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Self-similar topological fractals

Fabio E. G. Cipriani, Daniele Guido, Tommaso Isola, and
Jean-Luc Sauvageot

Abstract. We introduce the notion of (abelian) similarity scheme, as a constructive model for
topological self-similar fractals, in the same way in which the notion of iterated function system
furnishes a constructive notion of self-similar fractals in a metric environment. At the same
time, our notion gives a constructive approach to the Kigami—Kameyama notion of topological
fractals, since a similarity scheme produces a topological fractal a la Kigami—Kameyama, and
many Kigami—Kameyama topological fractals may be constructed via similarity schemes. Our
scheme consists of objects Xo <, X1 Zyx Xo, where Xo, X1 and Y are compact Hausdorff
spaces, the map ¢ is continuous injective and the map  is continuous surjective. This scheme
produces a sequence X, n € N, of compact Hausdorff spaces, X, embedded in X, +1, and a
compact Hausdorff space Xoo giving a sort of injective limit space, which turns out to be self-
similar. We observe that the space Y parametrises the generalised similarity maps, and finiteness
of Y is not required.

1. Introduction

While the notion of fractal has been long popularised, so that many laypeople may
associate to such word either broccoli or the coast of Norway, a generally accepted
precise notion of fractal has never been achieved. Often, fractals are characterised
in the negative: their dimension is not integer, they are not manifolds a la Withney,
since, due to ramification points, they are not locally homeomorphic to a Euclidean
ball, they cannot be studied via the notion of G-space a la Klein, since their symmetry
group, either topologically or metrically, is usually finite.

However, things change dramatically when self-similar fractals are concerned:
their description as a space which is locally homeomorphic to itself brought to the
precise notion of IFS (iterated function system) due to Hutchinson, where the fractal
is given by means of a complete metric space (the ambient space) and a finite number
of contraction endomorphisms which give rise to a compact subspace K (the fractal)
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of the ambient space. In this setting, the key role is played by the ambient space and
the metric. Such notion has many advantages: it is constructive, namely the few data
mentioned above produce a metric fractal space, whose properties are not immediately
evident from the outset, and allows various finitary approximations, with which an
analytic study of the fractal can be performed.

The aim of this paper is to devise an analogous notion for topological self-similar
fractals, where neither a metric nor an ambient space is required, but still few data
produce a fractal together with a family of approximating spaces.

Let us remark here that the notion of topological self-similar fractal (or set) has
been considered by Kigami and Kameyama [5, 7], where such fractal is described as
a quotient of the infinite address space YN, Y = {1,2,...,n}, with the natural shift
maps on the address space descending to continuous (injective) maps on the quotient.
This notion is very general, indeed contains IFS fractals, but is not constructive, the
fractal set being part of the definition.

The classical notion of self-similar fractal a la Hutchinson. The standard notion
of self-similar fractal consists of a complete metric space (€2, d) and of a finite set
(f1,..., fa) of contraction maps. Then one obtains a map ® on the subsets of Q2
given by ®(C) = U; f;(C). Clearly, ® on compact subsets is a contraction w.r.t. the
Hausdorff metric, and the fractal K associated with & is simply its unique fixed point:

®(K) = K. (L1.1)

We remark that, by the Banach fixed point theorem, given any compact subset
Xy C ,
lim ®"(Xy) = K, (1.2)
n

where the limit is taken w.r.t. the Hausdorff metric. For some pcf (post-critically finite)

fractals, X¢ may be taken as the set of essential fixed points, thus obtaining an increas-

ing sequence X, = ®"(Xy), which approximates the fractal in the Hausdorff metric.
We note that the metric on €2 plays here a crucial role.

What if we remove the metric? We may then consider a locally compact space 2
together with continuous maps (f1,. ... fn), f; : & — Q. Assuming the existence of
a compact subspace Xy C 2 such that X; := ®(Xo) D Xp, we obtain an increasing
family {X,, = ®(X,—1)} of compact sets. Then the fractal K could be defined as the
closure of U, X, in €. Of course, K is not necessarily compact in general, however,
if we assume so, K is self-similar, i.e., ®(K) = K. Indeed, setting A = U, X,,, we get
®(A) = A. Therefore, ®(K) is a compact, hence closed, set containing ®(A) = A4,
therefore, it contains K. Conversely, by the continuity of the maps { f;,i = 1,...,n},
®(A) C m, and K is a fixed point. In particular, when there exists a metric for
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which the maps f; are contractions, the two definitions give the same object. We note
that in both definitions, the existence of an ambient space appears crucial.

Do we really need an ambient space? The first place where Q2 plays a role is in the
definition of ®, namely in the way in which the various copies { f; (Xo),i = 1,...,n}
of X¢ embed in 2. The lack of an ambient space can be resolved by specifying a
gluing procedure, which means a projection map from the disjoint union L; f; (Xo) to
X1. This amounts to consider the diagram

YXXO
l (1.3)
Xo o X,

where Xy, X1, Y are compact Hausdorff spaces (indeed, Y was the set {1,...,n} up
to now), ¢ is continuous injective, and 7 is continuous surjective. Such a diagram is
called an (abelian) similarity scheme.

Such a scheme corresponds to the map @ of the previous descriptions, namely it
allows to associate to a pair (Z, ¢z), where Z is compact Hausdorff and ¢z : Xo — Z
is continuous injective, a new pair (2, ¢5) = ®(Z,¢z) according to the commutative

diagram
id
Y xXo ¥ yxz
7 \ nz (1.4)
) wZ,Xl A~
X() —> X1 —> Z,

where 7z is the quotient map w.r.t. the minimal equivalence relation ~ on Y x Z
such that 7 (y, xo) = 7(y’, x5) = (¥, ¢z(x0)) ~ (', ¢z (xy)). In this way, the map
92 x, is well defined, and we set 95 = ¢ x, °9-

Remark 1.1. Let us observe that we no longer require Y to be a finite set, our analysis
indeed works for any compact Hausdorff space Y.

Self-similar fractals as fixed points of an endo-functor. It is then natural to define a

self-similar set associated with the similarity scheme X £> X1 Zyxx o as a fixed
point for the map ®, namely as a pair (Z, ¢z) which is isomorphic to ®(Z, ¢z).
From the technical point of view, the map from (Z, ¢z) to (2 , ¢z ) is an endofunctor
of the category Ty, whose objects are pairs (Z, ¢z), with Z compact Hausdoff and
¢z : Xo — Z continuous injective, and a morphism fy : (Z,¢z) — (W, ow) is given
by a continuous injective map ¥ : Z — W such that gy = ¢ o 7. It is easy to see
that for pcf fractals with Xy, X1, Y as above, the self-similar fractal is indeed a fixed
point according to the definition above.

However, up to now, we have not given a procedure to obtain a fixed point associ-
ated with a similarity scheme, and it is time to face this problem.
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An approximation procedure. Mimicking the limit construction, cf. (1.2), we may
apply the scheme to the pair (X, ¢), obtaining the pair (X2, ¢2,0) = ®(X1,¢). A
repeated application of this procedure gives rise to an infinite diagram

idy X910 idy Xg2 1 idy x¢3.2 idy X¢4.3
YXxXy «— Y XxXX; «— YxX; «— Y XxXX;3 —>
| mo l m | m2 V73 (1.5)
®1.0 2.1 ®3.2 ¥4.3 ¥5.4
XO —> Xl —> X2 —> X3 —> X4 —>,

where all the squares are commutative, all vertical maps are surjective, and all hori-
zontal maps are injective.

We gained what looks like an approximation procedure; therefore we may expect
to get a candidate of a fixed point as a kind of limit of the X, above. However, this
is the second point where the lack of an ambient space is a problem: we cannot set
X as the closure of the union of the X,,’s. Instead, we would like to define X
as a compactification of the union U X}, but it is not clear which compactification to
choose. In other terms, the challenge now is to define a suitable compact space X in
which all the X, consistently embed via a family of coherent injective maps, namely
X should satisfy:

J¢oo,n : Xn = Xoo such that
Poo,n = Poo,m © Pm,n (1.6)
Xoo = Un(Poo,n(Xn)-

Suggestions from Kigami-Kameyama notion of topological self-similar fractals.
According to Kameyama [5], see also [7], the fractal K is a quotient of the space
YN of infinite addresses endowed with the product topology, with ¥ = {1,...,n},
endowed with shift maps f, : K — K, y € Y, such that the following diagram com-

mutes:
wy

YN 5 yN
2 { (1.7
Kk 2 k.

where Wy, (¥1,....¥n....) = (¥, ¥1,.... Yn,...). Following this suggestion, we look
for X as a quotient of YN w.rt. a suitable (closed) equivalence relation, endowed
with the quotient topology.

