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Decay character in some function spaces and applications
to decay rates of generalized Navier—Stokes equations

Cung The Anh, Pham Trieu Duong, and Trinh Dang Duong

Abstract. The aim of this paper is twofold. First, we develop the notion of decay characters and
evaluate these characters in important data spaces that often appear in problems related to fluid
mechanics. Next, we apply our evaluation for the decay character of the initial datum r*(ug) to

study the decay of solution and its derivatives to n-dimensional generalized Navier—Stokes equa-

tions with fractional-order Laplace operator (—A)% when 0 < o < #. We establish the optimal

uniform decay estimates for the L2-norm of solution u, as well as decay estimates for || A™u/ ;2
and ||81,‘Amu Iz2 for positive integer k and non-negative real number .

1. Introduction

In this paper, we will consider the following n-dimensional incompressible generalized
Navier—Stokes equations:

du+ (—A)*u4+u-Vu+Vp =0, xeR" >0,
V.u=0, (1.1)
u(0) = uo,

where @ > 0andn = 2,3,4. Letu(x, ) and p(x,t) stand for the velocity and the pressure

of the fluid, respectively. The fractional Laplacian (—A)% is defined by Fourier trans-
form as

(—A)%u(®) = [EP*aE), EeR"

It is well known that if (u(x,t); p(x,t)) is a solution to the n-dimensional generalized
Navier—Stokes equations, then the scaling solution

(ua (x, 1) pa(x, 1) = A2 Tu(x, A2%1); 272 p(x, A1)

also solves (1.1). We denote the natural energy E(u):

1 o0
E(u) = —sup/ [u(x,t)>dx +/ / |A%u(x,t)|>dxdt,
2¢>0 R” 0 R~
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where A = (—A)'/2. Hence, with y := Ax,s := A2%, noting that dx = A™"dy, dt =
A2 A = /\“A;“, we have

1 o0
E(uy) = EsuIS/R lup(x,1)2dx ~|—/ /R |A%uy (x, 1) 2dxdt
> n 0 n
1
= —sup [ AZ@DAT(y, ) 2dy

s>0 JR”

o0
+ / A2(2a—1)k—n—2ak2a|Aau(y’ s)|2dyds
0 R~

1 (e e)

:A“"‘_Z_"(zsup / ua(y.s)Pdy + / / IA%(%SNZG’W)
s>0 JR” 0 R

= A2 E ().

In the regularity theory, equation (1.1) is supercritical for o < % in the sense that

limy_o E(uy) = oo. Meanwhile, the cases o = # and o > # are called critical
and subcritical, respectively. As in critical and subcritical cases, any classical solution
of (1.1) is always global in time (see, e.g., [21,37]). When 0 < « < %, the well-
posedness as well as the global regularity of solutions still remain a challenging and
open problem. The small data global (in time) existence of solutions, partial regularity
and non-uniqueness have been studied extensively. Recently, Jiu [16] and Deng [9] have
shown the small data partial regularity in H* spaces, while Duan [10] has proved the
regularity in homogeneous Sobolev spaces with small data also. Further research on the
latest studies related to the generalized (fractional) Navier—Stokes equations can be found
in [7,19,22,23,35,38,39,41].

Leray in [20] published an important open problem to address the question: whether
or not the global weak solution of system (1.1) when a = 1 decays to zero in L2(R?)
as time goes to infinity. After that, the temporal decay problem has gained interest in
a considerable number of studies of mathematical fluid dynamics; see, e.g., Kato [18],
Schonbek [29-31], Kajikiya and Miyakawa [17], Wiegner [36], Zhang [40], Schonbek
and Wiegner [33], Oliver and Titi [25] and others who have proved the upper and lower
bounds on the rate of decay for various norms and classes of initial data. Recently, in
the 3-dimensional case, for 0 < a < 5/4, several works have been done by Jiu [16] and
Melo [23] to estimate the upper bounds of the decay rates of weak solutions when
belongs to L? and Y?. Jiu [16] and Deng [9] established the decay estimates of higher-
order derivatives of the weak solution to (1.1) in R? and R”, respectively, with o < %.

In order to study the uniform decay rates of many dissipative evolution equation with
only L? data, Bjorland and Schonbek in [3] have introduced the concept of decay char-
acter r*(ug) associated with ug € L? that assigns an improved decay rate to the solution
of the heat equation with the data uy. It is well known that the long-time asymptotic pro-
file of the solutions to many linear dissipative systems is determined by the behavior of
the low-frequency components. Thus, the use of the decay character helps obtain bet-

ter decay estimates for the solution of dissipative Cauchy problems with L? data without
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additional regularity. As far as we know, one of the first applications of the decay character
in the study of fluid mechanics was published in [1]. Very recently, Brandolese, Perusato,
and Zingano in [5] obtained important results to show that in the class of Leray’s solu-
tions to the unforced Navier-Stokes equations, the subclass of solutions with L2-algebraic
decay is negligible in a topological sense. Moreover, the authors in [5] proved that Leray
solutions with algebraic decay generically satisfy as well two-sided bounds of the form
T+07 S futDl2 <A 4+0)7°.

In this paper, we first analyze and evaluate the decay characters in some important
function spaces that frequently play the role of data space in problems emerging from
studies of mathematical fluid dynamics: the space with mixed regularity L2 N L™ with
m € [1,2), the weighted spaces L7 (R”) and L?(R", e%mzdx), the Sobolev spaces with
negative order, and the special space ¥? that have appeared recently in the literature. After
that, we will focus on setting up the uniform decay rate of [|u||2, | A™u]|2, and ||0K A™u/,
using the notions of decay character. The decay rates of |u||, and |A™u||, have been
established in various papers, namely, [9,10,16,23]. However, the decay rate of || 8’,‘ A"u|»
has not been obtained elsewhere yet. To our knowledge, the only work involving this
kind of decay estimates was carried out in the viscous Camassa—Holm equations (VCHE)
framework, where the decay rate of ||dX AMu||, is estimated for non-negative integers
K, M; see, e.g., [1]. It is worth noting that, in the parabolic case, Guterres et al. in [13]
have proved that, under some mild assumptions, the decay of the norm of the derivatives
Du leads to the decay of the L? norm of the solution u itself. In our paper, by modifying
the method proposed in [1] and utilizing the decay characters, we successfully establish
the decay rate of the mixed derivatives ||8]t‘Amu|| » for non-negative real number m and
non-negative integer k (see Theorems 3.3, 3.10, and 3.11 for more details).

