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Hausdorff dimension and Galois orbits

Victor Alexandru and Marian V4jaitu

Abstract. The aim of this paper is to investigate fractals and their Hausdorff dimensions in a
non-Archimedean setting. We are interested in fractals like equilibrated and fundamental sets
of the Tate fields and, in particular, in fractals like Galois orbits of generic elements of infinite
Galois extensions of p-adic fields. Also, we study the invariance of the Hausdorff dimension of
Galois orbits defined by integral transcendental elements of C,.

1. Introduction

The notions of Hausdorff measure and dimension defined over the field of real num-
bers (see the classical books of Falconer [5, 6]) can be defined in the same way over
any metric space. These concepts are fundamental objects in fractal geometry, which
play a key role in the study of the geometric structure of general sets. The aim of this
paper is to investigate these notions in a p-adic setting. Let p be a prime number, Q,
the field of p-adic numbers, @p a fixed algebraic closure of Q,, and C, the comple-
tion of Q,, with respect to the p-adic absolute value | - |. Let O(T) denote the Galois
orbit of an element 7" € C,, with respect to the absolute Galois group Galcon(Cp/Qp).

The paper is organized as follows. In Section 2 we introduce notation and some
preliminary results. In Section 3 we discuss the class of equilibrated and fundamental
sets of a metric space (M, d). We provide a few formulas for the Hausdorff measures
and obtain the Hausdorff dimensions for the sets of this class in Theorem 3.1, which
generalizes the well-known results of Abercrombie [1] and Barnea and Shalev [4]
(see Corollary 3.2). In Application 1, we calculate the Hausdorff dimension and the
Hausdorff measure for the ring of integers of a finite field extension of Q, and then, in
Application 2, we show that the non-Archimedean Cantor set (see [11]) has Hausdorff

log2

dimension s¢g = Tog3 and the so-dimensional Hausdorff measure equal to 1, which

is a fractal as in the classical case. The mentioned applications are consequences of

Theorem 3.1 without iterated function systems (see [5,6,11]). We note that in a p-adic
setting, the Falconer Distance Conjecture [7] fails (see Remarks 4 and 5).
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In Section 4, we discuss the case of an arbitrary infinite Galois extension of Q.
We present a large class of fractals. More precisely, we show that for any & € [0, 1],
there exists an integral transcendental element T¢ of C,, such that dimy O(T¢) = &
(see Theorem 4.1). If K is an infinite Galois extension of Q,, then K (which denotes
the completion of K with respect to the p-adic absolute value | - |) has a transcendental
generic element 7' € C,, that is, K = Qﬁ] (see [8]). In Theorem 4.2 we obtain for-
mulas for the Hausdorff measures and the Hausdorff dimension of the Galois orbit of
the generator 7. Moreover, if Gg = Gal(K/Q,) = Galcom(lg/(@p) and H is an open
subgroup of Gg, then the s-dimensional Hausdorff measure of H, and respectively,
the Hausdorff dimension of H is related to that of Gk, via the natural topological
isomorphism between Gg and O(T) (see Theorem 4.4).

Section 5 is dedicated to the study of the invariance of the Hausdorff dimension.
Given T, an integral transcendental element of C, and U € ZET] \@p, our aim is
to obtain a relation between the s-dimensional Hausdorff measures of the orbits O(T')
and O(U). Then we show in Theorem 5.1 that these orbits have the same Hausdorff
dimension. In particular, the Hausdorff dimension of the orbit of any generic element
of Zﬁ] is one and the same for all, so it is an invariant of Zﬁ] (see Corollary 5.2).

2. Notation and preliminary results

Let (M, d) be a metric space and X an arbitrary non-empty subset of M. For any
subset £ of M, we define the diameter of E by dia E = sup{d(x,y): x,y € E}.
By a (closed) ball in M of radius r > 0 and centered at ¢ we mean a set of the form
Bla,r]={x e M :d(x,a) <r}. Let ¢ be an arbitrary positive real number. If { B; }; is
a countable collection of sets of diameter at most ¢ that cover X, thatis, X C U2, B;
with 0 < dia B; < ¢ for each i, we say that { B; }; is an e-cover of X.

