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Nonlinear stability for active suspensions

Michele Coti Zelati, Helge Dietert, and David Gérard-Varet

Abstract. This paper is devoted to the nonlinear analysis of a kinetic model introduced by Saintillan
and Shelley for rodlike particles in viscous flows. We investigate the stability of the constant state
‰.t; x; p/ D 1

4� corresponding to a distribution of particles that is homogeneous in space (variable
x 2 T3) and uniform in orientation (variable p 2 S2). We prove its nonlinear stability under the
optimal condition of linearized spectral stability. The main achievement in this work is that the
smallness condition on the initial perturbation is independent of the translational diffusion and only
depends on the rotational diffusion, which is particularly relevant for dilute suspensions. Upgrading
our previous linear study [Ann. PDE 9 (2023), no. 2, article no. 20] to such a nonlinear stability
result requires new mathematical ideas, due to the presence of a quasilinear term in x associated
with nonlinear convection. This term cannot be treated as a source, because it is not controllable
by the rotational diffusion in p. Also, it prevents the decoupling of x-Fourier modes crucially used
in Coti Zelati, Dietert, and Gérard-Varet [Ann. PDE 9 (2023), no. 2, article no. 20]. A key feature
of our work is an analysis of enhanced dissipation and mixing properties of the advection diffusion
operator @t C .p C u.t; x// � rx � ��p on T3 � S2 for a given appropriately small vector field u.
We hope this linear analysis is of independent interest, and useful in other contexts with partial or
anisotropic diffusions.

1. The model and main results

Microswimmers are organisms (e.g. bacteria) or objects operating in a fluid at the micro-
scale. They exhibit inherent self-propulsion driven by mechanisms such as flagellar
motion, cilia beating, or synthetic fluid flow inducers. Beyond understanding the indi-
vidual behaviour of microswimmers [15], special attention was paid recently to their
collective motion, with impact on fluid mixing, rheological properties, or self-organization
of biological active matter [10, 12, 18, 20, 22].

We focus in this paper on one popular model, due to Saintillan and Shelley [21],
describing dilute suspensions of self-propelled rodlike particles. This model, relevant to
the dynamical behavior of bacteria, is a coupled fluid-kinetic model, detailing the interac-
tion of the particles with the surrounding fluid medium and encapsulating the propulsion
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mechanisms governing their motion. It reads

@t‰C .U0pCu/ � rx‰Crp �
�
Pp? Œ.
E.u/CW.u//p�‰

�
D ��p‰C ��x‰;

��xuCrxq D �rx �

Z
S2
‰.t; x; p/p ˝ p dp;

rx � u D 0;

(1.1)

where
E.u/ D

1

2
ŒrxuC .rxu/

T� and W.u/ D
1

2
Œrxu � .rxu/

T�

are the symmetric and skew-symmetric parts of rxu, respectively. The unknowns of the
model are ‰ D ‰.t; x; p/, the distribution of rodlike particles in space and orientation,
and u D u.t; x/, q D q.t; x/ the fluid velocity and pressure. The space variable x is taken
in a periodic box TL ´ .R=LZ/3 of size L > 0, while the orientation of the particles
is given by p 2 S2. The first equation in (1.1) describes the evolution of ‰ under three
effects:

• transport by the fluid velocity u.t; x/ and by the self-propulsion U0p with velocity
U0 > 0.

• rotation by angular velocity Pp? Œ.
E.u/C W.u//p�, where Pp? denotes projection
tangentially to the sphere. This expression for the angular velocity is due to Jeffery
[14] and corresponds to the angular velocity of a slender particle in a Stokes flow:
interactions are neglected as the suspension is assumed to be dilute. The constant

 2 Œ�1; 1� is related to the geometric properties of the particle.

• rotational and translational diffusion, with respective coefficients � > 0 and � > 0.

Finally, the last two equations in (1.1) are Stokes equations for the fluid flow. They incor-
porate an additional stress †, where

† D �rx �

Z
S2
‰.t; x; p/p ˝ p dp

reflects the constraint exerted by the particles on the flow. It is obtained by a continu-
ous approximation of the sum of all single particle contributions, modeled as dipoles of
opposite forces along p. The parameter � ¤ 0 distinguishes between two types of swim-
mers: pullers (resp. pushers) correspond to � > 0 (resp. � < 0). We refer to [21] or to the
introduction in [9] for more on the derivation of the model.

Of special interest is the stability of the constant state equilibrium‰iso D 1=4� , which
corresponds to a distribution of particles homogeneous in space and uniform in orienta-
tion. In particular, physicists are interested in loss of stability, with possible emergence of
collective patterns and rheological changes. It is therefore natural to work with

 D ‰ �‰iso
D ‰ �

1

4�
:
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Moreover, one can put the system in dimensionless form, introducing

t ´
U0t

L
; x´

x

L
; u´

u

U0
; q´

qL

U0
; �´

�L

U0
; � ´

�

U0L
; �´

�L

U0
:

At this stage, it is worth noticing that the dimensionless ratio �
�

is expected to be very
small. Indeed, we recall that in the simplified setting of a single spherical passive particle
of radius r , at temperature T , inside a Stokes flow of viscosity �, Einstein–Stokes laws

Dt D
kBT

6��r
; Dr D

kBT

8��r3

yield �
�
D

4
3
. r
L
/2 � 1. It is likely that such smallness persists in the case of a dilute

suspension of ellipsoidal particles. Moreover, in the case of self-propelled bacteria, it is
acknowledged that propulsion strongly dominates over translational diffusion, so that the
latter is often neglected; see [19, 23]. Therefore, it is important to obtain stability results
that are uniform in small �. This is the target of this work and for simplicity we take � D 0
from now on. This is no loss of generality; see the discussion after Theorem 1. We end up
with the following dimensionless system, for x 2 T , p 2 S2:

@t C .p C u/ � rx �
3


4�
.p ˝ p/ W E.u/Crp �

�
Pp? Œ.
E.u/CW.u//p� 

�
D ��p ; (1.2a)

��xuCrxq D �rx �

Z
S2
 .t; x; p/p ˝ p dp; (1.2b)

rx � u D 0: (1.2c)

Since the seminal paper [21], system (1.2) has been the matter of several numerical and
theoretical studies. In particular, simulations align well with experimental observations of
suspensions of bacteria.

• For � > 0 (pullers), no coherent behaviour is observed, which can be interpreted as
stability of ‰iso.

• For � < 0 (pushers), one observes formation of patterns when hydrodynamic interac-
tions are increased.

Such observations are valid for small rotational diffusion. They were confirmed analyti-
cally in [21], in the special case � D 0, for the linearization of (1.2) around  D 0 (that
is the linearization of (1.1) around ‰ D ‰iso). Spectral stability was studied, through a
mode by mode Fourier analysis in variable x and refined in subsequent works [13, 17].
Specifically, all perturbations located at mode k 2 2�Z3� decay if and only if


 j�j

jkj
< �c

where the threshold �c is given by
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• if � > 0, �c D C1 (unconditional stability),

• if � < 0, �c D 4

3�b2c .1�b
2
c /

with bc � 0:623 the unique positive root of the function

s.b/ D 2b3 �
4

3
b C .b4 � b2/ ln

1 � b

1C b
:

In particular, all modes decay under the condition


 j�j

2�
< �c : (1.3)

In the recent work [1], such linear stability for � < �c in the nondiffusive case � D 0 was
revisited and linked to a mixing phenomenon, that is, a transfer from low to high frequen-
cies in p. This phenomenon is related to the free-transport operator @t C p � rx , itself
related to the self-propulsion of the particles. It leads to the decay of integral quantities
in p, notably to the decay of the right-hand side of the Stokes equation in (1.1) and from
there to the decay of the velocity field u. As � D 0, explicit computations are possible,
and the stability analysis comes down to the decay of Fourier transforms on the sphere (as
the orientation p 2 S2 substitutes to the usual velocity variable v 2 Rd in other kinetic
models). One key feature is that the decay of such Fourier transforms is limited, leading
to a weaker mixing than in classical kinetic models, where the orientation variable p 2 S2

is replaced by the usual velocity variable v 2 Rd .
In our recent paper [9], we carried out a sharp stability study of the linearized version

of (1.2) for both � D 0 and 0 < �� 1. We provided slightly more accurate stability results
in the case � D 0, but more importantly, were able to show that the linear stability criterion
(1.3) is still the right one for small � > 0. The introduction of rotational diffusion makes
the analysis much harder, as all explicit expressions are lost. We will recall elements of
this analysis below.

The purpose of this paper is to extend the linear stability result of [9] to the full
nonlinear model (1.2). We present in the next section our main result, explain the main
difficulties, notably in comparison to previous linear results. We also provide the general
strategy of the proof.

1.1. Statement and sketch of proof

Our main result can be stated as follows.

Theorem 1. Let s 2 N with s > 7
2

and assume (1.3). There exist constants C0; �0; ı0 > 0
depending on 
 and � such that for all � � �0, and for all initial data  in satisfying

k in
kH s

xL
2
p
� ı0�

3
2 ; (1.4)

system (1.2) has a unique global-in-time solution  that satisfies

sup
t�0

k .t/k2
H s
xL

2
p
C �

Z 1
0

krp .t/k
2
H s
xL

2
p

dt � C0��1k in
k
2
H s
xL

2
p
:
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This theorem shows nonlinear stability of the solution ‰iso of (1.1) (or equivalently of
the trivial solution  D 0 of (1.2)) under a smallness condition on the initial datum that
is explicit in terms of �. In other words, the nonlinear stability threshold (1.4) provides
an estimate of the basin of attraction of the uniform equilibrium ‰iso, depending on the
strength of rotational diffusion. Determining the optimal threshold is an interesting open
problem, recently resolved in other contexts, such as the stability of Couette flow in the
Navier–Stokes equations (see [4, 16, 26] and references therein), or the stability of global
Maxwellians in the Vlasov–Poisson–Landau system [5] and the Boltzmann equation [3].
See also [25] for an optimal stability criterion for nematic suspensions via an entropy
method. We explain just before Section 1.2 why addressing the question of the optimal
threshold is still out of our reach.

Theorem 1 has two main features. First, it shows stability under condition (1.3), which
is optimal in view of the linear analysis in [1,9,21]. Second, it does not require any spatial
diffusion term ��x in the evolution equation (1.2). One could add such a term and still
prove stability under the same threshold (1.4), independently of �. From this perspective,
our result contrasts with [1], where such translational diffusion is added to the right-hand
side of (1.2a).

In the case of pullers (� > 0), the authors of [1] prove nonlinear stability of the inco-
herent state ‰iso both for x 2 Td and x 2 Rd , under the condition

k in
kH2

xL
2
p
� min.�; �/:

In the case of pushers (� < 0), they prove nonlinear stability of the incoherent state under
the stringent assumption � D o.�1=2/ instead of � < �c , and the initial constraint

k in
kH2

xL
2
p
� �1=4 min.�1=2; �1=2/:

These restrictions allow the terms u � rx and 3

4�
.p˝p/ WE.u/ to be placed on the right-

hand side of (1.2a) and the model to be treated as a perturbation of the advection-diffusion
equation

@t C p � rx � �� D 0:

Relaxing these smallness requirements compels us to adopt a different strategy, described
below.

Our general approach relies on a classical bootstrap argument. We introduce the max-
imal time T on which various smallness assumptions on u and  hold (see in particular
(BA0)–(BA1)–(BA2) in Section 4.1), and we show that improved smallness conditions
hold up to time T (see Section 4.3). This implies that T D 1, and the stability estimate
follows.

To show improvement of these bootstrap assumptions, we derive from (1.2) a Volterra
equation in u:

u.t/C

Z t

0

K.t; �/u.�/ d� D f .t/; (1.5)



M. Coti Zelati, H. Dietert, and D. Gérard-Varet 1150

where the kernel K.t; �/ 2 L.H s
x ; H

s
x/ and the source term f .t/ 2 H s

x are defined via
integral quantities over p, involving the solution operator Su.t; �/ associated to the oper-
ator

@t C .p C u/ � rx � ��p

on T3 � S2. This reformulation and expressions for K and f are detailed in Section 4.2.
We proceed in four main steps:

• The first key step, discussed further in Section 1.2, establishes enhanced dissipation
and mixing decay estimates for the solution of the advection-diffusion equation

@tg C .v C p/ � rxg D ��pg; gjtD0 D g
in

under a suitable smallness assumption on v (to later be replaced by u). These mixing
estimates rely on the vector field method.

• Using these estimates, we obtain decay in time for the kernel K and the source term
f in the Volterra equation (see Proposition 4.2).

• We then analyze the Volterra equation (1.5) under the bootstrap assumptions to
improve smallness of u and show integrable decay.

• Finally, with decay and smallness of u in hand, we return to the equation for  to
improve the smallness conditions on  .

We emphasize that this strategy, combining a Volterra formulation for u with sharp anal-
ysis of the advection-diffusion operator, has already been used in our linear analysis [9].
However, in the linear case, we only considered u D 0, enabling mode-by-mode Fourier
analysis in x. The introduction of the advection term u � rx couples all modes, introducing
significant analytical difficulties.

This affects the mixing estimates via the vector field method. These estimates are
based on a family of vector fields indexed by Fourier modes k, of the form �k.p/Jk.t;rp/,
where �k is supported away from p D �k=jkj. This localization is not preserved under
mode coupling, adding complexity compared to [9]. More generally, achieving good com-
mutation properties of our vector fields with the advection-diffusion operator (and a for-
tiori with the full nonlinear operator) is challenging. These vector fields are tailored to
address critical points of the advection field V.p/ D p on the sphere, but are much less
flexible than in Euclidean settings. This accounts for the relatively strong stability thresh-
oldO.�3=2/ in Theorem 1. We are currently unable to adapt the sharp stability techniques
of [5] to propagate nonlinearly the full suite of linear enhanced dissipation and mixing
estimates.

The estimates for the advection-diffusion problem are independent of the active sus-
pension model, and are explained in more detail in the next section. They are likely of
independent interest and are proved separately in Sections 2 and 3. The remaining steps
in the proof of Theorem 1 for the active suspension model are carried out in Section 4.
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1.2. Advection-diffusion equations on the sphere

An important part of our analysis is the description of mixing and enhanced dissipation
properties on the sphere. These are the properties of solutions g D g.t; x; p/ for x 2 T3

and p 2 S2 solving the advection-diffusion equation

@tg C .v C p/ � rxg D ��pg; gjtD0 D g
in; (1.6)

where gin is the assigned initial datum, � 2 .0;1/ is a diffusivity parameter, and vD v.t;x/
is a divergence-free vector field satisfying adequate smallness and decay assumptions. We
are interested in semigroup-type estimates for (1.6) that describe enhanced dissipation, as
well as mixing estimates for integrated quantities.

To state our results, we expand g and v in Fourier series in x, calling k 2 Z3 the
corresponding Fourier variable. For k ¤ 0, (1.6) becomes

@tgk C ip � kgk D ��pgk C jkjVgk ; Vgk ´ �i
X
`2Z3

Ok � vk�`g`; (1.7)

where Ok´ k=jkj. Without loss of generality, we will assume g0D 0 initially, as this mode
simply satisfies the standard heat equation

@tg0 D ��pg0

and hence such a condition is preserved by the evolution. Besides providing estimates on
g, we are interested in integrals of the form

Vk Œg�´
Z

S2
gk.p/Zk.p/r.p � Ok/ dp; (1.8)

for an arbitrary family ¹Zkºk¤0 of smooth, possibly vector-valued, functions. Our main
result is based on the assumption that

sup
t�0

kv.t/kH s C

�Z 1
0

kv.t/k2H s dt
� 1
2

� "�
5
4 ; (H)

for some s > 5
2

and " 2 .0; 1/ small enough.

