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Hausdorff dimension and Galois orbits

Victor Alexandru and Marian Vâjâitu

Abstract. The aim of this paper is to investigate fractals and their Hausdorff dimensions in a
non-Archimedean setting. We are interested in fractals like equilibrated and fundamental sets
of the Tate fields and, in particular, in fractals like Galois orbits of generic elements of infinite
Galois extensions of p-adic fields. Also, we study the invariance of the Hausdorff dimension of
Galois orbits defined by integral transcendental elements of Cp .

1. Introduction

The notions of Hausdorff measure and dimension defined over the field of real num-
bers (see the classical books of Falconer [5, 6]) can be defined in the same way over
any metric space. These concepts are fundamental objects in fractal geometry, which
play a key role in the study of the geometric structure of general sets. The aim of this
paper is to investigate these notions in a p-adic setting. Let p be a prime number, Qp

the field of p-adic numbers, Qp a fixed algebraic closure of Qp , and Cp the comple-
tion of Qp with respect to the p-adic absolute value j � j. Let O.T / denote the Galois
orbit of an element T 2Cp with respect to the absolute Galois groupGalcont.Cp=Qp/.

The paper is organized as follows. In Section 2 we introduce notation and some
preliminary results. In Section 3 we discuss the class of equilibrated and fundamental
sets of a metric space .M; d/. We provide a few formulas for the Hausdorff measures
and obtain the Hausdorff dimensions for the sets of this class in Theorem 3.1, which
generalizes the well-known results of Abercrombie [1] and Barnea and Shalev [4]
(see Corollary 3.2). In Application 1, we calculate the Hausdorff dimension and the
Hausdorff measure for the ring of integers of a finite field extension of Qp and then, in
Application 2, we show that the non-Archimedean Cantor set (see [11]) has Hausdorff
dimension s0 D

log2
log3 and the s0-dimensional Hausdorff measure equal to 1, which

is a fractal as in the classical case. The mentioned applications are consequences of
Theorem 3.1 without iterated function systems (see [5,6,11]). We note that in a p-adic
setting, the Falconer Distance Conjecture [7] fails (see Remarks 4 and 5).
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In Section 4, we discuss the case of an arbitrary infinite Galois extension of Qp .
We present a large class of fractals. More precisely, we show that for any � 2 Œ0; 1�,
there exists an integral transcendental element T� of Cp , such that dimH O.T�/ D �

(see Theorem 4.1). If K is an infinite Galois extension of Qp , then QK (which denotes
the completion ofK with respect to the p-adic absolute value j � j) has a transcendental
generic element T 2 Cp , that is, QK D AQpŒT � (see [8]). In Theorem 4.2 we obtain for-
mulas for the Hausdorff measures and the Hausdorff dimension of the Galois orbit of
the generator T . Moreover, ifGK DGal.K=Qp/ŠGalcont. QK=Qp/ andH is an open
subgroup of GK , then the s-dimensional Hausdorff measure of H , and respectively,
the Hausdorff dimension of H is related to that of GK , via the natural topological
isomorphism between GK and O.T / (see Theorem 4.4).

Section 5 is dedicated to the study of the invariance of the Hausdorff dimension.
Given T , an integral transcendental element of Cp and U 2 AZpŒT � nQp , our aim is
to obtain a relation between the s-dimensional Hausdorff measures of the orbitsO.T /
and O.U /. Then we show in Theorem 5.1 that these orbits have the same Hausdorff
dimension. In particular, the Hausdorff dimension of the orbit of any generic element
of AZpŒT � is one and the same for all, so it is an invariant of AZpŒT � (see Corollary 5.2).

2. Notation and preliminary results

Let .M; d/ be a metric space and X an arbitrary non-empty subset of M . For any
subset E of M , we define the diameter of E by diaE D sup¹d.x; y/ W x; y 2 Eº.
By a (closed) ball in M of radius r � 0 and centered at a we mean a set of the form
BŒa; r�D ¹x 2M W d.x;a/� rº. Let " be an arbitrary positive real number. If ¹Biºi is
a countable collection of sets of diameter at most " that cover X , that is, X � [1iD1Bi
with 0 < diaBi � " for each i , we say that ¹Biºi is an "-cover of X .

