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Bounds for generalizations of Steffensen’s inequality
using Taylor’s formula

Josip Pecari¢, Anamarija Perusi¢ Pribani¢, and Ksenija Smoljak Kalamir

Abstract. In this paper, we generalize the identities related to Steffensen’s inequality using the
Taylor formula by introducing a positive weight. For these generalized identities, we obtain bounds
by applying the weighted Hermite—Hadamard inequality for a convex or concave function of the
form | £ |4, Furthermore, we generalize known weighted Hermite—Hadamard-type inequalities
by using new identities associated with Steffensen’s inequality.

1. Introduction

In recent decades, considerable attention has been devoted to the theory of convexity due
to its practical applications across various fields in both pure and applied sciences. The
theory of convexity is described in detail in many books such as [6, 12,20, 23]. The theory
of convex functions is closely related to the theory of inequalities, and one of the most
well-known inequalities showing this connection is the Hermite—-Hadamard inequality.
It is noteworthy that this inequality was independently discovered by Hermite [7] and
Hadamard [5]. For a long time, this inequality was attributed only to Hadamard because
Hermite’s result was not acknowledged in the history and theory of convex functions. Even
Fejér [3] mentioned only Hadamard when obtaining the generalization of this inequality.
Today, the inequality is commonly known as the Hermite-Hadamard inequality, and for a
convex function f : [a,b] — R, it states

b b b
f(“g )sﬁ/a fydx < HOEIO)

A generalization due to Fejér [3] for a convex function f and a positive, integrable

function g, symmetric to # in the interval (a, b), states
a+b\ [° b a)+ f(b) [*
1(“57) [ e = [ rmgemar < KOO [ gan.

In this paper, we use the weighted Hermite-Hadamard inequality for convex functions
stated in the following theorem (see [15,20,28]).
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Theorem 1.1. Ler w : [a, b] — R be a non-negative function. If f : [a,b] — R is a convex
function, then the following inequality holds:

b m—

b —

h—
Wby fn) < [ i) o < W(b)[ﬁf(a) 4 Zf(b)}, (LD)

where

t b
W(t) =/ w(x)dx and m = %/ w(x)xdx.

If f :]a,b] — R is a concave function, the inequalities in (1.1) are reversed.

In some sources, inequality (1.1) is referred to as Hermite—Hadamard—Fejér inequality,
due to its historical development and weighted nature.

Steffensen’s inequality has intrigued many mathematicians who have generalized and
refined it in numerous papers, not only using the classical Riemann integral but also frac-
tional integrals [10, 14, 27], time scales [1, 2, 13, 25] and quantum calculus [4, 22, 24].
Furthermore, by using various interpolation polynomials many identities associated with
Steffensen’s inequality have been obtained in the last decade; for example, see [16, 17].
A detailed overview can be found in [8]. Most of the advances on Steffensen’s inequality
since its appearance in [26] have been collected in [19]. For a non-increasing function f
on [a, b], a function g satisfying 0 < g < 1on [a,b] and A = fab g(t)dt, the Steffensen
inequality states

b b a+t+A
ﬁ Sl < / Fg()dt < / F()d.

The aim of this paper is to generalize the identities related to Steffensen’s inequality
via Taylor’s formula as obtained in [17], by adding a positive weight. For the result-
ing identities, we establish bounds using the weighted Hermite—Hadamard inequality for
convex or concave functions of the form | £ |7, We conclude the paper with weighted
generalizations of results from [18]. In the final section, we present results concerning
higher-order convex functions. For the sake of clarity and readability, we begin by recall-
ing their definition and main properties.

The definition of n-convex functions is characterized by nth order divided differences.
The nth order divided difference of a function f : [a,b] — R at mutually distinct points
X0, --.,Xn € [a,b] is defined recursively by

flxil= f(xi). (@ =0.....n)

and

f[xl,...,x,,]—f[xo,...,x,,_l]-

Xn — X0

flxo,-..,xn] =

The value f[xo, ..., X,] is independent of the order of the points xo, ..., X,.
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The definition may be extended to include the case that some (or all) of the points
coincide. Assuming that £ U~V (x) exists, we define

G=D(x
f[x,...,x]zu. (1.2)
— (=D
J-times
The notion of n-convexity goes back to Popoviciu [21]. We follow the definition given
by Karlin [9].

