
Z. Anal. Anwend. 45 (2026), 251–277
DOI 10.4171/ZAA/1823

© 2026 European Mathematical Society
Published by EMS Press

This work is licensed under a CC BY 4.0 license

Variation operators associated with semigroups generated
by Hardy operators involving fractional Laplacians

in a half space

Jorge J. Betancor, Estefanía Dalmasso, and Pablo Quijano

Abstract. We represent by ¹W ˛
�;t
ºt>0 the semigroup generated by �L˛

�
, where L˛

�
is a Hardy

operator on a half space. The operator L˛
�

includes a fractional Laplacian and it is defined by

L˛� D .��/
˛=2

Rd
C

C �x�˛d ; ˛ 2 .0; 2�; � � 0:

We prove that, for every k 2N, the �-variation operator V�.¹t
k@kt W

˛
�;t
º/ is bounded onLp.Rd

C
;w/

for each 1 < p <1 and w 2 Ap.RdC/, with Ap.RdC/ being the Muckenhoupt p-class of weights
on Rd

C
.

1. Introduction

In this paper, we consider the non-local Hardy-type operator L˛
�

defined, in a formal way,
by

L˛� WD .��/
˛=2

Rd
C

C �x�˛d ;

on RdC WD ¹x D .x1; : : : ; xd / 2 Rd W xd > 0º. Here, ˛ 2 .0; 2� and � � ��, where

�� D �
�
�
˛C1
2

�
�

�
�

�
˛ C 1

2

�
�
2˛�1
p
�

�
�
1 � ˛

2

��:
In order to give a precise definition of the operator L˛

�
, we consider the following

quadratic forms. We define, for every u; v 2 C 1c .R
d
C/ (the space of continuously differen-

tiable functions having compact support on RdC), when ˛ 2 .0; 2/,

Q˛
�.u; v/D

1

2
A.d; ˛/

Z
Rd
C�Rd

C

.u.x/�u.y//.v.x/�v.y//

jx � yjdC˛
dxdyC�

Z
Rd
C

u.x/v.x/

x˛
d

dx;
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where A.d; ˛/ WD �˛

21C˛�d=2
�..d�˛/=2/
�.1C ˛

2 /
, and, when ˛ D 2,

Q2
�.u; v/ D

Z
Rd
C

ru.x/rv.x/ dx C �

Z
Rd
C

u.x/v.x/

x2
d

dx:

By using the classical Hardy inequality when ˛ D 2 and those proved by Bogdan and
Dyda [7, Theorem 1], we have that, for every ˛ 2 .0; 2�,

Q˛
�.u; u/ � 0; u 2 C 1c .R

d
C/;

provided that � � ��. Note that Hardy inequalities proved in [7, Theorem 1] are sharp.
According to Friedrichs’s Extension Theorem, the quadratic form Q˛

�
defines a self-

adjoint and non-negative operator L˛
�

in L2.RdC/ for which C 1c .R
d
C/ is a form core.

When f is smooth enough in RdC,

L˛�f D L
˛
�f:

The operator �L˛
�

generates in L2.RdC/ a contractive analytic C0-semigroup of angle
�
2

[42, Corollary 2.28]. We denote by ¹W ˛
�;z
ºRe.z/>0 the semigroup generated by �L˛

�

in L2.RdC/. From [3, Theorem 3.1], for every z 2 C with Re.z/ > 0, W ˛
�;z

is an integral
operator whose kernel, denoted byW ˛

�;z
.x;y/, is analytic in ¹z 2C W Re.z/ > 0º for every

x; y 2 RdC. In Section 2, we establish some estimates involving the kernelW ˛
�;z
.x; y/ that

will be useful to prove the main results.
In [16,17], we can find how the operators L˛0 appear related to censored processes and

the two-sided estimates for the heat kernels associated with the semigroup generated by
�L˛0 (see [17, Theorem 1.1] and [16, Theorem 1.1]).

We will now define the variation operator. Let � > 0 and suppose that ¹atºt>0 is a set
of complex numbers. We define the �-variation V�.¹atºt>0/ as follows:

V�.¹atºt>0/ D sup
0<t0<���<tn; n2N

 
n�1X
jD0

jatjC1 � atj j
�

!1=�
:

Assume that, for some p 2 .1;1/, Tt is a bounded operator on Lp.�; �/ for every
t > 0, where .�;�/ is a measure space. The variation operator V�.¹Ttºt>0/ is defined by

V�.¹Ttºt>0/.f /.x/ WD V�.¹Tt .f /.x/ºt>0/; f 2 Lp.�;�/:

In order to have measurability of the function V�.¹Ttºt>0/.f /, we need to have some
continuity property in the time variable for Tt .f / (see the comments after [14, Theo-
rem 1.2]). Boundedness properties of �-variation operator (also oscillation operators and
�-jump counting function) give us quantitative measures for pointwise convergence of the
family ¹Tt .f /ºt>0.

Lépingle [31] studied �-variations of martingales. He established strong Lp inequal-
ities and weak-type .1; 1/ estimates for the �-variation operator when � > 2. In [24], an
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example with � D 2 shows that � > 2 is the best exponent in the above estimate (see
also [41]). Variational inequalities for martingales can be seen as an extension of Doob’s
maximal inequalities.

Bourgain, in a series of papers (see [8–10]), proved Lp variational inequalities in
ergodic settings. Bourgain’s ideas were the starting point for using the variation operator
in the ergodic theory [26, 28, 29, 34, 43, 44], probability theory [1, 36, 40], and harmonic
analysis [4, 6, 14, 15, 19, 20, 23, 27, 32, 33, 37, 39].

Our objective is to prove weighted Lp inequalities for the �-variation operator asso-
ciated with ¹tk@ktW

˛
�;t
ºt>0, that is, V�.¹t

k@ktW
˛
�;t
ºt>0/, where k 2 N. Our study is moti-

vated by those ones in [2, 38], where the Schrödinger operator in Rd with inverse square
potentials is considered. As it was mentioned, ¹W ˛

�;t
ºt>0 can be seen as the semigroup

generated by the Hardy operator type in a half space L˛
�

. Frank and Merz [22] recently
have proved that the scales of homogeneous Sobolev spaces generated by L˛

�
and by

.��/˛
Rd
C

are comparable.

Our first result is the following.

Theorem 1.1. Let 0<˛� 2, � > 2, �� 0, and 1<p <1. Then, the �-variation operator
V�.¹t

k@ktW
˛
�;t
ºt>0/ is bounded on Lp.RdC/ for each k 2 N.

For the proof of this theorem, we will start with the case �D 0. We denote by ¹W ˛
t ºt>0

the semigroup of operators generated by �.��/˛ on Rd . We have that

0 < W ˛
0;t .x; y/ D W

˛
0;t .y; x/ �W ˛

t .x; y/; x; y 2 RdC; t > 0:

Then,Z
Rd
C

W ˛
0;t .x; y/ dy D

Z
Rd
C

W ˛
0;t .x; y/ dx �

Z
Rd

W ˛
t .x; y/ dy D 1; x 2 RdC; t > 0:

We deduce that, for every t > 0,W ˛
0;t is a contraction inL1.RdC/ and inL1.RdC/. Accord-

ing to [30, Corollary 6.1], the �-variation operator V�.¹t
k@ktW

˛
0;tºt>0/ is bounded on

Lp.RdC/ for every 1 < p <1 and k 2 N.
In a second step, we prove that the �-variation operator

V�
�®
tk@kt .W

˛
�;t �W

˛
0;t /
¯
t>0

�
is bounded onLp.RdC/ for every 1<p <1 and k 2N. In order to do so, we will consider
operators that control this �-variation operator.

