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Variation operators associated with semigroups generated
by Hardy operators involving fractional Laplacians
in a half space

Jorge J. Betancor, Estefania Dalmasso, and Pablo Quijano

Abstract. We represent by {W) };>0 the semigroup generated by —LY, where LY is a Hardy
operator on a half space. The operator ]L‘; includes a fractional Laplacian and it is defined by

2 _
LY = (_A);/i + A% @ e(0,2],4 0.
We prove that, for every k € N, the p-variation operator V,, ({tk Blt‘ Wf‘ ;) is bounded on L? (R w)

foreach1 < p <ocoand w € 4p (Ri), with Ap (Ri) being the Muckenhoupt p-class of weights
on Ri.

1. Introduction
In this paper, we consider the non-local Hardy-type operator L defined, in a formal way,

by
% = (—A)a/z + Ax;“,

rd

on Ri = {x = (x1,...,x3) € R% : x4 > 0}. Here, « € (0,2] and A > A, where
o F(“T“)(F(aH) 2“—1ﬁ)
T w 2 r(i-¢))

In order to give a precise definition of the operator LY, we consider the following
quadratic forms. We define, for every u,v € C (R‘i) (the space of continuously differen-
tiable functions having compact support on Ri), when o € (0,2),

) HONOLTVON gy 45 uev)

1
g ) Z_A d»
Qilev =A@ x— yld+ R X

d d
R4 xRE
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where A(d, ) 1= 21+;Zd/2 r(lgl(iffi/)z)» and, when & = 2,
2
03 (u.v) = f Vu(x)Vo(x) dx + A / "<X>U<X>
R d

By using the classical Hardy inequality when « = 2 and those proved by Bogdan and
Dyda [7, Theorem 1], we have that, for every « € (0, 2],

0%(u,u) >0, ueC} (R ),

provided that A > A.. Note that Hardy inequalities proved in [7, Theorem 1] are sharp.

According to Friedrichs’s Extension Theorem, the quadratic form Q% defines a self-
adjoint and non-negative operator L§ in Lz(Ri) for which C/} (Rf{_) is a form core.
When f is smooth enough in R%,

af=Lif

The operator —L generates in LZ(]R ) a contractive analytic Cp-semigroup of angle
7 [42, Corollary 2.28]. We denote by {W, ,Z}Re(2)>0 the semigroup generated by —L§
in Lz(]Ri). From [3, Theorem 3.1], for every z € C with Re(z) > 0, W)ﬁz is an integral
operator whose kernel, denoted by Wf‘,z (x,y),is analytic in {z € C : Re(z) > 0} for every
X,y € Ri. In Section 2, we establish some estimates involving the kernel Wf"z (x, y) that
will be useful to prove the main results.

In [16,17], we can find how the operators L{ appear related to censored processes and
the two-sided estimates for the heat kernels associated with the semigroup generated by
—L{ (see [17, Theorem 1.1] and [16, Theorem 1.1]).

We will now define the variation operator. Let p > 0 and suppose that {a; };~¢ is a set
of complex numbers. We define the p-variation V,({a,};>0) as follows:

n—1 1/p
Vo({ar}i>o0) = sup (Z lag., —ay |p) .

0<to<--<tp, n€N j=0

Assume that, for some p € (1, 00), Ty is a bounded operator on L? (2, u) for every
t > 0, where (2, ) is a measure space. The variation operator 'V, ({7} };>¢) is defined by

Vo({Ti}i0)(N)(X) := Vo({Ti (/) (X)}i=0).  f € LP(Q2. ).

In order to have measurability of the function V, ({7} }:>0)(f), we need to have some
continuity property in the time variable for 7;( f) (see the comments after [14, Theo-
rem 1.2]). Boundedness properties of p-variation operator (also oscillation operators and
A-jump counting function) give us quantitative measures for pointwise convergence of the
family {7; (f)}i>o.

Lépingle [31] studied p-variations of martingales. He established strong L? inequal-
ities and weak-type (1, 1) estimates for the p-variation operator when p > 2. In [24], an
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example with p = 2 shows that p > 2 is the best exponent in the above estimate (see
also [41]). Variational inequalities for martingales can be seen as an extension of Doob’s
maximal inequalities.

Bourgain, in a series of papers (see [8—10]), proved L? variational inequalities in
ergodic settings. Bourgain’s ideas were the starting point for using the variation operator
in the ergodic theory [26, 28,29, 34,43, 44], probability theory [1, 36, 40], and harmonic
analysis [4,6, 14,15,19,20,23,27,32,33,37,39].

Our objective is to prove weighted L? inequalities for the p-variation operator asso-
ciated with {tka’; Wﬁt}[>0, thatis, V, ({zkaf Wf’,}»o), where k € N. Our study is moti-
vated by those ones in [2,38], where the Schrodinger operator in R¢ with inverse square
potentials is considered. As it was mentioned, {W/{"’ ;f1>0 can be seen as the semigroup
generated by the Hardy operator type in a half space LY. Frank and Merz [22] recently
have proved that the scales of homogeneous Sobolev spaces generated by .Y and by
(—A)%d are comparable.

Our first result is the following.

Theorem 1.1. LetO<a <2, p>2,1>0,and 1 < p < oo. Then, the p-variation operator
"vp({rka’; W }i>0) is bounded on LP(R‘i)for each k € N.

For the proof of this theorem, we will start with the case A = 0. We denote by {W*};~
the semigroup of operators generated by —(—A)% on R?. We have that

0< W&(x,y) = W, (y.x) < W(x.y), x,yeRis>0.

Then,
We, (x,y)dy = We, (x,y)dx < Wi (x,y)dy =1, x¢€ Ri, t > 0.
RY RY R4
+ +

We deduce that, for every 7 > 0, W, is a contraction in L! (]R{i) and in L“(Ri). Accord-
ing to [30, Corollary 6.1], the p-variation operator vp({tka’; W't te=0) is bounded on
LP(Ri) forevery 1 < p <ooandk € N.
In a second step, we prove that the p-variation operator
k ok

V({0 OV, — WS),0)
is bounded on L? (R‘i) forevery 1 < p < oo and k € N. In order to do so, we will consider
operators that control this p-variation operator.