Let us suppose that X is a subset of M and s is a non-negative real number. For
any " > 0, we define

H s
" .X/ WD inf

² 1X
iD1

.diaBi /s W ¹Biºi is an "-cover of X
³
: (2.1)

The function " 7�! H s
" .X/ decreases as "! 0, hence the following limit exists:

H s.X/ D lim
"!0

H s
" .X/: (2.2)

This is called the s-dimensional Hausdorff (outer) measure of X . In what follows, we
define the Hausdorff dimension (or Hausdorff–Besicovitch dimension) of X by

dimHX WD inf
®
s W H s.X/ D 0

¯
D sup

®
s W H s.X/ D1

¯
; (2.3)
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which is always a real number in the interval Œ0;1�.
We remark that if X � M is an arbitrary subset with a compact closure, we can

use in (2.1) an "-cover with a finite collection of closed balls of diameter at most ". If
dimHX is non-integral, then we say that X is a fractal (see Mandelbrot [12]).

Let X be any non-empty bounded subset of M and, for any " > 0, let N".X/ be
the minimal number of closed balls of radius " that coverX . The lower and upper box
dimensions of X are

dimBX D lim inf
"!0

logN".X/
� log "

; dimBX D lim sup
"!0

logN".X/
� log "

and the box dimension is

dimBX D lim
"!0

logN".X/
� log "

;

if this limit exists. For further details on fractals, see [5, 6].
For a prime number p, we let Qp be the field of p-adic numbers; let Qp be a

fixed algebraic closure of Qp and Cp the completion of Qp with respect to the p-adic
valuation v (see [2, 8, 10]). The field Cp is known as the Tate field or the field of
p-adic complex numbers. Denote by j � j the p-adic module on Cp . LetG be the Galois
groupGal.Qp=Qp/ endowed with the Krull topology. We know thatG is canonically
isomorphic to Galcont.Cp=Qp/, which is the group of all continuous automorphisms
of Cp over Qp . We identify these two groups.

For any closed subgroup H of G, we denote

F ix.H/ WD
®
T 2 Cp W �.T / D T for all � 2 H

¯
:

Then F ix.H/ is a closed subfield of Cp . If T 2Cp , denoteH.T /D ¹� 2G W �.T /D
T º. Then H.T / is a subgroup of G, and F ix.H.T // D AQpŒT �, which is the closure
of the polynomial ring QpŒT � in Cp . We say that T is a topological generic element
of AQpŒT �. Any closed subfield K of Cp has a topological generic element, that is,
there exists T 2 K such that K D AQpŒT � DBQp.T / (see [2, 8]).

Let T be a transcendental element of Cp and O.T / D ¹�.T / W � 2 Gº the Galois
orbit of T . The map � �.T / fromG toO.T / is continuous and it defines a homeo-
morphism from G=H.T / to O.T /. Then O.T / is a compact and totally disconnected
subspace of Cp , and the group G acts continuously on O.T /. Thus, if � 2 G and
�.T / 2 O.T /, then � � �.T / D .��/.T /.

Definition 2.1. Let X be a non-empty compact subset of a metric space .M; d/. We
say thatX is equilibrated if for any " > 0, and any "0 > 0 with " � "0 > 0, each ball of
radius " in X has a minimal decomposition in the same number of balls of radius "0.
Also, we say that X is a fundamental set, if the distance set

�.X/ WD
®
d.x; y/ W x; y 2 X

¯



V. Alexandru and M. Vâjâitu 386

is a sequence ¹"nºn�1 that is strictly decreasing to zero. This sequence is called the
fundamental sequence associated with X .

Remark 1. In fact, a fundamental and equilibrated subset X of M is a compact set
that is an inverse limit space of a sequence of finite discrete spaces, and by this, it is a
profinite space (also known as a Stone space).

2.1. Basic examples

Here are a few examples of equilibrated and fundamental sets.

1) The closed subgroups of a profinite group are equilibrated and fundamental;
see the proof of Corollary 3.2.

2) Let K be a finite algebraic extension of Qp and OK its ring of integers. Then
OK is a fundamental and equilibrated set. In particular, Zp and Z�p are fundamental
and equilibrated sets (see [10, 14] and Application 1).

3) The non-Archimedean Cantor set

C3 D

²
a 2 Z3 W a D

1X
iD0

ai3
i ; ai 2 ¹0; 2º for any i � 0

³
is an equilibrated and fundamental set (see [11] and Application 2).

4) Another key example of a fundamental and equilibrated set isO.T /, the Galois
orbit of a transcendental element T 2 Cp (see [14]), that is,O.T /D ¹�.T / W � 2 Gº.

5) If T 2 Cp is transcendental and B is a closed ball in Cp , then B \ O.T / is
also a fundamental and equilibrated set.