Suppose that F W .0;1/! C is a differentiable function on .0;1/. For n 2 N, let
0 < t0 < � � � < tn. We have that 

n�1X
jD0

jF.tjC1/ � F.tj /j
�

!1=�
�

n�1X
jD0

ˇ̌̌̌ Z tjC1

tj

F 0.s/ ds

ˇ̌̌̌
�

Z 1
0

jF 0.s/j ds:
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Thus,

V�.¹F.t/ºt>0/ �

Z 1
0

jF 0.s/j ds:

From this inequality, we deduce that

V�
�®
tk@kt .W

˛
�;t �W

˛
0;t /
¯
t>0

�
.f /.x/ �

Z
Rd
C

f .y/K˛� .x; y/ dy; x 2 RdC; (1.1)

where

K˛� .x; y/ WD

Z 1
0

ˇ̌
@t
�
tk@kt

�
W ˛
�;t .x; y/ �W

˛
0;t .x; y/

��ˇ̌
dt; x; y 2 RdC:

For m 2 N, we consider the operator T ˛;m
�

defined by

T
˛;m
�

.f /.x/ D

Z
Rd
C

T
˛;m
�

.x; y/f .y/ dy; x 2 RdC;

with

T
˛;m
�

.x; y/ D

Z 1
0

ˇ̌
tm@mC1t

�
W ˛
�;t .x; y/ �W

˛
0;t .x; y/

�ˇ̌
dt; x; y 2 RdC:

Taking into account (1.1), to see that V�.¹t
k@kt .W

˛
�;t
�W ˛

0;t /ºt>0/ is bounded onLp.RdC/,
it will be sufficient to show that the operator T ˛;m

�
has this property formD 0when kD 0,

and for m D k � 1 and m D k when k � 1.
We will split the operator T ˛;m

�
into two parts, determined by the sets

G D G1 [G2

WD ¹.x; y; t/ 2 RdC �RdC � .0;1/ W xd _ yd � t
1=˛
º

[ ¹.x; y; t/2RdC�RdC�.0;1/ W xd_yd >t
1=˛; 2jx�yj�xd ^ yd º (1.2)

and
L WD

�
RdC �RdC � .0;1/

�
nG: (1.3)

Here, the letter G stands for global and the letter L means local.
Hence, for m 2 N, we decompose T ˛;m

�
as follows:

T
˛;m
�
D T

˛;m
�;loc C T

˛;m
�;glob;

where
T
˛;m
�;loc=glob.f /.x/ D

Z
Rd
C

T
˛;m
�;loc=glob.x; y/f .y/ dy; x 2 RdC;

being

T
˛;m
�;loc.x; y/ D

Z 1
0

ˇ̌
tm@mC1t

�
W ˛
�;t .x; y/ �W

˛
0;t .x; y/

�ˇ̌
�L.x; y; t/ dt; x; y 2 RdC;
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and
T
˛;m
�;glob.x; y/ D T

˛;m
�

.x; y/ � T
˛;m
�;loc.x; y/; x; y 2 RdC:

Actually, the cancellation in W ˛
�;t
.x; y/ � W ˛

0;t .x; y/ is only relevant for T ˛;m
�;loc; in the

global operator, this cancellation does not play any role.
In Section 3, we will prove the Lp boundedness of the operators T ˛;m

�;loc and T ˛;m
�;glob

for ˛ 2 .0; 2/, and we will deal with the case ˛ D 2 in Section 4. We distinguish these
two cases since the estimations for the heat kernel W ˛

�;t
.x; y/, x; y 2 RdC and t > 0, are

different (see Propositions 2.1 and 2.2).
We now establish the weightedLp inequalities for V�.¹t

k@ktW
˛
�;t
ºt>0/. First of all, we

recall the definitions of the Muckenhoupt classes in RdC. A weight in RdC is a non-negative
measurable function defined on RdC. A weight w is said to be in Ap.RdC/ with 1 < p <1
when

sup
B

�
1

jBj

Z
B

w.x/ dx

��
1

jBj

Z
B

w�1=.p�1/.x/ dx

�p�1
<1;

where the supremum is taken over all balls B in RdC. The p-Lebesgue space with weight
w is denoted by Lp.RdC; w/.

The following boundedness result for the weighted �-variation operator will be proved
in Section 5.

Theorem 1.2. Let 0 < ˛ � 2, � > 2, �� 0, k 2N, and 1 < p <1. Then, the �-variation
operator V�.¹t

k@ktW
˛
�;t
ºt>0/ is bounded on Lp.RdC; w/ provided that w 2 Ap.RdC/.

Throughout this paper, c and C will always represent positive constants that may vary
on each occurrence. The expression a . b will indicate that a � Cb for some positive
constant C , whilst a � b means that both a . b and b . a hold.

2. Heat kernel estimates

Our goal in this section is to establish estimates for the time derivatives of the heat kernel
W ˛
�;t

that will be useful in the sequel.
We define the exponent p as in [22]. We consider

M˛ D

´
˛ if ˛ 2 .0; 2/;

1 if ˛ D 2;

and, for every ˛ 2 .0; 2�, we define

�˛ W .�1;M˛/! R

s 7! �˛.s/ D
1

�

�
�.˛/ sin

��˛
2

�
C �.1C s/�.˛�s/ sin

��.2s�˛/
2

��
:
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We understand �2.s/ D s.s � 1/, for s 2 .�1;1/, and �1.s/ D 1
�
.1 � �s cot.�s//,

for s 2 .�1; 1/. The main properties of the function�˛ can be found in [22, Appendix A].
For every � � ��, there exists a unique p 2 Œ˛�1

2
;M˛/ such that

�˛.p/ D �:

Note that p depends on � and ˛, but we write p instead of p.�; ˛/. We have that

(a) p D max¹˛ � 1; 0º WD .˛ � 1/C, when � D 0;

(b) p > .˛ � 1/C, when � > 0;

(c) p D 1
2
.1C

p
1C 4�/, when ˛ D 2.

For simplicity, we denote by 
 D .˛ � 1/C for any ˛ 2 .0; 2�.
The following pointwise bounds for the heat kernel W ˛

�;t
.x; y/, x; y 2 RdC and t > 0,

were established in [22, Theorems 9 and 10].

Proposition 2.1. We have the following.

(a) Let ˛ 2 .0; 2/ and � � 0. Then, for every x; y 2 RdC and t > 0,

W ˛
�;t .x; y/ �

�
1 ^

xd

t1=˛

�p�
1 ^

yd

t1=˛

�p

t�d=˛
�
1 ^

t1=˛

jx � yj

�dC˛
:

(b) Let � � �1=4. Then, for every x, y 2 RdC and t > 0,

W 2
�;t .x; y/ �

�
1 ^

xd

t1=2

�p�
1 ^

yd

t1=2

�p

t�d=2e�
cjx�yj2

t :

Here, the symbol � means the same as � but admitting different values of c in the expo-
nential function in the upper and lower bounds.

Our next objective is to extend the upper bounds in Proposition 2.1 to the complex
plane. Note first that from (a) we deduce that

W ˛
�;t .x; y/ .

� xd

xd C t1=˛

�p� yd

yd C t1=˛

�p

t�d=˛
�

t1=˛

t1=˛ C jx � yj

�dC˛
(2.1)

for every x, y 2 RdC and t > 0.
Since the function

�.s/ D
s

s C a
; s > �a;

is increasing for every a > 0, it follows that

W ˛
�;t .x; y/ .

�
jxj

jxj C t1=˛

�p�
jyj

jyj C t1=˛

�p

t�d=˛
�

t1=˛

t1=˛ C jx � yj

�dC˛
; (2.2)

for every x, y 2 RdC and t > 0.
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By using [13, Proposition 2.2 (a)], we obtain that if ˛ 2 .0; 2/, � � 0, and " 2 .0; 1/,
then for every z 2 C, jarg.z/j < "�=4, and x, y 2 RdC,

W ˛
�;z.x; y/ .