Let us suppose that X is a subset of M and s is a non-negative real number. For
any ¢ > 0, we define

o0
HE(X) = inf{ Z(dia B;)® : {B;}; is an e-cover of X}. 2.1
i=1
The function ¢ — FJ(X) decreases as ¢ — 0, hence the following limit exists:

4 (X) = lim 35 (X). (2.2)

This is called the s-dimensional Hausdorff (outer) measure of X . In what follows, we
define the Hausdorff dimension (or Hausdorff-Besicovitch dimension) of X by

dimyg X := inf{s : #°(X) = 0} = sup{s : H*(X) = oo}, (2.3)
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which is always a real number in the interval [0, co].

We remark that if X C M is an arbitrary subset with a compact closure, we can
use in (2.1) an g-cover with a finite collection of closed balls of diameter at most ¢. If
dimy X is non-integral, then we say that X is a fractal (see Mandelbrot [12]).

Let X be any non-empty bounded subset of M and, for any ¢ > 0, let N.(X) be
the minimal number of closed balls of radius ¢ that cover X. The lower and upper box
dimensions of X are

log No(X) — log N.(X
dimg X = lim inng—g(), dimg X = lim sup Og—S()
e—~0 —loge 650 —loge
and the box dimension is
log Ne(X)

dimg X = lim
e—~0 —loge
if this limit exists. For further details on fractals, see [5,6].

For a prime number p, we let Q, be the field of p-adic numbers; let @p be a
fixed algebraic closure of Q, and C, the completion of Q,, with respect to the p-adic
valuation v (see [2, 8, 10]). The field C, is known as the Tate field or the field of
p-adic complex numbers. Denote by | - | the p-adic module on C,. Let G be the Galois
group Gal (@p /Qp) endowed with the Krull topology. We know that G is canonically
isomorphic to Galcon (Cp/Qp), which is the group of all continuous automorphisms
of C, over Q,. We identify these two groups.

For any closed subgroup H of G, we denote

Fix(H):={T €C,:0(T) =T forallo € H}.

Then Fix(H) is aclosed subfield of C,,. If T € C, denote H(T) ={0 € G :0(T) =
T}. Then H(T) is a subgroup of G, and Fix(H(T)) = Qﬁ], which is the closure
of the polynomial ring Q,[7] in C,. We say that T is a topological generic element
of Qﬁ“]. Any closed subfield K of C, has a topological generic element, that is,
there exists 7 € K such that K = QP\[T] = Qp(T) (see [2,8]).

Let T be a transcendental element of C, and O(T) = {0(T) : 0 € G} the Galois
orbit of T'. The map o ~> o (T') from G to O(T) is continuous and it defines a homeo-
morphism from G/H(T) to O(T). Then O(T) is a compact and totally disconnected
subspace of C,, and the group G acts continuously on O(T). Thus, if 0 € G and
©(T) € O(T), theno x ©(T) = (ot)(T).

Definition 2.1. Let X be a non-empty compact subset of a metric space (M, d). We
say that X is equilibrated if for any ¢ > 0, and any &’ > 0 with ¢ > ¢’ > 0, each ball of
radius ¢ in X has a minimal decomposition in the same number of balls of radius &'.
Also, we say that X is a fundamental set, if the distance set

A(X):={d(x,y):x,y € X}
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is a sequence {&, },>1 that is strictly decreasing to zero. This sequence is called the
fundamental sequence associated with X .

Remark 1. In fact, a fundamental and equilibrated subset X of M is a compact set
that is an inverse limit space of a sequence of finite discrete spaces, and by this, it is a
profinite space (also known as a Stone space).

2.1. Basic examples

Here are a few examples of equilibrated and fundamental sets.

1) The closed subgroups of a profinite group are equilibrated and fundamental;
see the proof of Corollary 3.2.

2) Let K be a finite algebraic extension of @, and Ok its ring of integers. Then
Ok is a fundamental and equilibrated set. In particular, Z, and Z; are fundamental
and equilibrated sets (see [10, 14] and Application 1).

3) The non-Archimedean Cantor set
w .
C3 = {a €Z3:a= Za,S’, a; € 40,2} for any i ZO}
i=0

is an equilibrated and fundamental set (see [11] and Application 2).

4) Another key example of a fundamental and equilibrated setis O(T'), the Galois
orbit of a transcendental element 7" € C, (see [14]), thatis, O(T) = {o(T) : 0 € G}.

