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Entire functions with an arithmetic sequence of exponents

Dallas Ruth and Khang Tran

Abstract. Fora givgn entire function f(z) = Z;?io aj 2/, we study the zero distribution of f;(z) =
2 j=r (mod m)4jz’, where m € N and 0 < r < m. We find conditions under which the zeros of
fr(2) lie on m radial rays defined by Imz"”* = 0 and Rz™ < 0.

1. Introduction

The study of zero distribution of polynomials has a long history which spans at least
from a theorem of René Descartes on the rule of signs to the modern theory of linear
operators preserving zeros of polynomials on a circular domain developed by J. Borcea
and P. Briandén [1]. On one end, the Descartes’ rule of signs, whose proof can be found
in [5], asserts that the number of positive zeros of a real polynomial is equal to or less
than the number of sign changes of its coefficients by an even number. This rule will play
an important role in our paper later in locating the final zero of our polynomials. On the
other end, a special linear operator has a connection with the famous Hermite—Biehler
theorem [3, Theorem 6.3.4] via the linear transformation which transforms a polynomial

P(z) = Zajzj

Jj=0

to the polynomial

P.(z) = Z a; z/
j=r (mod m)
0<j=<n

form € N and 0 < r < m. If we define the sequence
1 ifj=r (modm),
Vi =
0 else,

then

n
Pr(Z) = Z ]/jaij.

j=0
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By Pélya and Schur’s characterization [4], the sequence {y; ]?";0 is not a multiplier se-
quence, a sequence in which if the zeros of Z‘;?:O ajz’ are real, then so are those of
Z?:o yja,;z’ . However, Hermite-Biehler theorem asserts that if m = 2 and the zeros of
P(z) lie on the open left half-plane, then the zeros of P,(z), 0 < r < 1, are purely imagi-
nary. It is natural to ask for similar results for other values of m. Theorems | and 2 of this
paper give an answer to this question for the case m = 3 and 4. Finally, Theorems 3 and 4
extend these results to special classes of entire functions of orders 1 and 2, respectively.
These classes of entire functions are different from the Laguerre—Pdlya class [2, Defini-
tions 2 and 3] in the sense that the zeros of these functions lie either on a sector of the
plane or a half-plane (instead of on the real line).

In the whole paper, for a complex number z, we use the principal angle which is
restricted by —m < Arg z < . With this convention, we provide formal statements of our
theorems in this paper.

Theorem 1. Suppose P(z) = Y i _, a;z' € Rz] is a real polynomial whose zeros lie
on the sector of the left half plane defined by the complex argument inequalities 27 /3 <
|Arg z| < . Then, for any 0 < r < 3, the zeros of the polynomial

P.(z) = Z ajzj
j=r (mod 3)
0<j<n

lie on the 3 radial rays: Im 23 =0and Nz3 < 0.

Theorem 2. Suppose P(z) =Y /_, a;z' € R[z] is a real polynomial whose zeros lie on
the open left half plane Rz < 0. Then, for any 0 < r < 4, the zeros of the polynomial

P.(z) = Z ajzj
j=r (mod4)
0<j=<n
lie on the 4 radial rays: Imz* = 0 and Rz* < 0.
For an example of Theorems 1 and 2, we consider
PE)=C+1+)*C+1-)*C+ D3 +4+2i)(z+4-20)
=2z 4+ 1528 + 9927 4 369z° + 8762° + 1392z* + 149223
+ 104422 4 432z + 80.

In the case (m,r) = (3,0) or (m,r) = (4,0), the polynomial P,(z) is

z% 4+369z° + 149223 + 80

or
80 + 1392z* + 1528,

respectively. The zeros of P,(z) and the rays containing these zeros are plotted in Fig-
ure 1.1.
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Figure 1.1. Zeros of P,(z) when (m,r) = (3,0) (left) and (m, r) = (4, 0) (right).

As we saw in the statements of Theorems 1 and 2, the condition of the region (whether
a sector of the plane or a half-plane) containing zeros of P(z) depends on the parity of
m. Indeed, the conclusion of Theorem 1 will not hold if we replace this region, 27/3 <
|Arg z| < 7, by the half-plane 3%z < 0. For example, the zeros of

P(z) = ((z + 1)? + 10%)® = z° + 62° + 315z* + 122023
+ 3181522 + 61206z + 1030301

are —1 £ 107 which lie on the open left half plane. For m = 3 and r = 0, the zeros of
P, (z) = z5 4+ 122023 + 1030301

do not lie on the given rays, as seen in Figure 1.2.