Definition 1.1. A function f : [a,b] — R is said to be n-convex on [a, b], n > 0, if for
all choices of (n + 1) distinct points in [, b], nth order divided difference of f satisfies

flxos...,xn] = 0.

Note that 1-convex functions are non-decreasing functions. Certain differentiability
properties hold for n-convex functions. If f is n-convex on [a, b] for n > 2 then f* exists
and is (n — k)-convex function for 1 < k < n — 2. Moreover, the right-hand derivative

f‘l exists, is right-continuous and increasing on [a, b). An n-convex function f need

not be n-times differentiable; however, if f () exists, then f is n-convex iff f m > g,
2. Identities obtained by Taylor’s formula
Let n be a positive integer and f : [a,b] — R be a function such that £ #~1) is absolutely

continuous on [a, b]. Then for ¢, x € [a, b], the following Taylor formula around the point
¢ holds:

nl o) _
0= Loy

i=0

* (n) -1
(n_l)![c F® @) (x — )" dt.

In this paper, we use Taylor’s formula around a point a given by

@)
Zf ()(x— a)' + /f(”)(t)(x 0" e @)

1)'

and Taylor’s formula around a point b given by

n—1 @) b
Zf ,.,(b)oc—b)" S / fPO@-0"rde (22

St = n— 1)1

i=0

By applying Taylor’s formulas around the points @ and b, we obtain the following
identities related to weighted generalizations of Steffensen’s inequality.
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Theorem 2.1. Let f : [a,b] — R be a function such that "~V is absolutely continuous
for somen > 2. Let g, p : [a, b] — R be integrable functions such that p is positive and
0<g<1Let f:+l p)dt = f: g(t)p(t)dt and let the function G, be defined by

G1x) = {fa (1—g®)p()dt, x€la,a+ Al 03

2 g p(yd, x €[a+A,b].

Then, the following identities hold:

a+A @i+1)
[ ropen - / f<r>g<r)p(r)dz+2f L / G (0)(x — @) dx

b b
=G _12)! / (/ Gi(x)(x — t)“dx)f(")(z)dz (2.4)
and
a+A @i+1) _
[ ropoan - / FOg®) pyds +Z 6 f G1 () (x — by dx
(n_z), / ( / G1(x)(x =)'~ 2dx) ARG 2.5)

Proof. Similarly, as in the proof of [17, Theorem 2.1] using the Mitrinovi¢ identity given
in [11] with the positive weight p and applying the integration by parts, we obtain

a+A b b
/ £ p(0)di - [ £ p()dt = - / G1(x) ' (x)dx.

Further, we apply Taylor’s formula at the point a, given by (2.1), to the function f’,
replacing n with n — 1, to obtain

b i+1) .
/ G1(x) /' (x)dx —Zf (“)/ G1(x)(x —a)' dx

i=0

b x
+ﬁ/ Gl(x)(/ f(")(t)(x—t)"‘zdz)dx. (2.6)

To obtain the desired identity (2.4), we apply Fubini’s theorem to the last integral in (2.6).
In a similar way, we obtain the identity (2.5). ]

Remark 2.1. Taking p = 1 in Theorem 2.1, we obtain the result given in [17, Theo-
rem 2.1].

Theorem 2.2. Let us assume that [ : [a,b] — R be a function such that f @~V is abso-
lutely continuous for some n > 2. Let g, p : [a, b] — R be integrable functions such that
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p is positive and 0 < g < 1. Let fbb—)L p(t)dt = f: g(®) p(t)dt and let the function G be
defined by

e {fa g(t)p(t)dt, x €la,b—AlL o

b
[ —=g@)pt)dt. xe[b—Ab]
Then, the following identities hold:

(i+1) )
[ F)2(0)plde — [ f<z>p(t)dr+2f (@) / Ga(x)(x — aY' dx

b b
=G _12)! / ( / G (x)(x — t)"‘zdx) F™t)de 2.8)

and

(z+1)b .
[ £ pt)dr - / f(r)p(r)dr+2f ©) / Ga(x)(x — b dx

1 b t
= / ( / Go(x)(x —t)”_zdx) FDt)dr. (2.9)
(n=2)!Jq a
Proof. The proof is similar to the proof of [17, Theorem 2.2] except that we use the
Mitrinovié identity [11] and the function G, with the positive weight p. ]

Remark 2.2. Taking p = | in Theorem 2.2, we obtain the result given in [17, Theo-
rem 2.2].