Suppose that F : (0, 00) — C is a differentiable function on (0, c0). For n € N, let
0<ty<---<ty. Wehave that

n—1

n—1 1/p
(Z |F(tj 1) — F(t,~>|f’) <y
j=0

j=0

Li+1
/ F'(s)ds
t

J

5/0 |F'(s)] ds.
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Thus, ~
Vo({F(1)}>0) 5/0 |F'(s)| ds.

From this inequality, we deduce that
V({0 W, ~ WD) o) (0 = [ SRSy, x e RE,
+
where
oo k qk d
K{(x,y) = /(; {3,(! 0y (W)fit(x,y) — Wo‘f,(x,y)))| dt, x,yeRfi.

For m € N, we consider the operator 7;"" defined by

T = [ T Sy, xR,

+

with

o0
TP (x,y) = /0 Ay (W (x,y) = We (x. )| dt, x.,y € RZ.

254

(1.1

Taking into account (1.1), to see that 'V, ({tk 8’; (W, —Wg')}t>0) is bounded on L? (Ri),
it will be sufficient to show that the operator 7" has this property for m = 0 when k = 0,

andform =k —landm = k whenk > 1.
We will split the operator Tf ™ into two parts, determined by the sets

G=G,UG,
={(x,y,1) G]Ri xRi x (0,00) : xg V yg < 1'%}

U{(x.y.1)eRE xR x(0,00) : xgVyg >t"%, 2x=y|=xq Aya} (1.2)

and
L:=(R% xR% x (0,00)) \ G.

Here, the letter G stands for global and the letter L means local.
Hence, for m € N, we decompose 7" as follows:
a,m a,m
T/l = T/\ loc + TA ,glob’

where
/l loc/glob(f)(x) / A Ioc/glob(x y)f(y) dy’ X € Ri’

+

being

(1.3)

o0
Ty (x,y) =/0 I (W, (xy) = We (X 9) [xL(x. y. 1) dt. x.y € RY,
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and
)Lglob(x y) (x y) Aloc(x Y) X,y € Ri

Actually, the cancellation in W t(x, y) — Wgi(x, y) is only relevant for Tf "5 in the
global operator, this cancellation does not play any role.

In Section 3, we will prove the L? boundedness of the operators T} 1. and T g’:’ub
for @ € (0,2), and we will deal with the case @ = 2 in Section 4. We distinguish these
two cases since the estimations for the heat kernel Wy (x,y), x,y € Ri and ¢ > 0, are
different (see Propositions 2.1 and 2.2).

We now establish the weighted L? inequalities for V ({tk 8k Wy, }+>0). First of all, we
recall the definitions of the Muckenhoupt classes in Rd A weight in R4 % is anon-negative

measurable function defined on ]Rd . A weight w is sald tobein 4 (Rd ywithl < p < o0

when
(131 o) (g o) -
sup wx)dx || — [ w x)dx 00,
|B| |B| JB

where the supremum is taken over all balls B in Ri. The p-Lebesgue space with weight
w is denoted by L?(R% , w).

The following boundedness result for the weighted p-variation operator will be proved
in Section 5.

Theorem 1.2. Let0 <o <2, p>2,1>0,k € N,and 1 < p < oo. Then, the p-variation
operator 'V, ({tka’; W"‘ (J1>0) is bounded on L? (R4, w) provided that w € Ap (]R ).

Throughout this paper, ¢ and C will always represent positive constants that may vary
on each occurrence. The expression @ < b will indicate that a < Cb for some positive
constant C, whilst ¢ ~ b means that botha < b and b < a hold.

2. Heat kernel estimates

Our goal in this section is to establish estimates for the time derivatives of the heat kernel
W)Y, that will be useful in the sequel.
We define the exponent p as in [22]. We consider

a ifa€(0,2),
M, =
oo ifa =2,

and, for every o € (0, 2], we define
o (=1,My) >R

s> Qg(s) = 1(F(ot)sm( > )—i—[‘(l—l—s)F(a s)sm(@)).
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We understand Q,(s) = s(s — 1), for s € (—1,00), and Q24 (s) = %(1 — mscot(ms)),
for s € (—1, 1). The main properties of the function 2, can be found in [22, Appendix A].
For every A > A, there exists a unique p € [“T_l My) such that

Qa(p) = A

Note that p depends on A and «, but we write p instead of p(A, o). We have that
(@ p=max{a —1,0}:= (¢ —1)4,when A =0;
(b) p>(¢—1)y,when A > 0;
(© p=31(01++V1+42), whena =2.
For simplicity, we denote by y = (¢ — 1)+ for any o € (0, 2].
The following pointwise bounds for the heat kernel W/{" t(x, y), X,y € Ri andt > 0,
were established in [22, Theorems 9 and 10].
Proposition 2.1. We have the following.

(a) Leta € (0,2) and A > 0. Then, for every x,y € R‘_f_ andt > 0,

/o d+a
N Xq \? Yd \? . —d/a !
W ~ (1A ) (18 i) e (1 =)

(b) Let A > —1/4. Then, for every x, y € RY andt > 0,
ryx,y ¥

5 = Xg \P Yd \P _gjp _cl—y?
Wk’t(x,y),«(l/\m> (]/\m) t / e ro,

Here, the symbol < means the same as ~ but admitting different values of c in the expo-
nential function in the upper and lower bounds.

Our next objective is to extend the upper bounds in Proposition 2.1 to the complex
plane. Note first that from (a) we deduce that

d+a
X4 P Va P /e
Wf’t(x,y)i( la) ( la) (e 1/ _ @1
xqg +11/e) Nyg + 1/ t1/e 4 |x -yl

d
forevery x, y € R and ¢ > 0.
Since the function

s
s) = , §>—a,
() s+a

is increasing for every a > 0, it follows that

d+a
|x| P Iy P d e
we ’ 5 ¢ Jef s 2.2
A,t(x y) (|x|+t1/a |y|_|_tl/‘¥ [1/a+|x_y| @2

forevery x, y € R‘j_ andt > 0.
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By using [13, Proposition 2.2 (a)], we obtain that if « € (0,2), A > 0, and ¢ € (0, 1),
then for every z € C, |arg(z)| < emr/4,and x, y € R4,

d+a)(1—
W () < |x| » | plzl—d/ﬂt |z| 1/ (d+a)( 8).
AT x] + [z ) \Jy] + [z]1 /e 2|V + |x — y]

By using the Cauchy integral formula, we deduce that, if ¢ € (0,2), A > 0and k € N,

» p 1/a (d+a)(1—¢)
k ok e |x| || —d/e 4
t oy Wy (x, < t -
o Wil (|x|+r1/a) (|y|+r1/a (e 4 =]

forevery x, y € Ri andt > 0.
In a similar way, we get thatif « = 2, A > —1/4 and k € N, then

k ok 1172 |x| ° |yl ¥,
*FW? (x, )] < 1= 23
|9y A,t( »)l (|x| —I—ll/2) (|y|+t1/2 (2.3)

forevery x, y € R’j_ andt > 0.

