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Assouad and lower dimensions of graph-directed
Bedford-McMullen carpets

Hua Qiu, Qi Wang, and Shufang Wang

Abstract. We calculate the Assouad and the lower dimensions of graph-directed Bedford—
McMullen carpets, which reflect the extreme local scaling laws of the sets, in contrast to known
results on Hausdorff and box dimensions. We also investigate the relationship between distinct
dimensions. In particular, we identify an equivalent condition when the box and the Assouad
dimensions coincide, and show that under this condition, the Hausdorff dimension attains the
same value.

1. Introduction

Since the mid 80s, the study of self-affine sets has emerged as an independent research
field, in which the class of Bedford-McMullen carpets [2,23] plays a prominent role.
There has been significant interest in calculating the dimensions of these sets as well
as their generalizations, including the Lalley—Gatzouras class [18], Baraniski carpets
[1], Feng—Wang box-like sets [7,9,11], Kenyon—Peres (xm, xn) carpets [14—16], and
their high-dimensional analogs [5,13,16,17,24]. Unlike the case of self-similar sets, a
key feature in this study is the provision of plenty of examples generated by recursive
constructions, which exhibit distinct Hausdorff and box dimensions.

In 2011, Mackay [22] initiated the study of Assouad dimension of sets generated
by Lalley—Gatzouras construction, including Bedford-McMullen carpets. This inves-
tigation was later extended by Fraser [10] to Baranski carpets, which are generated by
a box-like affine construction with a more flexible grid structure. As a natural dual, the
exact value of the lower dimension (introduced by Larman [19]) for sets in this sce-
nario was also determined in [10]. As a rapidly expanding branch of dimension theory
on fractals, Assouad and lower dimensions focus on the local geometric information
of fractals, reflecting the scaling laws of the thickest or thinnest parts of the sets. For
further background and details on these two dimensions, refer to [12]. A fascinating
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observation in [10, 22] for the Lalley—Gatzouras class is the dichotomy in which the
Hausdorff, box, Assouad and lower dimensions are either all distinct or all equal, i.e.,

either dimy X < dimg X < dimg X < dimy X, (D

or dimz X =dimg X =dimg X = dimy X.

In this note, we extend the consideration of Assouad and lower dimensions to
graph-directed Bedford—-McMullen carpets, which serve as a typical class of (xm, xn)
carpets introduced by Kenyon—Peres [15, 16].

Let us begin with a finite directed graph, denoted as G := (V, E), where V repre-
sents the vertex set and E denotes the directed edge set, allowing loops and multiple
edges. For each edge e in E, let i(e) be the initial vertex of e, t(e) be the terminal
vertex of e, and denote the edge as v 5 v’. We always assume that for each v € V,
there exists an edge e € E such that i (e¢) = v. Given two positive integers n > m, we
associate each edge e in E with an affine contraction ¥, : [0, 1]> — [0, 1]? given by:

&1 n~t 0 £1 + xe .
Ve (52) N ( 0 m! )(52 4 ye)’ for (£1.&) in [0, 1]%,

where (xe, ve) € {0,1,...,n —1} x{0,1,...,m — 1}. Let ¥ = {V, }ecE be the col-
lection of all these contractions. Then the triple (V, E, W) becomes a graph-directed
iterated function system. It is well known that there exists a unique family of attractors
{Xy}vey contained in [0, 1]? satisfying

Xo= |J Ye(Xi). forallvelV.

ecE:i(e)=v

We refer to { Xy }vey as a graph-directed Bedford—-McMullen (xm, xn)-carpet family
generated by (V, E, W) and X := |, Xv as a graph-directed Bedford—McMullen
(xm, xn)-carpet.

Now, let us define

E® = {a) =wiwy . w; € E,t(w;) = i(wj+1) foralli > 1},

as the collection of infinite admissible words along G. For a word @ € E°°, denote
i(w) :=i(w1). It is straightforward to observe that

oo oo
Xeo; A
X, = {(Z%,Z%) tw € E®i(w) = v}, forallv € V.
i=1 i=1
It is worth noting that X is a sofic (xm, xn)-invariant set [14, 15] corresponding to

the sofic subshift

I= {(xwl’ycm)(xwz,ywz)--':w € E®} C {{O,...,n — 1} x{0,...,m— 1}}N.
(1.2)
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Throughout this note, in accordance with standard conventions, we write dimg,
dimp, dimpg, dimy, dimy, for the Hausdorff, lower box, upper box, Assouad and lower
dimensions, respectively. If dimg and dimp coincide, we simply refer to the common
value as the box dimension, denoted by dimp. For further details on these dimensions,
refer to [6, 12].

Denote 7 : R? — R the projection map onto the second coordinate axis, i.e.,
(1. &) = &. We introduce two sequences {0tk }x>1, { Bk }k>1 Whose values depend
on {dimp 7 (Xy)}vey, see the details in Subsection 2.2. Taking

a = lim (ox)"/* and B = liminf(,Bk)l/k,
k—o00 k—00

we prove the next theorem.

Theorem 1.1. Let { Xy }yey be a graph-directed Bedford—McMullen (xm, xn)-carpet
family. Write X = |,y Xv. We have
log o log B

dimy X = and dimgp X = .
logn logn

(1.3)

The result in Theorem 1.1 can be seen as complementary to the Hausdorff and box
dimensions of X considered in [14, 15], noting that Assouad and lower dimensions
are more sensitive to the extreme local structure of fractals, whereas Hausdorff and
box dimensions reveal more global geometric information.

Remark 1.2. (a) We should point out that once Theorem 1.1 is established, we can
obtain the Assouad dimension for each X, v € V, since dimyg X, = dimy Uv’er Xy
noticing that {X,}, ey, is a carpet family generated by the IFS (V,, E,, ¥,) with
Vo= eV iv— - >V U{v}, E,:={e € E:i(e) € Vy,t(e) € V,,} and
v, :={y, € V:e € E,}. For example, consider a directed graph as shown in Figure 1,
where Vy,, = {v2,v3}, Ey, = {€s.€5,€¢6, €7}, and ¥y, = {Y, € ¥ : e € E,,}. The
Assouad dimension of X, can be obtained by applying Theorem 1.1 to the subsystem
(Vi Evy. W),

(b) In previous results [2, 15, 23], the rectangular open set condition (ROSC) is
always assumed, i.e., it holds that

U ve(©@.D?) c .12 forallveV,

ecE:i(e)=v

and the union is disjoint (see [7]). In [14, 16], for the Hausdorff and box dimensions
of sofic (xm, xn)-invariant sets, the ROSC is dropped. In our setting, the ROSC is
also not required.

(c) The symbolic space I in (1.2) is a sofic subshift, i.e., there is a directed graph
(V,E) and a labeling £ : E — {0,1,...,n —1} x{0,1,...,m — 1} mapping each
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e € Eto(xe,ye)suchthat T = {L(w1)EL(w2) -+ :w € E®}. Wesay that (V, E, £) is
right resolving if at every vertex all outgoing edges have different labels. It is known
that every sofic subshift has a right resolving presentation [21, Theorem 3.3.2], mean-
ing that there exist another triple (V’, E’, £’) which is right resolving, £’ maps to
the same set of labels, and the subshift generated by the new graph is the same as the
original one. It can be directly seen that (V’, E’, ) satisfies the ROSC, where ¥’ is
the collection of contractions corresponding to &£’.

