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Decay of correlations via induced weak Gibbs—Markov maps
for non-Holder observables

Asad Ullah and Helder Vilarinho

Abstract. We obtain estimates on the decay of correlations, central limit theorem and large
deviations for dynamical systems admitting an induced weak Gibbs—Markov map, for larger
classes of observables with weaker regularity than Holder, characterized by suitable moduli of
continuity.

1. Introduction

Statistical properties for Holder observables are well understood for a large variety
of dynamical systems. This includes the decay of correlations, central limit theorem
(CLT), large deviations, almost sure invariance principle, etc. For instance, in [40,41]
the decay of correlations and CLT are obtained for nonuniformly hyperbolic systems.
The large deviations and almost sure invariance principles for nonuniformly expand-
ing systems are discussed in [30,31]. We also refer to [9, 11, 14, 17,22] where these
statistical properties for distinct classes of dynamical systems are analysed. Note that
in all of the above references, observables are assumed to be Holder.

There are several works dealing with classes of observables strictly larger than
Holder. For example, the mixing rate of the equilibrium state of one-sided shift is
discussed in [10] for non-Holder potentials of summable variations, while the results
for two-sided subshift of finite type are discussed in [35]. In addition, the polyno-
mial decay of correlations and CLT are obtained in [18] for the equilibrium state of a
one-sided shift map on two symbols with non-Holder potentials. We also would like to
mention some work beyond shift spaces. In [36], a class of observables which contains
all piecewise Lipschitz functions is considered, in order to get the decay of correla-
tion for certain nonuniformly expanding systems. Estimates for the rates of mixing for
observables with weaker regularity than Holder are given in [16] for one-dimensional
expanding Lorenz-like map. Observables with various moduli of continuity were also
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considered in [19,20,24], obtaining decay of correlations in the context of expanding
maps of the circle with an indifferent fixed point, including the Manneville—Pomeau
family of maps. We refer to [37,42] for invertible maps with non-Holder observables.
More generally, in [27], decay of correlations and CLT are obtained for those dynam-
ical systems that admit an induced full branch map, referred to as Gibbs—Markov map,
for much larger classes of observables. More precisely, the results obtained in [27] are
an extension of [41] in the sense of considering bigger classes of observables.

There have been numerous other extensions of [40, 41] in different directions.
For instance, in [7], the results of [40] were extended by weakening some of the
assumptions, thereby allowing invertible maps exhibiting slow decay rates. In [25],
mixing rates were obtained with uniform control on various constants for nonuni-
formly expanding and hyperbolic maps similar to those considered in [40,41]. The
estimates obtained in [41] were shown to be optimal in [21,38]. In [32], results on the
decay of correlations were obtained for nonuniformly expanding systems with a good
inducing scheme. In particular, these results were applied to the systems considered
in [40,41]. In [39], the authors generalised the results of [41] under weaker assump-
tions on the dynamical system, in which the induced map was not necessarily full
branch. More precisely, it was shown that decay of correlations, a central limit the-
orem, and large deviation estimates hold for dynamical systems admitting an induced
weak Gibbs—Markov (WGM) map for Holder observables.

This work aims to extend the results of [39] to dynamical systems admitting
induced WGM maps, for observables with weaker regularity than Holder.

Let us mention some works that consider WGM maps. Some ergodic proper-
ties of Markov fibred systems, which in particular hold for WGM maps, were dis-
cussed in [1]. In [43], exponential decay of correlations was obtained for uniformly
expanding Markov maps on compact metric spaces with the finite images property,
for Lipschitz observables under additional assumptions. In [21], sharp polynomial
bounds for the decay of correlations and the central limit theorem were obtained for
topologically mixing Markov maps for Holder observables, using the method of oper-
ator renewal theory. In [13, 28], the decay of correlations for mixing tower maps was
addressed for Holder observables with respect to the combinatorial distance on the
tower, using Birkhoff’s cones and projective metrics. In [23], an induced WGM map
was constructed for skew product systems, and it was proved that such systems admit
a unique absolutely continuous ergodic measure, which also satisfies several limit
theorems for Lipschitz observables.

The setting considered in this paper differs from the above-mentioned works on
WGM maps. Here, we assume the existence of an induced WGM map defined with
respect to a reference measure that is not necessarily invariant. We obtain general res-
ults for dynamical systems admitting such induced WGM maps for a larger class
of observables with weaker regularity than Holder. Furthermore, the compactness
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assumption, the finite images condition, and the requirement that the observables be
supported on the inducing region are not imposed in the present work.

The goal of the present work is to extend the results of [39] by considering the
broader classes of observables studied in [27]. More precisely, we investigate the
decay of correlations, the central limit theorem, and large deviations for classes of
observables with weaker regularity than Holder, characterized by suitable moduli of
continuity, in the setting of dynamical systems admitting an induced WGM map (that
is not necessarily full branch; see Definition 2.1). Our approach is to construct a mix-
ing tower over an induced WGM map and then transfer the results obtained to the
original dynamical system. We extend the coupling arguments used in [39] to establish
decay of correlations for the tower system for these broader classes of observables.
As an immediate consequence, we also obtain the central limit theorem and large
deviation estimates.

There are many works devoted to the construction of induced Gibbs—Markov (full
branch) maps, e.g., [4,8, 15,33, 34], and several others addressing the consequences
of having such induced maps, e.g., [5, 6, 12,26, 31]. These results could be further
generalised by considering WGM maps and potentially extended to include non-
Holder observables. From the perspective of future applications, we believe that the
present work provides a useful framework to extend several results currently known
for Holder observables. For instance, in [21, 38], lower bounds for correlation func-
tions were obtained for Holder observables. It would be interesting to investigate
whether these and other related results can be extended to non-Holder observables
in the absence of the full branch property.

This article is organised as follows: In Section 2, we give the necessary definitions
and state the main results. In Section 3, we obtain the decay of correlations for the
tower map and transfer the estimates to the original dynamical system.

2. Preliminaries and statement of main results

We begin by introducing some basic notions and describing the dynamical systems
and classes of observables under consideration, followed by the statement of the main
results. Consider a finite measure space (Ag, 4, m), with m(Ap) > 0, a measurable
map F:Ag — Ap and an (m mod 0) finite or countable partition $y of A into
invertibility domains of F, that is, F is a bijection from each w € £y to F(w), with
measurable inverse. For each n > 0 we set

F(Py) = {F " (0) : 0 € Po).
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Assuming F,m < m, we have that F =" ($y) is an (n mod 0) partition of Ay, for all
n > 0. In this case, we consider the sequence (£} ), of (m mod 0) partitions given by

n—1
Py = \/ F7(Po) = {wo N F (@) NN F " N wuo1) 1 wo, ..., 0n—1 € Po},
i=0
for n > 1, and the (m mod 0) partition
o0 .
P =\/ F7 (o) = {wo N F (1) N+ : wy € Py forall n > 0}.
i=0

We say that the sequence (' ), is a basis of Ay if it generates A (m mod 0) and £;°
is the partition into single points.

