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Covering number on inhomogeneous graph-directed
self-similar sets

Baldzs Bardny, Antti Kdenmiki, and Petteri Nissinen

Abstract. For a strongly connected inhomogeneous graph-directed self-similar set K€ satis-
fying the strong open set condition, we characterize the asymptotic behaviour of the r-covering
number N,(K€) as r | 0 in terms of the Minkowski dimension so(G) of the attractor. If
Jo eSo@IN,_(C;)dt < oo for all vertices i, then e ™50 N, (K€) has a limit t — o0,
which is a positive constant when the log-contraction group Gas is R and a positive periodic
function when Gy is a lattice; if the integral diverges for some 7, the limit is infinite.

1. Introduction

Let ® = (f1...., f¢) be a tuple of contractive similarities acting on R? such that
fi(x) = 0i0ix + t;, where 0 < g; < 1 is a contraction ratio, O; is an orthogonal
d x d-matrix, and t; € R9 is a translation vector for all i € {1,...,x}. A classical

result of Hutchinson [5] shows that for each such @ there exists a unique non-empty
compact invariant set K C R¥, called the self-similar set, such that

K =[] fi(K). (1.1)

i=1
For a bounded set 4 C R4, let N, (A) be the r-covering number of A, i.e.,

k
Ny (A) = min{k eN:AC U B(x;j,r) for some xy,...,x; € Rd},

i=1

is the least number of closed balls of radius » > 0 needed to cover A. Recall that, by
Falconer [3, Theorem 4], the Minkowski dimension of a self-similar K exists:

log Ny (K
dimy(K) = lim 28 (&)

1.2
ro logr! (1.2)
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A self-similar set K satisfies the strong separation condition, if f;(K) N f;(K) = 0
foralli, j € {1,...,k} withi # j. Under the strong separation condition, Lalley [7,
Theorem 1] managed to give more precise information in (1.2) by studying the con-
vergence of )
Ny (K
r—din(mM(K) (1-3)
as r | 0. In this paper, our goal is to generalise Lalley’s result for more general systems
under a more relaxed separation condition. Existing results either assume strong sep-
aration [7] or finite ramification [4], and do not cover inhomogeneous graph-directed
systems; the convergence of (1.3) in that setting has remained open. Our main res-
ults, Theorems 1.1 and 1.2 below, completely characterize the convergence of (1.3)
for strongly connected inhomogeneous graph-directed self-similar sets satisfying the
strong open set condition.

Graph-directed self-similar sets generalise self-similar sets. They are defined by
contractive similarities determined by a directed multigraph between non-empty com-
pacts sets in R?. Such a configuration is called a Mauldin—-Williams graph. More
precisely, let (V, E) be a directed multigraph with a set V' of vertices and with a
multiset £ of directed edges. For every vertex i € V, there exists a bounded set
X; c R? such thatX_i" = X;, and for every edge e € E, let S¢: X;(¢) — X;(¢) be a con-
tractive similarity associated to the edge e from the initial vertex i(e) to the terminal
vertex ?(e). The Mauldin—Williams graph is then G = ((V, E), (Xi)iev, (Se)ecE)-
By Mauldin and Williams [10, Theorem 1], there exists a unique list (K;);ey of non-
empty compact subsets of R¢, called the graph-directed self-similar sets, such that

Ki= |J SeKiw) (1.4)
ecE :i(e)=i

for all i € V. The precise definition is given in §2.1. Note that in the case of one
vertex and « many edges, the graph-directed self-similar set satisfies (1.1). Write
K = ey Ki. Hambly and Nyberg [4] studied the asymptotic behaviour of (1.3) for
graph-directed self-similar sets under the strong open set condition and the so-called
finite ramification.

Inhomogeneous graph-directed self-similar sets (Kic)iey are defined as graph-
directed self-similar sets but with a list C = (C;);ey of compact condensation sets.
By Dubey and Verma [1, Theorem 3.6], there exists a unique list (Kic )iey of non-
empty compact subsets of R4, called the inhomogeneous graph-directed self-similar
sets, such that

Kf = | Se(Ki) UG
ecE :i(e)=i
for all i € V. See §2.2 for a precise definition. Write also K¢ = ;o K. Note
that if C; = @ for all i € V, then the inhomogeneous graph-directed self-similar set
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satisfies equation (1.4). Dubey and Verma [1] studied the Minkowski dimension of
inhomogeneous graph-directed self-similar sets satisfying the strong open set condi-
tion.

Let us next state our main results. For the definitions of the strongly connec-
ted Mauldin—Williams graph, the strong open set condition (SOSC), and the strong
condensation open set condition (SCOSC), the reader is referred to §2.1 and §2.2. Fur-
thermore, let 5o (G) be the Minkowski dimension of the corresponding graph-directed
self-similar sets defined in (2.3) and let Gjs be the smallest closed group generated by
the logarithms of the contracting ratios defined in (3.1). The first main result covers
the case where the condensation sets are small.