3. Main results

In this section, we establish Hermite—Hadamard-type bounds for the identities obtained in
Theorems 2.1 and 2.2. These identities were derived by applying Taylor’s formula at the
left endpoint a and the right endpoint b, respectively. Therefore, we divide the results into
two subsections, depending on which boundary point the results pertain to. The results are
established for a class of convex or concave functions of the form | f ]9,

3.1. Results for Taylor’s formula at the left endpoint a

Our first result provides a weighted Hermite—Hadamard-type bound for identity (2.4)
obtained by using a convex function of the form | f |9, After each inequality, a numerical
example is provided to illustrate and confirm the validity of the result.

Theorem 3.1. Let f : [a,b] — R be a function such that £ "~V is absolutely continuous
for some n > 2. Let g, p : [a,b] — R be integrable functions such that p is positive
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and 0 < g < 1. Let f:—H p()dt = f: g(®)p(t)dt and let the function G1 be defined
by (2.3). If | f ™9 is convex for n > 2 and q > 1, the following inequality holds:

b a+Ai (i+1)
-2 [ rogwpwar— [ ropedi- Zf @ / G (x)(x—a)'dx
<W1(b)(b "“lf(")( )+ If("’(b)lq) 3.1)
where ,
Wy (b) = ﬁ/ Gi(x)(x —a)" Ydx (3.2)
and

mp; =

b a (x _a)n
n—1
ml Gl(x) (a . (x — a) + T)dx (33)

Proof. Let us begin the proof by defining the function w; on [a, b] as follows:

b
wi(t) = / Gi(x)(x —1)"2dx, (3.4)

where the function G is defined by (2.3). Since the condition 0 < g < 1 is satisfied and
the function p is positive, the function G; is non-negative. Therefore, the function w; is
non-negative on [a, b] for every n > 2.

Multiplying identity (2.4) by —1, taking the absolute value, and then applying Holder
inequality with ¢ > 1 and using the fact that the function w; is non-negative, we arrive at

f(z+1)(a) / Gr(x)(x —a)idx

b a+i
[ osoroa [ ropoa-y L@

i=0

b b
(n_lz), / (/ Gl(x)(x—r)"—zdx)f‘”(r)dr

b
/ w1 (1) S D (t)dt

1
(n—2)!

b
< oy |, OO0l

b =2/ rb :
([ moar) ([ moirooma)” 6.5

Since the function | £ ™4 is convex and w; is a non-negative function, we can apply
the right-hand side weighted Hermite-Hadamard inequality given by (1.1), which yields
the inequality

b
/ wl(r)|f<"><r>|qdr5W1<b>-(b LM p e 4 If‘"’(b)l"), (3.6)
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b b b
Wl(b)=/ wl(t)dt=/ (/t Gl(x)(x—t)"zdx)dt
=/ Gl(x)(/ (x — )"~ zdt)dx—/ G (x )%dx

1 b 1 b b
mip = W(b)/[; U)1(l)l dt = W/a (/; Gl(x)(x —t)n_zdx)ldt
b X

= %(b)/ Gl(x)([a (x—t)”_z-tdt)dx

B 1 b _(x _ t)n—l x x (x _ t)n—l

= Wl(b)/ Gl(x)(t-—n_1 a+/a —w_1 dt)dx

_ a-(x—ay* ! (x —a)"

= Wl(b>[ T v Lo
Clearly, by combining relations (3.5) and (3.6), we obtain

b a+A @i+1) .
[ rwsopwa- [ rope- Zf @ / Gy (0)(x — )i dx

1

b 1=/ rb i
< o[ moa) ([ wl(t)lf‘”)(t)l”dt)

- :
(Wl(b))l“( / wl(t)lf(”)(t)lth)

where

and

1
(=2
1
<
= -2
= (@ + If‘"’(b)lq)

which proves our assertion. The proof is complete. ]

