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Time-periodic solutions to the Navier-Stokes equations
on the whole space including the two-dimensional case

Mikihiro Fujii

Abstract. Let us consider the incompressible Navier—Stokes equations with the time-periodic
external forces in the whole space R” with n = 2 and investigate the existence and non-existence of
time-periodic solutions. In the higher-dimensional case n > 3, we construct a unique small solution
for given small time-periodic force in the scaling-critical spaces of Besov type and prove its stability
under small perturbations. In contrast, for the two-dimensional case n = 2, the time-periodic solv-
ability of the Navier—Stokes equations has long been open. It is the central work of this paper that
we have now succeeded in solving this issue negatively by providing examples of small external
forces such that each of them does not generate time-periodic solutions.

1. Introduction

We consider the incompressible Navier—Stokes equations with time-periodic external
forces on the whole space R” withn > 2:

{8f“—A“+(u'V)u+Vp=f, teR, x eR", a0

divu =0, teR, x e R",
where u = u(t,x): R x R" - R"” and p = p(¢, x): R x R” — R represent the unknown
velocity field and pressure of the fluid, respectively, whereas the given external force f =
f(t,x):R x R" — R” is assumed to be T-periodic, that is, f(t + T) = f(z) holds for
all ¢ € R with some positive constant 7. It is well known that (1.1) possesses the scaling
invariant structure, that is, if u and p solve (1.1) with some external force f, then

up(t,x) = Au(A?t,Ax),  pa(t.x) := A2 p(A%t, Ax) (1.2)
also satisfy (1.1) with f replaced by
filt,x) = A3 F(A%t, Ax) (1.3)

for all A > 0. Function spaces of which the norms are invariant under the scaling trans-
forms (1.2)—(1.3) are called the scaling-critical spaces for (1.1). The purpose of this paper
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is to consider the solvability of the time-periodic problem (1.1) in the scaling-critical
Besov-type spaces framework. In the higher-dimensional case n > 3, we prove the unique
existence and global-in-time stability of the T-periodic solutions to (1.1). For the two-
dimensional case n = 2, it has been a well-known open problem whether the time-periodic
solution for the two-dimensional incompressible Navier—Stokes equations (1.1) withn =2
exists or not. The major outcome in this paper is to solve this question negatively and con-
struct some arbitrarily small external forces, each of which does not produce time-periodic
solutions.

1.1. Known results and the position of our study

We recall known results for the time-periodic problem of the Navier—Stokes equations
on unbounded domains. It was Maremonti [13, 14] who first constructed a unique time-
periodic solution to (1.1) on the three-dimensional whole space R and half-space ]Ri.
Kozono and Nakao [11] introduced the notion of integral equation (1.6) below corre-
sponding to (1.1) and showed the existence of a unique small time-periodic mild solution
to (1.1) in the Lebesgue spaces framework on the whole space R", the half-space R’}
with n = 3, and the exterior domains in R” with n = 4. Taniuchi [15] showed the sta-
bility of the global solution to the initial value problem of Navier—Stokes equations with
the time-periodic external forces around the time-periodic flow constructed in [11] in the
framework of weak-mild solutions. Yamazaki [19] generalized the results in [11] to the
Morrey spaces frameworks on R” with n = 3. Yamazaki [18] considered the Navier—
Stokes equations (1.1) with external forces that may not decay as ¢ — oo, which is a
similar situation to the time-periodic setting and proved the global existence of solutions
in a scaling-critical space u € BC(R; L"*°(€2)) for given small external force f in the
scaling-critical class (—A)_%f € BC(R; L2°(R)), where Q is the whole space R”, the
half-space R" , or the exterior domain in R” with n > 3. Geissert, Hieber, and Nguyen
[9] proposed a new approach on the time-periodic problem in a general framework and
applied it to several viscous incompressible fluids on R” with n > 3, and constructed small
time-periodic solutions in a scaling-critical space BC(R; L™°°(R")) if the given time-
periodic external force f = div F with the scaling-critical class F € BC(R; L2 (R"))
is sufficiently small.

For the two-dimensional case, the situation is completely different from that for the
higher-dimensional case, and there are only a few results on the existence of time-periodic
solutions in two-dimensional unbounded domains. As mentioned in [8], the solvability of
time-periodic problems in two-dimensional unbounded domains has been known to be as
difficult as that of stationary problems. Indeed, the proofs of all results for the higher-
dimensional case mentioned above completely fails in the two-dimensional case. One of
the reasons for this difficulty is that the decay rate of the heat kernels on R? is so slow that
it is difficult to find a function space X that establishes the key bilinear estimate

< Cllulixllvllx. (1.4)

H /t eTIAP div(u(t) @ v(v)) dt
oo ¥
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although it is known for the higher-dimensional case, such as BC(R; L"*°(R")) with
n = 3 by [9, 18]. On the other hand, there are some results solving the two-dimensional
time-periodic problem in the whole plane by considering some special situations. Galdi
[8] constructed time-periodic solutions to (1.1) around the constant flow é; = (1,0)".
Tsuda [16] proved the existence of time-periodic solutions to the compressible Navier—
Stokes equations with the given small time-periodic external forces satisfying some spa-
tial antisymmetric conditions. However, there is no previous research on time-periodic
solvability in two-dimensional unbounded domains without special assumptions such as
around non-zero constant equilibrium states or spatial antisymmetry. In particular, the
two-dimensional analysis corresponding to the results [9, 11,13, 14, 18, 19] for the higher-
dimensional case mentioned above is completely unresolved.

In this paper, we address the solvability of the time-periodic problem (1.1) not only in
the higher-dimensional case R” with n > 3, but also in the two-dimensional case R?, and
aim to reveal the existence or non-existence of time-periodic solutions in the framework of
scaling-critical function spaces of Besov type. More precisely, for the higher-dimensional
case R” with n = 3, we prove that for 1 < p <nand 1 < o < o0, there exists a unique small

time-periodic solution upe, e C (R; Bp” p (R")) provided that the glven time-periodic

external force f € C(R; Bp" . (R”)) is sufﬁcwntly small, where C (R; B o (R") =
CR; B, ,(R")) N LOO(R, 5.0 (R")) and L (R; B, 5 (R")) is the Chemln—Lerner space;
the definition and basic properties of this function space are mentioned in Section 2. See
Remark 1.2 for the reason why we need the Chemin—Lerner spaces. For the stability of
the time-periodic solution u,, we consider the initial value problem of the incompressible
Navier—Stokes equations with the time-periodic external forces

v—Av+@-V)v+Vg=f >0, x e R?,
divv =0, t =0, x e R", (1.5)
v(0,x) = vo(x), x eR”,

L
and prove that if the initial disturbance v (x) —uper (0, x) is sufficiently smallin B, (R")
with 1 < ¢ < 2n, then (1.5) possesses a unique mild solution in the strong sense' and it
holds that

tllglo ||l)(l) - uper(t)llB,?;l(R") =

Furthermore, we consider the two-dimensional case and show that the above result on the
existence of the time-periodic solution fails, that is, for each I<p<2and0<di K1,

there exists a time-periodic external force fs € C(R; B p (Rz)) with norm less than §
such that there exists no time-periodic solution to (1.1) with the force fs in some subset
of C(R: BY | (R?)).

'In the known result [15], the time-periodic stability is proved in the framework of the mild solutions
in the weak sense; see Remark 1.4 below.
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1.2. Main results

Now we provide the precise statements of our main theorems. To this end, we recall the
notion of mild solutions to (1.1) which was proposed by [11]. By the Duhamel principle,
equation (1.1) is formally equivalent to

t t
u(t) = /_ eUOAP f(1)dt — /_ eIAP div(u(t) Q u(r)) d, (1.6)

where {e/2} ;- denotes the heat semigroup, and P := I + V div(—A)~! is the Helmholtz
projection on R”. We say that u is a mild solution to (1.1) if u satisfies (1.6) for all # € R.
See Section 2 for the definitions of function spaces appearing in the following theorems.

1.2.1. Higher-dimensional case. We first focus on the existence and stability of the time-
periodic mild solutions to (1.1) in higher-dimensional whole space case R” with n > 3.
The first main result of this paper now reads as follows.

Theorem 1.1 (Existence of time-periodic solutions on R” with n = 3). Letn = 3 be an
integer and let 1 < p <n and 1 < 0 < o0o. Then, there exist a positive constant §g =
So(n, p,o) and 80 =¢go(n, p,o) such that for any T > 0 and T -periodic external force

feCR; Blfg (]R”)) satisfying

1/~ < do.

L (R; Bpo @)

equation (1.1) possesses a unique T -periodic mild solution upe, € Up 5 (R™), where

UpoR") i= lu € C(R: By R™): ul < eof.

