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Measures of noncompactness in fixed point theory
for monotone operators and applications

Dau Hong Quan and Andrzej Wiśnicki

Abstract. We prove two counterparts of Darbo–Sadovskiı̆’s theorems for monotone operators F W
X!X acting on an ordered metric spaceX . As applications, we show the existence of solutions for
some functional-integral and ordinary differential equations. The selection of a suitable measure of
noncompactness is the main tool in solving the equations. Several examples are provided to illustrate
our results.

1. Introduction

Fixed point theory involving measures of noncompactness is a powerful tool for study-
ing the solutions of integral and differential equations. Darbo [8] was the first to apply
the Kuratowski measure of noncompactness ˛ to show the existence of fixed points for
any continuous mapping F W Y ! Y provided that ˛.F.�// � k˛.�/ for all � � Y ,
where Y is a nonempty bounded closed convex subset Y of a given Banach space and
k<1. The theorem of Darbo generalizes Schauder’s fixed point theorem and contains the
existential part of Banach’s fixed point theorem. Next, Sadovskiı̆ [14] generalized Darbo’s
result for any continuous mapping F W Y ! Y with assumption �.F.�// < �.�/ for any
measure of noncompactness � on a given Banach space. In the context of applications,
Szufla [15] applied Darbo’s theorem to study the initial-value problem in Banach spaces.
Recently, by extending the Darbo–Sadovskiı̆ conditions and appropriately using measures
of noncompactness, several authors have proved the existence of solutions to various types
of functional equations (see [1–3, 7]). These results show that the solutions of functional
equations are fixed points of a continuous map from a closed, bounded, convex subset of
a function space to itself.

In this paper, we show counterparts of Darbo–Sadovskiı̆’s theorem for a monotone,
not necessarily continuous, mapping F W Y ! Y under the assumption of Sadovskiı̆ [14].
Fixed point theory for monotone operators has been investigated extensively over the past
four decades. In 2018, Espínola–Wiśnicki [9] showed that, in a Hausdorff topological
ordered space Y , if order intervals are compact, then every monotone mapping F W Y ! Y
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has a fixed point provided that x0 � F.x0/ for some x0 2 Y . Recently, Taoudi [16] pre-
sented some useful extensions of Espínola–Wiśnicki’s theorem, and gave several examples
to illustrate these extensions. Our main fixed point existence results in Section 3 exploit
the arguments of Darbo, Sadovskiı̆, and Taoudi. In Section 4, we show some applications
of these results to integral and ordinary differential equations.

2. Preliminaries

Let Y be a complete metric space and denote by B.Y / denote the family of all nonempty
bounded subsets of Y , CL.Y / the family of all closed subsets of Y , and CP .Y / the family
of all compact subsets of Y . The closed ball centered at y 2 Y with radius r > 0 will be
denoted by xBr .y/.

Definition 2.1 (Compare [4]). Let Y be a complete metric space. A measure of noncom-
pactness (MNC for short) defined on Y is a function � W B.Y /! Œ0;1/ such that for any
�1; �2 2 B.Y /, we have the following:

(i) if �.�1/ D 0, then x�1 2 CP .Y /,

(ii) �.�1/ D �.x�1/,

(iii) �.�1 [�2/ D max¹�.�1/; �.�2/º,

(iv) if .�n/n � CL.Y / \ B.Y / such that �nC1 � �n for every n � 1 and
limn!1 �.�n/ D 0, then the set

�1 D

1\
iD1

�n

is nonempty and compact.

In Definition 2.1, if � satisfies (ii), (iii), and

.i0/ �.�1/ D 0 if and only if x�1 2 CP .Y /,

then we say that � is a regular measure of noncompactness (rMNC for short) on Y . From
Definition 2.1, we infer the following properties:

(v) if �1 � �2, then �.�1/ � �.�2/,

(vi) �.�1 \�2/ � min¹�.�1/; �.�2/º.

We note that if � is a regular measure of noncompactness on Y and�D ¹x1; : : : ; xnº � Y ,
then �.�/ D 0, and it satisfies (iv).