Notations

In this paper, all considered Banach or Hilbert spaces are based on the whole space
R”, for example, L? := L2(R"). We denote by L? the standard Lebesgue space with
norm ||¢]l, = (Jgn 1917 dx)¥/P. As usual, (u,v) = [g. uvdx stands for the standard
L? inner product. The notation A = (—A)'/2 is used throughout the paper, whereas
$ = ¥ ¢ and qvb = ¥ ~1¢ stand for the Fourier and the inverse Fourier transform of ¢. We
denote by L2, H" and H" the completions of Coo (Cg? functions with divergence free)
under the usual L2-norm, H™-norm, and norm ||A™ - ||, = (fgn [E[2™|F () (§)2d§)V/2,
respectively. Throughout the paper, for non-negative functions f(¢), g(t) the notation
f(t) < g(¢) is used to denote the inequalities f(t) < Cg(t) that are satisfied uniformly
for all + > 0, with a positive constant C. Finally, the generic constants are denoted by C,
and by C/(e) if the constant depends also on the parameter €.

The paper is organized as follows: Section 2 presents the definition and computation
of the decay characters in various function spaces of interest. Section 3 establishes the uni-
form decay rate of solution and its derivatives with respect to time and spatial variables,
both in general setting and in concrete classes of initial data. Several useful inequalities
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and the results on the existence, regularity of solution and the generalized energy inequal-
ity are presented in Appendices A-B.

2. Decay characters in some function spaces

2.1. Definition of the decay character

Originally, Niche and Schonbek in [24] introduced the following definitions of decay indi-
cator and decay character for a function uy € L2(R").

Definition 2.1 (Decay indicator). For ug € L?2(R"),s > 0,and r € (—n/2 + s, 00), the
decay indicator P} (u¢) corresponding to A’ug is defined by

P3(ug) = lim p=2r " / E12° 70 (8 PdE,
=0 B(p)

if this limit exists, where B(p) is the ball centered at origin with radius p.

Definition 2.2 (Decay character). The decay character of A%ug, denoted by r = r; (uo)
is the unique r € (—n/2 + s, 00) such that 0 < Pf(ug) < oo, if this number P} (up)
exists. If such PJ(u) does not exist, we set rj = —n/2 + s when PS(uo) = +oo for
all r € (—n/2 4 s5,00), or rj = +o0o0 when P’(ug) = O forall r € (—n/2 + s, 00). For
s = 0, we denote P?(ug) = Pr(ug) and ry = r*.

However, the decay character does not always exist for functions in L2(R"). In order
to overcome this situation, Brandolese in [4] has proposed the following improved defini-
tions of these notions.

Definition 2.3. Letug € L2(R"),r € (—n/2 + s,00). We define the lower decay indicator
and upper decay indicator by

Py (uo)— = liminf o~ / T (©)PdE,
p—>0F B(p)

Py(uo)+ = limsupp2"~" / 7 ().
B(p)

p—>0F

We note that the lower and upper decay indicators of u € L2 always exist in R. Next,
we define the lower decay character and upper decay character as follows.

Definition 2.4. We have

r(uo)— = inf{r € R : P, (ug)- > 0},

r(ug)+ =sup{r € R: Pr(ug)4+ < oo}.

Finally, the decay character is defined, according to Brandolese’s approach, in the
following manner.
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Definition 2.5. If there exists r* € (—%, co) such that

*

r* = min {r eR: Pr(ug)- > 0} = max {r eR: Pr(ug)+ < oo}
then we say r* = r*(ug) is the decay character of u,.

An advantage of introducing separately the upper and lower decay indicators and
decay characters of 1 lies in obtaining the upper and lower decay bounds for the solution
of the evolution problem even in the case when the data may not have the classical decay
character (by the approach of Niche and Schonbek). We recall the following result in [4].

Proposition 2.6. Consider the Cauchy problem

{ut—i-(—A)"‘u:O, t >0, x e R”, @1

u(0,-) = up(-) € L*(R™).
Then, the following statements hold.
(@) If Pr(ug)+ < oo, then the solution u(t, x) to (2.1) satisfies
lut. )3 < (@ +1)7aCFD,
(b) If Pr(ug)— > 0, then the solution u(t, x) to (2.1) satisfies
lut. )3 2 (4070,

Remark 2.7. The notions of P (u¢)+ and rg(ug)+, for s > 0, can be defined in a similar
manner by following Brandolese’s approach, so we may skip the details.

Niche and Schonbek in [24] obtained the following result on the decay characters
ry (o).

Proposition 2.8 ([24, Theorem 2.11]). Letug € H*(R"),s > 0. If —n/2 < r*(ug) < oo,
then —n/2 + s < rf(up) < oo and ri(ug) =s + r*(ug).

Remark 2.9. Implicitly, the authors in [24] require the existence of both r* := r*(ug)
and r; (uo) for the validity of Proposition 2.8. In that case, it follows that r*(A%ug) =
re(uo) = r*(uo) +s > —n(l — 1/m) + s. If, however, r; (up) does not exist, we can
assert only that (Prx45(ug))+ < +o00.

Definition 2.10 (Decay indicators and decay characters with negative orders). For v €
L*(R"),s > 0and r € (—n/2, 00), the decay indicator P,*(v) corresponding to A™5v is
defined by

P = limp > [ @) d
=0 B(p)
Ifu := F~1(|&|70) € L? for s > 0, then we denote r*(v) := r*(u).

Our recent result in [8, Theorem A.4] regarding the relation between r* (v) and r*(v)
for a function v € L? is stated as follows.
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Proposition 2.11. Let v € L?(R") such that there exists r*(v) satisfying r*(v) —s > -5
for some s > 0. Then, the function u := F~1(|&|750) € L2(R") and there exists r* (v) =
r*(u) =r*(v) —s.

2.2. Decay charactersin L2 N L™ for m € [1,2)

The following result has been discussed in [12] and is presented here with minor adjust-
ment and correction.
Proposition 2.12. Letug € L? N L™ for m € [1,2). Then, the following statements hold:
Q) Pr(uo)s < +oo;
() r*(uo)+ = —n(l— ).
Moreover, if the decay character r*(ug) exists, then r*(ug) > —n(1 — %).

