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Rates of (T -)asymptotic regularity of the generalized
Krasnoselskii-Mann-type iteration

Paulo Firmino and Laurentiu Leustean

Abstract. In this paper, we use proof mining methods to compute rates of (7 -)asymptotic
regularity of the generalized Krasnoselskii-Mann-type iteration associated to a nonexpansive
mapping 7 : X — X in a uniformly convex normed space X . For special choices of the param-
eter sequences, we obtain quadratic rates.

1. Introduction

Let X be a normed space and 7 : X — X be a nonexpansive mapping with fixed
points. The generalized Krasnoselskii-Mann-type iteration, studied by Kanzow and
Shehu [6] in Hilbert spaces and by Zhang, Guo, Wang [20] in classes of uniformly
convex Banach spaces, is defined as follows:

Xo=Xx€X, Xpt1=0nXp+ BuTxp+ rn, (1.1)

where (r)nen € X and (@) neN, (Bn)nen < [0, 1] satisty o, + B, < 1foralln € N.

Obviously, if r, = 0 and o, + B, = 1 for all n € N, then (x,) becomes the
well-known Krasnoselskii-Mann iteration [5, 13, 19]. As pointed out in [6, 20], by
letting o0, = 1 — B8, and r, = By e,, where (e,) C X is a sequence of error terms, one
obtains the inexact Krasnoselskii—-Mann iteration studied by Combettes [3] in Hilbert
spaces, by Kim and Xu [7] in Banach spaces and, more recently, by Liang, Fadili and
Peyré [17].

Kanzow and Shehu [6] prove, in Hilbert spaces, the weak convergence of the gen-
eralized Krasnoselskii-Mann-type iteration (x,) to a fixed point of 7" under some
hypotheses on the parameter sequences (&), (8,), (rn). Zhang, Guo, Wang [20] gen-
eralize this weak convergence result to uniformly convex Banach spaces that satisfy
additional properties. By analyzing the proofs from [20] one can see that, as it happens
for numerous weak/strong convergence proofs of nonlinear iterations, an essential
intermediate step is to obtain the (7 -)asymptotic regularity [1,2] of (x).
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We say that (x,) is T-asymptotically regular if lim, _, o || X, — T X, || = 0 and that
(x,) is asymptotically regular if lim,_, o || Xn+1 — Xn|| = 0. A mapping ® : N — N
is said to be

(i) arate of T-asymptotic regularity of (x,) if ® is a rate of convergence towards

0 of the sequence (||x, — T x,||);
(ii) a rate of asymptotic regularity of (x,) if ® is a rate of convergence towards 0

of the sequence (||x;+1 — Xu||).

We refer to Section 3 for the definition of a rate of convergence.

If ® is a rate of (7-)asymptotic regularity of (x,), we also say that (x,) is
(T -)asymptotically regular with rate ®.

In this paper, we apply methods of proof mining [10, 11] developed by the sec-
ond author for the Ishikawa iteration of a nonexpansive mapping [15, 16] to com-
pute for the first time uniform rates of (7'-)asymptotic regularity of the generalized
Krasnoselskii-Mann-type iteration (x;) in uniformly convex normed spaces. Further-
more, quadratic such rates are obtained for special choices of the parameter sequences.

Notations: N* = N \ {0}, Ry =[0,00).If m,n € N, n > m, we write [m;n] =
{m,m+1,...,n}.

2. Generalized Krasnoselskii-Mann-type iteration

In the following, X is a normed space, T : X — X a nonexpansive mapping and (x,)
is the generalized Krasnoselskii-Mann-type iteration defined by (1.1). We denote by
Fix(T') the set of fixed points of 7.