Definition 2.1. We say that F: Ag — Ay is a weak Gibbs—Markov (WGM) map, with
respect to the partition &y, if the following hold:

(W1) Markov: F maps each w € $y bijectively to an (m mod 0) union of ele-
ments of Py.

(W2) Separability: the sequence (£ ), is a basis of Ag.

(W3) Nonsingular: there exists a strictly positive measurable function J¢ defined
on Ag such that foreach A C w € Py,

m(F(A))z/AJde.

(W4) Gibbs: there exist CF > 0 and 0 < 8 < 1 such that for all w € £y and
X,y € w,

log 2 X) _ s FOFOD|
JF(y)

where
s(x,y) =min{n > 0: F"(x) and F"(y) lie in distinct elements of $y}.

(W5) Long branches: there exists §o > 0 such that m(F(w)) > 8y, forall w € .

The term weak in the above definition refers that in (W 1) we do not require the full
branches property (that is, F(w) = Ay for all w € $p). In the case of full branches,
F is called a Gibbs—Markov map. We adopt the terminology used in [2].

Consider a measure space (M, B, m), a measurable map f: M — M and a meas-
urable set Ag C M with m(Ag) > 0. For simplicity we denote the restriction of m
to Ag also by m. We say that F: Ag — Ay is an induced map for f if there exist
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a countable (m mod 0) partition $y of Ao and a measurable function R: Ay — N,
constant on each element of #, such that

Flw = fR(w)lw-

We formally denote the induced map F by f&. We say that an induced map
f R: Aoy — Ao is aperiodic if for all wy, w, € Py there exists kg € N such that for all
n > ko,
m(o1 N (fF)7" (@2)) > 0.
We say that an induced map f® has a coprime block if there exist N > 2 and
w1, w3, ..., 0N € Po such that gcd{R(w;)}; = land foralli =1,..., N,

fRw) 2w Uwp U---Uwy  (m mod 0).

Assume moreover that M is a metric space with metric d. We say that an induced
map f R is expanding if there are 0 < B < 1 and C > 0 such that, for all w € £, and
X,y €w,

M) d(fR), fR(y) = CpU @I,
(i) d(f7(x). f7(») < Cd(fR(x), fR(y)). forall 0 < j < R.
Condition (i) can be obtained from the usual expansion property of f&. More

precisely, if there exists A > 1 such that, for any two points x, y in the same partition
element w € Py,

d(fRx). fR(y)) = Ad(x. y),
then
d(fRx), fR(y)) < cpv @I,

where C = A diam(Ay) and B = A~!. This conclusion motivates the definition of an
expanding map that we adopt here.
For a continuous function ¢: M — R and € > 0 we set

Re(p) = sup{lp(x) —o(y)| : d(x,y) < €}.

Note that R¢(¢) — 0 as € — 0 if and only if ¢ is uniformly continuous. We consider
the following classes of observables, associated with different moduli of continuity,
as defined in [27]:

(R1,7) = {p : Re(p) = O()}, v € (0,1);
(R2.7) = {9 : Re(p) = O(e7I)} z€(0.1);
(R3.7) = {p: Re(p) = O(e(eloeD™ ) - 7> 1,
(R4.7) = {p: Re(p) = O(lloge| ™)}, 7> 1
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The correlation sequence of two observable functions ¢ € # and Y € L°°(M,m),
for some Banach space & C L°°(M, m), with respect to an f-invariant probability
W, is defined for all n € N by

Cory(p, ¥ o ) = ‘[@(WOf”)du—/de/de’-

We can now state our result concerning the decay of correlations.

Theorem A. Consider a measure space (M, B, m), endowed with some metric, and a
measurable map f: M — M satisfying frm < m. Let fR: Ag — Ag be an aperiodic
induced WGM expanding map with a coprime block, R € L'(m) and let ju be the
unique ergodic f -invariant probability measure @ such that u < m and p(Ag) > 0.
Then,

(1) If m{R > n} < Cn™? for some C > 0 and a > 1, then, for a given k > 0,
there is 0 < ¢ < 1 such that for all ¢ € (R4, 1), witht > % and R (@) < K,
and for all y € L°°(M,m) we have

G ifr= %, there is some C' > 0 such that

Cory(¢. ¥ o f") < C'(n'~*logn);
(ii) otherwise, there is some C’ > 0 such that
Cor, (¢, ¥ o f™) < C' max{n'™4, n27%7},

Q) If m{R > n} < Ce™" for some C, ¢ > 0, then
(1) forallp € (R1,7) and ¥ € L°®°(M,m) there are C', ¢ > 0 such that

Cory (@, ¥ o f1) < C'e™™;

(ii) forall ¢ € (R2,7t) and ¢ € L*°(M,m) there is C' > 0 such that, for
every v < T,

Cory(p. Yo f) < Cle™:

(iii) for all ¢ € (R3,7) and W € L®°(M,m) there is C' > 0 such that, for
every v’ < T,

COYM(QO,W o fn) < C/e—(logn)r :

(iv) for given k > 0 there is 0 < { < 1 such that for all ¢ € (R4, t), with
T > % and Reo(@) < K, and for all y € L*°(M,m), there is C' > 0
such that

Cory (@, ¥ o f™) < C'n'~¢%.
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We remark that this extends the results of [39]. More precisely, Theorem A estab-
lishes the decay of correlations for the same dynamical system considered therein, but
for larger classes of observables with weaker regularity than Holder continuity. The
existence of such a measure o was already established in [39], and the proof of the
remaining parts can be deduced from Proposition 3.4 (see Remark 3.5). We recall that
if f®: A9 — Ag is an induced WGM map for f, then f® admits an invariant prob-
ability measure vy < m (see, e.g., [2, Theorem 3.13]). We can define a measure i
on M by

f=> flwol{R> j}.
ji=0

If R € L'(m) and f,m < m, then by standard results, u = fi/fi(M)isan f-invariant
probability measure such that u < m and ((Ag) > 0. The assumptions of aperiodicity
and the coprime block condition on the induced WGM map imply that the invariant
measure p is mixing; for this we refer to [39, Sections 3 and 4]. As a further remark,
we note that the expanding property of the induced WGM map is required only to
ensure that the lifted observables lie in suitable spaces; in particular, Lemma 3.2 relies
on this assumption.

Let u be an ergodic f-invariant probability measure. We say that an observable
@: M — R with [ @dpu = 0 satisfies the CLT if JLE Sy @ o f1 converges in law
(or in distribution) to a normal distribution N (0, o), for some ¢ > 0. We may also
consider observables of non-zero expectation by replacing ¢ with ¢ — [ @dp. In this
situation, an observable ¢ satisfies the CLT if there exists o > 0 such that for every
interval J C R,

12

n—1
u{x:%;((/)(f’.(x))—/(pdu) EJ}—) ! e 202dt, asn — o0o.

o2m Js

A function ¢ is coboundary if there exists a measurable function g such that
pof =gof—g.

