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On the strongly regular locus of the inertia stack of Bung

Daniel R. Gulotta

Abstract. Let G be a connected reductive group over a finite extension of Q,. We show that for

each b € B(G), the strongly regular locus of the inertia stack of BunbG is open in the inertia stack
of Bung. As a consequence, we extend the computation of Hansen—Kaletha—Weinstein of trace
distributions of the cohomology of local shtuka spaces Shtg p , to non-basic b. If b is closed in
B(G, p), or b is basic and has only one specialization in B(G, p), then we compute the trace
distribution of the entire strongly regular locus. In the process, we prove some results on the behavior
of characteristic classes under cohomologically smooth pullback.

1. Introduction

Let F be a finite extension of Q,, and let G be a connected reductive group over F.
Scholze [15] has defined a tower of moduli spaces of mixed characteristic local shtukas

ShtG,b,/L = l(lr_n ShtG,b,M,K~
K

Here, 4 is a conjugacy class of cocharacters u: G, — G defined over F, b is an element
of the Kottwitz set B(G, i), and K ranges over open compact subgroups of G(F). Let E
be the field of definition of the conjugacy class of u. Then Shtg p , x is a locally spatial
diamond over Spd E, where E is the completion of the maximal unramified extension
of E.

The tower Shtg 4, x has an action of G(F) x Gp(F), where G, (F) is the automor-
phism group of the isocrystal associated with b.

The cohomology of Shtg 4, is of interest in the local Langlands program. Let £ be
a prime different from p. The geometric Satake equivalence attaches to each p an object
S, in the equivariant derived category of étale Z-sheaves on Shtg p , k. Let C be the
completion of the algebraic closure of F. For any smooth representation p of Gy (F) with
coefficients in Qy, define

RT(G, b, w)[p] = lim RHomg,, () (RTc(Shtg bk, Sp)s p)-
K

Fargues and Scholze [2, Corollary 1.7.3] have shown that if p is a finite length admissible

representation of G (F), then RT'(G, b, u)[p] is represented by a complex of G(F) X
WE -representations that are finite length and admissible as representations of G(F’).
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One way to study RI'(G, b, u)[p] explicitly is via trace distributions. Recall that for
any admissible smooth representation = of G(F) and any compactly supported smooth
function f:G(F) — Qg, the endomorphism of 7 given by fG(F) f(g)m(g)dg has finite-
dimensional image, so it makes sense to define its trace tr( f |r). If 7 also has finite length,
then it has a Harish-Chandra character ®,,, which is a smooth function from the regular
semisimple locus G(F ) to Q; such that

w(f|7) = /G L T @Ox(e)dg forall £

Similarly, a finite length admissible smooth representation p of G,(F) has a Harish-
Chandra character ©,. If an object in the derived category D(G(F), Q) has finite length
admissible cohomology groups, then its Harish-Chandra character is defined to be the
alternating sum of the Harish-Chandra characters of the cohomology groups.

For any finite length admissible smooth representation p of Gy (F'), Hansen—Kaletha—
Weinstein compare the elliptic parts of the Harish-Chandra characters of p and RI'(G, b,

wlpl.

Theorem 1.1 ([8, Theorem 6.5.2]). Assume b is basic. Let p be a finite length admissible
smooth representation of Gy (F), and let 1 = RTU(G, b, uw)[p]-
Let g € G(F) be an elliptic element. Then

Or(g) = (D26} 3" dimr,[A]|0,(g").
(g,8',A)€Rely

Here, pg is the sum of the positive roots of G, Rely is a set parametrizing pairs of
stably conjugate elements of G(F) and G, (F), plus some additional data, and r,[A] is
the A-isotypic subspace of the representation of the Langlands dual group G with highest
weight w. If p belongs to a supercuspidal L-packet, then this identity confirms a prediction
of the Kottwitz and refined local Langlands conjectures.

Recall that an element of a reductive group is strongly regular if its centralizer is
a torus. It would be useful to generalize Theorem 1.1 to strongly regular g, since the
strongly regular locus is dense in G(F'), while the elliptic locus may not be dense. We
make some progress toward this goal.

Theorem 1.2 (Theorem 5.3.4). Let p be a finite length admissible representation of Gp(F),
and let 1 = RT(G,b, pu)[p]- Let g € G(F) be a strongly regular element. Suppose that for
all specializations b’ of b in B(G, ), g is not stably conjugate to any element of Gy (F).
Then

Ox(g) = ("2 3™ dimr, A0, [ [1—em)]| ™.

(g,8’,A)€Rely, acd+t

Here, ®7 is the set of roots of G that are positive with respect to the parabolic subgroup
of G associated with b, and the norm is defined so that |p| = p~F:Q@»l,
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Our definition of Rely, is slightly different from the one in [8], but the elliptic locus of
our Rely, is the same as the elliptic locus of theirs.

Example 1.3. Let M be a Levi subgroup of G, let u be a cocharacter of G whose cen-
tralizer is M, and let b = u(p). Then G, = M. After accounting for normalization,
Theorem 1.2 recovers van Dijk’s formula for the Harish-Chandra character of a paraboli-
cally induced representation [18, Theorem 3].

A key step in the proof of Theorem 1.2 is the following result.

Theorem 1.4 (Theorem 3.2.4). For each b € B(G), the strongly regular locus of the
inertia stack of Bung is open in the inertia stack of Bung.

Here, Bung is the stack classifying G-bundles on the Fargues—Fontaine curve. This
theorem also holds when F' = [F,((T)).

The reason that Theorem 1.2 does not cover the entire strongly regular locus is the
following. An admissible representation p of G (F) can be considered as a constructible
sheaf on Bung, and the trace distribution of p can be regarded as the characteristic class
of this sheaf. One can also consider the characteristic class of the sheaf i34 p on Bung.
Theorem 1.4 implies that this characteristic class determines a trace distribution on the
strongly regular locus of Gy (F) for each b’ € B(G). The h-component is the usual trace
distribution of p. If 5" is a specialization of b, then the b’-component may be nonzero.
These components show up in the computation of ® .

The problem of computing these ’-components seems interesting in its own right. We
compute some of these components in Examples 4.5.20-4.5.21, but we do not have a gen-
eral formula. In the case where Shtg 3, is the Drinfeld upper half plane, Example 5.3.5
uses the result of Example 4.5.20 to compute ®,, over the entire strongly regular locus.

In order to determine the factor of [],cq+ |1 — @(1)| ™! appearing in Theorem 1.2, and
to work out Examples 4.5.20-4.5.21, we establish a method for computing the behavior of
characteristic classes under cohomologically smooth pullback. This method is developed
in Section 4.5.

Outline of the paper

In Section 2, we prove some general results about endomorphisms of G-bundles. In Sec-
tion 3, we use these results to prove Theorem 1.4. In Section 4, we prove some results
on the behavior of characteristic classes under pullback, and use these to compute charac-
teristic classes on Bung. In Section 5, we explain how to modify the argument of [8] to
prove Theorem 1.2.

2. Automorphisms of G -bundles in general

Let F be a finite extension of Q, or [F,((7)), and let G be a connected reductive group
over F. We will sometimes abuse notation and write G for the diamond (G*")®, and do
similarly with other schemes.
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2.1. Centralizers and bundles

Since we are interested in G-bundles on the Fargues—Fontaine curve, it is natural to work
in the category of sousperfectoid spaces defined in [9] (see also [15, Section 6.3]). There
are several equivalent ways of defining G-bundles on a sousperfectoid space.

Definition/Proposition 2.1.1 ([15, Theorem 19.5.2], [2, Definition/Proposition III.1.1]).
Let Y be a sousperfectoid space. The following categories are naturally equivalent:

(1) The category of adic spaces T — Y with a G-action such that étale locally on Y,
there is a G-equivariant isomorphism 7’ = G x Y.

(2) The category of étale sheaves & on Y with a G-action such that étale locally,
&=0G.

(3) The category of exact ®-functors from the category Repr G of algebraic F-vector
space representations of G to the category Bun(Y) of vector bundles on Y.

We define a G-bundle on Y to be an object in the category (3). We will sometimes also
view it as an object in one of the first two categories.

Definition 2.1.2 ([ 15, Definition 5.3.2]). Let Y be a sousperfectoid space. A Cartier divi-
sor on Y is an ideal sheaf I C Oy that is locally free of rank 1.

Definition 2.1.3. Let Y be a sousperfectoid space, let I be a Cartier divisor on Y, and let
U be the complement of the support of Oy /I.