(Wi (b)) (Wl(m - (b ML O (@) 4 If‘”)(b)lq))

Example 3.1. Letusseta =0,b =1, ft) =€, pt) =1+1,g(t) =1, n =3 and
q = 1. Then, the conditions of Theorem 3.1 are satisfied, and we have

1 A 1 1
/e’(t+t2)dt—/ tetdt—/ Gl(x)dx—/ G1(x)xdx
0 0 0 0

and

= 0.0650933 (3.7)

Wi(b)(1 —my + mye) = 0.0709719. (3.8)

It is evident that 0.0650933 < 0.0709719, which confirms the inequality stated in Theo-
rem 3.1.
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The following result is, in some sense, complementary to Theorem 3.1, as it concerns
a class of concave functions of the form | £ |2

Theorem 3.2. Let f : [a,b] — R be a function such that £ "~V is absolutely continuous
for somen > 2. Let g, p : [a, b] — R be integrable functions such that p is positive and
0<g<lLet [*** p(t)dt = [? g(t) p(t)dt and let the function G, be defined by (2.3).
If | f ™9 is concave for n > 2 and q > 1, then the following inequality holds:

b a+i n—=2 ,(Gi+1) b
=22 [ rogwpwar- [ f(r)pa)dz—;%z(“) | Gi-ayax
SAOIACI (39)

where W1(b) and my are given by (3.2) and (3.3), respectively.

Proof. Let us define the function w; by (3.4). As in the proof of Theorem 3.1, we have
that wy is non-negative and that the inequalities in (3.5) hold.

Since the function | £ |7 is concave and w, is non-negative, we can apply the reverse
left-hand side weighted Hermite—Hadamard inequality in (1.1) and obtain

b
Wi(B)] ™ ()4 > / wi (O] £ (1)1, (3.10)

a

where Wj(b) and m are given by (3.2) and (3.3), respectively.
Combining the relations (3.5) and (3.10), we arrive at

n—2

A @i+1) b )
ropod -y IO [C610e - ajax

i=0

1 b 1= 7 rb i
< ogi([ mod) ([Cwor@o)

(W1 (b))% (Wi (B £ @ (my)|7)

a+

/ ! 0eperdi - /

- 1
~ (n—2)!

1
= 2y MOl

which proves our assertion. The proof is complete. ]

Example 3.2. Letusseta =1,b =2, f(t) = 13, p(t)y=1+tand g(t) = % n =3 and
q = 1. Then, the conditions of Theorem 3.2 are satisfied, and we have

2 14+ 1 @i+1) 2
/1 (tlzf1 +t )dt—/1 tﬁl—kt)a’t—é%j(l)/l Gl(x)(x—l)idx

= 0.885589

[STj%=}
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and 105
W (b) —Y"L g’”l — 0.88786.

It is evident that 0.885589 < 0.88786, which confirms the inequality stated in Theo-
rem 3.2.

Now, our aim is to establish a Hermite—Hadamard-type bound for the identity (2.8) by
using a convex function of the form | £ 4.

Theorem 3.3. Let f : [a,b] — R be a function such that £ "~V is absolutely continuous
for some n > 2 Let g, p : [a,b] — R be integrable functions such that p is positive and
0<g<lLet fbb_/\ p()dt = fab g(t) p(t)dt and let the function G be defined by (2.7).
If | f ™9 is convex for n > 2 and q > 1 then the following inequality holds:

b i+1) ) b
a2\ [ fwpwar- ZO LA / Ga()(x —a) = [ fOg0p (0
< %(b)(b P p @ + If(”)(b)l") G.11)
where
1 b
Wa(b) = —/ Gr(x)(x —a)" Ydx (3.12)
n—1J,
and
b a (x _a)n
- . _ n—1 "
my = s l)Wz(b)/,; Gz(x)(a (x —a) + . )dx. (3.13)

Proof. We follow the lines of the proof of Theorem 3.1, except that we use the iden-
tity (2.8). [ ]

Example 3.3. Let f(t) = e’ on[0,1],n = 3, and ¢ = 1. By applying (3.11) with p(¢) =
1+t and g(¢) =t, wheret € [0, 1], we obtain the estimate

0.0115411 < 0.0125495.
Next, we establish a result complementary to Theorem 3.3.

