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Sigma-convergence for thin heterogeneous domains and
application to the upscaling of

Darcy–Lapwood–Brinkmann flow

Willi Jäger and Jean Louis Woukeng

Abstract. The sigma-convergence concept has been up to now used to derive macroscopic
models in full space dimensions. In this work, we generalize it to thin heterogeneous domains
given rise to phenomena in lower space dimensions. More precisely, we provide a new approach
of the sigma-convergence method that is suitable for the study of phenomena occurring in
thin heterogeneous media. This is made through a systematic study of the sigma-convergence
method for thin heterogeneous domains. Assuming that the thin heterogeneous layer is made
of microstructures that are distributed inside in a deterministic way including as special cases
the periodic and the almost periodic distributions, we make use of the concept of algebras with
mean value to state and prove the main compactness results. As an illustration, we upscale a
Darcy–Lapwood–Brinkmann micro-model for thin flow. We prove that, according to the mag-
nitude of the permeability of the porous domain, we obtain as effective models, the Darcy law
in lower dimensions. The effective models are derived through the solvability of either the local
Stokes–Brinkmann problems or the local Hele-Shaw problems.

1. Introduction and the main results

This work is concerned with two main challenges: 1) build a framework enabling
the study of physical/natural phenomena occurring in thin heterogeneous media by
taking into account the distribution of heterogeneities inside the thin layer; 2) apply
the results obtained in the first part 1) to upscale a double porosity model, viz. a
Darcy–Lapwood–Brinkmann flow occurring in thin heterogeneous domains.

The first main challenge is to prove some important compactness results in thin
heterogeneous domains. To make it a little more precise, let Gi � Rdi (i D 1; 2) be
a bounded open set in Rdi (integer di � 1) with 0 2 G2 (the closure of G2). We set
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G" D G1 � "G2 (where " > 0 is a small parameter) and G0 D G1 � ¹0º. The first
main result states as follows.

Theorem 1.1. Let .u"/"2E be a sequence in Lp.G"/ satisfying

sup
"2E

"�
d2
p ku"kLp.G"/ � C;

whereC >0 is a constant independent of ", 1<p <1 andE is an ordinary sequence
of positive real numbers " tending to zero. Then there exist a subsequenceE 0 ofE and
u0 2 L

p.G0IB
p

A
.Rd1 ILp.G2/// such that, as E 0 3 "! 0,

"�d2
Z
G"

u".x/f

�
x;
x

"

�
dx !

Z
G0

Z
G2

M.u0.x; �; �/f .x; �; �//d�dx (1.1)

for all f 2 Lp
0

.G0IA.Rd1 ILp
0

.G2/// (1=p0 D 1 � 1=p).

We denote the convergence property (1.1) by “u" ! u0 in Lp.G"/-weak †A”.
In Theorem 1.1, A is an algebra with mean value on Rd1 while B

p

A
.Rd1 ILp.G2//

stands for the vector-valued generalized Besicovitch space associated to A; M de-
notes the mean value on B

p

A
.Rd1 ILp.G2//. Especially, we denote by u0.x; �; �/ the

function y 7! u0.x; y; �/, and the mean value operator acts on the y variable that
belongs to Rd1 . This shows that in the integralZ

G0

Z
G2

M.u0.x; �; �/f .x; �; �//d�dx;

the mean value is with respect to the dot “�”. In the special setting of periodic functions
with periodicity 1 in each coordinate, one hasZ
G0

Z
G2

M.u0.x; �; �/f .x; �; �//d�dx D

Z
G0

Z
G2

Z
Y

u0.x; y; �/f .x; y; �/dyd�dx;

where Y D .�1
2
; 1
2
/d1 .

We refer the reader to Section 2 for general concepts about the algebras with
mean value and the subsequent spaces. Theorem 1.1 is at the heart of some other
important compactness results stated and proved in Section 3 of this work. It gener-
alizes its homologue stated in [22], which is concerned with the periodic version. It
is worth noticing that the generalization is not straightforward as it heavily relies on
Lemma 3.5 stated and proved in [24, Proposition 3.2]. We use Lemma 3.5 to get rid
of separability issues, as some algebras with mean value are not separable, in contrast
with the algebra of continuous periodic functions on Rd1 . To the best of our knowl-
edge, there is no result available so far in the literature dealing with such kind of
compactness results in thin domain beyond the periodic setting. So our result is new
and most likely, of great applicability.
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The second main result deals with the sigma-convergence in thin heterogeneous
domains with oscillating lateral boundaries. Let � be a bounded open Lipschitz do-
main in Rd�1 (integer d � 2), and let h1 and h2 be two Lipschitz continuous functions
defined on Rd�1 and satisfying h1; h2 2W 1;1.Rd�1/\A (A an algebra with mean
value on Rd�1). We define the thin domain here as follows:

�" D

²
x D .x; xd / 2 Rd W x 2 � and "h1

�
x

"

�
< x3 < "h2

�
x

"

�³
: (1.2)

Set I D .minRd�1 h1;maxRd�1 h2/ and assume that 0 2 ŒminRd�1 h1;maxRd�1 h2�,
and define G" D � � "I . Finally, define the set

J D
®
y D .y; yd / 2 Rd W y 2 Rd�1 and h1.y/ < y3 < h2.y/

¯
;

and we denote by �J its characteristic function in Rd . We are in a position to state
the second main compactness result.

Theorem 1.2. Let .u"/"2E � Lp.�"/ (1 < p <1) be a sequence satisfying

sup
"2E

"�
1
p ku"kLp.�"/ � C;

where C > 0 is independent of " and E is as in Theorem 1.1. For any function
v 2 Lp.�"/, we denote by P"v its extension by 0 on G": P"v D ��"v (where ��"
stands for the characteristic function of �" in G"). Let E 0 and u0 2 L

p.G0I

B
p

A
.Rd�1ILp.I /// be defined by Theorem 1.1 and such that P"u"! u0 in Lp.G"/-

weak †A. Then, as E 0 3 "! 0,

1

"

Z
�"
u".x/f

�
x;
x

"

�
dx !

Z
G0

Z
I

M.�Ju0.x; �; yd /f .x; �; yd //dyddx

for all f 2 Lp
0

.G0IA.Rd�1IC.I ///, 1=p0 D 1 � 1=p.

To illustrate the previous results, we consider the upscaling of a double porosity
model in thin heterogeneous layers. The model problem is stated as follows. In the
thin heterogeneous layer �", we consider the flow of a fluid described by the Darcy–
Lapwood–Brinkmann system8̂̂̂<̂

ˆ̂:
� div

�
A

�
x

"

�
ru"

�
C

�

K"
u" C

�

�2
.u" � r/u" Crp" D f in �";

div u" D 0 in �";

u" D 0 on @�";

(1.3)

where the assumptions on A and f ensure the existence (for each fixed " > 0) of a
solution .u"; p"/ 2 H 1

0 .�
"/3 � L20.�

"/. It is worth noting that in (1.3), the param-
eters �, � and � are positive constants independent of ". We consider two different
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kind of thin layers: a thin layer with flat parallel boundaries and a thin layer with
highly oscillating boundaries. In each case, we obtain the following results, which are
respectively, the third and the fourth main results of this work.

Theorem 1.3. For each " > 0, let�" be given by (1.2) with h1 D�1 and h2 D 1 (i.e.,
�" D�� .�"; "/, where� is a bounded open connected Lipschitz subset in R2), and
let .u"; p"/ be a solution of (1.3). Assume that A 2 .B2

A
.R2IL2.I ///3�3. Then:

(i) IfK" D O."2/ withK"="2!K when "! 0, 0 < K <1, then .u"="2; p"/
weakly †A-converges (as "! 0) in L2.�"/3 �L2.�"/ to .u0; p0/ belong-
ing to ŒL2.�IB1;2

A
.R2IH 1

0 .I ///�
3 � L2.�/. Moreover, p0 2 H 1.�/ and,

defining u.x/D
R 1
�1
M.u0.x; �; �//d�� .u

0;u3/, one has u3D 0 and .u0;p0/
is the unique solution to the effective problem´

u0 D yA.f 1 � rxp0/ in �;

divx u0 D 0 in � and u0 � � D 0 on @�

where yAD .yaij /1�i;j�2 is a symmetric, positive definite 2� 2matrix defined
by its entries

yaij D

Z 1

�1

M.Arywi W rywj /d� C
�

K

Z 1

�1

M.wiwj /d�:

Here wi (1 � i � 2) is the unique solution in ŒB1;2
A
.R2IH 1

0 .I //�
3 of the

Stokes–Brinkmann system8<:�divy.A.y/rywi /C
�

K
wi Cry�i D ei in R2 � I;

divywi D 0 in R2 � I;

ei being the i th vector of the canonical basis in R3.

(ii) If K" � "2, then .u"=."K
1=2
" /; .K

1=2
" ="/p"/">0 weakly †A-converges (as

"! 0) inL2.�"/3 �L2.�"/ toward .u0;p0/2 ŒL2.�IB
1;2
A
.R2IH 1

0 .I ///�
3

� L2.�/. Furthermore, defining u as in (i) above, we have u3 D 0 and
.u0; p0/ is a solution of

u0 D � yArxp0 in �; divx u0 D 0 in � and u0 � � D 0 on @�;

where yA is a symmetric matrix defined by

yA D .yaij /1�i;j�2 with yaij D �
Z 1

�1

M.wiwj /d�;

wi (1 � i � 2) being the unique solution in B2
A
.R2IL2.I //3 of

�wi Cry�i D ei in R2 � I and divywi D 0 in R2 � I:
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(iii) If K" � "2, then .u"="
2; p"/">0 weakly †A-converges (as " ! 0) in

L2.�"/3�3 � L2.�"/ to .u0; p0/ where u0 2 ŒL
2.�IB

1;2
A
.R2IH 1

0 .I ///�
3

and p0 2 L2.�/. Furthermore, p0 2 H 1.�/ and, defining u D .u0; u3/ as
in (i) above, one has u3D 0 and .u0;p0/ is the unique solution of the effective
problem´

u0 D yA.f 1 � rxp0/ in �;

divx u0 D 0 in � and u0 � � D 0 on @�;

where yA D .yaij /1�i;j�2 is given by

yaij D

Z 1

�1

M.Arywi W rywj /dy3; 1 � i; j � 2;

where here, wi (1 � i � 2) is the unique solution in .B1;2
A
.R2IH 1

0 .I ///
3 of

the Stokes system´
�divy.A.y/rywi /Cry�i D ei in R2 � I;

divywi D 0 in R2 � I:

Remark 1.4. Let us recall the following concept that has been used in the statement
of Theorem 1.3 above. Let U and V be two positive functions of a small positive
variable ", such that U; V ! 0 when "! 0. We say that

U D O.V / provided that
U

V
! K as "! 0; where 0 < K <1I

U � V iff
U

V
! 0 as "! 0; and U � V iff V � U:

In the next result, we assume that �" is given by (1.2) where h1 and h2 satisfy
maxR2 h1 < minR2 h2, and h1, h2 2 A with M.h2 � h1/ ¤ 0, A being an ergodic
algebra with mean value on R2. The result reads as follows.

Theorem 1.5. Assume that�" is given by (1.2). Let .u";p" D p0" C "p
1
" / 2H

1
0 .�

"/3

� L20.�
"/ be a solution of (1.3). Assume that A 2 .B2

A
.R2IL1.I ///3�3. Then:

(i) IfK" DO."2/ withK"="2!K when "! 0, 0 < K <1, then, still denot-
ing by u" the extension by zero of u" on G" D � � ."h�1 ; "h

C
2 /, one has

u"

"2
! u0 in L2.G"/3-weak †A;

and
p0" ! p0 in H 1.�/-weak and in L2.�/-strong.
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Defining u D .u0; u3/ by u.x/ D M.
R h2
h1

u0.x; �; y3/dy3/, we have u3 D 0
and .u0; p0/ is the unique solution of the homogenized problem´

u0 D yA.f 1 � rxp0/ in �;

divx u0 D 0 in �; and u0 � � D 0 on @�;

where yAD .yaij /1�i;j�2 is a symmetric, positive definite 2� 2matrix defined
by its entries

yaij DM

�Z h2

h1

Arywi � rywjdy3

�
C
�

K
M

�Z h2

h1

wi �wjdy3

�
:

Here wi (1 � i � 2) is the unique solution in B1;2#;div.J/ of the Stokes–
Brinkmann system8̂̂<̂

:̂
�divy.A.y/rywi /C

�

K
wi Cry�i D ei in J ;

divywi D 0 in J ;

wi D 0 on @J ;

ei being the i th vector of the canonical basis in R3 and

J D
®
y D .y; y3/ 2 R3 W y 2 R2 and h1.y/ < y3 < h2.y/

¯
:

(ii) If K" � "2, then, up to a subsequence, one has

u"

"K
1
2
"

! u0 in L2.G"/3-weak †A;

K
1
2
"

"
p0" ! p0 in H 1.�/-weak and in L2.�/-strong.

Furthermore, defining u as in (i) above, we have u3 D 0 and .u0; p0/ is a
solution of

u0 D � yArxp0 in �; divx u0 D 0 in � and u0 � � D 0 on @�;

where yA is a symmetric matrix defined by

yA D .yaij /1�i;j�2 with yaij D �M
�Z h2

h1

wiwjdy3

�
;

wi (1 � i � 2) being the unique solution in B2
A
.J/3 of

�wi Cry�i D ei in J and divywi D 0 in J :
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(iii) If K" � "2, then, still denoting by u" and p1" the extension of u" and p1" by
zero on G", we have,

u"

"2
! u0 in L2.G"/3-weak †A;

1

"
ru" ! ryu0 in L2.G"/3�3-weak †A;

p0" ! p0 in H 1.�/-weak and in L2.�/-strong,

still defining u as in (i) above, it holds that´
u0 D yA.f 1 � rxp0/ in �;

divx u0 D 0 in � and u0 � � D 0 on @�;

where yA D .yaij /1�i;j�2 is given by

yaij DM

�Z h2

h1

Arywi W rywjdy3

�
; 1 � i; j � 2;

with wi (1 � i � 2) being the unique solution in B1;2#;div.J/ of the Stokes
system ´

�divy.A.y/rywi /Cry�i D ei in J ;

divywi D 0 in J :

Let us first and foremost compare our result in Theorem 1.5 with the existing ones
in the literature. In [27], problem (1.3) has been considered in a thin domain with
periodic oscillatory boundary. To be more precise, the authors of [27] considered the
problem 8̂̂̂<̂

ˆ̂:
��u" C

�

K"
u" C

�

�2
.u" � r/u" Crp" D f in ƒ";

div u" D 0 in ƒ";

u" D 0 on @ƒ";

where ƒ" D ¹.x; x3/ 2 R3 W x 2 � and "h1.x" / < x3 < "h2.
x
"
/º with h1; h2 being

smooth periodic functions. They proved the analog of Theorem 1.5. However, with
respect to the results in [27], a few remarks are in order: 1) In Theorem 1.5, the
functions h1 and h2 assume several behaviours such as the periodicity, the almost peri-
odicity, the asymptotic periodicity, the asymptotic almost periodicity, and many more
besides. So the main result in [27] (Theorem 3.1 for instance) is a special case of The-
orem 1.5. It is also worth noting that, instead of considering only a periodic framework
like in [27], we consider the case where the thin domain is highly heterogeneous, the
heterogeneities being distributed inside the domain in a general deterministic fashion.
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This imposes the use of a more general concept of convergence taking into account
the properties of the domain, in order to pass to the limit. 2) We also notice that our
estimates leading to the homogenization process are not the same compared to those
obtained in [27, Sections 2 and 3]. Indeed, in [27, Sections 2 and 3], from the estimates

kukL2.�"/3 � C"
5
2 and kukL2.�"/3 � C"

3
2K

1
2
" ;

the authors used the following estimate:

kukL2.�"/3 � C."
5
2 C "

3
2K

1
2
" /;

while we rather inferred the following one (which seems to be more realistic):

kukL2.�"/3 � C min."
5
2 ; "

3
2K

1
2
" /:

This gives rise in our work, to uniform estimates different from the ones they obtained,
especially in the cases when K" � "2 and when K" � "2. 3) Instead of using the
unfolding periodic method, we use a direct approach: the sigma-convergence method
generalizing the two-scale convergence method. The use of this approach is also jus-
tified by the fact that there is no variant up to now, of the unfolding operator beyond
the periodic setting. 4) In the proof of Theorem 1.3, we derive the estimates of the
pressure by using a classical tool relying on the solution of a divergence equation; see
Lemma 4.4 and Proposition 4.5. However, in the proof of Theorem 1.5, the estimates
of the pressure are obtained from a crucial trick stemming from [13, Theorem 3.1]:
the decomposition of the pressure asL20.�

"/ 3 p" D p
0
" C "p

1
" with p0" 2H

1.�/ and
p1" 2 L

2.�"/ (see, e.g., (5.5) and (5.6)). This very important result allows us to work
in the same domain �" instead of adding further assumptions on the geometry of �
as it is the case in [27] (see hypotheses H1, H2 and H3 therein).

Very few works address rigorously the asymptotic analysis of (1.3) or related prob-
lems, in the literature. To the best of our knowledge the only ones available to date
are [3, 4, 8, 13, 27, 32]. For other works in thin heterogeneous domains, we may refer
to, e.g., [1, 2, 5, 9, 12, 14–16, 20–22, 26, 29], to cite a few. In [15, 16, 29] the authors
consider the formal asymptotic developments to upscale a Stokes–Brinkmann model.

