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On extremal nonexpansive mappings
Christian Bargetz, Michael Dymond, and Katriin Pirk

Abstract. We study the extremality of nonexpansive mappings on a non-empty bounded, closed,
and convex subset of a normed space (therein specific Banach spaces). We show that surjective
isometries are extremal in this sense for many Banach spaces, including Banach spaces with the
Radon—Nikodym property and all C(K)-spaces for compact Hausdorff K. We also conclude that
the typical, in the sense of Baire category, nonexpansive mapping is close to being extremal.

1. Introduction

While in Hilbert spaces it is easy to see that every isometry is an affine mapping, in
Banach spaces the situation is more complicated. The classical Mazur—Ulam theorem,
see [16], states that every surjective isometry between normed spaces is an affine map.
This result has been extended to surjective isometries of convex bodies in normed spaces
by P. Mankiewicz in [15, Theorem 5].

Given a bounded, closed, and convex subset C of a Banach space X, the space M
of nonexpansive self-mappings of C is usually equipped with the metric of uniform con-
vergence which turns it into a complete metric space. An alternative point of view is to
consider this space as a convex subset of the space €B(C, X) of bounded continuous
mappings from C to X.

Since C is bounded, M is also a bounded subset of €B(C, X). In many cases, e.g.,
when the Krein—-Milman theorem can be applied or more general for a space with the
Krein—Milman property, convex sets can be described by their extreme points. One of the
goals of the current article is to shed some light on the set of extreme points of M and
to investigate how much information on the whole set is contained in the set of extreme
points. In particular, we ask the question of whether surjective isometries are extreme
points and provide the following answer in a wide class of Banach spaces.

Theorem 1.1. Let X be a Banach space satisfying at least one of the following conditions.
(i)  The closed unit ball By is the closed convex hull of its almost exposed points.

(i) X = C(K) for some compact Hausdorff topological space K.
(iii)) X = co.
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Then, every surjective isometry Bx — By is extremal in the space of nonexpansive map-
pings By — By.

In condition (i) of Theorem 1.1, the notion of an almost exposed point is weaker than
the standard notion of an exposed point, although we do not know whether the two notions
may coincide. We postpone further details and discussion on this until Definition 3.6. For
now, we note that all Banach spaces with the Radon—Nikodym property satisfy the con-
dition (i) of Theorem 1.1. Consequently, Theorem 1.1 captures all £, and L?[0, 1] spaces
with 1 < p < co. We also capture £; (via (i)) and ¢y, as well as all C(K) spaces. Since £
and L[0, 1] are isometrically isomorphic to C(K)-spaces, the theorem applies to them
as well. Hence, arguably, the only “classical” Banach space which evades Theorem 1.1 is
L'[0, 1]. We do not know whether surjective isometries of the closed unit ball of L]0, 1]
are extremal.

In the linear case, this question is well studied; i.e., the question of finding description
of the extreme points of the unit ball of the space L(X, X) of bounded linear operat-
ors, called extreme contractions operators or extreme contractions, has been considered
for a number of Banach spaces X. Let us briefly mention some of these results. In [5],
R. M. Blumenthal, J. Lindenstrauss, and R. R. Phelps provide the following charac-
terisation of extreme contraction operators between C(K)-spaces: a norm-one operator
T:C(K1) — C(K>) is an extreme point of the unit ball if and only if there is a continuous
function ¥: K, — K and ¢ € C(K3) with |¢| = 1 such that (Tf)(t) = ¢(t) f(¥(2)).
Since every surjective linear isometry is of this form where i is even a homeomorph-
ism, in particular surjective linear isometries are extreme contraction operators. In [14],
the extreme contraction operators on £, are characterised by order theoretic and algebra
properties. For more results on extreme contraction operators and in particular on the ques-
tion of when all of them are isometries, we refer the interested reader to [19, 23, 26, 27]
and the references therein.

In the context of fixed point theory, the subsets of strict contractions within spaces of
nonexpansive mappings are of clear significance. Banach’s fixed point theorem guarantees
the existence of a unique fixed point of each strict contraction between complete metric
spaces. The existence of a fixed point is an extremely useful property and has numerous
applications in diverse areas of mathematics, for example, in iterated function systems in
fractal geometry and in solving partial differential equations. Therefore, it is a matter of
high interest to determine to what extent the fixed point property extends beyond just the
set of strict contractions, most obviously to the natural complete metric space of mappings
in which this set lives, namely, spaces of nonexpansive mappings, i.e., mappings with
Lipschitz constant at most one. For more details on the fixed point theory of nonexpansive
mappings, we refer the interested reader to [11, 12].

Whilst it is clear that mappings between two complete metric spaces with Lipschitz
constant one need not have a fixed point (consider, for example, a translation of the real
line), it has been shown that in an important setting the vast majority of nonexpansive map-
pings retain the fixed point property. In finite-dimensional spaces, Brouwer’s fixed point
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Theorem provides a fixed point for every continuous self-mapping of any given bounded,
closed, and convex set. This incredibly strong result is not valid in infinite-dimensional
spaces. However, inside the space of nonexpansive self-mappings of a bounded, closed,
and convex subset of a general (possibly infinite-dimensional) Banach space, the results
of de Blasi and Myjak, see [6,7], guarantee the existence of a fixed point for every nonex-
pansive mapping except for those forming a negligible subset of the space of nonexpansive
mappings.

Of course, the previous statement only has power beyond the scope of Banach’s fixed
point theorem if the subset of strict contractions forms a negligible subset of the space of
nonexpansive mappings and the latter is indeed verified by the first two named authors in
[3]. Reich and Zaslavski, see [24], showed that in this setting most nonexpansive mappings
satisfy the assumptions of Rakotch’s fixed point theorem; see [21]. When combined, these
results show that the phenomenon exhibited by de Blasi and Myjak can be explained
by Rakotch’s fixed point theorem but not by the one of Banach. It turns out that, for these
results to hold true, boundedness of C is essential. If C is an unbounded closed and convex
subset of a Hilbert space, F. Strobin showed in [28] that the set of Rakotch contractions is
in fact a meagre subset of the space of nonexpansive self-mappings. This result was later
generalised to Banach spaces by Reich, Thimm, and the first author in [4] and in a more
general setting by Ravasini in [22]. On the other hand, Reich and Zaslavski showed in [25]
that also in the unbounded case the property of having a fixed point is still typical.