L>(R; B C ®")

Moreover, there exists a positive constant C = C(n, p, q) such that the solution up., sat-
isfies the following a priori estimate:

et per | — Clfll~ (1.7)

L“(RB o (R”)) L“(RB o C ')’

Remark 1.2. We give some remarks on Theorem 1.1.

(1) It is generally acknowledged that time-periodic and stationary problems are closely
related, and there is a result on the existence of the stationary solutions in the Besov-space
framework that corresponds to Theorem 1.1. Kaneko, Kozono, and Shimizu [10] showed
that there exists a unique small solution to the stationary Navier—Stokes equations on the

.n_g
whole space R” with n = 3 in the scaling-critical Besov spaces By, (R") for small
external forces in Bp”(, (R") forl<p<nandl <o <oo.

(2) Let us explain why we use not the usual space-time Besov spaces BC(R; B;’U(R"))

but the Chemin-Lerner spaces C R; B;;,o (R™)). Considering the bilinear estimates (1.4)

L
with X = BC(R; By, (R")), it is difficult to show it unless 0 = oo. In contrast, if we
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switch the order of the L°-norm and the £°-norm, then we may make use of the maximal

~ R |
regularity estimate Lemma 2.1 below to obtain (1.4) with C(R; By, (R")) for all 1 <
o < oo; see Remark 2.2 below for the detail. In particular, choosing o < oo is significant
in the time-periodic stability limit (1.10) in Theorem 1.3 below.

As is mentioned in the above remark, one of the advantages of Chemin—Lerner space
is treating the asymptotic stability of the time-periodic solutions. For the stability of (1.5)
around the time-periodic solution up, constructed in Theorem 1.1 above, we set w :=
U — Uper and consider the following equations which w should solve:

hw —Aw + (w - V)w
F+Uper - VIW 4+ (W - V)tper + VT =0, >0, x € R,
divw = 0, t =0, x e R",

w(0,x) = wo(x) := vo(x) — Uper(0, X), x € R”,

(1.8)

We say that w is a mild solution to (1.8) if it solves the following corresponding integral
equation:

w(t) = e Pwy — / t eCIAP div(uper (1) @ w(7) 4+ W(T) ® Uper(T)) d T
0

t
- / UTOAP div(w(t) ® w(t)) dr. (1.9)
0

Our result on the time-periodic stability reads as follows.

Theorem 1.3 (Time-periodic stability on R” with n = 3). Let n = 3 be an integer and let
T > 0. Let p, q, r, and o satisfy

1 1 1
I1<p<n, 1<q<2n, —--——<-, 1<0<o0,
q p n
n . 21 1 1 1 n 1 1
max{O, 1— —mln{l, - — 4+ —}} < -< = — —max{O, - — —}.
2 9P 4 ro 2 2 qg »p

Then there exists a positive constant §g = So(n, p, q,r, ) such that if the T -periodic
~ .n_g
solution upee € C(R; By (R™)) constructed in Theorem 1.1 and the initial disturbance
R
wo € B, (R") satisfy

8o, [lwoll 5o,

letperll —~

n_y < L n_g <
LOO(R;BPITU R")) qu,o (R7)

then (1.8) possesses a unique mild solution w in the class
~ il -~ Lio142
w € C([0,00); Bfs (R"))NL"(0,00; By (R™)).
Moreover, the following asymptotic limit holds:

Jim [0 5 (110

1 =
o (R")
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Remark 1.4. We provide some comments on Theorem 1.3.

(1) Theorem 1.3 can be compared with the results of Taniuchi [15]. In his result, the
solution to the perturbed equations (1.8) should be considered in the framework that w
satisfies the integral equation (1.9) in the weak sense. This is because if we consider the
integral equation (1.9) in the strong sense by following the argument in [15], we meet a
difficulty when controlling the convection terms (Uper - V)W + (w - V)upe, in some time-
weighted norms like sup,. 12 [w(@) || nrny since uper does not have any decay structure
in time. In contrast, our Theorem 1.3 is able to find a solution to (1.9) in the strong sense
thanks to the maximal regularity of the heat kernel and bilinear estimates in Chemin—
Lerner spaces; see Lemmas 2.1 and 2.3 below.

(2) In Theorem 1.3, the condition n > 3 is used only for the guarantee of the existence of
the time-periodic solution u . Therefore, if we obtained a two-dimensional time-periodic
solution to (1.1) with some external force, then we might obtain the stability result The-
orem 1.3 with n = 2. However, as is claimed in Theorem 1.5 below, the time-periodic
problem is not solvable in the two-dimensional case.

1.2.2. Two-dimensional case. Now we introduce the central work of this paper. In the
following theorem, we claim that Theorem 1.1 fails in the two-dimensional case.

Theorem 1.5 (Non-existence of the time-periodic solution on R?). Letn = 2 and 1 <
p < 2. Then there exists a positive constant g9 = €o(p) such that for any 0 < § < g and
2

1 ~ .2 3
0<T< 2512, there exists a T -periodic external force f5 € C(R; B}, (R?)) such that

il 2 <8
L°°(1RB (RZ))

and (1.1) possesses no T -periodic solution belonging to the class V(R?), where
V(R?) := {u € BC(R; BY | (R?)); [[u(to)l| 59, ®2) < o for some o € R}.

Remark 1.6. We make mention of some remarks.
(1) Our non-existence class V(R?) may include functions with arbitrarily large L (R;

. ~ .21 .

Bg’l(Rz))-norms. From this and C (R; B;l (R?)) — BC(R; B? |(R?)) for 1 < p <2,
we see that U, 1(R?) € V(R?) with 1 < p < 2, which implies “Theorem 1.5 claims a
stronger result than the negative proposition of Theorem 1.1 withn =2,1 < p < 2, and
o = 1. Moreover, even if each f; generates a time-periodic solution u, s in a wider class

than V(R?), then upe, s ¢ V(R?) implies that ||uper,s ||~ . must be bounded
®(R; B p R2))

from below by a positive constant &y independent of 5 although | /5

L®(R;B, h- g ®2)
vanishes as § | 0; this means that the a priori estimate (1.7) never holds.

(2) We compare Theorem 1.5 with the results in [16], where it was shown that the two-
dimensional compressible Navier—Stokes equations with time-periodic external forces on
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the whole plane possess the small time-periodic solution if the given time-periodic exter-
nal force satisfies some spatial antisymmetric conditions. In contrast, our external force
has a anisotropic structure due to cos(M x;) with some M > 1; see (4.7) below for the
detail. Thus, it is crucial to impose a certain spatial symmetry for external forces in order
to construct a two-dimensional time-periodic solution.

Let us explain the idea of the proof of Theorem 1.5. We use a contradiction argu-
ment. For 0 < § <« 1 and f5 proposed in (4.7) below, there exists a T -periodic solution
Uper,s € C(R; Bg,l (R?)) with ||t e, ([0)“1'33 (®2) S €0 for some 7y € R and g9 > 0. Then,
using the method for ill-posedness (see [ZL 3, 6]), Proposition 4.1 below enables us to
construct external forces fs for each 0 < § < g such that there exists a Navier—Stokes
flow u € C([to, to + kT]; BQ,I(RZ)) starting at ¢ = ty satisfying the initial condition
u(fo) = Uper,s (fo) and the estimate

llu(to + kT)“[;gl(Rz) = 2¢g9

for some large k € N. Then, since ||”([0)”ng1(]1{2) = ””per,tg(tO)HBg,l(W) < g9, We see
that u(tg) # u(to + kT), which means u is not T-periodic. However, since it follows
from Proposition 4.5 that the uniqueness in C([tg, o + kT7]; 33’1 (R?)) holds for solutions
to the two-dimensional Navier-Stokes equations, we see that u = w5 on [fo, fo + k7]
and

Uper,§ (IO) = M(lo) 5& M(IO + kT) = Uper,§ (IO + kT)?

which contradicts the assumption that p,s is T-periodic and completes the proof.

1.3. Organization and notation in this paper

This paper is organized as follows. In Section 2 we recall the definitions of Besov and
Chemin-Lerner spaces and their basic properties. We focus on the higher-dimensional
case in Section 3 and provide the proofs of Theorems 1.1 and 1.3. In Section 4 we
prove Propositions 4.1 on the construction of non-time-periodic solutions and 4.5 for the
unconditional uniqueness of two-dimensional Navier—Stokes flow to complete the proof
of Theorem 1.5. In Appendix A, we note some remarks on the paradifferential calculus in
Chemin-Lerner spaces.

Throughout this paper, we denote by C and ¢ constants which may differ in each line.
In particular, C = C(x, ..., %) denotes a constant which depends only on the quantities
appearing in parentheses. For any T > 0, we say that a function f = f(¢) on R is T-
periodic if f(t + T) = f(¢) holds for all t € R.