Proof. Following arguments in [12], with % + % = 1, we have

, 2/m’' 1-2/m’
[ 1dweras < (/ 7o (&)™ ds) - (/ ldg)
B, B,
< Cp"0=m) = cp"GD, 2.2)
Therefore,
o [ d@PRde = ¢ witri=—n(1- ), 23)
m

P

The assertion of Proposition 2.12 then follows from the definitions of Py (1), r* (uo)+
and r*(uyp). L]

In [12], the authors have mistakenly concluded, based on (2.2) and (2.3), that r* (1) =
—n(l— %) forug € L2 N L™ m € [1,2). Itis not always the case, since amongst functions
ug € L2N L™, m € [1,2) admitting decay characters, the decay character of u¢ can take
arbitrarily large values greater than —n (1 — %), as the following proposition shows.

Proposition 2.13. For any s > 0, there exists vo € L? N L™ such that r*(vg) > —n(1 —
1/m) + s. Moreover, for any r € [r*(vg) — s, 7*(vg)], there exists a functionv € L*> N L™
withr*(v) =r.

Proof. For any s > 0, let us choose ug € H,,(R") N H(R™). Recall that the Bessel
potential space H, = F, , (the Sobolev space of fractional order s) is defined as

Hy ={f €S I fllay = 1F A+ EP2F(f)en} < 00

and H® = Hj.
Then, ug € L2 N L™ and ASug = (—A)?ug € L2 N L™, form € [1,2). Let vy :=
ASug € L? N L™, Hence, by definition, r*(vg) = r*(ug) + s > —n(1 —1/m) + s.
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Moreover, thanks to the embeddings in the Triebel-Lizorkin spaces (see [27, Proposi-
tion in Section 2.1, page 32])

K s S1
Fm,ZL) Fm,ooc_) Fm,2

for any s, s; such that 0 < s; < s, by the above construction, we are able to pick v :=
A*ug € L™ N L? to conclude that r*(v) = r*(A®'ug) = r*(ug) + s1. Hence, the decay
characters of functions from L™ N L? can take any value in the range [r* (1), r* (o) +5]
for s > 0. |

Now, we will construct a function ug € L™ N L? that r*(ug) is exactly —n(1 — 1/m).
First, let us recall the definition of the Hardy space # 7.

Definition 2.14. The Hardy space #? for 0 < p < oo consists of tempered distributions
f such that for some ® € § with fR" ®(x)dx = 1, the maximal function

Mo f 1=§Ulg|(f*q>t)(x)|

satisfies Mg f € L?(R"), where ®; := 17" ®(3).

We fix the following function v € L'(R?) N L2(R™) N #'(R") such that its decay
character r*(v) = 0. We know that such function exists, for example, it is sufficient to
choose v € L' N L? N J¢' with non-zero mean, i.e., [g, v(x)dx # 0.

Form € (1,2), puts :=n — % Then, 0 < s < 5. Letu := A™%v = I5v, where the
Riesz potential /g is defined by the Fourier transform as follows:

Proposition 2.15. Fors =n— 2% m € (1,2), and v € L'(R") N L*(R") N H' (R™), it
holds that u »== A=Sv € L> N L™ with r*(u) = —n(1 — %)

Proof of Proposition 2.15. We verify first that u € L2(R"). It is, in fact, a direct conse-
quence of Lemma A.5 (the Sobolev lemma).

By choosing ¢ = 2, relation (A.4) becomes % = % + % — 1, which leads to p := 22

3m—2"
It is easy to check that 35 € (1,2) form € (1,2). Thus, [[v]|L» is bounded for our choice
v € L' N L2, Therefore, by (A.5), |[u| ;2 < +o0.

Let us now verify that u € L™ (R"). We cannot apply the Sobolev lemma A.5, since
relation (A.4) withg =m,s =n — % implies that p = 1, which violates condition 1 < p <
g < oo. Instead, we will employ a version of the Hardy-Littlewood—Sobolev inequality,
stated in Lemma A..6, for the critical p = 1 obtained recently in [28].

Withs :=n — %, it is clear that condition (A.6) is satisfied. Moreover, by the classical
Stein—Fefferman result in [11] on the characterization of spaces 7, it is known that for

2m
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function f € L'(R") the condition f € #!(R") is equivalent to Rf € L'(R"). Recall
that the Riesz transform R; of function f is given by the Fourier transform as

R f) =7 (i T 1©).
We denote the vector R := (R1, R3, ..., R,). Therefore, our condition v € LinL2n gt
implies that ||Rv||z1 < 4+o00. Thus, we have verified that u = Iyv € L™. Summarizing,
we have shown that u € L2 N L™.

Next, we will show that the above constructed function u satisfies r*(u) = —s =
—n(1— %). Indeed, we will apply Proposition 2.11 on the decay character with negative
order. In our case, we have that *(v) = 0 and s = n — ;- therefore, the condition r* (v) —
s > —7 is clearly satisfied. Proposition 2.11 implies that

r*(u)=r*(v)—s=—s=—n(1—n%>~ "

Thus, we have constructed the function ug € L2 N L™ with r*(u¢) being exactly equal
to —n(l — %)

2.3. The decay characters of function in the weighted spaces L1” (R")

Let the weighted space L!¥(R") be defined as L' (R") := L'(R", (1 + |x|)?dx) for
y € [0, 1]. The following analysis was carried out in [6] and is stated below with slight
modification and correction.

Proposition 2.16 ([6]). Let ug € LYY (R") N L2. Then, Py(u¢) = 0 for r <y, and let
(Py(ug))+ <+o00. Moreover, if there exists the decay character r*(ug) =:r*, then r*>y.

Proof. We follow the analysis from [6]. For a general function ug € LY (R"), Ikehata in
[15, Lemma 3.1] has established the following estimate:

o () = CylEM uollry + ’fR uo(x)dx |, 24

with some constant C,, > 0, which depends only on y. However, since ug € L7 (R") N
Lg, by Borchers’ lemma (see [32]) the function u( has zero mean, i.e.,

1p(0) = /l.v ug(x)dx = 0.