The present article is motivated in part by the observation that any non-trivial convex
combination of elements in JM; that is, any mapping of the form

(1—-X)g+ Ah, withA e (0,1)and g # h, (1.1)

is a sum of two strict contractions. Since strict contractions form a negligible subset of M,
we consider the question of whether the collection of all non-trivial convex combinations
in M is also small in some sense. We show that for nearly all mappings f € M there is
only a tiny subset of M of mappings g which may participate in a convex combination of
the form (1.1) giving f.

Theorem 1.2. Let X be normed space, C C X a non-empty, non-singleton, closed, bound-
ed, and convex set, and M = M(C) the space of nonexpansive mappings C — C equipped
with the metric doo(f, g) = sup,cc | f(x) — g(x)|. For each f € M, let

Pri={geM:INe[0,1),Ihe Mst f=(1-A)g+ Ah},
and let N denote the set of strict contractions C — C. Then, the following statements
hold.

(i) Forevery f € M, Py is Fy, M\ Py is convex, and there exists an affine sub-
space Ay of the space of continuous mappings C — X such that Py = M N Ay.

(ii) Forevery f € M\ N, ie, every f € M withLip(f) = 1, we have that Py is
a o-upper porous subset of M. In fact, Py is a countable union of closed, upper
porous subsets of M.
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The rest of the paper is structured as follows. Section 2 builds up the necessary prelim-
inary knowledge, i.e., explains both the notation and the notions at the heart of this article.
In Section 3, we present some general observations regarding the extremality of surjective
isometries on a bounded, closed, and convex subset; e.g., we prove Theorem 1.1 (i), i.e.,
show for Banach spaces that under some specific conditions, which include, for example,
Banach spaces with the Radon—-Nikodym property, surjective isometries are extremal.
Thereafter, in Section 4, we focus on Theorem 1.1 (ii) and (iii) to show that, under the
additional assumption that the bounded, closed, and convex set is the unit ball, surjective
isometries are extremal in C (K)-spaces for compact Hausdorff K and c¢g. In Section 5, we
investigate, in the sense of Baire category theorem, how often non-trivial convex combina-
tions occur in the space of nonexpansive mappings M discussed above and as a conclusion
prove Theorem 1.2.

2. Preliminaries

In the following, we give a quick overview of the notation, key notions and handy tools
used in this article. In Sections 3 and 4, we focus on Banach spaces; in Section 5, the
approach is broader and we deal with normed spaces. We use standard notation; e.g., for
a ball in metric space M with centre a € M and radius r > 0, we write By (a, r). We
use Sy to denote the unit sphere of a Banach space X, and By to clearly distinguish the
closed unit ball of a Banach space X . For a vector space Y we denote the linear span of
itsn € N elements yq, ..., y, by Span{yy,..., yu}.

Now, let us introduce some of the core notions of this paper. Let X be a normed space
and C C X a non-empty, non-singleton, closed, bounded, and convex subset. We call a
mapping F:C — C nonexpansive if for every x,y € X

I1FCe) = FO)ll =< llx = pll.

In other words, a nonexpansive mapping F is a Lipschitz mapping with Lipschitz constant
1 or less, i.e., Lip (F)) < 1. We say that a nonexpansive mapping is a strict contraction if
its Lipschitz constant is strictly less than one.

Throughout the paper we denote by M = M(C) the space of all nonexpansive map-
pings on C. If C is bounded, M is a complete metric space when equipped with the metric
of uniform convergence. We denote the subset of all strict contractions in M by N .

As is evident from the title of this paper, the main object of interest in this article is
extremal nonexpansive mappings. Let us now clarify what we mean by extremality in this
setting.

Definition 2.1. We call a mapping f € M extremal if it does not have a representation as
a nontrivial convex combination of two elements of M;i.e., f € M is said to be extremal
if (1—-A)g+ Ah # f forevery A € (0,1) and every g,h € M\ {f}.

Given a subset ¥ of M, we say that f € ¥ is extremal among mappings from ¥ if
(1—A)g+ Ah # fforevery A € (0,1)and g, h € F \ {f}.
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Sections 3 and 4 will be devoted to the proof of Theorem 1.1. We show that surjective
isometries of the closed unit ball are extremal in nearly all classical Banach space settings.
Recall that a mapping f: C — C is an isometry if it is distance preserving; i.e., for every
x,y € C, we have

1fG) = SOl = llx = pll.

We say that f € M is a surjective isometry if f:C — C is an isometry and is onto.
Although we do not require isometries to be linear by default, the following lemma (see
[15, Lemma 1 and Theorem 5]) specifies conditions under which we naturally end up
with linear surjective isometries. It is useful to note that our results can be divided into
two. Some hold for isometries on any set C and some look at the more restricted case
where C := By. Linearity of a surjective isometry in the latter case, where C := By, is
assured.

Lemma 2.2. Let X be a Banach space and T:By — Bx a surjective isometry. Then, T
is the restriction of a linear mapping X — X.

Proof. Using [15, Lemma 1], we see that T fixes 0 € Bx. This means that 7(By) is a
convex body. Now, we apply [15, Theorem 5] and get that 7' extends uniquely to an affine
isometry from X to X. Therefore, T is linear. [

In Section 5, we prove Theorem 1.2, which shows that non-trivial convex combina-
tions are rare in a certain sense among nonexpansive mappings. There are different ways
to describe how rare some type of elements are. In this paper, we use the notion of -
upper porosity due to Zajicek [29, Definition 2.1]. The following definition is based on an
equivalent formulation of Zaji¢ek’s definition, given by [8, Lemma 2.2]

Definition 2.3. Let (M, d) be a metric space without isolated points.

(i) We say that a set P € M is upper porous at a point ¢ € M if there exists
a € (0, 1) such that for every & > 0 there exists § € M such that 0 < d(gq,q) <¢
and By (¢, d(q,g)) N P = 0.

(ii)) We say that a set P € M is lower porous at a point ¢ € M if there exists
a € (0,1) and gy > 0 such that for every ¢ € (0, g9) there exists § € M such
that d(q,q) < e and By (g, ae) N P = 0.