2. Preliminaries

In this section, we prepare notation used in this paper and recall the definitions of several
function spaces and their basic properties which are frequently used in this paper.
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We recall the definitions of Besov and Chemin-Lerner spaces. Let S(R”) be the set of
all Schwartz functions on R”, and we denote by 8'(R") the set of all tempered distribu-
tions on R”. Let ¢y € S(R") satisfy

supp@o C {E e R"; 27 < g <2}, 0< @) <1

and

> @) =1 forall§ e R"\ {0},

jez
where we have set ¢;(x) := 2™ go(2/ x). Using them, we define the dyadic frequency
localized operators by

A f =G ®fl feS®RY, jel.
For1 < p,0 < o0, and s € R, the Besov space B;,U(JR%") is defined as
BIS,’U(]R") = {f c SI(Rn)/T(R"); ”f”l?;,g(R”) < oo},
”f”BIS,,G(]R") = H {2s1 ”Ajf ”LP(R”)}jeZ ||go(Z)’

where P(R") is the set of all polynomials on R”. It is well known that if s < n/p or
(s,0) = (n/p, 1), then it holds that

By s(R") ~ {f € S R"): |1 f Il 35, mmy <000 [ =2 ez B f in8' R}

For1l < p,r,0 < 00,5 € R, and an interval / C R, we define the Chemin-Lerner space
L™(I; By ,(R")) by

L7(I; By g (RM) = {F: 1 — 8'(R")/PR"): IIF I35 (1.5 ryy < )
”F”ﬁ(I;Bg,O(Rn)) = “ {2Sj||AfF||L’(I;LP(R"))}jeZ”ga(Z)'
Since H*(R") = Bg’z(R"), we write
L' (I; H*(R™) == L7 (I; B ,(R™)).
We also use the notation
C(I; B o (R™) := C(I; B3 ,(R") N L=(I; B ,(R")).

The Chemin-Lerner spaces were first introduced by [4] and continue to be frequently
used for the analysis of compressible viscous fluids in critical Besov spaces. The Chemin—
Lerner spaces possess similar embedding properties to the usual Besov spaces:

L'(I; B}, (R") < L"(I; By , (R")) forl <oy <03 <00,

—~ s+ —~ s+ L
L7 (I: By, 2V (R™)) < L' (I By, 22 (R")) for 1 < p; < py < 0.
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It also holds by the Hausdorff—Young inequality that

L7(1: B} ,(R™)) < L"(I; BS ,(R")) forl <o <r < oo,
L"(I; BS ,(R™)) < L7(I; B ,(R")) forl <7 <o < oo
See [1] for more precise information on the Chemin-Lerner spaces. One advantage of

using the Chemin—Lerner spaces is that there holds the following maximal regularity esti-
mates for the heat kernel e’

Lemma 2.1. Let n € N. Then there exists a positive constant C = C(n) such that

(t—t0)A ,
e s 2.1
[ IIL,(I Bs+,(Rn)) Cllal s, @) 2.1
t
' [ e sar , SCI 2.2)
0 L7 (I;By 7 (R™)) L (I;By, ‘(R"))

Sforall I = (tg,t1) C R (additionally ty > oofor 2D),1<p,o<oo, 1<r <r<oo
seR ace BSU(JR{") and [ € L ; Bp (,r‘ (R™)).
Remark 2.2. If we attempt to show (2.1) with the norm on the left-hand side replaced

g4 2
by that for the usual time-space Besov norm L" (I; B;j;’ (R™)), we fail by the following
argument:

1

151 r
tA, (t—to)A
e = e all s dt
. ”Lr(l BybF @) (/m ” I By ) )

151 .
< C|:/ [ — IO)_;Ha”BgO(R")]r dt:| = 00
to ’

for non-zero a, where we have used the smoothing estimate for the heat kernel (see [12,
Lemma 2.2]). In contrast, we succeed in obtaining the maximal regularity estimate by
changing the order of the L}-norm and the £? -norm in the Besov norm. A similar situation
to above holds for (2.2).

Proof of Lemma 2.1. Although the proof is immediately obtained by [1, Corollary 2.5],
we shall give the outline of the proof for the readers’ convenience. It follows from [1,
Lemma 2.4] that there exists an absolute positive constant C, such that

28718747 al pgny < Cre™ DA al L cany 2.3)
for all j € Z. Taking the L" (1) norm of (2.3), we see that

”Aje(t—lO)A C*He—C;l(t—to)sz

allr;Lr®ny) < L7 (9,000 | A F | L2 ()

1 =Ll _2;
= Cu(CI) T 27 | A F Lo o).
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As (Co 1r)_% is bounded with respect to r, we obtain (2.1) by multiplying (2.3) by 2%
and taking the £9-norm. Thus, we complete the proof of (2.1).

We next prove (2.2). Let 1 < rp, < oosatisfy 1 + 1/r = 1/r, + 1/ry. It follows from
(2.3) and the Hausdorff—Young inequality for the time convolution that

t
H Aj/ DA f(r)dt
to

el

t
(s 27
/ ¢~ A £ Loy d e
to

Lr(I;L?(R")) Lr(I)
< Culle™ 2,00 |85 fllen szrny)
_ —-L (—242-2
= Cu(C ) 2RI, f iz
1
Note that (C, 'r,)” "2 is bounded with respect to 1 < r, < co. Thus, we obtain (2.2) by

multiplying (2.3) by 26+2)J and taking the £°-norm. Thus, we complete the proof of
2.1). (]

Combining Lemma 2.1 and the paradifferential calculus in Appendix A, we obtain the
following bilinear estimate.

Lemma 2.3. Letn = 2 be an integer. Let 1 < p,q,0 < ocoand?2 < r < ry < oo satisfy

1< p,gro<oo, r<r;<oo,

max{O,n(é _ %)} <1- % min{n,n(% n é)} —24 % 0. (2.4

Then there exists a positive constant C = C(n, p,q,r,0) such that

|

/ C=DAP div(u(r) ® v(r)) dT

-1+
i, Bq"a T (R"))

< Cllu
TR o oyl ”L’(IB 7 @y

2
forall I = (to.t1) C R, u € L(I; By (R™), and v € I (I: Bly " (R™)).

Remark 2.4. In the proof of Theorem 1.1, we use the case p = ¢ and r = oo:

where we need to assume n = 3 and 1 < p < n due to the conditions (2.4).

n

=B, ®™)

/ C=DAPdiv(u(t) Q v(r)) dt
to

<Cillull - .2 vl
b, @' IRaBL, @)

Proof of Lemma 2.3. It follows from Lemma 2.1 that

n

H / C=DAP div(u(r) ® v(r)) dt 2
rra; B i (R"))

C”M®v”~ 2+,

L"(I; B R7))
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sC IT: vz||~ +C [ Toputic |l
kezl U ’(IB 242 ®R")) kzzl vy L’(IB H'(]R”))

+C Z IRGuc vl noais

Pt P @)

=: A1[u,v] + Aa[u, v] + Asfu,v].
See Appendix A for the definitions of the Bony decompositions Trg and R( f, g). First,
we consider the estimate of A;[u, v]. By Lemma A.1 (1), we have

Aq[u,v] < Cllulz= " ;
1w, v] < C| ||L (I;Bxl (R ))|| “Lr(IB I " (R"))

<C|lul|— .»n_ 2 .
| IILOO(I;Bp,:UI(Rn))II IIU(IB 4% )

Next we focus on the estimate of A[u, v]. For the case of p < ¢, it holds by Lemma A.1
and —1 4+ 2/r < 0 that

Az[u,v] < Clvll~ lell

Tass e TR, @)
<Clvll~ .a_ n
190 5% gy PV 18y
For the case of ¢ < p, we define 1 <6 <ocobyl/qg =1/6+ 1/p. Then, using g < 6,
1/g=1/0+1/p,andn/0 —1+2/r =n(l/q—1/p)—1+2/r <0, we see that

Azfu, v] < C||v||~

2
5 ))II IILOO(IB b1 @y

SClvly a3 g, I

Tasi, Ty TRBL, ®)
Finally, we consider the estimate of A3[u, v]. For the case of 1/p + 1/g = 1, it holds by

Lemma A.1(2)and n —2 4 2/r > 0 that

Aslu,v] < C Z IR Gu, ve)ll ~

F ;87 7 (R))

k=1
< C||u||~ n_ vl ~
h L% ",’ (]R y LT B 1+’(]Rn))
SClull~ .1y vl < S142

L®(I;Bf, (R")) L™(I; Bqa (R"))’

where we have used p < ¢’. For the case of 1/p + 1/g < 1, we define 1 < ¢ < oo by
1/.=1/p+1/q. Thenwe havebyn/{—2+2/r=n(1/p+1/q)—2+2/r > 0 that

Asu,v] < C Z ||R(uk7vé)|| 2242
ki1 (1B, (R"))
SClull~ .2y vl ~ —1+2

sty ®y i @y

Hence, we complete the proof. ]
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3. Higher dimensional analysis: Proofs of Theorems 1.1 and 1.3

In this section we provide the proofs of our main theorems in the higher-dimensional case.
We are ready to prove Theorems 1.1 and 1.3.

