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Normalized solutions of fractional mass supercritical NLS
systems with linear couplings

Zhenyu Guo and Fengyi Liang

Abstract. In this paper, we consider normalized solutions for fractional NLS systems with
Sobolev critical nonlinearities and linear couplings. Under mass supercritical condition, there
are two cases discussed. First, we use the minimax method to get the existence of positive
normalized solution when the exponent is Sobolev subcritical. Second, if it is Sobolev crit-
ical, we prove the nonexistence of positive normalized solution. Scaling transformation and
concentration-compactness principle are used in this paper.

1. Introduction

In this paper, we investigate the following fractional coupled nonlinear Schrodinger
equations with N > 25,5 € (0, 1):

(1.1

(=A)u — dqu = pr|u)® 2u + naful*2vlPu + k(x)v  inRY,
(—=A) v = Aav = polv|> v + nBlul*v* 72y + k(x)u  inRY,

satisfying the conditions

/ u? = a?, / v? = b2, (1.2)
RN RN

where A1, A, € R appear as Lagrange multipliers, 2} = Nz_}\;s is the fractional Sobolev

critical exponent, n,a,b > 0,a,8 > l,a + B € 2+ ‘I‘V—s, *]and k(x) € L®RY).

The fractional Laplacian (—A)* is expressed by

u(x) —u(y)

(—A)SM(X) = C(N, S)PV /I;N m y,

where P.V. indicates the Cauchy principal value and C(N, s) is a positive constant
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that depends on N, s. We can refer to [6,9] for more information about the fractional
Laplacian. Let the function space associated with (—A)* be

s ) —u(y) P
wo@Y) = fue 2@V [ jeayiur= [ O ary < oo,

R2N

equipped with the norm

1
s 2
llzs = (/ () Suf? + |u|2)
]RN

Under the condition of mass supercritical, both fractional and integer order sys-
tems have been studied by many experts.

For example, for integer order systems with Sobolev critical nonlinearities and
p.q, 0+ B >2+ % as follows:

{_A” — A = P 204 )P+ peulf 2y inRY, (13)

—Av =220 = 02 T2 + ool 4+ pBlul®wf 2y in RV,

Liu and Fang [14] investigated the existence of positive normalized solution of the
systems (1.3) satisfying (1.2) in the case of p, ¢, + f < 2* and the nonexistence of
positive normalized solution in the case of p,q,a + f = 2*.

In addition, for the following fractional systems with Sobolev critical terms:

{(—A)su — A = [u|® "2u + neful 2Py inRY, (L.4)

(=AY v — A0 = [v|% 20 + nBlu*v/f~2v  inRY,

which were studied by Zou et al. [3], they proved the existence and nonexistence
of normalized ground state in the case of n > 0 and n < 0. Furthermore, they also
showed the asymptotic behavior of the minimizers for question (1.4) and (1.2). This
fractional system with Sobolev critical terms models complex physical phenomena.
The fractional Laplace operator (—A)® captures non-local interactions, relevant to
quantum tunneling or anomalous diffusion. Sobolev critical terms represent critical
interaction strengths, like in nonlinear wave focusing or quantum many-body phase
transitions. Coupling terms describe multi-field interactions, such as cross-modulation
in nonlinear optics or electronic state coupling in quantum Hall effect. Overall, it
mathematically abstracts non-local, critically nonlinear, multi-field coupled systems
to analyze existence and asymptotic behavior.
Zhang and Yun [20] studied equations (1.5) with linear and nonlinear couplings

{—Au—llu = pilul® + nvPu+«c(x)v  inR3, (L.5)

—Av — A0 = pa|v|? 4+ nulPv + k(x)u  inR3.
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For the mass supercritical case, they proved that (1.5) has a radial positive normalized
solution.

Of course, there are also numerous results for a single equation with Sobolev
critical term. Li and Zou [12] studied the existence and nonexistence of normalized
ground states in different cases for the Sobolev critical Schrodinger equation involving
a Hardy term.

Based on the above works, we will consider equations with both linear couplings
and Soboley critical nonlinearities. The main features of this paper are the existence of
Sobolev critical nonlinearities and the fractional Laplacian, which make the compact-
ness conditions troublesome. The main methods we used are minimax theory, scaling
transformation and concentration-compactness principle.

It is well known that to find the solutions of (1.1) means to look for the critical
points of the energy functional

1 s s 1 * *
B =5 [ (0P a5 = o [ gulul -l )

o
—n[ | [v]# —/ Ceyuv
RN RN

constrained on the L2-spheres in H*(RY) x HS(RY). We define
S(a,b) = {(u,v) e H*RY)x HSRV) : / u? = a?, / v? = bz}.
RN RN

We need to use the Palais’s symmetric criticality principle [16] and compact embed-
ding on the whole space to solve the problem (1.1)—(1.2). To achieve this purpose, we
introduce such a symmetric radial subspace,

H} = H3,(RY) = {u € H*RY) 1 u(x) = u(|x])}.

We know that the critical points of E|g(,p) on H; x H? are the critical points
of E|s(a.p) on H*(RY) x H*(RY) by Palais’s symmetric criticality principle. So we
just need to find the critical points of E|g(.») on H x H?.

Next, we talk about some notations. For the sake of simplicity, the norm of the
space L?(R¥) is represented by | - |,. Besides, we write

4s

6 = o + B, L*-critical exponent p = 2 + N

S(a) = {ueHs(RN): uzzaz},
RN
Sr(a,b) = S(a,b) N (H} x H}).