Now, from (2.4), it follows that [17¢(§)| < C, |§|?, which implies the following:
i)  Pr(ug) =0forr <vy;
()  (Py(uo))+ < +oo.
If the decay character r*(ug) =: r* exists, then the above shows that r*(v) > y. L]
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8
2.4. Decay characters in weighted space L2(R", ¢ z!* |2dx)

. B . .
The weighted space L2(R”,e2* ‘de) appears in many problems in order to overcome
the compact support condition required for the initial data. Thanks to the inclusion of the

weighted space L2(R”, egmzdx) C LYY (R™) for any B,y > 0, we see that r*(u) > 1
for the divergence-free uy € L?(R”, e%mzdx).

2.5. Decay characters in Sobolev spaces with negative order

Proposition 2.17. Let ug € (L2 N H~") with y € (0, ). Then, P,(uo)+ < -+00 with
ri=y—5andr*(uog)+ =y — 5.

Proof. Since |71y € L%(R"), we obtain

o [ laa@Pds < 07 [ 1 o@)Pag < Cpr

o By

From the definition of upper and lower decay indicators, with 7 := y — %, we obtain
Pr(ug)4 < +oo0.

By Definition 2.5, we conclude immediately that r*(ug)+ > y — 5. (]

2.6. Decay character in ¥?

We define (see Melo [23])

YPR") = {/ € 'R | f € Li(R") and s (E171F @) < oo

where $’(R") is the space of tempered distributions and ¥? (R")-norm is given by

1Lf llge == sup {I&[7] £ &)1}.
EecRn

Proposition 2.18. Let p € [—1,n/2). Ifug € YP(R"), then r*(uo)+ > —p.

Proof. Ifug € L? N Y(R"), then we have
o [ an@pde <o [ clgpa
B(p) B(p)
< Cp—Zr—n /p rn—l—Zpdr < Cp—Zp—Zr.
0

Therefore, it is deduced from the definition of decay character that r*(ug) > —p (if uo
has decay character), and r*(ug)+ > —p (in general). ]
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3. The decay of solution and its derivatives

3.1. Non-uniform decay

We first prove that the L2-norm of solution u to (1.1) tends to zero when t — co. After
that, we show that there is no uniform decay in L? for solutions of (1.1) in the following
sense: for each sphere with radius y in L2, there is an initial datum on the sphere for which
the corresponding solution decays arbitrarily slowly.

The next theorem has already been obtained in [9]. It can be proved also by the gener-
alized energy inequality method; see, e.g., [2].

Theorem 3.1. Assume that 0 < o < ”1‘2 Ug € Lf,. Let u be the solution to (1.1) con-
structed in Theorem B.2. Then,

lim |u(t)]» = 0. 3.1
t—>00

The next theorem shows a lack of uniformity of decay rates of solutions u to (1.1).

Theorem 3.2. Let the assumptions in Theorem 3.1 hold. Then, there is no function G(t,y) :
Rt x RT — R such that the following statements hold:

© lull3 < G@, uoll2);
e limyeo G(t,y) =0forally > 0.

Proof. FixugeCS®, and let ué(x) =A"2uy(Ax). Hence, ||uf)L Il2=|luoll2 and ||Asué l.=
AS||ASug ||, for all s > 0. Therefore, there exists a constant A¢ > 0 small enough such that
forall0 < A < Ao,

n+2 —4a n+2 4a n+2 —4a

A

A up ollz2 =4 Ugll2 < & for the e mentioned in Theorem B.2.

We denote by u” the weak solution to (1.1) corresponding to ué. Taking inner product
(1.1) with A%%y yields

1d
5 1A IS + 1A% S < A% - VI, A%,
By the fractional Gagliardo—Nirenberg inequality, Young’s inequality and Lemma A.2, we
have
(A% 0t - VIt A%ub)| < CIIA% u* - VIt 2| AP
< CIA%WH| 2y V™2 [ A%

n+2 —20a

< C[|A*y A||2||A T PY VNV

n+2—2a A A 2 A2
2wt BIATUMS + A U3

<CJ|A

Hence,

n+2—2a
2

d
SRS < ClATURFIA T S,
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By Gronwall’s inequality and Theorem B.2, we obtain
IA“u* (@) 13 < A% [ A%uo3e€ < CA>*.

From there, multiplying (1.1) with u* gives

ld ;.5

- > _CAZa,

St =
so that

et )13 = lluoll3 — CA1.

Hence, we can deduce that there is no function G(¢, y) approaching zero in ¢ for each fixed
y such that |u(#)[|3 < G(t, |luo||2)- Indeed, if there were such a function, then at some 7o

2 2
we would have G(t, ||u]]2) < @ Then, by choosing A small enough, i.e., A% < ILugll(]z ,
. 2 3 2 L ..
it would lead to % > %, which is a contradiction. [

3.2. Uniform decay

In this section, we will apply the notion of decay characters to generalize the uniform
decay rates in L2 of u and its derivatives.
3.2.1. Decay in L2. We first establish the decay of solution u in L2.

Theorem 3.3. Suppose that 0 < o < %. Let ug € L2 and u be the corresponding

solution to system (1.1) constructed in Theorem B.2. Assume further that ug has decay
character r*(ug) = r* € (=%, 00). Then, for all t > 0, we have

.n+2}

u(@)]|2 < C(1 + ¢y~ minta+ 35355 3.2

Proof. To begin, applying the Fourier transform to (1.1) yields

(5, 0) + [E1%%0(E, 1) = —H (1),
i(€,0) = i (£),

where I-AI(S t) = u/%(é 1)+ @(S t). Hence,
Q(E 1) = fig(E)e 8™ — /t P (e 1)dr.
0

Therefore,

t 2
m@,mzscmo(snze—z's'“"+C|s|2( / e—'éz"‘(’—”nu(r)n%dr) . (33)
0

Meanwhile, taking the L?-scalar product of (1.1) with u, by Plancherel’s theorem, we
have

i A 2 20|18 2 _
G | ieopas <2 [ jgae.opas =o.
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Let B(p(?)) := {§ € R" | || < p(z)}. By the Fourier splitting argument, we obtain

d R R .
5 oaeoras 20 [ laeords <20 [ jaeorde.
dt Jrn Rn B(p(1)
Let d be a large constant. By choosing p?*(t) = ﬁ, from (3.3) and by the Fourier

splitting method, we see that

d d R
G0 [ racopae)

t 2
< d—1 A 2 d—1 2 2
<ca+ot [ PNCICRTENSEY ( | ||u(s)||2ds) / e
(3.4)

Therefore, since the decay indicator P« (u¢) < C for some constant C > 0, we have

* 2 t
%((1 +1)4 /R |ﬁ(r,g)|2dg) <Cl+n¢ e % +C(1 +:)d—%/o lu(z)||3d .

