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Nonlinear stability for active suspensions
Michele Coti Zelati, Helge Dietert, and David Gérard-Varet

Abstract. This paper is devoted to the nonlinear analysis of a kinetic model introduced by Saintillan
and Shelley for rodlike particles in viscous flows. We investigate the stability of the constant state
(t,x,p) = % corresponding to a distribution of particles that is homogeneous in space (variable
x € T3) and uniform in orientation (variable pE S2). We prove its nonlinear stability under the
optimal condition of linearized spectral stability. The main achievement in this work is that the
smallness condition on the initial perturbation is independent of the translational diffusion and only
depends on the rotational diffusion, which is particularly relevant for dilute suspensions. Upgrading
our previous linear study [Ann. PDE 9 (2023), no. 2, article no. 20] to such a nonlinear stability
result requires new mathematical ideas, due to the presence of a quasilinear term in x associated
with nonlinear convection. This term cannot be treated as a source, because it is not controllable
by the rotational diffusion in p. Also, it prevents the decoupling of x-Fourier modes crucially used
in Coti Zelati, Dietert, and Gérard-Varet [Ann. PDE 9 (2023), no. 2, article no. 20]. A key feature
of our work is an analysis of enhanced dissipation and mixing properties of the advection diffusion
operator d; + (p + u(t,x)) - Vx —vAponT 3 x S? for a given appropriately small vector field u.
We hope this linear analysis is of independent interest, and useful in other contexts with partial or
anisotropic diffusions.

1. The model and main results

Microswimmers are organisms (e.g. bacteria) or objects operating in a fluid at the micro-
scale. They exhibit inherent self-propulsion driven by mechanisms such as flagellar
motion, cilia beating, or synthetic fluid flow inducers. Beyond understanding the indi-
vidual behaviour of microswimmers [15], special attention was paid recently to their
collective motion, with impact on fluid mixing, rheological properties, or self-organization
of biological active matter [10, 12, 18,20,22].

We focus in this paper on one popular model, due to Saintillan and Shelley [21],
describing dilute suspensions of self-propelled rodlike particles. This model, relevant to
the dynamical behavior of bacteria, is a coupled fluid-kinetic model, detailing the interac-
tion of the particles with the surrounding fluid medium and encapsulating the propulsion
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mechanisms governing their motion. It reads
3V + (Uop +u) - VeW + Yy - (P,L[(VE(u) + W(u) p]¥) = vA,W + kAW
—Axu—f-qu:LVx-/Sz Y(t,x,p)p® pdp, 1.1
Ve-u=0,

where | |
E(u) = 5[Vau + (Vaw)'] and W) = S[Vau — (Vau)')

are the symmetric and skew-symmetric parts of V,u, respectively. The unknowns of the
model are ¥ = W(z, x, p), the distribution of rodlike particles in space and orientation,
andu = u(t, x), g = q(t, x) the fluid velocity and pressure. The space variable x is taken
in a periodic box Ty := (R/LZ)3 of size L > 0, while the orientation of the particles
is given by p € S2. The first equation in (1.1) describes the evolution of W under three
effects:

e transport by the fluid velocity u (¢, x) and by the self-propulsion Uy p with velocity
U() > 0.

* rotation by angular velocity P, [(yE(u) + W(u)) p], where P,. denotes projection
tangentially to the sphere. This expression for the angular velocity is due to Jeffery
[14] and corresponds to the angular velocity of a slender particle in a Stokes flow:
interactions are neglected as the suspension is assumed to be dilute. The constant
y € [—1, 1] is related to the geometric properties of the particle.

* rotational and translational diffusion, with respective coefficients v > 0 and x > 0.

Finally, the last two equations in (1.1) are Stokes equations for the fluid flow. They incor-
porate an additional stress %, where

s =va-/2\1/(z,x,p)p®pdp
S

reflects the constraint exerted by the particles on the flow. It is obtained by a continu-
ous approximation of the sum of all single particle contributions, modeled as dipoles of
opposite forces along p. The parameter ¢ # 0 distinguishes between two types of swim-
mers: pullers (resp. pushers) correspond to ¢ > 0 (resp. ¢ < 0). We refer to [21] or to the
introduction in [9] for more on the derivation of the model.

Of special interest is the stability of the constant state equilibrium W**° = 1 /47, which
corresponds to a distribution of particles homogeneous in space and uniform in orienta-
tion. In particular, physicists are interested in loss of stability, with possible emergence of
collective patterns and rheological changes. It is therefore natural to work with

1

Y=U U=y
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Moreover, one can put the system in dimensionless form, introducing

Upt X u qL vL K (L
ti=—, Xi=—, Ui=—, ¢g:i=-—, Vi=—, Ki=—\ [i=—.
L L U() UO Uo UOL UO
At this stage, it is worth noticing that the dimensionless ratio 7 is expected to be very

small. Indeed, we recall that in the simplified setting of a single spherical passive particle
of radius r, at temperature T, inside a Stokes flow of viscosity u, Einstein—Stokes laws

kgT kgT
= y Dp=——
6mnr 8mnr3

yield | = %(%)2 < 1. It is likely that such smallness persists in the case of a dilute
suspension of ellipsoidal particles. Moreover, in the case of self-propelled bacteria, it is
acknowledged that propulsion strongly dominates over translational diffusion, so that the
latter is often neglected; see [19,23]. Therefore, it is important to obtain stability results
that are uniform in small «. This is the target of this work and for simplicity we take k = 0
from now on. This is no loss of generality; see the discussion after Theorem 1. We end up

with the following dimensionless system, for x € T, p € S%:

3
0y + (p+u)- Vayy — ﬁ(p ® p) : E@) + V- (Ppr[(YEu) + W) ply)

= VA, Y, (1.2a)

— Axu + Vyig =1V, / v(t,x,p)p® pdp, (1.2b)
SZ

Vy-u=0. (1.2¢)

Since the seminal paper [21], system (1.2) has been the matter of several numerical and
theoretical studies. In particular, simulations align well with experimental observations of
suspensions of bacteria.

e For ¢ > 0 (pullers), no coherent behaviour is observed, which can be interpreted as
stability of Wi,

» For t < 0 (pushers), one observes formation of patterns when hydrodynamic interac-
tions are increased.

Such observations are valid for small rotational diffusion. They were confirmed analyti-
cally in [21], in the special case v = 0, for the linearization of (1.2) around ¥ = 0 (that
is the linearization of (1.1) around W = W'*°). Spectral stability was studied, through a
mode by mode Fourier analysis in variable x and refined in subsequent works [13, 17].
Specifically, all perturbations located at mode k € 27 Z3 decay if and only if

where the threshold T, is given by
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e ift >0, ', = +o0 (unconditional stability),

o ift <0, T, = w with b, ~ 0.623 the unique positive root of the function
4 1-b
b) =2b* — —b + (b* —b*)In —.
s) 3 + )In 1+b
In particular, all modes decay under the condition
Y g, (1.3)
2

In the recent work [1], such linear stability for I' < I'; in the nondiffusive case v = 0 was
revisited and linked to a mixing phenomenon, that is, a transfer from low to high frequen-
cies in p. This phenomenon is related to the free-transport operator d; + p - Vy, itself
related to the self-propulsion of the particles. It leads to the decay of integral quantities
in p, notably to the decay of the right-hand side of the Stokes equation in (1.1) and from
there to the decay of the velocity field u. As v = 0, explicit computations are possible,
and the stability analysis comes down to the decay of Fourier transforms on the sphere (as
the orientation p € S? substitutes to the usual velocity variable v € R¢ in other kinetic
models). One key feature is that the decay of such Fourier transforms is limited, leading
to a weaker mixing than in classical kinetic models, where the orientation variable p € S?
is replaced by the usual velocity variable v € R¢.

In our recent paper [9], we carried out a sharp stability study of the linearized version
of (1.2) forbothv = 0and 0 < v < 1. We provided slightly more accurate stability results
in the case v = 0, but more importantly, were able to show that the linear stability criterion
(1.3) is still the right one for small v > 0. The introduction of rotational diffusion makes
the analysis much harder, as all explicit expressions are lost. We will recall elements of
this analysis below.

The purpose of this paper is to extend the linear stability result of [9] to the full
nonlinear model (1.2). We present in the next section our main result, explain the main
difficulties, notably in comparison to previous linear results. We also provide the general
strategy of the proof.

1.1. Statement and sketch of proof
Our main result can be stated as follows.

Theorem 1. Lets € N with s > % and assume (1.3). There exist constants Cy, vg, 59 > 0
depending on 'y and 1 such that for all v < vy, and for all initial data ™ satisfying

i 3
1™z < Sov2, (1.4)

system (1.2) has a unique global-in-time solution \ that satisfies

o0
2 2 -1 in| 2
sup ”l//(t)”HSl} + U/ ||VPW([)”HSL2 dt = COV ”wm”HSLZ'
t>0 e 0 e o



Nonlinear stability for active suspensions 1149

This theorem shows nonlinear stability of the solution Wi*° of (1.1) (or equivalently of
the trivial solution ¥ = 0 of (1.2)) under a smallness condition on the initial datum that
is explicit in terms of v. In other words, the nonlinear stability threshold (1.4) provides
an estimate of the basin of attraction of the uniform equilibrium W**°, depending on the
strength of rotational diffusion. Determining the optimal threshold is an interesting open
problem, recently resolved in other contexts, such as the stability of Couette flow in the
Navier—Stokes equations (see [4, 16,26] and references therein), or the stability of global
Maxwellians in the Vlasov—Poisson—-Landau system [5] and the Boltzmann equation [3].
See also [25] for an optimal stability criterion for nematic suspensions via an entropy
method. We explain just before Section 1.2 why addressing the question of the optimal
threshold is still out of our reach.

Theorem | has two main features. First, it shows stability under condition (1.3), which
is optimal in view of the linear analysis in [1,9,21]. Second, it does not require any spatial
diffusion term Ay in the evolution equation (1.2). One could add such a term and still
prove stability under the same threshold (1.4), independently of k. From this perspective,
our result contrasts with [1], where such translational diffusion is added to the right-hand
side of (1.2a).

In the case of pullers (¢ > 0), the authors of [1] prove nonlinear stability of the inco-
herent state U both for x € T¢ and x € R?, under the condition

[y lgz223 < min(v, «).

In the case of pushers (¢ < 0), they prove nonlinear stability of the incoherent state under
the stringent assumption I' = o(v'/2) instead of ' < I, and the initial constraint

1™ g2z < v/ min(w!/2,c'/2).

These restrictions allow the terms v - V¥ and i—j’; (p ® p) : E(u) to be placed on the right-
hand side of (1.2a) and the model to be treated as a perturbation of the advection-diffusion
equation

Y+ p-Vi¥ —vAY = 0.

Relaxing these smallness requirements compels us to adopt a different strategy, described
below.

Our general approach relies on a classical bootstrap argument. We introduce the max-
imal time 7" on which various smallness assumptions on # and ¥ hold (see in particular
(BAO)~(BA1)—(BA2) in Section 4.1), and we show that improved smallness conditions
hold up to time 7 (see Section 4.3). This implies that 7 = oo, and the stability estimate
follows.

To show improvement of these bootstrap assumptions, we derive from (1.2) a Volterra
equation in u:

u(t)—i—/o K(t. u(x)dr = f(1), (1.5)
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where the kernel K(¢,t) € L(H}, HS) and the source term f(¢t) € H; are defined via
integral quantities over p, involving the solution operator Sy, (¢, T) associated to the oper-
ator

0+ (p+u)-Vy —vA,

on T3 x S2. This reformulation and expressions for K and f are detailed in Section 4.2.
We proceed in four main steps:

* The first key step, discussed further in Section 1.2, establishes enhanced dissipation
and mixing decay estimates for the solution of the advection-diffusion equation

d3g+ W+ p)Veg =vArg. gli=o=g"

under a suitable smallness assumption on v (to later be replaced by u). These mixing
estimates rely on the vector field method.

» Using these estimates, we obtain decay in time for the kernel K and the source term
f in the Volterra equation (see Proposition 4.2).

* We then analyze the Volterra equation (1.5) under the bootstrap assumptions to
improve smallness of u and show integrable decay.

* Finally, with decay and smallness of u in hand, we return to the equation for ¥ to
improve the smallness conditions on .

We emphasize that this strategy, combining a Volterra formulation for u# with sharp anal-
ysis of the advection-diffusion operator, has already been used in our linear analysis [9].
However, in the linear case, we only considered u = 0, enabling mode-by-mode Fourier
analysis in x. The introduction of the advection term u - V. couples all modes, introducing
significant analytical difficulties.

This affects the mixing estimates via the vector field method. These estimates are
based on a family of vector fields indexed by Fourier modes k, of the form yx (p)Jx (¢, V,),
where yj is supported away from p = —k/|k|. This localization is not preserved under
mode coupling, adding complexity compared to [9]. More generally, achieving good com-
mutation properties of our vector fields with the advection-diffusion operator (and a for-
tiori with the full nonlinear operator) is challenging. These vector fields are tailored to
address critical points of the advection field V(p) = p on the sphere, but are much less
flexible than in Euclidean settings. This accounts for the relatively strong stability thresh-
old O(v3/2) in Theorem 1. We are currently unable to adapt the sharp stability techniques
of [5] to propagate nonlinearly the full suite of linear enhanced dissipation and mixing
estimates.

