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Abstract

We generalize a fundamental theorem in higher-dimensional value distribution theory
about entire curves in subvarieties X of semi-abelian varieties to the situation of the
sequences of holomorphic maps from the unit disc into X. This generalization implies,
among other things, that subvarieties of log general type in semi-abelian varieties are
pseudo-Kobayashi hyperbolic. As another application, we improve a classical theorem
due to Cartan in the 1920s about the system of nowhere vanishing holomorphic functions
on the unit disc satisfying Borel's identity.
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�1. Introduction

Bloch's principle is a widely recognized guiding principle in the study of complex
function theory. The origin of this principle goes back to Bloch's famous dictum
�Nihil est in in�nito quod non prius fuerit in �nito�,1 which appeared in several of
his papers published in 1926 (e.g., [4, p. 311]). In many contexts, this statement is
interpreted more concretely as the heuristic principle that a family of holomorphic
functions in a domain, all of which have a property P , is likely to be normal if
P cannot be possessed by non-constant entire functions in the plane (e.g., [38,
p. 101]). A typical example is the correspondence between Picard's little theorem
and Montel's theorem that a family of holomorphic functions on a domain, all of
which omit two values 0 and 1, is normal. There are several very good references
for Bloch's principle including [3], [38, Chap. 4], [47].

In the light of his principle, Bloch [4] investigated a theory over the �nite
disc that corresponds to Borel's generalization of Picard's little theorem (cf. The-
orem 1.8). This investigation was succeeded by Cartan [10], who in particular
generalized Montel's theorem above (cf. Theorem 1.9). After nearly half a century,
Kiernan and Kobayashi [28] interpreted the works of Bloch and Cartan in the con-
text of Kobayashi hyperbolic geometry. These developments are fully explained by
Lang [30, Chap. VIII]. We shall discuss an improvement of Cartan's theorem later
(cf. Theorem 1.7).

In this paper, we are interested in holomorphic maps into subvarieties of
semi-abelian varieties. In the situation over the complex plane C, we have the
following fundamental theorem due to Bloch [5], Ochiai [36], Kawamata [22], and
Noguchi [34].

Theorem 1.1 (Bloch, Ochiai, Kawamata, Noguchi). Let A be a semi-abelian

variety and let X ⫋ A be a proper closed algebraic subvariety of A. Let f : C→ X

be a holomorphic map. Then there exists a proper semi-abelian subvariety B ⫋ A

with the following two properties:

(1) ϖ ◦ f : C→ A/B is a constant map, where ϖ : A→ A/B is the quotient map.

(2) f(C) ⊂
⋂
b∈B(X + b).

1According to Schi� [38, p. 101], this may be translated as �Nothing exists in the in�nite
plane that has not been previously done in the �nite disc.�
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The statement of this theorem is possibly unfamiliar, but convenient to discuss
Bloch's principle. An equivalent statement is that the Zariski closure of the image
f(C) is a translate of a semi-abelian subvariety B′ ⊂ A (cf. [27, Thm. 3.9.19]).
We may take B ⊂ A in Theorem 1.1 to be this B′. As noted by Noguchi (cf. [35,
p. 156]), this theorem includes Borel's generalization of Picard's little theorem
(cf. Theorem 1.8). We apply the theorem to the case that A is an algebraic torus
(Gm)n and X ⊂ (Gm)n is a subvariety de�ned by the linear equation x1 + · · · +
xn+1 = 0 using coordinates x1, . . . , xn of (Gm)n ⊂ Cn. For more discussion about
Theorem 1.1, we refer the readers to [27, Sec. 3.9] and [35, Sec. 4.8].

Now we are going to discuss a corresponding generalization of Theorem 1.1
for holomorphic mappings from the unit disc D. To state our main theorem, we
�rst introduce one terminology from [30, p. 242]. Let γ > 0 and let W ⊂ C be an
open set. An assertion concerning points w ∈W will be said to hold for γ-almost
all w ∈ W if it holds for all w ∈ W possibly except for w contained in at most
countably many closed discs such that the sum of the radii is less than γ.

Let V ⊂ Ā be a Zariski closed set, where Ā is an equivariant compacti�cation
of a semi-abelian variety A. See Appendix A for the necessary matters on semi-
abelian varieties. Let B ⊂ A be a semi-abelian variety. We set

SpBV =
⋂
b∈B

(V + b) ⊂ V.

Then SpBV ⊂ Ā is a Zariski closed subset.
The following is the main result of this paper. In the following statement,

we denote by Hol(D, X) the set of all holomorphic mappings from D to X. For
0 < s < 1, we set D(s) = {z ∈ D; |z| < s}.

Theorem 1.2. Let A be a semi-abelian variety. Let X ⫋ A be a proper closed

algebraic subvariety. Let (fn)n∈N be a sequence of holomorphic maps in Hol(D, X).

Then there exist a proper semi-abelian subvariety B ⫋ A and a subsequence

(fnk
)k∈N with the following two properties:

(1) (ϖ ◦ fnk
)k∈N converges uniformly on compact subsets of D to a holomorphic

map g : D→ A/B, where ϖ : A→ A/B is the quotient map.

(2) Let Ā be an equivariant compacti�cation and let X ⊂ Ā be the Zariski closure

of X in Ā. Then for every 0 < s < 1, γ > 0, and open neighborhood U ⊂ Ā of

SpBX, there exists k0 ∈ N such that, for all k ≥ k0, we have fnk
(z) ∈ U for

γ-almost all z ∈ D(s).

Before discussing the applications of the theorem, we derive Theorem 1.1 from
Theorem 1.2. Given f : C → X, we de�ne a sequence (φn)n∈N in Hol(D, X) by
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φn(z) = f(nz). Then by Theorem 1.2, there exist a subsequence {φnk
}∞k=1 and a

proper semi-abelian subvariety B ⫋ A such that {ϖ◦φnk
} converges uniformly on

compact subsets of D to g : D→ A/B. We claim that ϖ◦f : C→ A/B is constant.
So assume on the contrary that ϖ ◦ f is non-constant. Then there exists a global
holomorphic one-form η ∈ Γ(A/B,Ω1

A/B) such that (ϖ◦f)∗η = ζ(z) dz is non-zero
on C. Hence there exists l ≥ 0 such that ζ(l)(0) ̸= 0. We set (ϖ ◦φn)∗η = ξn(z) dz.
Then ξn(z) = nζ(nz). Hence |ξ(l)n (0)| = |nl+1ζ(l)(0)| → ∞ as n → ∞. On the
other hand, ξnk

converges uniformly on compact subsets of D to ξ(z) on D, where
g∗η = ξ(z) dz. Hence ξ(l)nk(0) → ξ(l)(0) as k → ∞. This is a contradiction. Hence
ϖ◦f is constant. To ensure assertion (2) of Theorem 1.1, we take a minimum semi-
abelian variety B ⫋ A such that ϖ ◦ f is constant. By considering the translations
by f(0), we may assume without loss of generality that f(0) = 0A, i.e., the identity
element of A. Then we have f(C) ⊂ B. Let X ′ ⊂ B be the Zariski closure of f(C).
To show X ′ = B, we assume on the contrary that X ′ ⫋ B. Then by the argument
above applied for f : C→ X ′ ⫋ B, we get a proper semi-abelian subvariety B′ ⫋ B

such that ϖ′ ◦ f : C → B/B′ is constant, where ϖ′ : B → B/B′ is the quotient
map. This contradicts the choice of B. Thus X ′ = B. By X ′ ⊂ X ∩ B, we have
X ∩B = B. Hence f(C) ⊂ X ∩B ⊂

⋂
b∈B(b+X) as desired. This completes the

implication of Theorem 1.1 from Theorem 1.2.
Note that in the implication above, assertion (2) of Theorem 1.2 plays no role.

However, in the applications of Theorem 1.2 below, we need assertion (2).
Next we discuss applications of Theorem 1.2 to Kobayashi hyperbolic geome-

try. We �rst introduce some terminologies from [27, p. 245]. Let W be a relatively
compact open domain of M , and let ∆ be a closed subset of M . We say that W is
tautly embedded modulo ∆ in M if for each sequence (fn)n∈N in Hol(D,W ), one
of the following holds:

(1) (fn)n∈N has a subsequence (fnk
)k∈N which converges uniformly on compact

subsets of D to some f ∈ Hol(D,M);

(2) for each compact set K ⊂ D and each compact set L ⊂M −∆ there exists an
integer n0 such that fn(K) ∩ L = ∅ for all n ≥ n0.

Let X ⊂ A be a closed algebraic subvariety of a semi-abelian variety A. Let
X ⊂ Ā be the compacti�cation, where Ā is an equivariant compacti�cation. We
set

Z =
{
x ∈ X; ∃B ⊂ A, semi-abelian variety s.t. dim(x+B) ≥ 1 and x+B ⊂ X

}
.

