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Well-posedness of aggregation-diffusion systems with
irregular kernels

José A. Carrillo, Yurij Salmaniw, and Jakub Skrzeczkowski

Abstract. We consider aggregation-diffusion equations with merely bounded nonlocal interaction
potential K. We are interested in establishing their well-posedness theory when the nonlocal inter-
action potential K is neither differentiable nor positive (semi-)definite, thus preventing application
of classical arguments. We prove the existence of weak solutions in two cases: if the mass of the
initial data is sufficiently small, or if the interaction potential is symmetric and of bounded vari-
ation without any smallness assumption. The latter allows one to exploit the dissipation of the free
energy in an optimal way, which is an entirely new approach. Remarkably, in both cases, under the
additional condition that VK K is in L2, we can prove that the strong solution is unique. When
K is a characteristic function of a ball, we construct the classical unique solution. Under additional
structural conditions we extend these results to the n-species system.

1. Introduction

Aggregation-diffusion equations and systems have been used extensively as a tool to
model mean-field approximations of interacting agents or particles in a wide array of
scientific disciplines, including fluid dynamics [66], environmental science [6], chemical
engineering [ 10], physics [5], phase separation in materials science [43,49], cell-cell adhe-
sion in biology [17, 18,28,29,41], crowd dynamics [61, 64], biological aggregation [70]
and ecology [20]. Their ubiquity can be explained by their direct connection with discrete
dynamics described by stochastic differential equations [27, 50, 53, 63, 65], random walk
processes [67,68] and singular limits connecting them with higher-order PDEs [25,38,39].
In the present work, we consider the general scalar aggregation-diffusion equation

ou

i =V-(DVu +uV(K *u)), (L

u(0, x) = uo(x),
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and more generally the n-species counterpart

8%,‘ "
? =V. (D,-Vu,- + u; ZV(K,']' * uj)),

= (1.2)

i (0,x) = ujo(x),

where * denotes a spatial convolution

K xv(t,x) := Ad K(x—y)v(t, y)dy

for some appropriate kernel(s) K(-) and spatial dimension d > 1. The coefficients D; >
0 with i = 1,...,n describe the rate at which the ith population disperses via linear
diffusion while the interaction term describes the attraction/repulsion of population u;
to/from population u; depending on the characteristics of the kernel K.

The primary purpose of this work is to establish a robust well-posedness theory (global
existence and uniqueness) for irregular interaction potentials, with the motivating proto-
typical form being the top-hat kernel in one dimension:

_i» _R S X S R’
K(x)=1{ 2R (1.3)

0 otherwise,

where a € R is the strength of attraction (o > 0) or repulsion (¢ < 0).

Despite the lack of well-posedness theory for (1.1) with the top-hat kernel, (1.1) has
been used extensively as a minimal example of nonlocal animal interactions that can be
explored analytically from the perspective of pattern formation via linear stability analysis;
see, e.g., [40,45,67-69]. In some cases, we obtain the top-hat kernel through derivation
[67]; in other cases, we use the top-hat kernel to explore the transition between platykurtic
(no tails) to leptokurtic (fat-tailed) kernels [40]. As demonstrated in [69], several animal
movement models which incorporate spatial memory (e.g., of marks left on a landscape
[55, 62], of locations of territorial interactions [68], or of memory of previously visited
locations [56]) can be reduced to system (1.2) through an appropriate quasi-steady state
approximation. System (1.2) can then be viewed as a minimal model describing interacting
populations with perception and implicit spatial memory.

In this work we provide a well-posedness theory for a wide class of low-regularity
kernels, including (1.3). Our work solves an open problem posed in [72], and answers
in the affirmative a conjecture made in [69]. Importantly, we note that (1.3) falls outside
the scope of any recent works on the topic: [51] deals with positive definite kernels (note
that (1.3) is not positive definite as its Fourier transform is %) while [44] deals with
kernels which are twice continuously differentiable. From the regularity theory point of
view, equation (1.1) includes two terms of opposite effect: a regularizing linear diffusion
and irregular advection term which does not fall into the classical Cauchy-Lipschitz the-
ory nor the theory of renormalized solutions [2,35]. Our work answers the question when



Well-posedness of aggregation-diffusion systems with irregular kernels 1203

the regularizing effect of linear diffusion is sufficiently strong that it can smooth out the
advection driven by the velocity VK * u.

We highlight some relevant efforts related to the current objectives. If K € W2°(T¢%)
and n = 1, the well-posedness of (1.1) is fairly classical and we refer to [27,30] and refer-
ences therein. Concerning the case of the n-species systems, the authors in [44] construct
the unique mild solution under the assumption that K;; = «;; K, a;; € R, i, j =1,...,n,
with K twice differentiable and VK € L>®°(T¢). They use a semigroup theory approach,
applying a contraction mapping argument with Duhamel’s formula. The obtained solution
exists globally in time only for d = 1. The regularity assumption on the kernel K has
been substantially relaxed in [51], where weak solutions are obtained for the n-species
case when D; =0 > 0,i = 1,...,n, and the kernels K;; € LS("Jl“d) for some s > 1
(depending on the dimension d) are positive definite and satisfy the so-called detailed
balance condition (see hypothesis (HS)). Their approach uses entropy estimates, where
the positive-definiteness is required to control the dissipation of the entropy. Finally, (1.1)
can be considered with singular kernels in the whole space. For instance, the particular
important case with K being the Newtonian potential leads to the celebrated and well-
studied Patlak—Keller—Segel system [7,9, 11-14,16,19,21,32,33,36,42,46,52].

Let us now discuss the sharpness of our results. First, regarding the existence of weak
solutions, classical blow-up results for the Keller—Segel system [33, 36, 54] indicate that
some regularity of K must be imposed to ensure global well-posedness. These examples
rely on specific singularities of the kernel K. To the best of our knowledge, there are no
known nonexistence or blow-up results for (1.1) with an integrable kernel K € L'(R?)
where the nonexistence arises from a lack of derivatives rather than from a singularity
of K. We also would like to mention [8, Theorem 2.2] which proves that for appropriate
initial conditions, the solution to

9
a_’: + (=AU + V- VK xu) =0

with a fractional diffusion of order «, blows up in finite time when the diffusion is too
weak (« € (0, 1)), even for fairly regular kernels such as K(x) = e~ Ixl,
Regarding the uniqueness of solutions, there have recently been several counter-
examples for the related advection—diffusion equation
2—2; =V-uV)+ Au. (1.4)
In [60], the authors, using the stochastic Lagrangian method, constructed an example of
V € L*®(0,T; LP(T?)) with p < 2 for which solutions to (1.4) are not unique in the nat-
ural class L>®((0, T) x T2) N L2(0, T; H'(T?)). Another construction was obtained by
the convex integration method [58,59]. For instance, in [59], the authors constructed V' e
C(0,T; WhHP(T4) N L1(T?)) for suitable p and ¢ such that uniqueness fails in the class
C(0,T; LY (T%)), where ¢’ is the Holder conjugate of g. Let us emphasize two points.
First, it does not seem immediate to adapt these constructions to the case V = VK x u,
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and to the best of our knowledge, no nonuniqueness results are currently known for
(1.1). Second, in the above counterexamples, uniqueness fails in broader function classes
compared to our setting, where we assume u € L®((0, T) x R%) N L2(0, T; H'(R%))
together with Au € L2((0, T) x R¢). In particular, we do not exclude the possibility of
other solutions with lower regularity. Finally, we mention [37,71] where the authors derive
formulas for two different solutions to the Keller—Segel system in the space of measures
(after the blow-up), suggesting nonuniqueness in the class of measure solutions.

Finally, we want to comment that the small-mass case (Theorem 2.1) can be combined
with the approaches of [36] and [51] to allow us to consider even more general kernels.
Namely, we can consider K = K; + K, + K3 where K; € L“(Rd), K5 is as in the
Keller-Segel system (this can be done only in dimension d = 2) while K3 is positive
definite. The details are discussed in Appendix A.

Last but not least, it is natural to ask whether our results can be extended to the more
general, nonlinear equation

du m
5= V- (DVu™ +uV(K *u))
with m > 1 (porous medium regime) or m < 1 (fast diffusion regime). In the present paper,
the linearity of the diffusion term plays a crucial role: it allows us to control V(K * u) =
K x Vu solely through diffusion, without relying on higher regularity properties of K.
Therefore, the nonlinear extension requires some new ideas and will be a topic of future
research.

The remainder of the paper is organized as follows. In Section 2 we present the main
assumptions imposed on the kernel K and the main results. Then, in Section 3, we focus
on the scalar equation. We briefly introduce some preliminary notation and notions of a
weak, strong, and classical solution for problems (1.1)—(1.2). We obtain a priori estim-
ates for the scalar equation, improve these estimates with no further restriction, and then
prove Theorems 2.1-2.2. Under additional conditions, we obtain further improved estim-
ates which allow us to prove Theorems 2.3-2.4. In Section 4 we generalize the approach
to the general n-species system case: we first state the main theorems, and then follow a
similar organization to Section 3. In Section 5 we discuss some relevant applications of
our results to biological systems. Numerical simulations are provided for selected cases
using a positivity-preserving finite-volume method [4,22].

2. Main results

2.1. Hypotheses

In the present work we consider the well-posedness of system (1.2) on the whole space
for any dimension d > 1 for merely bounded kernels, noting that these results hold true
for the d-dimensional torus with no essential change to the proofs.
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Given a function g(-), we denote by g(-) := g(—) its reflection. Our hypotheses on
the kernels K;; are as follows:

(H1) K;; € L'RY) N L®°RY) foralli,j = 1,...,n;

(H2) there exists Ck;;, > 0 such that for all ¢(-) smooth there holds |V K; * @1 ra)
< Ck;; |l L1 (r4) or equivalently, as proven below, K;; € BV(R?) with the total

variation | VK;j|ltv < coforeachi, j =1,...,n;
(H3) Kj;j;(-) is symmetric about the origin for each i, j = 1,...,n;
(H4) V(K;j * K;j) € L2(R?) foralli,j = 1,....n;
(H5) K;; are in detailed balance, that is, there exist constants 7; > 0,i =1,...,n,

such that ; K;; (1) = m; Kj; (1) foralli, j =1,...,n;
(H6) K;; is compactly supported for eachi, j =1,...,n.

We briefly comment on assumptions that are not standard.

Hypothesis (H2). We recall from [3] that K € BV(R?) means that its distributional gradi-
ent VK is a bounded measure, i.e.,

IVK|tv = sup Kdivpdx < oo. 2.1
9eCIRY),lpllo<1 /R?

For example, when K = 1y and U C R4 is a bounded set with smooth boundary, the
condition is satisfied because

IVK||tv := sup / (p,m)dS < |U| < oo.
9eC! (RY),lpllo=1 /U

Let us check the equivalence between the statements in hypothesis (H2). Indeed, let ¢ €
L®(R?) with [Vl Loo(ray < 1 and assume (2.1) holds. Then,
L vk vas = [ Kdivgxirdr < IVKIrvlo ¥l
< IVKllrvll$ll L1 ra)y-

Taking the supremum over all ¢ € L°(R?) with ||y | Looray < 1 we get

VK * ¢l way < IVK vl L1 wray- (2.2)

Conversely, assume this condition holds. Let {w¢}.~¢ be a standard mollifier. We have

K * o dive dx =/

y VK w9 dx < Ck @]l Lo ra)

R4

so passing to the limit ¢ — 0 and taking the supremum over all ¢ € Cl(Rd ) with
l@llpoo@ay < 1 we deduce (2.1).
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Hypothesis (H4) can be better viewed in the Fourier space. Indeed, with K = K;; and
K its Fourier transform, it is sufficient by Plancherel’s theorem to check that there holds

/m EPIR@* 0 < . 2.3)

where we ignore the set {|&| < 1} as the Fourier transform of an integrable function is
bounded. Condition (2.3) is satisfied for K(x) = 1o, where Q C R4 is a bounded cube,
since one can easily compute |I€ (£)| ~ C|&|~ for large £. Condition (2.3) is also satisfied
by K(x) = 1p,, where B, C R? is a ball of radius r, since I?(S) = rd/2|$|_d/2Jd/2(r|§|)
where J;/, is a Bessel function of the first kind (see, e.g., [74, Lemma 12.2]), and it is
known that for large arguments & we have |J4/2(§)| ~ C |E]71/2 (see, e.g., [74, Prop. 5.6]).

We also comment that hypothesis (H4) is implied by (H1) and (H2). Indeed, as above,
we consider the function K * K * w, which is clearly differentiable. Let 1 be such that
”‘WHLZ(]Rd) < 1. Then,

/ VK % K x wgf dx
R4

:‘[dKVK*a)S*wdx
R

S Kl L2@wayIVK * we * Y| L2ray
= ||K||L2(]Rd)||VK *we||Ll(]Rd)
< IKllz2®ayIVK |y

by (2.2). It follows that [[VK * K * wel| 2rdy < [[K||L2ra)lIVK|lTv so that passing to
the limit ¢ — 0 we deduce that VK * K exists as a function in L2(R%).

Hypothesis (H5). In the scalar equation, this condition is superfluous. For n > 2 interact-
ing species, it is a moderate generalization of a simpler symmetry condition K;; = Kj;
which ensures that the system has a gradient flow structure [51]. A detailed balance con-
dition has also been used to study local cross-diffusion systems; see, e.g., [31,34]. We
explore this condition in more detail in Section 5.

We can roughly divide our results into the following:

(i) existence of a global weak solution for small initial mass under hypothesis (H1)
only, and for arbitrary initial mass under hypotheses (H1)-(H3);

(i) global existence of a unique, classical solution under the additional hypotheses
(H4) and (H6);

(iii) generalization of these results to treat the n-species system.

Throughout the manuscript we always assume that the initial data satisfies the mild

condition
03 ujo € L'(RY),

and has finite entropy and finite second moment (defined in (2.5) and (3.3), respectively)
foreachi = 1,...,n. Formally, for a smooth, nonnegative solutionu = (u1,...,u5), this
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problem enjoys a conservation of mass m; for each component u;:

d
g i@l ey =0 = Jui . )lli@a) = [iollLi ey =2 mi > 0.
for all > 0. In the scalar case n = 1, we simply write m; = m.

2.2. Statement of main results
Our main results for the scalar equation are as follows.

Theorem 2.1 (Existence of global weak solution for scalar equation with small mass).
Assume (H1) holds and that
m”K”Loo(]Rd) <D, 2.4)

where m = |luoll1(gay- Then there exists a global weak solution u > 0 in Qr solv-
ing problem (1.1) in the sense of Definition 3.1. Moreover, if ug € LP(R?) then u €
L*®(0,T; L?(R%)) forany 1 < p < 0o, and ifug € L*>(R?) then Vu € L*(0, T; L*>(R?)).

Theorem 2.2 (Existence of global weak solution for scalar equation with arbitrary mass).
Assume (H1)—(H3) hold. Then there exists a global weak solution u > 0 in Q1 solv-
ing problem (1.1) in the sense of Definition 3.1. Moreover, if ug € L?(R%) then u €
L%°(0,T; L?(R%)) forany 1 < p < oo, and ifug € L*(R?) then Vu € L?(0, T; L2(R?)).

Theorem 2.3 (Existence of unique strong solution). Assume that the initial data satisfies
ug € L°(RY), Vug € L2(R%) as well as K x ug € W2P(R?) for some p > 2. Under the
assumptions of Theorem 2.2 or under the assumptions of Theorem 2.1 together with (H4),
the obtained global weak solution is the unique, global strong solution solving problem
(1.1) in the sense of Definition 3.3.

Theorem 2.4 (Existence of unique classical solution). Assume that the initial data satis-
fies ug € C3(R?) N L®(RY) as well as Vug € L2(R4) N L?(R?) for some p > d + 2,
and suppose one of the following:

(1) in addition to the hypotheses of Theorem 2.1, (H2) and (H6) hold;

(2) in addition to the hypotheses of Theorem 2.2, (H6) holds;

Then the unique global strong solution is the unique, global classical solution solving
problem (1.1) in the sense of Definition 3.4. Moreover, the solution is strictly positive over
R4 forallt > 0.

We remind readers that (H1)-(H2) imply (H4), and so we do not include it in the
statement of Theorem 2.4. Under the hypotheses of Theorem 2.2, the weak solution is in
fact the global strong solution under additional regularity requirements of the initial data;
under the hypotheses of Theorem 2.1 only, we need to introduce (H2) to bound A(K *
u) in L?(Qr) so that we may apply the LP-theory of parabolic equations; otherwise,
one requires higher integrability of Au a priori. The difference between the two cases in
Theorem 2.4 is the removal of the symmetry condition (H3) at the cost of the restriction
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(2.4) on the size of the initial mass m. In either case, we introduce (H6) to obtain additional
regularity and positivity via the maximum principle.

Let us briefly explain the proofs of Theorems 2.1-2.3. The existence results are
obtained via compactness, departing from regularized equations. We now discuss the main
a priori estimates leading to the proof of Theorem 2.1. We first analyze the evolution of
the entropy functional

Hu] ::/ ulogu dx. 2.5)
R4

More precisely, differentiating H [u(¢)] along solutions of (1.1), one can show that

2 vu2
Vul vupP

%H[u(t)] + D/

ar < ml Kl [
]Rd

R4

Classical arguments using the evolution of the second moment allow us to estimate the
entropy from below and control the entropy in bounded time intervals using the small-
mass condition.

Theorem 2.2 is a more subtle consequence of the gradient flow structure and so we can
only prove it for symmetric kernels (see (H3)). More precisely, (1.1) is the Wasserstein
gradient flow of the free energy functional, i.e., the weighted sum of the entropy and the
interaction energy K [u] of the system, given by

1
Flu]l = D/ ulogudx + —/ u(K *u)dx =: DH[u] + Ku]. (2.6)
R4 2 R4
The dissipation of & [u(t)] is given by
d
ST = =1 SO aga, and f = aV(Dlogu+ K )

Note that this allows one to estimate Vu in L2(0, T; L' (R?)) since DVu = f/u —
uV K x u.Indeed, the first term can be bounded using the dissipation of the free energy and
the conservation of mass. The second term ¥V K * u can be split into small values of u,
controlled by the bounded variation of K in (H2), and large values of u, controlled by the
uniform equi-integrability estimate from the entropy. We conclude that V./u € L2(Q7),
which is precisely the information obtained in the small-mass case.