The estimates for the advection-diffusion problem are independent of the active sus-
pension model, and are explained in more detail in the next section. They are likely of
independent interest and are proved separately in Sections 2 and 3. The remaining steps
in the proof of Theorem [ for the active suspension model are carried out in Section 4.
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1.2. Advection-diffusion equations on the sphere

An important part of our analysis is the description of mixing and enhanced dissipation
properties on the sphere. These are the properties of solutions g = g(¢, x, p) for x € T3
and p € S? solving the advection-diffusion equation

g+ @+ p)Vig=vApg. gli—o=g" (1.6)

where g'" is the assigned initial datum, v € (0, 1) is a diffusivity parameter, and v = v (¢, x)
is a divergence-free vector field satisfying adequate smallness and decay assumptions. We
are interested in semigroup-type estimates for (1.6) that describe enhanced dissipation, as
well as mixing estimates for integrated quantities.

To state our results, we expand g and v in Fourier series in x, calling k € 73 the
corresponding Fourier variable. For k # 0, (1.6) becomes

gk +ip kg =vApgi + k|Ver. Ver:=—i Y k-veeege.  (17)
LeZ3

where k :=k /1k|. Without loss of generality, we will assume go = 0 initially, as this mode
simply satisfies the standard heat equation

0:80 = VA,g0

and hence such a condition is preserved by the evolution. Besides providing estimates on
g, we are interested in integrals of the form

wleli= [ a0 Zup) V(- Hap. (18)

for an arbitrary family {Zj }x-£o of smooth, possibly vector-valued, functions. Our main
result is based on the assumption that

1
o) 2 s
suplo s+ ([ 1o ar) < ek, )
>0 0

for some s > % and ¢ € (0, 1) small enough.

Theorem 2. Let s > %, 0<s <s+ %. There exist constants Cy, &, vo, N1 > 0 with the
following properties. For all v < vy, if (H) holds, then the solution to (1.6) satisfies the
enhanced dissipation estimate

1 .
lg@Olazzz < Coe™ " 118" g 13- (1.9)

and the mixing estimate
1

’ V2 3
> Wilgk ) = Co————)
k#0 min{l,v2t}
2 2 in in 2 inj 2
XSQP(IIZkIIW;,oo+||Zk||HIg)||g V8" Vp& lliggz (1:10)

forallt > 0.
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Remark 1.1. Only the weaker condition

oo
sup ol + ([ o0l ar) < 012 (L1
120 0
is required to establish the enhanced dissipation estimate (1.9); see Proposition 3.15.
Recall that the term enhanced dissipation refers to the phenomenon where the time-
scale of exponential decay (in our case, of order v—/2) is much shorter than the usual
diffusive timescale v~! associated with the heat equation (see [6, 8]). This effect is linked
to mixing, which transfers energy to higher frequencies in the p-variable, where the vis-
cous dissipation operator —v A, acts more effectively. We do not know if condition (1.11)
is optimal for proving enhanced dissipation estimates.

The proof of Theorem 2 is rather involved and does not rely on any special properties
of the sphere S2. It is based on two key ingredients: the derivation of hypocoercive esti-
mates, inspired by [2, 24], and the use of the vector field method, following ideas from
[5,7].

The central hypocoercivity estimate, given in (1.9), concerns the advection-diffusion
operator

L,=0,4+p -Vy—vA,,

i.e. the case with u = 0. This estimate is established in Section 2. Compared to the linear
analysis in [9], we present a more general version in Proposition 3.15, where

» the function g is replaced by a general tensor ¥ (which will later be taken as g, J g, or
J2g for some suitable vector field J);

* asource term, such as the one in (1.7), is included. This term will later originate either
from the convection term (e.g. —v - Vyg, —J(v - Vig), or —J2(v - V,g)), or from
commutators between J and L,,.

The estimate reveals improved decay properties for the quantity V(p - k)Y, which van-
ishes at p = +k.

Although setting Y = g and taking the source term to be —v - V g is already sufficient
to obtain the exponential decay in (1.9), obtaining polynomial decay estimates for integral
quantities, uniformly in v, requires the use of adapted vector fields.

These vector fields are introduced in Section 3, where they are used to establish the
mixing estimates (1.10). As in [9], after Fourier transform in x, the vector field takes the
form

Ik

. 1/2 N
Je =Y +i() T BeVp(p k).

where
(@ Br) = (@i Biew) (1) = (. B2 [k|?1)

with o, B carefully chosen (slightly differently and with slight improvements over [9]).
The evolution of o and Py is tailored so that their commutator with L, has better struc-
ture. In particular, a critical term in the commutator vanishes near p = k, which aligns
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with the hypocoercive estimate’s improved decay for quantities vanishing at p = +k.
However, this requires introducing an additional cut-off function yj(p), supported away
from p = —k.

A complication arises because the convection term is nonlocal in Fourier space and
tends to disrupt this localization. This necessitates two layers of estimates: nonlocalized
estimates leading to suboptimal decay and localized ones leading to optimal decay. This
two-pronged analysis is carried out in Sections 3.1 and 3.2. The usage of the nonlocalized
estimates is the main restriction on the threshold condition in (H).

Once this framework is in place, the abstract source term F' is replaced with the actual
convection term —u - V, g. Due to mode coupling in Fourier space, only summing over
all modes allows for closing the estimates, as shown in Section 3.3. Finally, the mixing
estimates for integral quantities are presented in Section 3.4.

1.3. Notation

We write a < b to indicate that @ < Cb, where the constant C depends only on the fixed
parameters y and ¢. Similarly, we write a ~ b if botha < b and b < a hold.

In Sections 2 and 3, which focus on equation (1.6) and its variations, the notation
a < b will instead refer to an inequality with an absolute constant C, independent of any
parameters.

For any real number s, we use the following Sobolev space notation:

e H® = HS(T?) denotes the standard Sobolev space in the spatial variable x € T3
equipped with the norm

a7 = [max (1. [k ]|
kez3
defined over the Fourier modes uy, k € Z3,

«  H* = HJ(T? L}(S?)) denotes the corresponding space of L>-functions in p € S?
with Sobolev regularity in x,

. 73 =17%\{0).

2. Advection-diffusion with forcing: Hypocoercivity

Equation (1.7) can be seen as a forced advection-diffusion equation, as long as we impose
mild assumptions on the right-hand side. In this section we derive energy estimates for a
slight generalization of (1.7).

2.1. A general hypocoercivity setup and enhanced dissipation

The basic starting block is to find the hypocoercive dissipation functional for a tensor
Y solving the advection-diffusion equation (1.7) on the sphere. We will then first apply
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this estimate with ¥ = g and then later with some vector fields Y = Jg,Y = JJg, fora
suitable J. As a small generalization of (1.7), we study a family of (0, n)-tensors (Yx)gez2
evolving as

0 +ip -k —vAp) Yy = |k|Fx, 2.

for some forcing term Fj. Here we take as the Laplacian the connection Laplacian defined
as V, - V,, with the covariant derivative and the inner product from the metric.
From the analysis in [9] we expect enhanced dissipation on the timescale O (v_% k|~ %)
so that we set the rescaled time
1.1
h:=v2|k|2t

and define the time-dependent weights
(@ bic. cx) = (a.b,c)(h), (ap.by.c) = (a',b',c")(h)

for nonnegative functions a, b, ¢ to be specified below. Denoting by (-,-) and | - || the L2
inner product and norm, for any smooth nonnegative function y = y(p), we define the
sesquilinear form

1
V 2 ~
+ b (iVp (p - ) Yie 2. Vo Vi x) + b (Vo Ya iV (p - k) Vi )

1
V\ "2 A A~
() etV D Yix V(o D))

Epi(Yie, Yie) i= (Yiex, Yix) + (—

and the corresponding energy functional

1
V\2
Era (Vi) i= Epge(Yie Vi) = IWirl + (77) "axll 9 Yixl?

1
. A vV \"2 ~
+ 25 ReiVy (p - R Yix, Vi) + () exlIVp(p B Vi

We also define the dissipation functional

v Vv
Dk (W) = TV Yix I + e

Vv

1
2
1) Vel

1
A v YV \ "3 A
0l BV P + e () IV p(p BV 22)

The first lemma shows that for a good choice of a, b, ¢, these functionals provide a good
estimate.

Lemma 2.1. Let y = y(p) be a smooth cut-off and set

a(h) = Amin(h,1), b(h) = Bmin(h%,1), ¢ = C min(h>,1) 2.3)
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for positive constants A, B, C. There exist constants vy, Bg, M > 0 such that for v < vy,

B < By, and
_ 100B2

A ’

A= B?*3

any (0, n)-tensor solution Yy of (2.1) satisfies

1d 3
5 a7 Exk (i) + 21k Dy e (Yie) — [k| Re Ey i (Ye. Fie)
1
b
< M () e P

3 1

v Vo2 V\2 ~

M1V + () @l VYVl + () el Vo - v al?)
k| (IkI (IkI

Remark 2.2. As we will see, a, b, ¢ satisfy the condition that b,f < %akck. This makes

the quadratic form E, ;. coercive, in the sense that

1 1
V\32 V\"2 A

el + () a9 Yiexl” + (1) el Vo -O0Yix” 5 By ¥
Remark 2.3. The statement of the lemma would still be true on any Riemannian manifold
for which (0, n)-tensors Z satisfy |[V, A]Z| < |VZ]. To illustrate this, we will not use the
fact that on S? the commutator [Vp, AplZ = -V, Z gives some extra coercivity property.

Proof of Lemma 2.1. Through the change of variables

/. v

= W’

v t = lklt, k= — 2.4

we can restrict to the case |k| = 1, sothatk = k.To lighten notation, we drop the subscript
k, writing Y instead of Yy, F instead of Fj, and so on, as well as the subscript p on the
various differential operators. We find through standard estimates that

%(%IIY)(II2 + VY xl? < Re(Yy, Fx) + 20| VY xll Y Vx|l
Similarly, as

3, VY +ip-kVY —vAVY = VF —iV(p-k)Y + v[V, A]Y,
we get

1d
5EIIVY)(IIZJrVIIVVY)(II2 <Re(VY),VFy)+20|[VVYx[[[[VY V]|

VY XIIV(p - Y x|+ vV, AY[HIVY ¥l
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Also, using

0:(iV(p-k)Y)+ip-k(iV(p-k)Y)—viV(p-k)AY =iV(p - k)F,
0;VY +ip-kVY —vVAY =VF —iV(p - k)Y,

we find

d .
3 ReliV(p - Y. YY) + [IV(p - b)Y x|®
<v(iV(p-k)AYx,VYyx) +v(iV(p-k)Yy,VAY y)
4+ Re(iV(p-k)Fx,VYy) + Re(iV(p-k)Yx,VFy)
<V[IVVYAI2IV(V(p - )Y ) xll + 1Y Il + 21 V(p - k)Y V]
+ Re(iV(p-k)Fy,VYy) +Re(iV(p-k)Y x, VFy).
Finally, using
,(V(p-k)Y)+ip-kGV(p-k)Y)—vAGV(p-k)Y)=iV(p-k)F +v[iV(p-k),AlY
together with the commutator formula (see [9, Lemma A.1])

ANV(P-k)®Y)=-V(p-k)®Y —2(p-k)VY + V(p k) ® AY,

we get

1d
S IV Y xI? +vIVV(p - Y xXI> +vIV(p - k)Y ]2
S 2[[VVp DY) xIIV(p-R)Y Vil +Re(V(p - k)Y, V(p - k) Fy)
+ 20[[V(p - DY X[ IVY 1]l
Hence, gathering these estimates leads to

1d
53 Ex(¥) + Dy(¥) —Re Ex(Y. F)

<vd |VYxI? +v2a| VY| IV(p - )Y xll + v2al[V. AlY x| [ VY x|
+v2b Re(iV(p-k)Yy, VYy)
+2b VY I (IV(V(p - )Y )xll + 1Y 1]l + IV (p - )Y I x])
+ V(- k)Y x|+ 2vze|V(p - k)Y x| IVY Al
+ 2| VY)Y VIl + 203 VVY | [VY V|
+ 202 V(V(p - Y2l IV(p - k)Y V.