Under the mild hypothesis of full injectivity (see below), we define such an equi-
valence relation, prove that the X,,’s and X, satisfy Property 1 and prove that such
limit point is indeed a fixed point of the endo-functor. In this way, even though unique-
ness for fixed points does not hold in general (cf. Example 7.8), we may associate with
any similarity scheme a canonically defined limit fixed point Xoo = 7N (YY), there-
fore a similarity scheme provides a constructive approach to a topological fractal (the
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limit fixed point) together with a family of approximating spaces X,,. These results
constitute the main part of this research, cf. Theorem 5.1, and are contained in Sec-
tions 3-5. In particular, Section 3 contains a definition of a combinatorial equivalence
relation Roo such that YN /R is a limit space of the sequence X,,, namely satisfies
Property 1, cf. Theorem 3.6.

Section 4 shows that, assuming full injectivity, the relation R is closed, so that
X oo 1s compact Hausdorff, cf. Theorem 4.4. Section 5 shows that the limit space X is
indeed a fixed point of the endo-functor, namely it is self-similar, cf. Theorem 5.1. In
Section 6, we compare the topological limit fractals produced by similarity schemes
with the topological fractals obeying the Kigami—Kameyama requests. On the one
hand, for any such limit fractal we get a commutative diagram

YN ﬂ YN
} N | N (1.8)
fy

Xoo — Xoos

so that, when Y is finite, we obtain a Kigami—Kameyama topological fractal, cf.
Corollary 6.3. On the other hand, given a Kigami—Kameyama topological fractal K, it
is possible to choose Xo C K such that (Xo, X| = U;‘Zlfj(Xo), {1,...,n})is asim-
ilarity scheme, and its limit fixed point, together with its similarity maps, coincides
with the given topological fractal, cf. Theorem 6.8.

Finally, various examples of similarity schemes together with their associated
limit fixed points are described in Section 7. In particular, our construction produces
all p.c.f. and all rationally ramified self-similar structures of Kigami. We conclude
this introduction with various observations. We first remark that our interest for a
constructive notion of a topological fractal independent of a metric and of an ambient
space is also due to our search of a notion of noncommutative self-similar fractal (or
self-similar C *-algebra). Indeed, the notion of similarity scheme can easily be dual-
ized and transported to the noncommutative: a noncommutative (or C*) similarity
scheme is given by a diagram

B ® Ay
1 (1.9)
¢

A() < Al,

where Ao, A1, B are unital C *-algebras, ¢ is a surjective morphism and the vertical
arrow is an inclusion. All the constructions that we give below for an abelian similarity
scheme may be performed in the non-abelian setting, giving rise to noncommutative
fractals as suitable limit fixed points. An example of such construction can be recog-
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nised in [2], where the noncommutative gasket is constructed from the scheme

M;5(C) ® C3
4 (1.10)
c: X Cs.

The description of noncommutative self-similar fractals together with their properties
is contained in the work in progress [3].

We note that researchers have introduced some other constructions of singular
spaces incorporating an idea of self-similarity. For example, in [7] is outlined the
construction of any p.c.f. self-similar structure from a finite set of data, the so-called
ancestor. His construction strictly parallels ours, the ancestor being replaced by our
similarity scheme. In [14], starting from a contracting self-similar group (G, X), a
compact metrizable space J¢ is constructed. In [6], the authors characterise those
T constructed above that possess a self-similar structure. In [10] the author, in the
framework of compact metrizable spaces X with partition, exhibits a construction
which represents X as the boundary of a hyperbolic graph, thus generalising the con-
struction in [11] for IFS’s based on similarities satisfying the open set condition. A
common denominator of all of these constructions is a suitable equivalence relation
on the set of geodesic rays of a locally finite graph. Our construction of the limit space
X oo 1s analogous, but the graph is not necessarily locally finite (the parameter space
Y can be any compact space).

We then note that the idea of constructing self-similar fractals with infinitely many
(countable or even uncountable) similarity maps is not new: cf. [1,4,12,13,15]. They
all need an ambient space 2. In particular, in [12] 2 is a complete metric space,
and a continuous family { f(y,-) : y € Y} of contractions of €2, parametrized by a
compact space Y, are considered, and a unique fixed-point, which is a self-similar set,
is obtained. In [1] some improvements have been obtained, in case €2, Y are compact
metric spaces. Finally, in [15], if €2 is a topological ambient space, Y = N and the
continuous maps f; : 2 — Q satisfy some other conditions, a fixed-point is obtained,
but the uniqueness cannot be assured.

We conclude by observing that our notion of topological fractal can also be related
to the notion of geometric space a la Whitney: indeed, when X is a fixed point, that
is to say a topological self-similar fractal, for any y € Y, the map

Ty 1 Xo € Xo = 7w(y,x0) € X3

may be seen as (the inverse of) a local chart, the Euclidean space being replaced
by the fractal itself, namely the fractal is locally modelled on itself. Transition maps
are also well defined, however their domain and range do not have a specific form:
they are not homeomorphic to the fractal in general, and they are often finite sets;
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therefore, their regularity does not play an important role: in our definition they are
simply continuous maps. Nonetheless, overlapping sets, namely 7, (Xo) N 7,/ (Xo),
y,y’ € Y, which allow the definition of the transition maps, are crucial, since their
knowledge is equivalent to the definition of .

2. Preliminaries on similarity schemes

We start this section giving the main definition of this paper.

Definition 2.1 (Abelian similarity scheme). An abelian similarity scheme consists of
the following diagram
Y x X, 0

m 2.1
@
X() —> Xl,
where Xy, X1, Y are compact Hausdorff spaces, ¢ is continuous injective, and 7 is
continuous surjective.

Proposition 2.2. An abelian similarity scheme acts on a pair (Z, ¢z), where Z is
compact Hausdorff and ¢z : Xo — Z is continuous injective, producing a new pair
(Z,93) = ®(Z, ¢z) such that the following diagram commutes:

idy Xz

YxXy <— YxZ
I \ mz (2.2)
% (pZ,Xl A~
Xo <— X1 — Z.

Proof. We set 7z to be the quotient map w.r.t. the minimal equivalence relation ~ on
Y x Z such that 7(y, xo) = 7(y’, x3) = (¥, 9z(x0)) ~ (', ¢z (xg)). In this way,
the map ¢z x, is well defined, and we set ¢z/ = ¢z/ x, © ¢. [

Remark 2.3. Let us recall that the push forward of an equivalence relation is not an
equivalence relation in general, indeed reflexivity and transitivity may fail. However,
since ¢z is injective, also idy X ¢z is injective, therefore transitivity holds. But since
@z is not surjective, reflexivity should be imposed. As a consequence, (y,z) ~ (y',z’)
either if y = y’ and z = 2’ or if there exist xo, x;, such that z = ¢z (x¢), 2’ = ¢z (x),
and 7 (y, xo) = w(y’, xg).

Proposition 2.4. The map ®: (Z,¢) — (2 ,92) produced by the action of the simil-
arity scheme is an endo-functor of the category Tx, whose objects are pairs (Z,¢z),
with Z compact Hausdoff and ¢z : Xo — Z continuous injective, and whose morph-
isms fy 1 (Z,0z) = (W, ow) are given by a continuous injective map © : Z — W
such that o = 9 o ¢z.
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Isomorphisms in the category are morphisms where ¢ is an homeomorphism.

Definition 2.5 (Topological self-similar fractal). Given a similarity scheme X¢ <—
X1 < Y x Xy, we say that a fixed point of the endofunctor ® is a topological self-
similar fractal w.r.t. the given similarity scheme:

O((Z.92)) = (Z.¢z).

