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Sigma-convergence for thin heterogeneous domains and
application to the upscaling of
Darcy-Lapwood-Brinkmann flow

Willi Jager and Jean Louis Woukeng

Abstract. The sigma-convergence concept has been up to now used to derive macroscopic
models in full space dimensions. In this work, we generalize it to thin heterogeneous domains
given rise to phenomena in lower space dimensions. More precisely, we provide a new approach
of the sigma-convergence method that is suitable for the study of phenomena occurring in
thin heterogeneous media. This is made through a systematic study of the sigma-convergence
method for thin heterogeneous domains. Assuming that the thin heterogeneous layer is made
of microstructures that are distributed inside in a deterministic way including as special cases
the periodic and the almost periodic distributions, we make use of the concept of algebras with
mean value to state and prove the main compactness results. As an illustration, we upscale a
Darcy-Lapwood—Brinkmann micro-model for thin flow. We prove that, according to the mag-
nitude of the permeability of the porous domain, we obtain as effective models, the Darcy law
in lower dimensions. The effective models are derived through the solvability of either the local
Stokes—Brinkmann problems or the local Hele-Shaw problems.

1. Introduction and the main results

This work is concerned with two main challenges: 1) build a framework enabling
the study of physical/natural phenomena occurring in thin heterogeneous media by
taking into account the distribution of heterogeneities inside the thin layer; 2) apply
the results obtained in the first part 1) to upscale a double porosity model, viz. a
Darcy-Lapwood—Brinkmann flow occurring in thin heterogeneous domains.

The first main challenge is to prove some important compactness results in thin
heterogeneous domains. To make it a little more precise, let G; C RY (i =1,2)be
a bounded open set in R4 (integer d; > 1) with 0 € G, (the closure of G,). We set
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G, = G1 x ¢G, (where ¢ > 0 is a small parameter) and Gy = G x {0}. The first
main result states as follows.

Theorem 1.1. Let (ug).cg be a sequence in LP(G,) satisfying

_d2
supe 7 |luellr,) = C,
e€E
where C > 0 is a constant independent of €, | < p < oo and E is an ordinary sequence

of positive real numbers ¢ tending to zero. Then there exist a subsequence E' of E and
uo € LP(Go: BL (R¥; LP(G,))) such that, as E' 5 & — 0,

e [ 8 ug(X)f(f, g)dH | 0 i Mo 0) (- 0)dgdT (LD

forall f € L? (Go; AR LP' (Gy))) (1/p' = 1—1/p).

We denote the convergence property (1.1) by “ue — ug in L?(G,)-weak X 4.

In Theorem 1.1, 4 is an algebra with mean value on R4 while B i (R71; LP(G,))
stands for the vector-valued generalized Besicovitch space associated to #4; M de-
notes the mean value on Bi (R41; L?(G,)). Especially, we denote by uo(X, -, ¢) the
function y — uo(X, ¥, ¢), and the mean value operator acts on the y variable that
belongs to R?! . This shows that in the integral

/ [ M(uo(T.~.0) f(X. 0))dEdT.
Go JG>

the mean value is with respect to the dot “-”. In the special setting of periodic functions
with periodicity 1 in each coordinate, one has

/G L Mot 01 e = /G 0 /G 2 /Y uo(%.7.0) f(X. 7. O)ddtdx.

where Y = (—%, %)dl.

We refer the reader to Section 2 for general concepts about the algebras with
mean value and the subsequent spaces. Theorem 1.1 is at the heart of some other
important compactness results stated and proved in Section 3 of this work. It gener-
alizes its homologue stated in [22], which is concerned with the periodic version. It
is worth noticing that the generalization is not straightforward as it heavily relies on
Lemma 3.5 stated and proved in [24, Proposition 3.2]. We use Lemma 3.5 to get rid
of separability issues, as some algebras with mean value are not separable, in contrast
with the algebra of continuous periodic functions on R1. To the best of our knowl-
edge, there is no result available so far in the literature dealing with such kind of
compactness results in thin domain beyond the periodic setting. So our result is new
and most likely, of great applicability.
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The second main result deals with the sigma-convergence in thin heterogeneous
domains with oscillating lateral boundaries. Let €2 be a bounded open Lipschitz do-
main in R4 ! (integer d > 2), and let i and &, be two Lipschitz continuous functions
defined on R?~! and satisfying h1,h, € WH°(R4~1) N A (A an algebra with mean
value on R4 —1). We define the thin domain here as follows:

Q°f = {x =(X,xq) € R? : ¥ € Q and ehl(i) <x3 < shz(f)}. (1.2)
& e

Set I = (minga—1 h1, maxge—1 h2) and assume that 0 € [minga—1 7y, maxga—1 hz),
and define G, = Q2 x ¢/ . Finally, define the set

J={y=0y2) eR: 3R and 1, (3) < y3 < h2()}.

and we denote by yy its characteristic function in R?. We are in a position to state
the second main compactness result.

Theorem 1.2. Let (ug)eeg C LP(RQ°) (1 < p < 00) be a sequence satisfying
_1
sup & 7 |ugllLr ey = C,
¢€eE

where C > 0 is independent of ¢ and E is as in Theorem 1.1. For any function
v € LP(Q°), we denote by P.v its extension by 0 on Go: P,v = yqev (where yqe
stands for the characteristic function of Q° in G.). Let E' and uy € L?(Gy;
ii’i (R4=1: LP(1))) be defined by Theorem 1.1 and such that Pyuy — ug in L?(G,)-
weak X 4. Then, as E' > ¢ — 0,

é/s;s ug(X)f(Y, g)dx—>/GO/1M(X‘Huo(f"’yd)f(fa',Yd))dyddf

forall f € L? (Go; ARI"1 (1)), 1/p' =1—1/p.

To illustrate the previous results, we consider the upscaling of a double porosity
model in thin heterogeneous layers. The model problem is stated as follows. In the
thin heterogeneous layer 2¢, we consider the flow of a fluid described by the Darcy—
Lapwood—Brinkmann system

—div( A Ve ) + Eue + L Vyue +Vpe = £ inQ°,
& K ¢?

divu, =0 in Q°,

u, =0 ondQ°,

(1.3)

where the assumptions on A and f ensure the existence (for each fixed ¢ > 0) of a
solution (ug, ps) € H{ (229)® x L3(22°). It is worth noting that in (1.3), the param-
eters u, p and ¢ are positive constants independent of . We consider two different
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kind of thin layers: a thin layer with flat parallel boundaries and a thin layer with
highly oscillating boundaries. In each case, we obtain the following results, which are
respectively, the third and the fourth main results of this work.

Theorem 1.3. For each & > 0, let Q€ be given by (1.2) withhy = —1 and h, = 1 (i.e.,
QFf = Q X (—¢, €), where Q is a bounded open connected Lipschitz subset in R?), and
let (ug, pe) be a solution of (1.3). Assume that A € (Bi (R2; L2(1)))>*3. Then:

@

(ii)

If K, = O(?) with K;/e? — K when e — 0,0 < K < oo, then (us/€?, ps)
weakly X 4-converges (as € — 0) in L2(R2°)% x L?(Q°) to (uo, po) belong-
ing to [L*(R; B;z(Rz; HJ(I))]? x L?(RQ). Moreover, py € H'(2) and,
defining u(x) = f_ll M(ug(x,-,0))d¢ = (u',u3), one hasuz =0 and (u', po)
is the unique solution to the effective problem

{ w' = A(f | —Vxpo) in<Q,

divgu’ =0 inQ and uw -v=00ndQ

where A = (d;j)1<i,j<2 is a symmetric, positive definite 2 X 2 matrix defined
by its entries

1 1
ai; = / M(AVw; : Vyw;)dE + %[ M(w;w;)de.
~1 ~1
Here w; (1 <i < 2) is the unique solution in [Bkz(Rz; Hy (I))]? of the
Stokes—Brinkmann system
—div, (A(y)V,yw;) + %wi +Vymi =e; inR*x1,
divyw; =0 inR*x I,

e; being the ith vector of the canonical basis in R3.

If Ky < €2, then (us/(sKgl/z), (K;/z/e)pe)po weakly ¥ 4-converges (as
e—0)in L?(Q%)3 x L2(Q8) toward (ug, po) € [L*(Q; 58;{2(]1%2; HJ(I))))?
x L?(2). Furthermore, defining u as in (i) above, we have us = 0 and
(u’, po) is a solution of

W =—AVspy inQ, divgu' =0 inQ and uw -v=0 ondS,
where A is a symmetric matrix defined by
1
A= @iige withdy = p [ Meowds
-1
w; (1 <i <2)being the unique solution in Bi(Rz; L%(1))3 of

/Lwi+vyn,-:e,- inR%2x 1 and Eyw,-:O inRZx 1.
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(iii) If Kg > &2, then (ug/€?, pe)e=o weakly X 4-converges (as & — 0) in
L2(Q%)¥3 x L2(Q®) to (uo, po) where ug € [L*(Q; B> (R?; HI(I)))]?
and po € L*(Q2). Furthermore, py € H'(Q2) and, defining u = (u', u3) as
in (i) above, one has us = 0 and (W', po) is the unique solution of the effective
problem

{ W =A(f,—Vxpo) in<Q,

divgu' =0 inQ and u -v =00n0d<Q,

where A = (@ij)1<i,j<2 is given by
1 — —
aij = /1 M(AVyw; : Vyw;)dys, 1<i,j <2,

where here, w; (1 <i < 2) is the unique solution in (i)’;,;z(Rz; H}(1)))? of
the Stokes system
—divy(A(y)Vyw;) + Vi =¢; inR*x 1,
divyw; =0 inR*x I.
Remark 1.4. Let us recall the following concept that has been used in the statement

of Theorem 1.3 above. Let U and V be two positive functions of a small positive
variable ¢, such that U, V' — 0 when ¢ — 0. We say that

U
U=0() providedthat7—>Kasa—>0, where 0 < K < o0;
U
UV iffv—>0ass—>0, and U >V iff V <« U.

In the next result, we assume that Q° is given by (1.2) where &7 and h, satisfy
maxgz h1 < ming2 Ay, and Ay, hy € A with M(hy — hy) # 0, A being an ergodic
algebra with mean value on R2. The result reads as follows.

Theorem 1.5. Assume that Q¢ is given by (1.2). Let (ug, ps = p? + epl) € H} (Q2€)?
x L2(2°) be a solution of (1.3). Assume that A € (Bi(Rz; L®(1)))>3. Then:

(i) IfK.= 0(e?) with K;/e? — K whene — 0,0 < K < oo, then, still denot-
ing by ug the extension by zero of ug on Gy = Q x (ehy, Eh;"), one has

— —uo in L*(G,)3-weak X 4,

and
pg — po in HY(Q)-weak and in L*(Q)-strong.
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Defining u = (u',u3) by u(x) = M(f;f'l2 uo(X,-, y3)dys), we have uz = 0
and (W', po) is the unique solution of the homogenized problem

w' = A(f,—Vspo) in<,
divgu' =0 inQ, and u -v=00n0Q,

where A = (4;j)1<i,j<2 Is a symmetric, positive definite 2 x 2 matrix defined

by its entries

hy o m hy
a,»,- :M(L AVyw,--Vyw,-dy3) +EM(/h wi-wjdy3).
1 1

Here w; (1 <i < 2) is the unique solution in B;,’dziv(,]]) of the Stokes—
Brinkmann system
—Ey(A(y)vyw,-) + %wi +vym =e¢ inld,
divyw; =0 inJ,
w; =0 ondd,
e; being the ith vector of the canonical basis in R3 and

J={y=0.y3) eR’: 7 e R*and h1(¥) < y3 < h2(3)}.

If K, < €2, then, up to a subsequence, one has

U
1

eK?

1
K?
—gpg — po in HY(Q)-weak and in L*(Q)-strong.
e

—ug in L*(Gy)>-weak T 4,

Furthermore, defining u as in (i) above, we have us = 0 and (u', py) is a
solution of

' =—AVipy inQ, divge' =0 inQ and u'-v=0 ondQ,

where A is a symmetric matrix defined by

h>

//1\= (Zi,-j)li,-,jiz with Eiij = /LM(/ wiwjdyg),

hy

w; (1 <i <2) being the unique solution in i)’i(J)3 of

uwi+vyni=e,~ ind and Eyw,:o ind.
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(i) If K¢ > &2, then, still denoting by u, and p! the extension of ug and p} by
zero on G, we have,

Ug

2 — Uy in L2(G8)3—weak A,

1 _
~Vue — Vyuy  in L*(Ge)>3-weak T 4,
£
pg — Do in HI(Q)—weak and in LZ(Q)—strong,

still defining u as in (i) above, it holds that

W' = A(f—Vepo) inQ,
divgu' =0 inQ and uw-v=00n0dQ,

where A = (Qjj)1<i,j<2 is given by

hy o
a,-j = M(/ AVyw,- :Vywjdy3), 1<i,j <2,
hy
with w; (1 <i < 2) being the unique solution in B;”dziv(J) of the Stokes
system
—divy(A(y)Vywi) +Vymi=e¢ ind,
divyw; =0 inJ.

Let us first and foremost compare our result in Theorem 1.5 with the existing ones
in the literature. In [27], problem (1.3) has been considered in a thin domain with
periodic oscillatory boundary. To be more precise, the authors of [27] considered the
problem

~Auet Sue+ L Vyug + Vpo = f A%,
K. ¢
divu, =0 in A®,

u, =0 ondA®,

where A, = {(X,x3) € R®: X € Q and shl(g) < x3 < ehz(g)} with hy, hy being
smooth periodic functions. They proved the analog of Theorem 1.5. However, with
respect to the results in [27], a few remarks are in order: 1) In Theorem 1.5, the
functions /7 and %, assume several behaviours such as the periodicity, the almost peri-
odicity, the asymptotic periodicity, the asymptotic almost periodicity, and many more
besides. So the main result in [27] (Theorem 3.1 for instance) is a special case of The-
orem 1.5. Itis also worth noting that, instead of considering only a periodic framework
like in [27], we consider the case where the thin domain is highly heterogeneous, the
heterogeneities being distributed inside the domain in a general deterministic fashion.
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This imposes the use of a more general concept of convergence taking into account
the properties of the domain, in order to pass to the limit. 2) We also notice that our
estimates leading to the homogenization process are not the same compared to those
obtained in [27, Sections 2 and 3]. Indeed, in [27, Sections 2 and 3], from the estimates

5 3 1
||u||L2(QS)3 <Ce2 and ||u||L2(Q£)3 < CEZK,;Z,

the authors used the following estimate:

5 3 4

lullp2@e)3 < Cle2 +62K7),

while we rather inferred the following one (which seems to be more realistic):

..o 5 3.1

llullp2(qeys < C min(e2,e2 K¢).

