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The Riemannian geometry of Sinkhorn divergences

Hugo Lavenant, Jonas Luckhardt, Gilles Mordant, Bernhard Schmitzer,
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Abstract. We propose a new metric between probability measures on a compact metric space that
mirrors the Riemannian-manifold-like structure of quadratic optimal transport but includes entropic
regularization. Its metric tensor is given by the Hessian of the Sinkhorn divergence, a debiased
variant of entropic optimal transport. We precisely identify the tangent space it induces, which turns
out to be related to a reproducing kernel Hilbert space (RKHS). As usual in Riemannian geometry,
the distance is built by looking for shortest paths. We prove that our distance is geodesic, metrizes
the weak-* topology, and is equivalent to an RKHS norm. Still it retains the geometric flavor of
optimal transport: as a paradigmatic example, translations are geodesics for the quadratic cost on
RZ. We also show two negative results on the Sinkhorn divergence that may be of independent
interest: that it is not jointly convex, and that its square root is not a distance because it fails to
satisfy the triangle inequality.
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1. Introduction

Optimal transport is a mathematical optimization problem which allows one to lift a met-
ric d on a space X to the space & (X) of probability measures over X, interpreted as the
average distance that infinitesimal units of mass have to travel when efficiently transform-
ing one measure into the other. When the base space X is a Riemannian manifold, then
the space of probability measures can be formally interpreted as a Riemannian manifold
as well.

In recent years there has been an increasing interest in entropic regularization of opti-
mal transport, which adds some stochasticity to the coupling of probability measures. This
variant is easier to compute numerically, has better statistical properties, and is more reg-
ular as a function of its input measures and ground cost. Its debiased version defines a
smooth positive definite loss function on # (X'). However, it does not define a distance, or
even a Riemannian geometry, on P (X).

In this work we aim at combining both worlds: having a Riemannian metric on
& (X)) which lifts the geometry of X in a similar way to what optimal transport
does, while retaining the smoothness of the Sinkhorn divergence.

To that end, we consider the second-order expansion of the Sinkhorn divergence on the
diagonal: this yields a positive definite quadratic form on a meaningful tangent space to
the space of probability measures, in other words a Riemannian metric tensor. This metric
tensor induces a Riemannian distance on & (X)) via minimization over lengths of curves,
which is aware of the geometry of X while being “smoother” than the optimal transport
geometry in the sense that the metric tensor is jointly continuous in its inputs. Investigation
of the additional properties of our distance, in particular regarding computational and
statistical aspects, is postponed to future works. In the rest of this introduction we recall
what is meant by the “geometry of optimal transport” before summarizing the main results
of the present work. We emphasize that geodesics for our distance are different from
Schrodinger bridges: a more detailed discussion is given at the end of the introduction.

Optimal transport and its geometry. On a (compact) space X, the value of the optimal
transport problem with ground cost ¢: X x X — [0, 00) between two probability measures
i, v € P(X) will be denoted by OTo (i, v). It is defined as [4,68, 74]

OTo(u,v) := inf /f c(x,y)dm(x,y), (1.1
rwell(w,v) XxX

where IT(u,v) = {mr € P(X x X) | (P)swr = p, (P2)sr = v} is the set of couplings

having marginals p, v, and (P;)s7 is the push-forward of the measure 7 by the projection

P; on the i-th factor. If ¢ = d? is a power of a distance d on X for some p > 1, then

(u,v) > OTo(u, v)% defines a distance on & (X), the so-called p-Wasserstein or Monge—

Kantorovich distance [4, Sect. 7].
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To explain the geometry it induces, we restrict to X being a convex subset of a Euclid-
ean space R? and ¢(x, y) = ||x — y||2, though everything could be extended to Riemann-
ian manifolds. Historically this geometric structure was introduced in [59, Sect. 4] as the
quotient of the space of maps by measure-preserving maps with applications to dissipative
evolution equations, and can be traced back to hydrodynamics [5, 12]. In this presentation
we will rather focus on the “metric tensor” that optimal transport defines. If (u;); is a
curve of probability measures obtained by following the flow of a potential velocity field
v = V1, thatis, u, = W(¢,-)s o is the push-forward of pg by the flow W(¢,-) of the ODE
X; = Vi (x;), then by [4, Prop. 8.5.6],

y OTo (o, pt)
m-—————- =

t—0 2

/X VY ()P djto (). (12)

That is, on small distances, the squared Wasserstein distance is quadratic in v = Vi which
parametrizes how the curve moves on & (X). As the curve (ii;); satisfies the continuity
equation ft; = —div(u; V), we can think of the first-order distribution i, as the tangent
vector whose squared length is given by the right-hand side of (1.2). That is, for u € £ (X)
the formal metric tensor g° is

G0 = [ IVUEIP dRo. =~ div(uv), (13

That £ (X) has such a Riemannian structure means that the squared distance OT( can be
recovered by minimizing the energy of paths joining p to v:

1

OTo(u.v) = inf [ g, Guejin) . (14)
(e)ref,1) Jo

where the infimum is taken over sufficiently regular curves (1) ;e[o,1] of measures joining

J to v: this is the dynamical formulation of optimal transport, the so-called Benamou—

Brenier formula [6], [68, Sect. 6.1].

In summary, for u € £(X) a “point” in the manifold, the tangent vectors at p are
given by ot = —div(uVy) for ¥: X — R, and gg(;l, [t) defined in (1.3) is the squared
length of the tangent vector ji. The proper tangent space is actually the completion of
{—=div(uVy) | ¢ € €*°(X)} with respect to gg. It is canonically identified with vector
fields v € L2(X, u; R?) which can be approximated in L2(X, i; R?) by smooth gradi-
ents. Even though this does not define an infinite-dimensional Riemannian manifold in
the sense of [41], a precise meaning can still be given thanks to the tools of analysis on
non-smooth spaces [4, Sect. 8].

Once viewing the problem through this lens, we can import many concepts of Rie-
mannian geometry into J(X). Geodesics are defined as the minimizers of the right-hand
side of (1.4) and correspond to McCann’s displacement interpolation [51]. For two prob-
ability measures 4, v € (X), the Riemannian logarithmic map log, (v) is the initial
velocity of the geodesic from w to v. Conversely, given a tangent vector (1 = —div(u V),
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the exponential map is exp,, (&) = (id + Vi/)uu, but the extension to the whole tangent
space and the injectivity radius can be tricky to characterize. With logarithmic and expo-
nential maps, one can for instance define a linearized version of optimal transport [69, 75]
and subsequently perform principal component analysis in tangent space [11]. Several
extensions of optimal transport rely on its Riemannian structure, such as barycenters [3],
gradient flows [4], harmonic maps [43], parallel transport [33], to cite a few examples.
As the Riemannian interpretation is mostly formal, giving a rigorous meaning to these
concepts usually requires some (hard) work on analysis on non-smooth spaces.

The Sinkhorn divergence. For a regularization parameter ¢ > 0, entropic optimal trans-
port [24,61] is given by the minimization problem

OT, (1. v) = neli'IIgL v){ffox cdm 4+ eKL( | p @ v)}, (1.5)

where KL is the Kullback-Leibler divergence

[h(d”)d,o ifr < p,p>0
KL(7 | p):={Jx \dp R

+00 otherwise,

with h(s) := slog(s) —s + 1 for s > 0, h(0) := 1, h(s) ;== +oo for s < 0. As ¢ — 0,
OT, converges to OTy [17,44,54]. Compared to the original transport problem it can be
computed faster [61] and the statistical complexity suffers much less from the curse of
dimensionality [30,52]. Moreover, as a function of x and v, the cost OT; is more regular
and its gradients can be computed efficiently [31].

However, even if ¢ = d? for d a distance on X, the function +/OT, is not a distance,
as generically OT,(u, u) > 0 and argmin,cp(xy OTe(u, v) # w. For this reason [31]
introduced the Sinkhorn divergence, or debiased entropic optimal transport:

1 1
Ss(/‘L’ l)) = OT&‘(M* 1)) - EOTE(Mv H’) - EOTE‘(U’ 1)). (16)

By construction it satisfies Sg (i, 1) = 0, in fact more generally S¢ (i, v) > 0 with equality
if and only if 4 = v, and it also converges to OT as ¢ — 0. In [28] the authors prove the
following theorem which justifies its use in machine learning as a loss function.

Theorem 1.1 ([28, Thm. 1]). When k. = exp(—c/e) is a positive definite, universal,
jointly Lipschitz continuous kernel over a compact space X, then S, defines a symmet-
ric, positive definite, and smooth loss function that is convex in each of its input variables.
It also metrizes the convergence in law.

For the definition of positive definiteness and universality of the kernel see Section 4.1.
The assumptions on the kernel are satisfied in particular for the quadratic cost on a Euclid-
ean domain. Nevertheless, /S, is not a distance, because it does not satisfy the triangle
inequality. Although this is well known in the community, we have not been able to find
an explicit statement of this property and consequently provide an elementary proof in
Section 7.1 of this article.
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Outline of the contributions. As mentioned earlier we seek to build a Riemannian dis-
tance out of the loss function S,. We restrict to X being a compact metric space with a
continuous cost function ¢ € €(X x X). Similarly to [28], we assume that it induces a
positive definite universal kernel k. := exp(—c/e) on X x X (see [53,72]).

Throughout this article we consider some fixed & > 0 and we will briefly comment on
the limits ¢ — 0 and & — oo in Section 4.4.

The Hessian of the Sinkhorn divergence. To construct a Riemannian structure based on
the Sinkhorn divergence, we follow an approach from information geometry. For each
point i € (X ) we build a metric tensor, that is, a positive definite quadratic form g;, on
some appropriate tangent space to & (X) at u, by considering the Hessian of S; (i, v) on
the diagonal i = v. Applying this strategy to the Kullback—Leibler divergence in place of
the Sinkhorn divergence, as in the pioneering works of Hotelling [38] and Rao [63], leads
to the Fisher information metric. In Theorem 3.4 we derive the formula for the Hessian of
S along paths (i), in £ (X) following a €™ -perturbation, meaning that fi, exists and
is continuous as a linear form on € (X) (see Definition 3.1). The case of a “horizontal”
perturbation p, = W(¢, )z o corresponds to m = 1, while a “vertical perturbation” pu, =
o + tv with v € My (X) corresponds to m = 0. It requires the cost function to be of class
€™, with the setting m = 0 being the one which encompasses continuous cost functions on
compact metric space. Writing ( fi.,, ., » 8., ) for the entropic dual variables between pi;
and us (i.e. the entropic analogues of Kantorovich potentials, see Section 2), the formula

reads

. S&‘(M’/’LZ) _ 1 . afu,,ux _ & . . 2\—1 .
th_%t—z = 5(“’ oy >— E(M,(Id— K™ Hylpn). (1.7)

Here, K, and H,,, introduced in Definition 3.3, are integral operators induced by the self-
transport kernel

s=0

ky = eXP(é(fu,u ® fun— C))

The result is not completely new and can be related to works studying the central limit
theorem for the Sinkhorn divergence [36,37], where the “perturbations” y; are estimations
of the measure y by i.i.d. samples.

The metric tensor and its canonical tangent space. We define the metric tensor g, as the
right-hand side of (1.7), that is, at least for a signed measure ;1 which is “balanced” in the
sense ([t,1x) =0,
g (e ) = 5 (i (id = K2)™ Hu[i).

We then want to understand for which class of “tangent vectors™ ft this can be extended.
This leads us to the most technical part of the paper in Section 4. Whereas we have already
seen that distributions of order m should be allowed if the cost function is €™, it turns out
that the right regularity condition of the perturbation is expressed in terms of the reproduc-
ing kernel Hilbert space (RKHS) #,, induced by the self-transport kernel k. Specifically,
g, defines a positive definite quadratic form on the dual # lf of the RKHS #,,, restricted
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to functionals f such that (ft, 1x) = 0. On this subspace of J{j the norm induced by the
metric tensor g, is equivalent to the operator norm. For a smooth cost function ¢ this space
contains all € -perturbations, including the “vertical” and “horizontal” ones. In contrast,
the tangent space for the optimal transport metric tensor (1.3) only allows for horizontal
perturbations.

A useful change of variables. In order to build a distance from the metric tensor g,, and to
prove the existence of geodesics, we need some uniform coercivity. To that end we exploit
the change of variables p <> 8 := exp(— f},,,./€) which maps (X)) into a subset of the
unit sphere of the reproducing kernel Hilbert spaces J. induced by k. := exp(—c/¢)
(Theorem 4.8). This change of variables is not completely new and can be seen implicitly
in [28, Prop. 3] when the authors derive lower bounds on the Sinkhorn divergence. For a
perturbation ﬁ of the variable B = exp(— fy,./€) and its associated perturbation ji of the
measure (, Theorem 4.12 expresses g,, as

8- ) = 8u(B.B) 1= 5 (113, +2(exp(fise/e) - B. (d = K,) T [exp(fun /o) - F1),)-

Expressed in this space #., independent of pt, the metric tensor g, (,3, B) is jointly con-
tinuous in u and /3 (Proposition 4.14) and equivalent to ||B ||§€C the squared norm on #,
uniformly in p (Proposition 4.15). This is in stark contrast with the metric tensor gg of
the optimal transport problem (1.3), which depends in a non-smooth way on p and which
does not compare well to any other functional space uniformly on £ (X).

Scaling limit. In Section 4.4 we verify, though without rigorous derivations, that the scal-
ing limits of our metric tensor when ¢ — 0 and ¢ — oo indeed correspond to what is
expected, respectively the metric tensor of optimal transport and that of a degenerate
MMD distance.

Building a new distance. Once we understand our metric tensor g, well, we build our
new metric on the space of probability measures in Section 5. While in the classical case
the “dynamic” formula (1.4) is a consequence of the “static” definition (1.1), here we take
it as a definition of the distance. Specifically, in Definition 5.1 we set

1
ds(mo, 1) := (inf/o g, (fe, fe) dt) ; (1.8)

where the infimum is taken over a suitable set of admissible paths (u/);e[0,1] between Lo
and p;. Theorem 5.2 shows that dg is a metric which metrizes the weak-* topology on
P (X). We actually prove more: ds (iLo, (1) is uniformly equivalent to || 8o — B1] s, . This
is to be compared to optimal transport, where /OT( can be compared to an H ! norm
as in [62] and [68, Sect. 5.5.2], but these results require some regularity assumptions on
the measures involved and are not valid uniformly on & (X). Estimates can also be made
with linearized optimal transport [25], though this only leads to a bi-Holder equivalence.
The price to pay is that our constants depend on ¢ and blow up as ¢ — 0.
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Existence of geodesics. In Theorem 5.4 we prove existence of geodesics, that is, we show
that the infimum in (1.8) is attained. In most of the problems which are variations of the
Benamou-Brenier formula, such as unbalanced optimal transport [20], variational mean
field games [8], or harmonic maps [43], the existence of solutions to problems of the
type (1.8) uses the property that gg (ft, i) (or its suitable counterpart) is jointly convex in
1 and ji. Thus tools of convex analysis can be used and lower semicontinuity is easy to
establish. In our case, however, neither the Sinkhorn divergence S, (i, v) nor the associ-
ated metric tensor g, /1, [t) are jointly convex: we provide counterexamples that we defer
to Section 7.2. To prove that the infimum in (1.8) is attained we still rely on the direct
method of calculus of variations, but we have to work a little bit harder: coercivity comes
from the change of variables y <> B studied in Section 4, and lower semicontinuity is
proved thanks to the smoothness of the metric tensor in its inputs.

Absolutely continuous paths. The class of admissible paths in the minimization prob-
lem (1.8) defining the metric dg is initially defined via Sobolev regularity of the corre-
sponding path (B;); in #.. These paths end up being precisely the 2-absolutely continuous
paths in (#(X),ds). We give a characterization of admissibility in terms of the path (1¢);
itself and some regularity of the potentials in Proposition 5.8. If ¢ is smooth we show in
Corollary 5.10 that €™ -perturbations, for which the metric tensor coincides with the Hes-
sian of the Sinkhorn divergence, are admissible paths. We further show that

ds (o, 1) < C - Wi(uo, 1) and  ds(po, 1) < C - SHK(jo, 1)

for some C > 0 depending on ¢, where W; denotes the 1-Wasserstein distance and SHK
the spherical Hellinger—Kantorovich distance (see [42]). In particular, 2-absolutely con-
tinuous paths in the p-Wasserstein metric for any p > 1 are admissible paths for dg.

The quadratic case. Our theory applies to any compact metric space with any continuous
cost function so long as k. = exp(—c/¢) defines a positive definite universal kernel. The
special case of the squared Euclidean distance as the cost function on a subset of R?
is studied in Section 5.4. For measures (1o, (41 it has been known for a while (see e.g.
[10, Lem. 8.8] or [29, proof of Thm. 2.1]) that the following decomposition holds:

OTo (10, 1) = llmy — moll> + OTo(fLo. fi1).

where m; denotes the mean of the measure w; and j1; = (id — m;)sp; is the centered
version of u;, fori = 0, 1. In other words, the transport of the means and the transport of
the centered parts decouple. We show that this extends to Sinkhorn divergences and that
it can be read as an orthogonal decomposition of the tangent space for the geometry of g,
in Proposition 5.14. We then integrate this inequality and show in Theorem 5.16 that our
novel distance satisfies

ds (o, 1)* = [m1 —mol|*> + ds(fo. f11)>.

In particular, uniform translations are geodesics, as in the case of classical optimal trans-
port.
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Some special cases. Section 6 covers two examples where we can explicitly compute the
metric tensor. We start with Gaussians: it is one of the few examples in optimal transport
for which there are closed formulas and for which the geometry is well understood [73]; it
is also one of the paradigmatic examples in information geometry which relates Gaussian
measures to the Poincaré half-plane, see e.g. [23]. Building on an explicit formula for OT,
between Gaussians from [49], Theorem 6.1 shows that

1 .2

2(0, 9) = ————17.
&
4 16 +U2

Here we identify a one-dimensional Gaussian measure N (0, v) with its variance v. Theo-
rem 6.2 then provides a formula for the geodesic restriction of dg to Gaussian measures.
Note that strictly speaking we are not in our framework since Gaussians are not supported
on a compact space. As a second example, we consider the two-point space X = {x1, x»},
where we can compute the metric tensor. In particular, in Proposition 6.3 we study the
asymptotic of the distance in two different regimes, namely ¢(x1, x3) < € and ¢(x1,x2) >
. The formula works for the squared distance cost function and asymptotically recovers
the cost of horizontal movement on R¢ as ||x; — x2|| — 0.