Now we state our main results.
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Theorem 1.1. Suppose that N >2s,a + B € (p.25) and n,a,b > 0, k(x) = k(|x]) >
0andk(x) € L?(RV) N L®(RY), év—s < p < 00. Moreover, if k(x) and Vi (x)-x >0

are bounded and K )
0 < [ie(0)|ooah < 222(1- =),
2 Oye

where o € (0, 1) and K, is defined in Lemma 3.1, then there exists n* > 0 such that
(1.1)=(1.2) has a radial normalized solution (u,v) andu > 0,v >0, A1 <0, A, <0

for any n > n*.

Remark 1.1. The difficulty of proving Theorem 1.1 lies in proving the Palais—Smale
condition, because the existence of a Sobolev critical exponent makes compactness
lack. Next, because the embeddings H*(R") < L2(RV) and HS(RV) — L2(RV)
are not compact, it is difficult to obtain strong convergence in LZ(R¥).

Theorem 1.2. Suppose that N > 2s, o + p =25 and n,a,b > 0, k(x) = «(|x]) <0
and k(x) € LP(RNY) N L®@RN), 2% < p < oo. Then, problem (1.1)—(1.2) has no
positive normalized solution.

This paper is organized as follows. In Section 2, we display some preliminary
knowledge and known results. In Section 3, we show Theorem 1.1 by minimax theory,
scaling transformation and concentration-compactness principle. Finally, Section 4
gives the proof of Theorem 1.2.

2. Preliminaries

In this section, we describe some fundamental properties of fractional Schrédinger
systems. First, we review the following fractional Gagliardo—Nirenberg inequality
(see [15, Lemma 1.1]) and the fractional Sobolev inequality (see [18]), which play
a major role in later proofs.

Lemma 2.1. (i) Foru e HS(RYN), p € (2,2%), the following estimate holds:

. % P(l—)’p)
/ |u|PsCP(N,p,s)(f |(—A>%u|2) (/ |u|2) e
RN RN RN

where y, = % and C(N, p, s) is the best constant dependent on N, p, s.

(i) There exists a fractional optimal Sobolev critical constant S > 0 such that

S(/ |u|2:‘<)2§ 5/ I(=A)2ul|?,  forallu € S(a). (2.2)
RN RN
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The proof of two commonly used inequalities in Lemma 2.1 has been studied by
many scholars, and we will not repeat it, interested readers can refer to [15, 18] and
the references therein.

We now focus on the following scalar equations, i.e., k(x) = 01in (1.1),

(=AY u — Ayu = pa|ul® 2u + nafu* 2Py inRY,

(=A)v = Av = pov|3 20 + nBlul®v[f v inRY, 2.3)

u? = a2, v? = b2,
RN RN

Bartsch et al. have already studied this system when s = 1, u; = o = 1 in [3]. We
know that solutions of (2.3) are critical points of the C'! functional

)= [ A-0TP +-a) b

1 * *
— e [ Gl el = [ pelol?
s JRN RN

constrained on S(a, b), and the parameters A1, A, appear as Lagrange multipliers.

The Pohozaev identity is a crucial tool in studying elliptic equations and systems,
relating solutions to the geometry of the domain and nonlinear terms. For fractional
systems like the one here, it helps constrain critical points, as seen by restricting them
to the manifold & (a, b) where P(u,v) = 0, enabling analysis of solution existence
and properties. Regarding regularity analysis, solutions to such fractional elliptic sys-
tems, especially with Sobolev critical nonlinearities, are typically shown to be in
suitable fractional Sobolev spaces initially. Through techniques like bootstrap argu-
ments and estimates on fractional Laplace operators, one can further derive higher
regularity, ensuring solutions are sufficiently smooth for rigorous mathematical anal-
ysis of the system. Because of the Pohozaev identity (see [7, Proposition 4.1]), we
know that the critical points of I, (u, v) are all in the set /(a, b). We introduce the
Pohozaev manifold

Pla,b) = {(u,v) € S@a,b): P(u,v) = O},
where
Py = [ (&) + -a)5op)
RN
= [ Gl paloP) < nye [l @)
RN RN
Next, we will consider the monotonicity of the problem

mqy(a,b) := inf I,(u,v).
7(a.0) (u,v)eP (a,b) n(¥.v)
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To prove Lemma 2.2 and later other lemmas, we introduce a dilation transforma-

tion
Nst
(t xu)(x):=e 2 u(ex),

where (1, v) € S(a, b) and ¢t € R. The scaling map was inspired by [13]. Through
some simple calculations, we can get some properties of this scaling transformation
as below:

(=83 w3 = &7 |(=2)2ul3,

* 252
|t * u|ii =2
A

2*
NSt|u|2§7

0—2
/ |t*u|“|t*v|ﬁ=62N”/ |u|*|v|?
RN RN

besides, we also have

|t*u|§=|u|§, Oxu=u and —tx*(t*u)=u.

The monotonicity of the scalar equations is given below in order to prove Lemma 3.7.
The proof of Lemma 2.2 can refer to [3, Lemma 2.7].

Lemma 2.2. Assume that N > 2s, a,b,n > 0 and 0 € (p,2}). Then, my(a,b) is
non-increasing for n € (0, +00).

