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On the uniform Besov regularity of local times of general
processes

Brahim Boufoussi and Yassine Nachit

Abstract. The a-local nondeterminism notion («-LND, for short) has been introduced by the
authors [Stoch. Partial Differ. Equ. Anal. Comput. 11 (2023), 388-425] to investigate the exist-
ence, joint continuity, and uniform Holder continuity, i.e., Holder continuity in the time variable
¢ uniformly in the space variable x, for local times L(x,¢) of general processes. In the present
paper, we aim to use the «-LND property to improve this uniform Holder continuity of local
times to a uniform Besov regularity, i.e., Besov regularity in the time variable ¢ uniformly in the
space variable x and in p (the index of the Besov space B, . (/;R)). The Besov regularity of
local times, in the time variable ¢ for fixed space variable x, has never been treated in the liter-
ature even for Gaussian or stable processes. We also extend the classical Adler’s theorem, i.e.,
Theorem 8.7.1 [in: The Geometry of Random Fields (1981)] to the Besov spaces case. These
results are then exploited to study the uniform (in p) Besov irregularity of the sample paths of
the underlying processes. As applications, we get sharp uniform Besov irregularity results for a
class of Gaussian processes and the solutions of systems of non-linear stochastic heat equations.
The uniform Besov regularity of their corresponding local times is also obtained.

1. Introduction and main results

The local times of d-dimensional paths have gotten much interest during the last
few decades by the analytical and probabilistic communities. The occupation meas-
ure basically measures the amount of time the path spends in a given set. The local
time is defined as the Radon—Nikodym derivative of the occupation measure with
respect to the Lebesgue measure. It is of importance in both theory and applications
to investigate sample path properties of stochastic processes. One way to study the
irregularity properties of the sample paths of stochastic processes is by analyzing the
smoothness of their local times. S. Berman initiated this approach in a series of papers
[3-5] by using Fourier analytic methods to Gaussian processes. Furthermore, he has
introduced the concept of local nondeterminism (LND) for Gaussian processes to
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investigate the existence of jointly continuous local times. Since then, there have been
a wide variety of extensions of the notion of local nondeterminism, notably for stable
processes [28] and Gaussian random fields [14, 16,29]; see [18,20,40-42] for further
details. It is worth mentioning that these definitions of LND, given by Berman, Pitt,
and Cuzick, are insufficient to establish fine regularity properties, such as the modulus
of continuity for local times or the law of the iterated logarithm. In order to invest-
igate these and other related properties for Gaussian random fields, the concept of
strong local nondeterminism (SLND) has proven to be more appropriate; we refer to
the non-exhaustive list [13,15,17,26,27,32,33,36-39,43]. However, it has been well
known that the Brownian sheet does not satisfy the SLND property, which led Khosh-
nevisan and Xiao [22] to introduce the so-called sectorial local-nondeterminism and
subsequently show that the Brownian sheet satisfies this property.

In the Gaussian case, the exponential form of the characteristic function allows
expressing the LND property in terms of a condition on the variance. Nevertheless, the
unknown form of the characteristic functions of general processes leads to difficulties
in extending the LND condition beyond the Gaussian framework. Consequently, the
LND property used in the Gaussian context should be replaced, for general processes,
by fine estimations on the characteristic function of the increments. Recently, based
on the conditional Malliavin calculus, Lou and Ouyang [24] have established an upper
bound of Gaussian type for the partial derivatives of the n-point joint density of the
solution to a stochastic differential equation driven by fractional Brownian motion.
They have used this result as an alternative to the LND condition. Due to this, the
authors in [24] have shown the existence and regularity of the local times of stochastic
differential equations driven by fractional Brownian motions. In [9], a new condition,
called «-local nondeterminism («-LND for short), has been introduced to investigate
the existence and joint regularity of the local times of the solutions to systems of non-
linear stochastic heat equations—which are neither Gaussian nor stable processes.
Although the a-LND condition has been specifically designed for non-Gaussian pro-
cesses, in a Gaussian setting, the o-LND property can be seen as a weaker condition
than the classical LND (see Remark 2.9(ii)). Generally, the proof of the «-LND condi-
tion relies on the technique of integration by parts derived from the Malliavin calculus.
Roughly speaking, we believe that the approach presented in [9] can be used to estab-
lish the o-LND for a class of adapted stochastic processes that are smooth in the
Malliavin sense.

Consider (X;);efo,1] an R¢-valued continuous stochastic process, with X(0) = 0.
Assume that X satisfies the a-LND with o € (0, 1), see Definition 2.8. Let us state
the following hypothesis on X:

H. There exists py > é and K > 0 such that forall0 <s <t <1,

E[lX: — Xs|P°] < K|t — s]P0%. (1.1)
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One can get by the same calculations as in [9] (see [9, Remark 5.6]) that, when
o< %, X has a jointly continuous version of the local time, L(x, ), satisfying almost
surely a Holder condition of order y, for every y < 1 — da, in the time variable ¢
uniformly in the space variable x, i.e., there exist two random variables § and 1 which
are almost surely in (0, co) such that, for all #,¢ + h € [0, 1] and all |k| < 6,

sup |L(x,t + h)— L(x,t)| <nlh|”. (1.2)
xeR4
It is well known that when the local time L (x, ¢) has a jointly continuous version, still
denoted by L(x,1), then L(x, e) can be naturally extended to a finite Borel measure
supported on the level set:

X 'x)={tel0,1], X, = x}, (1.3)

see [1,38] for further details. Hence, local times are usually used as natural measures
on X ' (x). Consequently, L(x,¢) is useful in investigating fractal properties—such
as Hausdorff dimension—of level sets, and we have the following result:

Theorem 1.1. Let X = (X;);e[o,1] be an R4 -valued continuous stochastic process
which is a-LND with o € (0, %) Assume also that X verifies H. Hence, the following
holds with probability one:

dimg {r € [0.1], X; = x} =1 —da, (1.4)

for any x € R? such that L(x, [0, 1]) > 0, where dimg denotes the Hausdorff dimen-
sion.

One of the main aims of this article is to improve this uniform Holder continuity
of L(x, e) to regularity in the Besov spaces—we refer to Subsection 2.1 for some
notions on Besov spaces. There are well known Besov regularity results, in the space
variable x for fixed ¢, of the local times L(x, t) of some classical Gaussian and stable
processes, e.g. [11, 12]. However, to the best of our knowledge, there is no work in
the literature treating the Besov regularity of L(x, @) even for the Gaussian or stable
processes. To fill this gap, we investigate the Besov regularity, in the time variable ¢
uniformly in the space variable x and in p (the index of the Besov space B, (I3 R)),
for local times of continuous general processes that satisfy the «-LND condition. Our
first main result is the next theorem.