Negative results. Section 7 collects some negative results on the Sinkhorn divergence and
the metric tensor that have been mentioned throughout the introduction. Specifically, we
provide examples showing that /S, does not satisfy the triangle inequality, that (i, v) >
Se (i, v) is not jointly convex, and that the metric tensor g;, (£, ft) is also not jointly convex
in w and jt.

Comparison with Schrodinger bridges. We emphasize that our geometry and the cor-
responding geodesics are fundamentally different from Schrodinger bridges, a notion of
displacement interpolation associated with entropic optimal transport [32,45]. In our con-
struction, given two probability measures fio, i1, and & > 0 there exists (15*%)ref0.1]
which is a geodesic in our metric dg, i.e. a minimizer in (1.8). In contrast, when ¢ =
| x — || is the quadratic cost on R¢, the Schrodinger bridge (ufbr’g)ze[o,l] is constructed
as follows [45]: Let 7, be the optimal transport plan, that is, the minimizer in (1.5). Let
q1,¢(x,y) denote the law of the Brownian bridge at time ¢ starting at # = 0 in x and ending
att = 11in y with diffusivity \/8/_2 That is, g; ¢ (x,y) ~ N (1 —t)x + ty,t(1 —t)e/2).

Then 1™ is given by

IThi =// qre(x,y)dme(x, y).
XxX

It is also a curve which satisfies ugbr’s = lo, ,ufbr"" = 1 and which interpolates smoothly

in between. Nevertheless, the two notions of interpolation are conceptually very different.
Let us point out three major differences between 118%¢ and j5°"¢:

(1) The geodesic interpolation p&°¢ is defined on any compact space X if the con-
tinuous cost function ¢ defines a universal positive definite kernel k. = exp(—c/e),
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whereas Schrodinger bridges need the quadratic cost on R?, or more generally a reference
continuous-time Markov process (the Brownian motion in the case of quadratic cost) to
be defined [45].

(2) If wo = 1 = W, then the geodesic interpolation ©&°-¢ is constant in time and coin-
cides with . In the same case, p5°“¢ is not constant in time, and typically has larger
variance for intermediate ¢ € (0, 1) than for # = 0, 1. This is linked to the phenomenon
that generically OT¢(u, ) > 0; see also the discussion in [46], after Theorem 1.7.

(3) In both cases, for the quadratic cost the parameter /¢ acts as a typical length. In the
case of Schrodinger bridges, it is also related to a typical time, whereas for geodesics there
is no typical time. To understand this, for T € (0, 1), let us look at the curve (14¢)efo,7]
but rescaled to be over [0, 1]. That is, let us consider (152"%);ef0.17 and (i3o"%)sefo.1]-
Then (14557 sef0.1] is a geodesic from g to w, for any value of T € (0, 1), as usual in
Riemannian geometry. On the other hand, (M?Er’s)ze[o,l] is a Schrodinger bridge between
its end points ,ugbr’s and ber’a, but with a regularization parameter £7. This can be seen
by using that the Schrodinger bridge is the marginal of a process which minimizes an
entropy over the space of measures on paths [45], and to use the concatenation property
of the entropy for Markov processes in this space [7, Lem. 3.4]. The key insight is that,
when rescaled from time [0, 7] to time [0, 1], a Brownian motion with diffusivity \/8/_2
becomes a Brownian motion with diffusivity /t&/2. So in particular as T — 0, that is,
as we “zoom in” in time on a Schrodinger bridge, it increasingly resembles a Schrodinger
bridge with ¢ = 0, that is, a Wasserstein geodesic [44,54].

We also refer ahead to Figure 1 with Gaussian measures where we can do explicit compu-
tations for our geodesics and Schrodinger bridges.

Setting and notation. We consider a compact metric space (X, d). We fix ¢ > 0 and a
symmetric, continuous, non-negative cost function ¢ € €(X x X; [0, co)) that induces a
positive definite universal kernel k. (x, y) = exp(—c(x, y)/¢).

We denote the dual pairing between a space and its dual space by (-, -) and write (-, -) g
for the inner product on a Hilbert space # .

We work with the space of signed Radon measures M (X'), which is identified with the
dual space of €(X) through the Riesz—Markov—Kakutani theorem. We denote the subset
of non-negative measures by M (X), the space of “balanced measures” v € M(X) with
[ 1x dv = 0 by Mo(X), and Radon probability measures by & (X).

When X is the closure of a bounded open set in R we write € (X) for the space of
m times differentiable functions over X . This space is endowed with the norm ||¢|em =
SUP|y|<m [|0%¢@ |00 of uniform convergence of the function and all its (partial) derivatives
up to order m, denoted using a multi-index o € Ng . We denote by € (X, X)) the space
of functions for which mixed partial derivatives up to order m in the first and second vari-
ables separately are continuous. With this notation, €°(X) = €(X) and €0 (X) =
€(X x X). We define €™ (X)* as the dual space of €™ (X). It is endowed with the dual
norm ||-||ems defined as ||v]emx = sup{{v,¢) | |[¢|lem < 1}. In addition to the strong
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topology on €™ (X)* coming from the dual norm ||-|em.x, we can also endow it with
the weak-* topology. As X is compact, note that €°(X)* = M(X) and weak-* conver-
gence in €%(X)* is the usual weak-#* convergence of measures. In this way, setting m = 0
throughout this paper recovers the assumption X compact and ¢ is continuous.

For Landau big-O and little-o notation we use () and o respectively.

2. Preliminaries on entropic optimal transport

The entropic optimal transport problem, as defined in (1.5), is a constrained convex opti-
mization problem whose dual formulation reads

1
OTe(,v) = wp(MJW+W¢d—4u®Vﬁm(%f@g—d)—Q. 2.1
f.gee(x) €

Here the notation f @ g stands for the function (x, y) = f(x) + g(y) definedon X x X.
The dual problem admits maximizers f, , g,,v, Which we call Schrédinger potentials,
that satisfy

OTe(u,v) = /X S dpe + /;( 8uw dv (2.2)

and are solutions of the Schrodinger system

{hm=n@ww% (2.3)
u,y = Ta(fu,v’ﬂ)v
where T;: C(X) x P(X) — C(X) is defined by
1
() = —etog [ exp(5 (£ = () duco) 24)
We will sometimes write the condition g;,,, = T¢(fu,v. ) as
1
[ 505 ) + 1000 — e duo) = 1 @5)
X &

for every y € X. The Schrodinger potentials are unique in the space €(X) x €(X)/ ~
with the relation (f, g) ~ (f + Alx, g — Aly) forall A € R. Alternatively, we can select
a canonical representative by setting f, ., (xo) = g v(xo) for some fixed xo € X, which
we do throughout the paper. This choice yields f,,, = gy, and, in particular, throughout
this article f,, , = gu,u- The optimal potentials inherit the modulus of continuity from
the cost function ¢ [57, Lem. 3.1]. The optimal transport plan 7 in (1.5) is given by

1
7 = exp( - (fiuw @ g1 =) (L ® ). 2.6)

Note that the function f,,, ® g,,» does not depend on the choice of the representatives
since constant shifts cancel out. Optimal (fy,., g.,») can be obtained numerically by
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iterating the fixed point equation (2.3), which corresponds to the celebrated Sinkhorn
algorithm. We refer to [61] for an overview on computational optimal transport, and to
[45,56] for a detailed discussion on entropic optimal transport and related literature.

3. The Hessian of the Sinkhorn divergence

3.1. Statement of the expansion

Theorem 1.1 shows that the Sinkhorn divergence (1.6) is positive definite and convex in
each of its input variables. However, as we show in Section 7.1, S,, or more precisely WA
in general does not satisfy the triangle inequality. To construct the metric ds announced
in (1.8) in the introduction, we first characterize how S, behaves close to the diagonal
= v. Specifically, we want to find an expansion of the form

Se(1ts pe) ~ g (i, 1)

as t — 0 for a suitably differentiable path (i), in £(X) with uo = w, fto = ft. The
term g, (ft, ) will then serve as the metric tensor and it will be examined in detail in
Section 4. By Theorem 1.1 there is good hope that g, will be a positive quadratic form
on a meaningful tangent space to probability measures. The appropriate notion of tangent
space will become apparent in Section 4.

Though in our general setting X is a compact space, in this section we will also con-
sider a differentiable setting in which stronger results can be obtained.

Assumption 1 (Differentiable setting). We fix an integer m > 0. If m = 0, we simply
assume, as stated above, that X is a compact metrizable space and ¢ € €(X x X) is a
continuous function. If m > 1 we assume that X is the closure of a bounded open set in
R? and that ¢ € €™ (X x X).

Definition 3.1 (€™ -perturbations). Letm > 0 and t > 0. We call a path (14¢)se(~z,7) Val-
ued in P (X) a €™ -perturbation of u = o if it is continuously differentiable in the space
€™ (X)* endowed with the weak-* topology. We write (1 € € (X)* for the derivative of
the curve at time ¢t = 0.

As €™ (X)* is endowed with its weak-* topology, it means that for any ¢ € €"(X)
the map ¢t — (u,, ¢) is differentiable, that the derivative, denoted by (i, ¢), is linear in
¢, and that the mapping (¢, t) +— ([Ls, @) is jointly continuous from € (X) x (—z, 7) to
R (see Lemma A.2).

Remark 3.2 (Vertical and horizontal perturbations). For any compact set X, a balanced
measure v € Mo(X) induces a €°-perturbation of j in the form of y; = p + tv if and
only if v <« p and the Radon—-Nikodym derivative g—l‘i is uniformly bounded from above
and below. We call such perturbations “vertical perturbations” as they correspond to mass
disappearing somewhere to be recreated elsewhere. The constraint (v, 1y ) = 0 in the space
of balanced measures Mo (X) comes from the preservation of mass.
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When X is the closure of a bounded open set in R?, we call “horizontal perturbations”
curves of the form

pe = W(t, )pp
for a continuous function ¥: (—7, t) X X — X with one continuous time derivative. It
defines a €!-perturbation and ji, = — div(u,v;) with v, = %—‘f(t, -). Indeed, for any ¢ €

€1(X) we have

(fre. ¢ /—(f x) - Ve (x)due (x) = f—(f W(t.x)) - Vo(W(z. x)) dpws (x),

and the latter is jointly continuous in (¢, ¢) with respect to the norm topology of €!(X).

Before stating the main result of this section, we need to introduce integral operators
related to the transport kernel. We define the self-transport kernel as follows:

e, 1= e (- (fun ) + ) —c(x.)).

Recall here that we adopt the convention f, ,, = g, S0 that k,, is unambiguous.

Since we assume that ¢ € €™ (X x X), the smoothing effect of the Schrodinger
system (2.3) guarantees that the potentials f, ., g,,» belong to €”(X) (see also Propo-
sition 3.7 below). Thus k,, has the same regularity class as the cost function c, and it is
enough to guarantee that the following operators are well defined (see also Proposition 3.6
below).

Definition 3.3. For u € #(X) we define the kernel operators K, H, by

K€ > €0, Kulgl) = [ 9kt ) dnt),
Hy:€™(X)* = €™(X), Hu[v](y) = (v ku(. p)).
Analogously, we define H.: €"(X)* — €™ (X), H:[v](¥) = (v, kc(, ¥)).

The operator K, can be extended to the domain L!(X, u). Note that H,[v](y) =
Jx ku(x,y)dv(x) when v is a measure, thus if ¢ € LY(X, ), then K, [¢] = H,[pul.
The operator H|, is the kernel mean embedding into the reproducing kernel Hilbert space
(RKHS) #,, induced by k,,, and its domain can be extended to J¢j. This will be discussed
in Section 4.

Let us call € (X); the space of balanced distributions, that is, the space of all v €
€™ (X)* satistfying (v, 1x) = 0. It is dual to € (X)/R, the space of €™ functions iden-
tified up to shifts by constant functions (identified with R). Hence the pairing (v, ¢) is
well defined between v € €™ (X)g and ¢ € €™ (X)/R. Since we regard paths valued in
P (X), all perturbations in Definition 3.1 are of this form. The operator K, descends to a
well-defined operator

K, €(X)/R - €"(X)/R,
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because K, [1x] = 1x by (2.5). Using the canonical projection €7 (X) — €™ (X)/R we
can always move to the quotient space.

Theorem 3.4 (Hessian of the Sinkhorn divergence). With Assumption 1 for some m > 0,
let p € P(X) and (), be a €™ -perturbation of u. Then

y Se(p, ug) €
m ———- =

fim = 5 b, (id — K3) ™ Hu[11]). 3.1)

The expression on the right-hand side is well defined, in the sense that (id — Kﬁ)_l
exists as an operator on €™ (X)/R and thus the duality pairing is understood between this
space and balanced measures or distributions. In Section 4 we will take the formula on the
right-hand side of (3.1) as a starting point and analyze for which class of perturbations st
we can make sense of it.

Remark 3.5 (Discrete measures with finite support). When p = Z?:l a;by, is a discrete
measure with @; > 0 and the vertical perturbation reads v = Y 7_, b; 8y, with Y_; b; = 0,
the formula can be expressed as follows. With f = f, ,, we introduce the n x n matrices
K, H as

Kiy = exp(S(F() + £) — e, ) ).
Hiy = exp( (£ + F07) — e )
for indices i, j € {1,...,n}. With b = (b;); € R", Theorem 3.4 reads
Se(pts ) _
2

lim
t—0

ng(id — K> Hb,

where (id — K2)T denotes the Moore—Penrose pseudo-inverse of the matrix id — K2.

The proof of Theorem 3.4 relies on the differentiability of the Schrodinger potentials
along the path (j4;); and on explicit formulas for the derivatives.

For the technical arguments we follow the line of the works [16, 18] which use the
implicit function theorem to compute these derivatives, though these articles are in the
more involved context of a multi-marginal optimal transport problem and with different
regularity assumptions on the path of measures (i4;);.

We first prove preliminary results on the operators K, and H,, before moving to the
core of our strategy and arguments.

3.2. Preliminary results on the operators K, and H,

In this section we analyze the operators K, and H,, which will appear naturally when dif-
ferentiating the fixed point equation (2.3) that characterizes the Schrodinger potentials. We
then compute the derivatives of the Schrodinger potentials, and finally prove Theorem 3.4
in Section 3.3.
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We still fix m > 0 and work in the setting of Assumption 1. We start by qualitative
results on the operators H,,, K,, and the Schrédinger potentials.

Proposition 3.6. Fix € P (X). The operators H,,, H.: €™ (X)* — €™ (X) are weak-*-
to-norm continuous, as well as norm-to-norm continuous and compact. In particular, the
operator K ,: €(X) — €™(X) is norm-to-norm continuous and compact.

Proof. The kernels k. and k,, belong to €mm (X)), The results for H,., H w directly fol-
low by standard arguments on integral kernel operators; see Lemma A.3 in the appendix.
As K, [¢] = H,[¢pp], continuity and compactness extend to K, as well. L]

Proposition 3.7. The map (i1, v) = fy,, from P(X)? to €™ (X) is continuous and the
set { fuv | i, v € P(X)} is compact in €"(X).

By symmetry the same results holds for (i, v) = gy,v.

Proof of Proposition 3.7. From continuity of (i, v) = (fu,v, &uv) in €(X)? [58, Prop.
B.1], we see that the map (i, v) = gu,vv € M(X) is weak-*-to-weak-* continuous. As
M(X) = €°(X)*, we can apply Lemma A.3 and deduce that (i, v) = H.[g, V] =
exp(— f.,v/¢€) is continuous into € (X), and thus continuity as in our claim follows by
taking the logarithm. The set { f,,, | . v € $(X)} is compact as a continuous image of
a compact set. u

The following result is a key quantitative estimate which holds uniformly over & (X).
We recall that €(X)/R is the quotient space of continuous functions by constant func-
tions. We equip this space with the quotient norm

1

[9lle/m = inflp = Txlloo = 5( sup 6(v) = inf ().

Proposition 3.8 (Contraction property). Let ¢ := 1 —exp(—4||c|leo/€) € (0, 1). Then we
get [Kulpllle/r = q - llplle/r forall g € €(X) and all p € P(X).

Proof. By [26, Thm. 1.2] the Schrodinger potentials f,, , € €(X) satisfy the constraint
| fioselloo < %||c||oo. With a = exp(—4||c||c/€) and using ¢ > 0, we see that k,(y,z) >
a -k, (x,z) for any triplet x, y,z € X. For any x, y € X, this, together with (2.5), leads
to

Kul$)(x) — Ku[9](7)
- / $(2)(ku(x.2) = ku(y.2) du(2)
{¢>0}

+ / () (e (6. 2) + (3. 2) dia(2)
{p<0}

< / () (1 — Yy (x.2) du(z) + / —$(@) (1 — @)k (y. 2) dpa(2)
{$p>0}

{#<0}
=2(1=a)- |9l co-
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The operator norm estimate with respect to the quotient norm ||.|l¢/g on domain and
codomain follows by taking a supremum over x and y and considering the infimum over
shifts ¢ — A by constants A € R. Finally, g = 1 —a. L]

From this estimate we prove that the inverse of the map id — K2, central in the expan-
sion of the Sinkhorn divergence, actually exists. We use B(X) to denote the set of bounded
linear operators on a normed space X.

Theorem 3.9. Let i € P (X). Then (id — Ki)_1 exists in B(€™(X)/R) and (id + K,) ™!
exists in B(€™(X)).

The result will be strengthened in Theorem 4.3 in the next section.

Proof of Theorem 3.9. The operators id — KEL and id + K, are compact perturbations of
the identity on, respectively, the Banach spaces €™ (X)/R and €™ (X). To check that
they are invertible, by the Fredholm alternative [14, Thm. 6.6] it is enough to verify that
the equations ¢ = K fL [¢] and ¢ = —K [¢] only have the trivial solution ¢ = 0. In both
cases, Proposition 3.8 directly yields that ||¢|e/g = 0. In the case ¢ = Kﬁ [¢], this gives
¢ = 0in €(X)/R. For the equation ¢ = —K,[¢], this yields that ¢ is constant, and from
K, [1x] = 1x we obtain ¢ = 0. |

Remark 3.10 (A probabilistic interpretation). Note that K, can be interpreted as follows.
For u € #(X), we can consider a Markov chain on X with equilibrium measure p, and
whose transition kernel is given by x — k, (x, y) du(y). The operator K, is simply the
dual Markov operator of this chain. Indeed, the entropic optimal transport coupling 7
between u and itself, given by (2.6), is the law of the pair of random variables (x1, x7)
following this Markov chain if the initial distribution is .