Figure 1. An example of a directed graph (V, E) with sets V = {v1, v2,v3} and E =
{81,6'2, ey 87}.

In practice, the values & and 8 in Theorem 1.1 are difficult to calculate. Recently,
Fraser and Jurga [14, Theorem 1.2] derived the box dimension of X via the topolog-
ical entropy and a projection topological entropy of the sofic subshift corresponding
to X. The formula for the Assouad dimension can also be expressed in terms of these
topological entropies instead of .

To illustrate this, let us introduce some additional notation. For .I defined in (1.2),
we denote

71 = Yo Yo - 1w € E®}CH0,...,m—1}N,

Here, somewhat abusing the notation, we continue to use 7 to represent the “projec-
tion” from .I onto 7 I, i.e., we write T((Xe, » Yo;) Xwss Vo) ***) = Yooy Yoo *** -

Leto : I — I (resp. o : w1 — nI) denote the left shift map. Clearly, o(I) € T
and 6(nI) € nI.Regard (I,0) and (w1, 05) as two topological dynamics and 7 :
(I,0) — (7 I,0) as a projection satisfying 6 o 7 = 7 o ¢. In a standard manner, we
use hop(K) to denote the topological entropy of a compact set K in I (resp. w.I). (In
our context, we always omit o (resp. 7).)
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Return to the directed graph G = (V, E). If for each pair v, v’ € V, there is a
path from v to v’ (i.e., v — --- — v'), we say G is an irreducible directed graph. An
irreducible component H of G is a maximal subgraph of G such that H is irreducible.
Let {H; := (V;, E;)}!_, denote all the irreducible components of G. Fori =1,...,r,
denote

IH[ = {(xwl?ywl)(xwzyya)z)"' REONS Ezoo} - I’

where E® represents the collection of infinite admissible words along H;. Accord-
ingly, write 7 I g, = (I g;). Let {i}* be the collection of 1 < j < r such that there
is a path from a vertex in H; to a vertex in H;. Say H; is a sourceif {i}* ={1,...,r},
and a sink if i € {j}* forall 1 < j < r. Fraser and Jurga [14, Theorem 1.2] derived
the following formula for the box dimension of X,

htop (IH,t )

1 1
dimp X = max { ———— + max hp(nlg;) — . (1.4)
1<i<zr| logn jeliyt 7"\logm logn

Roughly, it is the maximal box dimension of carpets among all irreducible compo-
nents. The following theorem says that the Assouad dimension of X has a similar
formula.

Theorem 1.3. Let X be the same as in Theorem 1.1. We have

h “1y)Nn Iy, hop(T T H .
dimg X = max{ sup op( () ;) + max —wp( A )}.
1si=r\yen Iy, logn jetiyt  logm

Further, we have a simpler formula for dim4 X in the case where a source or sink
exists and has certain entropy maximizing properties, analogous to [14, Corollary 3.1]
for dimp X.

Corollary 1.4. Let X be the same as in Theorem 1.1. Suppose that one of the follow-
ing two conditions holds:
(a) for some 1 <i <r, H; is a source and

sup htop(n_l(y) N IH,) = Ssup htop(n_l(y))v (15)

yenIHl. yenl

(b) for some 1 <i <r, H; is asink and hyp(w IH,) = hiop( 1).

Then .
h - h I
dimg X = sup top(Tr ) n top(” )
yern I logn logm

Next, we use Theorem 1.3 to explore whether a dichotomy like (1.1) holds for X.
To this end, we establish an equivalent condition (see (1.6)) under which the box and
Assouad dimensions of X coincide.
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Corollary 1.5. Let X be the same as in Theorem 1.1. We have dimp X = dimyg X if

and only if there exists i € {1,...,r} such that
heon (L H; 1 1
dimg X = Puop(L;) + hiop( L ;) - :
logn ""\logm logn
hop(@ YD) N ITh)  hop(nIm,
dimg X = sup wp(m () N IH;) N top (70 H,)’ (16)
yenIp, logn logm
hop(ZTr,) = sup  hop(r () N Iw,) + hiop(w I w,).
yGnIH,-

Furthermore, if dimp X = dimy X, then
dimg X = dimg X = dimy X.

However, there is no general dichotomy as in (1.1), since we can provide an exam-
ple of X satisfying

dimy X <dimg X = dimp X < dimyg X.

Theorem 1.6. If G is an irreducible directed graph, then for any graph-directed
Bedford—McMullen carpet X, we have

dimg X = dimp X implies dimp X = dimy X.

If G is not irreducible, then there is a graph-directed Bedford—McMullen carpet X
such that
dimg X = dimp X < dimyg X.

At last, we provide a simplified expression for the Assouad dimension of irre-
ducible X under the ROSC. Let us define A as the #V x #V adjacency matrix of the
directed graph G = (V, E), where A(v, v’) represents the number of edges in E from
vtov' forv,v'in V;iand for0 < j <m,let A; be a #V x #V matrix defined by

Aj(w,v)=#eecE:v S0, ye =}, forallv,v € V.

m—

Note that here 4 = » ;_ ' 4 j. The next corollary suggests that, similar to [10,22],
in the graph-directed setting the Assouad dimension of X should be still the sum of
dimp 7 (X) and the maximal dimension of slices orthogonal to 7 (X).

Corollary 1.7. Let X be the same as in Theorem 1.1. Assume that ROSC holds and
G is irreducible. We have

’

1 1
dimy X = di X)+ —— lim -1 Ay, -+ A
B Ty L SR

where || - || represents any matrix norm.
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The organization of this note is as follows. In Section 2, we introduce necessary
notations and define the numbers « and B. In Section 3, we prove Theorem 1.1 as
well as Corollary 1.7 for the Assouad dimension. In Section 4, we prove Theorem 1.1
for the lower dimension. Finally, in Section 5, we prove Theorem 1.3, Corollaries 1.4,
1.5 and Theorem 1.6.

2. Preliminary

Let {X,}yey be the same as in Theorem 1.1. In this section, we mainly introduce two
numbers o, § which appear in the expression of Assouad and lower dimensions.

2.1. Notations and background

First, let us introduce some notations. Denote
E*Y ={w=w;--wg:w€ E®, w; =w; forall 1 <i <k,k € N} U {0}

the collection of finite admissible words. For w = wy ---wy € E*, denote |w| = k
the length of w, i (w) := i(wy), t(w) := t(wy) the initial and terminal vertices of w,
and write i (w) = t(w). For [ <k, denote w|; = wy ---w;. Write

Yw = Yuw; O Vuw, 00V,  Xw = X Xwy = " Xwrs  Yw = Ywy Yws " Ywg

for short and denote Vg = id (the identity map) by convention. Denote E¥ the col-
lection of admissible words of length k. For w, w’ € E* with i(w’) = ¢(w), write
ww'’ the concatenation of w and w’'.