Theorem 3.4. Let f : [a,b] — R be a function such that £ "~V is absolutely continuous
for somen > 2. Let g, p : [a, b] — R be integrable functions such that p is positive and
0<g<l.Let fbb_/\ p(dt = fab g(t)p(t)dt and let the function G, be defined by (2.7).
If| f ™9 is concave for n > 2 and q > 1 then the following inequality holds:

@i+1) ) b
(n—2)! / FOp@rdr— Zf @ f Gax —afdx— [ fg0p()d

< Wa(®)| ™ (my)l, (3.14)

where W5 (b) and m, are given by (3.12) and (3.13), respectively.
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Proof. We follow the lines of the proof of Theorem 3.2, except that we use the iden-
tity (2.8). [

Example 3.4. Let us consider again our constructed example,a = 1,b = 2, f(t) = t%,
p(t) =1+1,g@) =% n =23 and g = 1. Then, the conditions of Theorem 3.4 are
satisfied, and we obtain the estimate

0.150519 < 0.150785,

which confirms inequality (3.14).

3.2. Results for Taylor’s formula at the right endpoint b

In this subsection, we aim to establish the Hermite-Hadamard-type bound for identi-
ties (2.5) and (2.9) by utilizing convex or concave functions of the form | |, We begin
with results related to identity (2.5).

Theorem 3.5. Let f : [a,b] — R be a function such that £ "~V is absolutely continuous
for somen > 2. Let g, p : [a, b] — R be integrable functions such that p is positive and
0<g=1l

Let faa-M p)dt = f: g(®)p(t)dt and let the function Gy be defined by (2.3). If
|f(”)|q is convex forn > 2, q > 1 and if

t
/ Gi(x)(x —1)"2dx <0, t¢€la,b], (3.15)

then the following inequality holds:

(i+1) b
(n-2)! / FOg®)p@)dr— / FOp@)dr— Zf @) [ G1 (0)(x—b)i dx
<W3<b)(b P o @y + If(”’(b)lq) (3.16)
where
1 b
Ws(b) = nj/ Gi(x)(x —b)" ldx (3.17)
and
b B (x_b)n
- . _ n—1 ")
ms = (n—l)Wg(b),/a Gl(x)(b (x —b) + . )dx. (3.18)

Proof. The assumption (3.15) implies

—/t Gi(x)(x —1)"2dx >0, t€la,b].
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Define a non-negative function

ws(t) = —/t Gi(x)(x —1)"2dx, (3.19)

where the function G is defined by (2.3). Multiplying the identity (2.5) by —1 and taking
the absolute value, and then using Holder’s inequality with ¢ > 1 and the fact that the
function w3 is non-negative, we obtain the inequality

f(’+1)(b) /

a+i .
(g p(t)dr - / fopwd =3 L0 [ 6 e — by

i=0

_ _ =2 (n)
(n—2)'/ (/ Gi(x)(x—1) dx)f (t)dt

1 b n 1 .
= m/ ws (1) f ™ (1)dt| < (n—2)!/a w3 (t) £ ™ (1)|dt
b - b 1
f(n_lz)!(/ ws(f)dl) (/ wa(t)lf(”)(t)lth). (3.20)

Since the function | f ™9 is convex and ws is non-negative, we can apply the right-
hand side weighted Hermite—Hadamard inequality in (1.1), which yields

b
/ ws )P (0|9t < Wa(b) - ( 3 FO @) + If‘")(b)lq), (321)

where

Ws(b) = /ab ws(t)dt = —fab(fat G1(x)(x —t)"_zdx)dt
z_/ Gl(x)(/ (x —t)"~ Zdt)dx_/a Gi(x )%dx

and

_ 1 b _ 1 b ! n—2
I’l’&—m/ﬂ w3(t)tdf——W3(b) ; (/a Gl(x)(x_t) dx)tdt
b b
:_#(b) ’ Gl(x)(/ (x—t)"_z-ldt)dx
R Y (x—t)" : (GOl
W) /. G‘(")( / n—1 )x