Letting the scheme act on the pair (X, ¢), we obtain a new pair (X2, ¢2,0) =
(X1, ¢). As mentioned in the introduction, a repeated application of this procedure
gives rise to an infinite diagram

idy X@1.,0 idy Xg2 1 idy X@3.2 idy X¢4.3
YxXXy «— Y XxXX; «— YxX; «— Y XxXX3 —
| mo L m ) V73 (2.3)
®1.0 2.1 ®3.2 ¥4.3 ¥5.4
XO —> Xl —> X2 —> X3 —> X4 —>,

where all the squares are commutative, all vertical maps are surjective, and all hori-
zontal maps are injective.

2.1. The extended diagram

We first observe that by suitably combining the diagrams obtained from (2.3) by mul-
tiplying by powers of ¥, we get an infinite stairway, where 71 , := 7,

4 idyaxe1,0
Y* x XO —>
\LidY3X7'[1_0
3 idy3%91.0 3 idy3x@2,1
Y°’xXy — Y’xX; —
- iidyzxﬂl,o_ i/idyzxnu -
) idy2x¢1,0 ) idys X931 ) idys x93
Y x XO —> Y- x X] —> Y- x X2 —>
l/idanl,() \Lidanl,l \l/idyXJ‘[l.z
idy x¢1,0 idy x¢2.1 idy x@3 2 idy X4 3
YXXO —> YXXl —> YXX2 —> YXX3 —>
o L S 3
®1,0 ©2.1 93,2 ©4.,3 ¥5.4
Xo— X; —> Xs —> X3 —> X4 —>

2.4)
By composing the vertical maps, we get projection maps 7,4 : Y'? x X; = Xp4y,
defined inductively by m1,; = 7j, mp g = Tp_1,4g+1© (idyp—1 X T14), p > 2. Letus
observe that we also get

Tpg = Mp—jq+j© (idyr—s,mjq), j=1,....,p—1L (2.5)
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/

Lemma 2.6 (Basic equivalence lemma). Let (y1,. .., Ym:En—m) Z (V1o s Vi En—m)

in Y™ X Xp—m be such that they provide the same point in Xy, i.e.,

nm,n—m(yl, e ,ymagn—m) = 7Tm,n—m()’i7 s yr,n’srll—m)

Then there exists k € {1,...,m}, &, &) € Xo such that

(1) O1eee s Yk=1) = O Yp_y) (void if k = 1).

(2) ”m—k,n—m(yk-i-l, s Yms€n—m) = (Pn—k,O(g‘-O) in Xp_ (§n—m = (pn—m,O(SO)
ifk =m).

(2/) ”m—k,n—m(y]/(_;_l’ cees yrln’ Srlz—m) = (Pn—k,O(E(/)) in X,—k (%_r,z—m = (pn—m,O(‘i:(,))
ifk =m).

(3) k- €0) ~ (¥, &p), ie. w1 0(Vk» o) = m1,0(¥, &) in Xo.

Proof. By induction on m.

For m = 1, by construction of X, as a quotientof ¥ x X1, w1 p—1(¥1,6n—1) =
T1n—1(v1. &) With (y1, E4—1) # (31, §,,_,,) means exactly &,_1 = ¢,—1(&o) and
En—1 = ¢n—1(&p) for some &o, &, € Xo such that (y1, &) ~ (y7.5)-

Suppose that the property holds true for m — 1 and let (y1, ..., Ym, En—m) #
1o Vs &p_m) in Y™ X X, have the same projection on X,.

Setén—1=mm—1,n-m(V2s- -, Ym:n—m) and &, 1 =Tm—1,0-m (V35 - - Vo> Enim)-
There are two possibilities:

(1) either (y1,&,—1) # (¥1.§,_,): the analysis above of the case m = 1 provides
the result with k = 1;

(2) or (y1,&n—1) = (¥}, &,_,) and the recurrence hypothesis applied to the tuples
(V2 Ym.En—m) and (y.. .., y,,. &, _,,) provides the result for some k € [2,...,m].

]
Lemma 2.7. With the notation of Lemma 2.6 above, one has
Tmn—m (V15 -+ Yms En—m) € n ik (Xi)-
Proof. By commutativity of the extended diagram 2.4, one has
Tmn—m (V1o Vs En-m) = Then—k (V15 -+ s Vs @n—k,0(50))
= @nic(Ti,0(V1. - - -+ Y. §0)). "

As a corollary, we get the following result.

Lemma 2.8. Let x,, € X, \@pn—1(Xn—1) and (y1,..., Yn,X0), (V1. ..., Yy, Xg) in
Y™ x X both projecting on x,, i.e., such that

Xn = 0015 os Vs X0) = Tn 0V iy Xo) € X
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(1) Then one has

{(yl,...,yn_l)=(y;,...,y,',_1) in Y™~

71,0(Yn, Xo0) = ﬂl,o(y;,,xé) in X;.

(2) Stated otherwise, there exists one and only one (y1, ..., yn—1,X1) € Y"1 x
X1 whose image by 7,11 IS Xp.

(3) As a consequence, there exists one and only one pair (y,E,—1) € Y X X,
such that 71 n—1(y, §n—1) = Xn.

Proof. According to Lemmas 2.6 and 2.7, if x,, & ¢y n—1(Xn—1), the only possibility
in the conclusion of Lemma 2.6 is k = n. ]

Lemma2.9. Let1 <m <n, x9 € Xo, Y1,---»Ym €Y, En—m € Xn—m be such that
nm,n—m()’ly s Vms En—m) = (pn,O(XO)-

Then &n—m € On—m,0(Xo).

Proof. By induction on n. Case n = 1: thenm = 1 and &,,_,, € X.
Suppose now the property holds true forn — 1 (n > 2)and | <m <n — 1. There
exists (y,&p) € Y x Xg such that ¢ 9(x0) = m1,0(y, &) in X;. We have then

@n,0(x0) = @n,1 0 ¢1,0(x0) = @n,1(71,0(¥.£0)) = T1n—1(1. ¥n—1,0(60))-
Setting £,—1 = Tm—1,n—-m (V2. - - - s Ym:Em—n), we see that (v, ¢n—1(60)) and (y1,&,-1)

in Y x X, _; have the same projection on X,,. There are thus two possibilities:

(1) either they are equal, and then &,—1 = ¢4—1(£0) € ¢n,0(Xrn—1) and the induc-
tion hypothesis provides the result;

(2) or they are not equal, and this implies again &,—1 € ¢,—1,0(Xo), so that the

induction hypothesis provides the result. |
Lemma 2.10. Let 1 <m <n, X, € Xpp and (¥1, ..., Ym,&n—m) € Y™ X Xy be
such that

”m,n—m(J’l, cos YmaEnem) = (Pn,m(xm)-
Then En—m € (pn—m,O(XO)-

Proof. There exists (y],..., Y. &) € Y™ x Xg such that 7y, o (¥}, ..., Y. &) =

Xm in X,,. Hence (y1,..., Ym, En—m) and (1. ..., V1., @n—m,0(&;)) have the same
projection on Xj,.

Case 1. (V1. Ym:En—m) = (V1. -\ Yin» ©n—m,0(£)): the conclusion holds true.



Self-similar topological fractals 273

Case 2. (V1. Yms&n—m) # (V1. -+ Vs ¥n—m,0(&})): by Lemma 2.6, there exist
kell,...,m]suchthat wp_ nem(Vk+1,- - > Ym-En—m) € ¥n—k,0(Xo). By Lemma 2.9
the conclusion holds true. ]

Corollary 2.11. If (y,&,) € Y x Xy, is such that w1 4 (¥, &n) € @nt1.0(Xn), then &, €
(Pn,n—l(Xn—l)-

Proof. Write &, = 0(V1,- - -, Yn,Xo) for some suitable (y1,..., yu,Xxo) € Y X Xo.
As Tui1,0(0. Y103 Vi X0) = 1,0 (Y, &n) lies in @41, (X,), Lemma 2.10 provides
71,0(Yn- X0) = ¢1,0(§0) for some & € Xy, hence
En = ﬂn—l,l(yl, .. -,Yn—1,§01,0(§0))
= Onn—1(Tn=1,001. - - - Yn=1.£0)) € @n,n—1(Xn-1). n

3. A combinatorial equivalence relation

By using the map 7, o, any point y, € Y gives rise to the set

C(i’n) = ”n,O({()_}n,x) X e XO}) C Xu. 3.1
Such set is called the cell determined by 3,. For convenience, we set Y° := {0},
o0 = idx,, and C(9) := {mo,0(x) : x € Xo} = Xj.