Theorem 2. Let s > 5
2

, 0 < s0 < s C 1
4

. There exist constants C0; "; �0; �1 > 0 with the
following properties. For all � � �0, if (H) holds, then the solution to (1.6) satisfies the
enhanced dissipation estimate

kg.t/kH s
xL

2
p
� C0e��1�

1
2 t
kgin
kH s

xL
2
p
; (1.9)

and the mixing estimateX
k¤0

jkj2s
0

jVk Œgk.t/�j2 � C0
� �

1
2

min¹1; �
1
2 tº

�3
� sup

k

.kZkk
2

W
1;1
p
C kZkk

2
H2
p
/kgin;rpg

in;r2pg
in
k
2
H s
xL

2
p
; (1.10)

for all t � 0.
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Remark 1.1. Only the weaker condition

sup
t�0

kv.t/kH s C

�Z 1
0

kv.t/k2H s dt
� 1
2

� "�1=2 (1.11)

is required to establish the enhanced dissipation estimate (1.9); see Proposition 3.15.
Recall that the term enhanced dissipation refers to the phenomenon where the time-

scale of exponential decay (in our case, of order ��1=2) is much shorter than the usual
diffusive timescale ��1 associated with the heat equation (see [6, 8]). This effect is linked
to mixing, which transfers energy to higher frequencies in the p-variable, where the vis-
cous dissipation operator ���p acts more effectively. We do not know if condition (1.11)
is optimal for proving enhanced dissipation estimates.

The proof of Theorem 2 is rather involved and does not rely on any special properties
of the sphere S2. It is based on two key ingredients: the derivation of hypocoercive esti-
mates, inspired by [2, 24], and the use of the vector field method, following ideas from
[5, 7].

The central hypocoercivity estimate, given in (1.9), concerns the advection-diffusion
operator

L� D @t C p � rx � ��p;

i.e. the case with u D 0. This estimate is established in Section 2. Compared to the linear
analysis in [9], we present a more general version in Proposition 3.15, where

• the function g is replaced by a general tensor Y (which will later be taken as g, Jg, or
J 2g for some suitable vector field J );

• a source term, such as the one in (1.7), is included. This term will later originate either
from the convection term (e.g. �v � rxg, �J.v � rxg/, or �J 2.v � rxg/), or from
commutators between J and L� .

The estimate reveals improved decay properties for the quantity r.p � k/Y , which van-
ishes at p D ˙ Ok.

Although setting Y D g and taking the source term to be�v � rxg is already sufficient
to obtain the exponential decay in (1.9), obtaining polynomial decay estimates for integral
quantities, uniformly in �, requires the use of adapted vector fields.

These vector fields are introduced in Section 3, where they are used to establish the
mixing estimates (1.10). As in [9], after Fourier transform in x, the vector field takes the
form

Jk D ˛krp C i
�
jkj

�

�1=2
ˇkrp.p � Ok/;

where
.˛k ; ˇk/ D .˛k;� ; ˇk;�/.t/ D .˛; ˇ/.�

1=2
jkj1=2t /

with ˛, ˇ carefully chosen (slightly differently and with slight improvements over [9]).
The evolution of ˛k and ˇk is tailored so that their commutator with L� has better struc-
ture. In particular, a critical term in the commutator vanishes near p D Ok, which aligns
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with the hypocoercive estimate’s improved decay for quantities vanishing at p D ˙ Ok.
However, this requires introducing an additional cut-off function �k.p/, supported away
from p D � Ok.

A complication arises because the convection term is nonlocal in Fourier space and
tends to disrupt this localization. This necessitates two layers of estimates: nonlocalized
estimates leading to suboptimal decay and localized ones leading to optimal decay. This
two-pronged analysis is carried out in Sections 3.1 and 3.2. The usage of the nonlocalized
estimates is the main restriction on the threshold condition in (H).

Once this framework is in place, the abstract source term F is replaced with the actual
convection term �u � rxg. Due to mode coupling in Fourier space, only summing over
all modes allows for closing the estimates, as shown in Section 3.3. Finally, the mixing
estimates for integral quantities are presented in Section 3.4.

1.3. Notation

We write a . b to indicate that a � Cb, where the constant C depends only on the fixed
parameters 
 and �. Similarly, we write a � b if both a . b and b . a hold.

In Sections 2 and 3, which focus on equation (1.6) and its variations, the notation
a . b will instead refer to an inequality with an absolute constant C , independent of any
parameters.

For any real number s, we use the following Sobolev space notation:

• H s D H s
x.T

3/ denotes the standard Sobolev space in the spatial variable x 2 T3

equipped with the norm

kuk2H s D

X
k2Z3

Œmax.1; jkj/�2sj Oukj2

defined over the Fourier modes uk ; k 2 Z3,

• H s D H s
x.T

3IL2p.S
2// denotes the corresponding space of L2-functions in p 2 S2

with Sobolev regularity in x,

• Z3� D Z3 n ¹0º.

2. Advection-diffusion with forcing: Hypocoercivity

Equation (1.7) can be seen as a forced advection-diffusion equation, as long as we impose
mild assumptions on the right-hand side. In this section we derive energy estimates for a
slight generalization of (1.7).

2.1. A general hypocoercivity setup and enhanced dissipation

The basic starting block is to find the hypocoercive dissipation functional for a tensor
Y solving the advection-diffusion equation (1.7) on the sphere. We will then first apply
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this estimate with Y D g and then later with some vector fields Y D Jg, Y D JJg, for a
suitable J . As a small generalization of (1.7), we study a family of .0;n/-tensors .Yk/k2Z3�
evolving as

.@t C ip � k � ��p/Yk D jkjFk ; (2.1)

for some forcing term Fk . Here we take as the Laplacian the connection Laplacian defined
as rp � rp with the covariant derivative and the inner product from the metric.

From the analysis in [9] we expect enhanced dissipation on the timescaleO.��
1
2 jkj�

1
2 /

so that we set the rescaled time
h´ �

1
2 jkj

1
2 t

and define the time-dependent weights

.ak ; bk ; ck/´ .a; b; c/.h/; .a0k ; b
0
k ; c
0
k/´ .a0; b0; c0/.h/

for nonnegative functions a, b, c to be specified below. Denoting by h�; �i and k � k the L2

inner product and norm, for any smooth nonnegative function � D �.p/, we define the
sesquilinear form

E�;k.Yk ; zYk/´ hYk�; zYk�i C
� �
jkj

� 1
2
akhrpYk�;rp zYk�i

C bkhirp.p � Ok/Yk�;rp zYk�i C bkhrpYk�; irp.p � Ok/ zYk�i

C

� �
jkj

�� 12
ckhrp.p � Ok/Yk�;rp.p � Ok/ zYk�i

and the corresponding energy functional

E�;k.Yk/´ E�;k.Yk ; Yk/ D kYk�k
2
C

� �
jkj

� 1
2
akkrpYk�k

2

C 2bk Rehirp.p � Ok/Yk�;rpYk�i C
� �
jkj

�� 12
ckkrp.p � Ok/Yk�k

2:

We also define the dissipation functional

D�;k.Yk/´
�

jkj
krpYk�k

2
C

�

jkj
ak

� �
jkj

� 1
2
kr

2
pYk�k

2

C bkkrp.p � Ok/Yk�k
2
C

�

jkj
ck

� �
jkj

�� 12
krp.rp.p � Ok/Yk/�k

2: (2.2)

The first lemma shows that for a good choice of a, b, c, these functionals provide a good
estimate.

Lemma 2.1. Let � D �.p/ be a smooth cut-off and set

a.h/ D Amin.h; 1/; b.h/ D B min.h2; 1/; c D C min.h3; 1/ (2.3)
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for positive constants A, B , C . There exist constants �0; B0;M > 0 such that for � � �0,
B < B0, and

A D B2=3; C D
100B2

A
;

any .0; n/-tensor solution Yk of (2.1) satisfies

1

2

d
dt
E�;k.Yk/C

3

4
jkjD�;k.Yk/ � jkjReE�;k.Yk ; Fk/

� jkjMck

� �
jkj

� 1
2
kYk�k

2

C jkjM
h �
jkj
kYkr�k

2
C

� �
jkj

� 3
2
akkrYkr�k

2
C

� �
jkj

� 1
2
ckkr.p � Ok/Ykr�k

2
i
:

Remark 2.2. As we will see, a, b, c satisfy the condition that b2
k
< 1

2
akck . This makes

the quadratic form E�;k coercive, in the sense that

kYk�k
2
C

� �
jkj

� 1
2
akkrpYk�k

2
C

� �
jkj

�� 12
ckkrp.p � Ok/Yk�k

2 . E�;k.Yk/:

Remark 2.3. The statement of the lemma would still be true on any Riemannian manifold
for which .0; n/-tensorsZ satisfy jŒr;��Zj . jrZj. To illustrate this, we will not use the
fact that on S2 the commutator Œrp;�p�Z D �rpZ gives some extra coercivity property.

Proof of Lemma 2.1. Through the change of variables

�0´
�

jkj
; t 0´ jkjt; k0´

k

jkj
; (2.4)

we can restrict to the case jkj D 1, so that kD Ok. To lighten notation, we drop the subscript
k, writing Y instead of Yk , F instead of Fk , and so on, as well as the subscript p on the
various differential operators. We find through standard estimates that

1

2

d
dt
kY�k2 C �krY�k2 � RehY�; F�i C 2�krY�kkYr�k:

Similarly, as

@trY C ip � krY � ��rY D rF � ir.p � k/Y C �Œr; ��Y;

we get

1

2

d
dt
krY�k2C�krrY�k2 � RehrY�;rF�i C 2�krrY�kkrYr�k

C krY�kkr.p � k/Y�kC�kŒr; ��Y�kkrY�k:
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Also, using

@t .ir.p � k/Y /C ip � k.ir.p � k/Y / � �ir.p � k/�Y D ir.p � k/F;

@trY C ip � krY � �r�Y D rF � ir.p � k/Y;

we find

d
dt

Rehir.p � k/Y�;rY�i C kr.p � k/Y�k2

� �hir.p � k/�Y�;rY�i C �hir.p � k/Y�;r�Y�i

C Rehir.p � k/F�;rY�i C Rehir.p � k/Y�;rF�i

� �krrY�k
�
2kr.r.p � k/Y /�k C kY�k C 2kr.p � k/Yr�k

�
C Rehir.p � k/F�;rY�i C Rehir.p � k/Y�;rF�i:

Finally, using

@t .ir.p � k/Y /C ip � k.ir.p � k/Y /� ��.ir.p � k/Y /D ir.p � k/F C �Œir.p � k/;��Y

together with the commutator formula (see [9, Lemma A.1])

�.r.p � k/˝ Y / D �r.p � k/˝ Y � 2.p � k/rY Cr.p � k/˝�Y;

we get

1

2

d
dt
kr.p � k/Y�k2 C �kr.r.p � k/Y /�k2 C �kr.p � k/Y�k2

� 2�kr.r.p � k/Y /�kkr.p � k/Yr�k C Rehr.p � k/Y�;r.p � k/F�i

C 2�kr.p � k/Y�kkrY�k:

Hence, gathering these estimates leads to

1

2

d
dt
E�.Y /CD�.Y / � ReE�.Y; F /

� �a0krY�k2 C �
1
2 akrY�kkr.p � k/Y�k C �

3
2 akŒr; ��Y�kkrY�k

C �
1
2 b0 Rehir.p � k/Y�;rY�i

C 2�bkrrY�k
�
kr.r.p � k/Y /�k C kY�k C kr.p � k/Yr�k

�
C c0kr.p � k/Y�k2 C 2�

1
2 ckr.p � k/Y�kkrY�k

C 2�krY�kkYr�k C 2�
3
2 akrrY�kkrYr�k

C 2�
1
2 ckr.r.p � k/Y /�kkr.p � k/Yr�k:

We are now ready to list the constraints on the coefficients a, b, c in order to absorb most
of the terms of the right-hand side. It is suffices that
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• a0 � 1
100

to absorb the first term on the right-hand side by the term �krY�k2 in the
dissipation functional D�.Y / on the left-hand side,

• a2 � b
100

to absorb the second term by the term �krY�k2 C bkr.p � k/Y�k2,

• a � 1 and � small to absorb the third term by �krY�k2,

• .b0/2 � b
100

to absorb the fourth term by �krY�k2 C bkr.p � k/Y�k2,

• b2 �
1
2

a
�

�
1
2 c
100

to bound the fifth term by

1

10

�
�
3
2 akr2Y�k2 C �

1
2 ckr.r.p � k/Y�/k2 C �

1
2 ckY�k2 C �

1
2 ckr.p � k/Yr�k2

�
;

the first two terms being absorbed by D�.Y / on the left-hand side,

• c0 � b
100

to absorb the sixth term by bkr.p � k/Y�k2,

• c2 � b
100

to absorb the seventh term by �krY�k2 C bkr.p � k/Y�k2.

These conditions are satisfied with our choice of a, b, c in (2.3). The last three terms
involving r� can be treated classically using Young’s inequality, without further con-
straints on a, b, c.

2.2. The energy inequality for g

As a first application of Lemma 2.1, we deduce an energy inequality for the solution
g to (2.1). For the trivial cut-off � � 1, we use the shorthand notation Ek D E�;k and
Dk D D�;k . By the previous lemma, taking Yk D gk , we get the following lemma.

Lemma 2.4. Assume that the scalar function g satisfies (2.1). Then with the same func-
tions as in Lemma 2.1 we find (for possibly smaller �0 and B0) that

1

2

d
dt
Ek.gk/C jkjak

� �
jkj

� 1
2
kgkk

2
C
5

8
jkjDk.gk/ � jkjReEk.gk ; Fk/ � 0:

For the proof, we first recall the following interpolation result; see [9, Lemma 4.2].

Lemma 2.5. For all � 2 .0; 1�, all vectors e 2 S2, and all complex-valued g 2 H 1.S2/,
the following inequality holds:

�
1
2 kgk2 �

�

2
krgk2 C 2kr.p � e/gk2: (2.5)

We now can perform the proof.

Proof of Lemma 2.4. Applying Lemma 2.1 yields

1

2

d
dt
Ek.gk/C

3

4
jkjDk.gk/ � jkjReEk.gk ; Fk/ � jkjMck

� �
jkj

� 1
2
kgkk

2: (2.6)

By the change of variables (2.4), we can again restrict to jkj D 1. We distinguish between
long times and short times. For long times t such that � � bk D b.�

1
2 t /, we apply the
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interpolation result with � D �
bk

. It gives

Dk.gk/ � �krgkk
2
C bkkr.p � k/gkk

2
�
1

2
�
1
2 b

1
2

k
kgkk

2:

As b
1
2

k
� ak � ck this gives the claimed control and allows the absorption of the right-

hand side in (2.6).
For the smaller times t such that � � bk , we find by Poincaré inequality that

ck�
1
2 kgkk

2 . ck�
1
2 krgkk

2
C ck�

1
2 kr.p � k/gkk

2:

As for such times as ck � �
1
2 and ck � bk , we can also absorb them in the dissipation

and control the right-hand side of (2.6).

3. Advection-diffusion with forcing: Vector fields

Adapting the strategy in [9], we use vector fields to deduce mixing estimates for (1.6) that
are uniform in the diffusivity parameter �. Proving enhanced dissipation for g essentially
relies on the energy inequality of Lemma 2.4 together with a suitable treatment of the
forcing term given by advection (see Section 3.3), as done in Section 3.3.2. However, the
proof of uniform-in-� mixing estimates is more involved: the use of vector fields requires
cut-offs to localize and improve basic L2 estimates near the south pole p D � Ok; see
Remark 3.2 and Lemma 3.4.

To treat the convection term in a sharp way, we need to introduce two hypocoercivity
schemes in Section 3.3.3: a nonlocalized version (Lemma 3.5), without losses with respect
to the convection term, and a localized one (Lemma 3.6), allowing the derivation of a sharp
energy inequality. These results are then applied in Section 3.4 to obtain mixing estimates
that are uniform in �.

