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Metric mean dimension, Holder regularity and Assouad
spectrum

Alexandre Baraviera, Maria Carvalho, and Gustavo Pessil

Abstract. Metric mean dimension is a geometric invariant of dynamical systems with infinite
topological entropy. We relate this concept with the fractal structure of the phase space and
the Holder regularity of the map. Afterwards, we improve our general estimates in a family of
interval maps by computing the metric mean dimension in a way similar to the Misiurewicz
formula for the entropy, which in particular shows that our bounds are sharp. As an application,
we determine the metric mean dimension of the classical Weierstrass functions. Of independent
interest, we develop a dynamical analogue of the Minkowski—Bouligand dimension for subshifts
on Ahlfors regular alphabets, which also provides an entropy formula in terms of the size of the
set of admissible words, generalizing the classical result for subshifts on finite alphabets.

1. Introduction

The metric mean dimension was introduced by E. Lindenstrauss and B. Weiss in [19]
to quantify the complexity of dynamical systems with infinite topological entropy. It
vanishes if the entropy is finite; otherwise, it measures the speed at which the entropy
at a given scale approaches infinity as this scale goes to zero. In this sense, the route
from entropy to metric mean dimension is a dynamical analogue of the one from
counting to box dimension. In both cases, the choice of the metric has impact precisely
on the speed of convergence, and therefore the metric mean dimension is not purely
topological, although it is invariant under bi-Lipschitz conjugacies. In this article, we
investigate the interplay between the metric mean dimension, the geometry of the
underlying space and the regularity of the map.

Lipschitz maps on compact metric spaces of finite dimension have finite topolo-
gical entropy (see (1.1)), hence their metric mean dimension is zero. In [15], P. Hazard
presented a family of Holder continuous interval maps with infinite entropy. Thus, it
is worthwhile studying the metric mean dimension within this family, and we wonder
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if and how it is related to the Holder exponents of the maps. We answer this ques-
tion positively for a 2-parameter family of interval maps, which comprises Hazard’s
examples (see Subsection 1.2 and Theorem B). The core of the proof of this result is a
formula for the metric mean dimension in terms of a sequence of horseshoes and the
scales at which their dynamics can be detected, resembling Misiurewicz formula for
the entropy (cf. [21]). We deduce this formula by developing a dynamical analogue of
the Minkowski—Bouligand dimension on Ahlfors regular spaces (see Subsection 1.3
and Theorem C).

Taking into account that the metric mean dimension has both a dynamical and a
geometrical imprint, when the phase space is not as homogeneous as the interval, we
need to deal with more refined geometric structures, which may not be detected if
one chooses an unfit notion of dimension. It turns out that the more recent concept
of Assouad spectrum (cf. [12]) captures in a precise way the impact of the Holder
regularity on the metric mean dimension (see Subsection 2.2 and Theorem A). The
adequacy of the Assouad spectrum in this setting is due to the fact that, at a given
parameter o € (0, 1), it essentially quantifies how many e-balls are necessary to cover
an ¢%-ball. Thus, it is naturally associated to dynamical covers generated by an «-
Holder map. The essence of our approach is the application of [22, Theorem B and
Lemma 6.1] which provide bounds for the metric mean dimension in terms of the
spectral radii of matrices whose entries are ruled by the Holder regularity of the map.

In the next subsections, we describe in detail our mathematical contribution and
discuss some examples of interest. After a brief glossary with the main definitions and
preliminary information, we present the proofs. We end the paper raising a few open
questions suggested by this work.

1.1. Holder regularity

Let (X, d) be a compact metric space and 7: X — X be a continuous map. We say
that 7" is Lipschitz if there is some C > 0 such that

d(T(x),T(y)) < Cd(x,y) Vx,y € X.

It is known that the topological entropy of a Lipschitz map 7 has a natural upper
bound in terms of the Lipschitz constant and the dimension of the phase space (cf.
[16, Theorem 3.2.9]), namely

hiop(T) < max {0, log C } dimp (X, d). (1.1)

However, if one is interested in maps satisfying weaker forms of regularity, the phe-
nomenon of infinite entropy may occur. Given « € (0, 1), we say that T is a-Hdlder
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if there exists a constant C,, > 0 such that
d(T(x).T(y)) < Cqd(x,y)* Vx,y € X.

We sometimes refer to « as the Héolder exponent of T. Hazard (cf. [15]) presented a
family of interval endomorphisms with infinite topological entropy which are Holder
continuous. This indicates that the metric mean dimension can be a useful tool to
study such systems. We refer the reader to Subsection 1.2, where we discuss this type
of maps.

The following result is an analogue of (1.1) for the upper metric mean dimension
mdimys (X, d, T) on spaces with finite Assouad dimension dimy (X, d) in terms of
the Holder exponent « and the Assouad spectrum dim% (X, d) of the phase space at
the parameter «. See the precise definitions in Section 2.

Theorem A. Let (X, d) be a compact metric space with finite Assouad dimension. If
a€(0,1)and T: X — X is a-Hélder, then

mdimpy (X, d, T) < (1 —a)dim§(X, d).
If; in addition, dimy (X, d) > O then

mdimys (X, d, T)
dimy (X, d)

sup {a €(0,1): Tis a-Hb'lder} <1-

The previous inequalities are sharp: in Subsection 1.2, we present a family of maps
for which the equalities are attained. Theorem A answers the questions raised in [1].

Recall that, if a compact metric space admits a Lipschitz map with infinite entropy,
then by (1.1) its box dimension is necessarily infinite. Taking into account the con-
nection between the box dimension and the Assouad spectrum (see (2.4)), we deduce
from Theorem A that the existence of a Holder endomorphism with full metric mean
dimension also imposes constraints on the fractal structure of the underlying space.

Corollary 1.1. Let (X, d) be a compact metric space with finite Assouad dimension.
If there exists a continuous map T: X — X such that mdimps (X, d, T) = dimp (X, d),
then o
dimp (X, d)

1—
where H(T) = {a € (0,1) : T is a-Holder} U {0}.

dim%(X,d) = Va e #(T),

In particular, if the space is sufficiently homogeneous so that the upper box and
Assouad dimensions coincide, then it does not admit a Holder endomorphism with
full upper metric mean dimension. This is the case when the space is Ahlfors regular
(see Definition 4.2).
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Corollary 1.2. Let (X, d) be a compact metric space such that
0 < dimp(X,d) = dimy (X, d) < +oo0.