Improved regularity is first based on the novel condition VK * K € L2(R%); cf. (H4).
This allows one to obtain better estimates on the vector field VK * u by testing (1.1) with
K x K * Au. The main point here is that while K itself may not be differentiable, K * K
enjoys regularization by convolution and may be differentiable. Once we obtain bounds
on VK s u in L%°(0, T; L>(R?)) and AK = u in L>(Q7), we can show u is bounded
(see Lemma 3.8) and uniqueness can be established. The uniqueness result is obtained
by usual energy methods with a modification that we study the evolution of the mixed
local-nonlocal energy

8(u):=/ uzdx—i-C/ |K % u|?dx
R4 R4
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for some constant C > 0. Combining two quantities allows us to prove that if ¥ and v
are regular solutions to (1.1) then 9,&(u — v) < C(¢)&(u — v) which implies unique-
ness. Under some additional technical requirements on the initial data, we can improve
the integrability of Vu and ultimately apply Schauder estimates to obtain the classical
differentiability of the solution.

Finally, the methods discussed above are flexible enough to be extended to the case of
the n-species systems; see Theorems 4.1-4.3 in Section 4.

3. The scalar equation

In this section, we will prove well-posedness in the scalar case, Theorems 2.1-2.3. This
will simplify the exposition of the general n-species case. We start by introducing some
notation needed and the notion of weak solution we will work with directly in the general
n-species case.

3.1. Preliminaries

We consider our problem over R¢ for d > 1, and denote by Q7 := R? x (0, T) for some
T > 0 fixed. For 1 < p < oo, L?(R¢) denotes the usual Lebesgue space over the spatial
domain R¥, with [ul Loo(ray the essential supremum of u over R4, For 1 < p,q < o0,
L9(0, T; L?(R?)) then denotes the typical Lebesgue space over Q7 with norm

1/q
Iolio raon = ( fo o0t M 1)

andwhen 1 < p < g = o0,
||U||Loo(o,T;Lp(Rd)) = esssup [[v(t, ')||Lp(Rd)-
t€(0,T)

In cases where p = ¢, for notational brevity we simply write L?(Qr) := L?(0,T;
LP?(R%)). We denote by CIHG/ 221910, T] x R¥) the class of functions which are (loc-
ally) twice differentiable in space and once differentiable in time (in the classical sense),
with its second-order spatial derivatives and first-order time derivative being Holder con-
tinuous for some o € (0, 1). We understand a weak solution to problems (1.1)—(1.2) in the
following sense.

Definition 3.1 (Weak solution). We callu:= (u1,us,...,u,) a weak solution to problem
(1.2) corresponding to the initial data wy := (u19, ..., Uno) if

€ L0, T; L' (RY)), V.u; € L>((0,T) x RY),

2d
9 ford # 2,
Uj 1,9 d : _ 2d — 1
T € L3(O T, W—>4([R?)) withg = 3.1)

6
- ford =2,
5
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foralli = 1,...,n, and for all test functions ¢; € L4(0, T; Wl’q/(]Rd)), i=1,...,n,
there holds

T
f((ui)t,¢>i)dt+D,-// Vu; - Ve dx dt
0 or

= —/ ui Y (Kij * Vuy) - Ve dx dr, (3.2)
or

j=1

were (-, -) denotes the dual pairing between W~14(R?) and W14 (R?) with 1/q +
1/q" = 1, and the initial data is satisfied in the sense of W~14(R?). We call u a global
weak solution if (3.2) holds for all T > 0.

The following lemma shows where the exponent ¢ comes from.

Lemma 3.2. Letu € L0, T; LY(R?)), Vi/u € L2((0, T) x R%), and K € L®(R?).
Then uV K x u and Vu belong to the same space L3 (0, T; L1(R4)) with q given by (3.1)
and with the norm being controlled only by the norm of K in L°(R?) and by the norms
of u and V. J/u in L=(0, T; L*(R?)) and L2((0, T) x R%), respectively.

Proof. First, assume d # 2. We analyze two terms separately.

Term uV K * u. By the Gagliardo—Nirenberg inequality, v/u € L2(0, T’; L% (R%)), and
so u is in L(0, T; Lﬁ(]R{d)). Interpolating with L°°(0, T; L' (R?)) we obtain u €
L#(0, T; L7555 (R9)) for all 6 € [0, 1]. Since K € L®(RY) and Vu = 2V /u/u is
in L2(0, T; L' (R?)), we deduce that VK * u € L2(0, T; L (R?)). Finally, by Holder’s
inequality we obtain that uVK x u € L#H(O, T; L7 (R?)). The last step requires

1 2
95550th3tm21

Term Vu. From the computations above, /u € L7 0, T; L% (R%)) for any 6’ € [0, 1].
By writing Vu = 2V \/u+/u and using Holder’s inequality we obtain Vu € Lo 0,T;
Lﬁ(Rd)) for any 6’ € [0, 1]. We now choose 6 = % and 6’ = 20 so that Vu and
uV K * u belong to the same space L3 0, T; Lo (R%)). For d = 2, the regularity /u €
L2(0, T; L°(R2)) is not attained and we only know /u € L2(0, T; L3 (R2)) for all
8 € (0, 1]. Repeating the calculations above we obtain that Vu and uV K * u belong to
the same space L3 (0, T; L3+ (R2)). Choosing § = 1 we obtain L3(0,T; L5 (R?)) as
desired. ]

In fact, for many kernels we obtain a strong solution to problems (1.1)—(1.2) in the
following sense.

Definition 3.3 (Strong solution). We callu := (u1,u5,...,u,) a strong solution to prob-
lem (1.1) corresponding to the initial data uy := (419, ..., Upno) if it is a bounded weak
solution with

Vu e L®(0,T; L>(RY));  Au e L*(0r),
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and the initial data is satisfied in the sense of L2(R%). We call the strong solution global
if it is a strong solution for all 7 > 0.

Finally, we refer to a classical solution to problems (1.1)—(1.2) in the following sense.

Definition 3.4 (Classical solution). We call u := (uy, us, ..., uy) a classical solution to
problem (1.1) corresponding to the initial data wg := (u19, . .., Upno) if

u; € CLHO/2249 (1o 7] x RY),

loc

for some o € (0, 1). We call the classical solution global if it is a classical solution for all
T > 0.

We now establish some a priori estimates for the small-mass and arbitrary-mass
regimes for problem (1.1).

3.2. A priori estimates

We first establish some a priori estimates under the assumption that we have a classical
solution u(¢, x) solving problem (1.1). In addition to the entropy H [u], the interaction
energy K [u], and the free energy functional ¥ [u] defined in (2.5)—(2.6), we also denote
the second moment by

Iu(t)] = /Rd ulx|? dx. (3.3)

With these estimates, subsequent improvements to these preliminary estimates will
follow. For the regime of small mass, we have the following.

Lemma 3.5 (A priori estimates under (H1) and small-mass condition (2.4)). Fix T > 0.
Assume (H1) and suppose (2.4) holds. Then for any smooth, positive solution u to problem
(1.1) there holds

sup I[u(z)] = sup / ulx|*dx < C, 34
te(0,T) te(0,T) /R4

IVVulZaop = C. (3.5)

IVUVK % ullfai,) = C, (3.6)

IVullp2c0, ;01 ey < C, (3.7)

where C = C(D, T, cl_} K|l Looray, dsm, I [uo), Huol), m = |uollL1ray and c1,1 =
D — m”K”Loo(]Rd).

Lemma 3.6 (A priori estimates under (H1)-(H3)). Fix T > 0. Assume (H1)—(H3). Then
for any smooth, positive solution u to problem (1.1) there holds

sup / ulx?dx < C, (3.8)
te(0,T) JR4
1
sup / ullogu|dx 4+ = || f|? <C, (3.9)
re(0,1) JR4 27 Q)
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IVull 20,701 ey = C, (3.10)
IvVuVK *ulr20.) < C. (3.11)
IVVullr20p) < C. (3.12)

where C = C(D, T, ||K||poogay. d.m, Iuo], H[uo]) and f := J/uV(Dlogu + K * u)

is the dissipation.
We begin with the proof of Lemma 3.5.

Proof of Lemma 3.5. Consider the entropy functional H [u(t)] = fRd u logu dx. Taking
the derivative with respect to time, using the conservation of mass, and integrating by parts
we have

d \Y
—H[u@)] = —/ —M(DVu +uV(K *u))dx
dr Rd U
v 2
__p [ M4 —/ VuV(K % u)dx. (3.13)
R4 u R4

We first control the second term of (3.13) using Holder’s inequality and Young’s convolu-
tion inequality:

= 1K * Vu(t, )| pooway Vu(t, )l 1 ey

< K oo ey I VUt ) 17 1 gy (3.14)

Furthermore, we can estimate Vu via Holder’s inequality and the conservation of mass:

/ VuV(K *u)dx
R4

2 |Vu| |Vu|?
1Vt sy = [, Vi —dx) < It [ o ds
\V/ 2
:m/ Vil o (3.15)
R4 u

Combining estimates (3.14)—(3.15), (3.13) becomes

S HR]+ 401 IV V() gy < 0.
Integrating both sides from 0 to 7 yields
Hu(®)] + 4c1,1|VVulZ2 0,y < Hluol- (3.16)
We also notice that by Holder’s inequality, Young’s convolution inequality and (3.15) that
NV 00 gy = [ K # ul dx
<m| K % Vu||iw(Rd)
< MK gy | V(2.

')HZI(Rd)
< 4| K17 oo ey | V VU@ T2 gy (3.17)
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We seek to combine these estimates to obtain an estimate on ||V \/u ”1242( 0r) but we must
first control the negative part of u log u. This can be achieved using the second moment
Iu(t)] by considering the set Q := {(z,x) : u < 1} and splitting it into two subsets {1 <
e X/2) femIxP/2 < < 1)

—[ xgulogudx < sup |\/_log§|/ e P2 gy / ulogu dx
R4

{e~¥P/2<u<1}

<G +/ ulx|?dx = Cy + Iu(1)], (3.18)
R4

where C; > 0 depends only on the dimension d. Hence, we compute the time derivative
of Iu(t)], integrate by parts, apply Young’s inequality with ¢ and use estimate (3.17) to
find

d
—Iu()] = —2/ x-(DVu 4+ uK * Vu) dx
dr R4

< e ()] + eBD| V()2 gy + 2VIVE %], 50)
< e (D] + 86(D? + m2|[K |2 ) IV VU ) 22 gy

where ¢ > 0 is to be chosen. Integrating this result from 0 to ¢ yields
t
Iu@)]<e! [0 ITu(s)]ds +8e(D? +m? || K17 o ga) IV VUl 20,y + 1 [tt0]. (3.19)
Writing
/ ullogu| dx =/ ulogudx—Z/ xgulogudx, (3.20)
R4 R4 R4
we may combine estimates (3.16), (3.18), (3.19) and (3.20) to obtain

/ ullogu|dx + 2¢1 3 ”V\/EHIZJ(Q» + Iu(®)]
R4

= Hu(@)] _2/Rd xgulogu dx + 2c1,1||V\/E||22(Q[) + Iu()]

H{uo] = 2¢1,1[IVVul7(g,) + 2C1 + 31 [u(t)]

IA

t
< Hluo] +2Cy + 3871/ Iu(s)]ds
0
+ (246(D? + 4m?||K |7 o gay) — 2c1.0IV VUl T2,y + 3T o] (321)
Choosing ¢ sufficiently small, the last of (3.21) is nonpositive, and so we conclude that

/ ullogu|dx + 261,1”V\/E”1242(Q,) + 1u(t)]
R4

t
< Hluo] +2C; + 3¢7! / Iu(s)] ds + 31 [uo], (3.22)
0
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whence Gronwall’s lemma yields estimate (3.4). With the bound on /[u(¢)], we imme-
diately obtain estimate (3.5), from which estimate (3.6) follows from estimate (3.17).
Finally, (3.7) follows by writing Vu = 2(V4/u)./u and using the conservation of mass.

(]

Next we prove Lemma 3.6.

Proof of Lemma 3.6. We begin with estimates on [u(z,)||L1g4), the second moment
Iu(t)], and [gq ullogu|dx in L0, T'). From the conservation of mass, we already
have that [[u]| (o 7;1.1Ray) = M. We then write (1.1) as a gradient flow:

u; —V-uV(Dlogu + K xu)) =u; — V- (Juf) =0,

where f is the dissipation defined in the statement of the lemma. By direct computation
and hypothesis (H3) there holds

d [rod p—
Ef[u(t)] +/Rd | f]?dx = 0.

Integrating both sides from 0 — ¢, applying Young’s convolution inequality and using the
conservation of mass yields

DH[u®)] + 1 f 720,y = DH [uo] + m*||K || oo ra)- (3.23)

As in (3.18), we may control the negative part of u log u in terms of the second moment
Iu(t)] which can be estimated by using the dissipation f as follows:

d
—I[u(t)]:—Z/ ﬁf-xdxfs_lf u|x|2dx+£[ | £I?dx.
dr R R R4

After integration from O to ¢ we obtain

t
1) =67 [ 10105 + el f g, + ol (3.24)
where we fix ¢ = m. Using (3.18) and (3.20) as in the proof of Lemma 3.5, estimates
(3.23)—(3.24) paired with Gronwall’s lemma give estimate (3.8), from which estimate (3.9)
follows.
Now we obtain an estimate on Vu in L2(0, T'; L' (R?)). To this end, we write DV =
Juf —uVK *u so that we may deduce from Holder’s inequality and the conservation
of mass that

DIIVulr2.1:01®ay < IVUS L20.7:01@®ay) + 14V K %l g2, 7.1 RAY)
< “/E”f”LZ(QT) + ||MVK * u||L2(0,T;L1(Rd))‘ (325)
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We consider separately two sets: Q := {(¢,x) : u < £} and Q := {(¢,x) : u > £} for some
£ > 1 to be chosen sufficiently large. We then estimate as follows:

[uVK *ull 20,701 ®dY)

= |lxguVK * u”LZ(O,T;Ll(]Rd)) + lxquVK * u||L2(0,T;L1(]Rd))
ullog u|

VK*u‘

<UVK s ulporsimy + |

log ¢ L2(0,T;L1(RY))

< CxlllullL200,7;01 r4Y)
1
+ @””|10gu|||L°°(0,T;L‘(Rd))”VK *llL2.riLe @)
< CxllullL2(0,7:01 RY)

+

1
Togl ||M|10gu|||Loo(o,T;L1(Rd))||K||L°°(Rd)||VM||L2(0,T;L1(1Rd))
< CKEm«/_+ log € |Vu||L2(0 T;L1(R4))- (3.26)

The first inequality uses the properties of the sets Q, Q; the second inequality uses hypo-
thesis (H2) and Holder’s inequality; the third inequality uses Young’s convolution inequal-
ity; the fourth inequality uses hypothesis (H1) and the previously obtained bounds on u
and u[logu| in L0, T; L' (R?)). Combining (3.25)—(3.26) we have shown that

DI|[Vull 20, 1:01rd))
C>
= “/%”f”LZ(QT) + CKZm\/T + @”VLt”LZ(O,T;LI(Rd))’ (3.27)

whence choosing £ sufficiently large yields a uniform estimate on Vu in L2(0, T}
L'(R%)). Consequently, Holder’s inequality, Young’s convolution inequality and hypo-
thesis (H1) yield

1/2
INVuVK *ullp20p) < “\/E”L/OO(O’T;Lz(Rd))”K”LOO(R“’)”VMHLZ(O,T;LI(]R“'))
= Vm|Kllpeoway Vil L2071 ma)) (3.28)

and so (3.28) paired with the uniform estimate obtained from (3.27) yields estimate (3.11).
Finally, as 2D V/u = f — ,/uVK x u, estimate (3.28) and the bound on the dissipa-
tion f in L2(Q7) show that V.\/u is bounded in L2(Q ) and estimate (3.12) follows. m

3.3. Improved estimates

In this section we improve the estimates obtained in Lemmas 3.5-3.6. As the following
result uses only the estimates on V /u and /uV K * u, the same argument applies assum-
ing the conditions of either Lemma 3.5 or Lemma 3.6 are met.

First, we obtain estimates to u € L*(0, T; L?(R?)) for any 2 < p < oo and on Vu
in L2(Q7) with no additional assumptions required.
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Lemma 3.7 (Improved estimates with no further assumptions). Assume the conditions of
Lemma 3.5 (Lemma 3.6) are satisfied. Then, for any p € (1,00), ifug € L?(R?) then

CIKI?

LOO(Rd)p/Dl

sup u(t,)lprray < € [uollr e, (3.29)

te(0,T)
where C is given in Lemma 3.5 (Lemma 3.6). Moreover, ifug € L*>(R?) then
IVullzap) = D7 Clluoll2a). (3:30)
where C = é(C).

Proof. We consider the quantity %Hu(l, -)||£ »(RY) for p € (1, 00). Taking the derivative

with respect to time and integrating by parts yields
1d
P dt R4

=—-D(p— 1)/ |Vul?u?=2dx — (p — 1)/ uP~'Vu - K % Vudx
R4 R4

uP dx

4D(p —1
=—#/ |Vup/2|2dx—(p—1)/ uP7IVuy - K %« Vudx. (3.31)
p R4 R4

We use the first term on the right-hand side of (3.31) to control the second term using
Cauchy’s inequality with ¢ and Holder’s inequality:

(p— 1)/ uP~'VuKk % Vu dx
R4
_2p-1
p R4
-1 -1
8(17 ) / |Vup/2|2 dx + M/ up|K * VM|2 dx
p R4 gp R4

=D [ \guri2p2 gy

p R4

(p—1
s (K * Vu)(t, -)Iliw(Rd) Ad u? dx. (3.32)

VuP2yP2 K % Vu dx

+

Choosing ¢ = 2D/ p we combine estimate (3.32) with (3.31) to find

1d 2D(p —1
i uP dx + #/ |vup/2|2dx
pdt Jra D Rd

(r-1

2
=< T”(K * Vu)(t, ')||L°°(]Rd) [I;d u? dx. (333)

Gronwall’s lemma implies that

lu@ ) Lr@ay = €C3(T)p/D||M0||Lp(]Rd), (3.34)
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where C3(T) = || K * Vu||iz(O,T;Lm(Rd)) < C||K||ioo(Rd) by estimate (3.7) (or (3.10)).