Theorem 1.2. Let X = (X;):efo,1] be an R4 -valued continuous stochastic process
which is a-LND with a € (0, %) Assume also that X verifies H. Denote by L(x,t)
the jointly continuous version of the local time of X. Then, almost surely, for any
1 <p<oo,

sup =079 qup |Ir > sup |L(x,r + h) — L(x,r)|lLramr) <oo. (1.5)

0<r<1 |h| <t xeR4
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In particular, we have the following Besov regularity

P[L(x.) € B) 2%(I;R), forallx € R and p € [1,00)] = 1. (1.6)

,00
where I = [0,1],I(h)={sel;s+hel},and L(x,e):t €l L(x,t).

As mentioned above, we know that the regularity of the local time is linked to
the irregular behaviour of the sample paths of the corresponding process. Recall that
Adler’s theorem, [1, Theorem 8.7.1], establishes a connection between the Holder
continuity, in the time variable ¢ uniformly on the space variable x, of the local time
and the Holder irregularity of its underlying function, as follows.

Theorem 1.3 (Adler). Let (f(t)):e[0,1] be an R4 -valued continuous function pos-
sessing a local time, L(x,t), satisfying: there exist ¢ and p positive and finite con-
stants, such that for all t,t + h € [0, 1] and all |h| < p,

sup |L(x,7+h)— L(x,0)| < clh|”, (1.7)

xeR4

for 0 < u < 1. Then, all coordinate functions of | are nowhere Holder continuous of
order greater than (1 — p)/d.

One of the goals of this article is to provide a similar theorem to that of Adler in
the case of Besov spaces. We have the following theorem.

Theorem 1.4. Let (f(t))se[0,1] be an R -valued continuous function possessing a
local time, L(x,t), satisfying for some p € (0,1) and p € (d/(1 — u), 00),

sup %% qup ||s — sup |L(x.s +h)— L(x,s ¥ p < oo. (1.8
0<t1;1 \hlgt” xeﬂgdl( ) — L(x,s)] “L(P*I)(I(h);R) (1.8)

Then, the function [ does not belong to the Besov space BI(,I,O_OM )/d.0 (I,R?), where
I =[01andI(hy={sel;s+hel}

Based on the above results, we note that the Besov regularity, in the time variable ¢
uniformly on the space variable x and in p, of the local times L (x, t) associated with
«-LND stochastic processes is valuable, as this knowledge can be applied towards
uniform (in p) Besov irregularity of the underlying processes. Therefore, as a con-
sequence of Theorems 1.2 and 1.4, we obtain the following theorem:

Theorem 1.5. Let (X;);e[0,1] be an R4 -valued continuous stochastic process with
X(0) = 0, which is a-LND with o € (0, %) Assume also that X verifies H. Then
P[X(e) € BXO (I,R?), forsome p € (1/a,00)] =0, (1.9)

;00

where I = [0,1] and X(e) : t € [ — X, € R4.



On the uniform Besov regularity of local times of general processes 357

According to the following continuous injections:
B, (I,RY) — BL(I,LRY),  1<g<oo,
we get the following corollary.

Corollary 1.6. Let (X;)se[0,1] be an R4 -valued continuous stochastic process with
X(0) = 0, which is a-LND with o € (0, %). Assume also that X verifies H. Then

IP’[X(-) € Bg,q(I,Rd), for some p € (1/a,00) and g € [l,oo)] =0, (1.10)

where I = [0, 1] and
X(o):71 €l X, eRY,

In the literature, there were a few separate attempts to study the Besov irregularity
of some real valued Gaussian processes, we mention [8, 10, 31]. In contrast to the
proof of Theorem 1.5, which relies on local times, the proof of these articles is based
on a straightforward calculation. In Section 4, we illustrate Theorem 1.5 and 1.2 with
some examples. We infer the uniform Besov regularity of the local times, as well as the
uniform Besov irregularity, of the following a-LND processes: First, we consider an
R4 -valued Gaussian process (Y;)ejo.1), With ¥; = (Y'!,..., Y 4), where Y1,... Y4
are independent copies of a real-valued LND Gaussian process (Y, to)te[o,l]’ satisfying
for some o € (0, 1) and finite constants ¢, C > 0,

c(t —s)** < Var(Y? - Y?) < C(t —5)*, (1.11)

forevery 0 <s <t < 1. Notice that the d-dimensional bifractional Brownian motion
verifies the above conditions. Secondly, as an example of non-Gaussian and non-
stable processes, we regard systems of non-linear stochastic heat equations.

In this article, to deal with Besov spaces, we are based on representations of the
Besov norms in terms of dyadic expansion coefficients of a given function. These
descriptions of the Besov norms are derived from [23, 3.b.9 Corollary]. To the best of
our knowledge, the treatise of Konig [23] has been used for the first time to investigate
Besov regularity of stochastic processes by Hytonen and Veraar [21].

The rest of the paper is organized as follows. In the second section, we write some
preliminary results on Besov spaces and local times. The third section is devoted to
the proofs of the main results. In the fourth section, we give some examples.

Finally, we point out that constants in our proofs may change from line to line.
For a process X = (X;);e[o,1], sometimes if necessary, we write X(¢) instead of X;.
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2. Preliminaries

2.1. Besov spaces

For the definition of the real-valued Besov spaces, we refer to [34], and for the vector-
valued Besov spaces, we suggest the treatise [23]. Let / = [0, 1], for any & € R, we put
Ihy={sel;s+hel}.Letl <p<ooandv € (0,1), the modulus of continuity
of a function f € LP(I;R%) is defined by

wp(fi1) = Izlllp [x = f(x+h)— FLrm:ra- 2.1
<t

We define the vector-valued Besov space B, (1 Rd) as the space of all functions
f € LP(I;R%) such that the seminorm N, ,(f) := SUpg<s<1 ¢~ "wp(f.1) is finite.
B, (I R%) endowed with the sum of the L”-norm and the seminorm .V, , is a
Banach space. Let B;jgo (I,R%) be the space of all functions f € B, o (; R4) for
which lim,_, o+ t " w,(f,t) = 0. Using a dyadic approximation argument (see the
lemma in page 173 and Corollary 3.b.9 in [23]) one has the following theorem.