For v, v’ € V, we say there exists a directed path from v to v’ if there exists
w € E* satisfying v 5 o (write simply v—v’ when we do not emphasize w). Note
that G = (V, E) is irreducible if and only if v — v’ for each pair v,v’ € V.

For w,w’ € E*, we write w ~ w’ if and only if ¥, = V. Denote [w] = {w’ €
E* : w' ~ w} the equivalence class of w. We use [E*] to denote the collection of all
equivalence classes with respect to “~”, i.e.,

[E*] ={[w]:w e E*}.
In a same way, denote [EX] = {[w] : w € E¥}. Denote
t(, [w]) = {t@w) :w € w],i(w) = v}

the collection of terminal vertices of [w] from v and write ¢ ([w]) = U, ey ¢ (v, [w]).
Write Xy ={0,1,...,n—1}and Xy ={0,1,...,m — 1}, the alphabets along the
first and second coordinate axis, respectively. Denote E§ (resp. E’;) the collection of
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corresponding words of length k, and write % (resp. %) = {#} for convenience.
Let % = Uiz =5 and B3 = Uy % . Clearly, for w € EX, x,, € =%, y,y € 3.
For e € E, define

Be() = (1 o).
m

For w € EX, write Pw = Py © Py, 0+ -+ 0 ¢y, for short. It is easy to see that ¢y, = ¢y
for w, w’ € EX with y, = yy.

Proposition 2.1. For each v € V, the box dimension of 7w (Xy) exists, and
dimg 7(X,) = dimp 7 (Xy). 2.1
In particular, if G is irreducible, we have
dimg 7 (X,) = dimp 7(X,) = dimg 7(Xy) = dimg 7(Xy), forv,v' €V. (2.2)

Proof. Note that {7 (Xy)}vey is a family of graph-directed self-similar sets generated
by a graph-directed iterated function system (V, E, ®), where

®={¢.:ecE).

By [4, Theorem 2.7], (V, E, ®) satisfies a finite type overlapping condition. Combin-

ing this with [4, Theorem 1.1], we see that dimp m(X,) exists and

veV
dimp ) 7(Xy) = dimy () 7(X,). (2.3)
veV veV

Foreach v € V,if vis a root of G (i.e., v — v’ for all other vertices v’ in V'), we
have

dimy | ) 7(Xy) = dimy 7(X,) < dimpz(X,) < dimp | ] 7(Xy).
v'eV v'eV

So, dimpg 7 (X,) exists and (2.1) holds, by (2.3).
If v is not a root of G, define

Vo= eV:v—v}U{v},
E,={ecE:i(e),t(e) € Vy},
O, ={p. € D:e € E,}.
Clearly, (Xy) belongs to the family of attractors generated by (V, E,, @), and v is

aroot of (Vy, E,). By a same argument as above, we still get (2.1).
If G is irreducible, it is straightforward to see (2.2). n
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2.2. Two numbers « and 8
Letn:V x Uk20(2§ X E’;) — {dimp 7 (X,) : v € V} U {0} be a function defined
by
dimg (X, N Yy ((0, D)) if i(w) = v, (X, Yw) = (x,))
nw,x,y) = forsome w € E*,  (2.4)
0 otherwise.
Clearly, n(v, @, @) = dimpg 7 (X,), n(v, Xy, Yw) = n(V, Xy, Yy) for w ~ w’, and
N, Xy, yu) = dimp U m(Xy) = max dimpg w(Xy). 2.5)
vt (v,fw)) verww)

For w, w’ € E* with t(w) = i(w’), it is not hard to check that
n(i(w), Xw. yw) = n(i(W), Xww', Yww’) = max 0V, Xp, yu).  (2.6)
ver (i(w),[w])
Define

V= {v € V : there exists w € E* with |w| > #V and 1 (w) = v}

the collection of vertices in V' which are terminal vertices of some admissible words
with length at least #V/.
For k > 1, define

Q) = max max E nkn@xw.yw), 2.7
% k

veV yeXy [wlelEK]:
i(w)=v,yw=y

Lemma 2.2. The limit of {(ax)"/ ¥} exists and equals infy1(a*)V/*.

Proof. Fork,l in N with k > #V, we have

Ok +1
— max max E n(k+l)ﬂ(v,xw,yw)
% k+1
veV yeXy wlelEk+1:
i(w)=v,yw=y
/7
< max max E nkﬂ(vaxwy)’w) § max nln(v X sVw!)
% k eyl v'et(v,[w
veV yexk yrext A —. (v,[w])
i(w)=v,yw=y i(wet(,[w)),y,r=y’
’
< max max E nkn(v,xw,yw) E E nln(v X sYw!)
% k 7 /
VeV yeXy.y'eXy [wle[EK]: ver(w,[w])  [wielE!:
i(w)y=v,yw=y iwH=v",y,,r=y"
/
< #V max max E nkn(v,Xw,yw) max max E nln(v X! Yw!)
% K reV v/ l
veV yeXy [wlelEK): v'eV y'exy, (w1elEL):
i(w)=v.yw=y iWw)=v".y,r=y

= #Varoy,
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where the third line follows from (2.6), and the fifth line follows from the fact that
t(v, [w]) € V since |w| > #V. Therefore, {otx }>1 is a submultiplicative sequence
and the lemma follows. |

Write
o = lim (ak)l/k.
k—o0

log o
logn *

In Section 3, we prove that the Assouad dimension of X is

Remark 2.3. (a) When the directed graph G is irreducible, it is easy to see that VV =
V and dimp 7(X,) = dimp 7(X,) for v, v’ in V (by Proposition 2.1). Write A :=
dimp 7 (Xy) for v € V. Then o, defined in (2.7) is equal to

ax = n** - max max #{[w] € [E¥]:i(w) = v, yp = v}
vevV yGZlf,

When the ROSC also holds, we can further simplify o to

ax = n** - max max #{w € EF :i(w) = v,y = y)
vevV yEE’)(,
kA
=n". max Ay, - Ay lloos

Y15 Yk €{0,1,...,m—1}

where || - |0 denotes the maximum row sum norm.

(b) When G is not necessarily irreducible, let {H; = (V;, E;)}/_, be the col-
lection of irreducible components of G. Then, for v, v’ in V;, it is easy to see that
dimp 7(X,) = dimp 7(Xy). So, fori = 1,...,r, we can write A®) := dimp 7(Xy)
for v € V;. For k > 1, if we define

a,(ci) = %" . max max #{[w] e [EF:i(w) = v, t(w) € Vi, yy = y},

vev; yeZ])(,

then the limit limy_, o0 () /¥ exists for each i

Lemma 2.4. Foreachi = 1,...,r, the limit a® := limkeoo(a,(j))l/k exists and

‘max o® =a.

