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Stein—Weiss inequalities on Herz spaces
with variable exponent

Kwok-Pun Ho

Abstract. This paper extends the celebrated Stein—Weiss inequalities to the Herz spaces with vari-
able exponents. It is an extension of the classical Stein—Weiss inequalities and the Stein—Weiss
inequalities on Lebesgue spaces with variable exponents. The Stein—Weiss inequalities to the Herz
spaces with variable exponents are presented as the boundedness of the fractional integral operators
on the power weighted Herz spaces with variable exponents.

1. Introduction

This paper extends the Stein—Weiss inequalities to the Herz spaces with variable expo-
nents. These inequalities are presented as the boundedness of the fractional integral oper-
ators on the power weighted Herz spaces with variable exponents.

The Stein—Weiss inequalities were established by Stein and Weiss in [40]. It gives the
boundedness of the fractional integral operators on the power weighted Lebesgue spaces.
The Stein—Weiss inequalities had been extended to the weighted norm inequalities for
fractional integral operators in [34] and the two weight norm inequalities for potential
operators in [36]. They are extended to the setting on the Carnot group in [11].

The Stein—Weiss inequalities were extended to the Lebesgue spaces with variable
exponent in [5]. It gives the boundedness of the fractional integral operators on the power
weighted Lebesgue spaces with variable exponents. The reader is referred to [6, 9] for the
studies of the Lebesgue spaces with variable exponents. The Stein—Weiss inequalities had
been further extended to the local Morrey spaces with variable exponents in [23].

The Herz space was introduced by Herz in [12] to study the Fourier series. It had been
developed into one of the important function spaces in harmonic analysis. The bound-
edness of the singular integral operators, the fractional integral operators, and bilinear
operators had been extended to the Herz spaces, see [21,30-33]. The Herz spaces had
been generalized to the Herz spaces with variable exponents in [1]. It is an extension of
the Herz spaces and the Lebesgue spaces with variable exponents. For the extrapolation,
the boundedness of the singular integral operators, the fractional integral operators, the
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wavelet characterizations, the spherical maximal function, the maximal Bochner-Riesz
mean, the geometric maximal function and applications on partial differential equations
of the classical Herz spaces, the Herz spaces with variable exponents, and the Herz type
spaces, the reader is referred to [1,3, 10, 16, 18-20,24-33,37,38,41].

The results obtained in [5,23] motivate us to investigate the validity of the Stein—Weiss
inequalities on the Herz spaces with variable exponents. We establish the Stein—Weiss
inequalities on the Herz spaces with variable exponents by using a characterization of the
Herz spaces with variable exponent obtained in [1] and the ideas from [22,23].

This paper is organized as follows. The definitions and some properties of the power
weighted Lebesgue spaces with variable exponents and the power weighted Herz spaces
with variable exponents are presented in Section 2. The Stein—Weiss inequalities on the
Herz spaces with variable exponents are established in Section 3.

2. Definitions and preliminaries

Let M and L] denote the space of Lebesgue measurable functions and the space of
locally integrable functions on R”, respectively.

For any x € R” and r > 0, define
B(x,r)={yeR":|x—y|<r} and B ={B(x,r):xeR",r >0}

Let 1 < p < oo and a € R. The power weighted Lebesgue space L?+¢ consists of all
f € M satisfying

IfllLra = (/R |x|“p|f(x)|”dx)p < .

Let @ € (0, n). For any locally integrable function f, the fractional integral operator
Iy is defined as
S

Lo f(x) = /R Ly

The following theorem presents the celebrated Stein—Weiss inequality for the fractional
integral operator.

Theorem 2.1. Letn > 1, @ € (0,n), 1 <p<oo,a<§,b<g,a+b20, and let

% = % + %. If p < q < oo, then there exists a constant C > 0 such that

o fllpa—s < ClfllLpa Y f € LP4.

The reader is referred to [40, Theorem B*] for the proof of Theorem 2.1. The Stein—
Weiss inequalities had been generalized into different settings and function spaces, see [7,
11,13,15,17,23,34,36].
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Definition 2.1. Let p(-) : R” — (0, 00) be a Lebesgue measurable function. The Lebesgue
space with variable exponent L?®) consists of all Lebesgue measurable functions f :
R" — C so that

1 Lo = inf{A > 0 ppy (f(x)/3) < 1} < 00
where

o) = [ 17l

The function p(x) is called the exponent function of L?¢),

For any Lebesgue measurable function p(x) : R” — (0, 00), define p_ =essinfyern p(x)
and p4 = esssup,cgrn P(x).
The associate space of L?®) is given in [9, Theorem 3.2.13]. For the definition of
associate space of Banach function space, see [2, Chapter 1, Definitions 2.1 and 2.3].