Lemma 2.3 ([10, Theorem 3.2]). Let E (¥(1)) be a C'-functional on a complete
connected C'-Finsler manifold S(a,b) (without boundary) and consider a homotopy-
stable family T of compact subsets of S(a, b) with a closed boundary | Xn(T)|. Set
cpla,b) = inf & maxzeqo, 1] E(3(7)) and suppose that sup E (|7, (¢)|). Then, for any
sequence of sets (Xn)n in T such that limy_ o0 SUP.e[0,1] E()?n (r)) = cy(a,b), there
exists a sequence (X,)y in S(a, b) such that

lim dist(x,, y,) = 0.
n—>oo

The following Brézis—Lieb lemma (see [8, Lemma 2.3]) will be used, the proof of
Lemma 2.4 is classical, so we drop it here.

Lemma 24. Let N > 2s, a, 8 > 1, 0 € [2,2]] and (up,v,) — (u,v) in HY x H}.
Up to a subsequence, it holds that

lim 1] [0 B — |t — |* [ — 0] — ] |v]® = 0.
n—oo ]RN

Lemma 2.5. Suppose N >2s,k(x) >0,a,b,n>0,a,8>1,0¢€(2,2])and (u,v) €
H? x H} is a positive solution of (1.1)-(1.2). Then, A; <0, A, < 0.

This lemma for the exclusion of trivial solutions has been explained in many arti-
cles, and the proof process is basically the same. That is, using proof by contradiction
first and using [19, Proposition 2.17], we omit the process here.



Normalized solutions of fractional mass supercritical NLS systems 241
3. Proof of Theorem 1.1

In this section, we will prove the existence of normalized solutions of (1.1). Since
E(u, v) is unbounded from below on S(a, b), we cannot get inf(, yyes(a.p) E(u, V).
In order to obtain the critical points of E|g(4 ), we need to find the minimax value of
E|s(a,p) by constructing a mountain pass structure on S(a, b).

2
Lemma 3.1. Assume K1 > 0 small enough and let K, = (0ygM)?=9v6 , where M =
+ 1€ and p = max{u1, w2}, € is a constant. In addition, if there exists 0 €

258 22
(O 1) such that

ok> 2
h<—2(1-—=—
eolab < 52 (12 222,

then we have

sup E(u,v) < inf E(u,v) and 1nf E(u v) >0,
(u,v)eA (u,v)eB (u,v

E(u,v) > —C(k(x),a,b) on A where C(k(x),a,b) is a positive constant,

il
o

Proof. First,letw = [pu [(=A)2ul? +|(—A)3v|2. For any (u, v) € A, we see that
0 < w < K. It follows from the Holder inequality and Lemma 2.1 that

with

IA

A= {(u,v) € S(a.b): /RN (=A)3u? + [(=A) 3]

—{ames@n;: [ leatl +jeahe

2% 2%

2L 1 < -3 ahar) i)
Lo nr < s ([ emter) ([ eatr)”)

670

K s 2
77/ vl < nlulZlvl; < nf(/ [(=A)2ul® + I(—A)2v|2) :
RN RN

where € is a constant related to N, «, 8, s, a, b and S is mentioned in (2.2). Thus, we
get

B = gw =g [ Gl = [l = [ ecou

1 I 25
= Jw———cw —puf§|olg — e()locad
2%
1 25 4
= cw— —cw - pew 2 — k(x)load
2 g%
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> 0= fe()leoth
> —|k(x)|coab, 3.1

where (1 1= max{{t1, i2}. Since K; > 0 small enough and 2}, 6yy > 2, we can take
C(k(x),a,b) = |k(x)|ocab > 0 to make E(u,v) > —C(x(x),a,b) on A hold.

Second, it is not difficult to verify that K, > 0 is the maximum point of the func-
tion

1 2
1) = 33— (g + e

and

For any (u1,v1) € A4, (uz,v3) € B, set
wuzf [(=A)3ur? + |(=A) 3w | < K,
RN

and
wy=/ (8) 3P + [(—A)S v = Ko
]RN

By |k (x)|coab < ”TKZ(I — ﬁ) and (3.1), for K; small enough we have
1 n 25 vg
E(uz.v2) — E(uy,v1) = E(wz —wi) — —zingz —nCw,” — [k(x)]ecab
2587
g, 1 b k¥ e
> EKz - EKI — R K,> —n€K,? —|k(x)|ccab
2§
1 27 |
> EKZ - ( =+ r]‘(’f)Kz2 — EKl — |k (x)|ocab
268
K2 2 1 O'K2 2
>22(1 - 2 ) ook - 2221 =
2 Ove) 2 2 Ove
> 0,

the inequality holds because s € (0, 1) and K> > 0, 9% > 1.
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Finally, the third formula can be obtained in a similar way. For any (u», v2) € B,
it follows from (3.1) that

25 27
E(uz,v2) = -wp — > w,” —nCw,” — |k(x)|ecab
2583
1 u 2f Ovg
> Ko — ——K,» —n€K,? — |k(x)|ecab
2 5%
1 7 [27)
= EKZ - ( =+ 77‘6’)[(22 — |k(x)|ocab
26873
O'Kz 1 2
-2 Oye
>0
We complete the proof. [

To find a functional that satisfies the mountain pass geometry on S(a, b), we
will use the scaling map mentioned earlier. It follows from [11] that E (t,u,v) =
E(t x u,t = v) has the same mountain pass structure and mountain pass level as the
functional E(u, v).

Lemma 3.2. For any (u,v) € S(a, b), the following results hold:
A [(—A)2(r * u)l3 + [(—A)3(r * v)|3 > 0ast — —oo;

(i) [(=A)2( * u)l3 + (—A)2 (1 % v)|3 — +oo and E(t,u,v) > —coast —
+o0.