The rest of the work is organized as follows. Section 2 deals with some funda-
mental tools around the concept of algebra with mean value. In Section 3, we are
concerned with the concept of sigma-convergence in thin heterogeneous domains. We
prove therein some compactness results related to that concept such as Theorems 1.1
and 1.2. We apply in Sections 4 and 5 the results developed in the previous section to
upscale a Darcy–Lapwood–Brinkmann flow occurring in thin heterogeneous layers.
Finally, in Section 6, we provide some concrete applications of Theorems 1.3 and 1.5.

Unless otherwise specified, the vector spaces throughout are assumed to be real
vector spaces, and the scalar functions are assumed to take real values. We shall
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always assume that the numerical space Rm (integer m � 1) and its open sets are
each provided with the Lebesgue measure denoted by dx D dx1 � � � dxm.

Note. This work inspired the works [10, 28] where the evolutionary counterpart of
results contained in Section 3.1 have been considered.

2. Algebras with mean value and related Sobolev-type spaces

In this section, we gather the reader with some basic concepts about the algebras with
mean value [18, 35] and the associated Sobolev-type spaces [17, 24, 30].

Let A be an algebra with mean value (algebra wmv in short) on Rm (integer
m � 1) [18, 35], that is, a closed subalgebra of the C�-algebra of bounded uniformly
continuous real-valued functions on Rm, BUC.Rm/, which contains the constants, is
translation invariant and is such that any of its elements possesses a mean value in
the following sense: for every u 2A, the sequence .u"/">0 (u".x/D u.x="/) weakly
�-converges in L1.Rm/ to some real number M.u/ (called the mean value of u) as
"! 0. The mean value expresses as

M.u/ D lim
R!1

«
BR

u.y/dy for u 2 A

where we have set
ª
BR
D jBRj

�1
R
BR

.
To an algebra with mean value A are associated its regular subalgebras Ak D¹ 2

Ck.Rm/ W D˛
y 2 A8˛ D .˛1; : : : ; ˛m/ 2 Nm with j˛j � kº (k � 0 an integer with

A0DA, andD˛
y D

@j˛j 

@y
˛1
1
���@y

˛m
m

). Under the norm kjujkk D supj˛j�k kD
˛
y k1, Ak

is a Banach space. We also define the space A1 D ¹ 2 C1.Rm/ WD˛
y 2 A8˛ D

.˛1; : : : ; ˛m/ 2Nmº, a Fréchet space when endowed with the locally convex topology
defined by the family of norms kj � jkm. The space A1 is dense in any Am (integer
m � 0).

The notion of a vector-valued algebra with mean value will be very useful in this
study.

Let F be a Banach space. We denote by BUC.RmIF/ the Banach space of bounded
uniformly continuous functions u W Rm ! F , endowed with the norm

kuk1 D sup
y2Rm

ku.y/kF

where k � kF stands for the norm in F . Let A be an algebra with mean value on Rm.
We denote by A˝ F the usual space of functions of the formX

finite

ui ˝ vi with ui 2 A and vi 2 F
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where .ui ˝ vi /.y/ D ui .y/vi for y 2 Rm. With this in mind, we define the vector-
valued algebra with mean value A.RmIF/ as the closure of A˝ F in BUC.RmIF/.
Then it holds that (see [24]), for any f 2 A.RmI F/, the set ¹L.f / W L 2 F 0 with
kLkF 0 � 1º is relatively compact in A.

Let us note that we may still define the space A.RmIF/ where F in this case is a
Fréchet space. In that case, we replace the norm by the family of seminorms defining
the topology of F .

Now, let f 2A.RmIF/. Then, defining kf kF by kf kF .y/Dkf .y/kF (y 2Rm),
we have that kf kF 2A. Similarly we can define (for 0 < p <1) the function kf kpF
and kf kpF 2 A. This allows us to define the Besicovitch seminorm on A.RmI F/ as
follows: for 1 � p <1, we define the Marcinkiewicz-type space Mp.RmIF/ to be
the vector space of functions u 2 Lploc.R

mIF/ such that

kukp D

�
lim sup
R!1

«
BR

ku.y/k
p
Fdy

� 1
p

<1

where BR is the open ball in Rm centered at the origin and of radius R. Under the
seminorm k � kp , Mp.RmIF/ is a complete seminormed space with the property that
A.RmI F/ � Mp.RmI F/ since kukp < 1 for any u 2 A.RmI F/. We therefore
define the vector-valued generalized Besicovitch space Bp

A
.RmI F/ as the closure of

A.RmIF/ in Mp.RmIF/. The following hold true [24, 30]:

(i) The space B
p

A
.RmI F/ D B

p

A
.RmI F/=N (where N D ¹u 2 B

p

A
.RmI F/ W

kukp D 0º) is a Banach space under the norm ku C N kp D kukp for u 2
B
p

A
.RmIF/.

(ii) The mean value M W A.RmI F/! F extends by continuity to a continuous
linear mapping (still denoted by M ) on Bp

A
.RmIF/ satisfying

L.M.u// DM.L.u// for all L 2 F 0 and u 2 Bp
A
.RmIF/: (2.1)

Moreover, for u 2 Bp
A
.RmIF/ we have

kukp D ŒM.kuk
p
F /�

1
p �

�
lim
R!1

«
BR

ku.y/k
p
Fdy

� 1
p

;

and for u 2 N one has M.u/ D 0.

It is worth noticing that B2
A
.RmIH/ (when F DH is a Hilbert space) is a Hilbert

space with inner product

.u; v/2 DMŒ.u; v/H � for u; v 2 B2
A.R

m
IH/;

. ; /H denoting the inner product in H and .u; v/H the function y 7! .u.y/; v.y//H

from Rm to R, which belongs to B1
A
.RmIR/.
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We also define the Sobolev–Besicovitch-type spaces as follows:

B
1;p

A
.RmIF/ D

®
u 2 B

p

A
.RmIF/ W ryu 2 .B

p

A
.RmIF//m

¯
;

endowed with the seminorm

kuk1;p D .kuk
p
p C kryuk

p
p /

1
p ;

which is a complete seminormed space. The Banach counterpart of B1;p
A
.RmIF/

denoted by B
1;p

A
.RmIF/ is defined by replacing Bp

A
.RmIF/ by B

p

A
.RmIF/ and

@=@yi by @=@yi , where @=@yi is defined by

@

@yi
.uCN / WD

@u

@yi
CN for u 2 B1;p

A
.RmIF/: (2.2)

It is important to note that @=@yi is also defined as the infinitesimal generator in
the i th direction coordinate of the strongly continuous group T .y/ W B

p

A
.RmIF/!

B
p

A
.RmI F/; T .y/.u C N / D u.� C y/ C N . Let us denote by % W Bp

A
.RmI F/!

B
p

A
.RmIF/ D Bp

A
.RmIF/=N , %.u/ D uCN , the canonical surjection. We remark

that if u 2 B1;p
A
.RmIF/ then %.u/ 2 B

1;p

A
.RmIF/ with further

@%.u/

@yi
D %

�
@u

@yi

�
;

as seen above in (2.2). We may also define higher order derivativesD
˛

y D
@
j˛j

@y
˛1
1
���@y

˛m
m

where @ j̨

@y
j̨

i

D
@
@yi
ı � � � ı

@
@yi

, j times.

We set DA.RmIF/D %.A1.RmIF// (and merely DA.Rm/DDA.RmIR/), and
we define the space of vector-valued distributions on A, denoted by D 0

A
.RmIF/, as

the space of continuous linear functionals L W DA.Rm/! F . Let 1 � p <1; for
u 2 B

p

A
.RmIF/, define Lu W DA.Rm/! F by

hLu; 'i DM.'u/; for all ' 2 DA.R
m/:

Then it is easy to see that Lu 2 D 0
A
.RmI F/, so that B

p

A
.RmI F/ ,! D 0

A
.RmI F/.

The mapping u 7! Lu is linear continuous and injective (this can be proven by pro-
ceeding as in [19]). This allows us to view u as an element of D 0

A
.RmI F/ (say

Lu), so that hLu; 'i D hu; 'i DM.'u/ for all ' 2 DA.Rm/. Especially, for ' D 1,
we have M.u/ D hu; 1i. We may therefore define the mean value of a distribution
L 2 D 0

A
.RmIF/ accordingly,

M.L/ D hL; 1i: (2.3)

ForL2D 0
A
.RmIF/ and ˛ 2Nm, we define the partial derivativeD

˛

yL 2 D 0
A
.RmIF/

as follows:
hD

˛

yL; 'i D .�1/
j˛j
hL;D

˛

y'i 8' 2 DA.R
m/: (2.4)
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From (2.3) and (2.4), we observe that

M.D
˛

yL/ D 0 for all ˛ 2 Nm
n¹0º:

We define a further notion by restricting ourselves to the case F D R. We say that
the algebra A is ergodic if any u 2 B1

A
.RmIR/ that is invariant under .T .y//y2Rm

is a constant in B1
A
.RmIR/: this amounts to, if T .y/u D u in B1

A
.RmIR/ for every

y 2Rm, then uD c in B1
A
.RmIR/ in the sense that ku� ck1 D 0, c being a constant.

We end this subsection by defining the corrector function spaces. We are con-
cerned with two special choices of the space F : F D R or F D W 1;p.G/, G being an
open subset of RN (integer N � 1).

(1) If F D R, we denote by B1;p#A
.Rm/ � B1;p#A

.RmIR/ the corrector function
space defined by

B
1;p

#A
.Rm/ D

®
u 2 W

1;p
loc .R

m/ W ru 2 B
p

A
.Rm/m and M.ru/ D 0

¯
:

In B1;p#A
.Rm/we identify two elements by their gradients: uD v in B1;p#A

.Rm/

iffry.u� v/D 0, i.e., kry.u� v/kp D 0. We may therefore equipB1;p#A
.Rm/

with the gradient norm kuk#;p D kryukp . This defines a Banach space [11,
Theorem 3.12] containing B1;p

A
.RmIR/ D B1;p

A
.Rm/ as a subspace.

(2) For FDW 1;p.G/, we define the corrector function spaceB1;p#A
.RmIW 1;p.G//

by

B
1;p

#A
.RmIW 1;p.G//

D

²
u 2 W

1;p
loc .R

m
IW 1;p.G// W ru 2 B

p

A
.RmILp.G//mCN

and
Z
G

M.ru.�; �//d� D 0

³
;

where in this case r D .ry ; r� /, ry (resp. r� ) being the gradient opera-
tor with respect to the variable y 2 Rm (resp. � 2 RN ). As in B1;p#A

.Rm/,
we still identify two elements by their gradients in the sense that: u D v in
B
1;p

#A
.RmIW 1;p.G// iffr.u� v/D 0, i.e.,

R
G
kr.u.�; �/� v.�; �//k

p
pd� D 0.

The space B1;p#A
.RmIW 1;p.G// is therefore a Banach space under the norm

kuk#;p D .
R
G
kru.�; �/k

p
pd�/

1=p .
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3. Sigma-convergence for thin heterogeneous domains

3.1. Sigma-convergence in thin heterogeneous domains with flat lateral
boundaries

The concept of sigma-convergence was introduced in [23] in order to tackle two-scale
phenomena occurring in media with microstructures that are distributed inside in a
general deterministic way such as the periodic distribution, the almost periodic one
and others. The concept was concerned with two-scale phenomena taking place in all
space dimensions. In the special case of periodic structures, it has been generalized to
thin heterogeneous media [22].

Our aim in this work is to provide a systematic study of the concept of sigma-
convergence applied to thin heterogeneous domains whose heterogeneous structure is
of general deterministic type including the periodic one and the almost periodic one
as special cases. The compactness results obtained here generalize therefore those
in [22] which are concerned only with periodic structures.

More precisely, let d � 2 be a given integer with d D d1 C d2, d1; d2 � 1 being
integers. Let G1 and G2 be open bounded sets in Rd1 and Rd2 , respectively. We
assume that 0 2 G2 (the closure G2 in Rd2), where 0 stands for the origin in Rd2 . For
" > 0 a given small parameter, we define our thin domain by

G" D G1 � "G2:

When "! 0, G" shrinks to the “interface”

G0 D G1 � ¹0º:

We note that in the definition ofG", the structure is heterogeneous in d1 space dimen-
sion only.

The space Rm
�

is the numerical space Rm of generic variable �. In this regard we
set Rd1 D Rd1x or Rd1y and Rd2 D Rd2

�
, so that x 2 Rd writes .x; �/. We identify

G0 with G1 so that the generic element in G0 is also denoted by x instead of .x; 0/.
Finally, we set G D G1 �G2 � G"D1.

This being so, let A be an algebra with mean value on Rd1 . We denote by M the
mean value on A as well as its extension on the associated generalized Besicovitch
spaces Bp

A
.Rd1 ILp.G2// and B

p

A
.Rd1 ILp.G2//, 1 � p <1.

We can now introduce the concept of sigma-convergence for thin heterogeneous
domains.

Definition 3.1. (1) A sequence .u"/">0 � Lp.G"/ (1 � p < 1) is said to weakly
†-converge in Lp.G"/ to some u0 2 Lp.G0IB

p

A
.Rd1 ILp.G2/// if as " ! 0, we
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have

"�d2
Z
G"

u".x/f

�
x;
x

"

�
dx !

Z
G0

Z
G2

M.u0.x; �; �/f .x; �; �//d�dx

for any f 2 Lp
0

.G0IA.Rd1 ILp
0

.G2/// ( 1
p0
D 1 � 1

p
); we denote this by “u" ! u0

in Lp.G"/-weak †A”.
(2) The sequence .u"/">0 � Lp.G"/ is said to strongly †-converge in Lp.G"/ to

some u0 2 Lp.G0IB
p

A
.Rd1 ILp.G2/// if it is weakly†-convergent to u0 and further

satisfies, as "! 0,

"�
d2
p ku"kLp.G"/ ! ku0kLp.G0IB

p

A
.Rd1 ILp.G2///

: (3.1)

We express this by writing “u" ! u0 in Lp.G"/-strong †A”.

Remark 3.2. It is easy to see that if u0 2 Lp.G0IA.Rd1 ILp.G2/// then (3.1) is
equivalent to

"�
d2
p ku" � u

"
0kLp.G"/ ! 0 as "! 0; (3.2)

where u"0.x/ D u0.x; x="/ for x 2 G".

Before we state the first compactness result for this section, we need a further nota-
tion. Throughout the work, the letter E will stand for any ordinary sequence ."n/n�1
with 0 < "n � 1 and "n ! 0 when n!1. The generic term of E will be merely
denoted by " and "! 0 will mean "n ! 0 as n!1. This being so, the following
result holds true.

Theorem 3.3. Let .u"/"2E be a sequence in Lp.G"/ (1 < p <1) such that

sup
"2E

"�
d2
p ku"kLp.G"/ � C

where C is a positive constant independent of ". Then there exists a subsequence
E 0 of E such that the sequence .u"/"2E 0 weakly †-converges in Lp.G"/ to some
u0 2 L

p.G0IB
p

A
.Rd1 ILp.G2///.

The proof of the above theorem relies on the following two lemmas.

Lemma 3.4. Let 1 � p <1. For any f 2 Lp.G0IA.Rd1 ILp.G2/// one has

"�d2
Z
G"

ˇ̌̌̌
f

�
x;
x

"

�ˇ̌̌̌p
dx � kf k

p

Lp.G0IA.R
d1 ILp.G2///

(3.3)

and

"�d2
Z
G"

ˇ̌̌̌
f

�
x;
x

"

�ˇ̌̌̌p
dx !

Z
G0

Z
G2

M.jf .x; �; �/jp/d�dx: (3.4)
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Proof. The proof of (3.3) is obvious by making the change of variables � D yx
"
2 G2,

where yx D .xd1C1; : : : ; xd / for x D .x1; : : : ; xd1 ; xd1C1; : : : ; xd /. Let us now turn
our attention on (3.4). To this end, let f 2 Lp.G0IA.Rd1 ILp.G2///. Then for a.e.
x 2 G0, the function f .x/ belongs to A.Rd1 ILp.G2//, so that, defining g W G0 �
Rd1 ! R by g.x; y/ D kf .x; y; �/kp

Lp.G2/
, we have g 2 L1.G0IA/; this stems from

the definition of A.Rd1 ILp.G2//. It follows from the mean value property thatZ
G0

g

�
x;
x

"

�
dx !

Z
G0

M.g.x; �//dx;

and Z
G0

M.g.x; �//dx D

Z
G0

M

�Z
G2

jf .x; �; �/jpd�

�
dx

D

Z
G0

Z
G2

M.jf .x; �; �/jp/d�dx; (3.5)

where for the last equality above we have used the continuity of the mean value oper-
ator.

On the other hand, it holds that

"�d2
Z
G"

ˇ̌̌̌
f

�
x;
x

"

�ˇ̌̌̌p
dx D

Z
G0

Z
G2

ˇ̌̌̌
f

�
x;
x

"
; �

�ˇ̌̌̌p
dxd�

D

Z
G0





f �x; x" ; �
�



p

Lp.G2/

dx D

Z
G0

g

�
x;
x

"

�
dx:

Property (3.4) therefore follows readily from (3.5) and the last series of equalities
above.

Lemma 3.5 ([24, Proposition 3.2]). Let X be a subspace (not necessarily closed) of
a reflexive Banach space Y and let fn W X ! R be a sequence of linear functionals
(not necessarily continuous). Assume there exists a constant C > 0 such that

lim sup
n
jfn.x/j � CkxkY for all x 2 X:

Then there exist a subsequence .fnk /k of .fn/ and a functional f 2 Y 0 such that
limk!1 fnk .x/ D f .x/ for all x 2 X .

We are now able to prove Theorem 3.3.