(iii) We call a set P € M upper porous (respectively, lower porous) if it is upper
porous (respectively, lower porous) at every point g € P.

(iv) A set E C M is called o-upper porous (respectively, o-lower porous) if it is a
countable union of upper (respectively, lower) porous subsets of M.

Note that upper porosity is a weaker notion than lower porosity. Moreover, both no-
tions are stronger than the notion of nowhere dense. Therefore, in a metric space, the
classes of o-upper and of o-lower porous sets lie within the class of meagre subsets. Thus,
o-upper and o-lower porous subsets of a complete metric space should be thought of as
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even more negligible than meagre subsets or subsets of the first Baire category, which are
small due to the Baire category theorem.

3. General observations on the extremality of surjective isometries

The main goal of this section is to prove Theorem 1.1 (i).
Before we investigate in which settings surjective isometries are extremal, let us ob-
serve that this property is equivalent to a seemingly weaker one.

Lemma 3.1. Let X be a Banach space and C C X a closed and convex subset with non-
empty interior. Let M denote the set of nonexpansive self mappings of C. Then, every
surjective isometry C — C is extremal in M if and only if the identity id: C — C is
extremal in M.

Proof. The “only if” part is trivial. We prove the “if” statement: suppose that id € M
is extremal, let f € M be a surjective isometry, and suppose that there exist A € (0, 1)
and g, h € M such that f = (1 — A)g + Ah. Our task is to show that g = f. By [15,
Theorem 5], we have that f (and therefore also £ ~!) is the restriction of an affine mapping
X — X. Therefore, applying f ! to the above convex representation of f, we get

id=(1-A)flog+Afton

and note that f 1o g, f~1 o h € M. Since id is extremal in .M, we conclude that f~! o
g = id and therefore, that g = f.

As a next general observation, we obtain that the identity is extremal among surjective
nonexpansive mappings.

Proposition 3.2. Let X be a Banach space and C C X a bounded, closed, and convex
subset with non-empty interior. The identity is extremal among surjective isometries of C.

For the proof, we need the following lemmas.

Lemma 3.3. Let X be a Banach space and E the set of all extreme points of the unit ball
Bx. Assume that there are two linear operators f, g: X — X of norm at most one. Let
A €(0,1) suchthatid = (1 — A) f + Ag. Then, f(x) = g(x) for all x € conv(E).

Proof. First, note that for y € E we have y = A f(y) 4+ (1 — A)g(») which by extremality
of y means that y = f(y) = g(y). Given x € conv(E), thereexistm € N, yy,...,ym € E
and (1,..., 1y € Rsuchthat x = er'n=1 WiYi, and hence,

SO =D wif) =Y wiyi = x:
i=1

i=1

the same holds for g(x), which finishes the proof. |
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Lemma 3.4. Let X be a Banach space. The linear surjective isometries X — X are
extremal among the linear nonexpansive mappings X — X.

Proof. Similarly to the proof of Lemma 3.1, we may conclude that extremality of the
identity among linear nonexpansive self-mappings of X implies that surjective isometries
are extremal. Let f, g: X — X be nonexpansive linear mappings. Their adjoints f* and
g™ are linear nonexpansive mappings. By the Krein—-Milman theorem, By« is the weak™®
closed convex hull of the set E of its extreme points. By Lemma 3.3 on £, the mappings
f* and g* agree with the identity. Since they are adjoints of bounded linear mappings,
they are weak™*-weak™ continuous. Hence, they each have a unique extension to the weak™®
closure of conv E, and therefore, f* = g* = id, which in turn implies that f =g =id. m

Proof of Proposition 3.2. Assume that there are surjective isometries f, g: C — C and
A €(0,1)suchthatid = (1 — 1) f + Ag. Since f and g are surjective isometries, by [15,
Theorem 5], they extend to affine and bijective isometries X — X which we again denote
by f and g. We denote by fo and g¢ their linear parts which are obviously surjective
linear isometries. Now, we may apply Lemma 3.4 to conclude that fy = go = id. ]

We can gain some more information on mappings which can form a non-trivial convex
combination which is an isometry.

Proposition 3.5. Let X be a Banach space and C C X a bounded, closed, and convex
set. Moreover, let f,g € M and A € (0,1) such that (1 — A) f + Ag is an isometry. Then,
f and g are isometries.

Proof. The statement follows from

x =yl =11 =) f(x) + Ag(x) = (A1 =) f(y) = Ae W)l
= A =DIfC) = SO+ Algx) =gl

<|x—=yll
forallx,y € C. [

Recall that for a subset C C X of a Banach space a point x € C is called exposed if
there is a functional ¢ € X* with

e(x) =supp(z) =:s and ¢ '(s)NC = {x};
zeC
see, e.g., [9, Definition 7.10, p. 336]. For convex sets C and x € C, we might rephrase
this to require that there is a hyperplane supporting C in x which intersects C precisely
in x. We use the following weaker notion.

Definition 3.6. Let X be a Banach space and C C X a closed and convex set. A point
x € C is called almost exposed if the intersection of all hyperplanes supporting C in x is
the singleton x.



C. Bargetz, M. Dymond, and K. Pirk 358

Remark 3.7. Since every exposed point is almost exposed, it seems natural to ask whether
the converse is also true, i.e., if every almost exposed point is already an exposed point.
We do not know the answer to this question.

Proposition 3.8. Let X be a Banach space and C C X a strictly convex closed set with
non-empty interior. Then, every element of the boundary of C is exposed and hence almost
exposed.

Proof. Let x € dC. By the Hahn—Banach theorem, there is a functional ¢ € X* with
1 = ¢(x) > ¢(z) for all z in the interior of C. Since both C and the hyperplane

H:={xeX:pkx) =1}

are convex and the boundary of C does not contain a line segment, we conclude that
HNC ={x}. (]

Recall that given a set C C X a point x € C is called strongly exposed if there is a
functional x* € X™* with (x*, x) = sup{{x*,z):z € C} and x, — x for all sequences
in C with lim, o0 {x*, x,) = (x™*, x). Note that every strongly exposed point of C is an
exposed point of C and hence in particular an almost exposed point of C.

