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Assouad and lower dimensions of graph-directed
Bedford–McMullen carpets

Hua Qiu, Qi Wang, and Shufang Wang

Abstract. We calculate the Assouad and the lower dimensions of graph-directed Bedford–
McMullen carpets, which reflect the extreme local scaling laws of the sets, in contrast to known
results on Hausdorff and box dimensions. We also investigate the relationship between distinct
dimensions. In particular, we identify an equivalent condition when the box and the Assouad
dimensions coincide, and show that under this condition, the Hausdorff dimension attains the
same value.

1. Introduction

Since the mid 80s, the study of self-affine sets has emerged as an independent research
field, in which the class of Bedford–McMullen carpets [2,23] plays a prominent role.
There has been significant interest in calculating the dimensions of these sets as well
as their generalizations, including the Lalley–Gatzouras class [18], Barański carpets
[1], Feng–Wang box-like sets [7,9,11], Kenyon–Peres .�m;�n/ carpets [14–16], and
their high-dimensional analogs [5,13,16,17,24]. Unlike the case of self-similar sets, a
key feature in this study is the provision of plenty of examples generated by recursive
constructions, which exhibit distinct Hausdorff and box dimensions.

In 2011, Mackay [22] initiated the study of Assouad dimension of sets generated
by Lalley–Gatzouras construction, including Bedford–McMullen carpets. This inves-
tigation was later extended by Fraser [10] to Barański carpets, which are generated by
a box-like affine construction with a more flexible grid structure. As a natural dual, the
exact value of the lower dimension (introduced by Larman [19]) for sets in this sce-
nario was also determined in [10]. As a rapidly expanding branch of dimension theory
on fractals, Assouad and lower dimensions focus on the local geometric information
of fractals, reflecting the scaling laws of the thickest or thinnest parts of the sets. For
further background and details on these two dimensions, refer to [12]. A fascinating
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observation in [10, 22] for the Lalley–Gatzouras class is the dichotomy in which the
Hausdorff, box, Assouad and lower dimensions are either all distinct or all equal, i.e.,

either dimLX < dimH X < dimB X < dimAX;

or dimLX D dimH X D dimB X D dimAX:
(1.1)

In this note, we extend the consideration of Assouad and lower dimensions to
graph-directed Bedford–McMullen carpets, which serve as a typical class of .�m;�n/
carpets introduced by Kenyon–Peres [15, 16].

Let us begin with a finite directed graph, denoted as G WD .V;E/, where V repre-
sents the vertex set and E denotes the directed edge set, allowing loops and multiple
edges. For each edge e in E, let i.e/ be the initial vertex of e, t .e/ be the terminal
vertex of e, and denote the edge as v

e
! v0. We always assume that for each v 2 V ,

there exists an edge e 2 E such that i.e/ D v. Given two positive integers n > m, we
associate each edge e in E with an affine contraction  e W Œ0; 1�2 ! Œ0; 1�2 given by:

 e

�
�1

�2

�
D

�
n�1 0

0 m�1

��
�1 C xe

�2 C ye

�
; for .�1; �2/ in Œ0; 1�2;

where .xe; ye/ 2 ¹0; 1; : : : ; n � 1º � ¹0; 1; : : : ; m � 1º. Let ‰ D ¹ eºe2E be the col-
lection of all these contractions. Then the triple .V; E;‰/ becomes a graph-directed
iterated function system. It is well known that there exists a unique family of attractors
¹Xvºv2V contained in Œ0; 1�2 satisfying

Xv D
[

e2E Wi.e/Dv

 e.Xt.e//; for all v 2 V:

We refer to ¹Xvºv2V as a graph-directed Bedford–McMullen .�m;�n/-carpet family
generated by .V; E; ‰/ and X WD

S
v2V Xv as a graph-directed Bedford–McMullen

.�m;�n/-carpet.
Now, let us define

E1 WD
®
! D !1!2 � � � W !i 2 E; t.!i / D i.!iC1/ for all i � 1

¯
;

as the collection of infinite admissible words along G. For a word ! 2 E1, denote
i.!/ WD i.!1/. It is straightforward to observe that

Xv D

²� 1X
iD1

x!i
ni
;

1X
iD1

y!i
mi

�
W ! 2 E1; i.!/ D v

³
; for all v 2 V:

It is worth noting that X is a sofic .�m;�n/-invariant set [14, 15] corresponding to
the sofic subshift

	 D
®
.x!1 ; y!1/.x!2 ; y!2/ � � � W ! 2 E

1
¯
�
®
¹0; : : : ; n � 1º � ¹0; : : : ; m � 1º

¯N
:

(1.2)
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Throughout this note, in accordance with standard conventions, we write dimH ,
dimB , dimB , dimA, dimL for the Hausdorff, lower box, upper box, Assouad and lower
dimensions, respectively. If dimB and dimB coincide, we simply refer to the common
value as the box dimension, denoted by dimB . For further details on these dimensions,
refer to [6, 12].

Denote � W R2 ! R the projection map onto the second coordinate axis, i.e.,
�.�1; �2/ D �2. We introduce two sequences ¹˛kºk�1, ¹ˇkºk�1 whose values depend
on ¹dimB �.Xv/ºv2V , see the details in Subsection 2.2. Taking

˛ D lim
k!1

.˛k/
1=k and ˇ D lim inf

k!1
.ˇk/

1=k;

we prove the next theorem.

Theorem 1.1. Let ¹Xvºv2V be a graph-directed Bedford–McMullen .�m;�n/-carpet
family. Write X D

S
v2V Xv . We have

dimAX D
log˛
logn

and dimLX D
logˇ
logn

: (1.3)

The result in Theorem 1.1 can be seen as complementary to the Hausdorff and box
dimensions of X considered in [14, 15], noting that Assouad and lower dimensions
are more sensitive to the extreme local structure of fractals, whereas Hausdorff and
box dimensions reveal more global geometric information.

Remark 1.2. (a) We should point out that once Theorem 1.1 is established, we can
obtain the Assouad dimension for eachXv , v 2 V , since dimAXv D dimA

S
v02Vv

Xv0

noticing that ¹Xv0ºv02Vv is a carpet family generated by the IFS .Vv; Ev; ‰v/ with
Vv WD ¹v

0 2 V W v ! � � � ! v0º [ ¹vº, Ev WD ¹e 2 E W i.e/ 2 Vv; t .e/ 2 Vvº and
‰v WD ¹ e 2‰ W e 2Evº. For example, consider a directed graph as shown in Figure 1,
where Vv2 D ¹v2; v3º, Ev2 D ¹e4; e5; e6; e7º, and ‰v2 D ¹ e 2 ‰ W e 2 Ev2º. The
Assouad dimension ofXv2 can be obtained by applying Theorem 1.1 to the subsystem
.Vv2 ; Ev2 ; ‰v2/:

(b) In previous results [2, 15, 23], the rectangular open set condition (ROSC) is
always assumed, i.e., it holds that[

e2E Wi.e/Dv

 e
�
.0; 1/2

�
� .0; 1/2; for all v 2 V;

and the union is disjoint (see [7]). In [14, 16], for the Hausdorff and box dimensions
of sofic .�m;�n/-invariant sets, the ROSC is dropped. In our setting, the ROSC is
also not required.

(c) The symbolic space 	 in (1.2) is a sofic subshift, i.e., there is a directed graph
.V; E/ and a labeling L W E ! ¹0; 1; : : : ; n � 1º � ¹0; 1; : : : ; m � 1º mapping each
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e 2E to .xe; ye/ such that 	 D ¹L.!1/L.!2/ � � � W ! 2E
1º. We say that .V;E;L/ is

right resolving if at every vertex all outgoing edges have different labels. It is known
that every sofic subshift has a right resolving presentation [21, Theorem 3.3.2], mean-
ing that there exist another triple .V 0; E 0;L0/ which is right resolving, L0 maps to
the same set of labels, and the subshift generated by the new graph is the same as the
original one. It can be directly seen that .V 0; E 0; ‰0/ satisfies the ROSC, where ‰0 is
the collection of contractions corresponding to L0.

v1

v2 v3

e1

e5

e6
e4 e7

e2 e3

Figure 1. An example of a directed graph .V; E/ with sets V D ¹v1; v2; v3º and E D

¹e1; e2; : : : ; e7º.

