
Port. Math. 83 (2026), 335–365
DOI 10.4171/PM/2160

© 2026 Sociedade Portuguesa de Matemática
Published by EMS Press

This work is licensed under a CC BY 4.0 license

Decay of correlations via induced weak Gibbs–Markov maps
for non-Hölder observables

Asad Ullah and Helder Vilarinho

Abstract. We obtain estimates on the decay of correlations, central limit theorem and large
deviations for dynamical systems admitting an induced weak Gibbs–Markov map, for larger
classes of observables with weaker regularity than Hölder, characterized by suitable moduli of
continuity.

1. Introduction

Statistical properties for Hölder observables are well understood for a large variety
of dynamical systems. This includes the decay of correlations, central limit theorem
(CLT), large deviations, almost sure invariance principle, etc. For instance, in [40,41]
the decay of correlations and CLT are obtained for nonuniformly hyperbolic systems.
The large deviations and almost sure invariance principles for nonuniformly expand-
ing systems are discussed in [30, 31]. We also refer to [9, 11, 14, 17, 22] where these
statistical properties for distinct classes of dynamical systems are analysed. Note that
in all of the above references, observables are assumed to be Hölder.

There are several works dealing with classes of observables strictly larger than
Hölder. For example, the mixing rate of the equilibrium state of one-sided shift is
discussed in [10] for non-Hölder potentials of summable variations, while the results
for two-sided subshift of finite type are discussed in [35]. In addition, the polyno-
mial decay of correlations and CLT are obtained in [18] for the equilibrium state of a
one-sided shift map on two symbols with non-Hölder potentials. We also would like to
mention some work beyond shift spaces. In [36], a class of observables which contains
all piecewise Lipschitz functions is considered, in order to get the decay of correla-
tion for certain nonuniformly expanding systems. Estimates for the rates of mixing for
observables with weaker regularity than Hölder are given in [16] for one-dimensional
expanding Lorenz-like map. Observables with various moduli of continuity were also
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considered in [19,20,24], obtaining decay of correlations in the context of expanding
maps of the circle with an indifferent fixed point, including the Manneville–Pomeau
family of maps. We refer to [37,42] for invertible maps with non-Hölder observables.
More generally, in [27], decay of correlations and CLT are obtained for those dynam-
ical systems that admit an induced full branch map, referred to as Gibbs–Markov map,
for much larger classes of observables. More precisely, the results obtained in [27] are
an extension of [41] in the sense of considering bigger classes of observables.

There have been numerous other extensions of [40, 41] in different directions.
For instance, in [7], the results of [40] were extended by weakening some of the
assumptions, thereby allowing invertible maps exhibiting slow decay rates. In [25],
mixing rates were obtained with uniform control on various constants for nonuni-
formly expanding and hyperbolic maps similar to those considered in [40, 41]. The
estimates obtained in [41] were shown to be optimal in [21,38]. In [32], results on the
decay of correlations were obtained for nonuniformly expanding systems with a good
inducing scheme. In particular, these results were applied to the systems considered
in [40, 41]. In [39], the authors generalised the results of [41] under weaker assump-
tions on the dynamical system, in which the induced map was not necessarily full
branch. More precisely, it was shown that decay of correlations, a central limit the-
orem, and large deviation estimates hold for dynamical systems admitting an induced
weak Gibbs–Markov (WGM) map for Hölder observables.

This work aims to extend the results of [39] to dynamical systems admitting
induced WGM maps, for observables with weaker regularity than Hölder.

Let us mention some works that consider WGM maps. Some ergodic proper-
ties of Markov fibred systems, which in particular hold for WGM maps, were dis-
cussed in [1]. In [43], exponential decay of correlations was obtained for uniformly
expanding Markov maps on compact metric spaces with the finite images property,
for Lipschitz observables under additional assumptions. In [21], sharp polynomial
bounds for the decay of correlations and the central limit theorem were obtained for
topologically mixing Markov maps for Hölder observables, using the method of oper-
ator renewal theory. In [13, 28], the decay of correlations for mixing tower maps was
addressed for Hölder observables with respect to the combinatorial distance on the
tower, using Birkhoff’s cones and projective metrics. In [23], an induced WGM map
was constructed for skew product systems, and it was proved that such systems admit
a unique absolutely continuous ergodic measure, which also satisfies several limit
theorems for Lipschitz observables.

The setting considered in this paper differs from the above-mentioned works on
WGM maps. Here, we assume the existence of an induced WGM map defined with
respect to a reference measure that is not necessarily invariant. We obtain general res-
ults for dynamical systems admitting such induced WGM maps for a larger class
of observables with weaker regularity than Hölder. Furthermore, the compactness



Decay of correlations via WGM for non-Hölder observables 337

assumption, the finite images condition, and the requirement that the observables be
supported on the inducing region are not imposed in the present work.

The goal of the present work is to extend the results of [39] by considering the
broader classes of observables studied in [27]. More precisely, we investigate the
decay of correlations, the central limit theorem, and large deviations for classes of
observables with weaker regularity than Hölder, characterized by suitable moduli of
continuity, in the setting of dynamical systems admitting an induced WGM map (that
is not necessarily full branch; see Definition 2.1). Our approach is to construct a mix-
ing tower over an induced WGM map and then transfer the results obtained to the
original dynamical system. We extend the coupling arguments used in [39] to establish
decay of correlations for the tower system for these broader classes of observables.
As an immediate consequence, we also obtain the central limit theorem and large
deviation estimates.

There are many works devoted to the construction of induced Gibbs–Markov (full
branch) maps, e.g., [4, 8, 15, 33, 34], and several others addressing the consequences
of having such induced maps, e.g., [5, 6, 12, 26, 31]. These results could be further
generalised by considering WGM maps and potentially extended to include non-
Hölder observables. From the perspective of future applications, we believe that the
present work provides a useful framework to extend several results currently known
for Hölder observables. For instance, in [21, 38], lower bounds for correlation func-
tions were obtained for Hölder observables. It would be interesting to investigate
whether these and other related results can be extended to non-Hölder observables
in the absence of the full branch property.

This article is organised as follows: In Section 2, we give the necessary definitions
and state the main results. In Section 3, we obtain the decay of correlations for the
tower map and transfer the estimates to the original dynamical system.

2. Preliminaries and statement of main results

We begin by introducing some basic notions and describing the dynamical systems
and classes of observables under consideration, followed by the statement of the main
results. Consider a finite measure space .�0;A; m/, with m.�0/ > 0, a measurable
map F W�0 ! �0 and an (m mod 0) finite or countable partition P0 of �0 into
invertibility domains of F , that is, F is a bijection from each ! 2 P0 to F.!/, with
measurable inverse. For each n � 0 we set

F �n.P0/ D ¹F
�n.!/ W ! 2 P0º:
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Assuming F�m� m, we have that F �n.P0/ is an (m mod 0) partition of �0, for all
n � 0. In this case, we consider the sequence .P n

0 /n of (m mod 0) partitions given by

P n
0 D

n�1_
iD0

F �i .P0/ D ¹!0 \ F
�1.!1/\ � � � \ F

�nC1.!n�1/ W !0; : : : ; !n�1 2 P0º;

for n � 1, and the (m mod 0) partition

P10 D

1_
iD0

F �i .P0/ D ¹!0 \ F
�1.!1/ \ � � � W !n 2 P0 for all n � 0º:

We say that the sequence .P n
0 /n is a basis of�0 if it generates A (m mod 0) and P10

is the partition into single points.

Definition 2.1. We say that F W�0!�0 is a weak Gibbs–Markov (WGM) map, with
respect to the partition P0, if the following hold:

(W1) Markov: F maps each ! 2 P0 bijectively to an (m mod 0) union of ele-
ments of P0.

(W2) Separability: the sequence .P n
0 /n is a basis of �0.

(W3) Nonsingular: there exists a strictly positive measurable function JF defined
on �0 such that for each A � ! 2 P0,

m.F.A// D

Z
A

JF dm:

(W4) Gibbs: there exist CF > 0 and 0 < ˇ < 1 such that for all ! 2 P0 and
x; y 2 !,

log
JF .x/

JF .y/
� CF ˇ

s.F .x/;F .y//;

where

s.x; y/ D min¹n � 0 W F n.x/ and F n.y/ lie in distinct elements of P0º:

(W5) Long branches: there exists ı0 > 0 such thatm.F.!// � ı0, for all ! 2 P0.

The term weak in the above definition refers that in (W1) we do not require the full
branches property (that is, F.!/ D �0 for all ! 2 P0). In the case of full branches,
F is called a Gibbs–Markov map. We adopt the terminology used in [2].

Consider a measure space .M;B;m/, a measurable map f WM !M and a meas-
urable set �0 � M with m.�0/ > 0. For simplicity we denote the restriction of m
to �0 also by m. We say that F W�0 ! �0 is an induced map for f if there exist
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a countable (m mod 0) partition P0 of �0 and a measurable function RW�0 ! N,
constant on each element of P0, such that

F j! D f
R.!/
j! :

We formally denote the induced map F by f R. We say that an induced map
f RW�0! �0 is aperiodic if for all !1; !2 2 P0 there exists k0 2 N such that for all
n � k0,

m.!1 \ .f
R/�n.!2// > 0:

We say that an induced map f R has a coprime block if there exist N � 2 and
!1; !2; : : : ; !N 2 P0 such that gcd¹R.!i /ºi D 1 and for all i D 1; : : : ; N ,

f R.!i / � !1 [ !2 [ � � � [ !N .m mod 0/:

Assume moreover thatM is a metric space with metric d . We say that an induced
map f R is expanding if there are 0 < ˇ < 1 and C > 0 such that, for all ! 2 P0 and
x; y 2 !,

(i) d.f R.x/; f R.y// � Cˇs.f
R.x/;f R.y//,

(ii) d.f j .x/; f j .y// � Cd.f R.x/; f R.y//, for all 0 � j � R.

Condition (i) can be obtained from the usual expansion property of f R. More
precisely, if there exists � > 1 such that, for any two points x; y in the same partition
element ! 2 P0,

d.f R.x/; f R.y// � �d.x; y/;

then
d.f R.x/; f R.y// � Cˇs.f

R.x/;f R.y//;

where C D � diam.�0/ and ˇ D ��1. This conclusion motivates the definition of an
expanding map that we adopt here.

