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Normalized solutions of fractional mass supercritical NLS
systems with linear couplings

Zhenyu Guo and Fengyi Liang

Abstract. In this paper, we consider normalized solutions for fractional NLS systems with
Sobolev critical nonlinearities and linear couplings. Under mass supercritical condition, there
are two cases discussed. First, we use the minimax method to get the existence of positive
normalized solution when the exponent is Sobolev subcritical. Second, if it is Sobolev crit-
ical, we prove the nonexistence of positive normalized solution. Scaling transformation and
concentration-compactness principle are used in this paper.

1. Introduction

In this paper, we investigate the following fractional coupled nonlinear Schrödinger
equations with N > 2s; s 2 .0; 1/:´

.��/su � �1u D �1juj
2�
s�2uC �˛juj˛�2jvjˇuC �.x/v in RN ;

.��/sv � �2v D �2jvj
2�
s�2v C �ˇjuj˛jvjˇ�2v C �.x/u in RN ;

(1.1)

satisfying the conditions Z
RN

u2 D a2;

Z
RN

v2 D b2; (1.2)

where �1;�2 2R appear as Lagrange multipliers, 2�s D
2N
N�2s

is the fractional Sobolev
critical exponent, �; a; b > 0, ˛; ˇ > 1, ˛ C ˇ 2 .2C 4s

N
; 2�s � and �.x/ 2 L1.RN /.

The fractional Laplacian .��/s is expressed by

.��/su.x/ D C.N; s/P:V:
Z

RN

u.x/ � u.y/

jx � yjNC2s
dy;

where P.V. indicates the Cauchy principal value and C.N; s/ is a positive constant
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that depends on N; s. We can refer to [6, 9] for more information about the fractional
Laplacian. Let the function space associated with .��/s be

H s.RN / WD

²
u2L2.RN / W

Z
RN
j.��/

s
2uj2D

“
R2N

ju.x/ � u.y/j2

jx � yjNC2s
dxdy <C1

³
;

equipped with the norm

kukH s D

�Z
RN
j.��/

s
2uj2 C juj2

� 1
2

:

Under the condition of mass supercritical, both fractional and integer order sys-
tems have been studied by many experts.

For example, for integer order systems with Sobolev critical nonlinearities and
p; q; ˛ C ˇ > 2C 4

N
as follows:´

��u � �1u D juj
2��2uC �1juj

p�2uC �˛juj˛�2jvjˇu in RN ;

��v � �2v D jvj
2��2v C �2jvj

q�2v C �ˇjuj˛jvjˇ�2v in RN :
(1.3)

Liu and Fang [14] investigated the existence of positive normalized solution of the
systems (1.3) satisfying (1.2) in the case of p; q; ˛ C ˇ < 2� and the nonexistence of
positive normalized solution in the case of p; q; ˛ C ˇ D 2�.

In addition, for the following fractional systems with Sobolev critical terms:´
.��/su � �1u D juj

2�
s�2uC �˛juj˛�2jvjˇu in RN ;

.��/sv � �2v D jvj
2�
s�2v C �ˇjuj˛jvjˇ�2v in RN ;

(1.4)

which were studied by Zou et al. [3], they proved the existence and nonexistence
of normalized ground state in the case of � > 0 and � < 0. Furthermore, they also
showed the asymptotic behavior of the minimizers for question (1.4) and (1.2). This
fractional system with Sobolev critical terms models complex physical phenomena.
The fractional Laplace operator .��/s captures non-local interactions, relevant to
quantum tunneling or anomalous diffusion. Sobolev critical terms represent critical
interaction strengths, like in nonlinear wave focusing or quantum many-body phase
transitions. Coupling terms describe multi-field interactions, such as cross-modulation
in nonlinear optics or electronic state coupling in quantum Hall effect. Overall, it
mathematically abstracts non-local, critically nonlinear, multi-field coupled systems
to analyze existence and asymptotic behavior.

Zhang and Yun [20] studied equations (1.5) with linear and nonlinear couplings´
��u � �1u D �1juj

3
C �jvj2uC �.x/v in R3;

��v � �2v D �2jvj
3
C �juj2v C �.x/u in R3:

(1.5)
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For the mass supercritical case, they proved that (1.5) has a radial positive normalized
solution.

Of course, there are also numerous results for a single equation with Sobolev
critical term. Li and Zou [12] studied the existence and nonexistence of normalized
ground states in different cases for the Sobolev critical Schrödinger equation involving
a Hardy term.

Based on the above works, we will consider equations with both linear couplings
and Sobolev critical nonlinearities. The main features of this paper are the existence of
Sobolev critical nonlinearities and the fractional Laplacian, which make the compact-
ness conditions troublesome. The main methods we used are minimax theory, scaling
transformation and concentration-compactness principle.

It is well known that to find the solutions of (1.1) means to look for the critical
points of the energy functional

E.u; v/ WD
1

2

Z
RN
.j.��/

s
2uj2 C j.��/

s
2 vj2/ �

1

2�s

Z
RN
.�1juj

2�
s C �2jvj

2�
s /

� �

Z
RN
juj˛jvjˇ �

Z
RN

�.x/uv

constrained on the L2-spheres in H s.RN / �H s.RN /. We define

S.a; b/ WD

²
.u; v/ 2 H s.RN / �H s.RN / W

Z
RN

u2 D a2;

Z
RN

v2 D b2
³
:

We need to use the Palais’s symmetric criticality principle [16] and compact embed-
ding on the whole space to solve the problem (1.1)–(1.2). To achieve this purpose, we
introduce such a symmetric radial subspace,

H s
r WD H

s
rad.R

N / D
®
u 2 H s.RN / W u.x/ D u.jxj/

¯
:

We know that the critical points of EjS.a;b/ on H s
r �H

s
r are the critical points

of EjS.a;b/ onH s.RN /�H s.RN / by Palais’s symmetric criticality principle. So we
just need to find the critical points of EjS.a;b/ on H s

r �H
s
r .