Let S ⊂ X be the Zariski closure of Z. Then S ⊂ X is a Zariski closed set. By
[34, Lem. 4.1], S is a proper subset of X, provided X is of log-general type. As an
application of Theorem 1.2, we obtain the following theorem.
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Theorem 1.3. Let X ⊂ A be a closed algebraic subvariety of a semi-abelian vari-

ety A. Let Ā be a smooth equivariant compacti�cation and let X ⊂ Ā be the

compacti�cation. Then X is tautly embedded modulo S in X.

A theorem of Kiernan and Kobayashi [28] claims that ifW is tautly embedded
modulo ∆ in M , then W is hyperbolically embedded modulo ∆ in M (cf. [27,
Thm. 5.1.13], [30, p. 37, Thm. 1.4]). Hence by Theorem 1.3, we immediately get
the following corollary.

Corollary 1.4. Let X ⊂ A be a closed algebraic subvariety of a semi-abelian

variety A. Let Ā be a smooth equivariant compacti�cation and let X ⊂ Ā be the

compacti�cation. Then X is hyperbolically embedded modulo S in X. In particular,

if X is of log-general type, then X is pseudo-Kobayashi hyperbolic.

Here we say that a quasi-projective variety X is pseudo-Kobayashi hyperbolic
if X is Kobayashi hyperbolic modulo some proper Zariski closed subset. In the last
statement of our corollary, X is Kobayashi hyperbolic modulo S ∩X, which is a
proper Zariski closed subset of X because X is of log-general type.

When A is compact, these results are previously proved in [46]. In the compact
case, Theorem 1.2 yields a result on in�nitesimal Kobayashi�Royden pseudo-metric
FX de�ned as follows. Let X be an algebraic variety. For each x ∈ X, we call the
set T̆xX of all 1-jets the tangent cone of X at x, and T̆X =

⋃
x∈X T̆xX the tangent

cone ofX (cf. [27, p. 31]). IfX is smooth, then T̆X coincides with the usual tangent
bundle. For v ∈ T̆X, we set

FX(v) = inf
{
r > 0; ∃f : D→ X, holomorphic map s.t. f ′(0) = 1

rv
}
.

Suppose there exists a holomorphic map f : C → X such that f ′(0) = v ∈ T̆X;
then we have FX(v) = 0. However, the converse is not true in general (cf. Exam-
ple 14.3). Theorem 1.2 yields the following theorem. We do not know whether this
statement is true or not for subvarieties of non-compact semi-abelian varieties.

Theorem 1.5. Let A be an abelian variety. Let X ⊂ A be a closed subvariety.

Suppose v ∈ T̆X satis�es FX(v) = 0. Then there exists a holomorphic map f : C→
X such that f ′(0) = v.

Now we return to the classical topics concerning the Bloch�Cartan theorem.
To simplify the complicated indices in the description, we employ the following
conventions.

Convention 1.6. For a set E and an in�nite set I, an indexed family (xi)i∈I is
a function I → E. When E is an in�nite set, we consider E as an indexed family
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indexed by E itself by the identity map E → E. Let S be a metric space with the
distance function d. Let (fi)i∈I be an indexed family of functions de�ned in D,
and with values in S. We say that (fi)i∈I converges uniformly on compact subsets
on D to some f : D → S if for every compact subset K ⊂ D and every ε > 0,
there exists a �nite subset F ⊂ I such that d(fi(z), f(z)) < ε for all z ∈ K and
i ∈ I−F . Of course, when I = N, this de�nition coincides with the usual de�nition
of uniform convergence on compact subsets on D. If each fi is continuous, then f is
continuous. Indeed, we take a sequence i1, i2, i3, . . . of distinct elements in I. Then
the sequence (fik)k∈N converges uniformly on compact subsets on D to f . Hence
f is continuous. Similarly, if S is a complex manifold and each fi is holomorphic,
then f is holomorphic.

Theorem 1.7. Let F be an in�nite set of p-tuples f = (f1, . . . , fp) of nowhere-

vanishing holomorphic functions on D satisfying the identity

(1.1) f1 + f2 + · · ·+ fp = 0.

Then there exist disjoint non-empty subsets I1, . . . , In ⊂ {1, . . . , p} and an in�nite

subset G ⊂ F with the following properties:

(1) n ≥ 1.

(2) Let k ∈ {1, . . . , n}. Then

(a) for all i, j ∈ Ik, the indexed family (fi/fj)f∈G converges uniformly on

compact subsets of D to a nowhere-vanishing holomorphic function;

(b) for all j ∈ Ik, the indexed family (
∑
i∈Ik fi/fj)f∈G converges uniformly

on compact subsets of D to 0. In particular, Ik contains at least two

elements.

(3) Set I = I1 ⊔ · · · ⊔ In. Let i ∈ {1, . . . , p} − I. Let ε > 0, s ∈ (0, 1), and γ > 0.

Then there exists a �nite subset E ⊂ G such that for all f ∈ G − E, we have

|fi(z)|√∑
j∈I |fj(z)|2

< ε

for γ-almost all z ∈ D(s).

Some historical remarks are required. The identity (1.1) was considered by
Borel [7], who generalized Picard's little theorem as follows.

Theorem 1.8 (Borel). Let f1, . . . , fp be nowhere-vanishing holomorphic functions
on C satisfying the identity (1.1). Then there exists a partition of indices

{1, . . . , p} = I1 ⊔ · · · ⊔ In
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such that each Ik satis�es that

(1) for every i, j ∈ Ik, the quotient fi/fj is constant, and
(2)

∑
i∈Ik fi = 0.

By the second conclusion, each Ik has at least two elements. In particular,
when p = 3, we have n = 1 and I1 = {1, 2, 3}. This implies Picard's little theorem
as follows. Let g : C → C − {0, 1}. We set f1(z) = g(z), f2(z) = 1 − g(z), and
f3(z) = −1. Then f1, f2, and f3 are nowhere-vanishing holomorphic functions on
C satisfying the identity f1 + f2 + f3 = 0. Hence by Borel's theorem, f1/f3 = −g
is constant, as desired.

As we have already mentioned above, the corresponding theory over the disc D
was investigated by Bloch [4] and Cartan [10, p. 312]. See also [30, Chap. VIII]. Let
F be an in�nite set of p-tuples f = (f1, . . . , fp) of nowhere-vanishing holomorphic
functions on D satisfying the identity (1.1). A subset I ⊂ {1, . . . , p} is called C-class
if there exists i ∈ I such that for all j ∈ I, the sequence (fj/fi)f∈F is uniformly
bounded on every compact set of D and (

∑
j∈I fj/fi)f∈F converges uniformly on

compact subsets of D to 0.

Theorem 1.9 (Cartan). There exists an in�nite subset G ⊂F such that {1, . . . , p}
itself is C-class, or there exist two disjoint subsets I1, I2 ⊂ {1, . . . , p} such that both
are C-classes.

Cartan conjectured that there exists an in�nite subset G ⊂ F such that the set
{1, . . . , p} can be partitioned into C-classes (cf. [10, p. 318], [30, p. 244]). However,
this conjecture was disproved by Eremenko [14]. In [15], Eremenko proposed a
modi�ed version of Cartan's conjecture and proved it for the case p = 5.

Theorem 1.7 implies Theorem 1.9 as follows. We apply Theorem 1.7 to get an
in�nite subset G ⊂ F and disjoint subsets I1, . . . , In ⊂ {1, . . . , p}. If n ≥ 2, there
is nothing to do for each Ik is a C-class by the second assertion of Theorem 1.7.
Thus we consider the case n = 1. Let j ∈ I1. Then assertion (2a) of Theorem 1.7

implies that (
√∑

i∈I1 |fi|
2/|fj |)f∈G converges uniformly on compact subsets of D.

Hence the third assertion of Theorem 1.7 reads as follows:

Let i ̸∈ I1, ε > 0, s ∈ (0, 1), and γ > 0. Then there exists a �nite subset
E ⊂ G such that for all f ∈ G − E , we have |fi|/|fj | < ε for γ-almost all
z ∈ D(s).

Let i ̸∈ I1. Let K ⊂ D be a compact set and let ε > 0. We take s ∈ (0, 1) and γ > 0

such that K ⊂ D(s−2γ). Then by the third assertion of Theorem 1.7, there exists
a �nite set E ⊂ G such that for all f ∈ G −E , we have |fi|/|fj | < ε for γ-almost all
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z ∈ D(s). Let f ∈ G −E . We may take s′ ∈ (s− 2γ, s) such that |fi|/|fj | < ε holds
over the circle ∂D(s′). Since fi/fj is holomorphic, the maximal principle yields
that |fi|/|fj | < ε for all z ∈ D(s′), hence for all z ∈ K. Hence (fi/fj)f∈G converges
uniformly to 0 on K. Hence if n = 1, then {1, . . . , p} is C-class. This completes
the derivation of Theorem 1.9 from Theorem 1.7.