Theorem 2.1. Let 1 < p < oo andv € (0, 1). We have

(1) The seminorm N, p is equivalent to

£ lhp o= 50027l > fx +27) = f@linga-nmey 22)
J=

(ii) Let f € LP(I;R?). Then f is in By % (I, R?) if and only if
Jli)f{.lo 2V x> flx+277) — S| Lrae—iyray = 0. (2.3)

(i) Let 1 < p < oo and 0 < v < 1. Then there exists a positive and finite con-
stant ¢ such that for all g from R4 x [0, 1] to R jointly continuous function with
compact support

¢! sup 17V sup ||[r > sup [g(x,r 4+ h) — g(x,P)|llLramyr)
0<r=1 |k <t xeRd

<sup2’’||r > sup |g(x.r +277) — g, )l o))

v

Jj=0 xeRd
<c sup " sup |[r> sup |g(x,r +h)—gx,)llLramm). (24
0<t=<1 |n|<t xeRd

(iv) Let 1 < p <00, 0 <v < 1, and f be an R?-valued continuous function.
Then
v

lim 7" sup [[x = sup || f(hz+x)— f(hy +x)llLram),r) =0,
t>0F  |h|<t y,2€[0,1]
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if and only if

lim 2”%||x > sup [ fQ7z+x)— fQ7y + ) lLrae—iyr) = 0.
J >0 y,2z€[0,1]

Now we introduce the spaces b;:go(l : R9), which plays a key role in the proof of
Theorem 1.4.Let I =[0,1], 1 < p < oo, and v € (0, 1), b;jgo(I;Rd) is defined as
the space of all functions f € C(I;R%), where C(I;R?) is the space of R?-valued
continuous functions, such that

lim 2V[lx — sup | fQ7z+x)— fQ7y +D)lLrae-iyr) =0. (2.5)
Jj—o00 v,z€[0,1]

here 1(277) = {x € I ; x + 277 € I}. In the below theorem, we give the relation
between the spaces b};zgo (I; R%) and the classical spaces B;120(1 ,R9).

Theorem 2.2. Let I = [0,1], v € (0, 1), and% < p < 00. Then
by o (I:RY) = C(I;RY) NBLY (I.RY).

At this point, to prove the above theorem, we need the Garsia—Rodemich—Rumsey
inequality [19].

Lemma 2.3. Let V(u) and p(u) be non-negative even functions respectively on R
and [—1, 1] with p(0) = 0 and V(o0) = oco. Assume that p(u) and V(u) are non
decreasing for u > 0 and p(u) is continuous. Let g(x) be continuous on [0, 1] and

/ / (g(v) g(w))dv dw < B < o0.
p(v—w)

Then, forall z,y € [0, 1],

|z—y| B
Ig(Z)—g(y)ISS/O v (4 )dp<u)

Proof of Theorem 2.2. We just need to prove that

suppose that

C(I:RY) N B2, (1. RY) S bp2 (1:RY),

since the reverse inclusion is trivial. Let £ = (f1,..., f4) € C(I:R?) N B;,jgo(l,]Rd),
W(u) = |u|?, and p(u) = |u|”+%, where 8 € [0,1) such that vp — 1 > 1 — 8. Hence
by Fubini’s theorem, changes of variables, and the fact that /' € B, (1, R%), we
have forany 1 <i <d,

1 o1y £ r—j P
B(i,j,x);:/()/ [iR7v+x)— fiRQ 7w+ x)|?

o — | P dvdw < oo. 2.6)
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Therefore, by Lemma 2.3 we getforall 1 <i <d and z,y € [0, 1],
i@z +x) = iy + )P

1,1l —j — £ (277 p
optB—2 i@ v+ x) = i w + )|
= Copplz =yl /0 /0 o — | TP dvdw

Lopel i2_-iv+x— ,-2_-iw+xp
< Cupy [ [ B2 0= s w )

|v — w|vl7+13

dvdw,

where C, g , = 874p? /(B + pv —2)?. Hence, forall 1 <i <d,

sup | /i z 4+ x) = iy +x)”

z,y€[0,1]
AT ) — £ w 4 )P
<C ! ! dvdw,
- “Jﬁtﬁ v —w]P+h
Therefore, forall1 <i <d,
2j1’”/ sup | iRz +x)— [i277y + x)|Pdx
12=7) z,y€[0,1]

2Jpv
<C -
=GB /;0’1]2 v — w|vp+/3

1—2—7
<[ AT - fe e+ vlPdxdvd
0

2Jpv
=C B —
v,B:p \/[0,1]2 |U—U)|Up+ﬂ

1-27/+27/w
x/ | fi(x +277 (v —w)) — f;(x)|Pdx dvdw
2

c 2Jpv
< -
= V,ﬂ9p /[\0’1]2 |v _ w|vp+ﬂ

X / A | fi(x + 277 (v —w)) — fi(x)|Pdx dvdw, (2.7)
1277 (v—w))

where 127/ (v —w)) = {x € [0,1]; x +27/ (v — w) € [0, 1]}. By the definition of
f € By (I,RY), we have for all v, w € [0, 1] with v # w,

2Jpv .
lim —[ A £+ 277 (v —w)) — fi(x)|Pdx = 0.
12—/ (v—w))

j—oo |v — u)|VP+ﬂ

Therefore, by Lebesgue’s dominated convergence theorem the right-hand side of (2.7)
converges to 0. Which concludes the proof of Theorem 2.2. |
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Remark 2.4. Let Bz,q (1, ]Rd), forl < p,g <ocandv € (0, 1), be the Besov spaces
defined as follows:

B, ,(I.RY) :={f € L?(I,R?); || |

v,p.qg < OO}’

where by [23, 3.b.9 Corollary] we have

Q=

| fllv,pqg = {Z 20| x > f(x +277) — f(x)||zp(1(2_,);Rd)}

Jj=0

Therefore, we have the following continuous injection: for all 1 < p,q < oo and
v e (0,1),
d ,0 d
B, ,(I.R?) = B, (I,RY). (2.8)

2.2. The local times

This section is devoted to give some aspects of the theory of local times. For more
details on the subject, we refer to the survey of Geman and Horowitz [20].

Let (¢1)ze[o,7] be an R4 -valued Borel function. For any Borel set B C [0, T], the
occupation measure of ¢ on B is given by the following measure on R¢:

vp(e) = At € B; ¢, € o},

where A is the Lebesgue measure. When vp is absolutely continuous with respect to
the Lebesgue measure on R?, A4, we say that the local time of ¢ on B exists and it
is defined as the Radon—Nikodym derivative of vp with respect to A4, i.e., for almost
every X,

d
L(x,B) = ﬁ(x).

In the above, we call B the time variable and x the space variable. We write L(x,t)
and L (x) instead of respectively L(x, [0, ¢]) and L(x, [0, T]).

The local time fulfills the following occupation formula: for any Borel set B C
[0, T, and for every measurable bounded function f : R¢ — R,

/f((ps)ds=/ f(x)L(x,B)dx. 2.9)
B R4

The deterministic function ¢ can be chosen to be the sample path of a separable
stochastic process (X;):efo,7] With X(0) = 0 a.s. In this regard, we state that the
process X has a local time (resp. square integrable local time) if for almost all w, the
trajectory ¢ — X;(w) has a local time (resp., square integrable local time).
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We study the local time through Berman’s approach. The idea is to derive prop-
erties of the local time, L(e, B), from the integrability properties of the Fourier
transform of the sample paths of the process X.

