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A K-energy functional for complexified Kähler classes

Carlo Scarpa

Abstract. Given a complexified Kähler class on a compact Kähler manifold, we introduce a gener-
alisation of the K-energy functional, defined on the space of complexified Kähler potentials, whose
critical points are solutions of the scalar curvature equation with B-field introduced by Schlitzer and
Stoppa. We prove that this extended K-energy is convex along geodesics in the space of almost cal-
ibrated potentials. As an application, we show that, at least in some notable cases, solutions of the
scalar curvature equation with B-field are unique in their class, confirming the expectation that the
scalar curvature equation with B-field identifies canonical representatives of complexified Kähler
classes.

1. Introduction and main results

Let X be a compact complex manifold of complex dimension n, and fix two cohomology
classes ˛; ˇ 2 H 1;1.X/ \H 2.X;R/. We assume that ˛ is a Kähler class, while ˇ can be
any cohomology class. We will refer to ˇ as the B-field class, and elements of ˇ will be
called B-fields; the terminology comes from mirror symmetry, where one often considers
classes of the form ˛C WD ˇC i˛ 2H 1;1.X/, called complexified Kähler classes. We will
assume throughout that the complexified volume .˛C/n does not vanish.

We are interested in the problem of choosing canonical representatives of the com-
plexified Kähler class: this question arises naturally in mirror symmetry, usually for X
Calabi–Yau or Fano, on which complexified Kähler forms !C WD B C i! are used to
define the Fukaya category F .X; !C/. Different choices of !C in ˛C give rise to A1-
equivalent Fukaya categories, but to study geometric properties of F .X; !C/ and its
objects it is necessary to fix a representative of ˛C .

For ˇ D 0, this reduces to the famous question of how to find a special representative
of a given Kähler class on X , a version of the Calabi problem. This is done by imposing
some curvature conditions on the Kähler metric, such as being Kähler–Einstein, having
constant scalar curvature, or being an extremal point for the Calabi functional. These
conditions pick out at most one Kähler metric in each class, up to biholomorphisms of X .
This fundamental result has been established, in various degrees of generality, in [2, 3, 7,
17, 24].
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To fix a choice of representative for ˛C then it is natural to impose a similar curvature
condition on a complexified Kähler form in ˛C . Schlitzer and Stoppa proposed, in [26],
a generalisation of the constant scalar curvature equation for complexified Kähler forms.
They consider, for a Kähler form ! 2 ˛ and a B-fieldB 2 ˇ, the scalar curvature equation
with B-field

s.!/ D c C 

.B C i!/n

!n
; (1.1)

where s.!/ denotes the scalar curvature of the metric defined by !, and c 2 R, 
 2 C are
constants. This condition is obtained by coupling the constant scalar curvature equation for
Kähler metrics with the deformed Hermitian Yang–Mills equation, through the formalism
of infinite-dimensional moment maps. They also show that, in a regime known as the large
volume limit, (1.1) recovers the system´

�B D 0;

s.!/ D c;
(1.2)

which if often considered in the mirror symmetry literature to fix representatives of ˛ and
ˇ in the large volume limit, particularly for X Calabi–Yau where the second equation
in (1.2) reduces to Ricci-flatness of !.

One of the reasons to consider (1.1), rather than (1.2), is that the existence of solutions
of (1.1) is expected to be equivalent to some algebro-geometric stability condition that
should depend on the B-field class, while the existence of solutions of (1.2) is clearly inde-
pendent from ˇ. We refer to [25, 28] for more precise considerations regarding algebraic
stability notions and possible connections with special properties of the mirror manifold
of .X; ˛C/.

The main goal of the present work is to describe a variational framework in which to
study (1.1). We will focus in particular on the geometry of the space of solutions of (1.1),
giving additional evidence for the following expectation of [25]: solutions of (1.1), if they
exist, are unique in ˛ � ˇ, up to pullback by an automorphism of X . In other words, the
scalar curvature equation withB-field gives a way to choose a canonical representative for
the complexified Kähler class ˛C . The heart of the paper is Section 3, which is dedicated
to the proof of the following

Theorem 1.1. There is a functional zMW˛C!R whose Euler–Lagrange equation is (1.1).
Moreover, zM is convex along geodesics in the space of almost calibrated representatives
of ˛C .

We refer to Section 3 for the precise definition of the space of almost calibrated repres-
entatives of a complexified Kähler class, which is inspired by a similar definition in [12].
Briefly, these are complexified Kähler forms !C 2 ˛C for which

Re
�

.!C/n

�
> 0: (1.3)

The almost calibrated condition (1.3) is crucial for most of the arguments in this paper.
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The functional zM is an analogue of the K-energy functional used in the study of con-
stant scalar curvature Kähler (cscK, from now on) metrics, and we call it the complexified
K-energy of .X; ˛C/. The existence of such a functional is expected from the moment
map description of (1.1), and it can be interpreted as an infinite-dimensional analogue of
the Kempf–Ness functional.

It is natural to try to apply the techniques used in the study of the K-energy functional
to the complexified K-energy. For example, it is expected that the existence of critical
points of zM, i.e., solutions of (1.1), should be equivalent to the coerciveness of zM on the
space of almost calibrated representatives. To prove this however one would need a much
better understanding of the geometry of this space; in general, it is not even clear when it
is non-empty (which we assume in this paper), or connected.

A second issue is that a regularity theory for the geodesics appearing in Theorem 1.1
is not yet available, and they do not encode a Riemannian structure on the space of almost
calibrated potentials. We will discuss these issues in Section 3.2.1; we expect that it will
be possible to combine the known regularity results for geodesics of Kähler potentials [5,
10], and geodesics of calibrated potentials [8, 14] with respect to a fixed Kähler form, to
establish the uniqueness of solutions of (1.1), following the strategy of [3]. To exemplify
this, we prove a uniqueness result in Section 4.

Theorem 1.2. Assume that X is a complex surface and that ˇ sin y# > ˛ cos y# . Then, the
almost calibrated solutions of (1.1) are unique, up to the action of the group of reduced
automorphisms of X . The same holds if .X; ˛/ is toric (of arbitrary dimension), ˛C has
supercritical phase, and one considers torus-invariant solutions of the equation.

We refer to Section 2.1 for the definition of supercritical phase, which can be regarded
as a weak positivity property of the class ˇ, as is the condition ˇ sin y# > ˛ cos y# in the case
of surfaces. We remark that we do not expect the strategy used to establish Theorem 1.2
to hold outside of the supercritical (or even hypercritical) range. This is motivated by
a relation between the critical phase conditions on X and on a manifold of dimension
n C 1 that is useful in the study of the geodesic equation (see the discussion following
Conjecture 3.11).

As a by-product of the construction used to prove Theorem 1.1, we will also describe
a Futaki-like invariant and a Matsushima criterion for equation (1.1).

2. The scalar curvature equation with B-field

In this section we introduce and recall some notions, particularly regarding the deformed
Hermitian Yang–Mills equation, that will be useful in studying equation (1.1).