We are now ready to list the constraints on the coefficients a, b, ¢ in order to absorb most
of the terms of the right-hand side. It is suffices that
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e a < m to absorb the first term on the right-hand side by the term v||VYy||? in the

d1ss1pat10n functional D, (Y') on the left-hand side,

s a’< W to absorb the second term by the term v||VY x> + b||V(p - k)Y x|,

e ax<l1 and v small to absorb the third term by v||VY x||?,
e ()< 100 to absorb the fourth term by v||VY x||2 + b||V(p - k)Y x||?,

1

1
« b?*LZ < %2 t0 bound the fifth term by

1,3 1 1 1
E(WﬁlHVZYXH2 +v2c|[V(V(p-R)YDI? +v2e|YxI? +v2e|V(p-k)Y Vx?).

the first two terms being absorbed by D, (Y') on the left-hand side,

e (/< mto absorb the sixth term by b||V(p - k)Y x|,

s (?2< % to absorb the seventh term by v||VYy||? + b||V(p - k)Y x|

These conditions are satisfied with our choice of a, b, ¢ in (2.3). The last three terms
involving Vy can be treated classically using Young’s inequality, without further con-
straints on a, b, c. [

2.2. The energy inequality for g

As a first application of Lemma 2.1, we deduce an energy inequality for the solution
g to (2.1). For the trivial cut-off y = 1, we use the shorthand notation E; = E, ; and
Dy = Dy k. By the previous lemma, taking Y; = gx, we get the following lemma.

Lemma 2.4. Assume that the scalar function g satisfies (2.1). Then with the same func-
tions as in Lemma 2.1 we find (for possibly smaller vy and By) that

1d
~—E k >+ Zlk|D — |k|Re Ex(gk. Fi) < 0.
5 Eelg) +| |ak(|k|) Ikl + 3 IDi () — K| Re Ei (g Fi) <

For the proof, we first recall the following interpolation result; see [9, Lemma 4.2].

Lemma 2.5. Forall o € (0, 1], all vectors e € S?, and all complex-valued g € H'(S?),
the following inequality holds:

1 o
o2llgl? < EIIVgII2 +2|V(p-e)gll®. (2.5)
We now can perform the proof.

Proof of Lemma 2.4. Applying Lemma 2.1 yields

ST

lgell®.  (2.6)

d
3 37 Bie) + k1D ) = k| Re Eee. Fo) < kM (77

By the change of variables (2.4), we can again restrict to |k| = 1. We distinguish between
long times and short times. For long times ¢ such that v < by = b(v%t), we apply the
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interpolation result with o = %. It gives

11 2
v2bellgill”

N —

Di(gr) = vIIVerl® + bilIV(p - k)gill* =

1
As b} > ag > ¢y this gives the claimed control and allows the absorption of the right-
hand side in (2.6).
For the smaller times ¢z such that v > by, we find by Poincaré inequality that

1 1 1
cxv? | gel® < v IVerl® + cxv2 | V(p - b)gill’.

As for such times as ¢ <K 2 and cx <K by, we can also absorb them in the dissipation
and control the right-hand side of (2.6). [

3. Advection-diffusion with forcing: Vector fields

Adapting the strategy in [9], we use vector fields to deduce mixing estimates for (1.6) that
are uniform in the diffusivity parameter v. Proving enhanced dissipation for g essentially
relies on the energy inequality of Lemma 2.4 together with a suitable treatment of the
forcing term given by advection (see Section 3.3), as done in Section 3.3.2. However, the
proof of uniform-in-v mixing estimates is more involved: the use of vector fields requires
cut-offs to localize and improve basic L? estimates near the south pole p = —k; see
Remark 3.2 and Lemma 3.4.

To treat the convection term in a sharp way, we need to introduce two hypocoercivity
schemes in Section 3.3.3: a nonlocalized version (Lemma 3.5), without losses with respect
to the convection term, and a localized one (Lemma 3.6), allowing the derivation of a sharp
energy inequality. These results are then applied in Section 3.4 to obtain mixing estimates
that are uniform in v.

Our goal is to construct vector fields that have good commutation properties with the
advection-diffusion equation (1.6). We look for vector fields of the form

Ik

Je = oV, + i(T)E,BkV(p B, G.1)

where we again introduce the good timescale 1 = V2 |k 2¢ and set

ar(t) = a(h), Pr() = p(h)

for functions «, B to be specified. The factor in front of S is inspired by the fact that as
v — 0, we want to recover o = 1 and ("E—l)% Br = |k|t. The reason is that the vector field

Vp, +ilk|tV(p - Ig) commutes to the free transport part. For the full operator in (1.6) we
find the commutators

[0, +ip-k —vAp. arV,] = vI|k|2e/V, —ilklaV(p - k) — av[Ay. Vy]
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and

?)%ﬂkv(l? : ]Q)]

— i[k|B'V(p k) —iv2|k|Z BV (p - k) + 2iv2 [k|2 BV[(p - k)]

(00 +ip -k —vip.i

so that

0 +ip -k —vAp) Yk = —ilk|(c — ﬂ’)V(p-lg)Yk + v%|k|%(oe’ + Ziﬂp-IG)Vka
— av[A,. Vp]Yi +iv3 k|2 BV(p - k) Y.

Clearly, for the O(1) term on the right-hand side to disappear, the condition @ = ' is
necessary. A key idea from [9] is to complete this condition in such a way that the second
term on the right-hand side vanishes at the north pole p = k. The goal is to benefit from
estimates for quantities V(p - IG)Yk or V(V(p - IQ)Yk) better than those for Y or VY
alone. In [9], we achieve this by imposing

B'(h) = a(h), o' (h) = =2ip(h).
Together with the initial data &(0) = 1, B(0) = 0, this provides

I+i

a(h) = cosh(1 = k). B(h) = —

sinh((1 —i)A).

This is a good choice up to the critical time pT2 |k|_%. However, afterwards both terms
behave asymptotically with the factor e! = which is growing fast. Hence, here we prefer
to consider

a(h) = e 4 cosh((1 —i)h) = %(1 + e72he?iy (3.2)
and - .
piny = 0L o iy = TV eneny (33)

Remark 3.1. With this new choice of o and 8, we have the important property that
o~ 1, /32 ~ b,

where b is the function appearing in Lemma 2.1 (now fixed).

In light of (3.2)—(3.3), we compute the commutator between J; and the advection-
diffusion equation as

NI=

. . v
[0 +1ip -k —vAp, Ji] + [KI(1 _l)(ﬁ)

)%Vp[([? k—=1)]+ |k|[—|z—|a[AP, V,] —i(ﬁ)

N=

Vv

- |k|21,8(|k|

BV(p- K.



M. Coti Zelati, H. Dietert, and D. Gérard-Varet 1160

Hence, we find for a tensor Y solution of (2.1) that Ji Y} satisfies

1
. . V\2
@+ ip k= Ap)JeYic+ W=D (70) JeVie = K1 Fe + IRV, (34
where
V2 . v
Ry Yy = 2i — )V -k = 1D)Yr] — —ar[Ap, VplY
€Y =2 (77) Vol £ = DYel = el Vi
1
LV \2 n
_‘<W) BiV(p-k)Yi (3.5)

is a remainder term.

Remark 3.2. We insist that through our choice of vector field Ji, the worst term on the
right-hand side of (3.5), namely 2iﬁk(“g—|)%vp[( p -k — 1)Y,], vanishes at p = k. This will
allow us to benefit from the better controls that we have on V(p - k)Y or V(V(p - k)Yx);
see the dissipation functional (2.2). Still, this better control will only be achieved away
from the south pole p = —k. Indeed, near the south pole, V(p - 1€)Yk vanishes while our
term on the right-hand side does not, so that the former cannot control the latter. Namely,
we will achieve optimal estimates only for Ji g xx, where yj is zero near the south pole
p= —k. To obtain control near this south pole, we need to define another vector field Hy,
replacing the relation o’ = —2if which was our starting point for J; by ¢’ = +2i8. All
the estimates we obtain for Ji Yy yx, with y; = 0 near the south pole, extend readily to
H; Yy gx, with g = 0 near the north pole.

3.1. L2 estimates
We start with a basic estimate for J; Y without localization.

Lemma 3.3. There exists M > 0 such that for all k # 0 it holds that

1d 3 v 3/,0\3

—— T Yell? + k)= — VI Y I? + 1k|=(— ) | Je Yall? — |k| Re(Ji Yy, Ji Fi

3 a7 4 R IVl K15 () Vel = kI Re (Y, T i
< |k|M el Y |I* + Di(Ye)]. (3.6)

Proof. As before, we can take the time rescaling from (2.4) and assume |k| = 1. We also
get rid of the subscript k in the notation when no confusion arises. Performing an L2
estimate on (3.4), we find

1d
EEHJYHZ FV|VIY |2+ vI|JY |2 —Re(JY,JF) <Re(J Y, RY).

To bound the right-hand side, we integrate by parts the first term in the definition (3.5) of
R, and get

1
Re(JY, RY) < B2 [VIY (P -k = DY +vial[JY VY]
1
+ BV IJY V(P -BY|
1 1 1 1
S22 IVIY Y+ vl JYIVY T+ v2 b2 [T Y [[IV(p - )Y,
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where we used Remark 3.1 for the last bound. The result then follows classically from
Young’s inequality. ]

We now show an improved L2 bound, when localized away from the south pole
p = —k.

Lemma 3.4. Letk # 0, and let xi = yx(p), Xx = Jx(p) be two smooth functions, which
are zero near p = —k, and such that | x| + |V xi| < Jr. Then, for some M > 0 indepen-
dent of k, we have

1d 3 v 3

—— W Yexell? + 1k|=— IV I Yie x| + k| =

Zdz‘” kY xell” + | |4|k|” kY xell” + | |4
— kUi Yi xee. Tk Fre xx)

v ~
< kIM [ 1Y Rl + Dk (i |

Proof. As before, we can through (2.4) assume that |k| = 1. We further omit the subscript
k from our notation. The localized L? estimate yields

(%)élleYkallz

1d 1

Ed—tllJY)(ll2 FV[VIY P + 02 [T Y|P = (J Yy JF )
S2||VIYYIIIJY VXl +Re{J Yyx, RY x).

Thanks to the definition of J and Remark 3.1, we find that

1YVl < laPIVY VI + v B2V (p - )Y VP
SIVY I +v7BIV(p - )Y 71>

It follows that the first term on the right-hand side satisfies for some M > 0,
1 - -
WIVIYIITY VIl < gvIVI YxI? +MEIVY 7|+ bIIV(p - k)Y XI1%).

For the second term, we integrate by parts the first term on the right-hand side of (3.5),
and find

1 1
Re{J Yy, RYy) S [BIv2IVIYyIlI(p -k = DY x| + B2 [T YyllI(p -k = DY Vy]
1
F vl [JYXIIVY Xl + B2 [T Y ¢V (P - )Y 1|
11 ~
SUVIY X+ 1Y xDG2v2 ||V (p - )Y gl + vIVY D).

Note that besides Remark 3.1, crucially we have used that [(p -k — 1)| < |V(p - k)| on the
support of y, a property that was missing in the proof of Lemma 3.3. One can conclude
using Young’s inequality that for some M > 0,

1 1 - -
Re(J Yy, RYy) < gl)IIVJY)(II2 + §VIIJY)(||2 +M@|VY FI* +bIV(p - )Y 711?).

The lemma follows. [
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3.2. Hypocoercive estimates

To control JY in the hypocoercivity functional, we first show a nonlocalized bound,
where we do not benefit from the localization and thus lose in terms of scaling in v.

Lemma 3.5. Assume the setup of Lemma 2.1. For possibly smaller vy, By and a new
constant M we find that

1d 3
3 ERCRYi) + KDL Vi) + 5 |k|(|k|)2Ek(JkYk>—|k|ReEk<JkYk,JFk)

|k|M(|k|)_1[Dk( k>+(|,‘:|)2 E 2]

Proof. By the change of variables (2.4), we can restrict to |k| = 1. As before we omit
the subscript k. Then (3.4) and Lemma 2.1 imply (taking into account the extra term
(1—ipzJY)

1d
S EUY + ] D(JY) +VvIE(JY)—ReE(JY,JF)

<ReE(RY,JY)+ Mcvz|JY|>

The last term on the right-hand side can be directly absorbed by the third term on the
left-hand side, as ¢ < 1. For Re E(RY, JY), first note that

IRY > < (vIBI +v?|al?) VY > + vI B2 V(p - )Y |?
SVIVY 2 +vb|V(p- k)Y P,

where we used Remark 3.1 for the last bound. Then split Re Ex (RY, JY) as

Re Ex(RY,JY) =1+ 1%+ 1% 4+ I¢,

where
1° = Re(RY,JY),
1% = aviRe(VRY,VJY),
b= pRe(iV(p-k)RY.VJY) +bRe(iV(p-k)JY,VRY),
1€ =cv 2 Re(V(p-k)RY,V(p-k)JY).
Clearly,

O <|IRY||JY],
so that for a constant § > 0 it holds that
—SIITY > S8 WTERY | S ST TR VY2 + bu||[V(p - )Y )
<§ 2 D(Y).
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For 1% we find after an integration by parts that
19— 8avi|V2JY|? <8 tav 2||RY |2 < 8 W 2| RY|? < 8 v 2 D(Y).

Recalling the choice (2.3) of the weights, we get for I? that

1 b
1P —sv2c[[V(V(p-R)IYV)>+ [TY )] <6 17\) 2| RY|1?

<§ W RY|F < 8wz D(Y).

~

Finally, we need to bound /€. We find that

c2

1°=8b|V(p- k) Y|P £ 57 IV (p - KRY P
< 8-1§<||V<p VY[ +bIV(p- b)Y [?)
S s—lv—%("b—zvﬂwmp Y + Cb—zv%nYnz
+BIV(p- )Y |?)

