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Incidence estimates for tubes in complex space
Sarah Tammen and Lingxian Zhang

Abstract. In this paper, we prove a complex version of the incidence estimate of Guth, Solomon
and Wang (2019) for tubes obeying certain strong spacing conditions, and we use one of our
new estimates to resolve a discretized variant of Falconer’s distance set problem in C2.

1. Introduction

It has long been known that in Fourier analysis and related fields, only some of the
results true in the real space hold in the complex space as well. For instance,

* the Kakeya problem in dimension three under the Wolff axioms is true over R [§]
but false over C because of the Heisenberg example [4];

» the Falconer distance problem and its cousins, the Erdds ring problem and the
Furstenberg problem, have counterexamples over C because of the existence of
the quadratic subfield R [9], but are still open over R;

e the Szemerédi-Trotter theorem is true over both R [6] and C [7];

» the Erdds distinct distances problem, with an e-loss, is true over both R [2] and
C [5].

The results in this paper are complex analogues of the incidence estimates and dis-
tance estimates obtained in [3], giving some more examples of problems that have
positive answers over both R and C.

By “complex lines”, we mean the translations of 1-dimensional vector subspaces
of C" (over the field C), and “complex tubes” refers to small neighbourhoods of
complex line segments. By “the angle between the tubes”, we mean the angle between
the line segments generating the tubes. One intricacy of this paper is in defining the
angle between any two complex directions. There are two common ways to do so, one
via an explicit metric on CP"~!, and another via a variational formula in R?”. The
two turn out to be equivalent, and details are spelled out in Section 2. We implicitly
invoke the metric definition when discussing the partition of CP”~! into tiny parts.
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Some more terminology we are using: A §-ball is a ball of radius &, a §-tube is
the §-neighbourhood of a unit-length line segment. We call a subset § C CP"~! an
almost-8-cap if there exists a point u € CP"~! such that

1
B((j]pnfl (ll, 58) C 6 - B(CPnfl (u, 28)

We say two solids A;, A, € C"* ~ R27 (e.g., balls, complex tubes, etc.) essentially
intersect if their intersection is at least half as large as the maximum intersection
between all rigid transformations of the objects, i.e.,

|[A1 N Az| = max  |o1(41) No2(A42)].

1

5 01,02€SE(2n)

Two solids of the same kind are said to be essentially distinct if they do not essentially
intersect, or else they are said to be essentially the same. For example, two §-tubes T
and T are essentially distinct if the volume of 77 N T3 is no more than half the volume
of T7. One solid A; is said to essentially contain another solid A, if A; contains at
least half of A,, i.e.,

1
|42\ A1] < §|A2|-

Following common conventions, we write X <, Y to mean that there exists a
positive constant C,_, depending only on the parameter o and the dimension # such
that X < C,,,Y . The dependency on the dimension # is often suppressed in the nota-
tion. We write X ~4 Y to mean that X <o Y 5o X. Plus, we write X(8) < Y(8) if
lims .o 39 = 0.

Given a collection T of solids of the same kind (e.g., complex tubes), we denote
by P,(T) a maximal' collection of essentially distinct r-rich §-balls. Now, we are
ready to describe our main theorems. The precise spacing condition is stated later
when we prove the theorems. (See the statements of Theorems 4.1, 4.2 and 5.2, which
correspond to Theorems 1.1, 1.2 and 1.3, respectively.)

Theorem 1.1. Let ® be a partition of CP"~! into almost-8-caps and suppose that
1<W<6§"'andl <N <W 6 Foreach 0 € ©, let {Tyj},<;<yw2m—1 be
a family of essentially distinct complex §-tubes contained in the unit ball Bcn (0, 1)

IThat is to say, we first consider the collection of all the §-balls that are essentially contained
in the intersection of at least r of the solids 7 € T, i.e., r-rich, and then take a subcollection
P, (T') consisting of essentially distinct §-balls such that every other r-rich §-ball in the super-
collection is essentially the same as one of the §-balls in the subcollection. There can be a little
ambiguity as to what exactly this subcollection P, (T) is; but since all the maximal subcollec-
tions have about the same size, we just fix any one of them.
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with direction in 0 such that every complex W ~-tube contained in the unit ball with
direction in 0 essentially contains N of the complex tubes Ty ;. Let T denote the set
of all the tubes Ty, ;. Then, for richness r 2 52(”_1)_8|T |,

|Pr(T)| Se 6 W 2070722,

Theorem 1.2. Letn =2 o0r3, 1 < W <871, and T be a collection of complex §-
tubes essentially contained in Bcn (0, 1). Suppose each complex W = -tube essentially
contained in Bcn (0, 1) contains No complex 5-tube T € 'T. Then, for

r = max{§>" V=8| T |, 1+ Ny},

we have

n+1

|PV(T)| Ss,n,N 5_8|T|ﬁr_n—l i

Corollary 1.3. Fix2 < s < 4. Let E be a set of ~ §~° many §-balls in Bc2(0, 1) with
at most N 8-balls in each ball of radius §°/*. Then, the number of disjoint §-balls
needed to cover the difference set

A(E) := {(Xl —x2)> + (11— y2)? € C: p1 = (x1,)1), P2 = (x2,¥2) € UE}
zs,s,N S_H_E

forall e > 0.

In Section 2, we review some definitions and conventions that are used in the rest
of the paper. In Section 3, we prove a lemma which allows us to capture the beha-
viour of a large number of small balls using a few slightly larger balls, and thus lays
the foundation for induction on scale. In Section 4, we consider two strong spacing
conditions on complex tubes, and prove an upper bound on the number of rich balls in
each case. And lastly, in Section 5, we derive a lower bound on the number of distinct
complex distances for certain sparse sets in C2 by reducing the problem to one about
incidences between complex tubes.

2. Definitions, notations and conventions

As mentioned in the introduction, there are two equivalent ways to define the angle
between two complex lines, say

Ui={zu1 +t1€C":ze€C} and ¥ ={zup, +t, € C":z € C},

with [luy || = [uz]| = 1:
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(1) Treat the complex lines as 2-planes in R?”, and define the angle between the
complex lines to be the first principal angle between the planes

min arccos(t(zlul) -L(Zzllz)),
21,22€C:|z1 |=|z2|=1

where ((u) denotes the usual embedding of u € C” into R?";

(2) Define the angle numerically to be arccos |(u1, #»)|, where (-, -) is the usual
inner product on C”; this is also the Fubini—Study distance, up to a scaling constant,
between the equivalent classes of 1 and u, in CP?~!,

Note that for 2-planes in R?” corresponding to complex tubes, the two principal
angles are equal’. Hence, the study of incidences between complex lines in C” is
different from the study of incidences between general 2-planes in R?".

To see the equivalence, write

uy = (a; + bii,cy + dyi) and up = (as + bai, cx + dai),
with ay,az,b1,b2,c1,¢2,d1,d> € R. Then, for any z = elt with ¢ € R,

t(ur) - 1(zuz) = (a1az + b1ba + c1c2 + didz) cos §
+ (—a1by + azb; — ¢1dy + cadq) sin C

Hence,

min arccos(t(zyuy) - L(z2u2))
21,22€C:|z1 |=|z2|=1

= arccos max (\uy)-iL(zu
(ze(C:lz|=1 (1) - ((zu2))

= arccos \/(alag + b]bz +ci1cp + d1d2)2 + (—a1b2 + azbl — Cld2 + 62d1)2

= arccos |{u1, uz)|.

The following proposition implies that two tubes with the same centre are essen-
tially distinct only if the angle between them is > §. More generally, if tubes 77 and
T> intersect with

1
Ty N T2| > - max (|71 N (T2 + 1)),
2 teCr

then T} and 75 are essentially distinct only if the angle between 77 and T is = §.

2Let’s assume without loss of generality that 1 = ¢ = 0. Suppose the first principal angle
is attained for the pair of unit vectors (vy,v2) € 'R
ment of t(v;) int(£;) is spanp (t(iv;)) for each j € {1,2}, the second principal angle between
t(€1) and ¢(£2) is arccos(t(ivy) - t(iva)) = arccos(t(vy) - t(v2)).

up x eiRuz. Since the orthogonal comple-
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Proposition 2.1. Consider 5-neighbourhoods of the lines
b1 ={zu; :z € C} and €, ={zuy,:z € C}

for some direction vectors uy and u, that form angle 60 > 0 to each other, according
to the definition above. Let 1 : C* — R?" be the usual embedding. Then
2n

sin? 6

|e(N5 (€1)) N e(Ns(£2))] ~

2.1)

We prove this proposition in the appendix.