Let V, V’ be vector bundles on Y. A modification & --> &' along I is an isomorphism
of vector bundles V|y =Sy |y that extends to a map of sheaves of @y-modules V —
lim V' ® I ®-n,

Let €, & be G-bundles on Y. A modification & --> &' along I is an isomorphism of
G-bundles & |y S |u such that for any object of Rep G, the associated map of vector
bundles is a modification along I.

Proposition 2.1.4. LetY be a sousperfectoid space over F, and let &, &' be G-bundles onY .
Let g € Aut§, g’ € Aut&'. Let & C Aut€ denote the centralizer of g, and let &' denote
the equalizer of the maps Isom(&, &’) — Isom(&, &') given by x — gx and x — xg’.

Suppose that étale locally on Y, g and g' are conjugate. Also suppose that we are
given a connected reductive group H over F and an isomorphism h: H Xp Y Sy of
groups over Y. Then:

¢)) &' is an H-bundle.
(2) There is an isomorphism of G-bundles &' = (g’ xy 6)/H.
Further suppose that there exists a finite extension K of F and a homomorphism

W: Hx — Gg such that the induced map Hx xp Y — Gg X Y is étale locally conjugate
to hg. Then:

(3) For any Cartier divisor I on 'Y, the isomorphism (2) induces a bijection between
modifications of G-bundles & --> & along I intertwining g and g’ and modifi-
cations of H-bundles & --> &' along I.
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Proof. Ttems (1) and (2) are clear from Definition/Proposition 2.1.1 (2).

Now we will prove item (3). Let U be the complement of the support of Oy /. It is
clear that (2) induces a bijection between isomorphisms & |y =~ &'|y intertwining g and
g’ and isomorphisms & lv = &’ |u. It remains to check that this bijection preserves the
property of being meromorphic along I.

By étale descent for vector bundles [12, Theorem 8.2.22 (d)], we can reduce to the case
where &, & are trivial and K = F. Let U be the complement of the support of Oy /1.
Modifications & --> &’ along I are then identified with maps ¢: U — G such that for
every finite-dimensional algebraic representation r: G — GL(V') (equivalently, for some
faithful r), r o ¢ induces an automorphism of V ® p Oy that is meromorphic along I.
If r is faithful, then r o &’ is also faithful. Conjugating an automorphism of V ® p Oy
by an automorphism of V' ® Oy will not change whether the former is meromorphic
along I. |

2.2. The coarse quotient G// G, and the strongly regular locus

Consider the action of G on itself by conjugation, and let G//G = Spec(I'(G, Og)%)
denote the coarse quotient.

Any morphism H — G of connected reductive groups over F' induces a morphism
H//H — G//G.

Let Y be a scheme or sousperfectoid space over F, and let & be a G-bundle over Y.
Suppose we are given an étale covering Z — Y along with a trivialization

’L'ZSXYZ:)GXFZ.

The action Aut & Xy (G Xg Z) — (G xf Z) is of the form (h, g,z) — (gy:(h, 2), z)
for some y;: Aut& xy Z — G. The map y, depends 7 only up to conjugation. Moreover,
the composite

Awé xy Z 5 G — GJ/G
descends to a map yg: Aut& — G//G.

Example 2.2.1. If G’ is an inner form of G, then Isom(G, G’) is a G-bundle over F, with
automorphism group G’. There is an induced map G’ — G//G.

Definition 2.2.2. Let K be an extension of F. An element of G(K) is strongly regular if
its centralizer is a torus.

Lemma 2.2.3. The locus of strongly regular points of G is an open subscheme Gy of G.
This open subscheme is the pullback of an open subscheme (G// G)y of the coarse quo-
tient G//G.

Proof. Since the property of being strongly regular is insensitive to field extensions, there
is no harm in assuming that G is split. Let 7" be a split maximal torus of G, and let W be
the Weyl group of G.
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Let g be a geometric point of G. If g is strongly regular, then it is regular semisimple,
i.e. the multiplicity of the eigenvalue 1 in the adjoint action of g on g is as small as
possible. It is clear that the regular semisimple locus is the pullback of an open subscheme
of G//G.

If g is regular semisimple, then it is conjugate to a geometric point of 7'. Using the
Bruhat decomposition, we see that a regular semisimple geometric point of 7" is strongly
regular iff its stabilizer under the action of the Weyl group W is trivial. The locus of points
of T with trivial stabilizer is a W -stable open subspace of T'. By [4, Proposition V.1.1 (ii)],
this locus is the pullback of an open subspace of Spec(I'(T, O7)").

By Chevalley restriction, the map

I'(G,06)¢ - I(T,01)"

is an isomorphism. So the strongly regular locus of G is the pullback of an open sub-
scheme of G//G. |

Definition 2.2.4. Let X be a scheme, sousperfectoid space, or v-stack over G//G. The
strongly regular locus of X, denoted X, is the pullback X X6 (G//G)s.

Two strongly regular elements of G are stably conjugate if and only if they have the
same image in G//G. The following lemma generalizes this fact.

Lemma 2.2.5. The map G xf Gy — Gy Xg/;G G given by (g, h) +— (h, ghg™") admits
an étale local section.

Proof. We claim the map is smooth and surjective. Indeed, it is straightforward to check
smoothness using Chevalley restriction, and [17, Corollary 6.6] implies surjectivity. Then
an étale local section exists by [3, Corollaire 17.16.3 (ii)].

Alternatively, one can use the Bruhat decomposition to give an explicit étale local sec-
tion. Choose a finite extension K/ F such that Gk is split, and let B and B be opposite
Borel subgroups of Gx. Let T = B N B, and let N and N be the unipotent radicals of
B and B, respectively. Let W be the Weyl group of Gg. Recall that Gg = Uwew BwB,
and that BwB € BBw = N NwT. Therefore, G/T = UweW N[VwT/T. Choose a rep-
resentative in the normalizer of T for each element of W. Then there is an étale covering

Tuxg N xg N xg N xg N x W — Gy xG//G Gse
given by

l}’lgl),

_ _ P T R —1-—
(t,ny,ny,nz, 2, w) = (M1ftR] Ny, NalWIW™ iy
and the map to G x g Gy given by

~ ~ S o1 -1 = =1 —1]
(t,n1, i1, 02,012, w) = (Mafiawity ny ,nifgting ny)

is the desired étale local section. [
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Corollary 2.2.6. Let Y be a sousperfectoid space over F, let &, &' be G-bundles overY,
andlet g € Aut&, g’ € Aut &’ be strongly regular automorphisms. Then g and g’ are étale
locally conjugate iff the diagram

Y —5— Auté

lg’ lxa
Aug 25 G//G

commutes.

3. Automorphisms of G -bundles on the Fargues—Fontaine curve

3.1. G-bundles on the Fargues—Fontaine curve

As in the previous section, F' denotes a finite extension of Q, or [F,,((¢)), and G denotes a
connected reductive group over F. Let F denote the completion of the maximal unrami-
fied extension of F, and let o: F — F denote the Frobenius map.

Given b € G(F), let G denote the algebraic group over F' whose functor of points is
given by

Gp(R) = {g € G(R®F F) | bo(g) = gb}.

The group Gy is an inner form of a Levi subgroup of the quasisplit inner form of G.

The Kottwitz set B(G) is defined to be the set of o-conjugacy classes of G(I*: ). In
other words, two elements b, b’ € G(F ) are considered to be equivalent if there exists
y € G(F ) such that b’ = o(y)by~!. The isomorphism class of the group G; depends
only on the image of b in B(G).

Let PerfE—-p denote the category of perfectoid spaces over ]Fp. For any affinoid perfec-
toid S = Spa(R, R™) in PerfFP with pseudouniformizer @, define

Ys = (SpaWo, (R") \ {p[w] = 0},
Xs = Y5/ Frob? .
The space X is the adic Fargues—Fontaine curve corresponding to the pair (F, S). This

definition can be glued, so it makes sense to define Yg and Xg for any S in Perfm—-p.
For any b€ B(G) and any S ePerf—p, there is a corresponding vector bundle & g on Xg.

Definition 3.1.1 ([2, Definition III.0.1, Theorem II1.0.2]). Let Bung be the v-stack send-
ing S € Perpr to the groupoid of G-bundles on X.

For any b € Bung, let Bunlé be the substack classifying G-bundles that are isomorphic
to &p  at every geometric point x.