2
§7ly3 (%v% 1Y )2 + D(Y)).

A

The lemma follows. [

Using a cut-off, we can obtain a sharp estimate.

Lemma 3.6. Assume the setup of Lemma 2.1 and xy, Jr as in Lemma 3.4. For possibly
smaller vo, By and a new constant M we find that

1d 5
v

1
1) BxkUeTio) = KIRe By (Vi I Fe)

3l
v

1
1) Ve BP]

< |k|M[(%)%nYkzn2 + Dy k(Y +

Proof. Again, we can make the change of variables (2.4) as in the proof of Lemma 2.1,
and assume that |k| = 1. Starting from Lemma 2.1, we find that (omitting the subscript k
as before)

1d 3
S B V) + DY) + VIE,(JY)—ReE (JY,JF)
<Re Ey(RY,JY)+ Mcvz|JYy|?

L MPJYVy|? +v2a|[VIY V|2 +v2e|Vip-K)JYVyH.  3.7)
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We first treat the term Re £, (RY, JY). A preliminary remark is that [p -k — 1| ~ [V(p -
k)|? on the support of ¥, from where it is easily deduced that, pointwise in the support
of j,

IRY > SvIBPIV(V(p - )Y + V(P - k)Y Pl + v2 | [VY 2
SvB[IV(V(p-K)Y)I? + [V(p- k)Y P+ VY 2. (3.3)
The first term splits as
Re E,(RY,JY)=1°+ 1%+ 1> +1°,

where

I1° =Re(RYy,JYy),

1% = avZRe(VRYy,VJYy),

1> = bRe(iV(p-k)RY ., VJYy) +bRe(iV(p-k)J Yy, VRYY),

I€=cv2 Re(V(p-k)RY y,V(p-k)JYy).
For 19, after integration by parts of the first term in the definition (3.5) of RY, we get

110 < 2182 {IVI Yl I (p -k = DYl + 21 Yxlll(p -k = DY VII}
+vlal YA, VIV gl +v2 B Y XNV (p - k)Y«
Hence we find for a constant § > 0 that
10 = 80|V Y = 6021 Y

_ 1 3
SSHIBRIV(p - )Y x> + |BPv2||V(p - K)Y VI + v2||VY ]}
<S8 Dy(Y),

taking into account that |3|?> ~ b from the definition (3.3) of B and the choice (2.3) for b.
For 7 note that

|19] < av2[|VVI Y| | RY xI| + 2|V Y[ [RY V]
so that
119 — 8v2a|[VVI Yy|> = 8v||VI Yyl <8 v 2a||RY x|? + 6 'a?| RY Vy|%.
Hence, from (3.8), we find (using that the choice (2.3) implies ab ~ ¢)
119 = §v3a|VVJ Yy|? = $v[|VIYy|*> S 8 ' Dy(Y).
For I note that

[1°) < BIRY | 2IV(V(p - )T Y) xll + 17 Yxll] + 2b | RY V|||V (p - k)T Y 1],
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so that

1 1
117) = 8v3c|[V(V(p - k)T Y) x| = 8v2 | T Y| = 8BV (p - k)J Y x|
b2
<8 W |RYx|P + 8B RY Vy|® £ 5 Dy(Y),
C

. . . 2
where the last inequality comes again from (3.8) (note that b? ~ a, b ~ a?, so that the
right-hand side is similar to the one for /). For 7€, the treatment is more involved. Note
that

V(p-k)R=20V,[(p-k—1)(JY —aVY)] = 2ipv2VV(p-k)(p-k — )Y
—vaV(p-k)A,V]Y —ivzBV(p-k)V(p-k)Y.
We recall that on the support of ¥, |p -k — 1| ~ |V (p - k)|? so that
l(p-k—=DVY| S |V(V(p-k)Y)| + |V(p-K)Y].
Hence we find that
17°] < v%CIIV(V(p-k)JY)XII{IIV(p VT Yrll+ VYV -RY ) xll + V(P - )Y 1ll}
+vie|V(p- DJIY IV -)TY Vx| + IIV(V(p-k)Y)Vyl
+IV(p- k)Y Vxll}
+v72e|[V(p k) YI{Bv2 IV (p - )Y Xl + VIV (p - k)Y )xll + vl Y}
Hence we can bound /¢ as
16| =83 c||V(V(p - k)T Y)xlI> = 8BV (p - k) Y x||?
< (S_IV%C‘{IIV(IJ K)YXIP+ VNV - Y I? + V(P - k)Y x|?)

2
1 C
+34 1v?{IIV(P-k)JYV)(Ilz +IVV (P -OY)VI? + V(P - k)Y Vr|?)

—1C2|,3|2 2 -1 c? 2 2
T“V(P'k)YX” +4 V?{HV(V(P'/C)Y)XH + 1Y xl?}

2
S8 EeV(p k)T Y2 + 871 Dy() + 57 VIV (p - k)T Y VP

+4

2
_ C
+6 117||YX||2.

The first term on the right-hand side can be absorbed by D, (JY') on the left-hand side.
Regarding the third term, note that by the definition (3.1) we can directly estimate

6'2

2
c
VXIIV(P k)Y Vx| S v?(IIV(V(lﬂ OV IP+ 1Y VyI?)
c? 2 2
+ ;Iﬁl [V(p- )YV

2
C
< Dz(Y) + v;nYquz.
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The last step of the proof is to control the second to fourth terms on the right-hand side of
(3.7). The second one can be absorbed by the term vIE x(JY) on the left-hand side, as
¢ K 1. For the next one, we note that by definition (3.1),

VY VI SvIVY VI + b [V (p - )Y VII? < Dy(Y).
For the fourth term, again by (3.1),
v2al|VIY VyI? S v3al|VVY Vi + v2ab|V(V(p - K)Y)Vx]* S Dg(Y).
Putting all the above estimates together, we conclude the proof. ]

3.3. The role of convection

In this section we now specialize the discussion to the case in which the forcing term Fj
is of the form

VY = —ik Y vy e, (3.9)

L
for a divergence-free velocity field v. This is precisely the setting in (1.7). As we do not
have a strong enough gain of regularization in x, we cannot neglect the gains arising
from the divergence-free property. This translates into losing the possibility of working
mode-by-mode in k, as all the x-modes are coupled, and instead we work with energy
functionals that include all the nonzero x-modes.
Therefore, we look at

Ers(Y) =Y |k Ey i (V)
k

for a family of cut-offs (x)xx0 (that we can think of as yx = x(p - lg)). The divergence-
free cancellations can be seen through the following lemma.

Lemma 3.7. Consider a divergence-free velocity field v, so that ) ; k - vi = 0, and
weights W:R3 — R, and W:R3 — X for some normed space X satisfying

Bl s woo s won, 1%l £ 17 lx.

17 (o)l ||V~V<y>||x)|x
%] ]

Vx,y, |yl =

ey, W@ - Wl s (

-yl
Then for any nonnegative sequences { H }re73, {Gk }rez3, we have

D W)W (k) = W (1)|x [ve— - €| He Gy
k.t

< (S wia) (S wenFwleduf ) (X wolvwie?)
k k k
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1
2

" (Z |k|Gk) (Z W I ®)llx |vk|2) 2 (Z Wil W(k)HXH,?)
k k k

T (Z K| |vk|) (Z W) W(k)HXHkZ)Z (Z W) W(k)HXG%) B

k k k

Proof. We split the sum into three:

=2 2+ )

k.t k=2l [=20k]  lel/2<|k]<2]¢]

We find
> WE)W (k) = W) |x|vi— - L] H G
[k|=2]¢|
< Y (VW — 01— Ol el ) (Y WG R 1x G ) e He|
[k1=2[¢]

-

1 1
2

< (Z |k|Hk) (Z W(k)uW(k)nxw) 2 (Z W(k>||W(k>||xGi) -
k k

k

Similarly, as vg_¢ - £ = vg—g¢ - k,

> WEIW (k) — W) |x|vk— - €| He G
[€]=2|k|
S Y WOIW (k) = W) |x vk - k| HGr
[€|=2|k|

1
2

< (Z |k|Gk) (Z W(k)||W(k>||x|vk|2) ’ (Z W(k)||W(k)||XHk2) -
k k k
Finally,

> WENW k) = WO)|x|vk—g - | He G
[€l/2<|k|<2|¢|

W (k W (L
< % W(k)<IIW|(k|)I|x N ”W|(€|)“X)|k—z||vk—(i‘€|HkGl

111/2<lkl=2|l|

< 2 IWOUTEIxIWO T © x|k - €] [vk—c| He G

[€l/2<k]=<2]¢|
< (S wid ) (S wwnwaones) (S wonwolcz)
k k k

The proof is over. ]
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Using the cancellation from the divergence-free condition, we control the error in the
hypoelliptic estimate by the following bound.

Lemma 3.8. Assume the setup of Lemma 2.1, and let (xi)r+o be a family of smooth
functions. Then the convection operator defined in (3.9) obeys the following estimate, for
all s > 3, forall § > 0:

1
D kP Re Ey ik (Vi Yie) = 802 Y (kP [Vl = 8v Y 1k [V Y x|

k k k
1 A
—8v2 Y kPBEIV(V(p - k)Yi) k|1
k

1 ~

— @+ wlasv™2) D kP el Vp - k) Yiexe|?

k
S ST g D KPRl A+ 8T wllFs D kP VY|P,

k k

Remark 3.9. Note that the localization through a cut-off is lost in the last two terms. This
will be the main constraint on the size of v. Note also that the requirement s > % ensures
that > ¢ o,z [k||vk| < ||v|las, an inequality that will be used implicitly each time we

apply Lemma 3.7.
Proof of Lemma 3.8. We use for short notation Vj instead of V' Y. We decompose

Z|k|2s+lReEXk>k(Vk’Yk) =I1°4 19+ 1% 4 1°,

k
where

19 = k> Re(Viexe. Yie i)

k
19=v2 > (k1> Zag Re(Vp Vie i, Vp Y xic)-

k

17 =3 k> b [Re(iV(p - k) Vixe. VY xi) + Re(iV(p - k) Yie xic. VVie xie) -

k
19 =072 Y kPR Re(V(p - K)Vie i, V(p - K) Y ).

k

Using that v is real, we find from the definition that

IO = Z |k|2s Re(ikvk,ng)(k, Yk)(k)
k.t

1 .
= = > Re(i(|k|*kxg — €17 £x7) - ve—eYe. Yi)
2 kL

1 .
= 5 D Re(iIkI 1k — 1617 1) vkt - £Y2. Yie).
k.t



Nonlinear stability for active suspensions 1169

where the last equality comes from the divergence-free property: vi—g - k = vg—g - £. We
can split the difference as

K12 xe = 1017 1§ = 1K1 e Qe — xe) + (KPP = 1612 e xe + 1 xeCGue — xe)-
Hence, using the symmetry in k and £,
10 < 3 1k e = xelloolvi—e - €11 Yell | Ve x|

1
+3 D Uk = €17 ok - €11 Yexell | Ve xe .

We apply Lemma 3.7, taking W = |k|?* and I/I~/(k) = xy for the first sum, and W = 1,
W (k) = |k|?* for the second sum. We get

1 1
105 ollas (0 K 1Yel) ™ (30 Wl i)

For 1% we find similarly (that is, replacing yx(p), function of p, by yx(p)a(v! |k|%t),
function of p and ¢) that

vz
2
<03 32 E 0k — af gelloolves - £ IV ¥ellaf 19 Y gl

1% = — Y Re(illk[*2a 1} — €[22 agx}lvi—¢ - LV Y, VYi)

1
V2 1 1 1 1
+5 > [P 72 = 172 | |ok—e - laZ [V Yexellag VY gl

Hence we find that

1
19 5 v ol (30 K19 %0P) (30 K2 al VYex?)

For 1% , we find by the definition

=

1% =" Re(ilbe k[ V(p - k) 3 — bel*V(p - O) xFlvk—¢ - Yy V),
where we split the bracket as
bel k| V(p - k)xg = bel€*V(p - D}
= k> V(p - Kb xi G — x0) + (K1Y (p - k)bie — 1€V (p - Dby xe

+ 1PV (p - Obexe(xr — 10)-

Hence we find that

17 <3 kP e — xelloolvk—e - €I Yellbr IV (p - K)V Y il

+ Y NPV (p - k)b — 167V (p - D)belloo it - 11 Yexell IV Y x|
+ Y kI ke = xelloolvi—e - LIV Yellbe IV (p - &) Yexel.