Proof. Note that dimp 7(X,) > dimp 7 (X,) if v — v’. It is not hard to see that there
exists C > O such that fork > 1 vin 17, yin sk

Z nkn(v,xw,yw) < C - Z Z O[g:) o agj)7

 [wlelEK: Vil j ST sjy +tsi =k
i(w)=v.yw=y
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which immediately yields that o < max;—,. a® (by the same argument consid-
ering the convergence radius of ) -, itk in the proofs of [14, Lemma 3.4] and
[15, Lemma 3.3]).

Conversely, since U;Zl V; C 17, fori =1,...,r, we have
1 |
o > — max Z nkrl(vaxwaJ’w) > _‘“a]((l)'
#V — yexk ] #V
veV Y [wlelEK]:
(w)=v,yw=y
The lemma follows. n

Letf:V x Uk20(2§ X E’)‘,) x ¥} — {dimp 7 (Xy) : v € V'} U {0} be a function
defined by

n(, x,y) if y' =@,
O(v.x.y,y") =3 dimp (X, N Yy (0. 1)%) Ny (1) if y' # 0,
0 otherwise,

where w is the same as that in the definition of 7 in (2.4) and

1 !
L= (225 0 LY ey oy i 2.8
y = i i Tt ) Y = e E = (2.8)
Clearly,

O, Xy, Yyuw.y') = dimB( U bw O‘wa’(n(Xt(w/))))
weEl:y, =y
i(wet,[w])

= max dimp 7 (X w))-
weEl:y, =y,
i(wet(v,[w])

For k > 1, define

, , KO x Yoy .
P = min v;ﬂ,ggn{mm{ D SRR TIPS
[w/1elEK]:

lwi=#V
i(W)=v,y,,r=y

Z e(v’xw’a)’w’vy/)>O»yezl;"y/eE;}}'

[w’']e[EK]:
i(W=v,y,,r=y

Write
B = liminf(By)"~. (2.9)

In Section 4, we prove that the lower dimension of X is %.
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Remark 2.5. Forv € V, w € E*, i(w) = v, we have
7 (Xo N 9w ((0,1)%) N g (Iy) (X NP ([0, 11)),

which gives (v, Xy, yw) = 0(v, Xy, Yw.0) = 0(v, Xy, yw,y’), forall " in £} . In
addition,

0, = max max max E nkG(v,Xw,yw,y’)‘
% kK y'exy
veV yexy ¥y Y lwlerek:
i(w)y=v.yw=y

2.3. Approximate squares

Before proceeding further, let us look at the definition of the Assouad dimension.
Given a bounded set F C R4 , the Assouad dimension of F is

dimAF=inf{sZO:ElC>0,forany0<r<R§landxeF,

N, (F N B(x,R)) < C(?)s},

where N, (E) is the least number of balls of radius r covering the set £, and B(x, R)
is the ball with center x in R? and radius R > 0. See [12] for more details.

An important concept in the dimension theory of self-affine sets is the so-called
“approximate square”. For k > 1, choose ! < k so that n! < mk < n!*1 that is,
| = |k log, m], the maximal integer less than or equal to k log, m. For p, g in Z,

denote : |
_|p Pt g 49+
the approximate square of level k at (p, q).

For a bounded set £ C R?, fork > 1, let Ny (E ) be the least number of elements

in {OQ(p,q) : p,q € Z} covering the set E. In a standard way, we may replace
N (X N B(x, R)) with

N (X 0 Qi(p.q))
in the definition of the Assouad dimension of X, i.e.,
dimy X = inf{s > 0:3C > 0, forany k" > k and Qx(p.q)
with X N Qx(p.q) # . Ne(X 0 Qi(p.q)) < Cm® =0},

Similar to the 2-dimensional case, for a bounded set E C R, k > 1, we write

N (E) the least number of intervals in the form [# lmikl] (i € Z) covering E.
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Lemma 2.6. For any € > 0, there exists a constant c; > 0, such that for eachv € V,
w e E*withi(w) =v, k> land y € £} \ {0}, we have

oy 'mF @R < Ny ((X 0 Y ((0,1)%))) < eqm*O@xwe2w)+9 2.10)
and

Ttk O@x =) < Ny (2 (X 0 Y, (0. 1)) 0 (1)
< clmk(e(vaxw=Yw=Y)+€)’ (211)

for those
1yl 1yl
Vi Vi 1
Iy = (Zm—;n—*m—l)
satisfying 7(Xy N Y ((0,1)%)) N ¢u (1) # 9.

Proof. Forv € V, write A, := dimp 7(X,) for short. It follows immediately from the
definition of box dimension that there exists a constant C > 0, such that for k > 1 we
have

C™'m* A9 < N (n(Xy)) < CmFPtre - forallv e V. (2.12)

Note that

Nk+|w|(7[(Xv N Yy ((0, 1)2)) = Nk+|w| (wa( U n(Xv’)))

v’ et (v,[w])

=Nk( U n(Xv/)).

v’ et(v,[w])

Combining (2.5) and (2.12), we have
Nict ol (T(Xy N Y (0, 1)) < #V max  Ni(n(Xy))
v’et(v,[w])

<#V max CmFGv+e
v’ et (v,[w])

= #V . CmFO@xw.yw)te)

and
N (T(Xo N ¥ (0, 1)%))

%

max N (n(XU/))

v’et(v,[w])

>  max C~lnkPor—e)
v’et(v,[w])

— C—lmk(n(v,xw,yw)—e)’

which gives (2.10) by taking ¢; = #V - C.
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Noticing that
Nk+|w\+|y\(75(Xv N Y ((0, 1)2) N ¢w(ly))

= Nk+|w|+|y| (¢w( U P © n(Xt(w’))))

w’GE/:yw/:y,
i(w’et (. [w])

= Nk( U ﬂ(Xz(w/))),

weEl:y, =y,
i(wet(v,[w)

equation (2.11) follows in a similar way. |

3. Assouad dimension

The main purpose of this section is to prove Theorem 1.1 and Corollary 1.7 for the
Assouad dimension.
For k > 1, write

= # cwe EXi = vy.
T = max {[w] w i(w) v}
The following lemma is useful for the upper bound estimate of the Assouad dimen-
sion.
Lemma 3.1. The limit of {(tx)"/* =1 exists and © := limy_ o0 (t3) /% < a.

Proof. The existence of the limit of {(tz)'/* }k>1 follows in a similar way as the proof
of Lemma 2.2.

We prove t < « through the following steps: (i) iﬁiﬁ <dimpgX, (ii)) dimp X < }2%

(the existence of dimp X is ensured in [14]).

logt

Step (1): ogn < dimpX.
By the definition of t, for € > 0, there exists C > 0 such that for / > 1, we have

meag#{[w] cwe ELi(w) = v} =71 >C(r—e).

For each k > 1, choosing / = |k log, m |, we have

N (X) > max Ni(X,) > C(z —e).
veV

So dimg X > %, thus dimp X > igg ~ by the arbitrary choice of e.
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Step (ii): dimp X < }2%. Write { = dimp X . For each k, write /(k) = |k log, m|
and !’(k) = |/(k)log, m]|. Note that for € > 0, there exists C’ > 0, such that for any
k > 1, we have

Nig(X) < C'm!®CFe), 3.1

Fix an integer k and choose a collection {Q;)(p, q)} that covers X such that
#H 016y (P. 9)} = Ni)(X). We now turn to estimate N (X N Q;’(k)(p, q)), where
O/ (P q) denotes the interior of Q1) (p. q)-

[0,1]2

<
=1

L q,,—#Ql(k)(P,q)

1 O

| _—vw(0,1])

Figure 2. The location of Q;(x)(p,q) (resp. Q) in ¥y, ([0, 1]%) (resp. ¥z ([0, 1]%)).

