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Li–Yorke and distributional chaos for weighted shifts on
directed trees

Chol San Kim, Hyon Hui Ju, Jun Hyok Choe, and Jin Myong Kim

Abstract. We study Li–Yorke and distributional chaos for weighted shifts on directed trees. We
give a complete characterization of Li–Yorke chaotic weighted shifts on rooted directed trees.
Also we show some sufficient conditions for distributional chaos of these operators. Our results
generalize the previous results on Li–Yorke and distributionally chaotic unilateral and bilateral
weighted shifts. It also has relations with some papers in which other important dynamical
properties were investigated for weighted shifts on trees.

1. Introduction

The study of chaos has attracted the attention of many authors in recent years. The
mathematical term “chaos” first appeared in 1975 by Li and Yorke [19] in the context
of compact dynamics. It was in [12] that this term was adopted in linear dynamics
by Godefroy and Shapiro. Their notion is known as chaos in the sense of Devaney.
Since then, there have been an intensive study on Devaney chaos as it contains hyper-
cyclicity as one of its key ingredients, which is the main issue of linear dynamics and
also intimately related to the invariant subset problem – an open problem in operator
theory.

In recent years, the study on other notions of chaos, such as Li–Yorke chaos and
distributional chaos, was initiated in the framework of linear dynamics. As to Li–
Yorke chaos, which is the earliest notion of chaos, several authors recently started
to investigate it in the setting of linear dynamics; see [3, 5, 7, 10, 25, 26]. In particu-
lar, in [3] the authors gave a characterization of Li–Yorke chaotic unilateral weighted
shifts on certain sequence spaces. On the other hand, distributional chaos was intro-
duced as a natural extension of Li–Yorke chaos by Schweizer and Smítal in the context
of compact dynamics ([24]) and also adopted in linear dynamics; see, e.g., [3,4,6,22].
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It was in [3,22] where some sufficient conditions for distributional chaos were shown
for unilateral weighted shifts.

Some of the most famous yet simplest operators are weighted shifts. They serve
as a “testing ground” for operator-theorists and provide a great deal of examples and
counterexamples to distinguish several dynamical properties. A key step in the re-
search on the dynamical properties of weighted shifts was made by Salas in [23] where
he characterized hypercyclicity for weighted shifts on l2.N/ and l2.Z/. Later on, his
study on weighted shifts was continued by many authors; see [2, 9, 11, 13, 17, 27].

However, some traditional examples constructed by weighted shifts are rather
technical and complicated, or even completely fail to classify some important dynam-
ical properties. Thus it is of great significance to consider a larger class of operators
that provide the operator-theorists with more detailed and sophisticated examples.
This can be achieved by modifying the set of indices which weighted shifts act on.
More specifically, one can replace the index sets N or Z with a more general directed
tree.

In [18], the authors initiated the study of weighted shifts on general directed trees
from the perspective of the operator theory. The dynamical properties of these oper-
ators were firstly investigated by Martínez-Avendaño in [21] where he gave some
conditions for the hypercyclicity of weighted shifts on directed trees. This paper was
followed by some other important results by several authors. In [14], the bounded-
ness, hypercyclicity, weak mixing and mixing property of weighted shifts on directed
trees were characterized while Devaney chaos and F -transitivity for the same opera-
tors were characterized in [15] and [1], respectively. In particular, [20] settled an open
problem posed in [8] by constructing a counterexample based on weighted shifts on
directed trees. They also showed that this cannot be done by traditional unilateral and
bilateral weighted shifts.

Our main purpose in this paper is to study Li–Yorke and distributional chaos for
weighted shifts on directed trees. One can relate our results to aforementioned papers
in which several other dynamical properties such as hypercyclicity, F -transitivity and
Devaney chaos were investigated for these operators, and also to those that dealt with
Li–Yorke and distributional chaos for traditional weighted shifts.