Our goal is to construct vector fields that have good commutation properties with the
advection-diffusion equation (1.6). We look for vector fields of the form

Jk D ˛krp C i
�
jkj

�

� 1
2
ˇkr.p � Ok/; (3.1)

where we again introduce the good timescale h D �
1
2 jkj

1
2 t and set

˛k.t/ D ˛.h/; ˇk.t/ D ˇ.h/

for functions ˛, ˇ to be specified. The factor in front of ˇk is inspired by the fact that as
�! 0, we want to recover ˛k � 1 and . jkj

�
/
1
2ˇk � jkjt . The reason is that the vector field

rp C ijkjtr.p � Ok/ commutes to the free transport part. For the full operator in (1.6) we
find the commutators

Œ@t C ip � k � ��p; ˛krp� D �
1
2 jkj

1
2˛0rp � ijkj˛r.p � Ok/ � ˛�Œ�p;rp�
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and h
@t C ip � k � ��p; i

�
jkj

�

� 1
2
ˇkr.p � Ok/

i
D ijkjˇ0r.p � Ok/ � i�

1
2 jkj

1
2ˇr.p � Ok/C 2i�

1
2 jkj

1
2ˇrŒ.p � Ok/��

so that

.@t C ip � k � ��p/JkYk D �ijkj.˛ � ˇ0/r.p � Ok/Yk C �
1
2 jkj

1
2 .˛0 C 2iˇp � Ok/rpYk

� ˛�Œ�p;rp�Yk C i�
1
2 jkj

1
2ˇr.p � Ok/Yk :

Clearly, for the O.1/ term on the right-hand side to disappear, the condition ˛ D ˇ0 is
necessary. A key idea from [9] is to complete this condition in such a way that the second
term on the right-hand side vanishes at the north pole p D Ok. The goal is to benefit from
estimates for quantities r.p � Ok/Yk or r.r.p � Ok/Yk/ better than those for Yk or rYk
alone. In [9], we achieve this by imposing

ˇ0.h/ D ˛.h/; ˛0.h/ D �2iˇ.h/:

Together with the initial data ˛.0/ D 1, ˇ.0/ D 0, this provides

˛.h/ D cosh..1 � i/h/; ˇ.h/ D
1C i
2

sinh..1 � i/h/:

This is a good choice up to the critical time ��
1
2 jkj�

1
2 . However, afterwards both terms

behave asymptotically with the factor e.1�i/h, which is growing fast. Hence, here we prefer
to consider

˛.h/ D e�.1�i/h cosh..1 � i/h/ D
1

2
.1C e�2he2ih/ (3.2)

and

ˇ.h/ D e�.1�i/h 1C i
2

sinh..1 � i/h/ D
.1C i/
4

.1 � e�2he2ih/: (3.3)

Remark 3.1. With this new choice of ˛ and ˇ, we have the important property that

˛ � 1; ˇ2 � b;

where b is the function appearing in Lemma 2.1 (now fixed).

In light of (3.2)–(3.3), we compute the commutator between Jk and the advection-
diffusion equation as

Œ@t C ip � k � ��p; Jk �C jkj.1 � i/
� �
jkj

� 1
2

D jkj2iˇ
� �
jkj

� 1
2
rpŒ.p � Ok � 1/��C jkj

h
�
�

jkj
˛Œ�p;rp� � i

� �
jkj

� 1
2
ˇr.p � Ok/

i
:
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Hence, we find for a tensor Yk solution of (2.1) that JkYk satisfies

.@t C ip � k ��p/JkYk C jkj.1 � i/
� �
jkj

� 1
2
JkYk D jkjJkFk C jkjRkYk ; (3.4)

where

RkYk D 2iˇk
� �
jkj

� 1
2
rpŒ.p � Ok � 1/Yk � �

�

jkj
˛k Œ�p;rp�Yk

� i
� �
jkj

� 1
2
ˇkr.p � Ok/Yk (3.5)

is a remainder term.

Remark 3.2. We insist that through our choice of vector field Jk , the worst term on the
right-hand side of (3.5), namely 2iˇk. �jkj /

1
2rpŒ.p � Ok � 1/Yk �, vanishes at pD Ok. This will

allow us to benefit from the better controls that we have on r.p � k/Yk or r.r.p � k/Yk/;
see the dissipation functional (2.2). Still, this better control will only be achieved away
from the south pole p D � Ok. Indeed, near the south pole, r.p � Ok/Yk vanishes while our
term on the right-hand side does not, so that the former cannot control the latter. Namely,
we will achieve optimal estimates only for Jkgk�k , where �k is zero near the south pole
p D� Ok. To obtain control near this south pole, we need to define another vector fieldHk ,
replacing the relation ˛0 D �2iˇ which was our starting point for Jk by ˛0 D C2iˇ. All
the estimates we obtain for JkYk�k , with �k D 0 near the south pole, extend readily to
HkYkgk , with gk D 0 near the north pole.

3.1. L2 estimates

We start with a basic estimate for JkYk without localization.

Lemma 3.3. There exists M > 0 such that for all k ¤ 0 it holds that

1

2

d
dt
kJkYkk

2
C jkj

3

4

�

jkj
krJkYkk

2
C jkj

3

4

� �
jkj

� 1
2
kJkYkk

2
� jkjRehJkYk ; JkFki

� jkjMŒbkkYkk
2
CDk.Yk/�: (3.6)

Proof. As before, we can take the time rescaling from (2.4) and assume jkj D 1. We also
get rid of the subscript k in the notation when no confusion arises. Performing an L2

estimate on (3.4), we find
1

2

d
dt
kJ Y k2 C �krJ Y k2 C �

1
2 kJ Y k2 � RehJ Y; JF i � RehJ Y;RY i:

To bound the right-hand side, we integrate by parts the first term in the definition (3.5) of
R, and get

RehJ Y;RY i . jˇj�
1
2 krJ Y kk.p � k � 1/Y k C �j˛jkJ Y kkrY k

C jˇj�
1
2 kJ Y kkr.p � k/Y k

. �
1
2 jbj

1
2 krJ Y kkY k C �kJ Y kkrY k C �

1
2 jbj

1
2 kJ Y kkr.p � k/Y k;
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where we used Remark 3.1 for the last bound. The result then follows classically from
Young’s inequality.

We now show an improved L2 bound, when localized away from the south pole
p D � Ok.

Lemma 3.4. Let k ¤ 0, and let �k D �k.p/, Q�k D Q�k.p/ be two smooth functions, which
are zero near p D � Ok, and such that j�kj C jr�kj . Q�k . Then, for someM > 0 indepen-
dent of k, we have

1

2

d
dt
kJkYk�kk

2
C jkj

3

4

�

jkj
krJkYk�kk

2
C jkj

3

4

� �
jkj

� 1
2
kJkYk�kk

2

� jkjhJkYk�k ; JkFk�ki

� jkjM
h �
jkj
kY Q�kk

2
CD Q�k ;k.Yk/

i
:

Proof. As before, we can through (2.4) assume that jkj D 1. We further omit the subscript
k from our notation. The localized L2 estimate yields

1

2

d
dt
kJ Y�k2 C �krJ Y�k2 C �

1
2 kJ Y�k2 � hJ Y�; JF�i

� 2�krJ Y�kkJ Yr�k C RehJ Y�;RY�i:

Thanks to the definition of J and Remark 3.1, we find that

kJ Yr�k2 . j˛j2krYr�k2 C ��1jˇj2kr.p � k/Yr�k2

. krY Q�k2 C ��1bkr.p � k/Y Q�k2:

It follows that the first term on the right-hand side satisfies for some M > 0,

2�krJ Y�kkJ Yr�k �
1

8
�krJ Y�k2 CM.�krY Q�k2 C bkr.p � k/Y Q�k2/:

For the second term, we integrate by parts the first term on the right-hand side of (3.5),
and find

RehJ Y�;RY�i . jˇj�
1
2 krJ Y�kk.p � k � 1/Y�k C jˇj�

1
2 kJ Y�kk.p � k � 1/Yr�k

C �j˛jkJ Y�kkrY�k C jˇj�
1
2 kJ Y�kkr.p � k/Y�k

. .krJ Y�k C kJ Y�k/.b
1
2 �

1
2 kr.p � k/Y Q�k C �krY�k/:

Note that besides Remark 3.1, crucially we have used that j.p � k � 1/j. jr.p � k/j on the
support of Q�, a property that was missing in the proof of Lemma 3.3. One can conclude
using Young’s inequality that for some M > 0,

RehJ Y�;RY�i .
1

8
�krJ Y�k2 C

1

8
�kJ Y�k2 CM.�krY Q�k2 C bkr.p � k/Y Q�k2/:

The lemma follows.
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3.2. Hypocoercive estimates

To control J Y in the hypocoercivity functional, we first show a nonlocalized bound,
where we do not benefit from the localization and thus lose in terms of scaling in �.

Lemma 3.5. Assume the setup of Lemma 2.1. For possibly smaller �0, B0 and a new
constant M we find that

1

2

d
dt
Ek.JkYk/C

5

8
jkjDk.JkYk/C

3

4
jkj
� �
jkj

� 1
2
Ek.JkYk/ � jkjReEk.JkYk ; JFk/

� jkjM
� �
jkj

�� 12 h
Dk.Yk/C

� �
jkj

� 1
2 c

2
k

bk
kYkk

2
i
:

Proof. By the change of variables (2.4), we can restrict to jkj D 1. As before we omit
the subscript k. Then (3.4) and Lemma 2.1 imply (taking into account the extra term
.1 � i/�

1
2 J Y )

1

2

d
dt
E.J Y /C

3

4
D.J Y /C �

1
2E.J Y / � ReE.J Y; JF /

� ReE.RY; J Y /CMc�
1
2 kJ Y k2:

The last term on the right-hand side can be directly absorbed by the third term on the
left-hand side, as c � 1. For ReE.RY; J Y /, first note that

jRY j2 . .�jˇj2 C �2j˛j2/jrY j2 C �jˇj2jr.p � k/Y j2

. �jrY j2 C �bjr.p � k/Y j2;

where we used Remark 3.1 for the last bound. Then split ReEk.RY; J Y / as

ReEk.RY; J Y / D I 0 C I a C I b C I c ;

where

I 0 D RehRY; J Y i;

I a D a�
1
2 RehrRY;rJ Y i;

I b D b Rehir.p � k/RY;rJ Y i C b Rehir.p � k/J Y;rRY i;

I c D c��
1
2 Rehr.p � k/RY;r.p � k/J Y i:

Clearly,
I 0 � kRY kkJ Y k;

so that for a constant ı > 0 it holds that

I 0 � ı�
1
2 kJ Y k2 . ı�1��

1
2 kRY k2 . ı�1��

1
2 .�krY k2 C b�kr.p � k/Y k2/

. ı�1��
1
2D.Y /:
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For I a we find after an integration by parts that

I a � ıa�
3
2 kr

2J Y k2 . ı�1a��
1
2 kRY k2 . ı�1��

1
2 kRY k2 . ı�1��

1
2D.Y /:

Recalling the choice (2.3) of the weights, we get for I b that

I b � ı�
1
2 cŒkr.r.p � k/J Y /k2 C kJ Y k2� . ı�1

b2

c
��

1
2 kRY k2

. ı�1��
1
2 kRY k2 . ı�1��

1
2D.Y /:

Finally, we need to bound I c . We find that

I c � ıbkr.p � k/J Y k2 . ı�1��1
c2

b
kr.p � k/RY k2

. ı�1
c2

b
.kr.p � k/rY k2 C bkr.p � k/Y k2/

. ı�1��
1
2

�c2
b
�
1
2 kr.r.p � k/Y /k2 C

c2

b
�
1
2 kY k2

C bkr.p � k/Y k2
�

. ı�1��
1
2

�c2
b
�
1
2 kY k2 CD.Y /

�
:

The lemma follows.

Using a cut-off, we can obtain a sharp estimate.

Lemma 3.6. Assume the setup of Lemma 2.1 and �k , Q�k as in Lemma 3.4. For possibly
smaller �0, B0 and a new constant M we find that

1

2

d
dt
E�k ;k.JkYk/C

5

8
jkjD�k ;k.JkYk/

C
3

4
jkj
� �
jkj

� 1
2
E�k ;k.JkYk/ � jkjReE�k ;k.JkYk ; JFk/

� jkjM
h� �
jkj

� c2
k

bk
kYk Q�k

2
CD Q�k ;k.Yk/C

� �
jkj

� 1
2
ckkr.p � Ok/JkYkr�k

2
i
:

Proof. Again, we can make the change of variables (2.4) as in the proof of Lemma 2.1,
and assume that jkj D 1. Starting from Lemma 2.1, we find that (omitting the subscript k
as before)

1

2

d
dt
E�.J Y /C

3

4
D�.J Y /C �

1
2E�.J Y / � ReE�.J Y; JF /

� ReE�.RY; J Y /CMc�
1
2 kJ Y�k2

CMŒ�kJ Yr�k2 C �
3
2 akrJ Yr�k2 C �

1
2 ckr.p � k/J Yr�k2�: (3.7)
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We first treat the term ReE�.RY; J Y /. A preliminary remark is that jp � k � 1j � jr.p �
k/j2 on the support of Q�, from where it is easily deduced that, pointwise in the support
of Q�,

jRY j2 . �jˇj2Œjr.r.p � k/Y /j2 C jr.p � k/Y j2�C �2j˛j2jrY j2

. �bŒjr.r.p � k/Y /j2 C jr.p � k/Y j2�C �2jrY j2: (3.8)

The first term splits as

ReE�.RY; J Y / D I 0 C I a C I b C I c ;

where

I 0 D RehRY�; J Y�i;

I a D a�
1
2 RehrRY�;rJ Y�i;

I b D b Rehir.p � k/RY�;rJ Y�i C b Rehir.p � k/J Y�;rRY�i;

I c D c��
1
2 Rehr.p � k/RY�;r.p � k/J Y�i:

For I 0, after integration by parts of the first term in the definition (3.5) of RY , we get

jI 0j � 2jˇj�
1
2
®
krJ Y�kk.p � k � 1/Y�k C 2kJ Y�kk.p � k � 1/Yr�k

¯
C �j˛jkJ Y�kkŒ�;r�Y�k C �

1
2 jˇjkJ Y�kkr.p � k/Y�k:

Hence we find for a constant ı > 0 that

jI 0j � ı�krJ Y�k2 � ı�
1
2 kJ Y�k2

. ı�1
®
jˇj2kr.p � k/Y�k2 C jˇj2�

1
2 kr.p � k/Yr�k2 C �

3
2 krY�k2

¯
. ı�1D Q�.Y /;

taking into account that jˇj2 � b from the definition (3.3) of ˇ and the choice (2.3) for b.
For I a note that

jI aj � a�
1
2 ŒkrrJ Y�kkRY�k C 2krJ Y�kkRYr�k�

so that

jI aj � ı�
3
2 akrrJ Y�k2 � ı�krJ Y�k2 . ı�1��

1
2 akRY�k2 C ı�1a2kRYr�k2:

Hence, from (3.8), we find (using that the choice (2.3) implies ab � c)

jI aj � ı�
3
2 akrrJ Y�k2 � ı�krJ Y�k2 . ı�1D Q�.Y /:

For I b note that

jI bj � bkRY�kŒ2kr.r.p � k/J Y /�k C kJ Y�k�C 2bkRYr�kkr.p � k/J Y�k;
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so that

jI bj � ı�
1
2 ckr.r.p � k/J Y /�k2 � ı�

1
2 kJ Y�k2 � ıbkr.p � k/J Y�k2

. ı�1��
1
2
b2

c
kRY�k2 C ı�1bkRYr�k2 . ı�1D Q�.Y /;

where the last inequality comes again from (3.8) (note that b
2

c
� a, b � a2, so that the

right-hand side is similar to the one for Ia). For I c , the treatment is more involved. Note
that

r.p � k/R D 2�rpŒ.p � k � 1/.J Y � ˛rY /� � 2iˇ�
1
2rr.p � k/.p � k � 1/Y

� �˛r.p � k/Œ�;r�Y � i�
1
2ˇr.p � k/r.p � k/Y:

We recall that on the support of Q�, jp � k � 1j � jr.p � k/j2 so that

j.p � k � 1/rY j . jr.r.p � k/Y /j C jr.p � k/Y j:

Hence we find that

jI c j . �
1
2 ckr.r.p � k/J Y /�k

®
kr.p � k/J Y�k C kr.r.p � k/Y /�k C kr.p � k/Y�k

¯
C �

1
2 ckr.p � k/J Y�k

®
kr.p � k/J Yr�k C kr.r.p � k/Y /r�k

C kr.p � k/Yr�k
¯

C ��
1
2 ckr.p � k/J Y�k

®
ˇ�

1
2 kr.p � k/Y�k C �kr.r.p � k/Y /�k C �kY�k

¯
:

Hence we can bound I c as

jI c j � ı�
1
2 ckr.r.p � k/J Y /�k2 � ıbkr.p � k/J Y�k2

. ı�1�
1
2 c
®
kr.p � k/J Y�k2 C kr.r.p � k/Y /�k2 C kr.p � k/Y�k2

¯
C ı�1�

c2

b

®
kr.p � k/J Yr�k2 C kr.r.p � k/Y /r�k2 C kr.p � k/Yr�k2

¯
C ı�1

c2jˇj2

b
kr.p � k/Y�k2 C ı�1�

c2

b

®
kr.r.p � k/Y /�k2 C kY�k2

¯
. ı�1�

1
2 ckr.p � k/J Y�k2 C ı�1D Q�.Y /C ı

�1�
c2

b
kr.p � k/J Yr�k2

C ı�1�
c2

b
kY�k2:

The first term on the right-hand side can be absorbed by D�.J Y / on the left-hand side.
Regarding the third term, note that by the definition (3.1) we can directly estimate

�
c2

b
kr.p � k/J Yr�k2 . �

c2

b
.kr.r.p � k/Y /r�k2 C kYr�k2/

C
c2

b
jˇj2kr.p � k/Yr�k2

. D Q�.Y /C �
c2

b
kYr�k2:
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The last step of the proof is to control the second to fourth terms on the right-hand side of
(3.7). The second one can be absorbed by the term �

1
2E�.J Y / on the left-hand side, as

c � 1. For the next one, we note that by definition (3.1),

�kJ Yr�k2 . �krYr�k2 C bkkr.p � k/Yr�k
2 . D Q�.Y /:

For the fourth term, again by (3.1),

�
3
2 akrJ Yr�k2 . �

3
2 akrrYr�k2 C �

1
2 abkr.r.p � k/Y /r�k2 . D Q�.Y /:

Putting all the above estimates together, we conclude the proof.

3.3. The role of convection

In this section we now specialize the discussion to the case in which the forcing term Fk
is of the form

V Yk D �i Ok
X
`

vk�`Y`; (3.9)

for a divergence-free velocity field v. This is precisely the setting in (1.7). As we do not
have a strong enough gain of regularization in x, we cannot neglect the gains arising
from the divergence-free property. This translates into losing the possibility of working
mode-by-mode in k, as all the x-modes are coupled, and instead we work with energy
functionals that include all the nonzero x-modes.

Therefore, we look at

E�;s.Y / D
X
k

jkj2sE�k ;k.Yk/

for a family of cut-offs .�k/k¤0 (that we can think of as �k D �.p � Ok/). The divergence-
free cancellations can be seen through the following lemma.

Lemma 3.7. Consider a divergence-free velocity field v, so that
P
k k � vk D 0, and

weights W WR3 ! RC and �W WR3 ! X for some normed space X satisfying

8x; y; jyj �
jxj

2
) W.x/ . W.y/; k�W .x/kX . k�W .y/kX ;

8x; y; k�W .x/ � �W .y/kX .
�
k�W .x/kX
jxj

C
k�W .y/kX
jyj

�
jx � yj:

Then for any nonnegative sequences ¹Hkºk2Z3 , ¹Gkºk2Z3 , we haveX
k;`

W.k/k�W .k/ � �W .l/kX jvk�` � `jH`Gk
.
�X

k

jkjHk

��X
k

W.k/k�W .k/kX jvkj2� 1
2
�X

k

W.k/k�W .k/kXG2k� 1
2
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C

�X
k

jkjGk

��X
k

W.k/k�W .k/kX jvkj2� 1
2
�X

k

W.k/k�W .k/kXH 2
k

� 1
2

C

�X
k

jkj jvkj

��X
k

W.k/k�W .k/kXH 2
k

� 1
2
�X

k

W.k/k�W .k/kXG2k� 1
2

:

Proof. We split the sum into three:X
k;`

D

X
jkj�2j`j

C

X
j`j�2jkj

C

X
j`j=2�jkj�2j`j

:

We findX
jkj�2j`j

W.k/k�W .k/ � �W .`/kX jvk�` � `jH`Gk
.

X
jkj�2j`j

�q
W.k � `/k�W .k � `/kX jvk�`j��qW.k/k�W .k/kXGk�j`H`j

.
�X

k

jkjHk

��X
k

W.k/k�W .k/kX jvkj2� 1
2
�X

k

W.k/k�W .k/kXG2k� 1
2

:

Similarly, as vk�` � ` D vk�` � k,X
j`j�2jkj

W.k/k�W .k/ � �W .`/kX jvk�` � `jH`Gk
.

X
j`j�2jkj

W.`/k�W .k/ � �W .`/kX jvk�` � kjH`Gk
.
�X

k

jkjGk

��X
k

W.k/k�W .k/kX jvkj2� 1
2
�X

k

W.k/k�W .k/kXH 2
k

� 1
2

:

Finally, X
j`j=2�jkj�2j`j

W.k/k�W .k/ � �W .`/kX jvk�` � `jHkG`
.

X
jlj=2�jkj�2jlj

W.k/
�
k�W .k/kX
jkj

C
k�W .`/kX
j`j

�
jk � `j jvk�` � `jHkG`

.
X

j`j=2�jkj�2j`j

q
jW.k/jk�W .k/kXqjW.`/jk�W .`/kX jk � `j jvk�`jHkG`

.
�X

k

jkj jvkj

��X
k

W.k/k�W .k/kXH 2
k

� 1
2
�X

k

W.k/k�W .k/kXG2k� 1
2

:

The proof is over.
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Using the cancellation from the divergence-free condition, we control the error in the
hypoelliptic estimate by the following bound.

Lemma 3.8. Assume the setup of Lemma 2.1, and let .�k/k¤0 be a family of smooth
functions. Then the convection operator defined in (3.9) obeys the following estimate, for
all s > 5

2
, for all ı > 0:X

k

jkj2sC1 ReE�k ;k.V Yk ; Yk/ � ı�
1
2

X
k

jkj2skYk�kk
2
� ı�

X
k

jkj2skrYk�kk
2

� ı�
1
2

X
k

jkj2sb2kkr.r.p �
Ok/Yk/�kk

2

� .ı C kvkH s��
1
2 /
X
k

jkj2sC1ckkr.p � Ok/Yk�kk
2

. ı�1��1kvk2H s

X
k

jkj2skYkk
2
C ı�1kvk2H s

X
k

jkj2skrYkk
2:

Remark 3.9. Note that the localization through a cut-off is lost in the last two terms. This
will be the main constraint on the size of v. Note also that the requirement s > 5

2
ensures

that
P
k22�Z3 jkj jvkj . kvkH s , an inequality that will be used implicitly each time we

apply Lemma 3.7.

Proof of Lemma 3.8. We use for short notation Vk instead of V Yk . We decomposeX
k

jkj2sC1 ReE�k ;k.Vk ; Yk/ D I
0
C I a C I b C I c ;

where

I 0 D
X
k

jkj2sC1 RehVk�k ; Yk�ki;

I a D �
1
2

X
k

jkj2s�
1
2 ak RehrpVk�k ;rpYk�ki;

I b D
X
k

jkj2sC1bk
�
Rehir.p � Ok/Vk�k ;rYk�ki C Rehir.p � Ok/Yk�k ;rVk�ki

�
;

I c D ��
1
2

X
k

jkj2sC
3
2 ck Rehr.p � Ok/Vk�k ;r.p � Ok/Yk�ki:

Using that v is real, we find from the definition that

I 0 D
X
k;`

jkj2s Rehikvk�`Y`�k ; Yk�ki

D
1

2

X
k;`

Rehi.jkj2sk�2k � j`j
2s`�2`/ � vk�`Y`; Yki

D
1

2

X
k;`

Rehi.jkj2s�2k � j`j
2s�2`/vk�` � `Y`; Yki;
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where the last equality comes from the divergence-free property: vk�` � k D vk�` � `. We
can split the difference as

jkj2s�2k � j`j
2s�2` D jkj

2s�k.�k � �`/C .jkj
2s
� j`j2s/�k�` C j`j

2s�`.�k � �`/:

Hence, using the symmetry in k and `,

I 0 �
X
jkj2sk�k � �`k1jvk�` � `jkY`kkYk�kk

C
1

2

X
Œjkj2s � j`j2s�jvk�` � `jkY`�`kkYk�kk:

We apply Lemma 3.7, taking W D jkj2s and �W .k/ D �k for the first sum, and W D 1,�W .k/ D jkj2s for the second sum. We get

I 0 . kvkH s

�X
jkj2skYkk

2
� 1
2
�X

jkj2skYk�kk
2
� 1
2
:

For I a we find similarly (that is, replacing �k.p/, function of p, by �k.p/a.�1jkj
1
2 t /,

function of p and t ) that

I a D
�
1
2

2

X
RehiŒjkj2s�

1
2 ak�

2
k � j`j

2s� 12 a`�
2
` �vk�` � `rY`;rYki

� �
1
2

X
jkj2s�

1
2 ka

1
2

k
�k � a

1
2

`
�`k1jvk�` � `jkrY`ka

1
2

k
krY�kk

C
�
1
2

2

Xˇ̌
jkj2s�

1
2 � j`j2s�

1
2

ˇ̌
jvk�` � `ja

1
2

`
krY`�`ka

1
2

k
krY�kk:

Hence we find that

I a . �
1
2 kvkH s

�X
jkj2s�

1
2 krYkk

2
� 1
2
�X

jkj2s�
1
2 akkrYk�kk

2
� 1
2
:

For I b , we find by the definition

I b D
X

RehiŒbkjkj2sr.p � Ok/�2k � b`j`j
2s
r.p � Ò/�2` �vk�` � `Y`;rYki;

where we split the bracket as

bkjkj
2s
r.p � Ok/�2k � b`j`j

2s
r.p � Ò/�2`

D jkj2sr.p � Ok/bk�k.�k � �`/C Œjkj
2s
r.p � Ok/bk � j`j

2s
r.p � Ò/b`��k�`

C j`j2sr.p � Ò/b`�`.�k � �`/:

Hence we find that

I b �
X
jkj2sk�k � �`k1jvk�` � `jkY`kbkkr.p � Ok/rYk�kk

C

X
kjkj2sr.p � Ok/bk � j`j

2s
r.p � Ò/b`k1jvk�` � `jkY`�`kkrYk�kk

C

X
jkj2sk�k � �`k1jvk�` � `jkrY`kbkkr.p � Ok/Yk�kk:
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This yields that

I b . kvkH s

�X
k

jkj2skYkk
2

� 1
2
�X

k

jkj2sb2kkr.p �
Ok/rYk�kk

2

� 1
2

C kvkH s

�X
k

jkj2skYk�kk
2

� 1
2
�X

k

jkj2skrYk�kk
2

� 1
2

C kvkH s

�X
k

jkj2skrYkk
2

� 1
2
�X

k

jkj2sb2kkr.p �
Ok/Yk�kk

2

� 1
2

:

For I c we find

I c D
��

1
2

2

X
Re
˝
i
�
jkj2sC

1
2 ckr.p � Ok/r.p � Ok/�

2
k

� j`j2sC
1
2 c`r.p � Ò/r.p � Ò/�

2
`

�
vk�` � `Y`; Yk

˛
:

We split the difference as

jkj2sC
1
2 ckr.p � Ok/r.p � Ok/�

2
k � j`j

2sC 1
2 c`r.p � Ò/r.p � Ò/�

2
`

D jkj2s�
1
2 c

1
2

k
jkj

1
2r.p � Ok/Œc

1
2

k
jkj

1
2r.p � Ok/�k � c

1
2

`
j`j

1
2r.p � Ò/�l ��k

C Œjkj2s�
1
2 � j`j2s�

1
2 �c

1
2

k
jkj

1
2r.p � Ok/�kc

1
2

`
j`j

1
2r.p � Ò/�`

C j`j2s�
1
2 c

1
2

`
j`j

1
2r.p � Ò/Œc

1
2

k
jkj

1
2r.p � Ok/�k � c

1
2

`
j`j

1
2r.p � Ò/�`��`:

Hence we find that

I c � ��
1
2

X
jkj2s�

1
2



c 12
k
jkj

1
2r.p � Ok/ � c

1
2

`
j`j

1
2r.p � Ò/




1
jvk�` � `jkY`kc

1
2

k
jkj

1
2

� kr.p � Ok/Yk�kk

C
��

1
2

2

Xˇ̌
jkj2s�

1
2 � j`j2s�

1
2

ˇ̌
jvk�` � `jc

1
2

`
j`j

1
2 kr.p � Ò/Y`�`kc

1
2

k
jkj

1
2

� kr.p � Ok/Yk�kk:

Applying Lemma 3.7, we obtain that

I c . ��
1
2 kvkH s

�X
jkj2skYkk

2
� 1
2
�X

jkj2sC1ckkr.p � Ok/Yk�kk
2
� 1
2

C ��
1
2 kvkH s

�X
jkj2sC

1
2 ckkr.p � Ok/Yk�kk

2
�
:
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Collecting the estimates, we therefore findX
k

jkj2sC1 ReE�k ;k.Vk ; Yk/

. kvkH s

�X
k

jkj2skYkk
2

� 1
2
�X

k

jkj2skYk�kk
2

� 1
2

C �
1
2 kvkH s

�X
k

jkj2s�
1
2 krYkk

2

� 1
2
�X

k

jkj2s�
1
2 akkrYk�kk

2

� 1
2

C kvkH s

�X
k

jkj2skYkk
2

� 1
2
�X

k

jkj2sb2kkr.p �
Ok/rYk�kk

2

� 1
2

C kvkH s

�X
k

jkj2skYk�kk
2

� 1
2
�X

k

jkj2skrYk�kk
2

� 1
2

C kvkH s

�X
k

jkj2skrYkk
2

� 1
2
�X

k

jkj2sb2kkr.p �
Ok/Yk�kk

2

� 1
2

C ��
1
2 kvkH s

�X
k

jkj2skYkk
2

� 1
2
�X

k

jkj2sC1ckkr.p � Ok/Yk�kk
2

� 1
2

C ��
1
2 kvkH s

�X
k

jkj2sC
1
2 ckkr.p � Ok/Yk�kk

2

�
:

Splitting the right-hand side with Young’s inequality then gives the claimed control.

Using the cancellation from the divergence-free condition, we control the error for the
energy by the following estimate.

Lemma 3.10. Let .�k D �k.p//k¤0 be a family of smooth functions. Then the convection
operator defined in (3.9) obeys the following estimate, for all s > 5

2
:

X
k

jkj2sC1 RehV Y�k ; Y�ki . kvkH s

�X
k

jkj2skYkk
2

� 1
2
�X

k

jkj2skYk�kk
2

� 1
2

:

Proof. See the computation for I 0 in the previous lemma.