Remark 2. Any subset of Cp , which is fundamental and equilibrated, is a set without
isolated points. In particular, a set of the form O.˛/ [O.T /, where ˛ is an algebraic
element of Qp and T is a transcendental element of Cp , is not fundamental and equi-
librated.

Let ¹"nºn�1 be the fundamental sequence associated with a fundamental and
equilibrated set X of M . Let Nn be the number of the closed balls of a minimal
decomposition of X with closed balls of radius "n. Because X is equilibrated, it is
plain that Nn is a divisor of NnC1, for any n � 1.

A subsetD �Cp isG-equivariant, or Galois equivariant, provided that �.x/ 2D
for any � 2 G, and any x 2 D. An example is the Galois orbit O.T /, where T 2 Cp .
Another example is

B
�
O.T /; jpj1C"

�
D
®
z 2 CpW dist.z;O.T // � jpj1C"

¯
for any " > 0.
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A function f WD!Cp , whereD is a Galois equivariant subset of Cp , is calledG-
equivariant, or Galois equivariant, if f .�x/ D �f .x/ for any � 2 G and any x 2 D.

3. Hausdorff dimension of equilibrated and fundamental sets

Theorem 3.1. LetX be an equilibrated and fundamental set of a metric space .M;d/.
Let ¹"nºn�1 be the fundamental sequence associated withX and, for any n� 1, letNn
be the number of the closed balls of a minimal covering of X by balls of radius "n.
Then, for any s � 0, we have

H s.X/ D lim inf
n!1

Nn"
s
n and dimHX D dimBX:

Proof. For any k � 1, let "n1 > "n2 > � � � > "nk be an arbitrary finite subsequence of
the fundamental sequence of X , where n1 < n2 < � � � < nk . We cover X with closed
balls of radii "n1 ; "n2 ; : : : ; "nk . Let ai be the number of closed balls of radius "ni
from the cover, 1 � i � k, and let a D a1 C a2 C � � � C ak . For the sake of sim-
plicity, we suppose that B1; B2; : : : ; Ba1 are the closed balls of radius "n1 ; then
Ba1C1;Ba1C2; : : : ;Ba1Ca2 are the closed balls of radius "n2 ; and so on. Thus,[ajD1Bj
is a cover of X with closed balls of radii "n1 > "n2 > � � � > "nk . It results

aX
jD1

.diaBj /s D
kX
iD1

ai"
s
ni
; (3.1)

where diaBj D sup¹d.x; y/ W x; y 2 Bj º is the diameter of the ball Bj . The diameter
of Bj is precisely its radius by Remark 1. There exists i0, 1 � i0 � k, such that
min1�i�k Nni "

s
ni
D Nni0

"sni0
. By (3.1) we deduce

aX
jD1

.diaBj /s �
kX
iD1

ai �
Nni0
Nni

� "sni0
� Nni0

"sni0
; (3.2)

because
Pk
iD1

ai
Nni
� 1, for any covering. Otherwise, if the sum is strictly less than 1,

we obtain

Nnk >

kX
iD1

ai
Nnk
Nni

:

However, as X is equilibrated, the right-hand side is counting the number of balls of
radius "nk in a covering ofX induced by the initial covering considered, whileNnk is
the minimal number of balls in such a covering. These yield to a contradiction. Then,



V. Alexandru and M. Vâjâitu 388

for any m � n � 1, by (3.2), we deduce that

inf
°X

.diaBi /s W ¹Biºi is a cover of X with closed balls;

of radii �i such that "m � �i � "n
±
D inf
"m�"k�"n

Nk"
s
k :

(3.3)

In (3.3), �i ’s are radii from the fundamental sequences associated with X , and
the equality follows from (3.2) and the fact that the minimal covering with balls of
radius "k yields exactly the number Nk"sk . The sequence in (3.3) is decreasing as m
tends to infinity, so by passing to the limit on m, we get

inf
°X

.diaBi /s W ¹Biºi is a cover of X with closed balls

of radii �i � "n
±
D inf
k�n

Nk"
s
k :

(3.4)

By the definition of the s-Hausdorff measure, we obtain

H s.X/ D lim
n!1

H s
"n
.X/ D lim inf

n!1
Nn"

s
n; (3.5)

and taking logarithms in (3.5), we derive

log H s.X/ D lim inf
n!1

log "n

�
s �

logNn
� log "n

�
: (3.6)

Denote s0 D lim infn!1
logNn
� log "n

. We claim that dimHX D s0. The following three
cases may appear:

a) s0 D1 Then, for any 0 � s <1, by (3.6),

lim
n!1

log "n

�
s �

logNn
� log "n

�
D1;

hence H s.X/ D1, which yields dimHX D1.