This paper is organized as follows. In Section 2, we give some preliminaries and
fix the notations that will be used throughout this paper. In Section 3, we study Li–
Yorke chaos for weighted shifts on directed trees. We first characterize Li–Yorke
chaotic weighted shifts on rooted directed trees. Then we show that the existence
of a nonzero orbital limit point guarantees Li–Yorke chaos for these operators. As a
special case, we observe an unweighted shift on an unweighted tree and show that
there exists a Li–Yorke chaotic shift on a tree that has a free right end. In Section 4,
we study distributional chaos for weighted shifts on directed trees. First we give some
sufficient conditions for distributional chaos for these operators. These results gener-
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alize some previous results on unilateral and bilateral weighted shifts. Also we show
that the existence of a nontrivial periodic point implies distributional chaos, yet it does
not guarantee Devaney chaos as shown in [15].

2. Preliminaries

2.1. Sequence spaces on directed trees

A directed tree T D .V; E/ is a connected directed graph consisting of a countable
set V of vertices and a set E � .V � V / n ¹.v; v/ W v 2 V º of directed edges that has
no cycles and for which each vertex v 2 V has at most one parent, that is, a vertex
w 2 V with .w; v/ 2 E; the parent is denoted by par.v/. We write

parn.v/ D par.par.� � � par.v/// .n times/:

There is at most one vertex with no parent, called the root. The root is denoted by v0.
The set Chi.v/ is the set of all children of v 2 V , that is, the vertices with v as a

parent. More generally, for n � 1,

Chin.v/ D Chi.Chi.� � � .Chi.v////; .n times/;

with Chi0.v/ D ¹vº. A vertex with no children is called a leaf.
In a rooted tree with root v0, the set

Genn D Chin.v0/; n 2 N

is called the n-th generation.
The subtree is a subset of a tree that is a tree in its own right without changing the

parent-child relationship. An important subtree is

Vm D

m[
nD0

Genn

A tree V is called symmetric if jChi.u/j D jChi.v/j whenever u; v 2 V belong to
the same generation. Here j � j denotes a cardinality of the set. For a symmetric tree,
we define


n D jChi.v/j

when v 2 Genn.
A path is a sequence .v1; : : : ; vn/ in V with vk�1 D par.vk/ for k D 2; : : : ; n. A

branch starting from a given vertex v1 is a sequence .v1; v2; : : :/ of maximal length in
V with vk�1 D par.vk/ for k � 2. A family �D .�v/v2V of nonzero scalars is called
a weight on V .
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Now we recall the concept of some important sequence spaces on trees. Let � D
.�v/v2V be a weight. We consider

lp.V; �/ D

²
f W V ! K W kf kp WD

X
v2V

jf .v/�vj
p <1

³
; 1 � p <1

and

c0.V; �/ D
®
f W V ! K W 8" > 0; 9F � V finite;8v 2 V n F; jf .v/�vj < "

¯
:

which is endowed with the canonical norm on l1.V; �/. If � D 1 for all v 2 V , the
corresponding unweighted spaces are denoted by

lp.V /.1 � p <1/ and c0.V /:

2.2. Weighted backward shifts

Let V denote a tree. Let �D .�v/v2V be a family of nonzero scalars, that is, a weight.
Then the weighted backward shift B� is defined by

.B�f /.v/ D
X

u2Chi.v/

�uf .u/; v 2 V;

where the empty sum is zero. If � D 1 for all v 2 V , the corresponding unweighted
backward shift is denoted by B .

A weight �D .�v/v2V is called symmetric if �u D �v whenever u and v belong to
the same generation. Then we define �n D �v when v 2Genn. In this case, we callB�
symmetric. Particular symmetric shifts are the Rolewicz operators �B , � 2 K n ¹0º.

Given a Fréchet sequence space X over V , we say that B� is defined on X if all
the series defining B�f converge unconditionally for any f 2 X . By the Banach–
Steinhaus theorem, B� is then a (continuous linear) operator from X to KV . On the
other hand, we say that B� is an operator on X if B�f 2 X for all f 2 X . In that
case, by the closed graph theorem, B� is a (continuous linear) operator from X to X .