3.3.1. Commutator with the vector fields. In order to control Jg and JJg, we need to
understand the commutator with the convection term, that is we need to understand the
influence of

SYk D
X
`

Jk.�i Okvk�`/Y` �
X
`

.�i Okvk�`/J`Y`:

To control Jg in L2, we prove a first commutator estimate.
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Lemma 3.11. Let .�k/k¤0 be a family of smooth functions. We findX
k

jkj2sC1 RehSYk�k ; JkYk�ki � ı�
1
2

X
k

jkj2sC
1
2 kJkYk�kk

2

. kvkH s

�X
k

jkj2skrYkk
2

� 1
2
�X

k

jkj2skJkYk�kk
2

� 1
2

C ı�1��
3
2 kvk2

H
sC 14

X
k

jkj2sC
1
2 kYkk

2:

Proof. We estimate the ˛ term in SY asX
jkj2s Reh.˛k � ˛`/.�ivk�` � `/rY`�k ; JkYk�ki

.
X
jkj2sk˛k � ˛`k1jvk�` � `jkrY`kkJ Yk�kk

. kvkH s

�X
jkj2skrYkk

2
� 1
2
�X

jkj2skJkYk�kk
2
� 1
2
:

For the ˇ term we find

��
1
2

X
jkj2sh.ˇkjkj

1
2r.p � Ok/ � ˇ`j`j

1
2r.p � Ò//ivk�` � `Y`�k ; JkYk�ki

. ��
1
2

X
jkj2skˇkjkj

1
2r.p � Ok/ � ˇ`j`j

1
2r.p � Ò/k1jvk�` � `jkY`kkJkYk�kk

. ��
1
2 kvk

H
sC 14

.jkj2sC
1
2 kYkk

2/
1
2 .jkj2sC

1
2 kJkYk�kk/

1
2 :

Splitting gives the required estimate.

Remark 3.12. By a slight modification, the ˇ term can also be bounded by

��
1
2 kvk

H
sC 12

.jkj2sC1kYkk
2/

1
2 .jkj2skJkYk�kk/

1
2 :

For the hypoelliptic functional, we control the commutator by the following estimate.

Lemma 3.13. Let .�k/k¤0 a family of smooth functions. ThenX
jkj2sC1 ReE�k ;k.SYk ; JkYk/

� ı
hX
jkj2sC1D�k ;k.JkYk/C �

1
2

X
jkj2sC

1
2 kJkYk�kk

2
i

. ı�1kvk2
H
sC 12

h
��1

X
jkj2sC1krYkk

2
C ��2

X
jkj2sC1kYkk

2
i
:

Proof. From the definition we find thatX
jkj2sC1 ReE�k ;k.SYk ; JkYk/

D

X
jkj2s ReE�k ;k..˛k � ˛`/.�ivk�` � `/rY`; JkYk/

C ��
1
2

X
jkj2s ReE�k ;k

�
i.ˇkjkj

1
2r.p � Ok/�ˇ`jl j

1
2r.p � Ò//.�ivk�` � `/Y`; JkYk

�
:
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As before, we split the contributions in I 0, I a, I b , and I c . For I 0 we find

I 0 D
X
jkj2s Reh.˛k � ˛`/.�ivk�` � `/rY`�k ; JkYk�ki

C ��
1
2

X
jkj2s Reh.ˇkjkj

1
2r.p � Ok/ � ˇ`j`j

1
2r.p � Ò//.vk�` � `/Y`�k ; JkYk�ki:

The first sum can be directly estimated by Lemma 3.7 asX
jkj2s Reh.˛k � ˛`/.�ivk�` � `/rY`�k ; JkYk�ki

. kvkH s

�X
jkj2skrYkk

2
� 1
2
�X

jkj2skJkYk�kk
2
� 1
2
:

For the second sum, we find by Lemma 3.7 that

��
1
2

X
jkj2s Reh.ˇkjkj

1
2r.p � Ok/ � ˇ`j`j

1
2r.p � Ò//.vk�` � `/Y`�k ; JkYk�ki

. ��
1
2 kvk

H
sC 14

�X
jkj2sC

1
2 kYkk

2
� 1
2
�X

jkj2sC
1
2 kJkYk�kk

� 1
2
:

For I a, we find

I a D �
1
2

X
jkj2s�

1
2 Re akh.˛k � ˛`/.�ivk�` � `/rrY`�k ;rJkYk�ki

C

X
jkj2s�

1
2 Re akhr.iˇkjkj

1
2r.p � Ok/

� iˇ`j`j
1
2r.p � Ò//.�ivk�` � `/Y`�k ;rJkYk�ki:

In the first term, we integrate by parts and then find by Lemma 3.7 that

I a . �
1
2 kvk

H
s� 14

�X
jkj2s�

1
2 krYkk

2
� 1
2
�X

jkj2s�
1
2 a2kkrrJkYk�kk

2
� 1
2

C kvkH s

�X
jkj2s.krYkk

2
C kYkk

2/
� 1
2
�X

jkj2skrJkYk�kk
2
� 1
2
:

For I b we find

I b D
X
jkj2s Rehi.˛k � ˛`/.�ivk�` � `/rY`�k ; bkr.p � Ok/rJkYk�ki

C

X
jkj2s Rehr.˛k � ˛`/.�ivk�` � `/rY`�k ; ibkr.p � Ok/JkYk�ki

C ��
1
2

X
jkj2sC

1
2 Rehi.iˇkjkj

1
2r.p � Ok/ � iˇ`j`j

1
2r.p � Ò//.�ivk�` � `/Y`�k ;

bkjkj
� 12r.p � Ok/rJkYk�ki

C ��
1
2

X
jkj2sC

1
2 Rehr.iˇkjkj

1
2r.p � Ok/ � iˇ`j`j

1
2r.p � Ò//.�ivk�` � `/Y`�k ;

ir.p � Ok/bkjkj�
1
2 JkYk�ki:
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so that we find (after integration by parts of the second and fourth terms)

I b . kvkH s

�X
jkj2skrYkk

2
� 1
2
�X

jkj2sb2k.kr.r.p �
Ok/JkYk/�kk

2
CkJ Yk�kk

2/
� 1
2

C ��
1
2 kvk

H
sC 12

�X
jkj2sC1kYkk

2
� 1
2

�

�X
jkj2sb2k.kr.r.p �

Ok/J Yk/�kk
2
C kJkYk�kk

2/
� 1
2
:

For I c we find

I c D ��
1
2

X
jkj2s Rehr.p � Ok/.˛k � ˛`/.�ivk�` � `/rY`�k ; ckjkj

1
2r.p � Ok/JkYk�ki

C ��1
X
jkj2sC

1
2 Rehr.p � Ok/.ˇkjkj

1
2r.p � Ok/�ˇ`j`j

1
2r.p � Ò//.�ivk�` � `/Y`�k ;

ckr.p � Ok/JkYk�ki:

Hence we find that

I c . ��
1
2 kvkH s

�X
jkj2skrYkk

2
� 1
2
�X

jkj2sC1c2kkr.p �
Ok/JkYk�kk

2
� 1
2

C ��1kvk
H
sC 12

�X
jkj2sC1kYkk

2
� 1
2
�X

jkj2sC1c2kkr.p �
Ok/JkYk�kk

2
� 1
2
;

where the first term comes from the ˛-term and the second from the ˇ-term.
The inequality of the lemma can then be established as in the proof of Lemma 3.8,

through splitting and Young’s inequality.

To control JkJkg, we need the following estimate.

Lemma 3.14. Let .�k/k¤0 a family of smooth functions. ThenX
k

jkj2sC1 RehJkSYk�k ; JkJkYk�ki � ı�
1
2

X
k

jkj2sC
1
2 kJkJkYk�kk

2

� ı�
X
k

jkj2skrJkJkYk�kk
2

. ��
5
2 kvk2

H
sC 34

X
k

jkj2sC
3
2 kYkk

2
C ��

3
2 kvk2

H
sC 14

X
k

jkj2sC
1
2 krYkk

2:

Proof. Expanding the definition of JkSYk we find

jkjJkSYk D
X
`

˛k.˛k � ˛`/.�ivk�` � `/rrY`

C ��
1
2

X
`

˛kr
�
.iˇkjkj

1
2r.p � Ok/ � iˇ`j`j

1
2r.p � Ò//.�ivk�` � `/Y`

�
C ��

1
2

X
`

iˇkjkj
1
2r.p � Ok/.˛k � ˛`/.�ivk�` � `/rY`

C ��1
X
`

iˇkjkj
1
2r.p � Ok/.iˇkjkj

1
2r.p � Ok/ � iˇ`j`j

1
2r.p � Ò//

� .�ivk�` � `/Y`:
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The contribution of the first term can be bounded, after integration by parts, byX
jkj2sk˛k � ˛`k1jvk�` � `jkrY`k.krJkJkYk�

2
kk C 2kJkJkYk�kjr�kjk/

. kvkH s

�X
k

jkj2skrYkk
2

� 1
2
�X

k

jkj2s.krJkJkYk�kk
2
C kJkJkYk�kk

2/

� 1
2

:

The contribution of the second term can be bounded byX
jkj2s��

1
2



ˇkjkj 12r.p � Ok/ � ˇ`j`j 12r.p � Ò/

1jvk�` � `jkrY`kkJkJkYk�2kk
C

X
jkj2s��

1
2



ˇkjkj 12r2.p � Ok/�ˇ`j`j 12r2.p � Ò/

1jvk�` � `jkY`kkJkJkYk�2kk
. ��

1
2 kvk

H
sC 14

�X
k

jkj2sC
1
2 .krYkk

2
C kYkk

2/

� 1
2
�X

k

jkj2sC
3
2 kJkJkYk�kk

2

� 1
2

:

The contribution of the third term can be bounded byX
jkj2sC

1
2 ��

1
2 k˛k � ˛`k1jvk�` � `jkrY`kkJkJkYk�

2
kk

. ��
1
2 kvk

H
sC 14

�X
k

jkj2sC
1
2 krYkk

2

� 1
2
�X

k

jkj2sC
1
2 kJkJkYk�kk

2

� 1
2

:

The last term can be bounded byX
jkj2sC1��1



ˇkjkj 12r.p � Ok/ � ˇ`j`j 12r.p � Ò/

1jvk�` � `jkY`k jkj� 12 kJkJkYk�kk
. ��1kvk

H
sC 34

�X
k

jkj2sC
3
2 kYkk

2

� 1
2
�X

k

jkj2sC
1
2 kJkJkYk�kk

2

� 1
2

:

The result follows from all these bounds and Young’s inequality.

3.3.2. Application to the density g. Under suitable assumptions on the velocity field v,
we can now obtain controls on g and its vector fields. Notice that we request something
less stringent than (H). We begin from g.

Proposition 3.15. There exists "0 > 0 with the following property: if " 2 .0; "0/ and

sup
t�0

kv.t/kH s C

�Z C1
0

kv.t/k2H s dt
� 1
2

� "�
1
2 ;

then for any T > 0 there holds

sup
0�t�T

X
k

jkj2sEk.gk/C �
1
2

Z T

0

X
k

jkj2sC
1
2 akkgkk

2

C

Z T

0

X
k

jkj2sC1Dk.gk/ . kgin
k
2
H s
xL

2
p
:

As a consequence, (1.9) holds.
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Proof. We start from the inequality in Lemma 2.4: we take Fk D Vgk , multiply by jkj2s ,
and sum over k. To bound the term

P
jkj2s ReEk.gk ; Vgk/, we apply Lemma 3.8 with

Yk D gk , � D 1. We find

d
dt

X
k

jkj2sEk.gk/C �
1
2

X
k

jkj2sC
1
2 akkgkk

2
C

X
k

jkj2sC1Dk.gk/

. .ı�
1
2 C ı�1��1kvk2H s /

X
jkj2skgkk

2
C .ı� C ı�1kvk2H s /

X
jkj2skrgkk

2

C ı�
1
2

X
jkj2sb2kkr.r.p �

Ok/gk/k
2

C .ı C kvkH s��
1
2 /
X
jkj2sC1ckkr.p � Ok/gkk

2;

for any ı > 0. We take ı D ". If "0 2 .0; 1/ is small enough, most terms on the right-hand
side can be absorbed into the dissipation functional, and we end up with

d
dt

X
k

jkj2sEk.gk/C
X
k

jkj2sC1ak

� �
jkj

� 1
2
kgkk

2
C

X
k

jkj2sC1Dk.gk/

. ."�
1
2 C "�1��1kvk2H s /kgk

2
H s
xL

2
p
: (3.10)

In particular,
d
dt
kgkH s

xL
2
p

. ."�
1
2 C "�1��1kvk2H s /kgkH s

xL
2
p

so that our assumptions and the Gronwall lemma yield

kg.t/kH s
xL

2
p
�M eM"�

1
2 t
kgin
kH s

xL
2
p
; 8t � 0

for an absolute constant M > 0. If t � ��
1
2 , injecting this bound into the right-hand side

of (3.10) and integrating on .0; T / proves the lemma. If t � ��
1
2 , we first integrate (3.10)

on .0; ��
1
2 /, resulting inX

k

jkj2sEk.gk/j
tD�

� 12
� eM"kgin

k
2
H s
xL

2
p
:

Using the interpolation inequality (2.5) again with � D 4�ak
jkjck

, we deduce that at time t D

��
1
2 (time for which � � 1 if � is small enough),

Ek.gk/ � kgkk
2
C
1

2
ak�

1
2 jkj�

1
2 krpgkk

2
C
1

2
ck�
� 12 jkj

1
2 krp.p � Ok/gkk

2

�

�
1C

1

2
.akck/

1
2

�
kgkk

2
D

�
1C

1

2
.AC/

1
2

�
kgkk

2;

and eventually

kg.��
1
2 /kH s

xL
2
p
� �kgin

k
2
H s
xL

2
p
; �´

eM"0

1C 1
2
.AC/

1
2

< 1

taking " < "0 small enough. Iterating this bound gives exactly (1.9) and concludes the
proof.
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3.3.3. Application to the vector fields. The analogous version of Proposition 3.15 for
vector fields is contained in Lemma 3.17 (estimate without cut-off) and Lemma 3.18 (esti-
mate with cut-off) below. We start with an L2 estimate.