If a continuous map T: X — X satisfies mdimps (X, d, T) = dimp (X, d), then it is
not a-Holder for any o € (0, 1).

Since a C%-Baire generic homeomorphism on a compact manifold of dimension
greater than 1 has full metric mean dimension (cf. [5]), the previous corollary provides
an alternative proof of the well-known fact that a C °-generic homeomorphism is not
a-Holder for any € (0, 1). A similar conclusion holds for a C°-generic endomorph-
ism of the interval.

Here are two concrete examples on which we may apply Theorem A. Consider
the interval [0, 1] with the Euclidean distance, which we denote by | - |.

Example 1.3 (Weierstrass functions). Fix positive numbers b > 1 and 1/b < a < 1,
and consider the map W, »: [—c, c] — [—c, c], where ¢ = (1 —a)~!, defined by

o0
Wap(x) = Za” cos(2mb" x).

n=0

It is known that W, 5 is B-Holder, where § = 5042 (cf. [14]). On the other hand,
W, p is B-hypersensitive, that is, 3§, C > 0 such that, for every interval J C [—c, ]
with diameter smaller than §, we have diam(W, 5 (J)) > C diam(J )8 (cf. [2]). Com-

bining this information with Theorem A and [17, Theorem 4.1], we conclude that

loga

mdimM([—C,C],|'|’Wa,b) =1-p=1+ logh’

We observe that the Hausdorff/box dimension of the graph of W, p is 2 + loga/logb
(cf. [23]).

Example 1.4 (Hypersensitive zipper maps). Let us consider the parameterized family
of maps defined in [17, Section 1.1]. Denote by 1‘,’8 the space of continuous functions
f:]0,1] — [0, 1] fixing 0 and 1, with the supremum norm. Consider a pair of points
p = ((x1,¥1), (x2, ¥2)) € (0, 1)* such that x, > x; and y, < y;. Define the operator
®,: €Y — € by

n f(3) if x€[0,x]
), f(x) = y1 — On —J’2)f(;2__);ll) if x € [x1,x2]
y2 + (1 —)b)f(fjj) if x € [x2,1].
Then @, is a contraction and thus has a unique fixed point Z,: [0, 1] — [0, 1], which

is called the zipper map of parameter p. The point p brings forward 4 additional para-
meters, denoted by Apin(P) < Amax (p) and 0 < Apin(p) < hmax(p) < 1, which describe
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geometric properties of the operator and impart dynamical information about Z,. For
instance, in [17, Proposition H] it was shown that Z, is B-hypersensitive if and only
if Apin > 1, where 8 =1 — &‘“*“I. Consequently (see [17, Theorem D]),

IlOghmin
10g Amin .
——— < mdim,, ([0, 1], ]|, Z,).
log g = (010171, 22)
Besides, Z, is a-Holder foro = 1 — wﬁ (cf. [17, Proposition 2.2]). Combining

this information with Theorem A, we obtain

log Amin log Amax

< mdimy, ([0, 1], |- |, Z,) < mdimps ([0, 1], |- |, Zp) <

| 108 7 i | = | log Amax|

1.2. Horseshoes in the interval

In this subsection, we consider the interval [0, 1] with the Euclidean distance and the
Lebesgue measure, which we denote by Leb. We compute the metric mean dimension
of a 2-parameter family of interval maps firstly introduced by Kolyada and Snoha (cf.
[18]). This formula refines the information provided by Theorem A for this family,
revealing that any loss in regularity is translated into metric mean dimension and
vice-versa.

Fix a sequence a = (ax)x>o of real numbers and a sequence b = (bg)g>1 of
positive odd integers satisfying the following conditions:

Cl) O0=ap<a;<---<ar— 1
(C2) (ax — ax—1)x decreases to zero.

(C3)  (br)y is strictly increasing.

For each k € N, denote by fx: [0, 1] — [0, 1] the unique continuous piecewise affine
map with by equidistributed full branches such that f} is increasing in the first one -
and since by is odd, also in the last. Let J; = [ax—1, ax] and Ty: Jx — [0, 1] be the
unique increasing affine map from Ji onto [0, 1]. Define

Typ: [0, 1] — [0,1]
xeJg = Ti'ofyoTy (1.2)
x=1 +— 1
Each map is determined by a sequence of horseshoes accumulating at the extreme

point 1 (see Figure 1). The sequence (ay)r defines the intervals (Ji)r where the
horseshoes lie, and each by represents the number of branches in the k-th horseshoe.
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Figure 1. Graph of the map Ty p.

In particular, the topological entropy of T, p restricted to Ji is log by. To fix the nota-
tion, we write g = |J|/by, which represents the length of the injectivity domains
in J.

Clearly, T, 5 has infinite topological entropy for every a and b (see [18]). The
metric mean dimension has been computed for specific choices of the parameters
(see, for instance, [25] and [4]). Similar maps were studied by Hazard in [15], though
without any mention to metric mean dimension. Actually, the main focus there was
to construct interval maps which are a-Holder, for @ € (0, 1), and whose topological
entropy is infinite.

A classical result of Misiurewicz [21] states that if 7:[0, 1] — [0, 1] is a continuous
map then for every n € N there exists

e aninterval J,

* acollection O, of pairwise disjoint subintervals of J,
e k,eN

such that J, C T*»(I) for every I € D, and

log #D,
hiop(T) = limsup °g Ly (1.3)

n—+oo n

Observe that Misiurewicz formula (1.3) for the maps 7, defined in (1.2) becomes

hmp(Ta,b) = limsup logb, = +o0.
k — +o00
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We obtain a formula similar to (1.3) for the metric mean dimension, with respect to
the Euclidean distance, within the family 7, 5. As a consequence, we also establish
a connection between the upper metric mean dimension and the Holder regularity of
T, », which shows that the estimates in Theorem A are sharp.

Theorem B. Let a = (ay)r>o and b = (bx)k>1 be two sequences satisfying the con-
ditions (C1)~(C3) and T, p, be the corresponding interval map. Then

I . log by
mdimps ([0, 1], ] - [. Tpp) = limsup —————
( ¢ ) k — +oo IOg(l/Ek)

log b

mdimy, ([0.1].]]. Tup) = liminf —2 %

k—+oo log(1/ex)

Moreover,
sup H(T) = 1 — mdimp ([0, 1], ]+ |, Tap). (1.4)

where H(T) = {a € (0,1) : T is a-Hdlder} U {0}.