In practice, the values ˛ and ˇ in Theorem 1.1 are difficult to calculate. Recently,
Fraser and Jurga [14, Theorem 1.2] derived the box dimension of X via the topolog-
ical entropy and a projection topological entropy of the sofic subshift corresponding
to X . The formula for the Assouad dimension can also be expressed in terms of these
topological entropies instead of ˛.

To illustrate this, let us introduce some additional notation. For 	 defined in (1.2),
we denote

�	 D ¹y!1y!2 � � � W ! 2 E
1
º � ¹0; : : : ; m � 1ºN :

Here, somewhat abusing the notation, we continue to use � to represent the “projec-
tion” from 	 onto �	, i.e., we write �..x!1 ; y!1/.x!2 ; y!2/ � � � / D y!1y!2 � � � :

Let � W 	! 	 (resp. Q� W �	! �	) denote the left shift map. Clearly, �.	/ � 	

and Q�.�	/ � �	. Regard .	; �/ and .�	; Q�/ as two topological dynamics and � W
.	; �/! .�	; Q�/ as a projection satisfying Q� ı � D � ı � . In a standard manner, we
use htop.K/ to denote the topological entropy of a compact setK in 	 (resp. �	). (In
our context, we always omit � (resp. Q� ).)
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Return to the directed graph G D .V; E/. If for each pair v; v0 2 V , there is a
path from v to v0 (i.e., v ! � � � ! v0), we say G is an irreducible directed graph. An
irreducible componentH ofG is a maximal subgraph ofG such thatH is irreducible.
Let ¹Hi WD .Vi ;Ei /ºriD1 denote all the irreducible components ofG. For i D 1; : : : ; r ,
denote

	Hi D ¹.x!1 ; y!1/.x!2 ; y!2/ � � � W ! 2 E
1
i º � 	;

where E1i represents the collection of infinite admissible words along Hi . Accord-
ingly, write �	Hi D �.	Hi /. Let ¹iºC be the collection of 1 � j � r such that there
is a path from a vertex inHi to a vertex inHj . SayHi is a source if ¹iºC D ¹1; : : : ; rº,
and a sink if i 2 ¹j ºC for all 1 � j � r . Fraser and Jurga [14, Theorem 1.2] derived
the following formula for the box dimension of X ,

dimB X D max
1�i�r

²
htop.	Hi /

logn
C max
j2¹iºC

htop.�	Hj /

�
1

logm
�

1

logn

�³
: (1.4)

Roughly, it is the maximal box dimension of carpets among all irreducible compo-
nents. The following theorem says that the Assouad dimension of X has a similar
formula.

Theorem 1.3. Let X be the same as in Theorem 1.1. We have

dimAX D max
1�i�r

²
sup

y2�	Hi

htop.�
�1.y/ \ 	Hi /

logn
C max
j2¹iºC

htop.�	Hj /

logm

³
:

Further, we have a simpler formula for dimAX in the case where a source or sink
exists and has certain entropy maximizing properties, analogous to [14, Corollary 3.1]
for dimB X .

Corollary 1.4. Let X be the same as in Theorem 1.1. Suppose that one of the follow-
ing two conditions holds:

(a) for some 1 � i � r; Hi is a source and

sup
y2�	Hi

htop
�
��1.y/ \ 	Hi

�
D sup
y2�	

htop
�
��1.y/

�
; (1.5)

(b) for some 1 � i � r; Hi is a sink and htop.�	Hi / D htop.�	/:

Then

dimAX D sup
y2�	

htop.�
�1.y//

logn
C
htop.�	/

logm
:

Next, we use Theorem 1.3 to explore whether a dichotomy like (1.1) holds for X .
To this end, we establish an equivalent condition (see (1.6)) under which the box and
Assouad dimensions of X coincide.
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Corollary 1.5. Let X be the same as in Theorem 1.1. We have dimB X D dimAX if
and only if there exists i 2 ¹1; : : : ; rº such that

dimB X D
htop.	Hi /

logn
C htop.�	Hi /

�
1

logm
�

1

logn

�
;

dimAX D sup
y2�	Hi

htop.�
�1.y/ \ 	Hi /

logn
C
htop.�	Hi /

logm
;

htop.	Hi / D sup
y2�	Hi

htop.�
�1.y/ \ 	Hi /C htop.�	Hi /:

(1.6)

Furthermore, if dimB X D dimAX , then

dimH X D dimB X D dimAX:

However, there is no general dichotomy as in (1.1), since we can provide an exam-
ple of X satisfying

dimLX < dimH X D dimB X < dimAX:

Theorem 1.6. If G is an irreducible directed graph, then for any graph-directed
Bedford–McMullen carpet X , we have

dimH X D dimB X implies dimB X D dimAX:

If G is not irreducible, then there is a graph-directed Bedford–McMullen carpet X
such that

dimH X D dimB X < dimAX:

At last, we provide a simplified expression for the Assouad dimension of irre-
ducible X under the ROSC. Let us define A as the #V � #V adjacency matrix of the
directed graph G D .V;E/, where A.v; v0/ represents the number of edges in E from
v to v0 for v; v0 in V ; and for 0 � j < m, let Aj be a #V � #V matrix defined by

Aj .v; v
0/ D #¹e 2 E W v

e
! v0; ye D j º; for all v; v0 2 V:

Note that here A D
Pm�1
jD0 Aj : The next corollary suggests that, similar to [10, 22],

in the graph-directed setting the Assouad dimension of X should be still the sum of
dimB �.X/ and the maximal dimension of slices orthogonal to �.X/.

Corollary 1.7. Let X be the same as in Theorem 1.1. Assume that ROSC holds and
G is irreducible. We have

dimAX D dimB �.X/C
1

logn
lim
k!1

1

k
log max

y1;:::;yk2¹0;1;:::;m�1º
kAy1 � � �Aykk;

where k � k represents any matrix norm.
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The organization of this note is as follows. In Section 2, we introduce necessary
notations and define the numbers ˛ and ˇ. In Section 3, we prove Theorem 1.1 as
well as Corollary 1.7 for the Assouad dimension. In Section 4, we prove Theorem 1.1
for the lower dimension. Finally, in Section 5, we prove Theorem 1.3, Corollaries 1.4,
1.5 and Theorem 1.6.

2. Preliminary

Let ¹Xvºv2V be the same as in Theorem 1.1. In this section, we mainly introduce two
numbers ˛; ˇ which appear in the expression of Assouad and lower dimensions.

2.1. Notations and background

First, let us introduce some notations. Denote

E� WD ¹w D w1 � � �wk W ! 2 E
1; wi D !i for all 1 � i � k; k 2 Nº [ ¹;º

the collection of finite admissible words. For w D w1 � � �wk 2 E�, denote jwj D k
the length of w, i.w/ WD i.w1/, t .w/ WD t .wk/ the initial and terminal vertices of w,
and write i.w/

w
! t .w/: For l � k, denote wjl D w1 � � �wl . Write

 w D  w1 ı  w2 ı � � � ı  wk ; xw D xw1xw2 � � � xwk ; yw D yw1yw2 � � �ywk

for short and denote  ; D id (the identity map) by convention. Denote Ek the col-
lection of admissible words of length k. For w; w0 2 E� with i.w0/ D t .w/; write
ww0 the concatenation of w and w0:

For v; v0 2 V , we say there exists a directed path from v to v0 if there exists
w 2 E� satisfying v

w
! v0 (write simply v!v0 when we do not emphasize w). Note

that G D .V;E/ is irreducible if and only if v ! v0 for each pair v; v0 2 V .
For w;w0 2 E�, we write w � w0 if and only if  w D  w0 . Denote Œw� D ¹w0 2

E� W w0 � wº the equivalence class of w. We use ŒE�� to denote the collection of all
equivalence classes with respect to “�”, i.e.,

ŒE�� D
®
Œw� W w 2 E�

¯
:

In a same way, denote ŒEk� D ¹Œw� W w 2 Ekº. Denote

t .v; Œw�/ D ¹t .w0/ W w0 2 Œw�; i.w0/ D vº

the collection of terminal vertices of Œw� from v and write t .Œw�/ D
S
v2V t .v; Œw�/.

Write†X D ¹0;1; : : : ; n� 1º and†Y D ¹0;1; : : : ;m� 1º, the alphabets along the
first and second coordinate axis, respectively. Denote †kX (resp. †kY ) the collection of
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corresponding words of length k, and write †0X (resp. †0Y ) D ¹;º for convenience.
Let†�X D

S
k�0†

k
X and†�Y D

S
k�0†

k
Y . Clearly, for w 2 Ek , xw 2†kX , yw 2†kY .

