
andG3 are the complete graph.

Proposition 3.3. Let G be a connected graph and p be the number of connected
components of G. Then, for all k 2 N,

0 � �k.G/ � jV.G/j � p:

Note that if G is a graph and G has p � 2 connected components, then G is a
connected graph. However, if p D 1 then G may or may not be connected. Therefore,
condition G be a connected graph in Proposition 3.3 is important.

Proof. As G is a connected graph, there is an integer r such that, for ` � r , G`

is the complete graph. Consequently, ˛.G`/ D jV.G/j. On the other hand, since G
has p connected components, there is an integer s such that, for j � s, G

j
is the

disjoint union of p complete graphs and ˛.G
j
/ D p. LetmDmax¹r; sº. Then, for all

integers d , d � m, we get �d .G/ D ˛.Gd / � ˛.G
d
/ D jV.G/j � p. Consequently,

if s; t 2 N, with s � m � t then, by Theorems 2.4 and 3.2, we get 0 � �s.G/ �

�m.G/ D jV.G/j � p D �t .G/. Thus, the result follows.

Let p be a positive integer and p � 2. A complete p-partite graph is a graph whose
vertices are partitioned into p disjoint sets, called parts, such that no two vertices
within the same part are adjacent, but every vertex in one part is adjacent to every
vertex in all other parts.

Corollary 3.4. Let G be a complete p-partite graph. Then,

�k.G/ D jV.G/j � p;

for all k 2 N, k � 2.
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Proof. If G is a complete p-partite graph then G is a connected graph and G is the
disjoint union of p complete graphs. Moreover, if u; v are two vertices of G then
distG.u; v/ � 2. Consequently, G2 is the complete graph. The result follows from the
proof of Proposition 3.3.

Corollary 3.5. Let G be the graph obtained from the complete graph by removing an
edge and jV.G/j � 3. Then,

�k.G/ D 1;

for all k 2 N, k � 2.

Proof. Since jV.G/j � 3, we have distG.u;v/� 2, for all u;v 2 V.G/. Consequently,
G2 is the complete graph. Moreover, G is the disjoint union of jV.G/j � 1 complete
graphs. The result follows from the proof of Proposition 3.3.

Proposition 3.6. Let G be a graph with p � 2 connected components. Let i be the
number of vertices of the connected component of G with the most vertices. Then, for
all k 2 N,

0 � �k.G/ � i � 1:

Proof. AsG is not a connected graph,G is a connected graph. So, there is an integer r
such that, for `� r ,G

`
is the complete graph. Consequently, ˛.G

`
/ D 1. On the other

hand, since G has p connected components, there is an integer s such that, for j � s,
Gj is the disjoint union of p complete graphs and ˛.Gj / D i . Let m D max¹r; sº.
Consequently, if s; t 2N, with s�m� t then, by Theorem 3.2, 0� �s.G/� �m.G/D

i � 1 D �t .G/. Thus, the result follows.

Corollary 3.7. LetG be a graph that is the disjoint union of p complete graphs, with
p � 2. Let i be the number of vertices of the connected component of G with the most
vertices. Then,

�k.G/ D i � 1;

for all k 2 N, k � 2.

4. The case �k.G/ D n � 1

As we proved in Section 2, for a given graph G and k � 2 integer, �k.G/ � 0. It
is known that the independence number of any graph is at most the number of its
vertices and at least 1. This means that 0 � �k.G/ � n � 1, where n is the number
of vertices of G. In Section 2, we characterized the graphs G that verify �k.G/ D 0,
with k � 2. In this section, we will explore the other extreme of the inequality, that is,
�k.G/ D n � 1, trying to characterize the graphs that make �k.G/ reach that value.
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Note that if G has only one vertex, then G is the null graph and by Theorem 2.4,
�k.G/ D 0 D 1 � 1. If G has only two vertices, then G is either the null graph or the
complete graph. In these two cases, we have �k.G/ D 0 ¤ 2 � 1 D 1. Consequently,
in this section we will only consider graphs with at least three vertices.