First, notice that (1.1) is actually a system of two equations: as s.!/ is a real function
and c 2 R, a necessary condition for (1.1) to hold is that also 
.B C i!/n=!n is a real
function. Integrating over X , we see that 
 must satisfy



.ˇ C i˛/n

˛n
2 R: (2.1)
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We assume throughout that .ˇC i˛/n 6D 0. Then, (2.1) uniquely determines eiy# WD 
 j
 j�1.
Note that y# is not uniquely determined. Similarly, the constant c in (1.1) is uniquely
determined by ˛, ˇ, and 
 , as

n c1.X/:˛
n�1

˛n
D c C 


.ˇ C i˛/n

˛n
:

Hence, we write (1.1) as a system of equations8<: Im
�
e�iy#.B C i!/n

�
D 0;

s.!/ D c C j
 j
Re
�

e�iy# .BCi!/n
�

!n
;

(2.2)

which is the original form in which (1.1) was introduced, in [26]. The first equation in (2.2)
is called the deformed Hermitian Yang–Mills (dHYM) equation. It can be written as an
equation for the eigenvalues of the endomorphism !�1B 2 End.T 1;0X/, given by com-
posing the identifications

T 1;0X
B
�! T 0;1�X

!
�! T 1;0X:

If we denote by �1; : : : ; �n the eigenvalues of this endomorphism, the dHYM equation is
equivalent to

nX
aD1

arccot.�a/ D y# mod 2�; (2.3)

where (as in [4]) “arccot” is the inverse cotangent function with range .0; �/,

arccot.x/ WD
�

2
� arctan.x/:

The function ‚.!C/ WD
P

arccot.�a/ is called the Lagrangian phase operator of the
complexified Kähler form. Similarly, if we define the Lagrangian radius operator as
r.!C/ WD

Q
a.1C �

2
a/

1
2 , then the second equation in (2.2) is equivalent to

s.!/ D c C 
 r.!C/ ei‚.!C/

so that (2.2) becomes ´
‚.!C/C arg.
/ D 0 mod 2�;

s.!/ D c C j
 j r.!C/:

Jacob and Yau [19] proved that, for any fixed Kähler form ! 2 ˛, a solution B of the
dHYM equation

Im
�
e�i#.B C i!/n

�
D 0

is the unique minimizer of the volume functional

V! WB 7!

Z
X

j.B C i!/nj:
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Moreover, the value of V! at a solution of the dHYM equation is j.ˇ C i˛/nj and in
particular depends only on the complexified Kähler class. We have a similar property of
solutions of (2.2), see also [25, Lemma 1.8].

Lemma 2.1. Solutions of the scalar curvature equation with B-field minimize the com-
plexified Calabi functional

.B; !/ 7!

Z
X

ˇ̌̌̌
s.!/ � 


.B C i!/n

!n

ˇ̌̌̌2
!n:

Proof. Fix two forms ! 2 ˛ and B 2 ˇ, and denote by scB
 the complex-valued function
s.!/ � 
.B C i!/n=!n. Then the complexified Calabi functional is

.B; !/ 7!

Z
X

ˇ̌
scB


ˇ̌2
!n

and B C i! solves the scalar curvature equation with B-field if and only if scB
 D c
 .
The direct computation givesZ

X

ˇ̌
scB


ˇ̌2
!n D

Z
X

ˇ̌
scB
 � c


ˇ̌2
!n C 2 c


Z
X

Re.scB
 � c
 /!n C c2
 Vol.X; !/

but the (real) constant c
 is chosen precisely to satisfyZ
X

Re.scB
 � c
 /!n D 0

so that Z
X

ˇ̌
scB


ˇ̌2
!n D

Z
X

ˇ̌
scB
 � c


ˇ̌2
!n C c2
 Vol.X; !/ � c2
 Vol.X; !/

and the equality is realised if and only if B C i! solves (1.1).

2.1. The deformed Hermitian Yang–Mills equation

For a fixed a Kähler form ! 2 ˛, the deformed Hermitian Yang–Mills equation was intro-
duced in [23] as a mirror to the special Lagrangian equation on Calabi–Yau manifolds.
A systematic study of the properties of this equation on general Kähler manifolds started
with [19], and in recent years the dHYM equation has attracted great interest. The realisa-
tion that dHYM is a moment map equation [14] suggested that there might be a stability
notion characterising the existence of solutions [11], in the sense of Geometric Invariant
Theory.

In this section, we give a brief account of some of the results about the dHYM equa-
tion that we need in our study of the system (2.2). The main notion we will need is that
of supercritical phase for the dHYM equation. For a fixed ! 2 ˛, the space of almost
calibrated representatives of ˇ is defined in [12] as

H! D
®
B 2 ˇ j Re

�
e�iy#.B C i!/n

�
> 0

¯
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and we can write it as using the Lagrangian phase operator as

H! D

G
#2.0;n�/; ei#Deiy#

²
B 2 ˇ j j‚!.B/ � #j <

�

2

³
:

In fact, at most one set of this disjoint union is non-empty, see [13, Lemma 2.4]. It should
be remarked that H! might be empty.

Definition 2.2. Assume that H! 6D ;. The lifted phase of ˇ with respect to !, denoted y#! ,
is the unique y#! 2 .0; n�/ such that eiy#! D eiy# and²

B 2 ˇ j
ˇ̌̌
‚!.B/ � y#!

ˇ̌̌
<
�

2

³
6D ;:

We say that ˇ has supercritical phase if y#! 2 .0; �/, and it has hypercritical phase if
y#! 2 .0; �=2/.

We will also need a similar notion of lifted phase for the complexified Kähler class ˛C;
this might be problematic, as the lifted phase is, in general, not a topological quantity.
We will therefore define below the supercritical phase condition only in the case when
there are solutions of the dHYM equation in ˛C , see also [13, Proposition 3.3] for related
considerations.

The main conjecture that has guided research on the dHYM equation in recent years
has been proposed in [11].

Conjecture 2.3. Let .X; !/ be a compact Kähler manifold, and let ˇ be a .1; 1/-class
with supercritical phase. Then there is a solution B 2 ˇ of the dHYM equation if and only
if for all proper, irreducible analytic subvarieties V � X of dimension 1 � p < n

Im
�
e�iy#.��V ˛

C/p
�
< 0:

This expectation was confirmed first for surfaces in [11], using results of [19], and
received partial confirmations and refinements. A rather general version of the conjecture
was finally established in [4], and later improved by [9], which is our main reference for
the stability result in this section.

Theorem 2.4 ([9, Corollary 1.4, Corollary 1.5]). Fix a complexified Kähler class ˛C D

ˇ C i˛, and assume that y# 2 .0; �/ is such that e�iy#.˛C/n 2 R>0. Then, the following
are equivalent:

(1) there is a Kähler class � such that for every 1 � p � n

Im
�
e�iy#.˛C/p:�n�p

�
� 0

and for every analytic subvariety V � X of dimension 1 � m < n and every
1 � p � m,

Im
�
e�iy#.��V ˛

C/p:�m�p
�
< 0I
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(2) for any Kähler form ! 2 ˛, there exists a (unique) solution B 2 ˇ of the super-
critical dHYM equation (cf. equation (2.3))X

arccot
�
�a.!

�1B/
�
D y#:

In particular, if ˛ is the first Chern class of an ample line bundle L! X , then Conjec-
ture 2.3 holds.

As the first condition in Theorem 2.4 only depends on ˛ and ˇ, we can use it to deduce
some important properties of solutions of the dHYM equation for a varying Kähler form.

Corollary 2.5. Assume that for some Kähler form !0 2 ˛ there exists a solution of the
dHYM equation B0 2 ˇ that lies in the supercritical phase range, i.e.,

‚!0.B0/ �
y# 2 .0; �/:

Then, for any ! 2 ˛ there is B! 2 ˇ solving the dHYM equation, in the same phase range
.0; �/. Moreover, the map ! ! B! is continuous and differentiable.

Proof. The first part is a direct consequence of Theorem 2.4. As for the differentiability
of ! 7! B! , this follows from the Implicit Function Theorem. The linearisation of the
dHYM equation at ! is a uniformly elliptic second order operator �0 [11, Section 2], that
in a system of coordinates where ! is the Euclidean metric and B D

P
j i�jdzj ^ d Nzj

has the form
�0. / D

X
j

.1C �2j /@j @ Nj :

As this operator has trivial kernel (after normalising the B-field potentials  ), we can use
the IFT in the Hölder spaces Ck;˛ and the uniqueness of solutions to deduce that ! 7! B!
is smooth in any Ck topology.