Theorem 2.2. Let p(-) be a Lebesgue measurable function onR", If 1 < p(x) < o0, then

p() p ()
the associate space of L is L where p’ satisfies p(x) + 7 (x) =1.

We call p’(x) the conjugate function of p(x). Whenever sup,.cg» p(x) < 00, the dual
space of L?) is equal to the associate space of L?®), see [9, Theorem 3.4.6].

Definition 2.2. A continuous function g is belonging to g € Co¥(R") if

Clog

lg(x) —g(0)] < 1 Vx e R" 2.1)
g(e

og(e + 1/|x|)
for cjog > 0. We say that g is log-Holder continuous at the origin if g € C(l)og (R™).
A continuous function g : R” — (0, 00) is locally log-Hélder continuous if there exists
Clog > 0 such that

Clog

SN = ogte v 1/ =y

lg(x) — Vx,y € R". (2.2)

We denote the class of locally log-Hélder continuous function by Cl(?cg (R™). Furthermore,
a continuous function is globally log-Holder continuous if g € Cl #(R™), and there exists
Zoo € R so that

Clog
~ log(e + |x)

The class of globally log-Holder continuous function is denoted by C°¢(R").

lg(x) — gool < Vx € R". (2.3)

When p(-) € C'°2(R") with 1 < p_ < py < oo, then p’(-) € C'°2(R"). Moreover, we
have (p')oo = (Poo)’. Therefore, we write pl, = (p')oo-
Whenever p(-) € C'°¢(R") with I < p_ < p4 < oo, the Hardy-Littlewood maximal
operator
MO =swp [ fldy. S e Ll
r>0 |B( r)l B(x,r)

is bounded on L?0),
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Theorem 2.3. If p(-) € C'¢(R") and 1 < p_ < py < oo, then the Hardy-Littlewood
maximal operator is bounded on LPO.

For the proof of the above theorem, the reader is referred to [4, Theorem 1.5], [8,
Theorem 3.5], [9, Theorem 4.3.8], and [35].
We now define the power weighted Lebesgue spaces with variable exponent.

Definition 2.3. Let p(-) € C'°2(R") and b € R, the power weighted Lebesgue space with
variable exponent consists of all f € M such that

I lree = llvp fllLre < o0,

where vy (x) = |x|?, x € R™.
The associate space of LP?O-? denoted by (L?)-?)’, consists of all f € M satisfying

I/ lzrooy = Sup{/R |f()g()ldx - lgllroe < 1} < 0.
The associate space of the power weighted Lebesgue spaces with variable exponents
is given in [23, Lemma 2.4].
Lemma 2.4. Let p(-) € C°*(R") and b € R. If1 < p_ < py < oo, then
(LP('),b)' — LPO~b

Consequently, we have the Holder inequality for L?)-?:

/Rn | f()g(x)dx < Cll fllroellgllpro-» (2.4)

for some C > 0.
Furthermore, we have the following estimate from [23, Lemma 2.6].

Lemma 2.5. Let p()) : R" — (0,00). If b € (=5, 00), p(") € Cl*(R")and 1 < p_ <
P+ < 00, then there exist constants Cy, C1 > 0 such that, for any R > 0, we have

CoR®|lxB0.8) I Lro < xR Lros < C1R | XB0.R) || 100 (2.5)

In view of Lemmas 2.4 and 2.5, the power weighted Lebesgue spaces with variable
exponents is a ball quasi-Banach function space. For simplicity, we refer the readers
to [39] for the definition of the ball quasi-Banach function space.

We recall the Stein—Weiss inequalities for the Lebesgue spaces with variable expo-
nents from [5, Theorem 3.1].

Theorem 2.6. Leta € (0,n), p(-),q(-) € CP°¢(R"™) with p(x) <q(x) Vx eR" 1 < p_ <
P+ <oo,andl <q_ < gy <oo.Ifa,b, p(-),q(-) satisfy

~Lcasbh< (2.6)
q+ (p-)

1 1 —b

— =2 @.7)

p(x) q(x) n n
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then there is a constant C > 0 such that, for any f € LPO? we have

o fllzaoe < CNl fllpros.