Theorem 1.1. Suppose that (G, C) is a strongly connected inhomogeneous Mauldin—
Williams graph satisfying the SOSC such that

o0
/ e S0 @DIN _ (Cy)dr < 0o (1.5)
0

foralli € V. Then precisely one of the following two statements hold:

(1) Gy = R and for every i € V there exists a constant h; > 0 such that

N,—(KE
fim Ner K)o

f—>co Jp;e50(G)

In particular; lim; oo e 70O N, (KC) = Y. .\ .

(2) Gy = {{t}) and for every i € V there exist § > 0 and a t-periodic function
hi:R — [§, 00) such that
Nef(n7:+y)(KiC‘)

ngn;o hi (y)eSO(G)(n‘r-i-y) =1

forall y €0, 7). In particular, limy, o e 0 @DOTHNIN__ 1 (KC) = Yoiev hi(y).

The second main result deals with the case where there are large condensation
sets.

Theorem 1.2. Suppose that (G, C) is a strongly connected inhomogeneous Mauldin—
Williams graph satisfying the SCOSC such that

o0
/ e S0 @DIN _ (C;)dt = o (1.6)
0

for somei € V. Then

. Ne—(KF)
Iim ———— =

t—oo  es0(G)t

foralli e V.
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To summarise, our main results show that the condensation set either does not
affect the asymptotic behaviour of the covering number or forces it to blow up. Fur-
thermore, since our results are formulated for inhomogeneous graphs, they can also
be applied to homogeneous graph-directed self-similar sets that are not strongly con-
nected but satisfy the SOSC, in the following sense: the attractor in each connected
component can be expressed as a strongly connected inhomogeneous self-similar set
in which the condensation set either satisfies assumption (1.6) or dimy(C;) < so(G)
forall i € V, and, in particular, assumption (1.5) holds. Regarding graph-directed self-
similar sets satisfying the strong open set condition, Hambly and Nyberg [4] obtained
a more refined description with precise growth rates which depend on height of the
basic classes, under the finite ramification assumption that the overlap of two distinct
first-level cylinders is finite. In the strongly connected case, we are able to remove this
finite ramification hypothesis. In the non-strongly connected inhomogeneous case,
however, the interaction between different components and the effect of the condens-
ation set can produce additional growth phenomena, and it is not clear that one can
obtain similarly sharp asymptotics as in [4] by our methods. A full treatment of this
reducible case would require a separate analysis and lies beyond the scope of the
present paper.

The remainder of the article is organized as follows: in §2, we introduce the graph-
directed iterated function systems, define an inhomogeneous version of it, and recall
the vector-valued renewal theorem. In §3, we prove Theorems 1.1 and 1.2.

2. Preliminaries

In this section, we recall the definition of a graph-directed iterated function system
and present the vector-valued renewal theorem of Lau, Wang, and Chu [9].

2.1. Graph-directed iterated function systems

Let (V, E) be a directed multigraph, where V is the set of vertices and E is the
multiset of edges. For an edge ¢ € E, let us denote its initial vertex by i(e) and
by #(e) its terminal vertex. If i, € V are vertices then we denote the set of edges
with initial vertex i by E; = {e € E :i(e) = i}, the set of edges from i to ¢ by
Eis={ecE;:tle)=t}.AlistG = ((V, E), (Xi)iev, (Se)ecr) with the following
three conditions:

(G1) (V, E) is a directed multigraph,
(G2) (Xi)iev € (RPN is alist of non-empty compact subsets of R¢, X_l" = Xi,
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(G3) Se:X;(e) = Xi(e) is a contractive similarity with contractionratio 0 < r, < 1
foralle € E,

is called a Mauldin—Williams graph.

If G =((V,E), (Xiiev, (Se)eck) is a Mauldin—Williams graph, then, by [10,
Theorem 1], there exists a unique list (K;);ey of non-empty compact invariant subsets
of X; satisfying

Ki = | Se(Kie)) @1

ecE;

foralli € V. The sets in (K;);ey are called graph-directed self-similar sets associated
with G. It is a common practice to embed the sets X; into a single R4 such that
X? N X? =0 whenever i # j. This allows us to define K = (J;cy Ki, where the
union is “essentially” pairwise disjoint. We say that G satisfies the open set condition
(OSC) if there exist a list (U;);ey of sets such that for all i € V the following three
assumptions holds: each U; is non-empty open bounded subsets of X,

| SeUiey) C Ui 22)

ecE;

and
Se(Use)) N Ser(Us(ery) = 0

for all e, e’ € E; with e # ¢’. Furthermore, if U; N K; # @ for all i € V, then we
say that G satisfies the strong open set condition (SOSC). It follows from (2.1) and
(2.2) that K; C U; for all i € V. Clearly, if a Mauldin—Williams graph satisfies the
SOSC with open sets (U;);ey, then, without loss of generality, we may assume that
X; =U;.