For v € V, assume that X, N Q;’(k) (p.q) # 9. Then there exists w € E!'®) with
i(w) = v such that 07, (p,q) S Y ((0,1)?). Note that for w € E'®, ([0, 1]%)
is a rectangle with width n~/®) and height m~'®) and the height of O140(p. q)
is m~!%®)_ By first dividing Q) (p, ¢) into rectangles in terms of ¥ ([0, 1]?) with
W € E'®) | then covering each rectangle with approximate squares of level k (see
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Figure 2 for an illustration), we have

Ny (Xv N Q;(k)(Pﬂ))

< > > Nie (Y (Xor 0 9 ((0,1)%)))
v'et(v,[w]) [werE! K=" )i (w)=v’,
Vwour, (0.D2)S 07 ) (p.4)
= > > Nie($w 0 7 (Xor Ny (0, 1)%)))
ver(u,[w]) welE!/ =K wH=v’,
Yoy ((0.D2)S 07 ) (1.4)
= X > N1 (7 (Xor 1 Y ((0. 1))
v'er(v,[w]) [wiels! =" 01 wH=v’,
Yo, ((0.D2)S 07 (p.a)
= Z Z cym & OO X0 3w+ by | emma 2.6

v et (v, [w]) [welE )= 0] (wh=v’,
Vwour, ((0.D2)SOF ) (p.4)
g 77 /
< eyn"HepO—10De gy oy Z UG RO ICIEEIY)
v’et(v,[w])
(w1l ELR) =1 () 14 (wy=v/,
Vwour, (0.D2)S 07 ) (.4)

< Cln1+en(l(k)_l/(k))€ . #Val(k)—l’(k)- 3.2)
Combining this with (3.1), we have

Nk(X) < C/ml(k)(§+€) . (#V)chn1+€n(l(k)_l/(k))eal(k)—l’(k),

which yields that
1
dimpX < ({4 ¢)log, m + (ﬂ + e)(l — log,, m)
logn
by using /(k)/k — log, m as k — oco. Therefore, dimg X < igi‘; + me. So
dimp X < :Zﬂ by the arbitrary choice of €. |
an

Now we turn to estimate the upper bound of the Assouad dimension of X.

Lemma 3.2. For € > 0, there exists a constant C > 0 such that for 1 < k <k’ and
any p,q € Z, we have

/ logax+€
Ne (X 1 03 (p.q)) < Cm® T+,

Proof. Let | = |klog, m] and I" = |k’ log, m]. It suffices to show that for each
v € V, we have

logar+€ +€)
b

N (X 0 Q5(p.q)) < Cn" D (3.3)
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for all k" > k with k > #Vlogzm. Assume that X, N Q7 (p, q) # @. There exists

w € E! such that i (w) = v, 03 (p.q) € ¥ ((0, 1)2). Recall that o = limy_, o (a5)'/*,
there exists S such that for s > S,

log o

<logoa + €.

Therefore, there exists a constant C; > 0 such that fors > 1,

logax+e€
a5 < Cyn*Clown ) (3.4)
Consider the following two cases:
- — v ((0,1]%
*/’/,,
- v ([0,1]%)
| ] _ N 2
4—"‘"""‘ | — WwOWw([Oal] )
’_'_,_,--"'
_F--"""/,ﬂ
g/\_’ -Q_k/
O T O
Yrw (Xyr) Y (Xyr)
(1) (ii)

Figure 3. Covering Q7 (p, ¢) with approximate squares of level k’ in Cases (i), (ii).

Case (i): I’ < k.

In this case, by first dividing Qg (p. ¢) into rectangles in terms of ¥ ([0, 1]%) N
Or(p,q) withw € E I then covering each rectangle with approximate squares of
level k’ (see Figure 3-(i)), we have

N (Xy 0 OR(p.q))
< Z Z Ny (Ww (Xo N Y ((0, 1)2)) N QZ(p’ CI))

vet(v,[w])  [wiele! 11 w)Her’,
VoV (0.12)NOL (p.a)#0
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= Y Do Ni(dw o m(Xy Ny ((0,1)%) Ny, (Q7 (P 9)))

vet(,[wl)  [wielE—11iw)H=v,
Yw oy, ((0.D2)NOR (p.q)#0

= > D Nea(w(Xy Ny (0, 1)) N Y, (07 (p. )

vet(,[w]) [welE! 160 w)=v".
Yworry ((0.1D2)NQF (p.a)#0

3.5)
=< Z Z cym® OO X0 3w )+ by | emma 2.6
ver,[wl)  wnerE! =iw)=v’.
Vw0V, ((0.12)NOR (p.a)#V
< Z Z cym& MW Xy ) te)
ver,[wl)  wielE!—Liw)=v,
Ywovryy ((0.1D2)NQF (p.a)#9D
<ci#V - (xl/_ln(l/_lH)GH sincel > klog,m —1>#V
7 logax+e€
<c #V - n oD by 3.4
where in the fourth line y is in E’f,_l/ so that
bt o oY (05(p.q)) = I, recall (2.8), (3.6)

and the second to last line follows in a same way as (3.2).

Case (ii): k <1'.

In this case, by first dividing Q (p, ¢) into rectangles in terms of v/ ([0, 1]?) with
W € E¥, second dividing each rectangle into smaller ones in terms of /g o ¥ ([0, 1]2)
with % € EY~¥, then covering each smaller rectangle with approximate squares of
level k’ (see Figure 3-(ii)), we have

N (Xo N Q7 (P.9))
= Z Z Nk’(Ww (Xor N Yy ((0, 1)2)))

vet(,[w]) [wielEX—ILiw)=v/,
Yw oy, (0.D2)S 27 (p.4)

2. 2 2

ver,[w]) [wielEA—ILiw)=v, v"et(v’,[w’])
Yw oy, ((0.D2)SOY (p.9)

D N (Y o Y (Xor N Y ((0,1)%)))

w1e[E!l—k]:
i(w’)y=v"

= ) 2 2

vet(v,[w]) [w/ielEX—Tiw)=v/, vt ,[w’])
Yworr,y (10.112) S22 (p.9)

IA
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D Ni($w o puwr 0 T(Xor N Yy ([0, 117)))

w”1e[EV =k
i(w”)y=v"

2 2 2

vet(v,[w]) w/ielER—Tiw)=v/, vt ,[w’])
Ywour,y (10.112)S 27 (p.9)

Y Ne—(m(Xor 0 ([0.117)))

w”le[El'—K]:
i(w)y=v"

2. 2 2

vet(,[w]) [wielEk—I1iw)=v. v’et’,[w’])
Ywov, (10.112)S0R (p.q)

Z erm® =@ Xy +€) by ] emma 2.6

[w”]E[El/_k]i
i(w”y=v"

3 3 eym® O X+ gy,

vet(,[w]) [wielEE—I1iw)=1’,
Vw 0wy, ([0,112)S 07 (p.q)

<c @#V)? - apn®TIHDe L since I = |k log, m| > #V.