Let Gb denote the functor Perf]F — Set defined by Gb (S) = Aut &y 5. It is repre-
sentable by a locally spatial dlamond There are maps Gp(F) — Gy — Gp Gp(F), whose
composition is the identity.
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3.2. The strongly regular locus of In(Bung)

Lemma 3.2.1. Let S be a perfectoid space over E,. For any map Xs — (G// G)°, there is
a unique continuous map |S| — (G// G)(F) that makes the following diagram commute.

Xs — (G//G)®

l T

IS| — (G//G)(F)

Proof. By [2, Proposition I1.2.5 (ii)], maps Xs — (A}!,)O over Spd F are in bijection with
maps |S| — F. Since G//G is an affine variety, the lemma follows. |

Definition 3.2.2. For any map of v-stacks X — S, the inertia stack Ing (X) is the fiber
product X xyxox X.
In the case S = Spd[F,, we will shorten the notation to In(X).

The stack In(Bung) classifies G-bundles equipped with an automorphism.

Corollary 3.2.3. There is amap y:In(Bung) — (G// G)(F) such that for any S € Perfﬁp,
and any morphism S — In(Bung) inducing a G-bundle & over Xs equipped with an
automorphism g € Aut &, the diagram

Auté

o T

Xs —— G//G

l T

IS| —— (G//6)(F)
|
[In(Bung)|
commutes.
Define In(Bung s = X_l((G//G)(F)gr).
Theorem 3.2.4. For each b € B(G), In(Buan)Sr is open in In(Bung). In particular,
In(Bung)s: = Lpep(c) In(Bun ).

The strategy of the proof will be to show that if & is a G-bundle on X5 admitting a
strongly regular automorphism, then locally on |S|, & can be obtained from the construc-
tion of Proposition 2.1.4, with H a torus. If H is a torus, then |Bung| is discrete.

Any b € B(G) induces a morphism Spd FP — Bung. The group G can be identified
with the fiber product Spd pr XBung In(Bung). Let XG, denote the composite

Gp — In(Bung) — (G//G)(F).
One can also define a map xg,: G, — (G//G) as in Example 2.2.1.
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Lemma 3.2.5 ([2, Proposition 11L.5.1]). The group Gy, has a slope filtration {szk} such
that
Gp = Gp(F) x G;°

and for each A > 0, szA / G; A is isomorphic to the Banach—Colmez space associated
with the slope —A part of the isocrystal (Lie G ® g F, Ad(b)o).

Lemma 3.2.6. The diagram

X(’jb
[

(G//G)(F)
commutes.

Proof. 1t is clear from the definitions that the triangle on the rlght commutes. To see that
the large triangle also commutes, observe that the composite Gb — Gp(F ) — Gb is a
limit of conjugation maps, and y 5 G, is conjugation invariant. ]

Lemma 3.2.7. Let T be a maximal torus of Gy, and let Ty denote the preimage of
(G// G)s under the map T — G// G induced by yg,. Then the induced map

T(F)s = (G//G)(F)s
is a local homeomorphism.

Proof. By Chevalley restriction, the map Ty, — (G// G)s;, is étale. Then the lemma follows
from the inverse function theorem for locally F-analytic manifolds [16, Section IL.IIL.9]. m

Proof of Theorem 3.2.4. Let S be a perfectoid space, and let & be a G-bundle over Xg
equipped with a strongly regular endomorphism g. It induces a map S — In(Bung). Let
b € B(G), and let z = Spa(K, K™) be a point of S whose image in Bung is contained in
Bunl&. We need to show that some open neighborhood of z also maps to Bung.

Let ¢ be the image of g, under the map Gy (K) — Gp(F). By Lemma 3.2.6, g, and
t determine the same element of (G//G)(F). Let T be the centralizer of ¢ in Gp. By
Lemma 3.2.7, after replacing S with an open neighborhood of z, we can find a map | S| —
T (F)4 such that the composite

1S] > T(F)y 22 (GJ/G)(F)y

agrees with the map |S| — (G//G)(F)s induced by g. Let g’ the endomorphism of the
bundle &p s induced by this map. By Corollary 2.2.6, g and g’ are étale locally conjugate.
By Proposition 2.1.4, we can find a T-bundle & such that & = (é x &p,5)/T. Then the
map S — Bung factors through Bunz. Since |Bunr| is discrete, the map |S| — |Bung]|
must be locally constant. ]
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4. Characteristic classes

In this section, we consider the theory of characteristic classes, both in general and on
Bung. We are interested in characteristic classes because of their connection to trace dis-
tributions of representations of G (F'). This connection will be recalled in Section 4.2. In
Section 4.3, we will relate characteristic classes on Bung to distributions on the groups
Gy (F) for b € B(G) (including non-basic b). Sections 4.4 and 4.5 develop some tech-
niques for computing characteristic classes on Bung, and more generally for computing
the behavior of characteristic classes under cohomologically smooth pullback.
From now on, we assume that F is a finite extension of Q.

4.1. Definition of characteristic classes
First, we recall the definition of characteristic classes from [8, Section 4.3]. In the interest
of space, we avoid introducing categories of cohomological correspondences, and give all
definitions directly in terms of the category D¢ (X, A) defined in [14, Definition 14.13].

Let f: X — S be a fine map of decent v-stacks, as defined in [5, Definitions 1.1 and
1.3]. Let £ be a prime different from p, and let A be a Z-algebra that is killed by a power
of £. Let Kx /g denote the dualizing complex of f.

For any object A of De (X, A), let AY = RHom(A, Kx/s) denote its dual. There is a
natural morphism

ev:AY ® A —> Kx/s.

called the evaluation map.
Let p1, p2: X x5 X — X denote the projection maps, and let A: X — X xg X denote
the diagonal. There is a natural morphism

AV R A — RHom(p} A, pbA), (4.1.1)

defined as follows. By the adjunction between ® and RHom, specifying such a morphism
is equivalent to specifying a morphism (4Y ® A) X A — p!ZA, which is in turn equivalent
to specifying a morphism

pi(4Y ® A) — RHom(p3 A, pyA).

We take the composite

PH(AY ® A) 25 piKyjs — phA — piRHom(4, 4) = RHom(p5 4, pA).
Here, the second arrow is base change.

Definition 4.1.2. We say that A is dualizable over S if (4.1.1) is an isomorphism (cf. [8,
Proposition 4.3.5]).

If A is dualizable, we define the coevaluation map coev: A — A'(AY K A) as the
composite

A — RHom(A4, A) = RHom(A* p¥ 4, A' pb 4) = A'RHom(p? A, pb4) > A'(4Y ® A),

where the last isomorphism is induced by the inverse of (4.1.1).
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Let Ing (X) be the inertia stack of X, as in Definition 3.2.2, and let 771, 75: Ing (X) —
X denote the projection maps.

Definition 4.1.3 ([8, Definition 4.3.6]). Let A € D¢(X, A) be an object that is dualiz-
able over S. The characteristic class of A over §, denoted ccy,s(A), is the element of
H(Ing(X), K1, ¢(x)/s) determined by the composite

7§ coev

A AN AY R A) - 2 AT A B A) 2D Kgoss
where the second arrow is base change.

Characteristic classes behave nicely under pushforward by a proper map and pullback
by an open immersion, as the following two propositions demonstrate.

Proposition 4.1.4 ([8, Lemma 4.3.7]). Let i: U — X be an open immersion of decent
v-stacks fine over S. Then Ing(i):Ing(U) — Ing(X) is also an open immersion. If A €
D(X, A) is dualizable over S, then so is i * A, and

ceyys(i*A) = Ing(i)* cex/s(A).

Proposition 4.1.5 ([8, Corollary 4.3.9]). Let p: X — Y be an proper morphism of decent
v-stacks fine over S. Then Ing(p): Ing(X) — Ing(Y) is also proper. If A € D(X, A) is
dualizable over S, then so is p1A, and

ccxys(p1A) = Ing(i)rccy/s(A).

In Section 4.5, we will show that the behavior of characteristic classes under cohomo-
logically smooth pullback can also sometimes be understood explicitly.

4.2. Geometrization of trace distributions

Now, let A denote an arbitrary Zg-algebra (not necessarily killed by a power of £). Let
C.(Gp(F), A) denote the space of locally constant A-valued functions on G (F'), and let

Haar (Gb (F), A) = Homy g, (F)] (Cc (Gb (F), A), A)
denote the space of A-valued Haar measures on G (F'). Define
HaarDist (G, (F), A) = Homp (Cc(Gp(F), A) ® Haar (Gy(F),A),A).  (4.2.1)

A A-representation p of Gp(F) is said to be smooth if the stabilizer of any vec-
tor is open. A smooth representation p is said to be admissible if for every compact
open pro-p subgroup K C Gp(F), the derived K-invariants of p are a perfect complex
of A-modules. Any admissible smooth representation p determines a trace distribution
tr.dist(p) € HaarDist(G, A). Forany f € C.(Gp(F), A), the operator fgeGb(F) f(g)p(g)
has image contained in a finitely presented A-module, and tr.dist(p)( /) is defined to be
its trace.