Corollary B (Central limit theorem). Consider a measure space (M, B,m), endowed
with some metric, and a measurable map f: M — M satisfying fim < m. Let
fR:Ag — Ag be an aperiodic induced WGM expanding map with a coprime block
such that R € L'(m), and let i be the unique ergodic f -invariant probability meas-
ure W such that @ < m and w(Ag) > 0. If m{R > n} < Cn~¢ for some C > 0 and
a > 2, then the CLT is satisfied for all ¢ € (R4, 1), some t > 0 sufficiently large if
and only if ¢ is not coboundary.

The proof of Corollary B is given in Section 3.5.
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Given € > 0 we define the large deviation at time n of the time average of an
observable ¢: M — R from the spatial average as

ln—l )
LD, (p.€.n) := M{‘,—Z Y pof —/wdu‘ > 6}-
i=0

Since the decay of correlations is helpful in deducing some statistical properties, in
particular, by combining Theorem A and [3,29], we obtain the following immediate
corollary.

Corollary C (Large Deviations). Consider a measure space (M, B, m), endowed
with some metric, and a measurable map f: M — M satisfying fim < m. Let
fR:Ag — Ag be an aperiodic induced WGM expanding map with a coprime block
such that R € L'(m), and let ju be the unique ergodic f -invariant probability meas-
ure [ such that @ < m and (Ag) > 0. Then,

(1) if m{R > n} < Cn=? for some C > 0 and a > 1, then, for a given k > 0,
there is 0 < ¢ < 1, such that for all € > 0 and ¢ € (R4, 1), with % <T# %
and Roo(¢) < Kk, there is some C' = C' (¢, ¢) > 0 such that

LDM(‘P’ €,n) < C/max{n_“"‘l’nZ—Zf};

) ifm{R > n} < Ce™“" for some C, ¢ > 0, then

(i) forall e >0 and ¢ € (R1, 1), there is some C' = C'(¢, ) > 0 and
¢ =c'(c,p, €, 1) such that

1
LD,(p,e,n) <Cle ",
(ii) for all € > 0 and ¢ € (R2, 1), there is some C' = C’(¢, ¢) > 0 and
¢’ = c'(@, €) such that, for every v’ < t,
LD, (p,€,n) < C’e_c/”m;

(iii) for given k > O there is 0 < ¢ < 1 such that for all € > 0 and ¢ € (R4,7)
with T > % and Roo () < K, there is some C' = C'(€, @) > 0, such that

LD,(p.e,n) < C'n'7%7,

Now, we apply our main results to the following example with polynomial return
time decay, introduced in [23].

Example 2.2. Let M = S' x [0, 1] and let m denote the Lebesgue measure on M.
We consider the map f: M — M defined by

f(0,x) = (g(0), fu(e)(x)),
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where g(0) = 46 (mod 1), a: S — (0, 1) is a C! map that has minimum o, and
mMaximum gy, With @pin < @max and

x(1+ 2"‘(9)x"‘(9)) if0<x <
2 (0)(x) =
Ja(0)(x) {2

x—1 ifl <x<

In [23], a partition £y of Ag = S! x (%, 1] with a certain return time R was
given in such a way that the induced map f ¥ is an aperiodic expanding WGM map
(without the full branches property), admitting a coprime block. Moreover, we have
m{R > n} < Cn~® for some C > 0, with a = 1/apax. Since amax < 1 we have
R € L'(m). For completeness, we will provide further details on the construction
of induced WGM maps later in this example.

By Theorem A there exists a unique ergodic f -invariant probability measure p
such that y < m. Moreover, for a given k > 0, there is 0 < ¢ < 1 such that for all
¢ € (R4, 1) with T > % and Reo(p) < K, and for all ¢y € L>®°(M, m) we have: if

T = % there is some C’ > 0 such that

Cory(p, ¥ o f) < C'(n"**llogn),
otherwise, there is some C’ > 0 such that
Cory (¢, Yo f1) < C' max{n~*! n27t7y.

By Corollary B, if oy < % (thus @ > 2) then CLT is satisfied for all ¢ € (R4, 1),
that is not coboundary with some t > 0 sufficiently large, and by Corollary C we also
have

LD,(¢.e,n) < C" max{n—®*! n?7%7}
forall ¢ € (R4,7), with T # % and some C” = C"(¢,¢) > 0.

We now recall the construction of the induced map f &, outlining the main steps
and properties. For further details and proofs, we refer the reader to [23].

Let Ag = ST x (%, 1] € M. We aim to construct an induced map fR: Ag — Ay
for f. To this end, we define a partition $y of Ay and the return time function
R: Ay — N.Forall § € S, we define Xo(0) =1, X;(0) = %, and forn > 2,

X(0) = Sk (Xnr(2(6))) € [o, ﬂ

Consider Y, (0) = f_(é)(Xn_l(g(G))) € [%, 1] and J,(0) = [Yy+1(0), Y, (0)] for all

o

6 € S'. Let ¢ > 0 be large enough to be chosen appropriately, and define

So So+1
Ason = [W’ W} X Jn,
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foralln € N and 0 < 59 < 497" — 1. In the following, if I is an interval of S!, then
I x [Yy41, Yy] stands for

{(0.x):0 €1, x €[Yy11(0). Ya(O)]}.

Consider £y = {Ay,,»} and define R|ASM =n.For0 <i <49 —1 set

i |
K; = Z_’i x| =, 1].
49 44 2

Clearly, f® maps each Ag,,n bijectively onto some K;. Consequently, the induced
map fR: Ay — Ay satisfies the Markov condition (W1) with respect to the parti-
tion %y, and it also has the long branch property (W5). We now verify that f& is
aperiodic and has a coprime block. Since

(B2 (Asom) = Ao

for each Ay, € Py, it follows that the induced map f R s aperiodic. Next, for N > 2
pick

Ao,1,Ao2, Aoz, ..., Ao, N € Po.
We have R(Ay,;) = i, which implies that gcd{R(A4o,)}; = 1. By the construction of
the partition elements Ao ;, we have

0 1 1 .
fR(AO,i) = [4—q, 4—q] X [5, 1] D Ap,; foralli,
and hence the induced map f R has a coprime block.
For (61, x1) and (65, x2) € St x [0, 1], set

d'((01,x1). (02, x2)) = al|x; — x2| + |6y — 62,

for some appropriate a > 0. It is shown in [23, Proposition 2.6] that there exist A > 1
and C > 0 such that, for every (61, x1) and (62, x2) € Ag,,n, We have

d'(fR(01,x1), FR(02.x2)) = CAd'((01,x1), (02, X2)). Q2.1

In particular, this implies the separability condition (W2). We emphasize that the
notion of expansion used in our work is not the same as that in [23, Proposition 2.6],
which we reproduce here for clarity. To this end, we need to address conditions (i)
and (ii), which here refer to f & being expanding.