As k,, is symmetric, we see that the Markov chain is reversible. The spectrum of
the operator K, is studied in more detail in Proposition 4.2 which builds on Proposi-
tion 3.8: all the eigenvalues belong to [0, 1], and the spectral gap of id — K, is at least

exp(—4/clloc/e)-

3.3. Proof of the expansion

We are now ready for the proof of Theorem 3.4, again under Assumption 1. The starting
point is this elementary lemma from calculus.

Lemma 3.11. Assume that F, defined in a neighborhood of (0,0) € R2, is of class €D,
Then

. F(,t)+ F(t,0)— F(0,0) — F(¢t,1) 10%F
lim =~ (0,0).
t—0 2 2 0tds
Proof. By writing F(0,7) 4+ F(t,0) — F(0,0) — F(t,1) = F(1,0) — F(0,0) — (F(t.t) —

F(¢,0)) and integrating first with respect to the second variable and then the first one,
t ot
F(0,t) + F(t,0) — F(0,0) — F(t,t) = —/ / 0102 F(t,0) do dr.
o Jo

The conclusion follows by continuity of d;0, F'. |
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We will apply this lemma to F(z,s) := OT.(us, its). Indeed, as this function is sym-
metric we have
F(0,1) + F(t,0) — F(0,0) — F(z,1)
7 .

Se(p, py) =

So provided we prove that F is of class €11 around (0, 0), Lemma 3.11 yields

LS 1PF
im =—=
t—0 12 2 dtds

(0,0). (3.2)

Thus to prove our theorem we need to prove F € €11 and differentiate it twice. Taking
one derivative of F is standard [28]; we provide the following lemma adapted to our
context.

Lemma 3.12. Ifthe paths (111)1e(—1,1), (Vt)ie(—z,r) are €™ -perturbations of n,v € P (X),
then

dr ‘;:oOTS(““ ve) = (&, fuw) + (0, guv)-

Proof. We follow the proof strategy of [28, Prop. 2]. As seen there (replacing du by
(e — @)/ 1), taking f, v,, §u.,v, as a suboptimal pair in the dual formulation (2.1) of
OT¢(u, v) and likewise f;,v, gu,v for OTg(u;, vy) yields

— V;— v 1
(FE i)+ (== 0w+ 0(1) = —(OTe(pus.v1) = OTe (41, v)
< <Mt — M
4

Vg —V
5 fM;,V;) + (tT’ gm,w} + 0(1)

Taking the limit + — O gives the result. Indeed, as t — 0, (fu,,v,, &u,,v,) CONverges to
(fiv> &u,v) in (€™(X)/R)? (Proposition 3.7), while (i, — 1)/ and (v, — v)/1 converge
weak-* to (1 and ¥ in €™ (X);. (]

From this lemma we obtain Ba—f(t, §) = {fts, fu, us)- To compute the second deriva-
tive of F, we will need to differentiate the Schrodinger potentials with respect to the
input measures, as announced. As we will use the fixed point equation (2.3) defining the
optimal pair of potentials (fu, ., &u,,05)» WE first need to understand the derivatives of
the operator 7, featured in it. Whereas T is a priori defined on €(X) x #(X), from
Te(f 4+ Ay, u) = Te(f, ) — Aly forany f, u, and A € R, we see that T, descends to
an operator €(X)/R x (X)) - €™(X)/R.

Lemma 3.13. Let the path (ji;)ie(—r,r) be a €™ -perturbation. Then the parametrized
map €™ (X) x (—t,t) = €™(X), (fit) = Te(f, ) built from (2.4) is continuously
differentiable. For ¢ € €™ (X) it satisfies

DlTa(fu,uvlL)[(f’] = - u[¢]v
d .
a lons(fu,/m W) = —eH[].
These formulas remain true when €™ (X) is replaced by €™ (X)/R.
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Proof. We first show that the mapping is continuously differentiable. It is enough to
prove that U(g,1)(y) = [y kc(x, y)g(x) du;(x) is continuously differentiable as a map
C"(X)x (—1,1) > €"(X) as T:(f.t) = —elog U(exp(f/¢),t). The mapping U is lin-
ear in g and continuous (thus continuously differentiable) in g by Lemma A.3. Regarding
the variable 7, for any given g € €"(X) and y € X and any o € Ng with |o| < m we
have 9% 3; d U, () = (fte, 05ke (-, y)g) as 0Fkc (-, y)g € €™(X). Using the regularity
of s glven by Definition 3.1, this expression is continuous in y, g, and ¢. If g, — g,
Lemma A.1 shows that the convergence of 9% %U(g,,, 1)(y) to %5 d ;U(g,1)(y) is uniform
in y. Thus we have differentiability of U in its second variable Wlth jointly continuous
derivative. The differentiability of T, follows.

Next we establish the expressions for the derivatives at ( f},,,, 0). By the chain rule we
have easily

S 180 ep(F(f () — e(x, ) dpa(x)
Fexp(E(f () — e ) dp(x)

As Te(frus ) = fu,u» at f = fu,, the denominator is equal to exp(—%fu,u ()). Thus

D1 Te(f. wlel(y) = —

DiTe(frus WI[BI(y) = /¢>(X)exp (S (¥) + fupnx) —clx, y))) dpu(x)
= —Kulpl(y).

For the derivative in the second component, a similar computation yields

(IL exp( (fuu —c(, J’))))
( exp( (S —cC, Y))))
From the same argument as before, the denominator is equal to exp(—% Juu()). Thus

the right-hand side coincides with —s H,,[j1]. Quotienting by constant functions to extend
to the case where f € €"(X)/R instead of € (X)) is straightforward. |

d

| B ) =

Proposition 3.14. Let the path ({is)te(—z,r) be a €™ -perturbation of 1 € P (X). Then the
Schrodinger potentials f; s = fu, u, are continuously differentiable in €™ (X)/R with
respect to the time parameters in a neighborhood of (t, s) = (0,0). Moreover; they satisfy

8fos | L
Jar(;’ s=0 —e(id — K3) ™ Hp[in] € €™ (X)/R,
818‘_1[,0 -, = eKulid— KQ)" Hy[f] € € (X)/R,
% =0 —&(id + K,) 7' Hy[f1] € €™ (X).

Proof. We use that f; s and g; s = f;,, are characterized by the fixed point equation (2.3).
Specifically, we have

Jrs = Te(8rs, ths) = Te(Te(fr,5, oe), Is) (3.3)
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for all # and s. We will use the implicit function theorem [27, Thm. 10.2.1] applied to the
map

To€™(X)/R x (1,12 = €"(X)/R.  (fi1.8) > (f = To(Te(f: o). 1)),

The condition f(f, t,s) = 0isequivalentto /' = f;,in €"(X)/R by (3.3). The assump-
tions of [27, Thm. 10.2.1] ask that the map T is of class C! and that D4 T is invertible at
the point (¢,5) = (0,0), f = fo,0. The former is a direct consequence of Lemma 3.13,
while for the latter we have D, T(fo,o, 0,0) =1id— Ki by Lemma 3.13 and this is invert-
ible on € (X)/R by Theorem 3.9.

We can thus apply [27, Thm. 10.2.1], which ensures that the solution f = f;; solv-
ing T(f;.t,s) = 0 is continuously differentiable in € (X)/R with respect to the time
parameters in a neighborhood of (¢, s) = (0, 0), and the partial derivatives are given by

afs, ~ _1 (T (fo,0.1,0)
o = T o0 0 (U] )
dfo, = 1 (0T (fo,0.0.5)
35 loco = O T o0 O (0 )
Following Lemma 3.13 we obtain
0T (f0,0.1,0) o 0T (f0,0,0.5) :
at =0 —eKuHyld, as ‘s=0 = eHuli)-

This yields the first two derivatives.

To calculate the time derivative of f; , we may drop the quotient and use the map
T'(fit):= f—Ta(f, ) defined on € (X) x (—7,7) instead of T. Here, D T’(fo’O,O) =
id + K, whose invertibility in the space € (X) can be found once again in Theorem 3.9.
Analogous arguments to the previous case give the result. ]

Proof of Theorem 3.4. Denote the Schrodinger potentials by f;s := f,,u,. Define the
symmetric function F (¢, s) := OT¢(us, its). Recall that with this notation, once we prove
that F € €1 then (3.2) holds by Lemma 3.11. By Lemma 3.12 we have

) = G i)

The weak-# continuity of (i, and continuous differentiability of f; ; by the time param-
eters (Proposition 3.14) ensure that F is of class €1 around (0, 0). Moreover, we see

that o 9
F . 0,s
0tds 0,0 = <M’ s s=o>'

Note that on the right-hand side we have the derivative of the “first” Schrédinger potential
when the “second” measure is changed. From Proposition 3.14 we obtain

afO,s
ds ls=o

= —e(id — K2)""H,[j1] € €"(X)/R.
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We conclude that

Se(p,pue) _ 19*F 1<. dfo,s
m . 5

= 0.0) = ——
T 2 2095 00 = 3\ 5y

s=0> - %W’ (id — K/i)_lHM[ﬂ])- u

4. The metric tensor and its regularity

In this section we analyze the expression obtained as the second-order approximation of
the Sinkhorn divergence in Theorem 3.4. We provide a way to extend the expression to
a larger class of perturbations. Recall that Mo (X) is the set of balanced signed measures
v € M(X), such that (v, 1x) = 0.

Definition 4.1 (The metric tensor). For y € #(X) and i1, fto in Mo(X), we define the
metric tensor g, (ft1, fl2) as
. . & . . 2v—1 .
g, r2) = EWI’ (id = K;)" Hplf2]).

In the setting of Assumption 1 we saw that this expression can be extended to pertur-
bations ft1, f12 in €™ (X)g. Even without this assumption we will see that g, defines an
inner product on Mo(X) whose completion with respect to g,, is canonically identified
with (a subset of) the dual of a reproducing kernel Hilbert space (RKHS) #,.

The RKHS #,,, which can be thought of as a tangent space to the space of probability
measures at (1, depends on pi. In contrast, the spaces Mo (X ), or even €™ (X)g for which
Theorem 3.4 was established, are independent of . We thus do a global change of vari-
ables to embed the set of probability distributions & (X) into the unit sphere of another
RKHS #.. This makes all tangent spaces subspaces of .. Further, the metric tensor g,,,
expressed in these new coordinates, is equivalent to the norm on #, (uniformly in w).
This change of variables will be especially useful in Section 5, where we define our new
geodesic distance, as it yields uniform coercivity of the metric tensor in these coordinates.

We first recall some results on RKHS before moving to the analysis of the completion
of the space Mo (X) endowed with g,,, and then to our global change of coordinates.

4.1. A primer on RKHS, and the operators K, and H, in the RKHS #,

Take k: X x X — [0, 00) a non-negative continuous positive definite and universal ker-
nel on X (see [72, Sect. 2]). In the sequel we will consider k. = exp(—c/¢) or k,, =
exp((fruu @ fuu —c)/e).

We recall that there exists a unique reproducing kernel Hilbert space (RKHS) induced
by the kernel k [9,60]. It is a subset of €(X) defined as the completion of the linear span
of {k(x,-) | x € X} in the norm induced by the inner product

(Y arkrin. Yokt 0) = 32 Y bk ).
j=1

i=1 k i=1j=1
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Here, n,m € Ny, a;,b; € R, and x;, y; € X. We write J for this Hilbert space, and use
H. for the kernel k. and F,, for the kernel k. By our assumptions on c, both k. and
k,, have the required properties (recall that a kernel k is positive definite and universal
provided (-, -) s, is positive definite and ) is dense in €(X) in supremum norm). More-
over, when k is bounded, the embedding of #} into €(X) is continuous. The evaluation
operator is continuous in #: for any ¢ € ;. there holds ¢ (x) = (¢, k(x,-)) g, . More
details can be found in Appendix B.

If o € J; is abounded linear functional on #, we denote by Hy[o] € H its repre-
sentative given by the Riesz theorem. By definition, for any ¢p € H it satisfies

(0.¢) = (Hklo]. ¢) s, .0

Evaluating this formula on ¢ = k(-, y) we see that the function Hy[o] is defined by

In particular, for k = k,, the notation is consistent: H,,, introduced in Definition 3.3, can
be extended into an operator defined on J{; with values in J¢,,. The space J{; contains
M(X) as H — €(X).

In the setting of Assumption 1 we have k;, € ©mm) (X x X), hence H,, — €"(X)
and € (X)* — Jfl’; (see [71, Cor. 4]).

In addition, we see that the operator K, defined by H,,[¢pu] for any ¢ € €(X), actu-
ally takes values in J,,. We also recall the identity

IVl = 11, = ) = [ ko v v,
XxX

valid for all v € M(X), which is usually referred to as a “maximum mean discrepancy
distance” on the space M(X).

Proposition 4.2. With Assumption 1 for some m > 0, the operators H,: €™ (X)* — H,,
and K,,: €"(X) — H, are compact. Furthermore, K,,: #,, — H,, is self-adjoint. In
particular, it has an eigendecomposition. The eigenvalue 1 has multiplicity 1 and all the
other eigenvalues belong to [0, q] with ¢ < 1 as in Proposition 3.8.

Proof. Compactness of H,, follows from Lemma B.2. Compactness of K, follows
directly.
The self-adjointness of K, is straightforward, as for all ¢, ¥ € J, it holds that

(K,Ur[¢]v 1/’)3(“ = <HIL[¢N’]’ 1//>z7€u = ((pv 1r//)LZ(X,p,) = (¢»KM[VI]>J€,L- (4.3)

As #,, injects continuously into €(X), the operator K, is also compact from #,, into
#,,. Thus the spectral theorem [14, Thm. 6.11] applies, giving the eigendecomposition.
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We now analyze the spectrum of K. The computation (K, [@], V) s, = (¢, V) r2(x, 1)
from (4.3) shows that K, is non-negative, so all its eigenvalues are non-negative. Now, if
¢ € H,, \ {0}, A € [0, 00) with K,[¢] = A¢, we see that either ||@|ex);r = O so that
¢ is constant and thus A = 1, or || K, [p]llex)r = IA] - [[¢llex)/r so that A € [0, g] by
Proposition 3.8. |

Based on these observations we now prove a strengthening of Theorem 3.9. As Iy =
H,[u] € #,,, we can consider J, /R the space #, quotiented by constant functions,
equipped with the quotient norm ||¢| %, /r = infaer[|¢ — Alx| %, The Banach space
J,,/R is isometric to {1y }+ C J,, and thus canonically is a Hilbert space.

Theorem 4.3. Let u € P(X) and n > 1. On the Hilbert space ¥#,, /R equipped with the
quotient norm the operators (id — KZ’L)_1 are continuous and satisfy

id

1
: : ny—1
id < (1d—KM) < =g
in the partial ordering of self-adjoint operators, with ¢ < 1 as in Proposition 3.8. The
same conclusion holds in the space L*(X, 1)/R.

These operators appear in the metric tensor g, forn = 2 and in g;, forn = 1.

Proof of Theorem 4.3. Note that #,, /R is isometric to the subspace orthogonal to the
eigenspace for the eigenvalue 1. So in this space K, is self-adjoint and compact with
its spectrum being contained in [0, g]. The estimate directly follows. Exactly the same
arguments carry through to L2(X, u)/R. ]

Remark 4.4 (Comparison with the differentiable setting). To make the link to the case
of €™ -perturbations in the setting of Assumption 1 from the previous section, we recall
the following standard bound. Not only € (X)* < J, but Lemma B.I shows that
Ivilges < lvilem= - [k ||‘13/(,2n,m) for any v € €™ (X)*. Using Proposition 3.7, we can make
this bound uniform in w. Thus there exists a constant C depending only on ¢, ¢, and m
such that for all 4 € P (X) and all v € €™ (X)*, we have

[vllser = C - Qvilems. (4.4)

4.2. The metric tensor in the RKHS #,

We again work under Assumption 1 for some m > 0 throughout this section. Recall that
perturbations integrate to zero against 1y because of mass conservation, something that
we also need to take into account here. For the sake of clarity we state without proof
the following result, which would work for any Banach space of functions on X contain-
ing 1x.

Lemma 4.5. The dual of ¥, /R is %Z,o the space of bounded linear functionals o on
H,, such that (o, 1x) = 0.
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In particular, H,, can be restricted to an operator
. *
Hy: ;0 — Hu/R,

which still corresponds to mapping o € J(;,O to its representative given by the Riesz
theorem: (0, ¢) = (Hy[o], ¢) s, /r for any ¢ € J,/R. From here we can rewrite the
metric tensor as follows: If fi1, 1, € €™ (X)g, we see that H [j11], Hy[f2] € H#/R. As
(id — Kﬁ)_1 is a bounded operator on this space, we have

(f1, (id = K3) ™' Hy[f2))

(Hplpa), Gd— K2) ™" Hylpal) g, /v 4.5)

gu(ftr, 12) =

N ™ N ™

This formula directly extends to and characterizes the completion of the space €™ (X)g
endowed with g, .

Theorem 4.6. On €™ (X)), the quadratic form g, is positive definite. The completion of

€™ (X)g with respect to this quadratic form coincides with # ;’0, the space of bounded

linear functionals o on J,, such that (o, 1x) = 0. Moreover, for any 1 € J}; , one has

£ 12 Lo _E i
Sy, < gue ) < 5=zl “6)
with q as in Proposition 3.8.

Proof. We start from formula (4.5), which is a rewriting of Definition 4.1 in the language
of RKHS. Combining it with Theorem 4.3 we obtain

1 .
< 572 Hulile,

SNH G, m < gl ) < 5
at least for /1 € €"(X)§. As H, is an isometry from Jf:,o to the space #,, /R, we deduce
that (4.6) is valid for all ;1 € €™ (X)g. Thus g,, is positive definite.

It remains to show that the completion of €™ (X)g is H# ;,0. Given what we have just
proved, it is enough to prove that Mo (X) is dense in & ;’0 for the norm topology. We use
the isometry of the latter space to #,, /R via #,,. The set H,[M(X)] is dense in H,,, as
discrete measures already yield all linear combinations of {k,(x,-) | x € X}. To conclude,
we observe that M(X) =R - @ Mo(X) and H,, [u] = 1x. |

4.3. The metric tensor in the RKHS J#,

Although Theorem 4.6 exhibits a very neat structure, it has the main drawback that the
ambient space of the tangent space #; , = J(,, /R depends on the point u. The space J,,
is however in a simple bijection with the RKHS #,, built on the kernel k, = exp(—c/¢),

as the next proposition shows. In the following we will abbreviate

ay = exp(fu,u/e).
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Proposition 4.7. The spaces H. and H,, are isometric to one another under the map

1
ty:He = Hy, ¢ -exp(;fu,u> =¢-ay.