Proposition 3.9. Let X be a Banach space with the Radon—Nikodym property. Then, every
bounded closed convex set C C X is the closed convex hull of its almost exposed points.

Proof. This is a direct consequence of the fact that every bounded closed convex subset of
a Banach space with the Radon—Nikodym property is the closed convex hull of its strongly
exposed points; see [20]. ]

In Lemma 3.3, and hence in Proposition 3.2, we are able to show that on sets which
are the closed convex hull of its extreme points, the identity is extremal among linear non-
expansive mappings. For a corresponding nonlinear result, we need the stronger condition
that the underlying convex set is the closed convex hull of its almost exposed points.

Theorem 3.10 (Theorem 1.1 (i)). Let X be a Banach space with the property that its unit
ball By is the closed convex hull of its almost exposed points. Then, surjective isometries
are extremal in the space of nonexpansive self-mappings of the unit ball.

Proof. 1Tt suffices, in view of Lemma 3.1, to prove that the identity, id € M, is extremal.
Suppose that there exist A € (0, 1) and g, h € M such that id = (1 — A)g + Ah. We
complete the proof by showing that g = id.

We denote by E the set of almost exposed points of Bx. For e € E, x € By, t €
(0,1 —||x||), and every functional ¢ € X* with ¢(e) = sup{¢(z):z € By}, we have

id(x + te) —id(x)
ooy = (D)

_ _A)w(g(x + tet) - g(x)) n A(p(h(x +te) — h(x)) < (o).

t
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We conclude that
g(x +1e) —g(x)

eBx N{y € X:9(y) = ple)}.

Since the above is true for every functional ¢ defining a hyperplane which supports By
in e and e is almost exposed, we have shown that w = e. We have established
this for an arbitrary e € E, x € By, and ¢ € (0,1 — || x||). Therefore, in summary, we have
proved that

gx+te)=g(x)+te foreveryee E,x € By,and? € (0,1 — || x]|]).

Therefore, by induction, we get that

n n
g(Zajej) =g(0) —i—Zajej foreveryn € N,er,...,e, € E

j=1 j=1

n
and oy, ...,0p > OsuchthatZaj =1.
j=1

This shows that, on the convex hull of E, g coincides with the translation by g(0). By
continuity of g, this is also true on the closed convex hull of E which is By . Since the only
translation which maps the unit ball to itself is the identity, we conclude that g =id. m

Since the unit ball of a strictly convex Banach space is an expand-contract plastic
space, see [1], i.e., on the unit ball of a strictly convex space every bijective nonexpansive
mapping is already an isometry, we obtain the following corollary.

Corollary 3.11. Let X be a strictly convex Banach space with the Radon—Nikodym prop-
erty. The bijective nonexpansive mappings are extremal in the space of nonexpansive
self-mappings of the unit ball By.

Remark 3.12. Since the unit ball of £; also is an expand-contract plastic space, see [13],
and all £,-spaces, | < p < oo, have the Radon-Nikodym property, we obtain that on the
unit ball B, s 1 < p < oo, bijective nonexpansive mappings are extremal.

4. Extremality of surjective isometries on the unit ball of the space
C(K) or ¢y

This section is in general dedicated to showing the extremality of surjective isometries
on the unit ball of the function space C(K) for compact Hausdorff K and the unit ball
of the sequence space cy, i.e., proving Theorem 1.1 (ii) and (iii), first of which we restate
as Theorem 4.5 in this section. We start by obtaining the result for surjective isometries
Bc (k) — B (k) and then present the related results in the setting of B, . At the end of Sec-
tion 4, we present an equivalent condition for the extremality of linear mappings on B, .
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Our first aim is to show that surjective isometries on the unit ball of C(K) are extremal
(see Theorem 4.5). Thanks to Lemma 3.1, it is sufficient to check this only for the iden-
tity mapping. The proof of Theorem 4.5 relies on two important observations that will be
stated as propositions (see Propositions 4.1 and 4.4). The first observation shows that if
the identity mapping has a representation as a nontrivial convex combination of two non-
expansive mappings, then these mappings mimic the identity mapping on some specific
arguments.

Proposition 4.1. Let M denote the set of nonexpansive mappings Bcxy — Bcex). If
there exist F,G € M and A € (0, 1) such thatid = (1 — A)F + AG, then both F and G
have to be such that for every f € Sc(k) and x € K with f(x) = £1 we have

F(f)(x) = G()(x) =id(f)(x) = £1. 4.1

Proof. We show the equality (4.1) for F'; the proof for G is essentially the same. Fix f €
Sc(x) and x € K such that | f(x)| = 1. Assume at first that f(x) = 1. Then, id(f)(x) = 1.
Note that if F(f)(x) # 1, then we have that F(f)(x) < 1 and therefore

l=0-)F(f)x)+AG(Hx) <(1—-1)+A =1,

which is a contradiction. Now, assume that f(x) = —1. If F(f)(x) #id(f)(x) = —1,
then F(f)(x) > —1 and therefore

—1=1-M)F(f)(x) +AG(f)(x) > —(1-21) -1 = —1,
which is a contradiction. Hence, (4.1) holds for every f € Sc(k) and x € K with
f(x)==+1. |

In the following, we intend to provide a converse to Proposition 4.1. We, namely, show,
in Proposition 4.4, that once a nonexpansive mapping B¢c(x) — Bc (k) satisfies (4.1) for
every f € Sc(k) and x € K with f(x) = %1 (as in Proposition 4.1) it has to be equal
to the identity mapping everywhere. The proof of this key observation makes use of the
following lemma that allows us to choose for any element in B¢ (k) a suitable norm-1
element that agrees with the initial function over most of the domain but in a specific
place guarantees we can apply Proposition 4.1.

Lemma 4.2. Let K be a compact Hausdorff topological space. For every f € Bc(k),
every xg € K with | f(x0)| # 1, and every 0 <y < min{| — 1 — f(xo)|, [l — f(x0)|},
there is Uy, a neighbourhood of xo for which we can define g+, g— € Bc(k) such that

(i) g+(x0) = land g_(xo) = —1,

(i)  g+(x) = f(x) = g-(x) forevery x € K \ Ux,,
(i) [ f —g+ll =1— f(x0) + v,

iv) |f —g-ll =1+ f(xo0) + .
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The proof of Lemma 4.2 makes use of the well-known Urysohn lemma (see, e.g.,
[18, Theorem 3.1]), stated here (without proof) for the convenience of the reader.

