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Time-periodic solutions to the Navier–Stokes equations
on the whole space including the two-dimensional case

Mikihiro Fujii

Abstract. Let us consider the incompressible Navier–Stokes equations with the time-periodic
external forces in the whole space Rn with n > 2 and investigate the existence and non-existence of
time-periodic solutions. In the higher-dimensional case n > 3, we construct a unique small solution
for given small time-periodic force in the scaling-critical spaces of Besov type and prove its stability
under small perturbations. In contrast, for the two-dimensional case n D 2, the time-periodic solv-
ability of the Navier–Stokes equations has long been open. It is the central work of this paper that
we have now succeeded in solving this issue negatively by providing examples of small external
forces such that each of them does not generate time-periodic solutions.

1. Introduction

We consider the incompressible Navier–Stokes equations with time-periodic external
forces on the whole space Rn with n > 2:´

@tu ��uC .u � r/uCrp D f; t 2 R; x 2 Rn;

divu D 0; t 2 R; x 2 Rn;
(1.1)

where u D u.t; x/WR �Rn! Rn and p D p.t; x/WR �Rn! R represent the unknown
velocity field and pressure of the fluid, respectively, whereas the given external force f D
f .t; x/WR � Rn ! Rn is assumed to be T -periodic, that is, f .t C T / D f .t/ holds for
all t 2 R with some positive constant T . It is well known that (1.1) possesses the scaling
invariant structure, that is, if u and p solve (1.1) with some external force f , then

u�.t; x/´ �u.�2t; �x/; p�.t; x/´ �2p.�2t; �x/ (1.2)

also satisfy (1.1) with f replaced by

f�.t; x/´ �3f .�2t; �x/ (1.3)

for all � > 0. Function spaces of which the norms are invariant under the scaling trans-
forms (1.2)–(1.3) are called the scaling-critical spaces for (1.1). The purpose of this paper
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is to consider the solvability of the time-periodic problem (1.1) in the scaling-critical
Besov-type spaces framework. In the higher-dimensional case n > 3, we prove the unique
existence and global-in-time stability of the T -periodic solutions to (1.1). For the two-
dimensional case nD 2, it has been a well-known open problem whether the time-periodic
solution for the two-dimensional incompressible Navier–Stokes equations (1.1) with nD 2
exists or not. The major outcome in this paper is to solve this question negatively and con-
struct some arbitrarily small external forces, each of which does not produce time-periodic
solutions.

1.1. Known results and the position of our study

We recall known results for the time-periodic problem of the Navier–Stokes equations
on unbounded domains. It was Maremonti [13, 14] who first constructed a unique time-
periodic solution to (1.1) on the three-dimensional whole space R3 and half-space R3C.
Kozono and Nakao [11] introduced the notion of integral equation (1.6) below corre-
sponding to (1.1) and showed the existence of a unique small time-periodic mild solution
to (1.1) in the Lebesgue spaces framework on the whole space Rn, the half-space RnC
with n > 3, and the exterior domains in Rn with n > 4. Taniuchi [15] showed the sta-
bility of the global solution to the initial value problem of Navier–Stokes equations with
the time-periodic external forces around the time-periodic flow constructed in [11] in the
framework of weak-mild solutions. Yamazaki [19] generalized the results in [11] to the
Morrey spaces frameworks on Rn with n > 3. Yamazaki [18] considered the Navier–
Stokes equations (1.1) with external forces that may not decay as t ! 1, which is a
similar situation to the time-periodic setting and proved the global existence of solutions
in a scaling-critical space u 2 BC.RILn;1.�// for given small external force f in the
scaling-critical class .��/�

1
2 f 2 BC.RIL

n
2 ;1.�//, where � is the whole space Rn, the

half-space RnC, or the exterior domain in Rn with n > 3. Geissert, Hieber, and Nguyen
[9] proposed a new approach on the time-periodic problem in a general framework and
applied it to several viscous incompressible fluids on Rn with n> 3, and constructed small
time-periodic solutions in a scaling-critical space BC.RILn;1.Rn// if the given time-
periodic external force f D divF with the scaling-critical class F 2 BC.RIL

n
2 ;1.Rn//

is sufficiently small.
For the two-dimensional case, the situation is completely different from that for the

higher-dimensional case, and there are only a few results on the existence of time-periodic
solutions in two-dimensional unbounded domains. As mentioned in [8], the solvability of
time-periodic problems in two-dimensional unbounded domains has been known to be as
difficult as that of stationary problems. Indeed, the proofs of all results for the higher-
dimensional case mentioned above completely fails in the two-dimensional case. One of
the reasons for this difficulty is that the decay rate of the heat kernels on R2 is so slow that
it is difficult to find a function space X that establishes the key bilinear estimate



 Z t

�1

e.t��/�P div.u.�/˝ v.�// d�





X

6 CkukXkvkX ; (1.4)
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although it is known for the higher-dimensional case, such as BC.RILn;1.Rn// with
n > 3 by [9, 18]. On the other hand, there are some results solving the two-dimensional
time-periodic problem in the whole plane by considering some special situations. Galdi
[8] constructed time-periodic solutions to (1.1) around the constant flow Oe1 D .1; 0/T.
Tsuda [16] proved the existence of time-periodic solutions to the compressible Navier–
Stokes equations with the given small time-periodic external forces satisfying some spa-
tial antisymmetric conditions. However, there is no previous research on time-periodic
solvability in two-dimensional unbounded domains without special assumptions such as
around non-zero constant equilibrium states or spatial antisymmetry. In particular, the
two-dimensional analysis corresponding to the results [9,11,13,14,18,19] for the higher-
dimensional case mentioned above is completely unresolved.

In this paper, we address the solvability of the time-periodic problem (1.1) not only in
the higher-dimensional case Rn with n > 3, but also in the two-dimensional case R2, and
aim to reveal the existence or non-existence of time-periodic solutions in the framework of
scaling-critical function spaces of Besov type. More precisely, for the higher-dimensional
case Rn with n> 3, we prove that for 16p <n and 16 � 61, there exists a unique small

time-periodic solution uper 2 zC.RI PB
n
p�1

p;� .Rn//, provided that the given time-periodic

external force f 2 zC.RI PB
n
p�3

p;� .Rn// is sufficiently small, where zC.RI PBsp;� .R
n// ´

C.RI PBsp;� .R
n//\eL1.RI PBsp;� .Rn// and fLr .RI PBsp;� .Rn// is the Chemin–Lerner space;

the definition and basic properties of this function space are mentioned in Section 2. See
Remark 1.2 for the reason why we need the Chemin–Lerner spaces. For the stability of
the time-periodic solution uper, we consider the initial value problem of the incompressible
Navier–Stokes equations with the time-periodic external forces8̂̂<̂

:̂
@tv ��v C .v � r/v Crq D f; t > 0; x 2 Rn;

div v D 0; t > 0; x 2 Rn;

v.0; x/ D v0.x/; x 2 Rn;

(1.5)

and prove that if the initial disturbance v0.x/�uper.0;x/ is sufficiently small in PB
n
q�1

q;� .Rn/
with 1 6 q < 2n, then (1.5) possesses a unique mild solution in the strong sense1 and it
holds that

lim
t!1
kv.t/ � uper.t/k

PB
n
q �1

q;� .Rn/
D 0:

Furthermore, we consider the two-dimensional case and show that the above result on the
existence of the time-periodic solution fails, that is, for each 1 6 p 6 2 and 0 < ı � 1,

there exists a time-periodic external force fı 2 zC.RI PB
2
p�3

p;1 .R2// with norm less than ı
such that there exists no time-periodic solution to (1.1) with the force fı in some subset
of C.RI PB02;1.R

2//.

1In the known result [15], the time-periodic stability is proved in the framework of the mild solutions
in the weak sense; see Remark 1.4 below.
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1.2. Main results

Now we provide the precise statements of our main theorems. To this end, we recall the
notion of mild solutions to (1.1) which was proposed by [11]. By the Duhamel principle,
equation (1.1) is formally equivalent to

u.t/ D

Z t

�1

e.t��/�Pf .�/ d� �

Z t

�1

e.t��/�P div.u.�/˝ u.�// d�; (1.6)

where ¹et�ºt>0 denotes the heat semigroup, and P´ I Cr div.��/�1 is the Helmholtz
projection on Rn. We say that u is a mild solution to (1.1) if u satisfies (1.6) for all t 2 R.
See Section 2 for the definitions of function spaces appearing in the following theorems.

1.2.1. Higher-dimensional case. We first focus on the existence and stability of the time-
periodic mild solutions to (1.1) in higher-dimensional whole space case Rn with n > 3.
The first main result of this paper now reads as follows.

Theorem 1.1 (Existence of time-periodic solutions on Rn with n > 3). Let n > 3 be an
integer and let 1 6 p < n and 1 6 � 6 1. Then, there exist a positive constant ı0 D
ı0.n; p; �/ and "0 D "0.n; p; �/ such that for any T > 0 and T -periodic external force

f 2 zC.RI PB
n
p�3

p;� .Rn// satisfying

kf kfL1.RI PB n
p �3

p;� .Rn//
6 ı0;

equation (1.1) possesses a unique T -periodic mild solution uper 2 Up;� .Rn/, where

Up;� .R
n/´

°
u 2 zC.RI PB

n
p�1

p;� .Rn//I kukfL1.RI PB n
p �1

p;� .Rn//
6 "0

±
:

Moreover, there exists a positive constant C D C.n; p; q/ such that the solution uper sat-
isfies the following a priori estimate:

kuperkfL1.RI PB n
p �1

p;� .Rn//
6 Ckf kfL1.RI PB n

p �3

p;� .Rn//
: (1.7)

Remark 1.2. We give some remarks on Theorem 1.1.

(1) It is generally acknowledged that time-periodic and stationary problems are closely
related, and there is a result on the existence of the stationary solutions in the Besov-space
framework that corresponds to Theorem 1.1. Kaneko, Kozono, and Shimizu [10] showed
that there exists a unique small solution to the stationary Navier–Stokes equations on the

whole space Rn with n > 3 in the scaling-critical Besov spaces PB
n
p�1

p;� .Rn/ for small

external forces in PB
n
p�3

p;� .Rn/ for 1 6 p < n and 1 6 � 61.

(2) Let us explain why we use not the usual space-time Besov spaces BC.RI PBsp;�.R
n//

but the Chemin–Lerner spaces zC.RI PBsp;� .R
n//. Considering the bilinear estimates (1.4)

with X D BC.RI PB
n
p�1

p;� .Rn//, it is difficult to show it unless � D 1. In contrast, if we
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switch the order of the L1t -norm and the `� -norm, then we may make use of the maximal

regularity estimate Lemma 2.1 below to obtain (1.4) with zC.RI PB
n
p�1

p;� .Rn// for all 1 6
� 61; see Remark 2.2 below for the detail. In particular, choosing � <1 is significant
in the time-periodic stability limit (1.10) in Theorem 1.3 below.