5) If T € C, is transcendental and B is a closed ball in C,, then B N O(T) is
also a fundamental and equilibrated set.

Remark 2. Any subset of C,,, which is fundamental and equilibrated, is a set without
isolated points. In particular, a set of the form O(«) U O(T), where « is an algebraic
element of @p and T is a transcendental element of C,, is not fundamental and equi-
librated.

Let {e,}n>1 be the fundamental sequence associated with a fundamental and
equilibrated set X of M. Let N, be the number of the closed balls of a minimal
decomposition of X with closed balls of radius &,. Because X is equilibrated, it is
plain that N, is a divisor of N4+, foranyn > 1.

A subset D C C, is G-equivariant, or Galois equivariant, provided that o (x) € D
for any 0 € G, and any x € D. An example is the Galois orbit O(T'), where T € C,,.
Another example is

B[O(T). |p|'**] = {z € Cpudist(z, O(T)) < |p|'**}

for any ¢ > 0.
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Afunction f : D — C,, where D is a Galois equivariant subset of C,,, is called G-
equivariant, or Galois equivariant, if f(ox) = of(x) forany o € G and any x € D.

3. Hausdorff dimension of equilibrated and fundamental sets

Theorem 3.1. Let X be an equilibrated and fundamental set of a metric space (M, d).
Let{en}n>1 be the fundamental sequence associated with X and, for anyn > 1, let Ny,
be the number of the closed balls of a minimal covering of X by balls of radius &,,.
Then, for any s > 0, we have

H(X) = IEEEC‘,ansz and dimy X = dimgyX.

Proof. Forany k > 1,lete,, > &5, > -+ > &y, be an arbitrary finite subsequence of
the fundamental sequence of X, where ny < ny < --- < ng. We cover X with closed
balls of radii &5, €5, ..., €n,. Let a; be the number of closed balls of radius &y,
from the cover, 1 <i <k, and let a = a; + a> + --- + ay. For the sake of sim-
plicity, we suppose that By, By, ..., By, are the closed balls of radius ¢,,; then
By, +1,Bay+2,. .., Bay 1, are the closed balls of radius ¢, ; and so on. Thus, U?:1 B;
is a cover of X with closed balls of radii &, > £,, > -+ > &, . It results

a

k
> (diaB))* = aie,. (3.1)

j=1 i=1

where dia B; = sup{d(x, y) : x, y € B;} is the diameter of the ball B;. The diameter
of B; is precisely its radius by Remark 1. There exists ip, 1 < iy < k, such that

ming<j<k Np; &, = N, . By (3.1) we deduce

ni%n; i n,
Z(dlaB ) > Zal Enig = Vg, (3.2)
J i=1 n
because Z; ++— > 1, for any covering. Otherwise, if the sum is strictly less than 1,
we obtain

nk
Nuy > E a, .

i=1
However, as X is equilibrated, the right-hand side is counting the number of balls of
radius &, in a covering of X induced by the initial covering considered, while N, is
the minimal number of balls in such a covering. These yield to a contradiction. Then,
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forany m > n > 1, by (3.2), we deduce that

inf{Z(dia B;)* : {B;}; is a cover of X with closed balls,

3.3)
of radii p; such that &, < p; < en} = inf  Ngej.

Em=Ek=€n
In (3.3), p;’s are radii from the fundamental sequences associated with X, and
the equality follows from (3.2) and the fact that the minimal covering with balls of
radius ¢ yields exactly the number Niej . The sequence in (3.3) is decreasing as m
tends to infinity, so by passing to the limit on m, we get

inf{Z(dia B;)® : {B;}; is a cover of X with closed balls

3.4)
of radii pi < e | = inf Neej.
k>n

By the definition of the s-Hausdorff measure, we obtain

H¥(X) = lim H; (X) = liminf N,&5, (3.5)
n—oo n n—o0o
and taking logarithms in (3.5), we derive

log N,

log J¢°(X) = liminflog e, (s _ 08T ) (3.6)
n—o00 —logey,

log Ny

Denote s¢g = liminf,_ Togen”
n

We claim that dimy X = s¢. The following three
cases may appear:

a) Then, forany 0 < s < oo, by (3.6),

. log N,
lim loge,| s — = 00,
n—00 —log En

hence #*(X) = oo, which yields dimyg X = oo.