In connection with the iterates of weighted backward shifts the following notation
is useful. If � D .�v/v2V is a weight and .v1; : : : ; vn/ is a path in V , then we set

�.v1 ! vn/ D �v2�v3 � � ��vn :

Indeed, we have for any v 2 V and n � 1,

.Bn�f /.v/ D
X

u2Chin.v/

�.v ! u/f .u/:

Note also that
�.v ! u/ D �.v ! w/�.w ! u/

if there is a path from v to u via w.
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We recall here the well-known and very useful fact that every weighted back-
ward shift is conjugate to an unweighted one if one modifies the underlying space.
More precisely, let X be a Fréchet sequence space over V and � D .�v/v2V and
� D .�v/v2V be weights. Define X� D ¹f 2 KV W .f .v/�v/v2V 2 Xº, which turns
canonically into a Fréchet sequence space. Then �� W X� ! X , f 7! .f .v/�v/v2V

is an isometric isomorphism. And we have

B� ı �� D �� ı B

if the weights � and � are related via �v D
�par.v/
�v

for all v ¤ v0. Equivalently, we
have

�v D

Qm�1
kD0 �park.v0/Qn�1
kD0 �park.v/

�v0 D
�.w ! v0/

�.w ! v/
�v0 ; v 2 V

wherew is a common ancestor of v and v0, that is,w D parn.v/D parm.v0/ for some
n;m � 0.

2.3. Linear dynamics

We finally recall some basic notions from linear dynamics. An operator T WX!X on
a separable Fréchet space X is called hypercyclic if there exists a vector x 2 X whose
orbit ¹T nx W n � 0º is dense in X . T is called topologically transitive on X if for any
nonempty open setsU and V inX , there exists some n� 0 such that T n.U /\ V ¤;.
If X is a separable complete metric space without isolated points, T is hypercyclic if
and only if it is topologically transitive by the Birkhoff transitivity theorem.

A vector x 2 X is called a periodic point for T if T Nx D x for some N � 1, and
N is called a period of x.

An operator T W X ! X is called Denaney chaotic if it is hypercyclic and has a
dense set of periodic points.

Next we state the notion of Li–Yorke chaos. Let T W X ! X be an operator. A
pair .x; y/ 2 X �X is called a Li–Yorke pair for T if

lim inf
n!1

d.T nx; T ny/ D 0 and lim sup
n!1

d.T nx; T ny/ > 0:

A scrambled set for T is a subset S in X such that .x; y/ is a Li–Yorke pair for T
whenever x and y are distinct points in S . T is said to be (densely) Li–Yorke chaotic
if there exists an uncountable (dense) scrambled set for T .

It is known that Li–Yorke chaos for linear operators is equivalent to the exis-
tence of an irregular vector. A vector x 2 X such that lim infn!1 kT nxk D 0 and
lim supn!1 kT

nxk D 1 is called an irregular vector for T . A vector subspace Y of
X is called an irregular manifold for T 2L.X/ if every vector y 2 Y n ¹0º is irregular
for T . Clearly, an irregular manifold for T is a scrambled set for T .
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The notion of distributional chaos is a natural extension of Li–Yorke chaos. Let
T be an operator on X . For each pair x; y 2 X and each n 2 N, the distributional
function F nxy W R

C ! Œ0; 1� is defined by

F nxy.�/ WD
1

n
j0 � i � n � 1 W d.T nx; T ny/ < � j:

And we define

Fxy.�/ WD lim inf
n!1

F nxy.�/ and F �xy.�/ WD lim sup
n!1

F nxy.�/:

T is called (densely) distributionally chaotic on X if there exist an uncountable
(dense) set � � X and " > 0 such that for every � > 0 and each pair of distinct points
x; y 2 � , we have that

Fxy."/ D 0 and F �xy.�/ D 1:

Distributional chaos for linear operators has a close relation with the existence of a
distributionally irregular vector. The orbit of x 2 X is said to be distributionally near
to 0 if there exists A�N with dens.A/D 1 such that limn2A T

nx D 0. And we say x
has a distributionally unbounded orbit if there exists B � N with dens.B/ D 1 such
that limn2B kT

nxk D 1. A vector x 2 X is called a distributionally irregular vector
for T if its orbit is both distributionally unbounded and distributionally near to 0.