Let us state the following hypotheses.

T /T )
///E[e‘<“’Xf_XS>]dtdsdu<oo,
R4 Jo Jo

where (-,-) is the Euclidean inner product on R?.

Al. We have

A2. For every even integer m > 2,

m m m
E exp(i uj, Xy, )i| dt; du; < 0.
/(R")’" /[O,T]’" |: Z( %) jl:[1 jjl:[l ’

j=1
Recall the following essential result that we can find in [3].

Theorem 2.5. Assume Al. Hence the process X has a square integrable local time.
Furthermore, we have almost surely, for all Borel set B C [0, T, and for almost
every X,

L(x,B) = L/ e-““’x)/ e X gt du. (2.10)
@2n)¢ Jra B

Remark that L(x, B), given by (2.10), is not a stochastic process. We follow Ber-
man [4] to create a version of the local time, which is a stochastic process. The
following theorem is given in Berman [4, Theorem 4.1] for d = 1 and m = 2, so
we omit its proof.

Theorem 2.6. Assume Al and A2. Put for all integer N > 1,

t
Ly(x,t) = e_’(”’x)/ eH X ds du.
0

=
Q2m)? Ji—n,Nje

Therefore, there exists a stochastic process Z,(x, t) separable in the x-variable, such
that for each even integer m > 2,

lim sup  E[|Ly(x,t) = L(x,0)["] = 0. (2.11)
N—=00 (x )eRd x[0,T]

Theorem 2.7 ([4], Theorem 4.3). Let I:(x, t) be given by (2.11). If the stochastic
process {I:(x, t), x € Rd} is almost surely continuous, hence it is a continuous (in
the x-variable) version of the local time on [0, t].
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In order to prove Theorem 1.2, we need to estimate the moments of the increments

of L. For this end, we have by equation (2.11), for all x, y € R 1. he [0, T'] such
thatt + h € [0, T'], and even integer m > 2,

E[L(x +y.,t +h)— L(x,t +h)— L(x + y,t) + L(x,1)|" (2.12)

: / / i —i{u;,x+ —ilu;
= X e e ) _ e l(uj ,X)
(27‘[)md @®aym J[t,t+h]m ]1:[1( )
E iZ§”=1(uj,Xz,-) “ d - d
[e P Tdy [Taw
Jj=1 j=1
1 / / d —i(v;—v; —ilvi—v;
= T g e Vi +1,X+Y) —e i(v;—vj41,x)
(27T)md REYM J[t,t+h]™m ]EII( )

m m
x E[e! X=100 Xy =X 0 [T ag; ] dvj. (2.13)

and

E[L(x.t +h)— L(x,0)]"

m m

_zZ] 1 uj,x [ iYL uj,X,/ Hdt l_[du
md/ m/ i j
(Zn) Ry J[t,04+h]™ B P
m m
ifvr.x) | iYL (v X, — dt dv..
(2”)’"”’ /(Rd)m /[tt+h [e ]/ljll JJH j

(2.14)

where 7o = 0, and the last equality in (2.12) (resp., (2.14)) holds through suitable
changes of variables as follows:

Uj = Vj —Vjt1, j=1,...,m, with Umt1 = 0.

In order to estimate (2_.122 and (2.14), we need first to manage the following
characteristic function E[e’ 2j=1{v Xy =Xi;_, )]. Therefore, we use the below con-
dition called a-local nondeterminism («-LND), which was introduced for the first

time in [9].

Definition 2.8. Let X = (X;);c[o,7] be an R¢-valued stochastic process, J a subin-
terval of [0, 7] and o € (0, 1) . X is said to satisfy the «-LND property on J, if for
every non-negative integers m > 2, and kj;, for j =1,...,m,[ =1,...,d, there
exist positive constants ¢ and &, both may depend on m and k; ;, such that

Cc

<
< v : .
H;‘n=1 [Ti— lvj 15 (1 — tj—y) ki

|E[eiZ;"zl(vj,th—th_l)“ (2.15)
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forallv; = (vj;; 1 </ <d)e R\ {0})?, for j = 1,...,m, and for every ordered
points ) < +-- <t in J with t,, —#; < eand 9 = 0.

Remark 2.9. (1) It is well known that the concept of local nondeterminism in
the Gaussian framework means that “the value of the process at a given time point
is relatively unpredictable based on a finite set of observations from the immedi-
ate past”. In the Gaussian context, Berman uses conditional variance to express this
property. However, beyond the Gaussian case, conditional variance cannot be used,
since in a general framework it is not deterministic. So, Berman has introduced the
local g-nondeterminism concept for general processes by replacing the incremental
variance, which is a measure of local unpredictability, by a measure of local pre-
dictability, namely, the value of the incremental density function at the origin, see
[6, Definition 5.1]. By the Fourier inversion theorem, it is easy to see that the con-
dition in Definition 2.8 implies the local g-nondeterminism condition. On the other
hand, Nolan has introduced the notion of characteristic function locally approxim-
ately independent increments (see [28, Definition 3.1]), which is equivalent in the
Gaussian and stable context to the classical LND condition. The condition in Defin-
ition 2.8 (d = 1) is an extension of Nolan’s notion by replacing the characteristic
functions |E[e?¢m% (X(t)=X(—1)]| in the right-hand side of [28, Inequality (3.3)] by
¢ lug| ™ (1 — 1) ™%

(i) Although the o-LND has been specifically created for non-Gaussian pro-
cesses, a large class of Gaussian processes possesses this property. Let

YO = (¥)repo.1)

be a real-valued centred Gaussian process satisfying the classical local nondetermin-
ism (LND) property on J C [0, T'] (see [7, Lemma 2.3]). Assume also that there exists
a positive constant K, such that for every s,t € J with s < ¢,

K(t —5)* < Var(Y? - Y?).

Define Y, = (Y,',....Y?), where Y, ..., Y ¢ are independent copies of Y°. Then Y
isx-LNDon J.

(iii) The question of whether or not the o-LND is strictly weaker than the classical
local nondeterminism in the Gaussian framework is an open problem that is currently
the subject of our investigation.