For the proof of the above theorem, the reader is referred to [5, Section 4].
We have the following estimate from [23, Lemma 2.8].

Lemma 2.7. Leta € (0,n), p(-),q(-) € CP°5(R™) with p(x) < qg(x) Vx e R", 1 < p_ <
P+ <00, and 1 < q- <q4+ <oo. Ifa,b, p(-), q(-) satisfy (2.6)-(2.7), then there is a
constant C > 0 such that, for any B € B, we have

Ix8ll L rosll 1Bl Lava < C|B]' 5. (2.8)

In fact, the above estimate is a consequence of the Stein—Weiss inequalities in Theo-
rem 2.6, see the proof of [23, Lemma 2.8].

We now give the definition of the Herz spaces with variable exponents [1]. Let Ry =
B(0,1) and yo = xRr,; then,

By = B(0,2%), Ry = Bi\Bi_1, Xk = xRr,» k€ N\{0}.

Definition 2.4. Let 6 € (0, 00), p(-) : R" — (0, c0) be a Lebesgue measurable func-
tion and a(-) € L°°(R"). The Herz space with variable exponent K;‘((.')) g consists of all
Lebesgue measurable functions f satisfying

o0 N
”f”K;‘((")’e = (Z“zka(')f)(k ||Lp(»)) < 00.
’ k=0

When p(-) = p and o(-) = « are constant functions, then the Herz space with variable
exponent becomes the Herz space KI‘;‘, g

We have the following characterization of the Herz spaces with variable exponents
from [1, Proposition 3.8].

Proposition 2.8. Ler 6 € (0,00), p(-) : R" — [1, 00) be a Lebesgue measurable function
and a(-) € L®[R"). If « satisfies (2.3), then

a) _ pos
Kpi.0 = Kplye-

The reader is referred to [1,16,19,25,26] for the boundedness of singular integral oper-
ators, potential operators, and some sublinear operators and inequalities on Herz spaces
with variable exponents.

Definition 2.5. Let b € R, 6 € (0,00), p(-) : R* — (0, c0) be a Lebesgue measurable
function and «(-) € L°°(R"). The power weighted Herz space with variable exponent

a(
Kp(-

))’g consists of all Lebesgue measurable functions f satisfying
£l geors = ll0p fll goty < 00,
Ky Ky

where vp(x) = |x|?, x € R™.
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When p(-) = p and «(-) = o are constant functions, then the power weighted Herz
space with variable exponent becomes the power weighted Herz space Kg’g

Lemma 2.9. Let b € R, 0 € (0,0), p(-) : R* — (0, 00) be a Lebesgue measurable
Sfunction and a(-) € L>®(R™); then, the following statements hold.

(1) Ifb = 0 and « satisfies (2.3), then, forany B € B, yp € KoL,

p(),0°
Q) Ifb > _E’ p(-) € C°¢(R™), and « satisfies (2.3), then, for any B € B, yp €
(o0
p().0

Proof. Tt suffices to prove that for any j € N, yp(,2/) € K« p() 9 When b > 0, we see that

) J
Z“zkamXB(o,zj)kab Hipo = Z”Zka“’)(kvb ||ip<<)
k=0 k=0

J
< D7 2kef2b0 i
k=0

< C(j + 1) max(1,2/9=%)2/6 | x50, 2/)”Lp() < .

Therefore, xp,2/) € Kp(())g
When b € (—p”—+, 0), Lemma 2.5 yields

o J
Z ||2k°‘°° XB(0,2/) Xk Vb ”ip(') = Z 2kt ” Xk ||ip<‘)sb

o k=0
J 0
koo H(k—1)b0
< ZZ o0 p(k—1) || XB(O,Zk)“LP(')
k=0
< C(j + 1) max(1,2/%=020~ l)be)HXB(OZJ)”LPO
< 00.
_ a().b
Therefore, XB(0,2/) € KP() 0" -

The above result shows that the power weighted Herz spaces with variable exponent
is non-trivial.