Theorem 4.1. Let G be a graph with n � 3 vertices and let k 2 N with k � 2. Then,
�k.G/ D n � 1 if and only if max¹diam.G/; diam.G/º � k.

Proof. We have �k.G/ D n � 1 if and only if ˛.Gk/ D n and ˛.G
k
/ D 1. This is

equivalent to Gk being the null graph and G
k

the complete graph. And this is equiv-
alent to Gk and G

k
verifying max¹diam.G/; diam.G/º � k.

A question that naturally arises from this theorem is whether there are conditions
under which a graph G will verify �k.G/ D n � 1, without imposing any conditions
on G, rather solely on G. The graphs G and G will need to be connected because

max¹diam.G/; diam.G/º � k

is a finite number. Consequently, if a given graphG and its complement graph are con-
nected graphs, then taking kDmax¹diam.G/;diam.G/º, we get �k.G/D jV.G/j � 1.
Moreover, by Theorem 3.2, for every j > k, �j .G/ D jV.G/j � 1. Then, there is an
infinite number of values j 2 N satisfying �j .G/ D jV.G/j � 1 for every graph, as
long as the graph and its complement graph satisfy the condition of being connected.

One might also ask if the conditions of G;G being connected graphs and

diam.G/ � k

are sufficient to say that diam.G/ � k, for a given natural k � 2. The answer is no. For
example, if we consider k D 3 andG D P5 (the house graph), we have diam.G/D 2,
G D P5 but diam.P5/ D 4 > 3.

Two immediate results follow from Theorem 4.1.

Corollary 4.2. Let G be a graph with n � 3 vertices and �2.G/ D n � 1. Then

diam.G/ D 2:

Corollary 4.3. Let G be a graph with n � 3 vertices and let k 2 N with k � 2. If
diam.G/ � k and G is isomorphic to G, then

�k.G/ D n � 1:

Using Corollary 4.3, we conclude that the graph C5, whose diameter is 2, will
always satisfy �k.C5/ D jV.C5/j � 1 D 4, for every k � 2. On the other hand, as we
have seen in Tables 1 and 2, the graph P4, whose diameter is 3, will always satisfy
�k.P4/ D jV.P4/j � 1 D 3, for every k � 3, but not for k D 2.
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Proposition 4.4. Let G be a graph with n � 3 vertices and k 2 N, k � 2. Then,

�k.G/ D n � 1 if and only if �k.G/ D n � 1:

Proof. By Theorem 4.1, �k.G/ D n � 1 if and only if both Gk and G
k

are complete

graphs. That happens if and only if G
k

is the null graph. So, ˛.G
k
/ D n, meaning

�k.G/ D ˛.G
k
/ � ˛.Gk/ D n � 1.

We will now focus on k D 2.

Proposition 4.5. Let G be a graph with n � 3 vertices. If �2.G/ D n � 1, then
dG.v/ � 2, for all v 2 V.G/.

Proof. Suppose that there is a vertex v in G of degree 1. In order to �2.G/ D n � 1

� 2,G2 should be the complete graph, which means that the distance between any two
vertices of G should be at most 2. But, if v has degree one, there is w such that ¹v;wº
is an edge of G which implies that w is adjacent to every vertex of G. Consequently,
w is an isolated vertex of G, which is impossible by Theorem 4.1.

An immediate consequence of Propositions 4.4 and 4.5 is the one that follows.

Corollary 4.6. Let G be a graph with n � 3 vertices. If �2.G/ D n � 1 then

min
v2V.G/

¹dG.v/; dG.v/º � 2:

This last corollary implies that if �2.G/ D jV.G/j � 1 then jV.G/j � 5, because
4 � dG.v/C dG.v/ D jV.G/j � 1, for all v 2 V.G/. The following proposition is a
characterization of the graphs G, with 5 vertices, such that �2.G/ D jV.G/j � 1.