Next, we talk about some notations. For the sake of simplicity, the norm of the
space Lp.RN / is represented by j � jp . Besides, we write

� D ˛ C ˇ; L2-critical exponent xp D 2C
4s

N
;

S.a/ WD

²
u 2 H s.RN / W

Z
RN

u2 D a2
³
;

Sr.a; b/ D S.a; b/ \ .H
s
r �H

s
r /:

Now we state our main results.
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Theorem 1.1. Suppose thatN >2s, ˛Cˇ 2 . xp;2�s / and �;a;b > 0, �.x/D �.jxj/ >
0 and �.x/ 2Lp.RN /\L1.RN /, N

2s
<p <1. Moreover, if �.x/ andr�.x/ � x � 0

are bounded and

0 < j�.x/j1ab <
�K2

2

�
1 �

2

�
�

�
;

where � 2 .0; 1/ and K2 is defined in Lemma 3.1, then there exists �� > 0 such that
(1.1)–(1.2) has a radial normalized solution .xu; xv/ and xu > 0, xv > 0, �1 < 0, �2 < 0
for any � � ��.

Remark 1.1. The difficulty of proving Theorem 1.1 lies in proving the Palais–Smale
condition, because the existence of a Sobolev critical exponent makes compactness
lack. Next, because the embeddingsH s.RN / ,! L2.RN / andH s

r .R
N / ,! L2.RN /

are not compact, it is difficult to obtain strong convergence in L2.RN /.

Theorem 1.2. Suppose that N > 2s, ˛C ˇ D 2�s and �; a; b > 0, �.x/D �.jxj/ < 0
and �.x/ 2 Lp.RN / \ L1.RN /, N

2s
< p < 1. Then, problem (1.1)–(1.2) has no

positive normalized solution.

This paper is organized as follows. In Section 2, we display some preliminary
knowledge and known results. In Section 3, we show Theorem 1.1 by minimax theory,
scaling transformation and concentration-compactness principle. Finally, Section 4
gives the proof of Theorem 1.2.

2. Preliminaries

In this section, we describe some fundamental properties of fractional Schrödinger
systems. First, we review the following fractional Gagliardo–Nirenberg inequality
(see [15, Lemma 1.1]) and the fractional Sobolev inequality (see [18]), which play
a major role in later proofs.

Lemma 2.1. (i) For u 2 H s.RN /, p 2 .2; 2�s /, the following estimate holds:Z
RN
jujp � Cp.N;p; s/

�Z
RN
j.��/

s
2uj2

�p
p
2
�Z

RN
juj2

�p.1�
p/
; (2.1)

where 
p D
N.p�2/
2ps

and C.N;p; s/ is the best constant dependent on N;p; s.

(ii) There exists a fractional optimal Sobolev critical constant S > 0 such that

S

�Z
RN
juj2

�
s

� 2

2�
s

�

Z
RN
j.��/

s
2uj2; for all u 2 S.a/: (2.2)
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The proof of two commonly used inequalities in Lemma 2.1 has been studied by
many scholars, and we will not repeat it, interested readers can refer to [15, 18] and
the references therein.

We now focus on the following scalar equations, i.e., �.x/ D 0 in (1.1),8̂̂̂<̂
ˆ̂:
.��/su � �1u D �1juj

2�
s�2uC �˛juj˛�2jvjˇu in RN ;

.��/sv � �2v D �2jvj
2�
s�2v C �ˇjuj˛jvjˇ�2v in RN ;Z

RN
u2 D a2;

Z
RN

v2 D b2:

(2.3)

Bartsch et al. have already studied this system when s D 1, �1 D �2 D 1 in [3]. We
know that solutions of (2.3) are critical points of the C 1 functional

I�.u; v/ WD
1

2

Z
RN
.j.��/

s
2uj2 C j.��/

s
2 vj2/

�
1

2�s

Z
RN
.�1juj

2�
s C �2jvj

2�
s / � �

Z
RN
juj˛jvjˇ

constrained on S.a; b/, and the parameters �1; �2 appear as Lagrange multipliers.
The Pohozaev identity is a crucial tool in studying elliptic equations and systems,

relating solutions to the geometry of the domain and nonlinear terms. For fractional
systems like the one here, it helps constrain critical points, as seen by restricting them
to the manifold P .a; b/ where P.u; v/ D 0, enabling analysis of solution existence
and properties. Regarding regularity analysis, solutions to such fractional elliptic sys-
tems, especially with Sobolev critical nonlinearities, are typically shown to be in
suitable fractional Sobolev spaces initially. Through techniques like bootstrap argu-
ments and estimates on fractional Laplace operators, one can further derive higher
regularity, ensuring solutions are sufficiently smooth for rigorous mathematical anal-
ysis of the system. Because of the Pohozaev identity (see [7, Proposition 4.1]), we
know that the critical points of I�.u; v/ are all in the set P .a; b/. We introduce the
Pohozaev manifold

P .a; b/ D
®
.u; v/ 2 S.a; b/ W P.u; v/ D 0

¯
;

where

P.u; v/ WD

Z
RN
.j.��/

s
2uj2 C j.��/

s
2 vj2/

�

Z
RN
.�1juj

2�
s C �2jvj

2�
s / � ��
�

Z
RN
juj˛jvjˇ : (2.4)

Next, we will consider the monotonicity of the problem

m�.a; b/ WD inf
.u;v/2P .a;b/

I�.u; v/:
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To prove Lemma 2.2 and later other lemmas, we introduce a dilation transforma-
tion

.t ? u/.x/ WD e
Nst
2 u.estx/;

where .u; v/ 2 S.a; b/ and t 2 R. The scaling map was inspired by [13]. Through
some simple calculations, we can get some properties of this scaling transformation
as below:

j.��/
s
2 .t ? u/j22 D e

2s2t
j.��/

s
2uj22;

jt ? uj
2�
s

2�
s
D e

2�
s�2

2 Nst
juj

2�
s

2�
s
;Z

RN
jt ? uj˛jt ? vjˇ D e

��2
2 Nst

Z
RN
juj˛jvjˇ ;

besides, we also have

jt ? uj22 D juj
2
2; 0 ? u D u and � t ? .t ? u/ D u:

The monotonicity of the scalar equations is given below in order to prove Lemma 3.7.
The proof of Lemma 2.2 can refer to [3, Lemma 2.7].