Proof of Theorem 3.3. In Lemma 3.5 we set Y DLp
0

.G0IB
p0

A
.Rd1 ILp

0

.G2///,X D
Lp
0

.G0IA.Rd1 ILp
0

.G2/// and define the mapping

L".f / D "
�d2

Z
G0

u".x/f

�
x;
x

"

�
dx; f 2 X:
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Then
lim sup
"!0

jL".f /j � Ckf kY for all f 2 X:

Indeed, one has the inequality (arising from Hölder’s inequality)

jL".f /j � "
�
d2
p ku"kLp.G"/

�
"�d2

Z
G"

ˇ̌̌̌
f

�
x;
x

"

�ˇ̌̌̌p0
dx

� 1
p0

:

Thus, letting "! 0 we get with the help of Lemma 3.4,

"�d2
Z
G"

ˇ̌̌̌
f

�
x;
x

"

�ˇ̌̌̌p0
dx !

Z
G0

Z
G2

M.jf .x; �; �/jp
0

/d�dx

D kf k
p0

Y :

We therefore apply Lemma 3.5 with the above notation to derive the existence of a
subsequence E 0 of E and of a unique u0 2 Y 0 D Lp.G0IB

p

A
.Rd1 ILp.G2/// such

that
L".f /!

Z
G0

Z
G2

M.u0.x; �; �/f .x; �; �//d�dx for all f 2 X:

Remark 3.6. In the proof Theorem 3.3, there is no separability assumption on the
algebra with mean value A. Thus it applies either for A D Cper.Y / (Y D .0; 1/d1) or
for ADAP.Rd1/ (which is not separable). Our result generalizes the one in [22] (see,
for instance, [22, Proposition 4.2] that corresponds to the special case A D Cper.Y /

of our results here for d1 D d � 1 and G2 D .�1; 1/).

Before we state the next compactness result, we need however some preliminary
results. For a function g D .g1; : : : ; gd1 ; gd1C1; : : : ; gd / 2 ŒB

p

A
.Rd1 ILp.G2//�d we

define the divergence divy;�g by

divy;�g WD
d1X
iD1

@gi

@yi
C

d2X
iD1

@gd1Ci

@�i
;

that is, for any ˆ D .�i /1�i�d 2 ŒB
1;p0

A
.Rd1 IW 1;p0.G2//�

d ,

hdivy;�g; ˆi D �
d1X
iD1

Z
G2

M

�
gi .�; �/

@�i

@yi
.�; �/

�
d�

�

d2X
iD1

Z
G2

M

�
gd1Ci .�; �/

@�d1Ci

@yd1Ci
.�; �/

�
d�:

Any function belonging to an algebra with mean value on Rm will be considered as
defined on the numerical space Rm of generic variables y D .y1; : : : ; ym/.

This being so, the first preliminary result is the following one.
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Proposition 3.7. Let 1 < p <1 and let A be an ergodic algebra with mean value
on Rd1 . Finally, let L be a bounded linear functional on ŒB1;p0

A
.Rd1 IW 1;p0.G2//�

d

( 1
p0
D 1 � 1

p
) that vanishes on the kernel of the divergence, that is,

L.‰/ D 0 for all ‰ 2 Vdiv D ¹ˆ 2 ŒDA.R
d1 IC10 .G2//�

d
W divy;�ˆ D 0º:

Then there exists a function f 2 B
p

A
.Rd1 ILp.G2// such that L D ry;�f (where

ry;� D .ry ;r� /), i.e.,

L.g/ D �
Z
G2

M.f .�; �/divy;�g.�; �//d�; for all g 2 ŒB1;p0

A
.Rd1 IW 1;p0.G2//�

d :

Moreover, f is unique up to an additive constant, provided that G2 is connected.

Since the proof of the above proposition is similar to that of [25, Theorem 2.1], we
will only sketch the proof. Before we can do that, let us first give some preliminaries.

For u 2A1 ˝ C10 .G2/ and ' 2 C10 .R
d1/˝ C10 .G2/ one may easily show that

u � ' 2 A1 ˝ C10 .G2/ (see, e.g., [33]). Using the density of A1 ˝ C10 .G2/ (resp.
C10 .R

d1/˝ C10 .G2/) in A1.Rd1 IC10 .G2// (resp. C10 .R
d1 � G2/), we show that

u � ' 2 A1.Rd1 IC10 .G2// for u 2 A1.Rd1 IC10 .G2// and ' 2 C10 .R
d1 � G2/.

Here � stands for the usual convolution operator. Using also a density argument, we
may define u�' for u2Bp

A
.Rd1 ILp.G2// (1�p <1) and ' 2C10 .R

d1 �G2/, and
we have u � ' 2Bp

A
.Rd1 ILp.G2//. From the equalityD˛

y;�
.u � '/ D u �D˛

y;�
', we

deduce that in fact u � ' 2 A1.Rd1 IC1.G2//. Moreover, it holds that

ku � 'kp � jsupp'j1=pk'kLp0 .Rd1�G2/kukp; (3.6)

where supp' denotes the support of ' and jsupp'j its Lebesgue measure. To see this,
we have

ku � 'kpp D

Z
G2

M.ju � 'jp/d� D

Z
G2

�
lim
R!1

«
BR

j.u � '/.y; �/jpdy

�
d�

D lim
R!1

Z
G2

«
BR

j.u � '/.y; �/jpdyd�:

But Z
G2

Z
BR

j.u � '/.y; �/jpdyd�

�

�Z
G2

Z
BR

j'jdyd�

�p“
BR�G2

jujpdyd�

� j.BR �G2/ \ supp'jk'kp
Lp
0
.BR�G2/

“
BR�G2

jujpdyd�;

from which (3.6).
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From the obvious inequality k'kLp0 .BR�G2/ � jsupp'j1=p
0

k'k1 we infer from
(3.6) that

ku � 'kp � kukpk'k1 8u 2 B
p

A
.Rd1 ILp.G2//; ' 2 C10 .R

d1 �G2/: (3.7)

This being so, let us sketch the proof of Proposition 3.7.

Proof of Proposition 3.7. Let u 2A1.Rd1 IC10 .G2// be freely fixed, and defineLu W
D.Rd1 �G2/d !R byLu.'/DL.%.u � '// for ' D .'i /1�i�d , where % is defined
in Section 2; see the lines after (2.2). Then since L 2 .ŒB1;p0

A .Rd1 IW 1;p0.G2//�
d /0,

one has
jLu.'/j � kLkku � 'k1;p0 � kLkkukpk'k1;

where the last inequality above stems from both (3.7) and the equality ry;� .u � '/ D
.ry;�u/ � '. SoLu defines a distribution on D.Rd1 �G2/d . In addition, if divy;� 'D
0, thenLu.'/D 0, i.e.,Lu vanishes on the kernel of the divergence in D.Rd1 �G2/d .
Appealing to the usual De Rham theorem, we get the existence of a distribution S.u/2
D 0.Rd1 �G2/ such that Lu D ry;�S.u/, thereby defining an operator

S W A1.Rd1 IC10 .G2//! D 0.Rd1 �G2/I u 7! S.u/:

The operator S enjoys the properties:

(i) S.u.� C y// D S.u/.� � y/8y D .y; �/ 2 Rd ;8u 2 A1.Rd1 IC10 .G2//;

(ii) S maps continuously and linearly A1.Rd1 IC10 .G2// intoLp
0

loc.R
d1 �G2/;

(iii) it holds that

kS.u/kLp0 .BR�G2/ � CRkLkjBR �G2j
1=p0
kukp0

where CR > 0 is a locally bounded function of R > 0.

Properties (i), (ii) and (iii) are easily obtained by following the same line of reason-
ing as for their homologues in [25]. Let us just point out that, for ' 2D.Rd1 �G2/d

with supp'i � BR �G2 for all 1 � i � d , one has

jLu.'/j � max
1�i�d

jsupp'i j1=p
0

kLkkukp0k'kW 1;p.BR�G2/
;

so that, because of the fact that supp'i � BR �G2 (1 � i � d ),

kLukW�1;p0 .BR�G2/ � kLkjBR �G2j
1=p0
kukp0 :

It therefore follows that there exists C D C.p;R/ > 0 such that

kS.u/kLp0 .BR�G2/ � CkLkjBR �G2j
1=p0
kukp0 I
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for the last inequality above, see the proof of [25, Theorem 2.6]. Hence we obtain, as
in [25, Theorem 2.6], that S.u/ 2 C1.Rd1 �G2/ with D˛

yS.u/ D S.D˛
yu/ for all

˛ 2 Nd , so that

jS.u/.0/j � CkLkkukp0 for all u 2 A1.Rd1 IC10 .G2//:

So we define zS W DA.Rd1 IC10 .G2//! R by zS.%.u// D S.u/.0/ for u 2 A1.Rd1 I

C10 .G2//. Then zS is linear and satisfies

j zS.%.u//j � CkLkkukp0 for all u 2 A1.Rd1 IC10 .G2//: (3.8)

We derive from (3.8) together with the density of A1.Rd1 IC10 .G2// in Bp
0

A
.Rd1 I

Lp
0

.G2// that there exists f 2 B
p

A
.Rd1 ILp.G2// such that

zS.v/ D

Z
G2

M.f v/d� 8v 2 B
p0

A
.Rd1 ILp

0

.G2//

and
kf kp � CkLk:

As in [25], we obtain that L D ry;�f , and since A is ergodic and G2 is connected,
f is unique up to addition of a constant.

The next corollary is of interest in the forthcoming compactness result.

Corollary 3.8. Let 1 < p <1 and let f 2 ŒBp

A
.Rd1 ILp.G2//�d be such thatZ

G2

M.f.�; �/ � g.�; �//d� D 0 for all g 2 Vdiv;

where Vdiv is defined as in Proposition 3.7 and where G2 is a connected open subset
of Rd2 . Then there exists a function u 2 B1;p#A

.Rd1 IW 1;p.G2//, uniquely determined
modulo constants, such that f D ry;�u, where ry;� D .ry ;r� /.

Proof. Let us first recall that B1;p#A
.Rd1 IW 1;p.G2// is the space of functions u 2

W
1;p

loc .R
d1 IW 1;p.G2// satisfying ry;�u 2 .B

p

A
.Rd1 ILp.G2///d andZ

G2

M.ry;�u.�; �//d� D 0:

This being so, let .'n/n�1 � C10 .R
d1 �Rd2/ be a mollifier satisfying 'n.�y;��/D

'n.y; �/ for all .y; �/ 2 Rd . We extend f by 0 outside Rd1 �G2 and we still denote
by f its extension on Rd . We define the convolution product fn WD f ~ 'n �

.fi ~ 'n/1�i�d as follows: let f0 be a representative of f, that is f D f0 CN where
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f0 2 .BpA.R
d1 ILp.G2///

d ; we know that f0 � 'n is well defined as an element of
.B

p

A
.Rd1 ILp.G2///d (see, e.g., [25, page 9]). We therefore set

f ~ 'n WD f0 � 'n CN D %.f0 � 'n/:

As in [25, page 9] we can easily show that fn � f ~ 'n 2 ŒDA.Rd1 IC1.G2//�d with
D
˛

y;� fn D %.f0 �D˛
y;�
'n/ for all ˛ 2 Nd . Moreover, from the convergence result

f0 � 'n ! f0 in .Bp
A
.Rd1 ILp.G2///

d as n!1;

we infer
fn ! f in .Bp

A
.Rd1 ILp.G2///

d when n!1:

It further holds (using the equality 'n.�y;��/ D 'n.y; �/) thatZ
G2

M.fn.�; �/ � g.�; �//d� D
Z
G2

M.f.�; �/ � .g ~ 'n/.�; �//d�

for any g 2 ŒDA.Rd1 I C10 .G2//�
d , so that, if divy;�g D 0, then

R
G2
M.fn.�; �/ �

g.�; �//d� D 0.
Now we define the mapping

g 7!
Z
G2

M.fn.�; �/ � g.�; �//d�;

which is easily seen to belong to .ŒB1;p0

A
.Rd1 IW 1;p0.G2//�

d /0. We deduce from
Proposition 3.7 the existence of un 2 B

p

A
.Rd1 ILp.G2// such that

fn D ry;�un: (3.9)

Since fn 2 ŒDA.Rd1 IC1.G2//�d , it follows that un 2 DA.Rd1 IC1.G2//. Hence,
identifying un with any of its representative in A1.Rd1 I C1.G2// and using the
uniqueness of its gradient, we get that un 2 B

1;p

#A
.Rd1 IW 1;p.G2//. The sequence

.fn/n being convergent in the norm topology of .Bp

A
.Rd1 ILp.G2///d , the sequence

.un/n is a Cauchy sequence in B1;p#A
.Rd1 IW 1;p.G2// for if

kun � umk
p
#;p D

Z
G2

kry;�un.�; �/ � ry;�um.�; �/k
p
pd�

D

Z
G2

kfn.�; �/ � fm.�; �/kppd� ! 0 when n;m!1:

It follows that there exists u 2 B1;p#A
.Rd1 IW 1;p.G2// such that un! u in B1;p#A

.Rd1 I

W 1;p.G2//. From (3.9) we get readily f D ry;�u.

We are now able to state and prove the next compactness result dealing with the
convergence of the gradient.
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Theorem 3.9. Assume that A is an ergodic algebra with mean value on Rd1 and that
G2 is connected. Let .u"/"2E be a sequence in W 1;p.G"/ (1 < p <1) such that

sup
"2E

�
"�d2=pku"kLp.G"/ C "

�d2=pkru"kLp.G"/
�
� C (3.10)

where C > 0 is independent of ". Then there exist a subsequenceE 0 ofE and a couple
.u0; u1/ with u0 2 W 1;p.G0/ and u1 2 Lp.G0IB

1;p

#A
.Rd1 IW 1;p.G2/// such that, as

E 0 3 "! 0,

u" ! u0 in Lp.G"/-weak †A; (3.11)
@u"

@xi
!

@u0

@xi
C
@u1

@yi
in Lp.G"/-weak †A; 1 � i � d1; (3.12)

and
@u"

@xd1Ci
!

@u1

@�i
in Lp.G"/-weak †A; 1 � i � d2: (3.13)

Remark 3.10. If we set � D .yd1C1; : : : ; yd / (so that .y; �/ D y) and

rxu0 D

�
@u0

@x1
; : : : ;

@u0

@xd1
; 0; : : : ; 0

�
;

then (3.12) and (3.13) are equivalent to

ru" ! rxu0 Cryu1 in Lp.G"/d -weak †A:

Proof of Theorem 3.9. In view of the assumption (3.10), we appeal to Theorem 3.3 to
derive the existence of a subsequence E 0 of E and u0 2 Lp.G0IB

p

A
.Rd1 ILp.G2///

and v D .vi /1�i�d 2 ŒLp.G0IB
p

A
.Rd1 ILp.G2///�d such that

u" ! u0 in Lp.G"/-weak †A; (3.14)
@u"

@xi
! vi in Lp.G"/-weak †A; 1 � i � d1; (3.15)

and
@u"

@�i
! vd1Ci in Lp.G"/-weak †A; 1 � i � d2; (3.16)

where for x D .x1; : : : ; xd1 ; xd1C1; : : : ; xd / we set x D .x; �/ with x D .xi /1�i�d1
and � D .xd1Ci /1�i�d2 and thus, r D .rx;r� /. Let us first show that u0 does not
depend on .y; �/. To that end, let ˆ 2 .C10 .G0/˝A1 ˝ C10 .G2//

d1 . One has

"�d2
Z
G"

"rxu".x/ �ˆ

�
x;
x

"

�
dx

D �

Z
G"

"�d2u".x/

�
".divx ˆ/

�
x;
x

"

�
C .divy ˆ/

�
x;
x

"

��
dx:
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Letting E 0 3 "! 0 and using (3.14)–(3.15), we getZ
G0

Z
G2

M.u0.x; �; �/ divy ˆ.x; �; �//d�dx D 0:

This shows that ryu0.x; �; �/ D 0 for a.e. .x; �/, which amounts to u0.x; �; �/ is an
invariant function. Since the algebra A is ergodic, u0.x; �; �/ does not depend on y,
that is, u0.x; �; �/ D u0.x; �/.

Let us now show that u0 is independent of �. Let this time ˆ 2 .C10 .G0/ ˝
C10 .G2//

d2 . It is easily seen that

"�d2
Z
G"

"r�u" �ˆ

�
x;
�

"

�
dx D �

Z
G"

"�d2u".div� ˆ/
�
x;
�

"

�
dx:

Letting once again E 0 3 "! 0 and using (3.14) and (3.16), we obtainZ
G0

Z
G2

u0.x; �/ div� ˆ.x; �/d�dx D 0;

which shows that u0 is independent of �. Thus u0.x; �/ D u0.x/.
Next, let ˆ".x/ D '.x/‰.x="/ (x 2 G") with ' 2 C10 .G0/ and ‰ 2 .A1.Rd1 I

C10 .G2//
d with divy;� ‰ D 0. We set ‰ D .‰x; ‰� / with ‰x D . j /1�j�d1 and

‰� D . d1Cj /1�j�d2 . We clearly haveZ
G"

"�d2
�
rxu".x/ �‰x

�
x

"

�
Cr�u".x/ �‰�

�
x

"

��
'.x/dx

D �

Z
G"

"�d2u".x/‰x

�
x

"

�
� rx'.x/dx: (3.17)

Letting E 0 3 "! 0 in (3.17) yieldsZ
G0

Z
G2

M.v.x; �; �/ �‰.�; �//'.x/dxd�

D �

Z
G0

Z
G2

u0.x/M.‰x.�; �// � rx'.x/dxd�: (3.18)

First, taking in (3.18)‰ D .'ıij /1�i�d (for each fixed 1 � j � d ) with ' 2 C10 .G0/

and where ıij are the Kronecker delta, we obtainZ
G0

�Z
G2

M.vj .x; �; �//d�

�
'.x/dx D �jG2j

Z
G0

u0
@'

@xj
dx; (3.19)

where vD .vj /1�j�d and jG2j stands for the Lebesgue measure ofG2. Recalling that
vj 2L

p.G0IB
p

A
.Rd1 ILp.G2///, we infer that the function x 7!