For every z € X, let (K; ) be a sequence of real numbers defined as follows:

Kzo=llx—z|.
n—1 n—1 n—1
Ken=lx—zIl+ Y BillTz—zll+ Y (1 —ei =Bzl + D _[Irill forn > 1.
i=0 i=0 i=0

Thus, foralln > 0,
Kznt1 =Kz + BnllTz —z[ + (A —an — B[l + lI7all-
Lemma 2.1. Forallz € X and alln € N,

IxXnr1 =zl < (@n + Bu)llxn —zll + BullTz —z|| + (1 — 0 — Bo) 2| + |72l
2.1

X0 —zll < Kz, (2.2)



Rates of (T-)asymptotic regularity 189

[Xn4+1 — Xnll < 2Kz 41, (2.3)
X7 = Txull <2[lxn —zl| + Iz = Tzl| <2Kz 0 + |z —Tz||. (2.4

Proof. We have that for alln € N,

[Xn+1 = zll = llotwXn + BnT Xn + 10 — ||
= |lotn (xn = 2) + Bu(Txp —2) + 1 — (1 —an — Bn)z||
< anlxn =z + BullTxn — 2| + Irn — (1 —an — Bu)z||
< anllxn =zl + BulTxn — Tz|| + Bul Tz — 2|
+ Il + (1 = otn — Bu)z |l
< (an + Bllxn =z + BullTz — z|| + (1 —atn — Bu)I2]| + [I7n,

as T is nonexpansive and o;, + B, < 1. Thus, (2.1) holds.
(2.2) is proved by induction on n. The case n = 0 is obvious.
n=n-++1:

2.1
[Xn+1 =zl < (on + Bu)llxn — 2| + Bull Tz — z|| + (1 —an — Bz + ||7nll

< lxn =zl + BalTz =zl + (1 —an = B Iz ]l + 7l
asoy, + B <1

Ken+ BnlTz =z + (1 —an— Ba)llzll + [zl

by the induction hypothesis

IA

= Kz,n+1-
(2.3) and (2.4) follow easily:
(2.2

1Xn41 = xull < lxng1 =2zl + X0 =2zl < Kzpt1 + Kz <2K; 041,
X0 = Txnll < llxn —zll + lz =Tzl + T2 = Txn|| < 2||xp —z[| + |z = Tz

2.2)
= 2Kz,n+ ”Z_TZ”' =

A very useful immediate consequence of (2.4) is the following.
Corollary 2.2. Assume that z € Fix(T). Then for alln € N,
X0 — Txnll < 2||xp — z|| < 2Kz .

Lemma 2.3. Foralln € N,

1xXn+1 = xnll < Bullxn — Txpll + (1 — o — Bu)llxnll + llrall. (2.5)
Xn+1 = Txn1ll < X0 — Txnll +2(1 — o — Br) || xull + 2[|7nll. (2.6)
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Proof. Letn € N. We get that
Xn+1 = Xnll = B (T xn — xn) — (1 = — Bu)Xn + rall
< Bullxn — Txull + (1 —an — Bu) | x|l + (|72l

and

1Txn+1 = Xn+1ll
= Txn41 = Txn + (1 = Bu)(Txn — xp) + (1 = 0tn — Bn)Xn — 1l
S NTxp1 = Txnll + (L= BT xn — xn || + (1 —tn — B) [ Xnll + |74l
< Nxnt1 = xnll + (A =BT xn — Xull + (1 —an = Ba) [ Xull + |2

©.5)
< xn = Txull + 200 — o — Ba) x|l + 2[I74 - u

2.1. A useful lemma in uniformly convex normed spaces

Let us recall that a normed space X is uniformly convex if for all & € (0, 2] there exists
8 € (0, 1] such that for all x, y € X,

=1 Ilst wd eyl ze imly | S| <15 @
A modulus of uniform convexity of X is a mapping 7 : (0, 2] — (0, 1] providing a
6 := n(e) satisfying (2.7) for given ¢ € (0, 2]. Thus, X is uniformly convex if and
only if X has a modulus of uniform convexity 7.

As pointed out in [12, p. 3457] (see also [18, p. 63]), the uniformly convex Banach
spaces L, (1 < p < oo) have a modulus of uniform convexity 7, given by

@D ir < p <2,
Np(e) = or
p2P

if2 < p < o0.

2, . . .
Thus, n(e) = % is a modulus of uniform convexity for a Hilbert space.

In the sequel, we assume that X is uniformly convex and 7 is a modulus of uniform
convexity of X.

Lemma24. Lete € (0,2], r >0anda,x,y € X be such that
|x—all<r, |y—al<r and |x—y| =er
Then for all A € [0, 1],

[(1=2A)x + Ay —all = (1 =241 = )n(e))r.
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Proof. Apply [9, Lemma 3.3] with x := }(y —a)and y := }(x —a). [
The following lemma is the main tool in proving the results from Subsection 6.1.