Given any shape A € C" ~ R?" and any scalar b € [0, c0), we denote by bA the
uniformly scaled shape {b(a — c4) + ¢4 : @ € A}, with ¢4 being the centre of mass
of A.

Given any shape 4 € C", we define its dual, denoted A*, as follows:

A :=={xeC":|x-(y—cq)| < lforall y € A4}.

For example, consider a tube of radius ~ § and length ~ 1 in R”, not necessarily
centred at the origin. Its dual is a slab of radius ~ §~! and thickness ~ 1 centred at
the origin.

By fixing a bump function for the unit ball, and then pre-composing the bump
with translation and isotropic scaling (and rotation if we wish), we can construct
smooth bump functions for balls in C” in a uniform way. In a similar manner, we can
uniformly construct bump functions for complex tubes as well. These uniformly con-
structed bump functions are called “the” bump functions for the balls and the tubes.

3. A bridge between different scales

To study the high-frequency part of a later integral, we need the following geometric
fact.

Fact 3.1. Let T be any collection of essentially distinct complex tubes of length
~ 1 and radius ~ D, and @ be any point in Bcn (0, 1) \ Bcn (0, p), with AD™! «
A1« p<1(say A:= DToon and p := D83)k_1). Then, the number of enlarged
dual complex slabs AT* (centred at the origin of width ~ A and thickness ~ AD ™)
passing through the point @, not counting any multiplicity?, is

< 22| 2D,

3For example, imagine two complex tubes 77 and 7> such that 75 is a translate of a tube
that is not essentially distinct from 7. Then, the two dual complex slabs Tl* and T2* are not
essentially distinct. If both AT;* and AT, pass through the point @, they would count as one
enlarged dual slab rather than two.
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Proof. 1t is not hard to see from symmetry that the maximum is no more than a
constant multiple of the average number of enlarged dual slabs in a maximal D~!-
separated collection that pass through a point on the sphere dBcn (0, |@]|). A double-
counting argument then gives

D2(n—1) . (XD_1)2||(0 ||2(n—2)
[l [|2(=1)

— /\2”(0”_21)2(”_2). -

#{enlarged dual slabs passing through @ } ~

In the proof below, we do not make a clear distinction between integrals over
(subsets of) C" and integrals over (subsets of) R?". The readers shall treat all integrals
as over R2", especially when Fourier transforms are involved.

Lemma 3.2. Suppose P is a set of essentially distinct unit balls in Bcn (0, D), and T
is a set of essentially distinct tubes of length D and radius 1 in Bcn (0, D) such that
each ball of P lies in ~ E (more specifically, at least E and less than 2E ) tubes of T .
Then, for any smalle > 0and 1 < p~! < A < D (say A := D 0% and p := D53)F1),
at least one of the following is true:

(1) (Thin case) |P| < (log D)A2p~2E~2D2(=D|T|,
(2) (Thick case) There is a set of finitely overlapping 2A-balls Q; such that
(a) Uj Q; contains a 2, (log D)™ fraction of the balls g € P; and
(b) each Qj intersects 2, EA2p72" tubes T € T.
Proof. Let us begin with some pigeonholing. For each dyadic E < k < D2~ Jet

P, C P be the set of balls contained in ~ k of the thickened tubes N, (T'). Then,
there exists an index k¢ for which

| Pxo| Zn (log D)~ P|.

We study the subset P’ := Py, instead of P.

Define
f3=Zqu gi:ZWT,

qgeP’ TeT

and 1
I(P',T) := {(q,T) eP' xT:|gNT|= §|q|}.

Then, treating f and g as functions on R?”",
1005 [ fo= [F3= [n72+ [a-n7E

where 7 is “the” smooth bump function approximating x (o,p)-
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In the low frequency case,

15 [17E= [ fean =3 % [vawren,

geP’' TeT
Since 7 decays rapidly outside of B(0,p~!), A > p~! > 1 and suppyr C 27T,

[Wr * 7| < sup [B(@,2) N2T| - [7llzee ~ A% - p*".

weC”?

Hence, for each g € P/,

> /wq(wr x7) S A2p?" #{T €T :q N Nu(T) # 2}

TeT

It follows that

E|P'|~I(P' . T) s Y 2p*" - #{T €T :qn Nu(T) # 2}.
qgeP’

Thus, for balls ¢ € P’ = Py, we have
#H{T €T :qNN(T) # @} 2 EA2p ",
Note that
{TeT: qNN(T)# 2} ={T €T : T NNq) # 2},

and each neighbourhood V) (¢) can be covered by a 2A-ball.
As for the high frequency case,

1 s fa-niEs (/(1 - n)|7|2)2(/<1 - n)|§|2)2

(/(1 - n)|7|2)2 <17l = 1/ Iz ~ 1P]3.

where

Group the tubes in T according to their directions: Let ® be a partition of CP"~! into
almost-D_l-caps 0. Define Ty to be the set of tubes in T with direction in 6, and set

g = ) Yr.

TeTy

For each 6 € O, fix a direction vg € 6 and a tube Ty centred at the origin of length
~ 1 and radius ~ D~ in direction vy which is contained in all tubes centred at the
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origin of length ~ 1 and radius ~ D~ with direction in 6. Then, for each § € ® and
T € Ty, Y decays rapidly outside of 7. So,

JE

- [a-n|Zal
0€®
~[u-ne)]| ¥ aefdor [(-n0)] ¥ aw|de
&ATjsw &Aijw

s/ (1-n@)) - #0 €O :ATS 30} Y |gp(@))*dw
C"\Bcn (0,p) oo
< AZP—ZDZ(n—2) Z / |g\0|2
fe®
where, in the last inequality, we used Fact 3.1, and
> [1@r =% [1er s Y [wep ~ 11102
fe® 6e® TeT

Putting things together, we get
E|P'| ~ (P!, T) S |P|? - Ap~' D""2-|T|2D,

which reduces to
|P'| S E2A%p 2DV |T|. =

4. Proof of the main theorems

We rephrase here Theorem 1.1.

Theorem 4.1. Suppose that 1 <W <8 'and1 <N < W15~ Let © be a partition
of CP"~! into almost-caps 6 of radius ~ § and for each 6 € ©, let

(Tp,; 1< j<sw2rDyy

be a family of essentially distinct complex tubes of radius & and length 1 essentially
contained in Bcn (0, 1) with the property that, for each direction 0 and for a fixed
maximal collection of essentially distinct complex tube of radius W~ and length 1
essentially contained in Bcn (0, 1) with direction in 0, each of the complex W~1-
tube contains, essentially, ~ N of the tubes Ty j. Let T denote the set of all the



Incidence estimates for tubes in complex space 215

tubes Ty j. Then, for each & > 0, there exist constants c1(g) and c2 (&) such that, for
r = ci(e) 820D T,

|P-(T)| < ca(e) §EW 20D =22,

Proof. Let us start with two base cases:

(D Ifco(n,e) <8 < 1, where ¢y is a sufficiently small* constant, then P, (T) # @
only if 7 < 1, under which condition both | P, (T)| and W =2¢=D;=2|T |2 are ~ 1.

(ID) If r = o, §72=1 where o, is a sufficiently large dimensional constant, then

P,(T) = @, and the claimed inequality is trivially true.
0

)

Now, assume that the following estimate holds when either 7 = 2r or s >4 !
or both, and ¥ = ¢ (¢) 82~ D~¢|T|:

|Pr(T)| < ca(e) §EW 20D 2T 2,

We can assume in addition and without loss of generality that W <, . §~'T2mn

since otherwise
82(n—1)—8|']T| > 82(n—1)—sW2(n—1)8—2(n—1) > e 8—2()’!—1)—8 > 8_2(’1_1),

and it would follow from the second base case that P,(T) = @. This assumption
implies W < (A8)~1, where A := §~ To0n .