3. Proof of the main results

Our aim in this section is to prove Theorems 1.2, 1.5, and 1.4. We need first the
following preliminary lemmas.
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Lemma3.1. Let1 < p <o0,0<v<1,and I =[0,1]. Then, for all R-valued jointly
continuous function g with compact support defined on R? x [0, 1],

sup2/?”||r > sup |g(x, 7 +277) — g(x,r)||

Jj=0 x€R4
. . 1 21_1 . .
= sup 2/PV7/ / Z sup |g(x,27/ (s + k) —g(x,277 (s + k — 1))|Pds.
0

p
LP(I(2=/);R)

e k=1 x<R4
3.1
Proof. Denote
Zj =2"|r > sup |g(x.r +27) = g7 r0-iymy:
xeR4
here 1(277) = {t € [0,1]; t + 2~/ € [0, 1]}. We have
. 1-2—/ _
Zj = 2”’U/ sup |g(x,r +277) — g(x,r)|Pdr
0 xeR4
271 Lo
=2 Z/ sup |g(x,r +277) —g(x,r)|Pdr
k=1 Y k—1D27/ xeRd
1271
=27 15 sup 27 (54 k) — g2 s + k- D)IPds,
0 k=1 xeR4

where we have used the change of variables s = 2/ (r — 27/ (k — 1)). Which finishes
the proof of Lemma 3.1. ]

Lemma 3.2. Let X = (X;)se[o,1] be an R4 -valued continuous stochastic process

which is a-LND with o € (0, %) Denote by L(x,t) the jointly continuous version of

the local time of X, then

o For any positive integer q, there exists a positive constant K = K(q, d, o) such
that for all integer j > 1 and x € R?,

2/ -1
P [ D IL(x + X(djr), D)l = 2-fq<1—d“>+f] < K27 (32
k=1

* Leta and q be positive integers and 0 < 0 < {(% —d)/2} A1, then there exists a
positive constant K = K(q,a,d,a, 0), such that for all integers j,h > 1 and any
x,yeRdandy>O,

2/ -1
P[ D Ajk |t = 2700 de b0 ey ||‘192V"} < K272k - (33)
k=1
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where dj; =277 (k — 1), Djx = 27/ (k —1),277 (k + 1)), and
Ajkxy = L(x + X(djx). Djx) — L(y + X(djx). Djx). (3.4
Proof. We only prove (3.3). We have by Holder’s inequality, for all positive integer a,

[y

271

Z IE|:1_[ |Aj,ki,x,y qi|
i=1

k] ,...,k2a =1

a

2/ —1 L 2
{Z E[|4)kxy]" } . 3.5)

k=1

IA

On the other hand, let Y; = X(¢) — X(d; x). The occupation measure of Y is just
the occupation measure of X translated by the (random) constant X(d; k). Since the
occupation measure of X has a jointly continuous density, the occupation measure of
Y has also a jointly continuous density given by Ly (x,?) = Ly (x + X(d;x).t). Put
m = q2%, hence by (3.4) and (2.12) we obtain
E[lAjakaxsy m]
= E[|L(x + X(d}40). D) — Ly + X(dj). Dj)|"]
= E[|Ly(x,Djx) — Ly (y, Dji)["]

1 / / = —i{vp—v —i{vp—
— e~ Hon—vnp1x) _ ,=i{vn—vnt1.y)
@m)md Jwaym J(p; jym ,,1:[1( )
m m
E[el Z”=l(vn’th_Xll’l—l)] l_[ dtn l_[ dvn’ (36)
n=1 n=1

By (3.6) and the elementary inequality |1 — e??| < 2179|p|? for any 0 < 6 < 1 and

p € R, we get

E[|A)jx,y "] < 27m@HODgmmd | x — 3 |m0 4 (m, 0), (3.7)

where

F(m,0)

m m
_ E lZn 1vn th_th l d dl .
/D,k)m/(Rd)mH””” vt |E[e Il [ e I s

We replace the integration over the domain (D; )™ by the integration over the subset
ANjgp ={277(k—1) <t; <+ <ty <277 (k + 1)}, hence we obtain

F(m.0)

m m
=ntf [ T b= v el St [, [
jk (Rd) n=1 n=1
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where 7o = 0 and v, = 0. By the fact that ||[b — c||? < ||b]|® + ||c||® for each
0 <6 < 1andb,c € R, it follows that

m m
[T 10n = vasall® < TT vl + llonsal®). (3.8)
n=1 n=1

Remark that the right side of this last inequality is at most equal to a finite sum of
terms each of the form [/, ||va||*?, where €, = 0,1, or 2 and Y_'_, €, = m.
Hence

m
gonoysm 3 T e
J n=1

(e15..-,6m)€{0,1,2}"

. " (3.9)
x [B[e! T X=X [T dun [ .

n=1 n=1

On the other hand, by the «-LND property of the process X, we get for every nonneg-
ative integers m > 2, k, ;,forn =1,...,mand/ = 1,...,d, there exists a constant
¢ = c(m, ky ) such that

UE[eiZZ’:l(vn,in—in_l)” < y ¢ , (3.10)
Hr=1 1_[1=1 |Un,l|k"’[(tn - tn—l)ak"’[
where v, = (Vn,1,...,Vpn,q). Letus put I = [—1/(t, — ty—1)%, 1/(tn —t,—1)*] and

13 =R\ I]'. Therefore
m
®y" = J  TIT1%, (3.11)

Set,forn =1,....mandl =1,...,d,

. 0 ifi,; =1;
kn,l(ln,l) = L
4 ifi,; =2.

Hence, by (3.9)—(3.11), we obtain

I(m,0) <mlc / /
2 2 A ST i 17

in,1€{1.2} (€15---,6m)€{0,1,2}"
n=l1,..., mil=l1,..., d

T m m
1 n=1

d . ;
[Ty TTi=y [on g lkntGnd) (5, — ty—y)@knaGnt) o
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We remark that

m m m
[T0onl® < TT(vnal® + -+ fowal™®) = > ] lvna ™’
n=1 n=1

I1,,lge{l,....d}n=1
Therefore

F(m,0) <mle > /A,k/n_lnl_ll”

I,.0lg€{l,....d} i 1€{1.2} (1, em)E{O 1,2ym

n=l1,..., m:l=1,..., d

1—[21:1 |vn,ln|e”0 m m
X I Hd | K 1Gn ) (1, — . \@Kn 1 Gin ) 1_[ dvy, 1_[ dty,.
" T (v |Fnt G (1, — £,y )k aGn) -5 L

By Fubini’s theorem, the right side of the above expression is equal to

mlc Z Z Z /,kn_llel

I1,0lgefl,....d} in,1€{1.2} (€1,--..€m)€{0,1,2}""
n=1,..., m:l=1,.... d

n,l

v €n0 m

X p | I’l,ln| : dvn 1—[ dtn
Hl=1 |vn,l|k"’l(l”’1)(tn —1 —1)akﬂ,l(ln,1) fuliet

2D SHEED VD >

Il €{l,...,d} in €1, 2} (€1,rem) €10,1,2 (3.13)
n=1,..., mil=1,..., d
1
- dv ]
/Jkn—l I=1 /;n |vp l|knl(lnl)(t _1)“kn.1(ln,1) n,
1#In

1 m
X [ - dvnl dtn
/I‘i,:l , |Un,l,, |kn,ln (ln,ln)_éne(tn _ tn_l)ak”!ln (ln'[n) stn nl:[1
-tn