Lemma 2.2. Assume that N > 2s, a; b; � > 0 and � 2 . xp; 2�s /. Then, m�.a; b/ is
non-increasing for � 2 .0;C1/.

Lemma 2.3 ([10, Theorem 3.2]). Let zE.z�.�// be a C 1-functional on a complete
connectedC 1-Finsler manifold S.a;b/ (without boundary) and consider a homotopy-
stable family z� of compact subsets of S.a; b/ with a closed boundary j z�n.�/j. Set
c�.a; b/D inf

z�2z� max�2Œ0;1� zE.z�.�// and suppose that sup zE.j z�n.�/j/. Then, for any

sequence of sets .�n/n in z� such that limn!1 sup�2Œ0;1� zE.z�n.�// D c�.a; b/, there
exists a sequence .xn/n in S.a; b/ such that

lim
n!1

dist.xn; �n/ D 0:

The following BrKezis–Lieb lemma (see [8, Lemma 2.3]) will be used, the proof of
Lemma 2.4 is classical, so we drop it here.

Lemma 2.4. Let N > 2s, ˛; ˇ > 1, � 2 Œ2; 2�s � and .un; vn/ * .u; v/ in H s
r �H

s
r .

Up to a subsequence, it holds that

lim
n!1

Z
RN
junj

˛
jvnj

ˇ
� jun � uj

˛
jvn � vj

ˇ
� juj˛jvjˇ D 0:

Lemma 2.5. SupposeN > 2s, �.x/� 0, a;b;� > 0, ˛;ˇ > 1, � 2 .2;2�s / and .u;v/ 2
H s
r �H

s
r is a positive solution of (1.1)–(1.2). Then, �1 < 0, �2 < 0.

This lemma for the exclusion of trivial solutions has been explained in many arti-
cles, and the proof process is basically the same. That is, using proof by contradiction
first and using [19, Proposition 2.17], we omit the process here.
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3. Proof of Theorem 1.1

In this section, we will prove the existence of normalized solutions of (1.1). Since
E.u; v/ is unbounded from below on S.a; b/, we cannot get inf.u;v/2S.a;b/ E.u; v/.
In order to obtain the critical points of EjS.a;b/, we need to find the minimax value of
EjS.a;b/ by constructing a mountain pass structure on S.a; b/.

Lemma 3.1. AssumeK1 > 0 small enough and letK2 D .�
�M/
2

2��
� , whereM D
�

2�
s S

2�
s
2

C �C and � D max¹�1; �2º, C is a constant. In addition, if there exists � 2

.0; 1/ such that

j�.x/j1ab <
�K2

2

�
1 �

2

�
�

�
;

then we have

sup
.u;v/2A

E.u; v/ < inf
.u;v/2B

E.u; v/ and inf
.u;v/2B

E.u; v/ > 0;

E.u; v/ > �C.�.x/; a; b/ on A where C.�.x/; a; b/ is a positive constant;

with

A W D

²
.u; v/ 2 S.a; b/ W

Z
RN
j.��/

s
2uj2 C j.��/

s
2 vj2 � K1

³
;

B W D

²
.u; v/ 2 S.a; b/ W

Z
RN
j.��/

s
2uj2 C j.��/

s
2 vj2 D K2

³
:

Proof. First, let w D
R

RN j.��/
s
2uj2 C j.��/

s
2 vj2. For any .u; v/ 2 A, we see that

0 < w � K1. It follows from the Hölder inequality and Lemma 2.1 thatZ
RN
.juj2

�
s C jvj2

�
s / � S�

2�
s
2

��Z
RN
j.��/

s
2uj2

� 2�
s
2

C

�Z
RN
j.��/

s
2 vj2

� 2�
s
2
�
;

�

Z
RN
juj˛jvjˇ � �juj˛� jvj

ˇ

�
� �C

�Z
RN
j.��/

s
2uj2 C j.��/

s
2 vj2

� �
�
2

;

where C is a constant related to N; ˛; ˇ; s; a; b and S is mentioned in (2.2). Thus, we
get

E.u; v/ WD
1

2
w �

1

2�s

Z
RN
.�1juj

2�
s C �2jvj

2�
s / � �

Z
RN
juj˛jvjˇ �

Z
RN

�.x/uv

�
1

2
w �

�

2�sS
2�
s
2

w
2�
s
2 � �juj˛� jvj

ˇ

�
� j�.x/j1ab

�
1

2
w �

�

2�sS
2�
s
2

w
2�
s
2 � �Cw

�
�
2 � j�.x/j1ab
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�
1

8
w � j�.x/j1ab

> �j�.x/j1ab; (3.1)

where � WD max¹�1; �2º. Since K1 > 0 small enough and 2�s , �
� > 2, we can take
C.�.x/; a; b/ D j�.x/j1ab > 0 to make E.u; v/ > �C.�.x/; a; b/ on A hold.

Second, it is not difficult to verify that K2 > 0 is the maximum point of the func-
tion

f .x/ D
1

2
x �

�
�

2�sS
2�
s
2

C �C

�
x
�
�
2 ;

and

f .K2/ D
1

2
K2 �

�
�

2�sS
2�
s
2

C �C

�
K
�
�
2

2

D
K2

2

�
1 �

2

�
�

�
:

For any .u1; v1/ 2 A; .u2; v2/ 2 B , set

w1 WD

Z
RN
j.��/

s
2u1j

2
C j.��/

s
2 v1j

2
� K1

and
w2 WD

Z
RN
j.��/

s
2u2j

2
C j.��/

s
2 v2j

2
D K2:

By j�.x/j1ab < �K2
2
.1 � 2

�
�
/ and (3.1), for K1 small enough we have

E.u2; v2/ �E.u1; v1/ �
1

2
.w2 � w1/ �

�

2�sS
2�
s
2

w
2�
s
2

2 � �Cw
�
�
2

2 � j�.x/j1ab

�
1

2
K2 �

1

2
K1 �

�

2�sS
2�
s
2

K
2�
s
2

2 � �CK
�
�
2

2 � j�.x/j1ab

�
1

2
K2 �

�
�

2�sS
2�
s
2

C �C

�
K
�
�
2

2 �
1

2
K1 � j�.x/j1ab

�
K2

2

�
1 �

2

�
�

�
�
1

2
K1 �

�K2

2

�
1 �

2

�
�

�
> 0;

the inequality holds because s 2 .0; 1/ and K2 > 0, �
�
2
> 1.
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Finally, the third formula can be obtained in a similar way. For any .u2; v2/ 2 B ,
it follows from (3.1) that

E.u2; v2/ �
1

2
w2 �

�

2�sS
2�
s
2

w
2�
s
2

2 � �Cw
�
�
2

2 � j�.x/j1ab

�
1

2
K2 �

�

2�sS
2�
s
2

K
2�
s
2

2 � �CK
�
�
2

2 � j�.x/j1ab

�
1

2
K2 �

�
�

2�sS
2�
s
2

C �C

�
K
�
�
2

2 � j�.x/j1ab

�
�K2

2

�
1 �

2

�
�

�
> 0:

We complete the proof.

To find a functional that satisfies the mountain pass geometry on S.a; b/, we
will use the scaling map mentioned earlier. It follows from [11] that zE.t; u; v/ WD
E.t ? u; t ? v/ has the same mountain pass structure and mountain pass level as the
functional E.u; v/.

Lemma 3.2. For any .u; v/ 2 S.a; b/, the following results hold:

(i) j.��/
s
2 .t ? u/j22 C j.��/

s
2 .t ? v/j22 ! 0 as t ! �1;

(ii) j.��/
s
2 .t ? u/j22 C j.��/

s
2 .t ? v/j22 ! C1 and zE.t; u; v/! �1 as t !

C1.

Proof. Recalling the properties of the scaling mapping, we know that as t ! �1,

j.��/
s
2 .t ? u/j22 C j.��/

s
2 .t ? v/j22 D e

2s2t .j.��/
s
2uj22 C j.��/

s
2 vj22/! 0;

and as t !C1,

j.��/
s
2 .t ? u/j22 C j.��/

s
2 .t ? v/j22 !C1:

By simple calculation, we have

zE.t; u; v/ WD
1

2

Z
RN
.j.��/

s
2 .t ? u/j2 C j.��/

s
2 .t ? v/j2/

�
1

2�s

Z
RN
.�1jt ? uj

2�
s C �2jt ? vj

2�
s /

� �

Z
RN
jt ? uj˛jt ? vjˇ �

Z
RN

�.x/.t ? u/.t ? v/
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D
1

2
.e2s

2t
j.��/

s
2uj22 C e

2s2t
j.��/

s
2 vj22/

�
1

2�s
e
2�
s�2

2 Nst .�1juj
2�
s

2�
s
C �2jvj

2�
s

2�
s
/

� �e
��2
2 Nst

Z
RN
juj˛jvjˇ � eNst

Z
RN

�.x/u.estx/v.estx/:

In light of 2�s ; � > 2, we obtain that

2�s � 2

2
Ns >

� � 2

2
Ns > Ns and

2�s � 2

2
Ns D

N

N � 2s
2s2 > 2s2:

Then we can get zE.t; u; v/! �1 as t !C1.

Let us give a nonnegative fixed point .u1; v1/ on A, then from Lemma 3.2, when
t ! C1, we can get a point .u0; v0/ such that E.u0; v0/ is negative enough andR

RN .j.��/
s
2w1j

2 C j.��/
s
2w2j

2/ is big enough, i.e.,

j.��/
s
2u1j

2
2 C j.��/

s
2 v1j

2
2 � K1; E.u1; v1/ > �C.�.x/; a; b/;

e2s
2t .j.��/

s
2u1j

2
2 C j.��/

s
2 v1j

2
2/ > K2; E.t ? u1; t ? v1/ � �C.�.x/; a; b/;

where K1; K2 are defined in Lemma 3.1.
We take .u0; v0/ WD .t ? u1; t ? v1/, then any path from point .u1; v1/ to .u0; v0/

has to go through B . We have a mountain pass structure on the manifold Sr.a; b/.
Now, we have the structure of mountain pass, then we define the minimax class

� WD
®
�.�/ 2 C.Œ0; 1�; Sr.a; b// W �.0/ D .u1; v1/; �.1/ D .u0; v0/

¯
;

where �.�/ D .�1.�/; �2.�// and the mountain pass value is

c�.a; b/ WD inf
�2�

max
�2Œ0;1�

E.�.�//:

In fact, we set �0.�/ WD ..� t/ ? u1; .� t/ ? v1/. Clearly, �0.�/ 2 Sr.a; b/ and �0.0/D
.u1; v1/, �0.1/ D .t ? u1; t ? v1/, that is, � is not empty. Moreover, it is obvious that

c�.a; b/ � inf
B
E.u2; v2/ > 0:

The next lemma gives the asymptotic behavior for the critical value c�.a; b/ and
uses the method in [23].

Lemma 3.3. Assume that c�.a; b/ is the critical value of E.u; v/ on Sr.a; b/. Then
we get lim�!C1 c�.a; b/ D 0.
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Proof. For fixed .u; v/ 2 Sr.a; b/, set �0.�/ WD ..� t/ ? u; .� t/ ? v/. By the definition
of c�.a; b/, we obtain

c�.a; b/ � max
�2Œ0;1�

E.�0.�//

� max
l>0

²
1

2
e2s

2� t

�Z
RN
.j.��/

s
2uj2 C j.��/

s
2 vj2/

�
� �e

.��2/Ns� t
2

Z
RN
juj˛jvjˇ

³
D max

l>0

²
1

2
wl2 � �zl

N.��2/
2s

³
;

where l WD es
2� t and w D

R
RN .j.��/

s
2uj2 C j.��/

s
2 vj2/, z D

R
RN juj

˛jvjˇ . It is
calculable that the maximum point lmax of the function

g.l/ D
1

2
wl2 � �zl

N.��2/
2s ; for any l � 0;

is

lmax D

�
2sw

�zN.� � 2/

� 2s
N��2N�4s

:

Bring the maximum point lmax back to the function g.l/ yields,

gmax.l/ D max
l>0

²
1

2
l2
�Z

RN
.j.��/

s
2uj2 C j.��/

s
2 vj2/

�
� �l

N.��2/
2s

Z
RN
juj˛jvjˇ

³
D
1

2
w

�
2sw

�zN.� � 2/

� 4s
N��2N�4s

� �z

�
2sw

�zN.� � 2/

� N��2N
N��2N�4s

�
1

2
w

�
2sw

�zN.� � 2/

� 4s
N��2N�4s

:

Again by � > xp, we obtain

c�.a; b/ �
1

2
w

�
2sw

�zN.� � 2/

� 4s
N��2N�4s

� C

�
1

�

� 4s
N��2N�4s

! 0 as �!C1;

where C > 0 depends on w; z and N.� � 2/ > 4s. This finishes the proof.

To prove the boundedness of the PS sequence of E.u; v/ at c�.a; b/, we define
the Pohozaev manifold zP of (1.1),

zP .a; b/ D
®
.u; v/ 2 S.a; b/ W zP .u; v/ D 0

¯
:

In a similar way, to find the Pohozaev manifold of (2.3), we calculate that zP .u; v/ D
P.u; v/:
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Through direct computation, we know that zE.t; u; v/ D zE.0; t ? u; t ? v/, then
the mountain pass structure of zE is

z� WD
®
z� 2 C.Œ0; 1�; R � Sr.a; b// W z�.0/ D .0; u1; v1/; z�.1/ D .0; u0; v0/

¯
;

where z�.�/ D .t.�/; �1.�/; �2.�// and the minimax value is

zc.a; b/ WD inf
z�2z�

max
�2Œ0;1�

zE.z�.�//:

We claim that c�.a; b/ D zc.a; b/, and the minimax principle can be applied. The sim-
ilar proof of this conclusion can be found in [2], and we will sketch it here for the
convenience of reading. On one hand, it is easy to know zc.a; b/ � c�.a; b/ from
� � z� . On the other hand, for any z�.�/ D .t.�/; �1.�/; �2.�//, we infer from the
definition of zE that zE.z�.�// D E.t.�/ ? �.�//. Since t .�/ ? �.�/ 2 � , we have

max
�2Œ0;1�

zE.z�.�// D max
�2Œ0;1�

E.t.�/ ? �.�// � inf
�2�

max
�2Œ0;1�

E.�.�//;

i.e., zc.a; b/ � c�.a; b/. Hence, it holds that zc.a; b/ D c�.a; b/.
Next, we take a sequence z�n D .0; �1;n; �2;n/ 2 z� such that

c�.a; b/ D lim
n!1

sup
�2Œ0;1�

zE.z�n.�//:

Moreover, thanks to �.x/ > 0 and the following inequations:Z
RN
j.��/

s
2 jujj2 �

Z
RN
j.��/

s
2uj2;

Z
RN

uv �

Z
RN
jujjvj;

we get that zE.t; juj; jvj/ � zE.t; u; v/. From this we can infer that

lim
n!1

sup
�2Œ0;1�

zE.0; j�1;n.�/j; j�2;n.�/j/� lim
n!1

sup
�2Œ0;1�

zE.0;�1;n.�/;�2;n.�//D zc.a; b/:

From .u1; v1/ and .u0; v0/ are both nonnegative points and .0; �1;n; �2;n/ 2 z� , we
can infer that .0; j�1;nj; j�2;nj/ 2 z� . Again by

sup
�2Œ0;1�

zE.0; j�1;n.�/j; j�2;n.�/j/ � zc.a; b/;

we can obtain that

lim
n!1

sup
�2Œ0;1�

zE.0; j�1;n.�/j; j�2;n.�/j/ D zc.a; b/ D c�.a; b/;

so we can suppose �1;n; �2;n � 0. By Lemma 2.3, we can choose a PS sequence
xn WD .tn; un; vn/ of zE at level c�.a; b/ such that

lim
n!1

jtnj C distH sr ..un; vn/; .�1;n; �2;n// D 0;

so we have tn ! 0 and u�n ; v
�
n ! 0 in H s

r . We set .zun; zvn/ WD .tn ? un; tn ? vn/,
obviously, .zun; zvn/ 2 S.a; b/. Then we have the lemma below.
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Lemma 3.4. ¹.zun; zvn/º is a PS sequence of E.u; v/ at level c�.a; b/ on S.a; b/.

Proof. Recall that a PS sequence for a functional satisfies key compactness like prop-
erties, crucial for proving existence of critical points. Here, we aim to show .zun; zvn/

is a PS sequence for E.u; v/ on S.a; b/. The proof relies on analyzing the functional
zE and leveraging transformations and properties of fractional Sobolev spaces, along

with symmetry and convergence arguments related to the variables tn, un and vn.
From previous discussion, we know that ¹.tn; un; vn/º is a PS sequence of zE. Taking
any .';  / 2 H s

r �H
s
r , then

zE 0w.tn; un; vn/Œ.';  /�

D E 0.tn ? un; tn ? vn/Œ.';  /�

D e2s
2tn

“
R2N

.un.x/ � un.y//.'.x/ � '.y//

jx � yjNC2s

C
.vn.x/ � vn.y//. .x/ �  .y//

jx � yjNC2s

� e
2�
s�2

2 Nstn

Z
RN

�1jun.x/j
2�
s�1' C �2jvn.x/j

2�
s�1 

�

Z
RN

�.e�stnx/.un.x/ C vn.x/'/

� �e
��2
2 Nstn

Z
RN

�
˛jun.x/j

˛�1'jvn.x/j
ˇ
C ˇjun.x/j

˛
jvn.x/j

ˇ�1 
�

D

“
R2N

.zun.x/ � zun.y//..tn ? '/.x/ � .tn ? '/.y//

jx � yjNC2s

�

Z
RN

�1jzunj
2�
s�1.tn ? '/

C

“
R2N

.zvn.x/ � zvn.y//..tn ?  /.x/ � .tn ?  /.y//

jx � yjNC2s

�

Z
RN

�2jzvnj
2�
s�1.tn ?  /

� �

Z
RN

�
˛jzunj

˛�1.tn ? '/jzvnj
ˇ
C ˇjzunj

˛
jzvnj

ˇ�1.tn ?  /
�

�

Z
RN

�.x/.zun.tn ?  /C zvn.tn ? '//

D E 0.zun; zvn/Œ.tn ? '; tn ?  /�;