Let us discuss the structure of the proof of Theorem 1.2. Sections 2�12 are
devoted to the proof of Theorem 1.2. Although the proof of Theorem 1.2 is lengthy,
the structure is rather simple. The proof is based on two key propositions: Propo-
sitions 3.20 and 11.3. Proposition 3.20 establishes a new normality criterion for
families F ⊂ Hol(D, A), where limit holomorphic maps may lie in the boundary
of A. Then Proposition 11.3 shows that this criterion can be applied to our situ-
ation by taking a quotient. More precisely, for a subvariety X ⫋ A and a family
F ⊂ Hol(D, X), it shows the existence of B ⊂ A such that the family {ϖ ◦ f}f∈F

in Hol(D, A/B) satis�es the criterion from Proposition 3.20, in addition to the
concentration of F to SpBX. Here, ϖ : A→ A/B is the quotient map. The proof
of Theorem 1.2 is completed in Section 12 using these two propositions.

Section 12 is again divided into two major steps. The �rst step is to prove
Lemma 12.4, which is a direct consequence of Propositions 3.20 and 11.3. How-
ever, Lemma 12.4 is weaker than Theorem 1.2, most notably because the limit
morphism g : D → A/B is obtained only in the compacti�cation of A/B rather
than in A/B itself. We resolve this issue in the second step of our proof, which
constitutes the remainder of Section 12. This step relies heavily on the knowledge
of the compacti�cations of semi-abelian varieties, as discussed in Appendix A. In
particular, Lemma A.15 plays a crucial role. Finally, Theorem 1.2 is proved in an
equivalent formulation Theorem 12.12.

The proofs of Propositions 3.20 and 11.3 are provided in Sections 4�8 and Sec-
tions 9�11, respectively. Before these proofs, Sections 2 and 3 provide the necessary
preliminaries. In Section 2, we recall the Demailly jet space, an essential object for
the statement of Proposition 3.20. In Section 3, we introduce new concepts, includ-
ing �horizontally integrable�, and state our normality criterion (Proposition 3.20)
for a family F ⊂ Hol(D, A). This criterion states that the horizontal integrability
of a certain limit of the Demailly jet lift of F is su�cient for the family F to
be normal. Therefore, verifying the horizontal integrability is a crucial step for
applying Proposition 3.20. As part of the proof for Proposition 11.3, we establish
a su�cient condition for horizontal integrability in Section 10. This is done by
analyzing the Demailly jet tower with the help of the theory of Hilbert schemes.

The main technical tool for the proof of our normality criterion (Proposi-
tion 3.20) is Nevanlinna theory, which we introduce in Section 4. After discussing
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several estimates in this theory, we complete the proof of Proposition 3.20 in Sec-
tion 8 (see Section 3.4 for more details). In contrast, the proof of Proposition 11.3
is based on algebro-geometric arguments, and does not require Nevanlinna theory.
Consequently, these two proofs are logically independent from each other. There-
fore, the corresponding sections (Sections 4�8 and Sections 9�11) can be read
independently.

Although we state our normality criterion in the form of Proposition 3.20,
we use its direct corollary, Corollary 8.4, instead of Proposition 3.20 itself for the
proof of Theorem 1.2. We remark that the statement of Corollary 8.4 does not
require Nevanlinna theory, while the proof relies heavily on it. Thus, for a �rst
reading of the proof of Theorem 1.2, one possible approach is to read Sections 1
through 3, then check the statements of Corollary 8.4 and Proposition 11.3, and
�nally proceed directly to Section 12, where Theorem 1.2 is proved. The additional
notation used in the statement of Proposition 11.3 is introduced at the beginning
of Section 11.

In each of Sections 13, 14, and 15, we prove Theorems 1.3, 1.5, and 1.7, in
this order, as applications of Theorem 1.2. Some needed facts in this paper for
semi-abelian varieties are treated in Appendix A. Appendix B is devoted to the
proof of an algebro-geometric proposition needed in this paper, namely a �attening
result using blow-ups.

Convention 1.10. In this paper, an algebraic variety (or simply a variety) is an
integral, separated scheme of �nite type over the complex number �eld C (cf., e.g.,
[18, p. 105]). In particular, every variety is reduced, irreducible, and non-empty
(cf. [18, Chap. II, Prop. 3.1]). Every variety has a canonically associated complex
space structure (cf. [18, p. 439]).

Table 1: List of selected symbols

γ-almost all Exceptional discs have total radius less than γ �1
SpBV Zariski closed set de�ned by

⋂
b∈B(V + b) �1

D Unit disc �1
Hol(D, X) Set of all holomorphic maps from D to X �1
D(s) Disc of radius s centered at 0 �1
Mk Demailly jet space of M �2
f[k] : D→Mk Lift of f : D→M �2
M sing
k Zariski closed subset of Mk de�ned by (2.2) �2

Sk,A Variety satisfying (A× S)k ≃ A× Sk,A �2
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Pk,A Special case of Sk,A when S is a single point �2
fA, fS Composite of f : D→ A× S with the projections �2
fSk,A

: D→ Sk,A Composite of f[k] : D→ (A×S)k & (A×S)k → Sk,A �2
Ssing
k,A Locus of Sk,A satisfying (A× S)singk ≃ A× Ssing

k,A �2
fPk,A

, P sing
k,A fSk,A

and Ssing
k,A when S is a single point �2

Ek,A,A/B Locus of Pk,A de�ned in Def. 2.1 �2
F → Z Concentrates to Z outside a small exceptional set �3.1
F ⇒ Z Still F → Z ′ after Z-admissible modi�cations �3.1
LIM(F ; {Ei}) Zariski closed set de�ned in Def. 3.12 �3.1
S∗
1,A Typical horizontally integrable set de�ned in (3.2) �3.2

Π(F) Set of semi-abelian varieties de�ned in Def. 3.18 �3.3
| · |ω Norm on the tangent space induced by ω �3.3
FPk,A

Sequence ((fi)Pk,A
)i∈I , where F = (fi)i∈I �3.3

Tk LIM(FPk,A
; {Ek,A,A/B}B∈Π(F)) if it exists �3.3

Holm(D, V ) Set of all multivalued holomorphic maps �4
Yf Source space of a multivalued holomorphic map f �4
πf : Yf → D Natural proper surjective holomorphic map �4
λZ Weil function for Z �4
Ns(r, f, Z) Counting function �4
m(r, f, λZ) Proximity function �4
Ts(r, f, Z, λZ) De�ned by Ns(r, f, Z) +m(r, f, λZ)−m(s, f, λZ) �4
Ts(r, f, ω) Order function �4
G ⇝ T Generalization of F → T de�ned in Def. 5.3 �5.1
m(r, (g,Ω,Ω′), λZ) Generalization of the proximity function �5.1
Ts(r, (g,Ω,Ω

′), ω) Generalization of the order function �5.1
C1
H 1-dimensional unlimited Hausdor� content �8

Λk Non-reduced scheme SpecC[ε]/(εk+1) �9
DZ Closed subscheme of S1 induced by Z ⊂ S �9
PkX Closed subscheme of V × Sk induced by X ⊂ V × S �9.1
JkS Classical jet space �9.2
J reg
k S Space of jets with non-zero �rst derivatives �9.2
XB,k Closed subscheme of Ā× Sk,A/B de�ned by (10.1) �10
Stab(V ) Stabilizer of V �10
Stab0(V ) Identity component of Stab(V ) �10
ΛX,Ā(F) Set of semi-abelian varieties de�ned in Def. 11.1 �11
FA/B Sequence (ϖB ◦ f)f∈F where ϖB is the quotient �11
F ′
A/B Remove the constant maps from FA/B �11
FPk,A/B

Sequence (F ′
A/B)Pk,A/B

�11
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Zk,A/B Zariski closed subset of Pk,A/B de�ned by (11.1) �11
X[Z] Closed subscheme of X de�ned by Def. 11.4 �11.1

�2. Demailly jet spaces

We introduce Demailly jet spaces (cf. [12]). Let M be a positive-dimensional
smooth algebraic variety. Let V ⊂ TM be an algebraic vector subbundle, whose
bundle rank is positive. Set M̃ = P (V ). Let π : M̃ → M be the projection. We
de�ne a vector subbundle Ṽ ⊂ TM̃ by the following: for every point (x, [v]) ∈ M̃
associated with a vector v ∈ Vx\{0}, we set

(2.1) Ṽ(x,[v]) =
{
ξ ∈ T(x,[v])M̃ ; π∗(ξ) ∈ Cv

}
,

where π∗ : TM̃ → TM is the induced map. Let f : D → M be a non-constant
holomorphic map. We say that f is tangent to V if f ′(z) ∈ Vf(z) for all z ∈ D. If f
is tangent to V , we may de�ne f[1] : D→ M̃ by f[1](z) = (f(z), [f ′(z)]). Then f[1]
is tangent to Ṽ .

We inductively de�ne the Demailly jet space Mk together with vector sub-
bundle Vk ⊂ TMk by

(M0, V0) = (M,TM), (Mk, Vk) = (M̃k−1, Ṽk−1).

For a non-constant holomorphic map f : D → M , we de�ne f[k] : D → Mk induc-
tively by f[0] = f and f[k] = (f[k−1])[1].