D. R. Gulotta 12

If in addition A is isomorphic to C and p has finite length, then tr.dist(p) has a Harish-
Chandra character ®, [10, Theorem 16.3]. Here, ®, is a locally constant function from
the regular semisimple locus Gy, (F).s of Gp(F) to A satisfying

(tr.distp)(f) = / BO,(g) f(g)

8€G(F)s

forall f€C.(Gp(F),A) ® o Haar(Gp(F), A). (Since Gy (F),5 is not compact, we choose
a isomorphism Q; = C to make sense of the integral. However, since 0, is uniquely
determined by the values of the integrals for which f has support in a compact subset of
Gp(F)rs, ©, does not depend on the choice of isomorphism.) Since the strongly regular
locus is dense in the regular semisimple locus, there is no harm in integrating over Gp (F )y
instead of Gy (F);s.

The trace distribution can be reinterpreted as a characteristic class. Let D(Gp(F), A)
denote the derived category of the category of A-representations of G (F'). For any small
v-stack X, Fargues—Scholze define a category Dj;(X, A) [2, VIL.6.1]. If A is killed by a
power of £, then Dy;(X, A) is equivalent to Dg (X, A) by [2, Proposition VIL6.6].

Until the end of Section 4.4, let S be either Spd Fp, or Spd C for some algebraically
closed nonarchimedean field C of characteristic p.

Proposition 4.2.2 ([2, Proposition VII.7.1]). There are equivalences
D(Gp(F), A) = Dys([S/Gp(F)]. A) = Dis([S/Gsl, A).

Proposition 4.2.3 ([8, Example 4.2.5]). Suppose A is killed by a power of L. There is an
isomorphism

HO(InS ([S/Gb (F)]), Klns([S/Gb(F)])/S) =~ HaarDist (Gb (F), A)
Here, Gy (F) acts on HaarDist(Gy (F), A) by conjugation.

Gp(F)

Proposition 4.2.4. Suppose A is killed by a power of L.

(1) Anobject of D(Gp(F), A) is admissible if and only if the corresponding object of
D¢ ([S/Gp(F)], A) is dualizable over S.

(2) Under the isomorphism of Proposition 4.2.3, if p is admissible, then

cers/G,(F)1/s (p) = tr.dist(p).

Proof. The first claim can be proved in the same way as [2, Theorem V.7.1]. The second
claim is [8, Proposition 4.4.3]. [

4.3. Generalization of distributions to Bung

We again assume that A is a Zg-algebra killed by a power of £. We are interested in
understanding the characteristic classes of objects in D (Bung, A). We will focus on the
restriction to the strongly regular part of the inertia stack. We begin by determining the
space in which these characteristic classes live.
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Proposition 4.3.1. The following statements hold:
(1) Foreach b € B(G), the map Gp(F) — Gy, induces an isomorphism

Ing ([S/Gs(F)]),, — Ins ([S/Gbl),..
(2) Foreach b € B(G), there is an isomorphism

Gy(F)

HO(InS ([S/Gb]) KIns([S/éb])M/S) 2~ HaarDist (Gb(F)sr, A)

sr’
(3) There is an isomorphism

HO(Ins (Bung,s)sr. KingBung.s)e/s) = || HaarDist (Gp(F)sr A) .

beB(G)

Lemma 4.3.2. The map c: Gb(F)sr X G;O — (('}vb)Sr that sends (g, h) — hgh™"' is an
isomorphism of diamonds.

Proof. We will show by induction that for each A > 0, the map
ci:Gy(F)_xG;°/G* — Gy(F) _xG;°/Gy*

defined by (g.h) — ghg~'h™! is an isomorphism. The case A = 0 is trivial.

Let A be a slope appearing in G7°, and suppose that ¢y is an isomorphism for A’ < A.
To show that ¢, is also an isomorphism, it suffices to prove that for each affinoid perfectoid
Z = Spa(R, R™), ¢; induces an isomorphism on Z-points.

Let X ?;g denote the schematic Fargues—Fontaine curve over R, and let H denote the
inner twisting of G x X ';gg by &p. The slope filtration on & induces a filtration on H.

By the argument of [2, Proposition IIL.5.1], for A < 1/,

(G721G¥)NZ) = (G2 /G 2) /(G |G ) (2).

So ¢3! admits a lift to an endomorphism of (Go(F) % 6;0/5;)“)(2).
For each g € G (F), the endomorphism of HZ=*/H>* induced by ¢ is injective and
linear, so it is an isomorphism. So ¢ induces an automorphism of (G (F') x G bzk/ é; M (2Z).
Combining these facts, we see that there is a lift of c;,l that is an inverse of the map
of Z-points of c;. ]

Proof of Proposition 4.3.1. The first item follows immediately from Lemma 4.3.2. The
second item follows from the first and Proposition 4.2.3. The third item follows from the
second and Theorem 3.2.4. |

4.4. Action of automorphisms of Banach—Colmez spaces on compactly supported
cohomology

As mentioned in Lemma 3.2.5, éb is a successive extension of G (F') by Banach—Colmez
spaces. In order to understand the relation between characteristic classes on [S/Gp(F)]




D. R. Gulotta 14

and characteristic classes on [S/ éb], it will be useful to understand how endomorphisms
of Banach—Colmez spaces act on the cohomology of these spaces.

Lemma 4.4.1. Let
1>8 > —->8" -1

be an exact sequence of group diamonds that are locally spatial and separated and coho-
mologically smooth over S. Assume the morphisms are locally compactifiable of finite
dim.trg.

Let f:S — [S/§] be the quotient map, and define f', " similarly. Let g be an
automorphism of § that respects the exact sequence.

Suppose that f/A and f"A are shifts of the constant sheaf A, and that g acts by
A A" e N on f'A and " A, respectively. Then fiA is also a shift of the constant sheaf
A, and g acts by M'A" on fiA.

Proof. Consider the diagram

S —— [S/8] —— [S/¥]

l l (4.4.2)

S —— [S/97].
The square is cartesian, so we may apply base change. ]

Lemma 4.4.3. Let € be an object in D?(Coh(X¢)) such that #°(&) has positive slopes,
HY(E) has negative slopes, and all other cohomology groups are zero. Let BE(8)
denote the corresponding Banach—Colmez space. Let f:Spd C — [Spd C/BE(€)] be
the quotient map. Then i\ = A[—2deg &].

Proof. First, consider the case where & is a vector bundle with positive slopes. Let
f:BEE) - SpdC

be the base change of f. By [7, Proposition 4.8], f;A ~ A[—2dim &]. To show that
SiA = A[—2dim &], we need to show that translation by B€ (&) induces the identity on
f~; A. Indeed, BE(&) is connected, while ﬁ A is discrete.

In general, we can find an exact triangle ¥ — § — &, where ¥ and ¥ have positive
slopes. There is a corresponding exact sequence 0 — BE(F) — BE(F) - BE(E) — 0.
By applying this lemma to ¥ and § and considering the diagram (4.4.2), we see that the
pullback of fiA to [Spd C/BE(§)] is isomorphic to A[—2deg E]. So fiA must also be
isomorphic to A[—2deg &]. |

Definition 4.4.4. Let & be as in Lemma 4.4.3, and let g be an automorphism of &. Define
detg € F* as follows. If & is a vector bundle with positive slopes, then det g is the image
of g in Aut(A®€ &) = F*.If &[—1] is a vector bundle with negative slopes, then det g is
the image of g~! in Aut(A*€-1&[—1]). If & is torsion, then det g = 1. In general, det g
is the product of the determinants of g acting on the graded pieces of the slope filtration
of &.
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Lemma 4.4.5. Let &, BE(8), [ be as in Lemma 4.4.3. Let g be an automorphism of &.
Then the action of g on fiA is multiplication by |det g| ™!, where the norm on F is defined
so that | p| = p~1F:Q»l,

Proof. We will reduce to a special case using Lemma 4.4.1. Lemma 4.4.3 guarantees that
the conditions of Lemma 4.4.1 are met.