b) Then, for any s > 0, by (3.6) we find that #°(X) = 0, and conse-
quently dimg X = 0.

c) |50 € (0,00) [If0<s5s <s9pand 0 < & < 59 — 5, then loli;v;n > 5o — & for n large

enough. This implies s — lofo—gg’n < s —so + ¢ <0, from which, for n large enough

as well, it follows (loge,)(s — M) > (s — 5o + ¢) log &,. Then again by (3.6),

—logen
we obtain H°(X) = oco. If s > 59, then there exists a sequence {ny}r>; such that
logNnk _ logNnk B
—logen, — —logen;
liminf, oo (log £, )(s — loff,;v:n) = —o0. Therefore, by (3.6) it follows J5(X) = 0,
which means that dimg X = so.

limg —s 00 9. Further, limy _, o (log &, ) (s — ) = —o0o, which implies
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These complete the proof of Theorem 3.1. [

By Theorem 3.1, we obtain the results of Abercrombie [1, Proposition 2.6] and
Barnea and Shalev [4, Theorem 2.4].

Corollary 3.2. Let G be a profinite group with a filtration {G};2, and let H <. G
be a closed subgroup. Then

log|HG,/G log[H : HN G
dimy H = dimpH = liminf 102 G0/ Gnl _ (L Tog] nl
n—oco  log|G/Gy] n—00 log[G : G,]

where the Hausdorff dimension is computed with respect to the metric associated with
the filtration {G,}.

Proof. By hypothesis, let G be a profinite group and let {G,},>1 be a descending
chain of normal subgroups that forms a base for the neighborhoods of the identity.
Then, by setting d(x, y) := inf{ﬁ : xy~! € G,}, we obtain an invariant metric
on G. It turns out that the closed subgroups of G are equilibrated (just use the fact that
clopen balls are cosets of clopen subgroups and indices are multiplicative, that is, for
G > H > Kwehave [G : K] =[G : H]-[H : K]). Moreover, the closed subgroups
of G are fundamental because they are profinite. |

Remark 3. If G is a p-adic analytic pro-p group and H <. G is a closed sub-
dim H
FTYER
a p-adic manifold X (see Theorems 2.4 and 1.1 of Barnea and Shalev [4]). More-

group of G, then dimy H = where dim X denotes the analytic dimension of
over, for p-adic analytic groups, the Hausdorff dimension coincides with the analytic
dimension only for certain filtrations; for other filtrations many different results can
be obtained (see [9]).

Application 1. Let K be a finite algebraic extension of degree n = ef > 1 of Q,,
where e is the ramification index and f is the residual degree. Let Ok be the ring of
integers of K over Q,, and 7 a uniformizer with || = | p|é. It is known that any
x € Og isof theformx = )", a; ', where af’j = qa; are the Teichmiiller digits.
It is plain that Ok is an equilil;rated and fundamental set of C,. The fundamental
sequence associated with Og is of the form ¢, = |7 |" = (%)m/ ¢ and the number of

closed balls of radius &,, that cover Ok is N, = (p/)™ = p™/, for any m > 0. Then

we see that lim,, o0 iolix“n = ef = n, therefore dimy Ox = n and #"(Og) = 1.In

particular, it follows that: dimg Z, = 1 and #(Z,) = 1.

Remark 4. The well-known Falconer Distance Conjecture [7] says thatif n > 2 is an
integer and X is a compact subset of R” such that dimy(X) > %, then w(A(X)) > 0,
where u is the Lebesgue measure. In a p-adic setting this conjecture fails. Indeed,
if we choose X = Ok, as in Application 1, then we notice that 4 (A(Og)) = 0 and
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dimyg Og = [K : Qp], which can be arbitrarily large. Also, we have dimy(A(X)) =
1(A(X)) = 0, for any X that is a fundamental subset of C,,.