For a continuous function 'WM ! R and � > 0 we set

R�.'/ WD sup¹j'.x/ � '.y/j W d.x; y/ � �º:

Note that R�.'/! 0 as �! 0 if and only if ' is uniformly continuous. We consider
the following classes of observables, associated with different moduli of continuity,
as defined in [27]:

.R1; �/ D ¹' W R�.'/ D O.�� /º; � 2 .0; 1/I

.R2; �/ D ¹' W R�.'/ D O.e�jlog �j� /º; � 2 .0; 1/I

.R3; �/ D ¹' W R�.'/ D O.e�.logjlog �j/� /º; � > 1I

.R4; �/ D ¹' W R�.'/ D O.jlog �j�� /º; � > 1:
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The correlation sequence of two observable functions ' 2H and  2L1.M;m/,
for some Banach space H � L1.M;m/, with respect to an f -invariant probability
�, is defined for all n 2 N by

Cor�.';  ı f n/ D
ˇ̌̌̌Z

'. ı f n/d� �

Z
'd�

Z
 d�

ˇ̌̌̌
:

We can now state our result concerning the decay of correlations.

Theorem A. Consider a measure space .M;B;m/, endowed with some metric, and a
measurable map f WM !M satisfying f�m�m. Let f RW�0!�0 be an aperiodic
induced WGM expanding map with a coprime block, R 2 L1.m/ and let � be the
unique ergodic f -invariant probability measure � such that �� m and �.�0/ > 0.
Then,

(1) If m¹R > nº � Cn�a for some C > 0 and a > 1, then, for a given � > 0,
there is 0 < � < 1 such that for all ' 2 .R4; �/, with � > 2

�
and R1.'/ < �,

and for all  2 L1.M;m/ we have

(i) if � D aC1
�

, there is some C 0 > 0 such that

Cor�.';  ı f n/ � C 0.n1�a logn/I

(ii) otherwise, there is some C 0 > 0 such that

Cor�.';  ı f n/ � C 0max¹n1�a; n2���º:

(2) If m¹R > nº � Ce�cn for some C , c > 0, then

(i) for all ' 2 .R1; �/ and  2 L1.M;m/ there are C 0, c0 > 0 such that

Cor�.';  ı f n/ � C 0e�c
0n
I

(ii) for all ' 2 .R2; �/ and  2 L1.M;m/ there is C 0 > 0 such that, for
every � 0 < � ,

Cor�.';  ı f n/ � C 0e�n
�0

I

(iii) for all ' 2 .R3; �/ and  2 L1.M;m/ there is C 0 > 0 such that, for
every � 0 < � ,

Cor�.';  ı f n/ � C 0e�.logn/�
0

I

(iv) for given � > 0 there is 0 < � < 1 such that for all ' 2 .R4; �/, with
� > 1

�
and R1.'/ < �, and for all  2 L1.M; m/, there is C 0 > 0

such that
Cor�.';  ı f n/ � C 0n1��� :
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We remark that this extends the results of [39]. More precisely, Theorem A estab-
lishes the decay of correlations for the same dynamical system considered therein, but
for larger classes of observables with weaker regularity than Hölder continuity. The
existence of such a measure � was already established in [39], and the proof of the
remaining parts can be deduced from Proposition 3.4 (see Remark 3.5). We recall that
if f RW�0 ! �0 is an induced WGM map for f , then f R admits an invariant prob-
ability measure �0 � m (see, e.g., [2, Theorem 3.13]). We can define a measure z�
on M by

z� D

1X
jD0

f j� .�0 j ¹R > j º/:

IfR 2L1.m/ and f�m�m, then by standard results,� D z�=z�.M/ is an f -invariant
probability measure such that��m and�.�0/ > 0. The assumptions of aperiodicity
and the coprime block condition on the induced WGM map imply that the invariant
measure � is mixing; for this we refer to [39, Sections 3 and 4]. As a further remark,
we note that the expanding property of the induced WGM map is required only to
ensure that the lifted observables lie in suitable spaces; in particular, Lemma 3.2 relies
on this assumption.

Let � be an ergodic f -invariant probability measure. We say that an observable
'WM ! R with

R
'd� D 0 satisfies the CLT if 1p

n

Pn�1
iD0 ' ı f

i converges in law
(or in distribution) to a normal distribution N .0; �/, for some � > 0. We may also
consider observables of non-zero expectation by replacing ' with ' �

R
'd�. In this

situation, an observable ' satisfies the CLT if there exists � > 0 such that for every
interval J � R,

�

²
x W

1
p
n

n�1X
iD0

�
'.f i .x// �

Z
'd�

�
2 J

³
!

1

�
p
2�

Z
J

e
� t2

2�2 dt; as n!1:

A function ' is coboundary if there exists a measurable function g such that
' ı f D g ı f � g.

Corollary B (Central limit theorem). Consider a measure space .M;B;m/, endowed
with some metric, and a measurable map f WM ! M satisfying f�m � m. Let
f RW�0 ! �0 be an aperiodic induced WGM expanding map with a coprime block
such that R 2 L1.m/, and let � be the unique ergodic f -invariant probability meas-
ure � such that �� m and �.�0/ > 0. If m¹R > nº � Cn�a for some C > 0 and
a > 2, then the CLT is satisfied for all ' 2 .R4; �/, some � > 0 sufficiently large if
and only if ' is not coboundary.

The proof of Corollary B is given in Section 3.5.
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Given � > 0 we define the large deviation at time n of the time average of an
observable 'WM ! R from the spatial average as

LD�.'; �; n/ WD �

²ˇ̌̌̌
1

n

n�1X
iD0

' ı f i �

Z
'd�

ˇ̌̌̌
> �

³
:

Since the decay of correlations is helpful in deducing some statistical properties, in
particular, by combining Theorem A and [3, 29], we obtain the following immediate
corollary.

Corollary C (Large Deviations). Consider a measure space .M;B; m/, endowed
with some metric, and a measurable map f WM ! M satisfying f�m � m. Let
f RW�0 ! �0 be an aperiodic induced WGM expanding map with a coprime block
such that R 2 L1.m/, and let � be the unique ergodic f -invariant probability meas-
ure � such that �� m and �.�0/ > 0. Then,

(1) if m¹R > nº � Cn�a for some C > 0 and a > 1, then, for a given � > 0,
there is 0 < � < 1, such that for all � > 0 and ' 2 .R4; �/, with 2

�
< � ¤ aC1

�

and R1.'/ < �, there is some C 0 D C 0.�; '/ > 0 such that

LD�.'; �; n/ � C
0max¹n�aC1; n2���ºI

(2) if m¹R > nº � Ce�cn for some C , c > 0, then

(i) for all � > 0 and ' 2 .R1; �/, there is some C 0 D C 0.�; '/ > 0 and
c0 D c0.c; '; �; �/ such that

LD�.'; �; n/ � C
0e�c

0n
1
3
I

(ii) for all � > 0 and ' 2 .R2; �/, there is some C 0 D C 0.�; '/ > 0 and
c0 D c0.'; �/ such that, for every � 0 < � ,

LD�.'; �; n/ � C
0e�c

0n
�0

�0C2
I

(iii) for given � > 0 there is 0 < � < 1 such that for all � > 0 and ' 2 .R4; �/
with � > 1

�
and R1.'/ < �, there is some C 0 D C 0.�; '/ > 0, such that

LD�.'; �; n/ � C
0n1��� :

Now, we apply our main results to the following example with polynomial return
time decay, introduced in [23].

Example 2.2. Let M D S1 � Œ0; 1� and let m denote the Lebesgue measure on M .
We consider the map f WM !M defined by

f .�; x/ D .g.�/; f˛.�/.x//;
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where g.�/ D 4� .mod 1/, ˛WS1 ! .0; 1/ is a C 1 map that has minimum ˛min and
maximum ˛max, with ˛min < ˛max and

f˛.�/.x/ D

´
x.1C 2˛.�/x˛.�// if 0 � x � 1

2
;

2x � 1 if 1
2
< x � 1:

In [23], a partition P0 of �0 D S1 � .1
2
; 1� with a certain return time R was

given in such a way that the induced map f R is an aperiodic expanding WGM map
(without the full branches property), admitting a coprime block. Moreover, we have
m¹R > nº � Cn�a for some C > 0, with a D 1=˛max. Since ˛max < 1 we have
R 2 L1.m/. For completeness, we will provide further details on the construction
of induced WGM maps later in this example.

By Theorem A there exists a unique ergodic f -invariant probability measure �
such that �� m. Moreover, for a given � > 0, there is 0 < � < 1 such that for all
' 2 .R4; �/ with � > 2

�
and R1.'/ < �, and for all  2 L1.M; m/ we have: if

� D aC1
�

, there is some C 0 > 0 such that

Cor�.';  ı f n/ � C 0.n�aC1 logn/;

otherwise, there is some C 0 > 0 such that

Cor�.';  ı f n/ � C 0max¹n�aC1; n2���º:

By Corollary B, if ˛max <
1
2

(thus a > 2) then CLT is satisfied for all ' 2 .R4; �/,
that is not coboundary with some � > 0 sufficiently large, and by Corollary C we also
have

LD�.'; �; n/ � C
00max¹n�aC1; n2���º

for all ' 2 .R4; �/, with � ¤ aC1
�

and some C 00 D C 00.�; '/ > 0.
We now recall the construction of the induced map f R, outlining the main steps

and properties. For further details and proofs, we refer the reader to [23].
Let �0 D S1 � .12 ; 1� �M . We aim to construct an induced map f RW�0 ! �0

for f . To this end, we define a partition P0 of �0 and the return time function
RW�0 ! N. For all � 2 S1, we define X0.�/ D 1, X1.�/ D 1

2
, and for n � 2,

Xn.�/ D f
�1
˛.�/.Xn�1.g.�/// 2

�
0;
1

2

�
:

Consider Yn.�/ D f �1˛.�/.Xn�1.g.�/// 2 Œ
1
2
; 1� and Jn.�/ D ŒYnC1.�/; Yn.�/� for all