As is mentioned in the above remark, one of the advantages of Chemin–Lerner space
is treating the asymptotic stability of the time-periodic solutions. For the stability of (1.5)
around the time-periodic solution uper constructed in Theorem 1.1 above, we set w ´
v � uper and consider the following equations which w should solve:8̂̂̂̂

<̂
ˆ̂̂:
@tw ��w C .w � r/w

C.uper � r/w C .w � r/uper Cr� D 0; t > 0; x 2 Rn;

divw D 0; t > 0; x 2 Rn;

w.0; x/ D w0.x/´ v0.x/ � uper.0; x/; x 2 Rn:

(1.8)

We say that w is a mild solution to (1.8) if it solves the following corresponding integral
equation:

w.t/ D et�w0 �

Z t

0

e.t��/�P div.uper.�/˝ w.�/C w.�/˝ uper.�// d�

�

Z t

0

e.t��/�P div.w.�/˝ w.�// d�: (1.9)

Our result on the time-periodic stability reads as follows.

Theorem 1.3 (Time-periodic stability on Rn with n > 3). Let n > 3 be an integer and let
T > 0. Let p, q, r , and � satisfy

1 6 p < n; 1 6 q < 2n;
1

q
�
1

p
<
1

n
; 1 6 � <1;

max
°
0; 1 �

n

2
min

°
1;
2

q
;
1

p
C
1

q

±±
<
1

r
<
1

2
�
n

2
max

°
0;
1

q
�
1

p

±
:

Then there exists a positive constant ı0 D ı0.n; p; q; r; �/ such that if the T -periodic

solution uper 2 zC.RI PB
n
p�1

p;� .Rn// constructed in Theorem 1.1 and the initial disturbance

w0 2 PB
n
q�1

q;� .Rn/ satisfy

kuperkfL1.RI PB n
p �1

p;� .Rn//
6 ı0; kw0k

PB
n
q �1

q;� .Rn/
6 ı0;

then (1.8) possesses a unique mild solution w in the class

w 2 zC.Œ0;1/I PB
n
q�1

q;� .Rn// \fLr .0;1I PB n
q�1C

2
r

q;� .Rn//:

Moreover, the following asymptotic limit holds:

lim
t!1
kw.t/k

PB
n
q �1

q;� .Rn/
D 0: (1.10)
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Remark 1.4. We provide some comments on Theorem 1.3.

(1) Theorem 1.3 can be compared with the results of Taniuchi [15]. In his result, the
solution to the perturbed equations (1.8) should be considered in the framework that w
satisfies the integral equation (1.9) in the weak sense. This is because if we consider the
integral equation (1.9) in the strong sense by following the argument in [15], we meet a
difficulty when controlling the convection terms .uper � r/w C .w � r/uper in some time-
weighted norms like supt>0 t

1
2 kw.t/kLn.Rn/ since uper does not have any decay structure

in time. In contrast, our Theorem 1.3 is able to find a solution to (1.9) in the strong sense
thanks to the maximal regularity of the heat kernel and bilinear estimates in Chemin–
Lerner spaces; see Lemmas 2.1 and 2.3 below.

(2) In Theorem 1.3, the condition n > 3 is used only for the guarantee of the existence of
the time-periodic solution uper. Therefore, if we obtained a two-dimensional time-periodic
solution to (1.1) with some external force, then we might obtain the stability result The-
orem 1.3 with n D 2. However, as is claimed in Theorem 1.5 below, the time-periodic
problem is not solvable in the two-dimensional case.

1.2.2. Two-dimensional case. Now we introduce the central work of this paper. In the
following theorem, we claim that Theorem 1.1 fails in the two-dimensional case.

Theorem 1.5 (Non-existence of the time-periodic solution on R2). Let n D 2 and 1 6
p 6 2. Then there exists a positive constant "0 D "0.p/ such that for any 0 < ı 6 "0 and

0 < T 6 2
1

ı2 , there exists a T -periodic external force fı 2 zC.RI PB
2
p�3

p;1 .R2// such that

kfıkfL1.RI PB 2
p �3

p;1 .R2//
6 ı

and (1.1) possesses no T -periodic solution belonging to the class V.R2/, where

V.R2/´
®
u 2 BC.RI PB02;1.R

2//I ku.t0/k PB02;1.R2/ 6 "0 for some t0 2 R
¯
:

Remark 1.6. We make mention of some remarks.

(1) Our non-existence class V.R2/ may include functions with arbitrarily large L1.RI
PB02;1.R

2//-norms. From this and zC.RI PB
2
p�1

p;1 .R2// ,! BC.RI PB02;1.R
2// for 1 6 p 6 2,

we see that Up;1.R2/ ¨ V.R2/ with 1 6 p 6 2, which implies Theorem 1.5 claims a
stronger result than the negative proposition of Theorem 1.1 with n D 2, 1 6 p 6 2, and
� D 1. Moreover, even if each fı generates a time-periodic solution uper;ı in a wider class
than V.R2/, then uper;ı … V.R

2/ implies that kuper;ıkfL1.RI PB 2
p �1

p;1 .R2//
must be bounded

from below by a positive constant "0 independent of ı, although kfıkfL1.RI PB 2
p �3

p;1 .R2//

vanishes as ı # 0; this means that the a priori estimate (1.7) never holds.

(2) We compare Theorem 1.5 with the results in [16], where it was shown that the two-
dimensional compressible Navier–Stokes equations with time-periodic external forces on
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the whole plane possess the small time-periodic solution if the given time-periodic exter-
nal force satisfies some spatial antisymmetric conditions. In contrast, our external force
has a anisotropic structure due to cos.Mx1/ with some M � 1; see (4.7) below for the
detail. Thus, it is crucial to impose a certain spatial symmetry for external forces in order
to construct a two-dimensional time-periodic solution.

Let us explain the idea of the proof of Theorem 1.5. We use a contradiction argu-
ment. For 0 < ı � 1 and fı proposed in (4.7) below, there exists a T -periodic solution
uper;ı 2 C.RI PB

0
2;1.R

2// with kuper;ı.t0/k PB02;1.R2/
6 "0 for some t0 2 R and "0 > 0. Then,

using the method for ill-posedness (see [2, 3, 6]), Proposition 4.1 below enables us to
construct external forces fı for each 0 < ı 6 "0 such that there exists a Navier–Stokes
flow u 2 C.Œt0; t0 C kT �I PB

0
2;1.R

2// starting at t D t0 satisfying the initial condition
u.t0/ D uper;ı.t0/ and the estimate

ku.t0 C kT /k PB02;1.R2/ > 2"0

for some large k 2 N. Then, since ku.t0/k PB02;1.R2/ D kuper;ı.t0/k PB02;1.R2/
6 "0, we see

that u.t0/ ¤ u.t0 C kT /, which means u is not T -periodic. However, since it follows
from Proposition 4.5 that the uniqueness in C.Œt0; t0C kT �I PB02;1.R

2// holds for solutions
to the two-dimensional Navier–Stokes equations, we see that u D uper;ı on Œt0; t0 C kT �
and

uper;ı.t0/ D u.t0/ ¤ u.t0 C kT / D uper;ı.t0 C kT /;

which contradicts the assumption that uper;ı is T -periodic and completes the proof.

1.3. Organization and notation in this paper

This paper is organized as follows. In Section 2 we recall the definitions of Besov and
Chemin–Lerner spaces and their basic properties. We focus on the higher-dimensional
case in Section 3 and provide the proofs of Theorems 1.1 and 1.3. In Section 4 we
prove Propositions 4.1 on the construction of non-time-periodic solutions and 4.5 for the
unconditional uniqueness of two-dimensional Navier–Stokes flow to complete the proof
of Theorem 1.5. In Appendix A, we note some remarks on the paradifferential calculus in
Chemin–Lerner spaces.

Throughout this paper, we denote by C and c constants which may differ in each line.
In particular, C D C.�; : : : ; �/ denotes a constant which depends only on the quantities
appearing in parentheses. For any T > 0, we say that a function f D f .t/ on R is T -
periodic if f .t C T / D f .t/ holds for all t 2 R.

2. Preliminaries

In this section, we prepare notation used in this paper and recall the definitions of several
function spaces and their basic properties which are frequently used in this paper.
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We recall the definitions of Besov and Chemin–Lerner spaces. Let S.Rn/ be the set of
all Schwartz functions on Rn, and we denote by S0.Rn/ the set of all tempered distribu-
tions on Rn. Let '0 2 S.Rn/ satisfy

supp b'0 � ®� 2 RnI 2�1 6 j�j 6 2
¯
; 0 6 b'0.�/ 6 1;

and X
j2Z

b'j .�/ D 1 for all � 2 Rn n ¹0º;

where we have set 'j .x/´ 2nj'0.2
jx/. Using them, we define the dyadic frequency

localized operators by

�jf ´ F�1Œb'j .�/ Of �; f 2 S0.Rn/; j 2 Z:

For 1 6 p, � 61, and s 2 R, the Besov space PBsp;� .R
n/ is defined as

PBsp;� .R
n/´

®
f 2 S0.Rn/=P.Rn/I kf k PBsp;� .Rn/ <1

¯
;

kf k PBsp;� .Rn/´


®2sj k�jf kLp.Rn/ j̄2Z




`� .Z/

;

where P.Rn/ is the set of all polynomials on Rn. It is well known that if s < n=p or
.s; �/ D .n=p; 1/, then it holds that

PBsp;� .R
n/ �

®
f 2 S0.Rn/I kf k PBsp;� .Rn/ <1; f D

P
j2Z�jf in S0.Rn/

¯
:

For 1 6 p; r; � 61, s 2 R, and an interval I � R, we define the Chemin–Lerner spacefLr .I I PBsp;� .Rn// by

fLr .I I PBsp;� .Rn//´ ®
F W I ! S0.Rn/=P.Rn/I kF keLr .I I PBsp;� .Rn//

<1
¯
;

kF keLr .I I PBsp;� .Rn//
´



®2sj k�jF kLr .I ILp.Rn// j̄2Z




`� .Z/

:

Since PH s.Rn/ D PBs2;2.R
n/, we write

fLr .I I PH s.Rn//´ fLr .I I PBs2;2.Rn//:
We also use the notation

zC.I I PBsp;� .R
n//´ C.I I PBsp;� .R

n// \eL1.I I PBsp;� .Rn//:

The Chemin–Lerner spaces were first introduced by [4] and continue to be frequently
used for the analysis of compressible viscous fluids in critical Besov spaces. The Chemin–
Lerner spaces possess similar embedding properties to the usual Besov spaces:fLr .I I PBsp;�1.Rn// ,! fLr .I I PBsp;�2.Rn// for 1 6 �1 6 �2 61;fLr .I I PBsC n

p1
p1;� .Rn// ,! fLr .I I PBsC n

p2
p2;� .Rn// for 1 6 p1 6 p2 61:
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It also holds by the Hausdorff–Young inequality thatfLr .I I PBsp;� .Rn// ,! Lr .I I PBsp;� .R
n// for 1 6 � 6 r 61;

Lr .I I PBsp;� .R
n// ,! fLr .I I PBsp;� .Rn// for 1 6 r 6 � 61:

See [1] for more precise information on the Chemin–Lerner spaces. One advantage of
using the Chemin–Lerner spaces is that there holds the following maximal regularity esti-
mates for the heat kernel et�.