Lemma 2.5. Let z be a fixed point of T and n € N be such that o, + B, > 0.
1) Ify, 6,0 > 0 satisfy

Yy <llxn—zll <8 and |lxn—Txall > 6,

then

2 nMn
leXn + BuT xn — (ctn + Ba)zll < [l — 2 — a: i /‘; ﬂ(g)

(ii) Assume that 1 can be written as 1(e) = ¢ - 1() with 1) increasing. If §*,6 > 0
are such that

xn —z|| <8* and |xn—Txn| >0,

then

200, 8, (0
(@ + B Ttn — (@n + Bu)z ]l < otn — 2] — 220nP n(—*)-
O5n+ﬂn 8

Proof. (1) We have that

(otn + Bn)xn + IB

nXp + PnTxy = ,Bn ,Bn

(e + BT,
and
10+ )T — (@ + )2 < (et + Bl — 21,
It + Ba)en — (@ + BTl = (@ + Ba)6 = (@ + Bl — 1.

Obviously, 122=T*ll 5 ( and, by Corollary 2.2, Q < bxn=Txall < 5

Ixn—zll lxn—z|l

We can apply Lemma 2.4 with

x = (o + ,Bn)xn’ yi=(an + ,Bn)Txns a = (on + ,Bn)Z,
F:GM+MWM—ﬂLkﬁih%m, et
to get that
namm-+ﬂnTxn—<mf+ﬂuzn<:( L (9))Gm-+ﬁnﬁxn—ZH
- (n+MP
— (@ + Bo)ln 2l — jfzﬂ(eyun—ﬂ

200, By 0
< |lxn —zll - o+ f n(g)y-
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(i1) Remark first that, by Corollary 2.2 and hypothesis, we have that

X0 — T xn| > Q

> — > 0.
2 2

l%n = zIl =

Apply (i) with y := § := ||x, — z|| to get that

2| xn — z|| 6
lan e+ BuTxn — @n + Bzl < ow — 2 = A2 2 nﬂnn( )

o + Bn X0 — 2|
Ion 21— 2 )
= |lxn —z| — 7
" oy + Bn lxn — z||
200, B, . 0
<|\xp—z|| — ———n| — ),
S e b
as Si* < ||xn9_2", o) 'ﬁ(si*) < ﬁ(”xno;_zn), since 7 is increasing. [

3. Quantitative notions, lemmas and hypotheses

Firstly, let us recall the quantitative notions used in the paper. Let (a,)neny € R be a
sequence of real numbers. We say that a function ¢ : N — N is

(i) arate of convergence of (a,) towards a € R if forall k € N,

lan —al| < holds for all n > (k).

(i) a Cauchy modulus of (a,) if for all k € N,

1
|an+p —an| < 1 holds for all n > ¢(k) and all p € N.

If the series Y .-, an converges, then a Cauchy modulus of the series is a Cauchy

modulus of the sequence (a, = Z?:o a;) of partial sums. Furthermore, if Zsz):O an

diverges, then 6 : N — N is a rate of divergence of the series if Z,eiko) a; > k for all

k e N.
The following useful lemmas are immediate.

Lemma 3.1. Assume that (an) € Ry and that Y .-, an converges with Cauchy mod-
ulus ¢. Then

(1) Yoooan < M, where M € N* is such that M > Zfi%) a; + 1.
(1) limy—s oo an = 0 with rate of convergence ¥ (k) = (k) + 1.

Proof. See the proof of [4, Lemma 4.3 (ii)]. ]
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Lemma 3.2. Assume that a, € [0,1) for alln € N and that Y .-, a, diverges with
rate of divergence 6. Then 0(n) > n for alln € N.

Proof. Suppose, by contradiction, that for some n € N, we have that 8(n) < n, hence
O(n) <n —1.Then Zle(no) a; < Y1~y a; < n, which is a contradiction. ]

Lemma 3.3. Let (a,), (b,) CR, s,t € N* and ¢, = say, + tby, for alln € N. Assume
that ¢y is a Cauchy modulus of (a,) and @, is a Cauchy modulus of (by). Define

pk) = max{<p1(2s(k +1)—1),0Q2t(k +1)— 1)}.
Then ¢ is a Cauchy modulus of (cy,).