Proposition 4.7. Let G be a graph with 5 vertices. Then, �2.G/ D jV.G/j � 1 if and
only if G is the graph C5.

Proof. From Theorem 4.1, the graphs G and G should be connected graphs of diam-
eter 2. By Corollary 4.6, we get dG.v/ � 2 and dG.v/ � 2, for all v 2 V.G/. Then,

dG.v/ D 2 D dG.v/ � 2;

for all v 2 V.G/ and G is the graph C5.

We already know that, given a connected graph G such that G is a connected
graph, there is an integer k � 2 such that �k.G/ D jV.G/j � 1. The question is, for
k D 2, will it always be possible to find a graph with n� 5 vertices such that �2.G/D

n � 1? The answer is yes.
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Theorem 4.8. Let s � 2 be a positive integer. Let .A;B/ be a partition of V.Ks/. Let
G be the graph obtained fromKs by adding three distinct vertices, u;v;w and making
u adjacent to all elements of A, w adjacent to all elements of B and v adjacent to
both u and w. Then,

�2.G/ D n � 1:

The following graph G is an example of the graphs described in Theorem 4.8. G
has nD 6 vertices and is obtained fromK3 (the subgraph inG induced by the vertices
a; b; c) by adding the vertices, u; v; w and making u adjacent to a, w adjacent to b; c
and v adjacent to u;w. In this case, A D ¹aº and B D ¹b; cº.

v
u

a
b

c

w

G

Note that the graphs described in Theorem 4.8 are a kind of generalization of the
graph C5.

Proof. In G, u is adjacent to all elements of B , w is adjacent to all elements of A, v
is adjacent to all elements of A [ B and u is adjacent to w. Besides these, there are
no other edges in G.

So, max¹diam.G/; diam.G/º D 2. By Theorem 4.1 we get �2.G/ D n � 1.

We now prove conditions that are necessary for every graphG that satisfies �2.G/

D jV.G/j � 1.

Lemma 4.9. Let G be a graph with n � 3 vertices such that �2.G/ D n � 1. Let
v 2 V.G/. Then, jNG

1 .v/j � 2 and jNG
2 .v/ nN

G
1 .v/j � 2.

Proof. As mentioned after Corollary 4.6, n � 5. By Theorem 4.1, we have diam.G/
� 2. By Corollary 4.6, jNG

1 .v/j � 2. If jNG
2 .v/ nN

G
1 .v/j D 0 then v is adjacent

to all vertices of V.G/ n ¹vº. Consequently, dG.v/ D 0 which is a contradiction
with Corollary 4.6. Suppose that jNG

2 .v/ nN
G
1 .v/j D 1. Let ¹uº D NG

2 .v/ nN
G
1 .v/.

Consequently, dG.v/ D 1 (in G, the unique vertex adjacent to v is u) which is a
contradiction with Corollary 4.6. So, jNG

2 .v/ nN
G
1 .v/j � 2.

Lemma 4.10. Let G be a graph with n � 2 vertices such that �2.G/ D n � 1. Let
v 2 V.G/ such that the subgraph in G induced by NG

2 .v/ nN
G
1 .v/ is a complete

graph. Then, the subgraph in G induced by NG
1 .v/ is not a complete graph.
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Proof. Suppose that the subgraph in G induced by NG
1 .v/ is a complete graph. Since

NG
1 .v/ D N

G
2 .v/ nN

G
1 .v/, N

G
2 .v/ nN

G
1 .v/ D N

G
1 .v/ (note that by Theorem 4.1,

the diameter of G is 2), we conclude that the subgraphs in G induced by NG
1 .v/

and by NG
2 .v/ nN

G
1 .v/ are null graphs. Using Lemma 4.9, we get jNG

1 .v/j � 2 and
jNG

2 .v/ nN
G
1 .v/j � 2. Suppose there are a 2 NG

1 .v/ and b 2 NG
2 .v/ nN

G
1 .v/ such

that ¹a; bº 62 E.G/. Then distG.a; b/ � 3, contradicting Theorem 4.1. Consequently,
¹a; bº 2 E.G/, for all a 2 NG

1 .v/ and for all b 2 NG
2 .v/ n N

G
1 .v/. This implies

that ¹a; bº 62 E.G/, for all a 2 NG
1 .v/ and for all b 2 NG

2 .v/ n N
G
1 .v/, which is a

contradiction with Corollary 4.2. Therefore, we get the result.