For k ≥ 2, we de�ne the singular locus M sing
k ⊂ Mk as follows. We note

Mk ⊂ PTMk−1. We have a natural map Mk−1 → M , from which we get the
relative tangent bundle TMk−1/M ⊂ TMk−1. We set

(2.2) M sing
k =Mk ∩ PTMk−1/M .

Then M sing
k ⊂Mk is a Zariski closed set. We claim that this is a divisor. To show

this, we consider the maps Mk−1 →Mk−2 →M , which induces

TMk−1 → TMk−2 → TM.

For v ∈ TMk−1, we have v ∈ TMk−1/M if and only if (πk−1)∗(v) ∈ TMk−2/M , where
πk−1 : Mk−1 → Mk−2 is the natural projection. The rational map PTMk−1 99K
PTMk−2 induces the holomorphic map

p : PTMk−1 − PTMk−1/Mk−2
→ PTMk−2.

Then

(2.3) PTMk−1/M − PTMk−1/Mk−2
= p−1(PTMk−2/M ).
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Note that the subbundle TMk−1/Mk−2
⊂ TMk−1 satis�es

(2.4) TMk−1/Mk−2
⊂ Vk−1.

The rank of TMk−1/Mk−2
is equal to dimM − 1. Set

Dk = PTMk−1/Mk−2
⊂ PVk−1 =Mk.

Then Dk is a divisor on Mk. By (2.3), we have

(2.5) M sing
k = Dk ∪ π−1

k (M sing
k−1),

where πk : Mk →Mk−1. HenceM
sing
k is a divisor onMk, using the induction on k.

Next we consider the case of semi-abelian varieties. Let A be a semi-abelian
variety. Let m : A × A → A be the natural action such that (x, a) 7→ x + a. This
induces

m∗ : T (A×A)→ TA.

We have a subbundle
A× TA ⊂ T (A×A).

Thus we get
(A× TA)|A×{0A} → TA.

By T0AA = LieA, we get

(2.6) ψ : A× LieA→ TA.

Then ψ is an isomorphism of vector bundles over A. For each a ∈ A, we denote by
ta : A→ A the translation de�ned by a. This induces an isomorphism

(ta)∗ : TA→ TA.

Then we have

(2.7) (ψ−1 ◦ (ta)∗ ◦ ψ)(x, v) = (x+ a, v).

Let f ∈ Hol(D, A). We de�ne fLieA : D→ LieA by the composite of

D f ′

−→ TA
ψ−1

−−−→ A× LieA→ LieA.

For a ∈ A, we de�ne fa : D→ A by fa(z) = f(z) + a. By (2.7), we have

(2.8) (fa)LieA = fLieA.

We consider the Demailly jet space for the case M = A × S, where S is
a smooth algebraic variety. We construct a smooth algebraic variety Sk,A and a
vector subbundle

(2.9) V †
k ⊂ TSk,A × Lie(A)
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as follows. Set S0,A = S and V †
0 = TS × Lie(A). Suppose Sk−1,A and V †

k−1 ⊂
TSk−1,A × Lie(A) are given. We set

(2.10) Sk,A = P (V †
k−1).

Then Sk,A is a smooth algebraic variety. Let τ : Sk,A → Sk−1,A be the projection.
We have a vector bundle map

(τ∗, idLie(A)) : TSk,A × Lie(A)→ TSk−1,A × Lie(A).

We de�ne V †
k ⊂ TSk,A × Lie(A) as follows. For each (x, [v]) ∈ Sk,A, where x ∈

Sk−1,A and v ∈ V †
k−1\{0}, we set

(2.11) (V †
k )(x,[v]) =

{
ξ ∈ T(x,[v])Sk,A × Lie(A); (τ∗, idLie(A))(ξ) ∈ C · v

}
.

By the isomorphism (2.6), we have an isomorphism

T (A× Sk,A) ≃ A× TSk,A × Lie(A).

By this isomorphism, we consider A× V †
k as a vector subbundle of T (A× Sk,A).

Next we construct an isomorphism

(2.12) φk : A× Sk,A → (A× S)k

as follows. For k = 0, we set φ0 = idA×S . Note that (φ0)∗(A × V †
0 ) = V0.

Suppose we are given an isomorphism φk−1 : A × Sk−1,A → (A × S)k−1 such
that (φk−1)∗(A × V †

k−1) = Vk−1. Then the projectivization of (φk−1)∗ induces
an isomorphism φk : A × Sk,A → (A × S)k. Under this isomorphism, we have
(φk)∗(A × V †

k ) = Vk. Thus inductively, we have constructed the isomorphism
(2.12).

In the following, we identify (A×S)k with A×Sk,A by the isomorphism (2.12).
When S is a single point, we denote

Pk,A = {pt}k,A.

Then under the isomorphism (2.12), we have Ak = A× Pk,A.
Let f ∈ Hol(D, A × S) be non-constant. We denote by fS : D → S the com-

posite of f : D→ A× S and the second projection A× S → S. We de�ne

(2.13) fSk,A
: D→ Sk,A

as follows. We set fS0,A
= fS . Note that ((fS0,A

)′, fLieA)(z) ∈ V †
0 . Suppose that

fSk−1,A
: D → Sk−1,A is given such that ((fSk−1,A

)′, fLieA)(z) ∈ V †
k−1. We de�ne

fSk,A
: D → Sk,A by the projectivization of ((fSk−1,A

)′, fLieA). Then we have
((fSk,A

)′, fLieA)(z) ∈ V †
k . Thus we have constructed fSk,A

: D → Sk,A inductively
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for all k. Let fA : D→ A be the composite of f : D→ A×S and the �rst projection
A× S → A. We have φk ◦ (fA, fSk,A

) = f[k], which follows from the construction.
For a ∈ A, we set fa : D→ A×S by fa(z) = (fA(z)+ a, fS(z)). Then by (2.8), we
have

(2.14) (fa)Sk,A
= fSk,A

for all a ∈ A.
Let k ≥ 2. We de�ne Ssing

k,A ⊂ Sk,A by

(2.15) Ssing
k,A = Sk,A ∩ P (TSk−1,A/S × {0}),

where TSk−1,A/S × {0} ⊂ TSk−1,A × LieA. Then we have

(2.16) A× Ssing
k,A = (A× S)singk

under the isomorphism of (2.12). When S is a single point, we denote fSk,A
and

Ssing
k,A by fPk,A

and P sing
k,A , respectively.

The following de�nition plays an important role in this paper.

De�nition 2.1. Let B ⊂ A be a semi-abelian subvariety. For k ≥ 1, we de�ne
Ek,A,A/B ⊂ Pk,A by

Ek,A,A/B = Pk,A ∩ P (TPk−1,A × LieB),

where TPk−1,A × LieB ⊂ TPk−1,A × LieA.

Then we have Ek,A,A ⊂ Ek,A,A/B . Moreover, by TPk−1,A/{pt} = TPk−1,A, we
have

(2.17) P sing
k,A = Ek,A,A.

Lemma 2.2. Let k ≥ 1. Let τ : Pk+1,A → Pk,A be the projection. Then we have

τ−1(Ek,A,A/B) ⊂ Ek+1,A,A/B .

Proof. By the de�nition (2.10), we have Pk+1,A = P (V †
k ), where V

†
k ⊂ TPk,A ×

Lie(A). Let (y, [ξ]) ∈ Pk+1,A\Ek+1,A,A/B , where y ∈ Pk,A and ξ ∈ V †
k \{0}. Then

ξ ̸∈ TPk,A × Lie(B). Let y = (x, [v]) ∈ P (V †
k−1), where x ∈ Pk−1,A and v ∈

V †
k−1\{0}. Then by the de�nition of V †

k (cf. (2.11)), the image of ξ under the
map TPk,A × Lie(A) → TPk−1,A × Lie(A) is contained in the linear space C · v.
Hence v ̸∈ TPk−1,A × Lie(B). Hence y ∈ Pk,A\Ek,A,A/B . Hence we have proved
τ−1(Ek,A,A/B) ⊂ Ek+1,A,A/B .
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Remark 2.3. Let k ≥ 0. We have the subbundle V †
k ⊂ TPk,A × Lie(A) so that

Pk+1,A = P (V †
k ). Set S = Pk,A. For each l ≥ 0, we denote by V †

l,S ⊂ TSl,A×Lie(A)
the object in (2.9) so that Sl+1,A = P (V †

l,S). Then for each l ≥ 0, there exists a
natural embedding

Pk+l,A ⊂ Sl,A

such that V †
k+l ⊂ V †

l,S ∩ (TPk+l,A × Lie(A)). This is constructed inductively as

follows. For l = 0, we note Pk,A = S = S0,A and V †
k ⊂ TPk,A × Lie(A) = V †

0,S .

We discuss the induction step from l to l + 1. By Pk+l,A ⊂ Sl,A and V †
k+l ⊂

V †
l,S ∩ (TPk+l × Lie(A)), we have

Pk+l+1,A = P (V †
k+l) ⊂ P (V

†
l,S) = Sl+1,A.