R
G2
M.vj .x; �; �//d�

belongs to Lp.G0/, so that (3.19) yields @u0=@xj 2 Lp.G0/ for 1 � j � d1, where
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@u0=@xj is the distributional derivative of u0 with respect to xj . We deduce that u0 2
W 1;p.G0/. Coming back to (3.18) and integrating its right-hand side with respect to
x, we have Z

G0

Z
G2

M.v.x; �; �/ �‰.�; �//'.x/dxd�

D

Z
G0

Z
G2

rxu0.x/ �M.‰x.�; �//'.x/dxd�

D

Z
G0

Z
G2

rxu0.x/ �M.‰.�; �//'.x/dxd�;

where the last equality above arises from the equality

rxu0 D

�
@u0

@x1
; : : : ;

@u0

@xd1
; 0; : : : ; 0

�
:

We obtain readilyZ
G0

�Z
G2

M..v.x; �; �/ � rxu0.x// �‰.�; �//d�
�
'.x/dx D 0: (3.20)

From the arbitrariness of ', (3.20) entailsZ
G2

M..v.x; �; �/ � rxu0.x// �‰.�; �//d� D 0 for a.e. x 2 G0;

and for all ‰ 2 .A1.Rd1 IC10 .G2///
d with divy;� ‰ D 0. We make use of Corol-

lary 3.8 to deduce the existence of u1.x; �; �/ 2 B
1;p

#A
.Rd1 IW 1;p.G2// such that

v.x; �; �/ � rxu0.x/ D ry;�u1.x; �; �/ for a.e. x 2 G0:

Hence the existence of a function x 7! u1.x; �; �/ fromG0 into B1;p#A
.Rd1 IW 1;p.G2//,

which belongs to Lp.G0IB
1;p

#A
.Rd1 IW 1;p.G2///, such that vD rxu0 Cry;�u1.

The following result provides us with sufficient conditions for which the conver-
gence result in (3.11) is strong.

Theorem 3.11. The assumptions are those of Theorem 3.9. Assume that G1 is reg-
ular enough so that the embedding W 1;p.G1/ ,! Lp.G1/ is compact and further
G2 is convex. Let .u0; u1/ and E 0 be as in Theorem 3.9. Then, as E 0 3 "! 0, the
conclusions of Theorem 3.9 hold and further

u" ! u0 in Lp.G"/-strong †A:
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Proof. Let us first define the average M" in the thin directions as follows:

.M"u"/.x/ D

«
"G2

u".x; �/d� for x 2 G1:

Then the Lebesgue dominated convergence theorem yields M"rx D rxM". It fol-
lows therefore that M"u" 2 W

1;p.G1/ with

kM"u"kW 1;p.G1/
� C (3.21)

where C is a positive constant independent of ", the last inequality above being a
consequence of (3.10). Next the following Poincaré–Wirtinger inequality holds:

"�
d2
p ku" �M"u"kLp.G"/ � C"kru"kLp.G"/; (3.22)

where C > 0 is independent of ". Indeed, from the density of C1.G"/ in W 1;p.G"/,
we may assume, without lost of generality, that u" is smooth enough. In that case, one
has, for � 2 "G2,

u".x; �/ �M"u".x/ D

«
"G2

.u".x; �/ � u".x; z//dz

D

«
"G2

�Z 1

0

r�u".x; z C t .� � z// � .� � z/dt

�
dz;

so that, using Young’s and Hölder’s inequalities,

ju".x; �/ �M"u".x/j
p
�

«
"G2

Z 1

0

jr�u".x; z C t .� � z//j
p
j� � zjpdtdz

�

«
"G2

j� � zjpdz

�Z
"G2

jr�u".x; �/j
pd�

�
� C"p

Z
"G2

jr�u".x; �/j
pd�;

where C > 0 depends only on G2 and d2. Integrating over G", the last series of
inequalities above gives (3.22).

With all that in mind, we infer from both (3.21) and the compactness of the embed-
dingW 1;p.G1/ ,! Lp.G1/, the existence of a subsequence of E 0 not relabeled, such
that, as E 0 3 "! 0,

M"u" ! u0 in Lp.G1/-strong. (3.23)

Now, inequality (3.22) yields, as E 0 3 "! 0,

"�
d2
p ku" �M"u"kLp.G"/ ! 0: (3.24)
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Next, we have

"�
d2
p ku" � u0kLp.G"/ � "

�
d2
p ku" �M"u"kLp.G"/ C "

�
d2
p kM"u" � u0kLp.G"/;

and
"�

d2
p kM"u" � u0kLp.G"/ D jG2j

1
p kM"u" � u0kLp.G1/:

It follows readily from (3.23) and (3.24) that, as E 0 3 "! 0,

"�
d2
p ku" � u0kLp.G"/ ! 0:

The proof is complete.

The next result and its corollary are proved exactly as their homologues in [31,
Theorem 6 and Corollary 5] (see also [34]).

Theorem 3.12. Let 1 < p; q < 1 and r � 1 be such that 1=r D 1=p C 1=q �

1. Assume .u"/"2E � Lq.G"/ is weakly †A-convergent in Lq.G"/ to some u0 2
Lq.G0IB

q

A
.Rd1 ILq.G2///, and .v"/"2E � Lp.G"/ is strongly †A-convergent in

Lp.G"/ to some v0 2 Lp.G0IB
p

A
.Rd1 ILp.G2///. Then the sequence .u"v"/"2E is

weakly †A-convergent in Lr.G"/ to u0v0.

Corollary 3.13. Let .u"/"2E �Lp.G"/ and .v"/"2E �Lp
0

.G"/\L
1.G"/ (1 < p <

1 and p0 D p=.p � 1/) be two sequences such that:

(i) u" ! u0 in Lp.G"/-weak †A;

(ii) v" ! v0 in Lp
0

.G"/-strong †A;

(iii) .v"/"2E is bounded in L1.G"/.

Then u"v" ! u0v0 in Lp.G"/-weak †A.

Another important result is the following proposition.

Proposition 3.14. Assume that A is an ergodic algebra with mean value on Rd1 and
further that G2 is connected. Let .u"/"2E be a sequence in W 1;p.G"/ such that

sup
"2E

."�
d2
p ku"kLp.G"/ C "

1�
d2
p kru"kLp.G"// � C

where C > 0 is independent of ". Then there exist a subsequence E 0 of E and a
function u 2 Lp.G0IB

1;p

#A
.Rd1 IW 1;p.G2/// with u0 D %.u/ 2 Lp.G0IB

1;p

A
.Rd1 I

W 1;p.G2/// such that, as E 0 3 "! 0,

u" ! u0 in Lp.G"/-weak †A;

and
"ru" ! ry;�u in Lp.G"/d -weak †A:
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Proof. From Theorem 3.3, we can find a subsequenceE 0 fromE and a couple .u0;u1/
2 Lp.G0IB

p
A .R

d1 ILp.G2/// � L
p.G0IB

p
A .R

d1 ILp.G2///
d such that, as E 0 3 "

! 0,

u" ! u0 in Lp.G"/-weak †A;

"ru" ! u1 in Lp.G"/d -weak †A:

Let us characterize u1 in terms of u0. To that end, let ˆ 2 .C10 .G0/ ˝ A1.Rd1 I

C10 .G2///
d ; then we have

"�d2
Z
G"

"ru" �ˆ
"dx D �"�d2

Z
G"

u"

�
.divx ˆ/" C

1

"
.divy ˆ/"

�
dx:

Letting E 0 3 "! 0, we getZ
G0

Z
G2

M.u1.x; �; �/ �ˆ.x; �; �//d�dx

D �

Z
G0

Z
G2

M.u0.x; �; �/ divy ˆ.x; �; �//d�dx: (3.25)

This shows that u1 D ry;�u0, so that u0 2 Lp.G0IB
1;p

A
.Rd1 IW 1;p.G2///.

Now, coming back to (3.25) and choosing ˆ such that divy ˆ D 0, we readily getZ
G0

Z
G2

M.u1.x; �; �/ �ˆ.x; �; �//d�dx D 0 for all such ˆ:

Owing to Corollary 3.8, there exists u 2 Lp.G0IB
1;p

#A
.Rd1 IW 1;p.G2/// such that

u1 D ry;�u. This yields, since A is ergodic and G2 is connected, that u0 D %.u/C c
where c is a constant possibly depending on x. This shows that u0 actually belongs to
Lp.G0IB

1;p

#A
.Rd1 IW 1;p.G2/// with ry;�u0 D ry;�u. This concludes the proof.

3.2. Sigma-convergence in thin heterogeneous domains with oscillating
boundaries

For the sake of simplicity, we assume here that d1 D d � 1 and d2 D 1, where integer
d � 2. Let h1, h2 2 W 1;1.Rd�1/ be two bounded Lipschitz continuous functions
defined on Rd�1 and satisfying maxRd�1 h1 <minRd�1 h2. Let� be a bounded open
Lipschitz domain in Rd�1. We define the thin heterogeneous domain with oscillating
boundaries, �" in Rd , as follows:

�" D

²
x D .x; xd / 2 Rd W x 2 � and "h1

�
x

"

�
< xd < "h2

�
x

"

�³
:

We set
h�1 D min

Rd�1
h1 and hC2 D max

Rd�1
h2; I D .h�1 ; h

C
2 /;

and we define G" D � � ."h�1 ; "h
C
2 /. Then G" has flat lateral boundaries yd D

"h�1 ; "h
C
2 , and further, �" � G". We also assume that 0 2 Œh�1 ; h

C
2 �.



Homogenization in thin heterogeneous domains 287

We set zu D P"u WD ��"u for u2Lp.�"/, where ��" stands for the characteristic
function of the set �" in G". Then zu 2 Lp.G"/. Finally, we assume that

h1; h2 2 A; (3.26)

where A is an algebra with mean value on Rd�1. We define the set

J D ¹y D .y; yd / 2 Rd W y 2 Rd�1 and h1.y/ < yd < h2.y/º;

and we denote by �.h1;h2/ the characteristic function of J ,

�J .y/ D �.h1.y/;h2.y//.yd / D

´
1 if y 2 J ;

0 elsewhere.

The following result holds.

Theorem 3.15. Let .u"/"2E � Lp.�"/ (1 � p < 1) be such that P"u" ! u0 in
Lp.G"/-weak †A as E 3 "! 0, where u0 2 Lp.G0IB

p

A
.Rd�1ILp.I ///. Then, as

E 3 "! 0,

1

"

Z
�"
u".x/f

�
x;
x

"

�
dx !

Z
G0

Z
I

M.�.h1;h2/.yd /u0.x; �; yd /f .x; �; yd //dyddx

(3.27)
for all f 2 Lp

0

.G0IA.Rd�1IC.I ///, 1=p0 D 1 � 1=p.

Proof. The proof is done in two steps.
Step 1. Let p be as above. Let us first check that �J 2 B

p

A
.Rd�1ILp.I //. To

proceed with this, we need to check the following:

(1) The sequence .�J /
" defined by .�J /

".x/ D �.h1.x="/;h2.x="//.xd="/ for x 2
G" satisfies

k.�J /
"
kLp.G"/ � C"

1
p ;

so that, up to a subsequence, it is weakly sigma-convergent towards some
u 2 Lp.G0IB

p

A
.Rd�1ILp.I ///;

(2) the limit u determined above, has the form u D %.�J /. As a result, �J 2

B
p

A
.Rd�1ILp.I //.

Let us prove (1) above. We have

k.�J /
"
k
p

Lp.G"/
D

Z
�

Z
"I

�.h"
1
.x/;h"

2
.x//

�
xd

"

�
dx D "

Z
�

Z
I

�.h"
1
;h"
2
/.yd /dxdyd

� C"; C D C.�; h�1 ; h
C
2 / > 0 and h"i .x/ D hi .x="/:

Thus, up to a subsequence of E not relabeled, we have that

.�J /
"
! u in Lp.G"/-weak †A;

where u 2 Lp.G0IB
p

A
.Rd�1ILp.I ///.
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Let us check point (2) above, that is, uD %.�J /, where % is the canonical mapping
of Bp

A
.Rd�1ILp.I // into B

p

A
.Rd�1ILp.I //. To this end, let f 2 Lp

0

.G0IA.Rd�1I

C.I ///. Then, up to the same subsequence as above, we have

1

"

Z
G"

�.h"
1
.x/;h"

2
.x//

�
xd

"

�
f

�
x;
x

"

�
dx

D

Z
�

Z h
C

2

h�
1

�.h"
1
.x/;h"

2
.x//.yd /f

�
x;
x

"
; yd

�
dyddx

D

Z
�

Z h"
2
.x/

h"
1
.x/

f

�
x;
x

"
; yd

�
dyddx

D

Z
�

Z 1

0

f

�
x;
x

"
; .1 � t /h"1.x/C th

"
2.x/

�
.h"2.x/ � h

"
1.x//dtdx

!

Z
�

Z 1

0

M.Œf .x; �; .1 � t /h1 C th2/�.h2 � h1//dx

D

Z
�

M

�Z h2

h1

f .x; �; yd /dyd

�
dx

D

Z
�

M

�Z h
C

2

h�
1

�J .�; yd /f .x; �; yd /dyd

�
dx

D

Z
�

Z
I

M.�J .�; yd /f .x; �; yd //dyddx;

where here above, we have used the fact that, for any t 2 .0; 1/, the function y 7!
f .�; y; .1 � t /h1.y/C th2.y// belongs to Lp.G0IA/ together with the property of
the mean value to obtain the part “!” and the property (2.1) (the interchangeability
of the integral and the mean value).

We infer from the uniqueness of the limit that u D %.�J / since �J 2 L
p
loc.R

d /.
This gives at once �J 2 B

p

A
.Rd�1ILp.I //, as �J is independent of x 2 G0. As a

byproduct we have �J 2 B
1
A
.Rd�1IL1.I //.

Step 2. Let f 2 C.G0/˝A.Rd�1IC.I //. Since �J 2 B
p0

A
.Rd�1ILp

0

.I //, we
have that �Jf 2 C.G0/˝ B

p0

A
.Rd�1ILp

0

.I //. It can therefore be taken as test func-
tion, so that

1

"

Z
�"
u".x/f

�
x;
x

"

�
dx D

1

"

Z
G"

.P"u"/.x/.�J /

�
x

"

�
f

�
x;
x

"

�
dx

!

Z
G0

Z h
C

2

h�
1

M.u0.x; �; yd /�J .�; yd /f .x; �; yd //dyddx:

The convergence result (3.27) follows from the last convergence result above associ-
ated to the density of C.G0/˝A.Rd�1IC.I // in Lp

0

.G0IA.Rd�1IC.I ///.
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Theorems 3.3 and 3.9 have their evolutionary counterparts. To see this, we first
need to state the time-dependent version of the sigma-convergence concept for thin
heterogeneous domains. The domain G" is defined as in the beginning of this section.
Let T be a positive real number. All the notations are as in this section.

A sequence .u"/">0 � Lp..0; T / �G"/ is said to

(i) weakly †-converge in Lp..0; T / � G"/ to u0 2 Lp..0; T / � G0IB
p

A
.Rd1 I

Lp.G2/// if as "! 0,

"�d2
Z
.0;T /�G"

u".t; x/f

�
t; x;

x

"

�
dxdt

!

Z
.0;T /�G0

Z
G2

M.u0.t; x; �; �/f .t; x; �; �//d�dxdt

for any f 2 Lp
0

..0; T / �G0IA.Rd1 ILp
0

.G2///; we denote this by “u" !
u0 in Lp..0; T / �G"/-weak †A”;

(ii) strongly †-converge in Lp..0; T / � G"/ to u0 2 Lp..0; T / � G0IB
p

A
.Rd1 I

Lp.G2/// if it is weakly sigma-convergent and further

"�d2=pku"kLp..0;T /�G"/ ! ku0kLp..0;T /�G0IB
p

A
.Rd1 ILp.G2///

I

we denote this by “u" ! u0 in Lp..0; T / �G"/-strong †A”.

The time-dependent versions of Theorems 3.3 and 3.9 are stated here below, and
are proven exactly in the same way:

• Any sequence .u"/"2E in Lp..0; T / �G"/ (1 < p <1) such that

sup
"2E

"�d2=pku"kLp..0;T /�G"/ <1

possesses a weakly †-convergent subsequence.

• Let .u"/"2E be a sequence in Lp.0; T IW 1;p.G"// (1 < p <1) such that

sup
"2E

�
"�d2=p.ku"kLp..0;T /�G"/ C kru"kLp..0;T /�G"//

�
<1:

Then there exist a subsequence E 0 of E and a couple .u0; u1/ with u0 2 Lp.0; T I
W 1;p.G0// and u1 2 Lp..0; T / �G0IB

1;p

#A
.Rd1 IW 1;p.G2/// such that, as E 0 3

"! 0,

u" ! u0 in Lp..0; T / �G"/-weak †A;

@u"

@xi
!

@u0

@xi
C
@u1

@yi
in Lp..0; T / �G"/-weak †A; 1 � i � d1;

@u"

@xd1Ci
!