Proof. See the proof of [4, Lemma 3.2]. [

3.1. A quantitative lemma on sequences of nonnegative reals
A modulus of liminf [16] for a sequence (an)nen € R4 isamapping§: N x N — N
satisfying the following:

forall k, L € N there exists N € [L;§(k, L)] such thatay < k+r1

Clearly, liminf, o a, = 0 if and only if (a,) has a modulus of liminf.

The following quantitative lemma is one of the main tools in the proof of our main
result, Theorem 4.1.
Lemma 3.4. Assume that (ay)neN, (bn)neN C Ry satisfy the following:

(i) liminf,_ e a, = 0 with modulus of liminf §;

(i) Z;o:o by converges with Cauchy modulus r;

(i) ap+1 <auy + by, foralln € N.

Then limy,—, o0 a, = 0 with rate of convergence ¢ defined by
k) =8CQk+ 1,y 2k + 1)+ 1).

Proof. First, let us remark that we get, by induction on m, that for all n,m € N,

n+m—1

An+m = an + Z b;.
i=n
Let £ € N and let us denote ¥, = v (2k + 1) As § is a modulus of liminf of (ay),
there exists N € [{x + 1;o(k)] and ay <
It follows that for all n > ¢(k),

2(k+1)

n—1 n—1

1
an SaN—Fi:ZNbi<m+Zbi.

i=N
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Asn > ¢(k) > N > ¥ + 1, we can apply the fact that ¥ is a Cauchy modulus of
(O-7_o bi) to get that
1 1 1
2k +1)  2(k+1) k41

An

3.2. Quantitative hypotheses on the parameter sequences

We consider the following quantitative hypotheses on the parameter sequences (),
(Bn), (rn):
(C Y02 (1 —ap — Br) < 0o with Cauchy modulus o7,
(C2) ay + B >0foralln € N and Z:ozo % = oo with rate of divergence o5,
(C3) X024 llrall < oo with Cauchy modulus o7.

Assume that (C1) and (C3) hold. Then the series Y pe (1 —an — Bn)s D meo 72l
are bounded.
In the sequel, M, g, M, € N are such that

o0 o
D (—0p—Bn) <Mop and Y |rall < M,. 3.1)

n=0 n=0

If oy 4+ Bn = 1 foralln € N, then My g = 0. Similarly, if r, = 0 for alln € N, then
M, = 0. Otherwise, by Lemma 3.1, we can take

a1(0) a3(0)
Ma,ﬂZ’VZ(l_an_,Bn)—““l and MrZ’VZ”rn”—‘"i‘l‘
n=0 n=0

Lemma 3.5. Assume that (C1) and (C3) hold and that z € Fix(T). Then for alln € N,
[xn —zll = llx = z|| + Magllzll + M,

Proof. By the definition of K ,, (2.2) and (3.1). ]

4. Main results

The main result of the paper computes uniform rates of (7 -)asymptotic regularity of
the generalized Krasnoselskii-Mann-type iteration.

Theorem 4.1. Let X be a uniformly convex normed space, n a modulus of uniform
convexity of X, T : X — X a nonexpansive mapping such that Fix(T') # 0, and (xp,)
be given by

Xo=x€X, Xpp1=0nXp+ BuTXp + 1,

where (rp) € X and (ay), (Bx) C [0, 1] are such that oy, + B, < 1 foralln € N.
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Suppose that (C1), (C2), (C3) hold, My g, M, € N satisfy (3.1) and b, My, M €
N* are such that

b >max{||x —z|, |zIl}, Mo=b+ Mypgb+M,, M=My+b 4.1

for some fixed point z of T.
Define o,V : N — N by

(k) = 02(Q02k + 1) + max{o1(8M(k + 1) — 1),038k + 7)} + 1),  (4.2)
(k) = 2k + 1), (4.3)

where

4.4)

Q: NN, Qk) = {(Mo + Mypb + M, + 1)(k + 1)}

1
”(—Mo<k+1))

Then (xy) is T-asymptotically regular with rate ® and asymptotically regular
with rate W.

One can get for (x,), by using Lemma 2.5 (ii), a result similar to the one proved
by Kohlenbach [9, Theorem 3.4] for the Krasnoselskii-Mann iteration.