This gives rise in our work, to uniform estimates different from the ones they obtained,
especially in the cases when K, < &2 and when K, > £2. 3) Instead of using the
unfolding periodic method, we use a direct approach: the sigma-convergence method
generalizing the two-scale convergence method. The use of this approach is also jus-
tified by the fact that there is no variant up to now, of the unfolding operator beyond
the periodic setting. 4) In the proof of Theorem 1.3, we derive the estimates of the
pressure by using a classical tool relying on the solution of a divergence equation; see
Lemma 4.4 and Proposition 4.5. However, in the proof of Theorem 1.5, the estimates
of the pressure are obtained from a crucial trick stemming from [13, Theorem 3.1]:
the decomposition of the pressure as L3(Q2¢) 3 p, = p? + ep} with p? € H'(Q) and
ps1 € L?(Q2°) (see, e.g., (5.5) and (5.6)). This very important result allows us to work
in the same domain Q¢ instead of adding further assumptions on the geometry of
as it is the case in [27] (see hypotheses H1, H2 and H3 therein).

Very few works address rigorously the asymptotic analysis of (1.3) or related prob-
lems, in the literature. To the best of our knowledge the only ones available to date
are [3,4,8,13,27,32]. For other works in thin heterogeneous domains, we may refer
to, e.g., [1,2,5,9,12, 14-16,20-22, 26, 29], to cite a few. In [15, 16, 29] the authors
consider the formal asymptotic developments to upscale a Stokes—Brinkmann model.

The rest of the work is organized as follows. Section 2 deals with some funda-
mental tools around the concept of algebra with mean value. In Section 3, we are
concerned with the concept of sigma-convergence in thin heterogeneous domains. We
prove therein some compactness results related to that concept such as Theorems 1.1
and 1.2. We apply in Sections 4 and 5 the results developed in the previous section to
upscale a Darcy—Lapwood—Brinkmann flow occurring in thin heterogeneous layers.
Finally, in Section 6, we provide some concrete applications of Theorems 1.3 and 1.5.

Unless otherwise specified, the vector spaces throughout are assumed to be real
vector spaces, and the scalar functions are assumed to take real values. We shall
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always assume that the numerical space R™ (integer m > 1) and its open sets are
each provided with the Lebesgue measure denoted by dx = dxy --- dx,.

Note. This work inspired the works [10, 28] where the evolutionary counterpart of
results contained in Section 3.1 have been considered.

2. Algebras with mean value and related Sobolev-type spaces

In this section, we gather the reader with some basic concepts about the algebras with
mean value [18,35] and the associated Sobolev-type spaces [17,24,30].

Let #A be an algebra with mean value (algebra wmv in short) on R™ (integer
m > 1) [18,35], that is, a closed subalgebra of the €*-algebra of bounded uniformly
continuous real-valued functions on R, BUC(R™), which contains the constants, is
translation invariant and is such that any of its elements possesses a mean value in
the following sense: for every u € A, the sequence (u°%)g~o (u®(x) = u(x/¢)) weakly
x-converges in L°°(R™) to some real number M (u) (called the mean value of u) as
& — 0. The mean value expresses as

M(u) = Rli_r)noo]i u(y)dy forue A
R

where we have set f5 = |Br|™' [5,-

To an algebra with mean value +4 are associated its regular subalgebras AF = {V e
C€F(R™) : D%y € AVa = (a1,....0m) € N™ with o] <k} (k > 0 an integer with
A® = A, and D2y = J&).Underthe norm [[[ulllx = supig <t | DLV lloos AF

1.9 am

is a Banach space. We alslo deyﬁne the space A™ = {yy € € (R™) : DYy € AVa =
(a1,...,0,) € N™}, a Fréchet space when endowed with the locally convex topology
defined by the family of norms ||| - |||,». The space A is dense in any A™ (integer
m > 0).

The notion of a vector-valued algebra with mean value will be very useful in this
study.

Let [F be a Banach space. We denote by BUC(R™; IF') the Banach space of bounded
uniformly continuous functions u : R” — [, endowed with the norm

lulloo = sup [lu(y)lr
yeR™

where | - || stands for the norm in [F. Let 4 be an algebra with mean value on R™.
We denote by A @ F the usual space of functions of the form

Zui®v,- withu; € Aandv; € F

finite
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where (4; ® v;)(y) = u;(y)v; for y € R™. With this in mind, we define the vector-
valued algebra with mean value A4(R™;IF) as the closure of A ® F in BUC(R™; F).
Then it holds that (see [24]), for any f € A(R™;F), the set {L(f) : L € F’ with
|L||rs < 1} is relatively compact in #.

Let us note that we may still define the space A(R";F) where I in this case is a
Fréchet space. In that case, we replace the norm by the family of seminorms defining
the topology of IF.

Now, let f € A(R™:F). Then, defining || f[|r by || f|r (¥) = [ /(W) ]r (v €R™),
we have that || /|| € . Similarly we can define (for 0 < p < o0) the function ||f||f;
and | f'|lf € . This allows us to define the Besicovitch seminorm on A(R™;F) as
follows: for 1 < p < oo, we define the Marcinkiewicz-type space JJt? (R™; F) to be

the vector space of functions u € L (R™;F) such that

1
2
||u||p=(umsup]{g ||u(y)||f§dy) <00
R

R—o00

where Bp is the open ball in R centered at the origin and of radius R. Under the
seminorm || - ||, M?(R™; ) is a complete seminormed space with the property that
AR™; F) C MP(R™; F) since ||ul, < oo for any u € A(R™; ). We therefore
define the vector-valued generalized Besicovitch space B i (R™;F) as the closure of
AR™; ) in MP(R™; ). The following hold true [24,30]:

(i) The space BL(R™;F) = BL(R™;F)/N (where N = {u € BL(R™;F):
|ull, = 0}) is a Banach space under the norm ||u + N |, = ||u||, for u €
BL(R™;F).

(i) The mean value M : A(R™;F) — I extends by continuity to a continuous
linear mapping (still denoted by M) on B i (R™; TF) satisfying

L(M(u)) = M(L(u)) forallL € F'andu € Bi(Rm;]F). 2.1

Moreover, foru € B i (R™;F) we have

N =

||u||p=[M<||u||§>]f‘°E[nggo f ||u(y>||f;dy] ,

and for u € N one has M(u) = 0.

It is worth noticing that J)’i (R™; H) (when F = H is a Hilbert space) is a Hilbert
space with inner product

(u,v)2 = M[(u,v)g] foru,v e B5([R™; H),

(, )g denoting the inner product in H and (u, v) g the function y — (u(y),v(y))n
from R™ to R, which belongs to 8% (R™; R).
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We also define the Sobolev—Besicovitch-type spaces as follows:
B:‘)’p(R’”;F) = {u € Bi(R’”;F) :Vyu € (Bi(R’";IF))’”},
endowed with the seminorm

1
lp = (lully + 1Vyully) 7.

(7

which is a complete seminormed space. The Banach counterpart of Bi{p R™; )
denoted by B;p(Rm;F) is defined by replacing B4 (R™;F) by 8% (R™:F) and
d/dy; by 9/dy;, where 3/dy; is defined by

k] 9

L+ N) =4 N foru € BLP(R™;F). 2.2)

dyi dyi
It is important to note that 5/ dy; is also defined as the infinitesimal generator in
the ith direction coordinate of the strongly continuous group 7 (y) : Bi R™;F) —
BEMR™;F); T(y)(u + N) =u(-+ y) + N. Let us denote by ¢ : BL(R"™;F) —
Qi(Rm; IF) 1: Bi(Rm;F)/N, o(u) = u 4+ N, the canonical surjection. We remark
that if u € BA’p (R™;F) then o(u) € !8:4:‘” (R™; IF) with further

do(u) _ du
dyi —¢ ayi )’
!

as seen aoll)ove in (2.2). We may also define higher order derivatives D, = T g 18 PRCTT
Lo A i Vo1 5y

wherea_w:%o.,.o il 1 m
dy Vi

T j times.

We set Dy (R™;F) = 0(A®(R™:F)) (and merely Dy (R™) = D4 (R™:R)), and
we define the space of vector-valued distributions on +4, denoted by ‘D,;t, (R™;T), as
the space of continuous linear functionals L : D4 (R™) — F. Let 1 < p < oo; for

ue «Bi(Rm;F), define Ly, : D4(R™) — F by

J

(Ly, ) = M(pu), forall p € D4(R™).

Then it is easy to see that L, € D/ (R™;F), so that B4 (R™:;F) < D/, (R™: F).
The mapping u + L,, is linear continuous and injective (this can be proven by pro-
ceeding as in [19]). This allows us to view u as an element of O’ (R™;F) (say
Ly), sothat (L,, @) = (u,p) = M(pu) for all p € D4(R™). Especially, for p = 1,
we have M(u) = (u, 1). We may therefore define the mean value of a distribution
L € D/, (R™:;F) accordingly,

M(L) = (L. 1). (2.3)

For L € D, (R™:F) and o € N™, we define the partial derivative E;L € D, (R™F)
as follows:

— —a

(DSL,¢) = (=D)L, D3g) Ve € Ds®R™). 2.4)
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From (2.3) and (2.4), we observe that

M(D5L) =0 foralla € N™\{0}.

We define a further notion by restricting ourselves to the case F = R. We say that

the algebra +4 is ergodic if any u € Bj% (R™; R) that is invariant under (7 (y)),erm
is a constant in B (R™; R): this amounts to, if T (y)u = u in B (R™;R) for every
y € R™, thenu = c in i)’j% (R™;R) in the sense that |u — c||; = 0, ¢ being a constant.

We end this subsection by defining the corrector function spaces. We are con-

cerned with two special choices of the space F: F = R or F = W1?(G), G being an
open subset of RY (integer N > 1)

)

@)

If F = R, we denote by B (]Rm) ;;f (R™; R) the corrector function
space defined by

By P(R™) = {u € WP (R™) : Vu € BL(R™)™ and M(Vu) = 0}.

In B, L.p 4 (R™) we identify two elements by their gradients: u = v in B (Rm)
iff V (u —v)=0,ie., |V, (u —v)|, =0. We may therefore equip B# Z(R™)
with the gradient norm ||u||4,, = ||Vyu| . This defines a Banach space [11,
Theorem 3.12] containing Bl’p (R™;R) = Bl’p (R™) as a subspace.

For F =W12(G), we define the corrector function space B P(R™, WEP(G))
by

B P R™ WhP(G))

= lu e WEHP(R™, WVP(G)) : Vu € BE(R™; LP(G))" N
A

loc
and /GM(Vu(-,g))d§=o},

where in this case V = (V,, V¢), V,, (resp. V¢) being the gradient opera-
tor with respect to the variable y € R™ (resp. ¢ € RV). As in B;f (R™),
we still identify two elements by their gradients in the sense that: ¥ = v in

A (R™; Wl ”(G)) iff V(u —v) =0,ie., [ V(.0 —v(.0)lpds =0.
The space B (Rm W L:P(G)) is therefore a Banach space under the norm
Iullp = (g IVuC. OIEOV?.
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3. Sigma-convergence for thin heterogeneous domains

3.1. Sigma-convergence in thin heterogeneous domains with flat lateral
boundaries

The concept of sigma-convergence was introduced in [23] in order to tackle two-scale
phenomena occurring in media with microstructures that are distributed inside in a
general deterministic way such as the periodic distribution, the almost periodic one
and others. The concept was concerned with two-scale phenomena taking place in all
space dimensions. In the special case of periodic structures, it has been generalized to
thin heterogeneous media [22].

Our aim in this work is to provide a systematic study of the concept of sigma-
convergence applied to thin heterogeneous domains whose heterogeneous structure is
of general deterministic type including the periodic one and the almost periodic one
as special cases. The compactness results obtained here generalize therefore those
in [22] which are concerned only with periodic structures.

More precisely, let d > 2 be a given integer with d = dy + d», dy,d> > 1 being
integers. Let G; and G, be open bounded sets in R4 and R%, respectively. We
assume that 0 € G, (the closure G, in R%2), where 0 stands for the origin in R%. For
& > 0 a given small parameter, we define our thin domain by

Gg = G] X 8G2.
When ¢ — 0, G, shrinks to the “interface”
Gy = G x{0}.

We note that in the definition of G, the structure is heterogeneous in d; space dimen-
sion only.

The space Rg” is the numerical space R™ of generic variable €. In this regard we
set R91 = R%l or IR? and R%2 = R?Z, so that x € R¥ writes (X, ¢). We identify
Gy with G so that the generic element in Gy is also denoted by X instead of (X, 0).
Finally, we set G = G| X G = G.=1.

This being so, let 4 be an algebra with mean value on R41. We denote by M the
mean value on # as well as its extension on the associated generalized Besicovitch
spaces Bi(]Rd‘ ; L?(Gy)) and JBQ(R”I‘ i LP(Gy)), 1 < p < o0.

We can now introduce the concept of sigma-convergence for thin heterogeneous
domains.

Definition 3.1. (1) A sequence (4g)e>0 C LP(Ge) (1 < p < o0) is said to weakly
3-converge in L?(G,) to some ug € L?(Gy; i)’i(Rdl; L?(G,y))) if as ¢ — 0, we
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have
o /G o) f(f, ;)dx S /G 0 /G MG (.. /. )G

forany f € L? (Go: ARY; L7 (G>))) (% =1- %); we denote this by “u, — ug
in L?(Gg)-weak X 4.

(2) The sequence (¥¢)e>0 C L?(G) is said to strongly X-converge in L?(G,) to
some ug € L?(Go; £i (R41; LP(G,))) if it is weakly Z-convergent to uq and further
satisfies, as ¢ — 0,

_d
& 7 |ugllLre) — ||“0||LP(GO;££(RL11;LP(GZ)))~ (3.1

We express this by writing “u, — ug in L?(G,)-strong X 4.