For e 2 E, define

�e.�/ WD
1

m
.� C ye/:

Forw 2Ek , write �w D �w1 ı�w2 ı � � � ı�wk for short. It is easy to see that �w D �w0
for w;w0 2 Ek with yw D yw0 .

Proposition 2.1. For each v 2 V , the box dimension of �.Xv/ exists, and

dimH �.Xv/ D dimB �.Xv/: (2.1)

In particular, if G is irreducible, we have

dimH �.Xv/D dimB �.Xv/D dimH �.Xv0/D dimB �.Xv0/; for v;v0 2 V: (2.2)

Proof. Note that ¹�.Xv/ºv2V is a family of graph-directed self-similar sets generated
by a graph-directed iterated function system .V;E;ˆ/, where

ˆ D ¹�e W e 2 Eº:

By [4, Theorem 2.7], .V;E;ˆ/ satisfies a finite type overlapping condition. Combin-
ing this with [4, Theorem 1.1], we see that dimB

S
v2V �.Xv/ exists and

dimB
[
v2V

�.Xv/ D dimH
[
v2V

�.Xv/: (2.3)

For each v 2 V , if v is a root of G (i.e., v ! v0 for all other vertices v0 in V ), we
have

dimH
[
v02V

�.Xv0/ D dimH �.Xv/ � dimB�.Xv/ � dimB
[
v02V

�.Xv0/:

So, dimB �.Xv/ exists and (2.1) holds, by (2.3).
If v is not a root of G, define

Vv D ¹v
0
2 V W v ! v0º [ ¹vº;

Ev D ¹e 2 E W i.e/; t.e/ 2 Vvº;

ˆv D ¹�e 2 ˆ W e 2 Evº:

Clearly, �.Xv/ belongs to the family of attractors generated by .Vv;Ev;ˆv/, and v is
a root of .Vv; Ev/. By a same argument as above, we still get (2.1).

If G is irreducible, it is straightforward to see (2.2).
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2.2. Two numbers ˛ and ˇ

Let � W V �
S
k�0.†

k
X �†

k
Y /! ¹dimB �.Xv/ W v 2 V º [ ¹0º be a function defined

by

�.v; x; y/ D

8̂<̂
:

dimB �.Xv \  w..0; 1/2// if i.w/ D v; .xw ; yw/ D .x; y/

for some w 2 E�;

0 otherwise:

(2.4)

Clearly, �.v;;;;/ D dimB �.Xv/, �.v; xw ; yw/ D �.v; xw0 ; yw0/ for w � w0, and

�.v; xw ; yw/ D dimB
[

v02t.v;Œw�/

�.Xv0/ D max
v02t.v;Œw�/

dimB �.Xv0/: (2.5)

For w;w0 2 E� with t .w/ D i.w0/, it is not hard to check that

�
�
i.w/; xw ; yw

�
� �

�
i.w/; xww0 ; yww0

�
D max
v2t.i.w/;Œw�/

�.v; xw0 ; yw0/: (2.6)

Define

QV D
®
v 2 V W there exists w 2 E� with jwj � #V and t .w/ D v

¯
the collection of vertices in V which are terminal vertices of some admissible words
with length at least #V .

For k � 1, define

˛k WD max
v2 QV

max
y2†k

Y

X
Œw�2ŒEk�W

i.w/Dv;ywDy

nk�.v;xw ;yw/: (2.7)

Lemma 2.2. The limit of ¹.˛k/1=kº exists and equals infk�1.˛k/1=k .

Proof. For k; l in N with k � #V , we have

˛kCl

D max
v2 QV

max
y2†

kCl
Y

X
Œw�2ŒEkCl �W
i.w/Dv;ywDy

n.kCl/�.v;xw ;yw/

� max
v2 QV

max
y2†k

Y
;y02†l

Y

X
Œw�2ŒEk�W

i.w/Dv;ywDy

nk�.v;xw ;yw/
X

Œw0�2ŒEl �W

i.w0/2t.v;Œw�/;yw0Dy
0

max
v02t.v;Œw�/

nl�.v
0;xw0 ;yw0 /

� max
v2 QV

max
y2†k

Y
;y02†l

Y

X
Œw�2ŒEk�W

i.w/Dv;ywDy

nk�.v;xw ;yw/
X

v02t.v;Œw�/

X
Œw0�2ŒEl �W

i.w0/Dv0;yw0Dy
0

nl�.v
0;xw0 ;yw0 /

� #V max
v2 QV

max
y2†k

Y

X
Œw�2ŒEk�W

i.w/Dv;ywDy

nk�.v;xw ;yw/ max
v02 QV

max
y02†l

Y

X
Œw0�2ŒEl �W

i.w0/Dv0;yw0Dy
0

nl�.v
0;xw0 ;yw0 /

D #V˛k˛l ;
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where the third line follows from (2.6), and the fifth line follows from the fact that
t .v; Œw�/ � QV since jwj � #V . Therefore, ¹˛kºk�1 is a submultiplicative sequence
and the lemma follows.

Write
˛ D lim

k!1
.˛k/

1=k :

In Section 3, we prove that the Assouad dimension of X is log˛
logn :

Remark 2.3. (a) When the directed graph G is irreducible, it is easy to see that QV D
V and dimB �.Xv/ D dimB �.Xv0/ for v; v0 in V (by Proposition 2.1). Write � WD
dimB �.Xv/ for v 2 V . Then ˛k defined in (2.7) is equal to

˛k D n
k�
�max
v2V

max
y2†k

Y

#
®
Œw� 2 ŒEk� W i.w/ D v; yw D y

¯
:

When the ROSC also holds, we can further simplify ˛k to

˛k D n
k�
�max
v2V

max
y2†k

Y

#
®
w 2 Ek W i.w/ D v; yw D y

¯
D nk� � max

y1;:::;yk2¹0;1;:::;m�1º
kAy1 � � �Aykk1;

where k � k1 denotes the maximum row sum norm.
(b) When G is not necessarily irreducible, let ¹Hi D .Vi ; Ei /º

r
iD1 be the col-

lection of irreducible components of G. Then, for v; v0 in Vi , it is easy to see that
dimB �.Xv/ D dimB �.Xv0/. So, for i D 1; : : : ; r , we can write �.i/ WD dimB �.Xv/
for v 2 Vi . For k � 1, if we define

˛
.i/

k
D nk�

.i/

�max
v2Vi

max
y2†k

Y

#
®
Œw� 2 ŒEk� W i.w/ D v; t.w/ 2 Vi ; yw D y

¯
;

then the limit limk!1.˛
.i/

k
/1=k exists for each i .

Lemma 2.4. For each i D 1; : : : ; r , the limit ˛.i/ WD limk!1.˛
.i/

k
/1=k exists and

max
iD1;:::;r

˛.i/ D ˛:

Proof. Note that dimB �.Xv/� dimB �.Xv0/ if v! v0: It is not hard to see that there
exists C > 0 such that for k � 1 v in QV , y in †kY ,X

Œw�2ŒEk�W
i.w/Dv;ywDy

nk�.v;xw ;yw/ � C �
X

1�i1;:::;ij�r

X
si1C���CsijDk

˛.i1/si1
� � �˛

.ij /
sij
;
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which immediately yields that ˛ � maxiD1;:::;r ˛.i/ (by the same argument consid-
ering the convergence radius of

P
k�1 ˛kt

k in the proofs of [14, Lemma 3.4] and
[15, Lemma 3.3]).

Conversely, since
Sr
iD1 Vi �

QV , for i D 1; : : : ; r , we have

˛k �
1

# QV

X
v2 QV

max
y2†k

Y

X
Œw�2ŒEk�W

i.w/Dv;ywDy

nk�.v;xw ;yw/ �
1

# QV
˛
.i/

k
:

The lemma follows.