Proposition 4.2. In the hypotheses of Theorem 4.1, assume moreover that 1 can be
written as 1(g) = ¢ - 1(e) with 1] increasing. Let Q : N — N be defined by

(Mo + Ma’ﬂb + M, + 1)(k + 1)—‘
~ 1 :
2’7(_M0(k+1_))

Then (xn) is T asymptotzcally regular with rate ® and asymptotically regular with
rate U, where ® is obtained from ® by taking 2 instead of Q in (4.2) and (k) =
D2k + 1).

Qk) = { (4.5)

The proofs of Theorem 4.1 and Proposition 4.2 are given in Section 6.
In the following we give some consequences of our main results.

Corollary 4.3. Assume that X is a Hilbert space. Then Proposition 4.2 holds with

Q(k) = 4Mo(Moy + My gb + M, + 1)(k + 1)%.

Proof. Apply the fact that a modulus of uniform convexity of X is n(g) = % =e7(e),
where 7j(g) = § is increasing. [

Corollary 4.4. Assume that r, = 0 foralln € N, hence x,4+1 = anXxy + BnT xy for
all n € N. Then Theorem 4.1 holds with o3(k) = 0, M, =0, My = b + M, gb.
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Applying Theorem 4.1 with o, = 1 — B,,, we get rates for a generalization of the
inexact Krasnoselskii-Mann iteration.
Corollary 4.5. Let (x,) be the iteration defined as follows:
xo=x€X, Xpt1=~=Bn)xn+ BuTxn +ra.
Assume that (C2*) and (C3) hold, where

o0
(C2%) Z Bn (1 — B,) = oo with rate of divergence 0.

n=0

Define Q* : N — N,

Q* (k) = "(b +2M, + 1)(k + 1)—‘.

1
n((b-i—Mr)(k-H))
Then (x,,) is T -asymptotically regular with rate
O* (k) = 02(Q* 2k + 1) + 038k +7) + 1)

and asymptotically regular with rate V* (k) = ®*(2k + 1).
Furthermore, if 1 can be written as n(g) = ¢ - 1](¢) with 7] increasing, then one can
define Q* by

b+ 2M, Dk +1
) = | DEC ]
2’7<m)

In particular, if X is a Hilbert space, then
Q*(k) = 4(b + M,)(b +2M, + 1)(k + 1)°. (4.6)

Proof. Apply Theorem 4.1 with o, = 1— 8, foralln e N. As 1 —«a,, — B, =0,
(C1) obviously holds with o1(k) = 0 and M, g = 0 and (C2) becomes (C2*). Then
My=b+ M., M =2b + M, .If n can be written as (&) = ¢ - 7j(¢) with 7 increasing,
apply Proposition 4.2. For the case when X is a Hilbert space, apply Corollary 4.3. m

By combining the previous two corollaries, we get rates of (7 -)asymptotic reg-
ularity for the well-known Krasnoselskii-Mann iteration. The rate of 7 -asymptotic
regularity that we obtain for the Krasnoselskii-Mann iteration is very similar to the
one obtained by Kohlenbach [9, Theorem 3.4] by applying proof mining methods to
a proof due to Groetsch [5].

Corollary 4.6. Let (x,) be the Krasnoselskii—-Mann iteration
xo=x€X, xp+1=00-=Bn)xn+ BuTxy,.

Then Corollary 4.5 holds with o3(k) = 0 and M, = 0.
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Corollary 4.7. Let (x,) be defined by
xXo=x€X, Xpt1=0pXn+ BuTxy, + (1 —ay— Bn)u, 4.7

whereu € X, u # 0.
Then Theorem 4.1 holds with M, = Mg g[||ul|] and

o3(k) = o1 ([flullT(k + 1) = 1).
Proof. Apply Theorem 4.1 with r, = (1 — oy, — Bp)u. u

Let us remark that an inexact form of (4.7) is studied by Kanzow and Shehu in
[6, Section 4]. However, as pointed out in [6, p. 608], the proof methods and the
conditions on the parameter sequences used in [6, Theorem 4.1] are different than the
ones used in [6, Section 3] for the generalized Krasnoselskii-Mann-type iteration.