where w D .un; vn/. According to 8t 2 R, �t ? .t ? u/ D u, then from the above
conclusion we have

zE 0w.tn; un; vn/Œ.�tn ? ';�tn ?  /� D E
0.zun; zvn/Œ.';  /�:
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By [4, Lemma 3.6], for .';  / 2 T.zun;zvn/S.a; b/, we get thatZ
RN
.�tn ? zun/.�tn ? '/dx D

Z
RN

e�Nstn zun.e
stnx/'.estnx/dx

D

Z
RN
zun.x/'.x/dx D 0:

It can be seen that

.';  / 2 T.zun;zvn/S.a; b/ if and only if .�tn ? ';�tn ?  / 2 T.un;vn/S.a; b/:

Since tn ! 0 and 0 ? u D u, we have .�tn ? ';�tn ?  /! .';  / as n ! 1 in
H s
r �H

s
r . Hence, for n large enough and .';  / ¤ .0; 0/, there exist C1 > 0 and

C2 > 0 such that

C1 <
k.';  /kH sr

k.�tn ? ';�tn ?  /kH sr
< C2: (3.2)

The norm of the cotangent space T.u;v/S.a; b/0 is represented by k� k�, the norm of
T.u;v/S.a; b/

0 is defined as

kE 0jS.a;b/.u; v/k� WD sup
.'; /2T.u;v/S.a;b/;

k.'; /kHsr
D1

ˇ̌
E 0.u; v/Œ.';  /�

ˇ̌
:

Then byˇ̌
E 0jS.a;b/.zun; zvn/Œ.';  /�

ˇ̌
D
ˇ̌
zE 0wjS.a;b/.tn; un; vn/Œ.�tn ? ';�tn ?  /�

ˇ̌
�
ˇ̌
k zE 0wjS.a;b/.tn; un; vn/k � k.�tn ? ';�tn ?  /kH sr

ˇ̌
;

we have ˇ̌̌̌
E 0jS.a;b/.zun; zvn/Œ.';  /�

k.�tn ? ';�tn ?  /kH sr

ˇ̌̌̌
� k zE 0wjS.a;b/.tn; un; vn/k� ! 0;

as n!1. Using (3.2) and taking the supremum on both sides of the above formula,
we obtain

C1kE
0
jS.a;b/.zun; zvn/k� � k zE

0
wjS.a;b/.tn; un; vn/k� ! 0; as n!1:

Finally, we get
kE 0jS.a;b/.zun; zvn/k� ! 0; as n!1;

on the other hand, due to ¹.tn; un; vn/º is a PS sequence of zE at level c�.a; b/, we
also have

E.zun; zvn/ D zE.tn; un; vn/! c�.a; b/; as n!1:

According to the definition of Palais–Smale sequence, we finish the proof.



Normalized solutions of fractional mass supercritical NLS systems 249

Lemma 3.5. If �.x/ and r�.x/ � x are bounded in RN , then the PS sequence
¹.zun; zvn/º in Lemma 3.4 is bounded in H s

r �H
s
r . Moreover, there is also

lim
n!1

P.zun; zvn/ D 0

when r�.x/ � x � 0.

Proof. To further elaborate on the boundedness and convergence properties, recall
that in fractional Sobolev spaces, the embeddings and compactness results play a piv-
otal role. Now, consider the nonlinear terms in the functional zE. Due to the strong
convergence in Lq spaces and the growth conditions of the nonlinearities, the nonlin-
ear functionals associated with zE will converge continuously. In virtue of the fact that
¹.tn; un; vn/º is a PS sequence of zE, it holds that

@tn
zE.tn; un; vn/! 0;

that is,
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Z
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Z
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r�.e�stnx/ � .e�stnx/unvn ! 0: (3.3)
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On the other hand, we also get

zE.tn; un; vn/ D E.zun; zvn/

D
1

2

Z
RN
.j.��/

s
2 zunj

2
C j.��/

s
2 zvnj
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�
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2�s

Z
RN
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ˇ
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Z
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�.e�stnx/unvn

! c�.a; b/: (3.4)

Thus, by (3.3)–(3.4), .un; vn/ 2 S.a; b/ and the boundedness of �.x/ and r�.x/ � x,
we can infer that j.��/

s
2 zunj

2
2C j.��/

s
2 zvnj

2
2 is bounded, again by .zun; zvn/ 2 S.a;b/,

we obtain .zun; zvn/ is bounded in H s
r �H

s
r .

Next, we want to show that limn!1P.zun; zvn/D 0. According to (3.3) and u�n ; v
�
n

! 0 in H s
r , we can deduce that
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C
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namely,

lim
n!1

�
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Z
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C
n

�
D 0:
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s
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2
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s
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2
2 be small enough. Indeed, by Lemma 2.1 and

the Hölder inequality it holds

P.zun; zvn/ D j.��/
s
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2
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� zw � �S�
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where C3 is related to N; �; s; a; b. In view of r�.x/ � x � 0, we can obtain that
limn!1 P.zun; zvn/ D 0. Besides, it also holds that

lim
n!1

Z
RN
r�.e�stnx/ � .e�stnx/uCn v

C
n D 0:

Hence, the proof is finished.