@u1

@�i
in Lp..0; T / �G"/-weak †A; 1 � i � d2:

The above time-dependent properties have been proved in [10] (see also [28]).
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4. Homogenization of the Darcy–Lapwood–Brinkmann equation in
thin heterogeneous domain: Case of flat lateral boundaries

In this section, we deal with non oscillating boundaries.

4.1. Statement of the problem and a priori estimates

Let � be a bounded open connected Lipschitz subset in R2. For " > 0, we define the
thin heterogeneous domain �" in R3 by

�" D � � .�"; "/ � ¹.x; x3/ 2 R3 W x 2 � and � " < x3 < "º:

In the fracture �", the flow of fluid at the micro-scale is described by the Darcy–
Lapwood–Brinkmann (DLB) system8̂<̂

: � div
�
A

�
x

"

�
ru"

�
C

�

K"
u" C

�

�2
.u" � r/u" Crp" D f in �"

div u" D 0 in �" and u" D 0 on @�";
(4.1)

where

(A1) A 2 L1.R3/3�3 is a symmetric matrix satisfying

˛j�j2 � A.y/� � � � ˇj�j2 for all � 2 R3 and a.e. y 2 R3;

˛ and ˇ being two positive real numbers;

(A2) the right-hand side f has the form f .x/D .f 1.x/;0/ for a.e. xD .x;x3/ 2
� � .�1; 1/, where f belongs to .L2.� � .�1; 1///3;

(A3) A 2 .B2
A
.R2IL1.I ///3�3, where I D .�1; 1/.

In (4.1), u" and p" are respectively the velocity of the fluid and the pressure; �
represents the fluid density while � stands for the porosity of the medium; K" is the
permeability of the porous medium and � is the dynamic coefficient of the viscosity.

With the above assumptions (A1) and (A2) on A and f respectively, equation
(4.1) possesses at least (for each fixed "> 0) a solution .u";p"/2H 1

0 .�
"/3 �L20.�

"/,
where L20.�

"/ D ¹u 2 L2.�"/ W
R
�"
udx D 0º.

For the sequel we adopt the following notation. If A D .aij /1�i;j�3 and B D
.bij /1�i;j�3 we set

A � B D

3X
i;jD1

aij bij , AB D .cij /1�i;j�3 with cij D
3X
kD1

aikbkj I

for x D .xi /1�i�3 and y D .yi /1�i�3; x � y D
3X
iD1

xiyi :
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The following technical result whose proof can be found in [20] will be useful in
the sequel.

Lemma 4.1. It holds that

kukL2.�"/3 � C"krukL2.�"/3�3 ; (4.2)

kukL4.�"/3 � C"
1
2 krukL2.�"/3�3 (4.3)

for any u 2 H 1
0 .�

"/3, where C is a positive constant independent of " > 0.

The following estimates hold for the velocity.

Proposition 4.2. Let u" be determined by (4.1). Then for all ",

ku"kL2.�"/3 � C min."
5
2 ; "

3
2K

1
2
" /; (4.4)

kru"kL2.�"/3�3 � C"
3
2 ; (4.5)

where C is a positive constant independent of ".

Proof. For any ' 2 V D ¹u 2 H 1
0 .�

"/3 W div u D 0º, we haveZ
�"
A

�
x

"

�
ru" � r'dx C

�

K"

Z
�"

u"'dx C
�

�2

Z
�"
.u" � r/u"'dx D

Z
�"

f 'dx:

(4.6)
Choosing ' D u" in (4.6) and using the properties of the matrix A, the fact thatR
�"
.u" � r/u" � u"dx D 0 and the expression of f , we get

˛

Z
�"
jru"j

2dx C
�

K"

Z
�"
ju"j

2dx �

Z
�"

f 1.x/u
0
".x/dx; (4.7)

where u0".x/ D .u";i /1�i�2. Now using the fact that f 1 2 L
2.�/2, (4.2) and the

Cauchy–Schwarz inequality, we obtainˇ̌̌̌Z
�"

f 1.x/u
0
".x/dx

ˇ̌̌̌
� C"

3
2 kru"kL2.�"/3�3 :

It follows readily from (4.7) that kru"kL2.�"/3�3 � C"
3
2 , that is, (4.5). Using once

again (4.2), we get
ku"kL2.�"/3 � C"

5
2 : (4.8)

Coming back to (4.7), we obtain

ku"kL2.�"/3 � C"
3
2K

1
2
" : (4.9)

Putting together (4.8) and (4.9) we are led to (4.4). This completes the proof.
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Remark 4.3. It follows from (4.4) that

(i) If K" D O."2/ or if K" � "2, then ku"kL2.�"/3 � C"
5
2 .

(ii) If K" � "2, then ku"kL2.�"/3 � C"
3
2K

1
2
" .

Next, we need to derive the estimates for the pressure. To this end, we need the
following well-known result whose proof can be found in [20, Lemma 20].

Lemma 4.4 ([20, Lemma 20]). For any g" 2 L20.�
"/, there exists a unique '" 2

H 1
0 .�

"/3 satisfying div'" D g" and

k'"kL2.�"/3 � Ckg"kL2.�"/; kr'"kL2.�"/3�3 �
C

"
kg"kL2.�"/;

where the positive constant C is independent of ".

The following result holds true.

Proposition 4.5. Let p" 2 L20.�
"/ satisfy (4.1). Then

(1) If K" D O."2/ or if K" � "2, then

kp"kL2.�"/ � C"
1
2 : (4.10)

(2) If K" � "2, then
kp"kL2.�"/ � C"

3
2K�1=2" : (4.11)

In (4.10) and (4.11), C is a positive constant independent of ".

Proof. Since p" 2 L20.�
"/, we appeal to Lemma 4.4 to derive the existence of '" 2

H 1
0 .�

"/3 with div'" D p" and

k'"kL2.�"/3 � Ckp"kL2.�"/; kr'"kL2.�"/3�3 �
C

"
kp"kL2.�"/:

We choose '" as a test function in the variational form of (4.1) to get

kp"k
2
L2.�"/

D �hrp"; '"i D

Z
�"
A"ru" � r'"dx C

�

K"

Z
�"

u"'"dx

C
�

�2

Z
�"
.u" � r/u" � '"dx �

Z
�"

f '"dx

D I1 C I2 C I3 C I4:

One has

jI1j � Ckru"kL2.�"/3�3kr'"kL2.�"/3�3 � C"
1
2 kp"kL2.�"/;

jI2j �
�

K"
ku"kL2.�"/3k'"kL2.�"/3 �

C

K"
min."

5
2 ; "

3
2K

1
2
" /kp"kL2.�"/;
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jI3j � ku"kL4.�"/3kru"kL2.�"/3�3k'"kL4.�"/3

� C"kru"k
2
L2.�"/3�3

kr'"kL2.�"/3�3 � C"
3
kp"kL2.�"/;

and
jI4j � C"

1
2 kp"kL2.�"/:

It follows that

kp"kL2.�"/ � C

�
"
1
2 C "3 C

1

K"
min."

5
2 ; "

3
2K

1
2
" /

�
: (4.12)

We note that the precise estimates should depend on the magnitude ofK" with respect
to ". Precisely,

• if K" D O."2/, then (4.12) yields

kp"kL2.�"/ � C"
1
2 I

• if K" � "2, then "
3
2K

1
2
" < "

5
2 and "

1
2 < "

3
2K
� 12
" , so that

kp"kL2.�"/ � C."
1
2 C "

3
2K
� 12
" / � C"

3
2K
� 12
" I

• if K" � "2, then
kp"kL2.�"/ � C"

1
2 :

According to the estimates in Propositions 4.2 and 4.5, three different regimes
should be considered: 1) K" D O."2/, 2) K" � "2 and 3) K" � "2. Each of these
special cases will be worked out separately in the following subsections.

For the sequel we identify � with � � ¹0º so that any point .x; 0/ should be
merely written as x. We also set I D .�1; 1/.

4.2. Homogenization results in the case when K" D O."2/

We assume that

K"

"2
! K when "! 0; with 0 < K <1: (4.13)

According to Propositions 4.2 and 4.5, the following uniform estimates hold: there
exists a positive constant C such that for all " > 0,

ku"kL2.�"/3 � C"
5
2 ; kru"kL2.�"/3�3 � C"

3
2 and kp"kL2.�"/ � C"

1
2 : (4.14)

Let A be an ergodic algebra with mean value on R2. In view of Proposition 3.14
and Theorem 3.3, given an ordinary sequence E, there exist a subsequence E 0 of
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E and u0 2 ŒL
2.�IB

1;2
A
.R2IH 1

0 .I ///�
3, p0 2 L2.�IB2

A
.R2IL2.I /// such that, as

E 0 3 "! 0,
u"

"2
! u0 in L2.�"/3-weak †A; (4.15)

1

"
ru" ! ryu0 in L2.�"/3�3-weak †A; (4.16)

p" ! p0 in L2.�"/-weak †A; (4.17)

where in (4.16) we put y D .y; y3/, so that ry D .ry ; @=@y3/, ry D .@=@yi /1�i�2,
@=@yi being defined in (2.2). Since div u" D 0 in �", it follows that divyu0 D 0 in
� �R2 � I . Indeed, setting

u0" D .u";1; u";2/;

we have, for ' 2 C10 .�/˝A1.R2IC10 .I //,

0 D

Z
�"

div u".x/'

�
x;
x

"

�
dx

D �

Z
�"

u0" � .rx'/"dx C
1

"

Z
�"

u" � .ry'/"dx;

where '".x/ D '.x; x
"
/ for x 2 �". Multiplying the last equality above by "�2 and

letting E 0 3 "! 0 yieldsZ
�

Z 1

�1

M.u0.x; �; y3/ � ry'.x; �; y3//dy3dx D 0:

This amounts to divyu0 D 0 in � � R2 � I , where divyu0 D divyu00 C
@u0;3
@y3

with
u00 D .u0;i /1�i�2.

Now, set

u.x/ D

Z 1

�1

M.u0.x; �; y3//dy3 for x 2 �

D .ui .x//1�i�3: (4.18)

Then u 2 L2.�/3. Moreover,

divx u0 D 0 in � and u0 � � D 0 on @�; (4.19)

where � is the outward unit normal to @�. Here u D .u0; u3/. First of all, one has

u3 D 0 in �: (4.20)

Indeed, from the equality divyu0 D 0 in � � R2 � I , we have M.divyu0/ D 0, that
is, @

@y3
M.u0;3.x; �; y3// D 0. This shows that u0;3 is independent of y3. But u";3 D 0

on � � ¹"º, so that M.u0;3.x; �; y3// D 0 on � � ¹1º, i.e., M.u0;3.x; �// D 0 in �
since u0;3 does not depend on y3. This shows that u D .u0; 0/.
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This being so, let us check (4.19). To that end, let ' 2 D.�/. Using the Stokes
formula together with the equality div u" D 0 in �", we obtainZ

�"
u0".x/ � rx'.x/dx D 0:

Dividing the last equality above by "3 and letting E 0 3 "! 0, we are led toZ
�

u0.x/ � rx'.x/dx D 0:

This yields at once (4.19).
We are now able to pass to the limit in the critical case K" D O."2/.

Theorem 4.6. Let A be an ergodic algebra with mean value on R2. Assume that (A3)
and (4.13) hold true. Let .u"; p"/ be determined by (4.1). Then, when E 0 3 "! 0,
we have (4.15), (4.16) and (4.17). Moreover, there exists q 2 L2.�IB2

A
.R2IL2.I ///

such that .u0; p0; q/ solves the equation8̂̂̂̂
ˆ̂̂̂̂<̂
ˆ̂̂̂̂̂̂
:̂

�divy.A.y/ryu0/C
�

K
u0 Cryq D f 1 � rxp0 in � �R2 � I;

divyu0 D 0 in � �R2 � I;

divx

�Z 1

�1

M.u0.x; �; y3//dy3

�
D 0 in �;�Z 1

�1

M.u0.x; �; y3//dy3

�
� � D 0 on @�:

(4.21)

Proof. Let .u0; p0/ be determined by (4.15)–(4.17) such that (4.18) and (4.19) are
satisfied. Let us first show that p0 is independent of y D .y; y3/. To that end, let ' 2

.C10 .�/˝A1.R2IC10 .I ///
3. Testing (4.1) against '".x/ D '.x; x="/ (x 2 �"),

we haveZ
�"
A

�
x

"

�
ru" �

�
.rx'/" C

1

"
.ry'/"

�
dx C �

"2

K"

Z
�"

u"

"2
'"dx

C
�

�2

Z
�"
.u" � r/u"'

"dx �

Z
�"
p"

�
.divx '/" C

1

"
.divy '/"

�
dx

D

Z
�"

f '"dx: (4.22)

Using the first two estimates in (4.14) together with (4.3) giveˇ̌̌̌Z
�"
.u" � r/u"'

"dx

ˇ̌̌̌
� ku"kL4.�"/kru"kL2.�"/k'

"
kL4.�"/

� C"kru"k
2
L2.�"/

kr'"kL2.�"/

� C"3:
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Thus
1

"

Z
�"
.u" � r/u"'

"dx ! 0 when E 0 3 "! 0: (4.23)

Hence, passing to the limit when E 0 3 "! 0 in (4.22) using (4.15)–(4.17) leads toZ
�

Z 1

�1

M.p0.x; �; y3/ divy '.x; �; y3//dy3dx D 0;

which means that p0 does not depend on y D .y; y3/.
Now, coming back to (4.22) and choosing there ' such that divy ' D 0, and next

dividing both sides of the resulting equation by ", we get

1

"

Z
�"
A

�
x

"

�
ru" �

�
.rx'/" C

1

"
.ry'/"

�
dx C �

"2

K"

1

"

Z
�"

u"

"2
'"dx

C
�

�2
1

"

Z
�"
.u" � r/u"'

"dx �
1

"

Z
�"
p".divx '/"dx D

1

"

Z
�"

f '"dx:

(4.24)

We pass to the limit in (4.24) by considering each term separately. First, since A 2
.B2

A
.R2IL2.I // \ L1.R2 � I //3�3, the matrix-functions Arx' and Ary' can be

seen as test functions for the weak †A-convergence. Therefore, appealing to (4.15)–
(4.17) in conjunction with (4.13), we pass to the limit when E 0 3 "! 0 in (4.24) and
obtainZ

�

Z 1

�1

M.Aryu0 � ry'/dy3dx C
�

K

Z
�

Z 1

�1

M.u0'/dy3dx

�

Z
�

Z 1

�1

p0.x/M.divx '/dy3dx D

Z
�

Z 1

�1

M.f '/dy3dx: (4.25)

Since (4.25) holds for every ' 2 .C10 .�/˝A1.R2IC10 .I ///
3 with divy ' D 0, we

deduce from Proposition 3.7 the existence of q 2 L2.�IB2
A
.R2IL2.I /// such that

(4.21) holds. The proof is therefore completed.

We are now in a position to prove the main result of the current subsection, which
besides, is one of the main results of the work.

Theorem 4.7. Under the assumptions of Theorem 4.6, the sequence .u"="2; p"/">0
weakly †A-converges in L2.�"/3 �L20.�

"/ towards .u0; p0/ determined by (4.15)–
(4.17). Moreover, p0 2 H 1.�/ and, defining u D .u0; u3/ by (4.18), one has u3 D 0
and .u0; p0/ is the unique solution of the effective problem´

u0 D yA.f 1 � rxp0/ in �;

divx u0 D 0 in � and u0 � � D 0 on @�;
(4.26)
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where yA D .yaij /1�i;j�2 is a symmetric, positive definite 2 � 2 matrix defined by its
entries

yaij D

Z 1

�1

M.Arywi � rywj /dy3 C
�

K

Z 1

�1

M.wiwj /dy3; 1 � i; j � 2:

Here wi (1 � i � 2) is the unique solution in .B1;2
A
.R2IH 1

0 .I ///
3 of the Stokes–

Brinkmann system8<:�divy.A.y/rywi /C
�

K
wi Cry�i D ei in R2 � I;

divywi D 0 in R2 � I;
(4.27)

ei being the i th vector of the canonical basis in R3.

Proof. First and foremost, let us prove that (4.27) possesses a unique solution wi 2

.B
1;2
A
.R2IH 1

0 .I ///
3. It is a fact that (4.27) is equivalent to8̂<̂

:
Z 1

�1

M.Arywi � ryv/dy3 C
�

K

Z 1

�1

M.wiv/dy3 D

Z 1

�1

M.v/eidy3

for all v 2 .B
1;2
A
.R2IH 1

0 .I ///
3 with divyv D 0:

(4.28)

In view of assumption (A1) on A, (4.28) possesses a unique solution in B
1;2
div D ¹v 2

.B
1;2
A
.R2IH 1

0 .I ///
3 W divyv D 0º.