Furthermore, if Y is a Banach space, the rMNC � has the following properties:

(vii) �.t�1/ D jt j�.�1/ for any number t ,

(viii) �.�1 C�2/ � �.�1/C �.�2/,

(ix) �.x0 C�1/ D �.�1/ for any x0 2 Y ,

(x) �.co.�1// D �.�1/, where co.�1/ is the convex hull of �1.
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Throughout this paper, we use the following measures of noncompactness.

Example 2.2 (See [11]). Let Y be a complete metric space. The Kuratowski rMNC is
defined by

˛.�/ D inf
®
" > 0 W � can be covered by finitely many sets of diameter � "

¯
for every � 2 B.Y /.

Example 2.3. Put I WD Œ0; 1� � R. Let C.I;R/ represent the space of all continuous
real-valued functions defined on I . With the maximum norm

kf k1 D max
x2I
jf .x/j; f 2 C.I;R/;

C.I;R/ is a Banach space. Take � 2 B.C.I;R//, f 2 �, ı > 0 and define

‰.f; ı/ D sup
®
jf .x/ � f .y/j W x; y 2 I; jx � yj � ı

¯
;

‰.�; ı/ D sup
f 2�

‰.f; ı/;

‰0.�/ D lim
ı!0

‰.�; ı/:

The function ‰0 is an rMNC on C.I IR/ (see [6]).

Example 2.4. Consider the space BC.RC/ of all continuous and bounded real functions
on RC WD Œ0;1/ with the standard sup-norm

kf kBC D sup
x�0

jf .x/j for every f 2 BC.RC/:

Clearly, .BC.RC/; k � kBC / is a Banach space. Take � 2 B.BC.RC//, f 2 �, L > 0,
" > 0 and define

‰L.f; "/ D sup
®
jf .x/ � f .y/j W x; y 2 Œ0; L�; jx � yj � "

¯
;

‰L.�; "/ D sup
f 2�

‰L.f; "/;

‰L0 .�/ D lim
"!0

‰L.�; "/;

‰0.�/ D lim
L!1

‰L0 .�/:

Consider the function

b.�/ D lim
L!1

°
sup
f 2�

¹sup¹jf .x/ � f .y/j W x; y � Lºº
±

and define
‰1.�/ WD ‰0.�/C b.�/:

In [5], Banaś showed that ‰1 is an MNC on BC.RC/.
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Next, we need to recall some basic definitions in ordered metric spaces. Let Y be a
metric space and � a partial order on Y . The order intervals have the form

Œa;!/ WD ¹y 2 Y W a � yº;

. ; b� WD ¹y 2 Y W y � bº;

Œa; b� WD Œa;!/ \ . ; b�

for every a; b 2 Y .

Definition 2.5 ([10]). An ordered metric space is a triple .Y; d;�/ such that the order
intervals Œa;!/, . ; a� are closed for every a 2 Y .

Definition 2.6 ([10]). A mapping F W Y ! Y is called monotone (or non-decreasing) if,
for every x; y 2 Y such that x � y, it satisfies F.x/ � F.y/.

A point x in Y is called a fixed point of F if F.x/ D x.

Definition 2.7 ([10]). A sequence .xn/n in the partially ordered set .Y;�/ is called non-
decreasing (respectively, non-increasing) if xn � xnC1 (xnC1 � xn) for any n � 1. A
sequence .xn/n is called monotone if it is non-decreasing or non-increasing.

Proposition 2.8 ([10]). If a non-decreasing (respectively, non-increasing) sequence .xn/n
in an ordered metric space .X;d;�/ has a limit point y0, then y0 D supn xn (respectively,
y0 D infn xn).

Proposition 2.9 ([10]). If C is a chain in a metric ordered space, then each monotone
sequence in C converges if and only if xC is compact.

Definition 2.10 ([16]). A mapping F W Y ! Y is said to be monotone sequentially con-
tinuous on Y if, for every monotone sequence .xn/n of Y which converges to some x 2 Y ,
the sequence .F.xn//n converges to F.x/.

Obviously, continuous maps are monotone sequentially continuous.