Alisty = (ey,...,e,) of consecutive edges, which satisfies t (e;) =i (e2), t(e2) =
i(e3),...,t(en—1) = i(ey), is called a path. For a path y = (ey, ..., e,), we define
Sy =8¢, 0:--08,, and ry = re, -+ Ie,. The number of edges in a path is its length.
A path y = (e, ..., ey) is called a cycle if t(e;) = i(ey), i.e., the terminal vertex
of y, denoted by #(y), is equal to the initial vertex of y, denoted by i(y). A cycle
y = (eq,...,ey) is simple if all the initial vertices i (e1), ..., i(e,) are distinct. Let us
denote the set of paths of length n beginning at i and terminating at j by

Iy = {y =(e1.....en) € E" : yisapathsuch thati(e;) =i and 7(e,) = j}

and write I'’; = (J, ey I}, We use the convention that & is an element of I'"; and
has the property that S is the identity map Id |x, . Similarly, let I'" = ey I be
the set of n-length paths beginning at i and write I'* =, I'7. If y = (e1....,e5) €
I'7', then we write y~ = (eq,...,ep—1). Let I'" = (J;ep IV and T = |, ey T
Write |y| for the length of y € T'*. We say that G is strongly connected if for each
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pair of vertices i and j, there is path from i to j. In particular, if G is strongly
connected then there exists r > 0 such that forevery i, j € V, I} j = (. For any two
paths y = (e1,....en), ¥ = (e],....e,) e T lety Ay’ = (e1,....ejyry|), Where
ly Ay'| = min{k = 0: ex+1 # €, }, the common part of the paths y, y’. We use the
convention thatif [y A /| = 0theny Ay’ = @.

We also define the set of infinite length paths beginning at i by

I; ={y =(e1.,ea,...) € EN:y satisfies i (e;) =i and 1(e,) =i (enq1) forall n € N}.

Ify = (e1,ez,...) € EN, then we write y|, = (ey,...,e,) € E" foralln € N. The
canonical projection I1;: I'; — K; is defined by the relation

LM} = Syl Keyi)
n=1

forall y € EN. Note that each T1; is surjective. Defining I' = Uiey Tiand IT: T — K
by I1(y) = I;()(y), we have II(I') = K.

One can identify the finite set of vertices with positive integers, i.e., we may
assume that V = {1,..., N}. A non-negative N x N matrix A is irreducible if for
all i, j € {1,..., N} there exist k € N such that (Ak)ij > 0. Here A;; denotes
the (i, j) element of a matrix A. For a given Mauldin—Williams graph G, define
A = (ZeeEU_ r3)i,jel1,..,ny forall s = 0. Itis easy to see that Ay, is irreducible for
all s = 0 if and only if G is strongly connected. Recall that, by the Perron—-Frobenius
theorem, the spectral radius p(A) of an N x N matrix A is the largest eigenvalue of
A in modulus. Let s9(G) = 0 be the unique solution of

p(A5) = 1. 2.3)
The following theorem follows from [10, Theorem 3] and [2, Corollary 3.5].

Theorem 2.1. Let G be a strongly connected Mauldin—Williams graph and (K;)icy
the associated list of graph-directed self-similar sets. If G satisfies the OSC, then

and 0 < F50G)(K;) < oo foralli € V.

We recall the following theorem which is a combination of [11, Theorem 2.2.6]
and [10, Theorem 5].

Theorem 2.2. Let G be a strongly connected Mauldin—Williams graph and (K;)icy
the associated list of graph-directed self-similar sets. Then

0SC & SO0SC <& 0< ;00 (K;) < oo

foralli e V.
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2.2. Inhomogeneous graph-directed systems

We introduce an extension of the Mauldin—Williams graph which is also our main
interest. Let G be a Mauldin—Williams graph defined in §2.1. If there exists a list
C = (C;);ey of compact sets such that C; C X; for alli € V, then we see that there
exists a unique list (K IC )iev of non-empty compact invariant subsets of X; satisfying

KE = Se(Ke) UG

ecE;

foralli € V. Note thatif C; = @ for all i € V' and we denote (¥);ey by @, then K? is
the set satisfying (2.1) and is denoted by K;. Recall that we introduced the convention
that @ € I' and Sg = Id [x;, so it is straightforward to see by the definition that

KE =KiU (] Sy(Ciyy- (2.4)
yer;

We say that (G, C) is an inhomogeneous Mauldin—-Williams graph. Calling (G, C)
strongly connected, it obviously means that G is strongly connected. The sets in
(Kic )iev are called inhomogeneous graph directed self-similar sets associated with
(G, C) and, again embedding the sets X; into a single R¢ such that X n X]‘.’ =40
whenever i # j, their union is denoted by K¢ = ;) KE.

We say that (G, C) satisfies the strong open set condition (SOSC) if G satisfies
the SOSC with open sets (U;);ey and C; C U; for all i € V. Observe that if (G, C)
satisfies the SOSC, then Kic C U; and we may assume that X; = U; foralli e V.
Furthermore, following [6], we say that (G, C) satisfies the strong condensation open
set condition (SCOSC) if G satisfies the SOSC with open sets (U;)ieq1

.....