Note that, in the case m = 2, the Hermite—Biehler theorem states that the interlacing
of the zeros of Py(z) and P;(z) on the two imaginary rays is also a sufficient condition
for the zeros of P(z) to lie on the open left half-plane. However, a similar statement may
not hold for higher values of m. For example, in the case m = 3, the zeros of P(z) =
((z 4+ 1)% 4 32)* lie outside the sector 277/3 < |Argz| < 7 and Figure 1.3 (left) shows
that the zeros of Py(z) (@), P1(z) (M), and P,(z) (#) interlace. Similarly, in the case
m = 4, the zeros of P(z) = ((z — 1) + 1)°((z + 1)?> 4 22)3 do not lie entirely on the
open left half-plane while Figure 1.3 (right) shows that the zeros of Pi(z) (H), P»(z) (4),
P3(z) (A), and Py(z) (@) interlace.

We state the last two theorems of the paper and provide an example for each theorem.

Theorem 3. Suppose f(z) = Z})‘;o ajz’, aj € R, is a real entire function whose zeros
lie on the plane sector 2w /3 < |Argz| < m. If f(z) has the Weierstrass factorization

f(z) = zPeBHC 10_0[(1 - i)ez/z",

2
j=1 /
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Figure 1.2. Zeros of z6 + 122023 + 1030301.

% 1
j=1 Zj

where Z;il 1/|z;| converges and B +
of the entire function

> 0, then, for any 0 < r < 3, the zeros

fr(z) = Z ajzj

j=r (mod 3)

lie on the 3 radial rays: Im 23 =0and Nz3 < 0.
For an example, we consider
f@)=e>(C+14+i)z+1-1),
and note that the zeros —1 & i of f(z) lie on the sector 277/3 < |Argz| < 7 and

1 1
2+ -+ -=1>0.
—14+i —1-—i
The function f,(z) for m = 3 and r = 0 has infinitely many zeros, some of them are
plotted in Figure 1.4.

Theorem 4. Suppose f(z) = Zj‘io aj z/,a i € R, is a real entire function whose zeros
lie on the left half plane Rz < 0. If f(z) has the Weierstrass factorization

o0
f(z) — ZpeA22+BZ+C l_[(l _ i)ez/zj,
7.

j=1 /

where A > 0, Z;'il 1/|zj| converges, and B + Zf’;l % > 0, then, forany 0 < r < 4,
the zeros of the entire function '
L@= > az’
j=r (mod 4)

lie on the 4 radial rays: Im z4 =0and Rz* < 0.
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Figure 1.3. Zeros of P, (z) when m = 3 (left) and m = 4 (right).

For the plot of some zeros of f,(z) whenm = 4,r = 0, and
f@) =41 4+i)z +1-10),

see Figure 2.1.

2. Polynomials with arithmetic exponents

In this section, we will prove Theorems 1 and 2. We first note that it suffices to prove these
theorems when the lead coefficient of P(z) is 1. Forany m € N and 0 < r < m, if we let

o n/m] .
Pr(z) = Z ajZ] = Z amj+er]+r7
j=r (mod m) Jj=0
0<j=<n
then
. . ln/m] . ‘
e mImp (™M) = N (<)) ajmyrz™ Q2.1
j=0
Let H(z) be the polynomial on the right-hand side of this equation, let wy = e@k—Dmi/m
0 < k < m, be the m-th roots of —1. We note from
n
P(z) = Zajzj
Jj=0
that
m—1 m—1 n ] )
Z " P(wgz) = Z Zw,:rﬂajzf. (2.2)
k=0 k=0j=0
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Figure 1.4. Zeros of f,(2) for f(z) = e?*(z + 1 +i)(z + 1 —i).