Using the slope filtration, we reduce to the case where & is semistable. First, suppose
& has infinite slope. By dévissage, we can reduce to the case where B€ (&) is a product of
copies of Gé} . Then the lemma is satisfied, since any g has determinant 1 and acts trivially
on the compactly supported cohomology of BE€(&).

If & has finite positive (resp. negative) slope, then by using an exact triangle of the
form &(—n) - & — &/&(—n) (resp. E[—1](n) — &[—1](n)/&[-1] — &), we reduce to
the case where the slope of & is positive and < [F : Q,]. Using Jordan normal form, we
further reduce to the case where g acts by a scalar (and F is replaced by a finite extension).
In that case, B€ (&) is the universal cover of the generic fiber of a formal @ r-module E
over O¢. Since O \ {0} generates F*, we may also assume that the scalar is in O, so
g induces an endomorphism of E. Using [11, Theorem 7.3.4], we see that g must act on
/1A by the degree of this endomorphism, which is |det g| ™. |

Let b € B(G). We can also compute the action of endomorphisms of Gb> 0 on its
compactly supported cohomology.

Let v be the Newton point of b. Recall from [2, Section II1.5.1.1] that v, and —vp
determine a pair of opposite parabolic subgroups Pb+, P, of the quasisplit inner form of G,
and Gy, is an inner form of M} = Pb+ N P, . Over some finite extension F' of F,(Gp)p
becomes conjugate to (Mp)Fs; use this conjugation to identify the two groups. For g €
Gp(F), let Dy (g) be defined by

Dj (g) = det (1 — Ad g| Lie ((P;) ')/ Lie (Mp)£/)). (4.4.6)

Then D, (g) lies in F since Gal(F'/F) acts on g by conjugation. It does not depend on
F’ or the identification of (Gp) g+ and (Mjp) p/ as conjugates.

Lemma 4.4.7. Let f: (C~}b>°)s — S be the structure map. Then fi\ is a shift of A. If
m € Gp(F), then the map é;o — G;O defined by n — m~'n"'mn acts on fiA\ by
| Dy (m)| 7

Proof. 1t suffices to prove the lemma in the case S = Spd C; the case S = Spd Fp then
follows by base change.

The group é; 0 has a filtration whose graded pieces G bZA / 6; * are Banach—Colmez
spaces. Let f S =[S/ (6; 0)s] denote the quotient map; then repeated applications of
Lemmas 4.4.1 and 4.4.3 imply that ng is a shift of A. By base change, fiA is also a shift
'n=Umn acts by multiplication by |D;(m)|_1, apply
Lemma 4.4.5 to the quotients ébzk/é;)t (]

of A. To see that the map n +— m™
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4.5. Characteristic classes under cohomologically smooth pullback

We will prove some results regarding the behavior of characteristic classes under coho-
mologically smooth pullback.

This subsection is rather technical. The reader is encouraged to read Propositions 4.5.17
and 4.5.18 and Example 4.5.20 for motivation.

We now let S denote an arbitrary decent v-stack. Let f: X — Y be a cohomologically
smooth morphism of decent v-stacks fine over S.

Lemma 4.5.1. Let A € Dy (Y, A) be an object that is dualizable over S. Then f*A is
also dualizable over S.

Proof. Let p1, p2 (resp. p1, p2) denote the projection maps ¥ xg¥Y —Y (resp. X xg X — X).
We have a commutative diagram

RHom(f*A4, Kx/s) s f*A —————— RHom(p} f*A. p, f*A)

X =

(f xid)'(idx f)*(RHom(4, Ky/s)®sA) — (f xid)'(idx f)*RHom(p} A, p}A).

If the bottom horizontal arrow is an isomorphism, then the top horizontal arrow must be
an isomorphism as well. ]

Proposition 4.5.2. The following diagram is commutative with cartesian squares.

Ing(X) — 2 4 x
lﬁf Af
Ing(Y) xy X —23 XxYX 2y x
Ins (f) pl (4.5.3)
f
Ing(Y) i Y

Consider the map
Amsx) = Ins (f) Ams(r)
defined by applying the composite natural transformation
Ing(f)*m; — 73 AP ST — 7 Afplf - Af”z pif*— Af” pift = Z}f'”z*
(4.5.4)

to Ay. Here, the third arrow is base change, and the fourth and fifth arrows are smooth
base change. For any A € D(X, A) such that (Y, A) is dualizable over S, the morphism

(4.5.4) Ing (f)' cey ;s (A)
Amng(xy —— Ing () Amg(ry ————— Ins () King v/s — Kingx/s (4.5.5)

iscex/s(f*A).
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Proof. By considering the diagram

Ing(X) — Ing(Y) xy X s X
X—>X><YX—>X><SX—>X

|

X—>XXSY Y xs7,

\l//

we see that the morphism (4.5.5) is computed by the cohomological correspondence

T N

(X, Ax) (X xs X, f1AVR f*4) (X, Kx/s).

where the left half is obtained by applying f* to coevy and then applying smooth base
change, and the right half is obtained by applying f' to evy and then applying smooth
base change. It is then clear that the right half of the correspondence is evy . The following
lemma verifies that left half is coevy. [

Lemma 4.5.6. Consider the coevaluation maps
coev: A — A!Y/S(AV X A),
Goev: A — Ay g(f1AY R f*A).
The following diagram commutes.
A

f* coev
coev

Ay s(FPAVRf*A) 5 Ay g(fxid)' (idx f)*(AYRIA) = [*AY g(AVRA).
Here, the lower right arrow is smooth base change.
Proof. This follows from the commutativity of the diagram

A — RHom(f*A, f*A) = Ay cRHom(p} f*A, p} f*A) = Ay g (f'AVR f*A)

ook X 5

A — f*RHom(A, A)—)f*Ay/SRHom(p A, phA) —— f* Ay/S(AVEIA)
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In (4.5.4), the only map that is not an isomorphism is base change along As. The
following proposition will allow us to compute the base change explicitly in many cases
of interest.

Proposition 4.5.7. Let G = M x N be a semi-direct product of group diamonds over S,
with N cohomologically smooth. Let Mo, be an open subdiamond of M, and let Gy =
Mg N. Suppose that the morphism ¢: [Greg// M] — [Greg// M] sending mn — n~'mn is
an isomorphism.

Let f:[S/M] — [S/G] denote the map induced by the inclusion M — G. In the nota-
tion of Proposition 4.5.2, we can identify Ing (Y) with [G// G], Ing (Y) xy X with [G// M],
and Ing (X)) with [M // M.

The restriction of (4.5.4) to [My,// M is given by

~x ~ ~ = ~1 ~ 7 A~ ]
A;:,regf;:gA - A.f,regf;égA - A],regn;,regp;f‘/\
= Z},regc*c*ﬁzreg PEfIAS Z}Jeg fugh. (458)

Here, the subscript ., indicates restriction from [M//M] to [M,// M|, the first arrow
uses the fact that freg A eq is an isomorphism, the second and fourth arrows are smooth

base change, and the third arrow is induced by the natural transformation id — cxc*.

Proof. After restricting left column of the diagram (4.5.3) to [Grg// G], we obtain the
following diagram:

[Mreg//M] E— [S/M]

| |

[Greg//M] ™23 [N//M] —— [S/M]
l (4.5.9)
[S/M]

™~

[Greg//G] ? [S/G]

We claim that there is a commutative diagram

(Grea// M) 2223 [N//M] —— [S/M]

|

[S/M] (4.5.10)

/\

[Greg// G] > [S/G].
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where the 2-morphisms filling in the outer and upper right squares match the ones in
(4.5.9). Indeed, the 2-morphism in the upper right square is induced by the inclusion map
N — G, the 2-morphism in the large square is induced by the constant map G, — G
sending everything to the identity, we can choose the 2-morphism in the upper left square
to be induced by the constant map G, — M sending everything to the identity, and we
can choose the 2-morphism in the bottom triangle to be induced by the map Gy, — G
sending n~!
and triangle matches the 2-morphism filling in the outer square.

The two arrows [Greg// M] — [N// M] are related by composition with c¢. Then a dia-
gram chase shows that (4.5.8) agrees with (4.5.4). ]

mn > n~'. The composition of the 2-morphisms filling in the smaller squares

Proposition 4.5.11. Let G, M, Gy, Mg be as in Proposition 4.5.7. Let
c': [(Mreg X N)//G] g [(Mreg X N)//G]

be given by (m,n) — (m,m~'n"'mn). Let f:[N//M] — [S/M] be the obvious map.
In the notation of Proposition 4.5.2, we can identify Ing (Y') with [M// M, Ing (Y) xy
X with [(M x N)//M], and Ing (X) Ximg(v) [Mreg// M] with [Mres // M].
The restriction of (4.5.4) to [Myeg // M] is given by a map analogous to (4.5.8), with ¢’
in place of c.