» Ifi,; =1or2with/ # [,, then we have

1 K,
Kn 1 Gn 1) ok Gr QU = a’
Ii’;, |Un,l| ndUn.)(ty — ty_q)*ent(n. (tn —th—1)

where the constant K; depends only on i, ;.

e Ifi,;, = 1or2,then we get

/ 1 J K>
. . Un,l, = ’
i N |Un,ln|k”’l’1 Cnoan)=enb (1, — t, 1 )%%n.inCn.in) tn (tn — ty—y)2(+ent)

where the constant K, depends on i, ;,, 8, and €, such that supg ¢, K2 < oo.
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Combining the above discussion with (3.13), we obtain

F(m,0) <mlc > > >

I,..., la€{1,..., d} ’n le{l 2) (51 ----- em)€{0,1,2}"
1
dt,
/] k gmi (Zn —t )a(d+€n9) 1_[
= m!
m:cz /;\ (t — fye )a(d+€n9) 1_[ dtn
(€15 em)E{O 1,2ym ¥ Ak p=1 V"

]k bjk
=mlcy / l1/ / dty,
aj .k -1

(€1, ,Gm)G{O 1,23m

1
x . (3.14)
,}:[1 (tn _ tn—l)a(d+5n9)

where aj; =277/ (k —1)and bjx =277 (k +1). Let0 < 0 < {(é —d)/2} A 1. We
integrate in the order of dt,,, dt;,;,—1, ..., dt;, and use changes of variables in each
step to construct Beta functions. Hence, (3.14) is equal to

b.
3 Ke/ 7k (b 1 — 1)~ D(—de)—ad T 2 e ~igraldtad) g,
(€15e.-,€m)€{0,1,2} /
(3.15)
where
K. — e ! L2 —a(d + emd) [["2T(1 —a(d + emif))
I—ad +emb) T+ m— 11— da) Y " et
ande€ = (€1,...,€y). Recall that ) " €, = m. Then
o Ifk = 1. According to (3.7) and (3.15) we get
E[|4)10,["] < Killx — y|mf27/m(-dee®), (3.16)

where K is equal to

C(l+m—1D(1—da)—ad Y/ em DIl —a(d + €19))
Z ke ra +m(1—da—a9))

c

€€{0,1,2}"

with ¢ = 2~m@+6-1) p—md ym(1—da—ab)
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o If2 <k <2/ — 1. Therefore (3.15) is less than or equal to

bA
3 Ke(by g — aj ) D0~de)—a0 I e / 7k fred+ad) g,
(€1,---,€m)€{0,1,2}™ aj.k
_ Z K. pm=D(1—da)—ab Y2 €m—in—im(1—da—ab)
- €

(€1,..,6m)€{0,1,2}7

k+1
x / u—(x(d-i-elO)du
k—1

k+1
< R,p-im(i—da—at) / u=od gy < Ryp—im(—du—ad)  _ qy-ad
k-1
3.17)
Hence by (3.7) and (3.17), we have
E[|4j k"] < Kallx — |02 /mA-dee®) g — )=ed, (3.18)

Now we return to estimate | [{ Z,zcjz_ll [Ajkx, vl }2“]. Recall that m = ¢2°. According

to (3.5) and the convexity of the function x x2“, we have

2/ -1 20 2/ -1 Qa
E[{ > |Aj,k,x,y|q} :| < {Z E[|4) kx| 712 }
k=1 k=1
2/ 1 oa
< 2“—1(E[|Aj,1,x,y|q2 I+ { > Ell eyl | )
k=2
Hence, using (3.16) and (3.18), we derive that this last term is less than or equal to
2/ -1 2a
K||x _ y||q2a92—jq2a(l—d(x—a9)(1 + { Z (k _ 1)—ad/20} )
k=2

2/ 1 k—1 2a
< Rlx — y|[a2“6p—ia2 (—da—at) (| Z 2/ —da/24 g
k=2 k_%

a

2/ -2 2
[Z”x_y||q2a92—jq2a(1—da—a9)(1 4 {2/ x_d“/zadx} )

1

2

< Ie||x _ y||q2“92—jq2a(1—da—a9)(1 + 22“j—jdot)'

IA

Therefore

2/ -1

]E|:{ Z |Aj,k,x,y
k=1

2(1
q} ] < K||x _y”qza92—jq2”(l—da—a9)2j(2“—ad)‘ (319)
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The remainder of the proof is by Chebyshev’s inequality, i.e.,

2/ -1
P 3 eyl = 2700-de 000y ot
k=1

2J 1 na
i29qg(1—da—0a)—29 j —q290~—2%yh
< o atdet0 2y a0 2 LS o))
k=1

Hence (3.19) concludes the proof of Lemma 3.2. [ ]

Lemma 3.3. Let (X;);c[0,1] be an R4 -valued continuous stochastic process that veri-
fies H. Then, for all 0 < § < 1, almost surely there exists j; = jj(w, §) such that

_i(g—2=8
sup  sup | X(0)— X(d; o)l <2770 forj > jy, (3.20)
Js

1<k<2/—11t€D; x
where d; i and Dj ; are as in Lemma 3.2.

Proof. According to (1.1), we have almost surely

1 1 X - X Do
B = / / IX@) = XOW ) 46 < oo (3.21)
o Jo |t —s|epoty

v
Then by Lemma 2.3 with W(u) = |u|?° and p(u) = |u|a+ P0 where % < a and
2—apy <y <1, wederive

sup  sup [|X(t) — X(djx)||P° < Cy,py.y B2/ @POTY=2), (3.22)
1<k<2/—1t€D; i

Therefore, by (1.1), (3.21), and (3.22) we get

E[ sup sup X(0) = Xl ] = Kuypoy2 @0t D. (3.23)
1<k<2/-1t€D; g
Hence, let 0 < § <1 and 2 —apy < y < 1 such that § < y, then by Chebyshev’s
inequality and (3.23) we write

(e —2=8 .
IP’[ sup sup [ X(1) — X(dp)ll = 277 ’]gKa,,,O,yz—W—‘”. (3.24)
1<k<2/—1t€D; i

Therefore the Borel-Cantelli lemma concludes the proof of Lemma 3.3. ]

Lemma 3.4. Let (X;):e[0,1] be an R4 -valued continuous stochastic process which is
a-LND with a € (0, %) Assume also that X verifies H. Then for all positive integer
g, almost surely we have

12./_1
sup 2/41=do0)=j / Z sup |L(x,277 (s +k))— L(x,277 (s + k —1))|9ds < .
]21 0 k=1 xe]Rd
(3.25)
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Proof. Letd;x =27/ (k —1)and D = [27/(k —1),27/(k + 1)] for j > 1 and
1 <k <2/ — 1. It follows from Lemma 3.3 that for all 2 —apy < § < 1, almost
surely, there exists j; = ji(w, §) such that