�
jxj

jxj C jzj1=˛

�p�
jyj

jyj C jzj1=˛

�p

jzj�d=˛
�

jzj1=˛

jzj1=˛ C jx � yj

�.dC˛/.1�"/
:

By using the Cauchy integral formula, we deduce that, if ˛ 2 .0; 2/, � � 0 and k 2 N,

jtk@ktW
˛
�;t .x; y/j .

�
jxj

jxj C t1=˛

�p�
jyj

jyj C t1=˛

�p

t�d=˛
�

t1=˛

t1=˛ C jx � yj

�.dC˛/.1�"/
for every x, y 2 RdC and t > 0.

In a similar way, we get that if ˛ D 2, � � �1=4 and k 2 N, then

jtk@ktW
2
�;t .x; y/j .

�
jxj

jxj C t1=2

�p�
jyj

jyj C t1=2

�p

t�d=2e�
cjx�yj2

t (2.3)

for every x, y 2 RdC and t > 0.
However, we need to improve (2.2) and (2.3) by replacing jxj and jyj by xd and yd ,

respectively.

Proposition 2.2. We have the following.

(a) Let ˛ 2 .0; 2/, � � 0, " 2 .0; 1/, and k 2 N. For every x, y 2 RdC and t > 0,

jtk@ktW
˛
�;t .x; y/j

.
�

xd

xd C t1=˛

�p�
yd

yd C t1=˛

�p

t�d=˛
�

t1=˛

t1=˛ C jx � yj

�.dC˛/.1�"/
:

(b) Let � � �1=4 and k 2 N. For every x, y 2 RdC and t > 0,

jtk@ktW
2
�;t .x; y/j .

�
xd

xd C t1=2

�p�
yd

yd C t1=2

�p

t�d=2e�
cjx�yj2

t :

Proof. We prove (a) first. According to (2.2) and proceeding as in the proof of [12, Propo-
sition 3.4] (see also [13, Proposition 2.2 (a)]), we deduce that

jw.xd ; z/W
˛
�;z.x; y/w.yd ; z/j �

C

jzjd=˛
; (2.4)

for x, y 2 RdC and z 2 C, jarg.z/j � �=4, where

w.s; z/ D
� s

s C z1=˛

��p

;

for s > 0 and z 2 C, arg.z/ � �=2. Indeed, since the operator L˛
�

is self-adjoint and non-
negative, for every s > 0, the operator W ˛

�;is
is contractive in L2.RdC/. In order to prove

this, it is sufficient to see that

kW ˛
�;tkL1.Rd

C;w
�1/,!L2.Rd

C/
C kW ˛

�;tkL2.Rd
C/,!wL

1.Rd / . t�
d
2˛ ; t > 0;

where wL1.Rd / D ¹f measurable in Rd W wf 2 L1.Rd /º.
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Suppose f 2 L2.RdC/. According to (2.1) and using [12, (18)], we get

jW ˛
�;t .f /.x/jw.xd ; t / .

Z
Rd
C

�
yd

yd C t1=˛

�p
t

t1=˛ C jx � yjdC˛
jf .y/jdy

.
�Z

Rd
C

ˇ̌̌̌�
jyj

jyj C t1=˛

�p
t

t1=˛ C jx � yjdC˛

ˇ̌̌̌2
dy

�1=2
kf kL2.Rd

C/

. t�
d
2˛ kf kL2.Rd

C/
;

for x 2 RdC and t > 0.
In a similar way, we can see that

kW ˛
�;tf kL2.Rd

C/
. t�

d
2˛ kf kL1.Rd

C;w
�1/;

for f 2 L1.RdC; w
�1/ and t > 0. We conclude that (2.4) holds.

On the other hand, according to (2.1), it follows that

jw.xd ; t /W
˛
�;t .x; y/w.yd ; t /j . t�d=˛

�
t1=˛

t1=˛ C jx � yj

�dC˛
D t�d=˛

�
1C
jx � yj

t1=˛

��d�˛
D t�d=˛

�
1C

�
jx � yj˛

t

�1=˛��d�˛
;

for x, y 2 RdC and t > 0.
Let us define the function

b.s/ D .1C s1=˛/�d�˛; s > 0:

It is clear that b is bounded and decreasing in .0;1/. Then, by [21, Proposition 3.3], for
each " 2 .0; 1/ and � 2 .0; "�=2/, there exists C > 0 such that

jW ˛
�;z.x; y/j � C

ˇ̌̌̌
xd

xd C z1=˛

ˇ̌̌̌p ˇ̌̌̌
yd

yd C z1=˛

ˇ̌̌̌p
.Re.z//�d=˛b

�
jx � yj˛

jzj

�1�"
;

for x, y 2 .0;1/ and z 2 C such that jarg.z/j � � .
If z 2 C and arg.z/j � � , with 0 < � < �=2, then

jaC zj D
p
.aC Re.z//2 C .Im.z//2 �

p
a2 C jzj2 & aC jzj; a > 0:

We conclude that, for each " 2 .0; 1/ and � 2 .0; "�=2/,

jW ˛
�;z.x; y/j .

�
xd

xd C jzj1=˛

�p�
yd

yd C jzj1=˛

�p

jzj�d=˛
�

jzj1=˛

jzj1=˛ C jx � yj

�.dC˛/.1�"/
;

(2.5)
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where z 2 C and jarg.z/j � � . Note that

Re.z/ ' jzj

for z 2 C with jarg.z/j � � .
Estimates like (2.5) can also be proved by using the methods in [35, Theorem 2.1].
The Cauchy integral formula allows us to obtain (a). In order to prove (b), we can

proceed in a similar way. We can also prove it using Davies method as in the proof of [18,
Theorem 3.4.8] and the Cauchy integral formula.

3. Proof of Theorem 1.1 for ˛ 2 .0; 2/

3.1. Global part

We define, for k 2 N, k � 1,

J
˛;k
�
.x; y/D

Z 1
0

ˇ̌
tk�1@kt .W

˛
�;t .x; y/�W

˛
0;t .x; y//

ˇ̌
�G.x; y; t/ dt; x; y 2 RdC; (3.1)

where G is as in (1.2).

Lemma 3.1. Let k 2 N, k � 1, � � 0, and ˛ 2 .0; 2/. For every 0 � 
 � .˛ � 1/C,ˇ̌
J
˛;k
�
.x; y/

ˇ̌
.

.xdyd /



.jx � yj _ xd _ yd /dC2


C �
¹jx�yj�

xd^yd
2 º

.x; y/
.xd^yd /


 .xd_yd /
.dC˛/.1�"/�d�


jx � yj.dC˛/.1�"/
; (3.2)

whenever 0 < " < .˛ � 2
/=.d C ˛/.

Proof. By using Proposition 2.2 (a), we getˇ̌
J
˛;k
�
.x; y/

ˇ̌
�

Z 1
0

�ˇ̌
tk�1@ktW

˛
�;t .x; y/

ˇ̌
C
ˇ̌
tk�1@ktW

˛
0;t .x; y/

ˇ̌�
�G.x; y; t/ dt

.
Z 1
0

1

t1Cd=˛

�
xd

xd C t1=˛

�
�
yd

yd C t1=˛

�

�

�
t1=˛

t1=˛ C jx � yj

�.dC˛/.1�"/
�G.x; y; t/ dt; x; y 2 RdC;

where 0 < " < 1 and 0 � 
 � .˛ � 1/C. Here, we can actually use the fact that the power
p can be replaced by any non-negative number less than or equal to p in the estimate given
in Proposition 2.2 (a).

