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On the fractional Keller—Segel chemotaxis model
Claudio Cuevas, Clessius Silva, and Herme Soto

Abstract. This paper studies a modified Keller—Segel chemotaxis model that uses fractional time
derivatives (of order o and 8, where 0 < o, 8 < 1) to incorporate memory effects. This approach
better captures the subdiffusive behavior observed in biological systems. We perform our analysis
in weak-Herz spaces by using a fixed-point argument and the decay properties of the Mittag—Leffler
operators. We prove the local existence and uniqueness of mild solutions. Moreover, we show that
the solutions depend continuously on the initial data, and we give a detailed description of the
asymptotic behavior of solutions as t — 0F. We establish conditions for either extending solutions
or encountering blow-up (chemotactic collapse).

1. Introduction

At the cellular level, it is known that chemotaxis plays a fundamental role in the self-
organization of many biological systems. An important mathematical progress has been
made in the recent decades to understand chemotaxis phenomenon. This biological topic
was documented for the first time in bacterial experiments carried out by Engelmann
and Pfeffer in the 1880s; see [36]. Chemotaxis can be defined as the movement of pop-
ulation induced by a chemical concentration gradient either toward or away from the
chemical signals; such biological phenomenon is present, for example, in bacteria aggre-
gation, immune system response or angiogenesis in embryo formation, and in tumor
development. The number of mathematicians studying biological and medical processes
is continuously increasing in recent years. For a broad survey with a rich selection of ref-
erences on the progress of various chemotaxis models, we refer the interested reader to the
papers [4,10,34,35,53]. In 1970, Keller and Segel presented a system of strongly coupled
parabolic partial differential equations, which describes the aggregation of cellular slime
molds like the Dictyostelium discoideum, see [39]. It is seen that various versions of the
Keller—Segel system are available, depending on different phenomena and scales. The use
of the Keller—Segel model (KS-model, for short) as a prototype in chemotaxis is due to the
simplicity of the associated reaction-diffusion equations and its ability to capture natural
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experiments. The utilization of fractional differentiation can better identify the consis-
tency between the solution and the real data, which can be referred to as an ideal tool for
the mathematical modeling of real-world physical problems. In such a direction, there is
a serious interest among researchers in understanding the fractional Keller—Segel model.
This would imply a major breakthrough toward the mathematical development of the KS-
model and its different versions. Although the implementation of the fractional approach
for the KS-model is markedly different from that of the standard model, we point out that
this approach cannot be done by a direct translation of the proofs from the classical time
derivative to the fractional time derivative (see [1,12,21,43,44])).

In this work, we consider the time-fractional doubly parabolic Keller—Segel model for
chemotaxis, which consists in a coupled system of PDEs in R":

‘D¢u =V -(Vu—uVv), xeRN >0,
cphy = Av—yv+u, xeRN, >0, (1.1)
u(x,0) =up(x), v(x,0) =vp(x), xeRVN,

where ¢ DY and ¢ Df are Caputo fractional derivatives of order «, B € (0, 1), respectively,
the parameter y > 0 denotes the decay rate of attractant, u(x, t) represents the cell density,
while v(x, t) is the concentration of the chemoattractant. The terms in the first equation
include the conservation of mass, the tendency of cells to diffuse under their own Brown-
ian motion, and chemotactic drift. The terms in the second one express the diffusion and
production of attractant over time. A remarkable fact is that fractional time derivative is
closely related in the modeling of anomalous subdiffusion. Recent literature investigates
the biological phenomenon chemotaxis with anomalous subdiffusion and memory effects,
these studies are formulated with fractional temporal operators. We observe that mem-
ory effects are ubiquitous in physics and engineering. Such effects are neglected when an
integer-order time derivative is assumed, see [20,23,40,60]. Fractional diffusion is referred
to as subdiffusion if the fractional power is less than unity; see [30]. Note that the standard
KS-model can be obtained from equation (1.1) by taking « = f = 1. Anomalous subdif-
fusion is also reported in material physics, econophysics, and biophysics (see [42]). Very
recently, several papers have appeared on COVID-19 pandemic by using the Caputo frac-
tional order derivative, see [9] and references therein. Modeling chemotactic movement
can be done from two different perspectives: either from the microscopic or the macro-
scopic perspective (see [34]). In [41], the authors introduce mesoscopic and macroscopic
model equations of chemotaxis with anomalous subdiffusion for modeling chemically
directed transport of biological organisms in changing environments with diffusion hin-
dered by traps or macromolecular crowding. These models of chemotaxis use fractional
time derivative in their formulation.

1.1. The time-fractional Keller-Segel model

Let us recall some previous works on time-fractional KS-model. In [44], Li, Liu, and Wang
have investigated a fractional time-space generalized KS-model, where Caputo derivative
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models memory effects in time and fractional Laplacian represents Lévy diffusion. This
model takes into account the long rang interaction by using the Riesz potential with a sin-
gular kernel. The authors have provided the existence and uniqueness of the mild solutions
when the initial data are in L? spaces. Furthermore, they proved the L!-integrability and
integral preservation when the initial data are in L' (RY) N L?(R¥). Also, some impor-
tant properties such as the nonnegativity preservation, mass conservation, and blow-up
behavior were established. In [43], the authors developed some compactness criteria to
study the existence of weak solutions to time-fractional KS equations in R2. In [1], the
authors established the existence of nonnegative weak solutions to a time-fractional KS-
model with Dirichlet (resp., Neumann) boundary conditions in a bounded domain with
smooth boundary in R¥. In [59], the authors considered a time-fractional Keller—Segel
model with Dirichlet conditions on the boundary and Caputo fractional derivative for the
time. They proved the existence of solutions by using the Faedo—Galerkin method with
some compactness arguments. In addition, the energy method is used to prove the stabil-
ity of the weak solution and verify the uniqueness of the weak solution. The paper [29]
concerns the existence, uniqueness, and L °-boundedness for the weak solutions to a time-
ractional Keller—Segel system with logistic source and Newton potential over unbounded
regions. The time-fractional derivatives are taken in the Caputo sense. Assuming that
the chemoattractant concentration is time independent, one obtains the parabolic-elliptic
KS-model, which exhibits a very rich behavior, emphasized by the critical mass phe-
nomenon arising in two dimension of space [12]. In the paper [38], the authors investigate
the Cauchy problem of a time-space fractional parabolic-elliptic Keller—Segel equation in
RV, N > 2, with Caputo derivative in time. By using the classical energy method com-
bined with the generalized strong compactness criteria to time fractional partial differen-
tial equations, the global existence of weak solutions was established. Furthermore, mass
conservation, the decay estimates, and hypercontractive estimates in L’ (RY), 1 < r < oo,
of weak solutions are studied. In [47], the authors have considered a fractional time-space
parabolic-elliptic KS-model with Caputo derivative in time. When the spatial variable is
the whole space R, N > 2, the authors have established the global-in-time existence of
the small-data solution in a critical Besov space. For the bounded domain case, by using
a discrete spectrum of the Neumann Laplace operator, they provided the existence and
uniqueness of a mild solution in Hilbert scale spaces. The authors also showed that this
solution either exists globally in time or blows up in finite time. In [18], the authors have
investigated the solutions and conservation laws of Keller—Segel-type time fractional dif-
fusion equations. Lie symmetries admitted by this fractional system in Riemann—Liouville
sense are derived by means of symmetry analysis. Similarity reductions are performed to
construct the group invariant solution and the power series solution is deduced with the
help of Erdélyi—Kober differential operator. In addition, analytical solution and numerical
solution to initial value problems of time fractional KS-model in Caputo sense are estab-
lished utilizing invariant subspace method and g-homotopy analysis method, respectively.
In [26], the authors have proved the existence of a unique global classical solution that
is uniform-in-time bounded for a time-space fractional parabolic-elliptic KS-model. With
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the aid of the Lyapunov functional and fractional Duhamel-type integral equations, expo-
nential stabilization of the global solution toward the spatially homogeneous steady states
is obtained. In [15], the geometric singular perturbation theory and Fredholm theorem are
used to study persistence of traveling waves to a time fractional KS-model without and
with the small parameter. Recently, many researchers are working to develop numerical
and analytical techniques to determine either exact or approximate solutions for the time
fractional KS-model. For instance, these techniques include the homotopy perturbation
transform method [46], g-homotopy analysis transform method [18,49], Daftardar—Jafari
method [48], implicit-explicit time-splitting scheme [58], finite difference method [46],
Faedo—Galerkin method [59], invariant subspace method [18], Laplace Adomian decom-
position method [46]. Based on these tools, a wide range of time fractional Keller—Segel
chemotaxis models have been analyzed.