Proof of Theorem 1.1. By Lemmas 2.1 and 2.3 with p = g and r = oo (see also Remark
2.4), there exists a positive constant C; = C;(n, p, o) such that

|

H / eIAPdiv(u(r) ® v(r)) dT

1 Glfll~

L®(R; B, (R")) L®®R; Bpa ‘@)’

t
/ eTOAP f(1)dt
—0Q

n

L¥®:B/, ®)

SClull~ o o vl s
P®:BL, ®Y) LER:E, (R")

forall f € If;'-é(]R; Bp;,f (R™)) and u,v € Lf?/’o(R; Bp;,; (R™)). Now let f be a T-periodic
external force satisfying

~ . 1
feCR B ®RY). | fll—

bl @) 16C2
We consider the map

t t
®[u](t) := /_ eCOAP f(r)dT — / eCTOAPdiv(u(r) @ u(r)) dt

—0o0

on the complete metric space (Sp,q, ds,, ), which is defined by

Spo = {u e C(R; BKJI(R”)); u( +7T) =u()forallz € R,

10 2 55 gy = 201 5 oy
d u, i) = |lu—ul — n_ .
Spa 008 = =il g
Then, for any u € S, ,, since ®[u] is T-periodic and satisfies
@ G G
(| [ ]IILOO(RB - Ly S IIfIILoo(]M - Smy T e’ el @y
<C +4C? —
1||f”L°°(R 557 @) i ||f||LOO(R 50 @)
2Gi1f

@it ®)’
we see that ®[u] € S, 5. Foru,v € S, 5, there holds by Lemma 2.3 with p =g and r = oo
that

®u](r) — ®[](r) = — /t UDAP div(u(r) ® (u(r) — v(v)) dr

—/t AP div((u(r) —v(r)) ® v(r))dr,  (3.1)
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which with Lemma 2.3 with p = g and r = oo implies

®lu] — @
190 = @0l g
< Ci(lull ol e = vl
L®(R;B), - ') L®[R;Bp,s (R")) L“(RB o - ®7)
<4C _
1||f||mIR TN [t PR S,
1
<glhe—vlg ae
4 LOQ(R;Bp,G (R"))

Hence, @[] is a contraction map on S, and the Banach fixed point theorem implies
there exists a unique per € Sp o such that uper = Pluper], Which yields a T'-periodic mild
solution satisfying (1.7).

For the uniqueness of T'-periodic solutions, let us assume a 7T -periodic external force
generates two T -periodic mild solutions #pe; and vy, to (1.1) in the following class:

1
Cm®: By (R TR
{M € ( Do ( )) ||u||L°°(R Bppo (]R”)) 4C, }

Then, using a similar observation to (3.1), we have

”uper vper” Cillu per” ”uper per”

L®(R;B), (R )) L“(RB o ') L*(R; Bppzr '®")

+ G ”Uper” ”uper - per”

L>R; B o D) L>®R; Bppo' "®")

< —|u — U
N 2" per per”Loo(]R Bppo (]R"))

which implies #per = Vper. Thus, we complete the proof. [

Proof of Theorem 1.3. From Lemmas 2.1 and 2.3 there exists a positive constant C; =
C1(n, p,q,r,o) such that

e woll_ v < Ciflwoll .

2
L%(0,00; B L (R”))OL'(O 00; B " (R")) Lo (R”)

t
/ TP divu(m) @ v(e)dT| L,

to L®(0,003B{; (RMNLT(0,00:Bf, " (R™)
<

< Cilull - vl ~ 1142
IR®:BL, ®D) 00080, T @y

t
f eTIAP div(v(7)  w(t)) dT
0 30,0080, RN (0,008, 7 &)

< Gyl ~ e lwll - n_ip2
= | ||L°°(0,oo;qu,g l(]R")) L’(O,oo;Bthg o (R7))

Ln_y — Ln_g —_ .n_g
for all wo € By (R"), u € L¥(; By, (R")), and v, w € L*(0,00; Bj; (R")) N
2

—~ S 0142 . .. . C
L"(0,00; B s " (R")). We assume that the time-periodic solution ., and the initial
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L
disturbance wo € B, (R") satisfy
el < lwoll g < —
el izt @y S 82 s @ S 82
To construct a mild solution to (1.8), we consider a map
t
W[w](t) := e Pwoy — / TP div(uper (T) @ w(T) + w(T) @ Uper(7)) d T
0
t
—/ eUOAP div(w(t) ® w(r))dr.
0
We define the complete metric space (S, . ds; ,) by
ro. ~ cpalinn 77 CpaTIHE .
Sy = {w e C([0,00): Bly (R™) NLT(0,00; By ' (RM));
lwl ep o <2CHwoll g,
L°°(OooB Ly (]R"))ﬂL’(OooB (R")) Bqa (R™)
dsy, (W, W) = |lw—w| _ 142
L°°(0<>qu(7 (R"))nL’(OOoBW " (R"))
Then, for any w, W € S ; o there holds
Wl _ -
L"O(Ooqu(T (R"))ﬂL’(Ooqu(7 (R"))
< Cq||lw L n_ W 142
ll olqu L&) =Y (Rn))ll IIU(O,OO;B;’O % )
+ Ci||w| ~ n_ 2
wll 0,00 qual(Rn))” ILr(OooBMH &)
<C n_ 4C7 || uper|| ~
1300131 40T Ml 2 ot 0l o
2
4C3( Wl . z_ )
+4CT (|l OHqu,al(Rn)
<21 flwoll 51
Bl (Rm)
and
W [w] — W[w]| ~ no142
°°(0<>OB o (R”))ﬂL’(O,OO;Bq,a (R™))
< 2C || Uper|| — w— 0| _ n_1.2
1” per” IRR: Bppo (]R”))” L’(O,oo;qu,a Hr(]R”))
+C ( W/ ~— + ||| — n_ ) w—w 2
i ||L°°(OooB 1 @) | ||Lm(0’oo;3q%1(Rn)) [ ”L’(OooB 4% )
<2C ( + n_ ) w—w n_q.2
P L2 PR [ e,
1 ~
Sillw—wll~ 1 ~ o142 )
L%°(0,00;B4,c (R"))NL"(0,00;B4.5 (R™))
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which implies that W[] is a contraction map on (S ;. ds; ). Hence, it follows from the

Banach fixed point theorem that there exists a unique w € S ; such that w = Wlw],
~ n_q —_—

which yields a mild solution to (1.8). The uniqueness in C ([0, 00); Bq,a (R™) N L7 (0,00;

s7 1+ : .
Bjs " (R™)) is a straightforward argument.

Finally, we show (1.10). Let T/ > T > 0. It holds that
t
w(r) = e DA2u(T) — / eCIAP div(uper(T) ® w(T) + W(T) ® Uper(7)) d T
T
t
— f eTIAP div(w(t) @ w(t)) dT
T

for t > T. Then, similarly to above, we have

[w < e DA (T)||

IR 0By R™) T3 00:80, " ®M)
+ 2Cq||u
Ietprl 7 B®:BL, (]R"))” ”L'(TooB )
+Cilwll~ 2wl i+

2 )
TR 0.00:87 @) T (7000 )
which implies

| ~ a < Clle D Aw(T))
L®(T’,00;B4, (R")) L°°(T’oqu"a R™))

+ Clwl - 12
T (Tooo:Bly 7 ®ny)

N

Thus, we have

lw @) 2 < ]|

B @n T VN IR (1 0088, @)
< C{ Z(e—czzj(T/—T)z(g—l)j ||Ajw(T)||Lq)0}
JEZ

1
n_142y; ’
+C{Z(2(4 1Jr’)J||A.iw||Lr(T,oo;L‘1))g} ‘

JEZ

Hence, letting T’ — oo and then letting T — 00, we complete the proof. ]

4. Two-dimensional analysis: Proof of Theorem 1.5

The goal of this section is to prove Theorem 1.5. To this end, we investigate some proper-
ties of the following initial value problem of the Navier—Stokes equations:
du—Au+ w-Vyu+Vp=1f t>ty xeR>?
divu =0, t=tg, x € R?, “4.1)
u(to, x) = a(x), t =to, x € R?,
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where fp € R is a given initial time and @ = a(x) is a given initial data. We say that v is a
mild solution to (4.1) if it satisfies

t t
u(t) = 4 4 / eUIAP f(1)dr — / eTOAP div(u(t) Qu(t)) dt. (4.2)
11

to 0
4.1. Construction of non-periodic-in-time mild solutions

The aim of this subsection is to show that for any initial data, there exists a mild solution
to (4.1) that is not T -periodic if we choose an appropriate time-periodic external force.
More precisely, we prove the following proposition.