For example, by Theorem B:

() Ifag = Zfz:l 6/mn? and by = 3%, then mdimy ([0, 1], | - |, T.5) = 1 and
T, p is not a-Holder for any o € (0, 1).

(i) Given0 < B < 1,ifa; = Zﬁ:l C(,3)3"(1_%), where

(e] —1
cp) = (Z 3"<1—é>) ,

n=1

and by = 3¥, then mdimy, ([0, 1], | - |, Tu5) = B and Typ is a-Holder for
every a € (0,1 — B).

(i) Ifax = 1/2F and by = 2k + 1, then mdimps ([0, 1], |- |, Typ) = O and T,
is a-Holder for every o € (0, 1).

We stress that the lack of regularity represented by the value of the metric mean
dimension in Theorem B is of a different nature from the one studied by Hazard in
[15]. The maps in [15] are defined like we did for T} 3, considering a = (27%) and
b = (2k + 1), but replacing each f; by gx = ¢g © fx 0 ¢, ', where g (x) = x*.
Thus, these maps have zero metric mean dimension, and their irregularity is due to the
appearance of cusps. On the other hand, we consider maps composed by sequences of
piecewise linear horseshoes whose lack of regularity comes from the distortion ratio
between the lengths of the injectivity domains of the horseshoes and of their images;
or equivalently, the ratio between the number of branches and the scales at which they
separate. This is precisely what metric mean dimension quantifies.
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1.3. An entropy formula

It is known [26, Theorem 7.13] that the topological entropy of a subshift on finitely
many symbols ¥ C {1,...,q}~ can be expressed in terms of the exponential growth
of the number of n-admissible words in Y, namely,

1
hep(Y,on) = lim —log®,(Y), (1.5)
n—>+oon
where, for each n € N, ©,(Y) is defined as the number of n-tuples [i1, ..., i,] such

that the set {(yx)keny €Y : y1 =i1,-..,Yn = in} is nonempty. We extend this formula
for subshifts on more general alphabets.

A compact metric space (X, d) is Ahlfors regular if there exists a Borel probability
measure 4 € P (X) satisfying

d,69,C1,Cr >0 Cyelime X < /L(Bg(x)) < CrelimBX Yy e X, VO<eg< £0.

For instance, a finite set with the normalized counting measure or the Euclidean
cube with the Lebesgue measure are Ahlfors regular. In this setting, we obtain sharp
estimates for the e-entropy of an arbitrary subshift ¥ € XN on an Ahlfors regular
alphabet X, namely

1 p"(Y(n,e)
he(Y,dn,on) = , dm . 10g(w> + o(1),
where Y (n, ¢) is the set B.(7,(Y)) C X" with respect to the supremum norm || - ||so

and 7,: XN — X" is the projection on the first # coordinates.

Theorem C. Let (X, d, jv) be an Ahlfors regular space. For every subshift Y C XN,
there exists A = A(Y') > 0, which is unique if hyop(Y, 0n) < 400, such that

M"(Y(n,E))). (1.6)

. . 1
hop(Y,on) = limsup lim —log(W

g0+ > toon

In addition, independently of A,

N 1
mdimy (Y, d", o) = dim(X,d) + limsup ——— Lim — log u1" (Y(n,¢))
oot 10g(1/e) n->1oo 1

(1.7)

1 1
. N T . . 1 n
mdim,, (Y,d",on) = dim(X,d) + I;I_I:éllf Tog(1/9) ngrfw - log " (Y(n, ¢)).

In particular, if X is finite we recover (1.5). Indeed, if X = {1,..., g} then it
has zero dimension and is an Ahlfors regular space with respect to the normalized
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counting measure i, whose constants are C; = C, = 1/q. The proof of Theorem C
yields A(Y) = 1/q for every Y and

1 1
hip(Y,on) = limsup lim — 10g(q Y (Y(n, 8))) = lim —1log®,(Y).
eyt NPT n—>+4oon
It is known (cf. [22, Theorem B]) that one can compute the metric mean dimension
of a continuous map 7 acting on a compact metric space X by considering the graph
of the map as a transition set and the corresponding subshift of compact type

Y = {(x, T(x),Tz(x),...) 1Xx € X}.

As an application of Theorem C, we obtain an alternative formula for the metric mean
dimension of 7" whenever X is an Ahlfors regular space. This has the advantage of
providing an interpretation of the difference between the metric mean dimension of
the map and the dimension of the underlying space.

Corollary 1.5. Let (X, d, u) be an Ahlfors regular space and T: X — X be a con-
tinuous map. Then, there exists A = A(T) > 0, which is unique if hyop(X, T) < 400,
such that

M”(Y(T,nw)))'

hop(X,T) = limsup lim 10g( n g dm X
& 1m

g0t "> toon

In addition, independently of A,

- 1 1
mdimps (X,d,T) = dim(X,d) + limsup——— lim —logu” (Y(T,n,a))
o oF Tog(1/e) > teo n

1
mdim,,(X,d,T) = dim(X,d) + liminf log " (Y(T,n,g))

V20 Tog(1/) n- oo n
where
Y(T,n,e) = U Be(x) x Be(T(x)) x -+ x Be(T" " (x)).
xeX

The previous corollary turns out to be a useful tool to explicitly compute the metric
mean dimension on Ahlfors regular spaces. See, for instance, Proposition 6.1.

It is well known that the metric mean dimension of iterates of a continuous map
behaves differently from the topological entropy. In fact, we have

mdimy (X, d, T%) < k mdimy(X.d,T), Vk >1,

whereas this inequality can be strict, as happens when the equality in (2.2) is attained.
As a consequence of Corollary 1.5, we obtain an optimal converse in this setting.
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Corollary 1.6. Let (X, d, u) be an Ahlfors regular space and T: X — X be a con-
tinuous map. Then, for every k > 1,
mdimps (X, d, T%)
mdim,, (X, d, T*)

%

k mdimy (X.d,T) — (k—1) dimX
k mdim,, (X.d,T) — (k—1) dim X.

v

In particular, if T has full metric mean dimension, so do all of its iterates.

2. Preliminaries

In this section, we introduce some basic terminology.