—i(y—2—8
sup sup | X(1)— X(djp)| <2777 forj = i, (3.26)
1<k<2/—1t€D; i

Let B; = 27/% and
Gj={xe RY: ||x|| < 2_j(a_27_()(s), x = B;jb forsomeb € Zd},
where Z is the set of integers. The cardinality of G; verifies
#G; < (20277 4 1) <3021, (3.27)

i(2=8 i(2=8
where [2/ o) ] is the integral part of 2’ 07 1t follows from (3.27) and Lemma 3.2
that

2/ -1
IP’|: Z |IL(x + X(djx). Djx)|? > 2=Ja(=d) ] for some x € Gj:|
k=1 ' (3.28)

< #G; K2~/4e < 34 o i)
Since 2 —apy < § < 1, it follows by the Borel-Cantelli lemma that almost surely
there exists j, = ja(w, §) such that

2/ -1
Y sup [L(x + X(djx), Djg)|? < 277907494 for j > jo.  (329)
k=1 x€G;

For any fixed integers j, & > 1 and any x € G;, define

h
F(j, h,x)= {y €RY:y=x+p ) 2" fore, €0, 1}"}. (3.30)

n=1
A pair of points y1, y2 € F(j,h,x) is said to be linked if y, — y; = B;€27" for some

€ € {0, 1}%. Then by (3.3) with y and a such that y < ¢ and 2¢ > %, we have

27 -1
P[ D N Ajkeiyy oy, |9 = 277407 d000HT |y yy 98270
k=1
for some x € Gj,h > 1 and some linked pair y;, y» € F(j,h,x):|

o o0
< #G; Y 2hd Ko ity 2vh < g3dy AT § gkt —d),
h=1 h=1
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As2—apy <8 <1and2? > %, it follows by the Borel-Cantelli lemma that almost
surely there exists j3 = j3(w, 8, y) such that for j > j;

27 -1

> 1L + X(djx). Djs) — L(y2 + X(dj ). Dy

= (3.31)
< 2—jq(1—dot—9a)+j ||y1 _ y2||q92yh,

forall x € G;, h > 1 and any linked pair y;, y» € F(j,h, x).
Let Q¢ be the event that (3.26), (3.29) and (3.31) hold, hence P[Q2¢9] = 1. Let
: 2—48
2—](0{— D )

j = ja = max{ji, j2, j3} be fixed. For any y € R¢ with ||y| < 0, we

represent y in the form y = limy_, oo ¥, Where

h
yh=x 4B Y 2 (yo=x. en € {01},

n=1
for some x € G;. Then each pair y,_1, yp is linked, so by (3.31) and the continuity
of L(-, D) we have

2/ -1
Y IL(y + X(djx), Djg) — L(x + X(djx), Dj i)l
k=1

[e.e]
< 2—jq(1—da—9a)+j Z |ﬂj2—h|q92yh
h=1
[e.e]
— 9—Jje(1—da)+j Z 7—h(g6—-y)
h=1
Since y < g8, we have almost surely for j > j4,

2/ -1
D LG + X(djk). Djg) — L(x + X(djr). Dyp)|? < C27/90740+ - (339)
k=1

—i(q—2=8
forall y € R¥ with || || <277 0. It follows from (3.29) and (3.32) that almost
surely for j > ja,

271
> Ly + X(djx). Djp)l? < Cy27/almdets, (3.33)
k=1

—i(q—2=8
forall y € RY with |[y|| <27/ 70",
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On the other hand, we have almost surely for j > jyq,

12/-1

/ Z sup |L(x,277 (s + k) — L(x,277 (s + k — 1))|9ds
0

k=1 xeR4
2/ -1

< > sup |L(x, Djp)l.
k=1 xeR4

This last term is equal to

2/ —1 2/ -1
sup  |L(x.Djp)l? < > sup |L(y + X(d;jx). D)l
k=1 xEX(Dj,k) k=1 yev

< Clz—jq(l—da)ﬂ—j’

where s
V={yeR?; |yl <27/ %

This completes the proof of Lemma 3.4.

374

Proof of Theorem 1.2. According to Lemma 3.4 and 3.1, and Theorem 2.1(iii), we

conclude the proof.

Now we provide the proof of Theorem 1.4, which clearly explains that if a func-
tions local time, L(x, 1), is Besov regular, in ¢ uniformly in x, then this has a signific-

ant effect on the Besov irregularity of the function itself.

Proof of Theorem 1.4. According to the occupation formula (2.9), we have for all ¢ €

(0,1,0<h <t,and s € [0,1 —A],

h = / L(x, [s,s + h])dx
Sf(ls.s+hD)

< A4 (f([s,s + h])) sup L(x, [s,s + h])

xeR4

< sup | f()= f@I¢ sup L(x,[s.s + h])

r,T€[s,5+h] xeRd

sup || f(hr + )~ f(ht + )[4 sup L(x.[s.s + A]).

r,7€[0,1] xeRd

Hence

hl/d

IA

r,7€[0,1] xeRd

sup || f(hr +s) = f(ht + )| sup |L(x,[s,s +h])|"<.
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Therefore, by Holder’s inequality, we derive that for all # € (0,1] and 0 < h < ¢,

1-h
(1—h)h'4 < / sup || f(hr + ) — f(ht +s)|| sup |L(x,[s,s + h])|"/%s
0 r,7€[0,1] xeR4
<lls+ sup ||f(hr+s)— f(ht +9)lLram).r)
r,7€[0,1]
1-h , 21
X {/ sup |L(x,[s,s + h])|d(1’—1)ds} . (3.34)
0 xeRd

By the same calculations as above we get forall € (0, 1] and —t <h <0

(1= [A)|AME < |ls su[p | If(hr +5) = f(hT + $)lLram.r)
r,t€[0,1

1 p=1

X {/ sup |L(x,s)—L(x,s+h)|d(/’pl)ds} ! . (3.35
—h xeR4

According to (3.34), (3.35), and (1.8), we get for all ¢ € (0, %),

(1/d
o setsup s> sup (£ +9) = f(hT + 9)leraom. (3:36)
|h|<t r,7€[0,1]
Therefore,

0 < lim =W/ qup s> sup || f(hr +5)— fht + )| Lram.R)-
t—0+ |h|<t r,t€[0,1]

Then Theorems 2.1 (iv) and 2.2 conclude the proof of Theorem 1.4. ]

Proof of Theorem 1.5. For any 1 < p < oo, let n = n(p) be a positive integer such
that d" > 2. We have almost surely,

sup (~(-ed)/d sup ||s — sup |L(x,s +h)— L(x,s)|$||

_pP
o<z<l |h|<t xeRd L (»=D (I(h);R)
1
—(1—ad)/d il
< sup t sup ||s — sup |L(x,s +h)— L(x,s e .
0<t£1 |h|§pt [ xeﬂsd |L( )= LG9l 7, LR
Hence, Theorems 1.2 and 1.4 finish the proof of Theorem 1.5. [