Let P := P,(T)\ P,(T).If | P.(T)| = 10| P|, then by our induction hypothesis

10 10 e —2(n— _
[P(T)] < 5| Por(T)] < ea(e) W 207D 2r) 2T 2

< ca(e) §TEW 20D 2 T2,

Thus, we may also assume | P, (T)| < 10| P].
If we are in the thin case, then, taking £ := r in Lemma 3.2, we get

|P| S (— log8)8_ﬁ+253r—28—2(n—1)|71[*|
< (—log 5)8_2'5%+233r—zw—2(n—1)|1r|2
= (—log §)§(1~2a)et2e> L g=e, =2y =20=1| 12,

where, in the second inequality, we used the fact that |T | ~ W2#—Dg=21—D N

“Being sufficiently small here means being small enough that all the expressions of the form
8518 with h(e) a real-coefficient polynomial, appearing later in this section, are as small or
as large as needed.
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It follows that for § sufficiently small,
|Pr(T)| < 10|P| < 2(e) W20 2T 2,

If we are in the thick case, then there exists a collection P of essentially distinct
2A8-balls Q; such that | ; Q) contains a X (—log 8)~! fraction of the §-balls in P,

and each Q; intersects 2 r8~%one+2n¢* tubes of T. Thicken each 8-tube in T to a
A8-tube, and call the new collection T. For each 1 < M < A2=D et Ty be the
set of 218-tubes in T which contain ~ M tubes® of T. By dyadic pigeonholing, we
can find a particular MO such that TMO containsa = ((n — 1) log A)~! fraction of the
incidences between T and P. Observe that for each 2A8-tube T, every 2)8-tube that
is not essentially distinct from T lies completely in the tube 107 . Let TMO max < TMO
be a maximal subset of essentially distinct 2A5-tubes. Then,

](IOTMO,max, P)> I(’]TMO’ P),

where IOTMO,maX = {IOT T e ﬁMo,maX}. Further, since each §-tube is contained in
<n 1 essentially distinct 2A§-tubes,

|T| Zn M0|10ﬁM0,max| = MO|TM0,max|'

From now on, we write T%T = IOTMO,max.

It is easy to show by contradiction that for § sufﬁciently small, a =, 58 fraction®
of the 2A8-balls Q; € P intersects = 8 - r§~%om ¢+27¢° M= tubes of T, with the
implicit constant in the latter inequality being, say, c=C (n, €). Since each 2A8-ball
contains <, A" essentially distinct §-balls,

IP| S (~10g8)A?"| B| 5 (~ log8)57% 57| Pr(T)]

where 7 := | Cré= 5o et2ne?+e? pro-t |
It follows from the given properties of T that T, together with § := 218 and
W := W, meets the spacing condition in the induction hypothesis. Moreover,

~ _n—1 3,.5 _ _1)— 1a_n—1 34,5
7 Z 78§ 50n e+2ne’+¢ MO 1 > 01(8)52('1 1) alTlMO 18 Son E1H2ne’+e

>, (AS)Z(n—l)—sA—Z(n—l)—l—ﬂ% |8"§0—nl e+2ne3 48

N (/\8)2(n—1)—6|f~ |5—ﬁ82+2n83+85 ’

At least M and strictly fewer than 2M tubes, to be precise.

®The choice of the exponent 7 in the expression 8¢" and the exponent 5 in the expression
8¢ in the next line is somewhat arbitrary, other powers could work just as fine for our proof, as
long as the latter exponent is sufficiently large and the former is even larger.
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with §~To0m &> +2ne>+¢% 5 1 Thus, by the induction hypothesis,
|P(T)| < c2(e) (2A8) W20 DF2|T 2

< ea(e) S—sW—Z(n—l)r—ZHT |2 .A—SG—ZS'EEJ e—dned—2¢3

Hence,
|P.(T)| < |P|
< (—log8)8™ 57" | Px(T))|
7

5 02(8)5_8W_2(n_1)r_2|T|2 . 6—2(_ log 8)8%84_%82_4”83_285_8 ,

where C~2(— log 5)5%”%82_4"83_285_57 <« 1 when n = 2. This closes the

induction. u
Below is a restatement of Theorem 1.2.

Theorem 4.2. Letn =2 o0r3, 1 < W < 871, Ny be a positive integer independent
of § and W, and T be a collection of essentially distinct complex §-tubes essentially
contained in Bcn (0, 1). Suppose, for some maximal family of essentially distinct com-
plex W~ 1-tubes essentially contained in Bcn (0, 1), each of the W ™! -tubes contains
exactly No complex 8-tubes T € T. Then, for r = max{C,62"~D=¢|T| 1 + Ny},

- _n_ _n+l
|PY(T)| se,n,N(,S E|T|nﬁlr ’:171‘

Note that, given any collection T of essentially distinct complex §-tubes obey-
ing the slightly looser spacing condition that each complex W ~!-tube in some fixed
maximal family contains at most Ny of the tubes from T, we can always augment the
collection T with extra §-tubes if needed to obtain a collection Ty, 2 T of essen-
tially distinct complex §-tubes such that each complex W ~!-tube in the fixed maximal
family contains exactly Ny of the complex §-tubes in T,ue. So we have the following
quick corollary, which we use in the proof of Theorem 5.2.

Corollary 4.3. Letn =2 or3, 1 < W < 8§71, Ny be a positive integer independent
of § and W, and T be a collection of essentially distinct complex 5-tubes essentially
contained in Bcn (0, 1). Suppose, for some maximal family of essentially distinct com-
plex W -tubes essentially contained in Bcn (0, 1), each of the W ~!-tubes contains
at most Ng complex §-tubes T € T. Then, for richness

r= max{anCSSZ(”_I)_8N0W4("_1), 1 + No},

where ay, denotes the smallest dimensional constant that ensures |'T | < a, No W 4n—1)

we have that "
n
|Pr(T)| Sen,ng W r™a=t.
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Proof of Theorem 4.2. We again do a double induction on the scale § and the rich-
ness 7. Here are the base cases:

(I) Suppose r =,, No8~2"*2, with the implicit dimensional constant in the lower
bound being sufficiently large. Then, r =, Nod~2"1t2 = NyW?2"~2 would imply that
P,(T) = @, and the claimed inequality would be trivially true.

(II) Suppose § ~, 1. Then, on one hand,
|Pr(T)| < [Prang(T)| Su (WP 2P NG < 57 ING ~ y 1

On the other hand, P, (T) is nonempty only if r <, NoW?2"~2, in which case

n n+l n n+1
T AT r™ 0= 2, (NgW 2 D)=t (Ng W 2" =2) n=t

1
> Ny TS L

Thus, the claimed inequality follows.

For the sake of induction, let us assume that the bound below holds when either
7>=2rord =8¢ orboth, and ¥ > max{C.62"~D=¢|T|, 1 + No}:

T ~ —_n+l
|PH(T)| < cnony 86| T |77 n1

We assume without loss of generality that W < §~1+ % « (18)~!, with A := §~ To0n .
By dyadic pigeonholing, we can find an & = a(r) > W™ such that the subcol-
lection

Pro(T) = { p € Pr(T) : The maximal angle between complex tubes
of T passing through the §-ball p is ~ a.}

has size = (—1log §)~!|P,(T)|. The lower bound W~! comes from the requirement
r =14 Ny, which infers that the complex §-tubes passing through any r-rich §-ball p
cannot all lie in the same W ~!-tube.

Let us first consider two cases where r < §7°.

(a) Suppose o < § 367 Let {r} € CP""! be a maximal set of a-separated dir-
ections. For each 7, cover Bcn (0, 1) with ~, a2~ complex a-tubes [I; in the
direction 7. Let T, denote the collection of complex tubes 7' € T that are essen-
tially contained in [J;. Then, our assumption about the spacing of the complex tubes
implies that | T, | <, No(aW)*—D,

Now, fix a complex tube [J;, and rescale [J; to essentially a unit ball. Then, the
complex §-tubes in T become complex g—tubes, the collection of which we call
TD, .Here, § := g > §~3¢°§. This collection TD, might not Sxactly match the spacing
condition in the induction hypothesis with W := oW as Tp, could be sparse; but
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by the argument preceding Corollary 4.3, we still have the following bound at the
richness
Fi= max{fanCESZ("_l)_8N0W4(n_1)], 1+ Noj <r

we have

|PHTL) Snevg 8 W4 F 0T < 5o, @.1)

Rescaling the unit ball back to the complex a-tube [, we see that each 7-rich g—
balls becomes a complex tube of radius § and length g, which can be viewed as an
almost disjoint union (or, more precisely, a finitely overlapping union) of ~, a=2 of
the §-balls in P54 (T). As a result,

1Praey(T)] < [Pray(T) <o DD 1Pr(To,)| -2
T O

5\ —¢
<neNo o Hn=1) | (_) (aW)4” a2
o

~n.No 5—8|1r|n"fl ca2tE,

where

3.3 ntl.3 3.4 n+l 3
a2+s < §2¢ {(2+¢) < En—18 .28 < pTn-1.832° .