Example 2.11. In .R2; d / with the Euclidean metric d , we consider the partial order

.u; v/ � .t; w/, u D v � t D w or .u D t and v D w/:

The function g is defined as follows:

g.u; v/ D

´
.1; 1/ if u � v

.0; 0/ if u > v
for every .u; v/ 2 R2.

Then, g is monotone sequentially continuous on R2, but it is not continuous at any point
.u; u/ 2 R2.

Example 2.12. Monotone nonexpansive mappings in metric spaces are natural examples
of monotone sequentially continuous mappings (see [13]).
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3. Fixed point theorems

Let us begin with the first result under Darbo’s assumption for monotone maps.

Theorem 3.1. Let Y be a nonempty closed bounded subset in a complete ordered metric
space .X; d;�/, and let � be an MNC on X . Let T W Y ! Y be a monotone mapping
satisfying

�.T .�// � k�.�/

for any�� Y with k 2 Œ0; 1/. Assume that the set ¹y 2 Y W y � T .y/º is nonempty. Then,
T has a fixed point.

Proof. Define Y0 D Y; : : : ; YnC1 D T .Yn/ for any n � 0. We have

�.YnC1/ D �.T .Yn// D �.T .Yn// � k�.Yn/

� k2�.Yn�1/ � � � � � k
nC1�.Y0/:

Consequently,
lim
n!1

�.YnC1/ D 0:

We have

Y1 D T .Y0/ D T .Y / � xY D Y D Y0;

Y2 D T .Y1/ � T .Y0/ D Y1:

By induction, we have that YnC1 � Yn for any n � 0. By Definition 2.1 (iv), we infer that
the set A D

T1
nD0 Yn is a nonempty compact subset of Y .

For each n � 0, we have

T .YnC1/ � T .Yn/ � T .Yn/ D YnC1:

Therefore, we deduce that T .A/ � A.
Take x0 2 ¹y 2 Y W y � T .y/º. Put

An D ¹T
n.x0/; T

nC1.x0/; : : :º for any n � 0;

where T 0.x0/ D x0. Note that for any n � 0, An � Yn, and T n.x0/ � T nC1.x0/ due to
the monotonicity of T . Clearly, T .An/D AnC1 for any n � 0. By an argument analogous
to the one above, we get

1\
nD0

An ¤ ;:

Take c 2
T1
nD0 An � A. Then, c 2 An for any n � 0. If any subsequence of .T n.x0//n

does not converge to c, then c 2 An for any n � 0. It implies that c � T .c/.
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Assume now that there exists a subsequence .T nk .x0//k of .T n.x0//n such that

lim
k!1

T nk .x0/ D c:

Since .T nk .x0//k is non-decreasing, it follows from Proposition 2.8 that

c D sup
n
T n.x0/:

By monotonicity of T , we get

T n.x0/ � T .c/ for each n � 0;

and thus, c � T .c/.
Let U D ¹x 2 A W x � T .x/º. Since c 2 U , U ¤ ;. Obviously, T .x/ 2 U whenever

x 2 U . Suppose that Z is a chain in U . For each z 2 Z, we set

Vz D Œz;!/ \ xZ:

Clearly, Vz is a nonempty closed subset of A for any z 2 Z. Let z1; : : : ; zn 2 Z. Since Z
is a chain, there exists i0 2 ¹1; : : : ; nº with zi0 D max¹z1; : : : ; znº. It shows that zi0 2 Vzi
for all i D 1; : : : ; n. Thus,

n\
iD1

Vzi ¤ ;:

It means that the family .Vz/z2Z has the finite intersection property. Hence,

Z0 D
\
z2Z

Vz ¤ ;:

Take v 2Z0. We have z � v, so that T .z/� T .v/ for all z 2Z. Hence,Z � . ;T .v/�. By
the closedness of A and . ; T .v/�, we deduce that v 2 xZ � . ; T .v/�\A. Thus, v 2 U
is an upper bound of Z in U . By Kuratowski–Zorn lemma, there is a maximal element u�

in U . Furthermore, u� � T .u�/ 2 U from the monotonicity of T . By maximality of u�

in U , we have
u� D T .u�/:

With Sadovskiı̆’s assumption, we have the following theorem.