Proof. After pulling back the left column of (4.5.3) along [Mee// M] — [M//M], the
diagram becomes

[Mreg// M] > [N//M]

! |

(n1,n2)>ny

[(Mrgx N/ M] S22 [ ) /M [N//M]
l (4.5.12)
[N//M]
[Mreg// M] S [S/M].
The top left square can be extended to form the following diagram.
[Mreg// M] > [N//M] > [S/M]

l l 1 l (4.5.13)

(Mg x N)J/ M ] S22 s Ny ] 2202y,

The two arrows [(Myee X N)//M] — [N//M] are related by composition with ¢’. Then a
diagram chase shows that the analogue of (4.5.8) agrees with (4.5.4). ]



D. R. Gulotta 20

The remainder of this section is devoted to applications of Propositions 4.5.7 and
4.5.11. For these applications, let S = SpdF,, or Spd C for an algebraically closed nonar-
chimedean field C.

Corollary 4.5.14. Let f:[S/Gy(F)] — [S/Gp] be the map induced by the inclusion
Gp(F) = Gy. Let A be a dualizable object in Dg([S/Gp(F)], A). Then under the iso-
morphism of Proposition 4.3.1 (1),

CC[S/M]/S(A)M = |Db_|_1 CC[S/Gb]/S(f*A)sr-
Proof. We will apply Proposition 4.5.7, with G = Gp, M = Gp(F), Mg = Gb(F)sr’

N = G; 0. Using Lemma 4.4.7 and smooth base change with respect to the cartesian
squares

Greg ” [Greg//M]

N <
l | ! (4.5.15)
S <

Mie > [Greg// G,

we see that freg;ﬁ; regp;f!l\ is locally free of rank one, and ¢ acts on it by |D;|_1. In
other words, if we compose the map

Z A | x ~ !
freg!n;,regp;f.A - freg!C*C*”;,regp;f-A

induced by id — cxc* with the map
o A~ ! 3 A~ !
ffeg!c*c*ng,regp;f'/\ - freg!n;,regp;f.[\

induced by f;eggc* = f:eg, c*atps 5 7* p5, the result is multiplication by | D~ |~
We claim that the map

ﬁ;,regp;f![\ - J;régﬁeg!ﬁ;,regp;f![\ (4516)
ral

induced by id — fi., fmg! is an isomorphism. Indeed, by smooth base change, it is enough
to check that f'A — f' fi f' A is an isomorphism. This map has a left inverse f' fi f'A —
f'A induced by the natural transformation f; f' — id. By repeated applications of [7,
Proposition 4.8 (i)] and smooth base change, f; f'A — A is an isomorphism, so

AN — fIA

is an isomorphism as well.

Using the isomorphism (4.5.16) along with the fact that fre; Az, is an isomorphism,
we see that ¢ also acts by multiplication by | D, |~ on A},regﬁ;’reg 294 'A. Now applying
Proposition 4.5.7 yields the desired result. ]

Proposition 4.5.17. Let p be a representation of Gy (F), and let ip:[S/Gp(F)] — Bung,s
be the usual map.

(1) Under the isomorphism of Proposition 4.3.1 (1),

Dy 7! cCBung s 18 (WbsP) iy g Bund, o) = CCLS/Gy(F)1/S (P)sr-
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(2) Ifb’ € B(G) is not a specialization of b, then
CCBunG,S /S (ib*P)llnS (BUHIE;/,S)sr =0

Proof. The first claim follows from Corollary 4.5.14 and Proposition 4.1.5.
The to prove the second claim, observe that i is a composite of the open immersion

Bunl(’; 5~ Bunl(’; s and the closed immersion Bunl(’; s = Bung_s. So this claim follows
from Propositions 4.1.4 and 4.1.5. |

If b’ is not a specialization of b, then the situation is more complicated, as we will see
in Example 4.5.20.

Proposition 4.5.18. Let f: Mp s — Bung,s be the chart defined in [2, Definition V.3.2],
and let A be a dualizable object in Dg(Bung, s, A). The base change of Ing(Mp s) —
Ing (Bung,s) to Ing (Bunlé,s)Sr is an isomorphism. Under this isomorphism,

|D;|_1 CCBunGys /S (A)b,sr = CCMb!S/S (f*A)b,sr-

Proof. We can identify (Gp)s with a substack of Bung,s. By Theorem 3.2.4, [(éb)sr // 6b] s
is identified with an open substack of Ing(Bung). Then same arguments as in Proposi-
tion 4.5.7 and Corollary 4.5.14 apply. We use smooth base change with respect to the
cartesian square

[S/Gp(F)] —— Mps

! !

[S/Gy] — Bung,s
to show that the calculations of Corollary 4.5.14 still apply in this setting. ]

Corollary 4.5.19. In the situation of Proposition 4.5.11, suppose that N = BE (&), where
& is as in Lemma 4.4.3. Then the map (4.5.4) is given by multiplication by the function
M — F* sending m — |det(m — 1)|~!. Here, det denotes the determinant of the action
on &, as defined in Definition 4.4.4.

Proof. This follows from Lemma 4.4.5 and Proposition 4.5.11 in the same way that Corol-
lary 4.5.14 follows from Lemma 4.4.7 and Proposition 4.5.7. ]

Example 4.5.20. Let G = GL,. Let b,b’ € B(G) correspond to the vector bundles @ (1/2)
and O @ O (1), respectively, on the Fargues—Fontaine curve. Then Gy (F') is isomorphic
to the group of units in a nontrivial quaternion algebra over F, and Gy (F') is isomorphic
to (F*)2.

Letip«:[S/Gp(F)]—Bung,s denote the inclusion map. We will use Proposition 4.5.18
and Corollary 4.5.19 to compute the strongly regular b’-part of the characteristic class of
ips\.
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Let mp: My s — Bung, s be the chart defined in [2, Definition V.3.2]. By Proposi-
tion 4.5.18,

CCBunG,S /S(ib*A)b’,sr = |1 - tl/[2| CCMb/,S (n[;k/ib*A)b’,sr
Here, t1, t, are coordinates on G/ (F) = (F*)2. There is an exact triangle
A — fYipe A — jIA[-1],

where j:[S/Gp(F)] = My s is the inclusion of the closed stratum of Mp/ 5 in Mp 5.
So

cCpy s (ThipaN) = cepry (A) —cepy, o (iA).
By Proposition 4.1.5,
cCuty (1) = In(j)rcers/G, () (A)-

The characteristic class ccis/c,, (r))/s (A) is the distribution that has Harish-Chandra char-
acter 1. We will abuse notation slightly and write

cC[s/G, (F/s(A) = 1.

Recall that M}, g is isomorphic to (BE(O(—1))/ Gy (F))s. By Proposition 4.5.11 applied
to Mbl’s — [S/Gb(F)],
cCuty /8 My se = |1 =2/ 1] cesyg, (/s (M s = |1 —12/11].

Putting everything together, we obtain

CCBung.s /S (Ubx )b se = |1 — 11/ 02| [l — 12/ 11| — |1 — 11/ 12].

In Example 5.3.5, we will use this calculation to compute the image of the compactly
supported cohomology of the Drinfeld upper half plane in Groth(GL, (F)).

Example 4.5.21. Let G be a connected reductive group over F, let b € B(G) be basic,
and let b’ € B(G) be an element whose only generalization is b. By a similar calculation
to Example 4.5.20, cCpyng; /5 (ip+A) b, has Harish-Chandra character

[T == [] 1=

acdPtud— aed—

Here, ®T, ®~ denote the set of roots of G that are positive (resp. negative) with respect
to the parabolic Pb+.

These examples rely on the fact that 7;,ip« A is an extension of a constant sheaf by a
shift of a sheaf supported at a single point. To go further, it will be necessary to understand
the characteristic classes of more complicated constructible sheaves on Mp.



On the strongly regular locus of the inertia stack of Bung 23

5. Hecke correspondences and trace distributions

Now, we will use Theorem 3.2.4, Proposition 2.1.4, and Proposition 4.5.18 to generalize
[8, Section 6]. We will recall the setup of [8] and explain how to generalize it.