. .. 3 3.3
So, we can close the induction in the case where r < §7¢ and o < §2°".
3.3 .
(b) Next, suppose o > §2¢". Then by our assumption about r,

n+1 "+183

e i — e pr AT
§TEIT[7=Tr=n=T 2, 8Ny~ T W §n=1

1
Thus, when W > §~2F§, we have
_ _n_ _n+tl oy ntl. 3 _
STEIT |a=Tr—n=T 2y, §72"72F0=18 » §72" > | P.(T)).

For this reason, we may as well assume W < §~3+% in the rest of part (b). Then,
W2 =55t » 8. Let T be the collection of complex W ~2-tubes obtained by
thickening each complex §-tube in T, and let Tmax - T be a maximal subcollection
of essentially distinct W ~2-tubes. Since W =2 < W™, the spacing condition of T
implies that |Tmax| > Nyt |T |. Let Q be a minimal covering of B¢ (0, 1) consisting
of W~2-balls; and for dyadic X, M > 1, let Qx,» be the collection of W~2-balls in
Q that contains ~ X of the §-balls in P, 4(T) and intersects ~ M of’ the complex
d-tubes in T. We note that the set Qx as is nonempty only if X < (WT_Z)Z” and
r<M < W=D Then, by dyadic pigeonholing twice, we can find some particular

At least M and strictly less than 2M of the complex tubes, to be precise.
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Xo and Mo such that (¢ Oxo.n, 4 COVETS 2 >, (—1log §)~2 fraction of the §-balls
in Py o (T). By definition, each §-ball in P, o(T) is intersected by two complex tubes
in T with directions differing by ~ «. Hence, the number of §-balls from P, (T)
contained in each g is < a2 M02; and, consequently, we have

—2272 —383 342
XoSa "My <é M.

By the induction hypothesis,

—

T ~ _n _n+
|PM0(Tmax)| < W28|T|ﬁMO n=T

Therefore,

|Pr(T)| = (_ 10g8)2 - Xo - |PM0(Tmax)|
2 0—3e3 11726 T n_ o 2-0FlL
< (—1og 8)2873 W28 | Ty | =T M, "
< (= log§)28~3 4261 +H) | atkr g2~ 71
n+l

— (_ lOg 5)28%62_383- 8—8|r]r|””Tl . Moz_nfl ,

2_m
with M, "' <1whenn =2or 3, and

(= log 8264773 — (Llog)2she?GHithe sitted o it

. . . 3 3.3
This closes the induction in the case where r < §7¢ and o > §2°°.

From now on, suppose that r = 5§ I W <5, then P, (T) # @ only if
r <n NoW?2"=2_in which case

n—2
—1

|Pr(T)| < |Piong(T)] Sp (W2CPDPRNE ~, | T 7T (N W 221Dy

_n_ _n+l _
SuNg | TP r = WAE=2)+2(n+1)

< |T |7 =it g (6n—0)et
< |T|iT =it s,
So we conveniently assume W > 5" Take D := 6", and let @ be a covering of

Bcn(0,2) consisting of Dé§-balls ¢ such that no two of the balls %cg overlap®. By our
induction hypothesis, we may assume without loss of generality that |P| ~ | P (T)|,

8Basically, we find a packing of the set B¢ (0,2) by %DS-balls and then double the radius
of each ball to obtain a covering. Choosing such a covering helps us avoid ambiguity about
where the chopped tubes come from later in the proof.
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where P := P,(T) \ P,,(T). For any pair of intersecting 7" and ¢, the intersection
T N ¢ is contained in a complex tube of length 2D4§ and radius §, which we call T.
Fix a maximal subset Tcl)“max - T consisting of essentially distinct chopped tubes that
maximizes (P, ?cfmax). Then in particular,

I(P, Tw) 2 W'D~V (P, T).

Let ﬁ"%, H be the set of chopped complex tubes T e ﬁ"max which are essentially
contained in ¢ and ~ H of the complex tubes T" € T. Because of the spacing condi-
tion, Ty, 57 # @ only if H < (WD~1)2=D_ As in the proof of Theorem 4.1, we first
use dyadic pigeonholing to pick a particular Hy such that

> Ho - [I(Py, Ty, )| Zn (—log8)"'[I(P,T)],
3€@

where P, is the collection of §-balls p € P that are essentially contained in ¢. Let
P, £ be the set of §-balls in P which are essentially contained in ¢ and ~ E of the

chopped tubes T e ﬁ"%, H,- Again, by dyadic pigeonholing, we can find a particular
E such that

> Ho - |I(Py £y Tq.11)| Zn (—log8) 2| 1(P.T)].
3€@

By the definition of Py g, we have |I( Py E,. ﬁ%,H0)| ~ Ey| Py, E,|; and by the defin-
ition of P, |I(P, T)| ~ r|P]|. It then follows from our choice of E that

_ r
;lP%Eol Zn (—logd) ol Pl (4.2)

On the other hand,

Z|P%,Eo| < Z|P%| < 2|P|.
¢ ¢

Hence,
HoEqy = |log §|2r. 4.3)
Further since each ¢ E Py £, is essentially contained in ~ E{ of the chopped tubes

Te T4, H,, and each T e T¢,H, is contained in ~ Hy of the complex tubes T € T,
each ¢ is essentially contained in ~ Hy E¢ of the complex tubes T € T. Recalling the
definition P = P,(T) \ P,,(T), we deduce that

H()E() <2r~r. (44)

Thus, by (4.2),

|P| Sn [1og 87 Y|Py k| |10g8|2(
¢€@

S 1Pl + Y |P%,Eo|).

¢ thin ¢ thick
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Now we apply Lemma 3.2 to each pair of Py g, and Tqﬁ H,- rescaled and translated
so that ¢ becomes the unit ball.

(c) For each ¢ falling into the thin case,
|Py.£o| S D752 Eg2 D20 DTy g,
So, if the thin case dominates, then

|P| <n [1og81> Y | Pyl < [log8]? - D252 Eg2 D200 N, py |,
¢ thin 3

To estimate the term Z% |T% Hol-let{o} € CP"~! be amaximal set of D~!-separated
directions, and for each o, let {{J, } be a minimal covering of Bcx (0, 1) consisting of
complex D~ !-tubes O, in the direction o. Let T, denote the collection of complex
tubes T € T that are essentially contained in 0. Each chopped complex tube T e
T%, H, intersects essentially ~ Hy complex tubes of T, all of which lie essentially in
the same ;. Rescale each [, to essentially a unit ball, and let TDG be the resulting
set of complex g—tubes, where § := DS. Then, TDU meets the spacing condition with
W := WD™!. Moreover,

D Mmool )Y 1PH(To,)l.
'3

o Og
where ¥ ~ Hj (or, more precisely, 7 is a constant fraction of Hy). Since
§=D§=¢8"% » 5"

we can apply our induction hypothesis and get

—

~ ~ ~ n n n _n+
|Px(Ta,)| < 87| T, [5TF 551 ~ (D8) (WD~ y*e=Di g n=

—& y—4n =i _Zi_}
~(D8) "D ™|T[#=T Hy ",

which implies

> 1Ty |
4

n _n+l1
D4(n—1) A (DS)—aD—4n|T|mHO n—1

A

D=4(D8)~#|T |7 H T
0 ’

and consequently

n+1 n

|P,(T)| < |log8|? - D>"~8+25 2 (D§)*E;2H, "' |T |

—

ntl (ol —1)e—ne3 =24+ 2EL 1 n
< |10g8|2+2”—]8 £D2n 6+ (55, —1)e—2¢ EO n=T == |T|"—1,
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= 0, i.e., when

|

n=2or3,
E02+n 1 < (D2(n l)) 2+n+1

and hence
|Po(T)| S [log8|r D(n~De=26 . 5=e, =it T 1

where | log 8|1 D(zs7~De=26% 1,
(d) For each ¢ falling into the thick case, there exists a collection ﬁ% of finitely
overlapping balls p of width ~ D 1007 § such that the union U pep, D contains a >

(log D)~! fraction of the balls p € Py g, and each ball 7 intersects > Eq D SG7e—2ne’
of the complex tubes T' € Ty g,. Set
- A
¢ thick
Then, each p € P intersects > NoEoD $ore—2n8> of the complex tubes 7 € T. To
apply the induction hypothesm we fatten each complex §-tube 7 € T into a complex
tube 7 of width ~ D 00% §, and call the collection of all these complex tubes T Then,

P - P-;(T) for 7 a sufficiently small constant fraction of Hy EoD Loy e—2ne’ , and for
such 7 we have

F ~ HoEoD %m e72n> > (1og §)™2pD Sone=2n> 5 1
> max{C:82"~D=¢|T|, 1 + No).