G CU\ | SeUieey)

ecE;

foralli € {1,...,N}.

2.3. Vector-valued renewal theorem

We say that a locally finite Borel regular measure is a Radon measure. For Radon
measures (1 and u, on R, we define the convolution of (1 and pu, by

(1 * 12)(A) = // LaCx + v) dpur () dpa ()
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for all Borel sets A C R. Observe that the convolution is a Radon measure on R, and
that we furthermore have

spt(p1 + p2) = spt(p1) U spt(pz),
spt(i1 * p2) = spt(1) + spt(uz),

where (1 + 12)(A) = w1(A) + p2(A)and A+ B={x+y:x € Aand y € B} for
all A, B C R. Moreover, if spt(it1), spt(uz) C [0, 00), then clearly spt(p; + pz) =
spt(ie1) U spt(uz) C [0, 00) and spt(i1 * p2) = spt(i1) + spt(uz) C [0, 00).

Let us define a matrix valued Radon measure by setting

H11 HiN
M = . (2.5)
MN1T -t HNN
where each ;;, fori, j € {1,..., N}, is a Radon measure on R such that we have

spt(ui;) C [0,00). If y = ((i1,i2), (i2,03), ..., (ixk—1, ix)) is a path, then we write
Ry = Hijio * Hisig * =% Wi g

Note that spt(iLiy iy * Miyiz * -+ % Wig_yig ) C [0,00). I M = (iij)i,jeqr,..,ny and P =
(vij)i,jef1,...,ny are matrix valued Radon measures, then we define their convolution
by

ZiNz1 Mip * Vg oo Z;V=1 M1l * VIN

M x P = : : :

N N
DImi NI X VL ottt D oj_y UNI X VIN

Let M*° = diag(8o, ..., 8y) and define recursively M** = M*&=D 4 M for all
k € N. Note that the measures Mij-k are Radon on R such that spt(Mi’;.k ) C [0, 00).
We also write

o0 Yhso MiE e R0 MY
k=0 Yro My Ro My
and
Gy = <U{spt(,u,,) : y is a simple cycle}). (2.6)

Assuming that the set G is non-empty and nontrivial (i.e., Gps # {0}), then there
are two possibilities: either Gpy = R or Gy = ({t}) for some 7 > 0. Indeed, if a
non-empty B is a nontrivial subgroup of the additive group of real numbers, then one
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of the following holds: B is dense in R or B = tZ = {tk : k € Z} for some 7 > 0.
Thus, closed non-empty nontrivial subgroups of the additive group of real numbers
are R and 7Z.

Recall that

(f % W) = / £ — ) du(y)

for all Radon measures ;t on R and f:R — R.If M = (uij); jeqr,..,N} iS @ matrix

.....

valued Radon measure and ' = (f1,..., fn):R — R¥ then we define
M11 -0 HIN
(f*xM)x)=(fr,..../m)x| + .+ |
MN1 -+ MUNN

N N
= (Zﬁ */,Lll(x),...,Zﬁ *I’LZN(X))
I=1 I=1

Let L = (Ly,...,Ly):R — R¥ be a function vanishing for x < 0 and let us consider
the inhomogeneous convolution equation of the form

fx) = (f * M)(x) + L(x), 2.7)

where M = (uij)i,jef1,..,n} 1S @ matrix valued Radon measure and f:R — RV,
Furthermore, we assume that the component functions Lq,..., Ly:R — R of L are
directly Riemann integrable, that is, each L; is Riemann integrable on finite closed

intervals and
o0

sup |L;i(t)] < o0. (2.8)
o t€lkk+1]

We say that L is directly Riemann integrable if all of its component functions are.
Finally, we denote the cumulative distribution of M by

Fii(x) - Fin(x) p11([0,x])  --- N ([0, x])
Fu(x) = : : = : :
Fyi(x) - Fyn(x) un1([0,x]) -+ uwnn([0,x])

for all x = 0 and the matrix £ of first moments is

mip -+ MIN Jo o xdpn(x) - f5xdpin(x)
E=| @ . : = : ' :

myiy - MNN foooxdll,Nl(X) fooon,uNN(x)

The following result is [9, Theorem 4.3].
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Theorem 2.3. Suppose that M is a matrix valued Radon measure as in equation (2.5)
such that the full measure matrix Fpy(00) is irreducible and has spectral radius 1. If
L:R — RY is directly Riemann integrable such that L(x) = (0, . ..,0) forall x <0,
then the inhomogeneous convolution equation

f=f*xM+L,

has a unique continuous solution f = L x U vanishing on (—oo, 0). Furthermore,
the solution satisfies the following two conditions:

(1) If Gy = R, then

lim f(x) = (/OooLl(t)dt,...,[oooLN(t)dt)A.