Lemma 2.1. Let n 2 N. Then there exists a positive constant C D C.n/ such that

ke.t�t0/�akeLr .I I PBsC 2rp;� .Rn//
6 Ckak PBsp;� .Rn/; (2.1)



 Z t

t0

e.t��/�f .�/ d�





eLr .I I PBsC 2rp;� .Rn//

6 Ckf kfLr1 .I I PBs�2C 2
r1

p;� .Rn//

(2.2)

for all I D .t0; t1/�R (additionally t0 > �1 for (2.1)), 16 p;� 61, 16 r1 6 r 61,

s 2 R, a 2 PBsp;� .R
n/, and f 2eLr1.I I PBsC

2
r1

p;� .Rn//.

Remark 2.2. If we attempt to show (2.1) with the norm on the left-hand side replaced

by that for the usual time-space Besov norm Lr .I I PB
sC 2

r
p;� .Rn//, we fail by the following

argument:

ket�ak
Lr .I I PB

sC 2r
p;� .Rn//

D

�Z t1

t0

ke.t�t0/�ak
r

PB
sC 2r
p;� .Rn/

dt

� 1
r

6 C

� Z t1

t0

Œ.t � t0/
� 1r kak PBsp;� .Rn/�

r dt

� 1
r

D1

for non-zero a, where we have used the smoothing estimate for the heat kernel (see [12,
Lemma 2.2]). In contrast, we succeed in obtaining the maximal regularity estimate by
changing the order of theLrt -norm and the `� -norm in the Besov norm. A similar situation
to above holds for (2.2).

Proof of Lemma 2.1. Although the proof is immediately obtained by [1, Corollary 2.5],
we shall give the outline of the proof for the readers’ convenience. It follows from [1,
Lemma 2.4] that there exists an absolute positive constant C� such that

2
2
r j k�j e

.t�t0/�akLp.Rn/ 6 C�e
�C�1� .t�t0/2

2j

k�jakLp.Rn/ (2.3)

for all j 2 Z. Taking the Lr .I / norm of (2.3), we see that

k�j e
.t�t0/�akLr .I ILp.Rn// 6 C�ke

�C�1� .t�t0/2
2j

kLr .t0;1/k�jF kLp.Rn/

D C�.C
�1
� r/�

1
r 2�

2
r j k�jF kLp.Rn/:
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As .C�1� r/�
1
r is bounded with respect to r , we obtain (2.1) by multiplying (2.3) by 2sj

and taking the `� -norm. Thus, we complete the proof of (2.1).
We next prove (2.2). Let 1 6 r2 61 satisfy 1C 1=r D 1=r2 C 1=r1. It follows from

(2.3) and the Hausdorff–Young inequality for the time convolution that



�jZ t

t0

e.t��/�f .�/ d�






Lr .I ILp.Rn//

6 C�





 Z t

t0

e�C
�1
� .t��/22j

k�jf .�/kLp.Rn/ d�






Lr .I /

6 C�ke
�C�1� t22j

kLr2 .0;1/k�jf kLr1 .I ILp.Rn//

D C�.C
�1
� r2/

� 1
r2 2

.�2C 2
r1
� 2r /j k�jf kLr .I ILp.Rn//:

Note that .C�1� r2/
� 1
r2 is bounded with respect to 1 6 r2 61. Thus, we obtain (2.2) by

multiplying (2.3) by 2.sC
2
r /j and taking the `� -norm. Thus, we complete the proof of

(2.1).

Combining Lemma 2.1 and the paradifferential calculus in Appendix A, we obtain the
following bilinear estimate.

Lemma 2.3. Let n > 2 be an integer. Let 1 6 p; q; � 61 and 2 6 r 6 r1 61 satisfy

1 6 p; q; r; � 61; r 6 r1 61;

max
°
0; n

�1
q
�
1

p

�±
< 1 �

2

r
; min

°
n; n

� 1
p
C
1

q

�±
� 2C

2

r
> 0: (2.4)

Then there exists a positive constant C D C.n; p; q; r; �/ such that



 Z t

t0

e.t��/�P div.u.�/˝ v.�// d�




fLr1 .I I PB n

q �1C
2
r1

q;� .Rn//

6 CkukfL1.I I PB n
p �1

p;� .Rn//
kvkeLr .I I PB n

q �1C
2
r

q;� .Rn//

for all I D .t0; t1/ � R, u 2eL1.I I PB
n
p�1

p;� .Rn//, and v 2 fLr .I I PB n
q�1C

2
r

q;� .Rn//.

Remark 2.4. In the proof of Theorem 1.1, we use the case p D q and r D1:



 Z t

t0

e.t��/�Pdiv.u.�/˝ v.�// d�




fL1.I I PB n

p �1

p;� .Rn//

6 C1kukfL1.I I PB n
p �1

p;� .Rn//
kvkfL1.I I PB n

p �1

p;� .Rn//
;

where we need to assume n > 3 and 1 6 p < n due to the conditions (2.4).

Proof of Lemma 2.3. It follows from Lemma 2.1 that



 Z t

t0

e.t��/�P div.u.�/˝ v.�// d�




eLr .I I PB n

q �1C
2
r

q;� .Rn//

6 Cku˝ vkeLr .I I PB n
q �2C

2
r

q;� .Rn//
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6 C

nX
k;`D1

kTukv`keLr .I I PB n
q �2C

2
r

q;� .Rn//
C C

nX
k;`D1

kTv`ukkeLr .I I PB n
q �2C

2
r

q;� .Rn//

C C

nX
k;`D1

kR.uk ; v`/keLr .I I PB n
q �2C

2
r

q;� .Rn//

µ A1Œu; v�C A2Œu; v�C A3Œu; v�:

See Appendix A for the definitions of the Bony decompositions Tf g and R.f; g/. First,
we consider the estimate of A1Œu; v�. By Lemma A.1 (1), we have

A1Œu; v� 6 CkukfL1.I I PB�11;� .Rn//
kvkeLr .I I PB n

q �1C
2
r

q;� .Rn//

6 CkukfL1.I I PB n
p �1

p;� .Rn//
kvkeLr .I I PB n

q �1C
2
r

q;� .Rn//
:

Next we focus on the estimate of A2Œu; v�. For the case of p 6 q, it holds by Lemma A.1
and �1C 2=r < 0 that

A2Œu; v� 6 CkvkeLr .I I PB�1C 2r1;� .Rn//
kukfL1.I I PB n

q �1

q;� .Rn//

6 CkvkeLr .I I PB n
q �1C

2
r

q;� .Rn//
kukfL1.I I PB n

p �1

p;� .Rn//
:

For the case of q 6 p, we define 1 6 � 61 by 1=q D 1=� C 1=p. Then, using q 6 � ,
1=q D 1=� C 1=p, and n=� � 1C 2=r D n.1=q � 1=p/ � 1C 2=r < 0, we see that

A2Œu; v� 6 CkvkeLr .I I PB n
�
�1C 2r

�;�
.Rn//
kukfL1.I I PB n

p �1

p;� .Rn//

6 CkvkeLr .I I PB n
q �1C

2
r

q;� .Rn//
kukfL1.I I PB n

p �1

p;� .Rn//
:

Finally, we consider the estimate of A3Œu; v�. For the case of 1=p C 1=q > 1, it holds by
Lemma A.1 (2) and n � 2C 2=r > 0 that

A3Œu; v� 6 C

nX
k;`D1

kR.uk ; v`/keLr .I I PBn�2C 2r1;� .Rn//

6 CkukfL1.I I PB n
q0
�1

q0;�
.Rn//

kvkeLr .I I PB n
q �1C

2
r

q;� .Rn//

6 CkukfL1.I I PB n
p �1

p;� .Rn//
kvkeLr .I I PB n

q �1C
2
r

q;� .Rn//
;

where we have used p 6 q0. For the case of 1=p C 1=q 6 1, we define 1 6 � 61 by
1=� D 1=pC 1=q. Then we have by n=� � 2C 2=r D n.1=pC 1=q/� 2C 2=r > 0 that

A3Œu; v� 6 C

nX
k;`D1

kR.uk ; v`/keLr .I I PB n
�
�2C 2r

�;�
.Rn//

6 CkukfL1.I I PB n
p �1

p;� .Rn//
kvkeLr .I I PB n

q �1C
2
r

q;� .Rn//
:

Hence, we complete the proof.
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3. Higher dimensional analysis: Proofs of Theorems 1.1 and 1.3

In this section we provide the proofs of our main theorems in the higher-dimensional case.
We are ready to prove Theorems 1.1 and 1.3.

Proof of Theorem 1.1. By Lemmas 2.1 and 2.3 with p D q and r D1 (see also Remark
2.4), there exists a positive constant C1 D C1.n; p; �/ such that



 Z t

�1

e.t��/�Pf .�/ d�





fL1.RI PB n
p �1

p;� .Rn//

6 C1kf kfL1.RI PB n
p �3

p;� .Rn//
;



 Z t

�1

e.t��/�Pdiv.u.�/˝ v.�// d�




fL1.RI PB n

p �1

p;� .Rn//

6 C1kukfL1.RI PB n
p �1

p;� .Rn//
kvkfL1.RI PB n

p �1

p;� .Rn//

for all f 2eL1.RI PB
n
p�3

p;� .Rn// and u;v 2eL1.RI PB
n
p�1

p;� .Rn//. Now let f be a T -periodic
external force satisfying

f 2 zC.RI PB
n
p�3

p;� .Rn//; kf kfL1.RI PB n
p �3

p;� .Rn//
6

1

16C 21
:

We consider the map

ˆŒu�.t/´

Z t

�1

e.t��/�Pf .�/ d� �

Z t

�1

e.t��/�Pdiv.u.�/˝ u.�// d�

on the complete metric space .Sp;� ; dSp;� /, which is defined by

Sp;� ´
°
u 2 zC.RI PB

n
p�1

p;� .Rn//I u.t C T / D u.t/ for all t 2 R;

kukfL1.RI PB n
p �1

p;� .Rn//
6 2C1kf kfL1.RI PB n

p �3

p;� .Rn//

±
;

dSp;� .u; Qu/´ ku � QukfL1.0;1I PB n
p �1

p;� .Rn//
:

Then, for any u 2 Sp;� , since ˆŒu� is T -periodic and satisfies

kˆŒu�kfL1.RI PB n
p �1

p;� .Rn//
6 C1kf kfL1.RI PB n

p �3

p;� .Rn//
C C1kuk

2fL1.RI PB n
p �1

p;� .Rn//

6 C1kf kfL1.RI PB n
p �3

p;� .Rn//
C 4C 31 kf k

2fL1.RI PB n
p �3

p;� .Rn//

6 2C1kf kfL1.RI PB n
p �3

p;� .Rn//
;

we see thatˆŒu� 2 Sp;� . For u;v 2 Sp;� , there holds by Lemma 2.3 with pD q and r D1
that

ˆŒu�.t/ �ˆŒv�.t/ D �

Z t

�1

e.t��/�P div
�
u.�/˝ .u.�/ � v.�//

�
d�

�

Z t

�1

e.t��/�P div
�
.u.�/ � v.�//˝ v.�/

�
d�; (3.1)
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which with Lemma 2.3 with p D q and r D1 implies

kˆŒu� �ˆŒv�kfL1.RI PB n
p �1

p;� .Rn//

6 C1

�
kukfL1.RI PB n

p �1

p;� .Rn//
C kvkfL1.RI PB n

p �1

p;� .Rn//

�
ku � vkfL1.RI PB n

p �1

p;� .Rn//

6 4C 21 kf kfL1.RI PB n
p �1

p;� .Rn//
ku � vkfL1.RI PB n

p �1

p;� .Rn//

6
1

4
ku � vkfL1.RI PB n

p �1

p;� .Rn//
:

Hence, ˆŒ�� is a contraction map on Sp;� and the Banach fixed point theorem implies
there exists a unique uper 2 Sp;� such that uper D ˆŒuper�, which yields a T -periodic mild
solution satisfying (1.7).