This yields that

1
2

1
2 ~
1 < lollas (Z |k|2S||Yk||2) (Z |k|23b,%||V(p-k)VYm||2)
k k
: :
N ||v||Hs(Z |k|2S||kak||2) (Dkﬁsnvmknz)
k k

1
2 ~ 2
+||v||Hs(Z|k|2S||VYk||2) (Z|k|“b£||V(p«k)Ym||2) |
k k
For I¢ we find

1

N=

="

2

ZRe(i[|k|2s+%ckV(p k)V(p- 12))(,2c

l A A
—[e1*2¢V(p - OV (p - O)x7 |vi—t - LY. Yie).
We split the difference as

— |k|2s—l %

k[2* 26,V (p - R)V(p - k)3 — 16> 2,V (p - DV (p - )y
2ck

.1 ~ 3 0
2V (p - R)lef K12V (p - ) i — ¢ 1612V (p - ) il e

2C[2

_1 _1 1 1 ~ 1 1 ~
+k2E = e Az KAV B el 1BV (p - D g
+lePhe;

1 A 1 1 ~ 1 1 ~
[12V(p-Olcglk|2V(p- k)i — 112V (p - O xel xe-
Hence we find that

X [V(p - k)Y x|

(Sl

v

c -1 25—411 353 A 311t N 3k
1€ <v72 Y kPR Rk2V(p k) = 1PV (p - O) | o lvr—e - €11 Yell e k|2

+

2

_1 _1 o1 A Lo
D Ik = e 2 o - L Lz IV (p - O Yexelle k|2
< IV (p - k)Y xiell-
Applying Lemma 3.7, we obtain that

N=

1

1¢ S o7 ol (Y WP el?) (30 KPP+ el Vo - ) e 1)
_1 1 n

+ 075 ol (Y WP 2 eV (p - ) Vi e ).
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Collecting the estimates, we therefore find

> Ik Re Eyy i (Ve Yio)
k

1 1
2 2
< ||v||Hs(Z |k|2S||Yk||2) (Z|k|2S||kak||2)
k k
%
1 _1 _1
+v2||v||Hs(Z|k|2S 2||Wk||2) (ZW zaknmmnz)
k k

1

1 1
k2 1ver) (ST kEp2ivin - B VYerel?)
ol (PR ) (3 KPR IV (o - o)V Vil
k

k
1
2
T ol (Z |k|23||Yka||2) (Z K1V Vi ||2)
k k

1 1
2 ~ 2
T ol (Z |k|“||wk||2) (Z K21V (p -k)kak||2)
k k

1
-1 2v2) K12 H e 1V (p - VYo ve I
vz wllas ( D0 PNl ) (2o kP el V(o k)Yl
k

k

1
2

1
2

1
2

_1 1 ~
T z||v||m(2|k|2s+zck||wp-k)kak||2).
k

Splitting the right-hand side with Young’s inequality then gives the claimed control. =

Using the cancellation from the divergence-free condition, we control the error for the
energy by the following estimate.

Lemma 3.10. Let (xx = xx(p))k=0 be afamily of smooth functions. Then the convection
operator defined in (3.9) obeys the following estimate, for all s > 3:

2
) }
S RV T V) % ol (3 1) (Z |k|“||mk||2) .
k k k
Proof. See the computation for 79 in the previous lemma. ]

3.3.1. Commutator with the vector fields. In order to control Jg and JJ g, we need to
understand the commutator with the convection term, that is we need to understand the
influence of . A
SYr = Z Ji (—ikvg—g)Ye — Z(—ikvk—e)fe Yy.
¢ ¢

To control Jg in L2, we prove a first commutator estimate.
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Lemma 3.11. Let (xx)k0 be a family of smooth functions. We find

1 1
> Ik Re(S Yi . JeYie i) —8v2 Y kT2 S Yy
k k

1
2
< ||v||Hs(Z|k|2S||wk||2) (Z |k|23||JkYm||2)
k k

-1 -3 1
+ 5T IR ST P Y.
k

1
2

Proof. We estimate the @ termin SY as

> 1k Re((eu — o) (=ive—g - OV Yexie. i Yie x)
< D NP llok — elloolvi—e - LIV Yell 1T Vi il
1 1
< ol (30 WP IV Yal2) (30 K2 1 Ve e )
For the B term we find
72 Y KPP {BrlkIEV(p - k) = Bell2 Y (p - D)ivie—g - LYo xa. T Yixe)
SV RPBIKIEV(p - k) — Bel€l2 V(p - Dlloolvi—s - €11 Vel I Tk Y x|
S0l g (P2 Y22 (22 | Y )2
Splitting gives the required estimate. ]
Remark 3.12. By a slight modification, the 8 term can also be bounded by
VIl (P 2 (2 ki) 2
For the hypoelliptic functional, we control the commutator by the following estimate.

Lemma 3.13. Let (xx)x0 a family of smooth functions. Then
D Ik Re E i (SYee, Ji Vi)
= 8[ D KPS Dk Ui Ye) + 3 7 kP Y]
SETIR g [V DD KPR 072 Y P Y-
Proof. From the definition we find that
D kP Re By i (SYie, JieYe)
= Z k| Re Ey, k(o — o) (—ivk—g - ) VY0, JeYi)
+ 072 Y k2 Re By i (i(Be k|2 V(p - k) = Bell |2V (p - ) (—ivee—e - O) Y, JicYi).
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As before, we split the contributions in / 0121 b, and 7¢. For 1° we find
19 ="k |* Re((e — ) (—ivk—g - )V Yoy JeYeexie)
1 1 A~ 1 A
+v72 ) [k Re((Belk |2 V(p - k) = Belt1ZV (p - ) (Wk—e - OYexk: Tk Ve xx)-
The first sum can be directly estimated by Lemma 3.7 as
> 1k Re((eu — o) (=ive—e - )V Yo i, Tk Yie xe)
1 1
< ol (30 WP IV Yal2) (30 K2 1 Ve e )
For the second sum, we find by Lemma 3.7 that
_1 1 A 1 A
V72 Y kP Re((Bilk|2V(p - k) = Bell]2V(p - ) (i—e - O)Yexk, Jx i xx)
1 1
_1 1 2 1 2
ST 0y (D WP IYIR) T (D P2 e ell)
For 14, we find
19=v3 Y k|72 Reag (o — o) (—ive—g - OV Yexie, VI Yire)
+ Y [k Rear (V(ipilk|2 V(p - k)
. 1 AL
—iBelt]2V(p - ) (—ivk—g - OYe xie. VI Yie Xk)-

In the first term, we integrate by parts and then find by Lemma 3.7 that
1 <ol g (S PV ) (S kP2 IVV Ve )
+ lolle (P VYR + 1Y) (P 19 Yee )
For I? we find
17 =" k| Re(i(on — ete) (—ive—¢ - OV Yoy b V(p - )V I Y pe)
+ 3 |k Re(V (o — etg) (—ivie—¢ - OV Yy xic. ibi V(p - k) Ji Yie xic)

+ 072 Y kP2 Re(i(iBi k|2 V(p - k) — iBel12V (p - ) (—ivie—g - )Yk
belk[ 72V (p - K)V I Y xx)

+ 072 DK Re(V B k|2 V(p - k) — iBel€1ZV(p - D) (—ive—g - O Yexi.
iV(p - K)belk] ™2 Je Y xi).
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so that we find (after integration by parts of the second and fourth terms)

D=

1
175 ollas (30 WP IV Yel?) (3 K BEAV (Y (p - £ T Yi 1 1P+ 1 Y e )
1
_1 2
0 0l ey (O I YEN2)

x (32 KBV (V(p - k) Y el + 1k Vi)
For 7¢ we find
1€=v72 ) |k Re(V(p - k) (@ — ag)(—ivk—¢ - O VYexr. cilk|2V(p - k)i Yie i)
+ 07 ST kP2 Re(V(p - k) B k|2 V(p - k) —Bel]Z V(p - ) (—ive—g - O)Yexk
&V (p k)T Yixe)-

D=

Hence we find that
1 1
_1 2 n 2
1¢ o7 olls (D KV YRIR) " (3 PRIV (p - B)JiYex )

1
— 2 n
07 ol (30 PHYE2) T (D0 KPR IV - B T Vi)

where the first term comes from the a-term and the second from the S-term.
The inequality of the lemma can then be established as in the proof of Lemma 3.8,
through splitting and Young’s inequality. ]

D=

To control Ji Jx g, we need the following estimate.

Lemma 3.14. Let (xi)x0 a family of smooth functions. Then

1 1
D KPS Re( Tk S Ya g T Ik Yiexi) — 8v2 Y k1P ¥ 2 | Tk Ji Vx|
k k

— 80 > kP VI S Yie el
k

=312 25+3 2 =312 25+14 2
<v 2||v||HS+%Xk:|k| 2| Ye|? + v 2”””Hs+%2k:|k| 2[[VYi]?.

Proof. Expanding the definition of J; SY; we find

k[ Tk SYie = (o — o) (—ivge—g - )V VY,
14

+072 > e V(B IK |2V (p - k) —iBel ]2V (p - ) (v - O)Y)
£

+ 072 Y Bk |2V (p - k) (o — o) (—ive—g - D)V
£

+ 0 S Bk 2V (p - ) lkI1ZV(p - k) —iBel€1ZV (p - §))
£ % (—ivg—g - 0)Yy.
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The contribution of the first term can be bounded, after integration by parts, by

D kP llok — aglloolvie—e - LIV Yell IV T T Ye x| + 20Tk T Vi xa |V el )

1

2
< lollas (Z |k|2S||VYk||2) (Z K1V T T Yexill? + ||Jkakak||2))
k k

1
2

The contribution of the second term can be bounded by
_1 1 A 1 A
D kP72 | Belk 12V (p - k) = Beltl2V (p - O) | o [vi—e - €IV Yell | Tae Ji Ya xz |
_1 1 ~ 1 A
+ Y kP72 | Belk |2V (p k) = Bel€lZ V(P )| o lvk—e - EU 1 Yell 1 ke Ja Ya xz |

1 1

_1 1 2 3 2

<v z||v||Hs+i(Z|k|2”z<||wk||2+||Yk||2)) (Z|k|2s+z||fk1kmk||2) .
k k

The contribution of the third term can be bounded by

1 _1
D Ik 2072 e — aglloolvi—e - LIV Yl | T T Yie xz

1

1
_1 1 2 1 2
<v z||v||Hx+gl(Dkﬁ”znmnz) (Z|k|2s+z||JkaYm||2) |
k k
The last term can be bounded by

_ 1 » 1 . —1
DK Belk |2 V(p - k) = Belt|2V (p - D) oo lox—e - €11 Yell 1172 | Tk Tk Vi x|

1 1

_ 3 2 1 2
S0 ol ooy (S IR IT?) (W et ?)
k k

The result follows from all these bounds and Young’s inequality. ]

3.3.2. Application to the density g. Under suitable assumptions on the velocity field v,
we can now obtain controls on g and its vector fields. Notice that we request something
less stringent than (H). We begin from g.

Proposition 3.15. There exists 9 > 0 with the following property: if € € (0, &9) and

1

+o00 .
sup (1) | 7= + ( / o)1 dr) < e},
t>0 0

then for any T > 0 there holds

T
1 1
sup §:|k|2fEk<gk)+vz/ S P ag gl
0
k

0=t<T
T ) )
4 [ ST D) 5 g1
0
k

As a consequence, (1.9) holds.
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Proof. We start from the inequality in Lemma 2.4: we take Fy = Vg, multiply by |k|?*,
and sum over k. To bound the term Y_ |k|?* Re Ex (g, Vgk), we apply Lemma 3.8 with
Yr = gk, x = 1. We find

d 1 1
3 2 K1 Eie(gie) +v2 3 K 2 aclgel® + 3 1k 1> Dic(gi)
k k k

<602+ 5T ol E) Y kP gkl + 6v + 57 ulE) > Ik Vel
+ 602 Y kB IV(V(p - K)gi)])?
+ 6+ ol ™) Y kP el Ve - bgil?,

for any § > 0. We take § = . If g9 € (0, 1) is small enough, most terms on the right-hand
side can be absorbed into the dissipation functional, and we end up with

Z k> Ex (gx) + Z |k|2s+1ak(|k|) lgkll® + Z Ik[+ D (g4)

1 —1,,—1 2
< (evz + e v vl B llgll 13- (3.10)
In particular,
1 -1, -1 2
EHgHH)leZ, S (evz +e v uligs)llglas ez

so that our assumptions and the Gronwall lemma yield
1
MevZt i
lg@lgsrz < M g™ g2, Ve =0

for an absolute constant M > 0. If t < v_%, injecting this bound into the right-hand side
of (3.10) and integrating on (0, 7)) proves the lemma. If ¢ > v_%, we first integrate (3.10)
on (0, v"2 ), resulting in

2s Me) in|2
D Ik Ex(gl,_ -y <™ l18" I35
k

Using the interpolation inequality (2.5) again with 0 = Kle, > Ve deduce that at time t =

p2 (time for which o < 1 if v is small enough),
1 11 I 1.1 A
Ex(gr) = llgl® + SakV? k172 (| Vpgill® + SCkV?2 k|2 1V, (p - ) giel?

1 ' 5 1 1 )
> — = —
= (14 5(aken)? ) lgl? = (14 340 ) e
and eventually

eMS()

1 .
”g(v_i)”HSL2 = A”gmH?{st, A= — 7 < 1
X 3 1 1
’ ’ 1+ 1(40)}

taking ¢ < g small enough. Iterating this bound gives exactly (1.9) and concludes the
proof. ]
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3.3.3. Application to the vector fields. The analogous version of Proposition 3.15 for
vector fields is contained in Lemma 3.17 (estimate without cut-off) and Lemma 3.18 (esti-
mate with cut-off) below. We start with an L? estimate.