Proof. We can directly verify exp( fy,.(¥)/&)ke(x, ) = exp(— fou,u(x)/)k,(x, y) and
hence

1 n
exp(; fu,u) Z bikc(xi,-)

i=1

2

= Z bibj - ay; (xi)a; " (xj)ku(xi. X))
Hu =1
n n
Y bibjke(xi x;) = | Y bike(xi,?)
i,j=1 i=1

We consider the maps A: P(X) - M(X) and B = H, o A: P(X) — H, given by

2
He

AG) = (= fuse 1.
B = el = [ exp(F (i) =630 ) = exp(— fu ).

Recall that the RKHS embeddings H,: #; — H. and H,: H; — ), are characterized
by (4.1) and (4.2). From a path (u;); € #(X) one obtains the paths (H,[u:]); € H,..
(ar)r € My (X),and (B;); € H, witha, = A(uy), Br = B(iur) = He[A(1,)]. The change
of variables yu <> o was previously used by Feydy et al. in the proof of [28, Prop. 3]. Note
that, for a fix measure v, the space & (X) embeds into #, via H,, and that the latter can
be mapped into #, with 1;!. However, this embedding p + ;1 (H,[u]) = H[a, - u] of
P (X) into H, differs from B: u — Hla, - p].

The measures «; are naturally interpreted as linear functionals on the common space
H. (represented by B;). One can hope that differentiability on this fixed space is well
behaved. We will see that the metric tensor can be expressed in the 8 variable and that it
is equivalent to the squared norm on the space J¢, in Theorem 4.12.

We first prove that <> o and . <> B are valid changes of variables in the sense that
A and B are homeomorphisms onto their images. Recall that P; stands for the projection
map (x, y) — x.

Theorem 4.8. The maps A and B are homeomorphisms onto their images. Explicitly, we
have the following:
(1) A is a weak-+ homeomorphism onto A := {a € My (X) | ||Hc[e]|| 3, = 1} with
inverse A~ (a) = (P1)s(ke - a ® a). In particular, A is weak-%-compact.
(2) B is weak-x-to-weak homeomorphic onto B :={f € H [M4(X)] | ||Bllz, = 1}.
Weak convergence and norm convergence agree on 8B, and the set B is weakly
and norm compact in H..

Note that 8 is the intersection of the convex cone H.[-M4 (X )] with the unit sphere.
The proof for the weak compactness of B C H, relies heavily on the positivity constraint
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of the cone H.[-M(X)]. In contrast, the weak closure of the whole unit sphere in infinite
dimension is the unit ball, which is not norm compact.

Remark 4.9. As a sidenote which might be interesting on its own, the characterization of
B also gives non-negativity of the entropic self-transport potential of any measure with
respect to any non-negative cost function inducing a positive definite universal kernel. By
Theorem 4.8, we have |exp(— f,,./€)|l#. = 1 and hence the estimate (B.1) implies that

lexp(—=fu.u/EMloo < llexp(=fuu/e)ll . - supxex ke(x, x) < 1. In particular,

Juu(x) >0 forallx € X.

With this we can slightly strengthen the contraction bound in Proposition 3.8 tog = 1 —
exp(—3llc/loo/)-

Proof of Theorem 4.8. We first treat the measure-valued map A and then extend the results
to the map B using properties of the RKHS embedding H..

The map A and its image. Denote « = A(u) = a, . Note that the map A is injective
since p can be reconstructed as u = F(«) := (Pq)#(k. - ¢ ® o) thanks to (2.6). This also
implies that the inverse map is weak-*-continuous: Let o, — o converge weak-* with
corresponding u, = (P)s(k - oy ® @). Then o, ® o, converges weak-* to o ® o (see
e.g. [68, Lem. 7.3]). Weak convergence of i, to u easily follows. To prove that the for-
ward map is continuous, it suffices to use the continuity of f, , as a function of u in
supremum norm (see Proposition 3.7).

We now characterize the image of A: Clearly A(ux) > 0 and

IH AN, = (@ ® app.ke) = (1 ® pky) =1

forall u € £(X). The map F: A — P (X) is aleftinverse of A: P (X) — #. To show that
F is also aright inverse, we may equivalently show that F is injective. We have F (o) = p
if and only if k. -« ® @ € IT(u, ). For every such @ € +4 it must hold that @ < . Thus
ke -a®a=exp(p ® ke ® ufor ¢ =log g—Z: X — [—00,00). A transport plan
of this form is necessarily optimal for the entropic optimal transport problem (1.1) (see
[56, Thm. 2.1]). Hence ¢ = f}, ,./€ and @ = A(u). Finally, 4 is weak-*-compact as the
weak-*-continuous image of the weak-x-compact set 5 (X).

The map B and its image. The map A is injective. The map H, is a bijection between
H} and H. by definition, so it is injective. Thus B is injective. It is clear that B is the
image of # by H.. Thus 8 is the image of (X) by B.

As the injection of J, into €(X) is continuous by (B.1), the map H, is continuous
from M (X) endowed with the weak-* topology into J#, endowed with the weak topology.
Thus B is weak-*-to-weak continuous and B is weakly compact as the image of the
weak-*-compact set 4. As a continuous bijection between compact Hausdorff spaces, B
is a weak-*-to-weak homeomorphism.



The Riemannian geometry of Sinkhorn divergences 1103

Finally, if (8,), is any sequence in 8 which converges weakly to a limit 8 in .,
as B is weakly compact we must have 8 € 8B so |||, = | = limy_ 00| Br | 2, This
implies norm convergence of the sequence (8,)y- L]

After the investigation of the topological properties of these changes of variables, we
move on to the differential properties. For a path (u;); in (X), we denote oy = A(u¢),
Bt = B(u;). By definition this means (o;, ¢) = (B¢, @) . for all ¢ € H.. We will express
the metric tensor in the variable ﬂ, = %,3, = % exp(— fu . /€) € He. Let us first define
the push-forward of the metric tensor before making a rigorous link to Definition 4.1 in
Theorem 4.12.

Definition 4.10 (The metric tensor on #,). If u € P (X) with 8 = B(u) € 8B, and,B € He
with (8, B) %, = 0, we define the quadratic form g,, (8, 8) by

8 (B.B) = B, +2au-B.(d— K law- Brax):

To explicitly link g and g, we need to consider curves valued in # (X) and their corre-
sponding curves in 8. The following definition fixes the convention about what we mean
by a differentiable path.

Definition 4.11 (Differentiability of paths). Let X be a vector space with a topology t.
We say that a path (x;)sey in X is t-differentiable at # when ¢ is an accumulation point of
I and the difference quotients (x; — x;)/(s — t) converge in t to some X; as s — ¢. When
X is a normed vector space and t is the norm topology, we drop the t in the notation.

We define iy by (s, ¢) = %|S:t (s, @) for ¢ € H,,, whenever this is a bounded
linear functional on #,,,, i.e. when the path (j45)s, interpreted in the dual space J; , is
weakly differentiable in J(7, at 7. Note that automatically /i, € J;, ,.

In the sequel, for paths (i4;)s, (atr)s, (Be): We write 0 = g, ;L = fLo and similarly
(XZ(XQ,dZdOandﬂ Zﬂo,ﬂzﬁo.

Theorem 4.12. Let (1s); be a path in P(X), such that the associated path (B¢); =

(B(wy))¢ is weakly differentiable in ¥, at t = 0. Then (B, B)g, = 0, the path (i), is
weakly differentiable in ¥ ; att =0, and

g (i ) = 8. (B. B).

To prove this theorem we first prove a preliminary lemma relating ﬂ and /1. Note
that since ; = exp(— [y, ., /€), we have f; = —%/3’, . %fm,uz and (4.7) below is for-
mally equivalent to the last equation of Proposition 3.14. The differences are the regularity
assumptions and the functional spaces involved.

Lemma 4.13. Let (1t;); be a weak-* continuous path in P (X) and denote fi; = fu, u,-
Then the following are equivalent:

(1) The corresponding path (B;); is weakly (resp. norm-) differentiable in ¥, att = 0.
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(2) (uy)s is weakly (resp. norm-) differentiable in J(’;: at t = 0 and the difference
quotients (fr; — fo,0)/t are bounded in €(X) ast — 0.

In this case,
Hyli] = (d + Ky)la, - Bl. 4.7
Explicitly, this means that for all ¢ € F,, it holds that

d

G |, @) = ((d + K)auBl.d)se, = (B.B - (id + K.)[e]) s,

The condition of boundedness of the difference quotients ( f;; — fo,0)/¢ in the second
point is not so natural. However, it is not clear how to remove it because we would need
to linearize the Schrodinger system around (u, i) in the space #,, (which depends on pt),
and we did not find a way to apply the implicit function theorem in this case.

Proof of Lemma 4.13. We split the proof into two parts.

(1) = (2). Recall that we have p; = o, exp(—fy, .., /€) and f; =a;t1 = exp(— fu 10 /€)
thus p; = oy B;. We will apply Leibniz’s rule to this formula, but we rederive it given the
low regularity of the objects involved. We write

HM[MI:M] _ Hu[a, P t—ﬁ

In the first term, B t_ﬂ — ,3 weakly in ., hence uniformly, while o; — o weak-* in
M(X). In particular, o; - @ —>a- ,6 weak-* in M(X) and its RKHS embedding con-
verges in norm by Lemma B.2. The limit is H[c - ,3] =K, [ﬂ/,B]

With H,[v] = 1/8 - H.[v/B] for all v € M(X) the second term can be rewritten
as H[*2]/B = @ /B, which converges weakly (resp. in norm) to ,3 /B. The self-
transport potentials are even differentiable in time in €(X), which is immediate from
weak differentiability of (8;); in #, and Lemma B.2.

]+Hu[a’t_a -,3]. 4.8)

2) = (1). Weuse B; = He[us/Bs] and H,[v] = 1/8 - Hc[v/B] for v € M(X) to cal-
culate

B —B

t

_ Hc[w:l — B + B (e — ]
1

:HCI:M'MZ]+/3'HM[Mt:M]' (4.9)

We now show the desired convergence of these difference quotients in . as ¢ — 0. For
the second summand this is due to Proposition 4.7 and the weak (resp. norm-) differentia-
bility of (tts);. The first summand is trickier. Boundedness of the difference quotients and
weak-* convergence of (i, to i give ||-|e(x)+-boundedness of the measure in the argument
of H,. The embedding H.: M(X) — H, is compact by Lemma B.2. Thus a convergent
subsequence at times (¢ )ren With limg_, o, #x = 0 can be extracted along which the first
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summand converges in norm in J¢, to a limit. This yields weak (resp. norm-) convergence
of the left-hand side in #,. In particular, we obtain uniform convergence of the difference
quotients (B;, — B)/tx — v for some v € H, and (,Bt_k1 - B YHY/tr — —v/B% in €(X).
Taking the limit k — oo in (4.9) yields

v=—Hc[v/B? pl + B Huljt] = B - (Hulf] — Kpulv/B), (4.10)

or equivalently v/f = (id + K,) ™' H,[f]. As all subsequences of (8; — 8)/t have con-
vergent subsequences with the same limit v, we have overall convergence as t — 0 and
v = ﬂ With self-adjointness of K, on #,, (Proposition 4.2) and a,, = 1/, the explicit
formula follows from (4.10). ]

Proof of Theorem 4.12. The equation ( ,3 , B)se, = 0is directly obtained by differentiating
the equation || 8, ||§€c = 1 in time.
We then plug the formula for /1 from Lemma 4.13 into the metric tensor

g (. 1) = = (. (id — K2)™ H,, )

|» N ™

S (d + K,)[B/B). (id — KZ)™"(id + K, [B/Bl) e,

The operator (id 4+ K, ) is self-adjoint on #,,. Furthermore,
(id 4+ K,)(id — K3) 7' (id 4+ K,) = (id + K,)(id — K,,) ™" = id 4+ 2K, (id — K,) 7"
To conclude, use (¢, K, [¥]) 5, = (¢, ¥)r2(x,.) and Proposition 4.7. L]

We finish this section by studying the continuity properties of the metric tensor g, and
by proving that it can be uniformly compared to the norm of #,.

Proposition 4.14. The metric tensor g,,(B, B) is jointly continuous (resp. lower semi-
continuous) with respect to weak-x convergence of [ in P (X) and norm convergence
(resp. weak convergence) of B in JH.

Proof. The first part Z | /3 ”360 of the metric tensor g,, does not depend on u and is of course
continuous (resp. lower semicontinuous) with respect to norm convergence (resp. weak
convergence) of § in J,.

For the second part, we actually claim that the map

{(.9) € P(X) x He | (B(w). §)3e. = 0} = R,
(n,P) = {ay - ¢, (id - K;L)_l[au : ¢]>L2(X,[L)

is jointly continuous with respect to weak-* convergence on J# (X ) and weak convergence
on J,.. Indeed, let u, — p weak-* in P (X), ¢, — ¢ weakly in H,, and (B(i,), ¢n) = 0.
In particular, we have uniform convergence f, = fi,.u, — Jfu.u» hence a,, — a,, and
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by Lemma B.2 also ¢, — ¢ uniformly. Let us write
u, = (id — Ku,,)_l[aun “Pn] & up =ay, én + Ky, un.

We show that the sequence u, converges tou = (id — K,,)"'[a,, - ¢] in €(X)/R. Indeed,
the uniform convergence of a,, - ¢, and the operator norm estimate in Proposition 3.8
show that the functions u,, are uniformly bounded in €(X)/R.

By Proposition 3.7 and the Arzela—Ascoli theorem, the potentials f,,, ,, are equi-
bounded and equi-continuous.

Thus it is clear that the functions K, u, are equi-continuous and equi-bounded.
Hence, up to extraction of a subsequence, K, u, converges uniformly to a limit. Now
also u, = ay, - ¢ + K, u, converges uniformly to a limit u. Once we have this infor-
mation, we can identify this limit with (id — K,)~![a,, - ¢], because

Up = ay, * $n + Ky, un = ay -+ Kyu = u.

Once we have this convergence,

{(au, - ¢n, (id — Kun)_l [aun : ¢n]>L2(X,un) = [X Ay Pnthy dptn,
and the integrand a,,,, ¢, u, converges uniformly to a, ¢u, while the measure j1,, converges

weak-* to w. It is easy to pass to the limit using Lemma A.2. ]

Proposition 4.15 (Equivalence to the norm on #.). Let u € P (X) and ,3 € H, with
(B(n), B)ge. = 0. It holds that

e - - P e .
Ellﬂllﬁec =g.(B8.B) = Czllﬁllﬁgc
for C =14 2exp(3L|ic]loo).

Proof. From Theorem 4.3, on the space L?(X, 1)/R we haveid < (id — K,)™! < ﬁid
with ¢ = 1 — exp(—4||c|c0/€) as in Proposition 3.8 (and in particular (id — K,)~! is
non-negative). Thus we get

e . B .. & . 2 .
1B, =8B B) = S (1813, + mnau-ﬁniqx,wm).
We then control the L2(X, t)/R norm by the supremum norm, using that ||,3 loo < ||ﬂ l| 2.
as the cost function is non-negative. Thus
£ 50 5 .. & s 2 -
1813, = 8. B) = 5 (1815, + 7= laullol Bl )-

Finally, using [26, Thm. 1.2] we have [|a,|oo < exp(|| fi,ulloo/€) < exp(%||c||oo/8), and
together with the definition of ¢ we conclude the proof. ]
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4.4. The metric tensor as ¢ varies

Let us now discuss how the metric tensor varies as a function of ¢. Though it is not the
main goal of our work, which rather focuses on showing that, for ¢ fixed, S, induces a
Riemannian geometry, it can give some intuition on the influence of the parameter ¢. For
this discussion we fix X to be a bounded convex subset of R¢ with non-empty interior,
and c(x, y) = ||x — y||? is the quadratic cost. We add a superscript ¢ to stress the fact
that, contrary to the rest of this work, ¢ is not fixed anymore. At the level of the Sinkhorn
divergence, as the Kullback-Leibler divergence is invariant under reparametrization,

Se(p,v) = eS1(Lap, Liv), (4.11)

with L#(x) = x//e; see [52]. It shows how 4/¢ acts as a typical length scale.
We first show that, for ¢ € (0, 00), the metric tensor changes smoothly with respect to
& (however, it is not a monotone function of ¢ for u, ft fixed: this can be seen in Figure 3).

Proposition 4.16. Fix 1 € P(X) and o € €™(X)g for some m > 0. Then the function
e > g7 (1, (1) defined on (0, 00) is continuous.

In this proposition we restrict to tangent vectors in € (X)g, which embed into the
e-dependent tangent space Jf;f,o for any ¢.

Proof of Proposition 4.16. By checking that it satisfies the Schrodinger system, we have,

with L.(x) = x/ ./,
lf,u(x) = gleiu,Liu(%)'

With Proposition 3.7, it gives that f;7 , varies continuously with & in € (X). From this
and the bound of Proposition 3.8 which is locally uniform in &, we see that both (id —
K Z)_l and H vary continuously in operator norm with ¢. The conclusion follows from
the explicit expression of g7, (1, f1); see Definition 4.1. ]

We now move to the limit cases ¢ — 0 and ¢ — oo. The connection between optimal
transport, regularized optimal transport, and MMD distances in these limit cases has been
investigated in the literature [64]. It is thus a natural question to study what happens to our
metric tensor in these same limiting cases. We first focus on the large ¢ limit as it is the
easiest case.

Theorem 4.17. For i € P(X) and ju = —div(v) with v € LY(X, u; R?), it holds that

2
i g5,/ = | [ o dt|
E—>00 X

The limit of the metric tensor is degenerate, as || [ v(x) du(x)|| = ||rir, || withm,, € R4

the center of mass of (. Thus in the limit only the motion of the center of mass matters.
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Proof of Proposition 4.17. From equation (4.6), as ¢ — 0 when ¢ — oo, we have

s oy Epo € . ) )
81 ~ Sl =5 [ ki) i 0y

€ . ‘
2 //XXX[nykﬂ(x, M- wx) ® v(y)]du(x) du(y),

where the last equality follows from integration by parts. We then compute

(Vi) =2(x = y) @ (VS ,(¥) —2(y — x))
52

Vayk,, (x,y) = (%id + )k;(x, ¥).
But kj, — 1in €(X x X) and 7. — p ® pu as ¢ — oo. This is clear as || /7, [lo <
3/2|l¢||oo for any . Moreover, 2y —V f 7 (y) = 2fkﬂ(y, z)zdu(z), which is a classical
identity that we rederive below in (5.10). We deduce that 2id =V f7  converges to 2m,,,
as ¢ — 00, hence is bounded. As moreover X is bounded, putting these considerations
together, as a (matrix-valued) function,

&
Enykli(x, y) —>id, ase— o0

uniformly on X x X. Plugging this into the previous computations, we find

Jtim g0 = Jim Sl = | 00w aumne).