For the uniqueness of T -periodic solutions, let us assume a T -periodic external force
generates two T -periodic mild solutions uper and vper to (1.1) in the following class:°

u 2 zC.RI PB
n
p�1

p;� .Rn//I kukfL1.RI PB n
p �1

p;� .Rn//
6

1

4C1

±
:

Then, using a similar observation to (3.1), we have

kuper � vperkfL1.RI PB n
p �1

p;� .Rn//
6 C1kuperkfL1.RI PB n

p �1

p;� .Rn//
kuper � vperkfL1.RI PB n

p �1

p;� .Rn//

C C1kvperkfL1.RI PB n
p �1

p;� .Rn//
kuper � vperkfL1.RI PB n

p �1

p;� .Rn//

6
1

2
kuper � vperkfL1.RI PB n

p �1

p;� .Rn//
;

which implies uper D vper. Thus, we complete the proof.

Proof of Theorem 1.3. From Lemmas 2.1 and 2.3 there exists a positive constant C1 D
C1.n; p; q; r; �/ such that

ket�w0kfL1.0;1I PB n
q �1

q;� .Rn//\eLr .0;1I PB n
q �1C

2
r

q;� .Rn//
6 C1kw0k

PB
n
q �1

q;� .Rn/
;



 Z t

t0

e.t��/�P div.u.�/˝ v.�// d�




fL1.0;1I PB n

q �1

q;� .Rn//\eLr .0;1I PB n
q �1C

2
r

q;� .Rn//

6 C1kukfL1.RI PB n
p �1

p;� .Rn//
kvkeLr .0;1I PB n

q �1C
2
r

q;� .Rn//
;



 Z t

t0

e.t��/�P div.v.�/˝ w.�// d�




fL1.0;1I PB n

q �1

q;� .Rn//\eLr .0;1I PB n
q �1C

2
r

q;� .Rn//

6 C2kvkfL1.0;1I PB n
q �1

q;� .Rn//
kwkeLr .0;1I PB n

q �1C
2
r

q;� .Rn//

for all w0 2 PB
n
p�1

q;� .Rn/, u 2eL1.I I PB
n
p�1

p;� .Rn//, and v; w 2eL1.0;1I PB
n
q�1

q;� .Rn// \fLr .0;1I PB n
q�1C

2
r

q;� .Rn//. We assume that the time-periodic solution uper and the initial
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disturbance w0 2 PB
n
q�1

q;� .Rn/ satisfy

kuperkfL1.RI PB n
p �1

p;� .Rn//
6

1

8C 21
; kw0k

PB
n
q �1

q;� .Rn/
6

1

8C 21
:

To construct a mild solution to (1.8), we consider a map

‰Œw�.t/´ et�w0 �

Z t

0

e.t��/�P div.uper.�/˝ w.�/C w.�/˝ uper.�// d�

�

Z t

0

e.t��/�P div.w.�/˝ w.�// d�:

We define the complete metric space .S rq;� ; dSrq;� / by

S rq;� ´
°
w 2 zC.Œ0;1/I PB

n
q�1

q;� .Rn// \fLr .0;1I PB n
q�1C

2
r

q;� .Rn//I

kwkfL1.0;1I PB n
q �1

q;� .Rn//\eLr .0;1I PB n
q �1C

2
r

q;� .Rn//
6 2C1kw0k

PB
n
q �1

q;� .Rn/

±
;

dSrq;� .w; zw/´ kw � zwkfL1.0;1I PB n
q �1

q;� .Rn//\eLr .0;1I PB n
q �1C

2
r

q;� .Rn//
:

Then, for any w; zw 2 S rq;� , there holds

k‰Œw�kfL1.0;1I PB n
q �1

q;� .Rn//\eLr .0;1I PB n
q �1C

2
r

q;� .Rn//

6 C1kw0k
PB
n
q �1

q;� .Rn/
C 2C1kuperkfL1.RI PB n

p �1

p;� .Rn//
kwkeLr .0;1I PB n

q �1C
2
r

q;� .Rn//

C C1kwkfL1.0;1I PB n
q �1

q;� .Rn//
kwkeLr .0;1I PB n

q �1C
2
r

q;� .Rn//

6 C1kw0k
PB
n
q �1

q;� .Rn/
C 4C 31 kuperkfL1.RI PB n

p �1

p;� .Rn//
kw0k

PB
n
q �1

q;� .Rn/

C 4C 31

�
kw0k

PB
n
q �1

q;� .Rn/

�2
6 2C1kw0k

PB
n
q �1

q;� .Rn/

and

k‰Œw� �‰Œ zw�kfL1.0;1I PB n
q �1

q;� .Rn//\eLr .0;1I PB n
q �1C

2
r

q;� .Rn//

6 2C1kuperkfL1.RI PB n
p �1

p;� .Rn//
kw � zwkeLr .0;1I PB n

q �1C
2
r

q;� .Rn//

C C1

�
kwkfL1.0;1I PB n

q �1

q;� .Rn//
C k zwkfL1.0;1I PB n

q �1

q;� .Rn//

�
kw� zwkeLr .0;1I PB n

q �1C
2
r

q;� .Rn//

6 2C 21

�
kuperkfL1.RI PB n

p �1

p;� .Rn//
C kw0k

PB
n
q �1

q;� .Rn/

�
kw � zwkeLr .0;1I PB n

q �1C
2
r

q;� .Rn//

6
1

2
kw � zwkfL1.0;1I PB n

q �1

q;� .Rn//\eLr .0;1I PB n
q �1C

2
r

q;� .Rn//
;
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which implies that ‰Œ�� is a contraction map on .S rq;� ; dSrq;� /. Hence, it follows from the
Banach fixed point theorem that there exists a unique w 2 S rq;� such that w D ‰Œw�,

which yields a mild solution to (1.8). The uniqueness in zC.Œ0;1/I PB
n
q�1

q;� .Rn//\fLr .0;1I
PB
n
q�1C

2
r

q;� .Rn// is a straightforward argument.
Finally, we show (1.10). Let T 0 > T > 0. It holds that

w.t/ D e.t�T /�w.T / �

Z t

T

e.t��/�P div.uper.�/˝ w.�/C w.�/˝ uper.�// d�

�

Z t

T

e.t��/�P div.w.�/˝ w.�// d�

for t > T . Then, similarly to above, we have

kwkfL1.T 0;1I PB n
q �1

q;� .Rn//
6 ke.t�T /�w.T /kfL1.T 0;1I PB n

q �1

q;� .Rn//

C 2C1kuperkfL1.RI PB n
p �1

p;� .Rn//
kwkeLr .T;1I PB n

q �1C
2
r

q;� .Rn//

C C1kwkfL1.0;1I PB n
q �1

q;� .Rn//
kwkeLr .T;1I PB n

q �1C
2
r

q;� .Rn//
;

which implies

kwkfL1.T 0;1I PB n
q �1

q;� .Rn//
6 Cke.t�T /�w.T /kfL1.T 0;1I PB n

q �1

q;� .Rn//

C CkwkeLr .T;1I PB n
q �1C

2
r

q;� .Rn//
:

Thus, we have

kw.T 0/k
PB
n
q �1

q;� .Rn/
6 kwkfL1.T 0;1I PB n

q �1

q;� .Rn//

6 C

²X
j2Z

�
e�c2

2j .T 0�T /2
. nq�1/j k�jw.T /kLq

��³ 1
�

C C

²X
j2Z

�
2
. nq�1C

2
r /j k�jwkLr .T;1ILq/

��³ 1
�

:

Hence, letting T 0 !1 and then letting T !1, we complete the proof.

4. Two-dimensional analysis: Proof of Theorem 1.5

The goal of this section is to prove Theorem 1.5. To this end, we investigate some proper-
ties of the following initial value problem of the Navier–Stokes equations:8̂̂<̂

:̂
@tu ��uC .u � r/uCrp D f; t > t0; x 2 R2;

divu D 0; t > t0; x 2 R2;

u.t0; x/ D a.x/; t D t0; x 2 R2;

(4.1)



M. Fujii 1058

where t0 2 R is a given initial time and a D a.x/ is a given initial data. We say that v is a
mild solution to (4.1) if it satisfies

u.t/ D e.t�t0/�aC

Z t

t0

e.t��/�Pf .�/ d� �

Z t

t0

e.t��/�P div.u.�/˝ u.�// d�: (4.2)

4.1. Construction of non-periodic-in-time mild solutions

The aim of this subsection is to show that for any initial data, there exists a mild solution
to (4.1) that is not T -periodic if we choose an appropriate time-periodic external force.
More precisely, we prove the following proposition.

Proposition 4.1. Let 1 6 p 6 2. Then there exists a positive constant "0 D "0.p/ such
that the following statement holds. For any 0 < ı 6 "0, and 0 < T 6 2

1

ı2 , there exist a

T -periodic external force fı 2 zC.RI PB
2
p�3

p;1 .R2// with

kfıkfL1.RI PB 2
p �3

p;1 .R2//
6 ı

and a kı;T 2 N such that for any initial time t0 2 R and initial data a 2 PB02;1.R
2/ with

div a D 0; kak PB02;1.R2/ 6 "0; (4.3)

(4.1) possesses a mild solution uı Œa� 2 zC.Œt0; t0 C kı;T T �I PB02;1.R
2// satisfying

kuı Œa�.t0 C kı;T T /k PB02;1.R2/ > 2"0: (4.4)

Remark 4.2. By (4.3) and (4.4) we see that

uı Œa�.t0/ ¤ uı Œa�.t0 C kı;T T /;

which implies the solution uı Œa� is never T -periodic, regardless of the choice of small
initial data a 2 PB02;1.R

2/.