A

Lemma 3.16. Let (y)k-0 be a family of smooth functions with y; = 0 near p = —k.
There exists g > 0 with the following property: if ¢ € (0, go) and

o0
3
sup [o(1) 1z + ( [ v dt) <evl,
0

t>0

then for any T > 0 there holds

T
_1 _1
supTDkPS 2| Jegexxl? + /0 v kP2 Vg x|
0<t< k k

1 2 2 injj2 inj |2
+v2 Y kP egixel® < 18" W + 1VE 17z
k

Proof. We first establish an estimate without cut-off, starting from Lemma 3.3. We take
Yy = gk, Fr = VYx = VJi gk, multiply by |k|2s*é, and sum over k. We find

d 1 _1 1
m Z k=2 || T gkl + v Z k2 |V Jiegrll® + v2 Z Ik [** 1 Tk g I

1 1
S Y PR (Tegr, Videgr) + D kP42 (Jigk. Ser)
x k

1 1
+ Y kP2 bl gl® + ) 1k Di(gr).
k k

The first term on the right-hand side is bounded thanks to Lemma 3.10 (applied with
Y=Jg, x=1):

1 _1
D Ikt Re(Vikgr. Jegi) S Ivllas D k1P~ 1 Jkgwll.
k k

It can be absorbed by the left-hand side, as |v| gs < 12, The second term on the right-
hand side is estimated thanks to Lemma 3.11 (applied with Y = g, y = 1):

1 1
D kPt Re(STkgr, Jegr) —8v2 Y k1P| gkl
k

1
_1 2 _1
S Mol (S I 19e0l?) (X 12 snl?)
k

k
_ _3
+ 872 ol D kP llgk )
k

1

2

1 _1 — —1 —1
<82 Y IKIPT I kg l® + 8 IIIUIIiI DB el A

=7

k k
B 2 2 2
+ 87T ullz Y KPP gk >
k
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We take § = ¢. For & < g¢ small enough, the first term can be absorbed into the left-hand
side, while the second term can be included in }_, |k|** +3 Dy (gr). We end up with

d _1 _1 1
o Z k> 72 || Jegicll> + v Z k> 72| VJigrll® + v2 Z |k P** | T g I

1 1 —1 -3
< D KPR bellgrl + D K2 Delgio) + e T ol g -
k k

The time integral of the second term on the right-hand side could be controlled directly
thanks to Proposition 3.15. Similarly, the time integral of the last term could be controlled
thanks to the assumption on v and (1.9). But the limiting term, due to the absence of
cut-off, is Y k|25 2 b || gi |2 < >k k|25 2ay || gk |2, where we could not squeeze a
factor V(p - k). This forces us to multiply the previous inequality by V2. We get, with
Proposition 3.15, that

T
sup w4 SR H gl + [ vE Y WP Vg
0

0<t<T
r 2 2 in||2 1 in) 2
+/0 VYK gkl S 18" e + 03 IVg s BAD

We can then obtain a better bound using the cut-off y, replacing our starting point (3.6)
by the improved Lemma 3.4. After similar manipulations, we get

d _1 _1 1
3 2 KPR il + v Y KT IV gt + 02 D0 K 1 egirel?

1 1
_1 2 _1 2
Sl ey (30 P2 1kgel?)” (30 P2 Tk e?)

1

1
_1 2 1 2
Flol (ZW Hve?) (Z 24 e )
k k

1 1 ~ -1 -2
+ D WP Die(gie) + v 3K gk Zell® + 7 v 0l gy
k k

which implies, using the smallness assumption on v,

d _1 _1 1
3 2 KT kil + v Y K2 IV gl + 02 D0 1 Jiege el

-1 -1 1
SRR Ly YRR gkl + 3 kP Die(g)
k

1 _3
+ e ||v||§1s)||g||§,;L;-
Using Proposition 3.15, (3.11), and (1.9) concludes the proof of the lemma. [ ]

For the control of the hypocoercive functional of Ji Y, we first show an estimate with
a loss in v, but without localization.
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Lemma 3.17. There exists 9 > 0 with the following property: if ¢ € (0, &9) and
1
2

+o00 5
sup [lv(0) [l a5 + (/ o (@) IIs dl) <evi,
0

>0
then for any T > 0 there holds
1 25—1 ! 2s 1 25—%
vzl sup Y[k TUER(egi) + | Y Ik Di(kgi) +v2 Y k1P Ex(Jrgk)
0<t<T 0 %
< 18" Vog" I3
Proof. The proof is very close to the proof of (3.11). One starts from Lemma 3.5, which

is applied with Yy = gr, Fx = Vgr. One multiplies by |k|?*~1, and sums over k. The
nonlinear term

> k17! Re Ex (Vi gk Ji V)

= > |k Re Ex(Jigk. Vikgi) + _ k> 7' Re E(Jigk. Sgk)
is then treated with Lemmas 3.8 and 3.13. We leave the details to the reader. [

We then get an improved estimate with cut-off.

Lemma 3.18. Let (yi)k+o as in Lemma 3.16. There exists eo > 0 with the following
property: if e € (0,&9) and

1

—+o00
sup||v<t>||m+([o ||v(t>||%,sdr) < e,

>0

then for any T > 0 there holds

T
sup 3 By kg + [ S0 IR Dy kU
0<t<T k 0 k

T
1 1 : -
+V2/ > kP72 Ey k(Jgi) S ||gm,Vpgm||?,§L%-
0
k

Proof. The proof is again very close to that of Lemma 3.16, once the estimate without cut-
off has been established. One needs to combine Lemmas 3.6 and 3.17, as well as Lemmas
3.8 and 3.13 to control the convection term. [

. .. . . 3 .
The last control that we will need to prove mixing estimates is an H*~% estimate on
JJg.
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Lemma 3.19. Let y, xi as in Lemma 3.16. There exists g > 0 with the following prop-
erty: if e € (0, &9) and

“+00 > 5
sup||v(z>||m+([ ||v(z>||%,sdr) <evi,
t>0 0
then for any T > O there holds

T

_3 _3
sup Y |k[P 72| e Jegr el + [ VY KPRV I g x|
0
k

0<t<T "

1 _ . . .
+v2 Y kP e Tegewl® < 18" Vpg™ Vog I -
k

Proof. The starting point is Lemma 3.4 applied with Y = Jg, F = JVg. We find

S S RPE gl + S 3 K  IV egel
+ o WP kgl

< SO Wk Ve Tk Ve | +v 30 kP2 Jgn 7 12
+ Y K72 Dy, k(Jige)-

The last two terms are controlled thanks to Lemma 3.18, replacing y by , after integration
in time. The convection term is decomposed into

1 _1
S kP2 (D degixs Te i Verx) = Y kP (e kg e Tk Sgiak)
_1
+ Y kP T2 (T Tk gk ST gicx)
_1
+ Y KPP (T Tkt VI T8 Kk -

We use Lemma 3.10 to write

_1
E k>~ 2 Re(J Tk &k Xie» Vi Tk 8k X k)
X

1 1
S ol yeeq (30 P2 1k Tegal?) * (32 Ik 1k T i)

1 _3 _ 1 _3
S 8vz Y kP Tk Jkgr el + 8 lllvllil U NN el /¥

=3
Replacing the first operator Ji by its definition, we get
1 _3
I el B et /% 1

_3 _3 _1 n
Sl v H0 D PRV g2+ Y e zbknw;a-k)Jkgknz).
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The right-hand side can be controlled thanks to Lemma 3.17, after integration in time. The
term

1
D kP2 (T T gk xi STkgr k)
can be controlled in an easier way with Lemmas 3.11 and 3.17. Finally, the term

_1
D kP72 (T i gk xk Tk S gk )

can be controlled thanks to Lemma 3.14. This concludes the proof. ]

3.4. Mixing estimates

We now consider integral quantities of the form (1.8), namely

wlel = [ e Zep)Vip-Frap,
and establish decay estimates as a consequence of orientation mixing.

Proposition 3.20. Let k # 0, Z = Zi(p) a smooth function, and yy = xr(p) a smooth
function which is 1 on the support of Zy. Then, for any g € H', we have

1

Vielgll < (e gie xiell 4 gk xac I Zicll -

2Pk

Proof. We use the identity V(p - k)gg = 1

2
1
k|2 By

1

Vk[g]‘ < m(‘/ Jkngk(P)‘ + ' Othngk(P)D

s |ﬁ|(‘[ e k(p)‘ ' akng-zk@)D
k

v3
< 1—(/
k|2 |Br| \/s?

The result follows from the Cauchy—Schwarz inequality. ]

(S]]

Do 2o + [ lowne¥ - 2o,

When g is the solution of the advection-diffusion equation (1.6), suitable norms of the
functions {Vg }xez can be estimated in terms of the vector field J as follows.

Proposition 3.21. Assume

1

oo 2 3
sup ol + ([ Il ar) < ook,
=0 0
Then, for ¢ < go small enough, we ﬁnd

YoV OIP S e ST g I + 1982 1) (sup 1 Zel ).
k

PG
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Proof. For all k # 0, we introduce xx, ¥ a smooth partition of unity on the sphere
(xx + ¥ = 1) such that y; = O near p = —k and ¥, = O near p = k. We can decompose

wle 0] = [ 0@ V-0 + [ aO@ -k

It is enough to prove that

Z|k|23+%

k

2

[S 8O Zex) (P (p-F)

/3(v ka”g 1 + Vel ||2>(sup||zz||,,l)

as the other integral could be treated similarly, by exchanging the roles of the north and
south poles; see Remark 3.2. We then introduce another family (jx)x-£o Which is still zero
near p = —k, with yx = 1 on the support of y. It follows from Proposition 3.20 that

Z |k|2s+% /
k s

1w . ,
S lkP2 |ﬁk|2[||-]kgk(t))(k”2 + ek ) 2k P Zi 1
3

Iﬁ(v D24 e K TA  kge (Oe? + ||gk(r))(k||21(wp 1Zel1)-

The result then follows from Proposition 3.15 and Lemma 3.16. ]

When dealing with JJ g, we follow the same spirit as in [9, Proposition 1.7] and obtain
the following bound.

Proposition 3.22. Letk # 0, Z = Zi(p) a smooth function, and yx = xr(p) a smooth
Sfunction which is 1 on the support of Zy. Then, for all r = ri(t), the following bound
holds:

Ve lgll < (Arkllge xxll + BrxllJxgr xxll + Crall Tk Jigx Xk DU Zk | g2 + | Zk lwr1.0),

where

1 1
Ak = \:—z(r + r_l‘:—z),
> || el 2 1Bl
1
= 11)—2(}’ + (r_l + |lnr|é)‘f—2),
k| |,3k| k12| Brl
L GIES

1

r’

Cr,k =

Ikllﬂ 2
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Proof. As a preliminary step, we introduce y, = y,(p) a smooth function with y, = 1 on

an r-neighborhood of k, and y, = 0 outside a 2r-neighborhood of k. We then consider,
for any smooth G with G = 0 near p = —k and y; = 1 on the support of G, and for any

tensor Yy,
fYkG < / karG‘+'/ Yk(l—xr)G‘=:11+12.
S2 S2 S2

We find directly by Cauchy—Schwarz,

It S 1Yk xelr|GllLee-
Then

1 /v\3 A G
I, = —(— Vip-k) i) Yp————0 — y,
2 iﬁk<|k|) /S P Ig ot T

N G
+ 3%(%) /SZ YiVy - (V(P ‘k)m(l - Xr)),

=

from where
1 3
I < 1G oo |k Yi x I In(r) |2
1Bk |<|k|>

o |
— h— Y o0
+ B |(|k|) 1Y xxll= (IIGIIL + G ).

We conclude that

[Ln6| = (G () 2 il + () 1)

X (|1GllLe + G lg1)-
‘We then turn to

,BL(V:l)é /sz Zi Ik 8k

Applying the previous formula, we end up with

V2 1 vzl
Meeoll 5 - () (G Grr) 5 + 7)Mo

1 3
+ lIn(r)||2 ||Jkagkxk||)<||zk||Loo+||zk|| 5
Iﬂl(lkl) "

T @(ﬁ)z ((lﬂl—k|(|,‘;—|)2l T r)llgk)(kll

1 3
+|ﬂk|<|k|> [In(r)|2 ”Jkgk)(le(”VZk||Loo—|—||VZk||H1)

Vigr ]| =

7’;(%)% [ 20,

o
+ |:
i

The result follows. [
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We can now conclude this linear analysis, proving Theorem 2.

Proof of Theorem 2. Fort < 1, Proposition 3.21 implies

DIk Vilg O S 077 Sip(IIZk IIprl,oo 1 Zell) 18" Vog™ Vo g I 13-
k#0

so that the claimed conclusion follows as in this time range 172 <73,
In the range ¢t > 1, we apply Proposition 3.22 with the choice

1 1
2 2
r=n = () 51
kI 1B

Then the bounds satisfy

D=
[S][%)

)
k|2 (Bl

which implies the claimed result. ]

1
Arg, Bri, k|3 Cri < (

4. Nonlinear stability

The proof of the nonlinear stability Theorem | relies on two main ingredients: the analysis
of a Volterra equation that allows the computation of u from 1 through the relations spec-
ified in (1.2), and the use of the linear estimates of Theorem 2, via a proper bootstrapping
scheme. These two points will be carried out in Sections 4.2 and 4.3, respectively.