Taking the supremum over ¢ € (0, T') yields estimate (3.29). Note carefully that this estim-

ate does not allow one to take p — oo as the coefficient on the right-hand side depends
critically on p.

Returning to estimate (3.33), we fix p = 2 and integrate both sides from 0 to T to

obtain
/ u?dx + D // |Vu|? dx dt
R4 or
= D_lc ||K||iw(Rd) sup ”u(t’ ')HZZ(Rd) + ”uOHiZ(Rd)-
t€(0,T)
Using estimate (3.34) with p = 2 and rearranging the result yields estimate (3.30). ]

3.4. Existence of weak solutions (proof of Theorems 2.1-2.2)

We are now prepared to prove Theorems 2.1-2.2.

Proof of Theorems 2.1-2.2. We present the details for Theorem 2.1 only; the conclu-
sion of Theorem 2.2 follows in an identical fashion by using the estimates obtained in
Lemma 3.6, which are the same as those obtained in Lemma 3.5 for the small-mass
regime.

To start, we consider approximate solutions for any & > 0 given by

ou®
ot

= DAu® + V- (uVK x 0® x u®), (3.35)

satisfying the initial data #®(0, x) = u(x) for each ¢ > 0, where w® denotes the standard
mollifier. We seek to pass to the limit as ¢ — 0. First note that a unique, positive classical
solution u®(¢, x) solving (3.35) with u (-, x) = ug(x) exists for each ¢ > 0 by the methods
used in the proof of, e.g., [27, Theorem 2.2]. Moreover, by Young’s convolution inequality
we have that

[K % 0|l ooray < 1Kl Looayll@® L1 may = I K[| Loo (e

and so if the small-mass condition (2.4) is satisfied, it is also satisfied for the regularized
problem for all ¢ > 0. Finally, for each ¢ > 0, the solution u? is strictly positive by the
strong maximum principle as in (3.60).

By Lemma 3.5, we have the following uniform bounds on the approximate solu-
tions u®:

(A) {Vutlesg is bounded in L2(Q71);

(B) {VutVK * 0® x u®}4~ is bounded in L2(Q7);

(©) {sup,c(o.7) Jra u°|x|* dx}eso is bounded.
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(A) implies that 2Vu® = /u® V/u® belongs to L2(0, T; L' (R%)) uniformly in €.
Moreover, {%}DO is bounded in L%(O, T; W,*I’q(Rd)) for ¢ = 2d 7 ford # 2,
g for d = 2. Indeed, given any ¢ € L*(0, T; W4 (R¢)) Holder’s inequality gives

¢dx dr| < D||Vu'3||L3 oO.T: Lq(Rd))||V¢”L4(O T;L4 (R¥))

R
&
VK 0"t a1V s, 700 @ay)

<Cs(1+ D)”¢”L4(0,T;W1"1/(Rd))’

where Cs is a constant given by Lemma 3.2 which depends only on || K * ®®|| o (gay and
the norms of u® and V+/u® in L>°(0, T; L' (R%)) and L2(Q7), respectively.
Consequently, (A) paired with the conservation of mass implies that

ut e L2(0, T; WHL(R?))
uniformly in &. We then conclude by the Aubin—Lions lemma with
= {v e L20, T: WE' (RY)) : 2 150, T: WM (RY)))

that there exists a subsequence (still denoted by ¢) such that

u® —u stronglyin L} (Q7) (3.36)
as & — 0. This implies that, perhaps for another subsequence,

u¢ — /u strongly in L2 _(Q7) (3.37)

as ¢ — 07 by the Vitali convergence theorem. By (C) it is easy to see that given any
8 > 0, for R chosen sufficiently large there holds |[u®||11(o 7.1 R4\ Bg)) < 8> independent
of &, and 50 {1 }¢-¢ has compact closure in L' (Q ). In particular, the strong convergence
obtained in (3.36)—(3.37) holds globally.

Next, (B) implies that there exists £ € L?(Q7) such that

VutVK % w® xu® — & weakly in L2(Q7) (3.38)

as ¢ — 0. We claim that £ = \/uVK * u. To identify the limit, we may identify it in
L'(0,T; L?(R%)). Notice first that VK % w® % u® is bounded in L2(0, T'; L>°(R?)) since
Vu® € L2(0,T; L' (R?)), and so has a weak* limit in the same space. Hence, there holds

VK % w® % u® — VK xu  weak* in L2(0, T; L®(R%))

as &€ — 07, Furthermore, the limit can be identified as VK % u = K * Vu because of the
L3 (0, T; L9(R?)) estimate on Vu®. Then, as ~/u® converges strongly in L2(Q7), given
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any ¢ € L®(0, T; L?>(R%)) there holds

T
f (VutVK * 0° x u® — JuK * Vu)g dx dt
0o JR4

=

T
/ / ([Vu® — JulVK * 0® % u®)¢p dx dr
0o JR4

T
+/ / Vup(VK s 0 xu® — K * Vu) dx dt
0o JR4

< Vu® = Vullp20.7:2@ap IVK * 0 % u®|| 120 7. Loy 19l Lo 0. 7222 R EY)

T
/ / Vup(VK * 0 * u® — K * Vu) dx dt
0o JR4

-0

+

as ¢ — 01, Notice that the second term converges to zero as € — 07 since Ju¢ €
L2(0, T; LY (R?)), the predual of L2(0, T; L>®(R?)). Hence, (3.37)—(3.38) hold and
£ = JuV(K * u) as asserted.

These convergence results allow us to conclude that in the limit as ¢ — 0% there holds

T ou T T d
/(—,¢>dr+D/ [ Vu-V¢dxdt=—/ / uV(K *u) - Vo dx dr,
o ‘ot o Jrd o Jr

for any ¢ smooth and compactly supported. By (A)—(B), the L3 (0, T; L (R?))-regularity
of Vu and uV (K * u), the L3 (0, T; W14 (R?))-regularity of %—’t‘ and a density argument,
this weak formulation holds for any ¢ € L*(0,T: W L' (R)). Finally, by writing u(z,-) —
Uy = (f g—'s‘ ds, we see that u(z, -) — uo(-) in W—14(R%) and indeed the initial data is
satisfied in the sense of W~14(R%). As T > 0 was arbitrary, the solution obtained is in

fact global.
To conclude, we recall that by Lemma 3.7 we have that u € L>(0, T; L? (R?)) for all
1 < p < oo whenever ug € L?(R?) and Vu € L2(Q7) if ug € L2(R?). "

3.5. Higher-order estimates

Under the additional hypothesis (H4) and further conditions on the initial data we can
obtain better estimates on Vu, Au, and a uniform estimate on u over Q.

Lemma 3.8 (Higher-order estimates). Assume that ug € L®(R?), Vuy € L>(R%) and
K % ug € W2P(R?) for some p > 2. Suppose hypothesis (H4) holds in addition to the
conditions of Lemma 3.5 (resp. Lemma 3.6). Then there exists a constant C so that

Vull Lo, :2(R4Y) = C. (3.39)
IAullz2c0,) < C. (3.40)
lullzoop) < C. (3.41)

where C = C(C, ||V(K K)|12(ra)), and C is given in Lemma 3.5 (resp. Lemma 3.6).
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Proof. Before estimating u and its derivatives, we first obtain improved estimates on K *
Vu and K * Au. To this end, recall that K (-) := K(—-) and multiply (1.1) by K * K * Au,
integrate over R? and integrate by parts to find

li V(K % u)|?dx
2d[ R4
=—Df |A(K*u)|2dx+/ K % K % AuV - (uV(K * u))
R4 R4
=—D/ |A(K*u)|2dx+/ A(K s u)K % (Vu - V(K *u))dx
R4 R4
+/ uA(K % u)(K * A(K * u))dx. (3.42)
R4

We first estimate the second term on the right-hand side of (3.42) via Cauchy’s inequal-
ity with ¢ = D/2, followed by Young’s convolution inequality and Holder’s inequality:

/ AK xu)K * (Vu - K x Vu) dx
R4

IA

D _
Z”A(K * u)”iZ(Rd) +D 1||K * (VM : V(K * u))”iZ(Rd)

IA

D -
Z”A(K * u)”iZ(Rd) +D l”K”iz(Rd)”vu ' V(K * u)”il(]Rd)

A

D -
= Z”A(K * u)”iz(Rd) +D l||K||i2(Rd)||Vu([, ')”iZ(Rd)”V(K * u)”iz(Rd)

D _
P IAK # W)L gay + DT OIV(K #0172 ga), (3.43)

where a(7) := ||K || 2ga)lIVu(?, )| L2gay- Notice that a*(r) € L' (0, T) for any fixed
T > 0 by Lemma 3.7.

Next, we estimate the third term appearing in (3.42) via two applications of Holder’s
inequality followed by Cauchy’s inequality with e = D/2:

/ uA(K xu)(K * A(K * u))dx
R4
< Ju(@. ) 2@y [AK *u) (K * AK %) 2@y

(2, 2y | K+ (ACK 5 )| oo ey [ACK * 0)l| 2 g
D
Z”A(K * u)HiZ(Rd)

+ D_l ”u(t» ')HIZJZ(Rd)”E * (A(K * u))”ioo(Rd)'

IA

IA

We must ensure that the second product belongs to L' (0, T'). By Lemma 3.7, we know
that u € L°°(0, T; L?(R?)). For the remaining term, we use the fact that

I?*A(K*u):V(E*K)*Vu.
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Hence, we may estimate via Young’s convolution inequality

1K % (AK % u)1} oy < IV % K)IIZ 2y I VU )17 2 g0y

from which we conclude that
~ D
/ uA(K *u)(K * A(K *u))dx < —||AK * u)|?,,mas + D710%(1),  (3.44)
R 4 L2(R4)
where

b(t) = V(K * K)| L2 rey S(up | (@, )L2@ay VU, )2 wdy
1€(0,T

and b2(t) € L' (0, T) by hypothesis (H4) and by estimate (3.30) of Lemma 3.7.
Combining estimates (3.43) and (3.44) with (3.42), we finally obtain

d
— V(K *u)|*dx + D/ |A(K % u)|?dx
dt Jra R4

< D@ OV(K * u) |72 gay + b)) (3.45)

By Gronwall’s lemma we conclude that

T
sup V(K 5100 )y = D7 AT 19K 500y + [ 20 ),
t€(0,T) 0
(3.46)
ot

where A(t) := e/o @) Hence, V(K % u) € L0, T; L2(Q)).

Returning to estimate (3.45), we extract the second term on the left-hand side and use
estimate (3.46) to conclude that in fact

[ACK * )|l 2¢07)

=207 sup V(K # 0t ) |2y laO)l20.m + 16O L20.1))-
t€(0,7)

and so A(K *u) € L2(07).
We now improve the estimate on A(K * u) from L2(Q7) to L2(0, T; L?(R?)) for
some p > 2. To this end, notice first that if u solves the heat equation

?}_7: —DAu =g e L*0,T; L' (R?)),

for some function g(¢, x), then by the linearity of the convolution we have also that K * u
solves

d
E(K*u)—DA(K*u) =K xg.
In our case, using the improved estimates on K * Vu, K % Au, we have

¢ = VuK % Vu +uK * Au € L*>0, T; L' (R?)),
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so that K * g € L2(0, T; L9(R?)) for any ¢q € [1, o] since K € L'(R?) N L>®(R¥).
Hence, by the maximal regularity of the heat equation (see, e.g., [48, Theorem 3.1]), we
find that A(K % u) € L2(0, T; L?(R%)) where p is an exponent such that K # ug €
w2r(RY).

We are now ready to obtain estimates (3.39)—(3.40). Multiplying (1.1) by Au and
integrating over R? yields

d
— |Vu|2dx+D/ |Au|? dx
dt Jra R4
< / [uAu(K * Au)|dx +/ [VuAu(K * Vu)|dx. (3.47)
R4 R4

We estimate the right-hand side via Cauchy’s inequality. For the first term we have

[ [uAu(K * Au)|dx
R4

D
—/ |Au|2dx+D—1/ lu|*| K * Au|*dx
4 R4 R4

IA

D -
Z/Rd |Au|?>dx + D 1||u(z,.)||iq(Rd)||K * Au(t,.)”ip(Rd)

IA

D _
3 L 180 D7 IR 1K AU

IA

D _
- /Rd |Aul>dx + D leSC(T)/DHuoHiq(Rd)HK * Au(t, )7, gay:

where we have used Holder’s inequality and that u € L°(0, T; L4 (R?)) for any exponent
q :=2p/(p—2) € (1,00). From our improved estimates on A(K * u) we have already
shown that || K * Au(t,-)||ip(Rd) e L'(0,T) for some p > 2.

For the second term, we again use Cauchy’s inequality:

/ |VuAu(K * Vu)| dx
R4

D
—/ |Au|2dx+D_1/ |K * Vu|*|Vu|® dx
4 R4 R4

IA

D 2 -1 2 2
Z/Rd |Au|“dx + D ||K*Vu(t,-)||Loo(Rd) » |Vu|” dx,

where ||K * Vu(t, )| Looray € LY(0, T) since Vu € L2(Q7) and K € L'(R%) N
L (R?). Hence, (3.47) becomes

d D
— | |Vul*dx + —/ |Aul?dx < Cyi(t) + cz(r)/ |Vu|? dx,
dt Jra 2 Jrd R4

for functions Cy (), C5(t) € L' (0, T). Gronwall’s lemma implies Au € L2(0, T; L2(R%))
and Vu € L>®(0, T; L2(R%)) from which estimates (3.39)—(3.40) follow.
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We now obtain a uniform bound on the solution u (%, x) via an Alikakos-type argument
[1], which arises as a consequence of Vu € L®(0, T; L>(R?)) = K % Vu € L®(Qr).
Set Co := || K * Vu| ro(p,)- To begin, we return to the right-hand side of estimate (3.31)
and apply Cauchy’s inequality:

2(p—1
—(p— 1)/ uP'VuK % Vudx = —Mf w2V (uP/?)K % Vu dx
R4 p R

2(p —1
—(p )CO/ up/2|Vu1’/2|dx
P R4

1
CO/ (£|Vu‘”/2|2 + —up) dx,
Rd &

where ¢ > 0 is to be chosen. We then recall the Nash’s inequality: there exists Cy > 0
such that for g € L'(R?) N W12(R¥) there holds

IA

4/(d+2 2d/(d+2 d+2)/d -
18132 ey < Cnllglhny 1V 125 < 8CK T2 Vel 2 gay + 872181} ey
where the second step is a consequence of Young’s inequality with conjugate exponents
d;rz and d+2 ,and § > 0 is to be chosen. We apply it with g = u?/2 and we combine it
with estlmate (3.31) to obtain
1d 4D(p —1)

23 Ja ¥ 0 S —T||Vup/2||§2(Rd) +&Coll VU 72 gay

1 d d _
+ —CoBCy P NVuP I T, ay + 5P gay). (B48)

= &2 and choose ¢ = so that

We now set 8C](Vd+2)/d

2D(p—1)
Cop?
4D(p — —
(=1 _, _20(-1
p? Cop?
It follows that the gradient term vanishes and (3.48) becomes

1d
—— u? dx < Cee™ 4P (t
)4 dr R4

2C08 =

d
")”il(Rd) = C7P +1”up/2(l»')”il(Rd),

where Cg, C7 depend on Cy, Cyp, D but do not depend on p. Integrating both sides from
0 — t yields
d
||M(l, )”{p(Rd) = ”uO”Zp(Rd) + C7p +2T”u”io‘J(O,T;LP/Z(Rd))'
Without loss of generality, for 7" fixed we may assume that

< C7p* 2T ||ull}

p
”uO”Lp(Rd) L>®(0,T;LP/2(R4))’

for all p > p* for some p* > 1. Otherwise, there exists a sequence {pi }x>o such that
Pr — 400 as k — 400 so that
> Crpi 2T u | 2

el 75y gay = Lo°(0,T;L7k/2 (RY))
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from which the boundedness of u follows. Set Cg = (2C;T)"/@+2 and M(p) :=
”u ||L°°(O,T;L1’(]Rd))' We then have that

M(p) = (Csp) " PP M(p/2). Vp = p*.
Take i > 1 so that 2/ > p*. For any fixed k we proceed iteratively to obtain

M(2k) < (C82k)(d+2)/2kM(2k—l)
< (ngk)(d-i-Z)/Zk (C82(k_1))(d+2)/2k_1 M(2+2)

k
o= M@ [(Cs2)) @+
j=i

It follows that M (2F) is bounded independent of k so long as

k [e'S) P
. j (d+2)/2j (d + 2) log(CgZJ)
khjgojl_li(C32 ) <00 = E ¥ < 00,

j=i

which readily follows from the fact that 2/ > (d + 2) ;. Hence, u is uniformly bounded
in Q7 forany T > 0 fixed and estimate (3.41) follows. [

Lemma 3.9 (Improved integrability of gradient). Suppose Vuo € L?(R?) for some p €
[2,00). Under the conditions of Lemma 3.8 there exists a constant Cy such that there holds

IVt oo 0,70 ey < o (3.49)
where Co = Co(C, p, VuollLrway), and C is given in Lemma 3.8.
Proof. Under the conditions of Lemma 3.8, we have that
ue L®(Qr), VuelL®0,T;L*(RQ)), AueLl*Qr).