Remark 3.2. It is easy to see that if ug € L?(Gg; A(R%1; L?(G5,))) then (3.1) is
equivalent to

d
e 7 lus —ulllLry — 0 ase— 0, (3.2)
where ug(x) = uo(x, x/¢) for x € G,.

Before we state the first compactness result for this section, we need a further nota-
tion. Throughout the work, the letter £ will stand for any ordinary sequence (&,)5>1
with 0 < &, < 1 and &, — 0 when n — oo. The generic term of E will be merely
denoted by ¢ and ¢ — 0 will mean ¢, — 0 as n — oo. This being so, the following
result holds true.

Theorem 3.3. Let (ug)ecr be a sequence in LP(G,) (1 < p < 0o) such that

_d2
supe” 7 |lugllLrg) = C
eeE

where C is a positive constant independent of . Then there exists a subsequence
E’ of E such that the sequence (Ug)scg’ weakly X-converges in L?(G,) to some
ug € L?(Go: BL(RY: LP(Gy))).

The proof of the above theorem relies on the following two lemmas.

Lemma 3.4. Ler 1 < p < 0o. Forany f € LP(Go; AR?1; L?(G,))) one has

AUCH
aAUCH

p
p
dx =< ||f||Lp(G0;=A'(]Rdl;LP(GZ))) (33)

and

D
dx - / M(|f(F,- 0)|P)d¢dx. (3.4)
Go /G2
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Proof. The proof of (3.3) is obvious by making the change of variables { = % € Gy,
where X = (xg,41,...,Xg) for x = (x1,...,X4,,Xg,+1,--.,Xq). Let us now turn
our attention on (3.4). To this end, let f € L?(Go; A(R%; L?(G,))). Then for a.c.
X € Gy, the function f(¥) belongs to A(R?!; L?(G,)), so that, defining g : G x
R4 - Rbyg(X,y) = | /X, y. -)||{p(G2), we have g € L!(Gy; +); this stems from
the definition of A(R?!; L?(G>)). It follows from the mean value property that

/ g(%,f)df—) M(g(x,))dx,
Go € Go

and

o N
R /G 0 M( [G 1S dz)dx

_ / / M(f (. O)P)d¢d, (35
Go /G>

where for the last equality above we have used the continuity of the mean value oper-

ator.
On the other hand, it holds that
X
f (x’ g é‘)
£
— p p—
3 L7 (G2) Go €

N P
g% / f()_c, —) dx = / / dxdt
& € Go /G2
Property (3.4) therefore follows readily from (3.5) and the last series of equalities

:/GO

above. n

Lemma 3.5 ([24, Proposition 3.2]). Let X be a subspace (not necessarily closed) of
a reflexive Banach space Y and let f, : X — R be a sequence of linear functionals
(not necessarily continuous). Assume there exists a constant C > 0 such that

limsup| f(x)| < Cllx|ly forallx € X.
n

Then there exist a subsequence (fn, )k of (fu) and a functional f €Y' such that
limg 00 fn, (x) = f(x) forall x € X.

We are now able to prove Theorem 3.3.

Proof of Theorem 3.3. TnLemma 3.5 we set ¥ = L? (Go; B2 (R%1; L?'(G,))), X =
LP/(GO; AR LP/(GZ))) and define the mapping

Le(f) = s—dzfc ug(x)f(f, g)dx, fex.
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Then
limsup|L:(f)| < C| flly forall f e X.
e—0

Indeed, one has the inequality (arising from Holder’s inequality)

)

_d2 —dy
|ILe() =& 7 uellLra,) | &

Thus, letting ¢ — 0 we get with the help of Lemma 3.4,
ax— [ [ s o1z
Go JG»

L)
=717

We therefore apply Lemma 3.5 with the above notation to derive the existence of a
subsequence E’ of E and of a unique ug € Y’ = L?(Gy; Bi(Rdl ; L?(Gy))) such
that

L.(f)— M(uo(f,-,ﬁ)f(f,-,é‘))dfdf forall f € X. [ ]
Go

Remark 3.6. In the proof Theorem 3.3, there is no separability assumption on the
algebra with mean value +. Thus it applies either for A = €y (Y) (¥ = (0, 1)41) or
for A = AP(Rdl) (which is not separable). Our result generalizes the one in [22] (see,

for instance, [22, Proposition 4.2] that corresponds to the special case A = Cper(Y)
of our results here for dy = d — 1 and G, = (-1, 1)).

Before we state the next compactness result, we need however some preliminary
results. For a function g = (g1.....84,.84,+1,---,8d) € [Bi(Rdl 1 LP(G,))]?
define the divergence my,;g by

Ey,;g — Z agl Z agd]-i-l 7
i=1

that is, for any ® = (¢;)1<i<q € [B;’p/(Rdl cWLP'(Gy)))9,

- & B
vy ) = - 1 d
@i 0= -3 /G 2 (g( O3 c)) ¢
& 0¢d, +i
_ e 1t . de.
;/GZM(gm( L () s

Any function belonging to an algebra with mean value on R will be considered as
defined on the numerical space R of generic variables y = (y1,..., Ym)-
This being so, the first preliminary result is the following one.
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Proposition 3.7. Let 1 < p < 0o and let A be an ergodic algebra with mean value
on R4, Finally, let L be a bounded linear functional on [i)’;’p R, WP (G,)))?
( # =1- % ) that vanishes on the kernel of the divergence, that is,

L(Y) =0 forall W e Vg = {® € [DA(RI;EC(G,))]Y : divy P = 0}.
Then there exists a function f € Bi (R41; LP(G»)) such that L = Vﬂf (where
Vye = (V5. Vo)), ie,

Lg=— /G MOFC.OTyeg(. D)L, forallg e [BL? RN WP (G

Moreover, f is unique up to an additive constant, provided that G, is connected.

Since the proof of the above proposition is similar to that of [25, Theorem 2.1], we
will only sketch the proof. Before we can do that, let us first give some preliminaries.

Foru € A®° ® €§°(G2) and ¢ € ‘(?g"(Rd‘) ® €§°(G2) one may easily show that
ux*x@ e A® ® €5°(Gy) (see, e.g., [33]). Using the density of A ® €$°(G2) (resp.
EP(RYN) ® €L (G,)) in AP (RY1;E(Ga)) (resp. EFC (R x Gy)), we show that
U * ¢ € AR EX(G,)) for u € AP (R EL(Gy)) and ¢ € EL(RY x G,).
Here * stands for the usual convolution operator. Using also a density argument, we
may define u * ¢ foru € Bi(Rd‘ i LP(Gr))(1<p<oo)andg € E’g"(Rd‘ x G3), and
we have u x ¢ € Bi (R41; L?(G>,)). From the equality D%yg(u ¥ Q) = U * D%g(p, we
deduce that in fact u * ¢ € A®(R?1;€%(G,)). Moreover, it holds that

e % llp < [supp @1/ ? 101l o e x0) 1l (3.6)

where supp ¢ denotes the support of ¢ and |supp ¢| its Lebesgue measure. To see this,
we have

sl = [ mausoinniz = [ (Jim f 10x o005
= Jim [ f 0= oG orava

R—o0

But
/ f 1+ @) (3. )P dTdL
G, JBpR

< (/G /B |¢|d7d¢)p//BM2 ulPdyds

< 1(Brx Ga) Nswoppllol] g [| lPdTa,
BRXG2

from which (3.6).
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From the obvious inequality [¢||, 0’ (p,xG,) = Isupp ¢|'/?'||¢]loo We infer from
(3.6) that

lux olp < lullplelloo Yu € BLRN:LP(G2)). ¢ € EPRY x Ga).  (3.7)
This being so, let us sketch the proof of Proposition 3.7.

Proof of Proposition 3.7. Letu € A®(R%; €5°(G2)) be freely fixed, and define L,
D[R4 x G,)? - Rby Ly(¢) = L(o(u * ¢)) for ¢ = ((p,)1<,<d, where @ is deﬁned
in Section 2; see the lines after (2.2). Then since L € ([8, L’ R4 WP (G,))]?),
one has

ILu(@)] = [IL][lw* @ll1pr < L1 ullpll@]loo-

where the last inequality above stems from both (3.7) and the equality V5 ¢ (1 * ¢) =
(Vy,cu) * ¢. So Ly, defines a distribution on D(R% x G»)?. In addition, ifdivy e @ =
0, then L, (¢) =0, i.e., L, vanishes on the kernel of the divergence in D (R4 x G,)?.
Appealing to the usual De Rham theorem, we get the existence of a distribution S(u) €
D'(R% x G,) such that L, = V3.6 S (u), thereby defining an operator

St ARRYEP(Gr) — D'(RY x Gy): u—> S(u).

The operator S enjoys the properties:
i) SuC+y)=Sw(-yV¥y=F0eR Vue Aw(Rd“f’éx’(Gz));
(ii) S maps continuously and linearly A% (R%!; €5°(Gy)) into LY (Rdl x G3);

(ii1) it holds that

loc

IS@)N L0 (B gxGs) < CRILIIBR x Ga| 7 Jull

where Cr > 0 is a locally bounded function of R > 0.

Properties (i), (ii) and (iii) are easily obtained by following the same line of reason-
ing as for their homologues in [25]. Let us just point out that, for ¢ € D(R?! x G,)?
with supp ¢; C Br x G, forall 1 <i < d, one has

(Lu(@)] = max lsupp il Ll g w1 xG
so that, because of the fact that suppg; C Br x G2 (1 <i <d),
I Lullyy—1.0 (8 pxGyy < ILIIBR X Gol /2 |Jul|.
It therefore follows that there exists C = C(p, R) > 0 such that

ISQO L (5 xcay < CILIIBR x G2l [lullp:
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for the last inequality above, see the proof of [25, Theorem 2.6]. Hence we obtain, as
in [25, Theorem 2.6], that S(u) € €*°(RY! x G,) with D¥S(u) = S(D%u) for all
a € N4, 5o that

S@)(©O)] < CIIL|[ully forallu € A®R:EF(G)).

So we define S : Dy (R4 €$°(G2)) — R by S(o(u)) = S(u)(0) for u € A®(R?1;
€5°(G2)). Then S is linear and satisfies

1S(e))| < CIIL|l|ull,r forallu € AP (R €5 (G2)). (3.8)

We derive from (3.8) together with the density of A% (R?1;€5°(G,)) in B;’ (R1;
L”'(G>)) that there exists f € 8% (R1; LP(G,)) such that

§(v) =/ M(fv)dt Vv e Bi/(Rdl;Lp/(Gz))
G>
and

If1l, = CILI.

As in [25], we obtain that L = ﬁy,; f, and since # is ergodic and G, is connected,
f is unique up to addition of a constant. ]

The next corollary is of interest in the forthcoming compactness result.

Corollary 3.8. Let | < p < 0o and let f € [B (R9'; L?(G,))]? be such that
| MUC.O) R 0ME =0 forallg € Vi,
2

where Vg is defined as in Proposition 3.7 and where G, is a connected open subset
of R%2. Then there exists a function u € B;;f (R41; WP (G,)), uniquely determined
modulo constants, such that £ = V5 cu, where V5 = (Vy, V¢).

Proof. Let us first recall that B;X(Rdl; WL:P(G,)) is the space of functions u €
WP (RA; WP(G,)) satisfying Vi eu € (BL(RY; LP(G,)))? and

/G M(Vyeu(-, £))dt =0,

This being 50, let (¢)n>1 C E (R4 x R92) be a mollifier satisfying ¢, (—, —¢) =
on(¥,0) forall (¥,¢) € R. We extend f by 0 outside R4 x G, and we still denote
by f its extension on R4. We define the convolution product f, :=f® ¢, =
(fi ® ¢n)1<i<a as follows: let fy be a representative of f, that is f = fo + N where
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fo € (Bf:i(]Rd1 : L?(G,)))?; we know that fy * ¢, is well defined as an element of
(Bi (R?1; LP(G>)))? (see, e.g., [25, page 9]). We therefore set

f® @ :=Ffxp, + N = oo * gn).

As in [25, page 9] we can easily show thatf, = f ® ¢, € [D4(R1;€®(G,))]? with
5; ¢fn = o(fo * D% §<pn) for all « € N¥. Moreover, from the convergence result

fo* ou — fo in (BL(R; LP(G»)))? asn — oo,

we infer
f, > f in (i)’i(Rdl : L?(G»)))? when n — oo.

It further holds (using the equality ¢, (=Y, —¢) = ¢, (¥, {)) that
/ M. 0) - g 0)dE = / MEC.0) - (8 ® gu)(- )L
G2 G2

for any g € [D4(RY; €(G2))], so that, if divycg = 0, then [ M(E,(-, ) -
g(-.0)d¢ =0.

Now we define the mapping
g [ M0 g6 00dg
2

which is easily seen to belong to ([!B;’p/(Rdl; WLr'(G,))]4). We deduce from
Proposition 3.7 the existence of u, € ;851 (R%1; L?(G>)) such that

£, = Vy.cuyn. (3.9)

Since f, € [D4(R1;€®(G,))]?, it follows that u, € D4 (R?1;€>(G,)). Hence,
identifying u, with any of its representative in A% (R%1;€%(G,)) and using the
uniqueness of its gradient, we get that u, € B;f (R?1; W1-P(G,)). The sequence
(f,)n being convergent in the norm topology of (585; (R41; LP(G»)))?, the sequence
(un)n is a Cauchy sequence in B;;f (R41; WP (G,)) for if

lun = umllfp = /G IV3.n (- 8) = Vi gttm (- O)lI7 d¢
2
= / [£2(, O) = Em (. OFdE — 0 whenn,m — oo.
G2

It follows that there exists u € B;;f (R41; W1-P(G,)) such that u,, — u in Béf (R91;
WP (G,)). From (3.9) we get readily f = V5 ¢u. n

We are now able to state and prove the next compactness result dealing with the
convergence of the gradient.
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Theorem 3.9. Assume that A is an ergodic algebra with mean value on R%' and that
G, is connected. Let (ug)seg be a sequence in WP (Gy) (1 < p < 00) such that

sup (e~ /P ||ug|Lr (G, + &P | VuelLr(6,) < C (3.10)
e€E
where C > 0 is independent of ¢. Then there exist a subsequence E’ of E and a couple
(uo,uy) withug € WHP(Gy) and uy € LP(Gy; B;;f(Rdl; WP (G,))) such that, as
E'>5¢—0,

Us — Ug in LP(Gg)-weak X 4, (3.11)
) ) )
Yo |, B0 | M i LP(Gy)-weak Sy, 1 <i < d, (3.12)
0x; 0x; y;
and 5 3
Yo O G LP(G,)-weak Sy4, 1 <i < do. (3.13)
8xd1 +i 8é‘l

Remark 3.10. If we set { = (Y4, +1.....Ya) (sothat (y,{) = y) and

Buo Buo
Vxug=|—,...,—,0,...,0],
xHo (8x1 0xq, )

then (3.12) and (3.13) are equivalent to
Vue — Vzug + Vyu;  in LP(Ge)?-weak T 4.