The constructions of V †
k+l+1 and V †

l+1,S (cf. (2.11)) yield

V †
k+l+1 ⊂ V

†
l+1,S ∩ (TPk+l+1,A × Lie(A)).

This completes the induction step.

Remark 2.4. As we shall see later in Section 11 (cf. (11.10)), we have a natural
morphism µk : Pk,A\Ek,A,A/B → Pk,A/B , which plays an important role in the
proof of Proposition 11.3.

�3. Su�cient condition for normality: Statement of Proposition 3.20

The goal of this section is to introduce Proposition 3.20. This proposition gives a
su�cient condition for a subset of Hol(D, A) to be normal, where A is a semi-
abelian variety. The proof of this proposition is rather lengthy, so we devote
Sections 4�8 to the proof. To state our proposition, we need to prepare some
terminology, which we describe below.

�3.1. Family of holomorphic maps and Zariski closed sets

We start from the following two de�nitions.

De�nition 3.1. Let S be a variety and let Z ⊂ S be a Zariski closed set.

(1) By a Z-admissible modi�cation φ : S′ → S, we assume that

(a) φ is projective and birational, and

(b) there exists a Zariski open set U ⊂ S such that Z∩U ̸= ∅ and φ−1(U)→
U is an isomorphism.
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(2) For a Z-admissible modi�cation φ : S′ → S, we de�ne the minimal transform
Z ′ ⊂ S′ as follows. Let U be the set of all Zariski open subsets U ⊂ S with
property (b) above. We set Z ′ =

⋂
U∈U φ

−1(Z ∩ U), where φ−1(Z ∩ U) ⊂ S′

is the Zariski closure.

To introduce the next de�nition, we recall the terminology �γ-almost all�
already used in Theorem 1.2: Given γ > 0 and an open set W ⊂ C, we say that
an assertion concerning points w ∈ W holds for γ-almost all w ∈ W if the set of
points w ∈ W that do not satisfy the assertion is covered by at most countably
many closed discs whose total sum of radii is less than γ.

De�nition 3.2. Let F = (fi)i∈I be an in�nite indexed family in Hol(D, S), where
S is a variety. Let Z ⊂ S be a Zariski closed set.

(1) We write F → Z if the following holds: For every 0 < s < 1, γ > 0, and open
neighborhood U ⊂ S of Z, there exists a �nite subset E ⊂ I such that, for all
i ∈ I − E, we have fi(z) ∈ U for γ-almost all z ∈ D(s).

(2) We write F ⇒ Z if the following hold:

(a) Let V ⊂ S be a Zariski closed set such that Z ̸⊂ V . Then fi(D) ̸⊂ V for
all i ∈ I with �nite exception.

(b) Let S′ → S be a Z-admissible modi�cation and let Z ′ ⊂ S′ be the
minimal transform. Then F → Z ′.

Remark 3.3. We supplement the condition F → Z ′ in assertion (2b). There
exists a Zariski open set U ⊂ S such that φ : S′ → S satis�es assertion (1b) in
De�nition 3.1. Then by Z ̸⊂ (S − U), there exists a �nite subset E ⊂ I such that
fi(D) ̸⊂ (S − U) for all i ∈ I − E. Then for each i ∈ I − E, there is a natural lift
f ′i : D→ S′ of fi. By F → Z ′ in assertion (2b), we mean (f ′i)i∈I−E → Z ′.

Remark 3.4. If F → Z, then G → Z for all in�nite indexed subfamilies G of F .
Here we call an in�nite indexed family G = (fj)j∈J a subfamily of F = (fi)i∈I
if J ⊂ I is an in�nite subset. If F ⇒ Z, then G ⇒ Z for all in�nite indexed
subfamilies G of F .

We prove several basic properties related to De�nition 3.2.

Lemma 3.5. Let F = (fi)i∈I be an in�nite indexed family in Hol(D, S). Let Z1

and Z2 be Zariski closed subsets of S. If F → Z1 and F → Z2, then F → Z1 ∩Z2.

Proof. Set So = S\(Z1 ∩ Z2). Then (Z1 ∩ So) ∩ (Z2 ∩ So) = ∅. Hence there exist
open neighborhoods U1 ⊂ So of Z1 ∩ So and U2 ⊂ So of Z2 ∩ So such that
U1 ∩ U2 = ∅.
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We take 0 < s < 1, γ > 0, and an open neighborhood U ⊂ S of Z1∩Z2. Then
U1∪U ⊂ S is an open neighborhood of Z1. Hence by F → Z1, there exists a �nite
set E1 ⊂ I such that for all i ∈ I\E1, we have fi(z) ∈ U1 ∪ U for γ/2-almost all
z ∈ D(s). Similarly, by F → Z2, there exists a �nite set E2 ⊂ I such that for all
i ∈ I\E2, we have fi(z) ∈ U2 ∪ U for γ/2-almost all z ∈ D(s). Set E = E1 ∪ E2.
Then E is �nite. Note that (U1 ∪ U) ∩ (U2 ∪ U) = U . Hence for all i ∈ I\E, we
have fi(z) ∈ U for γ-almost all z ∈ D(s). Thus F → Z1 ∩ Z2.

Lemma 3.6. Let F = (fi)i∈I be an in�nite indexed family in Hol(D, S). Then
there exists a Zariski closed subset Y such that Zariski closed subsets Z ⊂ S

satisfy F → Z if and only if Y ⊂ Z. In particular, F → Y .

Proof. We denote by Z the set of all Zariski closed subsets Z ⊂ S such that
F → Z. We have F → S, hence S ∈ Z. Hence Z ̸= ∅. By the Noetherian property,
there exists a minimal element Y ∈ Z. Then F → Y . We note that if Z ∈ Z,
then Y ⊂ Z. Indeed, if not, then Y ∩ Z ⫋ Y . By F → Y and F → Z, we have
F → Y ∩ Z (cf. Lemma 3.5), hence Y ∩ Z ∈ Z. This contradicts the choice of Y .
Hence Y ⊂ Z. Conversely, if a Zariski closed set Z ⊂ S satis�es Y ⊂ Z, then by
F → Y , we have F → Z. Hence Z ∈ Z. Thus Z ∈ Z if and only if Y ⊂ Z.

Remark 3.7. Suppose F = (fi)i∈I converges uniformly on compact subsets of
D to a holomorphic map g : D → S. Let V ⊂ S be the Zariski closure of g(D).
Then Y in Lemma 3.6 coincides with V . To check this, we note F → V , hence
Y ⊂ V . To check the converse, we assume on the contrary that V ̸⊂ Y . Then
g(D) ̸⊂ Y . Hence g−1(Y ) ⊂ D is a discrete subset. Hence we may take a closed
disc K ⊂ D\g−1(Y ) of positive radius. We take an open neighborhood U ⊂ S of
Y such that g(K) ∩ U = ∅. Then since F converges to g uniformly on K, there
exists a �nite subset E ⊂ I such that for all i ∈ I\E, we have fi(K)∩U = ∅. This
contradicts F → Y . Hence V ⊂ Y . Thus V = Y .

Lemma 3.8. Let φ : S′ → S be a morphism and let Z ⊂ S be a Zariski closed set.

Let F = (fi)i∈I be an in�nite indexed family in Hol(D, S′) such that (φ ◦ fi)i∈I →
Z. Suppose φ : S′ → S is proper. Then F → φ−1(Z).

Proof. Let s ∈ (0, 1) and γ > 0. Let U ⊂ S′ be an open neighborhood of φ−1(Z).
Since φ is proper, φ(S′\U) is a closed subset. Set W = S\φ(S′\U). Then W ⊂ S
is an open set such that Z ⊂W . We have φ−1(W ) ⊂ U . By (φ ◦ fi)i∈I → Z, there
exists a �nite subset E ⊂ I such that for all i ∈ I\E we have φ ◦ fi(z) ∈ W for
γ-almost all z ∈ D(s). Then for all i ∈ I\E we have fi(z) ∈ U for γ-almost all
z ∈ D(s). Hence F → φ−1(Z).
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Lemma 3.9. Let F be an in�nite indexed family in Hol(D, S). Let Z1 and Z2

be Zariski closed subsets of S. If F ⇒ Z1 and F ⇒ Z2, then either Z1 ⊂ Z2 or

Z2 ⊂ Z1.

Proof. Assume on the contrary that Z1 ̸⊂ Z2 and Z2 ̸⊂ Z1. Set V = Z1 ∩ Z2 in
the sense of scheme theory, namely IV = IZ1

+ IZ2
for the de�ning ideal sheaves

in OS . Set S′ = BlV S with φ : S′ → S. Let Z ′
1 and Z ′

2 be the strict transforms of
Z1 and Z2, respectively. Then

(3.1) Z ′
1 ∩ Z ′

2 = ∅.