Let � W V �
S
k�0.†

k
X �†

k
Y /�†

�
Y ! ¹dimB �.Xv/ W v 2 V º [ ¹0º be a function

defined by

�.v; x; y; y0/ D

8̂<̂
:
�.v; x; y/ if y0 D ;;

dimB �.Xv \  w..0; 1/2// \ �w.Iy0/ if y0 ¤ ;;

0 otherwise;

where w is the same as that in the definition of � in (2.4) and

Iy0 D

� lX
iD1

y0i
mi
;

lX
iD1

y0i
mi
C

1

ml

�
; for y0 D y01 � � �y

0
l ; l � 1: (2.8)

Clearly,

�.v; xw ; yw ; y
0/ D dimB

� [
w02El Wyw0Dy

0;

i.w0/2t.v;Œw�/

�w ı �w0.�.Xt.w0///

�
D max

w02El Wyw0Dy
0;

i.w0/2t.v;Œw�/

dimB �.Xt.w0//:

For k � 1, define

ˇk D min
w2E�W
jwj�#V

max
v2t.Œw�/

²
min

² X
Œw0�2ŒEk�W

i.w0/Dv;yw0Dy

nk�.v;xw0 ;yw0 ;y
0/
� 1¹�.v;xw0 ;yw0 ;y0/>0º W

X
Œw0�2ŒEk�W

i.w0/Dv;yw0Dy

�.v; xw0 ; yw0 ; y
0/ > 0; y 2 †kY ; y

0
2 †�Y

³³
:

Write
ˇ D lim inf

k!1
.ˇk/

1=k : (2.9)

In Section 4, we prove that the lower dimension of X is logˇ
logn :
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Remark 2.5. For v 2 V , w 2 E�, i.w/ D v, we have

�
�
Xv \  w..0; 1/

2/
�
\ �w.Iy0/ � �

�
Xv \  w.Œ0; 1�

2/
�
;

which gives �.v; xw ; yw/ D �.v; xw ; yw ; ;/ � �.v; xw ; yw ; y0/, for all y0 in †�Y . In
addition,

˛k D max
v2 QV

max
y2†k

Y

max
y02†�

Y

X
Œw�2ŒEk�W

i.w/Dv;ywDy

nk�.v;xw ;yw ;y
0/:

2.3. Approximate squares

Before proceeding further, let us look at the definition of the Assouad dimension.
Given a bounded set F � Rd , the Assouad dimension of F is

dimA F D inf
²
s � 0 W 9C > 0; for any 0 < r < R � 1 and x 2 F;

Nr.F \ B.x;R// � C

�
R

r

�s³
;

where Nr.E/ is the least number of balls of radius r covering the set E, and B.x;R/
is the ball with center x in Rd and radius R > 0. See [12] for more details.

An important concept in the dimension theory of self-affine sets is the so-called
“approximate square”. For k � 1, choose l � k so that nl � mk < nlC1, that is,
l D bk logn mc, the maximal integer less than or equal to k logn m. For p; q in Z,
denote

Qk.p; q/ D

�
p

nl
;
p C 1

nl

�
�

�
q

mk
;
q C 1

mk

�
the approximate square of level k at .p; q/.

For a bounded set E � R2, for k � 1, let Nk.E/ be the least number of elements
in ¹Qk.p; q/ W p; q 2 Zº covering the set E. In a standard way, we may replace
Nr.X \ B.x;R// with

Nk0
�
X \Qk.p; q/

�
in the definition of the Assouad dimension of X , i.e.,

dimAX D inf
®
s � 0 W 9C > 0; for any k0 > k and Qk.p; q/

with X \Qk.p; q/ ¤ ;; Nk0.X \Qk.p; q// � Cm
.k0�k/s

¯
:

Similar to the 2-dimensional case, for a bounded set E � R, k � 1, we write
Nk.E/ the least number of intervals in the form Œ i

mk
; iC1
mk
� (i 2 Z) covering E.
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Lemma 2.6. For any � > 0; there exists a constant c1 > 0, such that for each v 2 V ,
w 2 E� with i.w/ D v, k � 1 and y 2 †�Y n ¹;º, we have

c�11 mk.�.v;xw ;yw/��/ �NkCjwj
�
�.Xv \ w..0;1/

2//
�
� c1m

k.�.v;xw ;yw/C�/ (2.10)

and

c�11 mk.�.v;xw ;yw ;y/��/ � NkCjwjCjyj
�
�.Xv \  w..0; 1/

2// \ �w.Iy/
�

� c1m
k.�.v;xw ;yw ;y/C�/; (2.11)

for those

Iy D

� jyjX
iD1

yi

mi
;

jyjX
iD1

yi

mi
C

1

mjyj

�
satisfying �.Xv \  w..0; 1/2// \ �w.Iy/ ¤ ;.

Proof. For v 2 V , write �v WD dimB �.Xv/ for short. It follows immediately from the
definition of box dimension that there exists a constant C > 0, such that for k � 1 we
have

C�1mk.�v��/ � Nk
�
�.Xv/

�
� Cmk.�vC�/; for all v 2 V: (2.12)

Note that

NkCjwj
�
�.Xv \  w..0; 1/

2/
�
D NkCjwj

�
�w

� [
v02t.v;Œw�/

�.Xv0/

��
D Nk

� [
v02t.v;Œw�/

�.Xv0/

�
:

Combining (2.5) and (2.12), we have

NkCjwj
�
�.Xv \  w..0; 1/

2/
�
� #V max

v02t.v;Œw�/
Nk
�
�.Xv0/

�
� #V max

v02t.v;Œw�/
Cmk.�v0C�/

D #V � Cmk.�.v;xw ;yw/C�/;

and
NkCjwj

�
�.Xv \  w..0; 1/

2/
�
� max
v02t.v;Œw�/

Nk
�
�.Xv0/

�
� max
v02t.v;Œw�/

C�1mk.�v0��/

D C�1mk.�.v;xw ;yw/��/;

which gives (2.10) by taking c1 D #V � C .
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Noticing that

NkCjwjCjyj
�
�.Xv \  w..0; 1/

2/ \ �w.Iy/
�

D NkCjwjCjyj

�
�w

� [
w02El Wyw0Dy;

i.w0/2t.v;Œw�/

�w0 ı �.Xt.w0//

��

D Nk

� [
w02El Wyw0Dy;

i.w0/2t.v;Œw�/

�.Xt.w0//

�
;

equation (2.11) follows in a similar way.

3. Assouad dimension

The main purpose of this section is to prove Theorem 1.1 and Corollary 1.7 for the
Assouad dimension.

For k � 1, write

�k D max
v2V

#
®
Œw� W w 2 Ek; i.w/ D v

¯
:

The following lemma is useful for the upper bound estimate of the Assouad dimen-
sion.

Lemma 3.1. The limit of ¹.�k/1=kºk�1 exists and � WD limk!1.�k/
1=k � ˛.

Proof. The existence of the limit of ¹.�k/1=kºk�1 follows in a similar way as the proof
of Lemma 2.2.

We prove � � ˛ through the following steps: (i) log �
logn � dimBX , (ii) dimBX �

log˛
logn

(the existence of dimB X is ensured in [14]).

Step (i): log �
logn � dimBX .

By the definition of � , for � > 0, there exists C > 0 such that for l � 1, we have

max
v2V

#
®
Œw� W w 2 El ; i.w/ D v

¯
D �l � C.� � �/

l :

For each k � 1; choosing l D bk lognmc, we have

Nk.X/ � max
v2V

Nk.Xv/ � C.� � �/
l :

So dimBX �
log.���/

logn , thus dimBX �
log �
logn by the arbitrary choice of �.
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Step (ii): dimBX �
log˛
logn . Write � D dimBX . For each k, write l.k/ D bk logn mc

and l 0.k/ D bl.k/ lognmc. Note that for � > 0; there exists C 0 > 0; such that for any
k � 1, we have

Nl.k/.X/ � C
0ml.k/.�C�/: (3.1)

Fix an integer k and choose a collection ¹Ql.k/.p; q/º that covers X such that
#¹Ql.k/.p; q/º D Nl.k/.X/. We now turn to estimate Nk.X \Qıl.k/.p; q//, where
Qı
l.k/
.p; q/ denotes the interior of Ql.k/.p; q/.

 w.Œ0;1�
2/

Ql.k/.p;q/

 Qw.Œ0;1�
2/

Qk

Figure 2. The location of Ql.k/.p; q/ (resp. Qk) in  w.Œ0; 1�2/ (resp.  Qw.Œ0; 1�2/).