Proof of Theorem 3.9. In view of the assumption (3.10), we appeal to Theorem 3.3 to
derive the existence of a subsequence E’ of E and ug € L?(Gy; fBi R71; LP(G,)))
and v = (vj)1<i<a € [L?(Go; B (R¥; LP(G>)))]¢ such that

us — ug in L?(Gg)-weak T 4, (3.14)
d
8”8 S in LP(Ge)-weak $4, 1 <i < d), (3.15)
Xi
and
ou . p .
3_§‘ — Vg, 4+i in LP(Gg)-weak Ty, 1 <i < d>, (3.16)
l
where for x = (x1,...,Xg,, Xd,+1,--.,Xq) we set x = (X, {) with X = (x;)1<i<d,

and § = (xg4,+i)1<i<d, and thus, V = (Vg, V¢). Let us first show that uy does not
depend on (¥, ¢). To that end, let ® € (€5°(Go) ® A ® E5° (G2))?1. One has

g% / eVxug(x) - @(Y, f)a’x
. g

= —/ e %2y, (x) (8(divx D) (Y i) + (divy @) (Y f))dx.
Ge & &
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Letting £’ ¢ — 0 and using (3.14)—(3.15), we get
/ / Muo(x,-, ¢) divy (X, -, ¢))dtdx = 0.
Go /G

This shows that ﬁyuo()_c, -,¢) = 0 for a.e. (X, {), which amounts to uy(X, -, {) is an
invariant function. Since the algebra #4 is ergodic, u¢(X, -, {) does not depend on y,
that is, uo(x, -, ) = uo(x, ¢).

Let us now show that uo is independent of {. Let this time ® € (€§°(Go) ®
€s° (G»))?2. 1t is easily seen that

S—dzf eVeug - d)(f, g)dx = _/ e_dzus(diV§ ) ()_c, g)dx.
e € G &

Letting once again E’ > ¢ — 0 and using (3.14) and (3.16), we obtain
| [ wopydive oz 0dzax = o
Go /G

which shows that u¢ is independent of ¢. Thus uo (X, {) = ug(x).

Next, let ®.(x) = @(X)¥(x/¢) (x € Gg) with ¢ € €5°(Gp) and ¥ € (A (R
€3°(G,))? with divy e U = 0. We set ¥ = (U5, W) with Ux = (¥)1<j<q, and
Ve = (Yd,+,)1<j<d,- We clearly have

/ ) (vxue(x) . \le(g) + Veug(x) - W (;))@(Y)dx

= —/ e_dzue(x)lllx(g) - Vxo(X)dx. (3.17)
Letting £’ 2 ¢ — 01in (3.17) yields
/ / M) - U (- 0)p(@dTde
Go JG»
__ /G fG wo(F)M (Vs (-, ) - Vep(X)dTdL. (3.18)

First, taking in (3.18) W = (¢4;;)1<i<q (foreach fixed 1 < j < d) with ¢ € €5°(Go)
and where §;; are the Kronecker delta, we obtain

d
/GO (/Gz M(vj(f,.,z))dé)so(f)df: —|G2|/GO uoa—::)jdf, (3.19)

where v = (v;)1<;<q and |G| stands for the Lebesgue measure of G,. Recalling that
vj € LP(Go: i)’fi(Rdl : L?(G,))), we infer that the function X +— sz M(vj(x,-,¢))d¢
belongs to L?(Gy), so that (3.19) yields dug/dx; € L?(Go) for 1 < j < d;, where
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duo/0x; is the distributional derivative of u( with respect to x;. We deduce that ug €
WL:P(Gy). Coming back to (3.18) and integrating its right-hand side with respect to
X, we have

/ / MOV, £) - W, £)p(F)dTd¢
Go /G2
_ / / Vo (¥) - M(Ws (-, ) (X)dTd¢
Go JG»
_ / / Vo (%) - M(W(-. 0))p(X)dTdC.
Go JG»

where the last equality above arises from the equality
ad ad
vxuoz(ﬂ “o o,...,o).

We obtain readily

L[ M@0 = Vo - v opde Jomar =o. G20
Go G2
From the arbitrariness of ¢, (3.20) entails

M((v(x,-.§) = Vzuo(x)) - ¥(-,{))d{ =0 forae.X € G,

G>

and for all ¥ € (A®(R?; ‘C’(;’O(Gz)))d with divy; ¢ W = 0. We make use of Corol-
lary 3.8 to deduce the existence of u;(x,-,-) € B;;f (R41; WP (G,)) such that

v(x,-,¢) — Vxuo(x) = Vycui(x,-,-) forae. x € Go.

Hence the existence of a function X — u1 (X, -, ) from Gy into B Jf R4 WP (Gy)),
which belongs to L?(Gy; B;f (R41: W1P(G,))), such that v = Vxug + Vyeup. =

The following result provides us with sufficient conditions for which the conver-
gence result in (3.11) is strong.

Theorem 3.11. The assumptions are those of Theorem 3.9. Assume that G is reg-
ular enough so that the embedding W'?(G,) < LP(G1) is compact and further
G, is convex. Let (ug, u1) and E’ be as in Theorem 3.9. Then, as E' > ¢ — 0, the
conclusions of Theorem 3.9 hold and further

U —>ug in LP(G,)-strong T 4.
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Proof. Let us first define the average M, in the thin directions as follows:

(Meug)(x) = f us(x,0)d¢ forx e Gy.

EGZ

Then the Lebesgue dominated convergence theorem yields M ,Vy = VxM,. It fol-
lows therefore that M,u, € W1-?(G,) with

[Meuellwi.rg,) < C (3.21)

where C is a positive constant independent of &, the last inequality above being a
consequence of (3.10). Next the following Poincaré—Wirtinger inequality holds:

_ds
e 7 |lug — Ms”a”LP(GS) = CSHVMe”LP(Gg)’ (3.22)

where C > 0 is independent of . Indeed, from the density of €1(G,) in W12 (G,),
we may assume, without lost of generality, that u, is smooth enough. In that case, one
has, for £ € ¢G5,

Ue(%. §) — Moo () = ][ 6 = (7,2

1
= ][ (/ Veug(x,z +t(§ —2)) - (§ — z)dt)dz,
eGy 0

so that, using Young’s and Holder’s inequalities,

1
e (5. £) — Moo ()| < ][G /0 Veus e,z + 1( — 2))|P|§ — z|Pdrdz

- ][ |s—z|1’dz([ |vgua<f,n>|f’dn)
eGo Gy

SCe”/ [Veus (%, n)|Pdn,
eGo

where C > 0 depends only on G, and d,. Integrating over G, the last series of
inequalities above gives (3.22).

With all that in mind, we infer from both (3.21) and the compactness of the embed-
ding WP (G,) < LP(G,), the existence of a subsequence of E’ not relabeled, such
that,as £’ 3 ¢ — 0,

Mgu, — ug in L?(Gy)-strong. (3.23)

Now, inequality (3.22) yields, as E' 3 ¢ — 0,

_d
e 7 |lug — Mgug|Lr G, — 0. (3.24)
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Next, we have
_d _d> _d>
e 7 lue —uollLrc,) <& 7 llue — Meue|Lr(G,) +& 7 |[Meue —uollLr(G,)
and
_do 1
e 7 |[Mgug —uollLr(G,) = |G2|7 [Meue — uollLrG,)-

It follows readily from (3.23) and (3.24) that, as E' 3 ¢ — 0,
_4
e 7 lue —uollLr (G, — 0.

The proof is complete. u

The next result and its corollary are proved exactly as their homologues in [31,
Theorem 6 and Corollary 5] (see also [34]).

Theorem 3.12. Let 1 < p,q < oo and r > 1 be such that 1/r = 1/p + 1/q <
1. Assume (Ug)ecg C LY(G,) is weakly X 4-convergent in LI(Gg) to some ug €
Lq(Go;Bi(Rd‘;Lq(Gz))), and (ve)ecg C LP(Gy) is strongly X 4-convergent in
L?(G,) to some vy € L?(Gy; i?i(Rdl : LP(Gy))). Then the sequence (UgVg)ecE IS
weakly ¥ 4-convergent in L” (G,) to ugvy.
Corollary 3.13. Let (ug)ecg C LP(Ge) and (vg)ecg C Ll’/(Gg) NL®(Ge)(l<p<
ooand p' = p/(p — 1)) be two sequences such that:
(1) ue — ugin L?(G,)-weak X 4;
(i) ve — vgin LP/(GS)—strong DI
(iii) (ve)eek is bounded in L°°(Gy).
Then u.v, — ugvg in LP(Ge)-weak T 4.
Another important result is the following proposition.
Proposition 3.14. Assume that A is an ergodic algebra with mean value on R and
further that G, is connected. Let (ug)scE be a sequence in WP (Gy) such that
_4 )
sup(e™ 7 |[uellLrg,) +&' "7 |
e€E

|VugllLr@,) < C

where C > 0 is independent of . Then there exist a subsequence E' of E and a
function u € L?(Go; B,;¥ (R WP(G2))) with ug = o(u) € LP(Go; B? (R
WLP(G,))) such that, as E' 5 ¢ — 0,

us — ug in LP(Gg)-weak T 4,

and
eVug, — Vyeu  in LP(Ge)? -weak T 4.
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Proof. From Theorem 3.3, we can find a subsequence E’ from E and a couple (ug,u1)
€ LP(Go; B (R¥1; LP(G,))) x LP(Go; BY (R%1; LP(G>)))? such that, as E' 5 ¢
— 0,

U — ug in L?(Gg)-weak X 4,

eVuy, —> u;  in LP(G,)%-weak T 4.

Let us characterize u; in terms of ug. To that end, let ® € (€5°(Go) ® A®(R91;
€5° (G»)))?; then we have

1
e [ eVu, - ®dx = —s_dZ/ Ue |:(divx ®)® 4+ —(div,, @)E}dx.
& & 8
Letting £/ 3 ¢ — 0, we get
| [ Moo o nacax
Go /G

__ / M(uo(E, - ¢) divy (%, - £))d¢d . (3.25)
Go JG»

This shows that u; = V¢, 50 that ug € L?(Go; Bx7 (R4; WHP(Gy))).
Now, coming back to (3.25) and choosing ® such that div,, & = 0, we readily get

/ M@ui(x,-,¢)- ®(x,-,¢))dtdx =0 for all such .
Go JGo

Owing to Corollary 3.8, there exists u € L?(Gy; B;f(Rd' : WLP(G,))) such that
u1 = Vy ¢u. This yields, since + is ergodic and G is connected, that ug = o(u) + ¢
where c is a constant possibly depending on x. This shows that 1 actually belongs to
L?(Gy; B;;f (R41; WP (G,))) with Vﬂuo = V5 cu. This concludes the proof. m

3.2. Sigma-convergence in thin heterogeneous domains with oscillating
boundaries

For the sake of simplicity, we assume here that d; = d — 1 and d, = 1, where integer
d > 2. Let hy, hy € WH*(R4~1) be two bounded Lipschitz continuous functions
defined on R¢~! and satisfying maxga—1 1, < minga—1 /5. Let  be a bounded open
Lipschitz domain in R4~1, We define the thin heterogeneous domain with oscillating
boundaries, ¢ in R4 , as follows:

Qf = {x =(x,xq) € RY:XeQ andshl(f) <Xxg < ehz(i)}.
e e
We set

hy =B££1ii_r1l hi and hf =]II{I(1121_X1 hy, 1= (hy,h3),

and we define G, = Q x (eh], ehl). Then G, has flat lateral boundaries y; =
ehy, sh;’, and further, 2% C G,. We also assume that 0 € [h, h;].
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Weseti = P.u := yqeu foru € L?(Q2%), where yqe stands for the characteristic
function of the set Q¢ in G,. Then &7 € L?(G,). Finally, we assume that

hy.hy € A, (3.26)
where 4 is an algebra with mean value on R¢~!. We define the set
J={y=0.ya)eR: 7R and i (3) < ya < h2(D)}.
and we denote by x4, 1,) the characteristic function of J,
1 ifyeld,
0 elsewhere.

X3V = X)) (Va) = {

The following result holds.

Theorem 3.15. Let (ug)eeg C LP(R°) (1 < p < 00) be such that Poug, — ug in
LP(G,)-weak S 4 as E > e — 0, where ug € LP(Go: B (R LP(I))). Then, as
E>e—0,

e (75 Jas— [ MG 00100 5y
forall f € L? (Go; ARIL:€(T))), 1/p =1—1/p. .

Proof. The proof is done in two steps.
Step 1. Let p be as above. Let us first check that yj € Bﬁ(Rd_l; L?(I)). To
proceed with this, we need to check the following:

(1) The sequence (xy)° defined by (x1)°(xX) = x(h,(x/e),ha(x/s))(Xa /) for x €
G, satisfies

1
[(x3)llLr 6. < Ce?,
so that, up to a subsequence, it is weakly sigma-convergent towards some
u € LP(Go: BL (R LP(1)));
(2) the limit u determined above, has the form v = o(yy). As a result, yy €
BE(RY7Y LP(D)).

Let us prove (1) above. We have

p _ Xd _ —
1D L6, = /Q /81 X(h;?(x),hg(x))(?)dx = S/Q fl X(nehs)(ya)dXdya
<Ce, C=CQ.I.hH)>0 and K®) = hi(F/e).