B 1 b (x—b)"l (x —b)"
__W3(b)faG‘(x)(_b' n—1 _(n_1).n)dx‘
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Combining the relations (3.20) and (3.21), we obtain

a+A @i+1) b )
Oswpodr— [ fwpadr - Zf ) / G1 () (x — by dx

i=0

1 b 1= b :

= (n—z)!(/ “’30)6“) (/ w3<t)|f<">(r)|qdr)
_1 b — 1

< Gz ) (- (521 @l + R owr ) )

1 b—
= T W3(b)( m3|f(n)( )7+ |f(")(b)|q)

which proves the assertion. -

Remark 3.1. For an odd number n > 2, condition (3.15) is always satisfied. For an even
number #n > 2, condition (3.15) is never satisfied, but we can use the function —w, in the
proof of Theorem 3.5. Since —w is a non-negative function for even n > 2, the inequality

(i+1) b .
(n-2)! / F@)p(eydi— / f(r)g(z)p(z)dz+2f ) / Gr () (x—b) dx
< W3(b>( @)+ If‘”’(b)l")
holds with
-1 b
Wah) = —— / G () (x — by dx
and

ms =

_ b _ (x _b)n
n—1
—(n AT /a G1(x) (b -(x —b) + Y )dx

The following result is, in some way, complementary to Theorem 3.5, as it refers to a
class of concave functions of the form | £ |4,

Theorem 3.6. Let f : [a,b] — R be a function such that £ "~V is absolutely continuous
for somen > 2. Let g, p : [a,b] — R be integrable functions such that p is positive and
0<g<l.Let f:+A p(t)dt = fab g(t) p(t)dt and let the function G, be defined by (2.3).
If | ™19 is concave for n > 2, ¢ > 1 and if (3.15) holds, then the following inequality
holds:

(i+1) b )
(n-2)! / FO)g@O)pydi— / F)p(eydi— Zf ©) [ G () (v—bidx

< Ws(b)| £ ™ (m3)], (3.22)

where W3(b) and m3 are given by (3.17) and (3.18), respectively.
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Proof. Let us define the function w3 by (3.19). As in the proof of Theorem 3.5, we have
that the function w3 is non-negative and that the inequalities in (3.20) hold.

Since the function | £ |4 is concave and w3 is non-negative, we can apply the reverse
left-hand side weighted Hermite—Hadamard inequality in (1.1) and obtain

b
WA £ @ (ms)|? > / ws (O] @) ds, (3.23)

a

where W3(b) and m3 are given by (3.17) and (3.18), respectively.
Now, combining (3.20) and (3.23), we obtain

(i+1) b )
/ £ p(0)ds / Fp(e)ds - Zf ©) / G () (x — bYidx

1

1,l b q
(W3(0) (/ wa(f)lf(")(f)lqdf)
W3 ()| f ™ (m3).

1
<
~ (n-=2)!

1
<
~ (n=2)!

Therefore, we proved the desired inequality (3.22). ]

In the following theorem, we establish a Hermite—Hadamard-type bound for iden-
tity (2.9) which corresponds to a class of convex functions.

Theorem 3.7. Let f : [a,b] — R be a function such that £ "~V is absolutely continuous
for somen > 2. Let g, p : [a,b] — R be integrable functions such that p is positive and
0<g<1Let fbb—/\ p()dt = fab g(t)p(t)dt and let the function G, be defined by (2.7).
If| f ™9 is convex forn > 2, ¢ > 1 and if

t
/ Go(x)(x —1)"2dx <0, (3.24)

then the following inequality holds:

b f(z+1)(b)
=21\ [ r0prai- 2; / Gat by [ fgwpods
< W4(b)( |f(")(b)|q) (3.25)
where
1 b
Wy(b) = —— / Go(x)(x —b)" Ydx (3.26)
n—1J,

and

b _ (x —b)"
= . _ n—1
my = s 1)W4(b)/a Gz(x)(b (x=b)"" + — )dx. (3.27)
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Proof. We follow the lines of the proof of Theorem 3.5, except that we use the iden-
tity (2.9). [

Remark 3.2. For an odd number n > 2, condition (3.24) is always satisfied. For an even
number n > 2, condition (3.24) is never satisfied, but as in Remark 3.1, we can obtain that
the inequality