However, we need to improve (2.2) and (2.3) by replacing |x| and |y| by x4 and yg4,
respectively.
Proposition 2.2. We have the following.

(@) Leta €(0,2),A>0,e€(0,1), andk € N. Foreveryx, y € R‘i andt > 0,

[tk W, (x. )

d —
- x4 P Va pt_d/a /e (d+a)(1 6)'
T \xg 1V ) \yg + 1l e 4 |x — y|

(b) LetA > —1/4andk € N. Forevery x, y € Rf_ andt > 0,
» P 2
kak 72 < Xd Yd —dJ2  —clx=yl
WL e (Xd +t1/2) (yd+r1/2 e T

Proof. We prove (a) first. According to (2.2) and proceeding as in the proof of [12, Propo-
sition 3.4] (see also [13, Proposition 2.2 (a)]), we deduce that

C
|U)(Xd,Z)WAa,Z(X,y)w(yd,z)l E |Z|T/°" (24)

forx, y € Ri and z € C, |arg(z)| < 7 /4, where
s -p
w(s,z) = (—s - Zl/a> ,
fors > 0and z € C, arg(z) < m/2. Indeed, since the operator L% is self-adjoint and non-

negative, for every s > 0, the operator W, is contractive in LZ(Ri). In order to prove

this, it is sufficient to see that
d
o o iyl
”W)L,t||L1(Ri,w—1)<—>L2(]Ri) + ||Wx,t||L2(Ri)c—>wLoo(Rd) <t"2a, t>0,

where wL®(R?) = { f measurable in R? : wf e L®(R?)}.
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Suppose f € Lz(R‘j_). According to (2.1) and using [12, (18)], we get

P
o Yd t
|WA,,(f)(x>|w(xd,z)s/w1 (yd+t1/a) e e G

- [ P t
~ RY |y|+[l/a [l/a+|x_y|d+a

_d
St ”f”LZ(Ri)’

2 1/2
dy) ”f”Lz(Ri)

for x eR‘j_ and > 0.
In a similar way, we can see that

_4d
”W)La,tf”LZ(Ri) St ”f”Ll(]Ri,w—l)’

for f € LY(RZ,w™") and r > 0. We conclude that (2.4) holds.
On the other hand, according to (2.1), it follows that

1/ d+a
(g, OWE, (e yyw(va. )] < 4o~
’ 1% 4+ |x — y|

—d—a
_ —d/a lx — vl

e Vo —d—a
= [_d/a(l + (u) ) ,

forx, y e R‘i andt > 0.
Let us define the function

b(s) = (1 +sY9™4 =  s>o0.

It is clear that b is bounded and decreasing in (0, o0). Then, by [21, Proposition 3.3], for
eache € (0,1) and 0 € (0, &7 /2), there exists C > 0 such that

aN 1—¢
“recaytiep ()

||

I ya

Ya +z1/®

Xd
Xg + zl/e

Wy, (x,»)] <C

for x, y € (0,00) and z € C such that |arg(z)| < 6.
If z € C and arg(z)| < 0, with0 < 8 < /2, then

la + z| = V(a +Re(2))? + (Im(2))2 > Va2 + |z2 = a+ |z|, a>0.
We conclude that, for each ¢ € (0, 1) and 8 € (0, exr/2),

d _
[WE (x,y)] < Xg P Yd v|z|_d/a L (d+a)(1—¢)
PFLCTR IS Xq + |z|V/e ya + |z| 1/ 1% 1 x — y| ,

2.5)




Variation operators for Hardy operator semigroups with fractional Laplacians 259

where z € C and |arg(z)| < . Note that
Re(z) >~ |z|

for z € C with |arg(z)| < 0.
Estimates like (2.5) can also be proved by using the methods in [35, Theorem 2.1].
The Cauchy integral formula allows us to obtain (a). In order to prove (b), we can
proceed in a similar way. We can also prove it using Davies method as in the proof of [18,
Theorem 3.4.8] and the Cauchy integral formula. ]

3. Proof of Theorem 1.1 for « € (0, 2)

3.1. Global part
We define, fork e N, k > 1,

o0
TR (x, )= /O |tk (W, (e ) =W (x. ) o (x.y.0)dt. x.y e R, (3.1)
where G is as in (1.2).

Lemma3.1. Letk e N,k >1,A>0,anda € (0,2). Forevery0 <y < (a — 1),
(xaya)”
x—y|VxgVyq)d+2y

(xag Aya)Y (xgVyg)d+ei—e—d—y
it 60 I — y|@Fra(—o)

|7k (e, )| < q

., (32

whenever 0 < ¢ < (o —2y)/(d + a).

Proof. By using Proposition 2.2 (a), we get

oo
75 )] = /0 ([0 Wi e )| + [ W (e ) ) xe (. v 1) d

- 00 1 Xg Y Vd Y
T o 1M\ xg + Ve ) \yg 411/

ll/a (d+a)(1—e) ;
X (m) xe(x,y,t)dt, x,yeR%,

where 0 < & < 1and 0 < y < (¢ — 1)4+. Here, we can actually use the fact that the power
p can be replaced by any non-negative number less than or equal to p in the estimate given
in Proposition 2.2 (a).