Assume that ¥ is a smooth solution to problem (1.1). For any p € [2, 00), we multiply the
equation for u by
—div(|Vu|?"2Vu) = —(p — 1) Au|Vu|P~2

and integrate over R? to obtain
/ |VulP"2VuVu, dx
R4

=—(p— 1)/ [VulP2Au(DAu + Vuk * Vu + uK % Au)dx. (3.50)
R4
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Clearly, the left-hand side of (3.50) equals % fRd |Vu|? dx and so rearrangement of (3.50)
yields

1 d
——/ |Vu|? dx
p(p—1)dr Jra

—D/ |vu|P*2|Au|2dx+/ |Vu|P~ Y Au||K * Vu|dx
R4 R4

IA

+/ |Vu|?P~2u|Au||K * Au|
R4

: —D/ [Vu|P=2|Au®>dx + I + I,.
R4
We estimate I, I separately. For /1, Cauchy’s inequality yields

D 1
I < —/ |Vul?72|Au)?*dx + — | |Vul?|K * Vu|*dx
2 R4 2D R4

D
<= |Vul?~2|Aul?dx + C; / |Vul|? dx, (3.51)
2 R4 R4

where 5 )
_ ”K”LZ(]RdI) ||Vu(l, ')”LZ(Rd) <
2D ’
since Vu € L®(0, T; L2(R?)). For I,, we first estimate via Cauchy’s inequality as

Cli

D
I < —/ |Vu|P~2|Aul? dx + C2/ |Vu|P~2 dx, (3.52)
2 R4 R4

where ) 5 )
. [ ||L°°(QT) [ K”LZ(Rd) [Au(,-) ||L2(Rd)
’ 2D

Cx (1) e LY(0,7),

sinceu € L*®(Qr) and Au € L%(Qr).
To estimate [ |Vu|?~2 dx, we first suppose that p > 4 (the case p = 4 is direct) and
apply Young’s inequality for products with p’ = (p —2)/(p —4),q¢' = (p — 2)/2:

/ |Vu|p_2dx :/ |vu|p(p—4)/(p—2)|Vu|4/(p—2) dx
R4 R4
< /Rd(wuv’ + |Vul?) dx. (3.53)

Combining estimates (3.51)—(3.53) with estimate (3.50) leaves

1 d
——[ |Vu|? dx
p(p—1)dr Jra

< (Ci+GC) | |Vul?dx + C(0)|IVult, )72 gay-
o L2(R9)
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Since C,(t) € L'(0, T), and since

Vu e L2, T; L>(R?Y)) = C,(1)||Vu(r, e LY0,7),

) ” 22 (RY)
we obtain the estimate (3.49) via Gronwall’s lemma. The case when p € (2, 4) is obtained
via interpolation between the cases p = 2 and p = 4. ]
3.6. Uniqueness

The higher regularity results from the previous subsection allow us to show the following
uniqueness result.

Theorem 3.10. Suppose hypothesis (H4) holds. Then any nonnegative solution u solving
problem (1.1) belonging to the class

u € L*(Qr) N LY. T: L' (RY)),
Vu € L0, T; L2(R%)),
Au e L*(Qr)
is unique.
Proof. Assume there are two nonnegative solutions u and v. We write

(u—v)y—DA(u—v)=V-((u—v)VK xu) + V- (VK * (u—v)). (3.54)

Set w = u — v. Testing (3.54) against w, integrating over R? and integration by parts
gives

1d 5 5
—— dx + D Vwl|~d
2t S w”dx + A;d [Vw|” dx
= —/ wV (K *u)Vwdx —/ vV(K * w)Vw dx
R4 R4
1
= ——/ Vw2V (K * u)dx —/ vV(K * w)Vw dx. (3.55)
2 Jra R

We estimate each term separately. For the first term, we integrate by parts and use that
Au e L2(0,T; L>(R%)) = K * Au € L?(0, T; L®(R%)) to obtain

1 1 1
——[ Vw?V(K % u)dx = —/ w2K « Audx < = || K * Aul(t, ‘)”Loo(Rd)/ w? dx.
2 R4 2 R4 2 R4

For the second term, we apply Cauchy’s inequality with ¢ = D|jv ||Z§o o) t© obtain

1 017
_/ vV(K*w)dexf—/ (D|Vw| Rl €1 DN} g v |)d .
R4 2 R4 D
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Combining these estimates, (3.55) becomes

1d D
—— | w?dx+ —/ |Vw|?dx < cl(r)/ w? dx +C2/ |K * Vw|?dx, (3.56)
2.dt R4 2 R4 R4 R4
where C1 (1) = [|[K * Au(t, )| pooray € L'(0.T) and C2 = D7 [V o -

Next, we test (3.54) against K * K % w, integrate over R¢ and integrate by parts to
find

1d
2dt Jra

= —/ wV(K *u)V(K * K * w)dx —[ V(K * w)V(K * K % w)dx.
R4 R4

|K*w|2dx+D/ VK % w|?dx (3.57)
R

Since Vu € L>®(0, T; L>(R?)), there holds V(K * u) € L>(0, T; L>(R%)) so long as
K € L'(R%). Moreover,

IV(K * K % w)(t. )| Lomay < IV(K * K) | L2@aylw (. ) 2 ey = C3lw(t, )| L2ga)

where C3 = || V(K * K) || L2(re) < o0 under hypothesis (H4). Thus, the first term of (3.57)
can be estimated as

‘/ wV(K * u)V(I?* K x w)dx
R4

< w2 @ay V(K *u)(t. )| L2ay V(K % K % w)(t. )| Loo ey

< G| V(K *w)l poo(o,7: 2Ry | w(Z, ')HZZ(Rd)‘

For the second term of (3.57), we use that v € L®(Q7) N L®(0, T; L'(R%)) = v €
L%(0, T; L?>(R?)) and apply Cauchy’s inequality:

/ V(K * w)V(K % K % w)dx
R4

< vt ) 2@y IVK * w(t, )l p2@ay VK * K % w(t. )| oo ra)

1
= Gsllvllpoo(o,7;22m4Y) (8||VK *wl(t, ')”iz(Rd) + ;||w(t, ‘)||22(Rd))-

Choosing & = 5 ol orirad)’ we conclude that
1d » D s ,
2dr e |K * w|"dx + > /Rd IVK * w|“dx < C4||w(t")”L2(Rd)’ (3.58)

where C4 < 00.
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We now combine estimates (3.56) and (3.58). To this end, we multiply estimate (3.56)
by 4%.2 and add the result to (3.58):

1d/ D > 5
—— | — w”dx + |K * w|”dx
2dt \ 4C3 JRd R4

D? D
— Vw|*dx + — VK xw*d
+8C3 Rd|w| x+4/Rd| * w|”dx

=@W+C [ W= @0+ C [ @ K xwP)ax
R4 R4
Gronwall’s lemma implies that w = 0 a.e. in Q7, and uniqueness follows. ]

3.7. Existence of unique strong and classical solutions (proof of Theorems 2.3-2.4)

We are now ready to prove Theorems 2.3-2.4.

Proof of Theorem 2.3. By Lemma 3.8, the global weak solution obtained in either The-
orem 2.1 (under the addition of hypothesis (H4)) or Theorem 2.2 belongs to the class

ue L®(0r) N L®0,T; L' (R?)),
Vu € L®(0, T; L2(RY)),

Au e L*(Qr).
By Theorem 3.10 the solution is unique. Directly from (1.1), the spatial regularity of u
implies that %—’; € L2(Q7). Consequently, u € C(0, T; L*>(R¢)) and so we conclude that
lu(t,-) —uo()lp2gay = Oast — 0F. n

Proof of Theorem 2.4. Working with the approximate solutions u° as in (3.35), we expand
the right-hand side:
ou®
ot

— DAu® = Vu® - V(K * 0° * u®) + u* A(K * o® x u®).

By Lemma 3.8, {u®}¢~¢ is bounded in L°°(Q7); moreover, by Lemma 3.9, {Vu®}.-¢
is bounded in L*°(0, T'; L?(R%)) for some p > d + 2. Therefore, {Vu® - V(K % w® %
u%) g0 is bounded in L®(0, T; L?(R%)). Similarly, writing A(K % w® * u®) = V(K *
®) x Vu?, hypothesis (H2) allows one to conclude that {u®V (K * w) * Vu®}.~ is also
bounded in L (0, T; L? (R%)).

Hence, L?-estimates for parabolic equations (see, e.g., [73, Theorem 6]) imply that
for any smooth, compact set Q' C RY, {u®}¢>¢ is bounded in Wpl’2 (0,7) x Q), the
space of functions twice weakly differentiable in space, once weakly differentiable in
time, with derivatives belonging to L ((0, T') x Q). Therefore, as p > d + 2, the Sobolev
embedding (see, e.g., [75, Theorem 1.4.1]) implies that in fact {u®}.~¢ is bounded in
Co1Fo([0, T] x Q') for some o € (0, 1). Since Q' is arbitrary, we have that u® €

C%*7(Qr) uniformly in e.
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We now set wf = g%: foreachi = 1,...,d. Working with each component, we again
expand the right-hand side of the equation solved by w?:

&

Jwe
Yl DAWE = Vst - V(K 0 *u®) + Vit - V(K * 0 * wf)

ot

+ wiA(K * 0° % u®) + u® A(K * 0® * wf). (3.59)

Since u® is bounded in Wpl,i(z)c(QT), we have that Vw? € L? (Qr) componentwise, for
each i = 1,...,d. Moreover, by the classical differentiability obtained, w;{ is locally
uniformly bounded over Q7 for eachi = 1, ..., d. Therefore, the first and third terms
on the right-hand side of (3.59) are uniformly bounded in LY (Qr). Furthermore, by
hypotheses (H2), (H6) and the boundedness of u®, the second and fourth terms on the
right-hand side of (3.59) are uniformly bounded in L{ (Q7). To understand why we use
the compact support of K, we look closely at the second term of (3.59) in L?(Bg(0)),
the ball of radius R > 0 centered at 0. Since Vu® = (wy, ..., wfi) is locally uniformly

bounded, we need only control for x € Bg(0):
(VK o) s uf@)] = [ 190K = @)0)luf e+ )]y
-/ V(K * o) ()] 0f (x + )] dy.
supp K+ B1(0)

and since x € Br(0), we have x + y € Br+1(0) + supp K. We may then use the local
uniform boundedness of w? to control (VK * w®) *x wi(t, x) in L?((0,T) x Br(0)) for
any R > 0. The fourth term can be treated analogously.

Using L?-estimates for parabolic equations and the Sobolev embedding once more,
we conclude that wf = g—zj € C%1%9([0, T] x Q') for some o € (0, 1), for any smooth,

compact set Q' C R . Consequently, we conclude that {11°}¢~ ¢ is bounded in CIU’Z'HT(QT)

ocC

for some o € (0, 1). In particular, Vu® - V(K * 0® * u®) + u®K * w® * Au® € CZ.(0r)
for some o € (0, 1).
Returning once more to the right-hand side of the equation satisfied by u®, we have

shown that u§ — DAu® € C2 (Qr). By Schauder estimates for parabolic equations (see,

e.g., [57, Theorem 5.1.8]), {1¥}¢~ is bounded in C11+U/2’2+0(QT) for some o € (0, 1).

ocC

Consequently, there exists a subsequence (still labeled by ¢) such that u® — u €
Clljg//z’erU/(QT) as ¢ — 0% for any ¢’ < o, and u is the classical solution to prob-
lem (1.1). By the assumed regularity of the initial data, we conclude that u(z, x) — uo(x)
inC(R%) ast — 0%,

We conclude by showing that the solution is strictly positive over R? for all 7 > 0. The
approach is standard once we have the boundedness of A(K * u). Consider the auxiliary
function v := e*u for A € R to be chosen later. Then v is nonnegative, nonconstant, and

satisfies 3
8—7; — DAV — V- V(K % u) — v[AK % u) + A] = 0. (3.60)
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By the smoothness of u and hypothesis (H6), we have that K * Au € L*°((0,T) x Q')
for any Q' € R4 compact, and any T > 0 fixed. Suppose Q2 is connected and that there
exists a point (g, xo) € (0, T) x Q' such that v(zg, xo) = 0. Choosing A large enough so
that A — |K * Au| > 0 over (0, T) x ', we find that v; — DAv — V(K *u) - Vv >0
over (0, T) x Q. By the strong maximum principle, we conclude that v is constant over
(0,19) x R, a contradiction.

Since ', T were arbitrary, we conclude that v cannot attain a minimum (of zero) in
any compact subset of R? and must be positive everywhere in (0, 7) x R¥. ]

4. The general n-species system

In this section we establish the following theorems generalizing the scalar cases to the
n-species system.

Theorem 4.1 (Existence of global weak solution for n-species system with small mass).

Assume (H1) holds and that ¢; , > 0 for eachi = 1,...,n, where c; ,, is defined as
1 n
Cin = Di—7 Z(mi 1 Kij | oo ey + mj 11 Kjill oo mer))- 4.1
j=1

Then there exists a global weak solution u > 0 in Qr solving problem (1.2) in the
sense of Definition 3.1. Moreover, for all i = 1,... ., n, if ujp € L?(R?), then u;
L0, T; L?(R%)) for any 1 < p < oo, and if ujo € L*(R?), then Vu; € L*(0, T;
L2(RY)).

It is not difficult to see that when n = 1, ¢1,; > 0 is equivalent to condition (2.4) for
the single species case.

Theorem 4.2 (Existence of global weak solution for n-species system with arbitrary
mass). Assume (H1)-(H3) and (HS) hold. Then for any initial mass there exists a global
weak solutionu > 0 in Qr solving problem (1.2) in the sense of Definition 3.1. Moreover,
foralli =1,...,n, ifujo € LP?(R%), then u; € L>®(0,T; L?(R%)) for any 1 < p < oo,
and ifuig € L*(R?), then Vu; € L?(0, T; L?>(R%)).

Theorem 4.3 (Existence of unique strong solution for n-species system). Assume each
component of the initial data satisfies ujg € L*°(R?), Vu;o € L2(R?) and Kij xujo €
W2P(R%) for some p > 2, for each i, j = 1,...,n. Under the assumptions of The-
orem 4.2, or under the assumptions of Theorem 4.1 together with (H4), the obtained global
weak solution is the unique, global strong solution solving problem (1.2) in the sense of
Definition 3.3.

Theorem 4.4 (Existence of unique classical solution for n-species system). Assume that
each component of the initial data satisfies ujo € C3*(R?) N L®(R¥) as well as Vuio €
L2(R4) N L?(R?) for some p > d + 2, and suppose one of the following:



Well-posedness of aggregation-diffusion systems with irregular kernels 1231

(1) in addition to the hypotheses of Theorem 4.1, (H2) and (H6) hold;
(2) in addition to the hypotheses of Theorem 4.2, (H6) holds.
Then the obtained unique global strong solution is the unique, global classical solution

solving system (1.2) in the sense of Definition 3.4. Moreover, each component u; is strictly
positive over R? for all t > 0.

As in the single species case, we first treat the small-mass case under hypothesis (H1),
and then treat the arbitrary-mass case under the additional hypotheses (H2)-(H3) and
(HS). For strong solutions in the small-mass case, the addition of hypothesis (H4) is
required as in the scalar case. As much of the technical argument is the same as in the
scalar case, we present the key details when a careful manipulation of the indices of K;;
is required.

4.1. A priori estimates

As in the scalar case, we first establish some a priori estimates under the assumption
that we have a positive smooth solution u := (u1, ..., u,) solving problem (1.2). To this
end, fix n > 2 and define the following n-population counterparts to the entropy, total
interaction energy, and free energy of the scalar system.

We introduce the entropy (sometimes referred to as the weighted Shannon entropy

[51D): .
Hlu(@)] := Z D H[u; (1)].
i=1

Then the total interaction energy is given by

Klu@)] := % Z Ad miui (Kij * ujy)dx,

i,j=1
and so the free energy for a system in detailed balance (hypothesis (HS)) is given as

n 1
Flua(@)] := Z/Rd Dimiu;logu; dx + E Z /Rd mui(K,-j * uj)dx

i=1 ij=1

= H[u(1)] + K[u()].

In the small-mass regime, we use the following auxiliary functional, the sum of the indi-
vidual entropies of the species:

Hs[u(n)] == ) Hui (0)].

i=1

We first prove the following, an n-species analogue to Lemma 3.5.
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Lemma 4.5 (A priori estimates under (H1) and the small-mass condition). Fix T > 0.
Assume (H1) and suppose c; , > 0 for each i = 1,...,n, where c; , is as defined in the
statement of Theorem 4.1. Then for any smooth, positive solution u to problem (1.2) there
holds

sup [u;(t)] <C, 4.2)

te(0,T)
IVVuilZ20, = C. 43)
I VuiVKij *ujllr20.) < C, 4.4

foreachi,j =1,....,n, where C = C(D;,T,c;, | Kijllpooray> d,mi, I [uiol, H[uio))
foralli,j =1,...,n.

We also prove the following, an n-species analogue to Lemma 3.6.