Thus, up to a subsequence of E not relabeled, we have that
(x3)° > u in L?(G,)-weak T 4,
where u € LP(Go; B85 (RY™1; LP(1))).
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Let us check point (2) above, that is, ¥ = o(yy), where o is the canonical mapping

of BE (R4, L7(I)) into 8% (R?~1; LP(1)). To this end, let f € L?' (Go; AR ™"
€(I))). Then, up to the same subsequence as above, we have

1 X4 X
- /G X(h?(x),hg(x))(?)f(x, ;)dx
hy 5
=/Q/ X(h*i:(x),hg(x))(Yd)f(fs;J’d)dy(idf
h £ (%) -
/ / (x,f,yd)dyddf
1)
/ / (x z (1—r)h8(x)+th6(x))(h (¥) — b (X))dtdx

. /Q /0 Mf G (1= D)y + tha)](hs — h1))dT

ho
_ / M( (& ',yd)dyd)dx
Q h

nt

=

1

- [ [ M3 (. ya) . ya))dyad.,
QJI

131G ya) f(x,-, yd)dyd)df

where here above, we have used the fact that, for any ¢ € (0, 1), the function y
fC.y, (A =1t)h1(y) + tha(y)) belongs to L?(Gy; +A) together with the property of
the mean value to obtain the part “—” and the property (2.1) (the interchangeability
of the integral and the mean value).

We infer from the uniqueness of the limit that u = o(xy) since yy € L?, (R%).
This gives at once yj € Bp(Rd 1. LP(1I)), as yy is independent of X € Gy. As a
byproduct we have yj € B°°(Rd L L2°(1)).

Step 2. Let f € €(Gy) ® A(Rd L ‘6(1)) Since yj € BP (R4-1; LP'(I)), we
have that yj f € €(Gy) ® Bp (R4=1; LP'(I)). Tt can therefore be taken as test func-
tion, so that

: f us(x)f (f f)dx - / (Pgue)(x)(m(f) f(f, f)dx
Qe € € 3 3 &
hy
_>~/.Go /1 M(MO(Y,‘J’d)XJ("J’d)f(f"J’d))dyddf.

The convergence result (3.27) follows from the last convergence result above associ-
ated to the density of €(Go) ® ARI~1;€(T)) in L? (Go; ARIL€(1))). "
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Theorems 3.3 and 3.9 have their evolutionary counterparts. To see this, we first
need to state the time-dependent version of the sigma-convergence concept for thin
heterogeneous domains. The domain G, is defined as in the beginning of this section.
Let T be a positive real number. All the notations are as in this section.

A sequence (Ug)e>0 C LP((0,T) x Gg) is said to

(i) weakly X-converge in L?((0,T) x G,) to ug € LP((0,T) x Gy; Bi(Rdl;

L?(Gy))) ifase — 0,

X
g% / ug (7, x) f(z,x, —)dxdt
(0, T)xG¢ &

N f M(uo(t, %, 8) f(t.%.-, ) dLdXd1
0,TYxGg /G2

for any f € L? ((0,T) x Go: A(R%1; L?'(G>))); we denote this by “u, —
ug in L?((0,T) x G¢)-weak X 4”;

(ii) strongly X-converge in L?((0,T) x G¢) to ug € L?((0,T) x Gy; Bi(Rdl;
L?(G»))) if it is weakly sigma-convergent and further

5_d2/p||“s||LP((0,T)xGa) - ”uoHLP((O,T)XGO;B:;(Rdl;LP(Gz)));

we denote this by “u, — ug in L?((0, T) x G¢)-strong X 4.
The time-dependent versions of Theorems 3.3 and 3.9 are stated here below, and
are proven exactly in the same way:

e Any sequence (Ug)eeg in LP((0,T) x G¢) (1 < p < 00) such that

sup &~ 2/P |ug||Lr (0.1)xG.) < 0
c€E

possesses a weakly X-convergent subsequence.

» Let (¢)eck be asequence in L2 (0, T; W1P(G,)) (1 < p < oo) such that

sup (e™2/7 (|ugll L (0.1)%G2) + | VitellLr(0,1)xGe))) < 00
ceFE

Then there exist a subsequence E’ of E and a couple (ug,u1) withug € L?(0,T;
WP (Gy))anduy € LP((0,T) x Go; B;;f(]R{dl : WLP(G,))) such that, as E’ 5

e—0,
Ug — Ug in L?((0,T) x G¢)-weak T 4,

d 9 9

Mo 200 T 50 LP((0,T) x Gy)-weak Sa, 1 <i < di,
ox; ox; y;

9 9
Ye _, O in LP((0,T) x Gg)-weak S4, 1 <i < d.
0Xq, +i g

The above time-dependent properties have been proved in [10] (see also [28]).
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4. Homogenization of the Darcy-Lapwood-Brinkmann equation in
thin heterogeneous domain: Case of flat lateral boundaries

In this section, we deal with non oscillating boundaries.

4.1. Statement of the problem and a priori estimates

Let © be a bounded open connected Lipschitz subset in R2. For ¢ > 0, we define the
thin heterogeneous domain ¢ in R> by

QL =Qx(—e) ={(X,x3)eR>:XeQand —& < x3 < &}.

In the fracture 2°, the flow of fluid at the micro-scale is described by the Darcy—
Lapwood—Brinkmann (DLB) system

—div(A(E) Ve )+ Bwe + L Viue + Vpe = £ inQe
&€ K, ¢2

divu, =0 inQ° and w,=0 ondQR°

“4.1)

where

(A1) A € L% (R3)3*3 is a symmetric matrix satisfying
a|A? < A(y)A-A < B|A]?> forall A € R®andae. y € R3,

« and B being two positive real numbers;

(A2) theright-hand side f has the form f (x) = (f ;(¥),0) fora.e. x = (X, x3) €
Q x (=1,1), where f belongs to (L2(Q x (=1, 1)))3;

(A3) A € (B2(R* L>(1)))**3, where I = (—1,1).

In (4.1), u. and p, are respectively the velocity of the fluid and the pressure; p
represents the fluid density while ¢ stands for the porosity of the medium; K, is the
permeability of the porous medium and p is the dynamic coefficient of the viscosity.

With the above assumptions (A1) and (A2) on A and f respectively, equation
(4.1) possesses at least (for each fixed & > 0) a solution (ug, ps) € H{ (2¢) x L3(Q°),
where L3(Q°) = {u € L*(Q°) : [q. udx = 0}

For the sequel we adopt the following notation. If A = (a;;)1<i,j<3 and B =
(bij)1<i,j<3 we set

3 3
A-B = Z a,-jb,-j, AB = (Cij)lsi,j53 with Cij = Zaikbkj;
ij=1 k=1
3
for x = (xi)iziss and y = (Vi) isi<a, Xy = ) Xiyi-

i=1
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The following technical result whose proof can be found in [20] will be useful in
the sequel.
Lemma 4.1. It holds that
||ll||L2(Qs)3 < CS||VM||L2(QE)3X3, 4.2)

1
||u||L4(Q€)3 <Ce2 ||Vu||L2(Qs)3><3 4.3)

for any u € Hy (Q°)3, where C is a positive constant independent of & > 0.
The following estimates hold for the velocity.

Proposition 4.2. Let u, be determined by (4.1). Then for all ¢,

1
el 12 (geys < C min(e3, 63 K2), (4.4)

IVae]p2(qeys < Ce3, 4.5)

where C is a positive constant independent of ¢.

Proof. Forany ¢ € V = {u € H}(Q?)? : divu = 0}, we have

/ A(i)Vus -Veodx + L u.pdx + %/ (ug - Vyugpdx = / fodx.
Qs \¢ Ke Jae ¢* Jae Q¢

(4.6)
Choosing ¢ = u, in (4.6) and using the properties of the matrix A, the fact that
Joe (s - V)ug - ugdx = 0 and the expression of f, we get

a/ \Vagl2dx + L [ |ugl?dx 5/ f1®)ul(x)dx, 4.7)
& Kg Qé‘ Qé‘

where u/,(x) = (us;)1<i<2. Now using the fact that f; € L*(R2)?, (4.2) and the
Cauchy-Schwarz inequality, we obtain

3
< Ce2 ||Vll6||L2(Qs)3><3.

' / 1@l (x)dx
Qe

It follows readily from (4.7) that || Vue | 2(qe)3x3 < Ce3, that is, (4.5). Using once
again (4.2), we get
s
||llg||L2(Qa)3 <Cez. 4.8)

Coming back to (4.7), we obtain
1
el 12 (eys < Ce3 K2, (4.9)

Putting together (4.8) and (4.9) we are led to (4.4). This completes the proof. ]
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Remark 4.3. It follows from (4.4) that
(i) If K, = O(g?) orif K > &2, then luell2qeys < Ce3.
1
(i) If K, < &2, then [l 2(qeys < Ce2 K2.

Next, we need to derive the estimates for the pressure. To this end, we need the
following well-known result whose proof can be found in [20, Lemma 20].

Lemma 4.4 ([20, Lemma 20]). For any g, € L%(Q2%), there exists a unique ¢, €
HJ(Q°)3 satisfying div ¢, = g¢ and
C
||<Ps||L2(Qs)3 = C”g8”L2(Q€)v ||V</’s||L2(szs)3x3 = ;”gsan(Qg)’

where the positive constant C is independent of e.
The following result holds true.

Proposition 4.5. Let p, € L%(2°) satisfy (4.1). Then
(1) If K, = O(?) or if K¢ > €2, then

1
[ Pell2qe) < Ce2. (4.10)

2 IfK: K &2, then .
I pellL2qey < Ce2 K2 4.11)

In (4.10) and (4.11), C is a positive constant independent of ¢.
Proof. Since p; € L%(Qs), we appeal to Lemma 4.4 to derive the existence of ¢, €
H{ (Q°)3 with div ¢, = p, and
C
lpellL2@e) < Cllpellize),  N1V@elli2@eyzxs < ;HPSHLZ(QS)-

We choose ¢; as a test function in the variational form of (4.1) to get

"
Pl = ~(Vpeoid = [ AVue-Vouds + 4 [ wepuds

0
+ —2/ (ue - Vyug - pedx —/ foedx
¢* Jae Qe
=l +1+ 15+ 14
One has
1
|I1] < C|Vuelr2(@ey3=3 IV@ell L2(@e)3x3 < Ce2 | pellL2(qeys

i ¢ s 3.1
|| < ?”u8”L2(§25)3||(P8||L2(Q€)3 =< ?mm(sz,ng M Pellz2(@e)
& &
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113] < lluellpacqe)s IVuellL2@e)3<3ll@ellLae)3

= CSHV”e”izme)sxs||V‘/’8||L2(528)3><3 = C83||Ps||L2(Q£)’

and
1
4] < Ce2| pellL2(qey-

It follows that
r o5 1 s 3 1
[ PellL2@ey < Cle2 + &7 + ?mln(s2,s2K€) . (4.12)
&

We note that the precise estimates should depend on the magnitude of K, with respect
to €. Precisely,

« if K, = O(g?), then (4.12) yields
1
[ Pell2@e) = Ce2s
. 2 3.3 5 1 3.3
e ifK, <e” thene2K; <¢e2 ande2 < e2 K, *, so that
1 3 -1 3 -4
IPellz2@@ey < C(e? + 62K, *) < Ce2 K, ?;

o if K, > €2, then
1
[ Pellz2@ey < Ce2. "

According to the estimates in Propositions 4.2 and 4.5, three different regimes
should be considered: 1) K, = 0(g?), 2) K, < €% and 3) K, > 2. Each of these
special cases will be worked out separately in the following subsections.

For the sequel we identify € with Q x {0} so that any point (X, 0) should be
merely written as X. We also set I = (—1, 1).

4.2. Homogenization results in the case when K, = 0(e?)

‘We assume that

K
—26—>K when ¢ — 0, with0 < K < o0. 4.13)
e

According to Propositions 4.2 and 4.5, the following uniform estimates hold: there

exists a positive constant C such that for all € > 0,
5 3 1
||u€||L2(Qg)3 <Ce2, ||Vu5||L2(Qs)3x3 <Ce2 and ||pg||L2(Q€) <Ce2. (4.14)

Let # be an ergodic algebra with mean value on R2. In view of Proposition 3.14
and Theorem 3.3, given an ordinary sequence E, there exist a subsequence E’ of
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E and ug € [L2(Q; B> (R HL (1)), po € L2(2; B2 (R?; L2(1))) such that, as
E'5¢—0,
Ug

— > ug in L2(Q2%)3-weak T 4, (4.15)
&
1 —
~Vu, — Vyuy in L*(Q°)>3-weak T4, (4.16)
&
Ps — Do in L?(Qf)-weak X4, 4.17)

where in (4.16) we put y = (7, y3), so that V,, = (V5. 3/3y3), V3 = (0/8yi)1<i<2,
d/dy; being defined in (2.2). Since div u, = 0 in Q°, it follows that divyug = 0 in
Q x R? x I. Indeed, setting

u/g = (us,la u£,2)7

we have, for ¢ € €5°(Q) ® A®(R?; €5 (1)),

0 =/ divua(x)qo(f, i)dx
Qe &
1
—— [ o+ [ w900
Qe & JQe

where ¢°(x) = @(x, %) for x € Q°. Multiplying the last equality above by 72 and
letting E/ 3 ¢ — 0 yields

1
/Q / M(uo(F. - y3) - Vyp(%. - y3))dyd = 0.
-1

duo,3

W with

This amounts to divyuo = 0 in 2 x R? x I, where divyuo = divyuy +
/
uy = (Uo,i)1<i<2-
Now, set

u(x) = /11 M(uo(x,-, y3))dys forx € Q
= (ui(X))1<i<3- (4.18)
Then u € L?(Q)3. Moreover,
divg' =0 inQ and w'-v=0 ond<, (4.19)
where v is the outward unit normal to 0Q2. Here # = (u’, u3). First of all, one has
u3 =0 inQ. (4.20)

Indeed, from the equality Eyuo =0in Q x R2 x I, we have M (Eyuo) = 0, that
is, ay%M(um (x.,-, y3)) = 0. This shows that u_3 is independent of y3. Butu,3 =0
on 2 x {e}, so that M (up3(x,-, y3)) = 0on Q x {1}, i.e., M(up3(x,-)) = 0in Q
since 1,3 does not depend on y3. This shows that u = (u’, 0).