b) s0 D 0 Then, for any s > 0, by (3.6) we find that H s.X/ D 0, and conse-
quently dimHX D 0.

c) s0 2 .0;1/ If 0� s < s0 and 0 < " < s0 � s, then logNn
� log "n

� s0 � " for n large

enough. This implies s � logNn
� log "n

� s � s0 C " < 0, from which, for n large enough

as well, it follows .log "n/.s �
logNn
� log "n

/ � .s � s0 C "/ log "n. Then again by (3.6),
we obtain H s.X/ D 1. If s > s0, then there exists a sequence ¹nkºk�1 such that
limk!1

logNnk
� log "nk

D s0. Further, limk!1.log"nk /.s �
logNnk
� log "nk

/D�1, which implies

lim infn!1.log "n/.s �
logNn
� log "n

/ D �1. Therefore, by (3.6) it follows H s.X/ D 0,
which means that dimHX D s0.
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These complete the proof of Theorem 3.1.

By Theorem 3.1, we obtain the results of Abercrombie [1, Proposition 2.6] and
Barnea and Shalev [4, Theorem 2.4].

Corollary 3.2. Let G be a profinite group with a filtration ¹Gnº1nD0 and let H �c G
be a closed subgroup. Then

dimHH D dimBH D lim inf
n!1

log jHGn=Gnj
log jG=Gnj

D lim inf
n!1

logŒH W H \Gn�
logŒG W Gn�

;

where the Hausdorff dimension is computed with respect to the metric associated with
the filtration ¹Gnº.

Proof. By hypothesis, let G be a profinite group and let ¹Gnºn�1 be a descending
chain of normal subgroups that forms a base for the neighborhoods of the identity.
Then, by setting d.x; y/ WD inf¹ 1

ŒGWGn�
W xy�1 2 Gnº, we obtain an invariant metric

onG. It turns out that the closed subgroups ofG are equilibrated (just use the fact that
clopen balls are cosets of clopen subgroups and indices are multiplicative, that is, for
G � H � K we have ŒG W K� D ŒG W H� � ŒH W K�). Moreover, the closed subgroups
of G are fundamental because they are profinite.

Remark 3. If G is a p-adic analytic pro-p group and H �c G is a closed sub-
group of G, then dimH H D

dimH
dimG , where dimX denotes the analytic dimension of

a p-adic manifold X (see Theorems 2.4 and 1.1 of Barnea and Shalev [4]). More-
over, for p-adic analytic groups, the Hausdorff dimension coincides with the analytic
dimension only for certain filtrations; for other filtrations many different results can
be obtained (see [9]).

Application 1. Let K be a finite algebraic extension of degree n D ef � 1 of Qp ,
where e is the ramification index and f is the residual degree. Let OK be the ring of
integers of K over Qp , and � a uniformizer with j�j D jpj

1
e . It is known that any

x 2 OK is of the form x D
P
i�0 ai�

i , where ap
f

i D ai are the Teichmüller digits.
It is plain that OK is an equilibrated and fundamental set of Cp . The fundamental
sequence associated with OK is of the form "m D j�j

m D . 1
p
/m=e and the number of

closed balls of radius "m that coverOK isNm D .pf /m D pmf , for anym � 0. Then
we see that limn!1

logNn
� log "n

D ef D n, therefore dimHOK D n and Hn.OK/D 1. In
particular, it follows that: dimH Zp D 1 and H1.Zp/ D 1.

Remark 4. The well-known Falconer Distance Conjecture [7] says that if n � 2 is an
integer and X is a compact subset of Rn such that dimH.X/ >

n
2

, then �.�.X// > 0,
where � is the Lebesgue measure. In a p-adic setting this conjecture fails. Indeed,
if we choose X D OK , as in Application 1, then we notice that �.�.OK// D 0 and
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dimH OK D ŒK W Qp�, which can be arbitrarily large. Also, we have dimH.�.X// D

�.�.X// D 0, for any X that is a fundamental subset of Cp .