Theorem 3.2. Let Y be a nonempty closed bounded subset in a complete ordered metric
space .X; d;�/, and let � be an rMNC on X . Let F W Y ! Y be a monotone mapping
satisfying

�.F.�// < �.�/

for any closed subset � 2 B.X/ with �.�/ > 0. Assume the set ¹z 2 Y W F.z/ 2 Œz;!/º
is nonempty. Then, F has a fixed point.
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Proof. Take x0 2 ¹z 2 Y W F.z/ 2 Œz;!/º and define

M D
®
M � Y WM 2 CL.X/; F.M/ �M and x0 2M

¯
:

Clearly, M ¤ ; since Y 2M. Set

A D
\
M2M

M and B D ¹x0º [ F.A/:

It is not difficult to show that A belongs to M, and so, we get F W A! A. Since x0 2 A
and F.A/ � A, we deduce that B � A. Thus,

F.B/ � F.A/ � B:

It implies that B 2M; hence, A � B . Therefore, B D A. By the properties of �, we get

�.A/ D �.B/ D �.F.A/ [ ¹x0º/ D �.F.A// D �.F.A//:

It follows that �.A/ D 0. Hence, A is compact.
Let U D ¹x 2 A W x � F.x/º. Since x0 2 U , U ¤ ;. Obviously, F.x/ 2 U whenever

x 2 U . Suppose that Z is a chain in U . For each z 2 Z, we set

Vz D Œz;!/ \ xZ:

Clearly, Vz is a nonempty, closed subset of C for any z 2 Z. Let z1; : : : ; zn 2 Z. Since Z
is a chain, there exists i0 2 ¹1; : : : ; nº with zi0 D max¹z1; : : : ; znº. It shows that zi0 2 Vzi
for all i D 1; : : : ; n. Thus,

n\
iD1

Vzi ¤ ;:

Since xZ is compact, we get
Z0 D

\
z2Z

Vz ¤ ;:

Take v 2 Z0. We have z � v, so that F.z/ � F.v/ for all z 2 Z. Hence, Z � . ; F .v/�.
By the closedness of C and . ; F .v/�, we deduce that v 2 xZ � . ; F .v/� \ C . Thus,
v 2 U is an upper bound of Z in U . By Kuratowski–Zorn lemma, it follows that there is a
maximal element u� in U . Hence, x � F.x/� F.u�/ for every x 2 U , and thus, F.u�/ is
an upper bound of U . Therefore, u� � F.u�/. Furthermore, F.u�/ 2 U . By maximality
of u�, we have u� D F.u�/.

Theorem 3.3. Let � W B.X/! Œ0;1/ be an rMNC on a complete ordered metric space
.X; d;�/ and let Y be a nonempty closed bounded subset of X . Suppose that F W Y ! Y

is a monotone mapping satisfying the following:

(i) �.F.�// < �.�/ for any chain � � Y with �.�/ > 0,

(ii) F is monotone sequentially continuous.

If x0 2 ¹z 2 Y W z � F.z/º, then the iteration ¹F n.x0/º tends to a fixed point of F .
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Proof. Take x0 2 Y with x0 � F.x0/, and let

� D ¹x0; F .x0/; F
2.x0/; : : :º:

It is not difficult to prove that � is a chain. We get

�.�/ D �.F.�/ [ ¹x0º/ D �.F.�//:

It follows that �.�/ D 0, i.e., x� is compact. By Proposition 2.9, it implies that ¹F n.x0/º
converges to y 2 Y . Since F is monotone sequentially continuous, we have

lim
n!1

F.F n.x0// D F.y/:

Note that ¹F.F n.x0//º is a subsequence of ¹F n.x0/º. By the uniqueness of the limit
point, we get F.y/ D y.

4. Applications

4.1. An integral equation of Hammerstein type

Let us study the existence of solutions in C.I;R/ of integral equations with the following
form:

f .x/ D F.x; f .x//C

Z 1

0

H.x; s/U.s; f .s//ds for every x 2 I; (4.1)

where F W I � R! R, H W I � I ! Œ0;1/ are continuous and U.�; f .�// is Lebesgue
measurable on I for each f 2 C.I;R/.