Proof. Recalling the properties of the scaling mapping, we know that as t — —oo,
(AR 0+ 12 0 = ((0)2ul} +(=8)2vl3) — 0.
and as t — +o0,
(=22 w5+ [(=A)2 (1 % V)5 — +oo.
By simple calculation, we have
Eu,v) = %/RN(K—A)%@ 2P+ (=8)2 (1  v)P)
~ 5 [ Gl ol o)

—n/RN |t*u|“|t*v|’3—/RNK(x)(t*u)(l*v)



Z. Guo and F. Liang 244

~(@ (=AUl + e (—A)3u[R)

1 25— 2% 2r
=V aluly + palvly)
S S

——e

25
—nee2_2N”/ [u|*|v|? —eNs’/ k(X )u(es x)v(e’ x).
RN RN
In light of 2}, 6 > 2, we obtain that
2% -2
S _“Ns = 25% > 252,
N —2s
[

27 -2 6—2
Ns > TNS>NS and

2
Then we can get E(l, u,v) > —oo ast — +oo.
Let us give a nonnegative fixed point (11, v1) on A, then from Lemma 3.2, when

t — 400, we can get a point (1, vo) such that E(ug, vg) is negative enough and

Jan ([(=8)2w; 2 + |(=A)3w,|?) is big enough, i.e.,
E(uy,v1) > =C(k(x),a,b),

|(=2)3u1 3 +1(=2)3vl3 < K1,
E( xuy,t xvy) <—C(k(x),a,b),

2 S S
(=M 2ur 5 + |[(=A)2v1]3) > Ko,
where K1, K, are defined in Lemma 3.1.

We take (u¢, vg) := (¢ * u1,t * v1), then any path from point (17, v1) to (1, vg)

has to go through B. We have a mountain pass structure on the manifold S, (a, ).
Now, we have the structure of mountain pass, then we define the minimax class

= {x(x) € C([0,1], Sy(a,b)) : x(0) = (u1,v1), x(1) = (uo, vo)},

where y(t) = (x1(t), x2(7)) and the mountain pass value is

cpla,b) = ;glﬂ Tgl[aaﬁ] E(x(1)).

In fact, we set yo(7) := ((t£) x u1, (tt) * v1). Clearly, yo(7) € Sy (a,b) and xo(0) =
(u1,v1), yo(1) = (¢t x uy,t * v1), that is, I" is not empty. Moreover, it is obvious that

cpla,b) > ing(uz, vy) > 0.

The next lemma gives the asymptotic behavior for the critical value ¢, (a, b) and
uses the method in [23].
Lemma 3.3. Assume that c,(a, b) is the critical value of E(u,v) on Sy(a,b). Then

we get lim; s oo cy(a,b) = 0.
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Proof. For fixed (u,v) € Sy(a,b), set yo(7) := ((tt) x u, (rt) * v). By the definition
of ¢y (a, b), we obtain

cpla,b) < max E(xo(1))
t€l0,1]

>0

(—2)Nstt
| |u|“|v|ﬁ}
]RN

1 _
= max{—wl2 —nzl NG }’
>0 |2

< max{%ezszr’( RS |(—A)5v|2))

where [ := 5" and w = Jan (D) 2u2 +](=A)3v[2), z = [pn |u|*[v]?. Tt is
calculable that the maximum point /;,,x of the function

| G, N(—2)
g(l) = ElUl —nzl 2, forany/ >0,

is

; 25w NoIN =I5
e (nzN(9 — 2)) '

Bring the maximum point /,,,x back to the function g (/) yields,
1 Y S -
o) = a5 ( [ G tu o jeaytol) ) = [ el
>0 |2 RN RN

4s NO—2N
1 2sw NO—2N —4s 2sw NO—2N —4s
- Ew(nzN(e —2)) B ”Z(nzN(e —2))

1 25w NoIN =T
< -wl—— .
T2 (nzN(9—2))

Again by 6 > p, we obtain

4s ___4s
1 2sw NO—2N —4s 1 NO—2N —4s
by < —w| ————— <cC(- -0 — +o0,
enla )_2w(nzN(9—2)) = (n) a1 = oo

where C > 0 depends on w, z and N(6 — 2) > 4s. This finishes the proof. |

To prove the boundedness of the PS sequence of E(u, v) at cy(a, b), we define

the Pohozaev manifold & of (1.1),
P(a.b) = {(u.v) € Sa.b) : P(u.v) = 0}.

In a similar way, to find the Pohozaev manifold of (2.3), we calculate that P (u,v) =
P(u,v).
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Through direct computation, we know that E (t,u,v) = E (0, *xu,t xv), then
the mountain pass structure of E is

[':i= {7 € C(0,1], R x S,;(a,b)) : 7(0) = (0,u1,v1), (1) = (0,0, vo)},
where ¥(7) = (¢(t), x1(7), x2(7)) and the minimax value is
¢(a,b) := inf max E(¥(1)).
geT t€l0,1]

We claim that ¢, (a, b) = ¢(a. b), and the minimax principle can be applied. The sim-

ilar proof of this conclusion can be found in [2], and we will sketch it here for the

convenience of reading. On one hand, it is easy to know ¢(a, b) < ¢,(a, b) from

I' C T. On the other hand, for any ¥(t) = (¢(z), x1(7), x2(t)), we infer from the

definition of E that E(x(t)) = E(t(r) » x(t)). Since t(t) » y(t) € T, we have
max E(i(r)) = max E(t(t) x x(r)) = inf max E(y(r)),
t€[0,1] t€[0,1] x€T z€l0,1]

i.e., ¢(a,b) > cy(a,b). Hence, it holds that ¢(a, b) = cy(a,b).