Next, we recall that by density, (4.25) still holds for ' 2 L2.�IB
1;2
div /, so that,

choosing in (4.25) the test function 'D  ˝wi with  2 C10 .�/ and wi (1� i � 3)
defined by (4.28), we obtain, after integrating by parts,Z 1

�1

M.Aryu0 � rywi /dy3 C
�

K

Z 1

�1

M.u0wi /dy3 Crxp0

Z 1

�1

M.wi /dy3

D f .x/

Z 1

�1

M.wi /dy3: (4.29)

Taking in (4.28) the test function u0.x; �/, we obtain8̂̂̂<̂
ˆ̂:
Z 1

�1

M.Arywi � ryu0/dy3 C
�

K

Z 1

�1

M.u0wi /dy3 D

Z 1

�1

M.u0/eidy3

D

Z 1

�1

M.u0;i /dy3 D ui .x/; 1 � i � 3:

(4.30)

Using the fact that A is symmetric, we obtainZ 1

�1

M.Aryu0 � rywi /dy3 D

Z 1

�1

M.Arywi W ryu0/dy3;
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so that, comparing (4.29) and (4.30), we get

ui .x/ D

2X
jD1

�Z 1

�1

M.wi /ejdy3

��
f1;j .x/ �

@p0

@xj
.x/

�
: (4.31)

But Z 1

�1

M.wi /ejdy3 D

Z 1

�1

M.Arywi W rywj /dy3 C
�

K

Z 1

�1

M.wiwj /dy3;

in such a way that, setting

yaij D

Z 1

�1

M.Arywi � rywj /dy3 C
�

K

Z 1

�1

M.wiwj /dy3;

and accounting of (4.20) (that is,
R 1
�1
M.u0;3/dy3 D 0), we deduce yai3 D 0 for 1 �

i � 2. Since yaij D yaj i , we also deduce that ya3i D 0 for 1 � i � 2. This shows that
yA D .yaij /1�i;j�2 is a 2 � 2 symmetric and positive definite matrix. From (4.31) we

get at once
u0.x/ D yA.f 1.x/ � rxp0.x//: (4.32)

Now using (4.19) together with the fact that (4.32) holds in the classical sense of
distributions in �, we get that p0 solves the problem

divx. yA.f 1.x/ � rxp0.x/// D 0 in �;

. yA.f 1.x/ � rxp0.x/// � � D 0 on @�;
(4.33)

which shows that p0 2 H 1.�/ is uniquely determined by (4.33). The convergence of
the whole sequence .u"="2; p"/">0 is a consequence of the uniqueness of the solution
to (4.33) (and hence to (4.26)). This completes the proof of the theorem.

4.3. Homogenization results: Case when K" � "2

In view of Propositions 4.2 and 4.5, it holds that

ku"kL2.�"/3 � C"
5
2 ; kru"kL2.�"/3�3 � C"

3
2

and kp"kL2.�"/3 � C"
1
2 for all " > 0;

where C > 0 is independent of " > 0. Thus, given an ordinary sequenceE, there exist
a subsequence E 0 of E and u0 2 .L

2.�IB
1;2
A
.R2IH 1

0 .I ////
3, p0 2 L2.�IB2

A
.R2I

L2.I /// such that, when E 0 3 "! 0,
u"

"2
! u0 in L2.�"/3-weak †A; (4.34)

1

"
ru" ! ryu0 in L2.�"/3�3-weak †A (4.35)

and
p" ! p0 in L2.�"/-weak †A: (4.36)
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Defining the function u as in (4.18), we have that (4.19) holds and u3 D 0. The fol-
lowing is the first main result when K" � "2.

Theorem 4.8. Let A be an ergodic algebra with mean value on R2. Assume that (A3)
holds and K" � "2. Let .u"; p"/ be a solution of (4.1). Then we have (4.34)–(4.36).
Furthermore, there exists q 2 L2.�IB2

A
.R2IL2.I /// such that .u0; p0; q/ solves the

system8̂̂̂̂
ˆ̂̂̂<̂
ˆ̂̂̂̂̂̂
:

�divy.A.y/ryu0/Cryq D f 1 � rxp0 in � �R2 � I;

divyu0 D 0 in � �R2 � I;

divx

�Z 1

�1

M.u0.x; �; y3//dy3

�
D 0 in �;�Z 1

�1

M.u0.x; �; y3//dy3

�
� � D 0 on @�:

(4.37)

Proof. We proceed as in the proof of Theorem 4.6. Firstly, we see that p0 is indepen-
dent of y. Next, choosing in (4.22) a test function ' such that divy ' D 0 and then
multiplying the resulting equality by 1=", we appeal once again to (4.34)–(4.36) to
obtain8̂̂̂<̂

ˆ̂:
Z
�

Z 1

�1

M.Aryu0 W ry'/dy3dx �

Z
�

Z 1

�1

p0.x/M.divx '/dy3dx

D

Z
�

Z 1

�1

M.f '/dy3dx:

(4.38)

This yields as before, the existence of q such that (4.37) holds.

As in the previous subsection, let us consider the following Stokes system:8̂̂<̂
:̂

Find wj 2 B
1;2
#A
.R2IH 1

0 .I //
3 such that

�divy.Arywj /Cry�j D ej in R2 � I;

divywj D 0 in R2 � I:

(4.39)

Then in view of [10, Lemma 4.1], system (4.39) possesses a unique solution wj 2

B
1;2
#A
.R2IH 1

0 .I //
3. Also, proceeding as in Section 4.2, we are able to see that, defin-

ing u by (4.18) and setting

yA D .yaij /1�i;j�2 with yaij D
Z 1

�1

M.Arywi W rywj /dy3; 1 � i; j � 2; (4.40)

( yAD .yaij /1�i;j�2 is a symmetric positive definite 2� 2 matrix), we have u3 D 0 and´
u0 D yA.f 1 � rxp0/ in �;

divx u0 D 0 in � and u0 � � D 0 on @�:
(4.41)
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The homogenized result in this case is therefore stated as follows.

Theorem 4.9. Under the assumptions of Theorem 4.8, the sequence .u"="2; p"/">0
weakly †A-converges in L2.�"/3 �L20.�

"/ towards .u0; p0/ determined by (4.34)–
(4.36). In addition, p0 2H 1.�/ and, defining uD .u0; u3/ by (4.18), one has u3 D 0
and .u0; p0/ is the unique solution of the effective problem (4.41) where yA is given
by (4.40).

4.4. Homogenization results: Case when K" � "2

Throughout this subsection, we assume that "2=K" ! 0 as "! 0. In that case, the
following estimates hold:

ku"kL2.�"/3 � C"
3
2K

1
2
" ; kru"kL2.�"/3�3 � C"

3
2 ;

kp"kL2.�"/3 � C
"
3
2

K
1
2
"

; for all " > 0;
(4.42)

C being a positive constant independent of ".
In view of (4.42), the following result holds.

Lemma 4.10. Given an ordinary sequence E, there exist a subsequence E 0 of E
and functions u0 2 .L

2.�IB2
A
.R2IL2.I ////3, u1 2 .L

2.�IB
1;2
#A
.R2IH 1.I ////3 and

p0 2 L
2.�IB2

A
.R2IL2.I /// such that, as E 0 3 "! 0,

u"

"K
1
2
"

! u0 in L2.�"/3-weak †A; (4.43)

ru"

"
! ryu1 in L2.�"/3�3-weak †A; (4.44)

K
1
2
"

"
p" ! p0 in L2.�"/-weak †A: (4.45)

Moreover,
divyu0 D 0 and divy u1 D 0 in � �R2 � I:

Proof. Applying Theorem 3.3, we derive the existence of a subsequence E 0 of E and
of a triple .u0;v;p0/2 .L2.�IB

1;2
A
.R2IH 1.I ////3 � .L2.�IB

1;2
A
.R2IH 1.I ////3�3

� L2.�IB2
A
.R2IL2.I /// such that (4.43) and (4.45) hold, and further

ru"

"
! v in L2.�"/3�3-weak †A: (4.46)
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Let us characterize v. To that end, let ˆ 2 .C10 .�/˝A1.R2IC10 .I ///
3 be such

that divy ˆ D 0. Then

1

"

Z
�"

1

"
ru" �ˆ

"dx D �
1

"

Z
�"

1

"
u".divx ˆ/"dx

D �K
1
2
"

1

"

Z
�"

u"

"K
1
2
"

.divx ˆ/"dx (4.47)

where in (4.47), ˆ".x/ D ˆ.x; x="/ for x 2 �" and ru" �ˆ
" is viewed as the vector

.ru";i �ˆ
"/1�i�3 and u".divxˆ/" is viewed as the vector .u";i .divxˆ/"/1�i�3, with

u" D .u";i /1�i�3. Letting E 0 3 "! 0 in (4.47) using (4.43) and (4.46) together with
the fact that K" ! 0, we are led toZ

�

Z 1

�1

M.v.x; �; y3/ �ˆ.x; �; y3//dy3dx D 0

for all ˆ 2 .C10 .�/˝A1.R2IC10 .I ///
3 with divy ˆ D 0. We infer from Corol-

lary 3.8 the existence of u1 2 .L
2.�IB

1;2
#A
.R2IH 1.I ////3 such that v D ryu1. Next,

from the equality div u" D 0, we deduce
3X
iD1

1

"

Z
�"

1

"

@u";i

@xi
.x/ 

�
x;
x

"

�
dx D 0 for all  2 C10 .�/˝A1.R2IC10 .I //;

so that, in view of (4.44), we have, as E 0 3 "! 0,
3X
iD1

Z
�

Z 1

�1

M

�
@u1;i

@yi
 

�
dy3dx D 0 for all  2 C10 .�/˝A1.R2IC10 .I //:

This amounts to divy u1 D 0 in� �R2 � I . Also, the same equality divu" D 0 yieldsZ
�"

u"

�
.rx /

"
C
1

"
.ry /

"

�
dx D 0 for  as above. (4.48)

Dividing both members of (4.48) by "K1=2" and letting E 0 3 "! 0 givesZ
�

Z 1

�1

M.u0 � ry /dy3dx D 0;

which amounts to divyu0 D 0 in � �R2 � I . This concludes the proof.

Now we go back to the variational form (4.22), i.e.,8̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂:

Z
�"
A

�
x

"

�
ru" �

�
.rx'/" C

1

"
.ry'/"

�
dx C

�

K"

Z
�"

u"'
"dx

C
�

�2

Z
�"
.u" � r/u"'

"dx �

Z
�"
p"

�
.divx '/" C

1

"
.divy '/"

�
dx

D

Z
�"

f '"dx:

(4.49)
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We assume that (4.43), (4.44) and (4.45) hold. SinceK"="2! 0 when "! 0, we use
(4.43) to see that, as E 0 3 "! 0,

K"

"2
�

K"

Z
�"

u"'
"dx D

�

"2

Z
�"

u"'
"dx D �

�
K"

"2

� 1
2
Z
�"

u"

"K
1
2
"

'"dx ! 0:

Thus, if we multiply (4.49) byK1=2" =" and we let E 0 3 "! 0 in the resulting identity,
taking into account (4.43), (4.44) and (4.45) together with the fact that K" ! 0 as
"! 0, we get Z

�

Z 1

�1

M.p0 divy '/dy3dx D 0;

thereby showing that p0 does not depend on y. Next, choosing in (4.49) a test function
' such that divy ' D 0 and then multiplying the resulting equality by K1=2" ="2, we
appeal once again to (4.43)–(4.45) to obtain

�

Z
�

Z 1

�1

M.u0'/dy3dx �

Z
�

Z 1

�1

p0.x/M.divx '/dy3dx D 0:

This yields as before, the existence of q2L2.�IB2
A
.R2IL2.I /// such that .u0;p0; q/

solves the system8̂̂̂̂
ˆ̂̂̂<̂
ˆ̂̂̂̂̂̂
:

�u0 Cryq D �rxp0 in � �R2 � I;

divyu0 D 0 in � �R2 � I;

divx

�Z 1

�1

M.u0.x; �; y3//dy3

�
D 0 in �;�Z 1

�1

M.u0.x; �; y3//dy3

�
� � D 0 on @�:

(4.50)

We have therefore proved the following result.

Theorem 4.11. Let A be an ergodic algebra with mean value on R2. Assume that
(A3) holds and K" � "2. Let .u"; p"/ be a solution of (4.1). Then we have (4.43)–
(4.45). Furthermore, there exists q 2 L2.�IB2

A
.R2IL2.I /// such that .u0; p0; q/

solves the system (4.50).

In order to derive the effective equation in the case when K" � "2, we consider
the local problems: For 1 � i � 3, find wi 2 B2

A
.R2IL2.I //3 such that

�wi Cry�i D ei in R2 � I and divywi D 0 in R2 � I: (4.51)

Then the existence and uniqueness of wi satisfying (4.51) follow a two steps process
described below:
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(1) We approximate (4.51) as follows: for any integer n � 1, there exists a unique
wi;n 2 B

1;2
div solution of8<:�

1

n2
�ywi;n C �wi;n Cry�i;n D ei in R2 � I;

divywi;n D 0 in R2 � I
(4.52)

in the sense of (4.28), where �y D divy.ry/. Testing (4.52) with wi;n yields
the estimates

sup
n�1

�
1

n
krywi;nkB2

A
.R2IL2.I //3�3 C kwi;nkB2

A
.R2IL2.I //3

�
� C; (4.53)

where C > 0 is independent of n.

(2) We pass to the limit in the variational formulation

1

n2

Z 1

�1

M.rywi;n � ryv/dy3 C �

Z 1

�1

M.wi;nv/dy3

D

Z 1

�1

M.v/eidy3 for all v 2 B
1;2
div

using (4.53) and the reflexivity of the Hilbert space B2
A
.R2IL2.I // to derive

the existence and uniqueness of a wi 2 .B
2
A
.R2IL2.I ///3 solution to (4.51).

Now, proceeding as in the proof of Theorem 4.7, we may choose in (4.50) the test
function ' D  ˝wi ; then

�

Z 1

�1

M.u0wi /dy3 Crxp0

Z 1

�1

M.wi /dy3 D 0: (4.54)

Next, take u0.x; �/ as test function in (4.51),

�

Z 1

�1

M.u0wi /dy3 D

Z 1

�1

M.u0/eidy3 � ui .x/: (4.55)

Putting together (4.54) and (4.55) yields

ui .x/ D �rxp0

Z 1

�1

M.wi /dy3 D �

3X
jD1

@p0

@xj

Z 1

�1

M.wi /ejdy3:

Still in (4.51) with wj taken as test function, we are led toZ 1

�1

M.wi /ejdy3 D �

Z 1

�1

M.wiwj /dy3:

So, setting

yA D .yaij /1�i;j�2 with yaij D �
Z 1

�1

M.wiwj /dy3; (4.56)
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we obtain a 2 � 2 symmetric matrix. We recall that the fact that ud D 0 amounts to
yaid D 0, and so yadi D 0 for 1 � i � 2.

We have thus proved the following result, which besides is the main result of the
work in the case when K" � "2.

Theorem 4.12. Under the assumptions of Theorem 4.11, the sequence�
u"

"K
1
2
"

;
K
1
2
"

"2
p"

�
">0

weakly †A-converges in L2.�"/3 � L20.�
"/ towards .u0; p0/ determined by (4.43)

and (4.45). Moreover, p0 2 H 1.�/ and, setting

u.x/ D

Z 1

�1

M.u0.x; �; y3/dy3 .x 2 �/

D .ui .x//1�i�3 and u0 D .ui /1�i�2;

we have u3 D 0 and .u0; p0/ is a solution of the homogenized problem

u0 D � yArxp0 in �; divx u0 D 0 in �; and u0 � � D 0 on @�;

where yA is defined by (4.56), wi (1 � i � 2) being the unique solution of (4.51).

5. Homogenization of the Darcy–Lapwood–Brinkmann equation in
thin heterogeneous domain with highly oscillating boundaries

5.1. Introduction

In this section, we deal with problem (4.1), but this time, stated in the following
domain

�" D

²
x D .x; x3/ 2 � �R W "h1

�
x

"

�
< x3 < "h2

�
x

"

�³
; (5.1)

where " > 0 is a small parameter, � � R2 is a bounded open Lipschitz domain, h1,
h2 2W

1;1.R2/ are two bounded Lipschitz continuous functions on R2 and satisfying

max
R2

h1 < min
R2

h2I (5.2)

h1; h2 2 A with M.h2 � h1/ ¤ 0: (5.3)

We set
h�1 D min

R2
h1; hC2 D max

R2
h2; and I D .h�1 ; h

C
2 /;
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and we define G" D � � ."h�1 ; "h
C
2 /. Then, as seen in Section 3, G" has flat lateral

boundaries y3 D "h�1 ; "h
C
2 , with�" � G". When "! 0,G" shrinks toG0 D�� ¹0º

which can be identified to � through the identification x � .x; 0/. This will be the
case in the sequel.

The problem to be investigated here is stated by (4.1) in the thin domain�" given
above by (5.1). As in Section 4, the corresponding problem possesses at least a weak
solution u" 2 H

1
0 .�

"/3. Moreover, to each u" is associated a unique p" 2 L20.�
"/

such that (4.1) is satisfied by the couple .u"; p"/. We extend u" to G" by zero off �",
and we still denote this extension by u"; this is fully justified by the fact that u" D 0

on @�". It is therefore easily seen that, proceeding exactly as in Section 4.1, we derive
the existence of a positive constant C independent of " such that

ku"kL2.�"/3 � C min."
5
2 ; "

3
2K

1
2
" / and kru"kL2.�"/3�3 � C"

3
2 ; (5.4)

and so,

ku"kL2.G"/3 � C min."
5
2 ; "

3
2K

1
2
" / and kru"kL2.G"/3�3 � C"

3
2 :

Concerning the pressure, since the domain�" satisfies the assumptions of [13, Corol-
lary 3.4] (in fact, � is Lipschitz and connected), there exist functions p0" 2 H

1.�/

and p1" 2 L
2.�"/ such that

p" D p
0
" C "p

1
" in �"; (5.5)

and
"
3
2 kp0"kH1.�/ C "kp

1
"kL2.�"/ � Ckrp"kH�1.�"/3 ; (5.6)

where the positive constant C in (5.6) is independent of ". It remains to find a bound
for krp"kH�1.�"/3 . For that purpose, let v 2 H 1

0 .�
"/3; then appealing to (4.1)1, we

have

hrp"; vi D

Z
�"

f � vdx �

Z
�"
A"ru" � rvdx �

�

�2

Z
�"
.u" � r/u" � vdx

�
�

K"

Z
�"

u" � vdx: (5.7)

It is easy to see that ˇ̌̌̌ Z
�"

f � vdx

ˇ̌̌̌
� C"

3
2 krvkL2.�"/3�3 ;ˇ̌̌̌ Z

�"
A"ru" � rvdx

ˇ̌̌̌
� C"

3
2 krvkL2.�"/3�3 ;

and ˇ̌̌̌ Z
�"

u" � vdx

ˇ̌̌̌
� C min."