Proof of Corollary 1.6. The proof is a consequence of Theorem 1.5 and of the injec-
tions (2.8). ]

Proof of Theorem 1.1. The proof of the lower bound in (1.4) is a consequence of
equation (1.2) and Frostman’s theorem, see, e.g., [25, Theorem 8.8]. However, the
upper bound follows from Hypothesis H, the joint continuity of the local time of X,
and [1, Theorem 8.7.3]. [
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4. Examples

4.1. The Gaussian case

Let YO = (Yto)te[o,l] be a real-valued continuous centred Gaussian process, with
Y(0) = 0, that satisfies the classical local nondeterminism (LND) property on [0, 1].
By [7, Lemma 2.3] we have for any m > 2, there exist two positive constants c,, and
& such that for every ordered points 0 =ty <t} <--- <ty < 1witht, —#; <e¢, and

(Ul,... 7vm) € Rm \ {0}9
Var(Zv](YO r, ) ) >cmZv Var(Y, Y, l) 4.1

Assume also that Y © verifies (1.11), with some « € (0, 1). Define Y, = (¥,},...,¥),
where Y'!, ..., Y9 are independent copies of Y°. Then Y is «-LND on [0, 1]. The
following theorem is a consequence of Theorems 1.2 and 1.5, and Corollary 1.6.

Theorem 4.1. Let YO = (Y, to),e[o’l] be a real-valued continuous centred Gaussian
process, with Y(0) = 0, that satisfies the classical local nondeterminism (LND) prop-
erty on [0, 1] and inequalities (1.11) with 0 < o < 7. Let Y, ..., Y? be independent
copies of Y° and put Y, = (Y}, ..., Ytd). Denote by L(x,1) the Jjointly continuous
version of the local time of Y. Therefore

P[L(x,e) € B, 2%(I;R), forallx € R and p € [1,00)]| = I; 4.2)
P[Y(e) € BLY,(I.RY), for some p € (1/a,00)] = 0; 4.3)
]P’[Y(O) € Bg,q(I,Rd), for some p € (1/a,00) and q € [l,oo)] =0, 4.4)

where I =[0,1], L(x,e):t €l L(x,t) eR,andY(e):t €l —Y, e R4.

BH-K 4 pifractional Brownian motion with H €

A particular example is Y° =
(0,1) and K € (0, 1]; that is a real-valued centred Gaussian process, starting from

zero, with covariance function

1
HK pHK\ _
E(B;"" Bi™Y) = S [ 4+ s2)% — | — 5],
Notice that the case K = 1 corresponds to the fractional Brownian motion with Hurst
parameter H € (0, 1). From [2, Lemma 3.3] we know that the bifractional Brownian
motion is LND and by [2, equation (1)] the Hypothesis H holds with « = HK. There-

fore, The below corollary is a consequence of Theorem 4.1.

Corollary 4.2. Let (B,H ’K) tefo,1] be a d-dimensional bifractional Brownian motion
with H € (0,1) and K € (0,1], s.t. HK < %. Denote by L(x,t) the jointly continuous
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version of the local time of B™-X_ Therefore

P[L(x,) € BL 4HK(I:R), forallx e R? and p € [1,00)] = 1; 4.5)
P[B™X (o) e BIEO(IRY), for some p € (1/HK, o0)] = 0; (46)
P[B™-X(e) € B} (I,R?), forsome p € (1/HK,00) and q € [1,00)] = 0,

where I =[0,1], L(x,®):t €I+ L(x,t) €eR, and BTK(e):1t €T |—>BtH’K e R4,

Remark 4.3. A different approach, based on characterization of Besov spaces in
terms of sequences spaces, has been used in [8] to investigate (4.6) for d = 1. How-
ever, to the best of our knowledge, the uniform Besov regularity results for the local
times of Gaussian processes given by (4.2) and (4.5) are new and have never been
considered in the literature.

4.2. The non-Gaussian case

Let us consider the following system of non-linear stochastic heat equations

9 92 d :
%(z,x) - W”z"(z,x) + ot 0)) + Y o (w0 (. x), @)
=1

with Neumann boundary conditions

dui(e.0) _ et ) _
ox  ax

fort €[0,T],1 <k <d,x €][0,1], where u := (ul,...,ud).LetW = (Wl,.. .,Wd)
be a vector of d-independent space-time white noises on [0, T] x [0, 1]. Set b =
(bk)1<k<q and 0 = (0k1)1<k,i<d- We consider the below hypotheses on the coef-
ficients oy ; and by:
Al Forall 1 <k,l <d, ox,; and by are bounded and infinitely differentiable func-
tions with their partial derivatives of all orders are bounded.
A2 The matrix o is uniformly elliptic, i.e. there exists p > 0 such that for all x € R4
and y € R? with ||y| = 1, we get |o(x)y||> > p? (where || - || is the Euclidean norm
on R9).

Following Walsh [35], a mild solution of (4.7) is a jointly measurable R4 -valued
process ¥ = (Uq,...,uq) such that forany k € {1,...,d},t € [0,T], and x € [0, 1],

ur(0,x) =0,

t pl d
ug(t, x) = /0 fo Gt_,oc,v)Eak,z(u(r,v))W’(dr,dw -

t el
+/0 /0 Gi—r(x, 0)bi (u(r,v))dv dr.
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According to [9, Theorem 5.4], we know that the solution to the system of non-
linear stochastic heat equations (4.8), is %-LND, and by [9, equation (2.12)] the
hypothesis H holds with o = %. Hence, Theorems 1.2 and 1.5, and Corollary 1.6
give the following theorem.

Theorem 4.4. Let u be given by (4.8). Assume that d < 3 and denote by L(§,t) the
Jointly continuous version of the local time of the process {u(t,x), t € [0, T]} for x
being fixed in (0, 1).Then

P[L(¢.e) € BY A/*(I:R), forall§ € R? and p € [1,00)] = I; (4.9)
Plu(e.x) € BYLO(I.R?), for some p € (4,00)] = 0; (4.10)
Plu(e.x) € By} (I1.RY), forsome p € (4,00) and q € [1,00)] =0,  (4.11)

where I =1[0,1], L(§,8):t €I +— L(£,t) € R, andu(e,x):t € I — u(t,x) € R%,

Remark 4.5. In [10], we have studied, ford = 1 and o = 1, i.e., u(¢, x) is the solution
to the linear stochastic heat equation, by a different method the following:

Plu(e.x) € BY2O(I1,R)] = 0.

However, (4.9) is new even in the linear case.
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