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On an asymptotic property of Toeplitz operators
Houcine Sadraoui and Fethi Bouzeffour

Abstract. We establish an asymptotic property of Toeplitz operators on the Dirichlet space
and on a weighted Bergman space. Additionally, we determine a sufficient condition for a self-
commutator inequality to hold in a specific case.

1. Introduction

The study of commutators 7*7T — T T* on Hilbert spaces plays a significant role in
operator theory. The spectral theorem reduces the analysis of normal operators to mul-
tiplication operators and measure theory. Toeplitz operators, which are compressions
of multiplication operators, offer new insights into the properties of commutators.
These operators are typically studied on Hilbert spaces of analytic functions, where
many properties of the operators are closely tied to the properties of their symbols.

Numerous studies have been conducted in this area, particularly focusing on nor-
mality and hyponormality, where the commutator is positive. Such studies often de-
monstrate how certain properties of the symbol imply corresponding properties of the
commutator and vice versa. A substantial amount of results has been published on
this topic; here, we cite only a few key contributions. The first study on the Bergman
space appears in [ 11]. Notable results are due to P. Ahern and Z. Cuckovic [1], as well
as S. Axler and Z. Cuckovic [2]. Additional contributions can be found in [9, 10], with
a recent result by R. Curto and Z. Cuckovic [5]. Some work on nonharmonic symbols
is presented in [7]. Earlier studies on the Hardy space include the foundational work
of C. C. Cowen [3,4].

In this work, we investigate the matrices of T,;' T, — T;7 Tg on the Dirichlet space
and on a weighted Bergman space. In both cases, we demonstrate that the matrices
exhibit an asymptotic property. Since on the Bergman space we have T; Ty — Tg 15
= 15Ty, — T, Tg, we will call these operators commutators for simplicity sake.
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The paper is organized as follows:

¢ In the first section, we introduce basic notations and definitions for the Dirichlet
space before proving the asymptotic property.

* In the second section, we provide foundational definitions and notations for the
weighted Bergman space, then establish an asymptotic property of the commut-
ator. This property is subsequently used to deduce a necessary condition for hypo-
normality.

* In the third section, we identify a sufficient condition, in a specific case, for a
commutator inequality to hold on the weighted Bergman space.

2. An asymptotic property of commutators on the Dirichlet space

Let U = {z € C | |z| < 1} denote the unit disk, and let W?2-1(U) be the Sobolev space,
defined as the completion of the space of smooth functions satisfying

RYAEART:

2
0z + ‘_
where d A(z) is the Lebesgue area on U. Here, the partial derivatives are given by
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The subspace of W2:1(U) consisting of analytic functions on U is a Hilbert space

2
)dA(Z) < o0
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U

with the inner product
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This space is called the Dirichlet space and is denoted by D2 [12]. It can also be
defined as the Hilbert space of analytic functions satisfying

2 2
LA Wz 4+ 1LF 1724 < 00

where H? and L2 are the Hardy space and Bergman space, respectively.
For the defined inner product, the orthonormal basis is given by

Zn
{en}nzo = {1, ﬁ,n > 1}.
For a bounded and measurable function ¢ on U, we define the Toeplitz operator T,
on D? as

To(f) = P(ef),
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where P is the orthogonal projection of W2:1(U) onto D2. The reproducing kernel
of the Dirichlet space D? is given by
1
=1+ log( — )
1—zw

2, (w2)"
n
af

K:w)y=1+)"
n=1
P(F)E) = / fdAw) + [ — 3 wyaaw),

and we have

We now establish an asymptotic property of the matrix of 7,7, — Tg T for an ana-
lytic function ¢ with a bounded derivative on U'.

Lemma 2.1. For positive integers m and n, the projection satisfies

7m0 ifn>m+ 1,
P(z"z") =3 . ifn=m,
0, ifn<m-—1.
Proof. Note that

/ w'w"dA(w) =0 ifn #m.
U

We compute
P(z"Z") = / w"w"dA(w) + n “lw"dA(w)

U U —ZW

= 1R G A(w)
n+1 k>0

1

T n+4+1

Forn < m — 1, we have
w" _ —1—=m+k _
/U — dA(w) = nz Z / w dA(w) = 0.

k>0

Forn > m + 1, we obtain

/1 Zzw mdA(w)—nzZ / R g A(w) = 2"
v l—

k>0

We now deduce the matrix of 777, — T2 T for (z) = 3, ¢nz", an analytic
function on U with a bounded derivative.
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Proposition 2.2. The matrix elements Ty, j of T; T, — T Tg in the orthonormal basis
(en)n>0 are given by