2.1. Metric mean dimension

Let (X, d) be a compact metric space and 7: X — X be a continuous map. For each
n € N, define the Bowen metric

dn(x,y) = | max d(T'(x). T/(y)) Vx.yeX

which is equivalent to d. We sometimes refer to balls with respect to this metric as
dynamical balls.
Given ¢ > 0 and K C X, consider the following minimum

S(K,d,e) = min{ﬁ: {U;}1<i<¢ is a finite open cover of K with diam(U;,d) < 8}
2.1)

and the limit |
he(K,d, T) = lim —logS(K,dy,¢),
n—>+oon

which exists since the sequence (log S(K, dy, €)), is sub-additive in the variable n.
Recall that the topological entropy is given by hip(X, T) = lim,_, o+ he(X,d, T).

Definition 2.1. The upper/lower metric mean dimension of (X, d, T') are given, res-
pectively, by

he(X,d, T
mdimys (X, d,T) = limsup M
e—ot log(l/e)
and

he(X,d,T
mdim,, (X,d,T) = liminf M
e—o0+ log(l/e)
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A subset E C X is said to be e-separated with respect to the metric d if d(x,y) > ¢
for every x, y € E; it is e-spanning with respect to the metric d if for every x € K
there exists some y € E such that d(x, y) < e. The notion of upper/lower metric mean
dimension can be equivalently defined if one replaces S(X, d, ) by either

S1(X,d,e) = sup{#E: EFEcCXis 8-sepa.rated}

or
S>(X,d,e) = inf{#E: EcCXis 8—spanning}

and instead of the limit in n, we take either lim sup,, or liminf,,.
The upper/lower box dimension of (X, d) are, respectively, defined as

— log S(X.d, . .. log S(X.d,

dimp(X,d) = limsupu and dimg(X.,d) = llmlnfM
e—~>0t log(1/¢) e—>0t log(1/¢)

If the above limits exist, we denote it by dimp (X, d) (or simply by dimp X if the

metric is clear) and refer to it as the box dimension of X . We recall that (cf. [25])

mdimps (X, d, T) < dimp(X,d)

(2.2)
mdim,, (X,d,T) < dimg(X,d).

2.2. Other fractal dimensions

In what follows, we denote by B.(x) the open ball on the metric space (X, d) centred
at x with radius e.

Definition 2.2. The Assouad dimension of (X, d) is defined as
dimy(X,d) = inf{s :3C,e0>0 | VO<r<R<g VxeX
R\s
S(Br(x).d.r)< C (7) }

The Assouad dimension quantifies the maximal local complexity of a fractal, since
it provides the maximal exponential growth rate of sup,.y S(Br(x),d,r) as the
parameters 0 < r < R vary independently. In particular, it is always an upper bound
to the box dimension, which is a more averaged measurement of complexity over the
whole space. Fraser and Yu proposed in [12] an interpolation between these notions of
complexity, obtained by fixing the relation between the scales r and R in the definition
of Assouad dimension. More precisely, for each fixed 6 € (0, 1) the scales are chosen
to satisfy R = rf, yielding a 1-parameter family of dimensions.
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Definition 2.3. The Assouad spectrum of (X, d) is the map

6 €(0.1) > dimf(X.d) = inf{s :3C,e0>0 | VO<R<g VxeX

S(Br(x).d.RV®) < C (Rf/e)s}.

Since the Assouad spectrum is defined in terms of a unique decreasing scale, it
can also be expressed as a limit. In order to maintain a unified notation, we write
e =r = R'9, obtaining

. . log S(B,e(x),d,¢)
dim%(X,d) = limsup su £ .
4 od S T =) log(1/s)

The aforementioned notions of dimension are related by the inequalities estab-

2.3)

lished in [12, Proposition 3.1]:

dimg (X, d)

dimp(X.d) < dim}(X,d) < min{ e

, dimy (X, d)} 2.4)

for every 6 € (0, 1).

Moreover, the Assouad spectrum varies continuously in (0, 1) and can be extended
to 8 =0 by dimg (X.,d)= dimp (X,d). Itis also known that, as 8 — 17, the spectrum
converges to the so called quasi-Assouad dimension, which is always finite whenever
the Assouad dimension is (see [10]). We observe that the Assouad dimension is finite
if and only if (X, d) is doubling, that is, there exists some K > 0, which we refer
to as the doubling constant of (X, d), such that any ball of radius ¢ can be covered
by K balls of radius ¢/2, for every ¢ > 0 (see [10, Theorem 13.1.1]). For explicit
computations and more information on the Assouad spectrum - and its dual notion,
the lower spectrum - we refer the reader to the comprehensive references [11, 12].

3. Subshifts of compact type

Let (X, d) be a compact metric space. In what follows, we endow the product space

XN with the metric

dN(x,y) = sup —d(x.i’ yi).

ien 271

A nonempty subset ¥ C XN is called a subshift if it is closed and invariant by the
shift action

on((xi)ien) = (Xit1)ieN.
Consider a subset I' C X x X, whose role is to prescribe transitions, and the induced
set of admissible sequences

'y = {(xi)ien:(xi,xiy1) €T, Vi € N},
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which is invariant and we always assume to be nonempty. We refer to Ty as a subshift
of compact type, and note that I'y is already closed whenever I is.
Given a continuous map 7: X — X, we may consider the transition set

I' = graph(T)

given by its graph. It was shown in [22] that the metric mean dimensions of 7" in
(X, d) and of oy in (T'y, dV) coincide:
mdimys (X, d, T) = mdimM(FN,dN,ON)

. . N (3.1)
mdim,, (X,d,T) = mdimy,(I'y,d",on).

In order to prove Theorem A, we make use of an upper bound for the e-entropy of sub-
shifts of compact type in terms of the spectral radius of a suitable matrix, developed
in [22]. For the sake of completeness, we briefly recall them here.

3.1. Spectral radius bounds

Fix a compact metric space (X, d) and asubset ' C X x X. Given e > 0, let U(e) =
{Ui,...,Upm()} be an open e-cover of X. Consider the M(g) x M(e) matrix I'® given
by

re - {1 if (U xU)NT #0 32)

0 otherwise.

By counting arguments similar to the ones used for subshifts of finite type, we know
that ||(I'€)*|| many cylinders composed by elements of U(e) of size k are enough
to cover I'y, where || - || denotes the norm |[[(a;;)ijll = >_; ; |aij| in the space of
M (&) x M (e) matrices. This estimate yields the following equivalent formulation of
[9, Lemma 4.1], where r(A) stands for the spectral radius of the matrix A4.