In view of [16, Corollaries 2.7 and 2.8] and Definition 2.5, we obtain the following
Holder inequalities and characterization of K D‘(()) g
Proposition 2.10. Let b € R, 0 € (1, o0) and let p(-) : R" — (1, 00) be a Lebesgue
measurable function and «(-) € L*°(R"). If a satisfies (2.3), then

[ 1eg@ldx = Il guos gl -z
R 206 2O

for some C > 0.
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Proposition 2.11. Letb € R, 6 € (1,00), p(-) : R" — (1, 00) be a Lebesgue measurable
Sfunction and let a(-) € L (R"). If o satisfies (2.3), then there exist constants C1,Cy > 0

a(),b
such that, for any f € Kp(~),9’

Sl = s [ 1f0g@ldx < Cal fllgons.  29)
p(),0 —b JR? p(),0

Proposition 2.12. Letb € R, 6 € (1,00), p(-) : R" — (0, 00) be a Lebesgue measurable

function and let o(-) € L®(R"). Ifb < n — ;—_ and «a satisfies (2.3), then Kz((:)),’g CLL.

a(),b

Proof. Tt suffices to show that for any f € K ()0 and k € N, we have

p

/ | f(x)|dx < oo.
B(0,2k)
),—b

. —a(),—
Asb <n— :—_ yields —b > —ﬁ, Lemma 2.9 guarantees that ypo o) € K0y g/ -

Proposition 2.10 asserts that for any f € KZ(())GI; ,

(x)|dx <C b k (b < C b -
/B o 7O 15 g2 L0 20) |czrs < CILF N gy

Therefore, f is locally integrable. |
In addition, Lemma 2.9 and Proposition 2.12 show that whenever 1 < p_ < p; < o0,
0 € (1, 00), —ﬁ <b<n-— ;—_ and o« € L*°(R") satisfies (2.3), then the weighted Herz

space with variable exponent Kzé'))’g is a ball Banach function space. For simplicity, we
refer the reader to [39] for the definition and properties of ball Banach function spaces.

3. Main result

We establish the Stein—Weiss inequalities on the Herz spaces with variable exponents in
this section.

Theorem 3.1. Let o € (0,n), 6 € (0,00), B(-) € L2[R"), p(-), q(-) € C°5(R") with
p(x) =q(x) Vx eR", 1 < p_ < py <00, and 1 <q- < q4 <oo. Ifa,b, p(-).q()
satisfy (2.6), (2.7), a satisfies (2.3), and

L fa—b<fo<n———b, 3.1)
D+ P-

then, there is a constant C > 0 such that, for any f € K 5 ((,'))’eb ,

Mo fll pp0ra < CIfl 8005
*T UK Gs Kot
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Proof. Forany f € Kf (()) s » Proposition 2.8 gives

[ 1 f|| BOa = = ||vg 1y f|| kPO
Ki0r6

K000

00
<C Z”zkﬂwva)(klaf”iq(-)
k=0

)
=C Z”Zkﬂoo)(kla.f “iq('),a
k=0

oo || min(k—2,0) 0
<C (Z Yo 2MPend(fr))
=0 j=0 La().a
0 k+1 [%
+3 1 D 2Pnda(frp)
k=01l j=min(k—1,0) La().a
o0 00 6
+201 2 2P uda(fp) ) I+ 11+ 111 (32)
k=0llj=k+2 La().a

In view of Theorem 2.6, we have

k+1

I1<C Z S 2L (fa)ax >
k=0 j=min(k—1,0)
k+1

=C Z > 12 fxi ] o

k=0 j=min(k—1,0)

<C Z“Zkﬁoof)(k ”Lpob = C”f”Kﬂ()b 3.3)
k=0

for some C > 0.
Next, we consider / for the case 6 € (0, 1]. Since j < k — 2, we have a constant C > 0

such that
(1)) = €70 [ pyiay.
j
The Holder inequality (2.4) yields
L La (F XD faira < €275 el ool £ 25 1 Lo 120 | Loros-

Lemma 2.7 gives

I Xkl Laa
I da(f x| faora < €27 (k=) n=e) ZEE LT £l Loos
21l Lacra

< cotepoptpaltidew oy
1250 200
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According to (2.7), we have

and hence, (3.1) gives

n n
Boo<n———-b=n———a—a.
p- q-

Thus, there is a y € (1, g—) such that

Boo <n—" _a—a. (3.4)
y

According to [14, Proposition 2.5 and Lemma 6.3], for any y € (1, ¢-), there is a constant
C > 0 such that

|t I (f 1) | Lara < €27 D@m= E=D5 ) £yl s (3.5)