We will split the last integral over G; and G, and denote

[e¢] Y Y
Sej(x, ) = : 4 2
&,J\7 0 t1+d/a Xg +t1/a Ya +t1/a

tl/a (d+a)(1—e)
X([l/a+|x_y|) XG,-(X,y,l)dl, ]=1,2
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From the definition of G, we can write, for x, y € R4,

« o X4 v Yd v
e1(x.y) = 1/a 1/a
(xgvya)* \Xd +1 ya +1t

(/e (d+a)(1—¢) dt
(tl/"‘+|x—y|) ll+d/ot

0o X4 y Va 14 tl/ot (d+a)(1—¢) dt
< 4 Za -
_/(xdwd)‘x (11/“) (fl/“) (Xd\/ydle—yl) pi+d/e

(xdyd)y(xd V yd)(d+a)(1_8)—d—2y
T (v Vya VIx — y@Fai=e
< (xaya)”
Y (x =yl Vxg Vyg)dty

provided that (d + «)(1 — &) —d — 2y > 0, that is, whenever 0 < ¢ < (e —2y)/(d + «).
Note that this is possible since y = (¢ — 1)+ implies ¢ — 2y > 0.
For j = 2, we take into account that |[x — y| > (x4 A y4)/2, so we have

" (xaVya)® Xd A Vd Y /e (d+a)(1—¢) dt
Sea(x,y) S —_—
6‘,2( y) /(; (xd/\yd+tl/a) (tl/a+|x_y|) t1+d/(¥

(2 d _
- /(deYd) xa Ay [ tVe \U@roa-e gy
~ o 11/ |x—y| t1+d/a

(xg A ya)? (xg V yq)@dto)-e-d-y
i |x — y|(d+e)i—e) ,

provided that (d + «)(1 —¢) —d —y > 0,i.e.,0 <& < (¢ —y)/(d + ). Actually, this
is possible since the restriction obtained in the case j = 1 implies this one.
Therefore, we get that (3.2) holds for every 0 < ¢ < (¢ — 2y)/(d + «). [

Fix now 0 < ¢ < a/(d + «). We define now o’ = (d + «)(1 — &) — d. Hence (see [22,
p- 310, /
1 < Ux=ylvxqsVyd*
(x=yIvxavya)® ™ (Ix =yl vV (xa A ya)dt™

and ) /
(xa Vv ya)* < (x=ylvxaVvya)*
T X{px—ylz 50520y (X V) S d+a
|x — yl =72 (Ix =yl VvV (xa A ya))

Therefore, by proceeding as in the proof of [22, Proposition 19, Step 1] and by using
(3.2) with y = 0, we deduce that

(xa Vya)*
(Ixqa — yal v (xa A ya)¥+1’

/R o ldy < (33)

with y' = (y1,..., Ya—1)-
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By considering wg(x, y) = (;—Z)ﬁ, X,y € Rff_ and 8 > 0, we get, as in [22, Proposi-
tion 19, Step 2] by invoking (3.3), that for any 1 < p < oo,

k
sup /dwg(x,y)l/p“f (x,y)|dy<oo, 0<B/p<l,
+

d
xe€RY

sup /Rd wg(x,y)_l/pl|Jf’k(x,y)|dx<oo, 0<pB/p <1.
+

d
x€RY

According to Schur’s test with weights (see, for instance, [25, Lemma 3.3]), we can con-
clude that the integral operator defined by

BEOE = [ IEF e fordy. e R,

+

is bounded on LP(Ri) forevery 1 < p < oo.

3.2. Local part

According to Duhamel formula, we can write, for every x, y € ]R{i and t > 0, that
t
Dg’?(x,y) = k/ / Wor—s (X, 2)z Wi (2, y) dzds
’ 0o JRY
t/2
- A/O [Rd Wooft—s(X,Z)Z;an’S(Z,y) dzds
4
t/2
+A/ Ad Woofs(X,Z)z;“WA"‘,t_s(z,y) dzds. (3.4)
0 +

We have that Df{’?(x, y) =t~/ p@ ey =Vey) x,y e R9, t > 0 (see comments

after [22, Theorem 9]) for a smooth function F : Ri X ]R{i — R. Thus, for every k € N,
there exists a smooth function Fj : ]Ri X ]Ri — R for which

lkalt‘Di"?(x,y) = t_d/“Fk(t_l/“x,t_l/“y), X,y € RY .t > 0. (3.5)

Given k € N, from (3.4), we can write
k—1
’ . el
alng,?(x, y) = Zaj’k /]Rd O Wetyjp(x,2)z %8 WL, (2, y) dz
j=0 +
t/2
+ /\/0 /l;{d * Wor—s (X, 2)2 Wy (2, y) dzds
+

t/2
—i—x\/ /]Rd Woofs(X,z)z;"‘alt‘Wf‘,t_s(z,y) dzds, x,yeRi, t>0,
0 +

where a;x € R foreach j =0,...,k—1.
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We define, for every j =0, ...,k — 1, the integrals involved in the above summation
as

. k1l
Hi(x,y,t)= A{"’ ) Ooft/Z(x,Z)Zd“Bt J Wf,t/z(z,y) dz, x,y€ ]Ri, t >0,
+

and we will estimate H; in the local region.
By taking into account the scaling property (3.5), we reduce the problem to estimating
Hj(x.y.1),j =0,....k —1,when |x — y| < %2 and 1 < x4 V yg,.

Lemma3.2. Let j =0,....k—1,withk e N,k > 1,1 >0and a € (0,2). Then,

Xd N Yd

s x=yl=

1 (d+a)(1—e)
) s 1=xqVyq, (3.6)

1
Hix,y DS | ———
|Hj(x.y. 1) x(‘}‘(1+|x—y|

with0) < e <a/(d + a).
Proof. Assume that x, y € RY with [x — y| < ¥222 and 1 < x4 V y4. Notice that
Xa ~ya 2 1.

We decompose H;(x, y, 1) as follows:

. kel
Hj(x»Yv 1)2/ a{WOOft/z(va)‘t=lzdaat ! IIW)La,t/2(Z’y)‘t=l dz

{ZER‘i:zd>xd/2}
+/ . BZWODf,/Z(x,Z)’ B Z;“Bf_l_j WA""t/z(z,y)‘ _ dz
{zeRq :zy<x4/2} t=1 =1
=Hj1(x,y, 1)+ Hj2(x, p,1).