Hence, it makes sense to pose the following.

Definition 2.6. Let X be a compact complex manifold, and let ˛C be a complexified
Kähler class such that there exists an almost calibrated solution B C i! 2 ˛C of the
dHYM equation. We say that ˛C has supercritical phase if‚.B C i!/ 2 .0;�/. Likewise,
if ‚.B C i!/ 2 .0; �=2/ we say that ˛C has hypercritical phase.

Remark 2.7. Conjecture 2.3 was at least partially inspired by a stability notion for the
J-equation, see [22].

3. The complexified K-energy functional
The goal of this section is to prove Theorem 1.1. We will describe the system (2.2) as
the Euler–Lagrange equation for a functional on the space ˛C . Equivalently (through
the @x@-Lemma), this can be considered as a functional on an open and convex subset
of C1.M;R/2, which we identify with C1.M;C/. It is defined, up to a constant, by its
first variation:

.d zM/!C .'/ D �!C .'/ WD

Z
X

Im
�
'
�

.!C/n �

�
s.!/ � c


�
!n
��
: (3.1)
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We call zM the complexified K-energy of the class ˛C . Here and in what follows we always
let !C D B C i!.

We should check that the 1-form on the right-hand side of (3.1) is exact. It is sufficient
to verify that it is closed; this amounts to the following claim.

Lemma 3.1. For every '1; '2 2 C1.M;C/, the expression

@tD0
�
�!CCi@x@t'2

.'1/
�

is symmetric in 1 and 2.

Proof. For 
 D 0, this is a standard result, used in the definition of the K-energy. So it
will be enough to prove the result for � 0 defined by

� 0
!C .'/ WD

Z
X

Im
�
' 
 .!C/n

�
:

Note that � 0 is essentially the complexified Calabi–Yau functional considered in [14]. The
only difference is that we also must consider variations of the Kähler form ! and we
consider !C D B C i! rather than !C D ! C iB . A direct computation gives

@tD0�
0

!CCi@x@t'2
.'1/ D n

Z
X

Im
�

 '1 i@x@'2 ^ .!C/n�1

�
D n

Z
X

Im
�

 '2 i@x@'1 ^ .!C/n�1

�
where the last equality follows from integration by parts, noting that i@x@ is a real opera-
tor.

It is possible to find a more explicit expression for zM from Chen–Tian’s expansion
of the K-energy and the expansion for the complexified Calabi functional in [14, Propos-
ition 2.14]. Having fixed a reference point !C

0 D B0 C i!0 of the complexified Kähler
class, zM equals

zM.uC iv/ DH .v/C
c


nC 1
E.v/ � ERic.!0/.v/C

1

nC 1
Im
�

 EC.uC iv/

�
: (3.2)

Here H is the entropy functional of the Kähler class ˛ (with respect to the reference form
!0), that is

H .v/ D

Z
log

�
!nv
!n0

�
!nv ;

while E , E� are respectively the energy functional of the Kähler class and its twisted
version, and EC is the complexified energy of ˛C , defined respectively as

E.v/ WD

Z
X

v

nX
jD0

!
j
0 ^ !

n�j
v ;
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E�.v/ WD

Z
X

v

n�1X
jD0

� ^ !
j
0 ^ !

n�j�1
v ;

EC.'/ WD

Z
X

'

nX
jD0

.!C
0 /
j
^ .!C

' /
n�j :

3.1. Second variation of the complexified K-energy

Fix a reference point !C
0 in ˛C . Let 't 2 C1.X;C/ be a smooth path of complexified

potentials. We can compute the second variation of zM along !C
t D !

C
0 C i@x@'t , similarly

to what is done for the K-energy in the cscK problem.

@2t
zM.'t / D @t�!C

t
. P't / D @t

Z
X

Im
�
P't
�

.!C

t /
n
�
�
s.!t / � c


�
!nt
��

D

Z
X

Im
�


�
R't .!

C
t /
n
�n i@ P't ^x@ P't ^ .!C

t /
n�1

��
C


D!t Im. P't /



2
L2.!t /

�

Z
X

�
Im. R't / �



@ Im. P't /


2
!t

��
s.!t / � c


�
!nt : (3.3)

It is useful to have a more explicit expression for this second variation. To ease notation,
we stop indicating the dependence on t explicitly; also, decompose ' in real and imaginary
parts as ' D '1 C i'2. Then

@2t
zM.'t / D kD P'2k

2
L2.!/

�

Z
X

�
R'2 � k@ P'2k

2
!

���
s.!/ � c


�
!n � Re

�

.!C/n

��
C

Z
X

R'1 Im
�

.!C/n

�
C

Z
X

k@ P'2k
2 Re

�

.!C/n

�
�

Z
X

.i@ P'1 ^ x@ P'1 � i@ P'2 ^ x@ P'2/ ^ Im
�

.!C/n�1

�
� n

Z
X

.i@ P'2 ^ x@ P'1 C i@ P'1 ^ x@ P'2/ ^ Re
�

.!C/n�1

�
: (3.4)

From this expression, it is relatively easy to deduce

Lemma 3.2. The Hessian of zM at an almost calibrated critical point is positive semi
definite.

Proof. A critical point ' of zM gives a solution !C WD!C
' of (2.2). So, consider the second

variation of zM along a path 't such that '0 D '. Equation (3.4) gives

@2t
zM.'t / D kD P'2k

2
L2.!/

C

Z
X

k@ P'2k
2 Re

�

.!C/n

�
� n

Z
X

.i@ P'1 ^ x@ P'1 � i@ P'2 ^ x@ P'2/ ^ Im
�

.!C/n�1

�
� n

Z
X

.i@ P'2 ^ x@ P'1 C i@ P'1 ^ x@ P'2/ ^ Re
�

.!C/n�1

�
: (3.5)
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The first term on the right-hand side of (3.5) is non-negative. We now show that the sum
of the other terms is non-negative, by computing the sum of the integrands.

Consider a frame �1; : : : ; �n for T �X in which ! is the standard symplectic form
! D i

P
a �

a ^ x�a and B is diagonal, B D i
P
a �a�

a ^ x�a. We can write @ P'1 D ua�a

and @ P'2 D va�a for some locally defined function u1; : : : ; un, v1; : : : ; vn 2 C1.X;C/.
We can then define the radii and angles as ra WD .1C �2a/

1
2 and #a WD arccot.�a/.

Let 
 D j
 j e�iy# , and recall that y# is determined uniquely by the topology, up to
multiples of 2� . As ! and B solve the dHYM equation, exp.�iy# C i

P
#a/ D 1, and the

integrands on the right-hand side of (3.5) become

k@ P'2k
2 Re

�

.!C/n

�
Dj
 j!nr.!C/

X
jvaj

2n.i@ P'1 ^ x@ P'1 � i@ P'2 ^ x@ P'2/ ^ Im
�

.!C/n�1

�
D�j
 j!nr.!C/

X juaj
2�jvaj

2

ra
sin.#a/n.i@ P'2^x@ P'1Ci@ P'1^x@ P'2/^Re

�

.!C/n�1

�
Dj
 j!nr.!C/

X ua Nva C Nuava

ra
cos.#a/:

To prove that the sum of the integrands is positive, it will be enough to show that, for each
a 2 ¹1; : : : ; nº

jvaj
2
C
juaj

2 � jvaj
2

ra
sin.#a/ �

ua Nva C Nuava

ra
cos.#a/ (3.6)

is non-negative. As #a D arccot�a D �
2
� arctan�a, we can rewrite (3.6) as

jvaj
2
C
juaj

2 � jvaj
2

1C �2a
� �a

ua Nva C Nuava

1C �2a

D
1

1C �2a

�
�2ajvaj

2
C juaj

2
� �a.ua Nva C Nuava/

�
;

but this is just .1C �2a/
�1j�ava � uaj

2.