5. Examples

In the sequel, we show that one can compute quadratic rates of (7 -)asymptotic regu-
larity of the generalized Krasnoselskii—-Mann-type iteration (x, ) for particular choices
of the parameter sequences. The first example adapts to this iteration examples used
in [9, 14] to compute quadratic rates of the Krasnoselskii-Mann iteration. The sec-
ond example is much more interesting, as the chosen parameter sequences (cy,), (85)
satisfy o, + B, < 1 foralln € N.

Let us prove first a very useful lemma.

Lemma 5.1. Lett € Ry, L € N* and define

o(k) = [11(k + 1), ¢ (k) = max{[r](k + 1) — L,0},
0 ift =0,

M; - ’71‘(1 1 )—‘ ift 0
7tz #0.
Then

(1) ¢ and ¢* are Cauchy moduli ofzzozo m
(i) Y0Zo iz < Me =211,

Proof. () As ¢ > ¢*, it is enough to prove that ¢* is a Cauchy modulus of

Yo W Let k € N and n > ¢*(k). It follows that n + L > [t](k + 1) >
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t(k 4+ 1). Then forall p € N,

n+p n n+p n+p

t t t t
Z : 2_2 ; 2 Z : 2 = Z : EEEYZ
= i+1L) = @i+1L) Ml (i+L) = G+L-1DGE+L)
B i’( t t )
L Nir L1
t t t 1

_ < < )
n+L n+p+L " n+L " k+1
(ii) The case t = 0 is obvious. Assume that ¢ 0. Then for all n € N,
n n
t t t t t 1 1
— = —— < —+—<|t|-+—= || =M.
;(H—L)Z L2+;(i+L)2_L2+L_[(L+L2)—‘ ’

As L1+ L <2 we get that M, < 2[¢]. ]

L2

=

5.1. Example 1

Assume that foralln € N,

1 *

nzl_» n =", n— 7 7, >»
107 A, B AT (n+L)2r

where A € (0,1), L € N* and r* € X. Let us denote in the sequel

1
A= [mw

Proposition 5.2. (x,) is T-asymptotically regular with rate
O*(k) = AQ*Qk + 1) + 8[|Ir* NNk + D + 1)
and asymptotically regular with rate
U*(k) = A(Q*(4k +3) + 16[|r*||1(k + 1) + 1),
where Q¥ is defined as in Corollary 4.5 with M, = 2[||r*||].

Proof. One can easily see that (C2*) holds with 0, (k) = kA. Furthermore, by apply-
ing Lemma 5.1 with ¢ := ||r*|| we get that (C3) holds with a5(k) = [||r*||1(k + 1)
and that one can take M, as above. Apply now Corollary 4.5. |

In the setting of Hilbert spaces, we get quadratic rates of (7 -)asymptotic regularity
of (xy).
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Proposition 5.3. Assume furthermore that X is a Hilbert space. Then (x,) is T-
asymptotically regular with rate

*(k) = 16A b + 2[lIr*IT)(B + 4TIr* T+ Dk + 1) + 8ATIF Tk +1) + A
and asymptotically regular with rate

W (k) = 64A D + 2[[Ir* 1B +4[lIr* 1 + Dk + 1)
+ 16AT|r*||1(k + 1) + A.

Proof. Apply Proposition 5.2 with Q*(k) defined by (4.6). ]
If, furthermore, r* = 0, then (x,) is the Krasnoselskii—-Mann iteration and
®*(k) = 16Ab(b + 1)(k + 1)>+ A and W*(k) = 64Ab(b + 1)(k + 1)> + A.

The rate ®* of T-asymptotic regularity is slightly worse (roughly, by a constant
factor) than the ones obtained for the Krasnoselskii-Mann iteration by Kohlenbach
[8, Corollary 1] in Hilbert spaces and by the second author [14, Corollary 20] in
CAT(0) spaces.

5.2. Example 2

Assume that for alln € N,

1 1
_—’ r
(n+ J)2 "

*

n=—", nzl_ = 55>
=2 P p FEwATY

where J € N,J >2,L € N*, A € (0, &51) and r* € X.
Remark that foralln € N, o, + 8, = 1—(n++)2 <land B, > Bo = %—k

> 0.
Moreover, if we take L = J, one gets a particular case of the iteration from Corol-
lary 4.7.