By using Proposition 2.2 (a) and (2.1), for € € (0, 1), we have

(@—1)+ (@—1)+ (d+a)(1—e)
_ Xd Zd 1
H' 9 11 S a —
102, DIS xg /Ri(xwl) (zd+1) (1+|x—z|)

( yd )(a—1)+( Z4 )((X—l)+( 1 )(d-‘ra)(l—&‘)
X | ——— _ dz.
ya+1 zqg +1 1+ |y—z|

We define o’ = (1 — &) —de and consider 0 < e <a /(e + d). Then,0 < o' < 0 < 2,
and we get

s [ () ) )
P e rRY \Xg +1 zg +1 Ya +1

d+ao’ d+o’
(=) (=2

X|{ —— S dz.
1+ |x—z| 14 |y —z]
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According to [22, Theorem 9], we have
Hyatey DI [ WL W o) dz
RJr

~ x;"‘WO"fz(x,y)

’_ ’_ d ’
- x_a( xd )(a 1)+( yd )(a 1)( 1 ) +o .
T \xg + 1 ya +1 L+ |x =yl

We now estimate H;,. If z; < x4/2, since |x — y| < (xq4 A y4)/2, we deduce
|va — zg| ~ ya ~ xg and |xg4 — zg| ~ x4. Then, if z; < x4/2, we have |x — z| ~
X" —z'| + x4 and |y — z| ~ |y’ — Z'| + x4. By [22, Lemma 22] with N =d — 1 > 1,
B=a(l—¢)+1—deandr =s =1+ xy4, and using Proposition 2.2 (a), we get that
whenever zg < x4/2,

/];{d—l o7 Woa s (x. Z)|t=1||8ll€_1_j Wii2 (@ )22’

- ( X4 )(Ut—l)+( Zd )(06—1)++D( Va )P
“\xg+1 zg +1 ya +1
(d+a)(1—¢) (d+a)(1—¢)
/ 1 1 dz
X z
Ri-1 \ 1 + |x' = Z'| + x4 L+ |y =2+ xq

- X4 (@—1)+ Z4 (@—1)++p Va P 1
SACTES zqa + 1 ya +1 xg(1—6)+1—d6

1
T+ 1y =X DD

- X4 (e—1)+ Zd (@—1)4++p Va p 1
~ xq +1 zg +1 Ya + 1 x;(l—a)-ﬁ-l—d&-‘r(d-i—a)(l—s)'

Since xz 2 1, from [22, p. 26], we also have that

xq/2 7 @=D4+p 5.
/ ; L ozt + (0(1 + xg) L=t + XS Lot
0 zg + 1 z5

Then,

1 xq/2 z (@—1)++p dz
|Hja(x,y, D] < T / ( ) d
xs(l—s)+1— e+ (d+a)(1—¢) 0 zg +1 z5

1 1 -
S r@reas To@ree lezt + (0l + xa)la=1 + X “la<1)
Xd X4
1 1 ( 1 )(d+¢x)(le)
S—— S| ,
xs+(d+o¢)(1—€) xg 1+ |x—yl

provided that 0 < ¢ < a/(d + ). |
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We consider now
t/2
Hi(x,y,t) = /0 /Rd 8’;Wooft_s(x,z)z;an’s(z,y) dzds, x,y¢€ RY, ¢t >0,
+

with k € N.
As above, according to the scaling property (3.5), we estimate Hy (x, y, 1) when

Xd N Yd
2

lx —y[ < and 1 <xgVyqg.

Lemma 3.3. Letk € N, A > 0, and « € (0,2). We have that

(d+a)(1—¢)
1 1 Xg N\NYyd
H(x,y, )< —(—o— o x—y|< 4 <xyviyg, (37
k(x,y, 1) x,‘}‘(lJrlx—yI) |x—yl 7 aVya, 37)

with0) < e < a/(d + o).
Proof. Assume that x,y € R?, |x — y| < 242Yd and 1 < x4 V yq. Hence,
Xg ~ya 2 1.

First, we estimate the integrand in H (x, y, 1) by using (2.1) and Proposition 2.2 (a).
Recalling that p > (o — 1) 4, we get

|81;W0‘ft—s(x’Z)it=1Z¢;an,s(Z’ y)|

<(1— )7k7d/a x4 (@—1)+ z4 (—1)+
~eTe (=) + x4 (=)o 4z

1—s)/e (d+a)(1—¢) P L
» (I1-s) o Yd Zd
(1—=s)V/e +|x —z| sle 4y, st 425 ) sdle

Ji/a (@+a)(1-¢)
X| —— . 3.8
(s”a+|z—y|) GH

We decompose Hy (x, y, 1) in the following way:

1/2
Hi(x,y,1) = [ / i Wo—s (x, Z)‘ 2" Wiz, y)dzds
0 {zeR4 :2,>x,/2} =1

1/2
+/ / alfWO"‘tfs(x,z)‘ 2 %W (z,y)dzds
0 JizeRd:izg<x,/2} ’ t=1 -

= Hy1(x,p,0) + Hio(x,,1), x,y €R9 1 >0.
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We define, as before, ' = a(l —¢) —defor0 <e <a/(d +a),s00 <o’ <o < 2.
Thus, from Proposition 2.1 (a) with A = 0, we have

|Hiea(x. y, D

/1/2/ (o'—1)+ Zd (@'—1)+
xg R4 (1—S)1/°‘+Xd (I =)o 4 z4

y Va (@'—1)+ z4 (@'—1)+ 1 gl/a d+o’
sl/"‘—i-yd Sl/a—I-Zd Sd/a s1/°‘+|z—y|

_ 1/a d+a’
X ! (1—5) dzds
(1 —s)d/a (l—s)l/“+|x—z|

/1/2/ ('=1)4 Z4 ('=1)4
Xq RY (1—S)1/"‘ + x4 (1—=s)l/e' 4 24

5 Va (@'=1)4 Za (o'=1)+
sd/a sl/a + ya g/’ +z4

( (1 _S)l/oz’ )d+ot’( Sl/a’ )d+a’ ed
X zas
=)V +]x—7] ZCEaERST

1/2
~ x_ / W 1_S(x Z)WOS(Z y)dzds
d

Z/\

2/\

2

gWoofl (x,y)