Integrating from O to ¢ yields

* _n n t
@3 <CU+0" +CA+1)"a % + C(1+1)" sz“/ lu(o)4d.
0
Since d is large enough, we get
r* _n n+2 !
Ol = €1+ 075+ C 07 F [ ol
0
Hence, thanks to |[u(7) |3 < |[uol|3, it follows that

(1+ 0% u() |3
<CU+n s w5 4 ¢ /Ot(l + 1) (1 4 1) T (o) | 2d .
By Gronwall’s inequality, we have
(1+ 0% u(o) 13

* _nn ! r* _n ! n
<Cl+t)ya =t %14 C / (14 1)~ % exp (/ (1+ r)—if+1dr)df.
0 s
Since —%E2 4+ 1 < —1, exp(fst(l + )~ *1dr) < C. Therefore,

* n n t r* n
lu@)||2 < C(14+1)"a % +C(A + t)‘%“[ (1+71) @ 2adr.
0



GNSE and decay character 497
It implies that
Cl+1) %% + C(1 + 1)~ 5+ if0 <o <r* 42,
@3 <3 CA 40" % + C(1+ 1)~ In(1 +1) ifa=r*+2,
C(l+1)"« 2 +C(1+1t — T2 5 ifr*+% <a< w,
C+1)" 5% 4 C(1 1)~ 52+ if0<a<r*+1,
< CU+0) e 5 £ CA+0) = In(l +1) ifa=r*41,
C(1+z)_§_ﬁ ifr* 4+ % <a <242,
Due to the fact that In(1 +7) < C(1 +¢)Y for0 < y < %, we get
C if0<a<r*+7%,
/ lu(s)|2ds < { Cn(1 + 1) ifo=r*+2, 3.5)
ca —}—t)l_*_% ifr*+3% <a< "+2
Plugging (3.5) into (3.4) yields
d
—((1+ )% u())3
S+ O
CA+nd 1% 3% +C( + z)d—l—"“ if0<a<r*+12,
S CA+ e W n?(141) ifa=r* 42,
C(l 400715 % 4 CA+dT1=5 %% ifr 42 <a<2

Since In?(1 4+ ¢) < C(1 + )" for some sufficiently small 0 < 5 <

r* > 1, then the second case will not happen) and

2r*+n (notmg that if
d is large enough, we deduce that

C+1) v % + C(1+1)7 % if0<a<r*+2,
@2 < Cc+0)"5 % + CO + 1) 5+ ifo=r* 4o,
CU+ 1) 4 CU+ 0254 ifr* 48 <q <152,
C(1+l)_%_2%+c(1+l)_% if0O<a<r*+1%,
<{CcO+n "% fo = r* 412, .
C(1+t)_%_ﬁ if +_<a<n+2

Remark 3.4. The decay rate described in (3.2) is optimal in the sense that it coincides
with the ones for the solution of the generalized heat equation v; + (—A)%*v = 0 with
the same initial data uq. Niche and Schonbek [24, Theorem 2.10] proved that if £ is the
pseudo-differential operator with homogeneous symbol of degree 2¢, then for the solution
to the linear problem

{u ; = Lu,

Ulr=0 = Uog,

t >0, x e R,
3.6)
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the decay rate of the form
lu@3 < €1+~ +ia

is sharp. It means that the solution to (3.6) satisfies both upper and lower bound estimates
for the L2-norm:

Ci(l+1)"@ % < |u(@)|? < Co(1 +1)" '« 2,

In [24], it has been proved that the decay rate (1 + t)_%Jr% is also sharp for the solution
0 to the dissipative quasi-geostrophic equations

O0; +u-VO+x(=8)*0 =0, 0<ac=<l, k>0,

as well as for the solution u€ to the compressible approximation to Navier—Stokes equa-
tions (corresponding to & = 1) in R3 with —% <r*<1.

Regarding the solution to the Navier—Stokes equations in R (i.e., when o = 1), our
estimate coincides with the decay estimate obtained by Bjorland and Schonbek in [3]. For
this classical model with n = 3, « = 1, Brandolese in [4, Theorem 5.1] has proved that
under condition r* = r*(up) € (—%, 1] the solution u to the Navier—Stokes equations in
R3 with initial datum u satisfies the following two-sided sharp decay estimates:

Ci(l+1)7""73 < Jlu@))? < G+~ 3.

From Theorem 3.3, we deduce the following consequences related to the initial data
chosen from special spaces.

Corollary 3.5. Leta = 1 andug € L2 N L? with p € [1,2). Assume further that ug has
decay character. Then, the solution u to system (1.1) constructed in Theorem B.2 satisfies
forallt > 0 the following estimate:

()2 < €1+ )4G0,

Proof. Fora = 1,ifug € L? N L? with p € [1,2), then, by Proposition 2.12, r*(ug)+ >
—n(l — %). Therefore, thanks to Theorem 3.3, we have

lu()ll2 < C(1+ 1)~ ™™EGDEE < o1 4 ~HGD,
One could see that it is the same decay rate obtained in [30]. [

Corollary 3.6. Letn =3, 0 <o < %. Assume that ug € L2 N L? for p € [1,2). Assume
further that uo has decay character. Then, the solution u to system (1.1) constructed in
Theorem B.2 satisfies for all t > O the following estimate:

@) < C(1 413G,
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Proof. By Theorem 3.3 and Proposition 2.12, we have

+2

u(OI = C(1+ 1 MEGDR) < 01 402G, .
() 2 = ( ) < )

Remark 3.7. It is clear that the decay rate stated in Corollary 3.6 is exactly the same as
that one obtained by Jiu [16]. However, in our proof we do not need to use the technical

assumption max{ 3_12a ; 1} < p < 2 introduced by Jiu.

Corollary 3.8. Letn = 3 and the initial datum ug € L2 N YP. Assume further that ug has
decay character. Then, the solution u to system (1.1) constructed in Theorem B.2 satisfies
forallt > 0 the following estimate:

_3-2p
lu@)ll2 = C(1 4 1)" 5.