Next, we take a sequence ¥, = (0, Y11, X2,n) € I" such that

s

cp(a,b) = lim sup E(7n (D).
n—=>0 relo0,1]

Moreover, thanks to «(x) > 0 and the following inequations:

/|(—A>%|u||zs[ (—A)3ul?, / uvs/ llvl.
RN RN RN RN

we get that E (¢, |ul, |v|) < E(¢,u, v). From this we can infer that

im sup E(0.[f1(0)]: [x24(®) < lim sup E(0, y1.4(0), x20(0)) = &(a. b).
n—=>0 refo0,1]

n—>00 r¢0,1]

From (u1, v1) and (ug, vo) are both nonnegative points and (0, y1,, x2.n) € T, we
can infer that (0, | x1,,|, | x2.n]) € I'. Again by

sup E (0, |1.2(D)] |12 (0)]) > &(a,b),
€[0,1]

we can obtain that

lim sup E(0, |x1,.(0)], |12 (v)]) = &(a,b) = cy(a,b),

n—00 r¢l0,1]
SO We can suppose Y1, X2,» > 0. By Lemma 2.3, we can choose a PS sequence
Xp := (tn, Un, vp) of E atlevel c,(a, b) such that

lim [z, | + distgs ((Un, vn), (X1,1n5 X2.n)) = 0,
n—oo

so we have t, — 0 and u, ,v,, — 0in H}. We set (ii,, Uy) 1= (tn * Up, 1y * Vp),

obviously, (ii,, V,) € S(a, b). Then we have the lemma below.
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Lemma 3.4. {(i,,V,)} is a PS sequence of E(u,v) at level cy(a,b) on S(a,b).

Proof. Recall that a PS sequence for a functional satisfies key compactness like prop-
erties, crucial for proving existence of critical points. Here, we aim to show (i, Uy,)
is a PS sequence for E(u, v) on S(a, b). The proof relies on analyzing the functional
E and leveraging transformations and properties of fractional Sobolev spaces, along
with symmetry and convergence arguments related to the variables #,, u, and v,.
From previous discussion, we know that {(f,,, u,., vs)} is a PS sequence of E. Taking
any (¢, ¥) € H} x H?, then

E;(tn, Un, Un)[(@, ¥)]
= E/(ln * Un, Iy * V) [(@, V)]
_ 2 (n(x) —un () (9(x) — 9(y))
L

|)C _y|N+2s

+ &) =)W (X) = ¥ ()

|x _ y|N+2s
2?_2 *_ *_
e [ (O T+ el (0
]RN
- / (€ )t ()Y + vn (X))
]RN

= T [ (el (ol + Bl (01 ()P
_ // (itn (x) — Un (V) ((tn * 9)(X) = (ta * 9)())
R2N

|)C _y|N+2s

= [l )
() = T )l 2 D)) = (1 2 )0
* [A2N

|x _y|N+2s

- [ T 1 % )
]RN
. / (@0l (1 % @) [Tl + BlTal®[FalP (1 % ¥))
]RN
_ fRN () (tn % V) + T (in * )

= E'(iy, 0p)[(ta * 0.ty * V)],

where w = (u,, v,). According to V¢ € R, —t » (¢ x u) = u, then from the above
conclusion we have

El(tw, ttn, ) [(—tn % @, —tn x ¥)] = E' (i, Tn) (9, ¥)]-
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By [4, Lemma 3.6], for (¢, V) € T(,,5,)S(a,b), we get that
[ et e = [N, e ods
RN RN
= / Uy (x)p(x)dx = 0.
RN
It can be seen that
(0. ¥) € T, 5,5, b) ifandonlyif (—t, x@,—ty x V) € Ty, v,)S(@,b).

Since t, — 0 and 0 * u = u, we have (—t, x ¢, —t, * ) — (¢, V) as n — o0 in
H? x H?. Hence, for n large enough and (¢, ¥) # (0, 0), there exist C; > 0 and
C, > 0 such that
c I 9l
1 <

[(=tn *x @, —tn x ¥) || s
The norm of the cotangent space 7(,,)S(a, b)’ is represented by |- [|«, the norm of
T(u,v)S(a, b) is defined as

< Cs. 3.2)

1E'| 50,0y, 0) 1 := sup |E(u, v)[(¢, ¥)]|.
(@, ¥)€T(y.v)S(a.b),
(@) s =1
Then by
|E/|S(a,b)(7/7nv 571)[(‘% W)” = |E‘/y|S(a,b)(tn7 Un, Un)[(=1n * @, —ln * 1/f)]|
= |||E\/av|S(a,b)(tnvunv V)l - [ (=tn * @, —tn * ‘/’)”H;

b
we have

E/|S(a,b)(ﬁn: En)[((p’ W)]

< ||E’ Ly U, 0,
1t * st = D)lgze | = | Ewlstad) ot o)l =

as n — oo. Using (3.2) and taking the supremum on both sides of the above formula,
we obtain

Cr 1 E' | sy n, D)« < 1 Ebls@pytns tin, va) |« — 0,  asn — oo.

Finally, we get
||E/|S(a,b)(ﬁn’ Uy)|l« = O, asn — oo,

on the other hand, due to {(t,, u,, v,)} is a PS sequence of E at level cyla,b), we
also have
E(y,,0n) = E(ty.un,vy) = cpla,b), asn — oo.