We then turn to the regime of vanishing ¢. In this case we only do informal computa-

tions, as making the expansion rigorous would require a fine analysis of the behavior of

the Schrodinger potentials as ¢ — 0 in the compact case. We identify a measure with its

density with respect to the Lebesgue measure. Writing A for the Laplacian (the trace of
the Hessian matrix) and L f := —Af — V f - Vlog i, we claim that it should hold that

.o [ty
s (1L, —><—,L [—]) , ase—0. 4.12
g, (L. 1) P e (4.12)
Remark 4.18. In the case where [t = —div(u V), we see that the limit in (4.12) is the
metric tensor g& of classical optimal transport as defined in (1.3). Indeed, in this setting
L[t/ ] = ¥, which can be checked by expanding the divergence:
E _Vu -Vyr

= — Ay =—Viogu -V — Ay = L.
n %

Thus we obtain from (4.12),

B0 = (@G99, 9) = [ 1991 e = ghGi .
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We now discuss the sketch of the proof of the claim (4.12). The main observation is
that if one has an operator expansion K, = id + ¢L + o(¢) for some invertible operator
L, then it holds that (K}, )2 =id + 2¢L + o(e). Therefore, as Hj[] = K},[-/u], we have

i ia = &2 K[ 2]) = i L+ o)+ oL +oten[ 1))
= D ' 1)+ 000,

and the conclusion follows if we check that L = —4L. Thus we need to identify L, i.e. the
first-order term in the expansion of K, as ¢ — 0. It has already been characterized in
some cases: in [50], where the ambient space is a Riemannian manifold, and in [2], which
gives a probabilistic interpretation of the resulting expansion. However, it needs measures
supported on the whole space R. None of these works prove a limit in a sense strong
enough to rigorously deduce (4.12) as far as we understand. We leave it for future work to
give a mathematical proof of (4.12).

We will only explain how one can guess the limit, following the arguments of [55]. To
identify L at least informally, we need a better understanding of the self-dual potentials.
Identifying a measure with its density, in the limit ¢ — 0 the Laplace formula gives

1
HEBI() = /X exp(—llx = yI?)p ) dx = (e)/2(p(x) + A9 (1) + 0()).

With a, = exp(f; ,/¢), the condition K}, [1x] = 1x reads ar H;[a. 1] = 1x, thatis,

@2 = <(n£)d/2( iA(ZsM) +ole ))) (m)ld/zu (1 ZAZ;M) n 0(8)).

Thus at first order a; ~ (we)~%/*~1/2, which plugged again into the expansion in the

right-hand side yields
1 A
= (1—E \/ﬁ—i—o(s)).
(re)?*ym\" 8 Ju

As K} [¢] = acH;[asp¢], we can again use the Laplace expansion, keeping only the

terms of order 1 in & and noticing that the scaling factors (¢)%/2 cancel:
) _ d/2 €
KpIg) = (ne)*/a. (ang + AGaeng) +o(e))

_ ﬁ(l _ gA_j_ﬁ) (ﬂ(l - %%)zﬁ +2 A(f¢>)) +o(e)

—¢+7( PAVI+ A1) + o(e).

As A1) — A /it = JA(@) + 2V -V /i and 2V /it = /iuV log i, we obtain

K;[9] = ¢+ (8¢ + Viog - V) +0(c).
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which is sufficient to identify L = %(A + Vlog it - V) and to see that L = —4L coincides
with the expression given above (4.12).

5. The induced path metric

5.1. Definition and metrization of the weak-* topology

Definition 5.1. Our metric is constructed in the following way:

(1) We call a path (41)se[0,1] admissible when the corresponding path (8¢):e(0,1) =
(B(i1))1e(0.1) belongs to the Sobolev space #1((0, 1); #.) (defined in Appen-
dix C). We denote the set of admissible paths as P and write P (g, 11) for the
subset of P with fixed start and end points g, 1 € P(X).

(2) The energy of a path (u;); € P is defined as

1 o 1
Emmo:ﬂgm%ﬁ»m=AgMMﬂ»m

(These two integrals indeed coincide if (1;); € P thanks to Theorem 4.12.)
(3) For g, u1 € P(X) we define

1
ds(uo.p) = inf  E((un)’ (5.1)
(e)e€P(po,11)

Theorem 4.8 tells us that P corresponds to F#1((0, 1); B) and the paths (u;); are
weak-*x-continuous.

If the cost function is of class €™ then €™M -perturbations are admissible, as we will
see later in Corollary 5.10. Intuitively, € -perturbations (which include combinations of
vertical and horizontal perturbations) would seem sufficiently rich to describe g for all
relevant trajectories, but we extend admissible paths to P to guarantee completeness. We
now show that dg is a distance (Theorem 5.2) which is geodesic (Theorem 5.4).

Theorem 5.2. The function ds is a metric on P (X) that metrizes the weak-% topology.
Further, for all juo, 1 € P(X), Bo = B(io), B1 = B(i1) there holds

e T e
\/;”ﬂo —Billg, <ds(po, p1) < 5‘/5(3 1Bo — B1ll g,

withC =1+2 exp(% llclloo) as in Proposition 4.15.

Proof. Ttis easy to see that ds (uo, 1) = ds (1, o) = 0. We show the triangle inequality
and the relation to the #, norm. The latter also implies finiteness, positive definiteness,
and the metrization of the weak-* topology.

The proof of the triangle inequality is analogous to that of [13, Thm. 1]. Let u, v, n €
P(X), (is)r € P(u,v), (v¢); € P(v,n) and denote B} = B(i;), B? = B(v;). Assume that
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ds(p,v) > 0anddg(v,n) > 0.Lett € (0,1) and set y; = p;/, fort € [0, 7], y; = Viz
for ¢t € [r, 1]. Using Theorem C.2 and the weak-* continuity of (y;);, one can see that
(v+): € P(u,n) and by simple rescaling there holds

1! S 1 1 o
B0 = 7 [ &l B e+ = [ @

lE((,ut)t) + LE((W)O'
T 1—1
Setting T = E((1£0)¢)2 /(E((1£0)e)? + E((v¢):)7) gives

%E((M) + ﬁE((w)» = (E((0)0)* + E())*)2.

Taking the infimum over (u;); € P(u,v) and (v;), € P(v, n) yields the triangle inequality
for dg.

To show equivalence to the H-norm, we use that £ Il B¢ 15, <8, (Br. Br) < Cci Il B 1%,
from Proposition 4.15.

For the lower bound, let (1;); € P(uo, 1) and denote B; = B(it;). Then Jensen’s
inequality, the norm estimate from Theorem C.1, and the fundamental theorem of calculus
in #1((0, 1); #,) from Theorem C.2 show

1
/ B, dr
0

This gives the lower bound when we take the infimum over all curves.

For the upper bound, let (f;); be the arc connecting By to B; with ||B:]|s, = 1
parametrized by arc length of (8;); in #.. By Theorem 4.8, this is an admissible path.
Proposition 4.15 and a basic geometry argument in the two-dimensional Hilbert space

span{fo, f1} yield

2 T, ) 3 T 1
Vesdstuon < ([ W) = [16ile, = 2acesin( 5181~ ol ).

which, in turn, is bounded by 7 [|81 — Boll %, -
Finally, for u, u, € #(X), the established estimate and Theorem 4.8 show that

2

= (181 — Boll%,.-

He

2 1 L. I
_/ gU«t(IBtnBt) dt 2/ ||ﬂt||§€c dr >
& Jo 0

ds(pn. ) >0 < ||B(kn) — B(W)llge. > 0 < wun — p weak-x. "

Remark 5.3. Theorem 5.2 yields a metric equivalence between the flat norm on #,
and dg. In particular, these two distances define the same class of absolutely continu-
ous curves. However, the geometry induced by the metric tensor g differs from the flat
one. We give one example of this: the shortest path (a.k.a. minimizing geodesic) between
Bo and B; in B C H, in the RKHS geometry is given by arc interpolation. This path
lies entirely in the plane spanned by B¢, 1. The equivalent holds for the corresponding
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path between o and o in M4 (X ). Hence the support of the intermediate measures o (a
fortiori of p;) is contained in the union of the support of the initial and final measure. In
contrast, geodesics in dg can have horizontal movement of mass that leaves the original
support, for instance in the case of translations as in Section 5.4.

5.2. Existence of geodesics

Given the definition of dg as infimization over the energy of paths, it is natural to ask
whether geodesics in the sense of energy-minimizing paths exist. The set of admissible
paths P has been chosen carefully to obtain existence of geodesics for dg.

Theorem 5.4. The variational problem (5.1) defining ds has a minimizer. Hence there
exist Riemannian geodesics for the metric dg.

The proof will follow the direct method of calculus of variations. Indeed, we first
show lower semicontinuity of £ on J1((0, 1); #,) by rewriting E ((i;);) as a supremum
of weakly lower semicontinuous problems in Lemma 5.6. Using that boundedness in E
implies boundedness in the Sobolev norm, we then find that the weak cluster points of any
minimizing sequence for the least energy problem (5.1) are minimizers, hence geodesic.
This geodesic belongs to P, as #1((0, 1); B) is weakly closed.

Remark 5.5. We can obtain the existence of geodesics for dg in the metric sense in
a much simpler way by showing that in (#(X), dg) all pairs of points almost admit a
midpoint (see [13, Def. 3.6]) and applying the Hopf—-Rinow theorem [13, Lem. B.3]. For
any o, 1 € P(X) this would give a path (i), in £ (X), such that for all z, s € [0, 1] it
holds that

ds (i, pus) = |t — |- ds(ro, n1)-

However, it is not immediately clear whether the path (u,); belongs to P(uo, ;1) and
whether dg (o, 1) = E((is)s), i.e. whether (i), is also a geodesic in the Riemannian
sense as a minimizer of the energy in (5.1).

Lemma 5.6. Let (i;); € P and define p € M([0,1] x X) via (u, ) = [[ ¥ (t.-)du, dt
for any € €([0, 1] x X). The energy of the path (1) can be rewritten as

e (! . 1 )
E((Mz)z)=§/(; ”ﬂz”?%c dl—l—Ze.szp{/(; (He[Y (1. )AGeo)]. Be) ge, di (5.2)
1 1
- 5/0 (w(t")v(id_Kut)lﬁ(l,'))u(x,u,)dl},

where the supremum in  is taken over any space of functions dense in L>([0,1] x X, p),
e.g. the jointly continuous functions over [0, 1] x X.
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Proof. 1t is a well-known fact in convex analysis that if 7" is a symmetric, coercive, and
continuous operator on a Hilbert space #, it holds that

1 1
ST "x)ge = sup (x, y)p — 50 Ty)ae (5.3)
y

for all x € J. This is Fenchel-Legendre duality, or could also be seen as a corollary of
the Lax—Milgram theorem [14, Cor. 5.8]. Continuity of T allows the restriction of the
supremum to a dense subset of J. We apply (5.3) to

» the space K = {y € L?([0,1] x X, p) | {us, ¥(¢,-)) = 0a.e.}, i.e. the orthogonal
complement of functions which are j1;-a.e. constant in space at almost all ¢ € [0, 1],

e the operator T[y](z, y) = (id — K,,)[¥ (1, )](¥),

» the point x = (a,, B:): € K.

The operator T is coercive and continuous on J by Theorem 4.3. In this notation,

1~ P & L, _
B0 = [ &G =5 [ 180G, + et T
We then use that

(@ B V(D 12 x ) = W), e, Be) = (He[W (8, ) Ao, Be) se.

With (,3 ¢»B:) =0and (id — K, )[1x] = 0, one sees that the expression on the right-hand
side of (5.2) gives the same value on functions whose difference is constant in space for
almost all times 7. Hence the supremum remains the same when taken on # or L2([0, 1] x
X;p). ]

Proof of Theorem 5.4. We apply the direct method of calculus of variations. Let (u}); €
P (1o, n1) with corresponding (B7); € #1((0, 1); #,) be such that

1
ds (1o, 1)? =nli)ﬂgo/0 g (B, Br)dr.

From [|7 |5, = 1 and Proposition 4.15 we see that the sequence of paths (8}), must be
bounded in J#¢1((0, 1); #.). Hence, up to taking a subsequence, (87), converges weakly in
J1((0,1); H,) to some limit path (B;),. It remains to check that 8; € 8 forall ¢ € (0, 1)
and that the corresponding path of 1, = B~1(B;) satisfies E((i¢)s) = ds (1o, 1)

Note that the sequence (87 ) is uniformly equi-continuous: Forany n € N, s <t € [0, 1]
setv = (87 — BY)/IIBE — B: || .. Then Theorem C.2 and the Cauchy—Schwarz inequality
give

t
187 — Bl e, = [ (B7.0)dr = (B v - Ls)) 2011700
S

< 1Bl zer0,1):9¢) - V1t — sl
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Thus, again up to taking a subsequence, we can assume that (87) converges uniformly,
hence the limit satisfies 8; € B forall ¢t € (0, 1).

We now estimate the energy. By lower semicontinuity of the norm for weak conver-
gence, we have directly

1 1
2 112 < Tim; (12
| 1B, ar < timinr [ 4B, o
Thus by Lemma 5.6, using of = A(uy) = a,»puy and rewriting the operator K,» using

kyr = ke -ayr ® ayr, to conclude the proof it suffices to show that for all ¢ € €([0, 1] x
X) we have

lim inf /
n—>oo 0

1 ! n n
e ] ke ove ) oo der o) a

1

ny pn 1 ! 2 n
CHlw (1,0, 57, dt = 5 /0 /X V(6 )2 i (x)

! . 1 1 5
> [dvee foxa -3 [ [ v auma
1 1
i E/0 //XXX ke(x, y)y (e, x)y (1, y) da; (x) de (y) dr.

As B7 converges to 8;, we know from Theorem 4.8 that u} — u,, o} — o; weak-* in
M(X). In addition, we can bound the mass of «} and the supremum of ¥ (¢, -) uniformly
in ¢ and n, and so the second and third integrals are easy to pass to the limit. For the first
one note that

(He[y @, )i De — (He[y (2. )eu])s.

The convergence is pointwise in ¢ thanks to Lemma B.2, and also in norm in L2 ([0, 1]; #,)
thanks to the Lebesgue dominated convergence theorem. Since the first integral can be
rewritten as

1 . .
/0 (He[y (1. )] B7)ge. dt = ((He [ (2. ) De. (BY)i) 20,1196

convergence to the desired limit holds as a pairing between weakly and strongly conver-
gent sequences in L2([0, 1]; #.) (see Lemma A.2). |

5.3. Absolutely continuous curves

Let us first recall the definition of absolutely continuous curves: in Hilbert spaces they
correspond to a.e. differentiable curves for which the fundamental theorem of calculus
holds (Theorem C.2).

Definition 5.7 ([4, Def. 1.1.1]). Let (X, d) be a complete metric space and let p € [1, o<].
A curve y: (a,b) — X defined on a real interval belongs to AC? ((a, b); X)), if there exists
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a function m € LP(a, b) such that for alla < s <t < b it holds that

d(y(s). y(1)) < / m(z)d.

Due to the equivalence between the norm on #, and the metric dg from Theorem 5.2,
and as #1((0,1); #.) = AC2((0, 1); #,) from Theorem C.2, if B; = B(j;) we have

(1¢)¢ is admissible < (B;); € AC*((0,1): Hc) < (us)r € AC*((0, 1); ds).

Building on Lemma 4.13 we can characterize the set of admissible paths in terms of dif-
ferentiability of the path of measures (u;); in duality with each respective RKHS #,,
and regularity of the path of self-transport potentials f, ., in the space of continuous
functions as opposed to the less intuitive space J.

Proposition 5.8. Let (11); be a weak-*-continuous path in P (X). Denote fi; = fu, u,
and B; = B(;). Then (u;); is an admissible path for our metric, i.e. (B;); € #'((0,1);
He), or equivalently (u;); € AC*((0, 1); (P (X).ds)), if and only if the following condi-
tions are satisfied:

Me—Hs
r—s

(1) (wy)y is strongly differentiable, i.e.
almost all s € [0, 1].
@) Jy & (e, for) di < oo,
3) (fr)r € ACH((0. 1):E(X)).
Further, when these are satisfied the following integration by parts formula holds for all
functions of the form Yy = exp(f1,:/€) - ¢: with g € €X((0,1); H):

.o ok . _
— [Ls innormin ¥, at timet = s for

1 1
/ (e, 0¢e)dt = —/ (fue, o) dt. 5.4
0 0

In this equation, Wy € H#,,, for every t by Lemma 4.1, so that the pairing (fis, V) is well
defined.

Proof. The proof is divided into three parts.

Direct implication. Let (B;); € #'((0,1); #.). Then /3, exists in K, for almost all
t € (0,1). From Lemma 4.13, (i), is strongly differentiable in J¢; at time # = s for
almost all s € (0, 1). This is condition (1). By Proposition 4.15, we have

1 1
. . - . . 8
[ it = [ g e Borar = 1601 Bes oy <

proving condition (2). Due to the embedding #, — €(X) and equi-boundedness of the
potentials f;, we obtain for s < ¢,

t
Ift.t = Foslloo = C - 11Br = Bslloo = C - 1B = Bsllze. = C'/ Bl dz
N

for some C € (0, co), where the last inequality is due to Theorem C.1. As (|| B,H) ¢t €
L2((0,1)) C L'((0, 1)), this proves condition (3).
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Converse implication. We show that (8;); € #1((0, 1); #.) using the characteriza-
tion of Theorem C.2. Specifically, we show that (ﬁt) ¢ 1s strongly differentiable almost
everywhere, (,3,), € L2((0,1); #.), and that B; — f ﬂ, dr forall¢,s € (0, 1).

Condition (3) gives ||(fr,; — fs,s)/( — )]0 < t_s fs g(t)dr for some g € L1((0, 1);
R). By the Lebesgue differentiation theorem [65, Thm. 7.10], the right-hand side con-
verges to g(s) as t — s for almost every s € (0, 1). In particular, the difference quotients
are bounded in the limit for almost all s. Differentiability of (8;); almost everywhere
follows from Lemma 4.13 and condition (1). By Theorem 4.12 and Proposition 4.15 we
have %Hﬁs |2 = S (BS, Bs) =g, ([Ls, [ts) almost everywhere. Thus condition (2) yields

(ﬂ ): € L2((0,1); #.). It only remains to check the compatibility condition: for all 7, s,

Bi — Bs =/ B dt (5.5)

as a Bochner integral in J, (see [40, Sect. 2.1]). The integral in the right-hand side of (5.5)
exists in #,; see Theorem C.1. To identify the left-hand side, as (f;,); € ACL((0, 1);
€(X)) and the potentials are equi-bounded, we obtain (8;); € AC!((0, 1); €(X)). In
particular, for any x € X the curve (B;(x)); belongs to AC!((0, 1); R) and thus (5.5),
evaluated at x € X, holds as a classical integral. We conclude to (5.5) as Bochner integral
in H, as the evaluation maps are continuous in #.