Definition 3.1. Given x,, € X,,, we define I',(x,,) C YN as

Iu(xp) = {yoo € YN . (ﬂp,n(xn) € C(pp(yoo))’Vp > n},
where p, 1 ¥ N'_ Y denotes the p-th truncation map.

Observe that T',,(x,,) is obviously a closed subset of YN,
By a diagram chasing argument on the diagram (2.4), it is easy to see that I, (x;)
is not empty.

Proposition 3.2. Forn € N and x, € X, we have I'n+1(@n+1,0(Xn)) = I'n(xn).

Proof: We have yoo € I'nt1(@n+1,n(Xn)) iff @niin(xn) € C(y1, ..., yuti) for all
k > 1. All we have to prove is that Yoo € 'nt1(@n+1.2(x,)) implies x, €C(y1, ..., yn).
If yoo € Tnt1(@n+1,n(xn)), then @114 (xn) € C(y1, ..., Yyu+1), 6., I € X
such that ¢, 1,2 (Xn) = Tni1,001. -+, Ynt1. €o)-
Setting &1 = 71,0(Va+1,80) € X1, we have @n414(Xn) = T 1 (V1,5 -+, Y. E1)-
Hence wy41,0(V1, -+ Yn» 1) € @n+t1,2(Xn) which, by Lemma 2.10, implies that
€1 € 91,0(Xo), i.e., &1 = ¢1,0(§;) for some & € X,.
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This means
Ont10(Xn) = T 1 (V1. Yn. 01,0(60))
= Yn+1,n (7Tn,0(y1a ces Vno E(/)))

and, by injectivity of @410, Xn = 7Tn,0(¥1,- ... Yn, &), Which ends the proof. [
Lemma3.3. Let x,, = 7tn,0(V1,- - -, Yn.X0) € Xn, and y._ € To(x¢). Then the element
(672 PP 290 LU AU of YN lies in T (x).

In particular, this shows that for any (y1, ..., yn) € Y", there exists at least one
Yoo € In(xn), of which the first n coordinates are exactly y1, ..., yn.
Proof. Straightforward. ]

Notice that this lemma proves also ', (x,) # @, since for xo € X, we can choose
(y1,&)) € Y X Xo such that 71,0(y1,&}) = ¢1,0(x0), then (y2,£3) € ¥ x X, such
that 7r1,0(y2, £2) = ¢1,0(63) hence 72,0(y1, ¥2,£3) = @2,0(x0), and so on, in order to
get an element of [y (xp).

Lemma 34. Letn > 2, x, € Xy \¢n.n—1(Xn-1), and (y1, ..., Yn—1, X1) be the only
element of Y"1 x X which is projected on x,, by 1. Then one has:

(1) Tn(xn) D{(V1,--+» Yn—1,Yoo) : Yoo € F'1(x1)},
(2) if mi0(y,) : Xo = X is injective

Tn(xn) = {1, -+, Yn—1, Voo) : Yoo € T1(x1)}.

Proof. Apply Lemma 2.8. |
Given two elements yoo, Y5, € YN, consider the relation R on YN defined as
follows:
either y. = ,
Yoo R Yool Yoo = Yoo ,
or Yoo F Voo &In € N U {0}, X, € Xy & Yoo, V5o € I'(Xn).

(3.2)
We stress that R is not an equivalence relation in general, since transitivity is not
necessarily satisfied.

Definition 3.5. Let us define R, as the minimal equivalence relation containing R,
set Xoo = YN /R0, and denote by 7N : YN — X the associated projection map.

Let us remark that the pair (1, x,) in (3.2) may not be unique. We are now able to
prove Property 1 mentioned in the Introduction.

Theorem 3.6. There exist maps ¢oon : Xn = Xoo such that
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a) Yoon © Pnm = Poo,m

b) U, $oon(Xy) is dense in Xoo.

Proof. (a) Since two elements of I'(x,) are related by R, a fortiori 7N (I'(x,)) is a
singleton in X, whose unique element is denoted by ¢o » (x5,). The maps are clearly
compatible with the maps ¢y ,» : X — X, obtained by combining the maps ¢, 41,
of diagram (2.3).

(b) Straightforward by Lemma 3.3. |

3.1. Fully injective similarity schemes

Definition 3.7. We say that a similarity scheme is transitive if the relation R satis-
fies the transitive property, and that a scheme is fully injective if the maps ¢oo,, are
injective.

Let us consider the following three properties:
(P1) The maps ¢, are injective (full injectivity);

(P2) If forsomen € N, y € YN, 3x, € X, such that Voo € I'(xy), such x,, is
unique.

(P3) Ifforsomen > 1, x5, € Xp\@n n—1(Xn—1), Yoo € YN, we have Yoo € I'(xn),
the pair (n, x;,) is unique.

Proposition 3.8. Let Xg — X1 < Y X X be a similarity scheme. If property (P2) is
satisfyed then the scheme is transitive and fully injective (i.e., (P1) holds true).

Proof. By the uniqueness assumption it is easy to see that [ is an equivalence rela-
tion, indeed if yoo Ry, and y, Ryl there exist x, € X, and x,, € X,, such that
Yoos Voo € Tn(xn) and y., y5 € Ty (xy). It is not restrictive to assume that m > n,
therefore yoo, Yoo € I'm(@m,n(Xn)). Uniqueness implies that X, = @ »(X,), hence
Yoos Yoor Yoo € Tm(Xm).

Assume now x,, x,, € X, and verify that 9o » (Xn) = @00, (x},). Then there exists
Yoos Voo € YN such that yoo € T (xs), y5 € Th(x)), and yoo R Y., where we used
the transitive property of R. Then, either yoo = y.,, in which case x, = x, by the
uniqueness hypothesis, or, by (3.2), Im € N, x,, € X, such that yoo, y5, € I (Xm).
Reasoning as above, e.g., for m > n, @mp(Xn) = @mn(x,) = X, wWhich implies
Xp = x,, by the injectivity of ¢, ». [

Proposition 3.9. Let Xg — X1 < Y x Xg be a similarity scheme. Then properties
(P1)—(P3) are equivalent.
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Proof. (P1) = (P2). Assume that for some n € N, yo, € YN, x,,, x/ € X,, we have
Yoo € Tn(x) N T'(x}), which implies that 7N(T, (x,)) = 7N (T, (x))), namely

Poo,n (x) = Poo,n (X;;)

By the injectivity hypothesis, x, = x,.

(P2) = (P3). Assume we have (1, xp,), (m, X;m), M > N, Yoo € YN such that
Yoo € I'n(xn) N I'm(x,). By Proposition 3.2, yoo € I'(¢m,n(x,)), hence, by hypo-
thesis, Xm = @m.n(xXn). If X € Xn\@n.n—1(Xn—1), then (n, x,) is the unique pair.
If not, I!'p < n such that x, € X,\¢p, p—1(Xp—1) With ¢, ,(xp) = x,. By Propos-
ition 3.2, I’y (x,) = Tn(@n,p(xp)) = I'p(xp), hence yoo € I'p(xp), so (p, xp) is the
unique pair.

(P3) = (P2). Assume that, for given n € N, we get x,, € X,, and yoo € YN such
that yoo € I'n(xp). Clearly, we find a unique p < n, and x, € X,\X,_1 such that
Xn = @n,p(xp). By Proposition 3.2, I';(x,) = I'n(@n,p(xp)) = I[p(xp). Since x, is
unique by hypothesis, uniqueness for x;, follows.

(2) = (1). See Proposition 3.8. ]

3.2. Discrete similarity schemes

Definition 3.10. The similarity scheme Xg — X; < Y x X is said to be discrete if
each cell in X intersects ¢;,0(Xp) in at most one point.