We prove this. Note that φ∗V ⊂ S′ is a Cartier divisor. Hence we may take a
closed subscheme Z ′′

1 ⊂ S′ such that φ∗Z1 = φ∗V + Z ′′
1 . Indeed, we have Iφ∗Z1 ⊂

Iφ∗V ⊂ OS′ , where Iφ∗V is an invertible sheaf. So we take Z ′′
1 ⊂ S′ so that

IZ′′
1
= Iφ∗Z1 ⊗ (Iφ∗V )

−1 ⊂ OS′ . Then IZ′′
1
· Iφ∗V = Iφ∗Z1 . Similarly, there exists

Z ′′
2 ⊂ S′ such that IZ′′

2
· Iφ∗V = Iφ∗Z2

. Then by Iφ∗Z1
+ Iφ∗Z2

= Iφ∗V , we have
(IZ′′

1
+ IZ′′

2
) · Iφ∗V = Iφ∗V . Hence IZ′′

1
+ IZ′′

2
= OS′ . This shows Z ′′

1 ∩Z ′′
2 = ∅. By

Z ′
1 ⊂ Z ′′

1 and Z ′
2 ⊂ Z ′′

2 , we get (3.1).
Now note that BlV S → S is Z1-admissible. Hence by F ⇒ Z1, we have

F → Z ′
1. Similarly, F → Z ′

2. This is a contradiction.

Lemma 3.10. Let F be an in�nite indexed family in Hol(D, S). Let Z ⊂ S be a

Zariski closed set such that F ⇒ Z. Then Z is irreducible.

Proof. We assume on the contrary that Z = Z1 ∪ Z2. Set V = Z1 ∩ Z2 in the
sense of scheme theory. Then Z ′

1 ∩Z ′
2 = ∅ in BlV S, where Z ′

1 and Z
′
2 are the strict

transforms (cf. (3.1)). Let φ : BlV S → S, which is Z-admissible. Set U1 = S −Z2.
Then V ∩ U1 = ∅. Hence φ−1(U1) → U1 is an isomorphism. Moreover, we have
Z ∩ U1 = Z1 ∩ U1 ̸= ∅. Hence the minimal transform Z ′ ⊂ BlZS satis�es Z ′ ⊂
φ−1(Z1 ∩ U1) ⊂ Z ′

1. Similarly Z ′ ⊂ Z ′
2. Hence Z

′ = ∅. This contradicts F → Z ′.
Hence Z is irreducible.

Lemma 3.11. Let F = (fi)i∈I be an in�nite indexed family in Hol(D, S). Let
Z ⊂ S be a Zariski closed set such that F ⇒ Z. Let φ : S′ → S be a Z-admissible

modi�cation and let Z ′ ⊂ S′ be the minimal transform. Then F ⇒ Z ′.

Proof. If V ⊂ S′ is a Zariski closed set such that Z ′ ̸⊂ V , then Z ̸⊂ φ(V ). For
all i ∈ I with �nite exception, we have fi(D) ̸⊂ φ(V ), hence f ′i(D) ̸⊂ V , where
f ′i : D→ S′ is the lift of fi : D→ S. Let S′′ → S′ be a Z ′-admissible modi�cation
and let Z ′′ ⊂ S′′ be the minimal transform of Z ′. Then S′′ → S is Z-admissible
and the minimal transform of Z coincides with Z ′′. These easily follow from the
irreducibility of Z (cf. Lemma 3.10). Hence F → Z ′′. Hence F ⇒ Z ′.
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De�nition 3.12. Let F be an in�nite indexed family in Hol(D, S) and let {Ei}i∈I
be a countable family of Zariski closed sets in S. We de�ne LIM(F ; {Ei}) as the
Zariski closed subset of S with the following properties:

(1) F ⇒ LIM(F ; {Ei}) and LIM(F ; {Ei}) ̸⊂
⋃
i∈I Ei;

(2) for every proper Zariski closed subset W ⫋ LIM(F ; {Ei}) and every in�nite
indexed subfamily G of F , either G ⇏W or W ⊂

⋃
i∈I Ei.

Remark 3.13. We collect some basic properties.

(1) LIM(F ; {Ei}) is unique if it exists. This follows from Lemma 3.9. Indeed,
suppose that both Z1, Z2 ⊂ S satisfy the two conditions of De�nition 3.12. Then
F ⇒ Z1 and F ⇒ Z2. By Lemma 3.9, we may assume that Z1 ⊂ Z2. Assume on the
contrary that Z1 ̸= Z2. Then by the second condition of De�nition 3.12, we have
Z1 ⊂

⋃
i∈I Ei, for F ⇒ Z1. This contradicts the �rst condition of De�nition 3.12

that Z1 ̸⊂
⋃
i∈I Ei. Hence Z1 = Z2. This shows that LIM(F ; {Ei}) is unique if it

exists.

(2) LIM(F ; {Ei}) is irreducible, if it exists. This follows from Lemma 3.10.

(3) If LIM(F ; {Ei}) exists, then for all in�nite subfamilies G of F , LIM(G; {Ei})
exists and LIM(G; {Ei})= LIM(F ; {Ei}). This follows directly from De�ni-
tion 3.12 (cf. Remark 3.4).

Lemma 3.14. Let F = (fi)i∈I be an in�nite indexed family in Hol(D, S). Let
{Ej}j∈J be a countable family of Zariski closed sets of S. Assume that for each

j ∈ J , all but �nitely many i ∈ I satisfy fi(D) ̸⊂ Ej. Then there exists an in�nite

indexed subfamily G of F such that LIM(G; {Ej}) exists.

Proof. We denote by Z the set of Zariski closed subsets Z ⊂ S such that fi(D) ⊂ Z
for in�nitely many i ∈ I. We have S ∈ Z, hence Z ̸= ∅. By the Noetherian
property, we may take a minimal Z ∈ Z. We take an in�nite subset I ′ ⊂ I such
that fi(D) ⊂ Z for all i ∈ I ′. Set F ′ = (fi)i∈I′ . Then F ′ ⇒ Z. By Lemma 3.10,
Z is irreducible. We have Z ̸⊂

⋃
Ej . Indeed, suppose Z ⊂

⋃
Ej . Then since J is

countable, there exists j ∈ J such that Z ⊂ Ej . Hence fi(D) ⊂ Ej for all i ∈ I ′, a
contradiction. Thus Z ̸⊂

⋃
Ej .

For an in�nite subfamily G of F ′, we denote by WG the set of Zariski closed
subsets W ⊂ S such that G ⇒W and W ̸⊂

⋃
j∈J Ej . By the above argument, we

have Z ∈ WG . Hence WG ̸= ∅. By Lemma 3.9 and the Noetherian property, we
may take a unique minimal element WG ⊂ WG . If G′ is an in�nite subfamily of G,
then WG ⊂ WG′ . Hence WG′ ⊂ WG . Hence by the Noetherian property, we may
take an in�nite subfamily G of F ′ such that WG =WG′ for all in�nite subfamilies
G′ of G. Then LIM(G; {Ej}) =WG .
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Lemma 3.15. Let p : S1 → S2 be a morphism of varieties. Let F = (fi)i∈I be an

in�nite indexed family in Hol(D, S1). Let Z ⊂ S1 be a Zariski closed subset such

that F ⇒ Z. Then {p ◦ fi}i∈I ⇒ p(Z), where p(Z) ⊂ S2 is the Zariski closure of

p(Z).

Proof. Let V ⊂ S2 be a Zariski closed set such that p(Z) ̸⊂ V . Then we have
Z ̸⊂ p−1(V ). We have fi(D) ̸⊂ p−1(V ) for all i ∈ I with �nite exception. Hence
p ◦ fi(D) ̸⊂ V for all i ∈ I with �nite exception.

Now let S′
2 → S2 be a p(Z)-admissible modi�cation. We may take a Z-

admissible modi�cation S′
1 → S1 such that p′ : S′

1 → S′
2 exists. Let Z ′ ⊂ S′

1 and
p(Z)

′
⊂ S′

2 be the minimal transforms of Z and p(Z), respectively. Then p′(Z ′) ⊂
p(Z)

′
. We have F → Z ′. Hence {p′ ◦ fi}i∈I → p(Z)

′
. Thus {p ◦ fi}i∈I ⇒ p(Z).

�3.2. Horizontally integrable

Let S be a smooth algebraic variety. Let ι : U ↪→ A×S be an immersion, i.e., open
of closed immersion. Assume that q : U → S is étale, where q is the composite of
the immersion U ↪→ A× S and the second projection A× S → S. Then we get an
immersion [ι∗] : PTU ↪→ PT (A×S), which is the projectivization of the di�erential
ι∗ : TU ↪→ T (A × S). By (2.12), we have PT (A × S) = A × S1,A. Hence by the
composite of the immersion [ι∗] and the second projection PT (A×S)→ S1,A, we
get ι′ : PTU → S1,A.

De�nition 3.16. Let Z ⊂ S1,A be an irreducible Zariski closed set. We say that
Z is horizontally integrable if there exists an immersion ι : U ↪→ A × S such that
q : U → S is étale and Z ∩ ι′(PTU) ⊂ Z is Zariski dense in Z.