Remark 3.3. From the proof of Lemma 3.2, it is also clear that if '1.t/;'2.t/2C1.X;R/
are two families of functions such that R'2 D k P'2k2!'2 (i.e., '2 is a Kähler geodesic) and
B C i@x@'1 is a solution of the dHYM equation with respect to !'2 , then zM is convex
along the path '1.t/C i'2.t/.

Remark 3.4. The proof of Lemma 3.2 tells us something more: the kernel of the lin-
earisation of (2.2) around a solution .!; B/ is given by pairs '1; '2 2 C1.X;R/ such
that

x@.r1;0'2/ D 0; (3.7)

r
1;0'2yB D ix@'1: (3.8)



A K-energy functional for complexified Kähler classes 11

We claim that for each '2 2 C1.X;R/ that satisfies (3.7), there exists a '1, unique up
to the addition of a constant, satisfying (3.8). Indeed, (3.7) tells us that Z WD r1;0'2 is a
holomorphic vector field with a holomorphy potential with respect to !. So for any other
Kähler metric !0, there is some '0 such thatZ D r1;0!0 '

0, see [20]. In particular, this holds
for the Kähler metric ! C t B , for some small t . In other words, there is some function  
such that

x@ D Zy.! C t B/ D x@'2 C t ZyB

so '1 D t�1. � '2/ will satisfy (3.8). It is not guaranteed, however, that we can choose
'1 to be a real function: this happens if and only if LJr'2B D 0. To see this, notice
that (3.8) implies

LJr'2B D d
�
.Jr'1/yB

�
D @x@.x'1 � '1/

so LJr'2BD 0 if and only if '1 is real (up to a constant). Now, recall that we are assuming
.!; B/ to be a solution of the dHYM equation; if ft is the flow of the vector field Jr'2,
also .f �t !; f

�
t B/ will be a solution of dHYM. But ft preserves !, as it is the flow of a

Hamiltonian vector field, and since for any fixed ! there is a unique solution of dHYM
we conclude that also f �t B D B for every t . In particular, LJr'2B D 0.

Summing up, we have seen that the kernel of the linearisation of (2.2) around a solution
.!; B/ is in one-to-one correspondence with the set of holomorphy potentials®

' 2 C1.X;R/ j x@r1;0! ' D 0
¯
=R: (3.9)

As these potentials generate holomorphic vector fields on X , we find

Corollary 3.5. Let !C be an almost calibrated critical point of zM, and suppose that
Aut.X/ is discrete. Then, !C is a local minimum of zM.

The scalar curvature equation with B-field is a moment map equation for an infinite-
dimensional Hamiltonian action; when ˇ is a Hodge class, this was shown in [26], while
the result for general classes is due to [25]. Having identified the kernel of the linearisation
around a solution as (3.9), we obtain from the general theory of [29] an analogue of the
classical obstructions to the existence of cscK metrics, namely Matsushima’s criterion and
the vanishing of the Futaki invariant.

A Futaki-like invariant was already introduced in [25]; essentially, this coincides with
the 1-form (3.1) evaluated on the complexification of (3.9)

h0 WD
®
� 2 H 0.X; T 1;0X/ j � has a zero

¯
Š
®
' 2 C1.X;C/ j x@r1;0! ' D 0

¯
=C:

More precisely, for every � 2 h0 and any 2-form � there is a function '.�; �/ such that
�y� D ix@'.�; �/. Hence we can define a map h0 ! C by

F!;B.�/D

Z
'.�;!/

�
c
 CRe

�

.B C i!/n

�
� s.!/!n

�
C

Z
'.�;B/ Im

�

.B C i!/n

�
:

It does not depend on the choice ofB C i! 2 ˛C and vanishes if there is a solution of (1.1).
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In Remark 3.4 we noticed that ifB C i! solves (1.1), then for any � 2 h0, the potential
'.�; !/ is a real function if and only if '.�; B/ is. These vector fields are all Killing, so
from [29, Corollary 12] we obtain

Corollary 3.6. If there is a solution of (1.1), then h0 is a reductive Lie algebra.

3.2. Convexity and geodesics

We can check that zM is also convex along other paths, not necessarily satisfying the
dHYM equation. First, we define a class of representatives for the complexified Kähler
class (and a set of potentials), following [14].

Definition 3.7. A complexified Kähler form !C 2 ˛C is an almost calibrated represent-
ative of ˛C if it satisfies Re.e�iy#.!C/n/ > 0.

Fixing some !C
0 2 ˛

C , the almost calibrated representatives are parametrized, through
the @x@-Lemma, by the space of almost calibrated potentials

H D
®
' 2 C1.X;C/ j Im.!C

0 C i@x@'/ is Kähler, and Re
�
e�iy#.!C

0 C i@x@'/n
�
> 0

¯
:

The existence of almost calibrated representatives of ˛C is a necessary condition for the
existence of solutions of the dHYM equation: we henceforth assume that H 6D ;.

Notice also that, if a lift of eiy# has been fixed (e.g., if ˛C is supercritical), then the
space of almost calibrated representatives can be characterized in terms of the Lagrangian
phase operator as ²

!C
2 ˛C

j y# �
�

2
< ‚.!C/ < y# C

�

2

³
:

Proposition 3.8. Assume that 't 2 H is a path of potentials satisfying8<: Im. R'/ �


@ Im. P'/



2
!t
D 0;

Re
�
e�iy#�

R' .!C
't
/n � n i@ P' ^ x@ P' ^ .!C

't
/n�1

��
D 0:

(3.10)

Then zM is convex along 't .

Proof. From equation (3.3), if Im. R'/ � k@ Im. P'/k2!t D 0 we have

@2tM.'t /D


D Im. P'/



2
L2.!Im.'//

C

Z
X

Im
�


�
R' .!C

' /
n
� n i@ P' ^x@ P' ^ .!C

' /
n�1

��
: (3.11)

We check that, under our hypothesis, the second term on the right-hand side of (3.11) is
non-negative. To do so, we use the same local coframe and the same notation as in the
proof of Lemma 3.2. In addition to that, let also � D ‚ � y# . Then, we have


 R' .!C
' /
n
D !nj
 jr.!C/ei�

R';


 n i@ P' ^ x@ P' ^ .!C
' /
n�1
D !nj
 jr.!C/ei�

nX
aD1

.@ P'/a.x@ P'/ar
�1
a e�i#a :

(3.12)
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Let ' D uC iv for u; v 2 C1.X;R/. Then we can expand (3.12) into real and imaginary
parts as

Re
�

 R' .!C

' /
n
�
D j
 jr.!C/. Ru cos � � Rv sin �/!n;

Im
�

 R' .!C

' /
n
�
D j
 jr.!C/. Ru sin �C Rv cos �/!n;

Re
�

 n i@ P' ^ x@ P' ^ .!C

' /
n�1

�
D j
 j!nr.!C/

nX
aD1

j.@ Pu/aj
2 � j.@ Pv/aj

2

1C �2a
.�a cos �C sin �/

� j
 j!nr.!C/

nX
aD1

.@ Pu/a.x@ Pv/a C .@ Pv/a.x@ Pu/a

1C �2a
.�a sin � � cos �/;

Im
�

 n i@ P' ^ x@ P' ^ .!C

' /
n�1

�
D j
 j!nr.!C/

nX
aD1

j.@ Pu/aj
2 � j.@ Pv/aj

2

1C �2a
.�a sin � � cos �/

C j
 j!nr.!C/

nX
aD1

.@ Pu1/a.x@ Pv2/a C .@ P'2/a.x@ P'1/a

1C �2a
.�a cos �C sin �/:

The second condition in (3.10) then becomes

Ru cos � � Rv sin � D
nX
aD1

j.@ Pu/aj
2 � j.@ Pv/aj

2

1C �2a
.�a cos �C sin �/

�

nX
aD1

.@ Pu/a.x@ Pv/a C .@ Pv/a.x@ Pu/a

1C �2a
.�a sin � � cos �/

so using that v is a Kähler geodesic, we see that u must satisfy

Ru cos � D
Xˇ̌

.@ Pv/a
ˇ̌2 sin �C

nX
aD1

j.@ Pu/aj
2 � j.@ Pv/aj

2

1C �2a
.�a cos �C sin �/

�

nX
aD1

.@ Pu/a.x@ Pv/a C .@ Pv/a.x@ Pu/a

1C �2a
.�a sin � � cos �/: (3.13)

On the other hand, the second integrand in (3.11) (up to factoring out j
 jr.!C/!n) is

Im
�
e�iy#�

R' .!C
' /
n
� n i@ P' ^ x@ P' ^ .!C

' /
n�1

��
=!nr.!C/

D Ru sin �C
Xˇ̌

.@ Pv/a
ˇ̌2 cos �

�

nX
aD1

j.@ Pu/aj
2 � j.@ Pv/aj

2

1C �2a
.�a sin � � cos �/

�

nX
aD1

.@ Pu/a.x@ Pv/a C .@ Pv/a.x@ Pu/a

1C �2a
.�a cos �C sin �/: (3.14)
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Plug in (3.14) the expression for Rv obtained from (3.13) to obtain

Im
�


�
R' .!C

' /
n
� n i@ P' ^ x@ P' ^ .!C

' /
n�1

��
=!nr.!C/

D
j
 j

cos �

nX
aD1

�ˇ̌
.@ Pv/a

ˇ̌2 sin2 �C
j.@ Pu/aj

2 � j.@ Pv/aj
2

1C �2a
.�a cos � sin �C sin2 �/

�
.@ Pu/a.x@ Pv/a C .@ Pv/a.x@ Pu/a

1C �2a
.�a sin2 � � cos � sin �/

C
ˇ̌
.@ Pv/a

ˇ̌2 cos2 � �
j.@ Pu/aj

2 � j.@ Pv/aj
2

1C �2a
.�a cos � sin � � cos2 �/

�
.@ Pu/a.x@ Pv/a C .@ Pv/a.x@ Pu/a

1C �2a
.�a cos2 �C cos � sin �/

�
:

A few simplifications allow to rewrite the summand, for a fixed index a, asˇ̌
.@ Pv/a

ˇ̌2
C
j.@ Pu/aj

2 � j.@ Pv/aj
2

1C �2a
� �a

.@ Pu/a .x@ Pv/a C .@ Pv/a .x@ Pu/a

1C �2a

D
j.@ Pu/a � �a .@ Pv/aj

2

1C �2a
: (3.15)

As ' 2 H if and only if cos � > 0, this concludes the proof.

3.2.1. The complexified geodesic equation. Even though we call (3.10) the “geodesic
equations” on the space H of almost calibrated representatives, they do not describe the
geodesics for a metric on this infinite-dimensional space. A similar phenomenon was first
noticed in [1], where a similar set of equations was proposed to study the coupled Kähler–
Yang–Mills system. Equation (2.2) shares formally many properties with this coupled
system, and in fact there is a limiting regime in which (2.2) reduces to the equations
considered in [1] for a line bundle (see [26] for more details).

Following the argument in [1, Proposition 3.17], it can be seen that, rather than being
the geodesic equation for a Levi-Civita connection on H , (3.10) describes the geodesics
for a torsion-free connection on H , seen as a bundle over the Kähler class ˛ whose fibres
are the space of almost-calibrated representatives of [14].

We now describe a set of solutions to (3.10) coming from elements of Aut.X; ˛C/,
which we call trivial geodesics. Fix a reference point !C

0 D B0 C i!0 in ˛C and assume
that .u; v/ are real functions on X that solve (3.7) and (3.8) with respect to !0 and B0.
Note in particular that r0v is a real-holomorphic vector field on X . We let ft be the flow
of 1

2
r0v, and define  t by  t D

R t
0
f �s .uC iv/ds. Then, direct computation shows

!C
0 C i@x@ t D f �t !

C
0 ;

and it follows from (3.8) that

r
1;0
t Im. P t /yBt D ix@Re. P t /: (3.16)

We claim that  t solves the geodesic system (3.10).
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Proof. We let !t WD f �t !0 D !0 C i@x@Re. t /. Then, from the definition of  t we get

R D @t
�
f �t .uC iv/

�
D
1

2
f �t
�
Lr0'2.uC iv/

�
D
1

2

�
rt Im. P /

�
. P /

D
1

2

�˝
d Im. P /; d Re. P /

˛
t
C i

˝
d Im. P /; d Im. P /

˛
t

�
(3.17)

from which it is clear that the first equation in (3.10) is satisfied. To show that also the
second equation holds, we fix a coframe �1; : : : ; �n adapted to the complexified Kähler
form !C

t as in the proof of Lemma 3.2, and use the same notation. We also denote by
u1; : : : ; un and v1; : : : ; vn the components of @Re. P / and @ Im. P /, respectively.

Taking the real part of (3.17) then gives us

Re. R / D
1

2

nX
aD1

ua Nva C va Nua: (3.18)

Similarly, we can rephrase r1;0t Im. P t /yBt D ix@Re. P t / (after conjugation) as

�ava D ua: (3.19)

Putting together (3.13) and (3.18), we see that the second equation in (3.10) is equivalent
to

1

2

X
.ua Nva C va Nua/ cos �C

X ua Nva C va Nua

1C �2a
.�a sin � � cos �/

D

X
jvaj

2 sin �C
X juaj

2 � jvaj
2

1C �2a
.�a cos �C sin �/:

Taking into account (3.19), this becomes

cos �
X
jvaj

2

�
�a �

2�a

1C �2a
�
�2a � 1

1C �2a
�a

�
D sin �

X
jvaj

2

�
1 �

2�a

1C �2a
�a C

�2a � 1

1C �2a

�
and both terms vanish identically.

Remark 3.9. Equation (3.19), together with (3.15), shows that zM is affine along trivial
geodesics in ˛C . Notice also that (3.16) implies that˝

x@ Im. P /; @Re. P /
˛
!t
D
˝
x@Re. P /; @Re. P /

˛
Bt
;

at least if Bt is a positive form. In this case a trivial geodesic is then given by a parallel
pair of Kähler geodesics in two different classes.

The equations (3.10) can be rewritten as a system of degenerate-elliptic equations on
a manifold with boundary. This is well known for the first equation in (3.10), which is
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just the geodesic equation in the space of Kähler potentials, see [16]. A special case of
the second equation in (3.10), obtained by setting Im. P'/ D 0, has been studied by Collins
and Yau in [14], where they also showed that their equation can be written as a degenerate
dHYM equation. Following their argument, consider the annulusAD

®
z2C j e�1<jzj<1̄

and the product A � X . This is a complex manifold, and we denote by D and xD its
Dolbeault operators.