Theorem 4.1. Assume that the functions in (4.1) satisfy the following:

(i) F.�; �/ is continuous on I � R, and F.x; �/ is non-decreasing on R for every
x 2 I ;

(ii) there exists k 2 Œ0; 1/ such that

jF.x; y/ � F.x; z/j � kjy � zj for any x 2 I and y; z 2 RI

(iii) H.�; �/ is continuous on I � I ;

(iv) U.s; �/ is non-decreasing on R for every s 2 I , and U.�; f .�// is Lebesgue mea-
surable on I for each f 2 C.I;R/;

(v) there exists a function g W I ! Œ0;1/ such that

sup
y2R
jU.s; y/j � g.s/ for a.e. s 2 I

and Z 1

0

g.s/ds <1I
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(vi) there exists a function f0 2 C.I;R/ such that

f0.x/ � F.x; f0.x//C

Z 1

0

H.x; s/U.s; f0.s//ds for every x 2 I .

Then, equation (4.1) has a solution f D f .x/ in C.I IR/.

Proof. Consider a partial order � in C.I;R/ defined by

f � g, f .x/ � g.x/ for all x 2 I

for every f; g 2 C.I;R/. It is not difficult to show that order intervals are closed.
We can assume that 
 WD

R 1
0
g.s/ds > 0. Take f 2 C.I;R/ and define

v.x/ WD

Z 1

0

H.x; s/U.s; f .s//ds for all x 2 I .

Fix s 2 I . SinceH.�; s/ is continuous on a compact set I , for any " > 0, there exists ı > 0
such that, for any t1; t2 2 I , jt1 � t2j � ı, we get

jH.t1; s/ �H.t2; s/j �
"



:

Hence,

jv.t1/ � v.t2/j D

ˇ̌̌̌ Z 1

0

.H.t1; s/ �H.t2; s//U.s; f .s//ds

ˇ̌̌̌
�

Z 1

0

jH.t1; s/ �H.t2; s/jjU.s; f .s//jds �
"




Z 1

0

g.s/ds D ":

Therefore, v is uniformly continuous on I . Now, fix a function f 2 C.I;R/ and define

T .f /.x/ D F.x; f .x//C

Z 1

0

H.x; s/U.s; f .s//ds for all x 2 I .

Obviously, T .f / is continuous on I . It implies that T .C.I;R// � C.I;R/. Furthermore,

jT .f /.x/j � jF.x; f .x// � F.x; 0/j C jF.x; 0/j C

Z 1

0

jH.x; s/jjU.s; f .s//jds

� kjf .x/j C kF.�; 0/k1 C 
1

Z 1

0

g.s/ds

for all x 2 I , where 
1 D max¹H.x; s/ W .x; s/ 2 I � I º. Hence,

kT .f /k1 � kkf k1 CM;

whereM DkF.�; 0/k1C 
1
 . We deduce that T . xBr .0//� xBr .0/, where r DM=.1� k/.
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Now, take a nonempty subset � of xBr .0/, f 2 �, and " > 0. Choosing x; y 2 I such
that jx � yj � ", we get

jT .f /.x/ � T .f /.y/j

� jF.x; f .x// � F.y; f .y//j C

Z 1

0

jH.x; s/ �H.y; s/jjU.s; f .s//jds

� jF.x; f .x// � F.x; f .y//j C jF.x; f .y// � F.y; f .y//j

C

Z 1

0

jH.x; s/ �H.y; s/jjU.s; f .s//jds

� kjf .x/ � f .y/j C jF.x; f .y// � F.y; f .y//j

C

Z 1

0

jH.x; s/ �H.y; s/jjU.s; f .s//jds

� k‰.f; "/C x‰1.F; "/C 
 x‰2.H; "/;

where

‰.f; "/ D sup
®
jf .x/ � f .y/j W x; y 2 I; jx � yj � "

¯
;

x‰1.F; "/ D sup
®
jF.z; x/ � F.w; x/j W z; w 2 I; jz � wj � "; jxj � r

¯
;

x‰2.h; "/ D sup
®

sup¹jH.x; s/ �H.y; s/j W s 2 I º W x; y 2 I; jx � yj � "
¯
:

Since F , H are continuous, respectively, on compact sets I � Œ�r; r� and I � I , then
x‰1.F; "/! 0 and x‰2.H; "/! 0 as "! 0.