Since wy, 0 < k < m, are the m-th roots of —1, we have

ol j—r 0 if j Zr modm,

Yooy = - s

Pt m(=1)U=/m if j =r  mod m.
We conclude from this equation, (2.1), and (2.2) that

m—1
Z w;" P(wgz) =m Z (—1)(j_r)/majzj =mH(z).

k=0 j=r (mod m)
0<j<n

Since zj, 1 < j < n, are the zeros of the monic polynomial P(z), we have
n
P(z) =[]GE-zp.
=1

and consequently,

m—1 m—1 n
mH(z) =Y o Plogz) = Yo" [ [(oz = z)). (2.3)
k=0 k=0 Jj=1

To prove Theorems 1 and 2, we will show that the zeros of
H(Z) — efrni/mPr(eni/mZ)

lie on the m radial rays Im z” = 0 and iz > 0. We note that the positive real ray is one
of them. Our main strategy is to show that H(z) has n zeros on these rays and the claim
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Figure 2.1. Zeros of f(z) for f(z) = e22+22(z +14+D)Ez+1-10).

will follow from the fundamental theorem of algebra. From (2.1), we conclude that H(z)
has a zero at z = 0 or order r and if z > 0 is a positive real zero of H(z), then so are
ekmi/mz 0 < k < m. Thus, it suffices to show that H(z) has [n/m] positive real zeros.

For the reason mentioned above, we consider the polynomial H(z) when z is a positive
real number. Foreach 1 < j <nand0 <k <m,andz € RT, we let

qjj = —= 2.4)
woZ — Z;
and
0; = Arg(w1z — z;), (2.5)
where wy = e@—D7i/m Gince
R(wiz —zj) > 0,
we have

—7/2 < 6; <72 (2.6)

We normalize mH(z) by dividing the right side of (2.3) by l—[;lzl(woz — z_j)eiof and
conclude that this quotient is "3—g ;" [1}—; q.xe "% or equivalently

m—1 n
g0 =Y o e [ 4k Q.7
k=0 Jj=1

where 6 := Z}’zl 6;. The two lemmas below show the first two terms (when k = 0 and
k = 1) in (2.7) dominate the other terms in the sum.
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Lemma 5. Suppose z € R™ and gk, 1 < j <n, 0=k <m,are defined as in (2.4). For
anym > 2, ifw —mw/m < |Argzj| < m forall 1 < j < n, then, for any 0 < k < m, we
have

n
[Tlaixl < 1. (2.8)

Moreover, the equation occurs if and only ifk = 0 ork = 1.

Proof. In the case k = 1, we have

Hq“ = 1—[ Z;:? 1—[ 206 _ g2i6 2.9)

where the second equation comes from (2.5) and the fact that w;z — z; and woz — Z; are
two complex conjugates. Thus,
n
[Tlaal=1.
j=1

If k =0and z; € R, then ¢; o = 1. On the other hand, if k = 0 and z; ¢ R, then both z;

and Z; are zeros of P(z). As a consequence, the []} j=14j.,0 contains the factor

WoZ —Zj WoZ —Zj |

WoZ —Zj WoZ—Zj
from which we deduce that

n
]_[ gjo=1. (2.10)

To complete the lemma, it remains to show that

n
[Tlaxl <1
j=1

for2 <k <mandm > 2.1f z; =rjei¢/,n—n/m < |¢j| < m, then, for2 <k <m,

2
DT )

. (2k—Dr )
+ ZSIHT — rj sin¢;

2k — 1);7)

m

2k — 1)n)

m

|wrz — Zj|2 = (z cos

— 2 2 . -
=z"+rj —2zr; cos((p]

=z%+r}—2zrj cos(¢;f - (2.11)
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where
P b; if ; € (7/2, 7],
/ ¢; +21 ifp; € (—m,—1/2).
Similarly,
lwoz —Zj > = 22 + 1} — 2zr; cos(¢; — %) (2.12)

From the assumption 7 — 7/m < |¢;| <, one has # — w/m < ¢f < m + w/m, and
consequently,

—2k+2 2k — 1 —2k
m—2k+2 n>¢>;‘—( )n>m w, 2<k<m
m m
and
x T m—=2
T>¢;—— > .
m
Thus,

. QCk—Dm . T
cos(qu - T) > cos(q&j — ;)

We compare (2.11) and (2.12) and deduce that |g; x| = |wkz — z;|/|woz —Z;| < 1 for all
l1<j<nand2 <k <m. [

In the case m is even, we can expand the sector containing z;, 1 < j < n, in the
condition of Lemma 5 to a half plane in the lemma below.