Proposition 3.10. Fix a complexified Kähler form !C
0 D B0 C i!0 on X . A solution

of (3.10) is equivalent to an S1-invariant function ˆ 2 C1.A �X;C/ such that8<:
�
��!0 C iD xD Im.ˆ/

�nC1
D 0;

Im
�
e�i. �2C

y#/.��!C
0 C iD xDˆ/nC1

�
D 0:

(3.20)

Moreover, if ˆ satisfies (3.20) and the corresponding geodesic in ˛C is nontrivial, the
geodesic belongs to H if and only if

Re
�
e�i. �2C

y#/.��!C
0 C iD xDˆ/nC1

�
> 0:

Proof. The equivalence is given by sending a path of potentials ¹'tº � C1.X;C/ to the
S1-invariant function ˆ.z; x/ D '� logjzj.x/. The proof is a matter of direct computation,
essentially already carried out in [14], see the proof of Lemma 2.8 ibid. It is shown that,
for any � 2 A1;1.X;C/

.���C iD xDˆ/nC1 D
.nC 1/idz ^ d Nz

jzj2
. R' �n' � n i@ P' ^ x@ P' ^ �n�1' / (3.21)

which readily implies the equivalence between (3.10) and8<:
�
��!0 C iD xD Im.ˆ/

�nC1
D 0;

Re
�
e�iy#.��!C

0 C iD xDˆ/nC1
�
D 0:

To obtain (3.20), we just have to notice that

Im
�
e�i. �2C

y#/.��!C
0 C iD xDˆ/nC1

�
D �Re

�
e�iy#.��!C

0 C iD xDˆ/nC1
�
:

The second claim now follows from the proof of Proposition 3.8: the calculations in that
proof shows that, along a geodesic,

Im
�
e�iy#�

R' .!C
' /
n
� n i@ P' ^ x@ P' ^ .!C

' /
n�1

��
> 0

if and only if cos.‚ � #/ > 0, i.e., the path of potentials belongs to H . By (3.21), this is
in turn equivalent to

Im
�
e�iy#.��!C

0 C iD xDˆ/nC1
�
> 0

and

Re
�
e�i. �2C

y#/.��!C
0 C iD xDˆ/nC1

�
D Im

�
e�iy#.��!C

0 C iD xDˆ/nC1
�
:
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In general, there might not be smooth solutions to (3.20), even for smooth bound-
ary data, since the equation is degenerate elliptic. It is well known however that there
always are C1;1-solutions of the degenerate Monge–Ampère equation with smooth bound-
ary data, see [6, 10]. The same result holds for the degenerate dHYM equation, for a
fixed smooth Kähler metric in ˛ and assuming that .X; ˛C/ is in the hypercritical range:
between any two smooth functions in H there is a (unique) path 't 2 C1;1 that satisfies
the dHYM geodesic equation, see [8, 14]. Moreover, this path lies in (a suitable extension
of) H .

It is natural to conjecture that this regularity should also hold for solutions of the
coupled system (3.20), which would then imply the following.

Conjecture 3.11. If .X; ˛C/ is hypercritical then for every '0; '1 2 H there is a unique
path 't 2 H that solves (3.10), joins '0, '1, and such that 't 2 C1;1.X;C/.

Notice that if the dHYM equation for .X;˛C/ has hypercritical phase, then the corres-
ponding degenerate dHYM equation on X has (strictly) supercritical phase and vice-versa.
This suggests that it might not be possible to establish the regularity of solutions without
assuming the hypercritical phase condition on .X; ˛C/.

Remark 3.12. Note that if !C is a complexified Kähler form with hypercritical phase,
then both Re.!C/ and Im.!C/ are Kähler forms, cf. [19, Proof of Proposition 5.1].

We conclude this section by observing that, in the hypercritical case, the complexified
K-energy is also convex along paths of functions that satisfy a more familiar condition
than (3.10). See also [21] for a similar observation about the Kähler–Yang–Mills equations
of [1].

Lemma 3.13. Assume that .X; ˛C/ has hypercritical phase. Then, the complexified K-
energy is convex along paths 't 2 H that satisfy8<: Im. R'/ �



@ Im. P'/


2
!t
D 0;

Re. R'/ �


@Re. P'/



2
Bt
D 0

(3.22)

for !t D ! C i@x@ Im.'/ and Bt D B C i@x@Re.'/. Moreover, the complexified K-energy
is strictly convex unless 't is a trivial geodesic.

The equations in (3.22) are simply describing two geodesics of Kähler potentials in
the classes ˛ and ˇ. While it is well known that there always exist C1;1 solutions of (3.22)
between any pairs of smooth Kähler forms, it is not clear if these solutions lie in H , even
assuming that the endpoints do. It would, however, be very useful to use these geodesics,
since the existence of C1;1-solutions would allow us to prove the uniqueness of solutions
for (1.1), similarly to what is done in Section 4 for the case of surfaces. Recall also from
Remark 3.9 that trivial geodesics also solve both (3.10) and (3.22).

Proof of Lemma 3.13. We proceed as in the proofs of Lemma 3.2 and Proposition 3.8. Let
�1; : : : ; �n be a local frame for T �X in which ! is the standard symplectic form and B is
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diagonal, with eigenvalues �1; : : : ; �n. Let also �D ‚.Bt C i!t /� y# and '.t/D u.t/C
iv.t/ for real functions u; v on X . In what follows, we do not indicate the dependence on
t explicitly.

The Kähler geodesic equation (3.22) implies that, with our new notation,8<: Rv D
Pˇ̌
.@ Pv/a

ˇ̌2
;

Ru D
P
��1a

ˇ̌
.@ Pu/a

ˇ̌2
and so we obtain

e�iy#
R'.!C

' /
n
D !nr.!C/ei�

X�
i
ˇ̌
.@ Pv/a

ˇ̌2
C ��1a

ˇ̌
.@ Pu/a

ˇ̌2�
:

Together with (3.12), this gives

e�iy#
R' .!C

' /
n
� n i@ P' ^ x@ P' ^ e�iy#.!C

' /
n�1

D !nr.!C/ei�
X�

i
ˇ̌
.@ Pv/a

ˇ̌2
C ��1a

ˇ̌
.@ Pu/a

ˇ̌2
�

ˇ̌
.@ Pu/a

ˇ̌2
�
ˇ̌
.@ Pv/a

ˇ̌2
C i

�
.@ Pu/a.x@ Pv/a C .@ Pv/a.x@ Pu/a

�
1C �2a

.�iC�a/
�
:

A straightforward computation then shows

Im
�
e�iy#�

R' .!C
' /
n
� n i@ P' ^ x@ P' ^ .!C

' /
n�1

��
D !nr.!C/

nX
aD1

ˇ̌
.@ Pu/a � �a.@ Pv/a

ˇ̌2
1C �2a

.cos �C ��1a sin �/: (3.23)

We claim that if the phase is hypercritical and uC iv is an almost calibrated potential, for
any a D 1; : : : ; n

cos �C ��1a sin � � 0: (3.24)

Our hypotheses imply that there is a lift y# 2 .0;�=2/, and ��=2 < �� y# < �=2. Also, as
we are assuming Bu to be a Kähler metric, the eigenvalues �a are all positive. Then (3.24)
is equivalent to tan � > ��a, which is to say � > � arctan �a, or �C �=2 > arccot �a.
Unravelling the definition of � then (3.24) is equivalent toX

b 6Da

arccot�b > y# �
�

2

and y#<�=2. To conclude the proof, it is sufficient to notice that (3.11) together with (3.23)
and (3.24) imply that the second variation of zM is positive along '.t/, and strictly positive
unless Pv is a holomorphy potential and x@ Pu D r1;0!v PvyB .
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4. Uniqueness of solutions

The question of the regularity of geodesics is of fundamental importance to establish the
uniqueness of solutions of (2.2). In some cases, it might happen that one can show that two
Kähler metrics are joined by a smooth geodesic of Kähler potentials. This is the case for
example if one considers torus-invariant Kähler metrics on a toric manifold. We now show
that in these cases uniqueness of solutions can be established directly from our formula
for the second variation of the energy functional and Remark 3.3. We assume that H 6D ;,
as in the previous section.