Lemma 3.16. Let .�k/k¤0 be a family of smooth functions with �k D 0 near p D � Ok.
There exists "0 > 0 with the following property: if " 2 .0; "0/ and

sup
t�0

kv.t/kH s C

�Z 1
0

kv.t/k2H s dt
� 1
2

� "�
3
4 ;

then for any T > 0 there holds

sup
0�t�T

X
k

jkj2s�
1
2 kJkgk�kk

2
C

Z T

0

�
X
k

jkj2s�
1
2 krJkgk�kk

2

C �
1
2

X
k

jkj2skJkgk�kk
2 . kgin

k
2
H s
xL

2
p
C krgin

k
2
H s
xL

2
p
:

Proof. We first establish an estimate without cut-off, starting from Lemma 3.3. We take
Yk D gk , Fk D V Yk D VJkgk , multiply by jkj2s�

1
2 , and sum over k. We find

d
dt

X
jkj2s�

1
2 kJkgkk

2
C �

X
jkj2s�

1
2 krJkgkk

2
C �

1
2

X
jkj2skJkgkk

2

.
X
k

jkj2sC
1
2 hJkgk ; VJkgki C

X
k

jkj2sC
1
2 hJkgk ; Sgki

C

X
k

jkj2sC
1
2 bkkgkk

2
C

X
k

jkj2sC
1
2Dk.gk/:

The first term on the right-hand side is bounded thanks to Lemma 3.10 (applied with
Y D Jg, � D 1):X

k

jkj2sC
1
2 RehVJkgk ; Jkgki . kvkH s

X
k

jkj2s�
1
2 kJkgkk

2:

It can be absorbed by the left-hand side, as kvkH s � �
1
2 . The second term on the right-

hand side is estimated thanks to Lemma 3.11 (applied with Y D g, � D 1):X
jkj2sC

1
2 RehSJkgk ; Jkgki � ı�

1
2

X
k

jkj2skJkgkk
2

. kvk
H
s� 14

�X
k

jkj2s�
1
2 krgkk

2

� 1
2
�X

k

jkj2s�
1
2 kJkgkk

2

� 1
2

C ı�1��
3
2 kvk2H s

X
k

jkj2skgkk
2

. ı�
1
2

X
k

jkj2s�
1
2 kJkgkk

2
C ı�1kvk2

H
s� 14
��

1
2

X
k

jkj2s�
1
2 krgkk

2

C ı�1��
3
2 kvk2H s

X
k

jkj2skgkk
2:
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We take ı D ". For " < "0 small enough, the first term can be absorbed into the left-hand
side, while the second term can be included in

P
k jkj

2sC 1
2Dk.gk/. We end up with

d
dt

X
jkj2s�

1
2 kJkgkk

2
C �

X
jkj2s�

1
2 krJkgkk

2
C �

1
2

X
jkj2skJkgkk

2

.
X
k

jkj2sC
1
2 bkkgkk

2
C

X
k

jkj2sC
1
2Dk.gk/C "

�1��
3
2 kvk2H skgk

2
H s
xL

2
p
:

The time integral of the second term on the right-hand side could be controlled directly
thanks to Proposition 3.15. Similarly, the time integral of the last term could be controlled
thanks to the assumption on v and (1.9). But the limiting term, due to the absence of
cut-off, is

P
k jkj

2sC 1
2 bkkgkk

2 .
P
k jkj

2sC 1
2 akkgkk

2, where we could not squeeze a
factor r.p � k/. This forces us to multiply the previous inequality by �

1
2 . We get, with

Proposition 3.15, that

sup
0�t�T

�
1
2

X
jkj2s�

1
2 kJkgkk

2
C

Z T

0

�
3
2

X
jkj2s�

1
2 krJkgkk

2

C

Z T

0

�
X
jkj2skJkgkk

2 . kgin
k
2
H s
xL

2
p
C �

1
2 krpg

in
k
2
H s
xL

2
p
: (3.11)

We can then obtain a better bound using the cut-off �, replacing our starting point (3.6)
by the improved Lemma 3.4. After similar manipulations, we get

d
dt

X
jkj2s�

1
2 kJkgk�kk

2
C �

X
jkj2s�

1
2 krJkgk�kk

2
C �

1
2

X
jkj2skJkgk�kk

2

. kvk
H
s� 14

�X
jkj2s�

1
2 kJkgkk

2
� 1
2
�X

jkj2s�
1
2 kJkgk�kk

2
� 1
2

C kvk
H
s� 14

�X
k

jkj2s�
1
2 krgkk

2

� 1
2
�X

k

jkj2s�
1
2 kJkgk�kk

2

� 1
2

C

X
k

jkj2sC
1
2Dk.gk/C �

X
k

jkj2s�
1
2 kgk Q�kk

2
C "�1��

3
2 kvk2H skgk

2
H s
xL

2
p
;

which implies, using the smallness assumption on v,

d
dt

X
jkj2s�

1
2 kJkgk�kk

2
C �

X
jkj2s�

1
2 krJkgk�kk

2
C �

1
2

X
jkj2skJkgk�kk

2

. ��
1
2 kvk2

H
s� 14

X
jkj2s�

1
2 kJkgkk

2
C

X
k

jkj2sC
1
2Dk.gk/

C .� C "�1��
3
2 kvk2H s /kgk

2
H s
xL

2
p
:

Using Proposition 3.15, (3.11), and (1.9) concludes the proof of the lemma.

For the control of the hypocoercive functional of JkY , we first show an estimate with
a loss in �, but without localization.



Nonlinear stability for active suspensions 1179

Lemma 3.17. There exists "0 > 0 with the following property: if " 2 .0; "0/ and

sup
t�0

kv.t/kH s C

�Z C1
0

kv.t/k2H s dt
� 1
2

� "�
3
4 ;

then for any T > 0 there holds

�
1
2

�
sup
0�t�T

X
k

jkj2s�1Ek.Jkgk/C

Z T

0

X
k

jkj2sDk.Jkgk/C �
1
2

X
k

jkj2s�
1
2Ek.Jkgk/

�
. kgin;rpg

in
k
2
H s
xL

2
p
:

Proof. The proof is very close to the proof of (3.11). One starts from Lemma 3.5, which
is applied with Yk D gk , Fk D Vgk . One multiplies by jkj2s�1, and sums over k. The
nonlinear termX

jkj2s�1 ReEk.Jkgk ; JkVgk/

D

X
jkj2s�1 ReEk.Jkgk ; VJkgk/C

X
jkj2s�1 ReEk.Jkgk ; Sgk/

is then treated with Lemmas 3.8 and 3.13. We leave the details to the reader.

We then get an improved estimate with cut-off.

Lemma 3.18. Let .�k/k¤0 as in Lemma 3.16. There exists "0 > 0 with the following
property: if " 2 .0; "0/ and

sup
t�0

kv.t/kH s C

�Z C1
0

kv.t/k2H s dt
� 1
2

� "�;

then for any T > 0 there holds

sup
0�t�T

X
k

jkj2s�1E�k ;k.Jkgk/C

Z T

0

X
k

jkj2sD�k ;k.Jkgk/

C�
1
2

Z T

0

X
k

jkj2s�
1
2E�k ;k.Jkgk/ . kgin;rpg

in
k
2
H s
xL

2
p
:

Proof. The proof is again very close to that of Lemma 3.16, once the estimate without cut-
off has been established. One needs to combine Lemmas 3.6 and 3.17, as well as Lemmas
3.8 and 3.13 to control the convection term.

The last control that we will need to prove mixing estimates is an H s� 34 estimate on
JJg.
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Lemma 3.19. Let �, �k as in Lemma 3.16. There exists "0 > 0 with the following prop-
erty: if " 2 .0; "0/ and

sup
t�0

kv.t/kH s C

�Z C1
0

kv.t/k2H sdt
� 1
2

� "�
5
4 ;

then for any T > 0 there holds

sup
0�t�T

X
k

jkj2s�
3
2 kJkJkgk�kk

2
C

Z T

0

�
X
k

jkj2s�
3
2 krJkJkgk�kk

2

C �
1
2

X
k

jkj2s�1kJkJkgk�kk
2 . kgin;rpg

in;r2pg
in
k
2
H s
xL

2
p
:

Proof. The starting point is Lemma 3.4 applied with Y D Jg, F D JVg. We find

1

2

d
dt

X
jkj2s�

3
2 kJkJkgk�kk

2
C
3

4
�
X
jkj2s�

3
2 krJkJkgk�kk

2

C
3

4
�
1
2

X
jkj2s�1kJkJkg�kk

2

.
X
jkj2s�

1
2 jhJkYk�; JkJkVgk�ij C �

X
jkj2s�

3
2 kJkgk Q�kk

2

C

X
jkj2s�

1
2D Q�k ;k.Jkgk/:

The last two terms are controlled thanks to Lemma 3.18, replacing � by Q�, after integration
in time. The convection term is decomposed intoX

jkj2s�
1
2 hJkJkgk�; JkJkVgk�i D

X
jkj2s�

1
2 hJkJkgk�k ; JkSgk�ki

C

X
jkj2s�

1
2 hJkJkgk�k ; SJkgk�i

C

X
jkj2s�

1
2 hJkJkgk�k ; VJkJkgk�ki:

We use Lemma 3.10 to writeX
k

jkj2s�
1
2 RehJkJkgk�k ; VJkJkgk�ki

. kvk
H
s� 34

�X
jkj2s�

3
2 kJkJkgkk

2
� 1
2
�X

jkj2s�
3
2 kJkJkgk�kk

2
� 1
2

. ı�
1
2

X
jkj2s�

3
2 kJkJkgk�kk

2
C ı�1kvk2

H
s� 34
��

1
2

X
jkj2s�

3
2 kJkJkgkk

2:

Replacing the first operator Jk by its definition, we get

kvk2
H
s� 34
��

1
2

X
jkj2s�

3
2 kJkJkgkk

2

. kvk2
H
s� 34
��

3
2

�
�
X
jkj2s�

3
2 krpJkgkk

2
C

X
jkj2s�

1
2 bkkr.p � Ok/Jkgkk

2
�
:
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The right-hand side can be controlled thanks to Lemma 3.17, after integration in time. The
term X

jkj2s�
1
2 hJkJkgk�k ; SJkgk�ki

can be controlled in an easier way with Lemmas 3.11 and 3.17. Finally, the termX
jkj2s�

1
2 hJkJkgk�k ; JkSgk�ki

can be controlled thanks to Lemma 3.14. This concludes the proof.

3.4. Mixing estimates

We now consider integral quantities of the form (1.8), namely

Vk Œg� D
Z

S2
gk.p/Zk.p/r.p � Ok/ dp;

and establish decay estimates as a consequence of orientation mixing.

Proposition 3.20. Let k ¤ 0, Zk D Zk.p/ a smooth function, and �k D �k.p/ a smooth
function which is 1 on the support of Zk . Then, for any g 2 H 1, we have

jVk Œg�j .
�
1
2

jkj
1
2ˇk

ŒkJkgk�kk C kgk�kk�kZkkH1 :

Proof. We use the identity r.p � Ok/gk D 1
i

�
1
2

jkj
1
2 ˇk

.Jkgk � ˛krgk/, so thatˇ̌̌̌
Vk Œg�

ˇ̌̌̌
�

�
1
2

jkj
1
2 jˇkj

�ˇ̌̌̌Z
S2
JkgkZk.p/

ˇ̌̌̌
C

ˇ̌̌̌Z
S2
˛krgkZk.p/

ˇ̌̌̌�
�

�
1
2

jkj
1
2 jˇkj

�ˇ̌̌̌Z
S2
JkgkZk.p/

ˇ̌̌̌
C

ˇ̌̌̌Z
S2
˛kgkr �Zk.p/

ˇ̌̌̌�
.

�
1
2

jkj
1
2 jˇkj

�Z
S2

ˇ̌̌̌
Jkgk�kZk.p/

ˇ̌̌̌
C

Z
S2
jgk�kr �Zk.p/j

�
:

The result follows from the Cauchy–Schwarz inequality.

When g is the solution of the advection-diffusion equation (1.6), suitable norms of the
functions ¹Vkºk2Z can be estimated in terms of the vector field J as follows.

Proposition 3.21. Assume

sup
t�0

kv.t/kH s C

�Z 1
0

kv.t/k2H s dt
� 1
2

� "�
3
4 :

Then, for " < "0 small enough, we findX
k

jkj2sC
1
2 jVk Œg.t/�j2 .

�

jˇ.�
1
2 t /j2

X
k

jkj2s.kgin
k k

2
C krgin

k k
2/
�

sup
`

kZ`k
2
H1

�
:
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Proof. For all k ¤ 0, we introduce �k ,  k a smooth partition of unity on the sphere
(�k C k � 1) such that �k D 0 near pD� Ok and  k D 0 near pD Ok. We can decompose

Vk Œg.t/� D
Z

S2
gk.t/.Zk�k/.p/r.p � Ok/C

Z
S2
gk.t/.Zk k/.p/r.p � Ok/:

It is enough to prove thatX
k

jkj2sC
1
2

ˇ̌̌̌Z
S2
gk.t/.Zk�k/.p/r.p � Ok/

ˇ̌̌̌2
.

�

ˇ.�
1
2 t /2

X
k

jkj2s.kgin
k k

2
C krgin

k k
2/
�

sup
`

kZ`k
2
H1

�
;

as the other integral could be treated similarly, by exchanging the roles of the north and
south poles; see Remark 3.2. We then introduce another family . Q�k/k¤0 which is still zero
near p D � Ok, with Q�k D 1 on the support of �k . It follows from Proposition 3.20 thatX

k

jkj2sC
1
2

ˇ̌̌̌Z
S2
gk.t/.Zk�k/.p/r.p � Ok/

ˇ̌̌̌2
.
X
k

jkj2s�
1
2

�

jˇkj2
ŒkJkgk.t/ Q�kk

2
C kgk.t/ Q�kk

2�kZkk
2
H1

.
�

jˇ.�
1
2 t /j2

X
k

jkj2s�
1
2 ŒkJkgk.t/�kk

2
C kgk.t/�kk

2�
�

sup
`

kZ`k
2
H1

�
:

The result then follows from Proposition 3.15 and Lemma 3.16.

When dealing with JJg, we follow the same spirit as in [9, Proposition 1.7] and obtain
the following bound.

Proposition 3.22. Let k ¤ 0, Zk D Zk.p/ a smooth function, and �k D �k.p/ a smooth
function which is 1 on the support of Zk . Then, for all r D rk.t/, the following bound
holds:

jVk Œg�j . .Ar;kkgk�kk C Br;kkJkgk�kk C Cr;kkJkJkgk�kk/.kZkkH2 C kZkkW 1;1/;

where

Ar;k ´
�
1
2

jkj
1
2 jˇkj

�
r C r�1

�
1
2

jkj
1
2 jˇkj

�
;

Br;k ´
�
1
2

jkj
1
2 jˇkj

�
r C .r�1 C jln r j

1
2 /

�
1
2

jkj
1
2 jˇkj

�
;

Cr;k ´
�

jkj jˇkj2
jln.r/j

1
2 :
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Proof. As a preliminary step, we introduce �r D �r .p/ a smooth function with �r D 1 on
an r-neighborhood of Ok, and �r D 0 outside a 2r-neighborhood of Ok. We then consider,
for any smooth G with G D 0 near p D � Ok and �k D 1 on the support of G, and for any
tensor Yk , ˇ̌̌̌Z

S2
YkG

ˇ̌̌̌
�

ˇ̌̌̌Z
S2
Yk�rG

ˇ̌̌̌
C

ˇ̌̌̌Z
S2
Yk.1 � �r /G

ˇ̌̌̌
µ I1 C I2:

We find directly by Cauchy–Schwarz,

I1 . kYk�kkrkGkL1 :

Then

I2 D
1

iˇk

� �
jkj

� 1
2

Z
S2
r.p � Ok/ � JkYk

G

jrp.p � Ok/j2
.1 � �r /

C
˛k

iˇk

� �
jkj

� 1
2

Z
S2
Ykrp �

�
r.p � Ok/

G

jrp.p � Ok/j2
.1 � �r /

�
;

from where

I2 .
1

jˇkj

� �
jkj

� 1
2
kGkL1kJkYk�kkjln.r/j

1
2

C
j˛kj

jˇkj

� �
jkj

� 1
2
kYk�kk

1

r
.kGkL1 C kGkH1/:

We conclude thatˇ̌̌̌Z
S2
YkG

ˇ̌̌̌
.
�� 1

jˇkj

� �
jkj

� 1
2 1

r
C r

�
kYk�kk C

1

jˇkj

� �
jkj

� 1
2
jln.r/j

1
2 kJkYk�kk

�
� .kGkL1 C kGkH1/:

We then turn to

jVŒgk.t/�j �
ˇ̌̌̌
1

iˇk

� �
jkj

� 1
2

Z
S2
ZkJkgk

ˇ̌̌̌
C

ˇ̌̌̌
˛k

iˇk

� �
jkj

� 1
2

Z
S2
.rp �Zk/gk

ˇ̌̌̌
:

Applying the previous formula, we end up with

jVŒgk.t/�j .
1

jˇkj

� �
jkj

� 1
2

��
1

jˇkj

� �
jkj

� 1
2 1

r
C r

�
kJkgk�kk

C
1

jˇj

� �
jkj

� 1
2
jln.r/jj

1
2 kJkJkgk�kk

�
.kZkkL1 C kZkkH1/

C
1

jˇkj

� �
jkj

� 1
2

��
1

jˇkj

� �
jkj

� 1
2 1

r
C r

�
kgk�kk

C
1

jˇkj

� �
jkj

� 1
2
jln.r/j

1
2 kJkgk�kk

�
.krZkkL1CkrZkkH1/:

The result follows.
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We can now conclude this linear analysis, proving Theorem 2.