Lemma 4.6 (A priori estimates under (H1)—(H3), (H5)). Fix T > 0. Assume (H1)-(H3)
and (HS). Then for any smooth, positive solution u solving problem (1.2) there holds

sup / ui|x|*dx < C, (4.5)
te(0,T) JRY
s /R willoguildx + 3 fillZ2 gy < €. (4.6)
IVuillL20,7;01 ®ey = C. 4.7
IVuiVKij *ujlr200 < C, (4.8)
IVVuillL2r) < C, 4.9)

where f; = Ju;(D;logu; + Z;:l Kij *xu;) foreachi =1,...,nand C = C(D;, T,
| Kijll poo(rays i d,mi, Iuiol, H[ujol) foralli, j =1,....n.
Proof of Lemma 4.5. We first consider the quantity Hg[u(z)]. Taking the derivative of

Hg[u(z)] with respect to time, using the conservation of mass and integrating by parts
yields

d - Vu; “
—Hg[u@)] = —Z/ —’(D,-Vu,- + u; ZV(KU * Mj)) dx
d iz1JRA Ui j=1

n n
= _42Di||vx/u_i(t»')”i2(Rd) - Z /Rd Vu; V(Kij *uj)dx. (4.10)

i=1 ij=1

By using the same estimates as the scalar case, (3.14) and (3.15), we obtain

/ Vu,-V(K,-J- *uj)dx
R4

< 4| Kij | Looray v/min /mj |V /ui (¢, )| L2way IV 25 (2, ) | L2 (may
< 2[|K;; ||L°°(]Rd)(mi IV Vui(t, ')”zZ(Rd) +mj ”VV uj(t, ')”iz(Rd))
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Summing overi, j = 1,...,n, and carefully reindexing sums, (4.10) becomes

< Hsfu()]

n n
m
< —4Z[D,~ == 2 (IKij lpsoqeay + 1K ||Loo(Rd)>] IVt ()17 2 gy
j=1

i=1
n
= —42Ci,n ”VV ui(t’ ')”iZ(Rd)'
i=1

Integrating both sides from O to ¢ yields

n
Hs[u(t)] + 4 cinllVV/uill72g,, < Hs[uol. 4.11)
i=1

Similarly to (3.17), we obtain

n n
Z ”\/uiv(Kij * uj)(ta ')||1242(Rd) <4 Z ”Kij”ioo(Rd)mim]”V\/uj(ta ')||1242(Rd)

i,j=1 i,j=1
n

< G Y IV ()G 2 gy 4.12)
i=1

where C = Co(|| Kij || poo(ray, mi) forall i, j =1,...,n.
As in the proof of Lemma 3.5, we can control the second moment of all species as

n

d n n
D3 @l =& Y T (0] +de 3 DRIV Vi () 72 g
i=1

i=1 i=1

n
+en Y V(K #u) ()2 ga

ij=1
_ n
< e (0] + e@D? + Con) Y VG () P ogay (413)
i=1
where D = max; D;. Thus, combining estimates (4.11)—(4.13), as done in (3.21)—(3.22)
for the scalar case, we find that for ¢ sufficiently small there holds

n

Z( [ wltoguslax + 261, 1V 2 g, + I[uia)])

i=1
n t
<2nCy + Hs[ug] + 371 Y / Iu; (1)) ds (4.14)
i=170

where the control of the negative part of u; logu; for each i is done as in (3.18). Gronwall’s
lemma yields estimate (4.2), from which estimates (4.3)—(4.4) follow. ]
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Proof of Lemma 4.6. As in the scalar case, the main idea is to write the dissipation for the
ith component:

n
fi = Ju,-V(D,- logu; + ZK,-]- *Uj).
Jj=1

Then (u;); = V - (/u; f;) for each component u;. Under the detailed balance condition
hypothesis (HS) there holds

Z/ miu; Kij % (uj); dx = Z/ 7w (U;)e Kij * uj dx

i,j=1 i,j=1

and so direct computation gives
d n
£ =
3 Flu@] + ;/Rd il fil?dx = 0.
Integrating from O to ¢, and using the conservation of mass for each component then yields
Flu@)] + Z il fillf20,) < Z 7ill Kij |l oo qraymim;.

i=1 i,j=1

As has been the case, we now control the negative part of u; logu; in terms of the second
moment. It is not difficult to see that

St = e [ 1l ds + e Y 1Al + 3 luol.
i=1 i=1 i=1

where ¢ is to be chosen sufficiently small. Using the same procedure as in (4.13)—(4.14)
yields estimates (4.5)—(4.6) foreachi = 1,...,n
Next, we write D; Vu; = Ju; f; — u; Z;?:l V(K;j * uj) to see that

n
D DillVuill2 oL ey
i=1

n n
< Z mill fillzory + Z i V(Kij * ui)llL200,1:01 R4Y)- (4.15)

i=1 i,j=1

Then, as in (3.26) we consider for each i the sets ; = {(¢,x) 1 u; < £} and Q; = {(¢,x) :
u; > £} to conclude that for any £ > 1 there holds

Cs
i V(Kij % uj)ll 20,101 ®d)) = CKemlf+ ) ——Vujllp20,7:01 Yy  (4.16)

where Ck = max; ; CK,»j, the largest constant coming from hypothesis (H2) across
all components Kj;, and the constant C3 depends only on max;,j || Kij|peoray and
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max; [[u; [1og ;||| oo, 7:11 (Re))- Summing (4.16) over i, j = 1,...,n, combining with
estimate (4.15) and choosing ¢ sufficiently large allows one to conclude that

n n
Z IVuillz20,7;01 (re)) = Ca Zmi I fillLzcor) + Cangﬁml{iX m;
i=1 i=1
and so estimate (4.7) follows.
As in estimate (3.28) for the scalar case, estimate (4.7) yields estimate (4.8). Estimate
(4.9) then follows from the L?(Q7) estimates on f; and /u; VK;j * u;j foreach i, j =
1,...,n. |

4.2. Improved estimates and existence of weak solutions

As in the scalar case, we improve these estimates to u; € L0, T; L?(R¢)) for any
1 < p <o0,and Vu; in L%(0,T; Lz(]Rd)) foreachi =1,...,n.

Lemma 4.7 (Improved estimates with no further assumptions for n-species case). Assume
the conditions of Lemma 4.5 (Lemma 4.6) are satisfied. Then, for all i = 1,...,n, if
uio € L?(R?) for some p € (1, 00), then

Cmax; j | Kijll? o o g P/ Di
il pooo, ;L0 maY) = € PO uio || o ray
where C is given in Lemma 4.5 (Lemma 4.6). Moreover, for alli = 1,...,n, if ujo €
L2(R?) then with C = C(C) there holds
VUil 2004y < Di7 ' Clluiollz2gay-
Proof. The proof is identical to Lemma 3.7 applied to each component u;. ]

Proof of Theorems 4.1-4.2. The proof follows the blueprint of the scalar case. First, one
can regularize each equation of system (1.2) for ¢ > 0:

8”;9 _ & \vJ ev & &

5 = DiAu; + V- (u; VK * o° * u;),
where w? is the standard mollifier. Existence of a unique classical solution follows from,

e.g., [44], or by generalizing the arguments used in [27, Theorem 2.2] from the scalar case
to the system case. As in the scalar case, if ¢; , > 0 is satisfied for eachi =1, ..., n,

where c; , is defined in (4.1), then it is also satisfied by K;; * w® and we remain in the
small-mass regime.

By either Lemma 4.5 or Lemma 4.6, we have the following estimates for all i, j =
1,...,n:

(A) {V/ut}e>o is bounded in L2(Q7);

B) {Vu;VKi; x w® % u5}8>0 is bounded in L2(Q7);

(©) {sup;e(o.1) Jra uS|x|? dx}eo is bounded.

Notice that the estimates we have are exactly the same as in the scalar case. Following
identical steps, one can finalize the proof of Theorems 4.1-4.2. ]
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4.3. Higher-order estimates and uniqueness

We now obtain improved estimates as in Lemmas 3.8-3.9 for the n-species case under the
additional hypothesis (H4).

Lemma 4.8 (Higher-order estimates for n-species). Assume that each component of the
initial data satisfies ujo € L®(R?), Vuio € L*(R?) and K * u;jo € W22 (R?) for some
p > 2. Suppose hypothesis (H4) holds in addition to the conditions of Lemma 4.5 (Lemma
4.6). Then there holds

||Vui ||L°°(0,T;L2(Rd)) =< 6, 4.17)
[AuillL207) < C, (4.18)
luillLeocory < C. (4.19)

foreachi =1,...,n, where C = é(D,-, T,C,é,max,-,j ||V(K~j,- * Kji)l|lL2ray) and C,
C are given in Lemmas 4.5 and 4.7 (Lemmas 4.6 and 4.7).

Proof. Again, the proof is very similar to the proof of Lemma 3.8 so we provide only key
details. First, testing the equation for u; against K;; * K;; * Au; we find
1d

23 Ja |V(Kj; * u;)|*dx + D; /Rd |A(K; % u;)|* dx

n
= Z/Rd A(Kj; *ui)Kji % (Vu; - V(Kjp % up)) dx
=1

n
+ Z/ u; A(Kjp * ul)fji * A(Kj; *u;)dx =: If + 12".
1=1 /R?
Cauchy’s inequality and Young’s convolution inequality yields for each i,

. D 3 “
11 = N A+ ud)Zagay + D71 0a(@) Y IV (Ki ) (@) 2 gay,
I=1
where D = min; Dy, a(t) = max;,; [|Kij | L2ga) | Vi (¢, )| L2 (gay and a*(t) € L' (0, T)
by Lemma 4.7. Similarly, Holder’s inequality and Cauchy’s inequality yield for each i,

n
4 D, _
131 = 32 3 IAK # w2 gay + DT'02(0),
I=1

where b(f) = n max;,; ||V(Eji * Kji)”LZ(Rd)”ui ||L°°(0,T;L2(Rd))||vui([v ')”LZ(Rd)’ and
in particular, 52(¢) € L'(0, T). Hence, we have for each i,

1d
2dt Jrd

3D;
V(K wu)Pdx + 200 [ AGK w P s

n n

_ Dy _

< D7'na? () Y IV (Kixun) (@) | Faggay +) 7 | AKi #u) |72 gay + D71 0),
=1 =1
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and so if we sum both sides over i, j = 1,...,n and reindex the sums on the right-hand
side we obtain

12
3 (5 fo Ve ar s 5 18k =uoPar)

i,j=1

< 07220 3 IV (K # ) 4) ay + 570

ij=1

Gronwall’s lemma gives that K;; * u; € L>®(0, T; L2(R?)) and K;; * Au; € L*(Qr)
foralli,j =1,...,n.

By an identical argument to that made in the proof of Lemma 3.8 using maximal
regularity of the heat equation, we conclude that estimates (4.17)—(4.18) hold, completing
the first part of the proof.

The uniform estimates on each component u; then follow in an identical fashion
to the scalar case when using the previously obtained estimates and with the quantity
max;,; || K;j * Vuj| (o) replacing the constant Co = || K * Vu| peo(g,) in the proof
of Lemma 3.8. ]

As in the scalar case, estimates obtained in Lemma 4.8 give rise to improved integ-
rability of the gradient of each component of the solution. The proof is identical to the
proof of Lemma 4.8, working with the sum across all components, and so we omit the
details.

Lemma 4.9 (Improved integrability of gradient). Suppose each component of the initial
data satisfies Vu;o € L?(R?) for some p € [2,00). Under the conditions of Lemma 4.8
there exists a constant Cy such that there holds

Vati || oo o, 7:r w4y < Cos

foreachi = 1,...,d, where Co = 60(6, P VuiollLrray), and C is given in Lemma
4.8.
Theorem 4.10. Suppose (H4) holds. Then any nonnegative solution w = (U1, ..., Uy)

solving problem (1.2) belonging to the class

u; € L®(Qr) N L>(0,T; L' (RY)),
Vu; € L®(0, T; L*>(R?)),
Au; € L*(Q7),

foreachi = 1,...,n, is unique.

Proof. Set D := min; D; > 0. We begin as in the proof of Theorem 3.10: assume that
there are two solutions, u and v. Denote w; := u; — v;. Then, foreachi =1, ...,n,
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w; solves

(wi), — DiAw,' =V. (wi ZV(KU * u])) + V. (v,’ ZV(KU * w]')). (4.20)

j=1 j=1
Testing against w; for eachi = 1,...,n, summing over i = 1,...,n and following an
identical procedure to that of the proof of Theorem 3.10 yields

1 ~(d ) )
- — w; dx + D; |Vw; |* dx
2 = dr R4 R4

n
< Cl(z)Z/Rd w? dx + Cy
i=1

where C1 (l) = max,-,j ||K,'j * Auj (l, ')”Loo(]Rd) S Ll (0, T) and Cz = max; ||v,~ ||L°°(QT)/Z_)-
Now we seek to estimate the second term on the right-hand side of (4.21). To this end,
we consider equation (4.20) by first reindexing j + [ followed by i — j. We then test

> /Rd |V(Kij * w;)|?dx, (4.21)

ij=1

with Kj; * K;; * w; and sum the result over j = 1,...,n to obtain
~(1d
Z(Ed_z/ |K;j % w;|?dx + Dj/ |V(K;; * w,~)|2dx)
iz R4 R4

n
= — Z /llgd V(K~ij * Kij * Wj) . ij(Kjl * u;)dx
Jil=1

n
— E / V(Eij *K,'j *wj)-vjV(Kjl *wl)dx. (4.22)
X R4
=1

We may easily estimate the first term on the right-hand side of (4.22) as done in the proof
of Theorem 3.10 to obtain

n
‘— Z /Rd V(Eij k Kij * wj) . ij(Kﬂ * ul)dx
J.l=1

n
< Can Yy w072 gay- (4.23)
j=1

where C; depends on ||V(IZ,~J- * Kij)llp2ray and [|V(Kjr * up)|| oo, 1;12(R4))» finite by
hypothesis (H4) and by the assumed regularity of each component u; respectively, for
eachi, j,l =1,...,n.

The second term on the right-hand side of (4.22) requires a bit more care. First, for
fixed i, j, [, we can estimate as in the proof of Theorem 3.10 to deduce

'/ V(K~ij *Kij *wj)-vjV(Kjl *wl)dx
R4

Cs _
= S @IV s w0t ) | aay + e 1wy (@) Fagay).  (424)
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where Cs depends on ||V(K;; * Kij)lL2®ays 1vjllL=(oz), and & > 0 is to be determ-
ined. Notice carefully that the right-hand side does not depend on i as this dependence is
absorbed into the condition V(Eij * Kj;) € L2(R?). Summing (4.24)over j,l =1,....n
then gives

Z/ V(K,j*KU*w]) v; V(K7 * wy) dx
Jl=1

Cs « _
=5 Z (erIV(Kjz % wi)(t, )| L2ray + & 1||wj(t7')||iZ(Rd))' (4.25)
=1

Combining estimates (4.23) and (4.25) we arrive at
. (1d
Z(——/ |Kij * w;|*dx + Dj/ [V(Kj * wj)|2dx)
iz 2dt Jra R4

n
< Csn Z ”wj (t, ')”1242(]Rd)

j=1

Cs < _
+ 5 2 @IV K+ w) @) laeay + &7 1w () 122 gay)-
j.l=1

Notice again that the right-hand side does not depend on i. Hence, we choose &; = %

foreach! = 1,...,n, sum both sides from i = 1, ..., n and then reindex the right-hand
side as j > i followed by / > j to conclude that

1 &(d
5 Z (a /I;d |Kl] *w]'|2dx _|-D] [I\Rd |V(Kl] *wj)|2dX)
i,j=1

< Co(0) Y lwi(t. )7 gay: (4.26)

i=1

for some Cg(t) € L1(0, T).
To conclude, we multiply both sides of estimate (4.21) by % and combine the result
with estimate (4.26) to obtain

8C2 dt[ w?dx + = Z dt/ |K,,*wj| dx<C7(t);/ w? dx,

where C;(¢) € L'(0, T'). The conclusion of the theorem follows from Gronwall’s lemma.
L]

4.4. Existence of unique, global classical solutions

We conclude with the proof of Theorems 4.3—4.4.
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Proof of Theorem 4.3. By Lemma 4.8, the global weak solution u obtained in either The-
orem 4.2, or Theorem 4.1 in addition to hypothesis (H4), satisfies for each component
ui’
u; € L%(Qr) N L®(0.T: L' (R)),
Vu; € L®(0, T; L*>(R?)),

Au; € L*(Qr).
Arguing as in the scalar case, each component u; satisfies |lu; (7, ) — uiol 2ray — 0 as
t >0, andsou = (u1,...,uy) is a strong solution solving problem (1.2) in the sense
of Definition 3.3. u

We conclude with the proof of Theorem 4.4. The ingredients are essentially identical
to the proof of Theorem 2.4 and so we omit most details.

Proof of Theorem 4.4. The argument is identical to that of Theorem 2.4. First, the
improved integrability of the gradient of each component of the solution u; allows one
to conclude by LP-theory of parabolic equations and the Sobolev embedding that u; €
CZM*7(Qr) forsome o € (0, 1), since p > d + 2. Working with each component w; ; :=

%, we find that under hypotheses (H2) and (H6), w; ; € C"’H"(QT) for some o €

loc
(Of 1), for each i, j = 1,...,d. Consequently, each component u; € CZ**?(Q7) and

loc
1+0'/2,24+0"
ocC

Schauder estimates imply that u; € C, (Qr) foreachi = 1,...,n, for any
0’ < o. This additional regularity paired with (H6) and the strong maximum principle
yields the strict positivity of each component u;. |

5. Numerical simulations

In this section we present some illustrative numerical examples in one spatial dimension
and discuss how they relate to the theory developed in the previous sections. A primary
motivation of this exploration is that the long-time asymptotics for general kernels is not
entirely clear. In particular, whether nontrivial stationary states solving the scalar equation
(1.1) exist on the whole space remains a challenging question. Consider the following:
in [26, Theorem 1.3], the authors establish some minimal requirements on the kernel K
such that solutions to (1.1) satisfy [lu(,-) — G(t,-)||L1gey — O in the long-time limit,
where G (, x) is the heat kernel on R4 . More precisely, in addition to some other technical
requirements, they assume that K € W 1°(R4) with VW € L4 ~¢(R?) for some & > 0. On
the other hand, as noted in [26], when the kernel K is sufficiently singular (e.g., K(x) =
—aIn|x|, @ > 0, as in the case of Keller—Segel; see [15]), nontrivial solution profiles may
exist in the long-time limit. This leaves a gap in the regularity assumptions on K that is
occupied by those kernels of bounded variation: they do not have a well-defined element
VK belonging to any L?-space, nor are they singular. Relatedly, in [24, Theorem 6.1],
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it is shown that for linear diffusion, global minimizers do not exist for kernels satisfying
lim sup| oo VK - X < 2d D; when K is only of bounded variation, it is not immediately
clear whether those techniques used could produce the same result for lower regularity
kernels.

We therefore demonstrate differences in dynamical behavior for the prototypical top-
hat kernel defined in (1.3), which satisfies (H2) but otherwise falls outside of the regularity
regimes of currently known results. We consider several aspects: (a) the magnitude of the
strength of attraction to the potential, (b) whether the potential is attractive/repulsive, (c)
differences between the single- and multi-species cases.

In our numerical simulations, it is difficult to determine whether a true (numerical)
steady state has been reached, or whether metastability is present for this particular kernel
[23]. In some cases (e.g., Figure 1), solutions appear to decay as in the smooth-kernel
cases; in other cases (e.g., Figures 2-3), it is less clear that solutions will continue to
decay. This leaves the following possibilities for general kernels:

(1) Case I: there are no nontrivial stationary states for problem (1.1) on the whole
space; if so, the observed “stationary” profiles may be metastable states, or oth-
erwise some nontrivial state that appears due to an approximation of the whole
space via a bounded domain with no-flux boundary conditions. This suggests that,
as the numerical domain length L increases, the observed state would decrease.

(2) Case II: there exist nontrivial stationary states for problem (1.1) on the whole
space; if so, we may then ask several further questions, including how many exist,
and their stability.

In either case, it is an interesting and challenging question to ask what the minimal regu-
larity requirements on the kernel K are so that nontrivial stationary states solving problem
(1.1) exist on the whole space, or even on a bounded domain with zero-flux boundary
conditions.