Proposition 4.1. Let !C
0 and !C

1 be two almost calibrated solutions of (2.2) in the same
complexified Kähler class ˛C . Assume moreover that there is a smooth geodesic of Kähler
potentials joining !0 and !1 and that .X; ˛C/ is supercritical. Then there exists f 2
Autred.X/ such that f �!C

1 D !
C
0 .

One way to prove this would be to use Collins–Yau’s theory of geodesics for the
dHYM equation, in the hyper-critical case. But the existence and uniqueness of solutions
of dHYM coming from Theorem 2.4 allow us to give a more direct argument.

Proof. Let ¹vtº � C1.X;R/ be a smooth geodesic of Kähler potentials such that the cor-
responding path of Kähler forms !t WD !0 C i@x@vt joins !0 and !1. As we are assuming
that the phase is supercritical, by Theorem 2.4 there is a corresponding path of functions
ut such that Bt WD B C i@x@ ut solves Im.e�iy#.Bt C i!t // D 0. This path is smooth,
by Corollary 2.5. Then the second variation of zM along 't WD ut C ivt is convex, and
as both endpoints of 't are critical points of zM, the second variation of zM.'t / must
vanish identically. So Pv is a holomorphy potential with respect to !v , and Pu satisfies
r
1;0
!v PvyBu D ix@ Pu for every t .

The vector fields �1
2
r!v Pvt are all holomorphic, and their isotopy ft is a family of

biholomorphisms in Autred.X/, by definition. Moreover, ft conjugates !v and !0, so by
the uniqueness of solutions of the dHYM equation we find f �t Bu D B0, and in particular
f �1 .B1 C i!1/ D B0 C i!0.

As a consequence, we obtain a uniqueness result on toric manifolds. In symplectic
coordinates on a toric Kähler manifold, a Kähler geodesic simply corresponds to a line
of symplectic potentials [27, Proposition 2.2]. In particular, the Kähler geodesic between
two smooth toric Kähler metrics is smooth.

Proposition 4.2. Let X be a toric manifold, and let ˛C WD ˇ C i˛ be a torus-invariant
complexified Kähler class with supercritical phase. Then, the torus-invariant solutions
of (1.1) in ˛C are unique up to the action of Autred.X/.

4.1. Complex surfaces

If X is a complex surface, the coupled system (2.2) can be simplified substantially by a
change of variables. If we define

� D sin y#B � cos y#!
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and rescale the coupling constant 
 to z
 D j
 j= sin2 y# , then (2.2) is equivalent to´
�2 D !2;

s.!/ D z
ƒ!�C Qc;
(4.1)

where Qc is a constant, determined through integration by Œ!�, Œ��, and z
 . Note that the
definition of # implies

R
X
�2 D ˛2, so that the first equation in (4.1) can be solved if Œ��

or �Œ�� is a Kähler class, by Yau’s solution of the Calabi Conjecture. In [19] Jacob and
Yau proved that this condition is necessary and sufficient for the dHYM equation �2 D !2

to have solutions, for any fixed Kähler form ! 2 ˛. We will only consider the case Œ�� > 0,
so that the second equation in (4.1) is a twisted cscK equation.

The system (4.1) for z
 D 1 is a particular case of the coupled cscK system considered
in [15], which in turn generalizes the coupled Kähler–Einstein equations of [18]. Similarly
to the general dimensional situation considered in Section 3, (4.1) is the Euler–Lagrange
equation of a functional defined on Œ!� � Œ�� by the condition

DM0.!;�/. Pu; Pv/ D �z


Z
X

Pv.�2 � !2/ �

Z
X

Pu
�
s.!/ � Qc � z
ƒ!�

�
!2:

As is the case for zM, the second variation of M0 around a critical point is positive semi-
definite. In general, the second variation of M0 along a path .ut ; vt / is

@2tM
0.ut ; vt / D z


Z
X

�
k@ Pvk2�v � Rv � k@ Puk

2
�v

�
�v
2

C z


Z
X

�
Rv � hd Pv; d Pui!u C Ruƒ!u�v

�
!u

2

C kD!u Puk
2
L2.!u/

�

Z
X

�
Ru � k@ Puk2!u

��
s.!u/ � Qc

�
!u

2:

As both Œ!� and Œ�� are Kähler classes, it makes sense to consider paths .ut ; vt / that satisfy´
Ru D k@ Puk2!u ;

Rv D k@ Pvk2�v :
(4.2)

Proposition 4.3. The functional M0 is convex along paths .ut ;vt / that satisfy the geodesic
equations (4.2), and it is affine along trivial geodesics (cf. Section 3.2.1).

Proof. If ut and vt are Kähler geodesics, we have

@2tM
0.ut ; vt /

D kD!u Puk
2
L2.!u/

C z


Z
X

��
k@ Pvk2�v �

˝
d Pv; d Pu

˛
!u
Ck@ Puk2!u ƒ!u�v

�
!u

2
� k@ Puk2�v �v

2
�
:

We will show that the integrand of the z
 factor is (semi-)positive. As in the proof of
Proposition 3.8, fix a coframe for TX in which !u is the canonical symplectic form and
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�v is diagonal, with eigenvalues �1, �2. Then the integrand is

��11 j@ Pv1j
2
C ��12 j@ Pv2j

2
� .@ Pu1@ Pv1 C @ Pv1@ Pu1 C @ Pu2@ Pv2 C @ Pv2@ Pu2/

C
�
j@ Pu1j

2
C j@ Pu2j

2
�
.�1 C �2/ �

�
�2j@ Pu1j

2
C �1j@ Pu2j

2
�

D
j@ Pv1 � �1@ Pu1j

2

�1
C
j@ Pv2 � �2@ Pu2j

2

�2
:

So @2tM
0.ut ; vt / is always semi-positive, and strictly positive unlessr1;0!u Pu is holomorphic

and r1;0!u Pu D r
1;0
�v Pv.

We can use this convexity result to prove the uniqueness of solutions of the scalar
curvature equation with B-field on surfaces, in the case when Œ�� is a Kähler class, up to
the action of the reduced automorphism group of X .

For the remainder of this section, let ž WD Œ�� and assume that ˛, ž are Kähler classes
such that ˛2 D ž2. Fixing reference metrics !0 2 ˛ and �0 2 ž, we can write

M0.u; v/ D

Z
log

�
!2u

!20

�
!2u C

Qc

3

2X
pD0

Z
u!

p
0 ^ !

2�p
u �

Z
u.!0 C !u/ ^ Ric.!0/

C z


�Z
v!2u �

1

3

2X
pD0

Z
v�

p
0 ^ �

2�p
v C

Z
u.!0 C !u/ ^ �0

�
or more compactly as

M0.u; v/ D H˛.u/C
Qc

3
E˛.u/ � E˛Ric.!0/.u/ � z


�
1

3
E
ž
.v/ � E˛�0.u/ �

Z
v!2u

�
(4.3)

where H˛ and E˛ are the entropy and (twisted) energy functionals of the Kähler class ˛,
while E

ž is the energy functional of the class ž.
Equation (4.3) shows that M0.u; v/ is well defined even if u and v are not smooth,

as long as ! C i@x@u and �C i@x@v are positive currents with L1 coefficients, similarly
to what happens for the classical K-energy, cf. [5, Section 3]. Hence, analogously to [3,
Theorem 1.1], we have the following.

Proposition 4.4. For any two Kähler classes ˛, ž on X , the energy functional M0 is con-
vex along weak geodesic segments in ˛ � ž, i.e., paths ut ; vt 2 C1;1.X/ satisfying (4.2).
In particular, if there is a solution to equation (4.1), then M0 is bounded below on ˛ � ž.