Homogenization in thin heterogeneous domains 295

This being so, let us check (4.19). To that end, let ¢ € D(Q). Using the Stokes
formula together with the equality divu, = 0 in ¢, we obtain

/ u,(x) - Vxp(X)dx = 0.
Qe
Dividing the last equality above by &* and letting E’ > &€ — 0, we are led to
/ u'(x) - Vzp(x)dx = 0.
Q

This yields at once (4.19).
We are now able to pass to the limit in the critical case K, = O(?).

Theorem 4.6. Let A be an ergodic algebra with mean value on R?. Assume that (A3)
and (4.13) hold true. Let (u., pe) be determined by (4.1). Then, when E' 2 ¢ — 0,
we have (4.15), (4.16) and (4.17). Moreover, there exists ¢ € L*(R; i)’i (R2; L%(1)))
such that (ug, po,q) solves the equation

—Ey(A(y)§yu0) + %uo + §yq =f,—Vipo inQLxRZxI,
divyug = 0 inQxR*x1,
1
mw(/ Mwwau@wm)=o ng. (421
-1
1
(/ M(”o(f,',ys))d%) cv=20 on 092.
-1

Proof. Let (ug, po) be determined by (4.15)—(4.17) such that (4.18) and (4.19) are
satisfied. Let us first show that pg is independent of y = (7, y3). To that end, let ¢ €
(€$°(R2) ® A®(R?;€5°(1)))3. Testing (4.1) against ¢°(x) = (X, x/¢e) (x € QF),
we have

1 2 .
J R A L A R
e I3 & K, Jqe &2
1
+ %/ (g - Vugp®dx —/ De |:(divxq))"3 + —(divy (p)8:|dx
¢ Qe Qe &
= fofdx. (4.22)
Q(‘;‘

Using the first two estimates in (4.14) together with (4.3) give

/ (ug - V)”s(oadx
Qe

< lluellLae I Vel 26 1901l L4 e

< Ce|Vuel 7> o) IVO°llL20e)

< Cé&.
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Thus 1
- f (g - Vugp®dx — 0 when E' 3 ¢ — 0. (4.23)
& JQe

Hence, passing to the limit when E’ 2 ¢ — 0 in (4.22) using (4.15)—(4.17) leads to

1
fﬂ / M(po(. - y3) divy 9(F. - y3))dysd¥ = 0,
-1

which means that py does not depend on y = (¥, y3).
Now, coming back to (4.22) and choosing there ¢ such that divy, ¢ = 0, and next
dividing both sides of the resulting equation by ¢, we get
1 g2 1 u,

P foA(5)vue [ eor L |axrnit [ ot

e K. ¢ Jqe €2

1 1 1
+ %—/ (ue - VYugp®dx — —/ Pe(divg @)°dx = —/ fofdx.
¢% e Jqe & Jqs & Jqe
(4.24)

We pass to the limit in (4.24) by considering each term separately. First, since A €
(B (R?; L2(1)) N L°(R? x I))**3, the matrix-functions AVx¢ and AV, ¢ can be
seen as test functions for the weak X 4-convergence. Therefore, appealing to (4.15)—
(4.17) in conjunction with (4.13), we pass to the limit when E’ 3 ¢ — 0 in (4.24) and
obtain

1 1
|| M0, 00dvsdx+ % [ [ Mawop)dyad
o J-1 K Jo /)
1 1
- /Q / Po(PM@ivi 9)dyad = fg / M(fo)yads. @29

Since (4.25) holds for every ¢ € (€5°(Q) ® A (R?;€5°(1)))* with divy ¢ = 0, we
deduce from Proposition 3.7 the existence of ¢ € L*(2; 85 (R?; L*(1))) such that
(4.21) holds. The proof is therefore completed. ]

We are now in a position to prove the main result of the current subsection, which
besides, is one of the main results of the work.

Theorem 4.7. Under the assumptions of Theorem 4.6, the sequence (ug/&?, pe)e=o

weakly T 4-converges in L?(Q)3 x L2(2%) towards (uo, po) determined by (4.15)—

(4.17). Moreover, pg € H'(2) and, defining u = (u',u3) by (4.18), one has uz = 0

and (W', po) is the unique solution of the effective problem
{ u'=A(f,—Vzpo) inQ,

4.26
divgu’ =0 inQ and uw-v=00n09, (4.26)
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where A = (Gij)1<i,j<2 is a symmetric, positive definite 2 x 2 matrix defined by its
entries

1 1
aij = /1 M(AV,w; -Vywj)dy3 + %/1 M(w,-wj)dy3, 1 <i,j<2.

Here w; (1 <i < 2) is the unique solution in (!8:4:2(1[%2; HJ(I)))? of the Stokes—
Brinkmann system

- = n = . 2
—divy, (A(y)V,yw; —w; + V,m; = e R x I,
lvy( (y) ywl) + sz ‘f'_ynz e In 4.27)
divyw; =0 inR?x I,
e; being the ith vector of the canonical basis in R3.
Proof. First and foremost, let us prove that (4.27) possesses a unique solution w; €
(!83(2(11{{2; H{ (I)))3. Itis a fact that (4.27) is equivalent to
1 B B w o[l 1
[ T s+ & [ s = [ Moy
-1 -1 -1

for all v € (B;°(R?; Hy (1)) with div,v = 0.

(4.28)

In view of assumption (A1) on A, (4.28) possesses a unique solution in i)’(}i’vz ={ve
(B2 (R2; H)(1)))? : divyv = 0}.

Next, we recall that by density, (4.25) still holds for ¢ € L?(2; 8;7), so that,
choosing in (4.25) the test function ¢ = ¢ ® w; with ¢ € €3°(R) and w; (1 <i < 3)
defined by (4.28), we obtain, after integrating by parts,

1 1 1
| MATyu0-Fywdya+ % [ Mowdys + Vo [ MGwidys
-1 -1 -1
1
— 1 [ My (429)
-1
Taking in (4.28) the test function u¢ (¥, -), we obtain

1 1 1
[ MY Fyunraya + & [ Mowidys = [ Maoeidys
-1 K J -1
1 (4.30)
= / M(uo,i)dys = u;(x), 1=i=<3.
—1

Using the fact that A is symmetric, we obtain

1 1
f M(AVyug - Vyw;)dys = / M(AV,w; : Vyug)dys,
1 -1
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so that, comparing (4.29) and (4.30), we get

2 ! dpo
wi(¥) =y (/1 M(w,-)ejdyg) (fl,,-()—c) — ﬁ(f)). (4.31)
j=1 - J

But
1 1 . . !
[1M(wi)ejdy3 = /IM(AVyw,- :Vyw;)dys + §/1M(wiwj)dy3,
in such a way that, setting
1 . . !
ai_i = /1 M(Avyw,' . Vywj)dy3 + E/l M(wiwj)dy3,

and accounting of (4.20) (that is, f_ll M(uo3)dys = 0), we deduce d;3 = 0 for 1 <
i < 2.Since d;; = dj;, we also deduce that a3; = 0 for 1 <i < 2. This shows that
A= (@ij)1<i,j<2 is a 2 x 2 symmetric and positive definite matrix. From (4.31) we
get at once R

u'(x) = A(f 1 (X) = Vzpo(¥)). (4.32)
Now using (4.19) together with the fact that (4.32) holds in the classical sense of
distributions in €2, we get that pg solves the problem

dive(A(f,(¥) — Vxpo(®) =0 inQ,
(A(f1(®) = Vzpo(®)) - v =0 on 9,
which shows that po € H () is uniquely determined by (4.33). The convergence of

(4.33)

the whole sequence (u:/&2, p;)e>0 is a consequence of the uniqueness of the solution
to (4.33) (and hence to (4.26)). This completes the proof of the theorem. [ ]

4.3. Homogenization results: Case when K, >» &2

In view of Propositions 4.2 and 4.5, it holds that
luellL2@eys < Ce. ([ Vatel2(geysns < Ce3
and || pellp2(qe)s < Ce? foralle > 0,

where C > 0 is independent of ¢ > 0. Thus, given an ordinary sequence E, there exist
a subsequence E’ of E and uy € (L?(R; Bkz(Rz; Hy(1))))?, po € L*(2; B3 (R?;
L2(I))) such that, when E’ 3 ¢ — 0,

Ug

- o in L2(Q°f)3-weak = 4, (4.34)

1 —
~Vu, — Vyuy in L*(Q°)>3-weak X 4 (4.35)
&

and
pe — po  in L?(QF)-weak X 4. (4.36)
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Defining the function # as in (4.18), we have that (4.19) holds and u3 = 0. The fol-
lowing is the first main result when K, > &2.

Theorem 4.8. Let A be an ergodic algebra with mean value on R?. Assume that (A3)
holds and K, > 2. Let (ug, p;) be a solution of (4.1). Then we have (4.34)—(4.36).
Furthermore, there exists ¢ € L*(Q; iii (R2; L2(1))) such that (ug, po,q) solves the
system

—div,(A(y)Vyuo) + Vyqg = f1—Vipo inQxR*x 1,
divyug = 0 inQxR?x1I,
1
divy (/ M(uo(x, -,y3))dy3) =0 in 2, (4.37)
-1
1
(/ M (uo(x, -, Y3))dy3) -v=0 on 992.
-1

Proof. We proceed as in the proof of Theorem 4.6. Firstly, we see that pg is indepen-
dent of y. Next, choosing in (4.22) a test function ¢ such that div, ¢ = 0 and then
multiplying the resulting equality by 1/e, we appeal once again to (4.34)—(4.36) to
obtain

1 1
/Q/ M(AVyuy : Vygo)dy3df—/9/ po(X)M(divx @)dyszdx
-1 —1

=Lf:Muw@wx

This yields as before, the existence of g such that (4.37) holds. ]

(4.38)

As in the previous subsection, let us consider the following Stokes system:
Find w; € B, ¢ (R?; H{ (I))? such that
—divy(AVyw;) + V7, =¢; inR*x1, (4.39)
divyw; =0 inR*x /.
Then in view of [10, Lemma 4.1], system (4.39) possesses a unique solution w; €

B;j(Rz; Hg (I))3. Also, proceeding as in Section 4.2, we are able to see that, defin-
ing u by (4.18) and setting

1
A= (al’j)lsi’jsz with aij Z/ M(Avyw,- :Vywj)dy3, 1<i,j <2, (440)
-1

(//1\ = (djj)1<i,j<2 is a symmetric positive definite 2 x 2 matrix), we have u3 = 0 and

{ w' = A(f, - Vzpo) inQ,

o . / (4.41)
divgu' =0 inQ and u'-v=0 onod.
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The homogenized result in this case is therefore stated as follows.

Theorem 4.9. Under the assumptions of Theorem 4.8, the sequence (ug/, pe)e=o
weakly X 4-converges in L>(2%)3 x L3(Q°) towards (ug, po) determined by (4.34)—
(4.36). In addition, pgy € HI(Q) and, defining u = (u’,u3) by (4.18), one has uz = 0
and (W', po) is the unique solution of the effective problem (4.41) where A is given
by (4.40).

4.4. Homogenization results: Case when K, « &2

Throughout this subsection, we assume that &2 /K¢ — 0 as ¢ — 0. In that case, the
following estimates hold:

1
luell 2@ < Ce3KZ. [ Vtgllp2gepes < Ce3,
63 (4.42)
| Pell2(ey3 < C—, foralle >0,
Ki
&

C being a positive constant independent of ¢.
In view of (4.42), the following result holds.

Lemma 4.10. Given an ordinary sequence E, there exist a subsequence E' of E
and functions ug € (L*(Q2; 8% (R?; L2(1))))3, uy € (L*(Q: B, 2 (R% H' (1)) and
po € L*(Q; B3 (R?; L(1))) such that, as E' 5 & — 0,

U

- — U in L?(Q25)3-weak X 4, (4.43)
eK?
Vu, 1 2.06\3%3
— Vyuy  in L=(Q°)7"-weak X 4, (4.44)
3
1
Kaz . 2,6
—Pe = Do in L°(2%)-weak X 4. (4.45)
€

Moreover,
divyug =0 and divyu; =0 inQxR*x1.

Proof. Applying Theorem 3.3, we derive the existence of a subsequence E’ of E and
of atriple (uo, v, po) € (L2(Q2; B> (R2; H(1))))? x (L2(Q; B> (R H(1)))) >3
x L?(Q: 8% (R?; L?(1))) such that (4.43) and (4.45) hold, and further

v
Yo v in L2(Q°)P3-weak 4. (4.46)
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Let us characterize v. To that end, let ® € (€5°(R2) ® A®(R?; €5 (1)))? be such
that div, & = 0. Then

1 1 1 1
—/ —~Vu, - ®°dx = ——/ —u (divy ®)°dx
& JQe € & JQe €

= —K% ! / - *_(divg ®)°dx (4.47)
Qe 8K 2

where in (4.47), ®%(x) = (X, x/¢e) for x € Q2 and Vu, - D¢ is viewed as the vector

(Vug,; - D%)1<i<3 and u,(divx @)° is viewed as the vector (u,,; (divy P)®)1<i<3, with

Uy = (Ug,i)1<i<3. Letting E' 5 ¢ — 0in (4.47) using (4.43) and (4.46) together with

the fact that K, — 0, we are led to

1
/ / M(v(f’V y3) : CD(Y,-’ y3))dy3df =0
QJ-1

for all ® € (€5°(2) ® A®(R2,€5°(1)))* with divy, ® = 0. We infer from Corol-
lary 3.8 the existence of u; € (L?(2; B;;f(Rz; H'(I))))? such that v = Vyu;. Next,
from the equality div u, = 0, we deduce

3
1 1 i _
) j-[ 1 9u, (x)w(x, f)dx =0 forall y € €C(Q) ® AR EC(])),
: EJQ &
i=1

e & 0X;

so that, in view of (4.44), we have, as E’ 3 ¢ — 0,

Z/ / (8(;;11’ )d)%df =0 forally € €°(Q) ® AP (R? (1))

This amounts to divy, #; = 0in £ X R2 x I. Also, the same equality divu, = 0 yields
1

/ u; ((Vx\/f)6 + —(VyW)E) dx =0 for v as above. (4.48)
Qe &

Dividing both members of (4.48) by ¢K, 81 /2 and letting £/ 3 ¢ — 0 gives

1
|| M-, dyaax = o
QJ-1

which amounts to divyug = 0in Q x R? x I. This concludes the proof. n

Now we go back to the variational form (4.22), i.e.,

A% )u | mor + 2o Jax £ [ wigta

+ %/ (g - Vuy@°dx —/ De |:(divxgo)'S + —(divy (p)e]dx (4.49)
¢ Qe Qe &

= fodx.
QS
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We assume that (4.43), (4.44) and (4.45) hold. Since K,/¢? — 0 when &¢ — 0, we use
(4.43) to see that, as E' 3 ¢ — 0,

1
K K:\2 u
Ze B u.ptdx = ﬁ/ u0fdx = p| — / *fdx — 0.
g2 Kg Qe g2 Qe g2 Qe EKE
&

Thus, if we multiply (4.49) by K; /2 /€ and we let E’ 3 ¢ — 0 in the resulting identity,
taking into account (4.43), (4.44) and (4.45) together with the fact that K, — 0 as
e — 0, we get

1
/ / M(po divy 9)dy3dT = 0.
QJ-1

thereby showing that py does not depend on y. Next, choosing in (4.49) a test function
¢ such that divy, ¢ = 0 and then multiplying the resulting equality by K,;1 /2 /€2, we
appeal once again to (4.43)—(4.45) to obtain

1 1
" /Q / M(uop)dysdT — /Q / po(®) M(divs 9)dysdX = 0.
—1 -1

This yields as before, the existence of ¢ € L2($2; 8% (R?; L?(1))) such that (1o, po.q)
solves the system

g —1—qu =—Vxpo inQx R2 x I,
divyug = 0 inQxR?x1,
1
divy ( [ M(uo(X, -, y3))dy3) =0 in Q, (4.50)
-1
1
(/ M(”O(Y»‘,)@))d)@)'v =0 OIlaQ.
-1

We have therefore proved the following result.