The collection T meets the spacing condition with §:=CD"1ong and W := w,

where
W =W <§ 2 a-ntaD « §- 1+ Umon) ~ 51,

Hence,

> 1Py < |PH(T)| s 557 | T
¢ thick
2(n+)

< gee (1+100,,)|10g5| .88y ﬁ|’]r|n

and

|P-(T)| < (log8)* Y|Py kol < (log8)*(log D) Y | Pyl

4 thick q, thick

2( +1)
T N n |T|n

< §eE (1+100")|10g8|3+
< 5—8r—m|11“|m

The induction is now complete. |
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5. Application to a variant of Falconer’s distance set problem

In this section, we investigate the following question.

Question 5.1. Fix 2 < s < 4. Let E be a collection of ~ N§™° many’ §-balls in
Be2(0, 1) with at most N 8-balls in each ball of radius §*/4. How many finitely over-
lapping §-balls are needed to cover the difference set

A(E) := {(Xl —x2)? + (1= 32)? € C: 1= (x1,71), P2 = (x2,2) € UE}7

Our work builds up to a proof of Corollary 1.3, which we have restated below as
Theorem 5.2 for convenience.

Theorem 5.2. Let 2 < s < 4, and E be a collection of ~ N6—° many §-balls in
B2(0, 1) with at most N 8-balls in each ball of radius §%/*. Then, the number of
distinct §-balls needed to cover the difference set

A(E) = {(n1 = x2)” + (1 = y2) € C: iy = (r1.y1). a2 = (e v2) € | J £}

IS Zes,N 8§72%¢ forall & > 0.

We emphasize that our complex analogue of the distance set is the set of squared
sums of differences, rather than the set of squared sums of the norms of the differ-
ences.

Definition 5.3. Given any pair of points p; = (x1, y1) and pr = (X2, y2) in C2,
define
A(p1. P2) == (x1 — x2)> + (y1 — y2)*.
To build a connection between the difference set problem and the incidence estim-
ates, we introduce an auxiliary line for each pair of points in C2.

Definition 5.4. Given any pair of points p; = (x1, y1) and p, = (x2, y2) in C2,
define the auxiliary line

- X1+X2+)’1—Y2Z’Y1+y2_xl—x22’z ecl
2 2 2 2

To simplify future notation, let us write

N P Xl—le
V5\.p2 = 2 T 2 ’ :

9Say 1|Bc2 (0, 1)|NS™ < |E| < 2|Bc2(0, 1)| N5,
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Then,
D1+ D2 .
lﬁl,ﬁz={(—2 ’0)+Zv51,52'ze(c}'

The intuition behind this definition comes from the Elekes—Sharir framework used
in the distinct distance problem in R? (see, e.g., [2]): Over R instead of C, the ortho-

gonal projection of / onto the first two coordinates is the perpendicular bisector

P1,b2
. - - . 2 . .

of the segment between the points p; and p; in R<, and the line /5, 5, itself paramet-

rizes all the rigid motions mapping p; to p,. Two things to note:

(1) For any four points p; = (x;,y;) € C2, j = 1,2, 3, 4, the auxiliary lines
[

51,5, and [ 5, 5, intersect if and only if

A(p1. p2) = A(p3. pa).

We prove a more quantitative version of this statement in Proposition 5.7.

and /;

. . . - - 2 .y .
(2) For any two distinct points p1, p» € C=, the auxiliary lines / BB

are different.

P1,b2

Definition 5.5. Given a collection E of §-balls as described in Question 5.1, we can
choose two balls B’ and B” of radius C; < 0.01 with centres at least C, = 1.2 apart so
that each of the subcollections £’ :={qg € E:q C B'}and E” :={q € E : q C B"}
contains a = 1 fraction of the balls in E.

Define T to be the collection of complex almost §-tubes

(Tyrao : (q1.42) € (E' x E") U (E" x E")},

where
Tqy.q2 = ( U 1171,1‘52) N Bc3(0,1).
(B1,P2)€q1%q2
The following proposition justifies our choice to call the auxiliary objects Ty, 4,
“almost” tubes.

Proposition 5.6. Let g1 and q» be any two §-balls contained in BC2(6, 1), and let
01 = (x3,. ¥3,) and 62 = (x3,. y5,) denote the centres of qy and qa, respectively.
Then,

(1) Tgy.4, S MNas(l5,,5,) N Bc3(0.1); and

(2) Tqy.9, 2 Nsj2(lz, 5,) N Be3(0,1).
The proof of this proposition involves nothing more than basic geometry and

algebra, and is included only for the sake of completeness. Readers may trust their
instinct and skip to the next page.
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Proof. To prove (1), consider any two points p; = (x1, y1) € ¢1 and pp = (x2,)2) €
q2, and any scalar z € C such that

(x1 + X2 yi—Y2 y1+y2
+ z

X1 — X2
, - , € Bc3(0,1).
2 2 2 T2 Z) c>@.1)

Then, clearly, |z| < 1. The triangle inequality gives

”(xl-l-xz yi—y2 y1+y2 X1 — X2 )
3 +z z ,z

2 ’ 2 2
(X5 %5, +Zy31 —yc?z’ Y&, T V3, _Zxal —xaz’z
2 2 2 2
7} Dy — 01 — O DL — Pr—01+0
< lp1+ p2 1 2| +|Z|||I?1 P2 1+ 02|
2 2
< | p1 — o1l ‘; |p2 — o2l [Ip1—o1ll ;L | p2 — 02| <28

To prove (2), consider any scalar z € C and any point (a, b, c) € B¢3(0, %) such
that

X5, + X5 5 — Vs 5+ Vs Xz — Xz
( &1 : 6 V% 2yg2 +a’yol 2y02_z &1 . az+biz+c)€BC2(0’l)_

We would like to solve for the following system under the additional requirement
(r1,81), (r2,82) € Bc2(0,9):

(x3, +11) + (x5, +712) (s, +51) + (v3, +52)

+(z+c¢)

2 2
X5, X5, Y, — Vs,
= zZ a
2 + 2 +
g 51+ (yz, +5 Xz, +r)+ g, +r

(y(rl 1) (y02 2) + (Z+C)( a1 1) ( 02 2)

2 2
X5, X5, Y3, — Vs,
= z b
2 + 2 +

After rearrangement, the above system is equivalent to

r+r; S1— 82 Y&, — V&,

+(z+c =a—c——=

2 ( ) 2 2
51+ 52 ry—rnr; x;,]—x(;z'
z+c =a—-—c——
2 @+ 2 2
Forcing ry = r, and 57 = 5,, we find a solution
Vo1 — Vo,
rn=r=a4—c———=
1 2 5
X5, — X5, ’

s1=8s,=b+c
1 2 + 5
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which has the property that

Ve — Ve, Xz, — X§
1250l = 259l = | (@) o222, T2
BT
<tan+ i 2 S

Next, define Q to be the set of all quadruples (¢1,92,93.94) € E' x E” x E”" X E’
such that

§ > dist(A(q1.92), A(g3.94)) := _ _ _ _min |A(p1. p2) — A(P3. Pa)l.
(P1,P2,P3:P4)€q1X92%Xq3%Xq4

The following two propositions then allow us to resolve Question 5.1.

Proposition 5.7. If a quadruple of §-balls (q1,42,43.44) € E' X E” x E" x E' is in
Q, then the corresponding complex 5-tubes Ty, 4, and Ty, 4, intersect in a 5-ball.

Proposition 5.8. The collection T meets the spacing condition of Corollary 4.3, with
W ~ 875/% and Ny = N2.

Remark 5.9. Here, we set W ~ §~5/4 (rather than W = §~5/4) to account for various
implied constants that appear when proving that a spacing condition for the §-balls
results in a spacing condition for the associated tubes. Ultimately, we want to make
W1 a small positive multiple of §%/* (e.g., by 1/1000); thus, we should think of W
as a multiple of §s/4 by a constant > 1. One could alternatively read the proposition
as the statement, “there exists C > 1 so that if W = C§™5/4 and Ny = N2, then the

collection T meets the spacing condition of Corollary 4.3.”

Below, we give a proof of Theorem 5.2 assuming both Propositions 5.7 and 5.8.
We later prove each of these propositions in a separate subsection.