IA

IA

On the other hand, by Lemma 3.1, log T < log «, so there exists C, > 0 such that for
alls > 1,

Iogol+€)

7y < Con®Cloen (3.7)

Therefore, combining the above estimate with (3.4) and (3.7), we have

N (X0 1 02 (p.q)) < cin€ L (#1)? Cm(k—z)(l“i”;j{we) ) Czn(zf—k)(“%:;#)
< clnEH(#V)z .CCy _n(l’—l)(%ﬁ)’
which gives (3.3). ]
Next, we estimate the Assouad dimension of X from below.

Lemma 3.3. For any small € > 0 and for any C > 0, there exist k' >k > 1, p,q
in Z, such that

’ logox—e
Ne(X 0 Q2 (p.g)) = Cm® =TT =29,
Proof. By the definition of «, there exists C; > 0 such that for s > 1, we have

s(logafe)
oy > Cyn”" Toen

(3.8)

Fixs,letv e V,y = y;---ys € %3 such that

oy = § : SN Wsxw,yw)

[w]E[ES]:
i(w)=v,yw=y
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Y (Xv)
// Vi o¥yy ([0,11%)
A
dw(Iy) -
i
(2,9) Ok
X3

Figure 4. The choice of Qx (p, ¢) according to s, v, ¥ and y.

Choose an integer k > 1 such that k = |k log, m| + s and let [ = |k log, m].
Since v € V, there exists w € E* with |w| > #V such that (w) = v. Noticing that
{i(wy),....1(wp), t(w)} € V, there must exist W € E! such that ¢t () = v. Write
U=i(0).Let p= Z,l.=1 xi,l.nl_" andg = ZLI ywimk_i + Y7, yim®™", therefore

Xf) N QZ(p7Q) 7é 9.

We also choose a k" > 1 such that k = |k’ log, m]. Since X3 C X, it suffices to
estimate Ng/(X5 N QF(p,¢)). Similar to the argument in Lemma 3.1 (see Figure 4
for an illustration), we have

N (X5 N 05(p.9)) = Niw (Vs (Xo) N Q2(p.q))
= Y Ne(¥a(Xy) N o Y ((0,1)%)

[w/]1€[ES]:
i(Ww)=v,y,,r=y

= Y Nea(m(Xy Ny ((0.1)%))

[w/]€[ES]:
i(WN=v,yy,r=y

Z 7 tm*—ROO@xw W)= by [emma 2.6

[w/]€[ES]:
i(W=v,y,,r=y

o o logor—e _
> n g > o' Leyn® Cloer —© by (3.8).

A%

For any C > 0, there exists large enough s > 1 such that

logax—e
-1, e— - -2
e ne e Cloen 29pse 5
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Therefore,

VA logox—e
N (X N QZ(p7q)) > cl—lné—lclnsem(k k—log,, n)(Fo7= —2€)
(k/_k)(lugv(—e —2¢)

logn

>Cm

where k, k', p, g are chosen as before according to s. |

Proof of Theorem 1.1 for the Assouad dimension. Combining Lemmas 3.2 and 3.3,
loga

letting € go to 0, we finally obtain dimy X = logn "

Proof of Corollary 1.7. By assumption, dimp 7(X) = dimp 7(X,) for all v in V, and
SO
N, Xy, yu) = dimp 7 (X),

for all w € E* with i (w) = v. It then follows from Remark 2.3(a),

O = pkdime 7 (X) . max ||Ay1 e Ayk [l oo-
y€E§
Therefore,
. .1
loga = dimp 7(X)logn + lim —log max ||Ay, --- Ay, ||.
k—oo k yez;l)f/
By Theorem 1.1, the expression of the Assouad dimension follows. |

4. Lower dimension

In this section, we look at the lower dimension dimz, X of X, which equals
dimp X = sup{s >0:3C > 0, forany k" > k and QO (p,q)
with X N Qi (p.q) # 0. Ner(X 0 Qi(p.q)) = Cm®* =P},
The following lemma aims to the lower bound of lower dimension.

Lemma 4.1. For any small € > 0, there exists a constant C > 0 such that for k' >
k > 1 and any Qr(p,q) with X N Q7 (p,q) # 0, we have

log B—€ —e)

Ne (X 0 Q3(p.q)) = Cm™ 0 Cieen

Proof. Letl = |klog, m] and I’ = |k’ log, m]. It suffices to show that

log B—€ —6)

N (X 1 Q5 (p.q)) = Cn¢ Dm0,
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for all kK’ > k with k > #V —2— . Since X N 07 (p.q) # 0, there exists w € E! such

log, m*

that Q2 (p.q) € Yw((0, 1)2). Note that |w| > #V. According to (2.9), there exists
Cy > O such that fors > 1,

log B—e
By > Cyn* Cloen ). (4.1)

| Ywoy, ([o, 1]2)

dw(ly) 7

o

Ok

Yw(Xv)

@

w011

L Yoy, ([0,1]2)
Pw (Iyw/ ) { 0 ,—/'/ﬂf,

O

Yw (Xv)

(ii)

Figure 5. Covering Q7 (p. q) with approximate squares of level k’.

Case (i): I < k.
This case is similar to Case (i) in Lemma 3.2. By (3.5), we have (see Figure 5-(1))

N (X N QR (p.q))
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> max_ Ny (Vw(Xy) N 03 (p.q))

ver((w])
> max =1 (0 (Xy N Yy ((0, » (Qr(p.q
> Nir—1 (7 (Xy N Y ((0.1)%) N Y (Q7(p.9))))
welEV =11 w)y=v,
Yworr, ((0.1D2NNOF (p.a)#0
=1, (K"=k)(0(v,x Yy y)—€)

> max E ¢y m w’sYw -1 Y
Y 1 {0, xy7,yy,7,¥)>0}

w/lelE ~ i) =v,
Yworr, ((0.12NNOF (p.a)#0

> T n D > o  Cyn D9 by (4.1)

where y is in E’;‘l " satisfies (3.6) and the fourth line follows from Lemma 2.6.