1.2. The KS-model (1.1) with o = 8 € (0, 1)

To the best of our knowledge, there are a few results in the literature about special solutions
for the time-fractional KS-model (1.1). We will comment briefly on some developments
in the analysis of problem (1.1) with @ = 8 € (0, 1). In a recent study [22], are presented
relevant results on the regularity and large time behavior in Lebesgue space. In [12],
the authors have obtained some refined results on the large time behavior of solutions,
which are presupposed to enjoy some uniform boundedness properties. Furthermore, the
well-posedness and asymptotic stability of solutions in Marcinkiewicz spaces are studied.
In [7], the authors have shown existence results with small data in a class of Besov—Morrey
spaces. At the same time, self-similar solutions were obtained as well as an asymptotic sta-
bility result was presented. In [50], the authors considered the substitution of the classical
diffusion in the KS-model by a fractional diffusion and they provided the global exis-
tence and self-similarity in critical homogeneous Besov spaces. In the context of Neumann
boundary conditions, a recent work presented results on well-posedness and blow-up in
Lebesgue and Besov spaces (see [21]). The paper [5] concerns the global well-posedness
and the asymptotic behavior of solutions in critical Besov—Herz-type spaces.

Bacteria or microorganisms often live in a viscous fluid. Generally, the motion of the
fluid is governed by the incompressible Navier—Stokes equations. The authors in [6] con-
sidered the KS-model coupled with the Navier—Stokes fluid and they proved the existence
of global mild solutions with the small critical initial data in Besov—Morey spaces. Fur-
thermore, the authors obtained self-similar solutions provided the initial data are homoge-
neous functions with small norms and considering the case of chemical attractant without
degradation rate. They also have shown the asymptotic stability of solutions as the time
goes to infinity and obtained a class of asymptotically self-similar ones. The first chemo-
taxis model under the effect of Navier—Stokes fluid was proposed by Tuval et al. [54]
to describe the dynamics of swimming aerobic bacteria living in an incompressible vis-
cous fluid, which swim toward a higher concentration of oxygen and chemical attractant.
There are a large quantity of literature discussing the standard chemotaxis-fluid system,
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see [14,25,45,55,56] for instance. The paper [37] investigates the KS-model coupled with
the Navier-Stokes fluid and Lévy diffusion in RY, N > 2. The local (resp., global) exis-
tence in Lebesgue space is obtained. In addition, the regularities of local and global mild
solutions are improved in fractional homogeneous Sobolev spaces. Furthermore, mass
conservation, decay estimates, and self-similarity are established.

1.3. Main results

In a very recently article by Bezerra et al. [13] are stated and proved results on local
and global solutions for the fractional-in-time doubly parabolic Keller—Segel system in
a bounded  C RN, N > 2, for « # B. More precisely, the authors obtain results on
existence, uniqueness, continuous dependence on the initial data and its robustness, con-
tinuation, and blow-up alternative of solutions in Lebesgue spaces. They use those results
to show the existence of global solutions to the problem, when the chemoattractant diffu-
sion is not slower than the cell diffusion. So far, Lebesgue spaces are maximal one where
one has proved the existence of mild solutions for the case o« # . We observe that func-
tion spaces have been widely used in various areas of analysis such as harmonic analysis,
and PDEs (see [17,27,28,57] and references therein). In connection with this comment,
the natural step is to extend the results to a wider class of solutions of (1.1).

The main target of this work is to explore Herz solvability to the time-fractional KS-
model with distinct fractional diffusions of the cells and chemoattractant. To the best of
our knowledge, well-posedness and blow-up results for the IVP (1.1) in the setting of
Herz spaces seem not to be available in the previous literature. In many problems, one
encounters quantities that arise naturally and are worth considering, but for which no
exact formula is known. In such case, we can derive approximations for these quanti-
ties when the argument tends to a particular value or infinity. Asymptotic analysis is a
method of describing limiting behavior and a fundamental tool in the exploration of real-
world models. In this paper, we also give a detailed description of the limit behavior of
the solution when the argument tends toward 0. We do not treat here the long-term
dynamics of system (1.1), this topic exceeds the scope of this paper. It is worth observing
that in the case of Lebesgue spaces, in [13], the authors have established the global-in-
time existence of the small-data solution of (1.1), when « # B. Moreover, it satisfies

lu(t) — Eq(t*A)||pe < CI_% forall ¢ > 1, with C > 0 and py > 0 a suitable number.
Most probably, we can obtain a similar result in the weak-Herz spaces setting. We hope
to present results considering long-term dynamics of (1.1) in a future work. Our expec-
tation is that our work will be useful to applied mathematicians who are interested in the
development of the theory of the Keller—Segel models.

In [33], Herz generalized the Beurling algebras in the study of absolutely convergent
Fourier transform. These generalized spaces of functions are just the prototype of Herz
spaces. During the last decades, Herz spaces have attracted many researchers and have
been considered in various aspects, such as in characterizing the properties of functions
and multipliers on the classical Hardy spaces, in regularity theory for elliptic and parabolic
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equations, and in boundedness of many operators of the partial differential equations, Herz
spaces also appear in some versions of classical spaces, such as Hardy—Herz, Sobolev—
Herz, Besov—Herz, Fourier—Herz, and Triebel-Lizorkin—Herz spaces (see [8, 19, 31-33,
52] and references therein). Weak-Herz spaces are spaces of measurable functions that are
defined using a sum of terms involving the functions’ values on different scales. These
spaces have interesting applications in image processing (see [16]). We note that Weak-
Herz spaces contain standard spaces like Lebesgue, Marcinkiewicz, Besov—Morrey, and
Herz spaces and it can be used to generalize Sobolev spaces. Weak-Herz spaces are not
necessarily contained in either Morrey or Besov spaces (see Remark 2.2). In the analysis
of time fractional KS-model the advantage of working in weak-Herz spaces rather than
space as in the usual Besov framework lies in that they are more adapted for estimating
the Mittag—Leffler operators. This work can be considered as a first approximation toward
a systematic study of special solutions for (1.1). In [52], the authors use weak-Herz spaces
to explore mild solutions of the incompressible Navier—Stokes equations. More precisely,
the authors have constructed the solutions in the class L°°(0, T'; WK g,oo) with initial data
in WK .

Assume that p,s,w > 1, r,q € (p,min{s, w}), v;, 0; > 0,i = 1,2, 3. We will study
well-posedness and blow-up of solutions of the IVP (1.1) with initial data [ug, vg] belong-
ing to the homogeneous weak-Herz space WK;}OO X WK,}?OO. Since we need to choose
carefully auxiliary time-weight norm in order to control some estimates associated to the
problem (1.1) on the weak-Herz spaces. We will impose the following requirement.

Condition 1. Suppose that parameters p, ¢, r, s, o, «, 8, 0, vi, i = 1,2, 3, satisfy the
following conditions:

0 T4+Ll<ii+l<n,

w o

N L , Vo1 1 .
(i) NS -1 <min{l, 2}, 5§ - $) <min{l, %},
(i) NG-D<LNG-5<LNG-3 <L

Moreover, we will require that vy, v,, v3, 01, 02, and o3 satisfy the following conditions:
(@) vy <v; <min{N(1 — %) - % 1+ vy}, vy <min{N(1 — é),N(l — %)},
® vs<min{l Y B N1y Ny

w a’

© vi—v3+NE-1y<q,
@ o1 <min{l, 02,03 + E(1 = (v; —v3 + N(E = Ly,

r w
(e) g < o3 <min{l —oy, 5(1 —(v3 + %))}’

O v2—v3+N(G—3) < min{l,z% —1}.

Remark 1.1. The technical conditions play a crucial role in the development of our
results, defining the boundaries within which we can operate. It should be noticed that
when we deal with fractional derivatives, new contraints appear that demand extra care
to keep the assumptions being a nonempty set. More precisely, the presence of condition
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o # B makes the analysis of certain terms more difficult to preserve the existence range
for the parameters when compared with the case « = 8, where such terms would be can-
celed. In fact, since the equations are coupled, then sometimes implicitly, the parameter
B appears in the first equation that is governed by the «-diffusion, and vice versa. It is
worth noticing that at first glance the assumptions may appear very restrictive, e.g., either
the conditions involving « and 8 being too small or w being very large. Note that we can
choose w so that w > N(1 + (% — 1)71), where a > f. Hence, we can choose o and
B in (0, 1) large and the parameter @ not too big (see examples below). To the reader’s
convenience, in Remark 3.3, we develop an empirical algorithm to build some exam-
ples of parameters involved in Condition 1. Now, we provide some examples of physical
parameters.
e N=30=098,8=0,18w=s=4;,p=3,72;r=¢=3,8,v; =0,5,v, =0,02;
vz =0,01; 01 =0,028; 0, = 1; 03 = 01023.
e N=3a0=0,98,=0,75w=5=20;p=5r=q=13,v1 =0,5;v, =0,02;
v3 =0,01;01 =0,5; 0, = 1; 03 = 04094.