We describe a simple example. Let S ↪→ A×S be an immersion induced from
a constant map S → A, and let S∗

1,A ⊂ S1,A be the image of PTS → PT (A×S)→
S1,A. Namely, we set

(3.2) S∗
1,A = P (TS × {0}).

Then every irreducible Zariski closed set Z ⊂ S1,A such that Z ⊂ S∗
1,A is horizon-

tally integrable.
In general, let ι : U ↪→ A × S be an immersion such that q : U → S is étale.

Then the induced map q′ : U1,A → S1,A is also étale. Let φ : U → A be the
composite of ι and the �rst projection A × S → A. We note that the immersion
ι : U ↪→ A× S implies an isomorphism

(3.3) Φ: A× U → A× U
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over U by

(3.4) Φ(a, u) = (a− φ(u), u).

This de�nes an isomorphism [Φ∗] : PT (A× U)→ PT (A× U). This induces

DΦ: U1,A → U1,A,

which is an isomorphism over U : Under the decomposition PT (A×U) = A×U1,A

(cf. (2.12)), we have [Φ∗]((a, u
′)) = (a − φ(τ(u′)), DΦ(u′)) for (a, u′) ∈ A × U1,A,

where τ : U1,A → U is the natural map.

Lemma 3.17. Suppose Z ⊂ S1,A is horizontally integrable. Let ι : U ↪→ A× S be

an immersion as in De�nition 3.16. Then there exists an irreducible component

Ξ ⊂ U1,A of (q′)−1(Z) such that DΦ(Ξ) ⊂ U∗
1,A.

Proof. The immersion ι induces the section ιU : U ↪→ A × U of the second pro-
jection A × U → U . Then ιU induces ι′U : PTU → U1,A as above. Note that
ι′ : PTU → S1,A is the composite of ι′U : PTU → U1,A and q′ : U1,A → S1,A. Let
Ξ1, . . . ,Ξl be the irreducible components of (q′)−1(Z). Then we have⋃

i

q′(ι′U (PTU) ∩ Ξi) = ι′(PTU) ∩ Z.

There exists Ξi such that q′(ι′U (PTU) ∩ Ξi) ⊂ Z is Zariski dense in Z. We set
Ξ = Ξi. Since q′ is étale, we have dimΞ = dimZ. Hence ι′U (PTU) ∩ Ξ ⊂ Ξ is
Zariski dense in Ξ.

Since the composite of U ιU−→ A×U Φ−→ A×U is the graph of a constant map,
the image of the composite of PTU

ι′U−→ U1,A
DΦ−−→ U1,A is U∗

1,A. Hence ι
′
U (PTU) ⊂

(DΦ)−1U∗
1,A, so Ξ∩ ι′U (PTU) ⊂ (DΦ)−1U∗

1,A. Since Ξ∩ ι′U (PTU) is Zariski dense
in Ξ and (DΦ)−1U∗

1,A is Zariski closed, we have Ξ ⊂ (DΦ)−1U∗
1,A. This concludes

the proof.

�3.3. Statement of Proposition 3.20

We say that a smooth positive (1, 1)-form ωA on a semi-abelian variety A is invari-
ant if ωA is invariant under the translation of A.

De�nition 3.18. Given an in�nite indexed family F = (fi)i∈I in Hol(D, A), we
denote by Π(F) the set of all semi-abelian subvarieties B ⊂ A satisfying the
following property: there is no in�nite subset J ⊂ I such that {|(ϖB ◦fi)′|ωA/B

}i∈J
converges uniformly on compact subsets of D to 0. Here, ϖB : A → A/B is the
quotient map and | · |ωA/B

is a norm on T (A/B) de�ned by an invariant (1, 1)-form
ωA/B on A/B.
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Note that every semi-abelian variety contains only countably many semi-
abelian varieties (cf. [35, Cor. 5.1.9]). Hence Π(F) is a countable set. We note
A ̸∈ Π(F). Hence if B ∈ Π(F), then Ek,A,A/B ⫋ Pk,A for all k ≥ 1.

For a non-constant holomorphic map f : D → A × S, we recall the notation
fSk,A

: D → Sk,A from (2.13). We use the notation fPk,A
: D → Pk,A if S = {pt},

where Pk,A = {pt}k,A. Given an in�nite indexed family F = (fi)i∈I of non-
constant holomorphic maps in Hol(D, A), we de�ne an in�nite indexed family
FPk,A

in Hol(D, Pk,A) by

(3.5) FPk,A
= ((fi)Pk,A

)i∈I .

We consider the following assumption for an in�nite indexed family F of non-
constant holomorphic maps in Hol(D, A).

Assumption 3.19. The Zariski closed subset LIM(FPk,A
; {Ek,A,A/B}B∈Π(F))

exists for all k ≥ 1.

If this assumption is satis�ed, we write

Tk = LIM(FPk,A
; {Ek,A,A/B}B∈Π(F)) ⊂ Pk,A.

As we shall see later (cf. Lemma 12.2), every in�nite indexed family F in Hol(D, A)
contains an in�nite subfamily which satis�es this assumption.

Now we take an in�nite indexed family F in Hol(D, A) which satis�es Assump-
tion 3.19. Let k ≥ 1. We claim

(3.6) Tk ⊂ p(Tk+1),

where p : Pk+1,A → Pk,A is the natural map. Indeed, by Lemma 3.15, we have
FPk,A

⇒ p(Tk+1). Hence by Lemma 3.9, we have either Tk ⊂ p(Tk+1) or p(Tk+1) ⫋
Tk. So assume on the contrary that p(Tk+1) ⫋ Tk. Then by the de�nition of Tk,
we have p(Tk+1) ⊂

⋃
B∈Π(F)Ek,A,A/B . We have p−1(Ek,A,A/B) ⊂ Ek+1,A,A/B

(cf. Lemma 2.2). Hence

Tk+1 ⊂ p−1

( ⋃
B∈Π(F)

Ek,A,A/B

)
⊂

⋃
B∈Π(F)

Ek+1,A,A/B .

This is a contradiction. Hence we have proved (3.6).
We �x k ≥ 0. For each l ≥ 1, let pl : Pk+l,A → Pk+1,A be the natural map.

Then by (3.6), we have a sequence

p1(Tk+1) ⊂ p2(Tk+2) ⊂ p3(Tk+3) ⊂ · · · .
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By Remark 3.13 (2), each pl(Tk+l) is irreducible. Hence the sequence above stabi-
lizes, i.e., there exists l0 ≥ 1 such that pl(Tk+l) = pl0(Tk+l0) for all l ≥ l0. We set
Z = pl0(Tk+l0), namely

(3.7) Z =
⋃
l≥1

pl(Tk+l).

By Remark 2.3, we have Z ⊂ Pk+1,A ⊂ (Pk,A)1,A.

Proposition 3.20. Let F ⊂ Hol(D, A) be an in�nite set of non-constant holo-

morphic maps which satis�es Assumption 3.19. Suppose that there exists k ≥ 0

such that Z ⊂ Pk+1,A ⊂ (Pk,A)1,A is horizontally integrable, where Z is de�ned by

(3.7). Then F is normal for every smooth equivariant compacti�cation Ā. Namely,

for every smooth equivariant compacti�cation Ā and every sequence (fn)n∈N in F ,
there exists a subsequence of (fn)n∈N which converges uniformly on compact sub-

sets of D to g : D→ Ā.

This proposition will be proved in Section 8 after the preparation in Sec-
tions 4�7.

�3.4. Outline of the proof of Proposition 3.20

We discuss an outline of the proof of Proposition 3.20. The proof heavily relies
on Nevanlinna theory. In the next section, we introduce Nevanlinna theory and
prove several estimates needed for the proof of Proposition 3.20. In Section 5,
we prove a main proposition, Proposition 5.1, for the proof of Proposition 3.20.
Here, the assumption that Z ⊂ Pk+1,A is horizontally integrable plays a crucial
role. For some technical reasons described below, we apply Proposition 5.1 not to
the sequence ((fn)[k]) itself, but to a certain modi�cation ((φn)[k]) obtained by a
translate and by passing to a subsequence, which ensures that Assumption 6.2 is
satis�ed together with ((φn)Pk+1,A

)n∈N ⇒ Z. The conclusion of Proposition 5.1
then yields an estimate in Nevanlinna theory of the following form:

Ts(r, φn, ωĀ) ≤ c1Ts
(
r, ((φn)[k])Pk,A

, ωPk,A

)
+ c2m

(
(s+ r)/2, ((φn)[k])Pk,A

, λW
)
+ c3.(3.8)

This modi�cation of the sequence (fn) to (φn), which is performed in Lemma 8.1,
is necessary to estimate the right-hand side of (3.8). Thanks to Lemma 8.2, it
su�ces to work with (φn).