Proposition 5.4. (x,) is T-asymptotically regular with rate

Ok) = AQRk + 1) + 16ARb + [|Ir*| )k + 1) + 3A —1
and asymptotically regular with rate

U(k) = AQ(4k 4+ 3) + 32AQ2b + [|Ir* Ik + 1) +3A — 1,
where A = [ﬁ}

Proof. We can apply Lemma 5.1 to get that (C1) holds with o1(k) = k + 1, (C3)
holds with o3(k) = [||7*||1(k + 1) and that one can take My g = 2, M, = 2[|r*|/].
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Claim: (C2) holds with rate of divergence o,(n) = A(n +2) — 1.

Proof of claim: We have that foralln € N,

o2(n) aIB
iPi
Z ai + Pi

i=0

a2(n) 1
ZZai,Bi asa,'+,3,~=1—,—2<1
= i+ J)

o2(n) 1 o2(n) 1
=ZA(1—A —)z(az(n)+1)A(1—x)—AZ—
i=0

i+ J)? =i+ J)?
> (o2(n) + DA(1 = 1) — 24, by Lemma 5.1 (ii)) withz := land L := J
=An+2)AA—-A)—-2A>n+2)—-2A>n as A < 1. ]

By (4.1), we get that My = 3b + 2[||r*||], M = 4b + 2[||r*||]. Apply now The-
orem 4.1 to conclude the proof. |

As an application of (the proof of) Proposition 5.4 and Corollary 4.3 we get
quadratic rates of (7 -)asymptotic regularity in the case of Hilbert spaces.

Proposition 5.5. Assume furthermore that X is a Hilbert space. Then (x,) is T-
asymptotically regular with rate

d(k) = 16AM;(k + 1)* + 16AMy(k + 1) +3A — 1
and asymptotically regular with rate
W(k) = 64AM; (k 4+ 1)* + 32AMy(k + 1) + 3A — 1,

where My = (3b + 2[||r*||1)(5b + 4T||r*||1 + 1) and M> = 2b + T||r*|].

6. Proof of the main results

Lemma 6.1. Foralln € N, ||x, —z|| < Mg and || x,| < M.
Proof. Apply Lemma 3.5 and (4.1) to get that
lxn =zl < llx —zll + Mo glizll + My < b + Mo pb + My = Mo.

Furthermore, ||x,|| < |xn —z|| + lz| < Mo+ Db =M. [
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6.1. A modulus of liminf

Proposition 6.2. liminf,_, || X, — T X, || = 0 with modulus of liminf A : N x N —
N defined by
A(k, L) = 02(Q2(k) + L), (6.1)

where QQ is defined by (4.4).

Proof. Assume by contradiction that A is not a modulus of liminf for (||x, — T'x,||).
Then there are k, L € N such that
1
|xn — Txnll = il foralln € [L; A(k, L)].

Letn € [L; A(k, L)] be arbitrary. Then x,, # T xp, so x,, # z, thatis, ||x, — z|| > 0.
By (C2) and Lemma 6.1, we have that o, + B, > 0 and ||x,, — z|| < My. Thus, we
can apply Lemma 2.5 (i) with § = My, y = ||x, — z||and 8 = ﬁ to get that

2|l xn — zllotn B 1
T — << — J— .
lotnxn + BuT xXp — (@ + Bu)zll < llxn — z|| n + P n Mok + 1)

Since, by Corollary 2.2, 2||x, — z|| = ||xp — Txs| > k—}rl we get that

n P 1
letnxn + T = (@ + Pu)z]| =l =2l = 2 50— 1)n(M0(k + 1))'

As

[xn+1 =zl = llanxn + BuTxn + 1rn — Z||
= |[(anXxn + BnTxn — (n + Bn)z) — (1 —an — Bun)z + 14|
< lNlanxn + BuTxn — (an + Bu)z| + (1 — 0w — B 2| + [I7nll,

it follows that
oot — 21 <l — 2| — —— o n( : )
@+ Bk + D "\ Mok = 1)
(= an— Bzl + Il

Adding up the above forn = L, ..., A(k, L), we get that

XAk, L)+1 — 2|l

AL 8
nMn

1 1
< _ _
< bz =l k+1”(M0(k+1)) ; on + B

n

A(k,L) A(k,L)