Proof of Theorem 5.2. Assuming Proposition 5.7, and counting the incidences, we
have

015 Y. rPP(T)].

r=2 dyadic

Assuming Proposition 5.8, we know from Theorem 4.2 that for r > §4~¢|T|,
|PH(T)] S 87T |32,

The same bound holds true for 2 < r < §*¢|T| since |T| ~ §2* and there are at
most ~ §° essentially distinct §-balls in the unit ball B¢3(0, 1). Hence,

|O| < |log, 54| -8_8|T|% ~ |log§| L§TE3s
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Finally, by the Cauchy—Schwarz inequality, the number of §-balls required to cover
the difference set A(E’, E”) € A(E) has the following lower bound on it:

(HE' - #E")?
0]

So we have proved Theorem 5.2. |

#A(E',E") = > |log§|71675T¢ = 572 ¢,

5.1. Proof of Proposition 5.7
Fix a quadruple of §-balls g1 X g2 X g3 X ¢4 € Q and a quadruple of points
(P1. D2, P3. Pa) € q1 X G2 X 43 X q4.

Claim 5.10. Given any p;, ps € B’ and p,, p3 € B”, the angle between [; . and

I3

P1 P3

>
Popa 182 L.

Proof. We recall from Section 2 the usual embedding ¢ : C" — R?" splitting each
complex number into its real and imaginary part, and note that « commutes with addi-
tion and multiplication by real scalars. By the variational definition of the angle, all
we need to show is that the angle between the two vectors t(v3, 5,) and ((zv 3, 3,),
which we denote by 0,, is = 1 for all z € C with |z| = 1. The cosine law gives

ez, 5 )I> + lezvg, sOI> = ez, 55 — 205, 5,)117

2||t(v131,,33)||||t(2v52,134)||
1> -

cosf, =

v I

2
puasll” +1lv5, 5, 1,63~ “Vps.pa I?

205,511 75,.5
RSB 4 1)+ (1252 4 1) — (|25 — 2 BB 2 4 |1 — 2P
2 IS 2 + 13| 252 4+ 1
_2AEPO? 4 1) — (1P - 2 PR 4 |1 - 2P?)
2(2FEP +1)
4C1Co — (|1 P52 — 2 B3RP + |1~ 2P)

= 1 + b
2((2F)2 + 1)

so we just need to show that for some constant &; > 0,
401Gy — (12522 — 2 BB P 4 |1 - z)
C,—2C
2(EFEy 11

< —é€1,

or in other words,

P1— D3 Zﬁz—ﬁ4
2 2

2 2
C, —-2C
+|1—Z|2>4C1C2+281((%) +1)
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Since C, < 2 and C; < 0.01, it suffices to show for some £; > 0

2
+ 1 —2z?> > 0.08 + 4¢;.

o= ps P2 i
2 2

Let us assume to the contrary that there exists some z € C with |z| = 1 such that

5> o S5 o2
PL”Ps P27 Pl 4y 212 < 0.09.

2 2

Then, on one hand,
1 —z] <0.3;

while on the other hand,

03> Pl—P3_ZP2—P4
2 2

:"(1+2)P1—P3+Z(P4—P1)—(P2—P3)‘
2 2

S| Pl _'(P4—P1)—(P2—P3)
2 2

C, -2C 1
>%|1+z|—201>5|1+z|—0.02,

which, after rearrangement, gives
0.64 > |14+ z| = |z — (=]
But then by the triangle inequality,
2=[1-(-D|<[1—=z|]+]z=(-1)] <0.3+0.64 =0.94,

which is contradictory.

To summarize, in order for 6, to be small, the first two coordinates of v P1.Ps and
of v Ba.pa force z to be closer to —1 while the last coordinate of v B1.Ps and of v B, 4

force z to be closer to 1; yet the two cannot be achieved at the same time; thus 6,
cannot be too small. In conclusion,

. 0.09 —0.08 399
min 6, = arccos| ] — — ) = arccos{ — |}. =

(1
zeC:|z|=1 4 400

D1.D3° 152,134) =

Proving Proposition 5.7 now reduces to proving the following claim.

Claim 5.11. The distance between l[—,»l s and 11;2,54

plex tubes T, 4, and Ty, 4, intersect in (essentially) a §-ball in B¢, (0, 1).

is < §/2. Consequently, the com-
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Let us consider the mapping A : C? — Is, 55— lpy s S C3 given by

Pr+ D3 D2+ Pa
A(t7[,) = ( 2 - 2 ’0) + [vﬁ],ﬁ:; - tlvﬁZ’l_;4'

Observe that
|(P1 — P3) — (P2 — pa)| = |(P1 + Pa) — (P2 + p3)| = 2C, — 4C;.

If |x1 —x3 —x2 + x4| = |y1 — 3 — Y2 + ya|, then [x1 — x3 — x5 + x4]| = C, — 2C;

; — 4 — Y1+Y3—y2—y4
and by evaluating ||A | att =¢' = T o e find that

A(P1. P2) — A(P3. pa)|? 8 2 8)?
||A(t,[/)||2 — | (pl pz) (p3 p4)| < < - ,
(2|x1 — x3 — x2 + x4])? 2C, —4Cy 2
with [¢] = [t'] < (;24_—C21c1 < 5. If [x1 — X3 — X2 + x4] < [y1 — y3 — y2 + yal, then,

X1+X3—X2—X4

. Y
evaluating ||A || att =1t = TEr———

, we again have
8

A, )| < =,

|G <3

with |t| = |t/| < % Thus, in either case, there exists a ball of radius % which contains

a point from /5 5. and a point from / moreover, this %—ball lies completely in

P1,53 D2.D4>
the ball B¢3(0, 1) because

‘ \/ (c2—2c1)2 J3
, <4/l-—— ] < —,

2 2
and

S 545 31 2\?
(—pl+p370)+w131,173v(p2+p4v0)+t/vi52,1—54<\/7_+_. (5) Fe0%

D2+ Da
2

P11+ D3
2

2 2 25

The §-ball with the same centre witnesses the incidence between the complex tubes
Tyy.q5 and Ty, g, u

5.2. Proof of Proposition 5.8

Let W~! = ¢8%/4 for some small constant ¢ € (0, 1) to be determined. Let R be a
complex W~!-tube in B¢3(0, 1). We want to show that if ¢ is sufficiently small, then
R contains no more than N2-many tubes of T. To accomplish this, we partition T
into at most N2 parts and show that R contains at most 1 tube from each of these
parts. To partition T, we first partition E.
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We can think of partitioning E as assigning a color to each §-ball in E. We adapt
a graph-theoretic argument that we first encountered in [1], in the proof of their Pro-
position 4.1. We build a graph whose vertex set is the set of centres of the §-balls
in E and place edges so that two vertices have an edge between them if and only if
the corresponding §-balls are both contained in a larger 6* /4_ball. The resulting graph
has maximum degree N — 1, so by Brooks’ Theorem, the chromatic number of the
graph is at most N ; that is, we can color the §-balls of £ using N colors in a way that
guarantees that no two §-balls of the same color are in any §*/4-ball.

For j =1,..., N, let E; be the set of §-balls which were colored with color ;.
For1 < j,k < N,let Tjx C T be the collection

T ={Ty0, € T 11 € Ej and g € Eg).

Since the N? subsets {T;x}1<jk<n partition T, proving Proposition 5.8 now
reduces to proving the following claim.

Claim 5.12. For any pair of indices j, k with 1 < j,k < N, a W~ !-tube R contains
at most 1 tube in T} .

We now prove the claim.

Proof. Fix a pair of indices (j, k). We consider two distinct §-tubes in T} x and show
that there is no W ~!-tube in B3 (0, 1) that essentially contains both of these §-tubes,
provided that W~ = ¢85/ for a sufficiently small constant c. Although the proof is
notation-heavy and may appear complicated, it ultimately reduces to an application
of the parallelogram law.