According to the definition of Palais—Smale sequence, we finish the proof. |
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Lemma 3.5. If k(x) and Vk(x) - x are bounded in RY, then the PS sequence
{(#y, Vn)} in Lemma 3.4 is bounded in HS x HJ. Moreover, there is also

lim P(i,,v,) =0
n—oo
when Vi(x) - x > 0.

Proof. To further elaborate on the boundedness and convergence properties, recall
that in fractional Sobolev spaces, the embeddings and compactness results play a piv-
otal role. Now, consider the nonlinear terms in the functional E. Due to the strong
convergence in L4 spaces and the growth conditions of the nonlinearities, the nonlin-
ear functionals associated with £ will converge continuously. In virtue of the fact that
{(tn, tn, vy)} is a PS sequence of E, it holds that

01, E(t,,, Up,Vy) — 0,
that is,

atn E(lnv Up, Un)

eZsztn B B
= atn( B / (|(_A)7un|2 + |(_A)ivn|2)
RN

I 22

* *
—2—*6 . stn/leLllunFS +ﬂ2|vn|zs)
R

s

0=2 —
_atn (776’ 2 Nstn/ |Mn|Ot|Un|/6 _/ k(e srnx)unvn)
RN RN

2 s s
= ¢228 ’"(|(—A)2un|§ + |(—A)2vn|%)

1 1 252 2% 2§
— (=== )NseT T My funlss + palvalyl)
2 2% s s

0 _
—|=-1 nNseGZZst”f |un|"‘|vn|ﬁ
2 RN
+ s/ Vi(e ™ x) - (e " x)unvy,
RN
S~ S~ ~ 2% ~ 23
= S2(|(_A)2”n|% + |(_A)2Un|§) - Sz(llbllun|2;k + M2|Un|2;k)
~n6yes? [l Tl
RN

+ s/ Vi(e ™ x) - (e " x)uyv, — 0. (3.3)
RN
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On the other hand, we also get
E(tn, Up, Un) = E(ﬁn, 5n)
1 s S~
=5 [ U0 41055,
1 ~ * ~ *
=3¢ [ Gl 4 a2
A
o [ [ e ou,
RN RN
— cy(a.b). (3.4)

Thus, by (3.3)-(3.4), (u,, v,) € S(a, b) and the boundedness of x(x) and Vk(x) - x,
we can infer that |(—A) 217, 2+ |(=A)3 7T, |2 is bounded, again by (i, v,) € S(a,b),
we obtain (if,, U,) is bounded in H x H}.

Next, we want to show that lim, o, P (i, V) = 0. According to (3.3) and u,,, v,
— 0in H7, we can deduce that

§2P(iiy, Up) + s/ Vic(e ™ x) - (e~ x)uf v
RN

S~ S~ ~ 2% ~ 25
= s2(|<—A>2un|§ =823 = (T 35 + pralTl30)

~ by [ 1l
]RN
+ s/ Vic(e ™ x) - (e~ x)ufvF
]RN

— 0,

namely,

lim (SZP(T[,,,T)',,) + s/ Vic(e ¥ x) - (e~ x)u v ) =0.
RN

n—>oo

Let @ = |(=A)3#,|3 4 |(=A)37,|2 be small enough. Indeed, by Lemma 2.1 and
the Holder inequality it holds

~ ~ S~ S~ ~ 25 ~ 23
P(uy,vy) = |(_A)2un|§ + |(_A)2vn|§ - (/,L1|u,,|2‘;k + p2|Uy 2§)
6y [ 1l
RN
~ _5 S~ 2 g _ﬁ £~ 2 &
>W—S8"2 u1([(=A)2un|3) 2 = 8§72 ua(|(=A)20,(3) 2

— 10Yp]iTn]%] a5
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~ 2 s~ o s 2

B uS™2 ()25 + 1(—2)2Tu5) 2
S 2 28 (-

_779)/0C9(N,9,s)(|(—A)zun|§) 5 |un|g(1 Y6)

%

S o Bre 1—
(=035, 2) 2" (5, f0 )

~ _5.,5 S~ 12 S~ 12 %
>W—pS w2 —nC(|(=A)2unlz + |[(=A)20,[3) 2
~ 2y 2y 7]
=w—uS 2w2 —nCiw 2
207

where Cj3 is related to N, 6, s,a, b. In view of Vk(x) - x > 0, we can obtain that
limy, 00 P (i1, V) = 0. Besides, it also holds that

lim Vic(e™*™x) - (e x)ufv = 0.
n—>oo RN

Hence, the proof is finished. ]

Since {(ii,, Vy)} is bounded in H; x HJ, then up to a subsequence, there exists
(u,v) € H? x H? such that
(. Tp) — (,0)  in HSRY) x HS(RN);
(fn, Tp) — (,0) in L% (RN) x L% (RN);
(fin. Up) — @,7) in LYRY) x LY@RY);
(ln.Tp) — (1,7) ae. inRY
as n — oQ.