� 2 S1. Let q > 0 be large enough to be chosen appropriately, and define

As0;n D

�
s0

4qCn
;
s0 C 1

4qCn

�
� Jn;
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for all n 2 N and 0 � s0 � 4qCn � 1. In the following, if I is an interval of S1, then
I � ŒYnC1; Yn� stands for

¹.�; x/ W � 2 I; x 2 ŒYnC1.�/; Yn.�/�º:

Consider P0 D ¹As0;nº and define RjAs0;n D n. For 0 � i � 4q � 1 set

Ki D

�
i

4q
;
i C 1

4q

�
�

�
1

2
; 1

�
:

Clearly, f R maps each As0;n bijectively onto some Ki . Consequently, the induced
map f RW�0 ! �0 satisfies the Markov condition (W1) with respect to the parti-
tion P0, and it also has the long branch property (W5). We now verify that f R is
aperiodic and has a coprime block. Since

.f R/2.As0;n/ D �0

for each As0;n 2 P0, it follows that the induced map f R is aperiodic. Next, forN � 2
pick

A0;1; A0;2; A0;3; : : : ; A0;N 2 P0:

We have R.A0;i / D i , which implies that gcd¹R.A0;i /ºi D 1. By the construction of
the partition elements A0;i , we have

f R.A0;i / D

�
0

4q
;
1

4q

�
�

�
1

2
; 1

�
� A0;i for all i;

and hence the induced map f R has a coprime block.
For .�1; x1/ and .�2; x2/ 2 S1 � Œ0; 1�, set

d 0..�1; x1/; .�2; x2// D ajx1 � x2j C j�1 � �2j;

for some appropriate a > 0. It is shown in [23, Proposition 2.6] that there exist � > 1
and C > 0 such that, for every .�1; x1/ and .�2; x2/ 2 As0;n, we have

d 0.f R.�1; x1/; f
R.�2; x2// � C�d

0..�1; x1/; .�2; x2//: (2.1)

In particular, this implies the separability condition (W2). We emphasize that the
notion of expansion used in our work is not the same as that in [23, Proposition 2.6],
which we reproduce here for clarity. To this end, we need to address conditions (i)
and (ii), which here refer to f R being expanding.

Condition (ii) is automatically satisfied in this case, since there is no contraction.
Now, for .�1; x1/ and .�2; x2/ 2 As0;n, let s..�1; x1/; .�2; x2//DN , for someN 2N.
Then it follows from (2.1) that

d 0..f R/N .�1; x1/; .f
R/N .�2; x2// � C�

N�1d 0.f R.�1; x1/; f
R.�2; x2//:
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Therefore, d 0.f R.�1; x1/; f R.�2; x2// � C1. 1� /
s..�1;x1/;.�2;x2// for some C1 > 0.

Hence, condition (i) is verified.
It follows from [23, Proposition 2.9] that the map satisfies a distortion control

property, implying the Gibbs property (W4).
In addition, [23, Proposition 2.2] shows that there exists C > 0 such that, for all

n 2 N and for all � 2 S1,

1

Cn1=˛min
� Xn.�/ �

C

n1=˛max
:

Therefore, we have

m.R > n/ D m

�
S1 �

�
1

2
; YnC1

��
D
1

2
m.S1 � Œ0; Xn�/ �

1

2

C

n1=˛max
:

Since ˛max < 1, it follows that
P
n�0m.R > n/ <1, and hence R 2 L1.m/. More-

over,m.R > n/ � Cn�a with a D 1=˛max and some C > 0. Hence, we conclude that
f R is an aperiodic induced WGM expanding map with R 2 L1.m/ and a coprime
block.

3. Decay of correlations for tower maps

In this section, we consider the tower map associated with an induced WGM map
f RW�0 ! �0, where f WM ! M , and recall the existence of a mixing invariant
probability measure for the tower map. We then formulate the problem of decay of
correlations for this dynamical system, considering broad classes of observables, and
devote the remainder of the section to addressing this problem, concluding with a
discussion of the CLT for the tower map and how it leads to the proof of Corollary B.

3.1. Tower maps

Assume that f RW�0! �0 is an induced WGM map for f WM !M . We define the
tower

� D ¹.x; `/ W x 2 �0 and R.x/ > ` � 0º

and the tower map T W�! � given by

T .x; `/ D

´
.x; `C 1/; if R.x/ > `C 1;

.f R.x/; 0/; if R.x/ D `C 1:

Note that we can naturally identify the set ¹.x; 0/ W x 2 �0º � � with �0, and the
induced map T RW�0 ! �0 with f R. For each ` � 0, we define the `th level of the
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tower
�` D ¹.x; `/ W x 2 �0º;

which is naturally identified with ¹R > `º � �0. In view of this, we may extend the
� -algebra A and the reference measure m on �0 to a � -algebra and a measure on �,
that we still denote by A andm, respectively. Moreover, the countable partition P0 of
�0 naturally induces an (m mod 0) partition of each level, that is, if P0 D ¹�0;iºi2N

is the partition of �0, then ¹�`;iºi2N , where

�`;i D ¹.x; `/ 2 �` W .x; 0/ 2 �0;iº;

forms a partition of �`. So, the set � D ¹�`;iº`;i is an (m mod 0) partition of �. For
each n � 1, we introduce

�n D

n�1_
iD0

T �i�:

We can extend the separation time to � �� in the following way: if x; y 2 �`, then
there are unique x0; y0 2 �0 such that x D T `.x0; 0/ and y D T `.y0; 0/, and in this
case we set s.x; y/ D s.x0; y0/, otherwise set s.x; y/ D 0. It is straightforward to
check that JT is

JT .x; `/ D

´
1; if R.x/ > `C 1;

Jf R.x/; if R.x/ D `C 1:

Given 0 < ˇ < 1 we define the following spaces of densities for the tower:

Fˇ .�/ D
®
'W�! R W 9C' > 0 W j'.x/ � '.y/j � C'ˇ

s.x;y/; 8x; y 2 �
¯

and

F C
ˇ
.�/ D

²
' 2 Fˇ .�/ W 9 yC' > 0 s.t. '.x/ > 0 and

ˇ̌̌̌
'.x/

'.y/
� 1

ˇ̌̌̌
� yC'ˇ

s.x;y/;

8x; y 2 ! 2 �

³
:

The following result is already established in [39], which provides a mixing invariant
probability measure for the tower map.

Theorem 3.1. Let T W�! � be the tower map of an aperiodic induced WGM map
f R with a coprime block and R 2 L1.m/. Then T has a unique exact invariant prob-
ability measure ��mwith d�

dm
2F C

ˇ
.�/, and there isC0>0 such that 0< d�

dm
�C0.

Moreover, there exists C > 0 such that for all x; y 2 ! 2 �ˇ̌̌̌
log

d�
dm
.x/

d�
dm
.y/

ˇ̌̌̌
� Cˇs.x;y/:
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We first establish decay of correlations for the tower map for classes .V 1/–.V 4/
of observables on � (defined just below), corresponding to classes .R1/–.R4/ on M .
We then transfer this information to the original dynamical system f WM !M via a
semi-conjugacy, so that the proof of Theorem A can be deduced from Proposition 3.4
(see Remark 3.5).

Let us define some classes of observables on the tower. Given a bounded function
'W�! R, we define the variation for each n � 0 as

vn.'/ D sup¹j'.x/ � '.y/j W s.x; y/ � nº:

Consider the following regularity classes:

.V 1; �/ D ¹' W 9D > 0 s.t. vn.'/ � D�nº; � 2 .0; 1/I

.V 2; �/ D ¹' W 9D > 0 s.t. vn.'/ � De�n
�

º; � 2 .0; 1/I

.V 3; �/ D ¹' W 9D > 0 s.t. vn.'/ � De�.logn/�
º; � > 1I

.V 4; �/ D ¹' W 9D > 0 s.t. vn.'/ � Dn��º; � > 1:

Now we define a measurable semi-conjugacy � W�!M between the tower map
T and the map f , by �.x; `/ D f `.x/. We have � ı T D f ı � and ��� coincides
with the f -invariant measure � given by Theorem A. It is an immediate consequence
that for all '; WM ! R,

Cor�.';  ı f n/ D Cor�.' ı �; ı � ı T n/: (3.1)

This shows that in order to deduce Theorem A from a tower map, for a given regularity
of 'WM ! R, expressed in terms of R�.'/, we aim for a suitable regularity for the
lifted observable ' ı � W�! R. In particular, we want the observable classes .R1/–
.R4/ on M to correspond to the classes .V 1/–.V 4/ on �. For this, we have the
following lemma.

Lemma 3.2 ([27, Lemma 4]). Let T W�! � be the tower map of an induced WGM
expanding map f RW�0 ! �0. Then,

(i) ' 2 .Ri; �/) ' ı � 2 .V i; � 0/, with � 0 < � , for i D 1; 2; 3;

(ii) ' 2 .R4; �/) ' ı � 2 .V 4; �/.

We emphasize that assuming the induced WGM map f R to be expanding ensures
that the projection map � W�!M is Hölder continuous with respect to the separation
time s on �, that is, there exist 0 < ˇ < 1 and C > 0 such that, for all x; y 2 �,

d.�.x/; �.y// � Cˇs.x;y/:

We note that the Hölder continuity of the projection map � is sufficient to establish
Lemma 3.2.
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Consider the following spaces relevant to the extended coupling argument:

	.�/ D ¹'W�! R W vn.'/! 0º;

and

	C.�/ D

²
' 2 	.�/ W 9C 0' > 0 s.t. '.x/ > 0

and
ˇ̌̌̌
'.x/

'.y/
� 1

ˇ̌̌̌
� C 0'vs.x;y/.'/C C

00ˇs.x;y/; 8x; y 2 ! 2 �

³
;

where C 00 > 0 is a fixed constant to be specified in Lemma 3.6.
Given ' 2 L1.�/ we define

'� D
1R

.' C 2k'k1 C 1/d�
.' C 2k'k1 C 1/;

and given a signed measure � � m on � we define its total variation as

j�j D

Z
�

ˇ̌̌̌
d�

dm

ˇ̌̌̌
dm:

Lemma 3.3 ([2, Lemma 3.49]). For all ' 2 L1.m/ with ' ¤ 0 we have

(i) 1
3
� '� � 3;

(ii) for all  2 L1.m/,

Cor�.';  ı T n/ � 3.k'k1 C 1/k k1jT n� � � �j;

where � is the probability measure on � such that

d�

dm
D '�

d�

dm
:

We remark that in [2,27], the authors studied a tower map for an induced GM (full
branches) map. However, the proofs of Lemma 3.2 and Lemma 3.3 do not require the
full branches property, so they also hold for an induced WGM expanding map. From
(ii) of Lemma 3.3, in order to obtain the decay of correlations for the tower map, it
suffices to estimate jT n� � � �j. For that we have the following.