We will split the last integral over G1 and G2 and denote

S˛";j .x; y/ D

Z 1
0

1

t1Cd=˛

�
xd

xd C t1=˛

�
�
yd

yd C t1=˛

�

�

�
t1=˛

t1=˛ C jx � yj

�.dC˛/.1�"/
�Gj .x; y; t/ dt; j D 1; 2:
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From the definition of G1, we can write, for x; y 2 RdC,

S˛";1.x; y/ D

Z 1
.xd_yd /

˛

�
xd

xd C t1=˛

�
�
yd

yd C t1=˛

�

�

�
t1=˛

t1=˛ C jx � yj

�.dC˛/.1�"/
dt

t1Cd=˛

�

Z 1
.xd_yd /

˛

�
xd

t1=˛

�
�
yd

t1=˛

�
�
t1=˛

xd _ yd _ jx � yj

�.dC˛/.1�"/
dt

t1Cd=˛

�
.xdyd /


 .xd _ yd /
.dC˛/.1�"/�d�2


.xd _ yd _ jx � yj/.dC˛/.1�"/

.
.xdyd /




.jx � yj _ xd _ yd /dC2


provided that .d C ˛/.1� "/� d � 2
 > 0, that is, whenever 0 < " < .˛ � 2
/=.d C ˛/.
Note that this is possible since 
 D .˛ � 1/C implies ˛ � 2
 > 0.

For j D 2, we take into account that jx � yj � .xd ^ yd /=2, so we have

S˛";2.x; y/ .
Z .xd_yd /

˛

0

�
xd ^ yd

xd ^ yd C t1=˛

�
�
t1=˛

t1=˛ C jx � yj

�.dC˛/.1�"/
dt

t1Cd=˛

.
Z .xd_yd /

˛

0

�
xd ^ yd

t1=˛

�
�
t1=˛

jx � yj

�.dC˛/.1�"/
dt

t1Cd=˛

�
.xd ^ yd /


 .xd _ yd /
.dC˛/.1�"/�d�


jx � yj.dC˛/.1�"/
;

provided that .d C ˛/.1 � "/ � d � 
 > 0, i.e., 0 < " < .˛ � 
/=.d C ˛/. Actually, this
is possible since the restriction obtained in the case j D 1 implies this one.

Therefore, we get that (3.2) holds for every 0 < " < .˛ � 2
/=.d C ˛/.

Fix now 0 < " < ˛=.d C ˛/. We define now ˛0 D .d C ˛/.1� "/� d . Hence (see [22,
p. 31]),

1

.jx � yj _ xd _ yd /d
.

.jx � yj _ xd _ yd /
˛0

.jx � yj _ .xd ^ yd //dC˛
0

and
.xd _ yd /

˛0

jx � yjdC˛
0
�
¹jx�yj�

xd^yd
2 º

.x; y/ .
.jx � yj _ xd _ yd /

˛0

.jx � yj _ .xd ^ yd //dC˛
0
:

Therefore, by proceeding as in the proof of [22, Proposition 19, Step 1] and by using
(3.2) with 
 D 0, we deduce thatZ

Rd�1

ˇ̌
J
˛;k
�
.x; y/

ˇ̌
dy0 .

.xd _ yd /
˛0

.jxd � yd j _ .xd ^ yd //˛
0C1

; (3.3)

with y0 D .y1; : : : ; yd�1/.
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By considering wˇ .x; y/ D .
xd
yd
/ˇ , x; y 2 RdC and ˇ > 0, we get, as in [22, Proposi-

tion 19, Step 2] by invoking (3.3), that for any 1 < p <1,

sup
x2Rd

C

Z
Rd
C

wˇ .x; y/
1=p
ˇ̌
J
˛;k
�
.x; y/

ˇ̌
dy <1; 0 < ˇ=p < 1;

sup
x2Rd

C

Z
Rd
C

wˇ .x; y/
�1=p0

ˇ̌
J
˛;k
�
.x; y/

ˇ̌
dx <1; 0 < ˇ=p0 < 1:

According to Schur’s test with weights (see, for instance, [25, Lemma 3.3]), we can con-
clude that the integral operator defined by

J
˛;k
�
.f /.x/ D

Z
Rd
C

J
˛;k
�
.x; y/f .y/ dy; x 2 RdC;

is bounded on Lp.RdC/ for every 1 < p <1.

3.2. Local part

According to Duhamel formula, we can write, for every x; y 2 RdC and t > 0, that

D
˛;0
�;t
.x; y/ WD �

Z t

0

Z
Rd
C

W ˛
0;t�s.x; z/z

�˛
d W ˛

�;s.z; y/ dzds

D �

Z t=2

0

Z
Rd
C

W ˛
0;t�s.x; z/z

�˛
d W ˛

�;s.z; y/ dzds

C �

Z t=2

0

Z
Rd
C

W ˛
0;s.x; z/z

�˛
d W ˛

�;t�s.z; y/ dzds: (3.4)

We have that D˛;0
�;t
.x; y/ D t�d=˛F.t�1=˛x; t�1=˛y/, x; y 2 RdC, t > 0 (see comments

after [22, Theorem 9]) for a smooth function F W RdC �RdC ! R. Thus, for every k 2 N,
there exists a smooth function Fk W RdC �RdC ! R for which

tk@ktD
˛;0
�;t
.x; y/ D t�d=˛Fk

�
t�1=˛x; t�1=˛y

�
; x; y 2 RdC; t > 0: (3.5)

Given k 2 N, from (3.4), we can write

@ktD
˛;0
�;t
.x; y/ D

k�1X
jD0

aj;k

Z
Rd
C

@
j
tW

˛
0;t=2.x; z/z

�˛
d @

k�1�j
t W ˛

�;t=2.z; y/ dz

C �

Z t=2

0

Z
Rd
C

@ktW
˛
0;t�s.x; z/z

�˛
d W ˛

�;s.z; y/ dzds

C �

Z t=2

0

Z
Rd
C

W ˛
0;s.x; z/z

�˛
d @ktW

˛
�;t�s.z; y/ dzds; x; y2RdC; t > 0;

where aj;k 2 R for each j D 0; : : : ; k � 1.
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We define, for every j D 0; : : : ; k � 1, the integrals involved in the above summation
as

Hj .x; y; t/ D

Z
Rd
C

@
j
tW

˛
0;t=2.x; z/z

�˛
d @

k�1�j
t W ˛

�;t=2.z; y/ dz; x; y 2 RdC; t > 0;

and we will estimate Hj in the local region.
By taking into account the scaling property (3.5), we reduce the problem to estimating

Hj .x; y; 1/, j D 0; : : : ; k � 1, when jx � yj � xd^yd
2

and 1 � xd _ yd .

Lemma 3.2. Let j D 0; : : : ; k � 1, with k 2 N, k � 1, � � 0 and ˛ 2 .0; 2/. Then,

jHj .x;y;1/j.
1

x˛
d

�
1

1C jx � yj

�.dC˛/.1�"/
; jx � yj �

xd ^ yd

2
; 1� xd _ yd ; (3.6)

with 0 < " < ˛=.d C ˛/.

Proof. Assume that x; y 2 RdC with jx � yj � xd^yd
2

and 1 � xd _ yd . Notice that

xd � yd & 1:

We decompose Hj .x; y; 1/ as follows:

Hj .x; y; 1/ D

Z
¹z2Rd

CWzd>xd =2º

@
j
tW

˛
0;t=2.x; z/

ˇ̌̌
tD1
z�˛d @

k�1�j
t W ˛

�;t=2.z; y/
ˇ̌̌
tD1

dz

C

Z
¹z2Rd

CWzd�xd =2º

@
j
tW

˛
0;t=2.x; z/

ˇ̌̌
tD1
z�˛d @

k�1�j
t W ˛

�;t=2.z; y/
ˇ̌̌
tD1

dz

WD Hj;1.x; y; 1/CHj;2.x; y; 1/:

By using Proposition 2.2 (a) and (2.1), for " 2 .0; 1/, we have

jHj;1.x; y; 1/j . x�˛d

Z
Rd
C

�
xd

xd C 1

�.˛�1/C� zd

zd C 1

�.˛�1/C� 1

1C jx � zj

�.dC˛/.1�"/
�

�
yd

yd C 1

�.˛�1/C� zd

zd C 1

�.˛�1/C� 1

1C jy � zj

�.dC˛/.1�"/
dz:

We define ˛0D ˛.1� "/� d" and consider 0< "<˛=.˛C d/. Then, 0 < ˛0 < ˛ < 2,
and we get

jHj;1.x; y; 1/j . x�˛d

Z
Rd
C

�
xd

xd C 1

�.˛0�1/C� zd

zd C 1

�2.˛0�1/C� yd

yd C 1

�.˛0�1/
�

�
1

1C jx � zj

�dC˛0�
1

1C jy � zj

�dC˛0
dz:
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According to [22, Theorem 9], we have

jHj;1.x; y; 1/j . x�˛d

Z
Rd
C

W ˛0

0;1.x; z/W
˛0

0;1.z; y/ dz

� x�˛d W ˛0

0;2.x; y/

. x�˛d

�
xd

xd C 1

�.˛0�1/C� yd

yd C 1

�.˛0�1/�
1

1C jx � yj

�dC˛0
:

We now estimate Hj;2. If zd � xd=2, since jx � yj < .xd ^ yd /=2, we deduce
jyd � zd j � yd � xd and jxd � zd j � xd . Then, if zd � xd=2, we have jx � zj �
jx0 � z0j C xd and jy � zj � jy0 � z0j C xd . By [22, Lemma 22] with N D d � 1 � 1,
ˇ D ˛.1 � "/C 1 � d" and r D s D 1C xd , and using Proposition 2.2 (a), we get that
whenever zd � xd=2,Z

Rd�1

ˇ̌
@
j
tW

˛
0;t=2.x; z/

ˇ̌
tD1

ˇ̌ˇ̌
@
k�1�j
t W ˛

�;t=2.z; y/
ˇ̌
tD1

ˇ̌
dz0

.
�

xd

xd C 1

�.˛�1/C� zd

zd C 1

�.˛�1/CCp�
yd

yd C 1

�p

�

Z
Rd�1

�
1

1C jx0 � z0j C xd

�.dC˛/.1�"/�
1

1C jy0 � z0j C xd

�.dC˛/.1�"/
dz0

.
�

xd

xd C 1

�.˛�1/C� zd

zd C 1

�.˛�1/CCp�
yd

yd C 1

�p
1

x
˛.1�"/C1�d"

d

�
1

.1C xd C jy0 � x0j/.dC˛/.1�"/

.
�

xd

xd C 1

�.˛�1/C� zd

zd C 1

�.˛�1/CCp�
yd

yd C 1

�p
1

x
˛.1�"/C1�d"C.dC˛/.1�"/

d

:

Since xd & 1, from [22, p. 26], we also have thatZ xd =2

0

�
zd

zd C 1

�.˛�1/CCp
dzd

z˛
d

� 1˛�1 C .ln.1C xd //1˛D1 C x1�˛d 1˛<1:

Then,

jHj;2.x; y; 1/j .
1

x
˛.1�"/C1�d"C.dC˛/.1�"/

d

Z xd =2

0

�
zd

zd C 1

�.˛�1/CCp
dzd

z˛
d

.
1

x
˛C.dC˛/.1�"/

d

1

x
1�.dC˛/"

d

�
1˛�1 C .ln.1C xd //1˛D1 C x1�˛d 1˛<1

�
.

1

x
˛C.dC˛/.1�"/

d

.
1

x˛
d

�
1

1C jx � yj

�.dC˛/.1�"/
;

provided that 0 < " < ˛=.d C ˛/.
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We consider now

Hk.x; y; t/ D

Z t=2

0

Z
Rd
C

@ktW
˛
0;t�s.x; z/z

�˛
d W ˛

�;s.z; y/ dzds; x; y 2 RdC; t > 0;

with k 2 N.
As above, according to the scaling property (3.5), we estimate Hk.x; y; 1/ when

jx � yj �
xd ^ yd

2
and 1 � xd _ yd :

Lemma 3.3. Let k 2 N, � � 0, and ˛ 2 .0; 2/. We have that

Hk.x; y; 1/ .
1

x˛
d

�
1

1C jx � yj

�.dC˛/.1�"/
; jx�yj�

xd^yd

2
; 1�xd _ yd ; (3.7)

with 0 < " < ˛=.d C ˛/.

Proof. Assume that x; y 2 Rd , jx � yj � xd^yd
2

and 1 � xd _ yd . Hence,

xd � yd & 1:

First, we estimate the integrand in Hk.x; y; 1/ by using (2.1) and Proposition 2.2 (a).
Recalling that p � .˛ � 1/C, we getˇ̌

@ktW
˛
0;t�s.x; z/

ˇ̌
tD1
z�˛d W ˛

�;s.z; y/
ˇ̌

. .1 � s/�k�d=˛
�

xd

.1 � s/1=˛ C xd

�.˛�1/C� zd

.1 � s/1=˛ C zd

�.˛�1/C
�

�
.1 � s/1=˛

.1 � s/1=˛ C jx � zj

�.dC˛/.1�"/
z�˛d

�
yd

s1=˛ C yd

�p�
zd

s1=˛ C zd

�p
1

sd=˛

�

�
s1=˛

s1=˛ C jz � yj

�.dC˛/.1�"/
: (3.8)

We decompose Hk.x; y; 1/ in the following way:

Hk.x; y; 1/ D

Z 1=2

0

Z
¹z2Rd

CWzd>xd =2º

@ktW
˛
0;t�s.x; z/

ˇ̌̌
tD1
z�˛d W ˛

�;s.z; y/ dzds

C

Z 1=2

0

Z
¹z2Rd

CWzd�xd =2º

@ktW
˛
0;t�s.x; z/

ˇ̌̌
tD1
z�˛d W ˛

�;s.z; y/ dzds

WD Hk;1.x; y; t/CHk;2.x; y; t/; x; y 2 RdC; t > 0:
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We define, as before, ˛0 D ˛.1 � "/ � d" for 0 < " < ˛=.d C ˛/, so 0 < ˛0 < ˛ < 2.
Thus, from Proposition 2.1 (a) with � D 0, we have

jHk;1.x; y; 1/j

.
1

x˛
d

Z 1=2

0

Z
Rd
C

�
xd

.1 � s/1=˛ C xd

�.˛0�1/C� zd

.1 � s/1=˛ C zd

�.˛0�1/C
�

�
yd

s1=˛ C yd

�.˛0�1/C� zd

s1=˛ C zd

�.˛0�1/C 1

sd=˛

�
s1=˛

s1=˛ C jz � yj

�dC˛0
�

1

.1 � s/d=˛

�
.1 � s/1=˛

.1 � s/1=˛ C jx � zj

�dC˛0
dzds

.
1

x˛
d

Z 1=2

0

Z
Rd
C

�
xd

.1 � s/1=˛
0
C xd

�.˛0�1/C� zd

.1 � s/1=˛
0
C zd

�.˛0�1/C
�

1

sd=˛
0

�
yd

s1=˛
0
C yd

�.˛0�1/C� zd

s1=˛
0
C zd

�.˛0�1/C
�

�
.1 � s/1=˛

0

.1 � s/1=˛
0
C jx � zj

�dC˛0�
s1=˛

0

s1=˛
0
C jz � yj

�dC˛0
dzds

�
1

x˛
d

Z 1=2

0

Z
Rd
C

W ˛0

0;1�s.x; z/W
˛0

0;s.z; y/ dzds

�
1

x˛
d

W ˛0

0;1.x; y/

.
1

x˛
d

�
xd

1C xd

�.˛0�1/C� yd

1C yd

�.˛0�1/C� 1

1C jx � yj

�˛0Cd
;

where we used the fact that the function ˛ 7! s�d=˛. s1=˛

s1=˛Cu
/dC˛

0

is increasing for every
s 2 .0; 1/ and u > 0.