Lemma 3.1. Let (X, d) be a compact metric space and ' C X x X. Then
he(Tn.d™, on) < logr(I').

We combine the previous lemma with the following property of matrices to estim-
ate the metric mean dimension.

Theorem 3.2 (Gershgorin Circle Theorem, [13]). Letn € N and A = (a;;)i,; be a
complex n x n matrix. Then every eigenvalue of A is contained in the union

n
U B%,. (aii),
i=1

where Béc(z) ={weC:|z-—w|<8and R; =} ;,; |aij| foreveryi =1,...,n.
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In particular, if we apply Theorem 3.2 to a 0 — 1 matrix A and its transpose, we
get

r(A) < max#{j :q;; =1} (3.3)
l
r(A) = r(AT) < max#{i:a; = 1}. (3.49)
J
In the case X = [0, 1] (and also in higher dimensions), the matrix I'® can be

replaced by another one constructed by using intersections with an e-grid instead
of an open cover. This alternative definition was used by the third named author in
[22, Theorem C] to prove that the metric mean dimension of full branched interval
maps with infinitely many critical points coincides with the box dimension of the set
of such points. To compute this value, the upper bound was obtained by estimating
the number of 1’s in any given column, that is, using (3.4). In this paper, the estimates
are made for rows and we prove Theorem A by using (3.3).

4. Ahlfors regular spaces

As a consequence of [4, Proposition 8.7], we know that the local box dimension
structure of an alphabet is closely related to the metric mean dimension of the corres-
ponding full shift. In particular, when the space (X, d) is box-dimensionally homo-
geneous', for every continuous potential : XN — R we have (cf. [4, Theorem D])

mdimy (XN, dN, on.¢) = dimp(X,d) +  max [(pdu,
1€ Eorg (XN)

where the upper metric mean dimension with potential was defined by Tsukamoto
in [24] and &4 (X N) stands for the set of Borel ergodic on-invariant probability
measures on XN, In what follows, we approach dimensional homogeneity through
a measure-theoretic perspective, which provides a stronger notion of homogeneity,
yielding a new formulation for the metric mean dimension.

For a compact metric space Z, denote by J(Z) the space of Borel probability
measures on Z.

Definition 4.1. Given a compact metric space (X, d), we say that u € P(X) is
Ahlfors regular if

35>0,3,60,C1,.Co>0: Cy6° < M(Bg(x)) <(C,.&® Vxe supp(u), V0 < € < &.

'We say that (X, d) is box-dimensionally homogeneous if dimp (B (x)) = dimp (X), for
every x € X and ¢ > 0.
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Whenever (X, d) admits an Ahlfors regular probability measure u, we restrict our
study to supp(u). Therefore, without loss of generality, in what follows, we assume
supp(p) = X.

The existence of an Ahlfors regular measure on a compact metric space (X, d)
reflects the ultimate form of dimensional homogeneity. Namely, it ensures that the
Assouad and the lower dimension, which quantify, respectively, the highest and the
lowest local complexity in terms of dimension, coincide and are equal to the expo-
nent § (see [10, Theorem 6.4.1]). In particular, all the intermediate notions of dimen-
sion such as lower spectrum, packing dimension, Hausdorff dimension, intermediate
dimension, box dimension and Assouad spectrum coincide (see [7, 8, 10] and refer-
ences therein). Thus, we always denote § = dim(X, d), abbreviating into dim X if
the metric is clear.

Definition 4.2. A triplet (X, d, i) is an Ahlfors regular space if
389,C1.C2>0:  Cp %X < ju(Bo(x)) < Ce™X  Vxe X, VO<e<sg. (4.1)

The main examples we have in mind are the Euclidean cube [0, 1]P with the
Lebesgue measure, a compact Riemannian manifold with the volume measure and
(finitely generated) self-similar/self-conformal sets satisfying the open-set-condition
with the right dimensional Hausdorff measure (cf. [10, Corollary 6.4.4]). In fact, the
classical notion of Ahlfors regularity is defined with the Hausdorff measure, though it
may be formulated for a more general p satisfying (4.1). In particular, the only zero
dimensional compact Ahlfors regular spaces are the finite ones.

Every Ahlfors regular space is box-dimensionally homogeneous. However, not
every box-dimensionally homogeneous metric space admits an Ahlfors regular meas-
ure. An example is the Bedford—-McMullen carpet, whose Hausdorff and box dimen-
sions are distinct (cf. [3,20]).

4.1. Minkowski-Bouligand dimension

The box dimension for compact subsets of the Euclidean space admits an equivalent
formulation, the so-called Minkowski—Bouligand dimension (cf. [7, Proposition 2.4]).
We briefly recall it here.

Let D € N and F C RP be a compact subset of zero Lebesgue measure (other-
wise, its box dimension is equal to D) and, for ¢ > 0, consider its e-neighbourhood

By(F) = {x e R? :dist(x, F) < e},

where dist(x, F) = inf;er |x — a|. This is an open set and it is natural to ask how
fast its Lebesgue measure decreases as € — 0. It turns out that this rate provides
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information on the dimension, namely,

— logLeb(B.(F
M Jog(1/e)

logLeb(B.(F

dimg(F.|-) = D + liminf 108Leb(B:(F))

e—0+ log(1/¢)

We are heading to an analogous result in the dynamical setting. To this end, we
need an ambient product space where we can embed and thicken, by means of &-
neighbourhoods, the space of time n orbits. Afterwards, we evaluate the exponential
rate of the n-dimensional volume as time increases, and then compute the decay of
this quantity as the scale ¢ goes to zero. Subshifts of the Euclidean cube are natural
candidates for this procedure. In what follows, we consider more general Ahlfors
regular alphabets.