We will look at local-in-time solutions [u, v] belonging to the following Fujita—Kato
class:

XT ={[u.v]:17u € C((0.T): WKL),
t7v € C((0.T); WK2,). 1 Vv € C((0.T); WK )}

which is a Banach space endowed with the norm

Nt vlllac, = sup_ ™ @l gon, + sup_ 2[00y g2

0<t<T 0<t<T
+ sup (Z[[Vo)lly g - (1.2)
0<t<T @500

We construct mild solutions for the time fractional KS-model (1.1), such solutions
involve the Mainardi function and the Mittag—Leffler operators. In our approach, we use
the idea that Mittag—Leffler operators are a superposition of heat kernels, and we have
good properties for the Mainardi function. The strategy to construct the solutions is based
on Duhamel’s principle (see (2.3) and (2.4)) together with the Fujita—Kato’s framework,
which consists in constructing a fixed-point argument in the time-dependent space X7 .
Note that the presence of the Mittag—Leffler operators makes the analysis much more
technical and the success of this implementation depends on structural bounds controlling
the behavior of such operators.

The next result provides the well-posedness and asymptotic behavior of solutions to
the initial value problem (1.1) in the framework of weak-Herz spaces.

Theorem 1.2. Let N > 2, and let the exponents «, B, p, ¢, r, S, w, 0, and v;, i = 1,2,3,
be as in Condition 1. Suppose that the initial data [ug, vo] € W Kplso X W Kg%o. There
exists a constant T € (0, 1) such that the problem (1.1) has a unique local mild solution
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[u,v] € XT with the following asymptotic behavior:

lim £t ||u(z o1 =0, 1.3
110+ [Ju( )”WKr,loo (1.3)
lim 72 |v(¢ vy =0, 14
t10+ flv( )”WKS,%O (1.4)

i 193 o —
thr(r)1+t ”VU(I)HWKQ,?OO 0. (1.5)

Moreover, the solutions depend continuously on the initial data.

One of the most important and interesting aspects of the KS-model is the possibility
of blow-up solutions. The literature refers to such blow-up as chemotactic collapse. In
the analysis of problem (1.1) with @ = 8 = 1, extensive efforts have been undertaken to
determinate conditions on the initial data which either guarantee or rule out the chemo-
tactic collapse, see [3,4, 11,24]. The next result is devoted to obtain the continuation of
solution and the blow-up behavior of the continued solution.

Theorem 1.3. Under the hypothesis of Theorem 1.2, assume that [u, v] is the weak-Herz
mild solution obtained through Theorem 1.2, then [u, v] can be uniquely continued up to

maximal time Tiax > T. If Tnax < 400, then either lim sup,_, r— ””([)”WK,”,LO = 00 or

max
limsup, 7 ”VU(I)”WI'(Z,?OQ = o0.

We conclude the introduction by describing the plan of this paper. The Mittag—Leffler
operators associated with the problem (1.1) and the basic properties of weak-Herz spaces
will be reviewed in the Section 2. In this section, we also give some key estimates of
the heat semigroup in the framework of weak-Herz spaces, while Section 3 is dedicated
to the proof of Theorem 1.2, which is achieved thanks to careful Herz estimates coming
from the Mittag—Leffler operators. The paper finishes with Section 4, where the proof of
Theorem 1.3 is given. Throughout this work, the letter C will denote generic positive
constants in the estimates which may vary from line to line or even within the same line.
We denote by ||T'||x—y the operatornormof 7 : X — Y.

2. The basic background: The ingredients

2.1. Weak-Herz spaces

First of all, we remind the reader about the definition and the basic properties of the weak-
Herz spaces. For 1 < p; <00, 1 < ¢y < o0, and v € R. The homogeneous weak-Herz
space WK;,’hql = WK;l’ql (RY) is defined as the set of all measurable functions such
that the following quantity is finite:

I lw &

D141

i .
— { (ZkeZ 2kvan ”f”qupl,w(Ak))ql if g1 < o0,
supgez 27| fllLoroocag) if g1 = oo,
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where Ay = {x € RV : 2¥=1 < |x| < 2%} and L?* denotes the Marcinkiewicz space.

Forv e R, 1 < p; <00, and 1 < g; < oo, the quantity || - ||, g»  defines a norm in
P1-91
WK[‘,’l ¢, and the pair (WK g |l ”Wkﬁl,ql) is a Banach space. Much more details on

the treatment of weak-Herz spaces are given, for example, in the works of [31,32,52] and
references therein.

Remark 2.1. Typical function belonging to WK;,’ is f(X) =2 rez |§ ];VH

= (%2"_1, 0,...,0) € RY and X is the characteristic function of Ay.

Xk (x), where

The next remark contains relation between weak-L?, weak-Herz, Morrey, and Besov
spaces, which can be found in [52]. We use the symbol M; (resp., B;,r) for the homoge-
neous Morrey (resp., Besov) spaces.

Remark 2.2. (i) For 1 < p < 0o, we have the continuous inclusion L? & L & WKI(,’,OO

(11)If1<q<r<ooq<p,andN7év+—thenW o & My.
+N(S-1
(111)If1<p<(7<ooand0<v<N(l—%),thenWKl‘,”oo Bo(o‘; ( ) and
0 NG5
WK "—)BUOO
. v+
(iv)Forl < p<ooand0 <v < N(1 — %), we have WK;‘;,oo BOO(]:,O »)

. v+
(V)Forl<p§ooand0§v§N(1—%),onehasW 1<—>Boo(oo ).

(vi) For 1 < p <0 < oo and —N(% - (17) < v < 0, an embedding WK;‘;},oo —

—(w+NL -1
Bo E:J =) does not hold.
. v+ X
(vii) For 1 < p < oo and —% < v < 0, an embedding WK;‘;},oo — Boo(,‘:,o ») does not

hold.

Let us recall the estimates for the norm of the product of two functions in weak-Herz
spaces (see [52]).

Lemma 2.3. If1 < p 1, p2 <00, 1<¢,q91,92 < o0, and v, B1, B2 € R are such that

1 _ 1 11 1
T e andv—ﬁl—i-ﬂz,then

£y, < Cl Ny Iely s .

where C > 0.

The following two lemmata give the behavior of the heat semigroup G(¢) in homoge-
neous weak-Herz spaces (see [52]).

Lemma24. Forl < p <oco, -5 <u<v<N(l— l) the following inequalities hold:
1l
||G([)”WK,¥,OO—>WK}100 <Ct AL M)’

_1 _
INGO) gy i, = Ct 2070
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Lemma 2.5. Forl < p <o < o0, —% <pu<v<N1- %), the following inequalities
hold:

GO y gy o wke, < Cr30-ntNG=3), @)

VGOl oo < Cr 2 HmtNG=5) 2.2)
W KD 00> W Kl o

2.2. Mittag-Leffler operators

In accordance with Duhamel’s principle, we have the following representation:

t

u(t) = Eq(t*A)ug —/ (t =) 'VE4o((t — 5)*A) V) (s)ds, (2.3)
0
v(t) = Eg(tP (A —y))vo + /0 (t —s)PVEgp((t — )P (A —y)u(s)ds.  (2.4)

The families { Eq (1% A)}rz0, {Ep (1P (A = 7))} 120, {Ea,a(t* A)} 120, and {Eg g (1P (A —
¥))}e>0 are called the Mittag—Leffler operators. One of the crucial observations in the
proof of our results is the following one: we have a mutual connection between Mittag—
Leffler operators and the Mainardi function:

E*8) = [ Mu)G51%)ds.
Eualt*8) = | " s My (s)G(s1%)ds,
Eg(tP 8=y = [ Ma(51Gst)ds.
Egp(t?(A—y) = [O " My ()G (sPds,

where M.(-) is the Mainardi function (see [12]) and Gy (1) = e 'Y G(¢) is the damped heat
semigroup (see [51]). The following classical result plays an important role in obtaining
structural estimates for the Mittag—Leffler operators (see Lemma 3.2).

Proposition 2.6. For —1 < r < oo, the following properties hold:

© r'r+1
My(t) >0 1t >0and "My (t)dt = ————,
W20 foralle=0and [ M0 = £

where T'(+) denotes the Gamma function.

Definition 2.7. Let ug € WK,‘;}OO, Vo € WK;,ZOO, T >0and p,s,w>1with r,q €
(p, min{s, w}). A continuous function [u, v] : (0, T) — WKL, x W Ky, that satisfies
the Duhamel-type integral equations (2.3) and (2.4) is called mild solution to the time-
fractional Keller—Segel model (1.1).
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3. Proof of Theorem 1.2

The first thing we need is the following lemma.