Lemma 4.3 (Urysohn lemma). Let X be a normal space, and let A and B be disjoint
closed subsets of X. Let [a, b] be a closed interval in the real line. Then, there exists a
continuous map

r:X — [a,b]

such that r(x) = a for every x € A and r(x) = b for every x € B.

Proof of Lemma 4.2. Fix f € Bc(k), Xo € K. Fix

0 <y <min{| —1— f(xo)],|1— f(x0)]}

Since f is continuous, we get an open xo neighbourhood

Uso = fH((f(x0) = . f(x0) + 7).
Define continuous functions g4+: K — [—1,1] and g_: K — [—1, 1] in the following way:
() g+(x) = f(x) +r(x)(1 = f(x)),
(—) g-(x) = f(x) —r(x)(1 + f(x)),

where r: K — [0, 1] is the continuous map obtained by the Urysohn lemma (Lemma 4.3)
with A = K\ Uy, B ={x0},a =0,b = 1,1e,

) = 0 ifxe K\ Uy,
1 ifx:)C().

It is easy to check that the values of both g and g_ take values in the interval [—1, 1]
and are continuous, so g4, g— € B¢ (k). Moreover, g4 (x) € [f(x0) — ¥, 1] and g_(x) €
[—1, f(x0) + y] forall x € Uy,.

Now, we will show that conditions (i)—(iv) are satisfied. Condition (i) is true, as

g+(x0) = f(x0) + r(xo)(1 — f(x0)) = f(x0) +1— f(x0) =1,
and
g—(x0) = f(x0) —r(xo)(1 + f(x0)) = f(x0) —1— f(x0) = —1.

We get (ii) easily, since r(x) = 0 outside of Uy,.
We will now show that (iii) holds:

lg+ =Sl = sup |g+(x) = f(X)]

=max { sup [g+(x)— f(x)]. sup [g+(x) — f(x)]}

XEUXO x¢Ux0

= sup [g+(x) — f(x)

xGUxo

1= (f(xo) —y) = 1= f(xo) + .

IA
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Similarly, we get that
lg-=fI = sup | f(x) — g-(x)]
=max { sup |[f(x)—g-(¥)]. sup |f(x)—g-(x)l}

x€Ux, X¢Ux0

= sup [f(x)—g-(x)]

)«CEU,C0

(f(x0) +y) + 1 =1+ f(xo0) +v:

IA

hence, (iv) holds. [

Proposition 4.4. If G:Bcxy) — Be(k) is such a nonexpansive mapping that for every
f € Scw) and x € K with | f(x)| = 1 we have

G()x) = f(x) = £1,
then G is the identity mapping on B¢ (k).

Proof. Let G be as in the statement of this proposition. Let us assume to the contrary that
G is not the identity mapping, i.e., G # id.
In other words, we obtain fy € B¢ (k) such that for some xo € K

So(xo) = id(fo)(x0) # G(fo)(x0). 4.2)

Now, we proceed to show that under such assumptions G cannot be a nonexpansive
mapping, which is obviously a contradiction.
Assume, firstly, that G( fo)(xo) > fo(xo). Fix

0 <y <min{G(fo)(x0) — fo(x0), |1 — fo(xo)|.| =1— fo(xo)|}

Note that this minimum is positive. If it were not the case, we would have fy(xg) = %1,
which would contradict the hypothesis of the proposition together with (4.2). Now, choose
g— from Lemma 4.2 for x¢ and fy. Then, since

1G(fo) — G(g-)l = |G(fo)(x0) — G(g-)(x0)|
= |G(fo)(xo) + 1]
=1+ G(fo)(xo0),

we get
[ fo—g-Il =1+ folxo) +y <1+ G(fo)(xo) = [G(fo) — G(g-)l|-
If, however, G( fo)(x0) < fo(xo), we fix

0 <y <min{ fo(x0) — G(fo)(x0), |1 — fo(xo)|.| —1— fo(xo)l},
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where the minimum is positive for the same reason as in the first case, and use g4+ from
Lemma 4.2 for x¢ and fy. Then, we have

1G(fo) — G(g-) ] = |G(fo)(x0) — G(g+)(x0)]
= 1G(fo)(x0) — 1]
= 1-G(fo)(xo0)
>1— fo(xo) +¥

| fo—g+l-

v

In conclusion, we see that G is not a nonexpansive mapping, which is a contradiction.
Hence, G has to be the identity mapping. ]

Now, we present the main result regarding C(K) spaces.

Theorem 4.5 (Theorem 1.1 (ii)). Let K be a compact Hausdorf{f topological space. Sur-
Jective isometries on B¢k are extremal in the space M of nonexpansive self-mappings

of Be(k)-

Proof. Using Lemma 3.1, it is sufficient to check that the identity mapping is extremal
in M. Assume that there are nonexpansive mappings

F, G: BC(K) — BC(K)
and A € (0, 1) such that for id: Bc(x)y — Bc(x) we have
id=(1-A)F + AG.

Applying Proposition 4.1, we get that F' and G satisty (4.1) for every f € Bc(k) and
x € K such that | f(x)| = 1. This implies by Proposition 4.4 that both F and G are the
identity mapping. Hence, id is extremal. ]

Remark 4.6. Let us remark some observations concerning this theorem.

(i) Both Lemma 3.4 and Theorem 4.5 assert the extremality of surjective isomet-
ries in different settings. The form of extremality given in Theorem 4.5 may be
thought of as stronger than that of Lemma 3.4, since extremality in Theorem 4.5
is taken with respect to all nonexpansive mappings, not only the linear ones.

(ii)) Normally, the term linear is reserved for mappings between two vector spaces.
However, in the present section, we also refer to linear mappings K — K, where
K is a subset of a vector space V. We call a mapping K — K linear if it may
be extended to a linear mapping V' — V.