Equivalently, for fixed y € Y, if x¢, x; € X are two elements such that 71 o(y, Xo),
m1,0(y, Xg) € 9(Xo), then 11 o(y, Xo) = 71,0y, Xp) in X1.

Lemma 3.11. If Xog — X; < Y x Xy is discrete, then for every n > 1, each cell
C(Yn) C X, intersects ¢n n—1(Xn—1) in at most one point.

Equivalently, for fixed yi,..., yy € Yy, if x¢, x(’) € X, are two elements such that
Tno0(V1s -+ s YnXo) and 7, 0(V1, - - - s Yy X4) € @nn—1(Xn—1), then

Tn0(V1s- -2 Yns X0) = Tn,0 (V1. -+ Yo Xg)-

Proof. By induction on n. Suppose we have already proved the statement for some

n>2 andlet yi,...,yn €Y, x0,xy5 € Xo, and &,_1,&,_, € X, be such that
”n,O(yla sy Yn Xo) = (pn,n—l(%—n—l) and 7Tn,0(y1a ceos Y, x(/)) = <ﬂn,n—1(5;,_1) in
(pn,n—l(Xn—l)'

Then

ﬂl,n—l(YIvnn—l,O(YZ’ cen ,yn,xO)) = ﬂn,o()/h .. -,yn,xO) = <Pn,n—1($n—1),

so, by Corollary 2.11, w,—1,0(y2, .-, Yn,X0) € @n—1,1—2(Xn—2) NC(¥2,...,yn),and
therefore it is unique by the inductive hypothesis. Analogously, 7,—1,0(y2, . . ., Yn,X{)
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is the unique element of ¢,—1 y—2(Xy—2) N C(y2, ..., yu), so it coincides with the
element 7,1 0(y2, ..., Yn, X0).
Finally,
7Tn,0(y17 ceey yna x()) = ﬂl,n—l(y17 7Tn—1,0(y2a ceey yn, X(/)))
= 1 m-1(¥1. Tn=1,0(V2. - - .. Y. X0))
= nn,O(yl, e 7yn7x0),
which ends the proof. ]

Proposition 3.12. [f the similarity scheme is discrete, then it is fully injective, hence
transitive.

Proof. Suppose that there exist n > 0, X, X, € X, and yo € YN such that Vk > 0,

On+k,n (xn)y(pn-i-k,n (x;z) € C(y1,- ... Yn+k)- Write this property for k=1: Pn+1.,n (xn)
and @ 41,2 (x),) are two points of C(y1. ..., Yn, Yn+1) belonging to X, 11\@n+1,,(Xn).
By Lemma 3.11 they must be equal and, as ¢,+1,, is injective, we get x,, = x,. ®

4. Properties of the quotient space X,
From now on, we assume that the similarity scheme is fully injective.

4.1. The subsets I' (x,).

Proposition 4.1. Lern,m € N, x, € X, and x,, € Xp,.

(1) The following conditions are equivalent:

()
eitherr n=m and X, = X,
or m<n and x,= §0n,m(x;n)
or m>n and x;n = Omn(Xm),

(i) for all p = max(m,n), ¢pm(x,) = @p.n(xn),

(iil) there exists p > max(m,n), such that ¢p m(X,,) = @p.n(Xn),

(V) Ontmn(Xn) = Gm+n.m(Xp,).

(2) We have Ty (x,) = Im(x,,) whenever one of the above conditions is satisfied.

Proof. (1) is obvious, while (2) is a straightforward corollary of Proposition 3.2. m

Proposition 4.2. Forn,m > 0, x, € X,, x,, € X, the following alternative holds
true:
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(1) either @mn.n(Xn) = Ontmm(Xy,) and Ty (xp) = T (xp,);

(2) or Tn(xn) (T (xp,) = 9.
Otherwise stated, one has either T'y(xn) = I (x},) or Tn(x,) (T (x),) = 9, and
the equality occurs only in the equivalent situations of Proposition 4.1 (1).

Proof. From Proposition 4.1, it is enough to show that T, (x,) () I (x;,) # @ implies
(Pm+n,n(xn) = (Pn+m,m(x;n)- Set Enym = (ﬂm+n,n(xn) and gr/z-}—m = (Pn+m,m(x;n) in

Xntm. Suppose Yoo € I (x1) m Fm(x,/n) =TnimEnim) ﬂ Fn-}—m(é;/H-m)- From Pro-
position 3.9, we obtain &, = &, [

The next lemma states a kind of continuity for the map x, — ' (x,).

Lemma 4.3. Fixn > 0. Let (x,(,a))ae,,\, be a net in X, converging to x,, € X,, and
(yég))aez,% anetin YN, converging to yoo € YN. Suppose moreover yég) el (x,(,a)),

forany a € A. Then y € Ty, (xy).

Proof. Forany p > n, a € A, thereis &, 4 € X such that

Opn(x) = 1,00 YD Ep ).
Since X is compact Hausdorff, upon passing to a subnet, we can assume that £, , —
&, € Xo. From continuity of ¢, , and 7 9, we get ¢p »(x,) = 7p0(V1. ... Vp. &p),
forall p > n,soy € I'y(xy,). ]

Theorem 4.4. R is a closed equivalence relation on YN, namely the space Xoo
endowed with the quotient topology is compact Hausdorff.

Proof. R is an equivalence relation by Proposition 3.9.

_ _ (@) (@)
In order to prove that its graph is closed, take (¥ )ges and (z  )yes twO
convergent nets in YN, with

limy =y and limz =2z
aEA acA
suchthat y Rz forall o, and provethat y  Reoz
(@) (@)
Suppose first that the set 4o of «’s such that ; =7  is cofinal. Then, we
(00) (c0)
have ; =7  and the result follows. We can thus suppose, without loss of gen-

) . =@ (@)
erality, that, for any o, there exists X, o) € Xy@) suchthat y ,z € Iy (Xn(a))-

Moreover, by using Proposition 3.2, we can choose n () as small as possible, i.e.,
such that x, @) € Xy(a)\Xn(@)—1- By Lemma 2.8 we have then

OO ) =9 ), 4.1)

By restricting to a subsequence if necessary, we have only two cases to consider:
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(1) either {n(«) : « € »A} is unbounded, and, upon passing to a subnet, we can
(00) (00)
assume limye 4 1(0) = 00, in which case (4.1) provides in the limit 7 =7 ;

(2) or N = sup,c4 n() is finite. In this case, we replace x, ) with

E@ = on (@) Cn@) € XN

By compactness of X, we can suppose that the net & @ has a limit £ (©) and, in the
—(00) _(c0)

limit, by Lemma 4.3 we have y | z e y(¢ (00)), ]

5. X as a self-similar space

In this section, we prove that the limit space X, is a topological self-similar fractal,
i.e., it is a fixed point of the endo-functor associated with the given similarity scheme.

According to diagram (1.4), the map idy X ¢oo,0 : ¥ X Xo = ¥ X X gives rise
to the diagram

idy X¢oo,
Y xXo o5 ¥ x Xeo
I U 7100 G.1)
2 (p)?oo,Xl A
Xo <> X1 — Xoo-

Let us recall that, by formula (2.2), the space X, oo 18 the quotient of ¥ x X4, by
the equivalence relation where (y, xo0) and (y’, x.) are equivalent if either they are
equal or if there exist xo, xy, € X such that Xeo = @o0,0(X0), X5 = Poo,0(xy) and
mi,0(y, X0) = mi,0(y', xp) in X;. .

An alternative way is to consider that X is the quotient space of ¥ x YN by the
equivalence relation where (, yoo) is equivalent to (y’, y..) if

(1) either y = y’ and there existn > 0, x, € X, such that yoo, y5, € I'n(x);
(2) or there exist xg, x;, € Xo such that we have yo, € Io(x0), ¥4, € To(x) and
71,0(¥, Xo) = m1,0()", Xg)-
A third equivalent descrlptlon of X o is to consider it as the quotient of YN by the
equivalence relation JROO thus defined: yooJRoo Voo if

(1) either y; = yjand3n > 0, x, € X, s.t.
{ V2o s Yies o) € Tn(xp),
(Dheee s Vir -+ ) € Tn(xn)s
(2) orIxg, xy3 € Xo s.t. w1,0(y, x0) = 71,0()’, x;) and

{()’2, e VEe ) € Tolxo),
(%s -+ Vo ---) € Tolxg).