With a similar proof, we conclude the next lemma.

Lemma 4.11. Let G be a graph with n � 3 vertices such that �2.G/ D n � 1. Let
v 2 V.G/ such that the subgraph in G induced by NG

1 .v/ is a complete graph. Then,
the subgraph in G induced by NG

2 .v/ nN
G
1 .v/ is not a complete graph.

Lemma 4.12. LetG be a graph with n� 3 vertices such that �2.G/D n� 1. Let v 2
V.G/ such that the subgraph in G induced by NG

2 .v/ nN
G
1 .v/ is a complete graph.

Then, there is no a 2 NG
2 .v/ nN

G
1 .v/ such that ¹a; bº 2 E.G/, for all b 2 NG

1 .v/.

Proof. Suppose there is a 2 NG
2 .v/ n N

G
1 .v/ such that ¹a; bº 2 E.G/, for all b 2

NG
1 .v/. Since the subgraph in G induced byNG

1 .v/ is the null graph, dG.a/D 1 (the
vertex a is only adjacent to v). This is impossible by Corollary 4.6.

Lemma 4.13. Let G be a graph with n � 3 vertices such that �2.G/ D n � 1. Let
v 2 V.G/. Then, there is no b 2 NG

1 .v/ such that ¹a; bº 2 E.G/, for all a 2 NG
2 .v/ n

NG
1 .v/.

Proof. Suppose there is b 2 NG
1 .v/ such that ¹a; bº 2 E.G/, for all a 2 NG

2 .v/ n

NG
1 .v/. Then, b 2 NG

2 .v/ n N
G
1 .v/ and ¹a; bº 62 E.G/, for all a 2 NG

1 .v/, Conse-
quently,

distG.b; v/ � 3:

This is impossible by Theorem 4.1.

Theorem 4.14. Let G be a graph with n � 3 vertices such that �2.G/ D n � 1. Let
v 2 V.G/ such that the subgraph in G induced by NG

2 .v/ nN
G
1 .v/ is a complete

graph and the subgraph in G induced by NG
1 .v/ is a null graph. Then, there exists a

subset S of V.G/ such that the subgraph induced in G by S is C5.

Proof. By Lemma 4.9, jNG
1 .v/j � 2 and jNG

2 .v/ nN
G
1 .v/j � 2. By Corollary 4.6,

8a 2 NG
1 .v/; 9b 2 N

G
2 .v/ nN

G
1 .v/ W ¹a; bº 2 E.G/:
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Furthermore, according to Theorem 4.1,

8c 2 NG
2 .v/ nN

G
1 .v/; 9d 2 N

G
1 .v/ W ¹c; dº 2 E.G/:

By Lemma 4.12, let u;w 2 NG
1 .v/ be such that NG

1 .u/ nN
G
1 .w/ ¤ ;. Then u ¤ w.

Let b 2 NG
1 .u/ nN

G
1 .w/. If NG

1 .w/ nN
G
1 .u/ ¤ ;, let a 2 NG

1 .w/ nN
G
1 .u/. Then,

the subgraph induced in G by ¹v; u; b; a; wº is C5.
Suppose that NG

1 .w/ nN
G
1 .u/ D ;. Since NG

2 .v/ n .N
G
1 .v/ [N

G
1 .u// ¤ ;, let

c 2 NG
2 .v/ n .N

G
1 .v/ [N

G
1 .u// and r 2 NG

1 .v/ such that ¹r; cº 2 E.G/. Then r ¤
w, r ¤ u and c 2 NG

1 .r/ nN
G
1 .u/. IfNG

1 .u/ nN
G
1 .r/¤ ;, let p 2NG

1 .u/ nN
G
1 .r/.