For notational convenience, we will prove Theorem | with shifted index s — 1 instead
of s. As u has one more degree of regularity than  in x, u will then have H® regularity
in X.

Lets > %, T € (0, <], and a field v be defined on [0, T') and satisfy

T 1 s
sup [v(©)]las + ( [ 1w dr) < evi, ()
0<t<T 0
We introduce

Sp(t,7):L> > L% 0<t<t<T,

the linear two-parameter process arising as the solution operator of the (nonautonomous)
advection-diffusion equation in (1.6), considered on (0, 7). Namely, for0 <t <t < T
we set Sy (¢, 7)g™ = g.(t), where g, is the solution on [z, T') of

0:8c+ (W +p) Vige —VApg: =0, geli=c = gin-

The results in Theorem 2 were stated under (H) for the time interval (0, co) but extend

straightforwardly under (H') to an arbitrary interval (z, 7). In particular, given s > 3,
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0<s' <s+ %, there exist constants Cy, &, vg, 71 > 0 such that for all v < vq the condi-
tion (H') implies

[[(Sy (2, f)g‘“);eollnyg, < Coe_’“”“ gk oll sz 4.1
and
D kP Vi [Su (. )™ 4.2)
k0
1 3
SCO( - ) Sup(1 Zl12, 1.0 + 1Zk ) 1820 Y g8or V2012
min{l,v2(t — 1)} k » X

forall t € [0, T'). We will now focus on the analysis of the full system (1.2).

4.1. Bootstrap assumptions
Let ™" € J5~1. Existence and uniqueness of a local-in-time solution to (1.2) satisfying

¥ € Coe([0, Tx), H°™Y), Vpyr € LY ([0, To), #°71)

loc

is standard; see e.g. [1, Theorem B.2] for s = 2. Moreover, if T is the maximal time of
existence, one has
lim sup ||u(t) || gs = oo.
t—>Tx
Let ng = {5, with 7, the absolute constant in (4.1). Let §, §', §” be positive constants to
be specified later, only depending on y and t. For each v, let T = T'(v, y,t) > 0 be the
maximal time upon which the following three bootstrap assumptions hold:

sup e"""z’||u(t)||Hs <83, (BAO)
0<Z<T
T 1
/ Vo (1) ||5p5-1 di < 87072, (BA1)
0
sup [[¥(1)]| s < 8"v3. (BA2)
0<t<T

For any §, §’, §”, the existence of a positive T is guaranteed by the smallness assumption
on ", taking 8y small enough compared to §, §’, §”. Note also that (BAO) implies (H’),
for § < min(—&5 m /4, 1). The point is to show that there exists vg such that for all v < vy, all

three bounds are satisfied with improved constants §/2, §'/2, §” /2 instead of 6, §', §”, and
that moreover, on (0, T'),

T
sup 1125 + v / IV 12, 2 de S 070 Y2, 43)
0<t<T 0 x=p

Improvement of the constants will imply that 7 = T, = oo, which combined with (4.3)
will conclude the proof of Theorem 1.
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Remark 4.1. Condition (BAO) is of enhanced dissipation type, and holds on the velocity
field u solving the nonlinear system. If we were instead able to propagate some mixing

estimate of the form
5
sup (1 +6)*||u(@)||gs < év*
T

0<t<

for some o > 1, we could lower the stability threshold (1.4) from 3 down to v %, because
it would be enough to ensure that u satisfies (H'). However, deriving such nonlinear mixing
estimates, in the spirit of [5], seems out of reach in our context.

4.2. Analysis of the Volterra equation

From (1.2), we can deduce a Volterra-like equation for . On one hand, from the second
relation in (1.2), u is obtained from v through application of the linear operator U defined
by

Uw:LSt“Vx-/Szp@)pw,

where St is the Stokes operator —[PA on T (with P the Leray projector). On the other
hand, the solution y to the first relation in (1.2) obeys the Duhamel formula

t

V(0) = Sult. 0P + / Su(t. D) F (1) dr,
0
with 3
F(0) = 350 ® p) 2 () = V- (Bpu [(VE o) + W) pl).
Applying the operator U to both sides of this Duhamel formula, we get
t
u(t) + / K@, tu(r)de = f@t),
0
where
Kit, ey = 22 571 9, - / P ® pSu(t.)(p ® p i E(uo)).
T S2
£() =15V, - / P ® pSult. 0P
s2
—St7 v,
[ANYS /SZ p ®tp
x /0 Sult. OV (P, [(YE@(0) + Wu(x) p]y (1)) d.

Our first result concerns the integrability properties of the kernel K and only requires the
bootstrap assumption (H').

Proposition 4.2. There exists an absolute constant vy such that for v < vy, condition (H')
implies that kernel K satisfies the following estimates:
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@ K@ 0)s.msy S Vforallt <t witht —7 < 1.

1
) 1K O los,as) S e M2 for all v < t, with 0y the rate given in the
hypocoercive estimate (4.1).

©) 1K ) LEs,ary < . 1)% + v%,forallt <t,foranyr <s+ %.
-7

Proof. We can restrict to the case T = 0, as all the arguments that we will use are transla-

tion invariant. Given 1y € H?®, we denote by ¥ the solution of

3yt
0o + (U + p) - Vxo —vA,Yo =0, VYolr=0 = —ﬁp ® p i E(uo).

Note that the initial data is mean-free in x, a property that is propagated through time:
Yo = Yo,-0. From the definition of ¥,

K(t,0)ug = St v, / P ® piy.
S2
By a standard energy estimate on v in #*~!, under (H') for u we find

[Vo@)llges—1 < (Vo (O)llges—1 < luollms, Vi <1.
Hence,
K@ 0)uollas < 1Vo(Dllges—1 < luollas, Vi <1

and estimate (a) follows. Also, the hypocoercive estimate (4.1), which is valid under (H'),
implies for § small enough that

1 1
1ol g1 < €™ Y0 (O) |l ges—1 < €™ uollgs. Vi 20,

which implies estimate (b). It remains to prove estimate (c). Expressing the operator
st! V.- in Fourier, one checks that

2

1K@, 0oz = D k> 2
k#0

/Sz(p : /Q)P,;pro,k

To a given k, we can associate a cartesian frame (ex, €, e; 1= 12) and spherical coordi-
nates (6, ¢) with 6 the colatitude and ¢ the longitude. In particular, p = sin 6 cos pe, +
sin 6 sin e, + cos Ok. We compute
p- k = cos 0,
V(p- 12) = —sinfeg = —sinH(cos 6 cos pe, + cos O sinpe, — sin Glg),
Poop=p—(p lg)lg = sin 6 cos pe, + sinf sin pe,,,

so that
(p-k)Ppp=—P; V(p-k).



M. Coti Zelati, H. Dietert, and D. Gérard-Varet 1188

Hence,
2

1K 0o 7 = D kP2
k#0

/sz PeV(p-k)Wok

From there, we apply inequality (4.2) (see (1.8) for the definition of Vi), with Z = Z; =
Pypands =r — %—l—toget

1 3
”mumﬂ;s(—JLTQ(wwm@%++wwmw@ﬁ+

min(1,v2¢
+IV2%012, )

1 3
< (55 +v3) luol?

B
The result follows. ]
We can now state a stability estimate for u.

Proposition 4.3. Assume (1.3). Let ng = ’17—(1), with 11 the absolute constant given in (4.1).

There exists vo > 0 depending on 'y and t such that for v < vq the condition (H') implies

1 1
sup eV u(@)|gs S sup eV f(@0)llms.
0<t<T 0<t<T

Proof. The proof is an adaptation of the reasoning in [9, Section 5.2]. We first extend
K(t,t) by zero fort > T or t > t, and extend u(z) and f(¢) by zero fort > T. Setting

k(t,7) = e"“"%(t_’)K(t, 1), () = e""”%’u(t), F(r) = e""”%’f(t),

the Volterra equation is equivalent to
0 ~
u(t) + / k(t,t)u(r)dr = f(r) forallt e Ry, 4.4)
0

and the point is to show that sup,q [|%(2)[|zs < sup, ||f(t)||Hs We introduce

Ky :={k : Ry xRy — L(H*, H®), k(t,t) =0fort <t,
SUP;cR , fooc lk(z, 7)|dT < +oo},
equipped with ||k | %, := sup, fR+ |k(z, T)| dz. This space is an analogue of the space of
Volterra kernels of bounded type introduced in [11], replacing kernels with values in C”

by kernels with values in L(H*®, H*). One can show exactly as in [11] that K is a Banach
algebra for the product

(k1 * ko)(t,7) := /oo ki(t, Tka(x', v) d7’.
0



Nonlinear stability for active suspensions 1189

Moreover, as in any Banach algebra, there is a notion of resolvent: we say that k € K has
resolvent r € K if
r+kxr=r+rxk==k.

One can show the following lemma.

Lemma 4.4 (Direct adaptation of [11, Chapter 9, Lemma 3.4]). If k € K has a resol-
vent r € Ky then, for any f € LRy, H®), equation (4.4) has a unique solution ii €
L*® R4, H®), given by

ii(t) = 5(:)—/]1; r(t, 7)9(7) dr.

In particular, ||it|| Lo, 75y < (1 4+ |7 | ) 1V] Loo R, H5)-

Moreover, the set of kernels having a resolvent is open, which can be proved through
a von Neumann series argument. Namely, we have the following proposition.

Proposition 4.5 (Direct adaptation of [11, Chapter 9, Theorem 3.9]). If k = k1 + ky is
the sum of two elements of Ky, if k1 has a resolvent ry, and if

lk2llxe, < ————
T,

then k has a resolvent r, given by r = Z;:%(—l)"((kz —ry xky)x)"(k —ry x k).
Following [9], we decompose
1
k(t,t) = K(t,7) + (€™ ™D — )K(t,7) =: k1(t,7) + ka(t, 7).
It is easily seen that k € K. Moreover, we will prove the following lemma below.

Lemma 4.6. Assume (1.3). There exists vo > 0 depending on y and t such that, for all
v < vy, if (H') holds, then the kernel (t,t) — K(t, t) has a resolvent R = R(t, 1), and

K@ Dllx, 1. [REDllx, 1

Assuming for the moment that this lemma is satisfied, we now prove that || k2| 53 — O
asv — 0. Leta € (0, 1) be specified, b := —, and decompose:

IA

0o 1
leallzes < sup / @ DKt = ) o qs. ey A

teR4 JO

av_% bllnv|v™ 2 1
S Sup (/ [ . / )(eﬂovzt_l)
teR4+ \JO T2 bllnvjv™ 3

X ||K(l,l — T)llL(HS,HS) dr
=: sup I1(t) + I2(¢) + I3(2).

teRy
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Let » > 0. Using the bound || K(¢,t — 7)||L(as,H5) S (r)_% fort < av_%, see Proposition
4.2, we find
I1(t) £ ("% — 1) < x fora small enough.

This a being fixed, using the bound || K (¢, —7) || 1. (g5, 55) < Vi forre [av_%,bv_% [Inv]],

cf. again Proposition 4.2, we get

Iz(l) 5 v—nobv1/4 5 v1/4—1/8 <,

for v small enough. Finally, using the second inequality in Proposition 4.2, we get
+o0
I3(t) < / e(no_m)v%tdt < pztm—mo)b _ v%(%_s) < x,
blinv|v=3 -
for v small enough. Hence, ||k2|| x4 goes to zero with v. By Lemmas 4.5 and 4.6 (still to
be proved), we deduce that the kernel k has a resolvent r, with || || x, < 1. Proposition 4.3

is then a direct consequence of Lemma 4.4. The only missing step is the proof of Lemma
4.6, which is done below. [

Proof of Lemma 4.6. We recall, for 0 < t <t < T, the formula

K(t, D)ug := St™1 V, -[2 P ® pyr,
S

where g = () is the solution of

3yt
0Ye + (u+ p)- Vi — VApY =0, t>1, Vili=r = _ﬁp ® p: E(uo).