Proof of Theorem 2. For t � 1, Proposition 3.21 impliesX
k¤0

jkj2s
0

jVk Œgk.t/�j2 . t�2 sup
k

.kZkk
2

W
1;1
p
C kZkk

2
H2
p
/kgin;rpg

in;r2pg
in
k
2
H s
xL

2
p
;

so that the claimed conclusion follows as in this time range t�2 � t�3.
In the range t � 1, we apply Proposition 3.22 with the choice

r D rk.t/ D

�
�
1
2

jkj
1
2 jˇkj

� 1
2

. 1:

Then the bounds satisfy

Ar;k ; Br;k ; jkj
1
4Cr;k .

�
�
1
2

jkj
1
2 jˇkj

� 3
2

;

which implies the claimed result.

4. Nonlinear stability

The proof of the nonlinear stability Theorem 1 relies on two main ingredients: the analysis
of a Volterra equation that allows the computation of u from  through the relations spec-
ified in (1.2), and the use of the linear estimates of Theorem 2, via a proper bootstrapping
scheme. These two points will be carried out in Sections 4.2 and 4.3, respectively.

For notational convenience, we will prove Theorem 1 with shifted index s � 1 instead
of s. As u has one more degree of regularity than  in x, u will then have H s regularity
in x.

Let s > 9
2

, T 2 .0;1�, and a field v be defined on Œ0; T / and satisfy

sup
0�t�T

kv.t/kH s C

�Z T

0

kv.t/k2H s dt
� 1
2

� "�
5
4 : (H0)

We introduce
Sv.t; �/WL

2
! L2; 0 � � � t < T ;

the linear two-parameter process arising as the solution operator of the (nonautonomous)
advection-diffusion equation in (1.6), considered on .0; T /. Namely, for 0 � � � t < T
we set Sv.t; �/gin D g� .t/, where g� is the solution on Œ�; T / of

@tg� C .v C p/ � rxg� � ��pg� D 0; g� jtD� D g
in:

The results in Theorem 2 were stated under (H) for the time interval .0;1/ but extend
straightforwardly under (H0) to an arbitrary interval .�; T /. In particular, given s > 5

2
,



Nonlinear stability for active suspensions 1185

0 < s0 < s C 1
4

, there exist constants C0; "; �0; �1 > 0 such that for all � � �0 the condi-
tion (H0) implies

k.Sv.t; �/g
in/¤0kH s

xL
2
p
� C0e��1�

1
2 .t��/

kgin
¤0kH s

xL
2
p

(4.1)

andX
k¤0

jkj2s
0

jVk ŒSv.t; �/gin�j2 (4.2)

� C0

�
�
1
2

min¹1; �
1
2 .t � �/º

�3
sup
k

.kZkk
2

W
1;1
p
C kZkk

2
H2
p
/kgin
¤0;rpg

in
¤0;r

2
pg

in
¤0k

2
H s
xL

2
p
;

for all t 2 Œ0; T /. We will now focus on the analysis of the full system (1.2).

4.1. Bootstrap assumptions

Let  in 2 H s�1. Existence and uniqueness of a local-in-time solution to (1.2) satisfying

 2 Cloc.Œ0; T�/;H
s�1/; rp 2 L

2
loc.Œ0; T�/;H

s�1/

is standard; see e.g. [1, Theorem B.2] for s D 2. Moreover, if T� is the maximal time of
existence, one has

lim sup
t!T�

ku.t/kH s D1:

Let �0 D
�1
10

, with �1 the absolute constant in (4.1). Let ı, ı0, ı00 be positive constants to
be specified later, only depending on 
 and �. For each �, let T D T .�; 
; �/ > 0 be the
maximal time upon which the following three bootstrap assumptions hold:

sup
0�t�T

e�0�
1
2 t
ku.t/kH s � ı�

3
2 ; (BA0)Z T

0

krp .t/k
2
H s�1 dt � ı02�

1
2 ; (BA1)

sup
0�t�T

k .t/kH s�1 � ı00�
1
2 : (BA2)

For any ı, ı0, ı00, the existence of a positive T is guaranteed by the smallness assumption
on  in, taking ı0 small enough compared to ı, ı0, ı00. Note also that (BA0) implies (H0),
for ı � min. "

�
1=4
0

; 1/. The point is to show that there exists �0 such that for all � � �0, all

three bounds are satisfied with improved constants ı=2, ı0=2, ı00=2 instead of ı, ı0, ı00, and
that moreover, on .0; T /,

sup
0�t<T

k k2
H s
xL

2
p
C �

Z T

0

krp k
2
H s
xL

2
p

dt . ��1k in
k
2: (4.3)

Improvement of the constants will imply that T D T� D 1, which combined with (4.3)
will conclude the proof of Theorem 1.
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Remark 4.1. Condition (BA0) is of enhanced dissipation type, and holds on the velocity
field u solving the nonlinear system. If we were instead able to propagate some mixing
estimate of the form

sup
0�t�T

.1C t /˛ku.t/kH s � ı�
5
4

for some ˛ > 1, we could lower the stability threshold (1.4) from �
3
2 down to �

5
4 , because

it would be enough to ensure that u satisfies (H0). However, deriving such nonlinear mixing
estimates, in the spirit of [5], seems out of reach in our context.

4.2. Analysis of the Volterra equation

From (1.2), we can deduce a Volterra-like equation for u. On one hand, from the second
relation in (1.2), u is obtained from  through application of the linear operator U defined
by

U D �St�1 rx �
Z

S2
p ˝ p ;

where St is the Stokes operator �P� on T (with P the Leray projector). On the other
hand, the solution  to the first relation in (1.2) obeys the Duhamel formula

 .t/ D Su.t; 0/ 
in
C

Z t

0

Su.t; �/F.�/ d�;

with
F.t/ D

3


4�
.p ˝ p/ W E.u/ � rp �

�
Pp? Œ.
E.u/CW.u//p� 

�
:

Applying the operator U to both sides of this Duhamel formula, we get

u.t/C

Z t

0

K.t; �/u.�/ d� D f .t/;

where

K.t; �/u0 D �
3
�

4�
St�1 rx �

Z
S2
p ˝ pSu.t; �/.p ˝ p W E.u0//;

f .t/ D �St�1 rx �
Z

S2
p ˝ pSu.t; 0/ 

in

� � St�1 rx �
Z

S2
p ˝ p

�

Z t

0

Su.t; �/rp �
�
Pp?

��

E.u.�//CW.u.�//

�
p
�
 .�/

�
d�:

Our first result concerns the integrability properties of the kernel K and only requires the
bootstrap assumption (H0).

Proposition 4.2. There exists an absolute constant �0 such that for � � �0, condition (H0)
implies that kernel K satisfies the following estimates:
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(a) kK.t; �/kL.H s ;H s/ . 1 for all � � t with t � � � 1.

(b) kK.t; �/kL.H s ;H s/ . e��1�
1
2 .t��/, for all � � t , with �1 the rate given in the

hypocoercive estimate (4.1).

(c) kK.t; �/kL.H s ;H r / . 1

.t��/
3
2

C �
3
4 , for all � < t , for any r < s C 1

4
.

Proof. We can restrict to the case � D 0, as all the arguments that we will use are transla-
tion invariant. Given u0 2 H s , we denote by  0 the solution of

@t 0 C .uC p/ � rx 0 � ��p 0 D 0;  0jtD0 D �
3
�

4�
p ˝ p W E.u0/:

Note that the initial data is mean-free in x, a property that is propagated through time:
 0 D  0;¤0. From the definition of  0,

K.t; 0/u0 D St�1 rx �
Z

S2
p ˝ p 0:

By a standard energy estimate on  0 in H s�1, under (H0) for u we find

k 0.t/kH s�1 . k 0.0/kH s�1 . ku0kH s ; 8t � 1:

Hence,
kK.t; 0/u0kH s . k 0.t/kH s�1 . ku0kH s ; 8t � 1

and estimate (a) follows. Also, the hypocoercive estimate (4.1), which is valid under (H0),
implies for ı small enough that

k 0.t/kH s�1 . e��1�
1
2 t
k 0.0/kH s�1 . e��1�

1
2 t
ku0kH s ; 8t � 0;

which implies estimate (b). It remains to prove estimate (c). Expressing the operator
St�1 rx � in Fourier, one checks that

kK.t; 0/u0k
2
H r D

X
k¤0

jkj2r�2
ˇ̌̌̌Z

S2
.p � Ok/P Ok?p 0;k

ˇ̌̌̌2
:

To a given k, we can associate a cartesian frame .ex ; ey ; ez ´ Ok/ and spherical coordi-
nates .�; '/ with � the colatitude and ' the longitude. In particular, p D sin � cos 'ex C
sin � sin'ey C cos � Ok. We compute

p � Ok D cos �;

r.p � Ok/ D � sin �e� D � sin �.cos � cos'ex C cos � sin'ey � sin � Ok/;

P Ok?p D p � .p �
Ok/ Ok D sin � cos'ex C sin � sin'ey ;

so that
.p � Ok/P Ok?p D �P Ok?r.p �

Ok/:
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Hence,

kK.t; 0/u0k
2
H r D

X
k¤0

jkj2r�2
ˇ̌̌̌Z

S2
P Ok?r.p �

Ok/ 0;k

ˇ̌̌̌2
:

From there, we apply inequality (4.2) (see (1.8) for the definition of Vk), with Z D Zk D
P Ok? and s D r � 5

4
C to get

kK.t; 0/u0k
2
H r .

�
�
1
2

min.1; �
1
2 t /

�3�
k 0.0/k

2

H
r� 54C

C krp 0.0/k
2

H
r� 54C

C kr
2
p 0.0/k

2

H
r� 54C

�
.
� 1
t3
C �

3
2

�
ku0k

2

H
r� 14C

:

The result follows.

We can now state a stability estimate for u.

Proposition 4.3. Assume (1.3). Let �0 D
�1
10

, with �1 the absolute constant given in (4.1).
There exists �0 > 0 depending on 
 and � such that for � � �0 the condition (H0) implies

sup
0�t�T

e�0�
1
2 t
ku.t/kH s . sup

0�t�T

e�0�
1
2 t
kf .t/kH s :

Proof. The proof is an adaptation of the reasoning in [9, Section 5.2]. We first extend
K.t; �/ by zero for t � T or � > t , and extend u.t/ and f .t/ by zero for t � T . Setting

k.t; �/ D e�0�
1
2 .t��/K.t; �/; Qu.t/ D e�0�

1
2 tu.t/; Qf .t/ D e�0�

1
2 tf .t/;

the Volterra equation is equivalent to

Qu.t/C

Z 1
0

k.t; �/ Qu.�/ d� D Qf .�/ for all t 2 RC; (4.4)

and the point is to show that supt�0 k Qu.t/kH s . supt�0 k Qf .t/kH s . We introduce

Ks ´
®
k W RC �RC ! L.H s;H s/; k.t; �/ D 0 for � � t ;

supt2RC

R1
0
jk.t; �/j d� < C1

¯
;

equipped with kkkKs
´ supt

R
RC
jk.t; �/j d� . This space is an analogue of the space of

Volterra kernels of bounded type introduced in [11], replacing kernels with values in Cn

by kernels with values inL.H s;H s/. One can show exactly as in [11] that Ks is a Banach
algebra for the product

.k1 ? k2/.t; �/´

Z 1
0

k1.t; �
0/k2.�

0; �/ d� 0:
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Moreover, as in any Banach algebra, there is a notion of resolvent: we say that k 2Ks has
resolvent r 2Ks if

r C k ? r D r C r ? k D k:

One can show the following lemma.

Lemma 4.4 (Direct adaptation of [11, Chapter 9, Lemma 3.4]). If k 2 Ks has a resol-
vent r 2 Ks then, for any Qf 2 L1.RC; H s/, equation (4.4) has a unique solution Qu 2
L1.RC;H s/, given by

Qu.t/ D Qv.t/ �

Z
RC

r.t; �/ Qv.�/ d�:

In particular, k QukL1.RC;H s/ � .1C krkKs
/k QvkL1.RC;H s/.

Moreover, the set of kernels having a resolvent is open, which can be proved through
a von Neumann series argument. Namely, we have the following proposition.

Proposition 4.5 (Direct adaptation of [11, Chapter 9, Theorem 3.9]). If k D k1 C k2 is
the sum of two elements of Ks , if k1 has a resolvent r1, and if

kk2kKs
<

1

1C kr1kKs

;

then k has a resolvent r , given by r D
PC1
nD0.�1/

n..k2 � r1 ? k2/?/
n.k � r1 ? k/.

Following [9], we decompose

k.t; �/ D K.t; �/C .e�0�
1
2 .t��/

� 1/K.t; �/µ k1.t; �/C k2.t; �/:

It is easily seen that k 2Ks . Moreover, we will prove the following lemma below.

Lemma 4.6. Assume (1.3). There exists �0 > 0 depending on 
 and � such that, for all
� � �0, if (H0) holds, then the kernel .t; �/ 7! K.t; �/ has a resolvent R D R.t; �/, and

kK.t; �/kKs
. 1; kR.t; �/kKs

. 1:

Assuming for the moment that this lemma is satisfied, we now prove that kk2kKS
! 0

as � ! 0. Let a 2 .0; 1/ be specified, b´ 1
8�0

, and decompose:

kk2kKS
� sup
t2RC

Z 1
0

.e�0�
1
2 �
� 1/kK.t; t � �/kL.H s ;H s/ d�

� sup
t2RC

�Z a�
� 12

0

C

Z bjln �j��
1
2

a�
� 12

C

Z 1
bjln �j��

1
2

�
.e�0�

1
2 �
� 1/

� kK.t; t � �/kL.H s ;H s/ d�

µ sup
t2RC

I1.t/C I2.t/C I3.t/:
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Let ~ > 0. Using the bound kK.t; t � �/kL.H s ;H s/ . h�i� 32 for � � a��
1
2 , see Proposition

4.2, we find
I1.t/ . .e�0a � 1/ � ~ for a small enough:

This a being fixed, using the bound kK.t; t��/kL.H s ;H s/ . � 34 for � 2 Œa��
1
2 ;b��

1
2 jln�j�,

cf. again Proposition 4.2, we get

I2.t/ . ���0b�1=4 . �1=4�1=8 � ~;

for � small enough. Finally, using the second inequality in Proposition 4.2, we get

I3.t/ .
Z C1
bjln �j��

1
2

e.�0��1/�
1
2 � d� . ��

1
2C.�1��0/b D �

1
8 .
�1
�0
�5/
� ~;

for � small enough. Hence, kk2kKS
goes to zero with �. By Lemmas 4.5 and 4.6 (still to

be proved), we deduce that the kernel k has a resolvent r , with krkKs
. 1. Proposition 4.3

is then a direct consequence of Lemma 4.4. The only missing step is the proof of Lemma
4.6, which is done below.