A vector subspace Y of X is called a distributionally irregular manifold for T 2
L.X/ if every vector y 2 Y n ¹0º is a distributionally irregular vector for T .

3. Li–Yorke chaos for weighted shifts on directed trees

In this section, we study Li–Yorke chaos for weighted shifts on directed trees. As
mentioned in Section 2, weighted shifts on unweighted trees and unweighted shifts
on weighted trees are conjugate, which enables us to focus on one of these cases.
For convenience, we observe unweighted shifts on weighted directed trees and then
transfer the results to the weighted shifts on unweighted trees.

First we consider the case where the tree has a root v0. In order to give a complete
characterization of Li–Yorke chaos for weighted shifts on rooted directed trees, we
need the following proposition that gives the norm of powers of B .

Proposition 3.1. Let V be a tree with root v0 and � D .�v/v2V a weight on V . The
following hold:

(1) If B is an operator on l1.V; �/, then

kBnk D sup
v2V nVn�1

ˇ̌̌�parn.v/

�v

ˇ̌̌
for every n 2 N.
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(2) If B is an operator on lp.V; �/ (1 < p <1), then

kBnk D sup
v2V

� X
u2Chin.v/

ˇ̌̌�v
�u

ˇ̌̌p�
� 1
p�

for every n 2 N.

(3) If B is an operator on c0.V; �/, then

kBnk D sup
v2V

� X
u2Chin.v/

ˇ̌̌�v
�u

ˇ̌̌�
for every n 2 N.

Proof. We show that (2) holds. (1) and (3) are proved in a similar way. Let

Mn D sup
v2V

� X
u2Chin.v/

ˇ̌̌�v
�u

ˇ̌̌p�
� 1
p�

;

then by the Hölder inequality, we have

kBnf kp D
X
v2V

j�v.B
nf /.v/jp D

X
v2V

ˇ̌̌̌
�v

X
u2Chin.v/

f .u/

ˇ̌̌̌p
D

X
v2V

�
j�vj

p

ˇ̌̌̌ X
u2Chin.v/

f .u/

ˇ̌̌̌p�

�

X
v2V

�
j�vj

p

� X
u2Chin.v/

ˇ̌̌ 1
�u

ˇ̌̌p�
� p

p�
� X
u2Chin.v/

jf .u/�uj
p

��
�Mp

n kf k
p

for every f 2 lp.V; �/. This implies kBnk �Mn.
In order to show kBnk �Mn, we fix v 2 V and let I W lp.Chin.v/; ��Chin.v//!

lp.V;�/ be a continuous embedding where��Chin.v/ denotes the restriction of � onto
Chin.v/. If we define

�v;n.f / WD �v.B
nIf /.v/ D

X
u2Chin.v/

�vf .u/; f 2 lp.Chin.v/; ��Chin.v//;

then �v;n is a linear functional on lp.Chin.v/; ��Chin.v// and

j�v;n.f /j D kB
nIf klp.V;�/ � kB

n
kkIf klp.V;�/ D kB

n
kkf klp.Chin.v/;��Chin.v//

:
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On the other hand, the fact

�v;n 2 .l
p.Chin.v/; ��Chin.v///

�
D lp

�

�
Chin.v/;

1

�
�Chin.v/

�
and the definition of �v;n yield

k�v;nk D k�v�Chin.v/klp�
.Chin.v/; 1��Chin.v//

D

� X
u2Chin.v/

ˇ̌̌�v
�u

ˇ̌̌p�
� 1
p�

;

which in turn implies kBnk � .
P
u2Chin.v/ j

�v
�u
jp

�

/
1
p� . Since v is arbitrary, we obtain

kBnk �Mn. This concludes the proof.