Since ¹.zun; zvn/º is bounded in H s
r �H

s
r , then up to a subsequence, there exists

.xu; xv/ 2 H s
r �H

s
r such that

.zun; zvn/ * .xu; xv/ in H s
r .R

N / �H s
r .R

N /I

.zun; zvn/ * .xu; xv/ in L2
�
s .RN / � L2

�
s .RN /I

.zun; zvn/! .xu; xv/ in L� .RN / � L� .RN /I

.zun; zvn/! .xu; xv/ a.e. in RN

as n!1.
According to the fact that ¹.zun; zvn/º is a PS sequence of E, for any .';  / 2

H s
r �H

s
r , there exists a sequence ¹.�1;n; �2;n/º � R �R by the Lagrange multiplier

method such that“
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Z
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D o.1/k.';  /kHrs (3.5)
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with o.1/! 0 as n!1. For more details we refer to [1, Lemma 3.2]. Taking .zun; 0/
and .0; zvn/ as test functions in (3.5), we can obtain that

�1;na
2
D

Z
RN
j.��/

s
2 zunj

2
�

Z
RN

�1jzunj
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s
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RN
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Z
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(3.6)

It is not difficult to deduce that ¹�1;nº and ¹�2;nº are bounded. Up to a subsequence,
we may set .�1;n; �2;n/! .�1; �2/ 2 R �R.

Lemma 3.6. There exists �� > 0 dependent on a; b large enough, such that for any
� � ��, .zun; zvn/! .xu; xv/ in L2

�
s .RN / � L2

�
s .RN / and .xu; xv/ ¤ .0; 0/.

Proof. First, we claim that zun ! xu in L2
�
s .RN /. By the concentration-compactness

principle (see [17, Theorem 5] and [21, Lemma 3.3–3.4]), there exist two nonnegative
measures !;� and an index set J such that j.��/

s
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(3.7)

where xj is a point in RN , ıxj represents the Dirac measure at xj and S is the Sobolev
optimal constant in (2.2). Besides, set
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(3.8)
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We take the cut-off function ‰".x/ 2 C10 .R
N / as follows:8̂<̂

:
‰".x/ � 1 in B".xj /;

‰".x/ � 0 in Bc2".xj /;

0 � ‰".x/ � 1;

where B".xj / denotes a ball with center xj and radius ". It follows from Lemma 3.5
that ¹‰".x/zunº is bounded in H s

r . Now we take .‰".x/zun; 0/ as a test function in
(3.5) and let "! 0, then from the absolute continuity of the Lebesgue integral, we
have
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Z
RN

�.x/zunzvn‰"dx D lim
"!0

Z
RN

�.x/xuxv‰"dx D 0:

(3.9)

We infer from (3.5) and (3.9) that

lim
"!0

lim
n!1

Z
RN
j.��/

s
2 zunj

2‰"dx D lim
"!0

lim
n!1

Z
RN

�1jzunj
2�
s‰"dx;

which implies that

lim
"!0

Z
RN

‰"d! D lim
"!0

Z
RN

‰"d�: (3.10)

Combining with (3.7) and (3.10), we get �j � !j , thereby

either !j D 0 or !j � S
N
2s for j 2 J: (3.11)

For any j 2 J , if!j D 0, again by (3.7) we have �j D 0, thus�1jzunj
2�
s

2�
s
!�1jxuj

2�
s

2�
s

.
We show that zun ! xu in L2

�
s by the BrKezis–Lieb lemma (see [5]).

If !j � S
N
2s for some j 2 J , according to Lemma 3.3, there exists �� > 0 large

enough such that c�.a; b/ < .12 �
1
�
�

/S
N
2s for any �� ��. By (3.7), for a big positive

constant C4 we have�
1

2
�

1

�
�

�
S
N
2s > c�.a; b/

D lim
n!1

�
E.zun; zvn/ �

1

�
�
zP .zun; zvn/C C4

Z
RN
r�.e�stnx/ � .e�stnx/uCn v

C
n

�
�

�
1

2
�

1

�
�

�
lim sup
n!1

Z
RN
j.��/

s
2 zunj

2‰"dx
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D

�
1

2
�

1

�
�

�
lim sup
n!1

Z
RN

‰"d!

�

�
1

2
�

1

�
�

�
!j

�

�
1

2
�

1

�
�

�
S
N
2s ;

which is impossible. Therefore, the strong convergence of zun inL2
�
s .RN / is obtained.

Similarly, we can also get zvn ! xv in L2
�
s .RN /. Let '.x/ 2 C10 .R

N / be another
cut-off function, 8̂̂<̂

:̂
'.x/ � 1 in RN nBr.0/;

'.x/ � 0 in B r
2
.0/;

0 � '.x/ � 1;

and denote 'r.x/ by '.x
r
/ for any r . We infer from Lemma 3.5 that ¹'r.x/zunº is

bounded inH s
r . Now we take .'r.x/zun; 0/ as a test function in (3.5) and let r!C1,

then we get

lim
r!C1

lim
n!1

Z
RN

�1;nzu
2
n'rdx D lim

r!C1

Z
RN

�1xu
2'rdx D 0;

lim
r!C1

lim
n!1

Z
RN
jzunj

˛
jzvnj

ˇ'rdx D lim
r!C1

Z
RN
jxuj˛jxvjˇ'rdx D 0;

lim
r!C1

lim
n!1

Z
RN

�.x/zunzvn'rdx D lim
r!C1

Z
RN

�.x/xuxv'rdx D 0:

(3.12)

It follows from (3.12) that

lim
r!C1

lim
n!1

Z
RN
j.��/

s
2 zunj

2'rdx D lim
r!C1

lim
n!1

Z
RN

�1jzunj
2�
s 'rdx;

that is, !1 D �1. Again by (3.8), we obtain

either !1 D 0 or !1 � S
N
2s :

The rest of the proof is the same as before, and we will not repeat it.
Finally, we show that .xu; xv/¤ .0; 0/. Suppose on the contrary that .xu; xv/D .0; 0/,

by Lemma 3.5 and the above conclusions, we have

lim
n!1

Z
RN
.j.��/

s
2 zunj

2
C j.��/

s
2 zvnj

2/ D 0:

It means that c�.a; b/ D limn!1E.zun; zvn/ D 0, which is a contradiction.