2l Y U—an =B+ X il

n=L n=L
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E3)) ” I 1 ( 1 )A%L) % B 12 M Iy
< |lxL —z| - + ||z +
L k4 1\ Mok + 1)) 2 oy + W
A(k,L)
1 1 o B
< M,— + |z||My. 8 + M,
et Grmmd 3 o M+
by Lemma 6.1
A(k,L)
“.1) 1 1 o Bn
2 (Mo + My gh + M,) - ( ) |
( 0 a,B r) k+1fl Mo(k+1) ,;{ an"‘ﬂn
Remark that
Ak,L Qk)+L Qk)+L L
(Z) Oln,Bn _ o2 i ) Oln,Bn _ oo i ) Oln,Bn _ Zl Oln,Bn
ez %n + B =l %n + Bn 0 oy + P o %n + B
L1 8
> (Q(k) + L) — Lt by (C2)
n;) on + B
o Bn
> (Qk)+ L)— L =Q(k), as —— <o, <1.
an + B
Let us denote, for simplicity, P = Mo + M, gb + M,. It follows that
|| [ Y
X -z -
AleL)+1 = Tk 1\ Motk + 1)
1
(44 [(P + Dk + 1)} UISymizsy))
- 0 1
<P—-(P+1)=-1,
which is a contradiction. Thus, A is a modulus of liminf for (||x, — T'x,||). [

Proposition 6.3. Assume that n can be written as 1n(e) = ¢ - 1(¢) with 7 increasing.
Then liminf, o ||x, — T x,|| = 0 with modulus of liminf A : N x N — N defined
by

Ak, L) = 02(Q(k) + L),

where Q is defined by (4.5).

Proof. Follow the proof of Proposition 6.2, but apply Lemma 2.5 (ii) instead of
Lemma 2.5 (i). u
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6.2. Proof of Theorem 4.1 and Proposition 4.2

By (2.6) and Lemma 6.1 we get that for all n € N,

Ixn+1 = Txpt1ll < lxn — Txnll + 200 — o — Bu) Xl + 2[[7a |l
< xn = Txu|l +2M(1 — oy — Br) + 2[|ra]l.

Let us verify that the hypotheses of Lemma 3.4 hold with
an :=||xp — Txpl| and by :=2M(1 —ay — Bn) + 2| ra|l.

By Proposition 6.2, liminf,, . a, = 0 with modulus of liminf A given by (6.1).
Furthermore, by (C1), (C3) and Lemma 3.3, we get that

v(k) = max{cn WMk +1)—1),03(4k + 3)}

is a Cauchy modulus of (b,).
Thus, we can apply Lemma 3.4 to get that lim,— oo || Xn — T x| = O with rate of
convergence

D(k) = ARk + 1,y 2k + 1) + 1) = 02(Q02k + 1) + Y (2k + 1) + 1)
= 02(Q(2k + 1) + max{o1 (4M(2k 4+ 2) — 1),03(4(2k + 1) +3)} + 1)
= 02(Q(2k + 1) + max{o18M(k + 1) — 1),03(8k + 7)} + 1).

Let us prove now that W defined by (4.3) is a rate of asymptotic regularity. First,

one can easily see that by 1 for every n € N. Thus, by Lemma 3.2, o5 (k) > k.

an+PBn
We get that

W(k) = ®2k + 1)
= 02(Q2(4k + 3) + max{o1 (16M (k + 1) — 1), 03(16k + 15)} + 1)
> Q(4k + 3) + max{o1(16M(k + 1) — 1), 03(16k + 15)} + 1
> max{01(16M(k +1)—1),03(16k + 15)} + 1.

Let n > W(k). It follows that

2.5)
Ixn41 = Xnll < BallTxn —xu|l + (1 — 0 — Bo) ||l + |7l
T x, — xn|l + (1 —atyy — Bu) M + ||14]| by Lemma 6.1
1
<
—2k+1)

!
=5k +n TUma =AM+ 1T

by Lemma 3.1 (ii) and the fact that n > 03(16k + 15) + 1

IA

+ (1 —an—Bu)M + |1l asn > &2k +1)
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1 1 1
= + <
2k +1)  16(k+1) 16(k+1) k+1
by Lemma 3.1 (ii) and the fact thatn > oy (16M(k + 1) — 1) + 1.

+

Thus, Theorem 4.1 is proved.

The proof of Proposition 4.2 follows the same line, with the difference that we

apply Proposition 6.3 instead of Proposition 6.2.
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