Condition (ii) is automatically satisfied in this case, since there is no contraction.
Now, for (61, x1) and (62, x2) € Agon. let s((61,x1), (62,x2)) = N, forsome N € N.
Then it follows from (2.1) that

d' (BN (01, x1). (F BN (02.x2)) = CAN ' (FR (01, x1). fR(62.x2)).
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Therefore, d’(fR(61, x1), fR(6,, x2)) < Cl(%)s((el’xl)’(%’”)) for some C; > 0.
Hence, condition (i) is verified.

It follows from [23, Proposition 2.9] that the map satisfies a distortion control
property, implying the Gibbs property (W4).

In addition, [23, Proposition 2.2] shows that there exists C > 0 such that, for all
neNandforall@ € ST,

Cnl/amin S Xn(e) 5 nl/amax.

Therefore, we have

C

nl/amax )

m(R > n) = m(S1 X [%,Yn+1j|) = %m(Sl x [0, Xu]) < %

Since dpmax < 1, it follows that Y, - o m(R > n) < oo, and hence R € L'(m). More-
over, m(R > n) < Cn~% witha = 1/am.x and some C > 0. Hence, we conclude that
/R is an aperiodic induced WGM expanding map with R € L!(m) and a coprime
block.

3. Decay of correlations for tower maps

In this section, we consider the tower map associated with an induced WGM map
fR: Ay = Ag, where f: M — M, and recall the existence of a mixing invariant
probability measure for the tower map. We then formulate the problem of decay of
correlations for this dynamical system, considering broad classes of observables, and
devote the remainder of the section to addressing this problem, concluding with a
discussion of the CLT for the tower map and how it leads to the proof of Corollary B.

3.1. Tower maps

Assume that fR: Ag — Ag is an induced WGM map for f: M — M. We define the
fower
A={(x,€):x € Apand R(x) > £ > 0}

and the tower map T: A — A given by

(x,£+1), ifR(x)>L+1,

A) =
T {(fR(x),O), if R(x) =€+ 1.

Note that we can naturally identify the set {(x,0) : x € Ag} C A with Ay, and the
induced map TR: Ay = Ag with f R For each £ > 0, we define the £th level of the
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tower
Ag ={(x,£) : x € Ay},

which is naturally identified with {R > £} C Ay. In view of this, we may extend the
o-algebra 4 and the reference measure m on Ay to a o-algebra and a measure on A,
that we still denote by + and m, respectively. Moreover, the countable partition &y of
Ao naturally induces an (77 mod 0) partition of each level, that is, if o = {Ao,;}ieN
is the partition of Ag, then {Ay ;}ien, where

Ag; ={(x.0) € Ay :(x,0) € Ay},

forms a partition of Ay. So, the set n = {Ay;}¢,; is an (;m mod 0) partition of A. For
each n > 1, we introduce

n—1
Nn = \/ T_lﬂ-
i=0

We can extend the separation time to A x A in the following way: if x, y € Ay, then
there are unique Xo, yo € Ag such that x = T¢(xg,0) and y = T*(y0,0), and in this
case we set s(x, y) = s(xo, yo), otherwise set s(x, y) = 0. It is straightforward to
check that Jr is

L, if R(x) > € +1,

Jr(x,0) =
r(x.6) {JfR(x), ifR(X) = £+ 1,

Given 0 < 8 < 1 we define the following spaces of densities for the tower:
Fa(A) ={p: A >R :3Cy > 0: |p(x) —p(y)| < C(p,Bs(x’y), Vx,y € A}

and

FHA) = {ga € Fp(A): EI@, > 0s.t. ¢(x) >0and‘@—1

< Is) ,BS(x’y),
A ) Y

Vx,yewen}.

The following result is already established in [39], which provides a mixing invariant
probability measure for the tower map.

Theorem 3.1. Let T: A — A be the tower map of an aperiodic induced WGM map
f R with a coprime block and R € L'(m). Then T has a unique exact invariant prob-
ability measure v << m with j—r‘,’q € 5‘7ﬁ+(A), and there is Cy > 0 such that 0 < ;—; < Cy.
Moreover, there exists C > 0 such that forall x,y € w €

dv.
'log dm 77 )

< C/gS(x,y).
4 (y)
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We first establish decay of correlations for the tower map for classes (V1)—(V 4)
of observables on A (defined just below), corresponding to classes (R1)—(R4) on M.
We then transfer this information to the original dynamical system f: M — M viaa
semi-conjugacy, so that the proof of Theorem A can be deduced from Proposition 3.4
(see Remark 3.5).

Let us define some classes of observables on the tower. Given a bounded function
¢: A — R, we define the variation for each n > 0 as

U () = sup{|e(x) — ()| : s(x,y) = n}.

Consider the following regularity classes:

(V1,7) ={¢ :3D > 0s.t. v,(p) < DT"}, T €(0,1);
(V2,7) ={¢:3D > 0s.t. un(g) < De™""}, T €(0,1);
(V3,7) ={¢ :3D > 0s.t. v, () < De~ My £ 51,
(V4,7) ={p:3D > 0s.t. v,(p) < Dn"*}, 7> 1.

Now we define a measurable semi-conjugacy 7: A — M between the tower map
T and the map f, by n(x,£) = f¢(x). Wehave 7 o T = f o 7 and m4v coincides
with the f-invariant measure u given by Theorem A. It is an immediate consequence
that forall p, y: M — R,

Cory(p, Yo f") =Cory(pom,yomoT"). 3.1

This shows that in order to deduce Theorem A from a tower map, for a given regularity
of o: M — R, expressed in terms of R.(¢), we aim for a suitable regularity for the
lifted observable ¢ o w: A — R. In particular, we want the observable classes (R1)-
(R4) on M to correspond to the classes (VV'1)—(V4) on A. For this, we have the
following lemma.

Lemma 3.2 ([27, Lemma 4]). Let T: A — A be the tower map of an induced WGM
expanding map fR: Ag — Ao. Then,

1) pe(Ri,t)=>¢pome (Vi,©), witht <7, fori =1,2,3;

(i) ¢ € (R4, 7) = pom e (V4,1).

We emphasize that assuming the induced WGM map f R to be expanding ensures

that the projection map w: A — M is Holder continuous with respect to the separation
time s on A, that is, there exist 0 < § < 1 and C > 0 such that, forall x,y € A,

d(r(x), 7(y)) < CZ).

We note that the Holder continuity of the projection map r is sufficient to establish
Lemma 3.2.
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Consider the following spaces relevant to the extended coupling argument:
I(A) ={¢: A > R :va(9) — 0},
and
It(A) = {(p € I(A):3C) > 0s.t. ¢(x) >0

and ‘w - 1‘ < Covgx,y)(9) + C"B* Vx yewe n},
o(»)
where C” > 0 is a fixed constant to be specified in Lemma 3.6.