Once such a criterion has been established, we may then ask whether these same con-
ditions are shared by the n-species system (1.2). In addition to the implications that kernel
regularity may have on the existence/nonexistence of stationary states to (1.2) on the whole
space, there are other features not covered by our previous analysis. In particular, it is
unclear whether solutions exist in the arbitrary-mass regime when the detailed balance
condition (HS) is false; this has several implications, such as the lack of a free-energy
functional, which is essential to proving the nonexistence of local/global minimizers as
achieved in [24]. This lack of energy structure may yield long-term dynamics that are sig-
nificantly different from the scalar cases. We hope that these simulations, as complements
to the rigorous analysis, provide some possibilities for future study of cases falling outside
our technical criteria used.

Using a finite-volume method proposed in [4,22], we solve the problem in a fixed
one-dimensional domain with no-flux boundary conditions for 1- and 2-species cases as
an approximation to the problem on the whole space. We describe the method briefly
here, directing readers to [22] for further details and discussion. The approximate domain
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(=L, L) is divided into uniform finite-volume cells C; = [x;_1/2, Xj+1/2] of size Ax,
where x; = jAx, for a fixed number of cells j € {—M, ..., M}. We approximate the cell
averages of the solution u, i; (t) := ﬁ fcj u(t, x) dx, via the system of ODEs for 1 (¢):

du; _ _<Fj+1/2 - Fj—l/z)
dt Ax '

which is obtained by integrating (1.1) over each cell C;. The numerical flux Fj/,(¢) is
an approximation of the continuous flux

£(t,x) = Dlog(u) + K *u 5.1

at the cell interface x;j1 1/, at time 7. To compute the flux, we use a standard upwind
scheme with a generalized minmod limiter; see [22, Eq. (2.2)—(2.7)]. The scheme is
second-order accurate in space, and we use 100 cells per spatial unit, i.e., given a domain
of length 2L, we use 200* L cells to solve the problem over (—L, L). Time stepping is
performed using a third-order strong-stability-preserving Runge—Kutta method [47].

5.1. The scalar equation

Several models studied in mathematical ecology feature a spatial convolution with a top-
hat kernel directing movement towards or away from some stimulus (e.g., a resource
gradient [40], scent marks on a landscape [69], remembered locations of previous inter-
actions [67, 68], or detection of the population density itself [69, 72]). We consider the
following prototypical scenario with top-hat kernel:

8_1/{ _ i( 8_14 uaKtophat*u
ot Ox ox ox

u(0,x) = y(—e,0(x), inR,

) in (0,T) x R, 52)

where D > 0 and y(—¢,¢)(x) is the characteristic function of the symmetric interval of
radius £ > 0, normalized such that || y(_¢,¢)l|z1(®) = 1. Here, Kiopha denotes the top-hat
kernel with a strength parameter o and perceptual radius R introduced in (1.3). Members
of population u are able to detect a nonlocal average density R units about the location
of detection, biasing the movement towards/away from areas of high-/low-density regions
depending on the sign and magnitude of the parameter . The convention in (1.3) is such
that it is an attractive kernel, hence o > 0 corresponds to attraction to areas of high density,
whereas o < 0 corresponds to repulsion from high-density areas.

As previously noted, the top-hat kernel satisfies hypotheses (H1)—-(H3) and (H6), but
does not have a gradient in any L? space. In this example, it is informative to note that in
one dimension the problem becomes /ocal in the sense that the nonlocal interaction term
can be written as the difference of Diracs:

aKtophat*u _ u(t,x + R) —u(t,x — R)
e == 2R )
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Therefore, for any given smooth ¢ there holds

_ ol

H%(Ktophat * ¢)‘L1(R) =R

&l (w)-

and so (H2) is satisfied with Cx = ||/ R. By the comments made in the introduction, this
is sufficient to conclude that hypothesis (H4) is also satisfied. Hypotheses (H3) and (H6)
are obviously satisfied.

By Theorem 2.4, there exists a unique, global classical solution solving problem (5.2).
Strictly speaking, the initial data does not satisfy the hypotheses of the theorem; in this
sense, the solution is only classical on the open time interval (0, 7') and the initial data is
satisfied in the sense of a weak solution.

The size of the simulated domain L is chosen large enough to approximate the problem
on the whole R if the long-time behavior leads to a fast-decaying at infinity steady state. If
the diffusion is dominating, then the no-flux boundary condition will change the long-time
asymptotic behavior of the equation. Our numerical experiments indicate that if there are
steady solutions of (5.2), they are supported on the whole domain as one expects from the
effect of the linear diffusion term.

In Figures 14, we present simulations for four exemplary cases of the dynamical
behavior. In all cases, we fix

D =025 R=10 {¢=40, (5.3)

and L is indicated in each of the figure captions. In each figure, we change only the
strength parameter «. In the upper panel (a), we display a contour plot of the solution
profile and plot the free energy with respect to time; in the lower panel (b), we display
cross-sections of the solution profile at select times. The solution profile is the solid black
line, while the quantity |&] is the dashed black line, where £ is given by (5.1) with K =
Kiophat» Which should be constant on the support of the solution u when a (numerical)
steady state is achieved. Studying this quantity provides evidence that we are indeed at a
(numerical) steady state. Of course, by Theorem 2.4 we know that the solution is strictly
positive everywhere; therefore, the grey columns indicate regions for which the solution
u is smaller than 1074,

In Figure | we have a small amount of self-attraction (o = 2). In this case, the diffusive
forces clearly dominate and the solution settles down to the constant state (i.e.,u = 1/2L).
The free energy decreases very slowly. On a log scale (not depicted here), the free energy
is still decreasing. We observe similar behavior for small amounts of self-repulsion.

In Figure 2, we have a large amount of self-attraction (¢« = 30). In contrast to Figure
1, the attractive forces appear to dominate and the solution concentrates a majority of its
mass within a single region about x = 0. Within the grey column, the “numerical support”
of u, we observe at time ¢t = 100 that £ is constant. For longer times, £ appears to approach
a constant value over the entire domain (as in, e.g., Figure 3). On a log scale, different from
the weak attraction case, the free energy does not appear to be changing. By the numerical
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Figure 1. Simulation of problem (5.2) with ¢ = 2.0 and numerical domain size of 24 (L = 12). A
supplementary video of this simulation is hosted on figshare at https://doi.org/10.6084/m9.figshare.

25942969.v1.

method used here, it remains difficult to determine whether this is an effect of the no-flux
boundary condition alone.

In contrast to the single peak observed for strong attraction, in Figure 3 we observe
two distinct peaks when the amount of self-attraction is intermediate between the strengths
used for Figures 1 and 2 (e« = 20). In very short times, we see that £ is constant over the
regions of concentration; running until time ¢ = 200, we observe that £ is constant over the
entire domain. The solution, during the time spanned from ¢ = 2.7 to t = 200, is slowly
concentrating around the two peaks dissolving the mass that is still located at x = 0 and
t = 2.7. We have checked this behavior by plotting the densities in log scale. We again
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Figure 2. Simulation of problem (5.2) with @ = 30 and numerical domain size of 12 (L = 6). A
supplementary video of this simulation is hosted on figshare at https://doi.org/10.6084/m9.figshare.
25934431.v1.

remark that it is difficult to determine whether this behavior is due to the no-flux boundary
condition used.

Finally, in Figure 4 we have a large amount of self-repulsion (¢« = —20). In this case,
the repulsive forces produce a patterned state, at least for small times; however, for larger
times we begin to observe a very slow decay to a constant steady state. Similar to Figure 1,
we observe the (numerical) solution to approach 1/2L. In such cases, we do not believe
a no-flux boundary condition will appropriately approximate the solution on the whole
space for fixed numerical domain lengths.

These examples, modifying only the strength of nonlocal interaction, highlight some
intuitive behavior. First, when the interaction strength is too small, patterned states cannot
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Figure 3. Simulation of problem (5.2) with @ = 20 and numerical domain size of 24 (L = 12). A
supplementary video of this simulation is hosted on figshare at https://doi.org/10.6084/m9.figshare.

25934425.v1.

form; this is known for smooth potentials in a bounded domain; see [27]. On the other
hand, patterned states can form for either attractive or repulsive kernels on a bounded
domain; it may be the case that without confinement by the domain itself, repulsive ker-
nels cannot produce a stationary state on the whole space. As discussed at the beginning
of this section, it is unclear which attractive kernels of sufficient irregularity can produce
a nontrivial patterned state on the whole space. We leave these questions for future invest-

igation.
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Figure 4. Simulation of problem (5.2) with « = —20 and numerical domain size 32 (L = 16). A
supplementary video of this simulation is hosted on figshare at https://doi.org/10.6084/m9.figshare.

25934428.v1.

5.2. The n-species system

Different from the scalar equation case, the n-species system leaves more room to explore
the differences between Theorems 4.1 and 4.2 due to the increased complexity of the
detailed balance hypothesis (H5) for several interacting populations. For simplicity, we
first consider the following general 2-species aggregation-diffusion system:

ou — i(Da_u +u%(](11 *u+ Kqp * v)) in (0,7) xR,

a ox\ax
v 0 v 0 . (5.4)
E_a(Da+va(K21*u+Kzz*v)) in (0,7) xR,

u(0,x) = v(0,x) = x(—.0(x) inR.
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In these simulations we again fix D, R and £ as in (5.3) with the initial data normalized so
that m; = 1 fori = 1,2. We again use no-flux boundary conditions on a domain of length
2L > 0 specified in each figure caption.

Under hypothesis (H1), Theorem 4.1 guarantees that there exists a global weak solu-
tion (u, v) solving problem (5.4) so long as there holds

1 .
§(||K12||Loo(Rd) + | K21l oo ret)) < illlinz{D — 1Kiill oo ray -

Notice that if the small-mass condition (2.4) from the scalar case is violated for either
population u or v, we cannot guarantee the existence of a solution from Theorem 4.1;
when the small-mass condition is satisfied, a global weak solution exists for the 2-species
system so long as the cross-interaction between the two populations (described by K,
and K>1) is not too strong. It is interesting to note that this requires no relation between
the kernels of different populations: the kernel K, may be a completely different form
from K,;, such as featuring different detection radii R between populations. We do not
explore such possibilities here, however. We instead consider as a concrete example the
typical case where

Kij (-) = aj Kiophat (), (5.5)

for some coefficients o;; € R, i, j = 1, 2. In this way, both populations have identical
detection abilities, differing only in their relative rates of attraction/repulsion. With our
chosen parameters, a necessary condition for the existence of a weak solution via Theorem
4.11s

1
joui| <2DR = 2. i =1.2.

Then, if the cross interaction is such that |o;;;| < 1, i # j, Theorem 4.1 ensures the exist-
ence of a global weak solution; since (H4) is also satisfied, Theorem 4.3 ensures that this
solution is in fact the unique, global classical solution for a rather large class of interaction
kernels with no symmetry requirements of any kind. In such cases, numerical simulation
reveals behavior similar to that of a single equation: the cross-interaction cannot be too
strong, and so the dynamics are primarily governed by diffusion and self-interaction (i.e.,
Q).

On the other hand, while Theorem 4.2 allows for strong cross-interactions, the addition
of hypothesis (HS) requires some additional structure on the coefficients «;;. We explore
this briefly below.

For n = 2 interacting populations, it is not difficult to verify that the condition 7; or;; =
mjo;; results in a consistent system so long as the cross-interaction terms «;;, i 7 j, are
of the same sign. Therefore, Theorem 4.2 ensures the existence of a global weak solution
to problem (5.4) for any initial mass m; > 0, any D; > 0 fixed, and any kernels of the
form given in (5.5) so long as there holds

sign{o;; } = sign{e; },
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foreachi, j =1,...,n. Moreover, hypothesis (H4) is again satisfied by the top-hat detec-
tion function and so the solution obtained is in fact the unique, classical solution.

In Figure 5 we present the solution profiles for the two-species system with repulsive
symmetric cross-interaction, i.e., 12 = 1 < 0. We choose o1; = 20 so that the expected
solution profile for u is that of Figure 3 in the absence of v; we then choose oz, = 2 (an
order of magnitude less than o11), so that the expected solution profile of v is that of
Figure 1 in the absence of u. It is interesting to note that the solution behavior is roughly
as expected for each single equation with the no-flux boundary conditions, where the
steady state for u concentrates into two peaks as indicated by the flatness of &, on the
essential support of u and the solution profile for v stabilizing towards a steady state as
much as u by noticing the constant behavior of &, on its essential support. We observe the
segregation of the mass of both species as well as the decay of the free energy functional
in time. We remark that we expect the long-time behavior of the solutions in the whole
space to be completely different from the no-flux boundary conditions. Clarifying this
point would need further numerical exploration.

In Figure 6 we run a simulation for a scenario that is not covered by the theory presen-
ted here. We fix «;; = 20,i = 1,2, so that a patterned state of the form in Figure 3 for each
population in the absence of the other is expected. We then choose a1, = —10 <z =5
so that the detailed balance condition of hypothesis (HS5) is violated. Over short times-
cales some complex rearrangement of the two population densities occurs, but eventually
the solution profile settles down to a form found in Figures 2-3. The flatness of &,, &, in
the grey regions suggests this is indeed the steady state, and this continues to flatten over
a longer simulation time. Of course, this case no longer features a gradient flow structure,
and so we observe nonmonotone behavior of the “free energy” of this simulation. It is
interesting to note that the behavior of the solution does not appear fundamentally differ-
ent from that of cases falling within the theory of well-posedness obtained in the present
work. Therefore, we believe that the detailed balance condition is a technical requirement
for the techniques of the scalar equation to be applied to the general n-species system, and
the system should remain well posed with no further condition on the sign or magnitude
of the coefficients a;;.

When n > 3, even cross-interactions of the same sign do not guarantee the exist-
ence of a solution via Theorem 4.2. To see this, we note that generically the condition
mwioy; = mwjo;; gives at most n(n — 1)/2 equations with n(n — 1) unknowns (disregarding
the diagonal elements). Hence the detailed balance condition hypothesis (H5) becomes
significantly underdetermined as the number of interacting species grows. This highlights
an interesting consequence of the gradient flow structure for many interacting popula-
tions, leaving open the question of well-posedness for these systems without structural
requirements between the interaction kernels for more than 4 interacting populations.
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Figure 5. Simulation of problem (5.4) with @11 = 20, @12 = @21 = —10 and @22 = 2, with numer-

ical domain length 20 (L = 10). A supplementary video of this simulation is hosted on figshare at

https://doi.org/10.6084/m9.figshare.25943101.v1.
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Figure 6. Simulation of problem (5.4) with @11 = @22 = 20, @12 = —10 and @21 = 5, with numer-

ical domain length 20 (L = 10). A supplementary video of this simulation is hosted on figshare at
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Pairing our analytical insights with our numerical observations, we propose the fol-
lowing questions for future interest:

ey

@)

3

For the scalar equation (1.1), when the kernel K € L®(R?) satisfies (H2), but
otherwise features no additional regularity, do solutions decay to O in the long-
time limit? More generally, what are the minimal regularity requirements on K,
which do not require VK to belong to some L? space, that yield no nontrivial
stationary states to the scalar equation on the whole space?

For the n-species system (1.2), when all kernels satisfy (H2) but the detailed bal-
ance condition (H5) is violated, does a unique strong solution exist? Our numer-
ical simulations suggest that the answer is yes, but it is not immediately clear how
to extend the current approach to such cases.

Relating the scalar and system cases, given minimal conditions on K such that the
solution to the scalar equation tends to 0 in the long-time limit, do solutions to the
n-species system enjoy the same property? It appears that for cases with an energy
functional (i.e., detailed balance is satisfied), this should be the case; however, it is
not at all obvious whether this remains true when the energy structure is removed.

A. Extension of Theorem 2.1 to the positive-definite and Keller—Segel
cases

We present here a result which shows that the crucial estimate in Lemma 3.5 can be
combined with the positive-definite case in [51] and the Keller—Segel case in [36] (the
latter only in dimension d = 2) to consider even more general kernels K.

Lemma A.l. Let u be the smooth and strictly positive solution of (1.1) with ugy €
LY(R4) N C®(R?), ug > 0, and with the kernel K = K| + K, + K3, where K, €
L®R?), AK> = u € M(R?) is a Radon measure with bounded positive part u* sat-
isfying ||t |ty < oo, while K3 € L®(R?) is positive definite in the sense that for all
£:R? — Rwithé € L'(R?), we have [pa £(x)K3 x £(x) dx > 0. Moreover; if u+ # 0,
we assume d = 2 and we let Cgy be the best constant in the Gagliardo—Nirenberg inequal-
ity | f sy < CanlIV S I oG I/ I 2ge) Jor all f € H'(R?). Letm = [pa uo(x) dx.
Then, if

Cémlntllry

> 0,
4

D —m|| K1l poo(ray —

we have the estimate

C4 + \v/ 2
8,/ ulogudx+(D—m||K1||Lm(Rd)_ ol ”TV)/ [Vu| dx < 0.
R4 R4

4 u
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Proof. We multiply (1.1) by log u and we integrate by parts to obtain

[Vu|?
0 ulogudx + D dx = — K x« VuVudx
R R4 u R4

= — Kq{ * VuVudx — K> x VuVudx — K3 x VuVudx.
R4 R4 R4

The first term is controlled as in Lemma 3.5 to obtain

= |, Kix VuVuds < 1K oo ety V17 1

Vul?
< m“Kl”LOO(]Rd) dx. (Al)

R4 u

The second term is controlled as in [36]:
—/ Kz*VuVudxzf AKz*uude/ ,LL+*uudx§||pL+||TV/ u?dx,
R4 R4 R4 R4

where we used the Holder inequality and [|u™ * || 2gay < |7 lrv[lu]l L2 ga). Then we
use the Gagliardo—Nirenberg inequality from the statement with f = /u to obtain

c4 + Yul?
Ky % Vuvudx < Ca™lr ”TV/ Vil o (A2)
R 4 R U

We stress that the manipulation is valid only in dimension d = 2 if u™ # 0 (see Remark
A.2 below). Finally, — fRd K3 %« VuVu dx < 0 and we conclude the proof. [

Remark A.l. The regularity of K3 is mainly needed to make the integral fRd K3 x
VuVu dx well defined and to pass to the limit in this term in the approximating scheme
when proving the existence of solution. The basic estimate on [, ‘Vzlz dx implies that
Vu € L2(0, T; L' (R%)) so K3 € L®(R?) is sufficient. On the other hand, one could
potentially bootstrap the estimates on ¥ and Vu in the spirit of Lemma 3.7 to weaken the
required assumption on K3.