Remark 5. In Remark 4 the number n is the topological dimension of R", which
coincides with the Hausdorff dimension of R”. If we want to consider the Falconer
Distance Conjecture in a more general setting, such as for a metrizable topologi-
cal group, which could be a subject for a forthcoming study, we have to compare
the Hausdorff dimension of a subspace with the Hausdorff dimension of the ambi-
ent space to say something about the Lebesgue measure of the distance set of the
subspace. To emphasize, it is enough to mention that the locally profinite groups or
totally disconnected locally compact (TDLC) groups have the topological dimension
zero. If G is a profinite group, then it is a topological group that is compact, Haus-
dorff, and totally disconnected. Also, G is an inverse limit of finite groups and it is
metrizable. With respect to this metric defined on it, which depends on the filtration,
for any H <. G, which is a closed subgroup of G, A(H) has Lebesgue measure zero,
so the conjecture failed in spite of the fact that the Hausdorff dimension of H could
be a positive number. Essentially, Falconer Distance Conjecture fails for every profi-
nite group G (as G itself has Hausdorff dimension 1, topological dimension 0 and
countable distance set). A relevant example is Corollary 3.2, and for more, see [4].

If we consider G a TDLC group, then G is metrizable if and only if it is first count-
able, by the theorem of Birkhoff—Kakutani. Moreover, G has a basis of neighborhoods
of the identity element formed by open-compact subgroups, see the well-known theo-
rem of van Dantzig. These neighborhoods are metrizable, profinite, so the conjecture
failed on these open-compact subgroups. We mention some examples, which are
metrizable: the general linear group GL, (Q)) of n x n invertible matrices with entries
in the p-adic numbers, the field of formal power series I, ((¢)), or the examples in
Remark 4 and Application 2, to name but a few.

Application 2. The non-Archimedean Cantor set €3 C Z3 (see [11]) is characterized
by the 3-adic expansion of its elements as follows

o0
G = {a €Z3:a= Zai?»i, a; € {0,2} forany i > O},
i=0

which is totally disconnected, uncountably infinite and without isolated points. More-
over, the 3-adic Cantor set is an equilibrated and fundamental set, which is homeo-
morphic with the classical Cantor set. In the 3-adic case, the fundamental sequence
associated with €3 is of the form ¢, = (%)" and the number of closed balls of radius &,

log N, __ log2
Tlogey = Tog3 and, by Theorem 3.1,

that cover €5 is N,, = 2". Therefore so = lim;— o0

it follows: dimy €3 = % and #*0(€3) = 1, as in the classical Cantor set.
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Example 1. We give an example of a compact subset X of C,, which is funda-
mental and non-equilibrated, such that dimy X # dimg X . For any integer m > 1,
there exists an mth root of p in the algebraic closure of Q,. We consider the element
pl/ " determined by a conjugacy modulo a root of unity of order m. Denote y; =
1+ % + -+ %,foranyk > 1. For any n > 1, we define o, = ZZ=1 pY%, which is
an element of Q,,, with p¥* defined above. Because y, — oo, the sequence {ay }n>1 is
convergent and let 7" be its limit. The set we need is X = {1, 02,...,0,,...} U{T},
which is compact and fundamental. The fundamental sequence associated with X is
of the form ¢, = (%)V". The set X is non-equilibrated because for any 1 <i < n the
element ¢; is in a single ball of radius ¢, and for any i > r all the elements «; are in
the ball B(T, &;). It follows that N,, = n, and

. . log Ny .
dimg X = lim = lim = ,
n—oo —loge, n—ooy,logp logp

logn 1

because limy, oo (¥, —logn) = y, where y is the Euler-Mascheroni constant. It is

plain that dimy X = 0 # 1o§p = dimg X.

Remark 6. There is some very recent result of Mayordomo and Nies [13], which
provides an alternative proof of the coincidence between the Hausdorff dimension
and the lower box dimension (in a different context, but based likewise on sets that
are equilibrated and fundamental).

4. The case of infinite Galois extensions

Theorem 4.1. Let p be an odd prime number. For each & € [0, 1] there exists an
integral transcendental element Tg of Cp, such that

dimy O(Tg) = .