Thus,
‰.T .f /; "/ � k‰.f; "/C x‰1.F; "/C 
 x‰2.H; "/:

Hence,
‰0.T .�// � k‰0.�/ < ‰0.�/;

where ‰0 is the MNC on C.I;R/ defined in Example 2.3. Clearly, T is monotone on
xBr .0/. Using Theorem 3.2, equation (4.1) has a solution f in C.I;R/.

The following is an example satisfying the assumptions of Theorem 4.1.

Example 4.2. Assume that the function H W I � I ! Œ0;1/ is continuous. Then, the
following equation has a solution f in C.I;R/:

f .x/ D
x.f .x/C 1/

1C x2
C

Z 1

0

H.x; s/
f .s/

p
s.1C s/.1C jf .s/j/

ds: (4.2)

Proof. We consider the functions

F.x; y/ WD
x.y C 1/

1C x2
; U.x; y/ WD

y
p
x.1C x/.1C y/

; g.x/ WD
1

p
x.1C x/

;

and choose f0.x/ D 0 for any x 2 Œ0; 1�. Hence, the conditions of Theorem 4.1 are satis-
fied. Hence, equation (4.2) has a solution.
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4.2. An integral equation of Volterra type

In what follows, we study the functional-integral equation of the form

f .x/ D F.f .x//C

Z x

0

U.s; f .s//ds for every x � 0, (4.3)

where F W R! R is continuous on R, and for each f 2 BC.RC/, x � 0, the function
U.�; f .�// is Lebesgue measurable on Œ0; x�.

Theorem 4.3. Assume the following:

(i) F.�/ is continuous and non-decreasing on R,

(ii) there exists k 2 Œ0; 1/ such that

jF.x/ � F.y/j � kjx � yj for all x; y 2 R,

(iii) U.s; �/ is non-decreasing on R for every s � 0, and for each f 2 BC.RC/,
x � 0 the function U.�; f .�// is Lebesgue measurable on Œ0; x�,

(iv) there exists a function g W Œ0;1/! Œ0;1/ such that

sup
x2R
jU.s; x/j � g.s/ for a.e. Œ0;C1/

and Z 1
0

g.s/ds <1;

(v) there exists f0 2 BC.RC/ such that

f0.x/ � F.f0.x//C

Z x

0

U.s; f0.s//ds for every x � 0. (4.4)

Then, equation (4.3) has a solution f that belongs to BC.RC/.

Proof. Consider a partial order � in BC.RC/ given by

f � g, f .x/ � g.x/ for all x 2 RC

for every f; g 2 BC.RC/. It is not difficult to show that the order intervals are closed.
Fix a function f 2 BC.RC/ and define

T .f /.x/ D F.f .x//C

Z x

0

U.s; f .s//ds for all x � 0.

We note that the function u.x/ WD
R x
0
U.s; f .s//ds is continuous on Œ0;1/. Then, the

function F.f / is continuous on Œ0;1/. Furthermore,

jT .f /.x/j � jF.f .x// � F.0/j C jF.0/j C

Z x

0

jU.s; f .s//jds

� kjf .x/ � 0j C jF.0/j C

Z x

0

g.s/ds � kjf .x/j C jF.0/j C

Z 1
0

g.s/ds

for every x 2 RC. Hence, T .f / 2 BC.RC/. It shows that T .BC.RC// � BC.RC/.
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Now, we get

kT .f /kBC � kkf kBC C jF.0/j C

Z 1
0

g.s/ds:

It follows that if kf kBC � r , where r D R
1�k

, R D jF.0/j C
R1
0
g.s/ds, then

kT .f /kBC � r:

Thus, T . xBr .0// � xBr .0/. Furthermore, T is obviously monotone on xBr .0/.
Now, take a nonempty subset � of xBr .0/, a function f 2 �, and L > 0, " > 0. If

z; w 2 Œ0; L� and jz � wj � ", then

jT .f /.z/ � T .f /.w/j � jF.f .z// � F.f .w//j C

ˇ̌̌̌ Z w

z

U.s; f .s//ds

ˇ̌̌̌
� kjf .z/ � f .w/j C

ˇ̌̌̌ Z w

z

jU.s; f .s//jds

ˇ̌̌̌
� kjf .z/ � f .w/j C

ˇ̌̌̌ Z w

z

g.s/ds

ˇ̌̌̌
� k‰L.f; "/C sup

²ˇ̌̌̌ Z w

z

g.s/ds

ˇ̌̌̌
W z; w 2 Œ0; L�; jz � wj � "

³
:

Thus,

‰L.T .f /; "/ � k‰L.f; "/C sup
²ˇ̌̌̌ Z w

z

g.s/ds

ˇ̌̌̌
W z; w 2 Œ0; L�; jz � wj � "

³
:

It yields

‰L.T .�/; "/ � k‰L.�; "/C sup
²ˇ̌̌̌ Z w

z

g.s/ds

ˇ̌̌̌
W z; w 2 Œ0; L�; jz � wj � "

³
:

Using our assumptions, it is not difficult to prove that

h.t/ D

Z t

0

g.s/ds

is uniformly continuous on the compact set Œ0; L�. It follows that

lim
"!0

sup
²ˇ̌̌̌ Z w

z

g.s/ds

ˇ̌̌̌
W z; w 2 Œ0; L�; jz � wj � "

³
D 0:

Hence,
‰L0 .T .�// � k‰

L
0 .�/: (4.5)

Now, choosing z; w 2 ŒL;1/, we get

jT .f /.z/ � T .f /.w/j � kjf .z/ � f .w/j C

ˇ̌̌̌ Z w

z

g.s/ds

ˇ̌̌̌
:
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Thus,
ˆ.T .f /; L/ � kˆ.f;L/C x̂ .g; L/;

where

ˆ.T .f /; L/ D sup
®
jT .f /.z/ � T .f /.w/j W z; w 2 ŒL;1/

¯
;

ˆ.f;L/ D sup
®
jf .z/ � f .w/j W z; w 2 ŒL;1/

¯
;

x̂ .g; L/ D sup
²ˇ̌̌̌ Z w

z

g.s/ds

ˇ̌̌̌
W z; w 2 ŒL;1/

³
:

It implies that
sup
f 2�

ˆ.T .f /; L/ � k sup
f 2�

ˆ.f;L/C x̂ .g; L/:

Note that the function
�.U / D

Z
U

g.s/ds

for U 2 B.RC/ is a measure on the family B.RC/ of Borel subsets of RC. Take z; w 2
ŒL;1/. Since g.s/ � 0 for almost all s � 0, we getˇ̌̌̌ Z w

z

g.s/ds

ˇ̌̌̌
�

Z 1
T

g.s/ds D �.ŒL;1//:

Hence,

sup
²ˇ̌̌̌ Z w

z

g.s/ds

ˇ̌̌̌
W z; w 2 ŒL;1/

³
� �.ŒL;1//;

and thus,

lim
L!1

sup
²ˇ̌̌̌ Z w

z

g.s/ds

ˇ̌̌̌
W z; w 2 ŒL;1/

³
� lim
L!1

�.ŒL;1//

��

� \
a�L

Œa;1/

�
D �.;/ D 0:

Therefore,
b.T .�// � kb.�/: (4.6)

It follows from (4.5) and (4.6) that

‰1.T .�// < ‰1.�/;

where
‰1.�/ D ‰0.�/C b.�/

is the MNC on BC.RC/ defined in Example 2.4. By Theorem 3.2, there exists a solution
f of (4.3) in BC.RC/.