Given ¢ € L°°(A) we define

1
" = (¢ +2]l¢llee + 1),
[(@ +2llgllos + Ddv *

and given a signed measure v < m on A we define its total variation as

dv
|v|=/
A

dm.

dm
Lemma 3.3 ([2, Lemma 3.49]). Forall ¢ € L*(m) with ¢ # 0 we have
(i) 3<¢*<3
(ii) for all € L*°(m),
Cory(p, ¥ o T") = 3(ll@lloc + DIV ool T'A —v],

where A is the probability measure on A such that

dr  ,dv
dm ~ % dm’
We remark that in [2,27], the authors studied a tower map for an induced GM (full
branches) map. However, the proofs of Lemma 3.2 and Lemma 3.3 do not require the

full branches property, so they also hold for an induced WGM expanding map. From
(i1) of Lemma 3.3, in order to obtain the decay of correlations for the tower map, it
suffices to estimate |7 A — v|. For that we have the following.

Proposition 3.4. Let T: A — A be the tower map of an aperiodic induced WGM
map f R with a coprime block and R € L' (m). If v is the unique mixing T -invariant
probability measure such that j—:l € IT(A), then

(1) ifm{R>n}<Cn=? forsome C >0anda > 1, givenk >0, thereis0 < < 1
such that, for any probability measure A satisfying % e It(A), vn(%) <
Dn™T, for some 1 > %, D >0, and vg(%) < K, we have

1 ifr= “;il, there is D' > 0 such that |T!'A —v| < D'(n'~%logn);

(ii)  otherwise, there is D' > 0 such that |TI'A —v| < D’max{nl_“,nz_“};
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2) ifm{R > n} < Ce™°" for some C,c > 0, then
(1)  for any probability measure A, with j € I+(A) and vn( ) < D",
for some t € (0,1), D > 0, there are D’, ¢’ > 0 such that

|TPA —v| < D'e™™;

(ii)  for any probability measure A, with % eIt (A)andv, (%) <De™
for some t € (0,1), D > 0, there is D' > 0 such that

’
ITPA —v| < D'e™  forevery0 <1’ <1;

(iii) for any probability measure A, with dil € IT(A) and v,,(;“) <
D e~ (logn)* , for some T > 1, D > 0, there is D' > 0 such that

IT"A —v| < D'e™ 02" forevery0 < 7/ < 1

(iv) given k > 0, there is ¢ < 1 such that, for any probability measure A,
with d'l € IT(A) and vn( ) < D(n™F), for some Tt > £, D > 0,

;-;
and vo(d’\) < k, there is D' > 0 such that

|T*A —v| < D'n' %",

Remark 3.5. We observe from (3.1) that, in order to obtain decay of correlations
for (f, i), it suffices to establish decay of correlations for (7, v). Thus, by applying
Lemma 3.2, Lemma 3.3, and Proposition 3.4, we obtain the proof of Theorem A.
It therefore remains to prove Proposition 3.4, which is the subject of the remaining
sections of this article.

Since we aim to apply Lemma 3.3 and Proposition 3.4 to prove Theorem A, we

need to verify the necessary regularity of gk = @* jr‘;, for a given ¢ in one of the

classes (V1)-(V4).
Lemma 3.6. If o € (Vj, 1), and v € (0,1) for j = 1,2 0rt > 1 for j = 3,4 then
0 € IT(A),
Proof. Set p = 5—;’ Since 0 < p < Cp and from Lemma 3.3 we have
o™ ()p(x) = @™ (NP = le™(x)(p(x) — p(WN] + [p(V)(@" (x) — ™ (V)]
< 3lp(x) = p(M)| + Colo(x) —p(y)|.

Thus v, (¢*p) <3C,B" + Covs(¢). This implies that 9*p € IT(A). From Lemma 3.3,
we have

]“" o) _ 1] = L -0

1
o*(y) o*(y)

< 3lp(x) — ()| < 3vg(x,)(®). (3.2)
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Since % g:g <9, forall x,y € A, there exists K| > 0 such that
)| _ |97 ) ‘
log — — 1. (3.3)
‘ PO i PIIC))
It follows from (3.2) and (3.3) that for all x, y € w € 7,
* *
'log w*(X)p(X) - ‘log w*(X) N ‘10 p(x)
@*(»)p(y) @*(y) p(»)
< 3K Us(x.p) () + CBS), (3.4)
Since 0 < % < 9ec for all x, y € w € n, then we also have some uniform
constant K, > O thatforall x,y € w € 1,
@™ (x)p(x) ‘ s @F () p(x) (x.7)
—— -1 < K(3KU (p) + CB*5Y)).
‘w*(y)p(y) 2T g (p(y)| = TR
Hence ¢*p € IT(A) with C” = K,,C. ]
We would like to point out a remark about ¢* X, which is important because we

will assume this kind of regularity in the extended couphng argument.

Remark 3.7. From the previous proof we can see that there exists C q’J’* o> 0 such
that forall x,y € w € n,

(,0*( )p(x) ” s(x,y)
‘10 o (y),o(y) C Us(x,y)((/’) +CB .

3.2. Extended coupling

On the one hand, as pointed out in [39, Remark 5.15], the lack of full branches in the
induced map has several implications, such as the fact that the density of the invariant
measure v for the tower map does not necessarily have a positive lower bound —
a property that simplifies many arguments, as seen in [41] — and the failure of the
symmetry condition found in [41, (1)], which in turn implies that the quantity 7, in
the proof of Proposition 3.22 does not vanish. On the other hand, the consideration
of observable classes beyond Holder regularity requires modifications to the standard
coupling arguments. In this section, we address both of these extensions by combining
the coupling arguments developed in [39] and [27].

Let A7 and A, be probability measures on A with ¢; = ”x,: , 00 = d’lz e IT(A).
For the proof of Proposition 3.4, we first derive estimates for P{S > n} in terms of
P{R > n}, and later for |T}A; — T[A;,| in terms of P{S > n}. Then, by setting
A1 = A and A, = v in Sections 3.3.1 and 3.3.2, we obtain the required estimates for
| TEA — .
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3.2.1. Stopping times and simultaneous returns. Let P = A; x A, be the product
measure on A x A. We consider the product transformation 7 x T: A x A — A x A,
and let 71, mo: A x A — A be the projections onto the first and second coordinates,
respectively. We use 1 x 1 to denote the product partition of A x A and

n—1
mxma=\/(T xT)" (1 xn).
i=0
Notice that
T"omy=mo(TxT)" and T"omy=mo(T xT)". (3.5)
Let R: A — N be the return time to Ay, defined for x € A by
R(x) = min{n > 0: T"(x) € Ao}
Observe that

m{R>n} =Y "m(Ay) =Y m{R> L} (3.6)

{>n {>n

From (W5) and the mixing property of measure v < m, we may fix some integer
ng > 0 such that for any w € P,

m(T™(Ag) N fR(w)) > some yo >0 forn > ny.