In the case p = 2, the above equality holds for each & € [0, %] In both cases, for
each & # 0, we have

£
¢ _r—1 (l) 7t
H (O(Tg)) 2\ .
Proof. For any n > 1, we let {,» denote a primitive root of unity of order p”. Next,
we letay, = {p +az8,2 + -+ + ay{pn, where a; € Z are such thata; = 0 (mod p)
for all i with 2 <i < n. Note that for all i with 1 <i < n, we can choose a; such that
dega, = p"'(p—1) and

1

1\ 7T
lanst] < lan]- (;) @)
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for any n > 1 (see the Appendix in [14]). Denote T = lim,—, &, Which is a tran-
scendental element of C,. Then Q,[T] = U,Qp[{pn] (see [8]). If K = U,Qp[Lpn],
then K is an infinite Galois extension of QQ,, which is totally ramified, and

Gk = Gal(K/Qp) = Galcont(lg/(@p) = Z;-

By the Appendix in [14], the fundamental sequence associated with the orbit O(T)
ise, = |an |(%)ﬁ and the sequence { N, },>1 of closed balls of radius &, that cover
the orbit of T is given by N, = @(p"~!) = p"~2(p — 1), where ¢ denotes Euler’s
totient function.

Now, let @ > 1 be areal number and let p > 3 be a prime number. For any n > 2, we
choose a, = p*?1, where [-] means the integer part. Then condition (4.1) is satisfied
and, by Theorem 3.1, we obtain

= tim M _ i 0(T) = dimg O(T).
n—>oco —loge, 0
This means that we can find transcendental elements 7" € C,, such that the Hausdorff
dimension of the orbit of T takes any positive real value in the interval (0, 1]. We
remark that in the case a, = p"z, we have dimyg O(T) = 0. In the case p = 2, the
inequality (4.1) is satisfied for any 8 > 2, therefore we can find transcendental ele-
ments 7" € C, such that the Hausdorff dimension of the orbit of 7" takes any positive
real value in the interval (0, 1/2]. In both cases, from Theorem 3.1 and Dirichlet’s

£
»—T  Indeed, we have

approximation theorem, we deduce #¢(O(T)) = pp—zl(%)
JE(O(T)) = liminf Nyef
n—oo

&
p—1

1
= liminf p"2(p — 1)|a,,|5(—)
n—0o0 p

£
1 1\7T
_2 (—) liminf p"|a, ¢
n—>oo

p* \p
s
I Y,
£
)
p> \p) ~
which concludes the proof of Theorem 4.1. ]

Remark 7. By Theorem 4.1 we obtain a large class of fractals given by the Galois
orbits of some integral transcendental elements of the Tate fields. It is worth men-
tioning that the Galois orbits O(T¢) in Theorem 4.1 have strong Hausdorff dimension
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meaning the lower limit in Theorem 3.1 is an actual limit, which is not true in general
for arbitrary equilibrated and fundamental subsets.

Remark 8. For each ¢ € [0, 1], the integral transcendental element Tz € C, from
Theorem 4.1 and its proof have the following properties:

i) The extension Q,[7T¢]/Q) is normal, that is, H(T) = Galeon(Cp/Qp[T]) is
a normal subgroup of G = Galeoni(Cp/Qp).

ii) We have the following isomorphisms of groups:
O(Ty) = G/H(Ty) = Galeon(QplTel/Qp) = Galeon(UnQplEpm]/Qy) = Z.
iii) As groups, O(T¢) and Z, are isomorphic and their Hausdorff dimensions are
dimg O(Tg) =& and  dimy Z; =dimy Z, = 1.

Theorem 4.2. Let K be a subfield of C, that is, an infinite Galois extension of Qp.
Then, there exists a generic element T of K, and a sequence {Xx,}n>0 of elements
of @p that converges to T such that the finite field extension Qp(xp—1) C Qp(xy)
is normal and of prime number degree qy for any n > 1. For any s > 0, the Haus-
dorff measure and the Hausdorff dimension of the Galois orbit of T are given by the
following formulas:

H(O(T)) = liln_i)iogfm% o gn (@ (xnt1))’
and

1
dimy O(T) = liminf 1224192 dn) |
n—-oo — 10g(cu(x,,+1))

where ®(x,+1) is the distance between any two distinct conjugates of Xn+1 over
Qp(xn), which is the same.