Lemma 6. Suppose z € Rt and qik 1 < j <n,0=<k <m,are defined as in (2.4). If
Nz; <O0foralll < j <nandm > 2 is even, then, for any 0 < k < m, we have

n
[Tkl = 1.

Jj=1
Moreover, the equation occurs if and only ifk = 0ork = 1.

Proof. For the case k = 0 and k = 1, we have (2.10) and (2.9). We now consider 2 < k <
m. We note that if m — w/m < |argzj| < m, then, by the proof of Lemma 5, |g; | < 1
for 2 < k < m. It remains to show that

l—[|61j,k| <1,
J

where the product runs over values of 1 < j < n such that n/2 < |argz;| < w — w/m.
Since z; and z; are zeros of P(z), if the modulus of
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is a term in this product, then so is the modulus of

wrzZ —Z;
woz —zj

To complete the proof of this lemma, we will show that if /2 < argz; < & — w/m, then,

forall2 <k <m,
WRZ —Zj WkZ —Zj

WoZ —Zj WoZ — Zj
or equivalently

|a)kz —zj | |a)kz —Z| < }a)oz - ZjHa)()Z —Z|

From the property of complex conjugate that

|a)kz—zj||a)kz—z_j| = |a)_kz—z_j||w_kz—zj , 0<k<m
and wy = wy, it suffices to prove that
|a)kz—zj||a)kz—z_j| < |a)12—zj||a)12—z_j| (2.13)

for any 2 < k < m such that wy = e@*~D7/™ Jies on the open upper half plane (wg # —1
since m is even). We note that the angles of those wy on the upper half plane and w; belong
to [w/m, w — 7/ m]. Thus, to prove (2.13), we will show that the function

f(e) — |Zei9 — z i2|Zei9 _ Z\Z
attains is absolute maximum on [r/m, m — 7 /m] only at @ = 7t/ m. We note that
£(0) = |22e¥0 —22¢%0z; + |z; 2

=z (423 + 4Z|Zj|2)é}izj cosf + 422(9{21-)2
+ |z |* + 222|z;|* cos 26, (2.14)

from which we deduce that
() = (422 + 4z|z;|*)Nz; sin 6 — 4z%|z;|? sin 6 cos .

Hence, f(6) has at most one critical point on the interval [7/m, 7 — 7 /m]. We also note
that for 6 € [n/m, x/2], f/(8) < 0 since Rz; <0, z > 0, and cos & > 0. Thus, f(6)
will not attain its maximum value at such critical point (if exists). We conclude that the
maximum value of f(6) occur at either 8 = w/m or 6 = 7 — w/m. Since

cos2(wr — w/m) = cos(2mw/m),

we deduce from (2.14) and Nz; < O that f(w/m) > f(w — w/m). Hence, f(6) attains
its maximum value on [/m, w — 7/m] only at 7/m and the lemma follows. L]
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We recall that we want to show that H(z) has |n/m | positive real zeros. Since g(6)
defined as in (2.7) is the quotient of m H(z) and ]_[;’:1 (woz — z_j)ei % | it suffices to show
(1) 8 = 6(z) bijectively map the interval z € (0, 00) to (0, w/m) and (ii) g(0) has |n/m|
zeros on 6 € (0, w/m). The first claim is proved in the lemma below.

Lemma 7. Foreachz € RY, andeach1 < j <n,0 <k <m, let q;jx and 0; be defined
asin (2.4) and (2.5). If forany 1 < j <n, z; = rjeid’f, w/2 < |¢;| < 7, lie on the open
left half plane, then
l n
0:=—-)> 6
2.0
j=1

is an increasing function in z € (0, 00) and this function maps (0, co0) onto (0, w/m).

Proof. We note that

df <~ db;
ndz B — dz
B i d(tan 6;) (d(tan 9,-))‘1
o dz db;
"\ d(tan6;)
:Z—cos 0; (2.15)
= dz

where from (2.5), we have
d(tant;) d (Im(w1z —z;)
dz E(Sﬁ(a)lz—zj))
_d (zsin(z/m) —rj sing;
T dz (z cos(mw/m) —rj cos ¢; )
rj(cos(r/m)sin¢; — sin(w/m) cos ¢;)

- (z cos(r/m) — rj cos ¢;)?
_ rj sin(¢; — w/m)
~ (zcos(w/m) —rjcosp;)?