Remark 5. In Remark 4 the number n is the topological dimension of Rn, which
coincides with the Hausdorff dimension of Rn. If we want to consider the Falconer
Distance Conjecture in a more general setting, such as for a metrizable topologi-
cal group, which could be a subject for a forthcoming study, we have to compare
the Hausdorff dimension of a subspace with the Hausdorff dimension of the ambi-
ent space to say something about the Lebesgue measure of the distance set of the
subspace. To emphasize, it is enough to mention that the locally profinite groups or
totally disconnected locally compact (TDLC) groups have the topological dimension
zero. If G is a profinite group, then it is a topological group that is compact, Haus-
dorff, and totally disconnected. Also, G is an inverse limit of finite groups and it is
metrizable. With respect to this metric defined on it, which depends on the filtration,
for anyH �c G, which is a closed subgroup ofG,�.H/ has Lebesgue measure zero,
so the conjecture failed in spite of the fact that the Hausdorff dimension of H could
be a positive number. Essentially, Falconer Distance Conjecture fails for every profi-
nite group G (as G itself has Hausdorff dimension 1, topological dimension 0 and
countable distance set). A relevant example is Corollary 3.2, and for more, see [4].

If we considerG a TDLC group, thenG is metrizable if and only if it is first count-
able, by the theorem of Birkhoff–Kakutani. Moreover,G has a basis of neighborhoods
of the identity element formed by open-compact subgroups, see the well-known theo-
rem of van Dantzig. These neighborhoods are metrizable, profinite, so the conjecture
failed on these open-compact subgroups. We mention some examples, which are
metrizable: the general linear groupGLn.Qp/ of n�n invertible matrices with entries
in the p-adic numbers, the field of formal power series Fp..t//, or the examples in
Remark 4 and Application 2, to name but a few.

Application 2. The non-Archimedean Cantor set C3 � Z3 (see [11]) is characterized
by the 3-adic expansion of its elements as follows

C3 D

²
a 2 Z3 W a D

1X
iD0

ai3
i ; ai 2 ¹0; 2º for any i � 0

³
;

which is totally disconnected, uncountably infinite and without isolated points. More-
over, the 3-adic Cantor set is an equilibrated and fundamental set, which is homeo-
morphic with the classical Cantor set. In the 3-adic case, the fundamental sequence
associated with C3 is of the form "nD .

1
3
/n and the number of closed balls of radius "n

that cover C3 isNnD 2n. Therefore s0D limn!1
logNn
� log "n

D
log2
log3 and, by Theorem 3.1,

it follows: dimH C3 D
log2
log3 and H s0.C3/ D 1, as in the classical Cantor set.
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Example 1. We give an example of a compact subset X of Cp , which is funda-
mental and non-equilibrated, such that dimH X ¤ dimBX . For any integer m � 1,
there exists an mth root of p in the algebraic closure of Qp . We consider the element
p1=m determined by a conjugacy modulo a root of unity of order m. Denote 
k D
1C 1

2
C � � � C

1
k

, for any k � 1. For any n � 1, we define ˛n D
Pn
kD1 p


k , which is
an element of Qp , with p
k defined above. Because 
n!1, the sequence ¹˛nºn�1 is
convergent and let T be its limit. The set we need isX D ¹˛1; ˛2; : : : ; ˛n; : : : º [ ¹T º,
which is compact and fundamental. The fundamental sequence associated with X is
of the form "n D .

1
p
/
n . The set X is non-equilibrated because for any 1 � i < n the

element ˛i is in a single ball of radius "n and for any i � n all the elements ˛i are in
the ball B.T; "n/. It follows that Nn D n, and

dimBX D lim
n!1

logNn
� log "n

D lim
n!1

logn

n logp

D
1

logp
;

because limn!1.
n � log n/ D 
 , where 
 is the Euler–Mascheroni constant. It is
plain that dimHX D 0 ¤

1
logp D dimBX .

Remark 6. There is some very recent result of Mayordomo and Nies [13], which
provides an alternative proof of the coincidence between the Hausdorff dimension
and the lower box dimension (in a different context, but based likewise on sets that
are equilibrated and fundamental).

4. The case of infinite Galois extensions

Theorem 4.1. Let p be an odd prime number. For each � 2 Œ0; 1� there exists an
integral transcendental element T� of Cp such that

dimHO.T�/ D �:

In the case p D 2, the above equality holds for each � 2 Œ0; 1
2
�. In both cases, for

each � ¤ 0, we have

H �
�
O.T�/

�
D
p � 1

p2

�
1

p

� �
p�1

:

Proof. For any n � 1, we let �pn denote a primitive root of unity of order pn. Next,
we let ˛n D �p C a2�p2 C � � � C an�pn , where ai 2 Z are such that ai � 0 .mod p/
for all i with 2 � i � n. Note that for all i with 1 � i � n, we can choose ai such that
deg˛n D pn�1.p � 1/ and

janC1j < janj �

�
1

p

� 1
p�1

(4.1)