For v 2 V; assume that Xv \Qıl.k/.p; q/ ¤ ;. Then there exists w 2 El
0.k/ with

i.w/ D v such that Qı
l.k/
.p; q/ �  w..0; 1/

2/. Note that for Qw 2 El.k/,  Qw.Œ0; 1�2/
is a rectangle with width n�l.k/ and height m�l.k/; and the height of Ql.k/.p; q/
is m�l.k/. By first dividing Ql.k/.p; q/ into rectangles in terms of  Qw.Œ0; 1�2/ with
Qw 2 El.k/, then covering each rectangle with approximate squares of level k (see
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Figure 2 for an illustration), we have

Nk
�
Xv \Q

ı
l.k/.p; q/

�
�

X
v02t.v;Œw�/

X
Œw0�2ŒEl.k/�l

0.k/�Wi.w0/Dv0;

 wı w0 ..0;1/
2/�Qı

l.k/
.p;q/

Nk
�
 w.Xv0 \  w0..0; 1/

2//
�

D

X
v02t.v;Œw�/

X
Œw0�2ŒEl.k/�l

0.k/�Wi.w0/Dv0;

 wı w0 ..0;1/
2/�Qı

l.k/
.p;q/

Nk
�
�w ı �.Xv0 \  w0..0; 1/

2//
�

D

X
v02t.v;Œw�/

X
Œw0�2ŒEl.k/�l

0.k/�Wi.w0/Dv0;

 wı w0 ..0;1/
2/�Qı

l.k/
.p;q/

Nk�l 0.k/
�
�.Xv0 \  w0..0; 1/

2//
�

�

X
v02t.v;Œw�/

X
Œw0�2ŒEl.k/�l

0.k/�Wi.w0/Dv0;

 wı w0 ..0;1/
2/�Qı

l.k/
.p;q/

c1m
.k�l.k//.�.v0;xw0 ;yw0 /C�/ by Lemma 2.6

� c1n
1C�n.l.k/�l

0.k//�
� #V max

v02t.v;Œw�/

X
Œw0�2ŒEl.k/�l

0.k/�Wi.w0/Dv0;

 wı w0 ..0;1/
2/�Qı

l.k/
.p;q/

n.l.k/�l
0.k//�.v0;xw0 ;yw0 /

� c1n
1C�n.l.k/�l

0.k//�
� #V˛l.k/�l 0.k/: (3.2)

Combining this with (3.1), we have

Nk.X/ � C
0ml.k/.�C�/ � .#V /2c1n1C�n.l.k/�l

0.k//�˛l.k/�l 0.k/;

which yields that

dimBX � .� C �/ lognmC
�

log˛
logn

C �

�
.1 � lognm/

by using l.k/=k ! logn m as k !1. Therefore, dimB X �
log˛
logn C

1
1�lognm

�. So

dimB X �
log˛
logn by the arbitrary choice of �:

Now we turn to estimate the upper bound of the Assouad dimension of X:

Lemma 3.2. For � > 0, there exists a constant C > 0 such that for 1 � k � k0 and
any p; q 2 Z, we have

Nk0
�
X \Qık.p; q/

�
� Cm

.k0�k/.
log˛C�

logn C�/:

Proof. Let l D bk logn mc and l 0 D bk0 logn mc. It suffices to show that for each
v 2 V , we have

Nk0
�
Xv \Q

ı
k.p; q/

�
� Cn

.l 0�l/.
log˛C�

logn C�/; (3.3)
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for all k0 � k with k � #V 2
lognm

. Assume that Xv \ Qık.p; q/ ¤ ;. There exists

w 2El such that i.w/D v;Qı
k
.p;q/� w..0; 1/

2/. Recall that ˛D lims!1.˛s/
1=s;

there exists S such that for s � S ,

log˛s
s
� log˛ C �:

Therefore, there exists a constant C1 > 0 such that for s � 1,

˛s � C1n
s.

log˛C�
logn /

: (3.4)

Consider the following two cases:

(i)

 w.Xv0 /

 Qw.Œ0;1�
2/

Qk0

Qk

(ii)

 Qw.Œ0;1�
2/

 Qwı Ow.Œ0;1�
2/

 w.Xv0 /

Qk0

Qk

Figure 3. Covering Qı
k
.p; q/ with approximate squares of level k0 in Cases (i), (ii).

Case (i): l 0 < k.
In this case, by first dividing Qk.p; q/ into rectangles in terms of  Qw.Œ0; 1�2/ \

Qk.p; q/ with Qw 2 El
0

, then covering each rectangle with approximate squares of
level k0 (see Figure 3-(i)), we have

Nk0
�
Xv \Q

ı
k.p; q/

�
�

X
v02t.v;Œw�/

X
Œw0�2ŒEl

0�l �Wi.w0/2v0;

 wı w0 ..0;1/
2//\Qı

k
.p;q/¤;

Nk0
�
 w.Xv0 \  w0..0; 1/

2// \Qık.p; q/
�
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D

X
v02t.v;Œw�/

X
Œw0�2ŒEl

0�l �Wi.w0/Dv0;

 wı w0 ..0;1/
2//\Qı

k
.p;q/¤;

Nk0
�
�w ı �.Xv0 \  w0..0; 1/

2/ \  �1w .Qık.p; q///
�

D

X
v02t.v;Œw�/

X
Œw0�2ŒEl

0�l �Wi.w0/Dv0;

 wı w0 ..0;1/
2//\Qı

k
.p;q/¤;

Nk0�l
�
�.Xv0 \  w0..0; 1/

2/ \  �1w .Qık.p; q///
�

(3.5)

�

X
v02t.v;Œw�/

X
Œw0�2ŒEl

0�l �Wi.w0/Dv0;

 wı w0 ..0;1/
2//\Qı

k
.p;q/¤;

c1m
.k0�k/.�.v0;xw0 ;yw0 ;y/C�/ by Lemma 2.6

�

X
v02t.v;Œw�/

X
Œw0�2ŒEl

0�l �Wi.w0/Dv0;

 wı w0 ..0;1/
2//\Qı

k
.p;q/¤;

c1m
.k0�k/.�.v0;xw0 ;yw0 /C�/

�c1#V � ˛l 0�ln.l
0�lC1/�C1 since l � k lognm � 1 � #V

�c1#V � n�C1C1n
.l 0�l/.

log˛C�
logn C�/ by (3.4)

where in the fourth line y is in †k�l
0

Y so that

��1w0 ı � ı  
�1
w

�
Qık.p; q/

�
D Iy ; recall (2.8); (3.6)

and the second to last line follows in a same way as (3.2).

Case (ii): k � l 0.
In this case, by first dividingQk.p; q/ into rectangles in terms of  Qw.Œ0; 1�2/ with

Qw 2Ek , second dividing each rectangle into smaller ones in terms of Qw ı Ow.Œ0;1�2/
with Ow 2 El

0�k , then covering each smaller rectangle with approximate squares of
level k0 (see Figure 3-(ii)), we have

Nk0
�
Xv \Q

ı
k.p; q/

�
�

X
v02t.v;Œw�/

X
Œw0�2ŒEk�l �Wi.w0/Dv0;

 wı w0 ..0;1/
2/�Qı

k
.p;q/

Nk0
�
 w.Xv0 \  w0..0; 1/

2//
�

�

X
v02t.v;Œw�/

X
Œw0�2ŒEk�l �Wi.w0/Dv0;

 wı w0 ..0;1/
2/�Qı

k
.p;q/

X
v002t.v0;Œw0�/X

Œw00�2ŒEl
0�k�W

i.w00/Dv00

Nk0
�
 w ı  w0.Xv00 \  w00..0; 1/

2//
�

D

X
v02t.v;Œw�/

X
Œw0�2ŒEk�l �Wi.w0/Dv0;

 wı w0 .Œ0;1�
2/�Qı

k
.p;q/

X
v002t.v0;Œw0�/
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Œw00�2ŒEl

0�k�W

i.w00/Dv00

Nk0
�
�w ı �w0 ı �.Xv00 \  w00.Œ0; 1�

2//
�

D

X
v02t.v;Œw�/

X
Œw0�2ŒEk�l �Wi.w0/Dv0;

 wı w0 .Œ0;1�
2/�Qı

k
.p;q/

X
v002t.v0;Œw0�/X

Œw00�2ŒEl
0�k�W

i.w00/Dv00

Nk0�k
�
�.Xv00 \  w00.Œ0; 1�

2//
�

�

X
v02t.v;Œw�/

X
Œw0�2ŒEk�l �Wi.w0/Dv0;

 wı w0 .Œ0;1�
2/�Qı

k
.p;q/

X
v002t.v0;Œw0�/X

Œw00�2ŒEl
0�k�W

i.w00/Dv00

c1m
.k0�l 0/.�.v00;xw00 ;yw00 /C�/ by Lemma 2.6

�

X
v02t.v;Œw�/

X
Œw0�2ŒEk�l �Wi.w0/Dv0;

 wı w0 .Œ0;1�
2/�Qı

k
.p;q/

c1m
.k0�l 0/.�.v0;xw0 ;yw0C�/ � #V �l 0�k

� c1.#V /2 � ˛k�ln.k�lC1/�C1 � �l 0�k since l D bk lognmc � #V:

On the other hand, by Lemma 3.1, log � � log˛, so there exists C2 > 0 such that for
all s � 1,

�s � C2n
s.

log˛C�
logn /

: (3.7)

Therefore, combining the above estimate with (3.4) and (3.7), we have

Nk0
�
Xv \Q

ı
k.p; q/

�
� c1n

�C1.#V /2 � C1n
.k�l/.

log˛C�
logn C�/ � C2n

.l 0�k/.
log˛C�

logn /

� c1n
�C1.#V /2 � C1C2 � n

.l 0�l/.
log˛C�

logn C�/;

which gives (3.3).