5
2 ; "

3
2K

1
2
" /krvkL2.�"/3�3 :
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As for the third term on the right-hand side of (5.7), one hasˇ̌̌̌ Z
�"
.u" � r/u" � vdx

ˇ̌̌̌
� ku"kL4.�"/3kru"kL2.�"/3�3kvkL4.�"/3

� C"kru"k
2
L2.�"/3�3

krvkL2.�"/3�3

� C"4krvkL2.�"/3�3 ;

where we used Lemma 4.1 and inequality (5.4). It follows that

krp"kH�1.�"/3 � C

�
"
3
2 C "4 C

"

K"
min."

5
2 ; "

3
2K

1
2
" /

�
:

Now, if K" D O."2/ or K" � "2, then

"

K"
min."

5
2 ; "

3
2K

1
2
" / � C

"
7
2

K"
� C"

3
2 ;

so that
krp"kH�1.�"/3 � C"

3
2 :

If K" � "2, then

"
3
2K

1
2
" < "

5
2 and "

3
2 <

"
5
2

K
1
2
"

;

so that

krp"kH�1.�"/3 � C

�
"
3
2 C

"
5
2

K
1
2
"

�
� C

"
5
2

K
1
2
"

:

We have shown that

krp"kH�1.�"/3 �

8̂<̂
:
C"

3
2 if K" D O."2/ or K" � "2;

C "
5
2

K
1
2
"

if K" � "2:
(5.8)

It follows from (5.6) and (5.8) that

kp0"kH1.�/ �

8<:C if K" D O."2/ or K" � "2;

C "

K
1
2
"

if K" � "2I

and

kp1"kL2.�"/ �

8̂<̂
:
C"

1
2 if K" D O."2/ or K" � "2;

C "
3
2

K
1
2
"

if K" � "2:
(5.9)
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We extend p1" to G" by zero and we denote the corresponding extension by zp1" to see
that inequality (5.9) holds mutatis mutandis (change p1" into zp1" and �" into G"). We
summarize the estimates obtained above, in the following lines:

ku"kL2.G"/3 �

8<:C"
5
2 if K" D O."2/ or K" � "2;

C "
3
2K

1
2
" if K" � "2I

(5.10)

kru"kL2.G"/3�3 � C"
3
2 I (5.11)

kp0"kH1.�/ �

8<:C if K" D O."2/ or K" � "2;

C "

K
1
2
"

if K" � "2I
(5.12)

and

k zp1"kL2.G"/ �

8̂<̂
:
C"

1
2 if K" D O."2/ or K" � "2;

C "
3
2

K
1
2
"

if K" � "2:
(5.13)

In the light of the above estimates, we follow the same steps as in the preceding
section. This is declined below in the following subsection.

5.2. Passage to the limit and proof of Theorem 1.5

5.2.1. Case when K" D O."2/. We assume (4.13), i.e., K"
"2
! K when "! 0, with

0 < K <1. Still denoting by u" the extension of u" on G", we have u" 2 H
1
0 .G"/

3

with (5.10)1, (5.11), (5.12)1 and (5.13)1. Let A be an algebra with mean value on R2.
Given an ordinary sequence E, we derive the existence of a subsequence E 0 of E and
of functions u0 2 L

2.�IB
1;2
A
.R2IH 1

0 .I ///
3, p0 2 H 1.�/, p01 2 L

2.�IB
1;2
#A
.R2//

and p1 2 L2.�IB2
A
.R2IL2.I /// such that, when E 0 3 "! 0,

u"

"2
! u0 in L2.G"/3-weak †A; (5.14)

1

"
ru" ! ryu0 in L2.G"/3�3-weak †A; (5.15)

p0" ! p0 in H 1.�/-weak and in L2.�/-strong, (5.16)

rxp
0
" ! rxp0 Cryp

0
1 in L2.�/2-weak †; (5.17)

p1" ! p1 in L2.G"/-weak †A: (5.18)

This being so, let us recall the definition of the set J

J D ¹y D .y; y3/ 2 R3 W y 2 R2 and h1.y/ < y3 < h2.y/º:

To any u 2 Lrloc.J/ (1 � r <1) is associated the transform ub defined by

ub.y; t/ D u.y; .1 � t /h1.y/C th2.y//; y 2 R2 and 0 < t < 1;
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so that ub 2 Lrloc.R
2ILr.0; 1//. This allows us to define the following Besicovitch-

type spaces: let A be an algebra with mean value on R2 such that h1; h2 2 A. By
Br

A
.J/ we mean the space of those u 2 Lrloc.J/ such that ub 2 Br

A
.R2ILr.0; 1//. To

Br
A
.J/ we associate the Sobolev–Besicovitch space

B
1;r
A
.J/ D ¹u 2 BrA.J/ W ryu 2 B

r
A.J/

3
º:

We recall that each of these spaces is a complete semi-normed space, the seminorm
in Br

A
.J/ being defined by

kukBr
A
.J/ D ku

b
kBr

A
.R2ILr .0;1//:

We also define the Banach counterpart ofBr
A
.J/ that we denote by Br

A
.J/ as follows:

u 2 Br
A
.J/ iff ub 2 Br

A
.R2ILr.0; 1//. Finally, the space

B
1;r
# .J/ D

®
u 2 B

1;r
A
.J/ W u D 0 on @J

¯
will be of special interest in the sequel. We recall that @J D ¹y D .y; y3/ W y 2 R2

and y3 D hi .y/, i D 1; 2º.
Proceeding as in Section 4.2, we see that divyu0 D 0 in � � J . Moreover, setting

u.x/ DM

�Z h2

h1

u0.x; �; y3/dy3

�
; x 2 �;

D .ui .x//1�i�3 (5.19)

we have u3 D 0 and u0 D .u1; u2/ 2 L
2.�/2 with u0 � � D 0 on @� and divx u0 D 0

in �.
With this in mind, the first homogenization result in this case reads as follows.

Theorem 5.1. Let A be an ergodic algebra with mean value on R2. Assume that
(A3), (4.13), (5.2) and (5.3). Let .u"; p"/ be determined by (4.1). Then E 0 3 "! 0,
one has (5.14) to (5.18), where the quadruple .u0; p0; p01 ; p1/ solves the system8̂̂̂̂

ˆ̂̂̂̂̂<̂
ˆ̂̂̂̂̂̂
ˆ̂:

�divy.Aryu0/C
�

K
u0 Cry.p

0
1 C p1/ D f � rxp0 in � � J ;

divyu0 D 0 in � � J ;

divxM
�Z h2

h1

u0.x; �; y3/dy3

�
D 0 in �;

M

�Z h2

h1

u0.x; �; y3/dy3

�
� � D 0 on @�:

(5.20)

Proof. Let the assumptions of Theorem 5.1 be in force. Let '2.C10 .�/˝B
1;2
# .J//3.

Defining '" 2 H 1
0 .�

"/3 by '".x/ D '.x; x="/ (x 2 �") and choosing '" as test
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function in (4.1), we get, after dividing both members of the resulting equality by ",8̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂:

1

"

Z
�"
A"ru" �

�
.rx'/

"
C
1

"
.ry'/

"

�
dx C �

"2

K"

1

"

Z
�"

u"

"2
'"dx

C
�

�2
1

"

Z
�"
.u" � r/u"'

"dx C
1

"

Z
�"
rxp

0
" � '

"dx

�

Z
�"
p1"

�
.divx '/" C

1

"
.divy '/"

�
dx D

1

"

Z
�"

f '"dx:

(5.21)

Let us consider each term in (5.21) separately. As for the first term on the left-hand
side, it is equal toZ

�"
A"
ru"

"
� .rx'/

"dx C
1

"

Z
�"
A"
ru"

"
� .ry'/

"dx D I1 C I2:

It is easy to see that I1! 0whenE 0 3 "! 0, while, for I2, appealing to Theorem 3.15
associated to (5.15), we have

I2 !

Z
�

Z h
C

2

h�
1

M.�J .�; y3/A.�; y3/ryu0.x; �; y3/ � ry'.x; �; y3//dy3dx

D

Z
�

M

�Z h2

h1

Aryu0 � ry'dy3

�
dx:

It is worth noting that in the last convergence above, we have used Ary' as test func-
tion; indeed, since A 2 .L1.R3/\B2

A
.R2IL1.I ///3�3 (where here, I D .h�1 ; h

C
2 /)

and L1.R3/\B2
A
.R2IL1.I // ,! L1.R2IL1.I //, we get that Ary' 2 .C10 .�/

˝B2
A
.R2IL2.I ///3�3, so that it can be taken as test function in the†A-convergence.

It follows that

1

"

Z
�"
A"ru" �

�
.rx'/

"
C
1

"
.ry'/

"

�
dx !

Z
�

M

�Z h2

h1

Aryu0 � ry'dy3

�
dx:

(5.22)
It is a fact using (5.14) that

1

"

Z
�"

u"

"2
'"dx !

Z
�

M

�Z h2

h1

u0'dy3

�
dx; (5.23)

and, as in Section 4, we observe thatˇ̌̌̌Z
�"
.u" � r/u"'

"dx

ˇ̌̌̌
� C"3;

so that
1

"

Z
�"
.u" � r/u"'

"dx ! 0 when E 0 3 "! 0: (5.24)
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Concerning the terms involving the pressure, it holds that

1

"

Z
�"
rxp

0
" � '

"dx !

Z
�

M

�Z h2

h1

.rxp0 Cryp
0
1/ � 'dy3

�
dx; (5.25)

andZ
�"
p1"

�
.divx '/" C

1

"
.divy '/"

�
dx !

Z
�

M

�Z h2

h1

p1 divy 'dy3

�
dx: (5.26)

Finally, one has, as E 0 3 "! 0,

1

"

Z
�"

f '"dx !

Z
�

M

�Z h2

h1

f 'dy3

�
dx: (5.27)

Collecting the convergence results (5.22)–(5.27), we obtain (when passing to the limit
in (5.21)) the following variational system:8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂:

Z
�

M

�Z h2

h1

Aryu0 � ry'dy3

�
dx C

�

K

Z
�

M

�Z h2

h1

u0'dy3

�
dx

C

Z
�

M

�Z h2

h1

rxp0 � 'dy3

�
dx

�

Z
�

M

�Z h2

h1

.p01 C p1/ divy 'dy3

�
dx

D

Z
�

M

�Z h2

h1

f 'dy3

�
dx; for all ' 2 .C10 .�/˝ B

1;2
# .J//3:

(5.28)

By density, (5.28) holds true for every ' 2 L2.�IB1;2# .J//3.
Also, proceeding as in Section 4, we derive the following properties for u0:

divxM
�Z h2

h1

u0.x; �; y3/dy3

�
D 0 in �; (5.29)

M

�Z h2

h1

u0.x; �; y3/dy3

�
� � D 0 on @�: (5.30)

We may also check that p0 2 L20.�/. Indeed, since p" 2 L20.�
"/, we have

0 D
1

"

Z
�"
p"dx D

Z
�

�
h2

�
x

"

�
� h1

�
x

"

��
p0"dx C

Z
�"
p1"dx:

Letting E 0 3 "! 0 above yields
R
�
M.h2 � h1/p0dx D 0, that is,

R
�
p0dx D 0,

where we have taken (5.3) into account. This shows that p0 2 H 1.�/ \ L20.�/.
Accounting of (5.28), (5.29) and (5.30), we get readily that the triple .u0; p0; q D

p01 C p1/ solves the system (5.20). This completes the proof of the theorem.
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In order to derive the homogenized problem, we follow the same procedure as in
the proof of Theorem 4.7. To this end, let .ei /1i�3 be the canonical basis in R3. For
1 � i � 3, consider the Stokes–Brinkmann system8̂̂<̂

:̂
�divy.A.y/rywi /C

�

K
wi Cry�i D ei in J ;

divywi D 0 in J ;

wi D 0 on @J :

(5.31)

Then (5.31) possesses a unique solution in the space

B
1;2
#;div.J/ D

®
u 2 B

1;2
# .J/3 W divyu D 0 in J

¯
:

With this in mind, if we choose in the variational form of (5.20) the test function
' D  ˝ wi (1 � i � 3) where wi is determined by (5.31) and  2 C10 .�/, and
then take in the variational form of (5.31), the test function u0.x; �/, and finally we
compare the resulting equalities, we get at once

u0.x/ D yA.f 1.x/ � rxp0.x//; a.e. x 2 �

where the matrix yA D .yaij /1�i;j�2 is symmetric, positive definite and is defined by

yaij DM

�Z h2

h1

Arywi � rywjdy3

�
C
�

K
M

�Z h2

h1

wi �wjdy3

�
: (5.32)

We have just derived the main result in the case when K" D O."2/, and it reads as
follows.

Theorem 5.2. The assumptions are those of Theorem 5.1. For any " > 0, let .u";p"D
p0" C "p

1
" / 2 H

1
0 .�

"/3 � L20.�
"/ be a solution of (4.1). Then, still denoting by u"

and p1" the extension of u" and p1" by zero on G", the sequence .u"="2; p"/ weakly
†A-converges in L2.G"/3 � L2.G"/ towards .u0; p0/ determined by (5.14)–(5.17).
Defining u D .u0; u3/ by (5.19), we have u3 D 0 and .u0; p0/ is the unique solution
of the homogenized problem´

u0 D yA.f 1 � rxp0/ in �;

divx u0 D 0 in �; and u0 � � D 0 on @�;

where the matrix yA is defined by (5.32).

5.2.2. Case when K"� "2 or K"� "2. Following the same steps as in the previous
section, we may proceed as in the previous case to obtain the homogenization result
in the two other regimes. This is left to the reader.
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6. Some concrete applications of Theorems 1.3 and 1.5

In the previous sections, we have used systematically the algebras with mean value in
assumptions (A3) and (3.26) (or (5.3)) respectively on the coefficients of the diffusion
operator � div.A"r:/ and on the functions h1 and h2. Assumption (A3) shows how
the microstructures are distributed inside the domain �" while (3.26) deals with the
way the lateral boundaries behave. We present here below a few concrete physical
situations.

6.1. Problem 1: Pure periodic environment

We assume that the heterogeneities are uniformly distributed in �. This means that
the distribution function of the microstructures is periodic, so that the matrix-function
y 7! A.y; y3/ is 1-periodic in each of its yi (i D 1; 2). The underlying algebra with
mean value here is thus the algebra of Y -periodic continuous functions A D Cper.Y /,
Y D .0; 1/2. The mean value of a function u 2 Cper.Y / is given by

M.u/ D

Z
Y

u.y/dy:

The function spaces associated to A are as follows:B2
A
.R2IL2.I //DL2per.Y IL

2.I //

(the space of functions in L2loc.R
2IL2.I // that are Y -periodic), B1;2

A
.Rd�1IH 1.I //

D H 1
per.Y IH

1.I // (the subspace of H 1
loc.Y IH

1.I // consisting of Y -periodic func-
tions). It is worth noting thatB2

A
.R2IL2.I //DB2

A
.R2IL2.I // sinceL2per.Y IL

2.I //

is a Banach space with the corresponding norm, and soB1;2
A
.R2IH 1.I // D B

1;2
A
.R2I

H 1.I //.
In this case, the sigma-convergence concept is merely the well-known two-scale

convergence method for thin heterogeneous domains defined in [22] (see Remark 3.6)
as follows: A sequence .u"/">0 � L2.G"/ weakly two-scale converges in L2.G"/
towards u0 2 L2.G0IL2per.Y IL

2.I /// if, when "! 0,

1

"

Z
G"

u".x/f

�
x;
x

"

�
dx !

Z
G0

Z
Z

u0.x; y/f .x; y/dydx

for any f 2 L2.G0ICper.Y IL
2.I ///, where Z D Y � I .

The above assumption on the matrix A amounts to A 2 L2per.Y IL
2.I //3�3. We

also assume that h1; h2 2 W 1;1.R2/\ Cper.Y /. In order to state the periodic version
of Theorem 1.5, we need to define some function spaces. First of all, let

zY D ¹y 2 R3 W y 2 Y and h1.y/ < y3 < h2.y/º and � D ¹y 2 @J W y 2 Y º;

where we have assumed that the functions h1 and h2 are continuous Y -periodic func-
tions: h1; h2 2 Cper.Y /. The periodic counterparts of the spaces B2

A
.J/, B1;2

A
.J/ and
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B
1;2
# .J/, denoted below respectively by L2per.

zY /, H 1
per.
zY / and H 1

# .
zY / are defined as

follows:

L2per.
zY / D

²
u 2 L2loc.J/ W

Z
zY

juj2dy <1 and u.y C k; y3/ D u.y; y3/

8k 2 Z2; a.e. y 2 J

³
;

H 1
per.
zY / D

®
u 2 H 1

loc.J/ W u 2 L
2
per.
zY /; ryu 2 L

2
per.
zY /3

¯
;

H 1
# .
zY / D

®
u 2 H 1

per.
zY / W u D 0 on �

¯
:

For the benefit of the reader, we restate the homogenization result in Theorem 1.5
in the periodic setting.