Z @ +m+ Domti—jm

Lij = ——
’ m>max(1,j—i+1) \/l_\/j
_ % i
ViJiG+ 1)+ 1)
_ Z (i—m+ 1)Wj—i§0m'

max(1,i—j+1)<m<i \/;\/7

Proof. We compute

< @ JJ— \/—> Z §0m§0n(

mn>1

Rewriting this, we obtain

Z Pm+i— ]@m(l +m+1)
m>max(1,j—i+1) f[

Similarly, we compute

< a > > (PE"2)), PE"2).
7 (p,,gom P(z"z)), P(Z"z
\/_ \/_ m<j,n<i
This simplifies to
Pj¢i i—m+1
Pm+j—iPm = — -
f‘/_(l + 1)(] + 1) max(l,i—]X'—l;l)fmﬁi \/;‘/7

Thus, the result follows.
We rewrite I'; ; in the form

i+m+p+1)
I D e

m=>1 «/_«/z +p
B Di+p¥i
ViJT¥pli + D@ + p)

_ Z (i —m+ 1)@mspem
1<m<i \/lTV I+ p

On the Dirichlet space, the well-known property of Toeplitz operators

(Ty)" =TF
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which holds on the Bergman space and the Hardy space, does not necessarily hold.
This equality, in the case of harmonic symbols, holds on the Dirichlet space only if f
is constant [6]. Additionally, on D?, the equality

(Tr)* =Ty

holds only when f is a real constant. Various other significant differences are dis-
cussed in [6]. On the Bergman space, we have for any bounded analytic function ¢
on U

T(; Ty — Tg T =TT, — Ty T5.

The following property of self-commutators on the Bergman space is well known [11].

Theorem 2.3. Let f be a bounded and analytic function on the unit disk U and
assume that f'2. If (m; ;) is the matrix of the commutator

T+Ty — Ty T5

then we have

. .2
lim i"m;;y, = es,s-i-p,
i—00

where (0;,;) is the matrix of the Hardy space Toeplitz operator T| sr2.

Despite the absence of important product and adjoint properties of Toeplitz oper-
ators on the Dirichlet space, an asymptotic property of the matrix of the operator

T} T, — Ty Ty,

similar to the one stated above for the Bergman space, still holds on the Dirichlet
space.

Denote by (A;,;);,; the matrix of the Hardy space Toeplitz operator 75 gre(y/g). We
obtain an asymptotic expression for (I'; ;).

Theorem 2.4. The following holds:

Iim il 4 p = Ajigp.
—00

1

Proof. We start with

. i i
iTiitp= m@m + P)Om+pPm

1<m<i
_ [Qi+pQi
Viitpli+D)Gi+p+1)
iil+m+p+1
+ Z PmPm+p ( ' V4 )
m>i+1 Vivitp




H. Sadraoui and F. Bouzeffour 212

Define

Fi(m) = X{,..., l}(m) 2m + p)@m-i—p(/)m-

JiJiTp

Then, we have the inequality
|Fi(m)| < m|@m||@m+pl + (m + P)lom||@m+pl
1
=< 5(("12 + Dlgml? + (0 + p)? + Dlompl?).

Since ¢ and ¢’ are bounded on U, the right-hand side of the above inequality is an
integrable function of m with respect to the counting measure dv. By the dominated
convergence theorem, we obtain

Jlim Z Tiges G DPmpem
1<m<i
= lim / Fimydvim) = 3" @m + p)mspom.
m=>1

Additionally, we have

Z (pm(Pm-i-pl(l +m+p+
m>i+1 \/_Vl +

Applying the previous bounds and the fact that ¢ and ¢’ are bounded, we conclude

= Z 2m + p)|@m+pPml-

m>i+1

hm Z (Dm(Dm-i—pl(l +m+p+1) -0
0Qm>l+1 J_ N i +
Since
Z(2m + P)Omtp¥Pm = Dijitp,
m>1
it follows that

llim iFi,H—p = Ai,i+p- ]
1—>00

3. The asymptotic property on a weighted Bergman space
We consider the Hilbert space of measurable functions on the unit disk U such that
| merPane) < o,
U
equipped with the inner product

(f.g) = /U Fg@du(z).
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where the measure u is defined by
4 3
du(z) = 5—|log|z|["dA(2),
/4

and d A(z) denotes the Lebesgue area measure on the unit disk.
If & is analytic on U, then it admits a power series expansion

o
h(z) = Z a,z",
n=0

and the norm is given by

141 = [ h@Panc) = Z("f:'l)4

We denote by LZ’ . the closed subspace of L?(U,d) consisting of analytic func-
tions. An orthonormal basis for L7 , is given by

{(n + D2z" n > 0}.
For a bounded measurable function f on U, the Toeplitz operator Tr is defined
by
Ty(h) = P(fh),

where h € L7, and P denotes the orthogonal projection from L>(U, du) onto L7, ,
Similarly, the Hankel operator H is defined by

Hy(h) = (I = P)(fh),

forh € L2 a,u.- 10 this section, we establish an asymptotic property of the matrix of the

commutator
T+Ty — Ty T

on the space Lg, - We start by recalling some known properties of Toeplitz operators,
which are analogous to their counterparts on the unweighted Bergman space [11].