V. Alexandru and M. Vâjâitu 392

for any n � 1 (see the Appendix in [14]). Denote T D limn!1 ˛n, which is a tran-
scendental element of Cp . Then AQpŒT � D D[nQpŒ�pn � (see [8]). If K D [nQpŒ�pn �,
then K is an infinite Galois extension of Qp , which is totally ramified, and

GK D Gal.K=Qp/ Š Galcont. QK=Qp/ Š Z�p :

By the Appendix in [14], the fundamental sequence associated with the orbit O.T /
is "n D janj. 1p /

1
p�1 and the sequence ¹Nnºn�1 of closed balls of radius "n that cover

the orbit of T is given by Nn D '.pn�1/ D pn�2.p � 1/, where ' denotes Euler’s
totient function.

Now, let � � 1 be a real number and let p� 3 be a prime number. For any n� 2, we
choose an D pŒn��, where Œ�� means the integer part. Then condition (4.1) is satisfied
and, by Theorem 3.1, we obtain

� D lim
n!1

logNn
� log "n

D
1

�
D dimBO.T / D dimHO.T /:

This means that we can find transcendental elements T 2 Cp such that the Hausdorff
dimension of the orbit of T takes any positive real value in the interval .0; 1�. We
remark that in the case an D pn

2
, we have dimH O.T / D 0. In the case p D 2, the

inequality (4.1) is satisfied for any � � 2, therefore we can find transcendental ele-
ments T 2 Cp such that the Hausdorff dimension of the orbit of T takes any positive
real value in the interval .0; 1=2�. In both cases, from Theorem 3.1 and Dirichlet’s
approximation theorem, we deduce H �.O.T // D p�1

p2
. 1
p
/
�
p�1 . Indeed, we have

H �
�
O.T /

�
D lim inf

n!1
Nn"

�
n

D lim inf
n!1

pn�2.p � 1/janj
�

�
1

p

� �
p�1

D
p � 1

p2

�
1

p

� �
p�1

lim inf
n!1

pnjanj
�

D
p � 1

p2

�
1

p

� �
p�1

lim inf
n!1

pn��Œn=��

D
p � 1

p2

�
1

p

� �
p�1

;

which concludes the proof of Theorem 4.1.

Remark 7. By Theorem 4.1 we obtain a large class of fractals given by the Galois
orbits of some integral transcendental elements of the Tate fields. It is worth men-
tioning that the Galois orbitsO.T�/ in Theorem 4.1 have strong Hausdorff dimension
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meaning the lower limit in Theorem 3.1 is an actual limit, which is not true in general
for arbitrary equilibrated and fundamental subsets.

Remark 8. For each � 2 Œ0; 1�, the integral transcendental element T� 2 Cp from
Theorem 4.1 and its proof have the following properties:

i) The extension BQpŒT� �=Qp is normal, that is, H.T�/ D Galcont.Cp=BQpŒT� �/ is
a normal subgroup of G D Galcont.Cp=Qp/.

ii) We have the following isomorphisms of groups:

O.T�/ Š G=H.T�/ Š Galcont
�BQpŒT� �=Qp

�
Š Galcont

�D[nQpŒ�pn �=Qp

�
Š Z�p :

iii) As groups, O.T�/ and Z�p are isomorphic and their Hausdorff dimensions are

dimHO.T�/ D � and dimH Z�p D dimH Zp D 1:

Theorem 4.2. Let K be a subfield of Cp that is, an infinite Galois extension of Qp .
Then, there exists a generic element T of QK, and a sequence ¹xnºn�0 of elements
of Qp that converges to T such that the finite field extension Qp.xn�1/ � Qp.xn/

is normal and of prime number degree qn for any n � 1. For any s � 0, the Haus-
dorff measure and the Hausdorff dimension of the Galois orbit of T are given by the
following formulas:

H s
�
O.T /

�
D lim inf

n!1
q1q2 � � � qn

�
!.xnC1/

�s
and

dimHO.T / D lim inf
n!1

log.q1q2 � � � qn/
� log.!.xnC1//

;

where !.xnC1/ is the distance between any two distinct conjugates of xnC1 over
Qp.xn/, which is the same.