Remark A.2. If u # 0, we have to restrict to d = 2. First, the inequality fails in dimen-
sions d > 4 since the Sobolev exponent satisfies dz—fz < 4 for d > 4. Second, even for
d € {3, 4}, the inequality reads

d/4 4-d)/4
1/ zsay < ConllV £ iy 1 sy’

so the computation in (A.2) yields a bound on — fRd K, * VuVu dx in terms of
( fRd % dx)? which cannot be compensated by the left-hand side. Another approach
would be to study 9; [pa u?/2 dx, which is an important quantity for the Keller—Segel
system in an arbitrary dimension d [33]; however, mimicking (A.1), one has to estimate
Jrd Vu%VKl s 1 dx in terms of [pa |Vu% |2 dx which does not seem easy.
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Remark A.3. It is not clear if we can similarly extend Lemma 3.6 which is based on
the fact that f := J/uV(D logu + K * u) is bounded in L?(Q7). Decomposing K =
K1 + K5 + K3, itis not clear how to use the information on A K, to control \/uVK, * u
or the positive-definiteness of K3 to control ,/uV K3 * u.

Acknowledgements. We wish to acknowledge the helpful remarks of Alessandro Cuci-
notta, Charles Flbar and Filippo Santambrogio, which greatly simplified the paper.
Finally, we wish to acknowledge the comments of the anonymous reviewers, which greatly
improved the paper.

Funding. JAC and JS were supported by the Advanced Grant Nonlocal-CPD (Nonlocal
PDEs for Complex Particle Dynamics: Phase Transitions, Patterns and Synchroni-
zation) of the European Research Council Executive Agency (ERC) under the European
Union’s Horizon 2020 research and innovation programme (grant agreement No. 883363).
JAC was also partially supported by the EPSRC grant numbers EP/T022132/1 and EP/-
V051121/1 and by the “Maria de Maeztu” Excellence Unit IMAG, reference CEX2020-
001105-M, funded by MCIN/AEI/10.13039/501100011033/. YS is supported by Natural
Sciences and Engineering Research Council of Canada (NSERC Grant PDF-578181-
2023).

References

[1] N. D. Alikakos, L? bounds of solutions of reaction-diffusion equations. Comm. Partial Dif-
ferential Equations 4 (1979), no. 8, 827-868 Zbl 0421.35009 MR 0537465

[2] L. Ambrosio, Transport equation and Cauchy problem for BV vector fields. Invent. Math. 158
(2004), no. 2, 227-260 Zbl 1075.35087 MR 2096794

[3] L. Ambrosio, N. Fusco, and D. Pallara, Functions of bounded variation and free discontinuity
problems. Oxford Math. Monogr., The Clarendon Press, Oxford University Press, New York,
2000 Zbl 0957.49001 MR 1857292

[4] R. Bailo, J. A. Carrillo, and J. Hu, Bound-preserving finite-volume schemes for systems of
continuity equations with saturation. SIAM J. Appl. Math. 83 (2023), no. 3, 1315-1339
Zbl 1519.65026 MR 4605931

[5] F. Barends, Groundwater contaminant transport: Impact of heterogeneous characterization:
A new view on dispersion. 1st edn., Routledge, 1997

[6] G. Bear, Dynamics of fluids in porous media. Dover Publications, 2013

[7] J. Bedrossian, N. Rodriguez, and A. L. Bertozzi, Local and global well-posedness for aggreg-
ation equations and Patlak—Keller—Segel models with degenerate diffusion. Nonlinearity 24
(2011), no. 6, 1683-1714 Zbl 1222.49038 MR 2793895

[8] P. Biler, G. Karch, and P. Laurengot, Blowup of solutions to a diffusive aggregation model.
Nonlinearity 22 (2009), no. 7, 1559-1568 Zbl 1177.35188 MR 2519677

[9] P. Biler, G. Karch, P. Laurencot, and T. Nadzieja, The 8z-problem for radially symmetric
solutions of a chemotaxis model in the plane. Math. Methods Appl. Sci. 29 (2006), no. 13,
1563-1583 Zbl 1105.35131 MR 2249579


https://doi.org/10.1080/03605307908820113
https://zbmath.org/?q=an:0421.35009
https://mathscinet.ams.org/mathscinet-getitem?mr=0537465
https://doi.org/10.1007/s00222-004-0367-2
https://zbmath.org/?q=an:1075.35087
https://mathscinet.ams.org/mathscinet-getitem?mr=2096794
https://doi.org/10.1093/oso/9780198502456.001.0001
https://doi.org/10.1093/oso/9780198502456.001.0001
https://zbmath.org/?q=an:0957.49001
https://mathscinet.ams.org/mathscinet-getitem?mr=1857292
https://doi.org/10.1137/22M1488703
https://doi.org/10.1137/22M1488703
https://zbmath.org/?q=an:1519.65026
https://mathscinet.ams.org/mathscinet-getitem?mr=4605931
https://doi.org/10.1201/9780203719763
https://doi.org/10.1201/9780203719763
https://doi.org/10.1088/0951-7715/24/6/001
https://doi.org/10.1088/0951-7715/24/6/001
https://zbmath.org/?q=an:1222.49038
https://mathscinet.ams.org/mathscinet-getitem?mr=2793895
https://doi.org/10.1088/0951-7715/22/7/003
https://zbmath.org/?q=an:1177.35188
https://mathscinet.ams.org/mathscinet-getitem?mr=2519677
https://doi.org/10.1002/mma.743
https://doi.org/10.1002/mma.743
https://zbmath.org/?q=an:1105.35131
https://mathscinet.ams.org/mathscinet-getitem?mr=2249579

(10]
(1]

(12]

(13]

(14]

[15]

[16]

(17]

(18]

[19]

(20]

(21]

(22]

(23]

[24]

(25]

[26]

Well-posedness of aggregation-diffusion systems with irregular kernels 1255

R. B. Bird, W. E. Stewart, and E. N. Lightfoot, Transport phenomena. Wiley, 2007

A. Blanchet, V. Calvez, and J. A. Carrillo, Convergence of the mass-transport steepest descent
scheme for the subcritical Patlak—Keller—Segel model. SIAM J. Numer. Anal. 46 (2008), no. 2,
691-721 Zbl 1205.65332 MR 2383208

A. Blanchet, E. A. Carlen, and J. A. Carrillo, Functional inequalities, thick tails and asymp-
totics for the critical mass Patlak—Keller—Segel model. J. Funct. Anal. 262 (2012), no. 5,
2142-2230 Zbl 1237.35155 MR 2876403

A. Blanchet, J. A. Carrillo, and P. Laurengot, Critical mass for a Patlak—Keller—Segel model
with degenerate diffusion in higher dimensions. Calc. Var. Partial Differential Equations 35
(2009), no. 2, 133-168 Zbl 1172.35035 MR 2481820

A. Blanchet, J. A. Carrillo, and N. Masmoudi, Infinite time aggregation for the critical Patlak—
Keller—Segel model in R?. Comm. Pure Appl. Math. 61 (2008), no. 10, 1449-1481

Zbl 1155.35100 MR 2436186

A. Blanchet, J. Dolbeault, M. Escobedo, and J. Fernandez, Asymptotic behaviour for small
mass in the two-dimensional parabolic-elliptic Keller—Segel model. J. Math. Anal. Appl. 361
(2010), no. 2, 533-542 Zbl 1176.35029 MR 2568716

A. Blanchet, J. Dolbeault, and B. Perthame, Two-dimensional Keller—Segel model: Optimal
critical mass and qualitative properties of the solutions. Electron. J. Differential Equations
(2006), article no. 44 Zbl 1112.35023 MR 2226917

A. Buttenschon and T. Hillen, Non-local cell adhesion models: Symmetries and bifurcations
in 1-D. CMS/CAIMS Books Math. 1, Springer, Cham, 2021 Zbl 1473.92001

A. Buttenschon, T. Hillen, A. Gerisch, and K. J. Painter, A space-jump derivation for non-
local models of cell-cell adhesion and non-local chemotaxis. J. Math. Biol. 76 (2018), no. 1-2,
429-456 Zbl 1392.92012 MR 3742791

J. F. Campos and J. Dolbeault, Asymptotic estimates for the parabolic-elliptic Keller—Segel
model in the plane. Comm. Partial Differential Equations 39 (2014), no. 5, 806-841

Zbl 1297.35032 MR 3196188

R. S. Cantrell and C. Cosner, Spatial ecology via reaction-diffusion equations. Wiley Ser.
Math. Comput. Biol., John Wiley & Sons, Chichester, 2003 Zbl 1059.92051 MR 2191264
E. A. Carlen and A. Figalli, Stability for a GNS inequality and the log-HLS inequality, with
application to the critical mass Keller—Segel equation. Duke Math. J. 162 (2013), no. 3, 579—
625 Zbl 1307.26027 MR 3024094

J. A. Carrillo, A. Chertock, and Y. Huang, A finite-volume method for nonlinear nonlocal
equations with a gradient flow structure. Commun. Comput. Phys. 17 (2015), no. 1, 233-258
Zbl 1388.65077 MR 3372289

J. A. Carrillo, K. Craig, and Y. Yao, Aggregation-diffusion equations: Dynamics, asymptotics,
and singular limits. In Active particles. Vol. 2. Advances in theory, models, and applications,
pp- 65-108, Model. Simul. Sci. Eng. Technol., Birkhduser/Springer, Cham, 2019

Zbl 1451.76117 MR 3932458

J. A. Carrillo, M. G. Delgadino, and F. S. Patacchini, Existence of ground states for aggrega-
tion-diffusion equations. Anal. Appl. (Singap.) 17 (2019), no. 3, 393-423 Zbl 1433.35417
MR 3950320

J. A. Carrillo, C. Elbar, and J. Skrzeczkowski, Degenerate Cahn—Hilliard systems: From non-
local to local. Commun. Contemp. Math. 27 (2025), no. 6, article no. 2450041 MR 4911888
J. A. Carrillo, D. Gémez-Castro, Y. Yao, and C. Zeng, Asymptotic simplification of aggrega-
tion-diffusion equations towards the heat kernel. Arch. Ration. Mech. Anal. 247 (2023), no. 1,
article no. 11 Zbl 1509.35041 MR 4544662


https://doi.org/10.1137/070683337
https://doi.org/10.1137/070683337
https://zbmath.org/?q=an:1205.65332
https://mathscinet.ams.org/mathscinet-getitem?mr=2383208
https://doi.org/10.1016/j.jfa.2011.12.012
https://doi.org/10.1016/j.jfa.2011.12.012
https://zbmath.org/?q=an:1237.35155
https://mathscinet.ams.org/mathscinet-getitem?mr=2876403
https://doi.org/10.1007/s00526-008-0200-7
https://doi.org/10.1007/s00526-008-0200-7
https://zbmath.org/?q=an:1172.35035
https://mathscinet.ams.org/mathscinet-getitem?mr=2481820
https://doi.org/10.1002/cpa.20225
https://doi.org/10.1002/cpa.20225
https://zbmath.org/?q=an:1155.35100
https://mathscinet.ams.org/mathscinet-getitem?mr=2436186
https://doi.org/10.1016/j.jmaa.2009.07.034
https://doi.org/10.1016/j.jmaa.2009.07.034
https://zbmath.org/?q=an:1176.35029
https://mathscinet.ams.org/mathscinet-getitem?mr=2568716
https://zbmath.org/?q=an:1112.35023
https://mathscinet.ams.org/mathscinet-getitem?mr=2226917
https://doi.org/10.1007/978-3-031-08121-7
https://doi.org/10.1007/978-3-031-08121-7
https://zbmath.org/?q=an:1473.92001
https://doi.org/10.1007/s00285-017-1144-3
https://doi.org/10.1007/s00285-017-1144-3
https://zbmath.org/?q=an:1392.92012
https://mathscinet.ams.org/mathscinet-getitem?mr=3742791
https://doi.org/10.1080/03605302.2014.885046
https://doi.org/10.1080/03605302.2014.885046
https://zbmath.org/?q=an:1297.35032
https://mathscinet.ams.org/mathscinet-getitem?mr=3196188
https://doi.org/10.1002/0470871296
https://zbmath.org/?q=an:1059.92051
https://mathscinet.ams.org/mathscinet-getitem?mr=2191264
https://doi.org/10.1215/00127094-2019931
https://doi.org/10.1215/00127094-2019931
https://zbmath.org/?q=an:1307.26027
https://mathscinet.ams.org/mathscinet-getitem?mr=3024094
https://doi.org/10.4208/cicp.160214.010814a
https://doi.org/10.4208/cicp.160214.010814a
https://zbmath.org/?q=an:1388.65077
https://mathscinet.ams.org/mathscinet-getitem?mr=3372289
https://doi.org/10.1007/978-3-030-20297-2_3
https://doi.org/10.1007/978-3-030-20297-2_3
https://zbmath.org/?q=an:1451.76117
https://mathscinet.ams.org/mathscinet-getitem?mr=3932458
https://doi.org/10.1142/S0219530518500276
https://doi.org/10.1142/S0219530518500276
https://zbmath.org/?q=an:1433.35417
https://mathscinet.ams.org/mathscinet-getitem?mr=3950320
https://doi.org/10.1142/S021919972450041X
https://doi.org/10.1142/S021919972450041X
https://mathscinet.ams.org/mathscinet-getitem?mr=4911888
https://doi.org/10.1007/s00205-022-01838-5
https://doi.org/10.1007/s00205-022-01838-5
https://zbmath.org/?q=an:1509.35041
https://mathscinet.ams.org/mathscinet-getitem?mr=4544662

(27]

(28]

(29]

(30]

(31]

(32]

(33]

[34]

(35]

(36]

(37]

(38]

(39]

(40]

[41]

(42]

[43]

J. A. Carrillo, Y. Salmaniw, and J. Skrzeczkowski 1256

J. A. Carrillo, R. S. Gvalani, G. A. Pavliotis, and A. Schlichting, Long-time behaviour and
phase transitions for the McKean—Vlasov equation on the torus. Arch. Ration. Mech. Anal.
235 (2020), no. 1, 635-690 Zbl 1436.58025 MR 4062483

J. A. Carrillo, Y. Huang, and M. Schmidtchen, Zoology of a nonlocal cross-diffusion model
for two species. SIAM J. Appl. Math. 78 (2018), no. 2, 1078-1104 Zbl 1392.35179

MR 3783102

J. A. Carrillo, H. Murakawa, M. Sato, H. Togashi, and O. Trush, A population dynamics model
of cell-cell adhesion incorporating population pressure and density saturation. J. Theoret. Biol.
474 (2019), 14-24 Zbl 1414.92133 MR 3948738

B. Chazelle, Q. Jiu, Q. Li, and C. Wang, Well-posedness of the limiting equation of a noisy
consensus model in opinion dynamics. J. Differential Equations 263 (2017), no. 1, 365-397
Zbl 1367.35181 MR 3631310

X. Chen, E. S. Daus, and A. Jiingel, Global existence analysis of cross-diffusion population
systems for multiple species. Arch. Ration. Mech. Anal. 227 (2018), no. 2, 715-747

Zbl 1384.35135 MR 3740386

L. Corrias and B. Perthame, Critical space for the parabolic-parabolic Keller—Segel model in
R4, C. R. Math. Acad. Sci. Paris 342 (2006), no. 10, 745-750 Zbl 1097.35066

MR 2227752

L. Corrias, B. Perthame, and H. Zaag, Global solutions of some chemotaxis and angiogenesis
systems in high space dimensions. Milan J. Math. 72 (2004), 1-28 Zbl 1115.35136

MR 2099126

E. S. Daus, L. Desvillettes, and H. Dietert, About the entropic structure of detailed balanced
multi-species cross-diffusion equations. J. Differential Equations 266 (2019), no. 7, 3861—
3882 Zbl 1405.35082 MR 3912702

R. J. DiPerna and P.-L. Lions, Ordinary differential equations, transport theory and Sobolev
spaces. Invent. Math. 98 (1989), no. 3, 511-547 Zbl 0696.34049 MR 1022305

J. Dolbeault and B. Perthame, Optimal critical mass in the two-dimensional Keller-Segel
model in R2. C. R. Math. Acad. Sci. Paris 339 (2004), no. 9, 611-616 Zbl 1056.35076

MR 2103197

J. Dolbeault and C. Schmeiser, The two-dimensional Keller—Segel model after blow-up. Dis-
crete Contin. Dyn. Syst. 25 (2009), no. 1, 109-121 Zbl 1180.35131 MR 2525170

C. Elbar, B. Perthame, and J. Skrzeczkowski, On the limit problem arising in the kinetic deriv-
ation of a Cahn—Hilliard equation. Comm. Math. Phys. 405 (2024), no. 11, article no. 273
MR 4814087

C. Elbar and J. Skrzeczkowski, Degenerate Cahn—Hilliard equation: From nonlocal to local.
J. Differential Equations 364 (2023), 576-611

W. F. Fagan, E. Gurarie, S. Bewick, A. Howard, R. S. Cantrell, and C. Cosner, Perceptual
ranges, information gathering, and foraging success in dynamic landscapes. American Natur-
alist 189 (2017), no. 5, 474489

C. Falco, R. E. Baker, and J. A. Carrillo, A local continuum model of cell-cell adhesion. SIAM
J. Appl. Math. 84 (2024), no. 3, S17-S42 Zbl 1544.92050 MR 4758375

G. E. Ferndndez and S. Mischler, Uniqueness and long time asymptotic for the Keller—Segel
equation: The parabolic-elliptic case. Arch. Ration. Mech. Anal. 220 (2016), no. 3, 1159-1194
Zbl 1334.35358 MR 3466844

G. Giacomin and J. L. Lebowitz, Phase segregation dynamics in particle systems with long
range interactions. [. Macroscopic limits. J. Statist. Phys. 87 (1997), no. 1-2, 37-61