Now by using Proposition 3.1, we can give a complete characterization of Li–
Yorke chaotic unweighted shifts on rooted weighted trees.

Theorem 3.2. Let V be a tree with root v0 and � D .�v/v2V a weight on V . If B is
an operator on X , then the following assertions are equivalent:

(1) B is Li–Yorke chaotic on X ;

(2) B is densely Li–Yorke chaotic on X ;

(3) B admits a dense irregular manifold;

(4) if X D l1.V; �/,

sup
n2N

sup
v2V nVn�1

ˇ̌̌�parn.v/

�v

ˇ̌̌
D1I

if X D lp.V; �/ (1 < p <1),

sup
n2N;v2V

X
u2Chin.v/

ˇ̌̌�v
�u

ˇ̌̌p�

D1I

if X D c0.V; �/,
sup

n2N;v2V

X
u2Chin.v/

ˇ̌̌�v
�u

ˇ̌̌
D1:

Proof. Since X0 D span¹ev W v 2 V º is dense in X and limn!1 B
nx D 0 for every

x 2 X0, we have (1), (2), (3) by [5, Corollary 21]. And by combining [3, Propo-
sition 2.1] with [3, Theorem 25], we also have (1), (4).

It is known that the zero-one law holds true for weighted shifts on N and Z, that is,
the existence of a nonzero orbital limit point implies hypercyclicity; see [9]. However,
in [1] it was shown that this is no longer valid for general directed trees. Then one
might wonder whether the existence of a nonzero orbital limit point guarantees Li–
Yorke chaos for these operators, which is a weaker notion than hypercyclicity. The
following proposition gives a positive answer to this question.
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Proposition 3.3. Let V be a tree with root v0 and � D .�v/v2V a weight on V .
Assume that B is an operator onX D lp.V;�/ (1 � p <1) or c0.V;�/. If B admits
an orbit with a nonzero limit point, then B is Li–Yorke chaotic on X .

Proof. We prove in the case whereX D lp.V;�/ (1<p <1). Suppose thatB admits
an orbit with a nonzero limit point, then by [1, Theorem 7.1] there exist a vertex v 2 V
and a strictly increasing sequence of positive integers .nk/k2N such thatX

u2Chink .v/

1

j�ujp
� !1 .k !1/;

which clearly impliesX
u2Chink .v/

ˇ̌̌�v
�u

ˇ̌̌p�

D j�vj
p�

X
u2Chink .v/

1

j�ujp
� !1 .k !1/:

By Theorem 3.2, B is Li–Yorke chaotic on lp.V;�/. The proof proceeds similarly for
the cases where X D l1.V; �/ or c0.V; �/.

Remark 3.1. The converse implication of Proposition 3.3 does not hold true in gen-
eral. Since the existence of a nonzero orbital limit point is equivalent to hypercyclicity
where V D N or V D Z, one can simply pick a Li–Yorke chaotic unilateral weighted
shift that is not hypercyclic; see [5, Remark 24].

Now it is easy to transfer our results to a weighted shift on an unweighted tree.
By the conjugate relation mentioned in Section 2, we obtain the characterization of
Li–Yorke chaotic weighted shifts on rooted directed trees.

Theorem 3.4. Let V be a tree with root v0 and � D .�v/v2V a weight on V . If B� is
an operator on X , then the following assertions are equivalent:

(1) B� is Li–Yorke chaotic on X ;

(2) B� is densely Li–Yorke chaotic on X ;

(3) B� admits a dense irregular manifold;

(4) if X D l1.V /,

sup
n2N

sup
v2V nVn�1

j�.parn.v/! v/j D 1I

if X D lp.V / (1 < p <1),

sup
n2N;v2V

X
u2Chin.v/

j�.v ! u/jp
�

D1I
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if X D c0.V /,
sup

n2N;v2V

X
u2Chin.v/

j�.v ! u/j D 1:

Next we turn to a special case where the shift and the tree are both unweighted. It
is clear that the dynamical properties of the shift depend only on the structure of the
tree in this case. This was studied by Martínez-Avendaño in [21], where he showed
that an unweighted shift on an unweighted rooted tree is hypercyclic if and only if the
tree has no free right ends. This arises a natural question. Does there exist a Li–Yorke
chaotic shift on a tree that has a free right end? By using Theorem 3.2, we can also
give an answer to this question.