(i+1) b )
(n-2)! / SOy~ / f(t)p(t)dr+2f ©) / Ga(x)(x—bidx
< W4<b)( L@+ If("’(b)lq) (3.28)
holds with
-1 b
Wah) = —— / Ga () (x — b)"dx
and

_ b (x _ b)n
my = ————— Ga(x) (b (x=b)" 4 —)dx
(n — D)Wa(D) /a n
To conclude the main results, it remains to establish the Hermite-Hadamard-type
bound for identity (2.9) that corresponds to a class of concave functions.

Theorem 3.8. Let f : [a,b] — R be a function such that £ "~V is absolutely continuous
for somen > 2. Let g, p : [a,b] — R be integrable functions such that p is positive and
0<g<lLet fbb_/\ p()dt = fab g(t) p(t)dt and let the function G be defined by (2.7).
If | ™19 is concave for n > 2, ¢ > 1 and if (3.24) holds, then the following inequality
holds:

b G+ (p . b
/ _Af(z)pmdz—zf ) / Ga)(x—b) d— [ Fg0p0)d

i=0
< W) f ™ (my)l, (3.29)

(n—=2)!

where W4 (b) and my are given by (3.26) and (3.27), respectively.

Proof. We follow the lines of the proof of Theorem 3.6, except that we use the iden-
tity (2.9). [

Remark 3.3. Taking p = 1 in Theorems 3.1-3.8, we obtain special cases for the Hermite—
Hadamard-type bounds related to the identities proved in [17].

Example 3.5. For numerical example in Theorems 3.5 and 3.7, we takea = 0, b = 1,
f@)y=¢€", pt)=1+1,g@k)=1t,n=3,and ¢ = 1. Using the inequality (3.16), we
obtain the estimate

0.0840471 < 0.0887289.
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Applying inequality (3.25) yields the estimate
0.0175881 < 0.0185214.

These estimates demonstrate the validity of our inequalities.

Example 3.6. For numerical example in Theorems 3.6 and 3.8, we take a = 1, b = 2,
f@) = 13, pt)=1+1tg(t) = % n = 3,and g = 1. Applying inequality (3.22) gives
the estimate

0.630532 < 0.631249,

while inequality (3.29) yields
0.476723 < 0.4773609.

These results clearly confirm the correctness of the inequalities.

4. Generalizations of the weighted Hermite—-Hadamard-type
inequalities by identities related to generalizations of Steffensen’s
inequality

In [18], Pecari¢ et al. proved weighted Hermite—Hadamard-type inequalities using iden-
tities related to generalizations of Steffensen’s inequality via Taylor’s formula. In this
section, we generalize these results using the identities obtained in Section 2. By apply-
ing the weighted Hermite-Hadamard inequality to identity (2.4), we obtain the following
result.

Theorem 4.1. Let f : [a,b] — R be a function such that £ "~V is absolutely continuous
for somen > 2. Let g, p : [a,b] — R be integrable functions such that p is positive and
0<g<1 Let f:”‘ pt)dt = fab g(t)p(t)dt and let the function Gy be defined by (2.3).
If f is (n 4 2)-convex, then the following inequality holds:

a+A

b
Wi(b) - £ (my) < (n — 2)![ / £ p(t)d1 — / F(O)p0)dr
n—2 i
f(l+1)(a) b
-2 il /a

Gi(x)(x — a)idxi|
i=0
bh— _
< wWi(b) - if(n)(a) + uf(n)(b) i 4.1)
b—a b—a
where W1(b) and my are given by (3.2) and (3.3), respectively.

Proof. The proof is similar to the proof of [18, Theorem 5], so we will only give a brief
sketch of the proof. The convexity of the function f ™ follows from the (n + 2)-convexity
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of the function f (see [20]). Define the non-negative function w; by (3.4). Apply the
weighted Hermite-Hadamard inequality with non-negative function w; and convex func-
tion ' to arrive at

b b
o @) < [ ([ i r)"—zdx)ﬂ")(r)dr
a t
A ke R A) SIS
where Wy (b) and m; are given by (3.2) and (3.3). Inserting the identity (2.4) into the
inequality (4.2), we get the desired inequality (4.1). ]

Remark 4.1. Taking p = 1 in Theorem 4.1, we obtain the result given by Pecari¢ et al.
[18, Theorem 5].