Let 61 = (x5,.Ys,) and G2 = (x3,. V5,) be the respective centres of §-balls ¢,
and g5 in Ej, and let 63 = (x3,, y5,) and 64 = (x3,. ¥5,) be the centres of g3 and
g4 in Ej. We want to show that there is no W ~!-tube that essentially contains both of
the tubes'’ Ty, 45 and Ty, 4, To accomplish this, we embed 7y, 45 and Ty, 4, into R®
and parameterize their respective images by functions G 1,3, G4 : Bg2 (6, %) — RS,
We show that for all (¢, B) in a set consisting of at least half the area of Bp2 (6, %),
the distance from the point G ; 3(c, ) to the image of G, 4 exceeds w1,

100ne should note that, despite the similarity in notation, the tubes Ty, 45 and Ty, 4, do not
necessarily satisfy the same hypotheses as the tubes appearing in Proposition 5.7. In particular,
in Proposition 5.7, we assume that (¢1,¢2,¢93,94) € E’ x E” x E” x E’. In the context of our
present proof, we merely know that the pair (g1, ¢3) is in one of E’ x E” or E” x E’, but we
do not know which. Similarly, we know that the pair (g2, ¢4) isinone of E’ x E” or E” x E’,
but we do not know which.
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Since ¢; and ¢, are both in E}, it follows that [|G; — &2 = §%/4. Similarly, since
g3 and g4 are both in Ey, it follows that ||G3 — 4] = §%/*. To leverage this separation,
we apply the parallelogram law to the vectors |07 — 03| and |63 — 4] to get

2(61 — 32||* + 2|63 — Gal®
= (61 — 02) + (33 — G4)||* + (51 — 52) — (63 — Ga)|I*

= ||(G1 + 63) — (G2 + G4)||> + (51 — T3) — (G2 — Ga) | *- (5.1

We ultimately take cases according to which of the terms on the right-hand side of
equality (5.1) is larger. In either case, the dominant term is comparable to

2|61 — 621 + 2|63 — G4l|%,

which is, in turn, at least 4(8%/4)2.
The tube Ty, 45 is roughly the §-neighbourhood of the complex line segment /3, 5.
defined by

{(XG, + X5, Vs + Vs, 0) +Z(y51 — Y53 X6 ~ %53 1) 1zeC,z] < l}

2 ' 2 2 2 2

and T, 4, is the §-neighbourhood of the complex line segment

G2,04

_ xa2+xa4’y$y2+ya4’0 e yaz—y&4’_x32—xa4’l :ze(C,|z|$l _
2 2 2 2 2

The complex lines /3, 5, and I3, 5, correspond'! to real two-planes P; 3 and P; 4.
If we write Xz, =a; +bji and y;. =c; +d;i witha;,bj.cj,dj eRfor j =1,....4,

then we can define parameterizations G1 3, G 4 : R? — R® by

b b d d
G1,3(a,,8)=(a1_§a3, 1-; 3’61—;—03’ 1—; 3’0,0)
t Cl_CB,dl_d3’_(al_a3)’_(b1_b3)’1’0
2 2 2 2
(di—d3) ci1—c3 bi—bs (a1 —as3)
- ’ ’ s ,0,1
+ﬂ( 2 2 2 2

"'The correspondence is via the canonical embedding ¢ : C3 — R®. The real vectors
c1—c3 di—ds _ (a1—a3) _ (b1—b3) (d1—d3) ci—c3 bi—b3 (a1—a3)
(F57, 557 -7 - L 0) and (-7, S50, =52, —5552,0, 1) are

the respective images of the complex vectors (i1, 1) and (iu7,i) under ¢.
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and
by+b dr +d
Goa(e,f) = a2+a4 2+ 4,Cz+C4’ 2+ 400
2 2
- d —d — by—b
Lof2zCs amda (az 04)’_(2 4)’1’0
2 2 2 2
ny _(dz—d4)’ 24 bz—b4’_(az —614)’0’1 '
2 2 2 2
The complex line segments l(71 5, and l(,2 5, correspond to the respective images

under G 1.3 and G 5 4 of the disk Bg> (0, D={@p)eR*: (> + )2 <1} We
consider how the distance d (G 3(, B), P».4) varies as (o, B) ranges over the ball
Bg2(0, 1). To show that no W ~'-box (essentially) contains both Ty, 4, and Ty, q,. it
is sufficient to show that the inequality

d(G13(c. B), Prg) > W' 446 (5.2)

holds for all (@, B) in a set that accounts for at least half of the area of By2 (6, %)
Here,

d(Gi3(e.B). Pr4) = min_ [Gy3(a, ) — Gaa(@, B).
(o’,8")eR?

i.e., d(G13(c, B)) represents the perpendicular distance from the point G 3(, B)
to the plane P, 4. No matter our eventual choice of ¢, we have W1 > 46 for §
sufficiently small, so (5.2) reduces to showing that

d(Gi3(,B), Prg) > 2W~! (5.3)

holds for all (o, B) in a set that accounts for at least half of the area of B2 (6, %).

By Claim 5.13 — which is stated and proved below — the perpendicular distance
from G 1 3(a, B) to the plane P, 4 is comparable to the distance from G 3(«, B) to
G2 4(, B); specifically,

d(G13(ct. B). Pra) = %”Gm(“, B) — G2 a(x, B, 54

so it suffices to show that
1G13(ct. B) — G2 4(e. B)|| > 24/3W ! (5.5)

holds for all (¢, 8) in a set that accounts for at least half of the area of By2 (6, %)
To estimate ||G 1 3(c, B) — G2 4(c, B)||, we begin by writing

Gi3(@.B)—Gora(a,B) =u+av+ pw,
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where
"y ((al +as) — (a2 +aq) (b1 + b3) — (ba + ba)
2 ’ 2 ’
(c1+c¢3) —(c2+ca) (di+d3)—(d2 + ds) 0 0)
2 ’ 2 )
v — ((6’1 —c3) —(c2 —ca) (d1 —d3) —(d2 —dy)
2 ’ 2 ’
—(ay —as) + (a2 —a4) —(b1 —b3) + (b2 — bs) 0 O)
2 ’ 2 )
and

w — (—(d1 —d3) 4+ (dy —ds) (c1—c3) — (c2—c4)
2 ’ 2 ’

(b1 — b3) — (b —bs) —(a1 —a3) + (a2 —aa) 0 O)

2 ’ 2 )

We note that :
[lull = 5”(31 +03) — (G2 + G4 ||.

Meanwhile, the vectors v and w are orthogonal to each other and have the same
magnitude; specifically,

L. LS
lol = lwll = 161 = 63) = (62 = Ga)l.

This motivates us to take cases on the relative sizes of ||(G; + 63) — (02 + G4)|| and
(61 — 63) — (62 — G4)||; specifically, we take cases according to whether

11 — 63) — (62 — 54| < 2v2[[(G1 + 53) — (G2 + Ga) .

(Here, the constant 2+/2 is chosen to ensure that the right-hand side of a later inequal-
ity — namely, inequality (5.9) — is a positive multiple of ||(61 — 63) — (62 — G4)|.)

Case 1. First, suppose that

|@1 = 63) = (G2 — 5a)ll < 2v2[|(G1 +53) — (G2 + 5a) . (5.6)
By (5.1) and (5.6), we have that
4854 < (1 4+ V22151 + 63) — (G2 + Ga)|* = 9(G1 + 53) — (G2 + 5a)II*-
We consider the function

F(a.B) = G 13(e B) — G24(a. B
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and show that, provided we take W™! to be a sufficiently small multiple of §*/4, we
have
F(a,p) > 12W™2

for all («, B) in a set consisting of at least half of B2 (6, %). First, we note that
1 - R - 1/4 1
F0.0) = Jul® = 161 +85) ~ G2 + 80 = | (5 8”2) =5
It is natural to consider when we have
F(a,B) = F(0,0).

To this end, note that F is a quadratic function of @ and 8. Specifically, using the fact
that v - w = 0, we compute that

F(a,8)=(u+av+ pw) - (u+av+ pw)
= [lv]?e® + [[wl?B% + (v - wa + (w-u)B + [lu]?. (5.7

From this formula, it is apparent that we have F(«, ) > F (0, 0) for all points («, 8)
in a half-space. There are a couple of ways to see this, which we explain below:

(1) We observe that if F(«, 8) < F(0,0), then we must have (v - u)a + (w-u)p <
0, which implies that the antipodal point (—a, — ) satisfies F(—a, —f) > F(0,0).

(2) We observe that the graph of F over R? is a paraboloid. If (0, 0) is the vertex
of the paraboloid, then we have that F(a, ) = F(0, 0) for all («, 8). Otherwise,
if the vertex is not at (0, 0), let C be the unique level curve of F passing through
(0,0). Draw a line £ through (0, 0) tangent to C. Then for all points (¢, 8) lying on
the opposite side of £ as the vertex, we must have F(«, 8) = F(0,0). (Note that the
collection of points (¢, 8) lying on the opposite side of £ as the vertex consists of half
of the disk Bg2(0, 1).)