Then, the subgraph induced in G by ¹v; u; p; c; rº is C5.
Suppose that NG

1 .u/ nN
G
1 .r/ D ;, we repeat the process. Since

NG
2 .v/ n .N

G
1 .v/ [N

G
1 .r// ¤ ;;

let d 2 NG
2 .v/ n .N

G
1 .v/ [N

G
1 .r// and x 2 NG

1 .v/ such that ¹x; dº 2 E.G/. Then
x ¤ w, x ¤ u, x ¤ r and d 2 NG

1 .x/ n N
G
1 .r/. If NG

1 .r/ n N
G
1 .x/ ¤ ;, let j 2

NG
1 .r/ nN

G
1 .x/. Then, the subgraph induced in G by ¹v; r; j; d; xº is C5.

Suppose that NG
1 .r/ nN

G
1 .x/ D ;, we repeat the process. By induction, this pro-

cess ends because G has a finite number of vertices. Therefore, we get the result.

Using Proposition 4.4 and the last theorem, we get the following result.

Theorem 4.15. Let G be a graph with n � 3 vertices such that �2.G/ D n � 1. Let
v 2 V.G/ such that the subgraph in G induced by NG

1 .v/ is a complete graph and
the subgraph in G induced by NG

2 .v/ n N
G
1 .v/ is a null graph. Then, there exists a

subset S of V.G/ such that the subgraph induced in G by S is C5.

We should note that the necessary condition of Theorem 4.14 is not sufficient for
a graphG, with n vertices, to verify �2.G/D n� 1. For example, the following graph
G has nD 6 vertices and the subgraph induced inG by ¹a; b; c; d; eº is C5. However,
distG.a; f / D 3 and by Theorem 4.1, �2.G/ ¤ 5 D n � 1.

a

b

c d

e
f

G

a

b

c d

e
f

G

Furthermore, it is not true that if a graphG verifies �2.G/D jV.G/j � 1, then there
is noR� V.G/ such that the subgraph induced inG byR isCp , with jV.G/j �p� 6.
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The next graph G is a graph that verifies �2.G/ D 8 (the distance between any two
vertices inG and inG is at most 2) and the subgraph induced inG by ¹a;f; e; d; c; bº
is C6.

a
f

i

e
d

c

j

b

h

G

a
d

i

j
b

e

h

c

f

G

However, looking at Theorems 4.14 and 4.15, we finish this section with an open
problem.

Open Problem 4.16. Characterize all graphsG, with n� 3 vertices such that �2.G/

D n � 1 and having a subset S of V.G/ such that the subgraph induced in G by S
is C5.

Acknowledgments. The authors would like to thank the referee for the valuable
comments, especially on the structural description of the construction of the graph
in Theorem 4.8, which helped improve the first version of this paper.

Funding. The work of Rosário Fernandes was funded by national funds through the
FCT Fundacao para a Ciencia e a Tecnologia, I.P., under the scope of the projects
UID/297/2025 and UID/PRR/297/2025 (Center for Mathematics and Applications-
NOVA Math).