Proposition 3.4. Let T W� ! � be the tower map of an aperiodic induced WGM
map f R, with a coprime block and R 2 L1.m/. If � is the unique mixing T -invariant
probability measure such that d�

dm
2 	C.�/, then

(1) ifm¹R>nº �Cn�a for someC >0 and a > 1, given � > 0, there is 0< � < 1
such that, for any probability measure � satisfying d�

dm
2 	C.�/, vn. d�dm / �

Dn�� , for some � > 2
�

, D > 0, and v0. d�dm / < �, we have

(i) if � D aC1
�

, there is D0 > 0 such that jT n� � � �j � D
0.n1�a logn/;

(ii) otherwise, there isD0 > 0 such that jT n� �� �j �D
0max¹n1�a; n2���º;
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(2) if m¹R > nº � Ce�cn for some C; c > 0, then

(i) for any probability measure �, with d�
dm
2 	C.�/ and vn. d�dm / � D�

n,
for some � 2 .0; 1/, D > 0, there are D0; c0 > 0 such that

jT n� � � �j � D
0e�c

0n
I

(ii) for any probability measure �, with d�
dm
2	C.�/ and vn. d�dm /�De

�n�,
for some � 2 .0; 1/, D > 0, there is D0 > 0 such that

jT n� � � �j � D
0e�n

�0

for every 0 < � 0 < � I

(iii) for any probability measure �, with d�
dm
2 	C.�/ and vn.

d�
dm
/ �

De�.logn/� , for some � > 1, D > 0, there is D0 > 0 such that

jT n� � � �j � D
0e�.logn/�

0

for every 0 < � 0 < � I

(iv) given � > 0, there is � < 1 such that, for any probability measure �,
with d�

dm
2 	C.�/ and vn. d�dm / � D.n

�� /, for some � > 1
�

, D > 0,
and v0. d�dm / < �, there is D0 > 0 such that

jT n� � � �j � D
0n1��� :

Remark 3.5. We observe from (3.1) that, in order to obtain decay of correlations
for .f; �/, it suffices to establish decay of correlations for .T; �/. Thus, by applying
Lemma 3.2, Lemma 3.3, and Proposition 3.4, we obtain the proof of Theorem A.
It therefore remains to prove Proposition 3.4, which is the subject of the remaining
sections of this article.

Since we aim to apply Lemma 3.3 and Proposition 3.4 to prove Theorem A, we
need to verify the necessary regularity of d�

dm
D '� d�

dm
, for a given ' in one of the

classes .V 1/–.V 4/.

Lemma 3.6. If ' 2 .Vj; �/, and � 2 .0; 1/ for j D 1; 2 or � > 1 for j D 3; 4 then
'� d�

dm
2 	C.�/.

Proof. Set � D d�
dm

. Since 0 < � � C0 and from Lemma 3.3 we have

j'�.x/�.x/ � '�.y/�.y/j � j'�.x/.�.x/ � �.y//j C j�.y/.'�.x/ � '�.y//j

� 3j�.x/ � �.y/j C C0j'.x/ � '.y/j:

Thus vn.'��/� 3C�ˇnCC0vn.'/. This implies that '�� 2	.�/. From Lemma 3.3,
we have ˇ̌̌̌

'�.x/

'�.y/
� 1

ˇ̌̌̌
D

1

'�.y/
j'�.x/ � '�.y/j

� 3j'.x/ � '.y/j � 3vs.x;y/.'/: (3.2)
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Since 1
9
�

'�.x/
'�.y/

� 9, for all x; y 2 �, there exists K 01 > 0 such thatˇ̌̌̌
log

'�.x/

'�.y/

ˇ̌̌̌
� K 01

ˇ̌̌̌
'�.x/

'�.y/
� 1

ˇ̌̌̌
: (3.3)

It follows from (3.2) and (3.3) that for all x; y 2 ! 2 �,ˇ̌̌̌
log

'�.x/�.x/

'�.y/�.y/

ˇ̌̌̌
�

ˇ̌̌̌
log

'�.x/

'�.y/

ˇ̌̌̌
C

ˇ̌̌̌
log

�.x/

�.y/

ˇ̌̌̌
� 3K 01vs.x;y/.'/C Cˇ

s.x;y/: (3.4)

Since 0 < '�.x/�.x/
'�.y/�.y/

� 9eC , for all x; y 2 ! 2 �, then we also have some uniform
constant K 02 > 0 that for all x; y 2 ! 2 �,ˇ̌̌̌

'�.x/�.x/

'�.y/�.y/
� 1

ˇ̌̌̌
� K 02

ˇ̌̌̌
log

'�.x/�.x/

'�.y/�.y/

ˇ̌̌̌
� K 02.3K

0
1vs.x;y/.'/C Cˇ

s.x;y//:

Hence '�� 2 	C.�/ with C 00 D K 02C .

We would like to point out a remark about '� d�
dm

, which is important because we
will assume this kind of regularity in the extended coupling argument.

Remark 3.7. From the previous proof we can see that there exists C 00'�� > 0 such
that for all x; y 2 ! 2 �,ˇ̌̌̌

log
'�.x/�.x/

'�.y/�.y/

ˇ̌̌̌
� C 00'��vs.x;y/.'/C Cˇ

s.x;y/:

3.2. Extended coupling

On the one hand, as pointed out in [39, Remark 5.15], the lack of full branches in the
induced map has several implications, such as the fact that the density of the invariant
measure � for the tower map does not necessarily have a positive lower bound –
a property that simplifies many arguments, as seen in [41] – and the failure of the
symmetry condition found in [41, (1)], which in turn implies that the quantity I2 in
the proof of Proposition 3.22 does not vanish. On the other hand, the consideration
of observable classes beyond Hölder regularity requires modifications to the standard
coupling arguments. In this section, we address both of these extensions by combining
the coupling arguments developed in [39] and [27].

Let �1 and �2 be probability measures on�with '1 D d�1
dm

, '2 D d�2
dm
2 	C.�/.

For the proof of Proposition 3.4, we first derive estimates for P ¹S > nº in terms of
P ¹R > nº, and later for jT n� �1 � T

n
� �2j in terms of P ¹S > nº. Then, by setting

�1 D � and �2 D � in Sections 3.3.1 and 3.3.2, we obtain the required estimates for
jT n� � � �j.
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3.2.1. Stopping times and simultaneous returns. Let P D �1 � �2 be the product
measure on���. We consider the product transformation T � T W���!���,
and let �1; �2W� ��! � be the projections onto the first and second coordinates,
respectively. We use � � � to denote the product partition of � �� and

.� � �/n D

n�1_
iD0

.T � T /�i .� � �/:

Notice that

T n ı �1 D �1 ı .T � T /
n and T n ı �2 D �2 ı .T � T /

n: (3.5)

Let yRW�! N be the return time to �0, defined for x 2 � by

yR.x/ D min¹n � 0 W T n.x/ 2 �0º:

Observe that

m¹ yR > nº D
X
`>n

m.�`/ D
X
`>n

m¹R > `º: (3.6)

From (W5) and the mixing property of measure � � m, we may fix some integer
n0 > 0 such that for any ! 2 P0,

m.T �n.�0/ \ f
R.!// � some 
0 > 0 for n � n0:

The above choice of n0 is important for Lemma 3.11. Let us now introduce a sequence
of stopping times 0 D �0 < �1 < �2 � � � on � ��,

�1 D n0 C yR ı T
n0 ı �1;

�2 D n0 C �1 C yR ı T
n0C�1 ı �2;

�3 D n0 C �2 C yR ı T
n0C�2 ı �1;

�4 D n0 C �3 C yR ı T
n0C�3 ı �2;

:::

We define the simultaneous return to the base �0 S W� ��! N by

S.x; y/ D min
i�2
¹�i .x; y/ W .T

�i .x;y/;.x/; T �i .x;y/;.y// 2 �0 ��0º; (3.7)

which is well defined m �m almost everywhere. Let

�0 < �1 < �2 < �3 � � �
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be an increasing sequence of partitions on � �� defined as follows. As usual, given
a partition �, we denote �.x/ the element of � containing x. First we take �0 D � � �.
Now we describe the general inductive step in the construction of partitions �k . As-
sume that �j has been constructed for all j < k. The definition of �k depends on
whether k is odd or even. For definiteness we assume that k is odd. The construc-
tion for k even is the same apart from the change in the role of the first and second
components. We let �k D ¹�k.x/ W x 2 � ��º, where

�k.x/ D

�k.x/�1_
iD0

.T �i .�//.x/ � �2.�k�1.x//:

From the construction of above sequence of partitions �k , we have the following.

Remark 3.8. For any � 2 �k , we can find some !1; !2 2 P0 such that:

- if k is odd, T �k .�1.�// D f R.!1/ � �0 and T �k�1.�2.�// D f R.!2/ � �0;

- if k is even, T �k�1.�1.�// D f R.!1/ � �0 and T �k .�2.�// D f R.!2/ � �0.

We begin by establishing some bounded distortion properties for the tower map
T W�! �, which will be useful for the next few lemmas.

Lemma 3.9 ([2, Lemma 3.30]). There exists xCT > 0 such that for all n � 1, ! 2 �n
and x; y 2 !,

log
JT n.x/

JT n.y/
� xCTˇ

s.T n.x/;T n.y//:

Lemma 3.10. There existsD1 > 0, depending on C 0'j and v0.'j /, for j D 1; 2, such
that for all n � 1, ! 2 �n and x; y 2 T n.!/, we have

dT n� .�j j!/

dm
.x/

�
dT n� .�j j!/

dm
.y/ � D1:

Moreover, the dependence of D1 on C 0'j and v0.'j / can be removed if the number of
visits of ! to �0 up to n is sufficiently large.