(iii) If the underlying compact space K is metrisable and only has a finite number
of accumulation points, by [10], the unit ball C(K) is expand-contract plastic.
Hence, in this case, every bijective nonexpansive self-mapping of B¢ (k) is
extremal.
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Regarding Theorem 1.1 (iii), note that a version of Theorem 4.5 can be stated for the
unit ball of ¢o, whereas the idea of the proof differs very little, being even simpler, since
the choice of elements analogous to g+ and g_ provided by Lemma 4.2 in the B¢ (k) case
is rather obvious in the case of B,,. In fact, in the setting of linear mappings on B, we
can say even more; namely, we have the following theorem.

Theorem 4.7. A linear mapping T = (¢1, ¢z, ...) on B, is extremal if and only if ¢; is
an extreme point of By, for every i € N.

As a start, we present a simple characterisation of all linear mappings on B, whose
coordinate functionals are extreme points of the dual unit ball. Recall that in By, the
extreme points are standard unit vectors and their opposite vectors, i.e.,

k—th
—~——
+er = (0,..., 1 ,0,0,...).

This means that all linear mappings whose coordinate functionals are extreme points of
the dual unit ball are of the form

T = (¢1’ ¢27 .- ) = (8(1)671(1)9 8(2)67[(2), . -)v (43)

with 7: N — N with the property that for every k € w(N) the set I, :={i e N:w (i) =k}
is finite and e(i) = £1 fori € N. The condition on I} assures that our mapping has values
in ¢o. Note that for some i € N we may have i ¢ 7(N); i.e., not all extreme points need
to be used.

Example 4.8. Some examples of linear mappings of the form (4.3) are
T = (—e1,—ez,—e3,...) with [; ={i}
foreveryi € 7(N) = Nand e = (—1,-1,...), and
S = (e1,e1,e3,e3,e5,e5,...) withl; = {i,i + 1}
foreveryi € 7(N) ={2n —1,n € N}and ¢ = (1, 1,...). However,
U = (e,e1,e1,...) withl; =N
and e = (1, 1,...) is not a linear mapping of the from (4.3), since
U((1,0,0,...) =(1,1,1,...) & co.

Remark 4.9. It is known due to Banach (see [2, Section XI.5]) that linear surjective iso-
metries (called rotations in his monograph) on B, are of the form

T(x)(i) =e(@)x(x(@)) foreveryi € N, 4.4)
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where (£(i)) is a sequence in {—1, 1} that corresponds to 7" and 7: N — N is a permutation
on the set N.

Due to Lemma 2.2 and the previous remark, it is easy to see that all surjective isomet-
ries on B, have the form (4.4) which is a special case of the form (4.3). However, it is
clear that not every linear mapping of the form (4.3) is a surjective isometry (see, e.g., S
in Example 4.8).

Before we formalise the proof of Theorem 4.7, we state two lemmas that are used in
the proof. These lemmas are analogous to the lemmas used in the proof of Theorem 4.5
for the case of B¢ (k), which is why we present these results without proofs as the ideas
for the proof are the same as the ones used before.

Lemma 4.10 (Compare with Proposition 4.1). Let T:B., — B, be a mapping of the
form (4.3) with ¢ and 7. If there exist f,g € M and A € (0,1) suchthatT = (1 —A) f +
Ag, then f and g must be such that, for every x € S¢, and every k € N with x(k) =1 or
x(k) = =1, we have f(x)(i) = g(x)(@) = e(i)x(x(i)) = e(i)x (k) for everyi € I} =
{i e N:z(i) = k}.

Lemma 4.11 (Compare with Proposition 4.4). If a nonexpansive mapping g:B., — B,
is such that there exist m: N — N and a sequence of ones and minus ones & such that
for every x € Sp,, for every k € N with x(k) = %1, and for every i € I we have
g(x)() = e(i)xx) = e(i)x(k), then g is a linear mapping of the form (4.3) with exactly
those ¢ and .

Proof of Theorem 4.7. Assume, firstly, that T = (¢1, ¢2, . . .) is a linear extremal mapping
on B.,. We show that this implies that all ¢; are extreme points of By, ; i.e., T is of the
form (4.3).

Assume to the contrary that 7 is not of the form (4.3). Firstly, let us observe the case
where there exists i € N such that |¢; || = u € [0, 1). Then, we can define

S =(1.02,....97,0i+1.Pi+2,...) and g = (¢1,¢2,...,...,0,¢i11,Pi+2),

where ¢y € Sy, is such that ¢; = (1 — p1)¢r. Then,

A-wf+unug=T,

with f and g clearly nonexpansive. This contradicts the extremality of 7'. Consequently,
¢k has to be norm 1 for every k € N.

Secondly, assume that all ¢; are of norm one, but there exists i € N such that ¢; # +e;
for any j € N. This means that ¢; has more than one non-zero coordinates. For this i, we
define helpful coordinate functionals. Denote by J the set of indices of non-zero terms of
¢i = (€1,&2,...). Obviously, J can be either finite or infinite. In any case, we define for
every j € J

j—th

—
¢i,j = (0,0, ey sgn(Ej),O, 0, .. )



C. Bargetz, M. Dymond, and K. Pirk 366

Notice that
bi = 1&j1ldijs + 18pldi o + -+
Taking for every j € J

Jrj = (¢1»¢2"'"¢i—1»¢i,j»¢i+1’¢i+27"')»

we get that

T = |‘i:./'1|f/1 + |$j2|f/2 +oeee
Now, since ¢; € S¢,, we know that Y 7o | |&/| = Y, |&| = 1. Therefore, we may divide
the set J into two parts, e.g., J = {jx} U Ujej\{jk){j} for some fixed k. For simplicity,
assume k = 1. Take [ :=} ;e 1\ ;) %f, and g := fj,. Observe that || /|| < 1. Then,
we can express 7' as a nontrivial convex combination as follows:

(51
1- |§:j1|

T=0-&D

JjeI\{}

f]' + |‘§j1|fj1 =(- |E]1|)f + |Ej1|g'

Hence, T is not extremal, which is a contradiction. This concludes the proof for neces-
sity.