Proof. From Proposition 2.18, we have r*(ug) > — p. Hence, by Theorem 3.3, we have

3—2p.n+2

i 3—2p
||u(t)||2 S C(l +t)_mm{ 4o ° 4a } 5 C(l _’_t)—T-
One could realize that the same decay rate appears in [23]. .

3.2.2. Decays of derivatives with respect to time and spatial variables.

Proposition 3.9. Suppose that 0 < o < %. Letug e HS (s > @) satisfy || uo|lgs <
€ mentioned in Theorem B.3. Assume further that uy has decay character r*(ug) = r* €
(=%.00). Then, for all t > 0, the following estimate holds:

n+2
o

lu(@) % < C(1 + 1)~ mnta Foai%a), (3.7)

Proof. We use the technique that has been used in [16, Proposition 3.3]. By applying the
Fourier splitting method to (B.1), we have

d A
s + Co* 0 ulys < 50 /B P + K P)d
0
< (1) [ ) PdE + 25 (1) / ) Pde.
B(o(1)) B(p(2))

Choosing p?*(t) = ﬁ with d large enough, we get from (3.2) that

n .n+2

d . r*
(A0 ulfys) < (1 T,

Therefore,
.n+2

() 135 < C(1+ 1) mind's + 355,

which finishes the proof. ]

The next result establishes the decay rates of x-derivatives of u in L2,
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Theorem 3.10. Let 0 < o < 242 and ug € HJ (s > "£22%) satisfying lluollzs < €
mentioned in Theorem B.3. Assume that wo has decay character r*(ug) = r* € (=%, 00).
Then, for allt > Ty, with some Ty > 0 sufficiently large, and any real number 0 <m <'s,
we have

IA™ ()3 < C(1 + 1)~ Mo+ 45 ),

Proof. In the following proof, we denote f(¢) := C(1 + t)_mi“{%"’ﬁ;%}. By taking an
inner product in L2 of (1.1) with A?>™u with 0 < m < s, since u is divergence-free, we get
1d
EE”AM ull3 4 1A ull3 < [([A™ u- Viu, A"u)| = 1.
To estimate the right-hand side, we follow the idea from [9] and consider the following

three cases.

Case 1: 0 < o < 7. Using (A.1) and Holder’s inequality yields

< |A™ul?2 [Vull g < CIA™ ul3IA™5 ull.

Here, for the term ||Amu||izn2 , we have applied (A.3) withf = 1,s =m,p = nz’;a and
o =m + . The term ||Vu|| 2 is estimated by using (A.3) with 6 = 1,s =1, p = 5 o and
o= n+2—4a

e
Case 2: 7 < a < 1. By (A.2) and Holder’s inequality, we have

I= (A" (- V), A" u)| < A% @ w) 2| A ul)
< full o AT ATy < C AU FIA T o,

In the above, we estimate [Jul| = by (A3)withd =1, =0,p= 55 ando = @.

The term ||A 1%y n %s estimated by A3)withf =1, s=m+1—a,p=

2 —
g and o =m + a.
Case3: 1 <a < %. We use (A.2) and Holder’s inequality to deduce that

I= (A" Vu), A" u)| < A" @ u)ll 20 A" u] 21

n+2 4a

1
< lull o A

ull 2 =< CIA™ ul3]|A ull2.

In the last deduction, the term ||u|| 2 is estimated by using (A.3) with 0=1,s=0,p=

327 and 0 = M meanwhlle the term ||A’”+1u|| o is estimated by (A.3) with
0 = l,s—m—l— l,p n_é—z(xand(f—m+a F1nally,(A3)w1th0 =l,s=m,p=
ni’;a and 0 = m + « gives the estimation for ||Amu||%.

Therefore, we have

1d
CP LG I3+ IA™ull3 < CIA™ ul3]A

n+2 —da

ull2

n+2—4a
2

1
< ClIA™ u|3]|A ull3 + ZIIA’”“‘uII%-



GNSE and decay character 501

Then, by (3.7), we deduce that

1d 3
S IR + ZIA™ < CF @O IA™ )3,

Let 7o > O be such that f(z) < % for all t > Ty. We have

d
EIIA"’uH% + A3 < 0.

By the Fourier splitting method and choosing p?*(t) = (12-:-10’ with d > 0 large enough,

we obtain

d m
(DT IAu])

<CA+nie! [

B(p(t

(€. 1)dg
)

*_n m n t 2
<Cl+ni e "a % £ C(1 + t)d—a—l—if(f ||u(z)||§dz) .
0

By (3.5), using arguments similar to the proof of Theorem 3.3, we conclude that

CU+0) "% %% +CU+1)"% % if0<a<r+2
[A™ull3 <3 CA+1)~ a2« ifo=r*+12, n
C(l+1)ya 2 a if r* 4+ 2 <a <242,

Now, we can formulate the main result of our paper.
Theorem 3.11. Assume that 0 < o < "$2. Let ug € H$, where

n+2-2ua
s > — + K max{2«,a + 1},
satisfying ||\uol||gs < € with the numbers € and K mentioned in Theorem B.3. Assume
further that ug has decay character r*(ug) =r* € (—%5,00). Then, there exists To > 0 such
that for all t > Ty, the corresponding weak solution u to (1.1) constructed in Theorem B.3
satisfies the following estimate:

¥

JEA™U(O)]13 < C1 4 1y a2k 2k (38

forallm € Ry and k € N satisfyingk < K + 1 and m + k max{2«,a + 1} < s.

Proof. The proof is by induction on k. Without loss of generality, we assume for the
moment that K > 1. Consider the case k = 1, and let m € R4 be arbitrary such that
m + max{2«, o + 1} <s. From the proof of Theorem B.3, we have the following estimate:

19 A™u3 < CIA™ U3 + CIA™ (u - V)13

+2-2
<CA™ P22y |2+ CA™ e u| 2| AT 7

n—2a

2 2 12
ull3+CIAZ ul 5 A" 3.
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Since

m+2a <m+ max{2a,a + 1} <,
m+o <m+max{2c0,a + 1} <s,

m4+a+1<m+max{2a,a + 1} <s,
from Theorem 3.10, it follows that

r*

JA™F2u (o) < C(1 4 )7 mnTE s )

)

||Am+au||§”An+22—2au”§ < C(l T t)_min{2r1+n +%+n+%;4a +2;nai2+%+n+%;4a+2}’

and

n—

”A zzau”%”Am-i-oH-lu“% < C(l + t)—min{2r2+"+%+7n+§;4a +2;nai2+%+7n+§;4a +2}.