Proof. Let x0; y0 2 ! be such that T n.x0/ D x and T n.y0/ D y. We have

dT n� .�j j!/

dm
.x/

�
dT n� .�j j!/

dm
.y/ D

JT n.y0/

JT n.x0/

'j .x0/

'j .y0/
: (3.8)

By Lemma 3.9, there exists C 0T > 0 such that

JT n.y0/

JT n.x0/
� C 0T : (3.9)
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Considering i D #¹0 � k � n W T k! \�0 ¤ ;º to be the number of visits of ! to
�0 until time n, we have s.x0; y0/ � i . Since 'j 2 	C.�/, we get

'j .x0/

'j .y0/
D 1C

ˇ̌̌̌
'j .x0/

'j .y0/
� 1

ˇ̌̌̌
� 1C C 0'j vi .'j /C C

00ˇi : (3.10)

From (3.8)–(3.10), we get

dT n� .�j j!/

dm
.x/

�
dT n� .�j j!/

dm
.y/ � D1;

where D1 D C
0
T .1C C

0
'j
vi .'j /C C

00ˇi / � C 0T .1C C
0
'j
v0.'j /C C

00/. Note that
the constant C 0T does not depend on 'j . So, the dependence ofD1 on C 0'j and v0.'j /
can be removed if we take i sufficiently large.

3.2.2. Estimating P¹S > nº. The next couple of lemmas are crucial for estimating
P ¹S > nº. Their proofs follow the same steps as those of [39, Lemmas 5.10 and 5.11],
respectively, leading to �0 D 
0=D2

1m.�0/ and D2 DM0D
2
1=ı0 in their statements.

In both situations, it follows from Lemma 3.10 that the dependence of D1 (hence �0
and D2) on C 0'j and v0.'j /, for j D 1; 2, can be removed if we take k large enough.

Lemma 3.11. There exists �0 > 0, depending on C 0'j and v0.'j /, for j D 1; 2, such
that for all k � 1 and � 2 �k with S j� > �k�1, we have

P.S D �kj�/ � �0:

Moreover, the dependence of �0 on C 0'j and v0.'j /, for j D 1; 2, can be removed if
we take k sufficiently large.

Lemma 3.12. There exists D2, depending on C 0'1 , C 0'2 , v0.'1/, v0.'2/ such that for
all n; k � 0 and for all � 2 �k , we have

P.�kC1 � �k > nC n0j�/ � D2m¹ yR > nº:

Moreover, the dependence of �0 on C 0'j and v0.'j /, for j D 1; 2, can be removed if
we take k sufficiently large.

Finally, we derive an estimate for P ¹S > nº using equation (3.6), Lemma 3.11,
Lemma 3.12, and [2, Propositions 3.46 and 3.48].

Corollary 3.13. The following estimates hold:

(i) Ifm¹R > nº � Cn�a for some C > 0, a > 1, then P ¹S > nº � zCn�aC1 for
some zC > 0.

(ii) Ifm¹R > nº � Ce�cn for some C; c > 0, then P ¹S > nº � zCe�c0n for some
zC ; c0 > 0.
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3.2.3. Preparatory results. Consider the induced map

zT D .T � T /S W� ��! � ��;

with S as in (3.7), and the functions 0 D S0 < S1 < S2 < � � �, given, for all n � 1, by

Sn D Sn�1 C S ı .T � T /
Sn�1 :

Note that we have
zT n D .T � T /Sn :

Let z� be the partition of � �� into the rectangles � on which S is constant and zT
maps � bijectively onto a union of elements of � � �j�0��0 . Without loss of gener-
ality, we assume that for any � 2 z�j�0��0 , there exists !j � !j 0 2 � � �j�0��0 such
that � � !j � !j 0 . For each n � 1, define

z�n D

n�1_
jD0

zT �j .z�/:

Each z�n is a partition into sets � � � �� on which Sn is constant and zT n maps �
bijectively onto an m �m mod 0 union of elements of � � �j�0��0 . Let us introduce
a separation time in � ��, defining, for each u; v 2 � ��,

Qs.u; v/ D min
®
n � 0 W zT n.u/ and zT n.v/ lie in distinct elements of z�

¯
:

Letˆ.x;y/D '1.x/'2.y/ and letC 00'1 andC 00'2 be constants such that, for i D 1;2,ˇ̌̌̌
log

'i .x/

'i .y/

ˇ̌̌̌
� C 00'ivs.x;y/.'i / for all x; y 2 ! 2 �: (3.11)

Before proceeding, we recall some auxiliary results that will be useful later on.
One of the concerns in this subsection is the dependence of the constants.

Lemma 3.14 ([2, Lemma 3.35]). There exists xC zT > 0 such that for all n � 1,� 2 z�n
and u; v 2 � we have

log
J zT n.u/

J zT n.v/
� xC zTˇ

Qs. zT n.u/; zT n.v//:

The following auxiliary lemma describes explicitly Cˆ and vn.ˆ/.

Lemma 3.15. For all u; v 2 � 2 z�,

log
ˆ.u/

ˆ.v/
� CˆvQs.u;v/.ˆ/;

where Cˆ D C 00'1 C C
00
'2

and vQs.u;v/.ˆ/ D max¹vQs.u;v/.'1/; vQs.u;v/.'2/º.

Proof. For all u D .x1; x2/ and v D .y1; y2/ in � ��, we have s.xi ; yi / � Qs.u; v/
for i D 1; 2. The result then follows directly from the definition of ˆ and (3.11).
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Remark 3.16. Notice that ifˇ̌̌̌
log

'1.x/

'1.y/

ˇ̌̌̌
� C 00'1vs.x;y/.'1/C C

00
'2
vs.x;y/.'2/;

then Lemma 3.15 remains true with Cˆ D C 00'1 C 2C
00
'2

.

Lemma 3.17. There exists D3 > 0, depending on Cˆ and v0.ˆ/, such that for all
n � 1;� 2 z�n and u; v 2 zT n.�/ we have

d zT n� .P j �/

d.m �m/
.u/

�
d zT n� .P j �/

d.m �m/
.v/ � D3:

Proof. The proof follows similarly to that of [39, Proposition 5.15], yielding the result
with D3 D C 0zT e

Cˆv0.ˆ/, which depends on Cˆ and v0.ˆ/.

The following result will be used in Proposition 3.22.

Proposition 3.18. There exists D4 > 0 depending on Cˆ; v0.ˆ/ such that for all
n; k � 0, we have

P ¹SkC1 � Sk > nº � D4.m �m/¹S > nº:

Proof. An argument analogous to that of [39, Proposition 5.15] yields the result with
D4 D D

2
3=ı

2
0 .

The following lemma plays an important role in this setting and originates from
the coupling argument in [27]. We remark that (3.12) and (3.13) in Lemma 3.19 are
important for Lemma 3.20 (see [27]), while (3.14) will be useful in Sections 3.3.1
and 3.3.2.

Lemma 3.19 ([27, Proposition 1 and Lemma 1]). Given a sequence .vi .ˆ//i , there
exists a sequence .�0i /i , with �0i �

1
2

, such that

vi .ˆ/

iY
jD1

.1C �0j / � D5; (3.12)

iX
jD1

� iY
kDj

.1C �0k/

�
ˇi�jC1 � D5 (3.13)

for some sufficiently large constantD5 depending on v0.ˆ/. Moreover, for any xD > 1

and Nı > 0 with �i D Nı�0i ,

iY
jD1

�
1 �

�j
xD

�
� zC max.vi .ˆ/

Nı
xD ; � i / (3.14)

for some � < 1, depending only on T , and some zC > 0.



A. Ullah and H. Vilarinho 356

3.2.4. Densities in induced times and real times. We are going to define a sequence
of densities ẑ 0 � ẑ 1 � ẑ 2 � � � � in � � �, for the total measure remaining in the
system after n iterations by zT . Consider a constant Nı > 0, depending on Cˆ and
v0.ˆ/ to be chosen properly such that defining

ẑ
i .u/ D

8<:ˆ.u/; if i D 0;
ẑ
i�1.u/ � �iJ zT i .u/minv2�i .u/

ẑ
i�1.v/
J zT i .v/

; if i > 0:
(3.15)

for all i � 1 with �i D Nı�0i > 0, the following holds (for details, see [27, Lemma 2]).

Lemma 3.20. There exists D6 > 1, depending on Cˆ and v0.ˆ/, such that for all
i � 1 we have

ẑ
i �

�
1 �

�i

D6

�
ẑ
i�1:

Now we are going to define the corresponding densities in real time iterations
under T � T . Let us introduce functions ˆ0 � ˆ1 � ˆ2 � � � � on � �� as follows:
for v 2 � �� we define

ˆn.v/ D ẑ i .v/; if Si .v/ � n < SiC1.v/: (3.16)

Since, by definition, S0 � i1 � Si1 < Si1C1, this implies that for all n � i1, ˆn D ẑj
for some 0 � j < i1 C 1, and ẑj D ˆ for all 0 � j < i1 C 1, we have

ˆn D ˆ for all n � i1:

Note that for all n � 1 we can write

ˆ D ˆn C

nX
kD1

.ˆk�1 �ˆk/: (3.17)

For each k � 1, let Ak D
S
i Ak;i , where

Ak;i D ¹u 2 � �� W k D Si .u/º:

Note that Ak;i \ Ak;j D ; for i ¤ j (because Si .u/ ¤ Sj .u/ for i ¤ j ), and each
Ak;i is a union of elements of z�i .

Remark 3.21. By definition, for any � 2 z�i jAk;i , we have Si�1j� < Si j� D k, and
Si�1j� � k � 1. This implies that ˆk�1 � ˆk D ẑ i�1 � ẑ i on � 2 z�i jAk;i , and
ˆk D ˆk�1 on � �� n Ak .