F. E. G. Cipriani, D. Guido, T. Isola, and J.-L. Sauvageot 280

Theorem 5.1. We have the equality Roo = ﬁoo, which means that X, with the
imbedding ¢oo,0 : Xo = Xoo, is a fixed point of the similarity scheme. It is called the
limit fixed point.

Proof. We suppose first that ys ﬁoo Vo and we prove Yoo RooVhs-
Case 1: yy =yjand3n >0, x, € X, s.t.
{ V2, s Vis ) € Tn(xn),
(5o Vr -+ ) € Txn).

Set x,4+1 = m1,n(y1,Xn). For any k > 2, one can find x¢ ., x(’) « € Xo such that
Xn = Tntk—1,002s . .+ Yn+k, Xo,k)» Which implies that

Xnt+1 = Tntk,0(V1s -+ s Yntks X0,k)-
We have shown Yoo € I'yy1(xy41). Similarly, y. € Tpi1(xn41), hence yoo RYL.

Case 2: 3xg,x( € Xo s.t. w1,0(V1, X0) = 71,0(y], Xy) and

{(yz, s Vi - ) S ro()CO),
(%s e Vo ---) € Tolxg).

Set x1 = m1,0(y1, X0) = 71,003, X)-
For any k > 2 one can find & x € Xy such that

1,002+ -+ Yi» Eo,.k) = @Vk—1,0(x0).

which yields 7g 0(y1, Y25 -+ 5 Yk» E0.k) = @r1(7w1,0(V1, X0)) = @k, 1(x1). We have
proved Yoo € I'1(x1). Similarly, y._ € T'1(x1), hence Yoo Roo V-

We suppose now that Yoo Roo Vs, and we prove yooﬁooy(’,o.

If yoo = Y., there is nothing to prove. We can thus suppose Yoo, Voo € I'n(xn)
for some n > 0 and some x, € X,. We distinguish two cases.

Case 1: n > 2 and x, € X, \@n.n—1(Xn—1). By Lemma 2.8, there exists a unique
pair (y,&6,—1) € Y x X, such that 7y ,—1(y, &4—1) = X. For k > 0, there exists
€0k € Xo such that the equality 7, 4k,0(V1, -+ Ynt+k> E0.k) = @n+k.n(xn) holds,
hence 71 4 k—1 (V15 Tntk—-1,00V2, - - > Yn+k-60,k)) = @n+k,n(Xn). On the other hand,

Ontken(Xn) = T psk—1Vs Cnti—1,n—16n—1))-
Assuming that

(V1 Tnak—1,00020 - - Ynrks §0.4c)) # (Ve Ontk—1,n—-1(n=1))

would imply On+k—1,n—1 (Sn—l) € (Pn-i-k—l,O(XO) and x, € ®n,1 (X1) C $n.n—1 (Xn-1),
which would lead to a contradiction.



Self-similar topological fractals 281

We have shown

V1, Tntk-1,0 ()’21 <o Yntks fo,k)) = (y, ¢n+k—1,n—1($n—1)),

from which one deduces y; = y and ¢4 k—1 1—1(6n—1) € C(¥2. ..., ynyi) forall k.
Finally, we have y; = y and (y2,..., Vk,...) € I'n—1(£4—1). The same being true for
V5. We have proved yoo Roo V5, (case “either” in the definition of Ro).

Case?2: n=1and ys.y., € '1(x1) (by Proposition 3.2, this includes the case n = 0).
For any k > 1, one can find x¢ x € X such that g 1 (x1) = 701, Y2, .-, Yk, X0.k)>
hence ¢k 1(x1) = w1 k=1 (¥1, Tke—1,0(V2. - - .. Y- X0,k)). By Lemma 2.10, there exists
£0.k € Xo such that wg_1,0(y2, ..., Yk, X0.k) = @k—1,0(60,k). By Lemma 2.9, we
notice that this implies ¢m 0(Xox) € C(¥2,...,ym) forany m < k.

Since {§ox : k € N} C Xy, which is a compact Hausdorft set, there is a subnet
{€0.k(a) 1 @ € A} such that £ = limge 4 &0 k(o) €Xists in Xo. On one side, the equality
1,01, §0.k(@) = x1 implies 71 0(y1. &) = x1. On the other side, for any fixed
m > 1, one has ¢, (50 k(a)) € C(y2.. .., ym) and, in the limit, ¢, (§0) € C(y2, ..., Ym)-
We have proved that there exists an element &y € X such that 1 o(y1,&0) = x; and
(2., Ym.--.) € Lo(o).

Similarly, there exists &) € X¢ such that 771 o(y], &) = x1 and (y2, S A B <
To(&)). We have proved yoo{ROO Y& (case “or” in the definition of Roo).

Corollary 5.2. If 90,0 is injective, all maps ¢ n are injective, hence the scheme is
fully injective.

Proof. Let us observe that diagram (5.1) gives the following commutative diagram
for the fixed point X,

iy X oo,

Y x Xo 80y« Xo
\L”l »Lnoo
X, Al Xeo.

Assume that two points X7, x] give the same point in X. Then there exist (y, Xoo),
(v, xl) € Y x X such that

Moo (Vs Xoo) = Too(V', X50)s Xoo = Poo,0(X0) and X, = ¢oo,0(x()

for suitable points xg, x; € Xo, such that 71 (y, xo) = x1, m1()', x5) = x]. Since
¥oo,0 18 injective, xo and x, are uniquely determined, hence the commutativity of the
diagram implies x; = x|, namely @1 is injective. An inductive argument concludes
the proof. |
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6. Comparison with the standard notions of self-similar fractals

6.1. From fully injective similarity schemes to Kigami—-Kameyama self-similar
sets

Let us recall that according to A. Kameyama [5], a compact Hausdorff space K is a
topological self-similar set if there exist continuous maps fi,..., fv : K — K and
a continuous surjection g : {1,..., N}N — K such that, forall k = 1,..., N the
following diagram is commutative

Wi

{(,.... N}y 5 1, NN
UE3 V mk (6.1)
K LA K,

where Wy, : {yoo} € YN = {y, Yoo} € YN,
Remark 6.1. (1) It follows from [16], Corollary 23.2, that K is metrizable.

(2) Let us observe that an Iterated Function System, namely a complete metric
space endowed with finitely many contractions, gives rise to a topological self-similar
set, where the contractions give the maps f; and K is the fixed point in the space of
compact subspaces of the complete metric space.

(3) J. Kigami in [7] introduces a particular case of topological self-similar space,
where each f; is injective, and calls such {K; f1,..., fn} a self-similar structure.

We now show that a similarity scheme gives rise to shift maps on the limit fixed
point X, and, when ¥ = {1,..., N}, to a Kigami—-Kameyama topological fractal.
Assume we have a fully injective similarity scheme (Xo, X1, Y).

6.1.1. Shift endomorphisms. Given y € Y, consider the shift map W, : yoo € YN 1>
(¥, Yo0) € YN, and the diagram

yN Zoyw
VA VA
Xoo Xoo-

We now show that W, passes to the quotient. Let oo, ¥, € YN be such that yoo # ¥,
and yoo R L. By definition, there exists n € N, x,, € X, such that yo, y5, € T (xs).
By equation (2.5), this implies that, forany y € Y, (¥, yoo), (¥, ¥5) € T (1,n(y. Xn)).
This implies that Wy, (yoo) R Wy (¥5,)-

We have proved the following proposition.
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Proposition 6.2. Forany y €Y, there exists a well-defined shift endomorphism w,, :
Xoo = Xoo such that the following diagram is commutative:

yN % yw
} N | 7N (6.2)
fy

Xoo — Xeoo-

Since the map ¥ x YN — YN sending (y, yoo) — D, (yoo) is surjective, the map

d . o
T e/ v « Xoo = Xoo such that 706 (¥, Xoo) = Wy (Xs0) is surjective too.