Combining the above estimates, we conclude that

IA w2 < C(1 4 1)~ Ml H gt 2 G4,

Now, let us assume that the statement of Theorem 3.11 holds for every j = 1,2,...,k,
with k < K. We will prove the theorem for j = k + 1. Let m be non-negative such
that m 4+ (k + 1) max{2«, @ + 1} < s. Recall the following estimate from the proof of
Theorem B.3:

0¥ A™ |3 < ClIOFA™T22u|3 + C (0K A™ (u - V) |3
k n+2—2a

< Clla A" ul3 + C Y 20 AT ul 3110, A T w3
i=0

n—2a

+ 195N w20k Aty |2,

Thanks to (B.2) and

m+ 20 + kmax{20, 0 + 1} <m + (k + 1) max{20, 0 + 1} < s,
m+a+ kmax{2a,a + 1} <m + (k + 1) max{2a,a + 1} < s,
m+a+ 1+ kmax{2«,a + 1} <m + (k + 1) max{2c,a + 1} <,

from the inductive assumption, we have

¥

|85 A 200 (1) |2 < C(1 A 1)t 20 DS+ 20 D)

k—i 2 ; n+2—2a 2
0 Ao 29, A |3

og2r® 2-4 n+42 a4
<C(+ t)fmm{ rtn yom oy nd2 a+2(k+1)’%+%+"+27a”+2(k+1)}’
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and

—2 .
w38t ATty |2

< C(l + [)_mm{z +n+ +n+2 4a+2(k+1) n+2+ +n+2 4a+2(k+1)}.

ll9;~

Combining the above estimates, we conclude that

||8k+1Amu||2 < C(l + t)—mm{r +m+2a+2(k+l) ”+2+ +2(k+1)} -

From the above theorem, we deduce the following consequences related to the esti-
mates of the x-derivatives of the solution when the initial data are chosen from special
spaces.

Corollary 3.12. Letn =3 and 0 < a < 5/4. Assume that ug € HS N L? withs > 3 —«
and 0 <m <, p € [1,2). Assume further that uy has decay character. Then, the solution
u to system (1.1) constructed in Theorem B.2 satisfies for all t > 0 the following estimate
for its derivatives:

D™ @)} < C(1+ 1) GDTE,

Proof. Let k = 01in (3.8). From Theorem 3.11 with k = 0 in (3.8) and Proposition 2.18
with p € [1,2), it follows that

ID™u(@)|2 < C( + 1) "M G2 < c1 4% GV a
Remark 3.13. One could see that the decay rate obtained in Corollary 3.12 is exactly the
same as in [16] without any further assumptions on p as Jiu required in [16].

Corollary 3.14. Letn =2,3,4, and 0 < o < "F2. Assume that uo € HS N H™' (I > 0),
and 0 <m < s. Assume further that ug has decay character. Then, the solution u to system
(1.1) constructed in Theorem B.2 satisfies for all t > 0 the following estimate for its x-
derivatives:

ID™u(t)]2 < C(1 + 1)~ %

Proof. Ifug € L2 N H~, (I > 0), then, by Proposition 2.17, we have r*(ug) = [ — 5.
Hence, Theorem 3.11 implies that

+I.n4+2
Py

ID™u(t)|l < C(1 + 1)~ M55 5215 < 0 (1 4 1) "5

The same decay rate was also obtained in [9]. [

A. Some auxiliary inequalities

In this appendix, we recall some auxiliary inequalities.
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Lemma A.1 ([26]). Assume that a,b > 0. Then, the following estimate is valid:

/ b gE < o
R

Lemma A.2 (The Kato—Ponce inequality [9]). Let s > 0. Assume that 1 < r < oo and

1=-L14 qll = ﬁ + qlz, with q1, p2 € (1,00) and p1,q» € [1, 00]. Then,

r D1
IA®, 7 Vigly = CUIV fllpi 1A°gllg + 1A° f .1V llg,) (A1)

and

IA*(f)r = CUIglp IA° fllgy + 1A gl M1 f 1142 (A2)
where [A*, f -V]g:=A*(f -Vg)— f-VA*g, and C's are positive constants depending
on the indices s, 1, p1,41, P2, and q>.

Lemma A.3 (Gronwall’s inequality in integral form). Let I be an interval of the real
line of the form [a, 00) or [a, b] or [a,b) with 0 < a < b. Let f, g, and u be real-valued
functions defined on 1. Assume further that g and u are continuous and the negative part
of f is integrable on every closed and bounded subinterval of I. If g is non-negative and
if u satisfies the integral inequality

u(t) < f@t) + /tg(s)u(s)ds vVt el,
then

u = o+ [ f(s)g(s)exp{ [ g(r)dr}ds, el

Lemma A.4 (Fractional Gagliardo—Nirenberg inequality [14]). Let 1 <r,rg,r1 <00,0>0
and s € [0, 0). Then, the following inequality holds:

IASv]l, < CllofIi?IlA |8, (A3)
wortE
where 6 = T I and £ <0 < 1.
ag ag
o T

Let the Riesz potential /g be defined as follows: 1737 &) := %. We formulate below
the Sobolev lemma, known also as the Hardy-Littlewood—Sobolev fractional integration
theorem.

Lemma A.5 (Aubin and Stein [34]). If1 < p < q < oo satisfying

11
=2 (A.4)
g p n
then
[Zsvlize < ClvliLe. (A.5)

with a positive constant C = C(n, p,q, ).
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For p = 1, we have the following alternative.

Lemma A.6 (Schikorra, Spector, and Van Schaftingen [28]). For m,s > 0 such that
=1--, (A.6)

the estimate
[ Zsv]lLm < ClIRV| 1

holds, with a positive constant C = C(n,m, s).

B. Well-posedness, regularity, and generalized energy inequality

In this appendix, we recall the proofs of the existence and regularity of the solution u to
(1.1) from [9, 10, 16] with some necessary modifications. Moreover, we also estimate the
higher order ¢-derivatives of u in L2. Next, the generalized energy inequality is formu-
lated. To begin, let us define the weak solution to problem (1.1).