The above choice of n¢ is important for Lemma 3.1 1. Let us now introduce a sequence
of stopping times 0 = 19 < 171 < Tp---on A X A,

11 =n9+ RoT" omy,
T2:n0+T1+ROTnO+TIO]T2,
‘L'3:I’10+‘L'2+R0Tn0+7207[1,

T4 :n0+T3 —|—ROT"0+T3 O TTp,

We define the simultaneous return to the base Ag S: A x A — N by

S(x.y) = min{z; (x.y)  (THE(x). T (y)) € Ag x Ao} (BT
i>
which is well defined m x m almost everywhere. Let

Eo<&1<br<b3--
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be an increasing sequence of partitions on A x A defined as follows. As usual, given
a partition &, we denote £ (x) the element of £ containing x. First we take & = n x 7.
Now we describe the general inductive step in the construction of partitions &. As-
sume that £; has been constructed for all j < k. The definition of & depends on
whether & is odd or even. For definiteness we assume that k is odd. The construc-
tion for k even is the same apart from the change in the role of the first and second
components. We let & = {£,(X) : X € A x A}, where

7% (X)—1

@ =\ T7M)x) x w2 E1 ().

i=0
From the construction of above sequence of partitions &, we have the following.

Remark 3.8. For any I" € &, we can find some w1, w; € Py such that:
- ifkisodd, T% (7 (') = fR(w1) C Agand T%-1(m5(T")) = fR(wy) C Ao;
- ifkiseven, T%-1(1 (") = fR(w1) C Ag and T (m5(T)) = fR(wy) C Ay.

We begin by establishing some bounded distortion properties for the tower map
T: A — A, which will be useful for the next few lemmas.

Lemma 3.9 ([2, Lemma 3.30]). There exists Ct > 0 such that foralln > 1, w € ny,
and x,y € w,

Trn(X) _ @ s .o

Jrn(y)
Lemma 3.10. There exists D1 > 0, depending on C(//,j and vo(@;), for j = 1,2, such
that foralln > 1, ® € ny and x,y € T"(w), we have

dT{(Aj|o) dT(Ajlw)
dm (x)/ dm

(y) < D1.

Moreover, the dependence of D1 on Cq/,j and vo(¢;) can be removed if the number of
visits of w to Ag up to n is sufficiently large.

Proof. Let xo, yo € w be such that T"(xg) = x and T"(y¢) = y. We have

dTl}(Aj dT(A;j Jrn ;
* ( J |a)) (X)/ * ( J |w)( ) _ T (yO) Pj (xO) ) (3.8)
dm dm Jrn(x0) ¢j (o)
By Lemma 3.9, there exists C7. > 0 such that
Jrn(yo) _ C! (3.9

Jrn(xo) = T
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Considering i =#{0 <k <n: T*kw N Ao % (@} to be the number of visits of w to
Ao until time 1, we have s(x¢, yo) > i. Since ¢; € IT(A), we get

¢j(x0) _ !
@i (¥o)
From (3.8)—(3.10), we get

dT¢(Ajlw) dT¢(Ajlw)
dm (x)/ dm

@j(xo)
@ (o)

1| <1k Cut B o)

(») < Dy,

where Dy = Cr(1+ C(;j vi(pj) + C"BY) < Cp(1 + C(;j vo(¢;) + C”). Note that
the constant C;. does not depend on ¢;. So, the dependence of D; on Céj and vo(¢;)
can be removed if we take i sufficiently large. u

3.2.2. Estimating P{S > n}. The next couple of lemmas are crucial for estimating
P{S > n}. Their proofs follow the same steps as those of [39, Lemmas 5.10 and 5.11],
respectively, leading to €9 = yo/D3m(A¢) and Dy = MoD? /8y in their statements.
In both situations, it follows from Lemma 3.10 that the dependence of D; (hence €y
and D,) on Cq’,j and vo(@;), for j = 1,2, can be removed if we take k large enough.

Lemma 3.11. There exists €y > 0, depending on C(;j and vo(j), for j = 1,2, such
that forallk > 1 and T € & with S|r > Tx—1, we have

P(S = 1|T') > €o.

Moreover, the dependence of €y on Cé,j_ and vo(@;), for j = 1,2, can be removed if
we take k sufficiently large.

Lemma 3.12. There exists D», depending on C,,, C,,, vo(¢1), vo(p2) such that for
alln,k > 0and forall T € &, we have

P(tpr1 — 1w >n+no|lN) < Dzm{l’é > n}.

Moreover, the dependence of €y on C(;,j and vo(pj), for j = 1,2, can be removed if
we take k sufficiently large.

Finally, we derive an estimate for P{S > n} using equation (3.6), Lemma 3.11,
Lemma 3.12, and [2, Propositions 3.46 and 3.48].

Corollary 3.13. The following estimates hold:
Q) Ifm{R > n} <Cn™ for some C >0, a > 1, then P{S > n} < Cn~**! for
some C > Q.

(i) Ifm{R > n} < Ce™" for some C,c¢ > 0, then P{S > n} < Ce 0" for some
6,C0 > 0.
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3.2.3. Preparatory results. Consider the induced map
Tz(TxT)S:AerAxA,
with S as in (3.7), and the functions 0 = S < S§; < S5 < ---, given, forall n > 1, by
Sy = Sp_1+ So (T xT)Sr1.
Note that we have
T" = (T x T)5n.

Let gbe the partition of A x A into the rectangles €2 on which § is constant and T
maps 2 bijectively onto a union of elements of 7 X n|a,xa,. Without loss of gener-
ality, we assume that for any Q € §| AoxAg» there exists w; x w;jr € N X N|ayxa, such
that Q C wj x wjs. For each n > 1, define

n—1
E=\/T7®.
j=0
Each E,, is a partition into sets & C A x A on which S, is constant and 7" maps Q2

bijectively onto an m x m mod 0 union of elements of 7 X n|a,xA,- Let us introduce
a separation time in A x A, defining, for each u, v € A x A,

§(u,v) =min{n > 0: T"(u) and 7" (v) lie in distinct elements of §}
Let ®(x,y) = ¢1(x)p2(y) and let C;) and C), be constants such that, fori = 1,2,

@i (x) -
i)~

Before proceeding, we recall some auxiliary results that will be useful later on.

log Cp Vs(xy)(@i) forallx,y € ® €. (3.11)

One of the concerns in this subsection is the dependence of the constants.