Lemma3.1. Let 1 < p <ooand0 < < N(I1 — l)- then, the families (Eq(t*A));>0,

(Eaa(t*A))i20, (VEqa(t®A))iz0, (Eg(tP (A - YDizo, (VEp (P (A = ¥))iz0, and
(Eg,p (B (A - ¥)))t>o0 are strongly continuous in WKp 0o-

Proof. Let ¢ bein WK 500 taking advantage of the Lemma 2.4, we get that

Sp |G (1) ly gy s, < +00.

>0
For 0 < t; < t,, one sees that
1Ea (13 8)¢ — Ea(t7 D)@y s,
o0
, , o0y ;
< S GOl kv /0 MoGIG (S — )¢ — @l g _ds.
Since the heat semigroup is strongly continuous in W K p.00-> the integrand goes to zero as
t, —> tl . So, applying the Lebesgue’s dominated convergence theorem, the continuity of

map t — E,(t*A)g is guaranteed. Proceeding in an analogous way, the reader can check
the details for the other families. This finishes the proof of Lemma 3.1. ]

We are interested in getting a priori estimates for the Mittag—Leffler operators in weak-
Herz spaces.

Lemma 3.2. The following upper bounds hold:

1Ea(t® M)y g1 w g,

<Ctr 22U - : (3.1)
- -1)
IEg (P (A = yDllw ko, i,
vy TA=3(G =)
<cr 2 Gy ﬁ";\, e (3.2)
(=5 =)
”VEa,a(taA)”WKL;rvs SWEKL,
r+w »00
1 N
PCTI ) Fr2—-3(+vs+3)) 3.3)

F(1+a——(1+V3+—))
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IEgp(tP (A - Y)Ilw g2 —wk?2,
FrQ—3wi—v+NE-1))

< -5 mi—mNG-1) r , (3.4
= L1+ B(1—3v1 =+ NE -1y
IVEg 8P (A = yDllw ko —wits.,
1 1 1
< BN - L)) FGB—Ww1—vs+ NG =) (3.5)
= T+ 50— —vs+ NE = D))
IVES P (A = y)llw gz owits.,
1 1 1
< Ct—%(1+vz—V3+N(é—%)) F(l — E(l TV vst N(a _ E))) (36)

TA—-50+v—v+NE - 1))

Proof. In estimating the WK;’, so-norm of Eq(t*A) f, it is convenient to keep in mind
1_ 1

that r > p, % i +) < 1; from (2.1) and Proposition 2.6, we get the upper bound

o0
B8 gz, = [ MaIGGH) Sy gy ds

This allows us to conclude the proof of (3.1).
To prove (3.2), we apply Lemma 2.5 to obtain

o0
_gtB
IES(0 A=)k, = [ Ma@e™"7IGGH) Sy g, ds

1A T k22,

Since vi +v3 < N(1 + (% + %)), using again Lemma 2.5, we have that

IV Eaat*A) f Iy g,

oo
< Ct—%(1+v3+%)/ otsMa(s)s_%(1+”3+%)dS||f||

WR"L"
0 o >®
1 N
— C[—%(1+v3+%) F(Z — 5(1 +v3+ E)) ”f” ot
F(l+a—%(1+vs+ 2y WEiels

which yields (3.3).
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In order to prove (3.4), we should stress that v — vy + N (% — %) < 1, and thereupon
using (2.1), we get
1Egp " (A=) fllwge,
<cC /000 BsMp(s)(st?) 21722 NG=D ds| £y o

FQ2—301—v2+ NG — 1))

F(1+ B0 —301—v2+NE -1y

By using (2.2) and v; — v3 + N(} — %) < 1, we have that

IV Ep,p(tP (A=) Fllwgon,

1

8 o0
< CrE NG =) / My (S)S%(l—(vl—vs+N(%—£)))ds||f||WK:1
0 , 00

— Cﬂt—g(vl—vz-i-N(%—%))

1/ g,

_ Cl_g(1+v1_v3+N(%_£)) F(%G —(v1—v3+ N(% - %))))
P+ 50— —vs+NE=2))

r [0}

1/ N

hence, we get (3.5).
We now proceed with the proof of (3.6), if we take v, — vz + N(é — %) <1,0<
V3 < vy < N(1— é) and ¢ < w into account and use Lemma 2.5, we get the upper bound

IVESP (A =) fllwges,
—Btvns NG =) [ [T —1a+m-vs+ NG -1y

<Cr 2 R T Mg (s)ds |1/ Iy gz,

ST =40+, —vs+ N(E = L))

FA-20+v,—vs+NE -1y

q w

— b tNG -

1w gz -

This completes the proof. ]

Proof of Theorem 1.2. The proof of Theorem 1.2 subdivides into several parts. Let R be
a positive number and 7' € (0, 1) small enough to be specified below. Define Br[0, R]
as the closed ball in X7 centered in the origin with radius R. Let [u, v] be in B7[0, R],
define ®([u, v]) by

O([u, v]) = [e1([u, v]), @2 ([u, v])], (3.7

where
o1 ([ v]) (1) = Eq(t*A)ug — [0 (= Y Bt — 5 A) Vo) ()ds.
whereas
o2 ([u, V(1) = Eg(tP (A —y))vo + /0 - P Ep (1 = 9)P (A = y))uls)ds.

The next step in our analysis will be to prove that ® is well defined.
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e Let [u,v] bein B7[0, R] and ¢ € (0, T'). Using (3.3), Lemma 2.3, and the fact that
0<v3<l1-— % and that o1 4+ 03 < 1, one might obtain the following estimate:

/ t(z — )WV Eqo((t —$)*A)(uVv)(s)ds
0

WKL
t

= [ =9 N (€ = 9 D)V 6) iy 1, d
) |

ds

>Vt
WKL,

r+w >

F(%G — (v + %))) ! N TR A
HH%U—M+%WAU 9 Vo))l
FGO=3+3)) [ ety . ,
Fa+yL%%+%m[jzs> ()l e 10y 2o ds
FGG-s+ ) ( ' C(1—(3+X))—1 —(01+03) )
)3 3+ 1+03) 4
HH%U—%+%mLAUS) ' '

x sup (7 u®)llygr sup (VO o
0<t<T U 0<t<T :

1 N
FGB= s +3)) ¢ 5 1=3+ ) —(01+03)
P+ 50 = @3 +{))

xB(l—@n+«u»§(1—(w-%g)))vam§p (3:8)

where B is the Euler-Beta function. If we combine inequalities (3.1) and (3.8), we see that
1|1 ([, v)) (@) |y g 7 € (0. T), is bounded by

_aN(1_1 rda- % %_ %))
’ lolly g,
2) !

L(3G— (s + )
P+ §(1= (3 + §))

xB(l — (01 + 03), %(1 - (v3 + %)))

We will choose T so small to guarantee that

+ CR2T$0-(3+ ()03

and
rGE-ws+ Yy
I+ 21— (s + X))

o N 1
XB(I — (01 +O'3), 5(1 — (V3 + E))) < 6_R

C 75 (1=s+))—03
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From all this, we obtain at once

R
sup 1% flor (. DOl g, < 5 (3.9)
0<t<T ’

Let ¢ be in [0, T), using (3.4), and the fact that oy < 1 and 3(v; —v2 + N(1 — 1)) <1,
we can infer that

‘ /0 (= P Ep (1 — )P (A — y)u(s)ds

Svo
Ks,oo

§AU—Q&W%ﬁW—ﬂﬁA—wW@MW&“

FQ2—301—v2+ NG - 1))

r N

=< C 1 1 1
ra+p1—3vi—v2+ NG —75))

t
X/ (t_S)ﬁ(l—%(vl—vz+N(%—%)))—1”u(S)HWK:l ds
0 ,00

1 1 1
re- 5("11 — v+ NG - E))z BU=L 01—+ N (=L))o,
LA+ —3vi—v2+ NG —5))

(T L) ) T T

In view of (3.2), (3.10) and recalling that ‘BTN(% — %) < 0y < 01, we can achieve that

sup 1% [lgz([u. v (D)l g2,

0<t<T

||Uo||WK;’2c>o

F@—Lw—vs+ NE - 1))

r S

T+ (=501 —v2a+ NG — 7))

ar-as(- 4o (-1)

Next, we may even choose 7' > 0 small enough so that

1_1

+ CR Tﬁ(l—%(V1—V2+N(;—§)))+02—01

N 1 1
CTUl_ﬂTN L ra-= 5—;)) 1ol s < R
WK,
ra-58G-1) w6

and

C Tﬂ(l—%(vl—v2+N(%—§)))+Uz—61

FQ2—301—v+ NG - 1)
1+ B =50 —v2+ NG — 1))

r S

1 11 1
en(1-onn(1- (e v (1)) <
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this enables us to infer that