Theorem 4.11. Let A be an ergodic algebra with mean value on R?. Assume that
(A3) holds and K, < &2. Let (ug, ps) be a solution of (4.1). Then we have (4.43)—
(4.45). Furthermore, there exists q¢ € L*(Q; Bi(Rz; L2(1))) such that (ug, po.q)
solves the system (4.50).

In order to derive the effective equation in the case when K, < g2, we consider
the local problems: For 1 <i < 3, find w; € Bi(Rz; L?(I))3 such that

/Lwi+vym=ei inRZ2x 7 and Eyw,:o inR?x I. 4.51)

Then the existence and uniqueness of w; satisfying (4.51) follow a two steps process
described below:
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(1) We approximate (4.51) as follows: for any integer n > 1, there exists a unique
Wi, € i)’dli’vz solution of
1 — - S
_n_szwi’n +pwi, +Vymi, =e  inRTx 1, 452)
divyw;, =0 inR*x [

in the sense of (4.28), where A, = div, (V). Testing (4.52) with w; ,, yields
the estimates
n>1

1
Sup(;”V w; n||;32 (R2;L2(1))3<3 T [|wi n||£2 (R2; L2(1))3) <C, (453)

where C > 0 is independent of n.

(2) We pass to the limit in the variational formulation
1 1 o o 1
—2/ M(Vywi, - Vyv)dys + M/ M(w; nv)dys
-1 -1
1
= / M(v)e;dys forallv € O‘B(}i’vz
-1

using (4.53) and the reflexivity of the Hilbert space 832 (R2 L?(1)) to derive
the existence and uniqueness of a w; € (8% (R?; L2(I)))3 solution to (4.51).

Now, proceeding as in the proof of Theorem 4.7, we may choose in (4.50) the test
function ¢ = ¥ ® w;; then

1 1
M/ M(uow;)dys + pro/ M(w;)dys = 0. (4.54)
—1 —1

Next, take uo(X, -) as test function in (4.51),
1 1
M/ Muow;)dys = / M(uo)eidys = u;(X). (4.55)
-1 -1
Putting together (4.54) and (4.55) yields
! 8
— _ _ Po
() = Vo [ M(widya = / M(wi)edys.
Still in (4.51) with w; taken as test function, we are led to

1 1
| Mawoesar = [ M)y,
-1 —1
So, setting
1
A= (aij)lsi,jgz with aij = pL/ M(wiwj)dy3, (4.56)
-1
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we obtain a 2 x 2 symmetric matrix. We recall that the fact that u; = 0 amounts to
d;q =0,andsodayg; =0forl <i <2.

We have thus proved the following result, which besides is the main result of the
work in the case when K, < &2.

Theorem 4.12. Under the assumptions of Theorem 4.11, the sequence

1
u, K¢
% g2 0
SKg &>

weakly T 4-converges in L*(29)% x L3(QF) towards (ug, po) determined by (4.43)
and (4.45). Moreover, py € H'(Q) and, setting
1
u® = [ Moy e
-1
= Wi(Mh<i<s and u' = Uii<i<,
we have uz = 0 and (', po) is a solution of the homogenized problem
W =—AVspy inQ, divgu' =0 inQ, and u-v=0 ondQ,

where A is defined by (4.56), w; (1 <i < 2) being the unique solution of (4.51).

5. Homogenization of the Darcy-Lapwood-Brinkmann equation in
thin heterogeneous domain with highly oscillating boundaries

5.1. Introduction

In this section, we deal with problem (4.1), but this time, stated in the following
domain

X

Qf = {xz(f,m)éQxR:ehl(:) < X3 <8h2(§)}, 5.1

&

where & > 0 is a small parameter,  C R? is a bounded open Lipschitz domain, /1,
hy € W1°(R?) are two bounded Lipschitz continuous functions on R? and satisfying

max ;1 < minhy; 5.2)
R2 R2
hi,h, € A with M(l’lz—]’ll) 750 (5.3)

We set
- + _ — (p— Bt
hy _Iﬁlznhl’ h3 —r%%xhz, and [ = (h{,h3),
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and we define G, = Q x (eh7, a‘h;r ). Then, as seen in Section 3, G, has flat lateral
boundaries y3 = eh7, Eh;_, with Q¢ C G,. When ¢ — 0, G, shrinks to Gy = Q x {0}
which can be identified to Q2 through the identification X = (¥, 0). This will be the
case in the sequel.

The problem to be investigated here is stated by (4.1) in the thin domain ¢ given
above by (5.1). As in Section 4, the corresponding problem possesses at least a weak
solution u, € H(}(2¢)>. Moreover, to each u, is associated a unique p, € L3(Q°)
such that (4.1) is satisfied by the couple (u,, p.). We extend u, to G by zero off 2%,
and we still denote this extension by ug; this is fully justified by the fact that u, = 0
on dQ2°. It is therefore easily seen that, proceeding exactly as in Section 4.1, we derive
the existence of a positive constant C independent of ¢ such that

., 5 3 4% 3
luellp2(@ey3 < Cmin(e2,62K7)  and  ||Vug|2(geysxs < Ce2, 5.4
and so,
.5 3.4 3
||ug||L2(GS)3 < Cmin(e2,e2K;) and ||Vu5||L2(G8)3><3 <Cez.

Concerning the pressure, since the domain $2° satisfies the assumptions of [13, Corol-
lary 3.4] (in fact, © is Lipschitz and connected), there exist functions p? € H!(Q)
and p! € L2(Q?) such that

De = pg + 8p£1 in Q°¢, (5.5)

and
3
e2|pdllaie) + €lpelz@ey < ClIVPslg-1(ge) (5.6)
where the positive constant C in (5.6) is independent of ¢. It remains to find a bound
for ||V pell zr—1(qe)3- For that purpose, let v € Hg (2)%; then appealing to (4.1);, we
have

(Vpe,v) / f vdx—/ A*Vu, - Vvdx——/ (ug - Vug - vdx
QS

——/ ug-vdx. 5.7

K
/ f -vdx

‘/ AVu, - Vvdx

‘/ u;-vdx

It is easy to see that

3
< Ce2 ||Vv ||L2(QS)3><3,

3
< Ce2|[Vu| L2 (qe)3=3,

and
.5 3.4
< Cmin(e2,e2K¢)|[Vo| p2(qe)3<s.
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As for the third term on the right-hand side of (5.7), one has
/S;S (us . V)us -vdx| < ||us||L4(Q£)3 ||Vll5||L2(Qs)3><3 ||v||L4(Qg)3
< Cel| Vite 2 geyres | V0L L2 ey
< C84 || Vo ||L2(Qs)3><3 s
where we used Lemma 4.1 and inequality (5.4). It follows that
; € 1
IV pellir-1aeys < 0(83 +et 4 mm(si,siKg)).
&
Now, if Kz = O(g?) or K, > ¢2, then
e 1 8;
5 3 = 3
— min(e2,62K7) < C— < Ce2,
K. Ke
so that ,
IV Pell-1(@eys = Ce2.
If K, < €2, then
1 >
s%K,s2 <g3 and &2 < %
KZ
so that
5 5
3 g2 £2
||Vp8||H—l(QE)3 < C(82 + _1) < Cv—l
K2 K2
We have shown that
Ce3  ifK, = O(s?) or K, >> &2,
\% —1(Qey < 3 5.8
IV Pellg—1(qe)3 < CE K, < e (5.8)
KZ
It follows from (5.6) and (5.8) that
. C if K, = O(e?) or K, > €2,
Ipellare) = ce ifk, < e
KZ?
and ]
Ce2  if K, = O(e?) or Ky > &2,
1pellz2@e) < 3 (5.9)

if K, < &2.
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We extend p] to G, by zero and we denote the corresponding extension by p! to see
that inequality (5.9) holds mutatis mutandis (change p! into p! and Q¢ into G.). We
summarize the estimates obtained above, in the following lines:

Ce3 if Ko = O(?) or Kz > €2,
luellr2G.)3 < 1 (5.10)
(Ge) 3 . 2
Ce2Ky if K, < ¢%;
||Vu5||L2(G£)3><3 < CS%; (5.11)
. C if K, = O(e?) or K, > €2,
(2 ”Hl(Q) = C-t ifK, < &% (5.12)
K?
and 1
Cez  if K, = O(?) or Kg > &2,
172226,y < ce2 (5.13)
T

if K, < 2.
K2
In the light of the above estimates, we follow the same steps as in the preceding
section. This is declined below in the following subsection.

5.2. Passage to the limit and proof of Theorem 1.5

5.2.1. Case when K, = 0(32). We assume (4.13), i.e., % — K when ¢ — 0, with
0 < K < oo. Still denoting by u, the extension of u, on G, we have u, € HO1 (Ge)?
with (5.10)1, (5.11), (5.12); and (5.13);. Let +A be an algebra with mean value on R2.
Given an ordinary sequence E, we derive the existence of a subsequence E’ of E and
of functions ug € L2(Q; B> (R%; H{ (1)), po € H'(Q), p{ € L2(Q; B, 2 (R?))
and p; € L*(Q: 87 (R?; L?(1))) such that, when £’ 5 ¢ — 0,

U

— = up in L%(G,)3-weak T 4, (5.14)
&
1 —
~Vu, — Vyu in L2(G,)¥3-weak X 4, (5.15)
&
P2 — po in H!(Q)-weak and in L?(Q)-strong, (5.16)
Vipl — Vipo + Vyp?  in L*(Q)*-weak 3, (5.17)
pl— p in L?(G,)-weak X 4. (5.18)

This being so, let us recall the definition of the set J
J={y=(Gy3) €R*:7eR?and 11 (¥) < y3 < ha2()}.

Toany u € L (J) (1 <r < o0) is associated the transform u? defined by

ub¥,0) = u@, (1 =) (F) + tha(3)), ¥ eR*and0 <1 < 1,
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so that u® e LT (R?;L"(0,1)). This allows us to define the following Besicovitch-
type spaces: let /4 be an algebra with mean value on R? such that /1, h, € A. By
B!, (J) we mean the space of those u € Lj  (J) such that ub e B!, (R2;L"(0,1)). To

loc
B, (J) we associate the Sobolev—Besicovitch space

B (D) ={ue B (J): Vyue By (J)*).

We recall that each of these spaces is a complete semi-normed space, the seminorm
in B’, (J) being defined by

b
lllgr, @y = 14”57, ®2;L7 (0,1))-

We also define the Banach counterpart of B, (J) that we denote by 87 (J) as follows:
u € B, (J)iff ub € B7,(R?; L"(0, 1)). Finally, the space

By (J)={ue By (J):u=00ndJ}

will be of special interest in the sequel. We recall that 3J = {y = (¥, y3) : 7 € R?
and y3 = h; (),i = 1,2}.
Proceeding as in Section 4.2, we see that ayuo = 01in © x J. Moreover, setting

ha
u()—c>=M( [ uo<f,~,y3)dy3), Feq,

hy

= (u;i(X))1<i<3 (5.19)

we have uz = 0 and &’ = (uy,u») € L?(Q)? withu’' - v = 0 on 9 and divzu’ = 0
in .
With this in mind, the first homogenization result in this case reads as follows.