We continue with the result related to identity (2.8) obtained using the weighted
Hermite—Hadamard inequality.

Theorem 4.2. Let f : [a,b] — R be a function such that f "~V is absolutely continuous
forsomen > 2. Let g, p : [a,b] — R be integrable functions such that p is positive and
0<g=<1lLet fbbﬁ1 pt)dt = fab g(@) p(t)dt and let the function G, be defined by (2.7).
If f is (n + 2)-convex, then the following inequality holds:

Wa(b) - £ ™ (ms)

b @+1) .
<o [ ropar - e [ Gt ayax

i=0

b
_ / f(t)g(t)p(t)dt}
SWz(b)'[b P ) 4 2 f““(b)}

where W5 (b) and m, are given by (3.12) and (3.13), respectively.
Proof. We follow similar arguments as in the proof of Theorem 4.1. ]

Remark 4.2. Taking p = 1 in Theorem 4.2, we obtain the result given by Pecari¢ et al.
[18, Theorem 7].

Using the identities (2.5) and (2.9), we obtain the following results.

Theorem 4.3. Let f : [a,b] — R be a function such that f @~V is absolutely continuous

for somen > 2. Let g, p : [a,b] — R be integrable functions such that p is positive and
0<g<1 Let f:”‘ p(t)dt = fab g(t)p(t)dt and let the function Gy be defined by (2.3).
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If f is (n 4 2)-convex and (3.15) holds, then the following inequality holds:
W3(b) - f(")(m3)
b a+A
<o [ rozopod- [ ropoar
a a

n72 LG+ (p b )
- %/ Gr(0)x = '

i=0

< Wa(b) - [ 3 @y + 222 f““(b)} 4.3)

where W3(b) and m3 are given by (3.17) and (3.18), respectively.
Proof. We follow similar arguments as in the proof of Theorem 4.1. ]

Remark 4.3. Taking p = 1 in Theorem 4.3, we obtain the result given by Pecari¢ et al.
[18, Theorem 6].

Theorem 4.4. Let f : [a,b] — R be a function such that f "~V is absolutely continuous
for somen > 2. Let g, p : [a, b] — R be integrable functions such that p is positive and
0<g<1Let fbbﬂ1 p()dt = fab g()p(t)dt and let the function G, be defined by (2.7).
If f is (n 4 2)-convex and (3.24) holds, then the following inequality holds:

Wa(b) - £ (ma)

b
<o [ ropar
G+ (p b . b
SO [ G -piax- [ f(t)g(t)p(t)dt}
i—o . a a

b
< W) @ + )|

where Wy(b) and my are given by (3.26) and (3.27), respectively.
Proof. We follow similar arguments as in the proof of Theorem 4.1. ]

Remark 4.4. Taking p = 1 in Theorem 4.4, we obtain the result given in Pecari¢ et al.
[18, Theorem 8].

Remark 4.5. If f is an (n + 2)-concave function, the inequalities in Theorems 4.1-4.4
are reversed. In this case, we apply the weighted Hermite—-Hadamard inequality for a
convex function — f ™.
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5. Conclusion

This paper makes a significant contribution to the theory of mathematical inequalities by
introducing a general method that connects classical inequalities, such as Steffensen’s and
Hermite—-Hadamard’s, with Taylor’s formula. By extending known identities from [17]
with a positive weight function, the authors have developed a new type of inequalities
that provides sharper bounds for expressions involving the absolute values of higher-order
derivatives, specifically those of the form | £ |2, where n > 2 and ¢ > 1. The importance
of this work lies in its adaptability. The approach is not limited to a specific inequality;
it can be applied to other classical inequalities as well. Furthermore, there are numerous
possible applications for these results in numerical analysis, optimization, error estima-
tion, and other areas where it is important that the integral approximation is both accurate
and efficient.

Acknowledgments. The authors would like to express their gratitude to the anonymous
referees for their careful reading and helpful suggestions, which improved the presentation
and quality of their paper.
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