Assume now that T is of the form (4.3). We aim to show that consequently 7 is
extremal. Suppose that 7" is not extremal. Then, we can find A € (0, 1) and distinct nonex-
pansive mappings f, g such that T = (1 — 1) f + Ag. Applying Lemmas 4.10 and 4.11,
we see that f = g, which is a contradiction. Hence, T is extremal. This completes the
proof of sufficiency. ]

Corollary 4.12 (Theorem 1.1 (iii)). Every surjective isometry on B, is extremal.

Proof. Let T be a surjective isometry on B,,. We know by Lemma 2.2 that T is necessar-
ily the restriction of a linear mapping X — X . Considering Remark 4.9, we know that T
is of the form (4.3). Applying Theorem 4.7, we get that T is extremal. |

To end this section, we point out some obvious, yet important remarks. Firstly, not all
isometries on B, are extremal.

Example 4.13. Consider the mappings
TA:BCO —)BCO, )CI—)(A)Cl,)Cl,Xz,Xg,,...)

for A € [0, 1]. It is easy to check that these mappings are linear isometries that are not of
the form (4.3) for A € [0, 1). Notice that we have

1 1
Ty = =Ty + =Ty,
1/2 2o+21

which means that 77, is a non-extremal linear isometry.
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We know from Theorem 4.7 the characterisation for all linear extremal mappings on
B.,. However, dropping the condition of linearity, we still have extremal mappings.

Example 4.14. Consider the mappings
T):Bey = Bey, x> (A, x1,%2,%3,...)

for A € [—1, 1]. It is easy to check that these mappings are nonlinear isometries. If A €
(=1, 1), then T is non-extremal. However, if A € {—1, 1}, then T is extremal. With the
same idea in mind, more extremal nonlinear isometries can be constructed.

5. On the extremality of the typical nonexpansive mapping

The goal of this section is to prove Theorem 1.2. Let X be a Banach spaceand C € X a
non-empty, non-singleton, closed, and bounded set, and let M = M (C) denote the set of
nonexpansive mappings C — C. In the present section, we view M as a complete metric

space, equipped with the metric doo (f, ) = sup,ec | f(x) — g(x)].
For f € M, consider the set

Pri={geM:ILel0,1)The Mst [ =(1-A)g+ Ah} (5.1)

of all those mappings g € M which participate in a convex combination giving f. Note
that f € Py for every f € M. In Sections 3 and 4, we have studied extremal mappings
in M, which may be equivalently described as the mappings f € M with Py = { f'}. The
objective of the present section is to investigate how close the typical mapping f € M
is to being extremal, where we understand the notion of a typical f € M in the sense of
the Baire category theorem. Since extremality of a mapping f € M is equivalent to the
condition Py = { f}, we may interpret a mapping f as being close to extremal if its set
Py is small. We will show that a typical f € M has the property that Py is a negligible
subset of M in a strong sense. More precisely, we obtain the following result.

Theorem 5.1 (Theorem 1.2). Let X be normed space, C € X a non-empty, non-singleton,
closed, bounded, and convex set, and M = M(C) the space of nonexpansive mappings
C — C equipped with the metric doo(f, g) = sup,ec | f(x) — g(x)|. For each f € M,
let

Pri={geM:ILec[0,1),Ihe Mst f=(1-1)g+ Ah},

and let N denote the set of strict contractions C — C. Then, the following statements
hold.

(i) Forevery f € M, Py is Fy, M\ Py is convex, and there exists an affine sub-
space Ay of the space of continuous mappings C — X such that Py = M N Ay.

(ii) Forevery f € M\ N, ie, every f € M withLip(f) = 1, we have that Py is
a o-upper porous subset of M. In fact, Py is a countable union of closed, upper
porous subsets of M.
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Remark. We remark that the set N in the above theorem is o-lower porous, by [3].
Therefore, the above theorem shows that, for f outside of a g-lower porous subset of M,
the set Py is o-upper porous and its complement M \ Py is convex.

We will break up the proof of Theorem 1.2 into several lemmas. Note that M in The-
orem 1.2 may be viewed as convex subset of the vector space of continuous mappings
C — X. Part (i) of Theorem 1.2 is actually something that holds for every convex subset
M of a vector space, whenever Py for f € M is defined according to (5.1). We establish
this in the next three lemmas.

Lemma 5.2. Let Y be a vector space and M C Y convex, and for each f € M, let
Pri={geM:3re€[0,1)Inhe Mst. f =(1—A)g+ Ah}.
Then, there exists an affine subspace Ay of Y such that
Pr=MnN Ay.
For the proof of Lemma 5.2, we need the following lemma.
Lemma 5.3. Let Y, M, f, and Py for each f € M be given by Lemma 5.2. Then, the

following two statements hold.
(i) Foreach f € M and g € Py, we have

{f+tg—f)teR}NMC Py.
(ii) Foreach [ € M, Py is convex.

Proof. We begin by verifying (i) for a given f € M and g € Py. If g = f, then (i) is
obvious. So, assume that g # f. Then, by the definition of Py, there exist h € M \ { f'}
and A € (0, 1) such that
f=0—-=X)g+ Ah.

Note that g — f and & — f are non-zero, linearly dependent vectors pointing in opposite
directions. Hence, the set in the conclusion of (i) is unchanged if we write 7 — f instead
ofg— f.

Lett € R be such that f + (g — f) € M. We need to show that f + (g — f) € Py.
We may assume that ¢ > 0; otherwise, interchange g and /. Then, for

P
bl

we have that f = (1 — u)(f +1(g — f)) + wh, showing that /' +¢(g — f) € Pr. This
completes the proof of (i).

Next, we prove (ii). Suppose f € M, g1,82 € Prand 6 € [0,1). Choose 11,4, € [0,1)
and &, h, € M such that

f=0-=x)gi +Aih; fori =1,2.
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Our aim is now to find a representation of f of the form

(I=2)((1—0)g1 +0g2) + A((1 — why + phy)
=1 =B8)((1=21)g1 +A1h1) + B((1 = A2)g2 + Azh2),

with A € [0,1) and p € [0, 1]. This comes down to solving the system

1-)A—=0)=(0-pB)1-21),
(1—=1)0 =B —12),

Al =p) = (1= p)Ay,

A= BAa

of 4 linear equations with 3 unknowns, f, A, and u. Solving this system, we get

01 —A1y) BAs

=T onra-0m) =Py + Bia’

A=1=Pr+ Bra, p=
each of which belongs to [0, 1). It follows that

S=0=-)(1A-0)g1 +0g2) + A((1 — w)hy + pha),

showing that (1 — 6)g + 6g> € Py. Since g1, g> € Pr and 6 € [0, 1] were arbitrary, this
proves that Py is convex. ]

We are now ready to prove Lemma 5.2.