Next, we estimate the Assouad dimension of X from below.

Lemma 3.3. For any small � > 0 and for any C > 0, there exist k0 � k � 1, p; q
in Z, such that

Nk0
�
X \Qık.p; q/

�
� Cm

.k0�k/.
log˛��

logn �2�/:

Proof. By the definition of ˛, there exists C1 > 0 such that for s � 1, we have

˛s � C1n
s.

log˛��
logn /

: (3.8)

Fix s, let v 2 QV , y D y1 � � �ys 2 †sY such that

˛s D
X

Œw�2ŒEs�W
i.w/Dv;ywDy

ns�.v;xw ;yw/:
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 Qwı w0 .Œ0;1�
2/

 Qw.Xv/

� Qw.Iy/

.p;q/

X Qv

Qk0

Qk

Figure 4. The choice of Qk.p; q/ according to s; v; Qv and y.

Choose an integer k � 1 such that k D bk lognmc C s and let l D bk lognmc.
Since v 2 QV , there exists w 2 E� with jwj � #V such that t .w/ D v. Noticing that
¹i.w1/; : : : ; i.wjwj/; t.w/º � V , there must exist Qw 2 El such that t . Qw/ D v. Write
QvD i. Qw/: Let pD

Pl
iD1 x Qwin

l�i and qD
Pl
iD1y Qwim

k�i C
Ps
iD1yim

s�i , therefore

XQv \Q
ı
k.p; q/ ¤ ;:

We also choose a k0 � 1 such that k D bk0 logn mc. Since XQv � X , it suffices to
estimate Nk0.XQv \Qık.p; q//: Similar to the argument in Lemma 3.1 (see Figure 4
for an illustration), we have

Nk0
�
XQv \Q

ı
k.p; q/

�
� Nk0

�
 Qw.Xv/ \Q

ı
k.p; q/

�
D

X
Œw0�2ŒEs�W

i.w0/Dv;yw0Dy

Nk0
�
 Qw.Xv/ \  Qw ı  w0..0; 1/

2/
�

D

X
Œw0�2ŒEs�W

i.w0/Dv;yw0Dy

Nk0�l
�
�.Xv \  w0..0; 1/

2//
�

�

X
Œw0�2ŒEs�W

i.w0/Dv;yw0Dy

c�11 m.k
0�k/.�.v;xw0 ;yw0 /��/ by Lemma 2.6

� c�11 n��1n�s�˛s � c
�1
1 n��1C1n

s.
log˛��

logn ��/ by (3.8):

For any C > 0, there exists large enough s � 1 such that

c�11 n��1C1n
�.

log˛��
logn �2�/ns� > C:
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Therefore,

Nk0.X \Q
ı
k.p; q// � c

�1
1 n��1C1n

s�m
.k0�k�logm n/.

log˛��
logn �2�/

> Cm
.k0�k/.

log˛��
logn �2�/;

where k; k0; p; q are chosen as before according to s.

Proof of Theorem 1.1 for the Assouad dimension. Combining Lemmas 3.2 and 3.3,
letting � go to 0, we finally obtain dimAX D

log˛
logn .

Proof of Corollary 1.7. By assumption, dimB �.X/D dimB �.Xv/ for all v in V; and
so

�.v; xw ; yw/ D dimB �.X/;

for all w 2 E� with i.w/ D v. It then follows from Remark 2.3(a),

˛k D n
k dimB �.X/ � max

y2†k
Y

kAy1 � � �Aykk1:

Therefore,

log˛ D dimB �.X/ lognC lim
k!1

1

k
log max

y2†k
Y

kAy1 � � �Aykk:

By Theorem 1.1, the expression of the Assouad dimension follows.

4. Lower dimension

In this section, we look at the lower dimension dimLX of X , which equals

dimLX D sup
®
s � 0 W 9C > 0; for any k0 > k and Qk.p; q/

with X \Qk.p; q/ ¤ ;; Nk0.X \Qk.p; q// � Cm
.k0�k/s

¯
:

The following lemma aims to the lower bound of lower dimension.

Lemma 4.1. For any small � > 0, there exists a constant C > 0 such that for k0 �
k � 1 and any Qk.p; q/ with X \Qı

k
.p; q/ ¤ ;, we have

Nk0
�
X \Qık.p; q/

�
� Cm

.k0�k/.
logˇ��

logn ��/:

Proof. Let l D bk lognmc and l 0 D bk0 lognmc. It suffices to show that

Nk0
�
X \Qık.p; q/

�
� Cn

.l 0�l/.
logˇ��

logn ��/;
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for all k0 � k with k � #V 2
lognm

. Since X \Qı
k
.p; q/ ¤ ;, there exists w 2 El such

that Qı
k
.p; q/ �  w..0; 1/

2/. Note that jwj � #V . According to (2.9), there exists
C1 > 0 such that for s � 1,

ˇs � C1n
s.

logˇ��
logn /

: (4.1)

(i)

�w.Iy/

 w.Xv/

 wı w0 .Œ0;1�
2/

Qk

Qk0

(ii)

 w.Œ0;1�
2/

 wı w0 .Œ0;1�
2/

 w.Xv/

�w.Iyw0
/ Qk0

Qk

Figure 5. Covering Qı
k
.p; q/ with approximate squares of level k0.

Case (i): l 0 < k.
This case is similar to Case (i) in Lemma 3.2. By (3.5), we have (see Figure 5-(i))

Nk0
�
X \Qık.p; q/

�
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� max
v2t.Œw�/

Nk0
�
 w.Xv/ \Q

ı
k.p; q/

�
� max
v2t.Œw�/

X
Œw0�2ŒEl

0�l �Wi.w0/Dv;

 wı w0 ..0;1/
2//\Qı

k
.p;q/¤;

Nk0�l
�
�.Xv \  w0..0; 1/

2/ \  �1w .Qık.p; q///
�

� max
v2t.Œw�/

X
Œw0�2ŒEl

0�l �Wi.w0/Dv;

 wı w0 ..0;1/
2//\Qı

k
.p;q/¤;

c�11 m.k
0�k/.�.v;xw0 ;yw0 ;y/��/ � 1¹�.v;xw0 ;yw0 ;y/>0º

� c�11 n��1n�.l
0�l/�ˇl 0�l � c

�1
1 n��1 � C1n

.l 0�l/.
logˇ��

logn ��/ by (4.1)

where y is in †k�l
0

Y satisfies (3.6) and the fourth line follows from Lemma 2.6.