2) If Gapr = {{1}) for some T > 0, then for each x > 0 it holds that

lim f(x +n7) = (Z Li(x+kt),....) Ly(x +kr))A,

keZ keZ

where A = (v Eu)"'uv’ and u,v are the unique normalized right and left 1-
eigenvectors of Fyr(00), respectively.

We remark that, in the case Gy = ({t}), the result [9, Theorem 4.3] states that
lim,oo(L % U)j(x +n7t) =Y ez Li(x —ayj + k) for all a;; € spt(uya,j))s
where y(1, j) is any path from 1 to j such that u, (1, ;) # 0. By recalling (2.6), we
see that ay; is an integer multiple of 7, and the result improves immediately.

3. Strongly connected inhomogeneous graph-directed self-similar sets

In §3.1, we prove the first main theorem, Theorem 1.1. The method follows a stand-
ard route: we reduce the problem to the analysis of a renewal equation, which in
our setting is vector valued, and apply the renewal theorem, Theorem 2.3, of Lau,
Wang, and Chu [9]. The main difficulty is to establish direct Riemann integrability of
the function that appears in the renewal equation. Under the SOSC, this amounts to
showing that the contribution to the covering number from the overlap between cells
is of smaller order than the bulk, so that the difference between the covering number
on different scales can be controlled. The second main theorem, Theorem 1.2, is more
straightforward; we prove it in §3.2.
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3.1. Small condensation sets

We work in the setting of Mauldin—Williams graphs introduced in §2.1. With a slight
abuse of notation, we define

Gy :<U U{—logry:yeFi’fi}> (3.1)

ieV n=1

for all Mauldin—Williams graphs G. The abuse is justified as we are going to see that
the above definition agrees with (2.6).

To prove Theorem 1.1, the task is to verify that we are in the setting of the
vector-valued renewal theorem explained in §2.3 and then apply Theorem 2.3. We
remark that if G were a strongly connected Mauldin—Williams graph, then in the
case Gy = R, we could have also applied [8, Theorem 4]. We use the vector-valued
renewal theorem to extend the result to strongly connected inhomogeneous graphs.
We also remark that [8, Theorem 4] does not cover the case Gy = ({r}). The role of
Lemma 3.1 is to ensure the inhomogeneous term L* in the renewal equation is dir-
ectly Riemann integrable under the condensation condition (1.5); Lemma 3.2 bounds
the covering number near the boundary of the open sets so that Lemma 3.1 applies.
We then deduce Theorem 1.1 by applying Theorem 2.3.

We begin by examining the behaviour of the covering function. Let us fix an
integeri € V ={1,..., N} and define L* = (L],...,Ly):R — RY by setting

Li(@t) = Y Ne-1(Se(KG,) — Net (KF) (3.2)

ecE;

for all + € R. By (2.1), we see that

N N
Ne-t(KE) =" 3" Nt (Se(KE)) = L) =Y > N1 (KS) = LY (1)

j=1le€kE;; j=1le€kE;;
forallr € R.Let f* = (f{*..... fy): R — R¥ be such that
J75(t) = Ne—1 (K )e ™™ (3.3)

forallz e Rand j € {1,..., N}. Observe that

—1 S0
1t —logry o = N 1 (K €)esott—logre D glogre

e—(t—log re

C\ —sot
e—(t—lngre_l) (K] )e

= N,,-1 (K )e™!

—t o



B. Bérany, A. Kidenméki, and P. Nissinen 252

for all e € E;; and hence,

Z Ne_,re_1(KjC)e_50’ = Z i@ —logr;hyrso,

eEEij eEEij
Furthermore,

N
fi*(t) — Ne—z(Kl-C)e_S‘)t — Z Z Ne—fr;1 (ch)e_s"t _ L;"(t)e_s()’
Jj=1le€kE;;

N
=D D St —logrg ) — Li@n)e™™

J=1le€kE;;
N

_ *
Jj=1

forallz € R, where 8y is the Dirac measure at x € R. Write jt;j = ) ., reds
foralli,j € {l1,..., N} and let

3 rgoalog,el)(z) — L¥(t)e™™! (3.4)

eEE,'j

log re_1

M11 - UNI
M= - (3.5)
MIN * HUNN

be the corresponding matrix valued Radon measure. Then, by (3.4),
[r@) = (" % M)(t) = L*(1)e™™" (3.6)

for all 1 € R. Observe that Fps(00) = (A2) " and hence, p(Fur (00)) = p(AY) = 1.
Recall also that Fys (c0) is irreducible if and only if G is strongly connected. Observe
also that, with the above choices, the closed subgroup Gz defined in (3.1) is the same
as the closed subgroup defined in (2.6).

Before going into the proof of Theorem 1.1, we show the following estimate
for L*.