Integration by parts. Let (B;); € #1((0,1); #.). Let (¥;); and (¢;); be as in (5.4).
By our assumptions on (f;);, the rescaled function ¥, = ¢;/B; is differentiable in € (X)
for almost every t. Lemma 4.13 yields

1 1
/ (fre, Yy)dt = / (BeoBr Ve + Br - Ky, [Wi]) g, dt
0 0

1 .
- /0 oo + Helbo/ B2 - il e, di

Lemma C.3 gives fol (Bi. ¢s)ge, dr = —fol (Br, ¢t ) go, dt. Further, we have

(ﬁt’atflbt)ﬂc = {(otr, 0¢ps) = (s, (01 91)/Bs)-

Using (Br. Helge/B2 - 1), = (tte. § - Be/B?) we can compute the remaining part.
Together this gives

1

1 1 )
/ (e, ) = —/ (e, (0:91)/ Bt — &1 'ﬂz/ﬂzz)dt = —/ (s, 0r s ) dt. u
0 0 0

The previous proposition gives a full characterization of the set of admissible paths
and requires a light notion of differentiability of the path (u;); together with a robust
regularity assumption on the path of self-transport potentials ( f; ), in €(X).

In the differentiable setting, Proposition 5.9 below gives a simpler way to show that a
path is admissible. In it we utilize a stronger regularity assumption on (i), by requiring
[t € €™(X)* and avoid the extra assumption on the potentials.
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Proposition 5.9. For m > 0, in the setting of Assumption 1, there exists C > 0 depending
on ¢, &, and m such that for all pg, u1 € P(X),

ds(po, 1) = C - |1 — pollem=. (5.6)

Notably, (j11): € AC*((0,1); (€™ (X)*, ||-lem+)) yields (11): € AC((0,1); (P(X), ds))
and any such path is admissible for dg.

Proof. We clearly only need to prove (5.6). The vertical interpolation p; = (1 —#)po +
tiy is an admissible path with g, = w1 — po. We have, using successively the esti-
mates (4.6) and (4.4),

gu, (e, 1) < Crllper — Mo||§g;0 < Callpt1 — pollEme

for some C;, C; > 0, where the constant C; may depend on m but neither one depends
on p. Integrating this between 0 and 1 yields the estimate as the left-hand side becomes
an upper bound for dgs (o, jt1)? by definition. |

We can now show that paths which essentially follow a €™ -perturbation for time [0, 1]
are admissible paths for dg. For these paths the metric tensor is explicitly given by the Hes-
sian of the Sinkhorn divergence. This provides the link between Section 3 and Section 5.1.

Corollary 5.10. In the setting of Assumption 1 for some m > 0, let (is); be a path
that is continuously differentiable from (0, 1) to the space €™(X)* endowed with the
weak-* topology, such that the derivative extends weak-* continuously to the end points.
Then it is Sup, cfo 1|11 llem < 00, and we have (11,); € AC2((0, 1); (€™ (X)*, |- Jrem)).
In particular, (1ts); is an admissible path for dg.

Proof. There holds sup¢(o 1] |t¢]lemx < oo, as weak-*-continuity gives boundedness
of ||fts, |lem~ along any convergent sequence ¢, — ¢ and [0, 1] is compact. Then by [40,
Prop. 3.8, (iv) = (ii)] with the choice of separating subset €”(X) C (€™ (X)*)*, we
obtain that (i), is of class AC%((0, 1); (€™(X)*, ||-|em.x)) if we show that for any ¢ €
€™ (X), the real-valued function ¢ — (u,, ¢) is continuously differentiable with derivative
(f1e, @) and (fiz); € L2((0,1); €™(X)*). All of these are already established. |

Remark 5.11 (Comparison between dg, Wasserstein, and Hellinger—Kantorovich). In the
setting of Assumption 1 with m = 1, Proposition 5.9 yields a C > 0 such that

ds (o, 1) < C - |y — poller < C - Wi(pwo, p1) (5.7

for any (o, 1 € P(X). Here, W, denotes the p-Wasserstein distance [68, Chap. 5] for
p > 1. Thus 2-absolutely continuous paths in W (hence W, for any p € [1, 00)) are
admissible paths for our metric. The converse does not hold, as shown in Example 5.12
below.
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In the Euclidean setting the formal Riemannian tensor of the Hellinger—Kantorovich
distance [20,39,47] is given by

1
i = [ (IFWEOP + Z100P) du(). o= =) + -8, 58)

where /1 is explicitly decomposed into a horizontal and a vertical component. This induces
a Riemannian distance on non-negative Radon measures with variable mass. The geodesic
restriction to probability measures, the so-called spherical Hellinger—Kantorovich distance
SHK, is studied in [42]. In particular, gEK([L, [t) is finite, even when [t contains a vertical
component, which enables the “teleportation” of mass from one point to another without
moving it through the base space. This is similar to the metric tensor g, (i, (1) of dg
and different from the tensor for the standard Wasserstein distance, (1.3). The same C as
in (5.7) gives

.. . 1 2 .o
g (it f0) = €7 it < 16C% - (190l 20 + 31 200) < 32C7 g (i 1)
for all perturbations ft as in (5.8). Hence we have the generalization of (5.7),
ds (1o, 1) < 4v/2C - SHK (o, 1)

However, beyond this similarity, there are several significant differences: gEK is spatially
local in the functions V4 and ¢, which parametrize fi, whereas g,, from Definition 4.1 is
non-local due to the operators K, and H,, and does not rely on an explicit decomposition
of [1 into vertical and horizontal terms. For gﬁK, the cost of teleportation is independent of
the distance between the start and end points in base space. In fact, when the supports of
o and p; are separated by more than 77 /2, their geodesic with respect to ggK solely relies
on the vertical teleportation term and becomes equal to that of the Hellinger distance. In
contrast, for ¢(x, y) = ||x — y||* we find below (Section 6.2) that in g, teleportation can
become exponentially expensive at large distances, whereas at small distances horizontal
and vertical perturbations have comparable cost.

Example 5.12. The path given by u, = %(S_ﬁ + 38 ) on X =[-1,1] € R is con-
tinuously differentiable in €2(X)* endowed with the norm topology for ¢ € (0, 1] and
weak-#*-differentiable in €2(X)* at t = 0. Indeed, we have [; = #2(81/2 -§ ﬁ)’ thus
the fundamental theorem of calculus yields ||t ||e2+ < 1 forany ¢t € (0, 1]. Atz = 0, we
can actually compute {ftg, ¢) = ¢”(0). Proposition 5.9 yields that (14;); is an admissible
path for dg when ¢ € €22 (X x X), such as for the quadratic cost.

On the other hand, as ji; = —div(u,v,) with [v;(x)| = 1/+/7, we have g%, (i, 1) =
ggf(ﬂ,, [t¢) = 1/t. It shows that (i), has infinite action on [0, 1] both for the classical
optimal transport geometry and the Hellinger—Kantorovich geometry.

5.4. Mean estimate for the squared Euclidean distance

In this section, ¢(x, y) = ||x — y||? is the squared Euclidean distance and we work with
measures in R with bounded support. For such a measure p, we write m = (u,id) € R4
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for its mean, and i = (id — m)su for the centered measure. As recalled in the introduction,
it is well understood that for classical optimal transport the cost OT between (o and [1q
decomposes as

OTo (o, ft1) = ||m1 — mol|* + OTo(fio, it1)-

The same proof carries through for the Sinkhorn divergence (Proposition 5.13). We then
extend this orthogonal decomposition result to the metric tensor in Proposition 5.14 and
to the distance ds in Theorem 5.16, which in particular implies that translations p; =
(id 4 7 - v)gpo for v € R¥ are geodesics for dg.

Proposition 5.13. On R¢ let ¢(x,y) = ||x — y||% Let po, b1 € PR?) with bounded

support and means mgy, my € R4, Their centered versions Lo, f1 satisfy

Se(to, 1) = [|m1 — mo||* + Se(fo, fi1)-

Proof. The proof is basically the same as for plain optimal transport, where ¢ = 0. For
the squared Euclidean distance, optimal couplings for OT, remain optimal under transla-
tions in the following sense: for all = € TT(wo, 1) it holds that (id — mg,id —mq)sm €

M(fo, ft1) and

(d=moid=m)emc) = [ v =m0 = (v = mp)l dr(x. )
XxX
— [ =y =20y ma =) + ol . )
XxX
= (m.c) — [lmy — mol|>.
The KL-divergence is invariant under such shifts, i.e.

KL((id — mo,id —m1)gm | (id — mo)spto ® (id —m1)gp1) = KL(7w | po ® p1).

Therefore, minimizing over 7 yields OT¢(io, it1) = ||m1 — mgl|*> + OT¢(fio. it1). Anal-
ogously one sees that OTz(u;, ui) = OT.(it;, £;) for i = 0, 1. From the definition of S,
in (1.6) we obtain the result. ]

We now extend this decomposition to the level of the metric tensor. If v € R?, the
uniform translation of a measure p by v corresponds to the derivative ;t = —div(vu) €
H,, o this is the continuity equation. For u € P(X) let 8, := {—div(vp) | v € R4}
H ;,0 be the set of constant shift perturbations of 1. Denote the orthogonal projection onto
S, with respect to the inner product g, by

. *
Ps, H; o> S

Proposition 5.14. Let X C R¢ be compact, c(x,y) = ||x — y||%. Let p € P(X) and let
e J(:’O. Then

(1) the mean m = (j1,id) exists in R? and is characterized by Ps, (f1) = —div(mp),



H. Lavenant, J. Luckhardt, G. Mordant, B. Schmitzer, and L. Tamanini 1120

(2) there holds g,,(j1, () = ||[m||* + g (jr + div(rip), o + div(rmw)).

Proof. For v € R? denote 1’ = —div(vj). As a distribution of order one it belongs to
Jfl’: (see Remark 4.4). We compute

HA10) = [ (0,905, i)

2 09 i) = 20 + 220 ) )
X

EKMKU, V fin — 21id)](x) + g(v,x). 5.9)

Differentiating the relation f,, ,,(y) = Te(fy,u. ) () in y yields

25 =V ) = [ K202 80 = 2K,lid) ). (5.10)

Thus (v, V fu,u — 2id) = —2K,[(v, id)]. Applying this in (5.9), we deduce the identity
5Gd — K2)™'H,[1"] = (v,id) in H,,/R. In particular, the function (v, id) belongs to
H,./R for any v € R, Since every coordinate function x > x; belongs to H,./R, the
mean 7i7 = (j1, id) is well defined as an element of R¥.

Given the expression of the metric tensor (Definition 4.1), we see that

g (i 1°) = (. (v.id)) = (v.ri) = g (™, [1¥).

Therefore, (™ is the orthogonal projection of i to § w with respect to the metric tensor g, .
The second point of the proposition is a direct consequence of the Pythagorean identity
for the inner product g;,. ]

Remark 5.15. For €™ -perturbations (Definition 3.1) for which the metric tensor is linked
to the Sinkhorn divergence via Theorem 3.4, the proof of Proposition 5.14 can be done
directly as an application of Proposition 5.13.

The orthogonal decomposition at the level of the metric tensor from Proposition 5.14
can be integrated and extended to the level of the distance dg.

Theorem 5.16. On R? let c(x,y) = ||x — y||% Let o, t1 € P(R?) with bounded sup-
port and means mg, m; € R? and centered measures jig, ji1. Then

ds(fo, 11)* = [m1 — mol* + ds (i, it1)>.

In particular, dg (o, jt1) > ||m1 — mo|| with equality if and only if 1 is a translation of
Wo- In this case, u; = (id + t(m1 — mg))s Lo is the unique geodesic between them.

Before diving into the proof of the theorem, we need an additional technical lemma.
While Proposition 5.14 is concerned with what is happening at the level of the metric
tensor, we need to check additionally that the map p +— i = (id — m)gpu with m = (u, id)
preserves the class of admissible curves.



The Riemannian geometry of Sinkhorn divergences 1121

Lemma 5.17. Let (u;); € P with support in some bounded set and write m; and i for
the mean and centered part of ps. Then (ji;) € P (with support in some possibly larger
bounded set) and (m;) € #1((0,1); R?).

Proof. We start with a preliminary remark. We proved in Proposition 5.14 that for any
v € R? and any 1 we have (v,id) = 5 (id — Kﬁ)_lHu [— div(pv)]. Thus with the help of
Theorem 4.3 and the estimate (4.4) we have (v, id) € J,, and

[{v,id}[| e, = Cilldiv(uv)|lse; < Colldiv(uv)lers < Cafjv]l (.11

for constants C;, C, which only depend on the radius of the support of i € P (X).
We first prove that m; € #1([0, 1], R?). It is enough to show that (v,m,) € ([0, 1],
R) for any v € R¥. Recall from reformulating (4.8) that for any ¢ € ¥, us and any ¢, s,

(e — ps, @) = (Br — ﬂs,a;sl Yoe. + (B: — Bs. Helo: ) 3. .

For ¢p = (v, id), with the help of the Cauchy-Schwarz inequality and using that multipli-
cation by a;sl is an isometry from #,,, to H#,, this gives

[(v.me —ms)| < 1B = Bsllae. (v id) || 5e,,g + | Helore (v, 1d)] [l e,)-

Given that (B;); € H# ([0, 1]; #.), we need only to prove that || (v,id)| s, + || Hc[o: Bl 5,
can be bounded independently on ¢, s to conclude with Theorem C.2. This is a conse-
quence of (5.11) for the first term, while for the second term it is enough to notice that o,
is bounded in total variation uniformly in .

We now proceed to prove that ji; € P. By uniqueness of the Schrodinger potentials
we see that f3, g, (x) = fu, u, (x +m;). Writing B; = B(ji,). this gives B (x) = B (x +
my). Thus for any ¢, s,

1B: = Bsllse. = 1B (- + me) = Bs(- + ms) | e,
< B: (- +my) = Bs(- + mo)ll . + 1B +me) — Bs (- + ms)| 5.

Using that the norm on J¢, is invariant by translation, because so is the kernel, the first
term coincides with ||8; — Bs|| s, . For the second term, we can write

t
ol —m) = futx = mo) = [ iy VB~ mp)ar
s
and so we only need to check that VBs(- — m,) € H#, with a controlled norm to justify

that the equality above holds as equality of functions in .. Recalling 8 = exp(— fy,../€)
and recalling that we have already computed V f, ,, in (5.10), we find

iy Vs = 2 (K . i0)] — Gt 1)
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Using invariance by translation of the norm in #,, and that multiplication by 8, = a;sl is

an isometry between #,,; and #,,

. . 2 o o
ity -V Bs (- —ms)lgee = llrnr =V Bsllse. = — (1K [itr id)]ll5e,,, + [ G id) |5, )-

We use that K, is a contraction (see Proposition 4.2), and again (5.11) to conclude that
the right-hand side can be bounded by C - |71, || for some C > 0 independently on s. Thus

_ _ N
1B: — Bsllge. = 1Br — Bsllse. + C[ 772, || dr.
t

From Theorem C.2 we conclude that (B,)t € #1([0, 1]; H.) so that (ji;); € P. |

Proof of Theorem 5.16. If (us); € P(uo, 1), then by Lemma 5.17, (B(j1;)); € P and
(my); exists in F1((0, 1); R?). Writing ji; for the derivative of the curve ¢ > ji; and
fi; for the translation of the perturbation ji; by —my,, it easy to check that fi; = fi; +
div(rit; fis) holds in H :“0 for any ¢ when all three derivatives exist. In particular, transla-
tion invariance of the metric tensor yields

g, (o + divOip), fie + divige)) = ga, (o + div0ine i), fu + diviig fie))
= gﬁt(ﬁt’/jl’l)-

From Proposition 5.14 we deduce that
1 1 1
/ g (e ) At = / i |2 dt + / g0, (it + divGigs). jig + divGine ) di
0 0 0
1 1 . .
- / i | dt + [ g e fir) dt.
0 0

Conversely, from a curve of centered measures (ji;); and a path (m;), € #'([0,1],R?) of
means we can reconstruct ;; = (id + my)#jt;. We get the decomposition of the distance
by minimizing over ({4);.

The inequality follows, and if we have equality, then necessarily (ji;); is a constant
curve and (m;); is a geodesic in R¥. L]

Corollary 5.18 (Energy of a traveling Dirac measure). Let c¢(x, y) = ||x — y||%>. Let
(x1): € H1((0,1); RY) and set ju, = 8y,. Then

1
E((Mt)t)Z/O %, ]|? dt.

In particular, ds(8x,, 8x,) = ||xo — x1| agrees with the metric on R4 and the unique
geodesic is (8y,)ref0,1] With y¢ = (1 —t)xo + tx1.
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v =2/

T
—— ds (¢ =3.5)

° Wo
—e— Schr. Br. (e = 3.5)
8 o)
o 1
g g
> =
vo = 0.2 | R vo =1

Figure 1. Representation of the Wasserstein and the (Gaussian-restricted) Sinkhorn-based geodesics
for one-dimensional centered Gaussian distributions parametrized by their variance vy, ¢ € [0, 1], for
different choices of vg, vy, and €. For comparison we further show the e-Schrédinger bridge.

6. Examples in the metric dg

6.1. Explicit formula for Gaussian measures

Throughout this section we fix c(x, y) = |x — y|? as the squared Euclidean distance on
R. We derive the metric tensor as well as an explicit formula for the geodesic restriction
of the distance dg to the family of Gaussian measures in dimension one. By virtue of
Theorem 5.16 we can restrict ourselves to centered measures. Strictly speaking, our theory
a priori only applies to compactly supported measures, but we can still evaluate the metric
tensor on Gaussians. We parametrize Gaussian measures by their variance v rather than
their standard deviation o = /v. Writing N (0, v) for the centered Gaussian measure with
variance v, we recall from [29, 73] that

OTo(N (0, v). N (0, v1)) = (/11 — /o).

which corresponds to the unregularized metric tensor gON(O’ ) w,0) = %1}2. As discussed
in the introduction, geodesics with respect to dg differ from an e-Schrodinger bridge,
for which an explicit formula for Gaussian measures can be found in [15]: the result is
displayed in Figure 1. With our metric we obtain the following.