Case (ii): k � l 0.
Write pD

Pl
iD1pin

l�i and qD
Pk
iD1 qim

k�i where pi (resp. qi ) is in†X (resp.
†Y ). So that q1 � � � ql D yw . Denote Qy D qlC1 � � � qk : Note that

Nk0
�
X \Qık.p; q/

�
D

X
y2†l

0�k
Y

X
Œw0�2ŒEl

0�l �W

i.w0/2t.Œw�/;yw0D Qyy

Nk0
�
X \  w ı  w0..0; 1/

2/
�
:

Write �.y/ D
P

Œw0�2ŒEl
0�l �W

i.w0/2t.Œw�/;yw0D Qyy

Nk0.X \  w ı  w0..0; 1/
2//, then (Figure 5-(ii))

Nk0
�
X \Qık.p; q/

�
� #

®
y 2 †l

0�k
Y W �.y/ ¤ 0

¯
� �.z/

D Nl 0

�
� ı  w

� [
v2t.Œw�/

Xv

�
\ �.Qık.p; q//

�
� �.z/

� max
v2t.Œw�/

Nl 0�l
�
�.Xv/ \ � ı  

�1
w .Qık.p; q///

�
� �.z/

� max
v2t.Œw�/

c�11 m.l
0�k/.�.v;;;;; Qy/��/

�

X
Œw0�2ŒEl

0�l �W

i.w0/Dv;yw0D Qyz

Nk0
�
 w.Xv/ \  w ı  w0..0; 1/

2/
�

� max
v2t.Œw�/

c�11 m.l
0�k/.�.v;;;;; Qy/��/

�

X
Œw0�2ŒEl

0�l �W

i.w0/Dv;yw0D Qyz

c�11 m.k
0�l 0/.�.v;xw0 ;yw0 /��/

� max
v2t.Œw�/

c�21

X
Œw0�2ŒEl

0�l �W

i.w0/Dv;yw0D Qyz

m.k
0�k/.�.v;xw0 ;yw0 ;;/��/

� c�21 n��1n�.l
0�l/�ˇl 0�l � c

�2
1 n��1 � C1n

.l 0�l/.
logˇ��

logn ��/ by (4.1)

for some z in †l
0�k
Y with �.z/ D min¹�.y/ W �.y/ ¤ 0; y 2 †l

0�k
Y º; where the fifth

and sixth lines are both from Lemma 2.6.
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Finally, we turn to the upper bound of the lower dimension.

Lemma 4.2. For any � > 0, for any C > 0, there exist k0 � k � 1, p; q in Z, such
that

Nk0
�
X \Qık.p; q/

�
� Cm

.k0�k/.
logˇC�

logn C2�/:

Proof. It follows from (2.9), there exist C1 > 0 and a sequence ¹sj ºj�1 such that

ˇsj � C1n
sj .

logˇC�
logn /

: (4.2)

Fix large j , let w 2 E� with jwj � #V , y D y1 � � �ysj 2†
sj
Y and y0 D y01 � � �y

0
h
2†hY

such that

ˇsj D max
v2t.Œw�/

X
Œw0�2ŒE

sj �W

i.w0/Dv;yw0Dy

nsj �.v;xw0 ;yw0 ;y
0/
� 1¹�.v;xw0 ;yw0 ;y0/>0º:

 Qwı w0 .Œ0;1�
2/

 Qw.Xv/

� Qw.Iyy0 /

.p;q/

Qk0

Qk

Figure 6. The choice of Qk.p; q/ according to j , y and y0.

Choose a k � 1 such that k D bk lognmc C sj C h and let l D bk lognmc. Since
jwj � #V and ¹i.w1/; : : : ; i.wjwj/; t.w/º � V , there must exist Qw 2 El such that
t . Qw/ 2 t .Œw�/. Let p D

Pl
iD1 x Qwin

l�i and

q D

lX
iD1

y Qwim
k�i
C

sjX
iD1

yim
hCsj�i C

hX
iD1

y0im
h�i :

Clearly, X \Qı
k
.p; q/ ¤ ;. Choose a k0 � 1 such that bk0 lognmc D l C sj . Denote

l 0 D bk0 lognmc: Similar to Case (i) in Lemma 3.2, by (3.5), we have (see Figure 6)

Nk0
�
X \Qık.p; q/

�
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� #V � max
v2t.Œ Qw�/

Nk0
�
 Qw.Xv/ \Q

ı
k.p; q/

�
� #V � max

v2t.Œ Qw�/

X
Œw0�2ŒEl

0�l �Wi.w0/Dv;

 Qwı w0 ..0;1/
2/\Qı

k
.p;q/¤;

Nk0
�
 Qw.Xv \  w0..0; 1/

2// \Qık.p; q/
�

� #V � max
v2t.Œ Qw�/

X
Œw0�2ŒEl

0�l �Wi.w0/Dv;

 Qwı w0 ..0;1/
2/\Qı

k
.p;q/¤;

c1m
.k0�k/.�.v;xw0 ;yw0 ;y

0/C�/
� 1¹�.v;xw0 ;yw0 ;y0/>0º

� #V � c1n�C1nsj � � ˇsj � #V � c1C1n�C1 � n
sj .

logˇC�
logn C�/ by (4.2):

For any C > 0, there exists j � 1 such that #V � c1C1n�C1n
logˇC�

logn C2�n�sj � < C ,
therefore,

Nk0
�
X \Qık.p; q/

�
� #V � c1C1n�C1n

.
logˇC�

logn C2�/n�sj �m
.k0�k/.

logˇC�
logn C2�/

< Cm
.k0�k/.

logˇC�
logn C2�/;

where k; k0; p; q are chosen as before according to j .

Proof of Theorem 1.1 for lower dimension. By combining Lemmas 4.1 and 4.2, we
obtain that dimLX D

logˇ
logn .

5. Comparison between box and Assouad dimensions

In this section, we prove Theorems 1.3, 1.6 and Corollaries 1.4, 1.5. Recall that

	 D
®
.x!1 ; y!1/.x!2 ; y!2/ � � � W ! 2 E

1
¯
�
®
¹0; : : : ; n � 1º � ¹0; : : : ; m � 1º

¯N

and
�	 D ¹y!1y!2 � � � W ! 2 E

1
º � ¹0; : : : ; m � 1ºN :

For k in N, denote 	k (resp. �	k) the collection of words with length k which appear
in 	 (resp. �	), that is

	k D
®
.xw1 ; yw1/.xw2 ; yw2/ � � � .xwk ; ywk / W w 2 E

k
¯
:

Recall that the topological entropy of 	, �	 and ��1.y/ (for y 2 �	) are defined as

htop.	/ W D lim
k!1

1

k
log #	k;

htop.�	/ W D lim
k!1

1

k
log #�	k;

htop.�
�1.y// W D lim sup

k!1

1

k
log #¹xw W w 2 Ek; yw D yjkº
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(the existence of the first two limits follow by a submultiplicativity argument). The
following inequality is due to Bowen [3]:

htop.	/ � htop.�	/C sup
y2�	

htop
�
��1.y/

�
: (5.1)

First, let us look at the irreducible case.

Theorem 5.1. Let X be the same as in Theorem 1.1. Assume that G D .V; E/ is
irreducible. We have

dimAX D
htop.�	/

logm
C sup
y2�	

htop.�
�1.y//

logn
:

And the following three statements are equivalent:

(i) dimB X D dimAX ,

(ii) dimH X D dimB X ,

(iii) equation (5.1) becomes an equality, i.e.,

htop.	/ D htop.�	/C sup
y2�	

htop
�
��1.y/

�
: (5.2)

Before proving this theorem, we prepare some lemmas. The following lemma is a
graph-directed version of the expression of dimAX of Mackay [22].

Lemma 5.2. When G is irreducible, we have

dimAX D
htop.�	/

logm
C sup
y2�	

htop.�
�1.y//

logn
:

Proof. For k � 1, y 2 †kY and v; v0 2 V , denote

	kv;v0.y/ D
®
.xw1 ; yw1/ � � � .xwk ; ywk / W w 2 E

k; v
w
! v0; yw D y

¯
;

	kv .y/ D
S
v02V 	kv;v0.y/ and 	k.y/ D

S
v2V 	kv .y/. Since G is irreducible,

˛k D max
v2V

max
y2†k

Y

nk dimB �.X/ � #	kv .y/:

Noticing that dimB �.X/ D limk!1
log #�	k

k logm D
htop.�	/

logm , with Theorem 1.1 in hand,
it suffices to prove that

sup
y2�	

htop
�
��1.y/

�
D lim
k!1

max
v2V

max
y2†k

Y

log #	kv .y/

k
: (5.3)
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Since for y 2 �	,

htop.�
�1.y// D lim sup

k!1

log #	k.yjk/

k
� lim sup

k!1

max
v2V

log #	kv .yjk/C log #V
k

;

we have the direction “ �” in (5.3). On the other hand, let � be the right-hand side of
equation (5.3). Then for � > 0, there exists N in N such that for all k in N, there are

vk; v
0
k

in V , w.k/ in EkCN with vk
w.k/

! v0
k

and y.k/ D yw.k/ , such that

log #	kCN
vk ;v

0
k

.y.k// � log #	kCNvk
.y.k//� log #V � .k CN/.�� �/� log #V: (5.4)