Lemma 3.7. Suppose that c�.a; b/ < min¹m�.a; 0/;m�.0; b/º, then .xu; xv/ is a posi-
tive normalized solution for problem (1.1)–(1.2) and �1 < 0, �2 < 0.
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Proof. We infer from Lemma 3.6 that .xu; xv/ ¤ .0; 0/. Now we suppose by contradic-
tion and divide into two cases.

Case 1: Set xu > 0, xv D 0. In view of Lemma 2.2 and [22, Theorem 1.3], we get that xu
is a positive radial symmetric solution of problem (2.3) with parameters a1; b1, where
a21 D jxuj

2
2 � a

2 and b21 D jxvj
2
2 � b

2. Thus, there ism�.a; b/�m�.a1; b1/� I�.xu; xv/.
Combining with Lemma 2.4, Lemmas 3.5–3.6 and BrKezis–Lieb lemmas, we have

0 D lim
n!1

P.zun; zvn/

D lim
n!1

P.zun � xu; zvn/C P.xu; 0/

D lim
n!1

Z
RN
j.��/

s
2 .zun � xu/j

2
C j.��/

s
2 zvnj

2;

and

c�.a; b/ D lim
n!1

E.zun; zvn/

D lim
n!1

E.zun � xu; zvn/CE.xu; 0/

�
1

2
lim
n!1

Z
RN
j.��/

s
2 .zun � xu/j

2
C j.��/

s
2 zvnj

2
Cm�.a; 0/

D m�.a; 0/:

This contradicts that c�.a; b/ < m�.a; 0/.

Case 2: Set xuD 0, xv > 0. The same proof gives us c�.a; b/ �m�.0; b/, which is still
a contradiction. Hence, we obtain that xu > 0, xv > 0 and .xu; xv/ is a positive normalized
solution for problem (1.1)–(1.2). It follows from Lemma 2.5 that �1 < 0, �2 < 0.

Proof of Theorem 1.1. Due to Lemma 3.3, for any a; b > 0, we can choose an ��

big enough such that c�.a; b/ < min¹m�.a; 0/; m�.0; b/º for any � � ��. By [3,
Lemma 2.7], we know that m�.a; b/ > 0. Again by Lemma 3.7, we can deduce that
.�1; �2; xu; xv/ is a solution of problem (1.1)–(1.2), where xu; xv are nonnegative thanks
to u�n ; v

�
n ! 0 inH s

r . Next, we just need to verify .zun; zvn/! .xu; xv/ inH s
r �H

s
r . We

have the following four cases.

(i) If .xu; xv/ D .0; 0/, then by Lemma 3.6 we have

lim
n!1

Z
RN
.j.��/

s
2 zunj

2
C j.��/

s
2 zvnj

2/ D 0;

this contradicts that c�.a; b/ > 0;

(ii) if xu ¤ 0, xv D 0, because .�1; �2; xu; xv/ is a solution of problem (1.1)–(1.2)
and �.x/ > 0, we must have xu D 0, which is impossible;

(iii) if xu D 0, xv ¤ 0, it is the same as (ii), which is impossible;
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(iv) if xu > 0 and xv > 0, by Lemma 3.5 and (3.5)–(3.6), we obtain

�1a
2
C �2b

2

D lim
n!1

.�1;na
2
C �2;nb

2/

D lim
n!1

�Z
RN
.j.��/

s
2 zunj

2
C j.��/

s
2 zvnj

2/

�

Z
RN
.�1jzunj

2�
s C �2jzvnj

2�
s /

� ��

Z
RN
jzunj

˛
jzvnj

ˇ
� 2

Z
RN

�.x/zunzvn

�
D lim
n!1

�
.
� � 1/��

Z
RN
jzunj

˛
jzvnj

ˇ
�

Z
RN

2�.x/zunzvn

�
D �1jxuj

2
2 C �2jxvj

2
2;

which implies that

�1.jxuj
2
2 � a

2/C �2.jxvj
2
2 � b

2/ D 0:

Thus, we get jxuj22 D a
2, jxvj22 D b

2, i.e., .zun; zvn/ ! .xu; xv/ in L2.RN / �
L2.RN /. Combining with (3.5) and compact embedding, we also have

o.1/ D .E 0.zun; zvn/ �E
0.xun; xvn//Œ.zun � xu; 0/� � �1

Z
RN
.zun � xu/

2

D

Z
RN
.j.��/

s
2 .zun � xu/j

2
� �1jzun � xuj

2/C o.1/:

Since �1 < 0, we can get zun ! xu in H s
r . Similarly, it holds that zvn ! xv in

H s
r . From maximum principle, we have xu; xv > 0.

We complete the proof of Theorem 1.1.

4. Proof of Theorem 1.2

In this part, we want to prove that problem (1.1)–(1.2) has no positive normalized
solution when � D 2�s and �.x/ < 0.

Proof of Theorem 1.2. Now we are going to prove this result by contradiction. As-
sume that .u; v/ is a positive normalized solution for equations (1.1)–(1.2) when
� D 2�s . It follows from Lemma 2.5 that �1 < 0, �2 < 0. Recalling (2.4), we can
infer the Pohozaev identity of the new systemZ

RN
.j.��/

s
2uj2C j.��/

s
2 vj2/�

Z
RN
.�1juj

2�
s C�2jvj

2�
s /� 2�s �

Z
RN
juj˛jvjˇ D 0:
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Since .u; v/ is a positive normalized solution of (1.1)–(1.2), we deduce from the def-
inition of weak solutions thatZ

RN
.j.��/

s
2uj2 C j.��/

s
2 vj2/ �

Z
RN
.�1u

2
C �2v

2/

D

Z
RN
.�1juj

2�
s C �2jvj

2�
s /C 2�s �

Z
RN
juj˛jvjˇ C

Z
RN

�.x/uv:

Combining with the above two formulas, we haveZ
RN
.�1u

2
C �2v

2/C

Z
RN

�.x/uv D 0;

this is a contradiction. Hence, there is no positive normalized solution to the equations
under these conditions. We finish the proof of Theorem 1.2.
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