Proposition 4.1. Let 1 < p < 2. Then there exists a positive constant gy = go(p) such
1
that the following statement holds. For any 0 < § < g9, and 0 < T < 252, there exist a

~ .23
T -periodic external force fs € C(R; B;l L (R?)) with

il 2y <8
L*®R;B,; (R?))

and a ks, 7 € N such that for any initial time ty € R and initial data a € BS L(R?) with

diva = 0, ”a”Bgl(RZ) < &o, (43)

(4.1) possesses a mild solution ugla) € 5([10, to + ks rT); BSJI(RZ)) satisfying
Juslal(to + ks, T) 53, oy > 2. @4
Remark 4.2. By (4.3) and (4.4) we see that

uslal(to) # uslal(to + ks, 7).

which implies the solution ug[a] is never T -periodic, regardless of the choice of small
initial data a € BY | (R?).

Before starting the proof of Proposition 4.1, we mention the idea and outline of it. The
idea is based on [6, Theorem 3.1]. In order to obtain (4.4), we shall follow the method used
in the context of ill-posedness [2, 3, 6, 17, 20] and we deduce the lower bound estimate
by the second iteration of the standard successive approximation system. To this end,
we decompose a solution u of (4.1) into the first iteration, the second iteration, and the
remainder part:

u(t) = uW @) +u® @) + i),

where u and u® solve the first iterative system
3 u® — Au® 1+ vpD = £ 1t > 1y, x € R,

divu® = 0, t=ty, x € R?,
uM(tg, x) =0, x € R?,
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and the second iterative system

3 u® — Au® + w® . v)uM + vp® =, t > 1y, x € R?,
divu® =0, t = ty, x € R?,
u(z)(to,x) =0, x € R2,

respectively, and the remainder # should be a solution to

d;u — Aul
+® - V)u® + @w® . vu® + w?.v)u®
+@® V)i + @® - V)i + @ - Vul + @- vu®

+@- V)i +Vp =0, t > tg, x € R2,
divii =0, t=to, x € R?,
u(to, x) = a(x), x € R2.

Note that we regard the linear term e 044 as not part of the first iteration #(") but a

piece of the remainder u; this allows us to obtain the lower-bound estimate for the second
iteration 1 with arbitrariness in the choice of the initial data a since u‘® is independent
of a. For sufficiently small 0 < § < 1, choosing a suitable interval /5 = [to, %o + ks, 7T]
with some large k5 7 € N and a suitable external force f5 with || f5 <4,

2_3
L>®R;BY, " (R?))
we have

1 £ 1ye9, ey < €8 1P o + ks Tl g, ey = €M

for some positive constant M > 1 independent of §. Hence, the essential part of the proof
is to construct the remainder 1. However, since the estimate

s Clvlxllwly (4.5)

t
H / eIAP div(v(r) @ w(r)) dT
to X

fails with X = L™ (Is; Bg’l (R?)), ingenuity is needed to achieve the objectives. To over-
come this, we define a norm

llllls,r == llvlliz=.0 @2y + 3V~
; 2,1( ) 8 L87(I;H52(R2))

for all 0 < § < 1/4, intervals I C R, and v € Lo(I; BY | (R) N L (I; H (R2)).
Then we obtain the estimate (4.5) with the norm replaced by ||| - [l ; and the constant

C independent of §. See Lemma 4.3 below. Then, choosing the initial data a so small
that ||a|| B0 (R S €0 with sufficiently small 0 < g9 < 1 independent of § and using the
contraction mapping principle via the norm || - |||, 7,, we may construct the remainder part
u satisfying

I 1y:, 2y < Ceo-
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Hence, collecting the above estimates, and for 0 < § < g¢ and sufficiently large M > 1,
we have

”u(tO + kS,TT)”Bg L (R2)
)] . M~ . i~ .
= [[u' (1o + kS,TT)”Bg’I(RZ) — Jlu ||L°°(15;Bg,1(R2)) - ||”||L°°(15;BQ,I(R2))
>cM?—C§—Ce
= 2eg,
which completes the outline of the proof.
The following lemma provides non-linear estimates for the norm ||| - 5 ;.

Lemma 4.3. For an interval I = [ty,t1) C R, the following statements hold:

(1) There exists an absolute positive constant C such that

< Cllulls,llvllls,, — (4.6)

t
H‘ / eTOAP div(u(t) ® v(1)) dt
to 8,1

forall0 <8 < 1/4andu,v e L¥(I; B | (R?)) N L% (1; B (R?)).

(2) There exists an absolute positive constant C such that

/t eTIAP div(u(t) @ v(7)) dt

to

T (B2, ®)NLHU: B2, (R?)

< Cllull~

Trasih, oy =08, w2

~ .1 —_ .
forallu € L*(I; B;,I(RZ)) andv € L*°(I; ngl(Rz)).

Remark 4.4. We should emphasize that the positive constant C appearing in (4.6) is
independent of §.

Proof of Lemma 4.3. As (2) is obtained by Lemma 2.3, we only prove (1). This is inspired
by [6, Lemma 2.5]. We decompose the left-hand side by the Bony decomposition as fol-
lows:

'H / t eCOAP div(u(t) @ v(r)) d

8,1

<

t
/ “ODP Giv(T,, o ve() + Toy(oyik ()} 1<k.e<a d e
1

0

8,1

t
+ m / UONP Giv{R(uj (1), v ()} 1<k <3 d T
to

8,1
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Here, see Appendix A for the definition of T g and R( f; g). It follows from Lemmas 2.1
and A.l that

t
‘ / eU"DAP div{Ty, (1) ve(T) + Topoytke (T) i<ki<s dT
8,1

<C Y Twve + Tkl 151 oy
1<k £<3 ’

t3 > Twyve + Tyl ~
1<k,£<3 L8% (I;H5*-1(R2))

A K

C
< C”u”LF?/'o(I;Bg,I(RZ))HUHLT/'O(I;BQJ(RZ)) + = R ”u”Lal s Rz))” ”LF?/"’(I;BQ,I(RZ))

< Clllaellls, £ M1ls, 7 -

Using Lemma A.2, we have

t
f eTIAP div{ R (ug (v), ve (1)} 1<k <3 dT

to 8,1
<c Y (IRwevol~ —||R(uk,ve>||~ )
l$k,£$3 L52 (I B282 I(RZ)) L52 (I H282 1(R2))
<c Y (IR vol~ —||R(uk,w)||~ )
1<k 0<3 L82 (1:B3% (R2)) L% (1;B% (R?))
C
$5—2||u||’z , v~
L5 (I;HP(R?) L8 (I;H (R?))
< Clljullls 7 llvlls,z -
which completes the proof. ]

Now we provide the rigorous proof of Proposition 4.1.
Proof of Proposition 4.1. Let the initial data a € Bg’l (R?) satisfy
diva =0, ||a||Bg!1(R2) <e.

Let M > 10 and 0 < 8 n < 1/2 be positive constants to be determined later. Let 0 <
§<nand 0 < T < 262. For any R2-valued divergence-free T -periodic function 4 €

23— 23482
CR: By (R)NLER: B, (R?)) with

2 + A — 2_ <1,
L Y (IO S

we define the external force as
f3(t,x) 1= néAg(x) + n*8h(t, x),

g(x) == VE(y(x) cos(Mx1)), @D
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where the function ¥ € $(R?) satisfies that I’/} is radial symmetric and

L (<D

0<P@® <1 V6 = {0 (1> 2

We note that fs is R3-valued, T -periodic, and divergence-free. Using Lemma 2.1 and
suppg C{E € R?; M —2 < |§| < M + 2}, we have

tA < C all » s 4.8
lle ||L°°(I,5 59 @y THp R @) ollallpy r2) (4.8)
Il an  <Cosligl ay  +SIhl 5
L®(R;B), "(R?)) B, (R?) L®(R;B), ’®2)

2
S CM?|[YllLp@2ynd + n°8
< C()M%r](g

for some positive constant Co = Co(p, [|¥ | .» r2))-
We set ks € Nand Is C R as

1

§2

25
— <ksr<—+1, Is:=1lto,to +kstT].
T 1<~ + 5 = [to,to + ks, rT]