Before starting the proof of Proposition 4.1, we mention the idea and outline of it. The
idea is based on [6, Theorem 3.1]. In order to obtain (4.4), we shall follow the method used
in the context of ill-posedness [2, 3, 6, 17, 20] and we deduce the lower bound estimate
by the second iteration of the standard successive approximation system. To this end,
we decompose a solution u of (4.1) into the first iteration, the second iteration, and the
remainder part:

u.t/ D u.1/.t/C u.2/.t/C Qu.t/;

where u.1/ and u.2/ solve the first iterative system8̂̂<̂
:̂
@tu

.1/ ��u.1/ Crp.1/ D fı ; t > t0; x 2 R2;

divu.1/ D 0; t > t0; x 2 R2;

u.1/.t0; x/ D 0; x 2 R2;
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and the second iterative system8̂̂<̂
:̂
@tu

.2/ ��u.2/ C .u.1/ � r/u.1/ Crp.2/ D 0; t > t0; x 2 R2;

divu.2/ D 0; t > t0; x 2 R2;

u.2/.t0; x/ D 0; x 2 R2;

respectively, and the remainder Qu should be a solution to8̂̂̂̂
ˆ̂̂̂̂<̂
ˆ̂̂̂̂̂̂
:̂

@t Qu �� Qu

C.u.1/ � r/u.2/ C .u.2/ � r/u.1/ C .u.2/ � r/u.2/

C.u.1/ � r/ QuC .u.2/ � r/ QuC . Qu � r/u.1/ C . Qu � r/u.2/

C. Qu � r/ QuCr Qp D 0; t > t0; x 2 R2;

div Qu D 0; t > t0; x 2 R2;

Qu.t0; x/ D a.x/; x 2 R2:

Note that we regard the linear term e.t�t0/�a as not part of the first iteration u.1/ but a
piece of the remainder Qu; this allows us to obtain the lower-bound estimate for the second
iteration u.2/ with arbitrariness in the choice of the initial data a since u.2/ is independent
of a. For sufficiently small 0 < ı � 1, choosing a suitable interval Iı D Œt0; t0 C kı;T T �
with some large kı;T 2 N and a suitable external force fı with kfıkfL1.RI PB 2

p �3

p;1 .R2//
6 ı,

we have

ku.1/kfL1.Iı I PB02;1.R2//
6 Cı; ku.2/.t0 C kı;T T /k PB02;1.R2/ > cM 2

for some positive constantM � 1 independent of ı. Hence, the essential part of the proof
is to construct the remainder Qu. However, since the estimate



 Z t

t0

e.t��/�P div.v.�/˝ w.�// d�





X

6 CkvkXkwkX (4.5)

fails with X DeL1.Iı I PB02;1.R2//, ingenuity is needed to achieve the objectives. To over-
come this, we define a norm

jjjvjjjı;I ´ kvkfL1.I I PB02;1.R2//
C
1

ı
kvke

L
2
ı2 .I I PH ı2 .R2//

for all 0 < ı 6 1=4, intervals I � R, and v 2eL1.I I PB02;1.R2// \
e
L

2

ı2 .I I PH ı2.R2//.
Then we obtain the estimate (4.5) with the norm replaced by jjj � jjjı;I and the constant
C independent of ı. See Lemma 4.3 below. Then, choosing the initial data a so small
that kak PB02;1.R2/ 6 "0 with sufficiently small 0 < "0 � 1 independent of ı and using the
contraction mapping principle via the norm jjj � jjjı;Iı , we may construct the remainder part
Qu satisfying

k QukfL1.Iı I PB02;1.R2//
6 C"0:
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Hence, collecting the above estimates, and for 0 < ı 6 "0 and sufficiently large M � 1,
we have

ku.t0 C kı;T T /k PB02;1.R2/

> ku.2/.t0 C kı;T T /k PB02;1.R2/ � ku
.1/
kfL1.Iı I PB02;1.R2//

� k QukfL1.Iı I PB02;1.R2//

> cM 2
� Cı � C"0

> 2"0;

which completes the outline of the proof.
The following lemma provides non-linear estimates for the norm jjj � jjjı;I .

Lemma 4.3. For an interval I D Œt0; t1/ � R, the following statements hold:

(1) There exists an absolute positive constant C such thatˇ̌̌̌̌̌̌̌ ˇ̌̌̌ Z t

t0

e.t��/�P div.u.�/˝ v.�// d�
ˇ̌̌̌̌̌̌̌ ˇ̌̌̌
ı;I

6 C jjjujjjı;I jjjvjjjı;I (4.6)

for all 0 6 ı 6 1=4 and u; v 2eL1.I I PB02;1.R2// \
e
L

2

ı2 .I I PH ı2.R2//.

(2) There exists an absolute positive constant C such that



 Z t

t0

e.t��/�P div.u.�/˝ v.�// d�




fL1.I I PB02;1.R2//\eL4.I I PB 1

2
2;1.R

2//

6 CkukeL4.I I PB 1
2
2;1.R

2//
kvkfL1.I I PB02;1.R2//

for all u 2 fL4.I I PB 1
2
2;1.R

2// and v 2eL1.I I PB02;1.R2//.
Remark 4.4. We should emphasize that the positive constant C appearing in (4.6) is
independent of ı.

Proof of Lemma 4.3. As (2) is obtained by Lemma 2.3, we only prove (1). This is inspired
by [6, Lemma 2.5]. We decompose the left-hand side by the Bony decomposition as fol-
lows: ˇ̌̌̌̌̌̌̌ ˇ̌̌̌ Z t

t0

e.t��/�P div.u.�/˝ v.�// d�
ˇ̌̌̌̌̌̌̌ ˇ̌̌̌
ı;I

6
ˇ̌̌̌̌̌̌̌ ˇ̌̌̌ Z t

t0

e.t��/�P div¹Tuk.�/v`.�/C Tv`.�/uk.�/º16k;`63 d�

ˇ̌̌̌̌̌̌̌ ˇ̌̌̌
ı;I

C

ˇ̌̌̌̌̌̌̌ ˇ̌̌̌ Z t

t0

e.t��/�P div¹R.uk.�/; v`.�//º16k;`63 d�

ˇ̌̌̌̌̌̌̌ ˇ̌̌̌
ı;I

:
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Here, see Appendix A for the definition of Tf g and R.f; g/. It follows from Lemmas 2.1
and A.1 thatˇ̌̌̌̌̌̌̌ ˇ̌̌̌ Z t

t0

e.t��/�P div¹Tuk.�/v`.�/C Tv`.�/uk.�/º16k;`63 d�

ˇ̌̌̌̌̌̌̌ ˇ̌̌̌
ı;I

6 C
X

16k;`63

kTukv` C Tv`ukkfL1.I I PB�12;1.R2//

C
C

ı

X
16k;`63

kTukv` C Tv`ukke
L
2
ı2 .I I PH ı2�1.R2//

6 CkukfL1.I I PB02;1.R2//
kvkfL1.I I PB02;1.R2//

C
C

ı
kuke

L
2
ı2 .I I PH ı2 .R2//

kvkfL1.I I PB02;1.R2//

6 C jjjujjjı;I jjjvjjjı;I :

Using Lemma A.2, we haveˇ̌̌̌̌̌̌̌ ˇ̌̌̌ Z t

t0

e.t��/�P div¹R.uk.�/; v`.�//º16k;`63 d�

ˇ̌̌̌̌̌̌̌ ˇ̌̌̌
ı;I

6 C
X

16k;`63

�
kR.uk ; v`/ke

L
1
ı2 .I I PB2ı

2�1
2;1 .R2//

C
1

ı
kR.uk ; v`/ke

L
1
ı2 .I I PH2ı2�1.R2//

�
6 C

X
16k;`63

�
kR.uk ; v`/ke

L
1
ı2 .I I PB2ı

2

1;1 .R
2//

C
1

ı
kR.uk ; v`/ke

L
1
ı2 .I I PB2ı

2

1;2 .R
2//

�
6
C

ı2
kuke

L
2
ı2 .I I PH ı2 .R2//

kvke
L
2
ı2 .I I PH ı2 .R2//

6 C jjjujjjı;I jjjvjjjı;I ;

which completes the proof.

Now we provide the rigorous proof of Proposition 4.1.

Proof of Proposition 4.1. Let the initial data a 2 PB02;1.R
2/ satisfy

div a D 0; kak PB02;1.R2/ 6 ":

Let M > 10 and 0 < "; � 6 1=2 be positive constants to be determined later. Let 0 <
ı 6 � and 0 < T 6 2

1

ı2 . For any R2-valued divergence-free T -periodic function h 2
zC.RI PB

2
p�3

p;1 .R2// \eL1.RI PB
2
p�3Cı

2

p;2 .R2// with

khkfL1.RI PB 2
p �3

p;1 .R2//
C khkfL1.RI PB 2

p �3Cı
2

p;1 .R2//
6 1;

we define the external force as

fı.t; x/´ �ı�g.x/C �2ıh.t; x/;

g.x/´ r?. .x/ cos.Mx1//;
(4.7)
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where the function  2 S.R2/ satisfies that y is radial symmetric and

0 6 y .�/ 6 1; y .�/ D

´
1 .j�j 6 1/;

0 .j�j > 2/:

We note that fı is R3-valued, T -periodic, and divergence-free. Using Lemma 2.1 and
supp Og � ¹� 2 R2I M � 2 6 j�j 6 M C 2º, we have

ket�akfL1.Iı I PB02;1.R2//\eL4.Iı I PB 1
2
2;1.R

2//
6 C0kak PB02;1.R2/; (4.8)

kfıkfL1.RI PB 2
p �3

p;1 .R2//
6 C�ıkgk

PB
2
p �1

p;1 .R2/
C �2ıkhkfL1.RI PB 2

p �3

p;1 .R2//

6 CM
2
p k kLp.R2/�ı C �

2ı

6 C0M
2
p �ı

for some positive constant C0 D C0.p; k kLp.R2//.
We set kı;T 2 N and Iı � R as

2
1

ı2

T
6 kı;T <

2
1

ı2

T
C 1; Iı ´ Œt0; t0 C kı;T T �:

Here, we note that
2 6 .kı;T T /

ı2 < 4: (4.9)

We define

u
.1/

ı
.t/´

Z t

t0

e.t��/�Pfı.�/ d� D

Z t

t0

e.t��/�fı.�/ d�;

u
.2/

ı
.t/´ �

Z t

t0

e.t��/�P div.u.1/
ı
.�/˝ u

.1/

ı
.�// d�;

u
.3/

ı
.t/´ �

Z t

t0

e.t��/�P div
�
u
.1/

ı
.�/˝ u

.2/

ı
.�/C u

.2/

ı
.�/˝ u

.1/

ı
.�/

C u
.2/

ı
.�/˝ u

.2/

ı
.�/
�
d�:

and consider the following integral equation:

Qu.t/ D et�aC u
.3/

ı
.t/

�

2X
mD1

Z t

t0

e.t��/�P div.u.m/
ı
.�/˝ Qu.�/C Qu.�/˝ u

.m/

ı
.�// d�

�

Z t

t0

e.t��/�P div. Qu.�/˝ Qu.�// d�: (4.10)

We note that once we establish a solution Quı Œa� to (4.10), we obtain the mild solution to
(4.1) by uı Œa�.t/´ u

.1/

ı
.t/C u

.2/

ı
.t/C Quı Œa�.t/.
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For the estimates of u.1/
ı

, we decompose it as

u
.1/

ı
.t/ D �ı�

Z t

t0

e.t��/�g d� C

Z t

t0

e.t��/�h.�/ d�

D ��ıg C �ıe.t�t0/�g C �2ı

Z t

t0

e.t��/�h.�/ d�

µ u
.1I1/

ı
C u

.1I2/

ı
.t/C u

.1I3/

ı
.t/:

Then it follows from Lemma 2.1 and the Bernstein inequality that

ku
.1I1/

ı
kfL1.Iı I PB02;1.R2//

D �ıkgk PB02;1.R2/ 6 CMk kL2.R2/�ı 6 C1M�ı;

ku
.1I2/

ı
kfL1.Iı I PB02;1.R2//\

e
L
2
ı2 .Iı I PH

ı2 .R2//

6 C�ıkgk PB02;1.R2/ 6 C1M�ı;

ku
.1I3/

ı
kfL1.Iı I PB02;1.R2//

6 C�2ıkhkfL1.Iı I PB 2
p �3

p;1 .R2//
6 C1�

2ı

and

ku
.1I1/

ı
ke
L
2
ı2 .Iı I PH

ı2 .R2//

6 C�ı.kı;T T /
ı2

2 kgk PH ı2 .R2/
6 C1M

2�ı;

ku
.1I3/

ı
ke
L
2
ı2 .Iı I PH

ı2 .R2//

6 C�2ıkhke
L
2
ı2 .Iı I PH

�2Cı2 .R2//

6 C�2ı.kı;T T /
ı2

2 khkfL1.Iı I PB 2
p �3Cı

2

p;2 .R2//
6 C1�

2ı

for some positive constant C1. Thus, we have

ku
.1/

ı
kfL1.Iı I PB02;1.R2//

6 3C1M
2�ı; jjju

.1/

ı
jjjı;Iı

6 6C1M
2�: (4.11)

For the estimates for u.2/
ı

, we decompose it as

u
.2/

ı
.t/ D

3X
k;`D1

u
.2Ik;`/

ı
.t/

D u
.2I1;1/

ı
.t/C

X
.k;`/2¹1;3º2n¹.1;1/º

u
.2Ik;`/

ı
.t/C

X
.k;`/2¹1;2;3º2n¹1;3º2

u
.2Ik;`/

ı
.t/

µ u
.2I1/

ı
.t/C u

.2I2/

ı
.t/C u

.2I3/

ı
.t/;

where we have set

u
.2Ik;`/

ı
.t/´ �

Z t

t0

e.t��/�P div.u.1Ik/
ı

.�/˝ u
.1I`/

ı
.�// d�:
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It follows from Lemma 4.3 that

jjju
.2I1/

ı
jjjı;Iı

6 C jjju
.1I1/

ı
jjj
2
ı;Iı

6 C2M
4�2;

jjju
.2I2/

ı
jjjı;Iı

6 C
X

.k;`/2¹1;3º2n¹.1;1/º

jjju
.1Ik/

ı
jjjı;Iı
jjju

.1I`/

ı
jjjı;Iı

6 C2M
2�3 (4.12)

ku
.2I3/

ı
kfL1.Iı I PB02;1.R2//\

e
L
2
ı2 .Iı I PH

ı2 .R2//

6 Cku
.1I2/

ı
keL4.Iı I PB 1

2
2;1.R

2//

3X
`D1

ku
.1I`/

ı
kfL1.Iı I PB02;1.R2//

6 C2M
2�2ı2 (4.13)

for some positive constant C2. Thus, we have2

jjju
.2/

ı
jjjı;Iı

6 3C2M
4�2: (4.14)

For the estimates of u.3/
ı

, we rewrite it as

u
.3/

ı
.t/ D �

X
.i;j /2¹1;2º2n¹.1;1/º

Z t

t0

e.t��/�P div.u.i/
ı
.�/˝ u

.j /

ı
.�// d�;

and by Lemma 4.3, there holds

jjju
.3/

ı
jjjı;Iı

6 C
X

.i;j /2¹1;2º2n¹.1;1/º

jjju
.i/

ı
jjjı;Iı
jjju

.j /

ı
jjjı;Iı

6 C3M
8�3: (4.15)

for some positive constant C3. Now we construct a solution Quı to the equation (4.10). To
this end, we define a complete metric space .Sı ; dSı / by

Sı ´
®
u D u0 C u00 2 zC.Iı I PB

0
2;1.R

2//I u0 2 S 0ı ; u
00
2 S 00ı

¯
;

dSı .u; v/´ inf
uDu0Cu00

vDv0Cv00

u0;v02S 0
ı

u00;v002S 00
ı

�
ku0 � v0kfL1.Iı I PB02;1.R2//\eL4.Iı I PB 1

2
2;1.R

2//
C jjju00 � v00jjjı;Iı

�
;

where

S 0ı ´
°
u0 2eL1.Iı I PB02;1.R2// \fL4.Iı I PB 1

2
2;1.R

2//I

ku0kfL1.Iı I PB02;1.R2//\eL4.Iı I PB 1
2
2;1.R

2//
6 4C0"

±
;

S 00ı ´
°
u00 2eL1.Iı I PB02;1.R2// \

e
L

2

ı2 .Iı I PH
ı2.R2//I jjju00jjjı;Iı 6 4C3M

8�3
±
;

2To obtain the estimate (4.14), we do not need the decomposition and it suffices to apply Lemma 4.3
to the definition of u.2/

ı
. However, constructing the estimate below in (4.20), we use these decompositions

u.2;k/; therefore we prepare them here.
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and let us consider a map

ˆı Œu�.t/ D e
t�aC u

.3/

ı
.t/

�

2X
mD1

Z t

t0

e.t��/�P div.u.m/
ı
.�/˝ u.�/C u.�/˝ u

.m/

ı
.�// d�

�

Z t

t0

e.t��/�P div.u.�/˝ u.�// d�; u 2 Sı :

For any u D u0 C u00 2 Sı with u0 2 S 0
ı

and u00 2 S 00
ı

, we decompose ˆı Œu� as

ˆı Œu�.t/ D ˆ
0
ı Œu
0; u00�.t/Cˆ00ı Œu

00�.t/;

where we have set

ˆ0ı Œu
0; u00�.t/´ et�a �

2X
mD1

Z t

t0

e.t��/�P div.u.m/
ı
.�/˝ u0.�/C u0.�/˝ u

.m/

ı
.�// d�

�

Z t

t0

e.t��/�P div.u0.�/˝ u00.�/C u00.�/˝ u0.�// d�

�

Z t

t0

e.t��/�P div.u0.�/˝ u0.�// d�;

ˆ00ı Œu
00�.t/´ u

.3/

ı
.t/ �

2X
mD1

Z t

t0

e.t��/�P div.u.m/
ı
.�/˝ u00.�/Cu00.�/˝ u

.m/

ı
.�// d�

�

Z t

t0

e.t��/�P div.u00.�/˝ u00.�// d�:

It follows from Lemma 4.3, (4.8), (4.11), (4.14), and (4.15) that

kˆ0ı Œu
0; u00�kfL1.Iı I PB02;1.R2//\eL4.Iı I PB 1

2
2;1.R

2//

6 C0kak PB02;1.R2/ C C

2X
mD1

ku
.m/

ı
kfL1.Iı I PB02;1.R2//

ku0keL4.Iı I PB 1
2
2;1.R

2//

C Cku00kfL1.Iı I PB02;1.R2//
ku0keL4.Iı I PB 1

2
2;1.R

2//
C Cku0k

2eL4.Iı I PB 1
2
2;1.R

2//

6 C0"C C4M
4�2"C C4M

8�3"C C4"
2

and

jjjˆ00ı Œu
00�jjjı;Iı 6 jjjv.3/

ı
jjjı;Iı

C C

2X
mD1

jjju
.m/

ı
jjjı;Iı
jjju00jjjı;Iı C C jjju

00
jjj
2
ı;Iı

6 C3M
8�3 C C4.M

4�2/M 8�3 C C4.M
8�3/2
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for some positive constant C4. Here, we have used

2X
mD1

jjju
.m/

ı
jjjı;Iı

6 CM 2�ı C CM 4�2 6 CM 4�2;

which is implied by (4.11), (4.14), and ı 6 �. Let 0 < �1; "1 6 1=2 satisfy

max
®
M 4�21; "1;M

8�31
¯

6 min
° C0
3C4

;
C3

3C4

±
and assume 0 < � 6 �1 and 0 < " 6 "1 in the remainder of this proof. Then we see that
for every u 2 Sı ,

kˆ0ı Œu
0; u00�kfL1.Iı I PB02;1.R2//\eL4.Iı I PB 1

2
2;1.R

2//
6 2C0";

jjjˆ00ı Œu
00�jjjı;Iı 6 2C3M

8�3;

(4.16)

which impliesˆ0
ı
Œu0; u00� 2 S 0

ı
andˆ00

ı
Œu00� 2 S 00

ı
. Thus, we haveˆı Œu� 2 Sı for all u 2 Sı .

For u D u0 C u00; v D v0 C v00 2 Sı with u0; v0 2 S 0
ı

and u00; v00 2 S 00
ı

, since it holds that

ˆ0ı Œu
0; u00�.t/ �ˆ0ı Œv

0; v00�.t/

D �

2X
mD1

Z t

t0

e.t��/�P div
�
u
.m/

ı
.�/˝ .u0.�/ � v0.�//

�
d�

�

2X
mD1

Z t

t0

e.t��/�P div
�
.u0.�/ � v0.�//˝ u

.m/

ı
.�/
�
d�

�

Z t

t0

e.t��/�P div
�
.u0.�/ � v0.�//˝ u00.�/C v0.�/˝ .u00.�/ � v00.�//

�
d�

�

Z t

t0

e.t��/�P div
�
.u00.�/ � v00.�//˝ u0.�/C v00.�/˝ .u0.�/ � v0.�//

�
d�

�

Z t

t0

e.t��/�P div
�
.u0.�/ � v0.�//˝ u0.�/C v0.�/˝ .u0.�/ � v0.�//

�
d�

and

ˆ00ı Œu
00�.t/ �ˆ00ı Œv

00�.t/

D �

2X
mD1

Z t

t0

e.t��/�P div
�
u
.m/

ı
.�/˝ .u00.�/ � v00.�//

�
d�

�

2X
mD1

Z t

t0

e.t��/�P div
�
.u00.�/ � v00.�//˝ u

.m/

ı
.�/
�
d�

�

Z t

t0

e.t��/�P div
�
.u00.�/ � v00.�//˝ u00.�/C v00.�/˝ .u00.�/ � v00.�//

�
d�;
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we have

kˆ0ı Œu
0; u00� �ˆ0ı Œv

0; v00�kfL1.Iı I PB02;1.R2//\eL4.Iı I PB 1
2
2;1.R

2//

6 C

2X
mD1

ku
.m/

ı
kfL1.Iı I PB02;1.R2//

ku0 � v0keL4.Iı I PB 1
2
2;1.R

2//

C C
�
ku0keL4.Iı I PB 1

2
2;1.R

2//
C kv0keL4.Iı I PB 1

2
2;1.R

2//

�
ku00 � v00kfL1.Iı I PB02;1.R2//

C C
�
ku00kfL1.Iı I PB02;1.R2//

C kv00kfL1.Iı I PB02;1.R2//

�
ku0 � v0keL4.Iı I PB 1

2
2;1.R

2//

C C
�
ku0kfL1.Iı I PB02;1.R2//

C kv0kfL1.Iı I PB02;1.R2//

�
ku0 � v0keL4.Iı I PB 1

2
2;1.R

2//

6 C5."CM
8�/
�
ku0 � v0kfL1.Iı I PB02;1.R2//\eL4.Iı I PB 1

2
2;1.R

2//
C jjju00 � v00jjjı;Iı

�
and

jjjˆ00ı Œu
00� �ˆ00ı Œv

00�jjjı;Iı

6 C

2X
mD1

jjju
.m/

ı
jjjı;Iı
jjju00 � v00jjjı;Iı

C C.jjju00jjjı;Iı C jjjv
00
jjjı;Iı

/jjju00 � v00jjjı;Iı

6 C5M
8�
�
ku0 � v0kfL1.Iı I PB02;1.R2//\eL4.Iı I PB 1

2
2;1.R

2//
C jjju00 � v00jjjı;Iı

�
for some positive constant C5. Thus, it holds that

dSı .ˆı Œu�; ˆı Œv�/

6 inf
uDu0Cu00

vDv0Cv00

u0;v02S 0
ı

u00;v002S 00
ı

�
kˆ0ı Œu

0; u00� �ˆ0ı Œv
0; v00�kfL1.Iı I PB02;1.R2//\eL4.Iı I PB 1

2
2;1.R

2//

C jjjˆ00ı Œu
00� �ˆ00ı Œv

00�jjjı;Iı

�
6 C5."C 2M

8�/dSı .u; v/;