Definition B.1. For T' > 0, the function u is called a weak solution to system (1.1) on the
interval (0, T) if it satisfies the following:

« ueLl®(0,TELy)NL*([0.T): Hy);

o forany0 <s <t < T, the identity

/ [ (0. 3o (D)) + u(0) - V(). $(0) + (A%u(x), A%(0)) Yt
(), ) + w(s).$(5))

is valid for all test function ¢ € C'([0, T]; Cg%),

* the following strong energy inequality:

t
()2 + / 1A% B < [u(s)I3

is valid for almost all s € [0, T'], and for all ¢ € [s, T].

Theorem B.2. Assume that 0 < a < ”+2 ,and letug € Li. Then, there exists a weak solu-

tionu € L°([0,T]; L2) N L2([0, T]; H"‘) to system (1.1) for all T > 0. Moreover, if ug €

. n+2—4a
H, ?  satisfies ||u0|| ni2t < ¢ for some & > 0 small enough and mdependent of uo,

nizdn
then the solution u is umquefor allt > 0 and belongs to L*°([0, T1; H s )ﬂLz([O T;

n+2—2a

Hy, % )forallT > 0.

Proof. Following the same strategy as in [16, Theorem A.1] and [10, Theorem 1], one can
obtain a similar result in the n-dimensional case. [
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The following theorem is devoted to the regularity of solution u in inhomogeneous
Sobolev spaces and also to the bounding of higher order derivatives with respect to ¢ in
L? space.

Theorem B.3. Ler 0 < o < %. Suppose that ug € HS with s > # Then, there

exists a positive constant Cqy such that for all € € (0, Cy), for all data ug with ||ug||gs <€,
system (1.1) has a unique global solution u € L*®([0, T]; HS) N L2([0, T]; HS*%) for all
T > 0. In addition, the following inequality is valid:

d
EIIM(I)IIqu < —ClIA“u(®) |13 (B.1)

Moreover, let

25 —(n +2—2a)]. B2)

K := [
2 max{2«x, 1 + o}

Then, for every non-negative integer k < K + 1 and non-negative m satisfying m +

k max{2«,a + 1} < s, we have

t
0¥ A™u|2 < C(n.€) and / [0k Ay (z)|2dT < C(n.e) forallt > 0. (B.3)
0

Proof. The first two statements have been proved in [9, Theorem 1.6]. It remains to show
inequality (B.3).

By the same strategy as in [2], we prove (B.3) by induction in k. Note that the fol-
lowing estimates are carried out for the approximated solutions obtained, let us say, by
Galerkin’s method. By the limiting process and by the uniqueness, we obtain the same
bounds for the exact solution. Let k = 1 and m be arbitrarily non-negative such that
m + max{2«,a + 1} <s. Applying A™ to (1.1) yields

10, A™u3 < C|A™T2*ull3 + C||A™ (u - Vu)|3
< C||A™2y|2 + C[[A™, u - V]ul3 + Clu- VA™u|3
< CIA™ 2% u3 + CIA™ Ul [[Vulll + Cllul3 VA" |2,

n+2—2a n—2a

20, 112 2 2 2 112
< CIA™ 22 u|3+CIA™  ull3 A= ull3+CIA = w3l A ]

2 4
< Cllullgs + Cllullzs-

By (B.1), we deduce that
lu@llas = lluollas < e.

Therefore,
19: A™u )3 < C(n,e).

Assume that the following estimates hold for all j = 1,...,k withk < K:

||8',j A™u||3 < C(n,€e) for any non-negative m such that m + j max{2a,a + 1} <.
(B.4)
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We show that (B.4) is also true for k + 1. Indeed, let m be any non-negative real number
satisfying m 4 (k + 1) max{2a, & + 1} < s. Applying 0¥ A™ to solution u of (1.1), we
have

19T A™u 3 < C a7 AT 23 + C19F A™ (u - V) |3

k
<C(n,e)+C Y [[A™, 9 u- V]dull3 + 135 u - VI, A™u)|3.
i=0
We estimate the sum in the above inequality
k
C Y IA™, 3 u - VIhu|3 + (10 u - VO, A ) |13
i=0

k
k—i 2 i 2
= C Y10 A", 19 Vul}

i=0
18 A U)o 15T Vul|% 4+ 052 VO AT 20
n—2a a o n—2a
k +2—2 2
7 ; n+2—2a 3 n—2a :
< C Y 20 AU Z00 AT w3 4 (05T AT w3 o) A et 3
i=0

From (B.2) and (B.4), we obtain [|3¥ 1 A™u|2 < C(n, €).
On the other hand, by a similar argument, for m + k max{2«, @ + 1} < s, with non-
negative m and non-negative integer k < K + 1, we obtain

k 2 2 2 2
195 A" Full3 < CIA" |z + Cllullzz 1A%l

Also, from (B.1), we deduce that fot ||A“u(r)||%{sdt < €2. Therefore,
t

/ 95 AmTeu(t)|2dt < C(n,e) forallt >0,
0

which finishes the proof. ]

The generalized energy inequalities presented in the following proposition play a cru-
cial role in proving the non-uniform decay of solution u to (1.1).

Proposition B.4. Let u be the solution to (1.1) obtained from Theorem B.2. Let E €
C ([0, 00)) be non-negative. Then, for s = 0 and almost s > 0 for all t > s, we have

EOIV @) * u(0)]2
= E@) () »u)3 + / E'@I @) * u@|3dr

s

t t
12 / E@' (1) % u(@). y(0) % u(0)dr —2 / E@[A“Y (1) * u(@)|3d

- 2/ E(@){u(t) - Vu(r), ¥ (r) * ¥ (r) xu(r))dr
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forally € C1([0,t];C' N L?), and
E®) g »a)3
= E@) Iy ()3 + / E@IT @3

N

12 / E@F i), T (0a)de —2 / E@|[E1T (a0 |3d

S

- 2/ E@)(F[u(r) - Vu(0)] ¥*(@)a(r))d

forall € C1([0, 00); L®).

Proof. The proof follows exactly the same arguments as in [2]. Note that the only differ-
ences are

/ (A UE@W)Y * ¥ * udx = E(1) / A® (W w)Pdx = E@)IA%Y # ul2
R~ R”

and

/R EPHRE) E(PPE)dE = E() = EO|[E1*Pa]3. .
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