Proposition 3.5. Let V be a tree with root v0. If B is an operator on l1.V /, then B
is not Li–Yorke chaotic on l1.V /.

Proof. Since �v D 1 for every v 2 V , the left-hand side of the first expression in
condition (4) of Theorem 3.2 is 1, which shows B can never be Li–Yorke chaotic
on l1.V /.

Proposition 3.6. Let V be a tree with root v0 and B an operator on X D lp.V /

(1 < p <1) or X D c0.V /. B is Li–Yorke chaotic on X if and only if

sup
n2N
jGennj D 1:

Proof. Since �v D 1 for every v 2 V , we can see that B is Li–Yorke chaotic if and
only if

sup
n2N;v2V

jChin.v/j D 1

by Theorem 3.2. This is equivalent to supn2N jGennj D 1.

Example 3.7. Here we give an example of a Li–Yorke chaotic shift on a tree that
has a free right end. We consider a binary tree V with an extra branch sticking out
from any fixed point. Clearly V has a free right end, but an unweighted shift on V is
Li–Yorke chaotic by Proposition 3.6.

Finally, we consider the case where the tree is unrooted. One can easily notice that
the fact that

X D span¹ev W v 2 V º D ¹x 2 X W lim
n!1

Bnx D 0º

plays a crucial role in the proof of Theorem 3.2. Hence by adopting the same dis-
cussion as in Theorem 3.2 and Theorem 3.4, we can give the following results on
Li–Yorke chaotic backward shifts on unrooted trees.
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Corollary 3.8. Let V be an unrooted tree and � D .�v/v2V a weight on V such that

lim
n!1

�parn.v/ D 0:

If B is an operator on X , then the following assertions are equivalent:

(1) B is Li–Yorke chaotic on X ;

(2) B is densely Li–Yorke chaotic on X ;

(3) B admits a dense irregular manifold;

(4) if X D l1.V; �/,

sup
n2N

sup
v2V nVn�1

ˇ̌̌�parn.v/

�v

ˇ̌̌
D1I

if X D lp.V; �/ (1 < p <1),

sup
n2N;v2V

X
u2Chin.v/

ˇ̌̌�v
�u

ˇ̌̌p�

D1I

if X D c0.V; �/,
sup

n2N;v2V

X
u2Chin.v/

ˇ̌̌�v
�u

ˇ̌̌
D1:

Corollary 3.9. Let V be an unrooted tree and � D .�v/v2V a weight on V such that

lim
n!1

�v�par.v/ � � ��parn.v/ D 0:

If B� is an operator on X , then the following assertions are equivalent:

(1) B� is Li–Yorke chaotic on X ;

(2) B� is densely Li–Yorke chaotic on X ;

(3) B� admits a dense irregular manifold;

(4) if X D l1.V /,
sup

n2N;v2V
j�.parn.v/! v/j D 1I

if X D lp.V / (1 < p <1),

sup
n2N;v2V

X
u2Chin.v/

j�.v ! u/jp
�

D1I

if X D c0.V /,
sup

n2N;v2V

X
u2Chin.v/

j�.v ! u/j D 1:



C. S. Kim, H. H. Ju, J. H. Choe, and J. M. Kim 378

4. Distributional chaos for weighted shifts on directed trees

The main aim of this section is to investigate distributional chaos for weighted shifts
on directed trees. It is a tricky matter in general to completely characterize distri-
butional chaos of an operator. However, we can give some sufficient conditions for
a certain operator to be distributionally chaotic. We use the same techniques as in
Section 3, that is, we first study unweighted shifts on weighted trees and transfer the
results to the weighted shifts on unrooted trees.