where the first estimate above is ensured by the fact ˆ0
ı
Œu0; u00� � ˆ0

ı
Œv0; v00� 2 S 0

ı
and

ˆ00
ı
Œu00� �ˆ00

ı
Œv00� 2 S 00

ı
, which are implied by (4.16). Let 0 < "2; �2 6 1=2 satisfy

C5."2 C 2M
8�2/ 6

1

2
:
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In the remainder of this proof, we assume 0 < " 6 min¹"1; "2º and 0 < � 6 min¹�1; �2º.
Then we see that

dSı .ˆı Œu�; ˆı Œv�/ 6
1

2
dSı .u; v/

for all u; v 2 Sı . Hence, the Banach fixed point theorem yields the unique existence of
Quı Œa� 2 Sı satisfying Quı Œa� D ˆı Œ Quı Œa��, which implies Quı Œa� is a solution to (4.10). We
note that Quı Œa� 2 Sı implies

k Quı Œa�kfL1.Iı I PB02;1.R2//
6 4C0"C 4C3M

8�3: (4.17)

Moreover, uı Œa�´ u
.1/

ı
C u

.2/

ı
C Quı Œa� is a solution to (4.2).

Finally, we establish the second estimate in (4.4). To this end, we focus on u.2I1/
ı

. As
g D g.x/ is time independent, there holds

u
.2I1/

ı
.t0 C kı;T T / D ��

2ı2
Z t0Ckı;T T

t0

e.t0Ckı;T T��/�P div.g ˝ g/ d�

D �2ı2.1 � ekı;T T�/.��/�1P div.g ˝ g/:

Then we see that

ku
.2I1/

ı
.t0 C kı;T T /k PB02;1.R2/

> �2ı2
X

� 1

2ı2
6j6�2

k�j .1 � e
kı;T T�/.��/�1P div.g ˝ g/kL2.R2/

> c�2ı2
X

� 1

2ı2
6j6�2

.1 � e�
1
42
2j kı;T T /k�j .��/

�1P div.g ˝ g/kL2.R2/

> c�2ı2
X

� 1

2ı2
6j6�2

k�j .��/
�1P div.g ˝ g/kL2.R2/;

where we have used the estimate

1 � e�
1
42
2j kı;T T > 1 � e�

1
42
� 1
ı2 kı;T T > 1 � e�

1
42
� 1
ı2 2

1
ı2

D 1 � e�
1
4 ;

which is implied by �1=.2ı2/ 6 j 6 �2 and (4.9). We consider the estimate for �j .g ˝
g/. It follows from [5, Lemmas 2.1 and 2.4] that for �1=.2ı2/ 6 j 6 �2,

�j div.g ˝ g/ D
M 2

2
�j

�
0

@x2. 
2/

�
C
1

2
�j div.r? ˝r? / (4.18)

and 


�j .��/�1P� 0

@x2. 
2/

�



L2.R2/

> c (4.19)
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for some positive constant c independent of j . Thus, by (4.18) and (4.19), we have

�2ı2
X

� 1

2ı2
6j6�2

k�j .��/
�1P div.g ˝ g/kL2.R2/

> cM 2�2ı2
X

� 1

2ı2
6j6�2




�j .��/�1P� 0

@x2. 
2/

�



L2.R2/

� C�2ı2
X

� 1

2ı2
6j6�2

k�j .��/
�1P div.r? ˝r? /kL2.R2/

> cM 2�2 � C�2kr? ˝r? k PB�12;1.R2/

> cM 2�2 � C�2kr? k
2

L2.R2/;

which implies
ku
.2I1/

ı
.t0 C kı;T T /k PB02;1.R2/

> c1M
2�2 � C6�

2

for some positive constant c1 and C6. Here, we have used the estimate

kr
? ˝r? k PB�12;1.R2/ 6 Ckr? ˝r? kL1.R2/ 6 Ckr? k

2

L2.R2/:

Using (4.11), (4.12), (4.13), (4.15), and (4.17), we obtain

kuı Œa�.t0 C kı;T T /k PB02;1.R2/

> ku.2I1/
ı

.t0 C kı;T T /k PB02;1.R2/
� ku

.1/

ı
kfL1.Iı I PB02;1.R2//

�

3X
kD2

ku
.2Ik/

ı
kfL1.Iı I PB02;1.R2//

� k Quı Œa�kfL1.Iı I PB02;1.R2//

> c1M
2�2 � C6�

2

� 3C1M�ı � C2M
2�3 � C2M

2�2ı2 � 4C0" � 4C3M
8�3 (4.20)

> c1M
2�2 � C6�

2
� 3C1M�2 � C2M

2�3 � C2M
2�4 � 4C0" � 4C3M

8�3

D .c1M
2
� C6 � 3C1M/�2 � .C2M

2�C C2M
2�2 C 4C3M

8�/�2 � 4C0":

We now choose M DM0 > 10 and 0 < � D �0 6 min¹�1; �2º, so that

c1M
2
0 � C6 � 3C1M0 > 3;

C2M
2
0 �0 C C2M

2
0 �

2
0 C 4C3M

8
0 �0 6 1; C0M0�0 6 1;

and let

"0´ min
°
"1; "2; �0;

�20
4C0

;
�20
2

±
:

Then, for any 0 < ı 6 "0, there holds

kak PB02;1.R2/ 6 "0; kfıkfL1.RI PB 2
p �3

p;1 .R2//
6 ı; kuı Œa�.t0 C kı;T T /k PB02;1.R2/ > 2"0;

and we complete the proof.
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4.2. Unconditional uniqueness

To complete the proof of Theorem 1.5, we need the following unconditional uniqueness
for the initial value problem (4.1).

Proposition 4.5. Let I D Œt0; T0/ � R and a 2 PB02;1.R
2/. If two vector fields u1; u2 2

C.I I PB02;1.R
2// are mild solutions to (4.1) with u1.t0/D u2.t0/D a and the same external

force, then u1 D u2.

Remark 4.6. For the unconditional uniqueness of the incompressible Navier–Stokes
equations, Furioli, Lemarié-Rieusset, and Terraneo [7] considered the three-dimensional
case and showed the uniqueness in the class C.I IL3.R3//. Their method is directly appli-
cable to the general higher-dimensional case C.I ILn.Rn// with n > 3, whereas its proof
fails in the two-dimensional case since the key embedding L

n
2 .Rn/ ,! PW �1;n.Rn/ is not

valid when n D 2. In Proposition 4.5, we find that the unconditional uniqueness holds in
the class C.I I PB02;1.R

2//, which is slightly narrower than C.I IL2.R2//, by following the
idea in [7].

To show Proposition 4.5, we first establish some bilinear estimates.

Lemma 4.7. Let I D Œt0; T0/ � R be an interval. Then there exists a positive constant C
such that

sup
t2I





 Z t

t0

e.t�s/�P div.u.s/˝ v.s// ds





PB02;1.R

2/

6 C sup
t2I

ku.t/k PB02;1.R2/ sup
t2I

kv.t/k PB02;1.R2/

for all u 2 C.I I PB02;1.R
2// and v 2 C.I I PB02;1.R

2//.

Proof. As there holds



�j Z t

t0

e.t�s/�P div.u.s/˝ v.s// ds





L2.R2/

6 C

Z t

t0

e�
1
42
2j .t�s/2j k�j .u.s/˝ v.s//kL2.R2/ ds

6 C

Z t

t0

e�
1
42
2j .t�s/ ds 2j sup

t06s6t

k�j .u.s/˝ v.s//kL2.R2/

D C2�j sup
s2I

k�j .u.s/˝ v.s//kL2.R2/;

we have

sup
t2I





 Z t

t0

e.t�s/�P div.u.s/˝ v.s// ds





PB02;1.R

2/

6 C sup
t2I

ku.t/˝ v.t/k PB�12;1.R2/:
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Hence, it suffices to show

kfgk PB�12;1.R2/ 6 Ckf k PB02;1.R2/kgk PB02;1.R2/

for all f 2 PB02;1.R
2/ and g 2 PB02;1.R

2/. To prove this, we use the Bony paraproduct
decomposition:

fg D Tf g CR.f; g/C Tgf:

See Appendix A for the definitions of Tf g and R.f; g/. It follows from Lemma A.1 and
the continuous embeddings PB02;1.R

2/ ,! PB�11;1.R
2/ and PB02;1.R

2/ ,! PB02;1.R
2/ that

kTf gk PB�12;1.R2/
6 Ckf k PB�11;1.R2/kgk PB02;1.R2/

6 Ckf k PB02;1.R2/kgk PB02;1.R2/

6 Ckf k PB02;1.R2/kgk PB02;1.R2/

and similarly

kTgf k PB�12;1.R2/ 6 Ckgk PB�11;1.R2/kf k PB02;1.R2/

6 Ckgk PB02;1.R2/kf k PB02;1.R2/

6 Ckf k PB02;1.R2/kgk PB02;1.R2/:

By the continuous embedding PB01;1.R
2/ ,! PB�12;1.R

2/ and Lemma A.1, we see that

kR.f; g/k PB�12;1.R2/ 6 CkR.f; g/k PB01;1.R2/ 6 Ckf k PB02;1.R2/kgk PB02;1.R2/:

Combining the above three estimates, we complete the proof.

Lemma 4.8. Let I D Œt0; T0/ � R be an interval. Then there exists a positive constant C
such that

sup
t2I





 Z t

t0

e.t�s/�P div.u.s/˝ v.s// ds





PB02;1.R

2/

6 C sup
t2I

.t � t0/
1
4 ku.t/k PB04;1.R2/ sup

t2I

kv.t/k PB02;1.R2/

for all u 2 C..t0; T0/I PB04;1.R
2// and v 2 C.I I PB02;1.R

2//.