If y, = (z1,22,...,2) € Y", then we set W,,, = W;, o---0W,, and f,, =
Sz, 0+ 0 fz,, hence diagram (6.2) is commutative and all maps are surjective.

Corollary 6.3. If Y = {1,...,n}, the limit fixed point Xoo of the similarity scheme
(Xo, X1,7Y) is a Kameyama topological self-similar set.

Proposition 6.4. Let (Xo, X1,7Y, ¢, w) be a fully injective similarity scheme, y € Y.
Then the following are equivalent:

(1) fy 1 Xoo = X is injective,

(2) foralln e NUA{O}, m1,(y,*) : Xn = Xn41 is injective,

(3) thereisn € N U {0} such that w1 ,(y,) : Xn = Xn+1 is injective.

Proof. It follows from f, © @oo.n = Qoon+1© T1n(y,*). u

6.2. From Kigami self-similar structures to fully injective similarity schemes

Given a Kigami self-similar structure as in diagram (6.1), we first consider the map
F from the subsets of K given by F(C) = J;_; __n fj(C) C K, then call the set
S={xeK:Ix'eK,i,jel{l,....N},i # j, fi(x) = fj(x')} the essential part
of the fractal K and assume there exists a set Xy C K such that

A) X non-empty compact set;

B) XoDS;

C) Xo C F(Xo).
Observe that, by injectivity of f;, Xo and f;(Xo) are homeomorphic. Set X1 = F(Xj)
and consider the similarity scheme

{1,...,N}XX()
4

X() —> Xl,
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where ¢ is the inclusion and 7 is the map

(L. .NyxXo= || fixo—> |J f(Xo)= X1

j=1,..,N j=1,..,N

Proposition 6.5. For any k, there exists a homeomorphism Yy : F*(Xo) — Xy such
that for any k € N, the following properties hold:

(Pr) Y (fi(x)) = w1 k=1 (i, Yre—1(x)), Yx € FF71(Xo),
(Qk) ifx € FF"1(Xg) C F¥(Xo), then Y (x) = @1 © Yi—1(x),
(Ry) Vi, j =1,....n,x,x" € FK(Xy)

fi(x) = fi(x) & mop (i, Y (6) = moie (7, Y (x)).

Proof. We first observe that, by C), the sequence F¥(Xj) is increasing. We now prove
the statement by induction. This is clearly true for k = 0, 1, with ¥, ¥; the identity
maps. Assume the statement is true for k — 1, k > 2. We first define ;. Property (Py)
forces us to set Y (fi(x)) = mq k—1(i, Yr—1(x)), and property (Rx—;) implies that
such a map is well defined and injective. The continuity is a consequence of the fol-
lowing commutative diagram:

Ljcr o fOFF1 (X)) ~ {1, N x FRF1(X) 57 (1, N x Xy
L \Lnl,k—l
Ujzr..v fi(FF1(Xo)) = F¥(Xo) BLR Xk

Then, being a continuous map from a compact space to a Hausdorff space, it is a
homeomorphism.
We now prove (Qx).Forany j = 1,...,n,z € FF72(X,), we get

Pik—1° Vi—1(/f5(2)) = @r k-1 0 T1 k—2(J. Vk—2(2))
=71 p—10 (d X Qp—14k-2)(J. Vi—2(2))
= 7T1,k—1(ja Pk—1,k—2 © 1ﬂk—z(z))

= mk-1(J. Yi-12)) = ¥ (£j (2)).

where, in the first equality, we used property (Pr_1), in the second, diagram (2.3), in
the fourth, property (Qr_1) and in the fifth, property (Pz).

We then prove (Ry). Assume 7y (i, X)) = 71,1 (/. x;)), with (7, xx) # (j, xp) €
{L,..., N} x Xg. Then, by the construction of diagram (2.3), Ixz_1, xl/c_1 € X1
such that

P k-1 (Xk—1) = Xk, Qr—1(Xp_y) = xp and 7wy j—1 (i, Xg—1) = 71 -1 (J, X5_;))-
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Then,
k(i xk) = mig o ((d X @ —1) (0, Xk—1) = @1,k © T k-1, X—1)
= @41,k OVk o fi o Wk__ll(xk—l),
where, in the second equality, we used diagram (2.3) and, in the third, property
(Pr—1)- Replacing (i, xi) with (j, x;), we get
Pkt1,k © Vi © fi 0 Wity (Xk—1) = Pkt1,k © Vi © f7 0 Yiely (Xp_y)-
Since @1,k © Y is injective, we obtain
fio vt (i) = fi 0 Vit (xjy)-
Since
Jio vl (i—1) = fi oW o Yk 0 YLy (Xie—1)
= fi oV ook p—1(xk—1) = fi (Vi (xx)),

equality f; (Y, ' (xx)) = fj (¥ (x})) follows.

Now assume f;(z) = f;(z), withi, j = 1,...,n,z # z’ € F¥(X,). By definition,
z,z' € § C Xo, hence, by property (Ro), we get 71,0(i, ¥o(2)) = m1,0(J, Yo(2)).
Now observe that, by diagram (2.3),

71k (i Yk (2)) = 71k (i @r,0 © Vo(2)) = @11 0 T10(i Yo(2)).
and the same for (j, z’), hence 7y & (i, Y« (2)) = w1, (J, Y (2)). [

Proposition 6.5 immediately implies the following.

Corollary 6.6. Let yoo € {1,..., NN. Then

D) Ytk Sty () = T e V1. e Vi (X)), x € F¥(Xo), n > 1,k =0,
(2) Yp(x) = @pi © Vi (x), where p > k > 0, x € F¥(X,) C F?(Xy).

Lemma 6.7. Letx € K, I € {1,...,N*, such that fi(x) € Xo. Then x € Xj.

Proof. (1) We first prove it for k = 1. Indeed, f;(x) € Xo C X1 = Uj=1,...~ fj (Xo),
hence there exists 1 < j < N, xo € Xp such that f;(x) = fj(xo). Ifi = j, then, by
injectivity, xo = x € Xo.If i # j, then by definition x, xg € S C Xp.

(2) We then proceed by induction, assuming the property is true for k. If [ =
(1o viks1) €41 ... N we get fi,,.i0) © fiesr (¥) € Xo. By the inductive
hypothesis, fi, ., (x) € Xo and, finally, x € Xy, by (1). [

Let us consider two relations on {1, ..., N }N: the relation R defined in (3.2) and
the relation R’ where I R'J iff mx (1) = nx (J), cf. diagram (6.1).
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Theorem 6.8. Let {K; f1,..., fn} be a self-similar structure, and assume there exists
Xo C K satisfying hypotheses (A), (B), (C). Then, the two relations above coincide,
the similarity scheme is fully injective and K = X .

Proof. Letl # J € {1,...,N}N,with I RJ.Then dx, € X, such that
Cpn(xp) € {mpolit,....ip,x) 1 x € Xo} N {mpo(i1,....ip,Xx) 1 x € Xo},Vp >n.

Set z = ¥, 1(x4) € F™(Xo). Then, by Corollary 6.6 (2) we get ¥, (2) = @p n(xn) for
all p > n, and, by Corollary 6.6 (1),

2 € fliy,nip)(X0) N f(i1,.jp)(X0), VP = 1.

This means that z = g (1) = wg(J), namely I R'J.

Viceversa, assume that [ # J € {1,..., N}N, with TR'J, namely ng(I) =
ng(J) =z € K. This implies that z € f;,,. i) (K) N f(j,,....jx)(K), forany k € N.
Let n > 1 be the first index such that i, # j,, so that iy = j;, Yk < n. Since
2 € fy,min)(K) OV fG, i) (K), We get 21, 25 € K such that

2= fysin_1) © Jin(21) = flr,in_n) © Jin(22),

whence f;,(z1) = f;,(z2), by the injectivity of f, .
7, € § C Xop, from which we get

y- By definition, z; and

win—1

def ) .
Xn = Yn(2) = Y 0 SGroin)(21) = Tn0(in, ..., in, 21)

= ”n,O(jly---,jn,Z2) e Xn~

For any p > n, we also have z € f, ...i,)(K), namely 3z’ € K such that

2= fl1,i) (@) = St sin) © St sonin) (2 = flir,i) (21),

which implies f, ,'p)(z’) = z;. By Lemma 6.7, z’ € X, therefore

.....