Proposition 3.1. Let f, g be in L>®°(U, d). Then the following hold:
(1) Tryg =Tr + Tg.
2 T; =T+
B) T7Ty =Ty, if f org isanalyticonU.
(4) For bounded and analytic f,

T+Ty — Ty Ty = H} Hy.
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(5) For bounded and analytic f and g,
TrieTr+g —Tr+glyie 20
if and only if
TgTy —TeTg < T3 Ty — Ty T

Inequality (5) defines the hyponormality of Ty ¢. The following lemma provides
the key property of the projection, which is used for matrix computations of the com-
mutator T7Tf — Ty T7.

Lemma 3.2. Let s,t be positive integers. Then
(s—t+1)* _s—¢

pEzy =] G s U8t
0, ifs <t.

Proof. Assume first that s > ¢. For any integer k£ > 0, we have
(P(EZZS),Zk) — (EtZs,Zk) — (ZS,ZH_k).

Since {z" },>0 is an orthogonal family, the right-hand side vanishes unless k = s — ¢.
Hence
PE'z%) = A5

for some constant A.
Taking the inner product with z*~7 yields

Mz TP = (2027 = (2. 2°) = | 2°|.
Therefore,
= N e R O
oz s+ DA
If s < t, then (E’ZS,Z") = 0 for all k > 0, and hence P(z'z%) = 0. [ ]

This leads to the following matrix computation.
Lemma 3.3. Let f(z) = }_,,-1 amz™ be bounded and analytic on U. The matrix of
H%HT in the orthonormal basis {(n + 1)?z",n > 0} is given by
(i + D2 +1)?
(j+m+ D4

wj= ) anlmij-i
m>max(1,i—j+1)
3 az (j—m+1)*
B mim+j—i = g T a
m>max(1,i—j+1) (l + 1) (] + 1)
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Proof. Since
fG+D* 2 =)+ DPamz"™",

m>1

we obtain
(fU + %2, fi +1)%2)

1
=GHD2G D Y andne
m>max(1,i—j+1) (Wl +J+ 1)

Similarly, we show
(TrT7(j + 1?27, (0 4+ 1)*2)
= (i + DG + D* ) an@m(PE"27), P(Z"2Y)).
m>n
Thus, we conclude
; 205 2
e

m>n

- D Ambiejm .(j_n;J.rl)42. n

m>max(1,i—j+1) (+D2E+ 1

Let us rewrite o; ;. We have for p non-negative integer

((i + D2 +p+D? (—m+ 1) )
m+i+p+D* G+ D2(G+p+1)?

Uii+p = AmAm+p
1<m<i
(i +D%G+p+1)2
_|_
2 amlmy (m+i+p+1)*

mzi+1
We deduce the following asymptotic property of o; ; 4 .

Lemma 3.4. Let f be a bounded and analytic function on U, such that f'*. Let
(wi, ;) be the matrix of the Toeplitz operator Ty g2 on the Hardy space. Then,

. )
lim i1 p = ws 51 p.
1—>00

Proof. An elementary computation shows that the quotient

g _GFDAp+ D = —mt Dimtitp+D*
P (m+i+p+1D*+ D20 +p+1)2

can be reduced to
dm(m + p)i® + Ay, i+ Ay it 4 A, i3+ A iR A L+ A
m+i+p+ D4 + 120 + p + 1)2

for some coefficients Afn, P 0<k<5.
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Thus,
lim iR}, = 4m(m + p).

1—>00

Now, let us write the sum
;
E AmAm+p Rm’p

1<m<i
as an integral with respect to the counting measure dv, so we obtain
> antmizkl,, = [ Gimavon).
1<m<i

where

We have
lim i%2G;(m) = 4m(m + p)am@m+p-

1—>00

It is not difficult to see that the coefficients Alfn, s where 0 < k <5, satisfy the inequal-
ity
i* A4}, ,| < Cm(m + p)

for some constant C. Consequently,
) C 2 2 2
7Gi(m)| = = (mlam[” + (m + p)lam+p[%)-
Since f’2, by the dominated convergence theorem, we get

lim /izGi(m)dv(m) =4 Z m(m + p)amGmyp.
1—>00
m>1
Since
G+ DG+ p+1)2
m+i+p+ 1)4

1
amam+p| = §(|am|2 + |am+p|2)’

the sum
(i 4+ D20+ p+1)?