The following are examples satisfying the assumptions of Theorem 4.3.
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Example 4.4. We have

f .x/ D arctan
f .x/C 2

2
C
1

2

Z x

0

f .s/ sin2 s

s2
p
f 2.s/C 1

ds; (4.7)

2f .x/ D
p
9C f 2.x/C

3

�2 log 2

Z x

0

s
p
es � 1

arctanf .s/ds: (4.8)

Proof. To prove (4.7), we consider the functions

F.x/ WD arctan
x C 2

2
; U.x; y/ WD

y sin2 x

x2
p
y2 C 1

; g.x/ WD
sin2 x
x2

:

For (4.8), we consider the functions

F.x/ WD
1

2

p
9C x2; U.x;y/ WD

3

�2 log 2
�
x arctany
p
ex � 1

; g.x/ WD
1

4� log 2
�

x
p
ex � 1

:

We choose the function f0.x/ D 0 for any x � 0. Then, the conditions of Theorem 4.3
are satisfied. Therefore, the above equations always have solutions.

4.3. A first order initial value problem with discontinuities

Let .E; k � k;�/ be an ordered Banach space with the partial order �. Take r > 0 and
xBr D xBr .0/ � E. Let C.I; E/ denote the Banach space of all mappings x W I ! E that
are continuous on I with the supremum norm

kxkC D sup¹kx.t/k W t 2 I º:

Define a partial order in C.I; E/ by

x �1 y , x.t/ � y.t/ for every t 2 I

for every x; y 2 C.I; E/, and note that the order intervals in C.I; E/ are closed.
Let ˛ denote the Kuratowski MNCs on C.I; E/. The following result is proved in

[4, Theorem II.2.11].

Theorem 4.5. Suppose that � is an equicontinuous bounded subset in C.I; E/. Then,

˛.�/ D sup
t2I

˛.¹x.t/ W x 2 �º/:

Consider the following first-order initial value problem

x0.t/ D f .t; x.t// for t 2 I a.e.; x.0/ D 0; (4.9)

where f W I � xBr .0/! xBr .0/.
Before going to our next theorem, recall the following result (see [12, Lemma II.1.3]).
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Lemma 4.6. If f W I ! E is integrable, thenZ t

0

f .s/ds 2 tco.¹f .s/ W s 2 Œ0; t �º/

for each t 2 I .

Theorem 4.7. Assume that f W I � xBr ! xBr satisfies the following conditions:

(i) f .t; �/ is increasing on xBr for almost all t 2 I and

M D sup¹kf .t; x/k W .t; x/ 2 I � xBrºI

(ii) f .�; x.�// is integrable on I for each x 2 C.I; xBr /;

(iii) there exists k � 0 such that

˛.f .I ��// � k˛.�/ for any � � xBr ;

(iv) there exists a function x0 2 xBr such that

x0.t/ �

Z t

0

f .s; x0.s//ds for every t 2 I .

Then, equation (4.9) has a solution x 2 C.J; xBr /, where

J D Œ0; ˇ�; 0 < ˇ < min¹1; r=M; 1=kº:

Proof. Consider the following integral equation:

x.t/ D

Z t

0

f .s; x.s//ds; (4.10)

which is equivalent to (4.9). Fix x 2 C.J; xBr / and define

T .x/.t/ D

Z t

0

f .s; x.s//ds:

Since f .�; x.�// is integrable, then T .x/ is continuous on J . For z; w 2 J , we get

kT .x/.z/ � T .x/.w/k D





 Z w

z

f .s; x.s//ds





 �M jz � wj
and

kT .x/.z/k � ˇM:

It means that T .C.J; xBr // � C.J; xBr /, and T .C.J; xBr // is equicontinuous and bounded.
Take � � C.J; xBr / such that ˛.�/ > 0. It follows from Theorem 4.5 that

˛.T .�// D sup
®
˛.¹.T x/.t/ W x 2 �º/ W t 2 J

¯
D sup

°
˛
�° Z t

0

f .s; x.s//ds W x 2 �
±�
W t 2 J

±
:
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From Lemma 4.6, we deduce that

˛.T .�// � sup
t2J

¹˛.¹tco.¹f .s; x.s// W s 2 Œ0; t �; x 2 �º/º/º

� sup
t2J

¹t˛.co.f .J ��///º � ˇ˛.f .J ��// � ˇk˛.�/ < ˛.�/:

Obviously, T is a monotone operator on C.J; xBr /. Note that x0 �1 T x0. Hence, Theo-
rem 3.2 yields that T has a fixed point x 2 C.J; xBr / that is a solution of equation (4.9).
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