According to the fact that {(i,, U,)} is a PS sequence of E, for any (¢, ¥) €

H? x H}, there exists a sequence {(A1,,,A2,,)} C R x R by the Lagrange multiplier
method such that

// ((ﬁn () = (@) =¢() | Fnx) = Vu(NW(¥) = 1ﬁ(y)))
R2N

|x_y|N+2s |x_y|N+2s

—/ DA PRI
]RN
@ Tl + Bl Tl )
- / ) Fntr + Tng) — A1m / T — Azm / o
RN RN RN
=oM) (0, ¥)llar (3.5)
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with 0(1) — 0 as n — oco. For more details we refer to [1, Lemma 3.2]. Taking (4, 0)
and (0, ¥y,) as test functions in (3.5), we can obtain that

Al,naZZ/ |(—A)%17n|2—/ M1|17n|25*
RN RN
—na/ RALEAL —/ K (X)iinT,
RN RN
hoal? = [ N0 [ ol
RN RN

o / %5 — / € ()T T
RN RN

It is not difficult to deduce that {1, ,} and {A, ,} are bounded. Up to a subsequence,
we may set (A1 ,,A2,,) = (A1,42) € R xR.

(3.6)

Lemma 3.6. There exists n* > 0 dependent on a, b large enough, such that for any
n = n* (. 0y) — (1, 0) in L% (RN) x L= RY) and (1, 7v) # (0,0).

Proof. First, we claim that #,, — # in L% (R¥). By the concentration-compactness
principle (see [17, Theorem 5] and [21, Lemma 3.3-3.4]), there exist two nonnegative
measures @, v and an index set J such that | (—A) 27,2 — @ in M(RY), w1, |> —
vin M(RY) as n — oo. In addition,

o> (=AU + ) widy,. w0,

jeJ
v= I 4+ vy, vj =0, (3.7)
jeJ
—F 27
UjESTwJ- s VjGJ,

where x; is a pointin RV, §, - represents the Dirac measure at x; and S is the Sobolev
optimal constant in (2.2). Besides, set

r—->+00 poo

Woo := lim limsup/ [(—A) 27, | 2dx,
x>

. . ~ *
Uoo := lim hmsup/ |t |3 dx.
|x|>r

r—>+00 p—oo

And by [21, Lemma 3.3], we know that @, Voo satisfy

limsup/ |(—A)§ﬁ,,|2dx=/ do + Weo,
RN RN

n—oo
limsup/ 1| |3 dx =[ dv + Vo, (3.8)
n—oo JRN RN
—o¥ 2

Voo < S 72 wo3 .
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We take the cut-off function W,(x) € Cg° (RY) as follows:

V() =1 in Ba(xy),
Y, (x) =0 in BS (x)),
0= We(x) =1,
where B¢(x;) denotes a ball with center x; and radius e. It follows from Lemma 3.5

that {W.(x)i,} is bounded in H?. Now we take (W, (x)ii,,0) as a test function in
(3.5) and let & — 0, then from the absolute continuity of the Lebesgue integral, we

have
lim lim A2 Wedx = lim M2 W,dx = 0,
e>0n—o0 JpN §—>0 JrRN
lim lim |17n|"‘|5,,|ﬂ\1!8dx = lim/ |ﬁ|"‘|i|ﬂ\1'8dx =0, 3.9
e—>0n—>00 JpN e—>0 JrN
lim lim K(X)Upv, Vedx = lim kK (x)uvW¥.dx = 0.
e>0n—>00 JpN e—>0 JrN

We infer from (3.5) and (3.9) that

lim lim [(=A)3277,|?Wedx = lim lim T |5 Wedx,

e>0n—>00 JpN e—>0n—>00 JpN

which implies that
lim Y.dw = lim W dv. (3.10)

e—>0 JrN e—>0 JpN

Combining with (3.7) and (3.10), we get v; > wj, thereby
either w; =0 or w;> 25 forj € J. (3.11)

Forany j € J,if w; =0, again by (3.7) we have v; = 0, thus ,u1|u,,|2* — U1 |u| X
We show that i iy — win L% by the Brézis-Lieb lemma (see [5]).

fw;>S 25 for some Jj € J, according to Lemma 3.3, there exists n* > 0 large
enough such that ¢, (a, b) < (% — ﬁ)S% for any n > n*. By (3.7), for a big positive
constant C4 we have

1 1 N
(5 — %)Sz > Cn((l,b)

= lim (E(u,,,v,,) P(u,,,v,,)+C4/ Vic(e ™ x) - (e~ x)ufv +)
n—oo R

1 1 5
> (_ - —) lim sup/ [(—A)21i,]* Wedx
2 0ys) nooo JRN
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1 1
=|=-——]Ilimsu V. dw

which is impossible. Therefore, the strong convergence of 77, in L2 (R is obtained.
Similarly, we can also get T, — v in L% (RV). Let ¢(x) € Cs® (R™) be another
cut-off function,
p(x) =1 inRY\B(0),

e(x)=0 in B (0),
0<ekx) =1,

and denote ¢, (x) by ¢(3) for any r. We infer from Lemma 3.5 that {¢, (x)ii,} is
bounded in H;. Now we take (¢, (x)ii,,0) as a test function in (3.5) and let r — + o0,
then we get

lim lim Antizgrdx = lim Mit?gpdx =0,
r—-+o00 n—>00 RN r——4oo RN

lim lim |70 |%| 7 |P @ dx = lim/ li7|%7)Ppdx =0,  (3.12)
N r—>+oo JpN

r—>+oon—>o0 Jp

lim lim K(X)UpVy@rdx = lim k(x)uvep,dx = 0.
r—>+oon—o0 Jpn r—>+oo JRN

It follows from (3.12) that

lim lim I(=A)2ii,2grdx = lim lim wiliin| % grdx,
r—>+oon—>o0 JpN r—>+oon—>o0 JpN

that is, s = Uso. Again by (3.8), we obtain
either woo =0 oOr we > S%.