Theorem 6.1. Consider a path (v;); in (0, 00) that is differentiable around t = 0 and
denote by v, its derivative at t. Identifying the Gaussian distribution N (0, vy) with its
variance v; and writing v = v, U = Vg, the metric tensor reads

g,(0,0) = g(v)0%  with g(v) = ;. (6.1

2
4,/ 5z +v?
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Clearly, as ¢ — 0 the metric tensor g, (v, v) converges to gON(O’v)(f), V). For ¢ — oo
it degenerates and no longer penalizes changes in the variance: this is consistent with the
claims of Section 4.4.

Proof of Theorem 6.1. We identify the Gaussian u; = N (0, v;) with its variance v;. As
shown in [49, Cor. 1], the entropic optimal transport cost between one-dimensional Gaus-
sian distributions with variance v;, v is explicitly given by

e / 16
OT¢(vs,v5) = vy +v5— E(Kts —logkss +1og2—2), kpsi=1+4/1 + —5 Ut Us. (6.2)

Let vg = v, U9 = ¥. Letus introduce f(x) = 1 + +/1 + 1667 2x, so that k;5 = f(vsvy).
We have

Dikes = VeVs [/ (VeV5), stk = VsVr f (VeVs) + V50 v50; [ (V2 05).

As in the proof of Theorem 3.4, we now compute g, (0, 0) = —%Bt |t=00s|s=00Te(vy, vs).
To this end, observe that

0 0skts _ athsasKts)

2
Kts Kts

9, 9,0T, (vy, vs) = ( 3 dgkrs +

In the new notation this gives

1) 2f (vz)z)

iliodli=oOTe (01, v5) = S02((1'0%) + 020 (7o 702

f@?)

The metric tensor can thus be rewritten as
Loy .2
gv(v9 U) - g(U)U ’

g == {?(170?

1=/ > f(vz)}
f@?) fw?)? f@?)

It remains to simplify the expression for g. To this end, let us compute the first and second

derivatives of f:

)+ /)

16 \—1/2 64 16 \—3/2
ro=St o) e =S g
To simplify notation, introduce the variable u = 1 4+ 16s~2v? in such a way that
8 64
2N 12y N2y
SO =1V 0= e 0 =~

and in particular

1—f@?») _ Vu

f?) I+
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Plugging this into the expression for g yields

e (64 1 64 1 8 1
s =3 {=*( T )+ 3 |
4 et u(l+Ju) e u(l+ Ju)? 21+ Ju
_1ev? 1 L2 1
e Ju(l+ Ju)? o el 4+ Ju
To lighten the notation further, use l—fvz =u—1toget
®) 1 u—1 N 2 1 1142/u+u 1
V) = —— — = - = .
§ e Vu(l+ V)2 | el+Ju  eu(l+ vun?  su
The claim follows when unpacking u = 1 + %vz. ]

We now turn to the metric on (0, co) induced by the tensor g of Theorem 6.1. Said
differently, we look at the geodesic restriction of dg to Gaussian measures. At this point
we do not know whether the set of Gaussian measures is in fact geodesically convex.

Theorem 6.2. Let F be the antiderivative of the function x — (1 + x2)~14. Let vg, v >
0. Then the geodesic restriction ds of dg to Gaussians can be expressed as

— e 4 4
dS(U(), 1)1) = i‘F(—Ul) — F(—v())).
4 e )
The geodesic (vt)e[o,1] joining vo to vy is given by

o= S0 F (Zu) 417 ()]

and the map t +— vy is convex.

Proof. Given the metric tensor (6.1) on (0, c0), geodesics correspond to minimizers of the
energy

1
E((v):) = /0 g(v)o2 dr.

It is easy to see that geodesics must be monotone and since g is smooth on the interval
[vo, v1] we can use standard tools from smooth calculus of variations on one-dimensional
curves to obtain the minimizer. Let us call ¢; = v, and L(v,q) = g(v)q? the Lagrangian.
Recall that the Euler—Lagrange equation is given by

d oL . oL .
5(5(%7 Ut)) = %(Ut» Us).
Expanding it yields
!
, (ve) .
gy = -8 2t 07

A simple inspection reveals that g is non-negative and decreasing. Thus g’ < 0 and the
equation tells us that ¥ > 0, which is equivalent to the fact that (v;); is convex in time.
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Note that if vy # v1, then ¥ cannot vanish: if it were the case, by the unique solvability of
the above ODE, v should be a constant function. Thus (v;), is monotone, and without loss
of generality we focus on vy < v;. In this case (v;); is increasing in time. For solutions
of the above ODE one has that C = g(v,)b? is constant in time (as usual for geodesics)
and non-negative and thus v satisfies the first-order equation

=gty =2V g t) = v ()

This equation is separable and thus can be integrated. Recalling the definition of F above,

the ODE yields
d /4 C
aFGv) =47 (©3)

and thus integrating between 0 and 1 gives

£ 4 4 2
€ =36l F(Gr) = F(Gw)]
16 avl) 8v0
Now EE(vO, V1) = +/C and the formula for v; follows from (6.3). [

6.2. The two-point space

In this section, we analyze the Riemannian tensor g, and the metric dg for a two-point
space X = {x1, x»}, where probability measures are fully specified by the mass m € [0, 1]
located at x; and the metric is fully characterized by the distance d(x;, x2). The pre-
cise result is stated in Proposition 6.3 below. When d(x1, x») is much smaller than the
blur scale /¢ we find that ds(8y,, 8x,) &~ d(x1, x2), which is the same as one would
get on an interval [x1, xo] C R of length d(x1, x3). Thus, it seems that the metric dg may
“gloss over” the discreteness of X at very small length scales. Conversely, for d(x, x2) >
/e the diameter of the space (£ (X), ds) grows at least like exp(d(x1, x2)?/(2¢)). As
d(x1, x2) increases, the blur in the entropic optimal transport underlying the construc-
tion of ds decreases. It is well known that & (X) equipped with the quadratic Monge—
Kantorovich distance is not a length space [48, Rem. 2.1]. Thus this exponential diver-
gence of the diameter is consistent with the conjecture that dsg converges to the unregular-
ized quadratic Monge—Kantorovich distance as ¢ — 0. See Section 8 for a slightly longer
discussion and some related references.

Proposition 6.3. Let X = {x;,x,}. For a parameterr € (0,00) letd(x1,x2) =r, c = d>.

(1) Form € (0,1), u = méyx, + (1 —m)dyx,, m € R, ft = m(8x, — 8x,), denote by p
the amount of mass moving from X to x, in the optimal self-transport plan from
WU to itself (see equation (6.5) below). Then the metric tensor is given by

2 p@m(l—m)—p)

gM(/:Ls /’L) =



The Riemannian geometry of Sinkhorn divergences 1127

(2) For m:[0, 1] — [0, 1] continuously differentiable set iy = m;8x, + (1 —m;)dx,
fort €0, 1]. Then, as r — 0,

1
1
B =2 [ i ar oS hilrt). (6.4)
0 &
(3) Let C > 0. In the setting of point (1), when /m(1 —m) > C -exp(=2r?/¢) it
holds that
&, [ exp(r?/e) 1 )
) =—m” | ————=+0 1-—
gl 1) = i (2 it T O =)™

with the constant in the O-term only depending on C.

In particular, for small distances, 717 = —1 in (6.4) leads to E(((1 — #)dx, + t8x,)r) =
r2+ 0.

Proof of Proposition 6.3. Letm € (0,1), u =mby, + (1 —m)8x,, M = y/m(1 —m). We
compute the optimal self-transport plan 7 and obtain k,, as the density of & with respect
to 4 ® . Since X only contains two points, we may use the matrix vector notation of
the discrete setting. To avoid ambiguity, we denote the entry-wise multiplication of two
matrices A, B by A © B. Denoting a,, = exp(f,,../¢€) as a vector a = (a;, a»)", we see
thatw =k, O u®u=(a-a') ©k. © u ® . The set of admissible transport plans is
described entirely by one parameter p describing the exchange of mass between the two
points. With exp(—2d(x1, x2)%/¢) =: b € (0, 1),

_(m—p p _ m? M2Vb
= (" ) k"G“@“_(MWE (1—m)2)'

We have p2/((m — p)(1 —m — p)) = (a1aaM>~/b)?/(a3m>a3(1 — m)?) = b. This is
a quadratic equation whose solution is

p [—b + /b2 + 4M2b(1 — b)]. (6.5)

1
T 2(1-0)

We can express the matrix representing K, as a scaling of r:

"y o) 7= (i)
K, = T = m _m_ .
" (o (1—m)~! 2 R

Unsurprisingly, (1,1)T is an eigenvector associated to the eigenvalue A; = 1. We know
that the other eigenvector of K, should be orthogonal to (1, 1)T in the inner product of
L*(X, i), so it must be (1 —m, —m)T. The corresponding eigenvalue is computed via

Ky (ljmm) =(1-p/M?) (ljmm) . 6.6)
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In particular, on this eigenspace (id — K ﬁ)fl acts as multiplication by (1 — A3)~! with
Az =1 — p/M?. To compute the metric tensor g, (1, t) = {ft, (id — Kﬁ)leM[/l]) for
some vertical perturbation jt = 7+ (1, —1) T, we need to compute H,[1] = K, [djt/dpu].
Asdji/dp = m/M?(1 —m,—m)T, by the previous computation

1 1—p/M? (1-—
H, (_1) - ]f;—/z ( _mm). 6.7)

The formulas (6.6) and (6.7) lead to

n'@z)kz _ .0 Mz—p

I &
2M21—A3) 2" peM2—p) 6.8)

gulp. ) =

Small r asymptotic. The small parameter in the expansion (6.5) is T = 2d(x1.x2)? /s,

so that we have (1 — b) = © + O(7?). A second-order Taylor expansion of the square root

leads to p = M? —tM* + 9(7?), which gives A, = tM? 4+ O(¢?). Thus (1 — A3)~! =
1 + O(7?) and (6.8) gives

1
gt ) = 5 (oi? + O(i?) = i - d(x1.32) + O <rid(x1. x2)*).

Big r asymptotic. We set ¢ := /b = exp(—d(x1,x2)2/¢). Provided that M > Cp for
some C > 0, rewriting (6.5) gives

p= (—0* +2Mo+/1 + 02(1 — 4M2)/(4M?)) = Mo + O(0?),

2(1-0%)
with the constant in the @-term only depending on C. This gives

U A 2
do=1- s =1- L4+ 0e/MP),

and using (6.8) it leads to

) _ gmz _ (eXP(V2/8)

1
gu(ie. ) = i+ (53— + O(1/M?) T

2
e +O0/M )). -

For small M /o one can use analogous methods to find p = M2 + O(M*/0?), which
leads to Ax = O(1/0%) and g, (j1, v) = O(er?/0?).
7. Negative results on the Sinkhorn divergence and the metric tensor

7.1. /S, violates the triangle inequality

One of the main goals of this paper is to find a “Riemannian” distance associated with the
Sinkhorn divergence S¢. The reader may wonder why one could not directly use S; as a
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distance, since it enjoys several nice features, as recalled in Theorem 1.1. However, despite
being positive definite, even with the squared Euclidean distance as the cost function the
Sinkhorn divergence, or rather /S, (since S¢ converges to the square of the Monge—
Kantorovich distance), is not itself a distance! Although this fact is well known in the
community, we have not been able to find an explicit statement of this property. For this
reason, we provide an elementary proof, which will actually exclude any convex power of

VSe.

Theorem 7.1. OnR letc(x,y) = |x — y|*. Then S fails to satisfy the triangle inequality
forany o > %

The case 0 < & < % is unsuitable for our purposes t0o, as S¥(8y, 8y) = [|x — y[|** is

a concave function of the Euclidean distance. Hence, if SY were a metric at all, it would
induce a Finslerian rather than Riemannian geometry.

Proof of Theorem 7.1. 1t is readily verified that S¥ cannot be a metric for any o > 1/2,
as it is sufficient to consider it; = §,,, and observe that S% (o, ft1) = ||mo — m1[|** does
not satisfy the triangle inequality.

Finally, /S, is not a distance either. The idea is to look at the Sinkhorn divergence
between one-dimensional Gaussian distributions, for which an explicit formula is avail-
able as a direct consequence of (6.2) (see [49, Cor. 1]). Indeed, given u; = N (m;, v;)
with m; € R, v; > 0 (for i = 0, 1), the Sinkhorn divergence between them is explicitly
given by

£ 2
Se(po, p1) = mo —mi|* + _<K00 — 201 + K11 + log( p ))
4 KooK11

where «;; =1+ (1 + 168_2v,~v_,~)1/2, for i, j € {0, 1}, as in (6.2). Choose (g = 6o,
u1 = N(0, %x), and up = N (0, %v), for a fixed v > 0: we claim that

VSe(os 2) > V/Se(po, 1) + v/ Seit1, 12) (7.1)

when x is sufficiently small and v sufficiently large. To prove the claim, observe that

467 S (o, p2) = V14 v2 —log(l + /1 + v2) +log2 — 1.

To lighten the notation, let us introduce
C(x) :=4e 1S (o, 1) = V1 4+ x2 —log(1 + v 1+ x2) +log2 — 1,
E(x) =4 1S, (1, 2) = V1 4+ 02 =21+ vx + 2log(1 + /1 + vx)
—log(1 + V1 +v?%) —log2 + 1+ ¢{(x).

Squaring both sides, and after algebraic manipulations, (7.1) is thus equivalent to

W(x) = 2log(l + /1 +vx) —2+/1 + vx —2log2 + 2 + 2¢(x) + 2/C(x)E(x) <0
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for x sufficiently close to 0. To prove this inequality, let us compute

V(x) = —

v + 2x +(§(x)>1/2 by
14+ VTHovx 14+ /14 x2 ¢(x) 1+ 14 x2
(o) (=t =)
£(x) 1+ VT+vx 1+ /1T+x2

and note that £(0) = 0, so that ¥(0) = 0 and

VEO) o X
2 <20 i

with £(0) = /1 + vZ2 —1+1og2 —log(l + +/1 + v2) > 0. It is now sufficient to observe
that £/(0) = 0 and {”(0) = 1/2: by a Taylor expansion of ¢(x) up to order 2 we finally

get
w'(0) = _g + (V1402 =1 +1og2 —log(1 + V1 + v2))"?,

which is negative provided v is sufficiently large. We have thus shown that W(0) = 0 and
W’(0) < 0, hence the conclusion. |

v
lim W'(x) = —=
Y=gt

Remark 7.2. One can also use the measures [, = %ST + %8_, from Section 7.2 to show
that the square root of the Sinkhorn divergence does not satisfy the triangle inequality:
Choose r = 4/¢. Then Lemma 7.5 gives

1 1 1 1
gSs(Mo,Mr) =1- ElogZ + Elog(] + e_4>’

1 1 1 1 1 1
gSs(Mrv//Qr) =1 —10g<1 + 6_8) + 5 log(l + e—4> + 510g(1 + _eIG)’

1 1 1 1
ESE(I'LOvl'Lzr) =4 E log2 + 5]0g<1 + eﬁ)

This yields JLE . (\/Sg(/l,o, War) — \/Ss(uo, Ur) — \/Sg(/tr, Uar)) =~ 0.093 > 0, which
breaks the triangle inequality.

Remark 7.3. We observe that in the proof of Theorem 7.1 and in Figure 2, the triangle
inequality for /S, breaks when the initial and intermediate measures are concentrated
below the blur scale and the target measure is more spread out.

7.2. The Sinkhorn divergence is not jointly convex

The second negative result about the Sinkhorn divergence deals with joint convexity. The

Sinkhorn divergence S, interpolates between squared MMD and Wasserstein distances

which are both jointly convex functions of their inputs, and moreover S, is coordinate-

wise convex as recalled in Theorem 1.1. Thus it is natural to investigate the convexity

properties of S, as a function on £ (X) x £ (X), and we show that the answer is negative.
Throughout this section let ¢(x, y) = |x — y|? be the quadratic cost.
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Figure 2. Gap in the triangle inequality for /S, on the measures u, = %8, + %S_r, discussed in
Remark 7.2, for ¢ = 1. Left: The gap in the triangle inequality when going from pg to p, via pg.
The triangle inequality breaks in the blue region, where s < 1 = /¢ <« r. Right: Gap for s = 0
and varying intermediate position 0 < ¢ < r for different values of r.

Theorem 7.4. Let X C R be the closure of an open set with diam(X) > «/2¢. Then the
Sinkhorn divergence Sg is not jointly convex over P (X) x P(X).

We first examine the measures that will form the counterexample.
Lemma 7.5. Forr € [0, 00) set 4, 1= %5, + %S_r. Then for r,s € [0, 00) it holds that
LOT, . 15) = log 2 ~log(ke(r.5) + ke (1, ~5)).
S2ur, ) = ~l0g(he () + Ke(r, )
+ %(Iog(l + ke(r,—r)) +log(1 + kc(s, —s))).
Proof. We first compute the Schrodinger potentials for (i, , is). As pr and pg are sym-

metric around 0, we have fi, ., (") = fu, 1 (7)) =0 ) s (8) = Guup oy (—5) =1 &.
The Schrodinger system (2.3) then reduces to

1
exp(~ /) = ke(r.s) explg/e) + ske(r,—5) exp(g/e).

ie. %(f + g) = log2 —log(k.(r,s) + kc(r, —s)). Now the claim follows from (2.2). =

With these explicit expressions at hand, the proof of Theorem 7.4 comes down to an
appropriate choice of parameters.
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Proof of Theorem 7.4. Use u, := %8, + %8_, as in Lemma 7.5. For lighter notation,
we assume that +r € X and set k = k.(r, —r). We compute the Taylor expansion of
Se(ir, r4r) for r € [0, 0c0). With the explicit formula for the Sinkhorn divergence from
Lemma 7.5 and the second-order Taylor expansions

1
ke(r,r +x) =1——x% 4+ 0(x>),
>

4 1 82
kc(r,—(r—l—x)):/c—/c—rx—/c( L)x2+(9(x3),
€

e &2
1 2 3
log(1 + « + x) = log(1 + k) + ] +Kx — 2 +K)2x + O(x7),
we obtain
1 1 4r 1 8r?
= Se(ir frat) = —log(l +k——t?— K(—l + (— — —Z)IZ) + (9(13))
e e e e &

1
+ 5 log(1 + «)

+ %log(l np —K(%r 26+ (é - %2) -4;2) + (9(:3))

K 1 82 2
_— = = o). 7.2
1+K(1+K g2 s)+ @ (7.2)

g + 12
e
Ask <1, whenr > ,/e/2 this is greater than %Sg((?i,, Sxgr+4n) = %tz for small ¢. Thus
in this case Se(Wr, Ur4¢) > %Ss(é’r, Srr) + %Sg(S_r, 8_(r+1)), disproving convexity.
When diam(X) > +/2¢ we can always translate X to contain points £r with r >
\/m, hence disproving joint convexity of ;. ]

The non-convexity of S, descends to the level of the metric tensor.