R
sup 1| lga(at. V(D) g2z, < 5 (3.11)
0<t<T ’

Lett be in (0, T'), using (3.5), the fact that o; < 1 and v; — v3 + N(} — %) < 1, we can
infer the following estimate:

/t(z — )PV ER g((t — )P (A = p))u(s)ds
0

WKy oo
t
sﬁa—n“wvmﬁm—n%A—mm@me%m

FGB— (i —vi+ NG —3))

r w

T+ — @i —vs+ N =Ly

r

t
X/ (1 — 5) 2 A= @1=v+ NG =51 =01 g ¢
0

I[[oe. V]l

< bt NG— 2o PGB =1 v + NG =)
L1+ 51— @1 =vs + N(E = )

r w

X B(l — o1, g(l — (v1 —v3 + N(% — %))))H[u, V]| 57 (3.12)

By applying (3.6), (3.12), (c) and (f) of Condition 1, we, therefore, get the estimate

sup 17| Vo ([u, v)) () gy g
0<t<T ’

1y D= s+ =3+ NG = 3))
P-4 +v-v+NE -3
F(33— (1 —vi+ NG - 1))

TA+20 - —vs+ N2 - Ly

7

xB(1-o0 B 1—(vi—vs+ N 11 75 0-01-v3+ NG = )+os—01
2 roow

Once again, it is convenient to choose 7" > 0 so small that

L))F(l_%(l+v2_v3+N($_%))) R
D—— Dy g, < X
FA-50+v2—v3+ NG —3)) ve 6

i - 1_
< o2 (st Ivollw k2.,

B
CTU377(1+1}27V3+N(57

and

CT -t NCE— ) ron—or LGB =01 —vs + NG =)
L+ 51— 1 —vs + N(E = 5)))

r w

oo frowen (1)) <
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All this enables us to conclude that

SuPTlU3 IV@2 ([, oD@y g3, < (3.13)

o<t<

5.
It follows at once from (3.9), (3.11), and (3.13) that
[®([u, vl xr < R.

e Continuing our analysis, we will prove that t%1¢;([u, v]) € C((0, T); WK}’}XJ ,
125 ([u, v]) € C((0, T); WK%, and 13V, ([u, v]) € C((0, T); WK} o). Let 0 <
1 < t, the next inequality will be our starting point for the argument which follows

15" o1 ([t v (22) = 17" o1 ([t W) (1)l g,

R _
=3h et =o'+ 17 | Eaty A)uo — Eo (17 A)uolly g

1
171 [ =9 Y (62 = 9 D)V 0)5) ]y 1, 5

1
31
et [l =Y Bt~ 70
. (lz _ S)a_IVEa,a((tz _ s)"‘A)(MVU)(S)“WK,”},O)dS (314)

We derive from the strong continuity of the Mittag—Leffler family (Eq(t*A)):>0 (see
Lemma 3.1) that the second term on the right-hand side of (3.14) goes to zero f, — t1+ .
The third term on the right-hand side of (3.14) is estimated as follows:

1
[ 2= 9 N B2 = 9 BT 015y 1,5
151

L(33—(vs+ )
L1+ §(1= (3 + )

123
“ / (62— $) 3= FD () [y o [V0(5) g dls
131 ' ’

rG-ms+24))
L1+ 51 =3+ 2))

1

X/z (1 _S)%(I*(Vfr%))*lsfffl*Gsds’
3%
n

s 2(1-(3+Y))—0i—03
[, v]lI5rty v

which in turn implies that the third term on the right-hand side of (3.14) converges to
Zero as tp — 7,‘1‘Ir . We seek now an upper bound for the fourth term on the right-hand side
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of (3.14) that converges to zero as t, — t1+ :

/0 1 = 9%V Ega(11 — )% A) (Vo) s)

— (12 = 5)* 7'V Eqa((t2 = $)* D) V) (5) lly g ds
< /0 1(t1 — ) (VEaa((t1 = 5)*A) = VEqo((t2 = )" M) V) () ||y g21_ds

51
+ C [, o]l 5r /O (01— )27 = (12 — )% (11 — )" FAHFR oy,
(3.15)
Recalling 5(1 + v3 + %) <1,v3+ % < 1 and that o7 + 03 < 1. We reach the con-
clusion that the integrand of the first (resp., second) term on the right-hand side of (3.15)
is dominated by the integrable function 2C [|[u, v]||5.7 (t1 — 5)" 5 AHVs+ ) g=01=03 (regp.
2C(t — s)%(l_(”3+%))_1s_‘71 ~93), Taking advantage of the WIC’, so-Strong continuity of
(VEq4 o (t*A))s>0 and the Lebesgue dominated convergence theorem, we deduce that the
first (resp., second) term on the right-hand side of (3.15) goes to zero as t, — t1+ . Hence,
we have reached that the fourth term on the right-hand side of (3.14) goes to zero as
t, —> t1+ , from which the continuity of z°1¢; (u, v) follows.

We will see that
172a([u,v]) € C((0. T); WK2).

Let 0 < #; < t,, we have that
£ @2l (. v)1(12) — 172 @2, It Iy 2,

R _
< 30 7 =i i Ep (15 (A — y)vo — Eu (A= y)volly gz,
15}
+ 1 / (ty—5)P 7V Egp((t2 — 5)P (A — YUy gz ds
11 ’
31
+ 172 fo (12 =P Ep (12 = )P (A = y)ucs)
— Eﬁ,ﬁ (t1 — S)B (A — V))”(S)HWK;%,OdS

5]
+ r{’z[o (12 = )P 71 = (11 = )P Ep g (11 = )P (A = y)u(s)llyy gz, d-
(3.16)

From the strong continuity of the Mittag—Leffler family (£ (B (A —y))) >0 (see Lem-
ma 3.1), the second term, on the right-hand side of (3.16), goes to zero as t, — t1+ . Next,
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we determine an upper bound for the third term on the right-hand side of (3.16):

5]
[ = B = 9P (8 = )y, d

FTA=301 =24+ NG —1) ULt NO—1y))0;

T+ B0 -1 —v+ NE =12

< Cll[u, o]l xr

1_1

1

X / (1 — )P A2 0102NG =101 (3.17)
n
5]

Therefore, by virtue of o7 < 1 and %(vl —v+N (% - %)) < 1, one deduces that the inte-
grand on the right-hand side of (3.17) is integrable. Consequently, we reach the conclusion
that (3.17) goes to zero as t, — ll+ , thus, we obtain that the third term, on the right-hand
side of (3.16), goes to zero as t, — tl+. Since (Eg,g (B (A — y)))s>0 is strongly continu-

ous and the integrand of the fourth term on the right-hand side of (3.16) is dominated by
the integrable function C(t; — 5)B1=201=2+NG=9)=13-01 where C > 0 is an appro-
priate constant. We therefore get that the fourth term on the right-hand side of (3.16) goes
to zero as t, — t1+ . The integrand of the fifth term on the right-hand side of (3.16) goes
to zero as t, — t1+ and also notice that this term is dominated by the integrable func-
tion C(t; — s)ﬂ“*%(”‘"’2+N(%7%)))7137"1 , one then concludes that the fifth term on the
right-hand side of (3.16) goes to zero as 1, — tl"r . Next, we will see that 172V, (u, v) is

a continuous function. Let 0 < #; < t,, we have that
165 Vo ([ VD) (22) — (7 Ve (ot v (1)l s

R _
< S =117 + P IVES (15 (A = y)vo = VEs (] (A = y)volly g2,
5]
1 [ = 9P IVEp (2 = (B = )y
131 ’

i /0 (2= VP IV Ep (02— )P (A = )u(s)
— VEg (11 = )P (A = y)u(s)ly g ds

5]
+ 17 /0 (62 = )P~ = (11 = )P IV Eg 5 (01 = )P (A = p)u(s)lyy g2, ds-
(3.18)

The second and fourth terms on the right-hand side of (3.18) go to zero as t, — tl‘|r
as a consequence of the strong continuity of the families (VEg (B (A - ¥)))t>0 and
(VEgpg (B (A - ¥)))t>0, respectively. We have that the third term on the right-hand side
of (3.18) is dominated by