In order to estimate Hk;2, observe thatZ
Rd�1

�
.1 � s/1=˛

.1 � s/1=˛ C jz � xj

�.dC˛/.1�"/�
s1=˛

s1=˛ C jz � yj

�.dC˛/.1�"/
dz0

.
Z

Rd�1

��
.1 � s/1=˛

.1 � s/1=˛ C xd C jz0 � x0j

��
s1=˛

s1=˛ C xd C jz0 � y0j

��.dC˛/.1�"/
dz0

. .s.1 � s//.dC˛/.1�"/=˛
Z

Rd�1

�
1

.xd C jz0 � x0j/.xd C jz0 � y0j/

�.dC˛/.1�"/
dz0

.
..1 � s/s/.dC˛/.1�"/=˛

x
˛.1�"/�d"C1

d

1

.xd C jx0 � y0j/.dC˛/.1�"/
;

provided that zd � xd=2, where we have used [22, Lemma 22] with N D d � 1 and
ˇ D .d C ˛/.1 � "/ � d C 1.
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Then, by taking 0 < " < .˛ � p/=.d C ˛/ (which is possible since p < ˛), from (3.8)
we get

jHk;2.x; y; 1/j .
Z 1=2

0

Z xd =2

0

�
xd

.1 � s/1=˛ C xd

�.˛�1/C� zd

.1 � s/1=˛ C zd

�.˛�1/C
� z�˛d

�
yd

s1=˛ C yd

�p�
zd

s1=˛ C zd

�p
1

sd=˛

�
..1 � s/s/.dC˛/.1�"/=˛

x
˛.1�"/�d"C1

d

1

.xd C jx0 � y0j/.dC˛/.1�"/
dzdds

.
Z xd =2

0

�Z 1=2

0

�
zd

.1 � s/1=˛ C zd

�.˛�1/C� zd

s1=˛ C zd

�p

�
..1 � s/s/.dC˛/.1�"/=˛s�d=˛

.xd C jx0 � y0j/.dC˛/.1�"/
ds

�
z�˛
d

x
˛.1�"/�d"C1

d

dzd

.
Z xd =2

0

z�˛
d

x
˛.1�"/�d"C1C.dC˛/.1�"/

d

.1 ^ zd /
pC.˛�1/C dzd :

Here, we have used the fact that, for the values of " indicated above,

s.dC˛/.1�"/=˛�d=˛
�
1 ^

zd

s1=˛

�p

D
�
s.1�".dC˛/=˛/=p ^

�
s.1�".dC˛/=˛/=p�1=˛

�
zd
�p

.
�
1 ^ s.˛�p�".dC˛//=.˛p/zd

�p
� .1 ^ zd /

p:

Finally, since 0 < " < ˛=.d C ˛/, by proceeding as in the proof of Lemma 3.2, we get

jHk;2.x; y; 1/j .
1

x˛
d

�
1

1C jx � yj

�.dC˛/.1�"/
:

By proceeding as in the proof of the last result, we can also see that

j zHk.x; y; 1/j .
1

x˛
d

�
1

1C jx � yj

�.dC˛/.1�"/
; jx � yj �

xd ^ yd

2
; 1 � xd _ yd ; (3.9)

where

zHk.x; y; t/ D

Z t=2

0

Z
Rd
C

W ˛
0;s.x; z/z

�˛
d @ktW

˛
�;t�s.z; y/ dzds; x; y 2 RdC; t > 0:

By putting together (3.6), (3.7), and (3.9), and using the scaling property (3.5), we
obtain ˇ̌

tk�1@ktD
˛;0
�;t
.x; y/

ˇ̌
.

t�d=˛

.xd _ yd /˛

�
t1=˛

t1=˛ C jx � yj

�.dC˛/.1�"/
;

for 0 < " < .˛ � p/=.d C ˛/.
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Consequently, recalling the definition of the local part L in (1.3), for certain constant
C > 1, we haveZ

Rd
C

Z 1
0

ˇ̌
tk�1@ktD

˛;0
�;t
.x; y/

ˇ̌
�L.x; y; t/ dtdy

.
Z
¹y2Rd

CWC
�1xd�yd�Cxd º

Z .xd_yd /
˛

0

t�d=˛

.xd _ yd /˛

�
t1=˛

t1=˛ C jx � yj

�.dC˛/.1�"/
dtdy

.
Z .Cxd /

˛

0

t�d=˛
Z
¹y2Rd

CWC
�1xd�yd�Cxd º

x�˛d

�
t1=˛

t1=˛ C jx � yj

�.dC˛/.1�"/
dydt

. x�˛d

Z .Cxd /
˛

0

t�d=˛
Z

Rd

�
t1=˛

t1=˛ C jx � yj

�.dC˛/.1�"/
dydt

. x�˛d

Z .Cxd /
˛

0

Z
Rd

1

.1C jzj/.dC˛/.1�"/
dzdt

. 1;

for each x 2 RdC, provided that 0 < " < .˛ � p/=.d C ˛/.
By symmetry, we also deduce thatZ

Rd
C

Z 1
0

ˇ̌
tk�1@ktD

˛;0
�;t
.x; y/

ˇ̌
�L.x; y; t/ dtdx . 1; y 2 RdC;

when 0 < " < ˛=.d C ˛/.
Schur’s test allows us to conclude that the integral operator

J˛;k
�
.f /.x/ WD

Z
Rd
C

Z 1
0

ˇ̌
tk�1@ktD

˛;0
�;t
.x; y/

ˇ̌
�L.x; y; t/f .y/ dtdy; x 2 RdC;

is bounded on Lp.RdC/ for every 1 � p � 1.

4. Proof of Theorem 1.1 for ˛ D 2

4.1. Global part

For the case ˛ D 2, we know, by Proposition 2.2 (b), thatˇ̌
tk@ktW

2
�;t .x; y/

ˇ̌
.
�
1 ^

xd

t1=2

�p�
1C

yd

t1=2

�p
1

td=2
e�

cjx�yj2

t

.
�
1 ^

xd

t1=2

�p�
1C

yd

t1=2

�p
1

td=2

�
t1=2

t1=2 C jx � yj

�dC2
;

for any x; y 2 RdC; t > 0.
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With this estimate, we can proceed as in the case ˛ 2 .0; 2/ (see Section 3.1) and prove
that, for every k 2 N, k � 1, the operator J 2;k

�
given by

J
2;k
�
.f /.x/ D

Z
Rd
C

J
2;k
�
.x; y/f .y/ dy; x 2 RdC;

whose kernel J 2;k
�
.x; y/ is as in (3.1) with ˛ D 2, is bounded on Lp.RdC/ for every

1 < p <1.

4.2. Local part

When dealing with the local part and ˛ D 2, we keep the notation used in Section 3.2. We
recall that in the local part, we are considering x; y 2 RdC with jx � yj � .xd ^ yd /=2
and 0 < t1=˛ � xd _ yd .

Lemma 4.1. Let j D 0; : : : ; k � 1, with k 2 N and � � 0. Then,

jHj .x; y; 1/ .
1

x˛
d

�
1

1C jx � yj

�dC2
; jx � yj �

xd ^ yd

2
; 1 � xd _ yd : (4.1)

Proof. Assume that jx � yj � xd^yd
2

and 1 � xd _ yd . Then, 1 � xd � yd . According
to Proposition 2.2 (b), we get the following estimate:

jHj;1.x; y; 1/j . x�2d

Z
Rd
C

�
xd

1C xd

��
zd

1C zd

�1Cp�
yd

1C yd

�p

e�c.jx�zj
2Cjz�yj2/ dz

. x�2d

Z
Rd
C

�
xd

1C xd

��
zd

1C zd

�1Cp�
yd

1C yd

�p

e�
c
3 jx�yj

2

e�
c
3 jz�yj

2

dz

. x�2d

�
xd

1C xd

��
yd

1C yd

�p

e�
c
3 jx�yj

2

Z
Rd

e�
c
3 jx�zj

2

dz

. x�2d e�
c
3 jx�yj

2

:

Therefore, we get

jHj;1.x; y; 1/j .
1

x2
d

�
1

1C jx � yj

�dC2
:

Similarly, we get

jHj;2.x; y; 1/j .
1

x2
d

�
1

1C jx � yj

�dC2
:

Lemma 4.2. Let k 2 N and � � 0. Then,

jHk.x; y; 1/j .
1

x2
d

�
1

1C jx � yj2

�dC2
; jx � yj �

xd ^ yd

2
; 1 � xd _ yd : (4.2)
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Proof. Suppose that jx � yj � xd^yd
2

and 1 � xd _ yd . Proposition 2.2 (b) leads to

jHk;1.x; y; 1/j

.
Z 1=2

0

Z
¹z2Rd

CWzd>xd =2º

.1 � s/�k�d=2
�

xd

.1 � s/1=2 C xd

��
zd

.1 � s/1=2 C zd

�
� z�2d

�
yd

s1=2 C yd

�p�
zd

s1=2 C zd

�p
1

sd=2
e�c

jx�zj2

1�s �c
jz�yj2

s dzds

. x�2d

Z 1=2

0

xd

.1 � s/1=2 C xd

�
yd

s1=2 C yd

�p

e�
c
3
jx�yj2

1�s

Z
Rd

e�
c
3
jy�zj2

s

sd=2
dzds

. x�2d

Z 1=2

0

xd

.1 � s/1=2 C xd

�
yd

s1=2 C yd

�p

e�
c
3
jx�yj2

1�s ds

. x�2d e�
c
3 jx�yj

2

: (4.3)

We now study Hk;2. Using again Proposition 2.2 (b), it yields, as before,

jHk;2.x; y; 1/j

.
Z 1=2

0

Z
¹z2Rd

CWzd�xd =2º

.1 � s/�k�d=2
�

xd

.1 � s/1=2 C xd

��
zd

.1 � s/1=2 C zd

�
� z�2d

�
yd

s1=2 C yd

�p�
zd

s1=2 C zd

�p
1

sd=2
e�c

jx�zj2

1�s �c
jz�yj2

s dzds:

Note that, for each s 2 .0; 1
2
/, we can writeZ

Rd�1

e�
c
2
jx0�z0 j2

1�s �
c
2
jz0�y0 j2

s dz0 .
Z

Rd�1

e�
c
2
jwj2

s dw . s.d�1/=2: (4.4)

Since s � 1 � s, we have

jx � zj2

1 � s
C
jz � yj2

s
�
jx � zj2 C jz � yj2

2.1 � s/
C
jx � zj2

2.1 � s/
C
jz � yj2

2s

�
jx � yj2

4.1 � s/
C
jx0 � z0j2

2.1 � s/
C
jz0 � y0j2

2s
C
jxd � zd j

2

2.1 � s/
C
jzd � yd j

2

2s
:

Using this inequality together with (4.4), we getZ
¹z2Rd

CWzd�xd =2º

�
zd

.1 � s/1=2 C zd

��
zd

s1=2 C zd

�p

z�2d e�c
jx�zj2

1�s �c
jz�yj2

s dz

.
Z xd =2

0

�
zd

.1 � s/1=2 C zd

��
zd

s1=2 C zd

�p

z�2d s.d�1/=2e�
c
4
jx�yj2

1�s �c
jzd�yd j

2

2s dzd :
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Combining the above estimates, we obtain

jHk;2.x; y; 1/j .
Z xd =2

0

Z 1=2

0

s.d�1/=2
�

zd

.1 � s/1=2 C zd

��
zd

s1=2 C zd

�p

z�2d

�

�
.1 � s/1=2

.1 � s/1=2 C xd C jy0 � x0j

�dC4
dsdzd

.
Z xd =2

0

Z 1=2

0

s.d�1/=2
�
1 ^

zd

.1 � s/1=2

��
1 ^

zd

s1=2

�p

ds

�
dzd

z2
d

�
1

xd C jy0 � x0j

�dC4
.
Z xd =2

0

Z 1=2

0

s.d�1/=2�1=4.1 ^ zd /
1C1=4 dzd

z2
d

1

xdC4
d

.
�Z 1

0

z
�3=4

d
dzd C

Z 1
1

dzd

z2
d

�
1

xdC4
d

.
1

xdC4
d

.
1

x2
d

�
1

1C jx � yj

�dC2
: (4.5)

From (4.3) and (4.5), we deduce (4.2).

Using the arguments from the last proof, we can also see that

j zHk.x; y; 1/j .
1

x2
d

�
1

1C jx � yj

�dC2
; xd � 1: (4.6)

We now put (4.1), (4.2), and (4.6) together obtaining

ˇ̌
@ktD

2;0
�
.x; y/

ˇ̌
tD1

ˇ̌
.

1

x2
d

�
1

1C jx � yj

�dC2
:

Therefore,

ˇ̌
tk�1@ktD

2;0
�
.x; y/

ˇ̌
.

1

td=2

�
t1=2

t1=2 C jx � yj

�.dC2/.1�"/
1

.xd _ yd /2
;

with 0 < " < .2 � p/=.d C 2/ D .˛ � p/=.d C ˛/.
By proceeding as in the case ˛ 2 .0; 2/ (see Section 3.2), we can prove that the oper-

ator J2;k
�

is bounded on Lp.RdC/ for every 1 � p � 1 and thus conclude the proof of
Theorem 1.1 for ˛ D 2.
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5. Proof of Theorem 1.2

We proceed as in the proof of [38, Proposition 3.5] and of the weighted property in [2,
Theorem 1.1] by using [11, Proposition 2.3] (see also [5, Theorem 6.6]). We define, for
every t > 0,

A˛�;t D .I �W
˛
�;t /

m;

for m 2 N to be fixed later.
For every x 2 Rd , r , s > 0, let B.x; r/ D ¹y 2 Rd W jx � yj < rº be the usual ball in

Rd , sB.x; r/ D B.x; sr/ and B.x; r/ D B.x; r/ \ RdC. Also, let us consider, for a ball
B � Rd , the sets S0.B/ D B and for j 2 N, j � 1, Sj .B/ D 2jB n 2j�1B . We denote
also, for B � Rd and j 2 N, Sj .B/ D Sj .B/ \RdC.

From now on, we will assume that 1� p < q <1. Suppose that B DB \RdC, where
B D B.xB ; rB/ with xB 2 RdC, rB > 0 and that f is a smooth function supported in B.

We consider first the case ˛ D 2. By using [2, (2.17)], from Proposition 2.2 (b), we
deduce�

1

jSj .B/j

Z
Sj .B/

jA2
�;r2B

.f /.x/jqdx

�1=q
� C

e�c2
2j

2j˛=q

�
1

jBj

Z
B

jf .x/jpdx

�1=p
;

for j 2 N, where C > 0 does not depend on j , ˇ, or f .
On the other hand, the arguments in [2, pp. 13 and 14] allow us to obtain that�
1

jSj .B/j

Z
Sj .B/

jV�.¹t
k@ktW

w
�;tºt>0/.I � A

2
�;r2B

/.f /.x/jqdx

�1=q
. 2�j.dqC2m/fq;B ;

where fq;B D . 1jBj
R

B
jf .x/jqdx/1=q and the constant does not depend on j , B, or f .