Proof. Let K € C, be a field that is an infinite Galois extension of Q,. Since K/Q,,
is normal, it is also solvable. Then there exists a tower of fields {K, },>1 such that

)Qp=KoCKiC---CK,C---CK=U2 Ky, [Kyp:Qp] <00
and

i) K,—1 C K, is a Galois extension of degree a prime number ¢, for any n > 1.
By considering

Gk = Gal(K/Qp) = Galcont(k/Qp)
and

H, = Gal(K/K,) = Galn(K/Ky),
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we see that Hy = Gk, H, is a normal subgroup of H,_; and
|Hp—1/Hn| = [Ky : Kn—1] = ¢n.
For any o € @p, we define
w(a) = min{|0(a) —a|:0 € Gk, o(a) # a}
and
Q) := max{|c7(oe) —a|:0 € GK}.

From the proof of Theorem 2 in [8] (see also [2]), we can find, forany n > 1, a, € Z,
small enough, and o, € @p such thatif x, = 1 + Z?:l a;a;, xo = 1. Then we have
K, = Qp(x,) and the following conditions are fulfilled:

1) |Xn+1 — Xn| < w(x,) and the sequence {|X,+1 — Xpn|}n>1 i strictly decreasing
to 0.

i) |an|o(ay) > |an+1]R2(an+1), forany n > 1.
Indeed, from the proof of Theorem 2 in [8], it follows that o, € @p, lon| <1, and
Kn = Qp(on) € Kny1 = Qp(ap41), forany n > 1.

By induction, we construct the sequence {a,},>1, with a, € Z, small enough,
such that a, — 0. Let us suppose that we have defined a1, as, ..., a,. Then, we let
an+1 € Zp, be such that

lan+1] - lant1] < min{a)(xn), lan| - |O[n|}
and
lan+1] - Q(n+1) < lan|- (o).

Then both conditions i) and ii) are fulfilled. Moreover, the element T = lim,,—, o0 X5
is a generic element of K , that is, K = Qm].

Denote S,, = H, \ Hy+1 for any n > 0. By the above conditions, for any o € S,
we have

lo(T) = T| = |o(@n+10n+1) — an+10n41|
= lan+1l - o (@n41) — ens1l
= |0 (xn4+1) — Xn+1]
= 0(Xp+1)-
Note that this is independent of o € S, and, by all means, w(x,+1) is the distance
between any two distinct roots of the minimal polynomial of x,; over K, which

has prime degree ¢g,+1. We summarize the result that all these distances are equal to
each other in the following lemma.
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Lemma 4.3 ([15]). Let (L, v) be a local field. Let f € L[X] be an irreducible poly-
nomial, separable and of prime degree q. Then the distances between any two distinct
roots of f are all the same.

Now, because Gx = Up>0S,, the fundamental sequence associated with T is of
the form {w(x,+1)}n>0, Which is strictly decreasing to zero.

Indeed, we have @ (x;,+1) = |an+1] - |o(@n+1) — @n+1| — 0 for o € S,, because
|o(@n+1) — @n+1] < 1 (we have |o;| < 1foranyi > 1) and |a,+1| — O.

The number of closed balls of radius &,4+1 = @(x,+1) that cover O(T) coincides
with the number of closed balls of radius &, that cover O(x;,). We claim that this
number is N4 = deng Xn =q192 " qn-

Indeed, since |T — x,| < w(x,) < @(x,) = &, it follows |T — x,| < &,41. For
any 0,7 € U} S;, we have |0 (x,) — X,| > €441 and

B[o(xn),sn+1] N B[r(xn),sn+1] =0 foro # 1.

In conclusion, we deduce that O(T) C Usegal(k,/Q,) Blo(xn), en+1], which is a
disjoint union of closed balls, thereby wrapping up the proof of the claim.
Summing up, via Theorem 3.1, we thus complete the proof of Theorem 4.2. ]

Theorem 4.4. Let K be a subfield of C,, that is an infinite Galois extension of Qp,
and let H be an open subgroup of Gk = Gal(K/Qp). Then
H(H) = ﬁ - H5(Gg) and dimy H = dimy Gg.