Case (ii): k <1'.
Write p = Z£=1 pint~tandg = Zf=1 gim*~" where p; (resp. g;) isin Xy (resp.
Yy).Sothat gy ---q; = yy.Denote y = g1 - qx. Note that

Ne(XN03(p.g) = Y. > N/ (X N 9 © Y ((0,1)%)).

yesh—k  wielel’=:
i(wet(w)).y,,r=yy

Write k() =Y juneer—: N (X Ny 0 Yy ((0, 1)%)), then (Figure 5-(ii))

i(w)et([wl). vy, =3y

N (X 0 OR(p.q))
= #y € Sy 1) # 0} -k (2)

— Nl/(n o ww( U Xv) N fr(Q}i(p,q))) “Kk(z)

ver([w])

> vgtl(?x]) Ny _ 1(7T(X )ﬂnol//w (Qk(P ‘])))) Kk(z)

> max C—lm(l/_k)(a(v,ﬂ,ﬂ,f))—e). Nk’ » Xv N Yy © Y 0’1 2
1
ver([w)) /i
i(w’)=v.yw/=;72

> max cl—lm(l’—k)(G(v,ﬂ,@,i)—e), Z Cl—lm(k’—l’)(n(v,xw/,yw/)—e)

vetr((w]) ,
[w’1elE! =17
i(Ww)=v.y,1=yz
> max C1 2 : m(k’—k)(@(v,xw/,yw/,@)—e)
ver((w]) ,
[wlelE!/ =17
i(Ww)=v,y,/=5yz
_ _ 1 ’ log B—€ _
> 2Dy > et TR by @y

for some z in Zg_k with k(z) = min{x(y) : k(y) # 0,y € El);_k}, where the fifth
and sixth lines are both from Lemma 2.6. ]
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Finally, we turn to the upper bound of the lower dimension.

Lemma 4.2. For any € > 0, for any C > 0, there exist k' > k > 1, p,q in Z, such

that
log Bte +2¢)

N (X 0 Q5(p.q)) < Cm® ke
Proof. It follows from (2.9), there exist C; > 0 and a sequence {s; };>1 such that

log B+€ )
ogn ). 4.2)

/33‘]' =< Clnsj(

Fix large j,letw € E* with [w| > #V,y = y;---y;, € E;,j and y' = y|---y; € Eé’,
such that

_ E : Si0(,X0,7 YY"
IBSJ' = max no/ ( w’ s Yw ¥ . l{e(v,xw/,yw/’y/)>0}‘

Y (Xv)

ol Vo (10,11)

¢1Z}(1yy/) A

(p.9)

Figure 6. The choice of Q (p, ¢) according to j, y and y’.

Choose a k > 1 such that k = |k log, m] + s; + h and let/ = |k log, m]. Since
|lw| > #V and {i(w1),...,i(W}y)), 1 (w)} S V, there must exist W € E! such that

t(w) € t(Jw]). Let p = Zle x,n' " and
! 5/ \
R NIED WD Ml
= i=1 i=1

Clearly, X N Q7 (p.q) # 0. Choose a k’ > 1 such that [k’ log, m| = [ + s;. Denote
I = |k’ log, m]. Similar to Case (i) in Lemma 3.2, by (3.5), we have (see Figure 6)

N (X N Qr(p.q))
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<#V - max N (¥ (Xy) N Or(p.q))
vet([w])

<#V - max > N (¥ (Xo 0 Y ((0,1)*) N OR(p, 9))

ver([w]) h
w/lelEN =i =v,
Vi 0y ((0.D2)NOF (p.0) W

E #V . max Z Clm(k/_k)(e(l}:xw/’yw/sy/)—"_e) . l{e(v,x

ver([w]) w’ s Yw’¥')>0}

wlelE! =11 (wh=v,
Vi 0¥y ((0.D2IN O (p.4)#0

log B+€ +e)

<#V -contn%i€ . B < #V . Cn % Cloen by (4.2).

log B+e€
For any C > 0, there exists j > 1 such that #V - ¢;Cyn€t1ipn ten T2€p=sj¢ < C,

therefore,

N (X 1) 03 (p.)) < #Y -1 Can* InCEEF 420, sy R 420

(k'—k) (REEEE 4 2¢)

<Cm
where k, k', p, g are chosen as before according to j. ]

Proof of Theorem 1.1 for lower dimension. By combining Lemmas 4.1 and 4.2, we

obtain that dimy, X = 1228 n
ogn

5. Comparison between box and Assouad dimensions

In this section, we prove Theorems 1.3, 1.6 and Corollaries 1.4, 1.5. Recall that
N
I ={(X01: Yo ) Xan, Yar) -0 € E¥} S {{0,....n — 1} x {0,...,m — 1}}

and
ﬂI:{leywz"'5Cl) S Eoo} E{O,...,m—l}N.

For k in N, denote 1% (resp. 7T k) the collection of words with length k& which appear
in I (resp. w I), that is

I8 = {(vwy s Yw) s Ywa) ++ (Vs V) - w0 € EXY.

Recall that the topological entropy of I, w I and w~!(y) (for y € m I) are defined as
hiop(I) : = li L jogurk
(D) s = lim 7 log#Z*,
1
hop( ) : = lim —log#m I¥,
k—oo k

_ , 1
hiop(r ™1 (¥)) : = limsup — log#{xy : w € EX, yyy = yli}
k—o0 k
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(the existence of the first two limits follow by a submultiplicativity argument). The
following inequality is due to Bowen [3]:

htop(I) = htop(”I) + SupIhtop(”_l(Y))' (5.1
yen

First, let us look at the irreducible case.

Theorem 5.1. Let X be the same as in Theorem 1.1. Assume that G = (V, E) is
irreducible. We have

_ D) e )

logm yernI logn

And the following three statements are equivalent:
(1) dimp X =dimy X,
(i) dimg X = dimp X,

(iii)) equation (5.1) becomes an equality, i.e.,

hiop(1) = hiop(wI) 4 sup hiop (771 (1)). (52)

yenl

Before proving this theorem, we prepare some lemmas. The following lemma is a
graph-directed version of the expression of dimyg X of Mackay [22].

Lemma 5.2. When G is irreducible, we have

_ higp( 1) “u hiop( 1 (1))
logm yen I logn '

Proof. Fork > 1,y € E’; and v, v’ € V, denote

w
Illf,v’(y) = {(xwl,J’wl)"'(xwkyywk) tw e Ekav i U/,)’w = J’}’
5 = Uper Iff,v,(y) and I%(y) = U, ey Z5(»). Since G is irreducible,

o = max max n*d4ims 7(X) -#If(y).
veV yexk
Y

log#n I hip(w D)
klogm ~—  logm

Noticing that dimp 7(X) = limg oo , with Theorem 1.1 in hand,

it suffices to prove that

log#1k
sup htop(n_l(y)) = lim max max og—v(y)'
yerI k—o0 veV yGZI{, k

(5.3)
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Sincefory e n I,

log #1% log #Tk log #V
hiop(x ™! () = lim sup log# "0 le) < lim sup max og#Iy (ylk) + log ,
k—o0 k k—>o0o VEV k

we have the direction ““ <" in (5.3). On the other hand, let A be the right-hand side of

equation (5.3). Then for € > 0, there exists N in N such that for all k in N, there are
*)
Vg, v,’C in V, w® in EX*N with vy pa v,’c and y®©) = Yy, such that

log#Iﬁ:f)\i (v ®) = 1og#I5 N (y®) —log#V > (k + N)(A — €) — log#V. (5.4)

Noticing that G is irreducible, there exists S in N, such that for each distinct pair
v, v’ in V, there exists w € E* with |w| < S and v X . For any k in N, pick
a directed path w®) from v,’c to vk with length no more than S if v,’c # Vg41s
pick W& = @ if v} = vy Write 5®) = yz00, y = yO3Dy@5@ ... e 7T,
y® = yWFW .. & 50 and 5, = |y%)|. Noticing that

1 1
@szskg@jtkNws,

by using (5.4), we have

log #1 (y®
htop(n_l()})) > lim sup oers T ™)
k—00 Sk
1+N (,,(1) . k+N (k)
log#.[vl’v/1 oY)+ +log#Ivk’v;((y ) A

> lim sup
k—o0 Sk

which gives the direction “ >" in (5.3) by the arbitrary choice of €. |

Lemma 5.3. When G is irreducible, equality (5.2) holds if and only if dimg X =
dimp X.