Zbl 0937.82037 MR 1453735


https://doi.org/10.1007/s00205-019-01430-4
https://doi.org/10.1007/s00205-019-01430-4
https://zbmath.org/?q=an:1436.58025
https://mathscinet.ams.org/mathscinet-getitem?mr=4062483
https://doi.org/10.1137/17M1128782
https://doi.org/10.1137/17M1128782
https://zbmath.org/?q=an:1392.35179
https://mathscinet.ams.org/mathscinet-getitem?mr=3783102
https://doi.org/10.1016/j.jtbi.2019.04.023
https://doi.org/10.1016/j.jtbi.2019.04.023
https://zbmath.org/?q=an:1414.92133
https://mathscinet.ams.org/mathscinet-getitem?mr=3948738
https://doi.org/10.1016/j.jde.2017.02.036
https://doi.org/10.1016/j.jde.2017.02.036
https://zbmath.org/?q=an:1367.35181
https://mathscinet.ams.org/mathscinet-getitem?mr=3631310
https://doi.org/10.1007/s00205-017-1172-6
https://doi.org/10.1007/s00205-017-1172-6
https://zbmath.org/?q=an:1384.35135
https://mathscinet.ams.org/mathscinet-getitem?mr=3740386
https://doi.org/10.1016/j.crma.2006.03.008
https://doi.org/10.1016/j.crma.2006.03.008
https://zbmath.org/?q=an:1097.35066
https://mathscinet.ams.org/mathscinet-getitem?mr=2227752
https://doi.org/10.1007/s00032-003-0026-x
https://doi.org/10.1007/s00032-003-0026-x
https://zbmath.org/?q=an:1115.35136
https://mathscinet.ams.org/mathscinet-getitem?mr=2099126
https://doi.org/10.1016/j.jde.2018.09.020
https://doi.org/10.1016/j.jde.2018.09.020
https://zbmath.org/?q=an:1405.35082
https://mathscinet.ams.org/mathscinet-getitem?mr=3912702
https://doi.org/10.1007/BF01393835
https://doi.org/10.1007/BF01393835
https://zbmath.org/?q=an:0696.34049
https://mathscinet.ams.org/mathscinet-getitem?mr=1022305
https://doi.org/10.1016/j.crma.2004.08.011
https://doi.org/10.1016/j.crma.2004.08.011
https://zbmath.org/?q=an:1056.35076
https://mathscinet.ams.org/mathscinet-getitem?mr=2103197
https://doi.org/10.3934/dcds.2009.25.109
https://zbmath.org/?q=an:1180.35131
https://mathscinet.ams.org/mathscinet-getitem?mr=2525170
https://doi.org/10.1007/s00220-024-05142-z
https://doi.org/10.1007/s00220-024-05142-z
https://mathscinet.ams.org/mathscinet-getitem?mr=4814087
https://doi.org/10.1016/j.jde.2023.03.057
https://doi.org/10.1086/691099
https://doi.org/10.1086/691099
https://doi.org/10.1137/22M1506079
https://zbmath.org/?q=an:1544.92050
https://mathscinet.ams.org/mathscinet-getitem?mr=4758375
https://doi.org/10.1007/s00205-015-0951-1
https://doi.org/10.1007/s00205-015-0951-1
https://zbmath.org/?q=an:1334.35358
https://mathscinet.ams.org/mathscinet-getitem?mr=3466844
https://doi.org/10.1007/BF02181479
https://doi.org/10.1007/BF02181479
https://zbmath.org/?q=an:0937.82037
https://mathscinet.ams.org/mathscinet-getitem?mr=1453735

[44]

[45]

[40]
[47]

(48]

[49]

(501

(51]

[52]

(53]

[54]

[55]

[56]

[57]

(58]

[59]

[60]

[61]

Well-posedness of aggregation-diffusion systems with irregular kernels 1257

V. Giunta, T. Hillen, M. Lewis, and J. R. Potts, Local and global existence for nonlocal multis-
pecies advection-diffusion models. SIAM J. Appl. Dyn. Syst. 21 (2022), no. 3, 1686-1708

Zbl 1494.35002 MR 4447423

V. Giunta, T. Hillen, M. A. Lewis, and J. R. Potts, Detecting minimum energy states and
multi-stability in nonlocal advection-diffusion models for interacting species. J. Math. Biol.
85 (2022), no. 5, article no. 56 Zbl 1501.35050 MR 4499096

D. Godinho and C. Quifiinao, Propagation of chaos for a subcritical Keller—Segel model. Ann.
Inst. Henri Poincaré Probab. Stat. 51 (2015), no. 3, 965-992 Zbl 1342.65234 MR 3365970
S. Gottlieb, C.-W. Shu, and E. Tadmor, Strong stability-preserving high-order time discretiza-
tion methods. SIAM Rev. 43 (2001), no. 1, 89-112 Zbl 0967.65098 MR 1854647

M. Hieber and J. Priiss, Heat kernels and maximal L?-L¢ estimates for parabolic evolution
equations. Comm. Partial Differential Equations 22 (1997), no. 9-10, 1647-1669

Zbl 0886.35030 MR 1469585

D. D. Holm and V. Putkaradze, Formation of clumps and patches in self-aggregation of finite-
size particles. Phys. D 220 (2006), no. 2, 183-196 Zbl 1125.82021 MR 2256869

P.-E. Jabin and Z. Wang, Quantitative estimates of propagation of chaos for stochastic systems
with W =12 kernels. Invent. Math. 214 (2018), no. 1, 523-591 Zbl 1402.35208

MR 3858403

A. Jiingel, S. Portisch, and A. Zurek, Nonlocal cross-diffusion systems for multi-species pop-
ulations and networks. Nonlinear Anal. 219 (2022), article no. 112800 Zbl 1486.35259

MR 4379345

I. Kim and Y. Yao, The Patlak—Keller—Segel model and its variations: Properties of solutions
via maximum principle. SIAM J. Math. Anal. 44 (2012), no. 2, 568-602 Zbl 1261.35080
MR 2914242

T. Kolokolnikov, J. A. Carrillo, A. Bertozzi, R. Fetecau, and M. Lewis, Emergent behaviour in
multi-particle systems with non-local interactions [Editorial]. Phys. D 260 (2013), 1-4

MR 3143990

L. Lafleche and S. Salem, Fractional Keller—Segel equation: Global well-posedness and finite
time blow-up. Commun. Math. Sci. 17 (2019), no. 8, 2055-2087 Zbl 1430.35256

MR 4069614

M. Lewis and J. Murray, Modelling territoriality and wolf—deer interactions. Nature 366
(1993), no. 6457, 738-740

D. Liu, J. R. Potts, Y. Salmaniw, J. Shi, and H. Wang, Biological aggregations from spatial
memory and nonlocal advection. Phys. D 476 (2025), article no. 134682 Zbl 1570.35477
MR 4900979

A. Lunardi, Analytic semigroups and optimal regularity in parabolic problems. Progr. Nonlin-
ear Differential Equations Appl. 16, Birkhéuser, Basel, 1995 Zbl 0816.35001 MR 1329547
S. Modena and G. Sattig, Convex integration solutions to the transport equation with full
dimensional concentration. Ann. Inst. H. Poincaré C Anal. Non Linéaire 37 (2020), no. 5,
1075-1108 Zbl 1458.35363 MR 4138227

S. Modena and L. Székelyhidi, Jr., Non-uniqueness for the transport equation with Sobolev
vector fields. Ann. PDE 4 (2018), no. 2, article no. 18 Zbl 1411.35066 MR 3884855

T. Moerschell and M. Sorella, Non-uniqueness of parabolic solutions for advection-diffusion
equation. J. Math. Pures Appl. (9) 205 (2026), article no. 103777 Zbl 08132423

MR 4940033

A. Mogilner and L. Edelstein-Keshet, A non-local model for a swarm. J. Math. Biol. 38 (1999),
no. 6, 534-570 Zbl 0940.92032 MR 1698215


https://doi.org/10.1137/21M1425992
https://doi.org/10.1137/21M1425992
https://zbmath.org/?q=an:1494.35002
https://mathscinet.ams.org/mathscinet-getitem?mr=4447423
https://doi.org/10.1007/s00285-022-01824-1
https://doi.org/10.1007/s00285-022-01824-1
https://zbmath.org/?q=an:1501.35050
https://mathscinet.ams.org/mathscinet-getitem?mr=4499096
https://doi.org/10.1214/14-AIHP606
https://zbmath.org/?q=an:1342.65234
https://mathscinet.ams.org/mathscinet-getitem?mr=3365970
https://doi.org/10.1137/S003614450036757X
https://doi.org/10.1137/S003614450036757X
https://zbmath.org/?q=an:0967.65098
https://mathscinet.ams.org/mathscinet-getitem?mr=1854647
https://doi.org/10.1080/03605309708821314
https://doi.org/10.1080/03605309708821314
https://zbmath.org/?q=an:0886.35030
https://mathscinet.ams.org/mathscinet-getitem?mr=1469585
https://doi.org/10.1016/j.physd.2006.07.010
https://doi.org/10.1016/j.physd.2006.07.010
https://zbmath.org/?q=an:1125.82021
https://mathscinet.ams.org/mathscinet-getitem?mr=2256869
https://doi.org/10.1007/s00222-018-0808-y
https://doi.org/10.1007/s00222-018-0808-y
https://zbmath.org/?q=an:1402.35208
https://mathscinet.ams.org/mathscinet-getitem?mr=3858403
https://doi.org/10.1016/j.na.2022.112800
https://doi.org/10.1016/j.na.2022.112800
https://zbmath.org/?q=an:1486.35259
https://mathscinet.ams.org/mathscinet-getitem?mr=4379345
https://doi.org/10.1137/110823584
https://doi.org/10.1137/110823584
https://zbmath.org/?q=an:1261.35080
https://mathscinet.ams.org/mathscinet-getitem?mr=2914242
https://doi.org/10.1016/j.physd.2013.06.011
https://doi.org/10.1016/j.physd.2013.06.011
https://mathscinet.ams.org/mathscinet-getitem?mr=3143990
https://doi.org/10.4310/CMS.2019.v17.n8.a1
https://doi.org/10.4310/CMS.2019.v17.n8.a1
https://zbmath.org/?q=an:1430.35256
https://mathscinet.ams.org/mathscinet-getitem?mr=4069614
https://doi.org/10.1038/366738a0
https://doi.org/10.1016/j.physd.2025.134682
https://doi.org/10.1016/j.physd.2025.134682
https://zbmath.org/?q=an:1570.35477
https://mathscinet.ams.org/mathscinet-getitem?mr=4900979
https://doi.org/10.1007/978-3-0348-9234-6
https://zbmath.org/?q=an:0816.35001
https://mathscinet.ams.org/mathscinet-getitem?mr=1329547
https://doi.org/10.1016/j.anihpc.2020.03.002
https://doi.org/10.1016/j.anihpc.2020.03.002
https://zbmath.org/?q=an:1458.35363
https://mathscinet.ams.org/mathscinet-getitem?mr=4138227
https://doi.org/10.1007/s40818-018-0056-x
https://doi.org/10.1007/s40818-018-0056-x
https://zbmath.org/?q=an:1411.35066
https://mathscinet.ams.org/mathscinet-getitem?mr=3884855
https://doi.org/10.1016/j.matpur.2025.103777
https://doi.org/10.1016/j.matpur.2025.103777
https://zbmath.org/?q=an:08132423
https://mathscinet.ams.org/mathscinet-getitem?mr=4940033
https://doi.org/10.1007/s002850050158
https://zbmath.org/?q=an:0940.92032
https://mathscinet.ams.org/mathscinet-getitem?mr=1698215

[62]

[63]
[64]
[65]
[66]
[67]
[68]
[69]
[70]

(71]

(72]

(73]
[74]

[75]

J. A. Carrillo, Y. Salmaniw, and J. Skrzeczkowski 1258

P. R. Moorcroft, M. A. Lewis, and R. L. Crabtree, Mechanistic home range models capture
spatial patterns and dynamics of coyote territories in Yellowstone. Proc. R. Soc. B 273 (2006),
no. 1594, 1651-1659

S. Motsch and E. Tadmor, Heterophilious dynamics enhances consensus. SIAM Rev. 56 (2014),
no. 4, 577-621 Zbl 1310.92064 MR 3274797

A. Muntean and F. Toschi (eds.), Collective dynamics from bacteria to crowds. CISM Courses
and Lect., Courses and Lectures 553, Springer, Vienna, 2014 MR 3307657

L. Pareschi and G. Toscani, Interacting multiagent systems: Kinetic equations and Monte
Carlo methods. Oxford University Press, 2014 Zbl 1330.93004

A. R. Paterson, A first course in fluid dynamics. Cambridge University Press, Cambridge, 1983
Zbl 0566.76001 MR 0734701

J. R. Potts and M. A. Lewis, How memory of direct animal interactions can lead to territorial
pattern formation. J. R. Soc. Interface 13 (2016), no. 118, article no. 20160059

J. R. Potts and M. A. Lewis, Territorial pattern formation in the absence of an attractive poten-
tial. J. Math. Biol. 72 (2016), no. 1-2, 25-46 Zbl 1333.35302 MR 3437876

J. R. Potts and M. A. Lewis, Spatial memory and taxis-driven pattern formation in model
ecosystems. Bull. Math. Biol. 81 (2019), no. 7, 2725-2747 Zbl 1417.92217 MR 3977631

C. M. Topaz, A. L. Bertozzi, and M. A. Lewis, A nonlocal continuum model for biological
aggregation. Bull. Math. Biol. 68 (2006), no. 7, 1601-1623 Zbl 1334.92468 MR 2257718

J. J. L. Veldzquez, Point dynamics in a singular limit of the Keller—Segel model. I. Motion of
the concentration regions. SIAM J. Appl. Math. 64 (2004), no. 4, 1198-1223 Zbl 1058.35021
MR 2068667

H. Wang and Y. Salmaniw, Open problems in PDE models for knowledge-based animal move-
ment via nonlocal perception and cognitive mapping. J. Math. Biol. 86 (2023), no. 5, article
no. 71 Zbl 1512.35004 MR 4572130

L. H. Wang, A geometric approach to the Calderon—Zygmund estimates. Acta Math. Sin.
(Engl. Ser.) 19 (2003), no. 2, 381-396 Zbl 1026.31003 MR 1987802

H. Wendland, Scattered data approximation. Cambridge Monogr. Appl. Comput. Math. 17,
Cambridge University Press, Cambridge, 2005 Zbl 1075.65021 MR 2131724

Z. Wu, J. Yin, and C. Wang, Elliptic & parabolic equations. World Scientific, 2006

Zbl 1108.35001

Received 28 October 2024; revised 8 October 2025; accepted 9 January 2026.

José A. Carrillo
Mathematical Institute, University of Oxford, Woodstock Road, Oxford OX2 6GG, UK;
jose.carrillo@maths.ox.ac.uk

Yurij Salmaniw
Mathematical Institute, University of Oxford, Woodstock Road, Oxford OX2 6GG, UK;
yurij_salmaniw @cbu.ca

Jakub Skrzeczkowski
Mathematical Institute, University of Oxford, Woodstock Road, Oxford OX2 6GG, UK;
jakub.skrzeczkowski@maths.ox.ac.uk


https://doi.org/10.1098/rspb.2005.3439
https://doi.org/10.1098/rspb.2005.3439
https://doi.org/10.1137/120901866
https://zbmath.org/?q=an:1310.92064
https://mathscinet.ams.org/mathscinet-getitem?mr=3274797
https://doi.org/10.1007/978-3-7091-1785-9
https://mathscinet.ams.org/mathscinet-getitem?mr=3307657
https://zbmath.org/?q=an:1330.93004
https://doi.org/10.1017/cbo9781139171717
https://zbmath.org/?q=an:0566.76001
https://mathscinet.ams.org/mathscinet-getitem?mr=0734701
https://doi.org/10.1098/rsif.2016.0059
https://doi.org/10.1098/rsif.2016.0059
https://doi.org/10.1007/s00285-015-0881-4
https://doi.org/10.1007/s00285-015-0881-4
https://zbmath.org/?q=an:1333.35302
https://mathscinet.ams.org/mathscinet-getitem?mr=3437876
https://doi.org/10.1007/s11538-019-00626-9
https://doi.org/10.1007/s11538-019-00626-9
https://zbmath.org/?q=an:1417.92217
https://mathscinet.ams.org/mathscinet-getitem?mr=3977631
https://doi.org/10.1007/s11538-006-9088-6
https://doi.org/10.1007/s11538-006-9088-6
https://zbmath.org/?q=an:1334.92468
https://mathscinet.ams.org/mathscinet-getitem?mr=2257718
https://doi.org/10.1137/S0036139903433888
https://doi.org/10.1137/S0036139903433888
https://zbmath.org/?q=an:1058.35021
https://mathscinet.ams.org/mathscinet-getitem?mr=2068667
https://doi.org/10.1007/s00285-023-01905-9
https://doi.org/10.1007/s00285-023-01905-9
https://zbmath.org/?q=an:1512.35004
https://mathscinet.ams.org/mathscinet-getitem?mr=4572130
https://doi.org/10.1007/s10114-003-0264-4
https://zbmath.org/?q=an:1026.31003
https://mathscinet.ams.org/mathscinet-getitem?mr=1987802
https://zbmath.org/?q=an:1075.65021
https://mathscinet.ams.org/mathscinet-getitem?mr=2131724
https://doi.org/10.1142/6238
https://zbmath.org/?q=an:1108.35001
mailto:jose.carrillo@maths.ox.ac.uk
mailto:yurij_salmaniw@cbu.ca
mailto:jakub.skrzeczkowski@maths.ox.ac.uk

	1. Introduction
	2. Main results
	2.1. Hypotheses
	2.2. Statement of main results

	3. The scalar equation
	3.1. Preliminaries
	3.2. A priori estimates
	3.3. Improved estimates
	3.4. Existence of weak solutions (proof of Theorems 2.1–2.2)
	3.5. Higher-order estimates
	3.6. Uniqueness
	3.7. Existence of unique strong and classical solutions (proof of Theorems 2.3–2.4)

	4. The general n-species system
	4.1. A priori estimates
	4.2. Improved estimates and existence of weak solutions
	4.3. Higher-order estimates and uniqueness
	4.4. Existence of unique, global classical solutions

	5. Numerical simulations
	5.1. The scalar equation
	5.2. The n-species system

	A. Extension of Theorem 2.1 to the positive-definite and Keller–Segel cases
	References