(2.16)

We recall that all z;, 1 < j < n, lie on the open left half plane and they are the zeros
of the real polynomial P(z). If z; € R™, then ¢ = m and the equation above implies
d(tan6;)/dz > 0. On the other hand, if z; = r;e’® ¢ R~ is a zero of P(z), then so is Z;.
Let k # j be the index of such zero, i.e., zx = Z;. Since both z; and zx lie on the open left
half plane, without loss of generality, we assume ¢y € (7/2, 7) and ¢; € (—m, —7/2).
The summation in (2.15) contains

M cos? 0, + M cos? Or
dz z
- (d(tanej) ;. d(tan6;)

e e ) cos® 0; + d(tad—nzek)(cos2 O — cos? 0;). (2.17)
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To prove this sum is nonnegative, we note from zx = Z; that r; = ry and ¢; + ¢ = 0.
Thus, (2.16) yields
d(tan ;) L d(tantg)  2rg sin(—m/m) cos(dx)

= 0.
dz dz (z cos(mr/m) — ry cos ¢y )? g

Since ¢y € (7/2, ), (2.16) implies that d(tan 6;)/dz > 0. Consequently, to prove
(2.17) is positive, it suffices to show that cos? f; — cos? 6; > 0. Indeed, we have

z sin(zw/m) — rj sin¢; z sin(;w/m) — rj sin
tan 0; = = tan 6
zcos(mw/m) —rjcos¢;  zcos(mw/m)—r;cosg
since sin ¢y = —sin¢; > 0 and cos ¢; = cos ¢y < 0. Hence,

1 1
>
1 +tan? 6 1+ tan? 6;

cos® O = = cos? ;.
We have shown that (2.15) is positive, and thus, 6 is an increasing function in z €
(0, 00). To finish the proof of this lemma, it remains to show lim,_,¢ 8 =0 and lim,_, o, 0 =

n/m.From
zsin(zw/m) — r; sin¢;
tan9j = ( / ) J J

zcos(mw/m) —rjcos¢;’
we conclude that

lim tan 0; = tan ¢;,
z—0 J ¢]
. T
lim tan6; = tan —.
Z—>00 m

We combine these two limits with the fact that —n/2 < 6; < 7/2 (given in (2.6)) and
/2 < |¢;| < m to obtain

P — ifr/2 <¢; <m,
limg, = | &~ HA/2<d=m (2.18)
z—0 ¢ +n if —mw<¢; <—m/2
and -
lim 91' = —.
z—>00 m
The definition 6 = Z}'zl 6, yields lim,_, o & = v/ m. Finally, this definition, (2.18), and
the fact that both r; e'% and rj e9 are zeros of P(z) give lim, o6 = 0. [

Having proved that 6 = 6(z) bijectively map the interval z € (0, co) to (0, 7/m), we
now turn our attention to proving that g(6), defined as in (2.7), has |n/m] zeros on the
interval (0, 7w /m). We recall that g(0) is the quotient of m H(z) and ]_[;-’:1 (woz — Z_j)eigi.
From (2.5) and the fact that w1z — z; and woz — Z; are complex conjugate, we conclude
that g(0) € R for 6 € (0, w/m). From (2.10) and (2.9), the sum of the first two terms of

m—1 n
g® =Y o e ™ [[ajx
k=0 j=1
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whenk =0and k = 1is

o N rm
eminb=rin/m y pinbtriz/m _ 2c0s(n9 + —)
m

From Lemmas 5 and 6, we obtain the following upper bound for the sum of the remainder
terms when 2 < k < m:

m—1 n m—1 n

—r —in6
E w;'e qu,k = E 1_[|qj,k|<m_2’
k=2 j=1 k=2j=1

When m < 4, the right side is less than 2 and, thus, at the values of 6, where cos(n6 +
~%) = %1, g(0) is positive/negative, respectively. Specifically, when
h—r/m

0, = — 1<h<|n/m]. (2.19)

the sign of g () is (—1)". Moreover, 6, > 0 and

6, < n/m—r/mn < T
n m

In the case 8, = m/m, we replace such value of 65, by (7/m)~ so that all 6; defined
in (2.19) lie on the interval (0, 7/m). By the intermediate value theorem, g () has at least
one zero on each interval (65, 0y41), 1 <h < |n/m]. Thus, we obtain at least |n/m] — 1
zeros of g(6) on (0, 7/m), each of which produces one positive real zero of H(z) by
Lemma 7.