Proof. Let K € C, be a field that is an infinite Galois extension of Q, and T a
generic transcendental element of K , that is, K = Qm], which always exists, as
we know from [8, Theorem 2]. Denote Gx = Gal(K/Q)p) = Galcont(k/Qp). Let
H <. Gk be a closed subgroup of Gg of finite index. We have that Gk acts in a
natural way on O(T). Moreover, Gx and O(T) are topologically isomorphic and,
via this isomorphism, H is identified with Hy = {o(T) : 0 € H} € O(T), which
is in fact a closed ball centered at T of the orbit O(T"). On Gg, which is a profinite
group, we consider the metric induced by the metric on C,,, via the above topological
isomorphism. We obtain an invariant metric on Gg. Then H and o H have the same
fundamental sequence, for any o0 € Gg. By a simple calculation with respect to the
above metric, we deduce that H*(H) = H*(ocH), for any 0 € Gg, which means
that the Hausdorff measure J¢* is invariant under translations. Moreover, #°(H) =
ﬁ - #5(Gk), which implies dimy H = dimy Gg. "

We note that Theorem 4.4 is comparable to a remark that follows Theorems 2.4
regarding open subgroups in [4].
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5. Invariance of Hausdorff dimension

Let T be an integral transcendental element of C,, let O(T) = {0(T) : 0 € G} be
the Galois orbit of 7', and U € ZIT] \@p. We want to find a relation between the
Hausdorff measures of O(7T) and O(U). Resulting from this, we point out a nice
relation between dimyg O(T') and dimy O (U).

First of all, because U € Zﬁ] \@p, there exists a polynomial P, € Z,[X] with
p-adic integer coefficients for any integer n > 0, such that

U=UT)= lim Py(T)

exists in C,,. By [3, Theorem 3.1], the limit U defines a Galois equivariant continuous
function on O(T') that has a unique Galois equivariant analytic continuation U(:) to
B[O(T), |p|'*#] for any & > 0. Also, it follows that U(x) = lim,— o Pn(x) and
U'(x) = limy—o0 P, (x) for any x € O(T). We have |[U'(T)| = | P, (T')| for n large
enough, and because T is transcendental, it follows that U’(T') # 0. Moreover, since

P — P,(T
PITy=  lim n(x) = Pa(T)
x—=T,xeO(T)\{T} x—T

)

it follows that | P, (x) — P,(T)| = | P,(T)| - |x — T|, if |x — T'| is small enough. In the
limit, as n goes to infinity, we obtain |[U(x) — U(T)| = |U'(T)| - |x — T|,if |x — T|
is small enough.

Let {e, }n>1 be the fundamental sequence associated with the set O(T"). Then, the
fundamental sequence associated with O(U) contains a co-final part formed by the
sequence {|U’(T)|en }n for n large enough. Also, the number of closed balls of radius
&n that cover O(T') coincides with the number of closed balls of radius |U’(T)|e, that
cover O(U) for n large enough. Then, by the definition of the Hausdorff measure, it
follows that

J5(0(U)) = |U'(T) 35 (0(T)).

Because |U’(T)| > 0, we deduce that dimy O(T') = dimyzg O(U).
We collect the above results in the following theorem.

Theorem 5.1. Let T be an integral transcendental element of Cp, and U € Zﬁ] \
@p. Then

J5(0(U)) = [U(T)|*H°(O(T)) and  dimy O(T) = dimy O(U),

where s is an arbitrary non-negative real number and U(+) is the Galois equivariant
analytic function defined by U as above.
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Corollary 5 2. Let T and U be integral transcendental elements of C, such that
p[T] [U] Then dimy O(T) = dimgy O(U).

Remark 9. By Corollary 5.2, the Hausdorff dimension of the orbit of any generic
element of Z,[T7] is the same, which means that it is an invariant of Z,[T].

Remark 10. Let p be an odd prime number. From Theorem 4.1 it follows that, for
each £ € [0, 1], there exists an integral transcendental element T¢ of C, such that
dimyg O(T¢) = £ and, if K = U, Q,[{pn], then @m = K. Moreover, the Galois
group Gal(K/Q,) (endowed with the Krull topology) and O(T%) are topologically
isomorphic. Thus, if £, & € [0, 1] with & # &, then Q, [T, | = Q,[Ts,], O(Ty,) is
homeomorphic with O(T%,), and dimyxg O(T%, ) # dimyg O(T, ). It then follows that if

£1,& €10,1] and &1 # &5, then m] # m] Also, we deduce that Corollary 5.2
is not true if instead of Z, we consider Q,. The case p = 2 is similar.
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