4.2. Proof of Theorem C

The main result in this section is an equivalent formulation of the metric mean dimen-
sion of subshifts which makes use of the homogeneous structure of the alphabet. The
proof is an adaptation of the one in [7, Proposition 2.4]. Let (X, d, i) be an Ahlfors
regular space. For each n > 1, denote the product measure by u” € #(X"). Given an
arbitrary subshift ¥ € XN and & > 0, let

Y(n,e) := U B:(y1) X Be(y2) X - X Be(yn) C X".

y=0i)ien €Y

We note that Y (n, €) is precisely the set B.(m,(Y)) with respect to the supremum
norm || - ||eo, Where m,: XN — X" is the projection on the first # coordinates.
Recall that a dynamical ball in the shift space (XN, dN, o) is given by

B.(x,dy) = Be(x1) X -+ X Be(xp) X Bag(Xn41) X -+ X Boeg(Xp4e) X X x X x---

where £ = {(¢) is the smallest positive integer satisfying 2¢e > diam(X). Observe
that, for every € > 0 and n > 1, the measure MN satisfies

U B %o x Bulomso) )

yeyY

Mn-i—((Y(n —f—@,a)) — 'un-i-é(
U B.0.dn)

MN(
yeyY

(U By o Bulom) ) = ' (¥.0).

yeyY

IA

IA
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In particular, for the proof we can replace u” (Y (n, €)) by u™ (Y,.¢), where
Yne = {x e XN :d,(x,Y) < s}.

Lemma 4.3. Let (X, d, ju) be an Ahlfors regular space and Y C XN be a subshift.
For every & > 0, the sequence (log u" (Y (n, €))), is subadditive. In particular, the
following limits exist

1 1
lim —logu"(Y(n,e)) = lim —log uN(Ye).
n

n—>+oon n—+oo

Proof. Fix ¢ > 0. Forevery y = (y1,2,...) € Y andn,k € N,

Be(y1) X «++ X Be(Yn+k) C Be(y1) X -+ X Be(y)

x| Belzkgn) x -+ x Be(zask)
z=(z;); €Y

C Be(y1) -+ x Be(yi)
X U Be(wy) X -+ X Be(wn)

w=(w;); €Y

C Be(y1) x -+ X Be(yk) x Y(n, ).

Therefore,
WY@+ ko) < @ Bev) x oo x Be(ye) x Y(n,é“))
y=i)i €Y
= pu" R (Y(k, ) x Y(n, ¢))
= Mk(Y(k, g)) - u"(Y(n,e)). [

Fix e > 0and n > 1. If Y can be covered by N(n, ¢) distinct (n, £)-dynamical
balls, then Y, . can be covered by the concentric dynamical balls of radius 2¢. Then

N (Yne) < N(n,e)(C2(26)™%)",
and therefore

1 1 .
lim —log u™ (Yn,e) < limsup —log N(n,¢) + log(C>» (2s)d‘mX). 4.2)
con

n—>+ n—+oo 1l

Hence,
. 1 . 1 N — N :
limsup ——— lim —logpu (Yn,) < mdimy(Y,d",on) — dimX.

e o+ log(l/e) n—+oon
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For the converse inequality, if there are Sp(n, €) distinct (n, &)-separated points
Y1,..-, Y8 (ne) in Y, then the (n, /3)-dynamical balls centred at these points are
disjoint. Then

Sl(n,s)
IU'N(Yn,s) = Z /LN(BS/S(yi,dn)) > S1(n,8)(C1(g/3)dimX)

i=1

n+L(e)

SO

1 .
up;log Si(n,e) + log(C1(8/3)dlmX). 4.3)

S
n——+4oo

1
lim —loguN (¥, > lim
n

n— 400

Thus,

1 1 _
limsup———— lim —logu™N(Y,.) > mdimy (Y. dY,0on) — dim X.

e—>0t IOg(l/E) n—+oon

This concludes the proof of (1.7). The statement for the lower metric mean dimension
is proved analogously.
Regarding the entropy, taking the limsup as ¢ — 0% in (4.2) and (4.3), we obtain

hy < htop(Ya ON) =< h3 4.4

where

w'(Y(n,€)) )

(C2 2dim X)n eh dim X

W' (Y (n,€)) )

(Cl 3—dimX)n en dim X

: . 1
hy = limsup lim —log(

g—ot P> toon

hy, = limsup lim 1 log(
et B>toon
When dim X = 0, X is a finite set, say X = {x1,...,x4}. If we consider the nor-
malized counting measure u, then C; = C, = 1/q and (1.6), in this setting, is an
immediate consequence of (4.4), with A = 1/g. On the other hand, if dim X > 0, we
have two possibilities. If /,p(Y, o) = 400, then (1.6) holds with A = C; 3~ dimX
If hiop(Y, on) < 400, let us show that

W' (Y (n,€)) )

. o1
—o0 < limsup lim —log( o dm X

e—>ot "> toon

+00.

Indeed, by Definition 4.2, for any y € Y one has
Mn(Y(n,E)) > /'Ln(Bg(yl) X oo X Bs(yn)) > (Cl gdimX)n

and therefore

g (110

limsup lim o dm X ) > logC;.

g0+ > toon
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Moreover,

1
limsup lim -—log
e—s>ot n>toon

(M"(Y(n, £))

) = he(Yoon) + 10g(C22%Y) < oo,

Now, consider the map G:]0, +o0o[— R given by
w" (Y (n, 8)))

. . 1
G(t) = limsup lim —log<tn8ndimX

ot n>toon

W' (Y (n,€)

. 1
= limsup lim —log< o dm X )— log?.

g0t n>toon

Notice that G is continuous, G(C22%™X) = 1} and G(C;(1/3)%™X) = h,. Thus, due
to (4.4) and the intermediate value theorem, there exists A € [Cy(1/3)4m X (C,24imX],
which is unique since G is strictly decreasing, such that G(1) = hyp(Y, on). The
proof of Theorem C is complete. |

4.3. Proof of Corollary 1.6

Foramap F: X — X,n € N and ¢ > 0, we denote
Y(F.n.e) = ) Be(x) x Be(F(x)) x -+ x Be(F"™ ().
xeX
Fix k > 1 and observe that, for every ¢ > 0 and large enough n > 1, we have

Y(T.kn.e) = () Be(x) x Be(T(x)) x -+ x Bo(T*" 7' (x))
xeX

C U Be(x) x X x---x X
xeX

x Be(TF(x)) x X x -+ x X

X Be(T"DR(x)) x X x - x X
= A

Then
P YT kne)) < wf(A) = p"(Y(T* n.e),

and therefore

1 1
lim —log u"(Y(T*,n,¢)) k  lim o log K" (Y (T, kn, &)
n

A%

= k lim %log,u”(Y(T,n,e)).

n—+oo
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By Corollary 1.5, we conclude that

- 1 1
mdimys (X, d, T%) = dim X + lim sup——— lim —logu” (Y(Tk, n, 8))
oo Tog(1/e) nteo n

1
>dimX + klimsup———— lim —logu”(Y(T,n,¢
- + 8_)0+p10g(1/8)n—>+oon g1 ( ( ))

= kmdimps (X,d,T) — (k — 1) dim X.