1 ( X4 )(d/—1)+( Vd )((1’—1)4_( 1 )Ct/+d
x§ \ 14 x4 1+ yg 14+ |x —y] ’

where we used the fact that the function o > s~4/ NS i +u ~_)4+' js increasing for every
s€(0,1)andu > 0.
In order to estimate Hy ,, observe that

[ (1—s)l/ (d+a)(1—¢) g1/ (d+a)(1—¢) o
e z
ri-1 \ (1 =5)1/@ + |z — x| st/e 4 |z —y|

</‘ (1—s)l/e gl/a (d+a)(1—s)d /
z
T Jrat L\ (=) 4 xg 412" = X[\ sV 4 xq + |2/ = |

) y 1 (d+a)(1—e)
<(s(1—s +a)(1—¢)/a / ( ) dz’
(= it \ (v + 77 =¥k + 17 = 37D

- ((l _ S)S)(d-i-a)(l—s)/a 1
~ x;t(l—a)—da—i—l (xd + |)C/ _ y/|)(d+oc)(1—s) ’

A

provided that z; < x4/2, where we have used [22, Lemma 22] with N = d — 1 and
B=Wd+a)(1l—e)—d+1.
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Then, by taking 0 < ¢ < (o — p)/(d + o) (which is possible since p < «), from (3.8)
we get

1/2 pxq/2 (a—1)+ (a—1)+
o= [ () (aeaes)
(1—8) /% + x4 (1=l +z4

Vd Zq Pl
xzg" e 1/ d
sle +yq sle 4z, ) sdle

((1 _ S)S)(d+oz)(1—a)/oz 1
xz(l—s)—da+l (xd + |)C’ _ yll)(d+oz)(l—s)

- /xd/z /1/2 4 (e—1)+ Z4 P
~Jo 0 (1=s)le +z4 slle + 2,

((1 _ S)S)(dJra)(lfs)/asfd/a Zd
(xd + |x/ _ y/l)(d+a)(l—s) a(l &)—de+1

dzgds

dzgq

Xq/2 Z(;ot )

p+ra—1)4+

e /(; xa(l—S)—de+1+(d+a)(1—s) (IAzq) dzg.
d

Here, we have used the fact that, for the values of ¢ indicated above,

P
S(d-‘ra)(l—s)/a—d/a 1A Zd — (s(l—s(d+a)/ot)/p/\ (s(l—e(d-i-oz)/a)/p—l/a)z )P
sl/a d

< (1 A S(a—v—E(dJra))/(ap)Zd)P < (1 Azg)".

Finally, since 0 < ¢ < a/(d + «), by proceeding as in the proof of Lemma 3.2, we get

1 (d+a)(1—e)
14 [x— yl)

1
a5
X
d
By proceeding as in the proof of the last result, we can also see that
1 )(d +a)(1—-¢)

Xd N Yd
, |x—y|sTy, 1< xgVya, (3.9)

- 1
vy, 1)|~—(—
w\ T =)

where
5 1/2
Hi(x,y,t) = / / Wos (x, z)z_“BkW/{”’t_s(z,y) dzds, x,y€R% t>0.

By putting together (3.6), (3.7), and (3.9), and using the scaling property (3.5), we

btai

obtamn 1 o 0 (/e (/e (d+a)(1—-¢)
TRy D (x, y)| S .
700 D3 e )] (xa vV ya)® (Il/‘“rlx—yl)

for0 <e < (x—p)/(d + a).
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Consequently, recalling the definition of the local part L in (1.3), for certain constant
C > 1, we have

o0
/]Rd/o |tk_la]t€D;:?(x7Y)iXL(X,y,l)dtdy
¢

(xgVya)* p—d/e 11/ (d+a)(1—s)

5/ / ( 1/ ) didy

{yeRL:C~1x <y,=<Cx4} JoO (xg vV ya)* \t1e + |x —y|

(Cxq)* /e (d+a)(1—¢)

< / t_d/“/ x;"‘(—l/ ) dydt

0 {(yeRL:C~1xg<ya<Cx4) 1V + |x =yl

(Cxgq)* /e (d+a)(1—e)
5’@“/ f_d/“/ - dydt
0 Rd \1V/% 4+ [x — y|

(Cxq)" 1
< —o
~ xd /(; Ad (1 n |Z|)(d+a)(lfs) dzdt

<1

~ 1

for each x € Ri, provided that 0 < ¢ < (@ — p)/(d + ).
By symmetry, we also deduce that

o
[ [ inse ey nday <1,y e v,
r? Jo

when 0 < e < a/(d + @).
Schur’s test allows us to conclude that the integral operator

o0
I = /R /0 | DS, ) [a(x.y. ) f(y) dedy,  x € R4,
+

is bounded on LP(Ri) forevery 1 < p < oco.

4. Proof of Theorem 1.1 for o« = 2

4.1. Global part

For the case @ = 2, we know, by Proposition 2.2 (b), that

P » 2
ok i Xd Yd I _cx—?
[ty W2, (x, )| < (1/\m) (1+[17) L

P LA 11/2 d+2
(a2 ) (e 2 ) (o T
t1/2 t1/2 td/2 t1/2+|x_y|

d
for any x, y E]R+,t > 0.
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With this estimate, we can proceed as in the case « € (0, 2) (see Section 3.1) and prove
that, for every k € N, k > 1, the operator J f & given by

BEHE = [ e fordy xerd,

+

whose kernel Jf’k(x, y) is as in (3.1) with @ = 2, is bounded on LP(]Ri) for every
1 <p<oo.
4.2. Local part

When dealing with the local part and & = 2, we keep the notation used in Section 3.2. We
recall that in the local part, we are considering x, y € Ri with |[x — y| < (xg A yq)/2
and 0 < 11/% < x4 V yg.