The first estimate of the lemma follows from the estimates of Proposition 4.2 (see the
treatment of the kernel k, for very close computations). To show that K has a resolvent
with norm O(1), we will again rely on Lemma 4.5, seeing K as a perturbation of the
kernel K (¢, 7) = Ko(t, 7)1,<7, where

forall T > ¢, I?o(t,r) =0,

_ _ 4.5)
while for v <, Ko(f, 7)ug := St™! V, / p ® pi(t),
SZ

where this time Jt is the solution (mean-free in x) of
_ _ — - 3yu
0¥e+p-Valle =vApYe =0, 127 Velime = —3—p®p: E(o).  (4.6)

The kernel K, corresponding to the case u = 0, was analyzed Fourier mode by Fourier
mode in [9]. We recall some elements of this analysis in Appendix A. This analysis shows
in particular that there exists vy > 0 depending on y and ¢ such that for v < vy the kernel
Ko has a resolvent Ry satisfying

[ Ro(t,7)ll 5, S 1.
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It implies directly that I?(t, T) = I?o (z, ©)1 ;<7 has for resolvent R(t, T) = Ro(t, )<t
whose norm in K satisfies the same bound. By Lemma 4.5, it is then enough to show that
under (H'),

lim [[(K — &) 25 = 0. 4.7)

Let »x > 0. For some large T we decompose the difference as

T
1K = B)llxes < / 1K = B)(t.t — Ollpars. ey dr
0
w —
4 / (Kt = Dllagare.roy + 1Rt — 0l e.zrey) dr.
T

For the second part, we use the estimates of Proposition 4.2, which are also valid for K,

as u = 0 satisfies (H'): introducing ¢ = 771_1’

o0
/f (Kt — Ol + 1K@t — Ol de

-3 cv 2|v| _
(/ / 1 [ 1 )(||K<r,z—r>||L(Hs,Hs>+||K<r,t—r)||L<Hs,Hs>)dr
2 cv 2|y

-2 1 cv 2|v| 5 +o0 1
§/~ ~dr +/ . vade +/ . e Mvitdr
T (‘[)2 v 2 cv 2 |y|

*© 1 1
5/ s dr + v 4] 4072 <y,
T (1)2

—

for T large enough (depending on y and ¢) and v small enough. This time, T being fixed,
we turn to the first term. We claim that for v small enough, if (H') holds, forall T < T,

5

(K — K)(t,t — )|l pcas,ms-1y) S V3. 4.8)
Let us assume temporarily that (4.8) holds. We also have, by the third inequality in Propo-
sition 4.2,
_ 1
IK(. 1 = D)l pcps, sy + 1K@ 1 =Dl pps, gs+sy S —5 4.9)
T2

for s’ = é (any s” € (0, i) would do). By interpolation of (4.8) and (4.9) , we get

I(K = K)(t.t = 0)||L(as, 19
= ”(K_IZ)(t»t T)”L(Hs Hs—1)
x (1K@t = T)”L(HS,HSH/) K@t =Dl gae vy’

< pia-0),
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with 0 such that 6s’ — (1 — 0) = 0, thatis, 0 =
and the estimate

o5 = o We deduce from this estimate
I(K = K)(t.t = O)llas,ms) < N1KE =D llns,ms + 1K@t —0)l|os,ms S 1
that

T
/ 1K = Rt = ) luqaas.sr0) At
0

% T
= f (K = K)(t.t = O)llcas,ms) dT + / I(K = K)(t.t = O)lLcas,ms) dT
0 x

+o00
<Cx+ C'v%(l_e)/ 730 < Cx + C"30y73 < (C + Dx,

x
for v small enough. As x is arbitrary, this proves (4.7). The final step is to establish (4.8).
From the definition of the kernel, we find for t < T (otherwise all quantities are zero),

I(K = K)(t, D)ol gs—1 < (Yo = ¥o) (1) | ses—2-
The function ¥ := ¥, — V¥, satisfies
Yy + w4+ p)- Vi —vA Y = —u- Vxlzr, t>1t, Yli=r=0.
A standard estimate yields (for s — 2 > %)
IellV 55— < Nullges—2 W 1 3ps—2 + Nl ges—2 [ Vel ges—2 1 || s
Fort <twitht —t < T (where we recall that T is fixed) this implies
1Y@ llges—= < /rt e (@)l ges—1 (el s dt” < sup 1@ ges-1vF < lluollas v,

where the second inequality is coming from (H’) and from the standard Sobolev estimate

SUp; <y < V() llges—1 S Ve (@l ges1 = 135 P ® p : E(uo)| ges-1. Estimate (4.8) fol-
lows, and the proof of the lemma is concluded. ]

4.3. Improvement of the bootstrap assumptions
The goal of this section is to prove the following proposition.

Proposition 4.7. Assume (1.3). Let ng = ;’—(1), with 1y the absolute constant given in (4.1).
There exist §,68',8",vg > 0 depending on y and 1 such that for v < vg the assumptions

(BAO)=(BA1)~(BA2) imply

. 1
sup [[u(@)llzs S 9™ ges—1e” VY, (4.10)
0<t<T

T
v/ IV (N Fps—1 dt < 1Y ™ 5™+ 1Y 501072 + (9" [ 5pmav ™2,
0

sup Y (@)l ges—1 S 19" [l ges-1v72.

0<t<T

N—=
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In particular, there exists 8y, depending on y and (, such that for
< 3
™| ges—1 < Sov2,

(BAO)~(BA1)~(BA2) can be improved, with §/2, §'/2, 8" /2 replacing 8, &', §”, and also
such that (4.3) holds.

As explained in Section 4.1, the last part of the proposition implies Theorem 1.

4.3.1. Bound on u. In all that follows, we take § < min(—5. 1), so that (BAO) implies
Mo

(H'), and the results of Section 4.2 can be applied. The starting point is Proposition 4.3,

which says that

1 1
sup e u(t)|gs S sup €™ || £ (0)]|as,
0<t<T 0<t<T

with the source term

0= 1579, [ p@ pSua.op”

—Lsrlvx./ PRp
SZ

t

X A Su(t, T)Vp - (]P’pl[(yE(u(t)) + W(u(t)))p]W(r)) dr

S+ fa@).

We recall that S,, (¢, 7) is the solution operator of L = —(u + p) - Vxu + vA,. The first
term is estimated as

. . 1 .
LA Ol < 1(Sut 0¥ ™) 2ol ges—1 < ™™ 9| s

where the last inequality comes from (4.1). Similarly,

I AL s S /0 [(S. D)V - (Bpr[(YE@(D)) + W (1)) ] (1)) g | goor dT
< /0 D (| V,0(0) © Vi (1) st + V() ® (D)l o) e
< /0 2 () s (199 () gesmt + 190 lges-) de

1
,S( sup e"°”2f||u(r)||Hs)
0<t<T

t 1 1
x/ e M2 MVET (|1, () || ges—1 + (|9 (D) ]| ges-1) d.
0
Hence,

1
e e (6) ]l

1 ? 1
< (s e uco)las ) /0 eI ) (V4 (0) | o + (D)l o)

0<t<T
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where the second factor on the right-hand side is a convolution, resulting in

1
™V fvL ()|l ms

1 1
< (Csup e @)l ) (17?7 g 1959 Ollaes [ 2or)

0<t<T

1
+ 1T e [ 1Y Ollses [ oo o, 1))

1
< (sup_ e u@)llas ) 74 V9 Ol | 2oy

0<t<T

+ 072 [ 1Y Ollses | o)

1
s( sup enovzr”u(f)”HS)((S/+8//),

0<t<T

where the last inequality comes from (BA1)—(BA2). Hence,

1 1 . 1
sup_ ™% u (1) s S sup ey s+ (8 + 8") ((sup e (o) s ).
>0 >0

0<t<T t

For &', §” small enough (with a threshold depending on y and ¢), we can absorb the second
term on the right-hand side, which implies the first bound of the proposition.

4.3.2. Bound on ¥. We come back to equation (1.2). Performing standard #*~! Sobolev
estimates on the equation, we get

1d
EEIIWII?;{S?I F IV ¥ l5p-1 < lullms 19 lges—t + el gs—1 1191 G-
+ lullas (1 llges—1 + IV ¥ llges—D 1 [l o1

On the right-hand side, the first term corresponds to the contribution of the linear term
—%( p ® p) : E(u). The second term corresponds to the contribution of the transport
term (u 4+ p) - Vx ¥, while the third one corresponds to the contribution of

Vi (Ppr[(YE ) + W(u)) ply).
It implies that
1d 2 v 2 2
3 W e+ S IV Gesm < Mullars 1 e+ llullars 19 s

S 11178 (L @.11)

so that
d

-1 2
g W llses— < Nl + laellzs + v lulz) 191l
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The Gronwall lemma together with the bound (4.10) that we have just established yields
in _1 d —
1 Ollao-s < 1 v exp( [l + 57l a )
0
i ! L3 3 2.2 —2nev?
S ™| ges—1v2 exp(/ (Bv2e MV 4 §opteT MOV dr)
0

< Y gesv72,

for v small enough. Back to (4.11), integrating from O to ¢ and using (4.10), we find

v (! »
3 1

t
in|2 2 -1 2 2
S Y™ s +/ (loellzzs 19 Nl ges—r =+ Nuallzzs 1 g5 + v el s 19 1 gps-1) dT
0
o 1 i e e e [ P I [ P

S N Wm0 ™" A+ I G- v ™2 + Y G v ™2

A. Resolvent estimates in the linear setting

The goal of this appendix is to show that the kernel K defined in (4.5) has a resolvent R,
satisfying || Ro|| %, < 1. As the equation in (4.6) is autonomous in time, we have Ko (#,7) =
Ko(t — 1)1 <, with

Ko(tuo := St ¥, - fs P ® plo(0).

Accordingly, we look for a resolvent of the form Ro(t,7) = Ro(t — 7)17 <, where Ry is
the resolvent of K for the usual convolution product

t
Ro + Ko x Ry = Ry + Rop x Ko = Koy, f*g([)Z/ f(‘[)g(t—f)d‘[.
0

In this case, || Rol|x, = ||R0||L}(R+,L(HS,HX))- Hence we want to show

”RO”L}(R+,L(H5,HS)) <1 (A.1)

The properties of K¢y have been studied in [9]. More precisely, we performed a mode-by-
mode Fourier analysis in x, with the study for an arbitrary k € 27 Z3 of

~ ) ~ ~ ~ 3yt kQuo+uyo®k
ek +ip ke —vApYr =0, 120, VYili=o = T L e
and

A~ 1 ~
Rit) = o [ pekPepin € L)
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The analysis in [9] showed in particular that under the spectral condition % < T, the
K} has a unique resolvent Ry, satisfying || Ri [|1(r,) < Cr where Cy is independent of
v, depends on y, (, and possibly on k (the dependence with respect to k was not examined
in detail in [9]; see below). Note that foru = Y ' ¢, 73 fize**, one has

Ko()u = Z Ky (t)iige*™>
ke2nZ3

and, at least formally,
Ro(t)u = Z Rie(t)fige®™.
ke2nZ3
The remaining step is to show convergence of the series defining Ry, and to get a bound
independent of v. This requires more accurate bounds on the Iék for k € 2w 7Z3. We will
distinguish between low and high frequencies: for some cut-off frequency N to be fixed
later, we write

Ry =Y Reyige®, Riu= > Re(0)ige™™.
lk|<N k|>N
We will prove that there exists N, depending only on y and ¢, such that

. 1
sup |Ri(t)] S ——. Vi >0. (A2)
|k|>N (1+1)2

As ||Rg(t)u||Hs < supy>n | Rk (@)| || s, one has easily ||Rg||L;(R+,L(Hs,HS)) < 1. This
N being fixed, RB is made of a finite number of terms, for which the bound || R [[11(r ) <

Cy allows us to conclude that ||RB||L}(R+’L(H5,HS)) < 1, which in turn yields (A.1).
To prove (A.2), let

k v ~ 1~
'=1kle, K'=—, V=—, Yp@)=—vr)
k| LI k|
so that
~ ~ ~ ~ 3 k' k’
3#1//];/ + lp ‘k/w];/ - U/pr;c/ = 07 t Z 07 WI;/ = _%p ® P : ® to ;_ &l ® .
T

‘We further introduce
KAk/(l‘/)uo = 1/2 p- k/P(k/)Lp{ﬁ\/kz([).
S

It is an easy verification that
Ki (1) = K (|k|r).
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The analysis of [9] was actually focused on the normalized kernels Ky (normalized
because |k’| = 1). There, it was shown that there exist vy, Co, 71, m depending on y,
¢ such that for v/ < v following inequalities hold:

In(2 + ')
(1+1)?
1K (t))] < Cov/|In(v)[™ V' € [V, c|In(v)| (V)" 2],

1K (1) < Co Vil < V)72,

A~ A l !
1K (t))] < Coe™™ON21 vy > clin(v)|(v)) 2.

Taking c large enough compared to 77, these estimates imply

~ 1
K () S ———
(1+1)3
(any power less than 2 would do). Hence,
- 1
Kkl § ——-
(1 + |k|1)2
This implies
1 1

K <— < —.
Kl ryy KNS

For N large enough, we have in particular that || K k1w, ) < 1, and we know in this case
that the resolvent is given explicitly by the Neumann series

Ri =) (1) (Ki») K.
Jj=0
It is moreover straightforward to show that if
Ck

Cr -
5 DUEEENE K = DN
|f @) | Kk ()] Lt KD}

(1+ k|3
then for some absolute constant Cy,
~ CoCrC
Ky * £(1)] < LK;.
[kI(1 + [klt)2

By induction we get

COCK)j Ck

[(Riew! K] = (=5 T

Finally, for N large enough so that COI\?K < 1, we find

CoCk \/ 1 1
R) £ Y (75 s %
S0 KL At kD2 T+ k)2

The result (A.2) follows.
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