Corollary 7.6. Let X C R be the closure of an open set with diam(X) > «/2¢. Then the
map (i, 1) — gu (i, 1) is not jointly convex on P(X) x €1(X)3.

Proof. We follow the proof of Theorem 7.4. Denote i = iy, ft = %8; — %8’_ . Theo-
rem 3.4 and (7.2) give

Lo . Se(lrs Prt1) K 1 8
=1 brs r+t) ( S 2), 73
gu (i 1) 150 12 +1+K 14+« ¢ (73)
which is greater than gs, (£68', ., %6/, ) = 1 whenr > /g/2. m

The counterexample from the proof of Corollary 7.6 is explored further in Figure 3.

As discussed in the introduction, if the metric tensor were jointly convex, then exis-
tence of geodesic (Theorem 5.4) could be obtained with arguments of convex analysis.
Corollary 7.6 shows that some more involved arguments such as the ones given in Sec-
tion 5.2 are necessary. Joint convexity of the metric tensor g, (B, ,3) in u and ,3 is ill
defined, because the compatibility assumption (B (u), ,3) = 0 can fail at a convex combi-
nation.
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Figure 3. Numerically computed values of the metric tensor of two point masses moving apart
with o = mé—r + (1 —m)8,, o = —mé8__, + (1 — m)8,. for different values of e. This is the linear
interpolation between a point mass at —r moving to the left and a point mass at r moving to the right
(m = 1 and m = 0 respectively). Left: Fixed r = 1, varying mass m. Joint convexity of the metric
tensor fails, as the graphs sometimes exceed the value 1. Right: Fixed m = %, varying position r.
This is the term (7.3) computed in the proof of Corollary 7.6, which only depends on r//e. In both
plots, the black line shows ||v ||i2 X)) = gg(/l, [t) = 1 for the metric tensor of classical optimal
transport (1.3).

Remark 7.7. Although very explicit, the previous computations do not shed light on the
reason why S, fails to be jointly convex. Instead, we present in addition a more abstract
argument, which is originally how we proved Theorem 7.4. It proceeds by contradiction,
by combining three results already present in the literature:

(a) A very insightful remark by Savaré and Sodini [70], which says that OT := OTy
(i.e. the unregularized transport cost induced by ¢ from (1.1)) is the largest convex and
weak-*-lower semicontinuous function which coincides with ¢ on Dirac masses. Since
the set of couplings between two Dirac masses contains only one element, with ¢(x, y) =
|x — y|*> we have Sg(8x,8,) = c(x,y) for any x, y € X. As a consequence, if Sy were
jointly convex, as it is in addition weak-x-continuous, then Sg(ig, 1) < OT(uo, K1)
for all po, 1 € P2(R). So rather than negating the convexity of S, it is enough to find
measures (Lo, (1 such that S¢(uo, 1) > OT(uo, 1)

(b) We then use a small-¢ asymptotics of S, [21,22]. Introducing the Fisher information
of a measure p with respect to the Lebesgue measure as

I(p) = 4/ |V /pl*dx, ifu=pdxand. pe H (R, dx),
R

and +oo otherwise, this result reads as follows: Let pg, 11 € £ (R) have bounded densi-
ties and supports and denote by (141);e[0,1] the Wasserstein-2 geodesic connecting them.
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If I(wo), I(p1), and fol I(py) dt are finite, then it holds that

(! I(o) + 1
.0, 00) = OTo(pa. o) = ([ 1y ar = FEOTIID ) o),
0
Thus, given (a), it is enough to find measures (1o, @1 such that

I(po) + I(pe1)

> , (7.5)

1
/ I(pe)de >
0

and this will disprove joint convexity of S, for € small enough.

(c) Finally, we use the property that the Fisher information is not geodesically con-
vex [19]. Specifically, by [19, Exm. 2 in Sect. 3.2] there exists a Wasserstein geodesic
(ftt)¢ef0,11 on R such that the function ¢ — I(ji,) is not convex. This implies that we can
find g, #1 such that

)

/tl I(/lt)dt > I(/lto) '; I(latl)

1 —1o Jy

because if the equality were in the other direction for any 7y, 1, it would imply convexity
of t = I(ji;). Defining (s 1= fisy1(:,—10) fort € [0, 1], we obtain (7.5) and conclude.

A scaling argument then extends the lack of convexity to any € > 0. Indeed, it suffices
to define L#(x) := ¢~1/2x and observe that S, (11, v) = &S, (Lgp, Lgv), as already men-
tioned in (4.11), so that non-convexity of S, for one ¢ > 0 is equivalent to non-convexity
for any ¢ > 0.

At the technical level, however, there is a slight gap in the argument we have just out-
lined, since (7.4) requires fg, (41 to have bounded support, while the counterexample built
by Carrillo and Slepcev [19, Exm. 2 in Sect. 3.2] has unbounded support. This difficulty
can be overcome by a standard truncation procedure, but the resulting argument would be
much heavier to read than the straightforward computation of Proposition 7.5.

8. Outlook

In this article we have introduced a Riemannian distance associated with entropic optimal
transport and established its most fundamental properties, such as its connection to RKHS
spaces, the existence of geodesics, its metrization of the weak-* topology, as well as some
instructive examples, like translations, Gaussians, and the two-point space. This Riemann-
ian perspective provides further theoretical underpinning for the widespread application of
the Sinkhorn divergence in machine learning. After this foundation has been established,
there are various potential applications and more advanced intriguing directions for further
study that we comment on now.
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Convergence when ¢ — 0. One immediate question is, as one sends ¢ to 0, whether the
limit of dg is the quadratic Monge—Kantorovich distance, and whether there is a corre-
sponding metric convergence in the sense of Gromov—Hausdorff. In Section 4.4 we claim
that we should have at least convergence of the metric tensor, but a rigorous proof is miss-
ing.

Homogenization when the metric space X is refined. The new Sinkhorn distance is a
geodesic distance on any compact metric space (X, d) when ¢ = d? induces a positive def-
inite universal kernel, in particular also in cases where (X, d) is not a length space itself,
such as the two-point space. This is in stark contrast to the quadratic Monge—Kantorovich
distance, for which there are no geodesics when X is discrete. A distance on probability
measures over discrete graphs that resembles the Monge—Kantorovich distance has been
introduced in [48] with non-trivial homogenization results given, for instance, in [34,35].
For the distance dg for measures on the two-point space, a consequence of Proposition 6.3
is that ds(8x,, 6x,) & d(x1, x2) when d(x1, xo) < 4/¢. Based on this one may won-
der, whether the metric space (#(X), ds) can be approximated by (#(X,), ds) where
(Xn)nen is a sequence of increasingly fine discrete approximations of X with respect
to the ground metric d. In other words, does dg over #(X) arise as the homogeniza-
tion of itself? In combination with the previous question one might even ask whether it
is possible to decrease ¢ to zero at a suitable rate, while X, is refined, such that the joint
limit becomes the quadratic Monge—Kantorovich distance over & (X). This provides a
novel way to define geodesic distances on probability measures over discrete spaces with
a potentially consistent continuum limit.

Numerical approximation. A more practical concern is the efficient numerical approxi-
mation of dg and its geodesics. As the Riemannian tensor of ds was chosen to be the
Hessian of the Sinkhorn divergence S, one might conjecture that

ds(p,v)* = Nli_r)nooinf{N N Se(bns put1) | o pn € P(X), po = s, px =V}

in the spirit of time-discrete variational geodesic calculus [66]. For this it seems that one
requires a more uniform version of the expansion of Theorem 3.4.

Sample complexity. From a statistical perspective, an interesting question is whether dg
inherits the favorable sample complexity of the Sinkhorn divergence [30, 52].

Linearization. For the quadratic Monge—Kantorovich distance, local approximation via
linearization has been established as a useful tool for data analysis applications [75] which
reduces the computational complexity and allows one to combine the geometry of optimal
transport with standard data analysis tools on Hilbert spaces. If this can be adapted to the
new metric dg it may provide a practically relevant application for geometric data analysis.

Gradient flows. Gradient flow with respect to the Monge—Kantorovich distance is a well-
studied topic with important consequences at the theoretical and practical levels. It would
be important to understand how the gradient flows with respect to the metric dg behave.
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They should be recovered as a scaling limit if ones tries to use the minimizing movement
scheme for gradient flows, but with the Sinkhorn divergence S in place of the more clas-
sical squared Monge—Kantorovich distance, for a fixed ¢ > 0. This may lead to a new
class of statistically robust interacting particle methods in high dimensions with potential
applications in machine learning, similar to [2,67]; see also [1].

Extension to non-compact base spaces. In this article we have restricted the analysis to
compact base spaces (X, d) and the extension to the non-compact setting will be an inter-
esting question. For this, we expect several challenges. The uniform contraction estimate
of Proposition 3.8 will degenerate and so bounded invertibility of id — KIZL is no longer
implied. The self-transport potentials f;, ,, may become unbounded and thus the measures
A(p) may no longer be finite. This poses challenges in the RKHS analysis, including the
regularity of the maps A, B, the relation between the tensors g,, and g,,, and their equiva-
lence with the norm.

Of course this list is far from complete and in particular more questions will emerge
over time, as our understanding of the new distance deepens.

A. Some results of functional analysis

Lemma A.1. Let Y be a Banach space, X a compact topological space. For n € N let
Wy, € Y* with w, — w € Y™ in the weak-x topology. For x € X let ky € Y, such that
X > ky is continuous with respect to the norm topology on Y. Then

sup|(wn, kx) — (@, kx)| — 0,
xeX

50 x > {(wy, kyx) converges uniformly on X as n — oo.

We usually apply this with k, = k(x, ) for some suitable k: X x X — Rand ¥ =
M(X).

Proof of Lemma A.1. Let ¢y (x) = (wn, kx), ¢(x) = (w, k). By assumption, ¢, ¢, €
€(X), ¢pp — ¢ pointwise. The functions ¢,, are equi-continuous, as for any n € N,

6n (x) = Gn (W] < llwnlly> - lkx —kylly.

the weak-*-convergent sequence (wy), is bounded, and the map x — ky is uniformly
continuous. Uniform convergence now follows from the Arzela—Ascoli theorem. |

Lemma A.2 ([14, Prop. 3.5 (iv)]). Let Y be a Banach space. For n € N let w,, € Y™ with
Wy — w € Y* in the weak-* topology. Let y, € Y with y, — y € Y in norm. Then

lim (wn,yn) = (w9y)

n—>oo
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We also state the following easy lemma which is used in Section 3, while refinements
with stronger assumptions on k can be found in Appendix B below.

Lemma A.3. If k € €™ (X x X) and Hi[v](y) = (v, k(-, y)), then Hy is defined
on €™ (X)* and valued in €™ (X). It is weak-*-to-norm continuous, and norm-to-norm
continuous and compact.

Proof. We can easily prove 9§ Hg[v](y) = (v, d5k(-, y)) for any multi-index o with
|| < m as the function y + k(-, y) is of class € seen as valued in the Banach space
€™ (X). From this, if v, — v weak-* and y, — y then 0§ Hg[vn](yn) — 05 He[V](y),
and the convergence can be made uniform with Lemma A.1. Thus Hj is weak-*-to-norm
continuous, and norm-to-norm compactness follows as the unit ball of €7 (X)) is weak-*
compact. |

B. Additional results on reproducing kernel Hilbert spaces

Recall the construction of the RKHS #; corresponding to a positive definite universal
kernel k € €(X x X) from Section 4.1 on a compact Hausdorff space X. A detailed
analysis of universal kernels can be found in [72] and [53]. For all ¢ € #; and all x € X
it holds that ¢ (x) = (¢, k(x,-)) g, . Using the Cauchy—Schwarz inequality we find

”¢||OO = Su§|<¢’k(xﬁ')>=%k| = ||¢||J€k : sugk(x,x) (Bl)

for any ¢ € k.

We now fix m > 0 an integer. If m > 0, we further impose the analogous version
of Assumption 1 for k. That is, we assume that X is the closure of a bounded open set
in R¢ and k € €™ (X x X). The case m = 0 stands for X a compact metric space
and k € €9 (X x X) = €(X x X) as above. In this case we have #) < €™ (X) and
C™(X)* < J; and the embeddings are continuous [71, Cor. 4]. In this work we need a
quantitative estimate on these embeddings, which we present now.

Lemma B.1. We have 0%k(x, ) € H#y for any x € X and any o € Ng with |a| < m.
Moreover, if ¢ € Hy and v € €™ (X)*, then

1 1
pllem < gl - 1Kl gomm: VIsg < Mvlems - 1Kl gomm-

Proof. Using that Hy is defined on ¥’ and valued in #j, as well as € (X)* — H;, we
have Hy [0 |x](y) = (8 |x.k (-, »)) = 0%k (x, y) € Hy with || Hg[8%[x]|I5,, = 8*k(x,x)
< |kl @mm) . We get the bound on ||¢|em from

10 ()| = [(0% . @) = [{(Hr[0%]x]. @) e | < 1 Hi[0%]x]ll e |1l 5 -

and the one on ||v|| gep by duality. L]
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Lemma B.2. We have the following weak-to-norm injections:

(1) The injection of Hy — €™ (X) is weak-to-norm continuous, hence norm-to-norm
compact.

(2) The operator Hy.: €™ (X)* — Hy is weak-*-to-norm continuous, hence norm-to-
norm compact.

Proof. For the first point, let ¢, € H; converge weakly to ¢ € FH. Then from the proof
of Lemma B.1, 3%¢, (x) = (¢n. 0%k (x.*)) 30, — (¢, 0%k (x,")) 3o, = 0% (x) forall x € X.
Uniform convergence for any allowed « follows from Lemma A.1.

For the second point let v, — v weak-* in €™ (X )*. From the continuity of the injec-
tion € (X)* < H;* we obtain Hy[v,] — Hj[v] weakly in H}, which by the first point
implies norm convergence of Hy[v,] to Hy[v] in €™ (X). Thus Lemma A.2 applied to
the duality pairing between €”(X) and €™(X)* shows that || Hy[v,] — Hk[v]||§€k =
(vip — v, Hg[vn] — Hg[v]) — O.

Finally, the claims of compactness follow from the Banach—Alaoglu theorem. |

To finish this section, we briefly show that the universality of k. implies universality of
k, forall u € P(X): Note that exp( fy,,./€) is bounded from above and away from zero.
Now for any ¢ € €(X) an approximation ||> ;_; aike(xi,.) — ¢/ exp(fu,u/€)oo <8
yields

n

2 Ut/ 10 ¢H < 8- lexp(fien/®) oo
M A oo

i=1

C. The Sobolev space of Hilbert space-valued functions

We briefly summarize a few results from [40, Sect. 3.2]. Let J be a Hilbert space.
We write L2((0, 1); #) for the space of measurable functions u: (0, 1) — H# for which
lu(-)||7 is 2-integrable, up to equality almost everywhere. It carries the obvious inner
product. We say that a function u € L?((0, 1); #) has the distributional derivative v €
L2((0, 1); #) and write v = v’ if for all ¢ € €2°((0, 1); R) it holds that

/01 u(t)¢'(t)dt = —/01 v(t)p(r)de (C.1D
as Bochner integrals. The first Sobolev space is given by
H((0,1); H) = {u:(0,1) — J | u has a distr. derivative u’ and u,u’ € L>((0, 1); J)}.
It is a Hilbert space with the inner product (uy,u2) g1 = (U1, uz)p2 + (U}, uy) 2.

Theorem C.1 ([40, Thm. 2.5]). A measurable function u: (0, 1) — J is Bochner inte-
grable if and only if |u(-)| g is Lebesgue integrable. In this case fol u(t)dr € K and it

holds that . |
H [woa| < [uoea.
0 H 0
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Theorem C.2. Letu € L?((0,1); #). Then the following are equivalent:

(1) u e H'((0,1); #).

(2) u € AC?((0, 1); #) in the sense of Definition 5.7, i.e. there exist a representation
of u and a function m € L?((0,1); R), such that |u(t) —u(s)||g < |f; m(t)dr|
forallt,s € (0,1).

(3) u is differentiable a.e., u' € L?((0,1); #), and there is a ty € (0, 1), such that for
almost all t it holds that

t

u(t) = u(ty) + / u'(t)dr.

to
Ifu € #1((0,1); #) then m(t) = ||u'(v)| s is a possible choice for point (2).

Proof. (1) = (3): [40, Thm. 3.7, Prop. 3.8]. (3) = (2): Theorem C.1. (2) = (1): [40,
Thm. 3.13]. u

As a consequence of absolute continuity, every u € F!1((0, 1); #) continuously
extends to the boundary points {0, 1} of the interval (0, 1).

Lemma C.3. Let # be separable, u,u’ € L?((0,1); ). Then u € #'((0, 1); ) with
distributional derivative u' in the sense of (C.1) if and only if

1 1
/ (), § (1)) ge dt = — [ W (1) (1)) e i C2)
0 0

Sforall g € €X((0,1); ).

Proof. Let Y1, Y2, ... € H be an orthonormal basis. By [40, Prop. 3.8], we have u €
F1((0,1); #) with derivative u’ if and only if (u, ;) % € AC2((0,1);R) = #1((0,1); R)
with 9, (u(t), ¥i)ge = (W' (t), ¥ ) g foralli € N. We first show that (C.2) holds under the
original definition. For any w; € €°((0, 1); R) we get

l 1
/(u(l),at(a)i(t)wi)),;edl=/ wi () (u(t), ¥i) e dt
0 0
1
= —/0 wi () (u' (1), Vi) ge dt
1
. /0 (' (1), 1 (O e . (€3)

Thus (C.2) holds for functions of the form ¢ (¢) = va=1 ; (). Such functions are dense
in €2°((0, 1); J#) with respect to the norm on the larger space #1((0, 1); #). As the left
and right-hand sides of (C.2) respectively are bounded by [[ul|z2¢0,1):5) * 1]l 1 ((0,1): )
and [[u'[| 22((0,1);5) - |®lle(o,1);5) the claim follows from an approximation argument.
The converse statement is obtained by the reverse argument, where we obtain equality
of the middle terms in (C.3) from equality of the outer terms. ]
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