Proof. By the smoothing estimate for the kernel of e.t�s/�P div, we see that



 Z t

t0

e.t�s/�P div.u.s/˝ v.s// ds





PB02;1.R

2/

6 C

Z t

t0

ke.t�s/�P div.u.s/˝ v.s//k PB02;1.R2/ ds

6 C

Z t

t0

.t � s/�
3
4 ku.s/˝ v.s/k

PB
� 12
2;1.R

2/
ds
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6 C

Z t

t0

.t � s/�
3
4 .s � t0/

� 14 ds sup
t0<s6t

.s � t0/
1
4 ku.s/˝ v.s/k

PB
� 12
2;1.R

2/

6 C sup
t0<s6t

.s � t0/
1
4 ku.s/˝ v.s/k

PB
� 12
2;1.R

2/
:

Hence, it suffices to show

kfgk
PB
� 12
2;1.R

2/
6 Ckf k PB04;1.R2/kgk PB02;1.R2/:

Similarly to the argument in the proof of Lemma 4.7, we use the paraproduct decomposi-
tion. It follows from Lemma A.1 and the continuous embeddings PB04;1.R

2/ ,! PB04;1.R
2/

,! PB
� 12
1;1.R2/ and PB02;1.R

2/ ,! PB
� 12
4;1.R

2/ that

kTf gk
PB
� 12
2;1.R

2/
6 Ckf k

PB
� 12
1;1.R2/

kgk PB02;1.R2/ 6 Ckf k PB04;1.R2/kgk PB02;1.R2/;

kTgf k
PB
� 12
2;1.R

2/
6 Ckgk

PB
� 12
4;1.R

2/
kf k PB04;1.R2/ 6 Ckgk PB02;1.R2/kf k PB04;1.R2/:

By the continuous embedding PB04
3 ;1

.R2/ ,! PB
� 12
2;1.R

2/ and Lemma A.1, we see that

kR.f; g/k
PB
� 12
2;1.R

2/
6 CkR.f; g/k PB04

3 ;1
.R2/ 6 Ckf k PB04;1.R2/kgk PB02;1.R2/:

Combining the above three estimates, we complete the proof.

Now we present the proof of Proposition 4.5.

Proof of Proposition 4.5. Let u1 and u2 be a solution to (4.1) with the same initial data
a 2 PB02;1.R

2/. Let vm.t/´ um.t/ � e
.t�t0/�a (m D 1; 2) and w.t/´ v1.t/ � v2.t/.

Then it holds that

w.t/ D�

Z t

t0

e.t�s/�P div.e.s�t0/�a˝ w.s// ds

�

Z t

t0

e.t�s/�P div.w.s/˝ e.s�t0/�a/ ds

�

Z t

t0

e.t�s/�P div.v1.s/˝ w.s// ds

�

Z t

t0

e.t�s/�P div.w.s/˝ v2.s// ds:

It follows from Lemmas 4.7 and 4.8 that for any T 2 .t0; T0/,

sup
t0<t<T

kw.t/k PB02;1.R2/

6 C0 sup
t0<t<T

.t � t0/
1
4 ke.t�t0/�ak PB04;1.R2/ sup

t0<t<T

kw.t/k PB02;1.R2/

C C0

2X
mD1

sup
t0<t<T

kvm.t/k PB02;1.R2/ sup
t0<t<T

kw.t/k PB02;1.R2/ (4.21)



Time-periodic Navier–Stokes flows in Rn with n > 2 1073

with some positive constantC0 independent of T . As the density argument and vm.t0/D 0
yields

lim
T#t0

�
sup

t0<t<T

.t � t0/
1
4 ke.t�t0/�ak PB04;1.R2/ C

2X
mD1

sup
t0<t<T

kvm.t/k PB02;1.R2/

�
D 0;

there exists a time t0 < T1 6 T0 such that

sup
t0<t<T1

.t � t0/
1
4 ke.t�t0/�ak PB04;1.R2/ C

2X
mD1

sup
t0<t<T1

kvm.t/k PB02;1.R2/ 6
1

4C0
: (4.22)

Then we see by (4.21) and (4.22) that

sup
t0<t<T1

kw.t/k PB02;1.R2/ 6
1

2
sup

t0<t<T1

kw.t/k PB02;1.R2/;

which impliesw.t/D 0 for all t0 6 t 6 T1. If T1 < T0, then we repeat the same procedure
many times to obtain w.t/ D 0 for all t 2 I . Thus, we complete the proof.

4.3. Proof of Theorem 1.5

Now we are in a position to present the proof of Theorem 1.5.

Proof of Theorem 1.5. Let 1 6 p 6 2 and let "0 be a positive constant determined in
Proposition 4.1. Let 0 < ı 6 "0 and 0 < T 6 2

1

ı2 . Suppose by contradiction that the exter-
nal force fı appearing in Proposition 4.1 generates a T -periodic mild solution uper;ı 2

C.RI PB02;1.R
2// to (1.1) satisfying

kuper;ı.t0/k PB02;1.R2/
6 "0 (4.23)

for some t0 2 R. It is easy to see that uper;ı is also a mild solution to (4.1) with the initial
data a D uper;ı.t0/. On the other hand, by Proposition 4.1, there exists a mild solution
uı Œuper;ı.t0/� 2 zC.Œt0; t0 C kı;T T �I PB

0
2;1.R

2// to (4.1) with a D uper;ı.t0/ satisfying

kuı Œuper;ı.t0/�.t0 C kı;T T /k PB02;1.R2/
> 2"0;

which with (4.23) implies

uı Œuper;ı.t0/�.t0/ ¤ uı Œuper;ı.t0/�.t0 C kı;T T /:

Using Proposition 4.5, we see by uı Œuper;ı.t0/�.t0/ D uper;ı.t0/ that

uı Œuper;ı.t0/�.t/ D uper;ı.t/ (4.24)

holds for all t0 6 t 6 t0 C kı;T T . From (4.23) and (4.24) with t D t0 C kı;T T , we have

uper;ı.t0/ D uı Œuper;ı.t0/�.t0/ ¤ uı Œuper;ı.t0/�.t0 C kı;T T / D uper;ı.t0 C kı;T T /

which yields a contradiction to the periodicity of uper;ı . Thus, we complete the proof.
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A. Remarks on the paradifferential calculus

In this appendix we consider the Bony decomposition of the product fg for two functions
f and g:

fg D Tf g CR.f; g/C Tgf;

where we have set

Tf g´
X
k2Z

� X
`6k�3

�`f

�
�kg; R.f; g/´

X
k2Z

X
jk�`j62

�kf�`g:

We first recall the basic estimates for Tf g and R.f; g/ in Besov and Chemin–Lerner
spaces.

Lemma A.1. Let n 2N and let I �R be an interval. Then the following statements hold:

(1) Let 1 6 p; p1; p2; r; r1; r2; �; �1 61 and s; s1; s2 2 R satisfy

1

p
D

1

p1
C

1

p2
;

1

r
D

1

r1
C
1

r2
;

1

�
6
1

�1
C

1

�2
; s D s1 C s2; s1 < 0:

Then there exists a positive constant K1 D K1.�1; s1; s2/ such that

kTf gk PBsp;� .Rn/
6 K1kf k PBs1p1;�1 .R

n/
kgk PBs2p2;� .R

n/
(A.1)

for all f 2 PBs1p1;�1.R
n/ and g 2 PBs2p2;� .R

n/, as well as

kTFGkeLr .I I PBsp;� .Rn//
6 K1kF kfLr1 .I I PBs1p1;�1 .Rn//

kGkfLr2 .I I PBs2p2;� .Rn//
(A.2)

for all F 2eLr1.I I PBs1p1;�1.Rn// and G 2eLr2.I I PBs2p2;� .Rn//.
(2) Let 1 6 p; p1; p2; r; r1; r2; �; �1; �2 61 and s; s1; s2 2 R satisfy

1

p
D

1

p1
C

1

p2
;

1

r
D

1

r1
C
1

r2
;

1

�
6
1

�1
C

1

�2
; s D s1 C s2 > 0:

Then there exists a positive constant K2 D K2.s; s1; s2/ such that

kR.f; g/k PBsp;� .Rn/ 6 K2kf k PBs1p1;�1 .R
n/
kgk PBs2p2;�2 .R

n/
(A.3)

for all f 2 PBs1p1;�1.R
n/ and g 2 PBs2p2;�2.R

n/, as well as

kR.F;G/keLr .I I PBsp;� .Rn//
6 K2kF kfLr1 .I I PBs1p1;�1 .Rn//

kGkfLr2 .I I PBs2p2;�2 .Rn//
(A.4)

for all F 2eLr1.I I PBs1p1;�1.Rn// and G 2eLr2.I I PBs2p2;�2.Rn//.
One may prove Lemma A.1 using the arguments in [1, Theorems 2.47 and 2.52]. It

follows from the proof of estimates (A.1), (A.2) and (A.3), (A.4) that there exist absolute
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positive constants C1 and C2 such that we may choose K1 and K2 as

K1.�1; s1; s2/ D
C1

s
1� 1

�1
1

23js2j; K2.s; s1; s2/ D
C
js1jCjs2j
2

s
: (A.5)

While we see from (A.5) that K2 D O.s�1/ as s # 0, we may relax the singularity s�1 to
s�

1
� if �1 and �2 satisfy a strict condition in the following lemma, which is crucial in the

proof of Lemma 4.3.

Lemma A.2. Let 1 6 p; p1; p2; r; r1; r2; �; �1; �2 61 and s; s1; s2 2 R satisfy

1

p
D

1

p1
C

1

p2
;

1

r
D

1

r1
C
1

r2
; 1 6

1

�1
C

1

�2
; s D s1 C s2 > 0:

Then there holds

kR.f; g/keLr .I I PBsp;� .Rn//
6 K3kf kfLr1 .I I PBs1p1;�1 .Rn//

kgkfLr2 .I I PBs2p2;�2 .Rn//

for all f 2eLr1.I I PBs1p1;�1.Rn// and g 2eLr2.I I PBs2p2;�2.Rn//, where the positive constant
K3 D K3.�; s; s1; s2/ is given by

K3.�; s; s1; s2/ D
C
js1jCjs2j
3

s
1
�

for some absolute positive constant C3.

Proof. By R.f; g/ D R.g; f /, Applying �j to R.f; g/, we see that

�jR.f; g/ D �j
X
k>j�4

X
jk�`j62

�kf�`g;

which implies

2sj k�jR.f; g/kLr .I ILp.Rn// 6 C22js2j
X
k>j�4

2s.j�k/2s1kk�kf kLr1 .I ILp1 .Rn//

�

X
jk�`j62

2s2`k�`gkLr2 .I ILp2 .Rn//:

Taking the `� .Z/-norm of this and using the Hausdorff–Young inequality for the discrete
convolution we obtain

kR.f; g/keLr .I I PBsp;� .Rn//

6 C22js2j
�X
j64

2s�j
� 1
�

�





²2s1kk�kf kLr1 .I ILp1 .Rn//

X
jk�`j62

2s2`k�`gkLr2 .I ILp2 .Rn//

³
k2Z






`1.Z/

6 C22js2j24ss�
1
� kf kfLr1 .I I PBs1p1;�1 .Rn//

kgkfLr2 .I I PBs2p2;�2 .Rn//
;

which completes the proof.
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