(pp,n(xn) = @pn o VYn(z) = WP(Z) = pr © f(i1 ..... ip)(Z/) = 7Tp,0(i1v ce ,ip, WO(Z/))‘

Therefore, I € I',(x,). Since the same holds for J, we get I RJ. We proved that R
and R’ are the same relation, hence K = X. Since R’ is an equivalence relation (cf.
[5, Remark 1.3]), R is an equivalence relation too.

We now prove that the scheme is fully injective. By Section 3, if x, € X, then
©oo,n (Xz) is the unique element given by nN(Fn (xn)). Now, if I € Ty (x,), Vp > n,
3x0,p € Xo such that g, (X)) = 7p.0(i1, -, ip, Xo,p)- Set z, := ¥, 1(xy), so that

wp(zn) = @p,n© 1,”n(zn) = §0p,n(xn) = T[p,O(ilv c. ,l'p,xo,p) = Wp © f(il,...,ip)(xo,p),

and z, = f(,...i,)(Xo,p), Which implies z, € Np>y f(y.....i,) (K). Since the intersec-
tion is a singleton, ¥ ~!(x,), hence x,, is uniquely determined by I, (x,). ]
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7. Examples

The word example has two meanings here: we first show which known fractals or class
of fractals can be described by a similarity scheme. Then we propose (new) similarity
schemes determining if they are fully injective or not, and describe the space X .

7.1. Kigami—-Kameyama topological fractals that can be described via a
similarity scheme

In this subsection, we recover examples of Kigami—-Kameyama fractals for which
the space Xy as in Theorem 6.8 may be constructed, so that there exists a similarity
scheme which reproduces the given fractal.

It is worth mentioning here that there is always a trivial solution, namely Xy = K.
In this case, the similarity scheme is already a fixed point, namely our notion is not
really constructive, since the fractal is given from the outset.

Let us recall the notion of pcf self-similar structure according to Kigami, [8,
Definition 1.3.13]. We define Cx := N, N, (f;(K) N f;(K)), € := 7! (Ck),
P = U2 0"(€), where

o (G1.iz..)e{l,...,N¥WN > (iris,...) e {l,...., N}V,

and finally, Vy := ng(P). Then a self-similar structure {K; f1,..., fa} is called
post-critically finite (pcf) if & (and hence V) is a finite set.

Example 7.1. If S = @, and Xy is the set of fixed-points of { f1,..., fa}, then the
hypotheses (A), (B), (C) are satisfied, the self-similar structure is pcf, we obtain a
fully injective similarity scheme, and X, is homeomorphic to K and totally discon-
nected.

Example 7.2. If S # 0, and the self-similar structure is pcf, we choose Xo = Vj.
Then the hypotheses (A4), (B), (C) are satisfied, we obtain a fully injective similarity
scheme, and X, is homeomorphic to K.

Example 7.3. If S # @, and S C ®(S), we choose Xy = S. Then the hypotheses
(A), (B), (C) are satisfied, we obtain a fully injective similarity scheme, and X is
homeomorphic to K.

This family of examples contains non-pcf self-similar structures like the Sierp-
inski carpet. Let us recall that the Sierpinski carpet is the fixed point of an iterated
function system, where € is given by R? with the standard metric and one has 8 con-
traction maps with scaling parameter 1/3, 4 of which have fixed points in the vertices
of a unit square, and 4 of which have fixed points in the middle points of the four
sides of the square. According to the definition of S in the section above, S for the
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Sierpinski carpet is given by the boundary of the unit square, therefore ®(.5), being
given by the union of 8 rescaled copies of S, actually contains S.

Example 7.4. If the self-similar structure {K; f1, ..., fn} is rationally ramified, we
may choose Xy = Vo, since Vo # K , see Proposition 1.5.13 [9]. Examples include
Sierpinski carpets, and some Sierpinski crosses.

We finally observe that the choice Xo = V; leads to trivial similarity schemes
Xo = Xoo = K if Vyisdensein K.

7.2. Further examples: new similarity schemes

Example 7.5 (The diagonal similarity scheme). Let ¥ be any Hausdorff compact
set, and set Xg = Y, X; = Y x Y/ ~ where the equivalence relation is the fold-
ing along the diagonal, namely we assume (a, b) ~ (b, a) for any a,b € Y. We
also define ¢ : Y — X; by ¥y — (y, y). We observe that this similarity scheme
is fully injective, namely the map ¢oc,0 from Xy to the limit fixed point X is
injective. Indeed, X is a quotient of YN with respect to an infinite set of equi-
valence relations: (y1, ¥2, Yoo) ~ (V2. Y1, Yoo)s (¥1, Y2, Y3, Yoo) ~ (¥1, Y3, V2, Yoo)s
(1, Y2, Y3, V4, Yoo) ~ (J1, Y2, V4, V3, Yoo) and so on. In particular, (y, y, y,...) has
no other elements in its equivalence class, and ¢g 0(y) = (¥, y, . ...), namely it is
injective. By Corollary 5.2 the scheme is fully injective.

Let us observe that when ¥ = X, is a finite set the diagonal similarity scheme
reproduces topologically some known IFS’s: if |Y'| = 2, our limit fractal is homeo-
morphic to the interval [0, 1] obtained as a fixed point in R of the contractions centred
in the points 0 and 1 with scaling parameter 1/2. If |Y| > 2, we obtain a gasket
inscribed in the equilateral n-simplex, described as the fixed point in R”™! of n-
contractions centred in the vertices of the simplex with scaling parameter 1/2. In
particular, for n = 3, we get the Sierpinki gasket.

Remark 7.6. The theory described in this paper concerns fully injective similarity
schemes. Indeed, strictly speaking, the notion of fixed point (Z, ¢z) of a similarity
scheme requires ¢z to be injective. However, it is not difficult to see that, extending
the category to pairs where injectivity is not required, the notion of fixed point still has
a meaning. In some cases, limit points of the similarity scheme are still fixed points,
as the following examples show. Moreover, uniqueness of the fixed point may fail, as
the last example shows.

Example 7.7 (A similarity scheme which is not fully injective). Let ¥ = {0, 1},
Xo=1{a,b},and X1 =Y x X¢/ ~ where (0,a) ~ (1,a), p(a) = (0,a), and ¢(b) =
(0, b). Clearly, Y™ x X consists of the elements {(ry, @), (Sn,b), rn, sn € {0, 1}"}
and the equivalence classes associated with the projection 7, ;1 consists of the set
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{(rp,a),ry, € {0,1}"} and of the singletons (s, b), s, € {0, 1}"}. If we denote by a,
the equivalence class {(ry,, @), ry, € {0, 1}"}, then X, = {a,, (sn,b) : s, € {0, 1}*}
and

Onn+1(an) = an+1 and @p py1(50,b) = ((Sn, 0), b)

Then, if yoo € {0, 1IN, ¢(pn(¥oo)) = {an, (pn(yoo), b)}, namely gno(a) = an €
c(pn(¥oo)) forany n € N, yo € YN, or, equivalently, I'(a) = YN. As a consequence,
Xoo 15 a singleton. We observe that, even though the map ¢o0,0 : Xo — X0 is not
injective, (Xoo, ¥00,0) is still a fixed point of the endo-functor ®.

The following example is an adaptation of [15, Section 3, Example 1].

Example 7.8 (A similarity scheme with more than one fixed-point). Let ¥ = {0, 1},
Xo ={a,b,c}, and X1 =Y x Xo/ ~ where (0,a) ~ (1,a), (0,c) ~ (1,c¢), and
@(x0) = [(0, x¢)]~. Reasoning as in the previous example, it follows that X, is a
singleton. Moreover, if Z := {a,c} and ¢z : Xo — Z is defined as ¢z (a) = ¢z (b) =
a, z(c) = ¢, one can prove that (Z, ¢z) is another fixed point of the functor ®.
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