Theorem 5.1. Let 4 be an ergodic algebra with mean value on R?. Assume that
(A3), (4.13), (5.2) and (5.3). Let (ug, p.) be determined by (4.1). Then E' 3 ¢ — 0,
one has (5.14) to (5.18), where the quadruple (ug, po, p(l), p1) solves the system

—divy (AVyu0) + Lo + Yy (p) + p1) = f = Vepo  in@xJ,

divyug =0 inQxJ,
k2 5.20
diva( f uo(f,-,ys)dys) =0 in 2, (5-20)

hy
h>
M(/ uo(x, ~,y3)dy3) -v=0 on 0S2.
hy

Proof. Let the assumptions of Theorem 5.1 be in force. Let ¢ € (€§°(2) ® B; 2())3.
Defining ¢° € H{ (Qf)? by ¢°(x) = ¢(x, x/¢) (x € Q°) and choosing ¢° as test
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function in (4.1), we get, after dividing both members of the resulting equality by &,

1 1 €
—/ A*Vu, - |:(Vx<p)8 + —(Vy(p) :|dx + u——/ u2 ®dx
& Jqe Qe €
1
+——f (e - Vugp®dx + — / Vzp?l - ofdx (5.21)
Qé‘
1
—/ e [(divxgo)s + —(divy (p)s]dx = —/ fofdx.
Qe & &€ JQe

Let us consider each term in (5.21) separately. As for the first term on the left-hand
side, it is equal to

v 1 v
/ At (Vep)dx 4 - / A2 (Vo) edx = I + I
Qe & & JQe

It is easy to see that /; — 0 when E’ > ¢ — 0, while, for I,, appealing to Theorem 3.15
associated to (5.15), we have

hy B
L, — /Q /];_ M(XJI (-, y3)A(’ y3)vyu0(f’ . y3) . Vy@(f, . y3))dy3d7
1

hy
=/ M(/ AVyuo-Vy(pdy3)d)_c.
Q hy

It is worth noting that in the last convergence above, we have used AV, ¢ as test func-
tion; indeed, since A € (L*®°(R3) N B? (]R2 L>®(1)))>3 (where here, I = (hl_,h+))
and L°°(]R3) N B? (R2 L%°(])) — L""(}R{2 L>(1)), we get that AV, € (€5°(R2)

B4 2(R?; L%(1 )))3 %3 'so that it can be taken as test function in the ¥ 4-convergence.
It follows that

1 1 ha
—/ A*Vu, - |:(Vx<p)'S + —(Vy<p)8:|dx — / M(/ AVyu - Vy<pdy3)df.
g Jqoe & Q hi

(5.22)

It is a fact using (5.14) that

1 Us ¢ h2 —
- —¢*dx —> | M uopdys |dx, (5.23)
& Jqe € Q h

and, as in Section 4, we observe that

<Cé,

/ (e - Vugp®dx
QS

so that {
—/ (ug - V)ugsp®dx — 0 when E' 5 ¢ — 0. (5.24)
& JQe
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Concerning the terms involving the pressure, it holds that

1 2 _
_/;z Vypg c@fdx — /Q M( (Vxpo + Vyp(l)) . gpdy3)dx, (5.25)

h
& h
and
1 h2
/ pl |:(divxga)8 + —(divy, (p)8:|dx — / M(/ p1 divy, (pdy3)d7. (5.26)
Qe & Q h
Finally, one has, as £’ 2 ¢ — 0,
1 ha
- fofdx — / M( fgody3)d7. (5.27)
& Jqs Q h

Collecting the convergence results (5.22)—(5.27), we obtain (when passing to the limit
in (5.21)) the following variational system:

hy 0 By
/ M(/ AVyuo-Vywdy3)dY—|— —/ M([ u0<pdy3)d7
Q h K Ja h
ho
Q hy

Iy (5.28)
— [ ([0 + prav, pavs)ax
Q hy
h>
= / M( f(pdy3)dx, forall ¢ € (€°(Q) ® B, *(1))°.
Q hy
By density, (5.28) holds true for every ¢ € L?(; BJ’Z(J))3.
Also, proceeding as in Section 4, we derive the following properties for uq:
h>
diVxM(/ uo(x,-, y3)dy3) =0 in 2, (5.29)
hy
h>
M(/ uy(x,-, y3)dy3) -v=0 onodf. (5.30)
hy

We may also check that po € L3(2). Indeed, since p, € L3(2¢), we have

| — —
0= —/ pedx =/(h2(£) —hl(i))pgdf—i-/ pldx.
& & Q & & Qe

Letting E’ 3 ¢ — 0 above yields [, M(hy — hy) podX = 0, that is, [o podX = 0,

where we have taken (5.3) into account. This shows that pg € H'(2) N L3(S).
Accounting of (5.28), (5.29) and (5.30), we get readily that the triple (u¢, po,qg =

p(l) + p1) solves the system (5.20). This completes the proof of the theorem. |
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In order to derive the homogenized problem, we follow the same procedure as in
the proof of Theorem 4.7. To this end, let (¢;)1;<3 be the canonical basis in R3. For
1 <1i < 3, consider the Stokes—Brinkmann system

—div, (A(y)Vyw;) + %wi +Vymi=e inl,
divyw; =0 inJ, (5.31)
w; =0 ondd.
Then (5.31) possesses a unique solution in the space
By:(3) = {u e By?(d) :divyu = 0in J}.

With this in mind, if we choose in the variational form of (5.20) the test function
¢ =% ®w; (1 <i <3)where w; is determined by (5.31) and ¥ € €§°(£2), and
then take in the variational form of (5.31), the test function #¢ (X, -), and finally we
compare the resulting equalities, we get at once

w'(X) = A(f(F) - Vepo(X)), ae.XeQ

where the matrix A = (@ij)1<i,j<2 is symmetric, positive definite and is defined by

hy B M hy
Zl\ij = M(/h AVyw; - Vywjdy3) + ?M(/}; w; - w(,'dy3). (5.32)

1 1

We have just derived the main result in the case when K, = O(g?), and it reads as
follows.

Theorem 5.2. The assumptions are those of Theorem 5.1. For any & > 0, let (u,, pe =
pd + epl) € HY(25)3 x LE(2) be a solution of (4.1). Then, still denoting by u.
and p} the extension of us and p! by zero on G, the sequence (ug/€?, pg) weakly
X a-converges in L?(Gg)? x L%(G,) towards (ug, po) determined by (5.14)—~(5.17).
Defining u = (', u3) by (5.19), we have uz = 0 and (u', po) is the unique solution
of the homogenized problem

u’=/’1\(f1— fp()) il’lQ,
divgu' =0 inQ, and u-v=0 ondQ,

where the matrix A is defined by (5.32).

5.2.2. Case when K, < €2 or K, > &2. Following the same steps as in the previous
section, we may proceed as in the previous case to obtain the homogenization result
in the two other regimes. This is left to the reader.
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6. Some concrete applications of Theorems 1.3 and 1.5

In the previous sections, we have used systematically the algebras with mean value in
assumptions (A3) and (3.26) (or (5.3)) respectively on the coefficients of the diffusion
operator — div(A®V.) and on the functions /; and /,. Assumption (A3) shows how
the microstructures are distributed inside the domain ¢ while (3.26) deals with the
way the lateral boundaries behave. We present here below a few concrete physical
situations.

6.1. Problem 1: Pure periodic environment

We assume that the heterogeneities are uniformly distributed in €2. This means that
the distribution function of the microstructures is periodic, so that the matrix-function
¥ +— A(y, y3) is 1-periodic in each of its y; (i = 1, 2). The underlying algebra with
mean value here is thus the algebra of Y -periodic continuous functions A = Cpe(Y),
Y = (0,1)?. The mean value of a function u € €y (Y) is given by

M) = /Y u(y)dy.

The function spaces associated to 4 are as follows: B% (R?; L2(1))=L2 (Y L?*(1))

per

(the space of functions in L2 _(R?; L2(I)) that are Y -periodic), Bi{z(Rd_l; H\(I))

loc

= H! (Y; H'(I)) (the subspace of H,! .(Y; H'(I)) consisting of Y -periodic func-

tions?. Itis worth noting that B3 (R?; L*(1)) = 8% (R*; L*(I)) since L2, (Y; L*(1))
is a Banach space with the corresponding norm, and so B;\:Z(Rz; H(I)) = (sz(Rz;
H'(I)).

In this case, the sigma-convergence concept is merely the well-known two-scale
convergence method for thin heterogeneous domains defined in [22] (see Remark 3.6)
as follows: A sequence (ug)e~0 C L?(G,) weakly two-scale converges in L2(G,)

towards ug € L?(Go; L2 (Y ; L*(1))) if, when ¢ — 0,

per

é/GS ug(x)f(f, g)dx — /GO/ZuO(Y,y)f(f,y)dydy

forany f € L*(Go; €per(Y; L*(1))), where Z =Y x I.
The above assumption on the matrix A amounts to 4 € L2 (Y; L*(1))**3. We
also assume that iy, hy € W1°(R?) N €yer(Y). In order to state the periodic version

of Theorem 1.5, we need to define some function spaces. First of all, let
Y={yeR*:7eYandh1(3) < y3 <hy(¥)} and [={yedl:yeVY)

where we have assumed that the functions /; and £, are continuous Y -periodic func-
tions: /11, hy € Cper(Y). The periodic counterparts of the spaces Bi ), Bkz (J) and
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B;’z (J), denoted below respectively by Lger(Y ), leer(f) and H,} (Y) are defined as
follows:

12,(7) = {u € L2+ [ iPdy < coanduy +k.vs) = u(r )
Y

Vk € 72, a.e.y EJ},

Hy (Y) ={ue H|]

loc

(J):ue L2.(Y), Vyu e L2, (V)%

per per

H#l(?) = {u € leer(f) Tu =00nI'}.

For the benefit of the reader, we restate the homogenization result in Theorem 1.5
in the periodic setting.

Theorem 6.1. Assume that Q° is given by (1.2) where the functions hy,hy € Cpec(Y).
Let (ug, pe = p? + epl) € HJ (Q2°)* x L3(QF) be a solution of (1.3). Assume that
A€ (L2 (Y;L>®(1)))*<3. Then:

per

() IfK.= O(e?) with K;/e?> — K when e — 0,0 < K < 00, then, still denoting
by ug the extension by zero of ug on Gy = Q x (ehy, sh;), one has

u

—28 —ug in L2(G8)3—weak A,
3

and
pd — po in H'(Q)-weak and in L*(Q)-strong.

Defining u = (u',u3) by u(x) = [y uo(x, y)dy, we have uz =0 and (u', po)
is the unique solution of the homogenized problem

{ w' = A(f—Vxpo) inQ,

divzu’ =0 inQ, and uw-v=0 ondQ,

where A = (@ij)1<i,j<2 is a symmetric, positive definite 2 x 2 matrix defined
by its entries

ajj =/~AVyw,-'Vywjdy+%/~wi~wjdy.
7 g

Here w; (1 <i < 2) is the unique solution in H,} (Y)3 of the Stokes—Brink-
mann system

—divy(A(y)Vyw;) + %wi YV = ind,

divyjw; =0 ind,
w; =0 ondd,

e; being the ith vector of the canonical basis in R3.
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(i) If Ky < €2, then, up to a subsequence, one has

Ug
1

eK2

1
2
&

—>ug in L2(G£)3—weak YA,

pg — po in HY(Q)-weak and in L*()-strong.

Furthermore, defining u as in (i) above, we have us = 0 and (u', po) is a
solution of

W =—AVspy inQ, divge’' =0 inQ and w-v=0 ond<,

where A is a symmetric matrix defined by
A= (@ij)1<ij<2 Witha;j = M/Y w;w;dy,
w; (1 <i < 2)being the unique solution in Lger(?f of
pw; +Vymi =e; ind and divyw; =0 inlJ.
(iii) If K¢ > €2, then, still denoting by u, and p; the extension of u, and ps1 by

zero on Gg,we have,

He — Uy in L2(G8)3—weak Y4,

&2
éVus — Vyug in L*(G)¥3-weak T 4,
2 — po in H'(Q)-weak and in L*(Q)-strong,
Still defining u as in (i) above, it holds that

u = A(f,—Vspo) inS,
divsu' =0 inQ and uw-v=0 ondQ,

where A = (Qjj)1<i,j<2 is given by

withw; (1 <i <2) being the unique solution in H,} (Y)3 of the Stokes system
—divy (A(y)Vyw;) + Vym; =¢;  ind,
divyjw; =0 ind.
Proof. The result is a mere consequence of the equality M(u) = [y u(y)dy for any

u e Lger(Y). ]
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6.2. Problem 2: Asymptotic periodic framework

We assume that the functions /7 and h, are asymptotic periodic, that is, each of
these functions can be expressed as a sum of a continuous periodic function and
of a continuous function which vanishes at infinity. This leads to the consideration
of the algebra with mean value A = Cper(Y) + Co(R?) = Boo per(R?) [17, Sec-
tion 5.2.3], where €y(R?) stands for the Banach algebra of continuous functions
vanishing at infinity. Since Cper(Y) C Cper(Y) + €o(R?), we may assume either that
Ae L2 (Y:L*(I)*3orAde B?Boo per(Rz)(Rz; L?(I))>3. Then the results in The-
orems 1.3 and 1.5 are obtained with the algebra wmv A = Cper(Y) + Co(R?).

It is very important to note that we may assume different kind of behaviours on /2
and on h». For example, if 11 € €uer(Y) and hy € Cper(Y) + €o(R?), then we reach
the same conclusion of Theorems 1.3 and 1.5 with 4 = €per(Y) + €o(R?).

6.3. Problem 3: Almost periodic setting

We assume that the microstructures inside €2 are distributed in an almost periodic
fashion, that is, the function y — A(y, y3) is almost periodic in the Besicovitch sense
[6,7]. The underlying algebra with mean value in R? is the algebra of Bohr contin-
uous almost periodic functions on R? denoted by +4 = AP(R?). It is worth recalling
that AP(R?) [6, 7] is defined as the algebra of functions on R? that are uniformly
approximated by finite linear combinations of functions in the set {cos(k-), sin(k-) :
k € R4~} where cos(k-)(y) = cos(27k - y) and sin(k-)(y) = sin2nk - y), y € R2.
It is known that AP(R?) is an algebra wmv called the almost periodic algebra wmv
on R2. The corresponding generalized Besicovitch space Bf (R?) is precisely the
Besicovitch space B (R?) defined in [6,7].

We also assume that the functions /1, h; belong to AP(R?). Then under these
assumptions, the main results Theorems 1.3 and 1.5 are valid with the corresponding
function spaces. It is well known from [7] that the mean value of a function u €
AP(R?) is the unique constant that belongs to the closed convex hull of the set of
translates {u(- + a) : a € R?} of u.

6.4. Problem 4: The asymptotic almost periodic environment

We may deal with the asymptotic almost periodic distribution of heterogeneities inside
Q with the corresponding algebra wmv 4 = AP(R?) + €, (R?) [17, Section 5.2.3].
In this case, we may assume that the functions 4, and h, are either in AP(R?) or
in AP(R?) + €, (R?). We may also assume that #; € AP(R?) and &, € AP(R?) +
€o(R?). All this leads to the validity of Theorems 1.3 and 1.5 with 4 = AP(R?) +
€o(R?).
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