Lemma 3.14 ([2, Lemma 3.35]). There exists CT > 0 such that foralln > 1, Q € §,,
and u,v € Q we have

J5n () <G BT @), T" @)
an (U)

The following auxiliary lemma describes explicitly Ce and v, (®).

log

Lemma 3.15. Forallu,v € Q € E

P(u)
10g m = C<I>U§(u,v)(q))a
where Cop = C(Z] + ng and V5 (u,v) (CI)) = max{vg(u,v) ((pl), V5(u,v) ((pz)}.
Proof. Forall u = (x1,x2) and v = (y1, y2) in A x A, we have s(x;, y;) > §(u, v)
for i = 1,2. The result then follows directly from the definition of ® and (3.11). m
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Remark 3.16. Notice that if

og @1(x)
o1 ()|~

then Lemma 3.15 remains true with Ce = Cq’,’ L+ 2C(;’2.

CN 1 Us(x.») (1) + C¢2 Us(x, y)(§02)

Lemma 3.17. There exists D3 > 0, depending on Ce and vo(®P), such that for all
n>1Q¢€é& andu,v e T"() we have

dTI(P | sz)( )/dT”(P | sz)

d(m x m) d(m x m) @) = Ds.

Proof. The proof follows similarly to that of [39, Proposition 5.15], yielding the result
with D3 = C LeCev0(®) which depends on Ce and vo(P). ]

The following result will be used in Proposition 3.22.

Proposition 3.18. There exists D4 > 0 depending on Cg, vo(P) such that for all
n,k >0, we have

P{Sk+1— Sk > n} < Dg(m x m){S > n}.
Proof. An argument analogous to that of [39, Proposition 5.15] yields the result with
D4 = D%/S% ]

The following lemma plays an important role in this setting and originates from
the coupling argument in [27]. We remark that (3.12) and (3.13) in Lemma 3.19 are
important for Lemma 3.20 (see [27]), while (3.14) will be useful in Sections 3.3.1
and 3.3.2.

Lemma 3.19 ([27, Proposition 1 and Lemma 1]). Given a sequence (v;(®));, there
exists a sequence (€,);, with €, < 5, such that

3
v (®) [J(1 +€)) < Ds, (3.12)
Jj=1
> ( [Ta+ e}c))ﬂi_jﬂ < Ds (3.13)
j=1 “k=j

for some sufficiently large constant Ds depending on vo(®). Moreover, for any D > 1
and § > 0 with ¢; = 86

I1 (1 - %) < & max(v; ()5, 6) (3.14)

Jj=1

for some 0 < 1, depending only on T, and some C > 0.
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3.2.4. Densities in induced times and real times. We are going to define a sequence
of densities 5130 > 5131 > 52 >...in A x A, for the total measure remaining in the
system after n iterations by T. Consider a constant § > 0, depending on Cg and
vo(®P) to be chosen properly such that defining

& () D(u), ifi =0, 3.15)
i\U) = = & Q. N
' D1 (u) — € J7i (u) minyeg; (u) q}’f—i‘(g”)), ifi > 0.

foralli > 1 withe¢; = Self > 0, the following holds (for details, see [27, Lemma 2]).

Lemma 3.20. There exists Dg > 1, depending on Ce and vo(®P), such that for all

i1 > 1 we have
P, <|1——)D,_.
1_( D6) i—1

Now we are going to define the corresponding densities in real time iterations
under 7' x T. Let us introduce functions ¢y > ®&; > &, > ---on A x A as follows:
forv € A x A we define

®,(v) = D;(v), ifSi(v) <n < Siy1(v). (3.16)

Since, by definition, So < i1 < S;; < Si,+1, this implies that foralln < iy, ®, = Ef)j
forsome 0 < j <iy+1,and ®; = ®forall 0 < j < iy + 1, we have

o, =& foralln <i;.

Note that for all #» > 1 we can write

n
=D, + Y (Pr_1 — Di). (3.17)
k=1

Foreach k > 1, let Ay = |J; Ak.i, where

Ari={ue AxA:k =S8}
Note that Ay ; N Ag,; = @ fori # j (because S;(u) # S;(u) fori # j), and each
Ay ; is a union of elements of §;.

Remark 3.21. By definition, for any 2 € E, |4, ;» we have S;—1]q < Si|g = k, and
Si—1le < k — 1. This implies that ®;_; — & = &;—; — ®; on Q € &4, ,, and
Cbk = q)k—l OnAXA\Ak.

3.2.5. Estimating |TJA1 — T} A2|. Our goal is now to estimate |7 A; — T A5| in
terms of P{S > n}. We state the main result of this subsection, which constitutes an
important step in the proof of Proposition 3.4.



Decay of correlations via WGM for non-Holder observables 357

Proposition 3.22. There exists D7 > 0, depending on Cg, vo(D), such that for all
n=>1,

T2, — T"A2|<2P{S>n}+D7ZH(1——)(z+1)(mxm){S>%}
i=1j=1

Proof. From (3.5) and (3.17), for each n > 1 we have
TS A = TJ Az < Iy + I, (3.18)

where
Iy = (14 — m2:)(T % T)3 (P (m x m))|

and

L= | (e = m2.)[(T x T)2((Pr—1 — Pr) (m x m))]].
k=1

On the one hand, we have
It = (w14 — m2)(T X T)3(Pn(m x m))|

< 2/ &, d(m x m)
AxA

= 2/ O,d(m x m) + 22/ O,d(m x m). (3.19)
{S1>n} i=

{Sisn<S;y1}

As @, (5,50 = O, we have
/ ®,d(m xm) = / dd(m xm) = P{S; > n}. (3.20)
{S1>n} {S1>n}

It follows from (3.16), (3.15) and Lemma 3.20 that we can get for all i > 1,

/ @nd(mxm):/ ®;d(m x m)
{Si<n<S;y1} {Sisn<S;y1}

= ]‘[( )P{S <n<Siy) (3.21)

By combining (3.19), (3.20) and (3.21), we obtain

I, <2P{S >n}+22]‘[( )P{S <n<Siy). (3.22)
6

i=1j=1
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On the other hand,

n
B2y [ (@ci-ondmxm)
k=1 AXA

n

—2 / (@41 — D) (m x m)
AxA\Ag

k=1
n
+2)° / (Pp—1 — Pr)d(m x m). (3.23)
k=1"4k
From Remark 3.21, we have
n
23" / (Pp—1 — Pr)d(m x m) =0, (3.24)
ke Y AxA\Ag
and writing Ay = J;=, Ak.i, we have
~ ~ oo ~ ~

(D1 — Dp)d(m xm) = (®i_y — D;)d(m x m). (3.25)