(m+i+p+1*

Amam+p
m>i+1
converges to zero as [ — 00.
Thus, we obtain

. )
lim i1 p = ws 51 p. m
1—>00
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This leads to a necessary condition for the inequality
TgTy —TgTg < T§Ty — Ty T7
to hold.
Theorem 3.5. Let f and g be bounded analytic functions on U, such that f'2. If
TgTy —TgTg < T5Ty — Ty T#
on LZ,M, then g’ and |g'| < | f'| a.e. on dU.

Proof. Let (B;,;) denote the matrix of H§*H§ in the orthonormal basis {(n + 1)%z",
n > 0}. Using the notation of the previous lemma and setting g(z) = Y, =, byz", we

have
i’ = Z Iam|2i2Rin,0 + Z |am|2i2Ri,,,0,
m<i m>i
where
g GFDAp+ D -G —mt Dimtitp+DF
m.p m+i+p+ D4+ 120G +p+1)?
Similarly,
i%Bii =D 1bml*i*Riy o+ Y |bm|*i*RL, .
m=<i m>i
If

TgTy —TgTg < T5Ty — Ty T,
then we obtain the inequality
> bmli* Ry, o < %0
m<i
Defining
Hi(m) = X{0....iy(m)|bm *i* Ry o.

we observe that
H;(m) — 4m?|b,|* asi — oo.

Using Fatou’s lemma and the above inequality, we get

4 mPloml* <4 mPlaml.

m>1 m>1

Thus, g2, and from the previous lemma, we obtain

lim iz(ai’i—}-p - ,Bi,i—i-p) = Ts,s+p>
1—>00
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where the right-hand side is the matrix of the Hardy space Toeplitz operator
Ty( 2—|g72)- A known property of Toeplitz forms [8] then implies that

|g’'| <|f’'| a.e.on the unit circle. ]

4. The sufficient condition

In this section, we consider the case f = z™, where m is a positive integer, and we
find a sufficient condition for the commutator inequality

TgTy — Ty Ty < T5Ty — Ty T,

to hold, where g(z) = Y 2| b,z" is bounded on the unit disk. The following lemma
is needed.

Lemma 4.1. The matrix of H;WH?" in the orthonormal basis {(i + 1)?z%,i > 0} is
diagonal and is given by

G+D*

4y = ) THEmT , Yism
@i+1) (i+1—m) o
Grirm® — Gept 0 fizm

Our third main result is based on the following two propositions.
Proposition 4.2. Letn > m > 1. Then |)L|2HZ*7H27 < HZX, Ho if and only if

m
Al < —.
n

Proof. The previous lemma shows this is equivalent to the following three inequalit-
ies:

AP (+D* _ G+D*
G+14+n*~ (+14+m*
i+ D* o+ 1?4 (i +1-—m)*

fori <m. (1)

2 _ .
4] Grltmd ~Grirmp  Ggnt o oms=i<n Q)
IXIZ( (i +D* _(i+1—n)4)

G+itnmf G+ D?
. 4 . _ 4
i+ _(l+1 m)’ fori = n. 3)

T+ 14+m @+ 1)*
Clearly, inequality (1) is equivalent to

(i+1+n)* }
—_ m.,.

A2 < min J
AP = {(i—f—l—l—m)“
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; 4
Since m < n, the function Sy, »,; = % is decreasing in i, and the minimum is
attained at i = m — 1. Thus, inequality (1) is equivalent to
2
m-+n
IA] < g =

(2}’}’1)2 - m,n-
A computation shows that inequality (3) is equivalent to

Qm,i

n,i

AP < ., fori>n,

where
(DG +1+R) G+ 1—k)*

Ok = G+ D*+1+k)*

Setting x =i + 1, we obtain, after simplifying, the function

m?(2x% — m?)(x* + (x%2 —m?)?)

F) = e — e+ (2 =n)

Since n > m,
2

F(x) > m_2
n

Also,
i m2(2x2 _ m2)(x4 + (x2 _ m2)2) m>2
im N
x—>00 n2(2x%2 —n2?)(x* + (x2 —n2)?) n2

Thus, since Sy, ,; is decreasing with i and lim; o Sy n,; = 1, inequality (3) is equi-

valent to "
Al < —. L
n

The following definition was first introduced by C. Cowen [3] in the Hardy space
setting. We denote by V' the unit ball of L‘%J;L

Definition 4.3. Let f € L7 . Define

N\ ={geLl, |supl(g.hl)| <sup|(f.hI)},
f leV leV

for any bounded analytic function 4 on U.

As shown in [3], the set /\ f is convex, balanced, and weakly closed in Li’ -
Finally, it is easy to see that the Toeplitz operator

Tomypzm

is hyponormal if and only if |A| < 1.
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Theorem 4.4. Let (wp)n>m be a sequence of complex numbers satisfying

Z |a)n| <1,

n>m
and define
_ m_n
g1(z) = Za)nnz .
n>m
Then,
T?l Tgl — Tg] T§1 < TEm om — Tym sz

on LZ’M.
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