Proof of Lemma 4.6. We recall, for 0 � � � t < T , the formula

K.t; �/u0´ St�1 rx �
Z

S2
p ˝ p � ;

where  0 D  0.t/ is the solution of

@t � C .uC p/ � rx � � ��p � D 0; t � �;  � jtD� D �
3
�

4�
p ˝ p W E.u0/:

The first estimate of the lemma follows from the estimates of Proposition 4.2 (see the
treatment of the kernel k2 for very close computations). To show that K has a resolvent
with norm O.1/, we will again rely on Lemma 4.5, seeing K as a perturbation of the
kernel xK.t; �/ D xK0.t; �/1t<T , where

for all � > t; xK0.t; �/ D 0;

while for � � t ; xK0.t; �/u0´ St�1 rx �
Z

S2
p ˝ p x � .t/;

(4.5)

where this time x � is the solution (mean-free in x) of

@t x � C p � rx x � � ��p x � D 0; t � �; x � jtD� D �
3
�

4�
p ˝ p W E.u0/: (4.6)

The kernel xK0, corresponding to the case u D 0, was analyzed Fourier mode by Fourier
mode in [9]. We recall some elements of this analysis in Appendix A. This analysis shows
in particular that there exists �0 > 0 depending on 
 and � such that for � � �0 the kernel
xK0 has a resolvent NR0 satisfying

k NR0.t; �/kKs
. 1:
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It implies directly that xK.t; �/ D xK0.t; �/1t<T has for resolvent NR.t; �/ D NR0.t; �/1t<T
whose norm in Ks satisfies the same bound. By Lemma 4.5, it is then enough to show that
under (H0),

lim
�!0
k.K � xK/kKs D 0: (4.7)

Let ~ > 0. For some large zT we decompose the difference as

k.K � xK/kKs �

Z zT
0

k.K � xK/.t; t � �/kL.H s ;H s/ d�

C

Z 1
zT

.kK.t; t � �/kL.H s ;H s/ C k
xK.t; t � �/kL.H s ;H s// d�:

For the second part, we use the estimates of Proposition 4.2, which are also valid for xK,
as u D 0 satisfies (H0): introducing c D 1

�1
,Z 1

zT

.kK.t; t � �/kL.H s ;H s/ C k
xK.t; t � �/kL.H s ;H s// d�

D

�Z �
� 12

zT

C

Z c�
� 12 j�j

�
� 12

C

Z C1
c�
� 12 j�j

�
.kK.t; t��/kL.H s ;H s/ C k

xK.t; t��/kL.H s ;H s// d�

.
Z �

� 12

zT

1

h�i
3
2

d� C
Z c�

� 12 j�j

�
� 12

�
3
4 d� C

Z C1
c�
� 12 j�j

e��1�
1
2 � d�

.
Z 1
zT

1

h�i
3
2

d� C �1=4j�j C ��
1
2C�1c � ~;

for zT large enough (depending on 
 and �) and � small enough. This time, zT being fixed,
we turn to the first term. We claim that for � small enough, if (H0) holds, for all � � zT ,

k.K � xK/.t; t � �/kL.H s ;H s�1/ . �
5
4 : (4.8)

Let us assume temporarily that (4.8) holds. We also have, by the third inequality in Propo-
sition 4.2,

kK.t; t � �/kL.H s ;H sCs0 / C k
xK.t; t � �/kL.H s ;H sCs0 / .

1

�
3
2

(4.9)

for s0 D 1
8

(any s0 2 .0; 1
4
/ would do). By interpolation of (4.8) and (4.9) , we get

k.K � xK/.t; t � �/kL.H s ;H s/

� k.K � xK/.t; t � �/k1��
L.H s ;H s�1/

� .kK.t; t � �/kL.H s ;H sCs0 / C k
xK.t; t � �/kL.H s ;H sCs0 //

�

. �
5
4 .1��/��

3
2 � ;
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with � such that �s0 � .1 � �/ D 0, that is, � D 1
1Cs0
D

8
9

. We deduce from this estimate
and the estimate

k.K � xK/.t; t � �/kL.H s ;H s/ � kK.t; t � �/kL.H s ;H s/ C k
xK.t; t � �/kL.H s ;H s/ . 1

thatZ zT
0

k.K � xK/.t; t � �/kL.H s ;H s/ d�

D

Z ~

0

k.K � xK/.t; t � �/kL.H s ;H s/ d� C
Z zT
~

k.K � xK/.t; t � �/kL.H s ;H s/ d�

� C~ C C 0�
5
4 .1��/

Z C1
~

��
3
2 � � C~ C C 00�

5
4 .1��/~�

1
3 � .C C 1/~;

for � small enough. As ~ is arbitrary, this proves (4.7). The final step is to establish (4.8).
From the definition of the kernel, we find for t � T (otherwise all quantities are zero),

k.K � xK/.t; �/u0kH s�1 � k. 0 � x 0/.t/kH s�2 :

The function  ´  � � x � satisfies

@t C .uC p/ � rx � ��p D �u � rx x � ; t � �;  jtD� D 0:

A standard estimate yields (for s � 2 > 5
2

)

@tk k
2
H s�2 . kukH s�2k k2

H s�2 C kukH s�2krx x �kH s�2k kH s�2 :

For � � t with t � � � zT (where we recall that zT is fixed) this implies

k .t/kH s�2 .
Z t

�

k x � .t
0/kH s�1ku.t 0/kH s�2 dt 0 . sup

��t 0�t

k x � .t
0/kH s�1�

5
4 . ku0kH s�

5
4 ;

where the second inequality is coming from (H0) and from the standard Sobolev estimate
sup��t 0�t k x � .t

0/kH s�1 . k x � .�/kH s�1 D k
3
�
4�
p ˝ p W E.u0/kH s�1 . Estimate (4.8) fol-

lows, and the proof of the lemma is concluded.

4.3. Improvement of the bootstrap assumptions

The goal of this section is to prove the following proposition.

Proposition 4.7. Assume (1.3). Let �0 D
�1
10

, with �1 the absolute constant given in (4.1).
There exist ı; ı0; ı00; �0 > 0 depending on 
 and � such that for � � �0 the assumptions
(BA0)–(BA1)–(BA2) imply

sup
0�t�T

ku.t/kH s . k in
kH s�1e��0�

1
2 t ; (4.10)

�

Z T

0

krp .t/k
2
H s�1 dt . k in

k
2
H s�1�

�1
C k in

k
3
H s�1�

� 32 C k in
k
4
H s�1�

� 52 ;

sup
0�t�T

k .t/kH s�1 . k in
kH s�1��

1
2 :
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In particular, there exists ı0, depending on 
 and �, such that for

k in
kH s�1 � ı0�

3
2 ;

(BA0)–(BA1)–(BA2) can be improved, with ı=2, ı0=2, ı00=2 replacing ı, ı0, ı00, and also
such that (4.3) holds.

As explained in Section 4.1, the last part of the proposition implies Theorem 1.

4.3.1. Bound on u. In all that follows, we take ı � min. "

�
1=4
0

; 1/, so that (BA0) implies

(H0), and the results of Section 4.2 can be applied. The starting point is Proposition 4.3,
which says that

sup
0�t<T

e�0�
1
2 t
ku.t/kH s . sup

0�t<T

e�0�
1
2 t
kf .t/kH s ;

with the source term

f .t/ D �St�1 rx �
Z

S2
p ˝ pSu.t; 0/ 

in

� � St�1 rx �
Z

S2
p ˝ p

�

Z t

0

Su.t; �/rp �
�
Pp?

��

E.u.�//CW.u.�//

�
p
�
 .�/

�
d�

µ f in.t/C fNL.t/:

We recall that Su.t; �/ is the solution operator of L D �.uC p/ � rxuC ��p . The first
term is estimated as

kf in.t/kH s . k.Su.t; 0/ in/¤0kH s�1 . e��1�
1
2 t
k in
kH s�1 ;

where the last inequality comes from (4.1). Similarly,

kfNL.t/kH s .
Z t

0



�S.t; �/rp � �Pp?��
E.u.�//CW.u.�//�p� .�/��¤0

H s�1 d�

.
Z t

0

e��1�
1
2 .t��/.krxu.�/˝rp .�/kH s�1 C krxu.�/˝  .�/kH s�1/ d�

.
Z t

0

e��1�
1
2 .t��/

ku.�/kH s .krp .�/kH s�1 C k .�/kH s�1/ d�

.
�

sup
0��<T

e�0�
1
2 �
ku.�/kH s

�
�

Z t

0

e��1�
1
2 .t��/e��0�

1
2 � .krp .�/kH s�1 C k .�/kH s�1/ d�:

Hence,

e�0�
1
2 t
kfNL.t/kH s

.
�

sup
0��<T

e�0�
1
2 �
ku.�/kH s

� Z t

0

e�.�1��0/�
1
2 .t��/.krp .�/kH s�1 C k .�/kH s�1/ d�;
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where the second factor on the right-hand side is a convolution, resulting in

e�0�
1
2 t
kfNL.t/kH s

.
�

sup
0��<T

e�0�
1
2 �
ku.�/kH s

��
ke�.�1��0/�

1
2
kL2.RC/



krp .�/kH s�1




L2.0;T /

C ke�.�1��0/�
1
2 �
kL1.RC/



k .�/kH s�1




L1.0;T /

�
.
�

sup
0��<T

e�0�
1
2 �
ku.�/kH s

��
��1=4



krp .�/kH s�1




L2.0;T /

C ��
1
2



k .�/kH s�1




L1.0;T /

�
.
�

sup
0��<T

e�0�
1
2 �
ku.�/kH s

�
.ı0 C ı00/;

where the last inequality comes from (BA1)–(BA2). Hence,

sup
0��<T

e�0�
1
2 �
ku.t/kH s . sup

t�0

e.�0��1/�
1
2 t
k in
kH s�1 C .ı0 C ı00/

�
sup
��0

e�0�
1
2 �
ku.�/kH s

�
:

For ı0, ı00 small enough (with a threshold depending on 
 and �), we can absorb the second
term on the right-hand side, which implies the first bound of the proposition.

4.3.2. Bound on . We come back to equation (1.2). Performing standard H s�1 Sobolev
estimates on the equation, we get

1

2

d
dt
k k2

H s�1 C �krp k
2
H s�1 . kukH sk kH s�1 C kukH s�1k k2

H s�1

C kukH s .k kH s�1 C krp kH s�1/k kH s�1 :

On the right-hand side, the first term corresponds to the contribution of the linear term
�
3�
4�
.p ˝ p/ W E.u/. The second term corresponds to the contribution of the transport

term .uC p/ � rx , while the third one corresponds to the contribution of

rp �
�
Pp? Œ.
E.u/CW.u//p� 

�
:

It implies that

1

2

d
dt
k k2

H s�1 C
�

2
krp k

2
H s�1 . kukH sk kH s�1 C kukH sk k2

H s�1

C ��1kuk2H sk k
2
H s�1 (4.11)

so that
d
dt
k kH s�1 . kukH s C .kukH s C ��1kuk2H s /k kH s�1 :
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The Gronwall lemma together with the bound (4.10) that we have just established yields

k .t/kH s�1 . k in
kH s�1��

1
2 exp

�Z t

0

.kukH s C ��1kuk2H s / d�
�

. k in
kH s�1��

1
2 exp

�Z t

0

.ı�
3
2 e��0�

1
2 �
C ı2�2e�2�0�

1
2 � / d�

�
. k in

kH s�1��
1
2 ;

for � small enough. Back to (4.11), integrating from 0 to t and using (4.10), we find

�

2

Z t

0

krp k
2
H s�1

. k in
k
2
H s�1 C

Z t

0

.kukH sk kH s�1 C kukH sk k2
H s�1 C �

�1
kuk2H sk k

2
H s�1/ d�

. k in
k
2
H s�1 C k 

in
k
2
H s�1�

�1
C k in

k
3
H s�1�

� 32 C k in
k
4
H s�1�

� 52

. k in
k
2
H s�1�

�1
C k in

k
3
H s�1�

� 32 C k in
k
4
H s�1�

� 52 :

A. Resolvent estimates in the linear setting

The goal of this appendix is to show that the kernel xK0 defined in (4.5) has a resolvent NR0
satisfying k NR0kKs

. 1. As the equation in (4.6) is autonomous in time, we have xK0.t; �/D
K0.t � �/1��t , with

K0.t/u0´ St�1 rx �
Z

S2
p ˝ p x 0.t/:

Accordingly, we look for a resolvent of the form NR0.t; �/ D R0.t � �/1��t , where R0 is
the resolvent of K0 for the usual convolution product

R0 CK0 ? R0 D R0 CR0 ? K0 D K0; f ? g.t/ D

Z t

0

f .�/g.t � �/ d�:

In this case, k NR0kKs
D kR0kL1t .RC;L.H s ;H s//. Hence we want to show

kR0kL1t .RC;L.H s ;H s// . 1: (A.1)

The properties of K0 have been studied in [9]. More precisely, we performed a mode-by-
mode Fourier analysis in x, with the study for an arbitrary k 2 2�Z3� of

@t y k C ip � k y k � ��p y k D 0; t � 0; y kjtD0 D �
3
�

4�
p ˝ p W

k ˝ u0 C u0 ˝ k

2

and
yKk.t/ D

i
jkj2

Z
S2
p � kPk?p y k.t/ 2 L.C

3;C3/:
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The analysis in [9] showed in particular that under the spectral condition 
 j�j
jkj

< �c , the
yKk has a unique resolvent ORk , satisfying k ORkkL1.RC/ � Ck where Ck is independent of
�, depends on 
 , �, and possibly on k (the dependence with respect to k was not examined
in detail in [9]; see below). Note that for u D

P
k22�Z3�

Oukeik�x , one has

K0.t/u D
X

k22�Z3�

yKk.t/ Oukeik�x

and, at least formally,
R0.t/u D

X
k22�Z3�

ORk.t/ Oukeik�x :

The remaining step is to show convergence of the series defining R0, and to get a bound
independent of �. This requires more accurate bounds on the ORk for k 2 2�Z3�. We will
distinguish between low and high frequencies: for some cut-off frequency N to be fixed
later, we write

R[0.t/u D
X
jkj�N

ORk.t/ Oukeik�x ; R
]
0.t/u D

X
jkj>N

ORk.t/ Oukeik�x :

We will prove that there exists N , depending only on 
 and �, such that

sup
jkj>N

j ORk.t/j .
1

.1C t /
3
2

; 8t � 0: (A.2)

As kR]0.t/ukH s � supjkj>N j ORk.t/jkukH s , one has easily kR]0kL1t .RC;L.H s ;H s// . 1. This

N being fixed,R[0 is made of a finite number of terms, for which the bound k ORkkL1.RC/ �
Ck allows us to conclude that kR[0kL1t .RC;L.H s ;H s// . 1, which in turn yields (A.1).

To prove (A.2), let

t 0 D jkjt; k0 D
k

jkj
; �0 D

�

jkj
; y 0k0.t

0/ D
1

jkj
y k.t/

so that

@t 0 y 
0
k0 C ip � k0 y 0k0 � �

0�p y 
0
k0 D 0; t � 0; y 0k0 D �

3
�

4�
p˝ p W

k0 ˝ u0 C u0 ˝ k
0

2
:

We further introduce

yKk0.t
0/u0 D i

Z
S2
p � k0P.k0/?p y 

0
k0.t/:

It is an easy verification that
yKk.t/ D yKk0.jkjt /:
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The analysis of [9] was actually focused on the normalized kernels yKk0 (normalized
because jk0j D 1). There, it was shown that there exist �0, C0, �1, m depending on 
 ,
� such that for �0 � �0 following inequalities hold:

j yKk0.t
0/j � C0

ln.2C t 0/
.1C t 0/2

8t 0 � .�0/�
1
2 ;

j yKk0.t
0/j � C0�

0
jln.�0/jm 8t 0 2 Œ�0�

1
2 ; cjln.�0/j.�0/�

1
2 �;

j yKk0.t
0/j � C0e

��1.�
0/
1
2 t 0

8t 0 � cjln.�0/j.�0/�
1
2 :

Taking c large enough compared to �1, these estimates imply

j yKk0.t
0/j .

1

.1C t 0/
3
2

(any power less than 2 would do). Hence,

j yKk.t/j .
1

.1C jkjt /
3
2

:

This implies

k yKkkL1.RC/ .
1

jkj
.
1

N
:

ForN large enough, we have in particular that k yKkkL1.RC/ < 1, and we know in this case
that the resolvent is given explicitly by the Neumann series

ORk D
X
j�0

.�1/j . yKk?/
j yKk :

It is moreover straightforward to show that if

jf .t/j .
Cf

.1C jkjt /
3
2

; j yKk.t/j �
CK

.1C jkjt /
3
2

;

then for some absolute constant C0,

j yKk ? f .t/j �
C0Cf CK

jkj.1C jkjt /
3
2

:

By induction we get

j. yKk?/
j yKk.t/j �

�C0CK
jkj

�j CK

.1C jkjt /
3
2

:

Finally, for N large enough so that C0CK
N

< 1, we find

jRk.t/j .
X
j�0

�C0CK
jkj

�j 1

.1C jkjt /
3
2

.
1

.1C jkjt /
3
2

:

The result (A.2) follows.
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