N"“

Here, we note that
2 < (ks rT)" < 4. (4.9)

We define

t t
D () = / UOAP fi () dt = / 4B fi(v) dr,
to

to

t
u@ () = - /t IR div(ug (1) ® ug (1)) d,
0

t
W0 1= [ 0P v (@) 94 (@) + 1 (0) @ (1)
o (2) @)
+ug (1) @uy (1)) dr.

and consider the following integral equation:

(1) = eba +ul (1)
- Z / eOAP div\™ (v) @ ii(7) + ii(r) @ ul™ (1)) d
1
t
- / eUTOAP div(ii(r) ®ii(1)) dt. (4.10)

We note that once we establish a solution #ig[a] to (4.10), we obtain the mild solution to
1) by uslal(t) == ul" (0) + u (1) + ii5[a) 0).
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For the estimates of u((gl) , we decompose it as

t t
ul (1) = n&&/ﬁeU_ﬂAgdt4—/an_ﬂAh@)dr
1 1

0 0

t
_778g + nge(t_tO)Ag + n28/ e(t_r)Ah(‘L') df
to
= ulY +ul? 1) + u ).
Then it follows from Lemma 2.1 and the Bernstein inequality that

1;1
lus 7 1pe0 gy = 180819 g2y < CMIY l2aynd < C1Mg,
1;2
) ~ < Cndllgll g gay < CLMns,
L®(I5;BY | (R)INL SZ (I5:HE (R2)) ’

1;3
5 N 50,588, oy < CP8IANL < Ci’s

2_3
L¥®(I5:B), " (R?))
and
1;1 52
W™~ < CuksrT)T gl oz ey < CLMn8,
L§% (I5; HE (R2))
1;3
P~ <Cslhl~
L3Z (I5; H (R2)) L3 (I5;H-2+8%(R2))
ﬁ
< Cr]28(k5,TT) Z |l ~ .2 3452 < Clr’28
L>(I5;B), (R2))

for some positive constant Cy. Thus, we have

1 1
s 2 1y oy < 3C M08, g lls. 1, < 6C1 M. (@.11)

(2)
8

For the estimates for u;~, we decompose it as

3
2;k L
> ug )

k=1
2;1,1 2;k L 2;k L
= u@D @) + > u{* 0 (1) + > {0 (1)
(,0(1,3P2\((1,1)} (k,0e(1,2,312\{1,3)
2;1 2;2 2;3
= ul V@) +ul? (1) + ul ),

2
ul? (1)

where we have set

t
u((gZ;k’e)(t) = —f DA div(u((sl;k)(r) ® u((sl%)(t)) dr.

to
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It follows from Lemma 4.3 that

2;1 1;1) 2 4 2
e ls 1, < Clllu§ N3 5, < C2M A2,

2;2 ; 1;4
e 5, < € > [ g5z, < C2M P (4.12)
(k,0)e{1,3}2\{(1,1)}
2;3
g ~
L®(I15: B9, (R)NL? (I5:H (R?)
1;2) (1;0) 2 2¢2
C ”u ||L4(18 BZZI(RZ)) Z ” 5 ||L°°(18 Bgl(Rz)) < C2M 8 (4 13)
for some positive constant Cy. Thus, we have?
lloe <3CM*p2. (4.14)
For the estimates of u 8 , We rewrite it as
uP=- 3 / DA div(u (1) ® u (1) d,

@,7)e{1,2}2\{(1,1)}
and by Lemma 4.3, there holds

\ .
s g, < € > Mo $ s, 7, Moe§
@i,7)e{1,2}2\{(1,1)}

< CsMEp3. (4.15)

for some positive constant C3. Now we construct a solution g to the equation (4.10). To
this end, we define a complete metric space (Ss, ds;) by

Ssi={u=u"+u"e C (Is: BQ,I(RZ)); u' € Sg.u” € S5},

ds.(u,v) := inf (u—v — )
)= it (0 =Vl ey I )
v=v'+v"
u, v’ES’
u// v//ES//
where

— B —~ .1
Sp = {u € L®(I5; BY ,(R?) N L*(I5; B2, (R?);

Il — . ~ .1 s4c08},
T(15:B9 | R2)NLA (15 B2, (R2))

— . Tz - 52
Sy = {u" € L®(I5: BY (RD) 1 L (15 HY ®R2)): Ilu"lls 1, < 4CM '),

2To obtain the estimate (4.14), we do not need the decomposition and it suffices to apply Lemma 4.3
to the definition of u((gz) . However, constructing the estimate below in (4.20), we use these decompositions
u2); therefore we prepare them here.
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and let us consider a map

Ds[u(r) = e a +ul (1)
2 t
- Z / U=IAp div(ugm)(r) Qut)+u(t) ® u§m)(t)) dt
m=1"10

t
_/ eUOLP div(u(r) @ u(v)) dr, u € Ss.

fo

For any u = u’ + u” € Ss withu’ € S5 and u” € Sy, we decompose ®s[u] as
s [u](t) = 5[u’, u"](t) + P5[u"](@),

where we have set
2 t
sl u")(t) := e"a — Z / VAP diV(ugm)(r) Qu () +u'(T) ® u§m)(r)) dt
m=1"10

- /t eTOAP v/ (r) @ u”(7) + u” (1) @ u' (1)) d

to

t
_ / e(l‘—r)AP diV(u/(T) X u/(‘(,’)) dr,

to

2 t
Of[u"1(t) = u (1) = / eI divu{™ (1) @ u” (1) +u" (1) ® u{™ (v)) d
m=1"1

t
- f eIAP div(u” (7) @ u” (1)) d .
1

0

It follows from Lemma 4.3, (4.8), (4.11), (4.14), and (4.15) that

sl u"l — ~ .1
L®(I5:BY , R2)NLA(I5: B2, (R?))

2
< Collal gy oy + € D g™ I 751,59 oy 14

~ L1
m=1 L4(IS;322,1(R2))

+C |

| . ’
+Cllu ”L°°(18;33,1(R2))”u | E‘(I,s;Bz%,l(RZ))

D382, )
< Coe 4+ CaM*n?e + CaMBn3e + Cye?

and

2
3 (m) 2
NP5 Mls, 7, < vy )IIIM +C Y g™ M gy e lls, 1, + Cll" M1,

m=1

S CGMPipP + Ca(MAP?)MP1p® + Ca(M PP
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for some positive constant C4. Here, we have used
2
> g™ lls 7, < CMPn8 + CM*? < CM*7?,

which is implied by (4.11), (4.14), and § < 1. Let 0 < n1, &7 < 1/2 satisfy

Co C3}

max{M*ni.e1, M®nj} < mm{3C4 3

and assume 0 < n < 1y and 0 < ¢ < & in the remainder of this proof. Then we see that

for every u € Ss,

||CI)/ [u u//]” , ~ 1 < 2Cs,
L®(I5; B9 { ROINL*(I5; B2 (R2)) (4.16)

50" Mlls, 7, < 2C3M *n?,

which implies ®§[u’, u”] € S5 and ®{[u"] € S§'. Thus, we have ®s[u] € S; forall u € S;.
Foru =u' +u", v =12v"+v" € Ss withu', v’ € Sg and u”,v" € S, since it holds that

slu' . u”"1(1) — P5[v", v"](1)
__ Z/ =DAP div(ul™ (1) ® (' (1) — (1)) d T

2

Z / t—DAp dlv((u (r)—v (7,’)) ® u(m)(f)) dt

=1

e(z DAP div((u' (1) — v/ (2) @ u” () + V' (2) ® W' (r) —v"(r))) dt

/ U"DAP div(((r) — " (2) @ U/ (r) + " (1) ® (W' (v) — v/ (1)) dt
/ t—DAp le (u O =VE))RU @) +vV(E)® W(r)—v (r)))

and

s [u"](r) — PF["1(0)
2

=— Z /t UTOAP div(u§m)(t) ® (u"(r) —v" (1)) dt

=171

3 Z / DA diy (u”(f) U”(‘L’)) ® ugm)(f)) dt

- / UDAP div((w (v) — v"(2) @ u"(z) +v"(r) ® (U (v) — v (1)) dt
to
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we have

(AT R A U | P ~ 1
L¥(15: B9, R2)INLA (U587, (R2)

2
<CY =m0 @l =V~ 1
W; L®(I5: B9, (R?)) D3(15:B2, (R2)