5.1. Local shtuka spaces and Hecke correspondences

Let F be a finite extension of Q,. Let G be a connected reductive group over F, let
b € B(G), and let ;1 be a conjugacy class of cocharacters G, f — G . Let D(Gp(F),Q¢)
denote the derived category of smooth Qg-representations of G(F). We will now recall
the functor

p = RU(G,b, pw)lp]

from D(Gy(F), Q¢) to D(G(F), Q) that was mentioned in the introduction. We also
recall its relation to the Hecke operators defined in [2, Section IX].
Hecke operators are defined using the diagram of v-stacks

Hecke —— Hecke!™®

Bung Bung x Div! .

Here, Div' = (Spd F )/ Frob? is the diamond classifying degree 1 Cartier divisors on the
Fargues—Fontaine curve, Hecke is the stack classifying modifications of vector bundles on
the Fargues—Fontaine curve that are isomorphisms away from a single point of Div', and
Hecke! is the local Hecke stack [LTG \ LG/L*G].

The stack Hecke'™ has a stratification by Schubert cells. For any conjugacy class of
cocharacters u of G, there is a diagram

Hecke, — Hecke!®

<u
/ W
hi<u
Bung Bung x Div! .

The maps /1,<;, and h, <, are proper [2, Section 1.2].
Let C be the completion of the algebraic closure of F. The local shtuka space Shtg 3 ,,.c
is the fiber product

Hecke<, 1Spd C,

><BunG X Bung X Div
where the map from Spd C to the first copy of Bung corresponds to the G-bundle &; ¢,
the map from Spd C to the second copy of Bung corresponds to the trivial G-bundle &, ¢,
and the map Spd C — Div! is induced by the inclusion F < C.

The space Shtg p,,,,c is a locally spatial diamond. It admits an action of G(F) x
Gp(C), and in particular of the subgroup G(F') x G (F). For any compact open subgroup
K C G(F), the quotient Shtg p ,,.x,c = Shtg p,.,,c/K is also a locally spatial diamond
[15, Section 23].
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Choose a prime ¢ # p. For each nonnegative integer n, the geometric Satake equiv-
alence [2, Section VI] associates with u an object §,, , in D¢ (Hecke'™, Z /L"Z). (One
sometimes uses a different normalization that is defined over (Z/{"Z)[q'/?], where ¢ is
the size of the residue field of F, in order to trivialize a cyclotomic twist in the Weil group
action. But since we are ignoring the Weil group action, we use a normalization that is
always defined over Z/£"Z.) We will also write S,, , for the pullback of this object to
ShtG,b,M,K,C- Define

RI:(Shtg p . k,c, Sp) = limlim R (U, Sy n).

—> <«
U n

where U runs over quasicompact open subdiamonds of Shtg p . k,c . For any object p of
D(Gp(F),Qy), define

RIU(G,b, wp] = lim RHomg,(r) (RT(Shtg pp.x.c- Su) ®z, Q. p).
KCG(F)

It is an object of D(G(F), Q¢). By [8, Proposition 6.4.5], if p is admissible (resp. of finite
length), then RT'(G, b, i)[p] is as well.
For any Z-algebra A, there is a Hecke operator

TMZ Dlis(Bun(;, A) — Dlis(Bung, A)BWE .
We will also write T, for the induced functor Dy;(Bung,c., A) = Djis(Bung,c, A).

Proposition 5.1.1 ([8, Proposition 6.4.5]). For any triple G, b, 1, and any object p of
D(Gy(F), Qo)
RT(G, b, wp] = iy T-pipsp.

Here, iy, denotes the composite
[Spd C/Gy(F)] — [Spd C/Gp] — Bun%  — Bung,c,
and iy is defined similarly.

As in [8], we will deduce information about the Hecke operators for A = Qy from
the Hecke operators for A = Z,/£". If A is killed by a power of £, then we can identify
Diis(Bung, A) with Dg(Bung, A) and Dyi(Bung, A)BWE with Dg(Bung x[x/WEg], A).
The latter can further be identified with a full subcategory of D¢ (Bung x Div!, A). The
induced functor D (Bung, A) — Dg(Bung x Div!, A) is given by

A hZ*(h)lkA ® Sun) = hz,g,u*(hiSMA ® Sin)s

where n is chosen so that £ kills A.

The problem of computing the trace distribution is therefore reduced to the problem
of determining how the characteristic classes interact with the operations appearing in
Proposition 5.1.1. The analysis can be summarized as follows.
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» Proposition 4.5.17 computes the restriction of ccpy, (Bung.c) /¢ (ip«p) to some of the
strata of Inc (Bung,c )« Our lack of knowledge about what happens on the remaining
strata is the reason that we are unable to extend Theorem 1.2 to the entire strongly
regular locus.

» The pullback A7 and tensor product with §,, are treated in [8, Proposition 6.4.8]. We
make no changes to this part of their argument.

* Proposition 4.1.5 reduces the problem of analyzing the pushforward /%, to the prob-
lem of characterizing the fibers of /5. This analysis is performed in Section 5.2.

» Proposition 4.1.4 handles the pullback i;".

Section 5.3 combines all of the ingredients.

5.2. Fixed points in Hecke correspondences

Let Hecke?* denote preimage of Bunl(’; in Hecke under /11, and let Hecke®! denote the
preimage of Bung x Div! in Hecke under h,. Let Hecke?! denote the intersection of
Hecke?* and Hecke™*'!

The stack In(Hecke?!) parametrizes triples (g, g’, ¢), where g € G(F), g’ is a point
of Gp, and ¢: &1 ——> & is a modification, up to equivalence. Two triples (g, g’, ¢) and
(h, k', ) are considered equivalent if there exist y € G(F) and a point y’ of G, such that
h=ygy g =vhy "y =y¢y

Suppose we have a triple (g, g’, ¢) such that g is strongly regular, with central-
izer T. Then by Proposition 2.1.4, the modification ¢ must come from a modification
of T-bundles. Let inv[b](g, g’) € B(T) denote the isomorphism class of the T-bundle
associated with &p.

For any torus T over F, let X.(T) denote its cocharacter lattice. Both B(7T") and
X« (T) have the structure of an abelian group. There is also an action of I' = Gal(F /F)
on X.(T).

Lemma 5.2.1. The following statements hold:

(1) Any homomorphism Bg,,: X+(Gn) — B(G,,) extends uniquely to a natural trans-
Sformation B: X«(—)r — B(=) of functors from the category of tori over F to the
category of abelian groups. If Bg,, is an isomorphism, then B is also an isomor-
phism.

(2) Let B: X«(—)r — B(—) be the natural transformation such that Bg,, sends the
identity cocharacter of X«(Gy,) to the class of a uniformizer of F in B(Gy,). Let
T be a torus over F. Then there is a modification of T -bundles &, --> &p with

parameter w if and only if Br (i) = b.

Proof. The first item follows from [13, Lemma 2.2 and Proposition 2.3].

The rule that sends a cocharacter i of T to the isomorphism class of the 7-bundle
obtained by modifying the trivial 7-bundle by w is a natural transformation X (—) — B(—).
Since the action of I" on the Fargues—Fontaine curve X ¢ does not change isomorphism
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classes of vector bundles, this natural transformation factors through X, (—)r — B(—).
The characterization of the map X (G,,) — B(G,,) follows from [1, Section 8.2.1.1]. =

Definition 5.2.2. Let Rel, be the set of equivalence classes of triples (g, g’, A), where
g € G(F)g, g € Gp(F)y are stably conjugate, and A € X, (T') has the property that its
image in X« (T)r = B(T) is the same as inv[b](g, g’). Here, T is the centralizer of g in G.
Two triples (g1, g7. A1) and (g2, g5, A2) are considered equivalent if there exist 1 € G(F),
h' € Gp(F) satisfying (g2, g5, A2) = (hg1h™' W g\ h'=" hA h™1).

For any conjugacy class of cocharacters p of G, let Rel, ,, be the subset of Rel, con-
sisting of triples (g, g’, A) for which A < pu.

The above definition is slightly different from [8, Definition 3.2.4], which only required
that A and inv[b](g, g’) have the same image in 71 (G)r. The two definitions agree on the
elliptic locus, by [8, Theorem 6.2.3].

The following extends [8, Corollary 6.2.4].

Lemma 5.2.3. The inclusions
b, b, >
Inc (HeckeGj;M,C)Sr <~ In¢ (HeCkeG,lfu,,C)Sr — In¢ (Heckezk;,liu,c)Sr

are open and closed immersions.
There is a homeomorphism

b= ~
|Inc (HeckeG}SM,c)sr’ =~ Relp, .