When 6 € (0, 1), by using the 6-inequality, (3.4), and (3.5), we obtain

oo min(k—2,0)

r=cy Y ||2kﬁ°°Xk1a(fXj)||iq(~>,a

k=0 j=0
oo min(k—2,0) -

<C Z Z 7= (k=) (n—4 —a—a)f szﬁoo fxi ”ip(‘),b
k=0 j=0

A

[o.<lENe o}
O D fmemaspot b 0
j=0k=j

o0
=C Z”zjﬂoo fxi “ip(%b = C”f”?(ﬂ(())é’ 3.6)
j=0 PO,

for some C > 0.
For the case 0 € [1, 00), (3.5) yields

oo /min(k—2,0) o
I <C Z( Z szﬂm)(k]a(f)(j)HLq(-),a>
k=0 Jj=0

min(k—2,0)

0
o0

<c Z( S gD fasash) | pf g Hm»b) ‘
k=0

Jj=0
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The Holder inequality and (3.4) assert that

oo /min(k—2,0) @i . ' 9
I=c z( S gt et it 1y u)
k=0\ j=o0
« (min(kz_z,()) Z—Q’W(n—;—a—a—ﬁw)) %
j=0
oo min(k—2,0) i) . . 0
scy Y rUempmeett ey 0,
k=0 j=0
O & _t=h =)
<C Z Z 2~ (=2 —a—a—PBx)0 H2]ﬂoofxl “Lp(_),b
j=0k=j
o
€212 fx [Z00s = CU W 3.7

~.

for some C > 0.
We now consider /7/1. As j > k + 2, we have

1)) = €270 [ p(play.

Thus, Lemmas 2.5 and 2.7 guarantee that

|t e (F X)) | Laora = €277 i Lacra | £ 25 o0 125 W Lot

< Colk—ia |l Xk Ml Lao> I fx

1 e 0 r0s
jllLac

for some C > 0.
In view of (2.7), we have
1 1 a+a—>b
+ —
P+ 4+ n
Hence, (3.1) gives
n

———a:—i—l—a—b<,300.
q+ P+

Thereis a y € (¢4, 00) such that
< B (3.8)
14

Consequently, [14, Proposition 2.5 and Lemma 6.3] assure that, for any y € (¢4, 00),
there exists a constant C > 0 such that

szﬂm Xkla(f)(j)H Lava < C2k=i)a+ 5 +Boo) szﬂooij ”LP(')J" (3.9
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When 6 € (0, 1], (3.8), (3.9) and the #-inequality give

o0 o0
H1<cy 3 2% g la(f )| 00

k=0 j=min(k—1,0)

(o]

o0
<C Z Z 28k=J)(a+% +Boo) Hz.iﬂoo fxi ||i o
k=0 j=min(k—1,0)

o J
<C Z Z 20k=))a+} +Boo) ||2-”3°° S H ech),b
j=0k=0

o0
< C 227 23 Los = S Wi (3.10)
j=0

When 6 € (1, 00), (3.8), (3.9), and the Holder inequality yield

111 <C Z( Z o (k=)(a+ 5 +Boo) szﬂooij ||Lp(')’b)

k=0 \j=min(k—2,0)

= = 0952 (a+2 4 o) || .8
—CZ Z 2 |2 °°fX1“Lp(>b

k=0 \j=min(k—2,0)

Y

o0 .
x ( > 29’“5”<a+’;+ﬂoo>>
J

 =min(k—2,0)

o0 o0 .
<C Z Z 20452 (a+2+Bx) ” 2ibeo £y I 9L o
k=0 j=min(k—2,0)

o0
<cy i 70452 @+ +Bx) |28 £y, ”ip(')!b
j=0k=0
o0
= CZHW‘”fXj ”ip(-)b C”f”Kﬂ()b (3.11)

Jj=0

for some C > 0. Therefore, (3.2), (3.3), (3.6), (3.7), (3.10), and (3.11) establish the bound-

edness of 1, Kg(())gaKf()g [

As a special case of the above main result, we have the Stein—Weiss inequalities on
the power weighted Herz spaces.
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Corollary 3.2. Let a € (0,n), 6,8 € (0,00), a,b € R, and p,q € (1,00). If a,b, p,q
satisfy p < q,

n n
——<a§b<—/,
q p

1 1 o a-—>b
=—+4

P q n n

e —b<pen-"_0,
P P

El

then there is a constant C > 0 such that, for any f € K 1’? ’é’, we have

Vafllgsa < CILE N oao.
q,0 p,0
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