B (—(vi—vy - N(L— Lo [ B (1—(pr— 11y
th’3t22( (v1—v2 (r w))) o1 l (1_3)7(1 (2 V3+N(r w))) 1S01ds—>0 astz_)ll-‘r'
s
]
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The fifth term on the right-hand side of (3.18) goes to zero as t, — t1+ because the inte-
grand of such term goes to zero and it is dominated by the integrable function C(¢; —

s)g(l—("l—”ﬁN(%—i)))—l. Therefore, the function 173V, ([u, v]) : (0, T) — WK} o is
continuous. It is not difficult to see, from the proof of the previous step, that ®([u, v]) €
C((0,T); WKL) x C((0,T); WK;%).

e Next, we will show that ® is a contraction in By [0, R]. Let [u1, v1] and [u5, v2] be
in By [0, R], let us observe now that using (3.3), we get the following estimate:

17 o1 (1. v (@) — @1 (w2 V2D @)y g1,

re-i(1+vs+ 24y

Fl+a—-51+vs+ %))

t
a(1— Nyy_
x/ (t =) 20D (g () |y g IV (01 = 02) () gy 23
| : ,

+ @1 —u2) )l g2 1 (Vo2) )l g )ds
re-1a+vs+ 4y
P +a—%(1+v;+ )

t
< (/ (t — s)%‘(1—(v3+1¥))—1s‘("1+"3)ds) (w1 —uz,vi — v2]llx7
0

re-11+vs+ 24y (_ g(_( ﬁ)))
§2CRF(1+01—%(1+U3+%))B 1 (01+03),2 1 v3+w

X l%(l_(v3+%))_a3||[ul —uz, vy — V2]l x7, (3.19)

< Ct%!

< 2CRt!

according to 5 (1 — (v3 + %)) — 03 > 0 and choosing T € R¥ so that
0 < T%(l—(vﬁ-%))—tfs

3 F(l+a—5(1+vs+ )
8CRT(2— 5(1 + v+ )B(1 — (01 + 03), §(1 — (v3 + )

Because of a priori bound (3.19), we get the following inequality:

1
SUPTIG1 lpr(fur, viD)(@) = @1 (2, 2D Oy g1, < Z”[ul —uz,v1 — V][ x7. (3.20)

o<t<

On the other hand, we have the following string of inequalities:
12 o2 ([ur, viD (@) — @2([uz, 2D Ol g2,

=07 [ =9 g p =5 (A = 7)1 () = 26Dy gy

FQ2—301=v2+ NG =)

r S

= L1+ B(1—301—v2+ NE -1y
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t
“ (,02/ (t _S)ﬁ(l—;(vl—vz+N(}—;)))—1s—mds)
0

X |[[ur —uz,v1 — va]|l g7
re—1vi—n+NE-1y)

r s

P14+ B0 —301—va+ N - 1))

e(1=enp(1=2(w—en(1-1))))

x lﬂ(l—%(V1—V2+N(%—%)))+02—01 U1 —uaz, v — v2]|| T (3.21)
Taking advantage of %(vl —vy + N(% - %)) < 1, 02 > o1 and choosing T > 0 so that

Tﬂ(l—%(Vl—v2+N(%—sl)))+02—01

- L1+ B =3 —v+ NE -1y
ACT2 -2 —v2+ NE - H)B(I—01. 1= (v —v2 + N2 = 1))’

r s

we obtain, directly from (3.21), the following estimate:
1
sup 17 |l@a([ur, vi])(t) — @([u2, V2Ol gr2. < — 1 — U2, v — v2]llr. (3.22)
o<t<T $:00 4

Finally, we can prove that

1% Vea([ur, v1])(t) — Voo ([u, Uz])(t)”WKS”’%O
FrGB—@i—vs+NE -1y
P+ -0 —vs+NE =1

a1 o (- n(2-1)

x 15 =010+ NG = +os=o1 |,

— Uz, V1 — U2]||xT~ (3.23)

Its passage can be obtained in quite an analogous way to the preceding argument. Com-
bining the conditions v; — v3 + N(% — %) <l,01 <03+ g(l —(v1—vs+ N(% — %)))
and choosing 7' > 0, we get

750-01—v3+NE- L)) +os—o

w

3 T+ 20— —vs+ NG =Ly
4CTAB = —v3+ N = Ly)B(1 =01, B(1 = (1 —v3 + N2 = Lyy))

We derive, directly from (3.23), that

1
sup 17 Voo ([ur, viD) (1) = Voo ([uz, v2D Oy s < b — 2. v —vallixr
0<t<T ’
(3.24)
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We can therefore assert from (3.20), (3.22), and (3.24) the following estimate:

3
(1, v1]) — P([uz, vaD 7 < Z||[M1 — Uz, v1 — V2]l xr, (3.25)

for every [u;, vi] € Bxr[0, R],i = 1,2. Notice that the contraction principle implies the
existence of a unique fixed-point [u, v] in Byr [0, R]. Moreover, we have that [u, v] €
C((0,T); WK} ko) x C((0, T); W Ki%).

e Next, we look at the asymptotic profiles of the solution [u, v] which are given
by (1.3), (1.4), and (1.5). We have the following estimate:

o rqa-&4@a_1
() g, < e~ FGH 025 77

I3 —(:+ )
L1+ 51— s+ )

X B(l — (01 + 03), %(1 - (V3 + %)))H[u, U]”gCT

If we use % % — %) < o7 and the fact that 03 < 5(1 — (v3 + %)), we have that (1.3)

holds. On the other hand, we get

+Ct 2(1-(3+LX))—03

02 b
2 o)y g2,

N (1 1
BN (1_1 F( — 2\~ ‘))
<Cto 2 G 57 g |l g2
— N WKy
ra-5G -9 ‘

1 1 1
+ Ui tNE= oo LC =301 =v2 + NG~ 5))
L1+ B(1—3v1 =+ NE -1y

(1o (v 8(E ) i
.

It is important to observe that ’STN(% — %) < 03,01 < 05 and %(vl -+ NG-9)<l,
thus, we conclude that (1.4) holds.
Note that (1.5) follows from the following upper bound:

12V lly g,

y D=3 +v2—vs+ N =)
FA—51+v—vs+ NG =2

FrGGB—(1—vs+NE -1y

FA+20 - —vi+NE =1y

r w

xB(l . g(l - (vl Cvst N(l - %))))H[M,U]HXT-

< CtU3—%(l+U2—V3+N(é—%

lvolly 22,

1 Ot 51— NG =) +os—o1
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The next step in our analysis will be to prove that the mild solution of (1.1) is unique
in X7 In fact, if [i1, 5] € X7 is a mild solution of (1.1), we may take 0 < 7 < T such
that

I, ol ¢ < R.

Then, by uniqueness in B xT [0, R], we see that
[u(@),v(@)] = [u@),v()]

for all ¢ € [0, T]. Let us set

R:= max{ sup [01||L_’([)||WI'(,”1,0’ sup t"2||13(t)||Wst%’o, sup t”3||Vﬁ(t)||WK;3°o}.
0<t<T Uoo<t<T Uo0<t<T ’

We have the following estimates:

o1 _ = .v
7 Ju(@) = u (@) lly g,

<t /; (t — $)* YV Eqo((t —$)*A)((u — @) Vv + V(v — ﬁ))(s)”WK,“},ods

_1 N t
<c re—-s1+vs+ w)13, / (1 — 5)80-0s )1
F(1+(X—%(1+V3+5)) T

x(lu(s) = ()l g2 1T gos. + 176 gor [V = 5y s )ds

_1 N t
<Ct°" (R + E) F2—3(0+vs+ W)sz / (t _s)%(lf(v3+%))*lsfolfo3
Fl+a—-51+v3+5))JT

X (sU1 lu(s) — 'Z(S)HWK;’}OO + 52| V(v — 5)(s)||WK,‘;%OQ)dS

re-1i+v;+ 24y
F(l+a—21+v;+ 2y

<C(R + R)TO1T 91793

t
x[_(t—s)%ﬂ—(vﬁ%))—l(sm||u(s)—a(s)||WKw +52V(=0)(s) |l gvs_)ds.
T r,00 w,o00
(3.26)

Furthermore, we have that

12 Vo(t) = Vo@)lly g

t
< ztfs[T(t — )P VE p((r — )P (A = y))(u(s) — ()l g2p, ds

P33 =1 —vi+ NG —3))

< CTU3T—01
(1l + %(1 —(i—vs+NE =1y

t
B
x /T (t — 5)2 A= O1v3 NG =)~ on lu(s) = (s) ly g ds. (3.27)
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From (3.26) and (3.27), we infer that

E(r) < /tb(t —s)E(s)ds, T<t<T,
T
where

§(1) = 17 Ju(t) —u @y g, + 171V =0)Olly g,

1

b(t) = Cr50-s+EN-1 L G 50-(i-vs+NG—5)-1

rQ—3+v;+y
P +a—501+vs+ )