Lemmad4.1. Let j =0,....k — 1, withk € N and A > 0. Then,

d+2

1 1 Xd N Ya

|Hj(X,y,1)5x—a(m) s lx—=yl = TR l<x4Vys. 41)
d

Proof. Assume that |x — y| < %224 and 1 < x4 V y4. Then, 1 < x4 ~ y4. According
to Proposition 2.2 (b), we get the following estimate:

1+p P
|Hj,1(x,y,1)|,$x;2/ ( d )( Zd ) ( yd )e—c(x—z|2+|z—y|2)dz
rE\1+xg /\1+z4 1+ yg

1+p P
<x_2/ ( o )( = ) ( Y )e—éx—ylze‘élz—ylzdz
~od rZ\1+xq/\1+z4 1+ yq

P
SXZZ( Xd )( Yd ) e—%\x—ylzf oSzl 4,
L+xq J\1+ yg R4

—2 —C|x—vy|?
Sxdze 3|x yl .

Therefore, we get

d+2
1 1
|Hj1(x,y. DI < — (—) :
xZ\ 1+ [x—yl

Similarly, we get

d+2

1 1

|Hj2(x,y, DI < — (—) : u
xZ\ 1+ [x—yl

Lemmad4.2. Letk € N and A > 0. Then,

H < 1 1 a+2 Xqd N Yd
| k(x»y,1)|~x—2 T+ P e yl= == 1= vya. (42
d
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Proof. Suppose that |x — y| < *224 and 1 < x4 V y4. Proposition 2.2 (b) leads to

[Hi,1(x, y, 1]

< /1/2/ a _S)—k—d/z( Xd )( Z4 )
~ 0 {ZERi:Zd>xd/2) (1 — s)1/2 + xg (1 _s)1/2 +z4
» P 2 >
-2 Yd Zd 1 ol leoyl
Xz, (S1/2+yd) (S1/2+zd) sd/ze 1 dzds
1/2 X - . e
- Vd _clx=y? e 3
S xg° . e 3 I=s / ————dzds
d /0 (1 =512+ x4 (51/2+J’d) Ra  s9/2

1/2 P .
sx,f/ ~d Yd 52 4y
o (1=9)V24x5\sV2 4y,

< x2em SR 4.3)

We now study Hy ,. Using again Proposition 2.2 (b), it yields, as before,

[Hi(x, y, 1)]

L Lt e )
0 Jizerd:zy<x4/2} (1=5)12+ x4 )\ A —5)Y/2+ 2,4

p p 2 2
-2 Yd Zd 1 le=s? 1=yl
X zg (s1/2+yd) (s1/2+zd) Sd/ze 1 dzds.

Note that, for each s € (0, %), we can write

~

I Pl A il 4 _clw? _
/d e 271 T2 s dZ < e 35 dw < s@V/2 4.4)
Rd~ R4~

Since s < 1 — 5, we have

|x—z|2+|z—y|2>|x—z|2+|z—y|2 lx—z]*>  |z—y?

1—s s - 2(1—y) 2(1 —5) 2s
e e |Z/_y/|2+|xd_Zd|2+|zd_J’d|2
T 4(1=s) 21—y 2s 2(1 —s) 2s

Using this inequality together with (4.4), we get

L x—z|? z—y|?
[ P
{ZE]Ri:zdfxd/z} (1—S)1/2+Zd Sl/2+zd

xq/2 P 2
< / ’ = Zd Z;zs(d_l)/ze_% lx;xlz —c! dzidl dzg.
0 (1 =s)V2 425 )\ s1/2 + z4
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Combining the above estimates, we obtain

xq/2 p1/2 z z p
H X, ’1 S s(d_l)/2 d d Z_2
|Hie2(x, y, 1 /0 /0 -2 +2, )\572 2, )

_ \1/2 d+4
x( (1-s) ) dsdzy
(1 =)Y2 4 xq + |y —x'|

/2 12 v
</” / ga-v2( 0\ A E) g
~Jo 0 (1-s5)1/2 s1/2

iz | d+4
X —_— —_—
27 \xa + [y = x|

/2 p1/2
ifXd / S(d—l)/2—1/4(1/\2d)1+1/4dﬁ 1
0 0

Z; x3+4
1 o)
—3/4 dZd 1
z dzd—i—/ —)
(/0 d 2 )
1

d+4
Xd

1 1 d+2
< —=|— . 4.5
x§(1+|x—y|) )

From (4.3) and (4.5), we deduce (4.2). [

A

A

Using the arguments from the last proof, we can also see that

d+2

~ 1 1

|He(x, . )| S 5| ———— . oxg > 1 (4.6)
xé 14+ |x—y]

We now put (4.1), (4.2), and (4.6) together obtaining

o 1 1 d+2
w02l = 5 ()

x3\1+|x—y
Therefore,
| (172 (d+2)(1—¢) 1
k—19k 12,0
HFED ()| £ = (xa V ya)?’
| i D30 (x, )| [d/z(t1/2+|x—y|) (Xa V ya)?

with0 <e < (2—-p)/(d+2) =(e—p)/(d+ ).

By proceeding as in the case o € (0, 2) (see Section 3.2), we can prove that the oper-
ator Jf’k is bounded on L? (Ri) for every 1 < p < oo and thus conclude the proof of
Theorem 1.1 for o = 2.
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S. Proof of Theorem 1.2

We proceed as in the proof of [38, Proposition 3.5] and of the weighted property in [2,
Theorem 1.1] by using [11, Proposition 2.3] (see also [5, Theorem 6.6]). We define, for
every t > 0,

%,t = - W)La,t)m’

for m € N to be fixed later.

Forevery x € R, r, s > 0,1et B(x,r) = {y € R? : |x — y| < r} be the usual ball in
R4, sB(x,r) = B(x,sr) and B(x,r) = B(x,r) N Ri. Also, let us consider, for a ball
B C R, the sets So(B) = Bandfor j € N, j > 1, S;(B) = 2/ B\ 2/~' B. We denote
also, for B C R? and j € N, §;(8) = S;(B) NR<.

From now on, we will assume that 1 < p < ¢ < co. Suppose that 8 = B N R% , where
B = B(xp,rp) with xp € Rf{_, rg > 0 and that f is a smooth function supported in 3.