The statement for the lower metric mean dimension is proved analogously. |

5. Proof of Theorem A

Let (X, d) be a compact metric space of finite Assouad dimension with doubling
constant K (see Subsection 2.2), and 7: X — X be a-Holder for some o € (0, 1).
We make use of the information in Section 3 to estimate the metric mean dimension
of T, by relating its Holder exponent, the transition matrix (3.2) and the Assouad
spectrum of parameter # = « (see Definition 2.3).

Fix ¢ > 0. Let x1,...,xy € X be a maximal collection of g-separated points and
consider the open cover U(2e) = {B:(x1),..., Bs(xn)} of X, whose diameter is 2¢.
Let us estimate the number of elements in this cover that can intersect a given ball.

Lemma 5.1. Foreveryz € X and R > 2¢ > (,

#{i : Be(xi) N Bgr(z) # ﬂ} < K sup S(BR(x),d,e),
xeX

where K is the doubling constant of (X, d).

Proof. Recall that the balls { B;/»(x;):7 =1,..., N } are pairwise disjoint. Reordering
if necessary, we may assume that the elements of U (2¢) that intersect Bg(z) are
Be(x1), ..., Bg(xq). Then U?:l Bg/2(xi) C BRr42¢(z), where the union is disjoint.
Hence

q < S(Brt2e(2).d,e) < S(Bar(2).d,c) < K sup S(Bgr(x).d.c). m
x€X
Define the matrix I'?¢ associated to the cover U(2¢) as in (3.2). Since the map T
is a-Holder, for every i = 1,..., N there exists some z; € X such that T (Bg(x;)) C
Bc, ¢« (z;). By the previous Lemma, 7' (B, (x;)) can intersect at most

K sup S(Bcysa(x),d,e) < K'M sup S(Be(x),d,¢) (5.1

xeX xeX
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elements of U(2¢) foreveryi =1,..., N, where M = [hi‘;%] and C, is the Holder
constant of 7. This means that (5.1) provides an upper bound for the number of 1’s

on each line of I'*¢. By Lemma 3.1 and (3.3), we have

has(Tn,d™,0on) < logr(I*) < (1+ M)logK + sup log S(Be(x),d. ¢),
xeX

where 'y is the subshift of compact type induced by I' = graph(7'). Combining the
above estimate with (3.1), we conclude that

mdimys (X, d, T) = mdimy (Tn.dY,on) < (1 —a) dim%(X,d).

This ends the proof of the first part of Theorem A. The second part is a straightforward
consequence of the last inequality when dimy4 (X, d) > 0 and the right inequality in
equation (2.4). [

6. Proof of Theorem B

We split the statement of Theorem B in two. Let’s start by applying Corollary 1.5
to compute the upper and lower metric mean dimensions of T, ; (defined in Subsec-
tion 1.2) with respect to the Euclidean metric.

Proposition 6.1. Let T, ; be the map satisfying the conditions (C1)-(C3) in The-
orem B. Then

N ) log by,
mdimas ([0, 1], - |, Tap) = limsup ————
( ¢ ) k — 400 1Og(1/8k)

log b

mdimy, ([0.1].]-]. Tap) = liminf —oX

k—+oo log(1/ex) "

Proof. We start recalling that, for every s > 1 and n > 1, we can partition Jy in b}
subintervals Jg(iy,...,i,), foriy, ..., i, € {1,..., bs}, satisfying (see Example 10.3
in [4])

Ta];b(-]s(ila---yin)) = Js(ij+lv---,in) Vj E{l,...,n—l}.

Given ¢ > 0, let k = k(¢) be the unique positive integer satisfying e 11 < & < g.
Consider a positive integer M = M () > k such thataps—; > 1 — e. Then, for every
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n>1,
Y(n.e) = | Be(x)x Be(T(x)) x B.(T" ' (x))
x€[0,1]
= U( | Be(x) x Bo(T(x)) x B.(T" l(x)))
s=1 “xeJg
= Y([O,ak],n,s) U Y([ak,aM],n,e),
where

k
Y([0.al.n.e) = | ( | Be(x) x Be(T(x)) x B.(T" ‘(x)))
s=1

xelJg
M

Y([ak,aM],n,s) = U ( U Be(x) x B (T(x)) (Tn l(x)))

s=k+1 “xelJg
Let us estimate the n-th Lebesgue measure of each of these sets separately. Con-
sider a minimal (n, g)-spanning set x1, ..., xy in [0, ax]. Then

N

Y ([0.ax)n.e) C | Bao(i) x Bae(T(x0) x -+ x Bao(T" (x).
i=1

and therefore

hmsupllogLeb” (Y([0.ag].n,8)) < he([0.ak]) + log(4e)

n—+oo 1l

6.1)

IA

logby + loger + log4
log |Jx| + log 4.

Besides, by invariance of each Jg, we can consider the coarse estimate

M

Y ([ak.am].n.€) C U (Bg(JS))n.

s=k+1

As (| Js|)s is decreasing, we get

M
> (sl + 20)"

s=k+1
(M(e) = k(2)) - (k] + 2¢ex)"

= (M) k@) el (14 5)"

Leb” (Y([ak,aM],n,e))

IA

IA
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N
1 2
lim sup — log Leb” (Y ([ak. am]. n.€)) <log|Ji| + log(l + —)
n—-+oo 1 b/ (6.2)
<log|Jk| + log4.
Bringing together (6.1), (6.2) and Lemma 4.3, we obtain
1
lim —logLeb” (Y(n,¢)) < log|Jk| + log4. (6.3)
n—>+oon
On the other hand, it is easy to see that for every n > 1,
Jig1 CY(n o).
Indeed, given (x1,...,x,) € J',; there exists i; such that x; € Ji41(i;) for every
j =1,...,n. Then, any element y € Jg41(i1,...,in) ex4+1-shadows this trajectory

along the first n iterates. Therefore,
(X1 .. Xn) € Be(¥) x Bo(T()) x -+ x Bo(T" ! (x)) C Y(n,e).