Theorem 4.1. Let V be a tree with root v0, .�v/v2V a weight on V and B an oper-
ator on X . Assume that there exists a branch .v0; v1; v2; : : :/ and a set S � N with
dens.S/ D 1 such thatX

n2S

j�vn j
p <1; X D lp.V; �/ .1 � p <1/I

sup
n2S

j�vn j <1; X D c0.V; �/;

then B is densely distributionally chaotic on X .

Proof. We only consider the case whereX D lp.V;�/ (1�p <1). If we define fkDP
n2S;n�k evn , then we have fk 2 lp.V;�/ since kfkk D .

P
n2S;n�k j�vn j

p/
1
p <1

for every k 2 N. Clearly we obtain fk ! 0 and kBnfnk D kev0 C � � � k � j�v0 j for
every n 2 S . Denoting S by a strictly increasing sequence .Nk/k2N , we have

lim
k!1

1

Nk
j¹1 � j � Nk W kB

jfj k > j�v0 jºj D 1:

By [4, Proposition 8], B admits a distributionally unbounded orbit, which completes
the proof by [4, Theorem 15].

Corollary 4.2. Let V be a tree with root v0, .�v/v2V a weight on V and B� an
operator on X . Assume that there exists a branch .v0; v1; v2; : : :/ and a set S � N

with dens.S/ D 1 such thatX
n2S

j�.v0 ! vn/j
�p <1; X D lp.V / .1 � p <1/I

inf
n2S
j�.v0 ! vn/j > 0; X D c0.V /;

then B� is densely distributionally chaotic on X .

Remark 4.1. If we set V D N in Theorem 4.1, then we obtain [4, Theorem 26].

In [15], the authors have indicated a marked difference between a general directed
tree and the case V D N or V D Z. Specifically, they noted that the existence of a
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nontrivial periodic point does not imply Devaney chaos for weighted shifts on directed
trees; see [15, Examples 3.1, 3.2]. It reveals great contrast with traditional unilateral
and bilateral weighted shifts where the existence of a nontrivial fixed point is equiv-
alent to Devaney chaos. Here we show that the existence of a nontrivial fixed point
guarantees distributional chaos for weighted shifts on rooted directed trees.

Theorem 4.3. Let V be a tree with root v0, .�v/v2V a weight on V andB an operator
on X D lp.V; �/ (1 � p <1) or X D c0.V; �/. If B admits a nontrivial periodic
point, then B is densely distributionally chaotic on X .

Proof. Let f be a nontrivial periodic point of B with Bpf D f . If we put

M D min¹kf k; kBf k; : : : ; kBp�1f kº

then we have M > 0 since f ¤ 0. Defining fn D f � f�Vn�1
for every n 2 N, we

clearly have fn! 0 and Bnfn D Bnf �Bn.f�Vn�1
/ D Bnf D BpqCrf D Brf

for some 0 � r < p. Hence it follows that

lim
n!1

1

n
j¹1 � k � n W kBkfkk �M ºj D 1:

This implies that B is densely distributionally chaotic by [4, Proposition 8].

Remark 4.2. The converse implication of Theorem 4.3 does not hold true in general.
In fact, even in the case where V D N it is not true, since in this case the existence
of a nontrivial periodic point is equivalent to Devaney chaos ([16, Theorem 4.8])
and there exists a unilateral weighted shift which is distributionally chaotic but not
Devaney chaotic ([22, Example 10]). Furthermore, for weighted shifts on directed
trees, the existence of a nontrivial periodic point does not imply Devaney chaos in
general as shown in [15, Example 3.2]. So we can conclude we have the following
chain of implications for weighted shifts on rooted directed trees where two converse
implications are not valid:

Devaney chaos ) existence of a nontrivial periodic point ) distributional chaos.

We can give a sufficient condition for the existence of a dense irregular manifold
from the perspective of the norm of B .