Noticing that G is irreducible, there exists S in N, such that for each distinct pair
v; v0 in V , there exists w 2 E� with jwj � S and v

w
! v0. For any k in N, pick

a directed path Qw.k/ from v0
k

to vkC1 with length no more than S if v0
k
¤ vkC1;

pick Qw.k/ D ; if v0
k
D vkC1. Write Qy.k/ D y Qw.k/ , Py D y.1/ Qy.1/y.2/ Qy.2/ � � � 2 �	,

Py.k/ D y.1/ Qy.1/ � � �y.k/ Qy.k/ and sk D j Py.k/j. Noticing that

k.k C 1/

2
C kN � sk �

k.k C 1/

2
C kN C kS;

by using (5.4), we have

htop
�
��1. Py/

�
� lim sup

k!1

log #	sk . Py.k//

sk

� lim sup
k!1

log #	1CN
v1;v
0
1

.y.1//C � � � C log #	kCN
vk ;v

0
k

.y.k//

sk
� � � �;

which gives the direction “ �” in (5.3) by the arbitrary choice of �:

Lemma 5.3. When G is irreducible, equality (5.2) holds if and only if dimH X D
dimB X:

Proof. The “only if” part. Recall that from [14, Corollary 3.2], dimH X D dimB X if
and only if the measure of maximal entropy on 	 projects to the measure of maximal
entropy on �	, i.e., there exists a � -invariant measure � such that

h.�/ D htop.	/ and h.� ı ��1/ D htop.�	/; (5.5)

where h.�/ denotes the measure entropy of �.
It is due to Ledrappier and Walters [20] that there is a relative variational principle

for (5.1) in the form

sup
m
h.m/ D h.�/C

Z
�	

htop
�
��1.y/

�
d�.y/; (5.6)
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where the supremum is taken over all the � -invariant probability measurem satisfying
m ı ��1 D �: Choose � the measure satisfying h.�/ D htop.	/. Let � D � ı ��1,
then we have

htop.	/ D sup
m
h.m/ D h.�/C

Z
�	

htop
�
��1.y/

�
d�.y/

� htop.�	/C sup
y2�	

htop
�
��1.y/

�
:

Combining this with (5.2), we immediately get h.� ı ��1/ D htop.�	/, which gives
dimH X D dimB X:

The “if” part. Since dimH X D dimB X , it follows from [8, Theorem 3.1] (	 is
a subshift satisfying the so-called “weak specification” in [8] since G is irreducible),
there is a constant C > 0 such that

C�1#¹xw W w 2 Ek; yw D y0º � #¹xw W w 2 Ek; yw D yº

� C#¹xw W w 2 Ek; yw D y0º

for all y; y0 2 �	k and k � 1: Therefore, for y; y0 2 �	,

htop
�
��1.y/

�
D htop

�
��1.y0/

�
:

Again, by dimH X D dimB X , we can choose a � -invariant measure � satisfying
(5.5). Let � D � ı ��1, by (5.6), we have

htop.	/ D sup
mW mı��1D�

h.m/ D h.�/C

Z
�	

htop.�
�1.y//d�.y/

D htop.�	/C sup
y2�	

htop
�
��1.y/

�
:

Proof of Theorem 5.1. By combining Lemmas 5.2 and 5.3, it suffices to prove that
dimB X D dimAX if and only if (5.2) holds. Since G is irreducible, the expression of
dimB X in (1.4) degenerates to the following form

dimB X D
htop.	/

logn
C htop.�	/

�
1

logm
�

1

logn

�
:

Combining this with Lemma 5.2 and (5.2), the theorem follows.

Next, we consider the general case in which the graph G may be not irreducible.
Let ¹Hi D .Vi ; Ei /º

r
iD1 be the collection of irreducible components of G. Recall

�.i/ D dimB �.Xv/ for v 2 Vi in Remark 2.3(b). Recall ¹iºC denotes the collection
of 1 � j � r such that there is a path from a vertex in Hi to a vertex in Hj .

Lemma 5.4. For i D 1; : : : ; r , we have �.i/ D maxj2¹iºC
htop.�	Hj /

logm :
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Proof. It is the same as in [14, Lemma 3.4], which follows by a same argument in
Lemma 2.4.

Proof of Theorem 1.3. Combining Lemmas 2.4, 5.4 and Theorem 5.1, we have

dimAX D max
1�i�r

²
sup

y2�	Hi

htop.�
�1.y/ \ 	Hi /

logn
C �.i/

³
D max
1�i�r

²
sup

y2�	Hi

htop.�
�1.y/ \ 	Hi /

logn
C max
j2¹iºC

htop.�	Hj /

logm

³
:

Proof of Corollary 1.4. By Theorem 1.3, it is obvious that

dimAX � sup
y2�	

htop.�
�1.y//

logn
C
htop.�	/

logm
: (5.7)

First, suppose condition (a) holds. By [14, Lemma 3.4], there exists 1 � j � r
such that htop.�	Hj / D htop.�	/. Since Hi is a source, again using Theorem 1.3,
noticing (1.5), we have

dimAX � sup
y2�	Hi

htop.�
�1.y/ \ 	Hi /

logn
C max
l2¹iºC

htop.�	Hl /

logm

D sup
y2�	

htop.�
�1.y//

logn
C
htop.�	/

logm
:

Combining this with the upper bound (5.7) completes the proof.
Next, suppose condition (b) holds. Let Hi be the sink. For any 1 � j � r , since

htop.�	Hi / D htop.�	/; by Theorem 1.3, we have

dimAX � sup
y2�	Hj

htop.�
�1.y/ \ 	Hj /

logn
C max
l2¹j ºC

htop.�	Hl /

logm

D sup
y2�	Hj

htop.�
�1.y/ \ 	Hj /

logn
C
htop.�	/

logm
:

Since the above inequality holds for every 1 � j � r , by (5.3) and the proof of
Lemma 2.4, we obtain

dimAX � max
1�j�r

lim
k!1

max
v2Vj

max
y2�	

log #	kv;j .yjk/

k logn
C
htop.�	/

logm

� sup
y2�	

htop.�
�1.y//

logn
C
htop.�	/

logm
;

where 	kv;j .yjk/D ¹.xw1 ; yw1/ � � � .xwk ; ywk / W w 2 E
k; i.w/D v; t.w/ 2 Vj ; yw D

yjkº. This completes the proof.
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Proof of Corollary 1.5. If (1.6) holds, it is direct to see that dimB X D dimAX . Con-
versely, assume that dimB X D dimA X . By (1.4), we can pick .i; j / with j 2 ¹iºC

such that

dimB X D
htop.	Hi /

logn
C htop.�	Hj /

�
1

logm
�

1

logn

�
:

Using (5.1) and maxj 02¹iºC htop.�	Hj 0 / D htop.�	Hj / we get

dimB X � sup
y2�	Hi

htop.�
�1.y/ \ 	Hi /

logn
C
htop.�	Hj /

logm
C
htop.�	Hi / � htop.�	Hj /

logn

� dimAX;

which implies htop.�	Hi / D htop.�	Hj / and (1.6) follows.
Finally, let ¹X .i/v ºv2Vi be the graph-directed Bedford–McMullen .�m;�n/-carpets

family associated withHi and writeX .i/D
S
v2Vi

X
.i/
v : If (1.6) holds, by Lemma 5.3,

it holds that dimH X .i/ D dimB X .i/ for the same i in the previous paragraph. Thus,
we have

dimH X � dimH X .i/ D dimB X .i/ D dimB X;

giving that dimH X D dimB X D dimAX:

Proof of Theorem 1.6. The first part follows from Theorem 5.1. For the second part,
we consider the example of graph-directed Bedford–McMullen carpet family ¹Xa;Xbº
generated in the way illustrated in Figure 7.

a aa

a

a

a

a

b b b

b

b

b b b

Figure 7. An example of graph-directed Bedford–McMullen carpet family.

At this time, n D 4 and m D 3. It is not hard to check that dimB �.Xa/ D
dimB �.Xb/ D 1, and for X D Xa [ Xb , dimAX D 2 and dimLX D 1, dimB X D
dimH X D 3

2
.
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