Proof. The first claim follows from Theorem 3.2.4, and the second follows from Proposi-
tion 2.1.4 and Lemma 5.2.1. [

5.3. Computing trace distributions

Lemma 5.3.1. Let T be a maximal torus of G. Then the map

[T(F)s// T(F)] = [G(F)s// G(F)]

induced by the inclusion T — G identifies [T (F)s// T (F)] with an open and closed
substack of [G(F)s// G(F)].

Hence for any Zg-algebra A, HaarDist(T (F )y, A) is naturally identified with a direct
summand of HaarDist(G (F g, A)CUF).

Proof. The map T'(F)s:x G(F)— G(F) sending (¢, g)~>gtg ™! is a smooth map of locally
F-analytic manifolds. By [16, Section IL.III.10], the image of the map is open. Since the
centralizer in G(F) of any element of T'(F')y, is T'(F), it follows that [T (F)s.// T (F)] can
be identified with an open substack of [G (F')s;// G(F)]. The complement of the image can
be covered with inertia stacks of other tori, which are open. So the image is also closed. =

Define a function

Tb,Glf_)G: HaarDist (G (F ), A)Gb(F) — HaarDist (G (F ), A)G(F)
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as follows. Given ¢ € HaarDist(G(F )y, A)6F) and a maximal torus T of G, denote the
restriction of ¢ to HaarDist(T (F ), A) by ¢|r. For any ¢ € HaarDist(Gy, (F)s, A)Gb(F),
define "J‘;),Glf_)G (¢) such that for any g € G(F ),

Tyt D) 2o = D23 dimru[Alplzg, (o)- (53.2)
(g,8',A)€Rely

Here, Zg(g) and Zg, (') denote the centralizers of g and g’, respectively, pg is half the
sum of the positive roots of G, r, is the representation of the Langlands dual group G
with highest weight 1, and we use the fact that g and g’ are stably conjugate to identify
Zg(g) with Zg, (g").

The following extends [8, Proposition 6.4.7].

Proposition 5.3.3. Let A be a Zg-algebra that is killed by a power of £, and let p be an
admissible representation of Gy (F) with coefficients in A. Then we have an equality

. ~Gp—G .
tr.dlst(RF(G,b, ,u)[p]sr) = Z Jb/,f; CCBung.c /€ (IbxP)b’ st
b’ e{b}

in HaarDist(G (F ), A)9 ),

Proof. We will abbreviate Heckec as H, Bung c as B, and Inc as In.
For b’ € {b}, we consider the following diagram, which extends [8, (6.4.2)].

Ty In(h3")y

In(HY 1) y In(H*')y —— In(B),
i ljl
7 () "5 1 pt)
In(i]) J/ll'l(il)
In(H\l;"*)sr I by 2 1y 0D 1B
In(h?" ) lln(hll’/’*) In(hy)

ln(ib/)

In(BY)y —2— n(B?) In(B).

As in the proof of [8, Proposition 6.4.7], we have
Ji cepiyc (ixTy (p)sp) = (In(h3")e) (i) * InG)* cerrye (M (ip)p © Syv).

By Theorem 3.2.4,

In(H)e = | | I(H""*).
b'eB(G)
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The characteristic class of (i3)«p is only supported on m Therefore,

() @) ccaye (A (ip)xp ® Syv)
= Y GD*IG)* Wiy )« ()« (ig)* Inlin)* ccrye (A (ip)xp @ Syv)
b e{b)y
= > @) (g * In(ip)* ceye (i (ip)p ® Syv).
b e{b}
where we used proper base change in the last line.
Again following the argument of loc. cit., we obtain

@iy () Gg)* InGip)* cerye (R (ip)xp ® Syv)
= (i) ()" (Jy In(ip)* ccpyc ((ip)xp) Biy(pisey, CCppiee ) (Svv)sr)-

Then we have a commutative diagram

’ ~ . Gy (F
HO(In(B? )y, K,y c) ————— HaarDist (G (F)r, A) 77

B, alger, Cafgesc SV 47 (R0 rank V¥ (-]

~ A

HO(In(HY"*)qr. Kyyggv.y ) —— HaarDist (o (Fix(op)sr). A)

(p1)*

N

@
!

HO(In(Hb,’l)sr, Kln(Hb/’l)/C) ——~ HaarDist (Jro(Fix(oesm)sr), A)G(F)XG”/(F)

(p2)«

N

((OR
B

N

H®(In(H*')g, Kip(g+1))c) —————— HaarDist (Fix(a1)s, A)

In(h3") l(qz)*

~

HO(IH(BI)SF, KIn(B')/C) — = % HaarDist (G(F)Sr, A)

G(F)

G(F)

With these modifications, the argument of [8] also works in our more general situation. =
Finally, we arrive at our main result.

Theorem 5.3.4. Let p be an admissible finite length representation of Gp(F), and let
7 = RT(G,b, w)[p]. Let g € G(F). Suppose that for all specializations b’ of b in B(G, i),
g is not stably conjugate to any element of Gy (F). Then

Ox(g) = (=DW26) 3™ dimr, [AO,(e) [] [1-e@)|

(g,8',A)€ERely acdt

Here, pg is half the sum of the positive roots of G, ®% is the set of roots of G that

are positive with respect to the parabolic P;", and the norm |-| is defined so that |p| =

p_[F:Qp]'
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Proof. This follows from Proposition 5.3.3 in the same way that [8, Theorem 6.5.2] fol-
lows from [8, Proposition 6.4.7]. There is a factor of

[T 1=a)

acd—

coming from Proposition 4.5.17 and a factor of

[T [1-e@™”

aedtUd—

coming from the Weyl integration formula. Here, &~ is the set of roots of G that are
negative with respect to Pb+. ]

In some cases (such as in Examples 4.5.20—4.5.21), we have more information about
the characteristic class of i34 p, and we can compute ®,, for a larger set of g.

Example 5.3.5. Let G = GL,, let b correspond to the vector bundle O(1/2) on the
Fargues—Fontaine curve, and let 4 be minuscule. Let w = RI'(Shtg 5 ,,)[p], where p is the
trivial representation of G(F). Then it is known that the image of 7 in Groth(GL, (F),Qy)
is St — 1, where St is the Steinberg representation and 1 is the trivial representation.

Hansen [6] suggested that it would be interesting to see how the above formula for
7 arises from the characteristic class framework. We will give a derivation, using Exam-
ple 4.5.20 and Proposition 5.3.3. It suffices to show that & and St — 1 have the same
Harish-Chandra character.

The Harish-Chandra character of the trivial representation is given by

O1(g) = 1.

The representation St @ 1 is induced from the trivial representation of a Borel subgroup
of GL,(F). By van Dijk’s formula [18, Theorem 3], if A1, A, are the eigenvalues of g,
then

[1—A1/Aa| ™V 4+ (1= A2/A4 7Y A1 Az € FX,

0, otherwise.

Osi(g) +01(g) = {

(Here, we have defined the norm on F by |p| = p~1F*Ql)) S0

241 =X/ As| ! 1—A2/A17Y, A1, Ay € FX,
+ 1/A217" + | 2/ 1 2. (53.6)
-2, otherwise.

Osi(g) — O1(g) = {

We need to show that ®,(g) equals the right-hand side of (5.3.6).

The set B(G, u) contains two elements. One of these is b. Denote the other by »’; it
corresponds to the vector bundle O & O (1).

Let g be a strongly regular element of G(F). If the eigenvalues of g are not in F*,
then g is stably conjugate to an element of G (F), but not to an element of G/ (F). If g’
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is stably conjugate to g, then ®,(g’) = 1. Then Theorem 5.3.4 implies that ©,(g) = —2,
in agreement with (5.3.6).

Now suppose g has eigenvalues A1, A, € F*. Then g is stably conjugate to the ele-
ments (41, ;) and (A3, A1) of Gy (F), but not to any element of G, (F). By Exam-
ple 4.5.20, the Harish-Chandra character of the b’-part of the characteristic class of p
takes the values

[1—A1/A2|[1 = Az /Ay =1 = A1/As],
[1—A1/A2|[1 = Az /21| = [1 = A2/ 4]

at (A1, A2) and (A3, A1), respectively. Now apply Proposition 5.3.3. After multiplying by
the factor of (—1){#2P6) = ] appearing in (5.3.2), and dividing by a factor of

11— A1/A2|1 = A2/A4]
coming from the Weyl integration formula, we obtain
On(g) = =2+ [1=A1/Aa| 7" + |1 = A2 /247",

in agreement with (5.3.6).
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