Proof. The “only if” part. Recall that from [14, Corollary 3.2], dimyg X = dimp X if
and only if the measure of maximal entropy on I projects to the measure of maximal
entropy on 7 I, i.e., there exists a o-invariant measure y such that

h) = hop(D)  and  h(pon™) = hy(r D), (5.5)

where /1 (u) denotes the measure entropy of L.
It is due to Ledrappier and Walters [20] that there is a relative variational principle
for (5.1) in the form

suph(m) = h(v) + /

T

Ihmp(n‘l(y))dv(y), (5.6)
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where the supremum is taken over all the o-invariant probability measure m satisfying

! = v. Choose 1 the measure satisfying A(i) = hop(Z). Let v = po ™1,

then we have

mom~

hen(2) = sup h(im) = h(v) + / en(x ! 0))dv()

=< htop(nI) =+ sup htop(T[_1 (y))
yernl
Combining this with (5.2), we immediately get h(u o 7)) = hyop( I), which gives
dimg X = dimp X.
The “if” part. Since dimg X = dimp X, it follows from [8, Theorem 3.1] (I is
a subshift satisfying the so-called “weak specification” in [8] since G is irreducible),
there is a constant C > 0 such that

C'#{xy tw e EX, yy =y} <#{xyp :w € EX, yy, =y}
< C#{xy :we E¥ y, =y}

forall y,y’ € wI¥ and k > 1. Therefore, for y,y’ € n 1,

htop(ﬂ_1 (y)) = htop(7T_l (y/))

Again, by dimg X = dimp X, we can choose a o-invariant measure p satisfying
(5.5). Letv = o w1, by (5.6), we have

hoo(T) = sup  h(m) = h(v) + f e (D)

m: mox—1l=vp
= htop(”I) =+ sup htop(n_l(y))- u
yenTl
Proof of Theorem 5.1. By combining Lemmas 5.2 and 5.3, it suffices to prove that
dimp X = dimy X if and only if (5.2) holds. Since G is irreducible, the expression of
dimp X in (1.4) degenerates to the following form

hon (I 1 1
dimp X = hrop(L) + hiop( ) — .
logn logm logn
Combining this with Lemma 5.2 and (5.2), the theorem follows. [ ]

Next, we consider the general case in which the graph G may be not irreducible.
Let {H; = (V;, E;)}_, be the collection of irreducible components of G. Recall
A0 = dimg m(Xy) for v € V; in Remark 2.3(b). Recall {i}* denotes the collection
of 1 < j < r such that there is a path from a vertex in H; to a vertex in H;.

htop(”IHj )

Lemma54. Fori = 1,....,r, we have A = MaX; i)+ fogm
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Proof. 1t is the same as in [14, Lemma 3.4], which follows by a same argument in
Lemma 2.4. L

Proof of Theorem 1.3. Combining Lemmas 2.4, 5.4 and Theorem 5.1, we have

hop(r ' (y) N Th;) n /\(z‘)}

dimy X = max{ sup

1<i<r yGJTIH,- logn
{ htop(n_l(y)mIH,') htoP(ﬂIHj)}
= max { sup + max ——— .
1si=r\yen Iy, logn jetiyt  logm

Proof of Corollary 1.4. By Theorem 1.3, it is obvious that

hyop (™! hyop(m L
Gimy X < sup 010D | hog(r D).
yenl logn logm

5.7

First, suppose condition (a) holds. By [14, Lemma 3.4], there exists 1 < j <r
such that (7 IH;) = hiop(I). Since H; is a source, again using Theorem 1.3,
noticing (1.5), we have

h “Y(y)n In, h I
dimAXZ sup top(JT (y) H,)+ max top(n H[)

ven Iy, logn letiyt  logm
hiop (™! hiop(m T
= swp wop(T 1 ())) n top (7T )‘
yenl logn log m

Combining this with the upper bound (5.7) completes the proof.
Next, suppose condition (b) holds. Let H; be the sink. For any 1 < j < r, since
hiop(mIH,) = hip( 1), by Theorem 1.3, we have

htop(n_l(y) n IH,-) 4 max htop(TfIHl)

dimy X > sup

yer Iy, logn lefj}t logm
. htop(”_l(y) N IHj) n htop(T[I)
yerdy | logn logm

Since the above inequality holds for every 1 < j < r, by (5.3) and the proof of
Lemma 2.4, we obtain

log#I% - (Vlk)  hep(n I
dimg X > max lim max max SMRtN, )| + tp(n )

1<j<rk—ooveV;yexI  klogn logm
> sup htop(”_l(y)) 4 htop(n-[)’
yernI logn logm

where Iﬁ,j(ylk) = {(Xw;s Ywy)  (Xwg> Yuy ) W € Ek,i(w) =v,t(w) €V, ypw =
¥k} This completes the proof. ]
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Proof of Corollary 1.5. 1f (1.6) holds, it is direct to see that dimp X = dimyg X. Con-
versely, assume that dimp X = dimy X. By (1.4), we can pick (i, j) with j € {i}*
such that

hop (L H; 1 1
dimg X = M +ht0p(nIH') - :
logn 7"\logm logn

Using (5.1) and max g+ htop(nIHj,) = hmp(nIHj.) we get

G X < sup MO OV O I PG Tny) oy i) = (e L)

ven Iy, logn logm logn

< dimy X,

which implies hip(mIg;) = hlop(nIHj) and (1.6) follows.

Finally, let { X 5i)}uev,- be the graph-directed Bedford-McMullen (xm,xn)-carpets
family associated with H; and write X @ = Upey; X D If (1.6) holds, by Lemma 5.3,
it holds that dimg X @ = dimp X for the same i in the previous paragraph. Thus,
we have

dimg X > dimg X9 = dimg X® = dimp X,

giving that dimg X = dimp X = dimyg X. [

Proof of Theorem 1.6. The first part follows from Theorem 5.1. For the second part,
we consider the example of graph-directed Bedford-McMullen carpet family { X,, X5}
generated in the way illustrated in Figure 7.

a|a b|(b|b|b
E_.b a|a E_.b
a|a b

Figure 7. An example of graph-directed Bedford—-McMullen carpet family.

At this time, n = 4 and m = 3. It is not hard to check that dimp 7(X,) =
dimp 7(Xp) = 1, and for X = X, U X, dimy X =2 and dimz X = 1, dimp X =
dimg X = % ]
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