We consider first the case o« = 2. By using [2, (2.17)], from Proposition 2.2 (b), we
deduce

1 5 1/q e—cZZj 1 1/p
L[ <f)<x)|qu) sc.—(— / |f(x>|de) ,
(|Sj(53)| s, 8 7B 2/e/a \ 18] /g

for j € N, where C > 0 does not depend on j, 8, or f.
On the other hand, the arguments in [2, pp. 13 and 14] allow us to obtain that

1/q )
(m LA AR Ai,,é)(f)(x)lqu) s/t f, g,
J J

where f; g = (Iu%v’_l e | f(x)|9dx)"/4 and the constant does not depend on j, B, or f.
We choose now m € N such that m > d /2. Then,

o0
S g-idlatam=d) o,
j=1

According to Theorem 1.1, the p-variation operator Vp({tk 8? Wf ;}r>0) is bounded on
LI(RY).
If 1 < g < oo, we say that a weight w belongs to the class RH, (Ri) if there exists

C > 0 such that
1 ‘ Va 1
— w(xdx) §C—/wxdx
(|B|/B ) 8] ;"

for every ball B in Ri.

By using [11, Proposition 2.3], we conclude that v,,({zka’; W)Lz,t}t>0) is bounded on
L™ (R%, w), provided that p < r < g and w € 4,/,(R%) NRH(y;ry (R ). As usual, in this
context, for 1 < o < oo, we denote by ¢’ the conjugate exponent, defined by é + % =1.
By convention, the conjugate exponent of 1 is co, and the conjugate exponent of oo is 1.
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Taking p = 1, we obtain that ’vp({zka’; Wft}»o) is bounded on L”(R%, w), provided
that

w € Ar(Ri) N RHsr(IRi), I <r, s <oo.

Since, if w € A, (R‘i) with 1 < r < oo, there exists § > 1 such that w € RHg (Ri), we
conclude that "vp({zka’; W;ﬁ,}»o) is bounded on L" (R4, w) for every 1 < r < oo and
w € A, (RY).

Assume now 0 < o < 2. According to Proposition 2.2 (a) and by proceeding as in the
proof of [12, Theorem 3.1], we deduce thatif 1 < p < ¢ <00, € Nand 0 < ¢ < 1, there
exists C > 0 such that for every ball

8 = B(xp,rp) NRL,

with xp € R‘i and rp > 0,every t > O and j € N, we have that

! laZWa ay 1/q
|Sj(—£)| Sj($)|t t )Lt(f)(x)| X

o (72N (8
~ X t1/e T\ /e
/e d/q 2_/,,3 —(d+a)(1—¢) 1 1/p
x |1 - 14+ — — Pd , (5.1
(*2%) (+,1/a) (|£|/£'f(x)' x) G-

forevery f € LP(Ri) supported in 8B, and

: Cowe a4 Ve
(|Sj(—£)| s (NN

2ZVB d/p 2er3 d
sm{(5) () |
/e d/q 2jrB —(d+a)(1—¢) 1 1/p
x| 14— ) (1+—) (— X pdx) , 5.2)
( 2/rp Ve 1S (B)] s,-(:e)'f( 4

forevery f € L?(S;(8)).
According to (1.1), we obtain

Vy (O WE o) (£)(x) < /0 19, (FoE W, (F)(x)|de, x € RL.

Now, for £ € R \ {0}, we consider the operator

7N = [ i tatwe(Heldr, x < Y
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Assume that j € N and let 8 = B(xp,rp) N ]R{i, with xp € R‘j_ and rp > 0. By
using Minkowski inequality, we get

1 o m ag 1/q
(S<£)| sy LU W) (I x)

h ! =19l ppra o m 1/q
S/o (S~(£)| 51(8) |t 8tWA,t((1—WLr§) (f))(x)|qu) dt

! 1/q
=1l /e ‘ om
(/ /B )(S (B)| Js,(®) |7 9 Wi (= W ) (f))(x)|qu) dt

=1 + 1.

We now adapt the arguments in [38, pp. 15 and 16]. We begin analyzing I,. First,
observe that

(I — W& )" = rB... rBa e 9. WO de --d
A’rg - 0 0 S1 Sm A,S1+"'+Sm S1 Sm*

Then, by (5.1) and callings = s; + -+ + s, and ds = ds1 -+ - dsp,
I / / / ( : 15718105, - D5, Wi 10 ()07 )l/qd di
e —— e x x S
2= o \ISi®) s, e T As

AR A=
S cee —
re Jo o (t+s)ymt!

W ()0

u=t+s

( : |d )l/qd d
X\ = X sat
1S; (B)] Js; (8

el [ [t
~ /a8 rg 0 0 (t + 5)m+1 (Z + g)l/a 2jr3

2 —(d+a)(1—¢)
(2 ) )

(1 + )/

@re ey rrh 1 (g Y4 g1\ d/a
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provided that m > W — qd—a. Hence, if m > daﬂ — qa, by choosing 0 < ¢ < 1
(d+a)(1—e)
such that m > *=——="—

We can conclude that

- ;ia, the estimates hold.

I, < Cz—j(d-i-a)(l—S)fq 2.
On the other hand, we can prove by using (5.2) (see [38, pp. 15 and 16]) that
I < C2—j(d+a)(1—8)fq 2,

where 0 < ¢ < 1.

We obtain that
1 - @ \m q Ve —j(d+a)(1—¢)
5@ Js. @ |[Te(( = Wy ea)™) () () dx <2 Ja.8:
J j

provided that 0 < ¢ < 1 and m > M 4.

q
Let e € (0, 1). According to (5.1), we deduce that

1 ‘ 1/q
I — A% ,
(|s,.(£)| NCEYS )(f)(X)I)

A

Em: 1/q
WOC o) qd
; (IS (B Jis, @) W, e (@] x)

m 1/p jl/a a/q 9J \ ~(@d+a)(1-e) 1/p
i P

Y(we) (+7) (eim) (@ fors)
1/p

<2—j(d+a)(l—£)(| |f |f(x)|pdx) .

~ B

We define o; = 27/@+®)(1-9) " j ¢ N. We have that Y724 @2/ < oo provided that
O<e<a/(d+a).

By [11, Proposition 2.3] (see also [5, Theorem 6.6]) and by proceeding as in the case
o = 2, we conclude that the operator 77 is bounded on L? (R4, w) forevery 1 < p < 0o
andw € 4, (]Ri). Hence, the p-variation operator vp({rka’; Wﬂt}t>0) is also bounded on

Z/\

LP(R4,w) forevery 1 < p <ooandw € Ap(Rff_).
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