Ak Ak i

i=1

By (3.15) and Lemma 3.20 we have

g;//lk,i(&)i_l - &)i)d(m X m) = E/Ak,i €; JT"!’ (¥) min q)i——l(v)d(m X m)

vedri Jgi(v)

oo
<y € ®i—1 (u)d(m x m)
i=1 Ak.i

o i—1

(o] i—1
. _ 5 -
) €i ,-1:[1(1 D6)P{S, k}. (3.26)

i=1

It follows from (3.23), (3.24), (3.25) and (3.26) that

oo
I <2) ¢
i=1

Foreach 1 <k <n,wehave {S; = k} C {S; <n < Si+1}, and this implies that

i—1

1:[ (1 - %)P(lg{si = k}). (3.27)

j=1

n

U{S,- =k} C{Si <n < Sit1}.
k=1
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From (3.27) we have

oo

I, < 25D Z]‘[( )P{S <n<Sip) (3.28)
2Dg —

11]1

It follows from (3.18), (3.22) and (3.28), that

[Ty A1 — T, Az

§2P{S>n}+2( 5D6 )Z]’[( )P{S <n<Sit1)

i=1j=1

(3.29)
For eachi > 1 we have
i n
P{S; <n <S,-+1}s;)P{S,-+1—S,- >i+1}, (3.30)
and from Proposition 3.18,
n n
P Sj+1 S > ? < D4(m Xm) S > ? (3.3D

Combining (3.30) and (3.31), we get

P{S; <n < Sit1} < Da(i + 1)(m xm){S > - j_ 1},
1

which, together with (3.29), implies

T2, — TnA2|<2P{S>n}+D7ZH(1——)(z+1)(mxm){5>%}
i=1j=1

with D7 = 2D4(1 + 8D6 ) We recall that §, D, and Dg (hence D7) depend on
Co,vo(®P). n

3.3. Speciﬁc rates

Set { = +—, which can be seen to depend only on Cg and vo(®). In Sections 3.3.1
and 3.3.2, we let D generic constant, allowed to depend only on 7" and .
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3.3.1. Polynomial return time. In this subsection, we combine several estimates,

from which we will conclude the first item of Proposition 3.4. If m{R > n} < Cn™?,

for some C > 0 and a > 1, then by Corollary 3.13,
P{S >n} <Cn™%+. (3.32)

By similar arguments used to estimate P{S > n}, we have

—a—+1
(mxm){S>__’;—l} 551(,_7_1) forsomeél > 0. (3.33)
i i

Assume that v; (®) < Di~" for some t > % and D > 0. This corresponds to class
(V4,1). By Lemma 3.19, we have

i
l_[ (1 — ]E)_J) < Di7%,  forsome D > 0. (3.34)
6

j=1

By using (3.32), (3.33) and (3.34) in Proposition 3.22, we get

oo —a+1
~ ~ = Y n
I TPAy — Tl Aa| <2Cn™* 4+ C1DD7 Y i (i +1)(i+1)

i=1
[e.e]
<2Cn™**t!' + K{C,DD7n 1! Zi_“i", for some K} > 0.
i=1
We begin by estimating the second term. To that end, we consider the following cases:
(1) 2 <7< % The sum is of order n%*t17¢7 and so the whole term is
< D'n?7%"for some D’ > 0.
2) t= "Ci The sum is
n n n
Zi_““‘ = Zi_l <1 +/ x ldx =1+ log(n) < Dlogn,
i=1 i=1 1
for some D > 0. So the whole term is < D'n'~? log n, for some D’ > 0.

3) > “Cll Here, a — {t < —1, so the sum is bounded from above independ-
ently of 7, and the whole term is < D’n'~4, for some D’ > 0. Consequently,

() ifr = % then
|T?Ay — T As| < D'n'"%logn, forsome D' > 0;

(ii) otherwise,

|T?Ay — TP A5 < D' max{n'~* n?7%%}, forsome D’ > 0.
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3.3.2. Exponential return time. In this subsection, we gather the necessary estim-
ates to establish the second item of Proposition 3.4. If m{R > n} < Ce™" for some
C,c > 0, then by Lemma 3.13, we have

P{S >n} < Ce 0", (3.35)

By similar arguments used to estimate P{S > n}, we obtain

(m x m){S > %} < Eze_“rl , for some 52 > 0. (3.36)
i

Let us now discuss the situation for the different classes of observables.
Class (V1, 7): Assume that v;(®) < D’ for some 0 < 7 < 1 and D > 0. By

Lemma 3.19,
i

I1 (1 - I;—’) < Do, (3.37)

Jj=1 6

for some 0 < 0y < 1 and D > 0. Using (3.35)—(3.37) in Proposition 3.22, we get

n - ,
T2 — T aa| <2Ce™" 4 E,DD7 Y 65 + e i+1 < D'e™™,
i=1
for some D’, ¢’ > 0. Following the same approach, we obtain the following estimates
for the remaining classes of observables.

Class (V2, 7): Assume that v; (P) < De™ " for some 7 € (0,1) and D > 0. We
have

n
T2 Ay — TP Ao <2Ce™" + G, DDy Y o757 (i + De 71 < D'e™"

i=1

for every 0 < v/ < t and some D’ > 0.
Class (V'3, 7): Assume that v; (®) < De~1e¢)" for some 7 > 1 and D > 0. We
have

n
|TP Ay — TP As| < 2Ce™" 4 C,D D, Ze_mog")r i+ l)e_% < D’elozm™
i=1

for every 0 < v/ < t and some D’ > 0.
Class (V' 4, t): Assume that v; () < Di~* for some 7 > % and D > 0. We have

n
ITPAy — Tl Ao <2Ce™" + CoDD7 Y i 787 (i + De ™1 < D'n!=7,

i=1

for some D’ > 0.
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3.4. Finishing the proof of Proposition 3.4

We notice that from the proof of Lemma 3.6, we have

Un(@*p) < 3C,B" + Covn(g),

and this implies that
un(®) < 3CpB" + Covn(9).

Taking A; = A, where A is the probability measure on A such that % = ¢*p, and
A2 = v in Sections 3.3.1 and 3.3.2, we get the required estimates for |74 — v|. Let
us check the dependence of the constants. From (3.4), Cy = 3K| + 2C. This means
that the constant Cg does not depend on ¢. Therefore the constant { = Di4 will only
depend on v (P), which can be bounded with vo(¢), as vo(P) < 3C, + Covo(p).

3.5. CLT

We conclude with the proof of Corollary B. From [39, Proposition 6.2], we obtain the
CLT for the tower map. In particular, if we assume that m{R > n} < Cn~¢ for some
a > 2 and C > 0, the CLT holds for all ¢ € (V4, 1), with 7 sufficiently large, if and
only if ¢ is not a coboundary. Given that ¢ € (R4, 7) for some 7 > 1, Lemma 3.2
ensures that ¢ o 7w € (V4, 7). Moreover, ¢ is a coboundary if and only if ¢ o 7 is a
coboundary. The proof of Corollary B then follows from these observations and from
the fact that © = m,v, which implies that for every interval / C R, we have

n—1
M{y eM: % ;(go(f"(y)) —/wdn*V) e J}
n—1

:v{xeA:%;(cpon(w(x))—/(poyrdv) GJ}.
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