Proof. Let K � Cp be a field that is an infinite Galois extension of Qp . Since K=Qp

is normal, it is also solvable. Then there exists a tower of fields ¹Knºn�1 such that

i) Qp D K0 � K1 � � � � � Kn � � � � � K D [
1
nD1Kn, ŒKn W Qp� <1

and

ii) Kn�1 � Kn is a Galois extension of degree a prime number qn, for any n � 1.
By considering

GK D Gal.K=Qp/ Š Galcont. QK=Qp/

and

Hn D Gal.K=Kn/ Š Galcont. QK=Kn/;
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we see that H0 D GK , Hn is a normal subgroup of Hn�1 and

jHn�1=Hnj D ŒKn W Kn�1� D qn:

For any ˛ 2 Qp , we define

!.˛/ WD min
®
j�.˛/ � ˛j W � 2 GK ; �.˛/ ¤ ˛

¯
and

�.˛/ WD max
®
j�.˛/ � ˛j W � 2 GK

¯
:

From the proof of Theorem 2 in [8] (see also [2]), we can find, for any n � 1, an 2 Zp
small enough, and ˛n 2 Qp such that if xn D 1C

Pn
iD1 ai˛i , x0 D 1. Then we have

Kn D Qp.xn/ and the following conditions are fulfilled:

i) jxnC1 � xnj < !.xn/ and the sequence ¹jxnC1 � xnjºn�1 is strictly decreasing
to 0.

ii) janj!.˛n/ > janC1j�.˛nC1/, for any n � 1.

Indeed, from the proof of Theorem 2 in [8], it follows that ˛n 2 Qp , j˛nj � 1, and
Kn D Qp.˛n/ � KnC1 D Qp.˛nC1/, for any n � 1.

By induction, we construct the sequence ¹anºn�1, with an 2 Zp small enough,
such that an ! 0. Let us suppose that we have defined a1; a2; : : : ; an. Then, we let
anC1 2 Zp , be such that

janC1j � j˛nC1j < min
®
!.xn/; janj � j˛nj

¯
and

janC1j ��.˛nC1/ < janj � !.˛n/:

Then both conditions i) and ii) are fulfilled. Moreover, the element T D limn!1 xn

is a generic element of QK, that is, QK D AQpŒT �.
Denote Sn DHn nHnC1 for any n � 0. By the above conditions, for any � 2 Sn,

we have

j�.T / � T j D j�.anC1˛nC1/ � anC1˛nC1j

D janC1j � j�.˛nC1/ � ˛nC1j

D j�.xnC1/ � xnC1j

D !.xnC1/:

Note that this is independent of � 2 Sn and, by all means, !.xnC1/ is the distance
between any two distinct roots of the minimal polynomial of xnC1 over Kn, which
has prime degree qnC1. We summarize the result that all these distances are equal to
each other in the following lemma.
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Lemma 4.3 ([15]). Let .L; v/ be a local field. Let f 2 LŒX� be an irreducible poly-
nomial, separable and of prime degree q. Then the distances between any two distinct
roots of f are all the same.

Now, because GK D [n�0Sn, the fundamental sequence associated with T is of
the form ¹!.xnC1/ºn�0, which is strictly decreasing to zero.

Indeed, we have !.xnC1/ D janC1j � j�.˛nC1/� ˛nC1j ! 0 for � 2 Sn, because
j�.˛nC1/ � ˛nC1j � 1 (we have j˛i j � 1 for any i � 1) and janC1j ! 0.

The number of closed balls of radius "nC1 D !.xnC1/ that cover O.T / coincides
with the number of closed balls of radius "nC1 that cover O.xn/. We claim that this
number is NnC1 D degQp xn D q1q2 � � � qn.

Indeed, since jT � xnj < !.xn/ � !.xn/ D "n it follows jT � xnj � "nC1. For
any �; � 2 [n�1iD0Si , we have j�.xn/ � xnj > "nC1 and

B
�
�.xn/; "nC1

�
\ B

�
�.xn/; "nC1

�
D ; for � ¤ � .

In conclusion, we deduce that O.T / � [�2Gal.Kn=Qp/BŒ�.xn/; "nC1�, which is a
disjoint union of closed balls, thereby wrapping up the proof of the claim.

Summing up, via Theorem 3.1, we thus complete the proof of Theorem 4.2.

Theorem 4.4. Let K be a subfield of Cp that is an infinite Galois extension of Qp ,
and let H be an open subgroup of GK D Gal.K=Qp/. Then

H s.H/ D
1

ŒGK W H�
�H s.GK/ and dimHH D dimHGK :

Proof. Let K � Cp be a field that is an infinite Galois extension of Qp and T a
generic transcendental element of QK, that is, QK D AQpŒT �, which always exists, as
we know from [8, Theorem 2]. Denote GK D Gal.K=Qp/ Š Galcont. QK=Qp/. Let
H �c GK be a closed subgroup of GK of finite index. We have that GK acts in a
natural way on O.T /. Moreover, GK and O.T / are topologically isomorphic and,
via this isomorphism, H is identified with HT D ¹�.T / W � 2 H º � O.T /, which
is in fact a closed ball centered at T of the orbit O.T /. On GK , which is a profinite
group, we consider the metric induced by the metric on Cp , via the above topological
isomorphism. We obtain an invariant metric on GK . Then H and �H have the same
fundamental sequence, for any � 2 GK . By a simple calculation with respect to the
above metric, we deduce that H s.H/ D H s.�H/, for any � 2 GK , which means
that the Hausdorff measure H s is invariant under translations. Moreover, H s.H/ D

1
ŒGK WH�

�H s.GK/, which implies dimHH D dimHGK .