TG =i —vs+ N =Ly
T+ 80— —vs+ N =1y

r

C =C(R+ R)TO'T 01795

+CTo T

With the knowledge of a generalization of Gronwall’s lemma (see [2]), we deduce that
u = u in (0, T'). Consequently, we easily reach the conclusion that v = v in (0, 7). This
completes the uniqueness of the solution of (1.1).

e In order to obtain the continuous dependence, we can proceed similarly to the
contraction step. We commence by assuming that [ug, vg] (respectively, [ig, Uo]) be in
WK 1‘,’}00 X WK;?OO; then, there is a time 77 > O (respectively, 7> > 0) such that the prob-
lem (1.1) has a unique mild solution [u, v] in X' (respectively, [i, 0] in X 72) with initial
data [ug, vo] (respectively, [ilg, Dg]). Next, we will take 0 < T < min{T}, T»}. We have
the following a priori estimates:

10| Eq(t* A)(uo — o)l gr1,

alN (L_1) F(l_% l_%))
P

lluo —tolly g2, (3.28)

IV Eoo((t = $)* M) ((u =) Vo 4+ 2V (v = 0)) ()l g1

re-i1+vs+ 24y
P +a—%(1+v;+ )

<C(t— S)—%(l+v3+%)

x () =)y g NV gy g, + 1Sy g VO =) ) g,

re-i1+vs+ 24y
Tl +a—21+v;+ Yy

a N
< CR(1 —s)~ 2 (Hvtw)gmor=os I =2, v = o]l 7

(3.29)

Let ¢ be in (0, T), and let us now turn our attention toward estimating the WIC), L
norm of u(t) — #(¢). From the a priori bounds (3.28) and (3.29) and with the knowledge
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that £+ "‘N (— — —) <opandoz < 5(1 —(v3 + )) we infer that

o1 Y] .
£ () = @0y g,

_aN1_1 2\p
<Cco 2 G llo — ol o1
WK
I — v - %)) e

re-i1+vs+ 24y

+ Ct°'R ¥
F(l+a—2(1+vs+ L))

t
X/ (¢ —$)FA=C3 D=1 0103 4| [y — i1, v — 5] o7
0

_aN¢1_ 1 2 \p —
<ct 2 G luo —wolly g
ra -l - ) P

re—L1+vs+ 2y
Tl +a—2(1+v+5)

xB(l — (o +os>,§(1 - (v3 + 5)))||[u v — Olllr

ra-4¢ -1

+ CRI%(I_(V3+%))_U3

<CTO TG 2P luo — ol
WK, 00
T =G =) "

re-ia+vs+ 4y
T(l+a—2(1+v;+ )

xB(l @ +a3),§(1 - (v3 + %)))n[u il

Taking T > 0 so that

+ CRT%(I—(VH-%))—@

aN 1 _ 1
71— (5=7) 2°p 1
N o)

and

FQ—3(1+vs+ %))
F(l+a—%(1+v;+ 2y

XB(l — (0'1 +O3), %(1 — (U3 + g))) < %,

1 _ _
sup 1% [lu(t) —u ()l g1, < Cllwo — ol g1, + Il =it v =0 xr.
0<t<T

CRT 50~ +5)-03

we derive that

421

(3.30)
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On the other hand, we have that

02 _n .
172 |v(@) =@y gz,

_BN(1_1 2 _
=Ci”7> () BN q] S] lvo — Uo“wf(;’?oo
P =5G 5

FQ2—301=v2+ NG =)
T(1+ B =301 —v2+ NG =)

r N

+ Ct™?

t
x/ (t — $)PA=2 0102 A NG=ID=1 3y (5) — i (5) |y go_dls
0 00

_ N1
cor-2a-n Ta=3G =5)

lvo — v0||WI'(“,2

1 1 1
4 CBO—ermANCE =yt TC =301 =v2 + NG = 5))
L1+ B(1—30v1 -+ NE -1y

r N
1 1 1
xB(l—01,,3(1——(1)1—V2+N(———))))”[u—ﬁ,v—ﬁ]”xT
2 ros
vy TA=5(G =) _
<CT 2 (G—5) ﬂiv ‘11 Sl ”UO_UOHWK;%,O
M= =5 ’

F2—31vi—v2+ NG —1))
M1+ (1 -1 —v2+ NE -1y

r s

xB(l —01,5(1 - %(vl —vs +N(% - é))))”[u—ﬁ,v—ﬁ]”xr.

Choosing T > 0 so that

+C Tﬁ(l—%(vl—v2+N(%—%)))+02—01

and

1 1 1
CTBU=E0=r4 NG =)oy L= 301 =12+ NG — 7))
L1+ B(1—301—v2+ NE -1y

s(i-ong(i-domen (D)) <

The last inequalities imply that

_ _ 1 _ _
sup_ 172 [0(1) = 5(1) s, = Clvo = Tolly gy, + 7w = v =l (33D
0<t<T ’ ’
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We can prove that

5190 = D)y g2
< CTUs—%(1+v2—v3+N(%—L)) ra- 2(1 T2V N(_ — _)))
N F(l— (1+VZ—U3+N(———)))
L)) +03-01 F( B—(1—vs+ N(‘ - _))))
TA+50 - —vs+NE - Ly

xB(1 o, ’3(1 - (vl e +N(; - %))))n[u—a,v—v]nxr.

Choosing T > 0 so that

oo — Golly g2z,

LT 500N G -

,Ta —-1a +v2—v3+N(l 1)))

T0'3—5(1+V2 I)3+N(l
PA—50+v—vs+ NG - —)))

and

C 7 40a-01-vs+N(E= L)) +03—01 PGB =1 =3+ NG —3))
FA+50 - —vs+NE =1y

- - (oo (- 1)) <

gives the upper bound
1 _ _
sup 1%%||V(v — v)(t)||WKv3 < Cllvp — UOHWK;ZOO + le[u —u, v — V]| gr. (3.32)
0<t<T ’

We then get from (3.30), (3.31) together with (3.32) that
ot =i v = llacr < C (= ol g + w0 = Tolly g22.)-

that is, the solution depends continuously on the initial data. The proof of Theorem 1.2 is
concluded. ]

Remark 3.3 (Parameter generation information). We show an empirical algorithm to gen-
erate some examples of parameters involved in Condition 1. Let o and 8 be in (0, 1) so
that « > . Take w = s so that w > N(1 + (g — 1)~1). We can choose r = ¢ so that
(5 - D(x —2) 7' <g <, then B(1 + N(1 1)) <a(1 — &), Among the possible
candidates for parameters v/s, i = 1,2,3, we ﬁrst look for those that satisfy the following

propery: B -8, _« N\ 8B 11
T () R (R P )
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Then, we select those v;’s that satisfy (a), (b), and (c) of Condition 1. Now, we choose
o3 € (0, B) so that

é(1)1—1)3—’-1—i—]\7(l—l))<O'3<g(1—(l)3,—i-ﬁ)).
2 q o 2 w

Next, we consider 07,07 and p such that 0 < 07 < min{e, 1 — %, 1 —o03,0,},00 >  and
p> (} + %)_1. Using our algorithm, we obtain the following set of parameters.
e N=4a=09p=028p=8r=qg=36w=s=37v =1 =0,006;

vz = 0,00059; 01 =0,4; 0, = 1,03 = 0,401125.

4. Proof of Theorem 1.3

Given a mild solution [u, v] : [0, T] — W KL, x W Ky%, of (1.1), let us consider T > T.
We say that [it, 7] : [0, T] — W Kp x WK}%, is a continuation of [u, v] if [i, 7] is a
mild solution and u(¢) = (z), v(t) = v(¢) whenever ¢ € [0, T].

Proof of Theorem 1.3. (Continuation of the solution). Let us assume that [u, v] : [0, T] —
W K;L x W K%, is the solution given by Theorem 1.2. Consider now T > T and we
define the following complete metric space:

g = {[ﬁ,ﬁ] e XT : [, 0] = [u,v]in [0.T], sup_[[i(t) —u(T)y g, < R,

T<t<T
sup o) — U(T)”WKSV%O <R, sup Vi(t) — VU(T)”WK:POO < E},
T<t<T ’ T<t<T ’

equipped by || - [| .7 (see (1.2)). We define @ = (¢1,¢2) : § — § by (3.7).

e We will prove that ® is well defined. Given [i, 0] € &, by arguing exactly as in the
proof of Theorem 1.2, we can prove that 1% ¢; ([it, v]) € C((0, T); WK;’,IOO), t%2¢,([u,v]) €
C((0,T); WK;’,ZOO), t93V o, ([it, v]) € C((0,T); WKZ,%OO). Moreover, it is easily checked
that

®([it, v])(t) = [u,v](t) foreveryt € [0, T].