References

[1] A. Abiad, G. Coutinho, and M. A. Fiol, On the k-independence number of graphs. Discrete
Math. 342 (2019), no. 10, 2875–2885 Zbl 1417.05148 MR 3990676

[2] M. Beis, W. Duckworth, and M. Zito, Large k-independent sets of regular graphs. In Pro-
ceedings of GRACO2005, pp. 321–327, Electron. Notes Discrete Math. 19, Elsevier Sci.
B. V., Amsterdam, 2005 Zbl 1203.05115 MR 2173803

[3] B. Bollobás, Modern graph theory. Grad. Texts in Math. 184, Springer, New York, 1998
Zbl 0902.05016 MR 1633290

[4] R. Diestel, Graph theory. Second edn., Grad. Texts in Math. 173, Springer, New York, 2000
Zbl 0957.05001 MR 1743598

[5] R. Fernandes and R. Palma, On the independence number of graph powers. Comput. Appl.
Math. 45 (2026), no. 1, article no. 22 MR 4956603

https://doi.org/10.1016/j.disc.2019.01.016
https://zbmath.org/?q=an:1417.05148
https://mathscinet.ams.org/mathscinet-getitem?mr=3990676
https://doi.org/10.1016/j.endm.2005.05.043
https://zbmath.org/?q=an:1203.05115
https://mathscinet.ams.org/mathscinet-getitem?mr=2173803
https://doi.org/10.1007/978-1-4612-0619-4
https://zbmath.org/?q=an:0902.05016
https://mathscinet.ams.org/mathscinet-getitem?mr=1633290
https://doi.org/10.1007/b100033
https://zbmath.org/?q=an:0957.05001
https://mathscinet.ams.org/mathscinet-getitem?mr=1743598
https://doi.org/10.1007/s40314-025-03409-2
https://mathscinet.ams.org/mathscinet-getitem?mr=4956603


Graph operations and independence numbers 333

[6] P. Firby and J. Haviland, Independence and average distance in graphs. Discrete Appl. Math.
75 (1997), no. 1, 27–37 Zbl 0880.05030 MR 1451949

[7] H. O. Koerts, On the k-Independent Set Problem. Bachelor Thesis, Eindhoven University
of Technology, 2021

[8] M. C. Kong and Y. Zhao, On computing maximum k-independent sets. In Proceedings of
the Twenty-fourth Southeastern International Conference on Combinatorics, Graph The-
ory, and Computing (Boca Raton, FL, 1993), pp. 47–60, 95, 1993 Zbl 0821.68095
MR 1267280

[9] S. O, Y. Shi, and Z. Taoqiu, Sharp upper bounds on the k-independence number in graphs
with given minimum and maximum degree. Graphs Combin. 37 (2021), no. 2, 393–408
Zbl 1459.05244 MR 4221631

Received 2 June 2025; revised 29 August 2025.

Margarida Cleto
Department of Mathematics, NOVA School of Science and Technology (NOVA FCT),
Universidade Nova de Lisboa, 2829-516 Caparica, Portugal; m.cleto@campus.fct.unl.pt

Rosário Fernandes
Center for Mathematics and Applications (NOVA Math) and Department of Mathematics,
NOVA School of Science and Technology (NOVA FCT), Universidade Nova de Lisboa,
2829-516 Caparica, Portugal; mrff@fct.unl.pt

Rúben Palma
Department of Mathematics, NOVA School of Science and Technology (NOVA FCT),
Universidade Nova de Lisboa, 2829-516 Caparica, Portugal; ra.palma@campus.fct.unl.pt

https://doi.org/10.1016/S0166-218X(96)00078-9
https://zbmath.org/?q=an:0880.05030
https://mathscinet.ams.org/mathscinet-getitem?mr=1451949
https://zbmath.org/?q=an:0821.68095
https://mathscinet.ams.org/mathscinet-getitem?mr=1267280
https://doi.org/10.1007/s00373-020-02244-y
https://doi.org/10.1007/s00373-020-02244-y
https://zbmath.org/?q=an:1459.05244
https://mathscinet.ams.org/mathscinet-getitem?mr=4221631
mailto:m.cleto@campus.fct.unl.pt
mailto:mrff@fct.unl.pt
mailto:ra.palma@campus.fct.unl.pt

	1. Introduction
	2. The permutation of the two operations
	3. Different values of rho_k(G)
	4. The case rho_k(G)=n-1
	References