Combining this information with (6.3), we get
1
log|Jk+1] < lim  —logLeb” (Y(n,¢)) < log|Jk| + log4,
n—-4oon

thus

log | Jx+1] - 1 log |Jx| + log 4

lim llogLeb" (Y(n,e) <

log(1/ex41) — log(1/e) n—rtoon log(1/ex)
Proposition 6.1 now follows from Corollary 1.5 and the fact that
log | J. log b
og|/s| _ logbs Vi>1 m

log(1/es) B log(1/e5) N

The previous reasoning does not depend on the affine structure of the f;’s. In
fact, not even continuity was used: as long as, for every k > 1, fk satisfies both the
geometric constraint (equidistribution of critical points) and the topological constraint
(strictly monotone full branches), the maps Ta,b and T, , have the same upper and
lower metric mean dimensions.

To end the proof of Theorem B, we are left to link the upper metric mean dimen-
sion and the Holder regularity of the map 7, .

Proposition 6.2. Let T, be the map satisfying the conditions (C1)-(C3) in The-
orem B. Then,

sup H (T, p) = 1 — mdimpy ([0, 1], ] - |. T p).

where H (T, p) = {a € (0,1) : T, p is a-Holder} U {0}.
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Proof. Let T = T, ;. By Theorem A, we already know that
supH(T) < 1 — mdimps ([0,1]. ] -], T).

For the converse inequality, we may assume that mdimys ([0, 1], ||, T) < 1, oth-
erwise there is nothing else to prove. Let & € (0, 1 — mdimy, ([0, 1], |- |, T')). Our aim
is to bound

IT(x) - Tyl
sup @ ————.
x #ye€l0,1] |X_Y|a

To this end, we consider the possible different location of the points x, y with respect
to the decomposition provided by (Jx ).

Case l. x,y € Ji forsome k > 1.

Let T T
Hi(e) = sup 7)) —TO)I
x#yeJi |x - y|ot
T (ak—1) — T (ak—1 + &x)|
= 4
= (6.4)
_ W b
&y | |e!
Observe that
log Hy (@) = a loghy — (o« — 1) log |Jx|
. log | Jk|
= togbi (e = (1 - log b ) +1) (6.5)
_ log(1/ex)

The maximal distortion inside J; is given precisely by Hy(«). By choice of o, we

know that log(1/ex)
. og(l/ek
limsup| (¢ — )({————=) + 1) < 0.

In particular, combining this information with (6.5) we obtain that Hy () is strictly
smaller than 1 for large enough k. Hence, (Hy())s is uniformly bounded and we

Tx)—T
sup  sup M = sup Hi(a) < 4o0. (6.6)
k>1x#yes, X =)l k>1

obtain

Case 2. x € Ji forsome k > land y = 1.
The maximal distortion between 1 and some element in x € Ji is attained at
X = ay — &, namely

sup [1—T(x)| _ I —ag—y
xeJ |1—x[® (1 —ar + &)
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By concavity of the map ¢ — ¢, we have

V—apy _ (L—ar) + [Ji| _ 21_a((1“ak) +—|Jk|)
(1 —ay + eg)” (1 —ar +ex)* — (1 —ap)* + &%

J
21—(1 ((1 _ ak)l—(x + |_Clj|>

&

k

IA

IA

217 (1 + Hy(@)).

Thus,
I1-T(x)|
sup sup ————— < +00. (6.7)
k>1x€e€Ji |1_x|0t
Case 3. x € Jy and y € Jy4, forsome k,n > 1.
The maximal distortion between x € Jx and y € Ji 4, is attained at x = a; — &

and y = ag4p—1 + Ek4n, Namely

IT(y) — T(x)] _ Ak+n — k-1
sup —_— = =
x€Jg,y€Jpqn |y - x|0l (ak-‘rn—l + &k4n —ak + 8k)a
k+
Yick il

k — El
(ex + Yiin Vil + exrn)®
where the denominator is (e + ex4,)* if # = 1. Again, by concavity, we obtain
k k+n—1
’:]? |Ji] < 31—a(|‘]k| + Zi:l?—i—l |Ji| + |Jk+n|)
k+n—1 - k+n—1
(e + Xitkr1 il + exrn)® 6@ 4 (O + e,

k+n—1 1—a
1—a [ k| | Jk+nl
53“(#-+(Z:M0 +

i=k+1 k+n

< 3"7(Hi(@) + 1 + Hpyn(@)).
Hence,
T(y)—T
sup sup M < +o0. (6.8)
kn>1x€Jr,y€Jgip |y_x|(¥

Bringing (6.6), (6.7) and (6.8) together, we conclude that

T(y)—T
wp ITOI=TG
x#yel0,1] |y_x|

which means that T is o-Holder as claimed. [
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7. Open questions

In [6], the authors showed that, given a compact manifold X of dimension greater
than one, the closure of the space of bi-Lipschitz homeomorphisms of X with respect
to the Holder topology contains a residual subset of homeomorphisms with infinite
topological entropy. Theorem A suggests that we ask

Question 1. Given a compact smooth manifold (X, d) with dimension dim X > 2
and o € (0, 1), let £, be the closure of the space of bi-Lipschitz homeomorphisms of
X with respect to the ¢-Holder norm

d(T (), T()
Tle = |[T|loo + sup ———F——.
Tl = 1Tl + sup =520

Is it true that a generic map T € £, satisfies
mdimps (X,d,T) = (1 — ) dim X?

In Theorem B, we express the metric mean dimension of a family of interval maps
in terms of the data of a sequence of horseshoes in a manner similar to Misiurewicz
formula for the entropy. The main difference is the relevance of the scales at which the
dynamics of each horseshoe can be detected. This is not surprising since the metric
mean dimension, contrary to the entropy, is not purely topological, depending also on
the geometry of the underlying space.

Question 2. Given a continuous interval endomorphism with positive metric mean
dimension, can we find a sequence of horseshoes for iterates of the map and a sequence
of scales upon which we may build a formula for the metric mean dimension similar
to the one of Misiurewicz?

For finite entropy maps acting on Ahlfors regular spaces, the computation of the
entropy provided by Theorem C brings forth a constant A, whose nature is worthwhile
exploring.

Question 3. Is there a dynamical or geometrical interpretation of this constant?
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