Theorem 4.4. Let V be a tree with root v0, .�v/v2V a weight on V andB an operator
onX D lp.V;�/ (1� p <1) orX D c0.V;�/. Assume that there exists a set S �N

with dens.S/ D 1 such thatX
n2S

inf
v2V nVn�1

ˇ̌̌ �v

�parn.v/

ˇ̌̌
<1; X D l1.V; �/I
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X
n2S

�
sup
v2V

X
u2Chin.v/

ˇ̌̌�v
�u

ˇ̌̌p�
�� 1

p�

<1; X D lp.V; �/ .1 < p <1/I

X
n2S

�
sup
v2V

X
u2Chin.v/

ˇ̌̌�v
�u

ˇ̌̌��1
<1; X D c0.V; �/:

Then B admits a dense distributionally irregular manifold in X .

Proof. This is an immediate consequence of Proposition 3.1 and [3, Corollary 30].

Corollary 4.5. Let V be a tree with root v0, .�v/v2V a weight on V and B� an
operator on X D lp.V / (1 � p <1) or X D c0.V /. Assume that there exists a set
S � N with dens.S/ D 1 such thatX

n2S

inf
v2V nVn�1

ˇ̌̌ 1

�.parn.v/! v/

ˇ̌̌
<1; X D l1.V /I

X
n2S

�
sup
v2V

X
u2Chin.v/

j�.v ! u/jp
�

�� 1
p�

<1; X D lp.V / .1 < p <1/I

X
n2S

�
sup
v2V

X
u2Chin.v/

j�.v ! u/j

��1
<1; X D c0.V /:

Then B� admits a dense distributionally irregular manifold in X .

We end this section with an observation on one special case. Rolewicz operators
are a special case of a symmetric shift where � D .�n/n. In [15], it was shown that
for these operators, Devaney chaos, mixing and hypercyclicity are equivalent. Here
we show that even Li–Yorke chaos and distributional chaos are all equivalent to these
properties. The following proposition establishes the equivalence of three notions of
chaos for Rolewicz operators on directed trees.

Proposition 4.6. Let V be a tree with root v0, � 2 K n ¹0º and �B a corresponding
Rolewicz operator on l1.V /. Then the following assertions are equivalent:

(1) �B is Li–Yorke chaotic on l1.V /;

(2) �B is distributionally chaotic on l1.V /;

(3) �B is Devaney chaotic on l1.V /;

(4) j�j > 1.

Proof. We have .3/, .4/ by [15, Theorem 9.3]. Also we obtain .3/) .2/ since
span¹ev W v 2 V º is dense in l1.V /. (2)) (1) is obvious. Hence it suffices to show
that .1/) .4/ holds. Assume that �B is Li–Yorke chaotic on l1.V /, then we have
supn2N j�j

n D1 by Theorem 3.4. This implies j�j > 1.
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Proposition 4.7. Let V be a tree with root v0 in which every vertex has exactlyN � 1
children. If � 2 K n ¹0º and �B is a corresponding Rolewicz operator on X D lp.V /
(1 < p <1) or X D c0.V /, then the following assertions are equivalent:

(1) �B is Li–Yorke chaotic on X ;

(2) �B is distributionally chaotic on X ;

(3) �B is Devaney chaotic on X ;

(4) j�j > N�
1
p� if X D lp.V /; j�j > N�1 if X D c0.V /.

Proof. We have .3/, .4/ and .3/) .2/ as in Proposition 4.6. As .2/) .1/ is clear,
it remains to verify .1/) .4/. Assume that X D lp.V / (1 < p <1). If �B is Li–
Yorke chaotic, then we have supn2N N

n�np
�

D 1 by Theorem 3.4. Thus we obtain
j�j > N

� 1
p� , which is to be shown.

Finally, we mention that the results in this section can also be used in the unrooted
case if the weight satisfies the condition stated in Corollary 3.8 or Corollary 3.9. In
order to avoid unnecessary repetition, we do not write it here.
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