+ C (|’ | + vl

4 4
. Sacr.nd )” — VTR0, ®2
188, moy L3182, (R) Us:B21 (B2

/
+ (1 Mg oy + 101 i o) 10 =Vt

/
+ € (7, oy + 10121, oy ) I = U3 oy

< Cs(e + M8 (u’—v’~ ) ~ 1 + Il = v” )
oA M =V e ey I

and

@30T = @50 Nllls 1

2
<C Yl
m=1

" 5.15 " 5.1, "o 5.1,
+ Cllle”Mlls, 25 + Nv7llls, 7)™ — w7l

<C5M8 (u/_v/~ . _ o + ' — " )
SCMU(I =N e o b ey IV s

" =" lll5,

for some positive constant Cs. Thus, it holds that

ng (q)S [u]v s [U])

< inf (05w - @[ 0]l
u=u'+u"
U/=U//+U,//
MU ] 0l g, )

u”,l)”ESé,

< C5(8 + 2M877)dS3 (uv U),

L°°(15,Bg I(RZ))ﬂL“(Is, 2, I(RZ))

where the first estimate above is ensured by the fact ®5[u’, u"] — ®5[v’, v"] € S5 and
@ [u"] — ®{[v"] € S§, which are implied by (4.16). Let O <é&3,Mm < 1/2 satisfy

Cs(ea +2M3p,) <

l\)l'—‘
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In the remainder of this proof, we assume 0 < ¢ < min{e;, &} and 0 < n < min{n;, 72}
Then we see that

dsy (@3l @l0]) < 3ds 0.0)

for all u, v € Ss. Hence, the Banach fixed point theorem yields the unique existence of
igla] € S satisfying iig[a] = Ps[iis[a]], which implies iig[a] is a solution to (4.10). We
note that iig[a] € S5 implies

It [al| 755 1, 59 , w2y < 4Coe + 4C3MB73. 4.17)

(1) (2

Moreover, ugla] := ug "’ +ug"’ + #ig[a] is a solution to (4.2).

Finally, we establish the second estimate in (4.4). To this end, we focus on u§2;1). As
g = g(x) is time independent, there holds

(2;1) fothsr T ks 7T—1)A
ug (to + ks rT) = —17282/ eltotks rT—7) Pdivig® g)dt

to

_ P8 - R A) P vz @ ).
Then we see that
||u§2;1)(l() + k&,TT)”Bg’I(RZ)

> 77252 Z IA;(1— eks,TTA)(_A)71P div(g ® g)”LZ(]Rz)

1 .
—szsjﬁ—z

_152j - .
> cnP8? Z (1—e32 fka,TT)||Aj(—A) P div(g ® g)||L2(R2)

1 .
—szﬁjs—z

s Y A=A TP dive ® 9 2oy

— 5z Sis2
where we have used the estimate

1
152j 15752 1 2 2
2% ks T 22 & ksrT 42 8428
1—e4 8TH > 1 —e" 4 STH > 1—e™ 4

which is implied by —1/(28%) < j < —2 and (4.9). We consider the estimate for A; (g ®
2). It follows from [5, Lemmas 2.1 and 2.4] that for —1/(28%) < j < -2,

M? 0 1
A;divig ® g) = A (a (W)) + 54 div(Vty @ Vi) (4.18)

(4

and

> 4.19
L@ ¢ 4.19)
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for some positive constant ¢ independent of j. Thus, by (4.18) and (4.19), we have

78 Y A=A P divig @ @)l e

—5ESis2

> cM*n?8? H Aj (_A)_lp(am?wz))‘

L2(R2)
_L<]< 2

—C Y A=A TP AT ® V) s

_ﬁs]’s—z
2 2 21wl Ll ,
ZeMn” =Cn |V @ Vyll g g
> eM?np? — Cn?|VE ¢||L2(R2)v

which implies
IV 0 + ks 7T o gay = 1M = Con?

for some positive constant ¢; and Cg. Here, we have used the estimate
IV ® VAVl ao1 ey < CIVEY @ VAV lLiee) < CIVAY I2ge).
Using (4.11), (4.12), (4.13), (4.15), and (4.17), we obtain
luslal(to + ks, r Tl g | m2)

2;1 1
= g™ to + ks.r Dl g oy = 14§ I 721550 oy

@2:k) ~ —_ .
Z e ||L°°(18;Bg,1(]R2)) - HM‘S[Q]”LW(I,;;BSJ(RZ))

= ClM n” —Cen”
—3CiMns — CoM?n® — CoM?1?8% — 4Coe — 4C3s M 3P (4.20)
>y M?p? — Cen* —3C Mn? — CoM?n® — CoM?*n* — 4Coe — 4C3 M 893
= (1 M? — Cs — 3C1 M)1* — (C;M?n + CoM?*n* + 4C3 M 8n)n* — 4Cqe.
We now choose M = My = 10and 0 < n = ny < min{#ny, 12}, so that
c1MZ —Cs —3C1 My = 3,
CaM@no + CoM@Zn3 +4CsMEno <1, CoMono < 1,

and let y
go 1= min{81,82, No, ﬂ, @}
4Cy 2
Then, for any 0 < § < &g, there holds
lallzo, @2 < 200 15l <8 luslalo + k5.7l z0 g2y > 250,

L®(R; B”l (]RZ))

and we complete the proof. ]
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4.2. Unconditional uniqueness

To complete the proof of Theorem 1.5, we need the following unconditional uniqueness
for the initial value problem (4.1).

Proposition 4.5. Let I = [ty, Top) CR and a € Bg’l(Rz). If two vector fields uy,u, €
Cc(; ngl (R?)) are mild solutions to (4.1) with u, (to) = u2(to) = a and the same external
force, then uy = u,.

Remark 4.6. For the unconditional uniqueness of the incompressible Navier—Stokes
equations, Furioli, Lemarié-Rieusset, and Terraneo [7] considered the three-dimensional
case and showed the uniqueness in the class C(1; L3(IR?)). Their method is directly appli-
cable to the general higher-dimensional case C(/; L" (R")) with n = 3, whereas its proof
fails in the two-dimensional case since the key embedding % (R") — W—ln (R™) is not
valid when n = 2. In Proposition 4.5, we find that the unconditional uniqueness holds in
the class C(1; Bg,l (R?)), which is slightly narrower than C(1; L?(R?)), by following the
idea in [7].

To show Proposition 4.5, we first establish some bilinear estimates.

Lemma 4.7. Let I = [ty, To) C R be an interval. Then there exists a positive constant C
such that

sup
tel

/t eUIAP div(u(s) ® v(s)) ds

0

BY  (R2)

< Csup () 39, gy P 1001 g ey
tel ’ tel g

forallu € C(I; BY |(R?)) and v € C(I; BY (R?)).

Proof. As there holds

H A f Cap div(u(s) ® v(s)) ds

to

L2(R?)

4 i .
<€ [ D17, © v e ds

to

4 i .
< C/ e~ 127 =9) g0 sup [|Aj (u(s) @ v()L2R2)
to

to<s<t

=C27/ sup A (u(s) @ v(s) L2 w2
NS

we have
t
sup / eUTOAP div(u(s) ® v(s)) ds . < Csuplu(t)® U(t)”éz—l ®R2)-
tel to Bg,oo(Rz) tel ,00
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Hence, it suffices to show
” fg”Bz_éo(Rz) <C ” f ”Bg,l(]Rz) ”g”Bg,oo(Rz)

for all f € Bg,l(Rz) and g € Bg,oo (R?). To prove this, we use the Bony paraproduct
decomposition:

fe=Trg+ R(f.g) +Tgf.

See Appendix A for the definitions of Trg and R(f, g). It follows from Lemma A.1 and
the continuous embeddings B . (R?) — B!, (R?) and B | (R?) < BY  (R?) that

00,00
ITrgll g1 ey < €l go mo)llglpg e
S ClSf gy @ l8lipe w2
< Clf sy, wollglse @2
and similarly
1Te f 15, @) < ClS sz, @)l /s @2
<Cliglsy @l /s @
<C ||f||33’1(R2)||g||33’w(11§2)'
By the continuous embedding B?’M(Rz) N B;,éo (R?) and Lemma A.1, we see that
IR 551 @2y < CIRUL D go ey < ClIS Mg, ey l€ll e ey
Combining the above three estimates, we complete the proof. .

Lemma 4.8. Let I = [tg, Ty) C R be an interval. Then there exists a positive constant C
such that

sup
tel

/t eUIAP div(u(s) ® v(s)) ds

BY . (R?)

1
< Csup(t — o) #[u(@) |l go sup [[v(#) | go
tel By R?) tel B2,00R?)

forallu € C((to. To): By |(R?)) and v € C(I: BY  (R?)).

Proof. By the smoothing estimate for the kernel of e "2 div, we see that

/t eTTIAP div(u(s) ® v(s)) ds

to

By (R2)

t
<C / eI div(u(s) ® v(s))ll o re) 45

/(r—s) ) @ vl d
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sC/ (==t ds swp (-0 @ vy

to<s<t Z(R?)