We choose now m 2 N such that m > d=2. Then,

1X
jD1

2�j.d=qC2m�d/ <1:

According to Theorem 1.1, the �-variation operator V�.¹t
k@ktW

2
�;t
ºt>0/ is bounded on

Lq.RdC/.
If 1 < q <1, we say that a weight w belongs to the class RHq.RdC/ if there exists

C > 0 such that �
1

jBj

Z
B

wq.x/ dx

�1=q
� C

1

jBj

Z
B

w.x/ dx

for every ball B in RdC.
By using [11, Proposition 2.3], we conclude that V�.¹t

k@ktW
2
�;t
ºt>0/ is bounded on

Lr .RdC;w/, provided that p < r < q andw 2Ar=p.RdC/\RH.q=r/0.RdC/. As usual, in this
context, for 1 < � <1, we denote by � 0 the conjugate exponent, defined by 1

�
C

1
� 0
D 1:

By convention, the conjugate exponent of 1 is1, and the conjugate exponent of1 is 1.
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Taking p D 1, we obtain that V�.¹t
k@ktW

2
�;t
ºt>0/ is bounded on Lr .RdC; w/, provided

that

w 2 Ar .R
d
C/ \ RHs0.RdC/; 1 < r; s <1:

Since, if w 2 Ar .RdC/ with 1 < r <1, there exists ˇ > 1 such that w 2 RHˇ .RdC/, we
conclude that V�.¹t

k@ktW
2
�;t
ºt>0/ is bounded on Lr .RdC; w/ for every 1 < r < 1 and

w 2 Ar .RdC/.
Assume now 0 < ˛ < 2. According to Proposition 2.2 (a) and by proceeding as in the

proof of [12, Theorem 3.1], we deduce that if 1 � p < q <1, ` 2N and 0 < " < 1, there
exists C > 0 such that for every ball

B D B.xB ; rB/ \RdC;

with xB 2 RdC and rB > 0, every t > 0 and j 2 N, we have that�
1

jSj .B/j

Z
Sj .B/

jt`@`tW
˛
�;t .f /.x/j

qdx

�1=q
. max

²�
rB

t1=˛

�d=p
;

�
rB

t1=˛

�d³
�

�
1C

t1=˛

2j rB

�d=q�
1C

2j rB

t1=˛

��.dC˛/.1�"/�
1

jBj

Z
B

jf .x/jpdx

�1=p
; (5.1)

for every f 2 Lp.RdC/ supported in B, and�
1

jSj .B/j

Z
Sj .B/

jt`@`tW
˛
�;t .f /.x/j

qdx

�1=q
. max

²�
2`rB

t1=˛

�d=p
;

�
2`rB

t1=˛

�d³
�

�
1C

t1=˛

2j rB

�d=q�
1C

2j rB

t1=˛

��.dC˛/.1�"/�
1

jSj .B/j

Z
Sj .B/

jf .x/jpdx

�1=p
; (5.2)

for every f 2 Lp.Sj .B//.
According to (1.1), we obtain

V�
�
¹tk@ktW

˛
�;tºt>0

�
.f /.x/ �

Z 1
0

ˇ̌
@t .t

k@ktW
˛
�;t .f /.x//

ˇ̌
dt; x 2 RdC:

Now, for ` 2 R n ¹0º, we consider the operator

T`.f /.x/ D

Z 1
0

ˇ̌
t`�1@`tW

˛
�;t .f /.x/

ˇ̌
dt; x 2 Rd :
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Assume that j 2 N and let B D B.xB ; rB/ \ RdC, with xB 2 RdC and rB > 0. By
using Minkowski inequality, we get�

1

Sj .B/j

Z
Sj .B/

jTl ..I �W
˛
�;r˛B

/m.f //.x/jqdx

�1=q
�

Z 1
0

�
1

Sj .B/j

Z
Sj .B/

jt`�1@ltW
˛
�;t ..I �W

˛
�;r˛B

/m.f //.x/jqdx

�1=q
dt

�

�Z r˛B

0

C

Z 1
r˛B

��
1

Sj .B/j

Z
Sj .B/

jt`�1@ltW
˛
�;t ..I �W

˛
�;r˛B

/m.f //.x/jqdx

�1=q
dt

WD I1 C I2:

We now adapt the arguments in [38, pp. 15 and 16]. We begin analyzing I2. First,
observe that

.I �W ˛
�;r˛B

/m D

Z r˛B

0

� � �

Z r˛B

0

@s1 � � � @smW
˛
�;s1C���Csm

ds1 � � � dsm :

Then, by (5.1) and calling s D s1 C � � � C sm and ds D ds1 � � � dsm,

I2 �
Z 1
r˛B

Z r˛B

0

� � �

Z r˛B

0

�
1

jSj .B/j

Z
Sj .B/

jt`�1@lt@s1 � � � @smW
˛
�;tCs.f /.x/j

qdx

�1=q
dsdt

�

Z 1
r˛B

Z r˛B

0

� � �

Z r˛B

0

1

.t C s/mC1

�

�
1

jSj .B/j

Z
Sj .B/

ˇ̌
u`Cm@`Cmu W ˛

�;u.f /.x/
ˇ̌
uDtCs

ˇ̌q
dx

�1=q
dsdt

. fq;B

�Z 1
r˛B

Z r˛B

0

� � �

Z r˛B

0

1

.t C s/mC1

�
rB

.t C s/1=˛

�d=q�
1C

.t C s/1=˛

2j rB

�d=q
�

�
1C

2j rB

.t C s/1=˛

��.dC˛/.1�"/
dsdt

�
. fq;B

�Z .2j rB /
˛

r˛B

Z r˛B

0

� � �

Z r˛B

0

1

tmC1

�
rB

t1=˛

�d=q�
t1=˛

2j rB

�d=q
dsdt

C

Z 1
.2j rB /˛

Z r˛B

0

� � �

Z r˛B

0

1

tmC1

�
rB

t1=˛

�d=q�
t1=˛

2j rB

�.dC˛/.1�"/
dsdt

�
. fq;B

�
2�j.dC˛/.1�"/

Z .2j rB /
˛

r˛B

t
�m�1� d

q˛
C
.dC˛/.1�"/

˛ dt

� r
d
qCm˛�.dC˛/.1�"/

B C

Z 1
.2j rB /˛

2�dj=qr˛mB t�m�1dt

�
. fq;B

�
2�j.dC˛/.1�"/ C 2�j.˛mCd=q/

�
. fq;B2

�j.dC˛/.1�"/;
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provided that m > .dC˛/.1�"/
˛

�
d
q˛

. Hence, if m > dC˛
˛
�
dq
q˛

, by choosing 0 < " < 1

such that m > .dC˛/.1�"/
˛

�
d
q˛

, the estimates hold.
We can conclude that

I2 � C2�j.dC˛/.1�"/fq;B :

On the other hand, we can prove by using (5.2) (see [38, pp. 15 and 16]) that

I1 � C2�j.dC˛/.1�"/fq;B ;

where 0 < " < 1.
We obtain that�

1

jSj .B/j

Z
Sj .B/

jT`..I �W
˛
�;r˛B

/m/.f /.x/jqdx

�1=q
. 2�j.dC˛/.1�"/fq;B ;

provided that 0 < " < 1 and m > .dC˛/.1�"/
˛

�
d
q˛

.
Let " 2 .0; 1/. According to (5.1), we deduce that�

1

jSj .B/j

Z
Sj .B/

j.I � A˛�;r˛ /.f /.x/j
q

�1=q
.

mX
iD1

�
1

jSj .B/j

Z
jSj .B/j

jW ˛

�;r
˛i
B

.f /.x/jqdx

�1=q
.

mX
iD1

�
1

i1=˛

�1=p�
1C

i1=˛

2j

�˛=q�
1C

2j

i1=˛

��.dC˛/.1�"/�
1

jBj

Z
B

jf .x/jpdx

�1=p
. 2�j.dC˛/.1�"/

�
1

jBj

Z
B

jf .x/jpdx

�1=p
:

We define j̨ D 2�j.dC˛/.1�"/, j 2 N. We have that
P1
jD1 j̨ 2

j˛ < 1 provided that
0 < " < ˛=.d C ˛/.

By [11, Proposition 2.3] (see also [5, Theorem 6.6]) and by proceeding as in the case
˛ D 2, we conclude that the operator T` is bounded on Lp.RdC; w/ for every 1 < p <1
and w 2 Ap.RdC/. Hence, the �-variation operator V�.¹t

k@ktW
˛
�;t
ºt>0/ is also bounded on

Lp.RdC; w/ for every 1 < p <1 and w 2 Ap.RdC/.
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