Indeed, the main point of the proof of [3, Theorem 1.1] is to show that the entropy part
of the K-energy functional is continuous along geodesics of Kähler potentials (a priori, it
is only lower semi-continuous). Our functional M0 is the sum of the K-energy and a gen-
eralised energy functional which is convex along weak geodesics, so the same argument
as [3, Section 3.1.1] gives Proposition 4.4.
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Remark 4.5. It is natural to conjecture that an analogue of 4.4 should also hold for com-
plexified Kähler classes on higher-dimensional manifolds. In fact, if we knew the existence
of C1;1 complexified geodesics (so if Conjecture 3.11 holds), the same proof would show
that the complexified K-energy functional (3.2) is convex along weak geodesics in the
space of almost calibrated representatives, and if there is a solution of (1.1), then zM is
bounded below on this space.

Our main goal in this section is to show that, with minor changes, it is also possible to
adapt the proof from [3] to prove the uniqueness of solutions of (4.1).

Theorem 4.6. Assume that ˛ and ž are Kähler classes on X such that ˛2 D ž2, and that
.!0; �0/ and .!1; �1/ are solutions of (4.2) in ˛ � ž. Then there is � 2 Autred.X/ such
that ��.!1; �1/ D .!0; �0/.

We can follow the argument in [3] almost directly, the main difference is that, while
theK-energy is defined on the space of Kähler forms in ˛, our functional M0 is defined on
pairs .!; �/ of Kähler forms in ˛ � ž, so we will need to make some minor adjustments
to the original proof of Berman and Berndtsson.

The main ingredients of the proof are the convexity properties of M0 along weak
geodesics, and the positivity of its Hessian. By this we mean the Hessian of M0 with
respect to the Donaldson–Mabuchi connection on ˛ � ž, which a straightforward compu-
tation shows to be

HessM.!;�/

�
.u0; v0/; .u1; v1/

�
D

Z
Re
�
g!.Du0; xDu1/

�
!2

C
z


2

Z �
g�.dv0; dv1/C g�.grad!u0; grad!u1/ � g!.dv0; du1/ � g!.du0; dv1/

�
!2:

Alternatively, integrating by parts we can express the Hessian by

Hess M0.!;�/
�
.u0; v0/; .u1; v1/

�
D

Z
u1 Re.D�Du0/!

2

C
z


2

Z
u1 div!

�
T !� .grad�v0 � grad!u0/

�
!2

C
z


2

Z
v1div!.grad�v0 � grad!u0/!

2; (4.4)

where T !� WD !
�1�; more explicitly, T !� is the endomorphism of TX defined by compos-

ing the isomorphisms defined by ! and �, TX
�
�! T �X

!
�! TX .

We let QWC1.X/ � C1.X/! C1.X/ � C1.X/ be the operator

Q.u; v/ WD

 
Re.D�Du/C z


2
div!

�
T !� .grad�v0 � grad!u0/

�
z

2

div!.grad�v � grad!u/

!
;
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which is elliptic, and self-adjoint with respect to the L2.!/ pairing on C1.X/� C1.X/.
Equation (4.4) is thus equivalent to

Hess M0.!;�/
�
.u0; v0/; .u1; v1/

�
D
˝
Q.u0; v0/; .u1; v1/

˛
L2.!/

:

Proceeding as in the proof of Proposition 3.8, it is easy to check that Hess M0
.!;�/

is
semipositive-definite, and the isotropic directions are given by the tangent vectors .u; v/
that lie in the kernel of Q, i.e., grad!u is real holomorphic and grad!u D grad�v.

Proof of Theorem 4.6. Assume that .!0; �0/ and .!1; �1/ are solutions of (4.1). Using !0
and �0 as reference points in ˛ and ž, we identify the sets of Kähler forms in ˛ and ž

with subsets of C1.X/, through the @x@-Lemma.
Let � be a volume form on X such that

R
X
� D ˛2 D ž2, and define a function F on

˛ � ž as

F�.u; v/ D

Z
u� �

1

3
E˛.u/C

z


2

�Z
v � �

1

3
E
ž
.v/

�
:

Notice that the differential of F� does not depend on the choice of a reference point in
˛ � ž, and it can be written as

DF�
ˇ̌
.u;v/

. Pu; Pv/ D

Z
Pu.� � !2u/C

z


2

Z
Pv.� � �2v/:

In particular, as �2i D !
2
i ,

DF�
ˇ̌
.!i ;�i /

. Pu; Pv/ D

Z �
PuC
z


2
Pv

�
.� � !2i /:

Recall from Remark 3.4 that the kernel of the linearisation of (4.1) (that is, the kernel
of Q) around a solution is in bijective correspondence with h0, the set of holomorphic
vector fields on X that have a holomorphy potential. Let Aut0.X/ WD exp.h0/ � Aut.X/
be the corresponding subgroup of biholomorphisms of the surface, and for i D 0; 1 denote
by Si � ˛ � ž the set of all pairs of Kähler metrics obtained by pulling-back .!i ; �i /
by an element of Aut0.X/. By definition, any two points of Si can be joined by a (trivial,
smooth) geodesic, and as F� is strictly convex along geodesics, [3, Proposition 4.7] shows
that there exists a minimum .y!i ; y�i / 2 Si . In particular,

DF�
ˇ̌
.y!i ;y�i /

. Pu; Pv/ D 0 for every . Pu; Pv/ 2 kerQ: (4.5)

We will show that .y!0; y�0/ D .y!1; y�1/. The key point is that (4.5) implies the existence
of tangent vectors . Pui ; Pvi / 2 T.y!i ;y�i /˛ � ž for i D 0; 1 such that�

D. Pui ; Pvi /.DM0/
�ˇ̌
.y!i ;y�i /

CDF�
ˇ̌
.y!i ;y�i /

D 0: (4.6)

To show this, say for i D 0, notice that (4.6) is equivalent to

Q. Pu0; Pv0/ D �

�
� � y!20
y!20

;
z


2

� � y!20
y!20

�
: (4.7)
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By the Fredholm alternative, (4.7) has a solution if and only if .��y!
2
0

y!20
; z

2

��y!20
y!20

/ lies in the
L2.y!0/-orthogonal of the kernel of Q, and this property is exactly (4.5).

Having established (4.6), we proceed as in the proof of [3, Theorem 4.4]; define a
modified version of M0 as

M0s.u; v/ DM0.u; v/C sF�.u; v/

and consider, for very small s and for i D 0; 1, the differential of M0s at the two points�
!i .s/; �i .s/

�
WD .y!i C i@x@ s Pui ; y�i C i@x@ s Pvi /:

As .!i .0/; �i .0// D .y!i ; y�i / are critical points of M0, this differential satisfies (cf. (4.6))

@sD0
�
DM0s

ˇ̌
.!i .s/;�i .s//

�
D .D. Pui ; Pvi /DM0/

ˇ̌
.y!i ;y�i /

CDF
ˇ̌
.y!i ;y�i /

D 0;

so that .DM0s/.!i .s/;�i .s// D O.s2/. At this point, the argument goes exactly as in the
proof of [3, Theorem 4.4], and we refer to that paper for the details. Briefly, what we
showed up to this point is that .!i .s/; �i .s// is almost a critical point for M0s . Connect
.!0.s/;�0.s// and .!1.s/;�1.s// by a weak geodesic segment .us.t/;vs.t//; F� is strictly
convex along weak geodesics, and quantifiably so [3, Proposition 4.1]. Hence M0s is also
strictly convex along .us.t/; vs.t//, which gives an upper bound of O.s/ for the distance
between .!0.s/; �0.s// and .!1.s/; �1.s//. Taking the limit for s ! 0 we deduce that
.y!0; y�0/ D .y!1; y�1/, so S0 D S1.
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