Either argument shows that for all («, 8) in a region consisting of at least half of
Br2(0, %), we have

1
F(a,B) = F(0,0) = 55”2,

which means that 1
1G1,3(ct, B) — G2 a(a, B)| = 3 §s/4

Case 2. Now, suppose that

11— 53) — (G2 — Ga) || = 2V/2||(G1 + 53) — (G2 + Ga) |- (5.8)
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In this case, since v - w = 0 and ||| = |w] = %”(51 — 03) — (02 — G4)||, we have
by the triangle inequality that

1G1,3(a, B) — Gaale, B
|(05 ,3)|

. . . | S . . .
[(G1 —03) — (02 — Ga)|| — —||(01 +03) — (02 + 04) ||

> '“’"f“n( 1—03)—(02—04)“—3(2f||(m—as>—(az—04>ll)

It follows that if |? + |B|? = 3, then

1G 1@ B) — Gaa(e B)] = 3(% - ﬁ) 11 —53) — 62 — 54
4\/—||(01 —03) — (02— 04). 5.9)

By (5.1) and (5.8), we then have that
1 - o -~ o 9 . . . o
4(8°*)? < (g + 1)||(01 —063) — (62— Ga)|> = 3 161 — 63) — (62 — Ga) |1

Consequently, if |a|? + |B|? = %, then

1 42 1
1G 3@ f) — Gaaler. Bl = 4_@(7[)5”4 =1 Ga0)

Conclusion Combining Cases 1 and 2, we see that if we take W' = ¢§*/4 for some
p f then our desired inequality (5.5) holds for all («, 8) in a set that accounts

for at least half of the area of B2 (O, 5). [

c <

Claim 5.13. Let the maps G ;3 and G 4 be defined as above. Then for any point
(o, B) € Br2(0, %), we have that

d(G13(@. B). Prs) > %ncl,a(a,ﬂ) — Gau(@ Bl 5.11)

Proof. We consider the subspace V = span(eq, €2, €3, e4) C RS. Let 6; 3 denote
the principal angle between V' and P 3. Similarly, let 6, 4 denote the principal angle
between V' and P, 4. We note that 6 3, 6, 4 = 1; in particular,

013,024 = arctan( (5.12)

7)

To see why this is true, let

y Y61 ~ Vo3 Y61 ~ X6, = Yo, = Vsq4 X5, — X5y
= - s — = d = ,—
b ( B 5 ) an Y2 ( 5 5 )
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so that (31, 1) has the same direction as the complex line

X3, T X533 Yo, + Vo, Y1 = Vo3 X, — X5, )
151,53:{( > R > ,0) + 2z 5 ,— > ,1):2ze€eCy,

and (¥,, 1) has the same direction as the complex line

X5, T X5, Y&, + V5 Yo, = V3, Xz, — X5
162,84:{( 22 :, 22 4,0)+Z( 22 4 22 4,1):26@}.

Then [|y1]. [[¥2]l S 1; by assuming that the points (x3,, y3,). .. (X5, Vz,) are in
Bc2(0, 1), it follows that || 71 ||, | 72|l < ~/2. Here, we show the computation for || 71 ||:
- 1 1
7111 = Z(Iya — Y5517 + x5, — x5,17) < 1(22 +2%) <2.

We note that each of Py 3 and P, 4 intersects any translate of V' in a single point.
This is because a basis for either, along with a basis for V', forms a basis for RS,
After fixing (o, B) € Br2(0, %), we consider the affine subspace

Vap :=V +(0,0,0,0,a, B).

To prove (5.11), we consider the right triangle AABC, where A is the point
G13(, B), B is the point G, 4(c, B), and C is the point in P, 4 that attains the
minimum distance from G 3(«, B). Then we have that

d(Gi3(a.B), Pr4) = AB = AC sin(LABC)

1
> AC sin(ba,4) = sin(arctan —)AC

V2
1 1
=5 AC = EHGLs(a,ﬁ) — G, Pl
(Note that in order to go from the fourth to the fifth line, we have used the identity
sin(arctan(x)) = —=2=.) [

V14x2"

6. Appendix

We return to the problem, introduced in Section 2, of estimating the volume of the
intersection between the §-neighbourhoods of two complex lines.

Proposition 6.1. Suppose that £1,{, C C? are two complex lines through the origin
that make angle 6 > 0 to each other. If we let 1 : C?> — R* denote the embedding that
sends (z1, z2) to (Re(z1),Im(z1), Re(z2),Im(z3)), then

4

sin? 6

|e(Ns(£1)) N (N5 (£2)))] ~

6.1)
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More generally, if £1, £, are lines through the origin in C" which make angle 6 > 0

to each other, then
2n

sin @’
Proof. Let u; and u, be direction vectors for the tubes’ respective central axes.
Suppose without loss of generality that u; = (1, 0). If u, is parallel to (0, 1), then
0 T %, and ilé(N(g (£1)) N t(N5(£2))| = 8*. Henceforth, we may assume that.uz =
m(l, re't) for some ¢ € [0,27) and some real number r > 0. Note that in this
case, we have that

(N5 (£1)) N e(Ns (£2))] ~ (6.2)

l"2

1+r2

Now, we set some notation. We define

sin? 6 =

vy = t(u1) = (1,0,0,0);
vy =t(iuy) = (0,1,0,0);

1
wy, = t(uy) = ﬁ(l,o,rcos £, rsin¢);
1

We let V = span{vy, v,} and W = span{w;, w,} so that t(Ns(£1)) = Ns(V), and
1(Ns(£2)) = Ns(W). We write a point in R* as (X, ) € R? x R2. Then, N3(V) =
{(x.¥) : |yl <6}, and

e(Th) N u(T)] = [Ns(V) N Ns(W)| = /R4 Ivson sy dV

:/ N (/ / 1N3(W)(5c',y)dA,;)dA;. (6.3)
Bp2(0,8) \Joo J—o0

By Lemma 6.2, we have (X, y) € Ns(W) if and only if X is in the ball of radius
8—'1r+'2 around the point %R;(}) = %(yl cos’ + ypsing,—y; sin¢ + y, cos ), where
R denotes the rotation around the origin through an angle ¢ in the plane. Thus, resum-

ing from (6.3), we conclude that

wrynm= [ (/
By @.6) \J B> (L R (), 51472

2 2 4 2 4
N/ ) 5(1+r)quN8(1+r)_ )
B2 (0.8)

ldA;c) dAz

r2 Y r2 sin?

This completes the proof of (6.1). For n > 2, the orthogonal complements of ¢(£;) and
t(£1) intersect in a subspace of dimension 2n — 4. Any slice of t(Ng(£1) N t(Ns(£1))
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by a translation of this subspace is a figure like that of the C? case. We can integrate
the 4-dimensional cross section volume over the common short directions to arrive at
equation (6.2). [ ]

Lemma 6.2. Let vy = t(u1) = (1,0,0,0) and let v, = t(iuy) = (0, 1,0,0). Fixing
r>0and( €[0,2m), let

1
w; = ———(1,0,rcos ¢, rsin{)
e brsing
and let :
wy = (0,1,—rsin¢, r cos ).

V14 r2

Let W = span{w1, wy}. Then we have
1 5/1 +r2

(x1,x2,y1,¥2) € Ns(W) < (x1,x2) € Br2 (;R;(yhyz), f)’

where R¢(y1, y2) = (y1€0s & + yasing, —yy1sin + ys cos §) is the rotation of
(y1. y2) through angle ¢.

Proof. Let Il denote the orthogonal projection onto W, and let ITy, 1 denote the
orthogonal projection onto the orthogonal complement of W. The point (X, y) =
(x1, X2, y1, y2) is in Ng(W) if and only if || TTy, . (X, ¥)|| < 8. We compute that

Iy G )P = 1R, F) = Dy (3912

= [I(X.y) - ((;C, y)- wl)wl - ((55’ J7) : wz)w2||2
1
= 5 (23 rax 53+ 03)

—2r((x1y1 4 x2y2) cos ¢ + (x1y2 — X2y1) sin{))

= L ((rx1 = (1 cost + yasing))? + (rxa — (=i sin& + y2 cos £))?)

14 r2
r 1 . 2 1 . 2
=152 (x1 — ;(yl cos¢ 4 yzsing))” + (x2 — ;(_J’l sin¢ + y; cos?))
L PO
B T

(Note that some steps are omitted between the second and third lines.)
We conclude that | [Ty 1 (X, ¥)|| < & if and only if (x1, x2) is within the ball of
radius §+/1 + r2/r centred at the point

1 N 1 . .
;Ré(Y) = ;(J’1 cos{ + yzsing, —yy sin¢ + yz cos{),

as claimed. [
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