Lemma 3.1. Let (G, C) be a strongly connected inhomogeneous Mauldin—Williams

graph satisfying the SOSC with condensation sets (C;)ie(1,..., N} Such that

o0
/ eSO N,—(C;)dt < oo
0

foralli € {1,..., N}, where so = so(G) is as in (2.3). Then
o0

sup eSO L¥(1)] < o0
5 el k+1]

foralli € {1,..., N}, where L} is as in (3.2).
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The proof of Lemma 3.1 relies on the covering number estimate for the neigh-
bourhood of the boundary. The estimate is used to control the boundary contribution
to L*. Recall that if A, B C R? and § > 0, then the 8-neighbourhood of A is given
by [A]s = {x € R? : |x — y| < § for some y € A}, the distance between A and B is
dist(A, B) = inf{|x — y| : x € Aand y € B}, and the distance between x € R and
A is dist(x, A) = dist({x}, 4).

Lemma 3.2. Let (G, C) be a strongly connected inhomogeneous Mauldin—Williams
graph satisfying the strong open set condition with open sets (U;);eq1,....N} and con-
densation sets (C;);eq1,..., N} Such that foooe_SO’Ne—t (Cy)dt<ooforalli €{l,...,N},
where so = so(G) is as in (2.3). Then

oo
/ e O N,— (ch N [8Ui]eft) df < o0
0

foralli € {1,...,N}.

Proof. Since (G, C) satisfies the SOSC, for every i € {1, ..., N} there exists a point
x € K; N U;, which has a positive distance from the non-empty compact set dUj.
Hence, for every integer i € {1,..., N} there exist no € N and y; € T['* such that
x € Sy, (Kt () C Sy, (Uryyy) and Sy, (Uy(y;)) N OU; = @. Write

R=_min_ dis(@U;. Sy, Uicr)) > 0.

ie{l,...,N

Without loss of generality, we may assume that n¢ is common for every i and
maxyegno 'y < R/max;eq,.. vy diam(U;).
Let us define now

(3

F;,g\{Yi} )i,ke{l,...,N}

where ¢ is the unique solution of p(B?) = 1. Since both A and B4 are both irredu-
cible, the Perron—-Frobenius theorem implies

p(B*) < p((A)") = p(4g) = 1, (3.7)

and so g < so. Moreover, let u, v € RY with strictly positive entries be such that
Blu =u,v"B? =v",and v'u = 1. Now, let

o0
Mo (i) = {y € U " :r,R<e™ <r,~Rand
m=1

y does not contain any of {y1,..., yN}}
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and
o
Np— (i) = { U " :r,R>e" and
y does not contain any of {y1, ..., )/N}}

for all # > 0. Hence, by the definition of the vectors # and v and the choice of ¢,

# Mt (i)e ™

< (minv;u; - min r? Vi riu
R4 ( raalit JEENO y) Z ' iryYe(y)
YEM,—1 (i)
= (minv;u; - m1n ri” 1 (3.8)
i ye

Write ¢/ = Up %' Uyer Sy(Cip) and
Ge = J s
YEN,—1 (i)
for all + > 0. Observe that, by (2.4),

Cc U U {8,(Cly)) iy R > ey U LSy (Usiy) i ryR < e™' < ry-R}.

mno

We claim that

SNt cCileHu | ST (3.9)
yEM,—1 (i)

Indeed, if this was not the case, then there exist points x € Kl.c N [0Uj],— and y €

U1 T/ such that y = y’y;y"” for some i € {1,..., N} and x € Sy (C/,) with
ryR > e " orx € Sy, (Uysy)) withr, R < e < r,—R. Then, by the SOSC,

e”" = dist(x, dU;) = dist(Sy (Us(y)). U;)
= dist(Sy (Ur)), Sy (U 1))
= ry dist(Sy; " (Ury)). 0Usy)) Z Rry > €7,

which, as C; C U, is a contradiction.
Observe that, by ¢ < s¢ and the fact that all matrix norms are equivalent, we have

o0
D = Z Z {rs° : y does not contain any of {y,....yn}} < 0.

m=0 , cr""0
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Hence,
o0
/ e Nyt (Ci(e™) / > € Nty (Chyy) dt
0 yEN,—1 (i)
< 2 / T Ne=1/r, (Cy(yy) dt
mng —10g(l‘yR)

veUproi T

¥ does not contain any of {¥; }iey

oo
= > rso / e N~ (C},,,) dt

—log(R
VGUm ]r;’nno og(R)
¥ does not contain any of {Vi}iev
no—1 00
<D .#( U an) -ma%}/ e ' N, (C;)dt < 0. (3.10)
1€ 0
n=0

Finally, by (3.9), (3.10), and the choice of n¢ and (3.8), it is easy to see that
o0
/ eSO Ny (KE N [8U;],—) dt
0

< / ¢S (Ny—t (Ci (™)) + #M—i (i) - #E™) dt
0

© R4 . #F"n0 o0
< / e No—t (Ci(e™")) dt + — . 7 / ela=so)t 4y,
0 min; v;u; - mlnyeEn() ry 0

from which the claim follows. [
With Lemma 3.2, we can now prove Lemma 3.1.