We claim that H(z) has exactly |n/m| positive real zeros. Indeed, if z; ¢ R, we pair
the two terms z — z; and z — Z; on the right side of

Piz)=]]z-z)
j=1

and note that
(z —zj)(z — %) = 22 =20z, + |z]*.
Since all the zeros of P(z) lie on the left half plane, P(z) is a product of polynomials

with positive coefficients, and consequently, all the coefficients of P(z) are positive. By
Descartes’ rule of signs, the number of positive zeros of

ln/m] ‘ _
HE) = ) (D ajmirz™
j=0

is either |n/m]| or less than that by an even number. As we have shown that H(z) has
at least |n/m] — 1 positive real zeros, the number of such zeros must be |n/m]. This
concludes the proofs of Theorems 1 and 2.
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3. Entire functions with arithmetic exponents

In this section, we will prove Theorems 3 and 4. Suppose m =3 or4and 0 <r < m.
From an entire function f(2) = Y 72 a; z/, we define

0o
fr@) = apmarz ™
j=0

‘We assume that

oo
f(Z) — ZpeA22+BZ+C 1_[ (1 _ i)ez/zj,

where Z;'il 1/z; converges absolutely, B + Z;i1 % > 0, and
A>0and NRz; <0 ifm =4, G.1)
A=0and2n/3 <|Argz;| <nm ifm=3. '

Since 32, 1/z; converges absolutely, we can collect the factors e?/%/, 1 < j < oo to
j=11/%j g y

have
21 = z
— -p,C 2 — _ =
f(z) =2z%e exp(AZ + (B + Z Z)z) l_[(l Z').
=1 j=1 J
Under the condition (3.1), we will show that the zeros of f,(z) lie on the m radial rays:
Imz™ = 0 and Nz < 0. With a similar argument as that in the previous section, it is
equivalent to show that the zeros of

oo
e—rni/mfr(e:'ti/mz) — Z(_l)jajm+rzjm+r
Jj=0

1 m—1
— > o f(x2)

k=0

lie on the m radial rays: Im z” = 0 and Rz > 0. If we denote the polynomial above by
h(z), then it suffices to prove that the zeros of 4(z) lie on these rays on any compact set
K. On that compact set, the sequence of polynomials

et £ 2
j=1 J j=1 J

converges uniformly to f(z) as n — oo. Consequently, the sequence of polynomials

1 m—1
— Z " Pn(wkz) (3.2)
k=0
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converges uniformly on K to
1 m—1 -
— > o flexz) (3.3)
k=0

asn — oo.
The zeros of P,(z) are z;, 1 < j < oo, and those of

Az2 + (B+Z%)z+n. (3.4)

j=1"

If m = 3, then A = 0 and all the zeros of P, (z) lie on the sector 27/3 < |Argz| < 7 since
1
B + — > 0.
23
j=1

From the previous section, the zeros of the polynomial (3.2) lie on the m radial rays:
Imz™ = 0 and MRz > 0. Since this sequence converges to (3.3) uniformly on K as n —
00, the intersection of the set of zeros of (3.3) and K must also be a subset of the same m
radial rays. Since K is arbitrary, all the zeros of (3.3) must lie on these rays and Theorem 3
follows.

On the other hand, if m = 4, then the zeros of (3.4) lie on the left half-plane since the

zeros are either
<] 1 -1
—nl B E_
n( —i-. zj) <0
j=1

in the case A = 0 or a pair of complex conjugates whose real part is
oo
1)1
—| B —|=—<0
< * Z Zj ) 2A

in the case A # 0 by Vieta’s formula. Theorem 4 follows from the same arguments as
those in the case m = 3. We complete the proof of Theorems 3 and 4.
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