3.2.5. Estimating jT n
� �1 � T

n
� �2j. Our goal is now to estimate jT n� �1 � T

n
� �2j in

terms of P ¹S > nº. We state the main result of this subsection, which constitutes an
important step in the proof of Proposition 3.4.
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Proposition 3.22. There exists D7 > 0, depending on Cˆ; v0.ˆ/, such that for all
n � 1,

jT n� �1 � T
n
� �2j � 2P ¹S > nºCD7

nX
iD1

iY
jD1

�
1�

�j

D6

�
.i C 1/.m�m/

²
S >

n

i C 1

³
:

Proof. From (3.5) and (3.17), for each n � 1 we have

jT n� �1 � T
n
� �2j � I1 C I2; (3.18)

where
I1 D j.�1� � �2�/.T � T /

n
�.ˆn.m �m//j

and

I2 D

nX
kD1

ˇ̌
.�1� � �2�/Œ.T � T /

n
�..ˆk�1 �ˆk/.m �m//�

ˇ̌
:

On the one hand, we have

I1 D j.�1� � �2�/.T � T /
n
�.ˆn.m �m//j

� 2

Z
���

ˆnd.m �m/

D 2

Z
¹S1>nº

ˆnd.m �m/C 2

1X
iD1

Z
¹Si�n<SiC1º

ˆnd.m �m/: (3.19)

As ˆnj¹S1>nº D ˆ, we haveZ
¹S1>nº

ˆnd.m �m/ D

Z
¹S1>nº

ˆd.m �m/ D P ¹S1 > nº: (3.20)

It follows from (3.16), (3.15) and Lemma 3.20 that we can get for all i � 1,Z
¹Si�n<SiC1º

ˆnd.m �m/ D

Z
¹Si�n<SiC1º

ẑ
id.m �m/

D

iY
jD1

�
1 �

�j

D6

�
P ¹Si � n < SiC1º: (3.21)

By combining (3.19), (3.20) and (3.21), we obtain

I1 � 2P ¹S > nº C 2

1X
iD1

iY
jD1

�
1 �

�j

D6

�
P ¹Si � n < SiC1º: (3.22)
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On the other hand,

I2 � 2

nX
kD1

Z
���

.ˆk�1 �ˆk/d.m �m/

D 2

nX
kD1

Z
���nAk

.ˆk�1 �ˆk/d.m �m/

C 2

nX
kD1

Z
Ak

.ˆk�1 �ˆk/d.m �m/: (3.23)

From Remark 3.21, we have

2

nX
kD1

Z
���nAk

.ˆk�1 �ˆk/d.m �m/ D 0; (3.24)

and writing Ak D
S1
iD1Ak;i , we haveZ

Ak

. ẑ k�1 � ẑ k/d.m �m/ D

1X
iD1

Z
Ak;i

. ẑ i�1 � ẑ i /d.m �m/: (3.25)

By (3.15) and Lemma 3.20 we have

1X
iD1

Z
Ak;i

. ẑ i�1 � ẑ i /d.m �m/ D

1X
iD1

Z
Ak;i

�iJ zT i .u/ min
v2Ak;i

ẑ
i�1.v/

J zT i .v/
d.m �m/

�

1X
iD1

Z
Ak;i

�i ẑ i�1.u/d.m �m/

�

1X
iD1

Z
Ak;i

�i

i�1Y
jD1

�
1 �

�j

D6

�
ˆ.u/d.m �m/

D

1X
iD1

�i

i�1Y
jD1

�
1 �

�j

D6

�
P ¹Si D kº: (3.26)

It follows from (3.23), (3.24), (3.25) and (3.26) that

I2 � 2

1X
iD1

�i

i�1Y
jD1

�
1 �

�j

D6

�
P

� n[
kD1

¹Si D kº

�
: (3.27)

For each 1 � k � n, we have ¹Si D kº � ¹Si � n < SiC1º, and this implies that

n[
kD1

¹Si D kº � ¹Si � n < SiC1º:
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From (3.27) we have

I2 �
2 NıD6

2D6 � Nı

1X
iD1

iY
jD1

�
1 �

�j

D6

�
P ¹Si � n < SiC1º: (3.28)

It follows from (3.18), (3.22) and (3.28), that

jT n� �1 � T
n
� �2j

� 2P ¹S > nº C 2

�
1C

NıD6

2D6 � Nı

� 1X
iD1

iY
jD1

�
1 �

�j

D6

�
P ¹Si � n < SiC1º:

(3.29)

For each i � 1 we have

P ¹Si � n < SiC1º �

iX
jD0

P

²
SjC1 � Sj >

n

i C 1

³
; (3.30)

and from Proposition 3.18,

P

²
SjC1 � Sj >

n

i C 1

³
� D4.m �m/

²
S >

n

i C 1

³
: (3.31)

Combining (3.30) and (3.31), we get

P ¹Si � n < SiC1º � D4.i C 1/.m �m/

²
S >

n

i C 1

³
;

which, together with (3.29), implies

jT n� �1 � T
n
� �2j � 2P ¹S > nºCD7

nX
iD1

iY
jD1

�
1�

�j

D6

�
.i C 1/.m�m/

²
S >

n

i C 1

³
;

with D7 D 2D4.1C
NıD6

2D6�Nı
/. We recall that Nı, D4 and D6 (hence D7) depend on

Cˆ; v0.ˆ/.

3.3. Specific rates

Set � D Nı
D6

, which can be seen to depend only on Cˆ and v0.ˆ/. In Sections 3.3.1
and 3.3.2, we let D generic constant, allowed to depend only on T and ˆ.
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3.3.1. Polynomial return time. In this subsection, we combine several estimates,
from which we will conclude the first item of Proposition 3.4. If m¹R > nº � Cn�a,
for some C > 0 and a > 1, then by Corollary 3.13,

P ¹S > nº � zCn�aC1: (3.32)

By similar arguments used to estimate P ¹S > nº, we have

.m �m/

²
S >

n

i C 1

³
� zC1

�
n

i C 1

��aC1
for some zC1 > 0: (3.33)

Assume that vi .ˆ/ � Di�� for some � > 2
�

andD > 0. This corresponds to class
.V 4; �/. By Lemma 3.19, we have

iY
jD1

�
1 �

�j

D6

�
� zDi��� ; for some zD > 0: (3.34)

By using (3.32), (3.33) and (3.34) in Proposition 3.22, we get

jT n� �1 � T
n
� �2j � 2

zCn�aC1 C zC1 zDD7

1X
iD1

i��� .i C 1/

�
n

i C 1

��aC1
� 2 zCn�aC1 CK 03

zC1 zDD7n
�aC1

1X
iD1

i��� ia; for some K 03 > 0:

We begin by estimating the second term. To that end, we consider the following cases:

(1) 2
�
< � < aC1

�
. The sum is of order naC1��� , and so the whole term is

� D0n2��� , for some D0 > 0.

(2) � D aC1
�

. The sum is

nX
iD1

i���Ca D

nX
iD1

i�1 � 1C

Z n

1

x�1 dx D 1C log.n/ � xD logn;

for some xD > 0. So the whole term is � D0n1�a logn, for some D0 > 0.

(3) � > aC1
�

. Here, a � �� < �1, so the sum is bounded from above independ-
ently of n, and the whole term is � D0n1�a, for some D0 > 0. Consequently,

(i) if � D aC1
�

, then

jT n� �1 � T
n
� �2j � D

0n1�a logn; for some D0 > 0I

(ii) otherwise,

jT n� �1 � T
n
� �2j � D

0max¹n1�a; n2���º; for some D0 > 0:
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3.3.2. Exponential return time. In this subsection, we gather the necessary estim-
ates to establish the second item of Proposition 3.4. If m¹R > nº � Ce�cn for some
C; c > 0, then by Lemma 3.13, we have

P ¹S > nº � zCe�c0n: (3.35)

By similar arguments used to estimate P ¹S > nº, we obtain

.m �m/

²
S >

n

i C 1

³
� zC2e

�
c0n

iC1 ; for some zC2 > 0: (3.36)

Let us now discuss the situation for the different classes of observables.
Class .V 1; �/: Assume that vi .ˆ/ � D� i for some 0 < � < 1 and D > 0. By

Lemma 3.19,
iY

jD1

�
1 �

�j

D6

�
� zD� i1; (3.37)

for some 0 < �1 < 1 and zD > 0. Using (3.35)–(3.37) in Proposition 3.22, we get

jT n� �1 � T
n
� �2j � 2

zCe�c0n C zC2 zDD7

nX
iD1

� i1.i C 1/e
�
c0n

iC1 � D0e�c
0n;

for someD0; c0 > 0. Following the same approach, we obtain the following estimates
for the remaining classes of observables.

Class .V 2; �/: Assume that vi .ˆ/ � De�i
�

for some � 2 .0; 1/ and D > 0. We
have

jT n� �1 � T
n
� �2j � 2

zCe�c0n C zC2 zDD7

nX
iD1

e�� i
�

.i C 1/e�
c0n

iC1 � D0e�n
�0

;

for every 0 < � 0 < � and some D0 > 0.
Class .V 3; �/: Assume that vi .ˆ/ � De�.log i/� for some � > 1 and D > 0. We

have

jT n� �1 � T
n
� �2j � 2

zCe�c0n C zC2 zDD7

nX
iD1

e��.log i/� .i C 1/e�
c0n

iC1 � D0e�.logn/�
0

;

for every 0 < � 0 < � and some D0 > 0.
Class .V 4; �/: Assume that vi .ˆ/ � Di�� for some � > 1

�
and D > 0. We have

jT n� �1 � T
n
� �2j � 2

zCe�c0n C zC2 zDD7

nX
iD1

i��� .i C 1/e�
c0n

iC1 � D0n1��� ;

for some D0 > 0.
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3.4. Finishing the proof of Proposition 3.4

We notice that from the proof of Lemma 3.6, we have

vn.'
��/ � 3C�ˇ

n
C C0vn.'/;

and this implies that
vn.ˆ/ � 3C�ˇ

n
C C0vn.'/:

Taking �1 D �, where � is the probability measure on � such that d�
dm
D '��, and

�2 D � in Sections 3.3.1 and 3.3.2, we get the required estimates for jT n� � � �j. Let
us check the dependence of the constants. From (3.4), Cˆ D 3K 01 C 2C . This means
that the constant Cˆ does not depend on '. Therefore the constant � D Nı

D4
will only

depend on v0.ˆ/, which can be bounded with v0.'/, as v0.ˆ/ � 3C� C C0v0.'/.