Proof of Lemma 3.1. Let (U;);eq1,...,ny be the list of non-empty bounded open sets
given by the SOSC. By the definition (3.2),

Li(t) = ) Newt(Se(K(p) = Ne—t (KF)

eckE;

for all ¢ € R. Observe that

Ne—t (Se(KG)) < Ne=t (Se(KG)) \ [Se(0Us(e))]e—1/2)
+ N, —’/2(5 (Kt(e)) N [Se(aUt(e))]e—f/z)-

Indeed, one can cover the set S, (Kz(e)) by first covering S, (Kt(e)) \ [Se(QUs(e))]e—1/2
with balls of radius e* and then doubling the radius of balls in the cover of the set
Se (Kt(e)) N [Se(0U1(e))]e— /2, where the balls have radius e~ /2.

On the other hand, since

dlSt(S (K;(e)) \ [Se (aUt(e))]e_t/Za Se’(Kt(e/)) \ [Se’(aUt(e’))]e—’/Z) >e
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whenever e, ¢’ € E; with e # €', one can see that

Net (KE) t(U Se(KS) \ [Se(@Usco)e t/z)

ecE;

= Y Ne-t(Se(Ke) \ [Se(@Use))le—2)-
ecE;

Therefore,

LE() < ) Net/2(Se(K gy N [Se(@Uye))e2)
eckE;

Z N, _t/2 S (Kt(e)) N Se([aUt(e)]re_le_t/Z))
ecE;

C
= 2 Necte1a(Kffey N 0Uro) 101 2)
ecE; (311)

for all £ = 0. On the other hand,

LE(t) = Y Net(Se(Kfp))) = Ne—t (KS)

ecE;
= Z Np— Se(K,(e))) _1( U Se(Kt(e)) U c)
ecE; ecE;
> 3 Neet (S.(KS, ) - (Z Net (Se(KC,))) + News (ci))
ecE; eckE;
— N, (C)). (3.12)

Combining (3.11) and (3.12), it is enough to show for the maps ¢ — e ! N, (C;)
and 1 > e 750 Ny (KE N [0U;],—) that
o0

sup e SN, (C;) < o0
5 elkk+1]

and
o0

[]scukp ]e_SO’Ne—z (KiC N [0Uj]—1) < o0.
ko tElkk+1

This follows from Lemma 3.2 and the assumption on the condensation sets together
with the fact that there exists a constant C > 0 such that

N,—¢+0(A) < CN—(A)

for every t > 0, 7 € [0, 1], and every bounded A C R?. [
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Having Lemma 3.1 and Theorem 2.3 at our disposal, we are now ready to prove
Theorem 1.1.

Proof of Theorem 1.1. Recall the definitions of f;* and L} from (3.3) and (3.2). By
equality (3.6), it is tempting to try to apply Theorem 2.3 with the functions ¢ > f;*(¢)
and ¢ — — L} (t)e™*0". Unfortunately, this does not work since the functions do not
vanish for ¢ < 0. Therefore, let us define f = (fi,..., fv):R = RY and L =
(Li,...,Ly):R — R¥ by setting

£ = fF@), iftr =0,
’ 0, ifr <0,
and
* - N * _ .
L) = =L (0)e™ 0 + 3511 Y eek, i<ioprst J7(E —1ogre Drg, ifr =0,
(1) =
) ift <0,
forall i € {1,..., N}. Let us first show that f and L satisfy the inhomogeneous
convolution equation
f=f*xM+L, (3.13)

where M is the matrix valued Radon measure defined in (3.5). If # < 0, then (3.13)
holds trivially. We may thus assume that ¢ > 0. If i € {1,..., N}, then

N
Sty = [0y =3 3 S —logr7 ) — Li0)e™™

j=1 eGEi_/

N
Z Z fi(t —logr; Hyrso

j=1 eE,j

+ Z Z f]* (t —log re_l)r;f" — L} (r)e™ "%

eEEl, t<log re

N
= (f * i )0 + Li(0),

J=1

where in the second equality we applied (3.4).

Let us then show that L is directly Riemann-integrable. Since each L; is bounded,
and continuous outside of a countable set, L; is Riemann integrable on every compact
interval. By the triangle inequality,

N
ILi)] < |Lf@le™™ + > Y fF@—logr,Hre (3.14)

Jj=1 e€E;; t<log re_l
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forall 7 = 0. If t = maxceg, logr; !, then the sum in the right-hand side of (3.14) is
zero and if 0 < ¢ < maXcg, logr, !, then the sum can have only a finite number of
values. Hence, the direct Riemann integrability of L; follows by Lemma 3.1.