<C sup (s —10)¥ lu(s) @ vis)l -y

to<s<t 2 2 [®?)

Hence, it suffices to show

I /2l 5 @) < Clf gy, oy llgllzg  v2)-

Similarly to the argument in the proof of Lemma 4.7, we use the paraproduct decomposi-
tion. It follows from Lemma A.1 and the continuous embeddings 32’1 (R?) — Bf‘), o(R?)

1 . 1
> Booioo(R?) and BY  (R?) < B, 2 (R?) that

1778151 gy < Mt g 8038 ey < €1 g ooy I8l
ITe 14 g < ClEl oy o 1 iy oy < Cllgllsg_eol /g, ooy
2,00 oo

By the continuous embedding Bg C><)(IRZ) — Bz_ Zo(Rz) and Lemma A.1, we see that
g ,
IR(S. g)IIB;i(RZ) < ClR(/. g)llgo _®) S Ol sy, oyl o)
Combining the above three estimates, we complete the proof. ]

Now we present the proof of Proposition 4.5.

Proof of Proposition 4.5. Let u; and u, be a solution to (4.1) with the same initial data
ae€ Bg’l(Rz). Let vy (1) 1= um(t) — e"2 (m = 1,2) and w(r) := v1(t) — v2(2).
Then it holds that

t
w(t) =— / TP div(e“ % @ w(s)) ds

to

t
— / eC=IAP div(w(s) ® e“ %) ds

to

t
- / TP div(vy (s) ® w(s)) ds
to

t
- / eTIAP div(w(s) ® va(s)) ds.
to
It follows from Lemmas 4.7 and 4.8 that for any T € (to, Tp),

sup_[w(®)llzo_g2y

to<t<T
1 —
< Cy sup (t—tg)*|e” fo)Aantl(RZ) sup ||w(l)||gg ®2)
to<t<T ’ o0
+COZ sup ”Um(t)”BO (RZ) sup ”w(z)”BO (R2) 4.21)

m=1 to<t<T
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with some positive constant Cy independent of 7". As the density argument and vy, (tp) = 0
yields

hm( sup (1 —10)*[[e“ ™% all gy gy + Z sup_[vm (1)l 59 (RZ)) 0,
Tlto \ ty<t<T m—1 fo<t<T

there exists a time ty < 77 < Ty such that

1
sup (¢t —1o)* ”e(t tO)Aa”BO L (R2) + Z sup ”vm(t)”BO (]Rz) T (4.22)

to<t<T} [0<1<T1 CO

Then we see by (4.21) and (4.22) that

sup “w([)“BO (RZ) 2, sup ||w(t)||30 (R2)
to<t<Ty to<t<Ty

which implies w(z) = 0 for all tg < ¢ < T1. If T} < Tp, then we repeat the same procedure
many times to obtain w(¢) = 0 for all ¢ € I. Thus, we complete the proof. ]

4.3. Proof of Theorem 1.5
Now we are in a position to present the proof of Theorem 1.5.

Proof of Theorem 1.5. Let 1 < p < 2 and let gy be a positive constant determined in
1
Proposition 4.1. Let 0 < § < gg and 0 < T < 252, Suppose by contradiction that the exter-

nal force fs appearing in Proposition 4.1 generates a T-periodic mild solution up. 5 €
CR; Bg’l (R?)) to (1.1) satisfying

”uper,S (IO)”BQ L (R2) < & 4.23)

for some 7o € R. It is easy to see that ., s is also a mild solution to (4.1) with the initial
data @ = Upers(fo). On the other hand, by Proposition 4.1, there exists a mild solution
us[Uper,s (f0)] € C ([to, to + ks, 7T]; Bg,l(Rz)) to (4.1) with a = upe, 5(fo) satisfying

05 24per,s (t0)](f0 + ks, 7Tl gy | g2y = 220,
which with (4.23) implies
s [Uper,s (10)](t0) # us[Uper,5 (t0)](to + ks, 7T).
Using Proposition 4.5, we see by us [Uper,5 (f0)](f0) = Uper,5 (fo) that
us [Uper,s (10)](1) = Uper,s (1) (4.24)
holds for all 19 <t < tp + k5,7 T. From (4.23) and (4.24) witht = to + ks T, we have
Uper,5 (t0) = Ug[Uper,5 (f0)](t0) F Us[Uper,s(t0)](to + ks, 7T) = pers(to + ks, T)

which yields a contradiction to the periodicity of ue 5. Thus, we complete the proof. =
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A. Remarks on the paradifferential calculus

In this appendix we consider the Bony decomposition of the product fg for two functions
f and g:
fe=Trg+ R(f.9)+ T, f.

where we have set

Te= 2 (X oef)ae (D= ¥ Aufos

keZ ~i<k-3 keZ |k—t|<2

We first recall the basic estimates for Trg and R(f, g) in Besov and Chemin-Lerner
spaces.
Lemma A.1. Letn € N and let I C R be an interval. Then the following statements hold:

(1) Let1 < p, p1, p2,¥,¥1,72,0,01 < o0ands, sy, Sz € R satisfy
1 1

, S— 4+ —, s=81+52, 5 <0.

1 _ 1 1 1 1 1 1
p p1 p2 r ri ra o 05 03

Then there exists a positive constant K1 = K1(o1, 51, 82) such that

1778l ey < Kil Fllgsr o liglsgs  eny (A1)

D> .0
forall f € B;}m (R™) and g € B;i,[, (R™), as well as

“TFG”Z;(I;Bf,,G(R")) < K1||F||Z7I(1;B;{’Gl (R"))”G”E(I;B;%,U(R")) (A2)

forall F € L'\(I; B! 5, (R")) and G € L™(I; B3 5 (R™)).

(2) Let1 < p, p1, p2,7,71,72,0,01,02 < 00 and s, 51,52 € R satisfy

1 1 1 1 1 1 1 1 1
=—+—, - =—4+—, —<—+—, s=s51+5>0
P P1 D2 r ri rp o 01 (9}

Then there exists a positive constant Ky = K5 (s, 51, 52) such that
IR g5,y < Kall F g o lElags ey (A3)
forall f € By! 5, (R") and g € B2 5,(R™), as well as
”R(F? G)”Z;(I;B;’U(R")) < KZHF”Z\’T(I;B;},Jl(R"))||G||Z7§(I;B;§,,,2(R")) (A4)

forall F € L™ (I; B! 5,(R")) and G € L™>(I; B2 5,(R™)).

One may prove Lemma A.l using the arguments in [1, Theorems 2.47 and 2.52]. It
follows from the proof of estimates (A.1), (A.2) and (A.3), (A.4) that there exist absolute
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positive constants C; and C; such that we may choose K; and K as

Cl C|51|‘H52|
Ki(o1,51,52) = j?‘”l, K> (s,s1,2) = ZT (A.5)
s

While we see from (A.5) that K, = O(s~') as s | 0, we may relax the singularity s~! to
s_% if 07 and o> satisfy a strict condition in the following lemma, which is crucial in the
proof of Lemma 4.3.

Lemma A.2. Let 1 < p, p1, pa,¥,11,12,0,01,05 S 0oands, sy, s> € R satisfy

1 1 1 1 1 1 1 1
—=—+— —=—+— Is—4+— s=51+5>0
p P1 P2 r a1 2 o1 02

Then there holds

”R(f’ g)”Z;(I;B;,‘,U(R”)) < K3||f||ﬁ([;1§;im (Rn))||g||]:7§(1;1§;2 (R™))

2,02
forall f € L' (I; B! 5 (R")) and g € L72(I; B2 5, (R™)), where the positive constant
K3 = K;5(o,s,s1,52) is given by

+ls2|
C|51\

3
K3(o,5,51,82) =

Q=

s
for some absolute positive constant Cs.

Proof. By R(f,g) = R(g, f). Applying A; to R(f, g), we see that
AR =D Y Y AufAe,
k=j—4k—L|<2
which implies
o A R(f. g)”L’(I;LP(R”)) < 222l Z 2s(j—k)2s1k”Akf”Lr1 L)

k=zj—4

X 22 Aggll ;10 -
lk—£]<2

Taking the £° (Z)-norm of this and using the Hausdorff—Young inequality for the discrete
convolution we obtain

IR N 1:83., ®my)
1
< szlszl(z 2“’1) ’
j<4

X

k ¢
{231 1Ak f L1 (2:071 (R7Y) Z 2% ||A£g||er(1;LPz(]Rn))}
lk—t|<2 kez

LN (Z)
2|s2]H4s — 1 —_ . ~ .
< C279212%s ||f||Lr1 (I:B)) 5, (Rn))||g||Lr2(1;B;§’02(Rn))v

which completes the proof. ]
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