3.5. CLT

We conclude with the proof of Corollary B. From [39, Proposition 6.2], we obtain the
CLT for the tower map. In particular, if we assume that m¹R > nº � Cn�a for some
a > 2 and C > 0, the CLT holds for all ' 2 .V 4; �/, with � sufficiently large, if and
only if ' is not a coboundary. Given that ' 2 .R4; �/ for some � > 1, Lemma 3.2
ensures that ' ı � 2 .V 4; �/. Moreover, ' is a coboundary if and only if ' ı � is a
coboundary. The proof of Corollary B then follows from these observations and from
the fact that � D ���, which implies that for every interval J � R, we have

�

²
y 2M W

1
p
n

n�1X
iD0

�
'.f i .y// �

Z
'd���

�
2 J

³
D �

²
x 2 � W

1
p
n

n�1X
iD0

�
' ı �.T i .x// �

Z
' ı �d�

�
2 J

³
:
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[1] J. Aaronson, M. Denker, and M. Urbański, Ergodic theory for Markov fibred systems and
parabolic rational maps. Trans. Amer. Math. Soc. 337 (1993), no. 2, 495–548
Zbl 0789.28010 MR 1107025

https://doi.org/10.2307/2154231
https://doi.org/10.2307/2154231
https://zbmath.org/?q=an:0789.28010
https://mathscinet.ams.org/mathscinet-getitem?mr=1107025


Decay of correlations via WGM for non-Hölder observables 363

[2] J. F. Alves, Nonuniformly hyperbolic attractors—geometric and probabilistic aspects.
Springer Monogr. Math., Springer, Cham, 2020 Zbl 1459.37001 MR 4226156

[3] J. F. Alves, J. M. Freitas, S. Luzzatto, and S. Vaienti, From rates of mixing to recurrence
times via large deviations. Adv. Math. 228 (2011), no. 2, 1203–1236 Zbl 1236.37003
MR 2822221

[4] J. F. Alves, S. Luzzatto, and V. Pinheiro, Markov structures and decay of correlations for
non-uniformly expanding dynamical systems. Ann. Inst. H. Poincaré C Anal. Non Linéaire
22 (2005), no. 6, 817–839 Zbl 1134.37326 MR 2172861

[5] J. F. Alves and D. Mesquita, Entropy formula for systems with inducing schemes. Trans.
Amer. Math. Soc. 376 (2023), no. 2, 1263–1298 Zbl 1515.37022 MR 4531675

[6] J. F. Alves, K. Oliveira, and A. Tahzibi, On the continuity of the SRB entropy for endo-
morphisms. J. Stat. Phys. 123 (2006), no. 4, 763–785 Zbl 1107.37018 MR 2255078

[7] J. F. Alves and V. Pinheiro, Slow rates of mixing for dynamical systems with hyperbolic
structures. J. Stat. Phys. 131 (2008), no. 3, 505–534 Zbl 1144.82324 MR 2386574

[8] J. F. Alves and V. Pinheiro, Gibbs–Markov structures and limit laws for partially hyper-
bolic attractors with mostly expanding central direction. Adv. Math. 223 (2010), no. 5,
1706–1730 Zbl 1185.37011 MR 2592507

[9] M. Benedicks and L.-S. Young, Markov extensions and decay of correlations for certain
Hénon maps. Astérisque (2000), no. 261, xi, 13–56 Zbl 1044.37013 MR 1755436

[10] X. Bressaud, R. Fernández, and A. Galves, Decay of correlations for non-Hölderian
dynamics. A coupling approach. Electron. J. Probab. 4 (1999), no. 3, 1–19
Zbl 0917.58017 MR 1675304

[11] H. Bruin, S. Luzzatto, and S. Van Strien, Decay of correlations in one-dimensional dynam-
ics. Ann. Sci. École Norm. Sup. (4) 36 (2003), no. 4, 621–646 Zbl 1039.37021
MR 2013929

[12] H. Bruin and D. Terhesiu, Upper and lower bounds for the correlation function via indu-
cing with general return times. Ergodic Theory Dynam. Systems 38 (2018), no. 1, 34–62
Zbl 1388.37012 MR 3742537

[13] J. Buzzi and V. Maume-Deschamps, Decay of correlations on towers with non-Hölder
Jacobian and non-exponential return time. Discrete Contin. Dyn. Syst. 12 (2005), no. 4,
639–656 Zbl 1075.37002 MR 2129364

[14] N. Chernov and H.-K. Zhang, Billiards with polynomial mixing rates. Nonlinearity 18
(2005), no. 4, 1527–1553 Zbl 1143.37314 MR 2150341

[15] D. Coates, S. Luzzatto, and M. Muhammad, Doubly intermittent full branch maps with
critical points and singularities. Comm. Math. Phys. 402 (2023), no. 2, 1845–1878
Zbl 1526.37042 MR 4627333

[16] K. Díaz-Ordaz, Decay of correlations for non-Hölder observables for one-dimensional
expanding Lorenz-like maps. Discrete Contin. Dyn. Syst. 15 (2006), no. 1, 159–176
Zbl 1115.37039 MR 2191390

[17] K. Díaz-Ordaz, M. P. Holland, and S. Luzzatto, Statistical properties of one-dimensional
maps with critical points and singularities. Stoch. Dyn. 6 (2006), no. 4, 423–458
Zbl 1130.37362 MR 2285510

https://doi.org/10.1007/978-3-030-62814-7
https://zbmath.org/?q=an:1459.37001
https://mathscinet.ams.org/mathscinet-getitem?mr=4226156
https://doi.org/10.1016/j.aim.2011.06.014
https://doi.org/10.1016/j.aim.2011.06.014
https://zbmath.org/?q=an:1236.37003
https://mathscinet.ams.org/mathscinet-getitem?mr=2822221
https://doi.org/10.1016/j.anihpc.2004.12.002
https://doi.org/10.1016/j.anihpc.2004.12.002
https://zbmath.org/?q=an:1134.37326
https://mathscinet.ams.org/mathscinet-getitem?mr=2172861
https://doi.org/10.1090/tran/8808
https://zbmath.org/?q=an:1515.37022
https://mathscinet.ams.org/mathscinet-getitem?mr=4531675
https://doi.org/10.1007/s10955-006-9059-1
https://doi.org/10.1007/s10955-006-9059-1
https://zbmath.org/?q=an:1107.37018
https://mathscinet.ams.org/mathscinet-getitem?mr=2255078
https://doi.org/10.1007/s10955-008-9482-6
https://doi.org/10.1007/s10955-008-9482-6
https://zbmath.org/?q=an:1144.82324
https://mathscinet.ams.org/mathscinet-getitem?mr=2386574
https://doi.org/10.1016/j.aim.2009.10.010
https://doi.org/10.1016/j.aim.2009.10.010
https://zbmath.org/?q=an:1185.37011
https://mathscinet.ams.org/mathscinet-getitem?mr=2592507
https://doi.org/10.24033/ast.468
https://doi.org/10.24033/ast.468
https://zbmath.org/?q=an:1044.37013
https://mathscinet.ams.org/mathscinet-getitem?mr=1755436
https://doi.org/10.1214/EJP.v4-40
https://doi.org/10.1214/EJP.v4-40
https://zbmath.org/?q=an:0917.58017
https://mathscinet.ams.org/mathscinet-getitem?mr=1675304
https://doi.org/10.1016/S0012-9593(03)00025-9
https://doi.org/10.1016/S0012-9593(03)00025-9
https://zbmath.org/?q=an:1039.37021
https://mathscinet.ams.org/mathscinet-getitem?mr=2013929
https://doi.org/10.1017/etds.2016.20
https://doi.org/10.1017/etds.2016.20
https://zbmath.org/?q=an:1388.37012
https://mathscinet.ams.org/mathscinet-getitem?mr=3742537
https://doi.org/10.3934/dcds.2005.12.639
https://doi.org/10.3934/dcds.2005.12.639
https://zbmath.org/?q=an:1075.37002
https://mathscinet.ams.org/mathscinet-getitem?mr=2129364
https://doi.org/10.1088/0951-7715/18/4/006
https://zbmath.org/?q=an:1143.37314
https://mathscinet.ams.org/mathscinet-getitem?mr=2150341
https://doi.org/10.1007/s00220-023-04766-x
https://doi.org/10.1007/s00220-023-04766-x
https://zbmath.org/?q=an:1526.37042
https://mathscinet.ams.org/mathscinet-getitem?mr=4627333
https://doi.org/10.3934/dcds.2006.15.159
https://doi.org/10.3934/dcds.2006.15.159
https://zbmath.org/?q=an:1115.37039
https://mathscinet.ams.org/mathscinet-getitem?mr=2191390
https://doi.org/10.1142/S0219493706001852
https://doi.org/10.1142/S0219493706001852
https://zbmath.org/?q=an:1130.37362
https://mathscinet.ams.org/mathscinet-getitem?mr=2285510


A. Ullah and H. Vilarinho 364

[18] A. M. Fisher and A. Lopes, Exact bounds for the polynomial decay of correlation, 1=f
noise and the CLT for the equilibrium state of a non-Hölder potential. Nonlinearity 14
(2001), no. 5, 1071–1104 Zbl 1068.37017 MR 1862813

[19] E. Garibaldi and I. Inoquio-Renteria, A Ruelle–Perron–Frobenius theorem for expanding
circle maps with an indifferent fixed point. Lett. Math. Phys. 112 (2022), no. 4, article
no. 76 Zbl 1507.37058 MR 4468036

[20] E. Garibaldi and I. Inoquio-Renteria, Exponential rate of decay of correlations of equilib-
rium states associated with non-uniformly expanding circle maps. Nonlinearity 37 (2024),
no. 3, article no. 035018 Zbl 1539.37038 MR 4714035

[21] S. Gouëzel, Sharp polynomial estimates for the decay of correlations. Israel J. Math. 139
(2004), 29–65 Zbl 1070.37003 MR 2041223

[22] S. Gouëzel, Decay of correlations for nonuniformly expanding systems. Bull. Soc. Math.
France 134 (2006), no. 1, 1–31 Zbl 1111.37018 MR 2233699

[23] S. Gouëzel, Statistical properties of a skew product with a curve of neutral points. Ergodic
Theory Dynam. Systems 27 (2007), no. 1, 123–151 Zbl 1143.37022 MR 2297091

[24] B. R. Kloeckner, An optimal transportation approach to the decay of correlations for non-
uniformly expanding maps. Ergodic Theory Dynam. Systems 40 (2020), no. 3, 714–750
Zbl 1437.37027 MR 4059795