Proof. Let
Ay = f + Span{(g — f):8 € Pr}

and observe that Ay is an affine subspace of Y. It is clear that Pr € M N Ar. Our task
is to verify the reverse inclusion. So, let g € M N Ay. Then, there is a minimal n € N
for which there exist g1,...,8, € Pr suchthat g € f + Span{g: — f,..., g, — f}. The
minimality of n ensures that g; — f,..., g, — f are linearly independent vectors in Y.
In particular, none of these vectors are zero. Therefore, for eachi = 1, ..., n, there exist
h;i € M\ {f}and A; € (0,1) such that f = (1 — A;)g; + A;h;. Observe that for each
i the vectors g; — f and h; — f are non-zero, linearly dependent and point in opposite
directions. There exist a1, a2, ...,a, € R\ {0} such that

n
g=f+205i(gi_f)‘
i=1
We may assume that ¢r; > 0 for all i. Otherwise, interchange some of the g;’s with /;’s.
Foreachi =1,...,n,let
o

;1= € (0,1).
b= s ey e €O
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Now, consider the vector

G S Y Bilsi— )= (=B S+ isy).

i=1 i=1

EPf

Note that the bracketed expression marked above belongs to P because it is a convex
combination of elements f and g; of Py, which is a convex set by Lemma 5.3 (ii). Thus,
the expression on the right-hand side is a convex combination of elements of the convex
set Pr, showing that g € Pr. We conclude, using Lemma 5.3, that

{f+t(g—f)teRyNM C Py.
This together with the identity

g=[ft+nlr+ox+-+an)g—f)
completes the proof. ]

Lemma 5.4. Let Y be a Banach space, let M C Y be convex, and for each f € M let
Py be given by Lemma 5.2. Then, the following statements hold.

(i)  The set Py may be expressed as the countable union

Pr={fiv U Pra
q€QN(0,1/2)
where Pry :={geM: I elg, 1 —q]FheMst f=(1—-A)g+Ah}, q €
(0,1/2).
Moreover, if M is closed, then each set Py g with q € (0,1/2) is closed.
(i) M\ Py is convex.

Proof. The equation for Pr in (i) follows immediately from the definition (5.1) of Py.
The only thing in (i) that we need to check is the “Moreover” statement. So, assume that
M is closed, let ¢ € (0, 1/2), and consider a sequence (gn)neN in Pr, which converges
in M to alimit g € M. We need to show that g € Pr,. Foreachn e N,letA, € [q,1 —¢q]
and h, € M witness that g, € Py,. Then, by passing to a subsequence of (g, )nen, We
may assume that the limit A := lim, o, A, € [¢, 1 — ¢] exists. Using the equation

1 1—A,

hp = f_ h

_/X_ &n

and the convergence of both sequences (A, )nen and (gn)nentoA € [g, 1 —¢g]land g € M,
respectively, we deduce that the limit & := lim, o i, € M exists and satisfies

f=0-X)g+ Ah,

demonstrating that g € Py,.
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We now turn our attention to (ii). Let g1, g2 € M \ Py and 0 € [0, 1]. We show that
(1—-0)g1 +0g2 € M \ Py. Assume the contrary. Then, there exist A € [0,1) and h € M
such that

f=0=)(1—-0)g1 + 0g2) + Ah.
We may rearrange the expression on the right-hand side to get, for u := A(1 —6) + 0 €
(4. 1),

—A A
~f=<1—u)g1+u(“ gf+—h)
m 1

Observe that “M;’l g + %h is a convex combination of g, and /& and therefore belongs
to M. Thus, the above representation of f demonstrates that g; € Py, which is the desired
contradiction. |

We are now ready to prove Theorem 1.2.

Proof of Theorem 1.2. Part (i) is proved by applying Lemmas 5.2 and 5.4 with Y as the
space of continuous mappings C — X and M = M.

We now prove part (ii). Let f € M \ N. For each ¢ € (0, 1/2), let the set Pr, be
defined as in Lemma 5.4 (i), by which it suffices to show that each such set is an upper
porous subset of M.

Fix g € Pr, and ¢ > 0. Let § = 8( f, ¢, ¢) > 0 be a parameter depending only on f, g,
and ¢ to be determined later in the proof. By [3, Lemma 2.4], there exist x¢, y € C such
that ||xo — ¥|| < & and

/() = f(xo)ll > (1 =8)[ly — xoll-
For 1 := ||y — xo||, we consider the mapping Ry x,: X — X defined by

x — nx=xo)
Ry (x) = llx—xoll

if ||x — xo|| > 1,
Xo otherwise,

with Lip(Ry,x,) < 1 given by Medjic [17, Lemma 4.2]. Observe also that Ry x,(x) is
a convex combination of x and xo for each x € X. Therefore, R; x,|c:C — C. Let
g =g o Ry x, € M and note that ||g(x) — g(x)|| < | Ry,x,(x) — x| < nforall x € C.
Therefore, doo (g, g) < n < &. Moreover, it will be important that the restriction of g to
the ball xo + nByx is constant. In particular, we have that

g§(y) = &(xo) = g(xo).
Let @ = «a(f, q) be a parameter depending only on f and ¢ to be determined later in

the proof, let g’ € By (g, doo(g, g)), and suppose that there exist A € [0, 1] and & € M
such that = (1 — A)g’ + Ah. Then,

s WO —sGol _
n

1 (1-2)

g’ (y) — &' (xo)ll 4 1G) = hxo)l
n n

18G) = 8Go)ll + 20w, 2(1 = M)a + A,

=(1-23)
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which rearranges to give

1-6-2 2—
A > - q>1—q,
1 -2« 2

where the equation above comes from setting the values of § and « as

q

=i = ——.
* T2 +q)

We conclude that By (g, adwo(8, g)) N P4 = @, which establishes the upper porosity
of Prgatg. m
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