For T <t < T, the difference ¢, ([it, v])(¢) — u(T) (respectively, @, ([it, ¥])(¢) — v(T))
can be decomposed as follows:

e1([u, 0])(1) —u(T) = Eq(t* A)ug — Eo(T* A)ug
T
- / ((t = )%V Equ (£ — $)* M) @V 0) (s)
0
—(T —5)* '"VEquo((T —5)*A)uVv)(s))ds

- /t(r —5)* WV Eq o ((t —$)*A)@VD)(s)ds, .1
T
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respectively,
¢ (i1, 9)) (1) = v(T) = Eg(t# (A = y))vo — Eg(T# (A = y))vo
+ /0 T((f — )P Ep p((t — )P (A = y)u(s)
—(T =)' Ep p (T — )P (A —y))u(s))ds

+ /t(z — )PV Eg g ((t — 5)P (A — y))ii(s)ds. 4.2)
T

Let us keep in mind that v; < N(1 — }) (respectively, v, < N(1 — %)). By Lemma 3.1, we
note that the first term on the right-hand side of representation (4.1) (respectively, (4.2))
goes to zero in the W K}%o-norm (respectively, W Ky%,-norm) as ¢ — T+. On the other
hand, by the Lebesgue dominated convergence theorem, one deduces that the second term
on the right-hand side of (4.1) (respectively, (4.2)) goes to zero as t — T . Furthermore,
we have the following upper estimates:

t
[ = N Bt = YTy 1,

_CT@ = 301 4 va + DR+ Dl g )R + 170Dy )
S = s+ NP+ 51— (3 + 7))

7\ 0=t )
x(l——) -0, ast—>TT,

respectively,

t
[ =B =5V = i)y, ds

CT(1 =31 =v2+ NG = DNR+ [u(@)llygn.)

N

=T+ A~ 201 —va + NG = DDA~ 301 — v + N(E— 1))

s r A

x (t — T)ﬂ(l_%(”‘_"“'N(%_%))) —0, ast—>TT.

Therefore, we can take 7 so close to T’ such that
sup g1 ([ (1) —u(T) |y gn < R,
T<t<T '

respectively,

sup_[le2([i2, 0D (1) — v(D)lly gra, < R.
T<t<T

In a similar fashion, we get the upper bound

sup_[| V([ 51)(1) = Vo(T) |y s < R.
T<t<T

Notice that this implies that ® is well defined.
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e We will prove th_at ® is a contraction. We proceed as follows: let [i;, ;] be in G,
i =1,2,for0 <t < T, we have the following string of inequalities:
o1 ([i1, v1]) () — @1 ([12, 52])(’)”WK,”}°O
r@—z0+vs+3)) /t(z _ 5)30-0a+ -1 010
Fl+a—%10+vs+ X)) Jo
X (s 1 (5) g 57 IV B1 = 52) ()l g2
+ 5O = @2)($) g, s (V) (5) 23 )
P2 =31 +v3+ B = (01 +03). §(1 = (v3 + 7))
F(l+a—%(1+v3+ %)
X (T (R u(T) ly goa )+ T R4 (VYD) g2 ) Nlin —it. 51— 2]l 7

< Ct%(l_(‘)3+%))—01—03

Choosing T > 0 so that

CT%(I_(V3+%))_G3 re- %(1 +v3+ %))B(] — (01 +03), (1 —(v3 + %)))
T +a—%(1+vs;+ )

< (TR 4+ (Dl o) + T R4 ITDDllyss ) < 7

we, therefore, have

o o I, _ - _
sup % l@1([1, 01]) (1) — @1 ([it2, L) (O Nl g1 < Z||[M1 — U, U1 — Va]llge7. (4.3)
0<t<T ’

Continuing our analysis likewise, one may prove that

12 2 ([, 11D@) — @2([i2, V2D (O |y g2,
< Ctﬂ(l—%(Vl—v2+N(%—%)))+02—U1

L= — v+ N = H)B(I =01 (1 =301 =12 + N = 1))

r S r S

P(1+ B0 =301 —va+ NG - 1))

r S

X |1 — 2, V1 — V2]l 7+

By invoking %(vl — vy + N(% — %)) < 1,05 > o1 and choosing 7 > 0 so that

fﬁ(lf%(vl*szrN(%*%)))ﬂTz*m

(14— 501 —v2+ NG =)

r N

AT =L, - T_1 - P I_1y))
s —v2+ NGz —5))B( =01, (1 = 5(vi —v2+ N(; — 7))

we immediately get

o o | - o _
sup 1% |lg2([it1, 01]) (1) — @2 (lit2, L2D)(O) [l g2, = Z||[M1 — Uz, U1 — V2| g7 (4.4)
0<t<T ’
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We can prove also that

- _ Lo
sup 17V ([it1. 01])(1) — Vo [tz 22D @)y g2, < gl =iz 01 — Vo]l 7

0<t<T
4.5)
With the help of bounds (4.3), (4.4), and (4.5), we have that P is a %-contraction. Hence, it
has a fixed point [i, v] in §, which is a continuation of [u, v]. By using the same argument
as in Theorem 1.2, we can establish the uniqueness of continuation.
¢ (Blow-up) We next concentrate our attention on proving the blow-up. We will reason
by contradiction. Suppose that T,,x < +o00o and that there exists a constant X > 0 such
that ”u(t)”WKrv‘oo <K, ||Vv(t)||WK:)3oo < K forallt € [a, Tha) witha > 0.

We consider a sequence of positive real numbers t, — T, . Let us show that (u(t,)),
v

and (Vv(t,)), are Cauchy sequences in WK,,‘OO, and WK:,%OO, respectively. Indeed, for
0 <ty <ty < Tmax, wWe see that the differences u(t,) — u(ty,) and v(z,) — v(¢,,) can be
written as follows:

u(tn) —u(tm) = Ea(l;?A)UO - Ea(ff;A)uo
- [tm ((tn - S)a_IVEa,a(([n —5)*A)
0
— (Tomax — )* ' VEq o ((Trmax — $)*A)) V) (s)ds
[t =9V Bt = 9°)
0
— (Tmax — ) ' VEqo((Tmax — $)*A)) (uVv)(s)ds

- /t” (th — s)"‘_IVEa,a((tn —$)*A)uVv)(s)ds (4.6)
tm

and
V(tn) = v(tm) = Ep(tf (A —y))vo — Eg(th (A —y))vo
- /0 " ((tm = )P Ep g ((tm — )P (A = 1))
— (Toax = )P 7 Eg g (Toax — )P (A = y)))u(s)ds
+ /Otm ((tn = )P Eg p((tn — )P (A —y))
— (Toax = )P 7 Eg g (Toax — )P (A = y)))u(s)ds

tn
+ / (ta — )PV Eg g ((tn — $)P (A = p))u(s)ds. 4.7)
tm
Employing the strong continuity of Mittag—Leffler families (Eq(t* A))¢>0, (Ep (B (A -
Y))i=o0, (Eg,g (B (A - ¥Y)))e=0 and (V Ey o (t*A))s>0 and the Lebesgue dominated con-
vergence theorem, we infer that the first three terms on the right-hand side of (4.6) and (4.7)
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go to zero. On the other hand, we have that

/tn (tn = )"V Eqo((tn — $)*A) (uVv)(s)ds

WKk
re-1a+vs+ 4y
F(1+ 41— (s + 2y

In (1 Ny
, / (tn — ) 2A7OH D oy (5)]| g [(T0) ()l g5l
tm ' ’

(2 D=3 403 4 5)) (tn = 1) $0-02H)

< 4.8)
F(1+201-@ws+ X)) 20—+ Ly (
and
tn
‘ / (tn — )PV Ep g ((ta — )P (A — y))u(s)ds
tm o0
re-—1(wi—vm+NE -1y
- L1+ A1 -1 -+ NE-1)))
% /t" (ty — 5) 2 1=3@1=v24NG=PD=1 g6
tm
re—1wi—vm+NE -1y
L1+ B(1—31v1—v+NE-1)))
1 B 1 1_1
x (tn — tm)j(l_j(vl_VZ‘FN(;_}))). 4.9)
B -1 —va+ N =1y

From (4.6) and (4.8) (respectively, (4.7) and (4.9)), we get
n,}ggw llu(tn) — u(tm)”WK;’})o =0,
respectively,
n,rlr}gloo lv(tn) — U(tm)”W['{;”zo0 = 0.

One might therefore conclude that the limits lim, o0 u(2,) and lim, _,», v(2,) exist. Con-
sequently, u(Tiax) and v(Tiax) existin W K. b and WK, %o, Tespectively. Then, [u, v] can
be continued, which yields a contradiction. The proof of Theorem 1.3 is concluded. |
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