[25] A. Korepanov, Z. Kosloff, and I. Melbourne, Explicit coupling argument for non-
uniformly hyperbolic transformations. Proc. Roy. Soc. Edinburgh Sect. A 149 (2019),
no. 1, 101–130 Zbl 1430.37026 MR 3922809

[26] X. Li and H. Vilarinho, Almost sure mixing rates for non-uniformly expanding maps.
Stoch. Dyn. 18 (2018), no. 4, article no. 1850027 Zbl 1394.37080 MR 3842250

[27] V. Lynch, Decay of correlations for non-Hölder observables. Discrete Contin. Dyn. Syst.
16 (2006), no. 1, 19–46 Zbl 1110.37002 MR 2221734

[28] V. Maume-Deschamps, Projective metrics and mixing properties on towers. Trans. Amer.
Math. Soc. 353 (2001), no. 8, 3371–3389 Zbl 1097.37500 MR 1828610

[29] I. Melbourne, Large and moderate deviations for slowly mixing dynamical systems. Proc.
Amer. Math. Soc. 137 (2009), no. 5, 1735–1741 Zbl 1167.37020 MR 2470832

[30] I. Melbourne and M. Nicol, Almost sure invariance principle for nonuniformly hyperbolic
systems. Comm. Math. Phys. 260 (2005), no. 1, 131–146 Zbl 1084.37024 MR 2175992

[31] I. Melbourne and M. Nicol, Large deviations for nonuniformly hyperbolic systems. Trans.
Amer. Math. Soc. 360 (2008), no. 12, 6661–6676 Zbl 1151.37031 MR 2434305

[32] I. Melbourne and D. Terhesiu, Decay of correlations for non-uniformly expanding systems
with general return times. Ergodic Theory Dynam. Systems 34 (2014), no. 3, 893–918
Zbl 1332.37025 MR 3199799

[33] V. Pinheiro, Sinai–Ruelle–Bowen measures for weakly expanding maps. Nonlinearity 19
(2006), no. 5, 1185–1200 Zbl 1100.37014 MR 2222364

[34] V. Pinheiro, Expanding measures. Ann. Inst. H. Poincaré C Anal. Non Linéaire 28 (2011),
no. 6, 889–939 Zbl 1254.37026 MR 2859932

[35] M. Pollicott, Rates of mixing for potentials of summable variation. Trans. Amer. Math.
Soc. 352 (2000), no. 2, 843–853 Zbl 0986.37005 MR 1621698

https://doi.org/10.1088/0951-7715/14/5/310
https://doi.org/10.1088/0951-7715/14/5/310
https://zbmath.org/?q=an:1068.37017
https://mathscinet.ams.org/mathscinet-getitem?mr=1862813
https://doi.org/10.1007/s11005-022-01573-8
https://doi.org/10.1007/s11005-022-01573-8
https://zbmath.org/?q=an:1507.37058
https://mathscinet.ams.org/mathscinet-getitem?mr=4468036
https://doi.org/10.1088/1361-6544/ad26d6
https://doi.org/10.1088/1361-6544/ad26d6
https://zbmath.org/?q=an:1539.37038
https://mathscinet.ams.org/mathscinet-getitem?mr=4714035
https://doi.org/10.1007/BF02787541
https://zbmath.org/?q=an:1070.37003
https://mathscinet.ams.org/mathscinet-getitem?mr=2041223
https://doi.org/10.24033/bsmf.2500
https://zbmath.org/?q=an:1111.37018
https://mathscinet.ams.org/mathscinet-getitem?mr=2233699
https://doi.org/10.1017/S0143385706000617
https://zbmath.org/?q=an:1143.37022
https://mathscinet.ams.org/mathscinet-getitem?mr=2297091
https://doi.org/10.1017/etds.2018.49
https://doi.org/10.1017/etds.2018.49
https://zbmath.org/?q=an:1437.37027
https://mathscinet.ams.org/mathscinet-getitem?mr=4059795
https://doi.org/10.1017/S0308210518000161
https://doi.org/10.1017/S0308210518000161
https://zbmath.org/?q=an:1430.37026
https://mathscinet.ams.org/mathscinet-getitem?mr=3922809
https://doi.org/10.1142/S0219493718500272
https://zbmath.org/?q=an:1394.37080
https://mathscinet.ams.org/mathscinet-getitem?mr=3842250
https://doi.org/10.3934/dcds.2006.16.19
https://zbmath.org/?q=an:1110.37002
https://mathscinet.ams.org/mathscinet-getitem?mr=2221734
https://doi.org/10.1090/S0002-9947-01-02786-6
https://zbmath.org/?q=an:1097.37500
https://mathscinet.ams.org/mathscinet-getitem?mr=1828610
https://doi.org/10.1090/S0002-9939-08-09751-7
https://zbmath.org/?q=an:1167.37020
https://mathscinet.ams.org/mathscinet-getitem?mr=2470832
https://doi.org/10.1007/s00220-005-1407-5
https://doi.org/10.1007/s00220-005-1407-5
https://zbmath.org/?q=an:1084.37024
https://mathscinet.ams.org/mathscinet-getitem?mr=2175992
https://doi.org/10.1090/S0002-9947-08-04520-0
https://zbmath.org/?q=an:1151.37031
https://mathscinet.ams.org/mathscinet-getitem?mr=2434305
https://doi.org/10.1017/etds.2012.158
https://doi.org/10.1017/etds.2012.158
https://zbmath.org/?q=an:1332.37025
https://mathscinet.ams.org/mathscinet-getitem?mr=3199799
https://doi.org/10.1088/0951-7715/19/5/008
https://zbmath.org/?q=an:1100.37014
https://mathscinet.ams.org/mathscinet-getitem?mr=2222364
https://doi.org/10.1016/j.anihpc.2011.07.001
https://zbmath.org/?q=an:1254.37026
https://mathscinet.ams.org/mathscinet-getitem?mr=2859932
https://doi.org/10.1090/S0002-9947-99-02382-X
https://zbmath.org/?q=an:0986.37005
https://mathscinet.ams.org/mathscinet-getitem?mr=1621698


Decay of correlations via WGM for non-Hölder observables 365

[36] M. Pollicott and M. Yuri, Statistical properties of maps with indifferent periodic points.
Comm. Math. Phys. 217 (2001), no. 3, 503–520 Zbl 0996.37030 MR 1822105

[37] M. Ruziboev, Decay of correlations for invertible maps with non-Hölder observables. Dyn.
Syst. 30 (2015), no. 3, 341–352 Zbl 1361.37004 MR 3373718

[38] O. Sarig, Subexponential decay of correlations. Invent. Math. 150 (2002), no. 3, 629–653
Zbl 1042.37005 MR 1946554

[39] A. Ullah and H. Vilarinho, Statistical properties of dynamical systems via induced weak
Gibbs Markov maps. Nonlinearity 38 (2025), no. 4, article no. 045024 Zbl 08029985
MR 4890868

[40] L.-S. Young, Statistical properties of dynamical systems with some hyperbolicity. Ann. of
Math. (2) 147 (1998), no. 3, 585–650 Zbl 0945.37009 MR 1637655

[41] L.-S. Young, Recurrence times and rates of mixing. Israel J. Math. 110 (1999), 153–188
Zbl 0983.37005 MR 1750438

[42] H.-K. Zhang, Decay of correlations on non-Hölder observables. Int. J. Nonlinear Sci. 10
(2010), no. 3, 359–369 Zbl 1231.37022 MR 2755057

[43] R. Zweimüller, Kuzmin, coupling, cones, and exponential mixing. Forum Math. 16 (2004),
no. 3, 447–457 Zbl 1081.28011 MR 2054836

Received 2 June 2025; revised 7 November 2025.

Asad Ullah
Shanghai Institute for Mathematics and Interdisciplinary Sciences (SIMIS), Block A,
International Innovation Plaza, No. 657 Songhu Road, Yangpu District, 200433 Shanghai,
P. R. China; asadullah@simis.cn

Helder Vilarinho
Centro de Matemática e Aplicações (CMA-UBI), Universidade da Beira Interior, Rua Marquês
d’Ávila e Bolama, 6201-001 Covilhã, Portugal; helder@ubi.pt

https://doi.org/10.1007/s002200100368
https://zbmath.org/?q=an:0996.37030
https://mathscinet.ams.org/mathscinet-getitem?mr=1822105
https://doi.org/10.1080/14689367.2015.1046816
https://zbmath.org/?q=an:1361.37004
https://mathscinet.ams.org/mathscinet-getitem?mr=3373718
https://doi.org/10.1007/s00222-002-0248-5
https://zbmath.org/?q=an:1042.37005
https://mathscinet.ams.org/mathscinet-getitem?mr=1946554
https://doi.org/10.1088/1361-6544/adc532
https://doi.org/10.1088/1361-6544/adc532
https://zbmath.org/?q=an:08029985
https://mathscinet.ams.org/mathscinet-getitem?mr=4890868
https://doi.org/10.2307/120960
https://zbmath.org/?q=an:0945.37009
https://mathscinet.ams.org/mathscinet-getitem?mr=1637655
https://doi.org/10.1007/BF02808180
https://zbmath.org/?q=an:0983.37005
https://mathscinet.ams.org/mathscinet-getitem?mr=1750438
https://zbmath.org/?q=an:1231.37022
https://mathscinet.ams.org/mathscinet-getitem?mr=2755057
https://doi.org/10.1515/form.2004.021
https://zbmath.org/?q=an:1081.28011
https://mathscinet.ams.org/mathscinet-getitem?mr=2054836
mailto:asadullah@simis.cn
mailto:helder@ubi.pt

	1. Introduction
	2. Preliminaries and statement of main results
	3. Decay of correlations for tower maps
	3.1. Tower maps
	3.2. Extended coupling
	3.2.1 Stopping times and simultaneous returns
	3.2.2 Estimating PS>n
	3.2.3 Preparatory results
	3.2.4 Densities in induced times and real times
	3.2.5 Estimating |T_*^n lambda_1 - T_*^n lambda_2

	3.3. Specific rates
	3.3.1 Polynomial return time
	3.3.2 Exponential return time

	3.4. Finishing the proof of Proposition 3.4
	3.5. CLT

	References