The rest of the proof is the same as before, and we will not repeat it.
Finally, we show that (i, v) # (0, 0). Suppose on the contrary that (i, v) = (0, 0),
by Lemma 3.5 and the above conclusions, we have

lim /}RN(|(—A)5%|2 +1(=A)2T,[%) =o.

n—>o00
It means that ¢, (a, b) = lim, o E(iy, V,) = 0, which is a contradiction. [ ]

Lemma 3.7. Suppose that cy(a,b) < min{m,(a,0), m;(0,b)}, then (i, ) is a posi-
tive normalized solution for problem (1.1)~(1.2) and 11 < 0, A, < 0.



Normalized solutions of fractional mass supercritical NLS systems 255

Proof. We infer from Lemma 3.6 that (7, v) # (0, 0). Now we suppose by contradic-
tion and divide into two cases.

Case 1: Setu > 0,v = 0. In view of Lemma 2.2 and [22, Theorem 1.3], we get that u
is a positive radial symmetric solution of problem (2.3) with parameters a1, b1, where
a% = |L_t|% <a?and bf = |E|§ < b2, Thus, there is my(a,b) <my(ay,by) < I(u,v).
Combining with Lemma 2.4, Lemmas 3.5-3.6 and Brézis-Lieb lemmas, we have
0= lim P(u,,v,)
n—-oo
= lim P(u, —u,v,) + Pu,0)
n—>oo
= Jim | (=8)3 (i — W)+ [(=8) 3T, %,

n—oo Jp
and
cyla,b) = Jlim E(tin, Un)
= nlgrolo E@i, —u,v,) + E,0)

1 s _ s~
> 2 dim [ A @~ DR+ (8)3 T + @, 0)

2 n—oo R

= my(a,0).
This contradicts that ¢, (a, b) < my(a,0).

Case 2: Setu =0, v > 0. The same proof gives us c,(a,b) > m, (0, b), which is still
a contradiction. Hence, we obtain that # > 0, v > 0 and (i, v) is a positive normalized
solution for problem (1.1)—(1.2). It follows from Lemma 2.5 that . < 0,1, <0. =

Proof of Theorem 1.1. Due to Lemma 3.3, for any a, b > 0, we can choose an n*
big enough such that ¢, (a, b) < min{my(a, 0), m, (0, b)} for any n > n*. By [3,
Lemma 2.7], we know that m,(a, b) > 0. Again by Lemma 3.7, we can deduce that
(A1, A2, u, ) is a solution of problem (1.1)—(1.2), where i, v are nonnegative thanks
tou, ,v, — 0in H}. Next, we just need to verify (it,, V,) — (4,V) in H} x HY. We
have the following four cases.

(i) If (u,v) = (0,0), then by Lemma 3.6 we have

lim | ((=A) 2,2 + [(=A) 25, %) = 0,
n—oo RN
this contradicts that ¢, (a, b) > 0;

(i) ifu # 0,v = 0, because (A1, Ao, %, V) is a solution of problem (1.1)—(1.2)
and «(x) > 0, we must have ¥ = 0, which is impossible;

(iii) ifu = 0, v # 0, it is the same as (ii), which is impossible;
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@iv) ifu > 0and v > 0, by Lemma 3.5 and (3.5)—(3.6), we obtain

Alaz + )tzbz
= lim (A na® + Ay nb?)

n—>oo

n—oo

= fim (/RNG(—A)%&”F IRTEINLAD

— [ Gl + gl )

- / 15,18 — 2 / x(x)ﬁnan)
RN RN

= lim ((yg—l)nQ/ |7, |% |0 |2 —/ 2K(x)ﬁn5n)
= A3 + 22[73.
which implies that
M(JTl3 = a?) + A2([5]3 — b?) = 0.

Thus, we get [#|2 = a2, V]2 = b2, i.e., (in, Un) — (&, ) in L2(RY) x

L?*(RY). Combining with (3.5) and compact embedding, we also have
1) = (B, Ty) — B 5 (T~ 7.0] =2 [y =0
= [ )5~ = 2l ~ 7 + (1),
RN

Since A1 < 0, we can get i, — u in H. Similarly, it holds that v, — v in
H?. From maximum principle, we have u, v > 0.

We complete the proof of Theorem 1.1. |

4. Proof of Theorem 1.2

In this part, we want to prove that problem (1.1)—(1.2) has no positive normalized
solution when 6 = 27 and k(x) < 0.

Proof of Theorem 1.2. Now we are going to prove this result by contradiction. As-
sume that (u, v) is a positive normalized solution for equations (1.1)—(1.2) when
6 = 2;. It follows from Lemma 2.5 that ; < 0, A, < 0. Recalling (2.4), we can
infer the Pohozaev identity of the new system

/ (|<—A>%u|2+|<—A)5v|2>—/ (m|u|2?+m|v|2?>—2;‘n[ ol =0.
RN RN RN
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Since (u, v) is a positive normalized solution of (1.1)—(1.2), we deduce from the def-
inition of weak solutions that

/ <|<—A)5u|2+|<—A)iv|2>—/ (Ao + Asv?)
RN ]RN
=[ (u1|u|2?‘+uz|v|2?)+2:nf |u|“|v|ﬁ+/ G,
RN RN RN

Combining with the above two formulas, we have

f (Au? + A02) + [ K(x)uv = 0,
RN RN

this is a contradiction. Hence, there is no positive normalized solution to the equations
under these conditions. We finish the proof of Theorem 1.2. ]
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