Since L is directly Riemann integrable and f satisfies (3.13), we may apply The-
orem 2.3 to get information on the limiting behaviour of f;* defined in (3.3). Indeed,
if Gy = R, then there exists a constant /; such that

Jim, 770 = im0 =

and if Gp; = ({r}) for some 7 > 0, then there exists a t-periodic function z;: R — R
such that

lim f*(x +nt) = lim fi(x +nt) = hi(x)
n—o0 n—>0o0
for every x € [0, 7). It remains to show that #; > 0 and /;: R — [§, 00), respectively.
But this follows since, by Theorem 2.2 and (2.4),

0 < HO(K;) < HO(KE) < lim inf Ny (KE)e 0 = liminf f; (¢).
—>00 —>00

Hence, if G)s = R, then the constant /; is positive, and if Gys = ({r}), then we may
choose § = min;e(y,... N} infyefo,7] hi(x) > 0.
Finally, we show the claims for K€ . Observe that
lim e (Np— (KE) — Ne— (KE \ [0U;],~)) = 0 (3.15)

t—>00

foralli € {1,..., N}. Indeed, since
No—t (KE\ [0U;]o~1) € Np=t (KE ) < Np—t (KE\ [0Ui]o—t ) + N (KE N [0U;],—),

the equation (3.15) follows by applying Lemma 3.2. Let (¢,),en be a sequence of
positive real numbers converging to oo such that limy,_ o, €50 Ny, (Kic ) exists
foralli € {1,..., N}. It follows that

N
limsup e ™" N, (K€) < limsup Z e 0N, 4, (K,-C).
n—oo n—odo i=1

By (3.15) and the fact that dist(KiC \ [an]e—z,KjC \ [0U}]o—¢) > e " wheneveri # j,
we also have

N
lilrgiol(l)fe—sotn No—in (K€) = liln_l)icgfe—sotn Ne—in (U Kic \ [an]e—tn)
i=1

N
= lim ggfz e Nt (KE \ [0U;]-n )
i=1
N
= lim inf > e Nty (KF).
i=1
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Therefore,

N
lim e~ N, (K€) = lim > e Ny (KF).
i=1

If Gy = R, then this gives the claim, and if Gyy = ({r}), the claim then follows by
choosing t, = nt + y foralln € N. ]

3.2. A large condensation set

The remaining part of the paper is devoted to the proof of Theorem 1.2. Let us assume
that there exists i € V' = {1,..., N} such that fooo e SO'N,—(C;) dt = oco. We fix
p < Fmin = Mineeg 7o and notice that

00 o0
f eOUN, (Cidt =00 & Z pks‘)Npk (C;) = . (3.16)
0 k=1

Let j € {1,..., N} and write
Ki()=Ay €T} iry <pf <y}

for all k € N. By the choice of p, we have K (j) N Ky (j) = @ whenever k # m.
Let ASGO be the strongly irreducible matrix defined in §2.1. By the Perron-Frobenius
theorem, there exist vectors u, v € RY with strictly positive entries such that

1Tv=1, v'u=1, Afu =u, vTAg’ =l

Let us define a Markov measure on I' as follows: for every n € N and a finite path
y=(er.....en) €T" let

pler. .. en]) = Vige)re) - TodUscen)-
where [e1,...,ex] ={y € : y|, = (e1,...,en)}, and extend it to a measure by

Kolmogorov’s extension theorem. Since Ky (/) forms a partition of I';, we get
> wlyl) = v
ye€XKi(j)

forevery j € {1,...,N}and k € N.
By the strong condensation open set condition, there exists § > 0O such that for
every y,y’ € I'* with y # y’ we have

diSt(SV (Cr)) SV’(Ct(y’))) > 8ryay’s
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where we recall that y A y’ is the common beginning of the paths y and y’. Since
(G, C) is strongly connected, there exists ¢ = 1 such that for every j, £ € V there
exists a path «(J, £) of length ¢ with initial vertex j and terminal vertex £. Fix t > 0
and let k > 0 be such that §r%. o* > ™ = §rd. o**+1 Tt follows that

dist(Sy © Su(t().i)(Ci)» Sy’ © Saqr(y).i)(Gi)) > e™*

for every y,y’ € U?:o K(j) with y # y'. Therefore, by recalling (2.4), we get that

eSOt N t(K )=e RUY (U S (Ct(y)))

yEF*
Z Z e Ng=t (Sy © Sa(e(r,in(Ci))
£=0yeX,(j)
k
ZZ Z e_SOINE”/(ryraum,i))(Ci)‘
{=0yeX,(j)

Since 8rl. pF =1 < e /(ryraqy.iy) < 805 ¢ for every y € Ky (j), there exists a
constant ¢ > 0 such that

Z Z S()l e ’/(ryra(,(y),))(c)

=0 yeX,(j)
k
2cY D €N e (C)
{=0yeX())
k e\
=y ) r;o(r—) N e (Cy)
=0 yech(j) v
> CSSOrI(fIf;’Z D rop®TORN ko (Ci)
=0 yeX,(j)
k
> cgfortio (miax viu;) ! ml_in v Z ,O(k_Z)SONpk—e (C;) =
£=0

as k — oo by (3.16), which completes the proof of Theorem 1.2.
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