Theorem 6.1. Assume that�" is given by (1.2) where the functions h1; h2 2 Cper.Y /.
Let .u"; p" D p0" C "p

1
" / 2 H

1
0 .�

"/3 � L20.�
"/ be a solution of (1.3). Assume that

A 2 .L2per.Y IL
1.I ///3�3. Then:

(i) IfK"DO."2/withK"="2!K when "! 0, 0<K <1, then, still denoting
by u" the extension by zero of u" on G" D � � ."h�1 ; "h

C
2 /, one has

u"

"2
! u0 in L2.G"/3-weak †A;

and
p0" ! p0 in H 1.�/-weak and in L2.�/-strong.

Defining uD .u0;u3/ by u.x/D
R
zY

u0.x;y/dy, we have u3D 0 and .u0;p0/
is the unique solution of the homogenized problem´

u0 D yA.f 1 � rxp0/ in �;

divx u0 D 0 in �; and u0 � � D 0 on @�;

where yA D .yaij /1�i;j�2 is a symmetric, positive definite 2� 2matrix defined
by its entries

yaij D

Z
zY

Arywi � rywjdy C
�

K

Z
zY

wi �wjdy:

Here wi (1 � i � 2) is the unique solution in H 1
# .
zY /3 of the Stokes–Brink-

mann system8̂̂<̂
:̂
� divy.A.y/rywi /C

�

K
wi Cry�i D ei in J ;

divy wi D 0 in J ;

wi D 0 on @J ;

ei being the i th vector of the canonical basis in R3.
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(ii) If K" � "2, then, up to a subsequence, one has

u"

"K
1
2
"

! u0 in L2.G"/3-weak †A;

K
1
2
"

"
p0" ! p0 in H 1.�/-weak and in L2.�/-strong.

Furthermore, defining u as in (i) above, we have u3 D 0 and .u0; p0/ is a
solution of

u0 D � yArxp0 in �; divx u0 D 0 in � and u0 � � D 0 on @�;

where yA is a symmetric matrix defined by

yA D .yaij /1�i;j�2 with yaij D �
Z
zY

wiwjdy;

wi (1 � i � 2) being the unique solution in L2per.
zY /3 of

�wi Cry�i D ei in J and divy wi D 0 in J :

(iii) If K" � "2, then, still denoting by u" and p1" the extension of u" and p1" by
zero on G",we have,

u"

"2
! u0 in L2.G"/3-weak †A;

1

"
ru" ! ryu0 in L2.G"/3�3-weak †A;

p0" ! p0 in H 1.�/-weak and in L2.�/-strong,

Still defining u as in (i) above, it holds that´
u0 D yA.f 1 � rxp0/ in �;

divx u0 D 0 in � and u0 � � D 0 on @�;

where yA D .yaij /1�i;j�2 is given by

yaij D

Z
zY

Arywi � rywjdy; 1 � i; j � 2;

with wi (1� i � 2) being the unique solution inH 1
# .
zY /3 of the Stokes system´

� divy.A.y/rywi /Cry�i D ei in J ;

divy wi D 0 in J :

Proof. The result is a mere consequence of the equality M.u/ D
R
Y
u.y/dy for any

u 2 L2per.Y /.
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6.2. Problem 2: Asymptotic periodic framework

We assume that the functions h1 and h2 are asymptotic periodic, that is, each of
these functions can be expressed as a sum of a continuous periodic function and
of a continuous function which vanishes at infinity. This leads to the consideration
of the algebra with mean value A D Cper.Y / C C0.R2/ � B1;per.R2/ [17, Sec-
tion 5.2.3], where C0.R2/ stands for the Banach algebra of continuous functions
vanishing at infinity. Since Cper.Y / � Cper.Y /C C0.R2/, we may assume either that
A 2 L2per.Y IL

2.I //3�3 or A 2 B2
B1;per.R2/

.R2IL2.I //3�3. Then the results in The-
orems 1.3 and 1.5 are obtained with the algebra wmv A D Cper.Y /C C0.R2/.

It is very important to note that we may assume different kind of behaviours on h1
and on h2. For example, if h1 2 Cper.Y / and h2 2 Cper.Y /C C0.R2/, then we reach
the same conclusion of Theorems 1.3 and 1.5 with A D Cper.Y /C C0.R2/.

6.3. Problem 3: Almost periodic setting

We assume that the microstructures inside � are distributed in an almost periodic
fashion, that is, the function y 7! A.y;y3/ is almost periodic in the Besicovitch sense
[6, 7]. The underlying algebra with mean value in R2 is the algebra of Bohr contin-
uous almost periodic functions on R2 denoted by A D AP.R2/. It is worth recalling
that AP.R2/ [6, 7] is defined as the algebra of functions on R2 that are uniformly
approximated by finite linear combinations of functions in the set ¹cos.k�/; sin.k�/ W
k 2 Rd�1º where cos.k�/.y/D cos.2�k � y/ and sin.k�/.y/D sin.2�k � y/, y 2 R2.
It is known that AP.R2/ is an algebra wmv called the almost periodic algebra wmv
on R2. The corresponding generalized Besicovitch space BpA .R

2/ is precisely the
Besicovitch space Bp.R2/ defined in [6, 7].

We also assume that the functions h1; h2 belong to AP.R2/. Then under these
assumptions, the main results Theorems 1.3 and 1.5 are valid with the corresponding
function spaces. It is well known from [7] that the mean value of a function u 2
AP.R2/ is the unique constant that belongs to the closed convex hull of the set of
translates ¹u.� C a/ W a 2 R2º of u.

6.4. Problem 4: The asymptotic almost periodic environment

We may deal with the asymptotic almost periodic distribution of heterogeneities inside
� with the corresponding algebra wmv A D AP.R2/C C0.R2/ [17, Section 5.2.3].
In this case, we may assume that the functions h1 and h2 are either in AP.R2/ or
in AP.R2/C C0.R2/. We may also assume that h1 2 AP.R2/ and h2 2 AP.R2/C
C0.R2/. All this leads to the validity of Theorems 1.3 and 1.5 with A D AP.R2/C
C0.R2/.
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[20] S. Marušić and E. Marušić Paloka, Two-scale convergence for thin domains and its appli-
cations to some lower-dimensional models in fluid mechanics. Asymptot. Anal. 23 (2000),
no. 1, 23–57 Zbl 0957.76070 MR 1764338

[21] J. C. Nakasato and M. C. Pereira, A reiterated homogenization problem for the p-
Laplacian equation in corrugated thin domains. J. Differential Equations 392 (2024),
165–208 Zbl 1536.35038 MR 4708587

[22] M. Neuss-Radu and W. Jäger, Effective transmission conditions for reaction-diffusion
processes in domains separated by an interface. SIAM J. Math. Anal. 39 (2007), no. 3,
687–720 Zbl 1145.35017 MR 2349863

[23] G. Nguetseng, Homogenization structures and applications. I. Z. Anal. Anwendungen 22
(2003), no. 1, 73–107 Zbl 1045.46031 MR 1962077

[24] G. Nguetseng, M. Sango, and J. L. Woukeng, Reiterated ergodic algebras and applications.
Comm. Math. Phys. 300 (2010), no. 3, 835–876 Zbl 1228.46049 MR 2736964

[25] G. Nguetseng, R. E. Showalter, and J. L. Woukeng, Diffusion of a single-phase fluid
through a general deterministic partially-fissured medium. Electron. J. Differential Equa-
tions (2014), No. 164, 26 Zbl 1297.35024 MR 3262035

https://doi.org/10.1098/rspa.2002.1003
https://doi.org/10.1098/rspa.2002.1003
https://zbmath.org/?q=an:1099.35010
https://mathscinet.ams.org/mathscinet-getitem?mr=1987520
https://doi.org/10.1137/120873479
https://doi.org/10.1137/120873479
https://doi.org/10.1137/120873479
https://zbmath.org/?q=an:1391.76049
https://mathscinet.ams.org/mathscinet-getitem?mr=3061467
https://doi.org/10.1137/19M1257871
https://doi.org/10.1137/19M1257871
https://zbmath.org/?q=an:1434.35217
https://mathscinet.ams.org/mathscinet-getitem?mr=4093359
https://doi.org/10.3934/dcdss.2017039
https://doi.org/10.3934/dcdss.2017039
https://zbmath.org/?q=an:1360.35096
https://mathscinet.ams.org/mathscinet-getitem?mr=3640537
https://doi.org/10.1137/09077059X
https://doi.org/10.1137/09077059X
https://zbmath.org/?q=an:1383.76445
https://mathscinet.ams.org/mathscinet-getitem?mr=2718267
https://doi.org/10.1007/s11431-009-0397-5
https://doi.org/10.1007/s11431-009-0397-5
https://zbmath.org/?q=an:1193.76144
https://doi.org/10.1016/j.jde.2021.02.012
https://doi.org/10.1016/j.jde.2021.02.012
https://zbmath.org/?q=an:1460.35019
https://mathscinet.ams.org/mathscinet-getitem?mr=4215022
https://doi.org/10.1007/978-3-642-84659-5
https://doi.org/10.1007/978-3-642-84659-5
https://zbmath.org/?q=an:0838.35001
https://mathscinet.ams.org/mathscinet-getitem?mr=1329546
https://zbmath.org/?q=an:0165.10801
https://mathscinet.ams.org/mathscinet-getitem?mr=0247244
https://doi.org/10.3233/asy-2000-389
https://doi.org/10.3233/asy-2000-389
https://zbmath.org/?q=an:0957.76070
https://mathscinet.ams.org/mathscinet-getitem?mr=1764338
https://doi.org/10.1016/j.jde.2024.02.017
https://doi.org/10.1016/j.jde.2024.02.017
https://zbmath.org/?q=an:1536.35038
https://mathscinet.ams.org/mathscinet-getitem?mr=4708587
https://doi.org/10.1137/060665452
https://doi.org/10.1137/060665452
https://zbmath.org/?q=an:1145.35017
https://mathscinet.ams.org/mathscinet-getitem?mr=2349863
https://doi.org/10.4171/ZAA/1133
https://zbmath.org/?q=an:1045.46031
https://mathscinet.ams.org/mathscinet-getitem?mr=1962077
https://doi.org/10.1007/s00220-010-1127-3
https://zbmath.org/?q=an:1228.46049
https://mathscinet.ams.org/mathscinet-getitem?mr=2736964
https://zbmath.org/?q=an:1297.35024
https://mathscinet.ams.org/mathscinet-getitem?mr=3262035


W. Jäger and J. L. Woukeng 318

[26] G. Panasenko and K. Pileckas, Multiscale analysis of viscous flows in thin tube structures.
Adv. Math. Fluid Mech., Birkhäuser/Springer, Cham, 2024 Zbl 07819849 MR 4789494

[27] I. Pažanin and F. J. Suárez-Grau, Homogenization of the Darcy–Lapwood–Brinkman flow
in a thin domain with highly oscillating boundaries. Bull. Malays. Math. Sci. Soc. 42
(2019), no. 6, 3073–3109 Zbl 1423.35023 MR 3999079

[28] M. A. Peter and J. L. Woukeng, On the doubly non-local Hele-Shaw–Cahn–Hilliard sys-
tem: derivation and 2D well-posedness. J. Nonlinear Sci. 34 (2024), no. 3, article no. 43
Zbl 1541.35065 MR 4718634

[29] P. Popov, Y. Efendiev, and G. Qin, Multiscale modeling and simulations of flows in natu-
rally fractured Karst reservoirs. Commun. Comput. Phys. 6 (2009), no. 1, 162–184
Zbl 1364.76225 MR 2537310

[30] M. Sango, N. Svanstedt, and J. L. Woukeng, Generalized Besicovitch spaces and applica-
tions to deterministic homogenization. Nonlinear Anal. 74 (2011), no. 2, 351–379
Zbl 1206.35032 MR 2733214

[31] M. Sango and J. L. Woukeng, Stochastic †-convergence and applications. Dyn. Partial
Differ. Equ. 8 (2011), no. 4, 261–310 Zbl 1254.35019 MR 2901606

[32] F. J. Suárez-Grau, Asymptotic behavior of a non-Newtonian flow in a thin domain with
Navier law on a rough boundary. Nonlinear Anal. 117 (2015), 99–123 Zbl 1419.76034
MR 3316608

[33] J. L. Woukeng, Homogenization of nonlinear degenerate non-monotone elliptic operators
in domains perforated with tiny holes. Acta Appl. Math. 112 (2010), no. 1, 35–68
Zbl 1203.35028 MR 2684973

[34] J. L. Woukeng, Homogenization in algebras with mean value. Banach J. Math. Anal. 9
(2015), no. 2, 142–182 Zbl 1327.46049 MR 3296112

[35] V. V. Zhikov and E. V. Krivenko, Averaging of singularly perturbed elliptic operators. Mat.
Zametki 33 (1983), no. 4, 571–582 Zbl 0556.35003 MR 0704444

Received 14 May 2025; revised 25 February 2026.

Willi Jäger
Interdisciplinary Center for Scientific Computing (IWR), University of Heidelberg, Im
Neuenheimer Feld 205, 69120 Heidelberg, Germany; wjaeger@iwr.uni-heidelberg.de
Author IDs: zbMATH jager.willi MR 92940 ORCID 0000-0002-5294-5159

Jean Louis Woukeng
Department of Mathematics and Computer Science, University of Dschang, Rue du Campus,
67 Dschang, Cameroon; jeanlouis.woukeng@univ-dschang.org
Author IDs: zbMATH woukeng.jean-louis MR 739810 ORCID 0000-0002-7903-7126

Licensed under the Creative Commons Attribution 4.0 International License CC BY 4.0 (httpsW//
creativecommons.org/licenses/by/4.0/), which permits use, sharing, adaptation, and redistribu-
tion with appropriate credit, a link to the license, and indication of changes.

https://doi.org/10.1007/978-3-031-54630-3
https://zbmath.org/?q=an:07819849
https://mathscinet.ams.org/mathscinet-getitem?mr=4789494
https://doi.org/10.1007/s40840-018-0649-2
https://doi.org/10.1007/s40840-018-0649-2
https://zbmath.org/?q=an:1423.35023
https://mathscinet.ams.org/mathscinet-getitem?mr=3999079
https://doi.org/10.1007/s00332-024-10018-6
https://doi.org/10.1007/s00332-024-10018-6
https://zbmath.org/?q=an:1541.35065
https://mathscinet.ams.org/mathscinet-getitem?mr=4718634
https://doi.org/10.4208/cicp.2009.v6.p162
https://doi.org/10.4208/cicp.2009.v6.p162
https://zbmath.org/?q=an:1364.76225
https://mathscinet.ams.org/mathscinet-getitem?mr=2537310
https://doi.org/10.1016/j.na.2010.08.033
https://doi.org/10.1016/j.na.2010.08.033
https://zbmath.org/?q=an:1206.35032
https://mathscinet.ams.org/mathscinet-getitem?mr=2733214
https://doi.org/10.4310/DPDE.2011.v8.n4.a1
https://zbmath.org/?q=an:1254.35019
https://mathscinet.ams.org/mathscinet-getitem?mr=2901606
https://doi.org/10.1016/j.na.2015.01.013
https://doi.org/10.1016/j.na.2015.01.013
https://zbmath.org/?q=an:1419.76034
https://mathscinet.ams.org/mathscinet-getitem?mr=3316608
https://doi.org/10.1007/s10440-009-9552-z
https://doi.org/10.1007/s10440-009-9552-z
https://zbmath.org/?q=an:1203.35028
https://mathscinet.ams.org/mathscinet-getitem?mr=2684973
https://doi.org/10.15352/bjma/09-2-12
https://zbmath.org/?q=an:1327.46049
https://mathscinet.ams.org/mathscinet-getitem?mr=3296112
https://doi.org/10.1007/bf01157062
https://zbmath.org/?q=an:0556.35003
https://mathscinet.ams.org/mathscinet-getitem?mr=0704444
mailto:wjaeger@iwr.uni-heidelberg.de
https://zbmath.org/authors/jager.willi
https://mathscinet.ams.org/mathscinet/MRAuthorID/92940
https://orcid.org/0000-0002-5294-5159
mailto:jeanlouis.woukeng@univ-dschang.org
https://zbmath.org/authors/woukeng.jean-louis
https://mathscinet.ams.org/mathscinet/MRAuthorID/739810
https://orcid.org/0000-0002-7903-7126
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

	1. Introduction and the main results
	2. Algebras with mean value and related Sobolev-type spaces
	3. Sigma-convergence for thin heterogeneous domains
	3.1. Sigma-convergence in thin heterogeneous domains with flat lateral boundaries
	3.2. Sigma-convergence in thin heterogeneous domains with oscillating boundaries

	4. Homogenization of the Darcy–Lapwood–Brinkmann equation in thin heterogeneous domain: Case of flat lateral boundaries
	4.1. Statement of the problem and a priori estimates
	4.2. Homogenization results in the case when K_epsilon = O(epsilon^2)
	4.3. Homogenization results: Case when K_epsilon >> epsilon^2
	4.4. Homogenization results: Case when K_epsilon << epsilon^2

	5. Homogenization of the Darcy–Lapwood–Brinkmann equation in thin heterogeneous domain with highly oscillating boundaries
	5.1. Introduction
	5.2. Passage to the limit and proof of Theorem 1.5
	5.2.1 Case when K_ epsilon = O (epsilon^2)
	5.2.2 Case when K_epsilon << epsilon^2 or K_epsilon >> epsilon^2


	6. Some concrete applications of Theorems 1.3 and 1.5
	6.1. Problem 1: Pure periodic environment
	6.2. Problem 2: Asymptotic periodic framework
	6.3. Problem 3: Almost periodic setting
	6.4. Problem 4: The asymptotic almost periodic environment

	References