We note that Theorem 4.4 is comparable to a remark that follows Theorems 2.4
regarding open subgroups in [4].
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5. Invariance of Hausdorff dimension

Let T be an integral transcendental element of Cp , let O.T / D ¹�.T / W � 2 Gº be
the Galois orbit of T , and U 2 AZpŒT � nQp . We want to find a relation between the
Hausdorff measures of O.T / and O.U /. Resulting from this, we point out a nice
relation between dimHO.T / and dimHO.U /.

First of all, because U 2 AZpŒT � nQp , there exists a polynomial Pn 2 ZpŒX� with
p-adic integer coefficients for any integer n > 0, such that

U D U.T / D lim
n!1

Pn.T /

exists in Cp . By [3, Theorem 3.1], the limit U defines a Galois equivariant continuous
function on O.T / that has a unique Galois equivariant analytic continuation U.�/ to
BŒO.T /; jpj1C"� for any " > 0. Also, it follows that U.x/ D limn!1 Pn.x/ and
U 0.x/ D limn!1 P

0
n.x/ for any x 2 O.T /. We have jU 0.T /j D jP 0n.T /j for n large

enough, and because T is transcendental, it follows that U 0.T / ¤ 0. Moreover, since

P 0n.T / D lim
x!T; x2O.T /n¹T º

Pn.x/ � Pn.T /

x � T
;

it follows that jPn.x/�Pn.T /j D jP 0n.T /j � jx � T j, if jx � T j is small enough. In the
limit, as n goes to infinity, we obtain jU.x/ � U.T /j D jU 0.T /j � jx � T j, if jx � T j
is small enough.

Let ¹"nºn�1 be the fundamental sequence associated with the setO.T /. Then, the
fundamental sequence associated with O.U / contains a co-final part formed by the
sequence ¹jU 0.T /j"nºn for n large enough. Also, the number of closed balls of radius
"n that coverO.T / coincides with the number of closed balls of radius jU 0.T /j"n that
cover O.U / for n large enough. Then, by the definition of the Hausdorff measure, it
follows that

H s
�
O.U /

�
D jU 0.T /jsH s

�
O.T /

�
:

Because jU 0.T /j > 0, we deduce that dimHO.T / D dimHO.U /.
We collect the above results in the following theorem.

Theorem 5.1. Let T be an integral transcendental element of Cp and U 2 AZpŒT � n
Qp . Then

H s
�
O.U /

�
D jU 0.T /jsH s

�
O.T /

�
and dimHO.T / D dimHO.U /;

where s is an arbitrary non-negative real number and U.�/ is the Galois equivariant
analytic function defined by U as above.
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Corollary 5.2. Let T and U be integral transcendental elements of Cp such that
AZpŒT � D AZpŒU �. Then dimHO.T / D dimHO.U /.

Remark 9. By Corollary 5.2, the Hausdorff dimension of the orbit of any generic
element of AZpŒT � is the same, which means that it is an invariant of AZpŒT �.
Remark 10. Let p be an odd prime number. From Theorem 4.1 it follows that, for
each � 2 Œ0; 1�, there exists an integral transcendental element T� of Cp such that
dimH O.T�/ D � and, if K D [nQpŒ�pn �, then BQpŒT� � D QK. Moreover, the Galois
group Gal.K=Qp/ (endowed with the Krull topology) and O.T�/ are topologically
isomorphic. Thus, if �1; �2 2 Œ0; 1� with �1 ¤ �2, then BQpŒT�1 � D

BQpŒT�2 �, O.T�1/ is
homeomorphic withO.T�2/, and dimHO.T�1/¤ dimHO.T�2/. It then follows that if
�1; �2 2 Œ0;1� and �1¤ �2, then BZpŒT�1 �¤BZpŒT�2 �. Also, we deduce that Corollary 5.2
is not true if instead of Zp we consider Qp . The case p D 2 is similar.
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