In Sections 6 and 7, we estimate the �rst and second terms on the right-hand
side of (3.8), respectively. In Section 6, we introduce a geometric generalization of
Nevanlinna's lemma on logarithmic derivatives, namely the logarithmic tautologi-
cal inequality, and prove Lemma 6.3. This lemma shows that the �rst term on the
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right-hand side of (3.8) is very small compared with the left-hand side, thanks to
the modi�cation (φn). Thus, we can ignore it. In Section 7, we prove Lemma 7.4,
again using Lemma 6.3. Here, the fact that Z ⊂ Pk+1,A is constructed in the par-
ticular form (3.7) plays a crucial role. This lemma shows that the second term on
the right-hand side of (3.8) is also very small compared with the left-hand side,
again thanks to the modi�cation (φn). From this, we conclude that the left-hand
side of (3.8) is bounded, which implies that∫

D(s)
φ∗
nωĀ

is also bounded. By the normality condition proved in Lemma 8.3, this allows us
to choose a convergent subsequence from (φn), thereby proving Proposition 3.20
using Lemma 8.2. This is a rough outline of the proof of Proposition 3.20, omitting
several issues that require careful discussion.

The most technically involved part of the proof is Section 5. For more discus-
sion about the proof of Proposition 5.1, see Section 5.1.

�4. Nevanlinna theory

Let V be an algebraic variety. We denote by Holm(D, V ) the set of all multivalued
holomorphic maps to V , i.e., each map is represented by

Yf
f
//

πf

��

V,

D,

where f is a holomorphic map from a Riemann surface Yf with a proper, surjective
holomorphic map πf : Yf → D. By the properness, πf : Yf → D is a �nite rami�ed
covering with a well-de�ned covering degree, denoted by deg πf . Namely, if z ∈ D
is not a branch point, the �ber π−1

f (z) consists of exactly deg πf points.
We introduce the notion of Weil functions (cf., e.g., [44, Def. 2.2.1]). Let V

be a projective variety and let Z ⊂ V be a closed subscheme. A Weil function λZ
for Z is a continuous function λZ : V − suppZ → R which satis�es the following
condition. For each x ∈ V , there are a Zariski open neighborhood U ⊂ V of x,
holomorphic functions g1, . . . , gl ∈ Γ(U,OV ) which de�ne Z ∩U , and a continuous
function α : U → R on U such that∣∣∣λZ(y) + log max

1≤i≤l
{|gi(y)|}

∣∣∣ ≤ α(y)
for all y ∈ U−supp(Z∩U). We summarize the needed properties of Weil functions
(cf. [44, Sec. 2.2]):
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� A Weil function λZ exists for every closed subscheme Z ⊂ V .
� If λZ and λ′Z are Weil functions for Z, then there exists a positive constant γ
such that |λZ(x)− λ′Z(x)| ≤ γ for all x ∈ V − suppZ.

� If λZ is a Weil function for Z, then λZ is bounded from below, namely there
exists a constant γ such that λZ(x) > γ for all x ∈ V − suppZ. In particular,
we may choose a Weil function λZ such that λZ ≥ 0.

� Suppose that p : Ṽ → V is a morphism from another projective variety Ṽ .
Then λZ ◦ p is a Weil function for the pull-back p∗Z ⊂ Ṽ .

� Let Z, Z ′ be closed subschemes of V . Let λZ and λZ′ be Weil functions for
Z and Z ′, respectively. Then λZ + λZ′ is a Weil function for Z + Z ′, where
Z + Z ′ is de�ned by IZ+Z′ = IZ · IZ′ .

� Let Z, Z ′ be closed subschemes of V . Assume that suppZ ⊂ suppZ ′. Then
there exist positive constants γ1 > 0 and γ2 > 0 such that λZ ≤ γ1λZ′ + γ2.

� Assume that V is smooth. Let D be an e�ective Cartier divisor on V . Let L be
a line bundle on V associated to D, and let h be a smooth Hermitian metric
on L. Let σ be a section of L associated to D such that h(σ(x), σ(x)) ≤ 1 for
all x ∈ V . Then λD(x) = − log

√
h(σ(x), σ(x)), where x ∈ V − suppD, is a

Weil function for D with λD ≥ 0.

Remark 4.1. In this paper, we always assume λZ ≥ 0 for Weil functions unless
otherwise speci�ed.

We introduce Nevanlinna theory. Let V be a projective variety. Let Z ⊂ V be
a closed subscheme. Let f ∈ Holm(D, V ) such that f(Yf ) ̸⊂ suppZ. For 0 < s <

r < 1, we set

Ns(r, f, Z) =
1

deg πf

∫ r

s

( ∑
y∈Yf (t)

ordy f
∗Z

)
dt

t
,

where Yf (t) = π−1
f (D(t)). Let λZ be a Weil function for Z. We set

m(r, f, λZ) =
1

deg πf

∫
y∈∂Yf (r)

λZ(f(y))
d arg πf (y)

2π
.

We set
Ts(r, f, Z, λZ) = Ns(r, f, Z) +m(r, f, λZ)−m(s, f, λZ).

Assume V is smooth. Let ω be a smooth (1, 1)-form on V . Let f ∈ Holm(D, V ).
For 0 ≤ s < r < 1, we set

Ts(r, f, ω) =
1

deg πf

∫ r

s

dt

t

∫
Yf (t)

f∗ω.
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We state the famous �rst main theorem in our case (e.g., [27, �8.4], [30, p. 219],
[35], etc).

First main theorem Let V be a smooth projective variety. Let D ⊂ V be an e�ec-

tive Cartier divisor, L be the associated line bundle, and h be a smooth Hermitian

metric on L. Let ω(L,h) be the curvature form for the metrized line bundle (L, h).

Let σ be a section of L such that D = (σ = 0). Set λD(x) = − log
√
h(σ(x), σ(x)).

Then for every f ∈ Holm(D, V ) with f(Yf ) ̸⊂ suppD, we have

(4.1) Ts(r, f, ω(L,h)) = Ns(r, f,D) +m(r, f, λD)−m(s, f, λD)

for all 0 < s < r < 1.

Proof. By the Poincaré�Lelong formula, we have

2ddc log(1/∥σ ◦ f∥) = −
∑
y∈Yf

(ordyf
∗D)δy + f∗ω(L,h),

where δy is Dirac current supported on y. Integrating over Yf (t), we get

2

∫
Yf (t)

ddc log(1/∥σ ◦ f∥) = −
∑
Yf (t)

ordyf
∗D +

∫
Yf (t)

f∗ω(L,h).

Hence, we get

−Ns(r, f,D) + Ts(r, f, ω(L,h)) =
2

deg πf

∫ r

s

dt

t

∫
Yf (t)

ddc log
( 1

∥σ ◦ f∥

)
=

2

deg πf

∫ r

s

dt

t

∫
∂Yf (t)

dc log
( 1

∥σ ◦ f∥

)
= m(r, f, λD)−m(s, f, λD).

This proves (4.1). See also [45, Thm. 3.2].

As a corollary, we have the following: Let V be a projective variety, which
is not necessarily smooth. Let D and D′ be linearly equivalent e�ective Cartier
divisors on V . Then we have

(4.2) |Ts(r, f,D, λD)− Ts(r, f,D′, λD′)| ≤ c

for all 0 < s < r < 1, where c is a positive constant which only depends on the
choice of the Weil functions λD and λD′ . Indeed, if D and D′ are very ample,
we reduce to the case of projective spaces by taking an embedding ι : V ↪→ Pk

so that D = ι∗H and D′ = ι∗H ′ for hyperplane sections H and H ′. In this case,
(4.2) follows from (4.1). In general, we take an e�ective Cartier divisor E ⊂ V

such that D + E and D′ + E are very ample to reduce to the previous case.
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Lemma 4.2. Let V be a projective variety. Let D ⊂ V be an e�ective Cartier

divisor which is ample. Let Z ⊂ V be a closed subscheme. Let λD ≥ 0 and λZ ≥ 0

be Weil functions for D and Z, respectively. Then there exist positive constants

c > 0, c′ > 0 such that for all f ∈ Holm(D, V ) with f(Yf ) ̸⊂ suppD ∪ suppZ, we

have

Ts(r, f, Z, λZ) ≤ cTs(r, f,D, λD) + c′

for all 0 < s < r < 1.

Proof. Set V ′ = BlZV . Let φ : V ′ → V be the projection and let φ∗Z ⊂ V ′ be the
induced closed subscheme. Then φ∗Z is a Cartier divisor on V ′. We denote by L
the associated line bundle. Let M be the ample line bundle on V associated to D.
Then there exists a positive integer l such that φ∗M⊗l ⊗L−1 is very ample on V ′

(cf. [18, Chapter II, Prop. 7.10 (b)]). There exists a closed immersion ι : V ′ ↪→ Pk

such that ι∗OPk(1) = φ∗M⊗l ⊗ L−1. Let H ⊂ Pk be an e�ective divisor from
OPk(1). Then φ∗(lD) and φ∗Z + ι∗H are linearly equivalent Cartier divisors. Let
hOPk (1)

be the Fubini�Study metric on OPk(1). Let σ be a section of OPk(1) such

that H = (σ = 0). Set λH(x) = − log
√
hOPk (1)

(σ(x), σ(x)) ≥ 0. By (4.2), we have

Ts(r, f, Z, λZ) + Ts(r, ι ◦ f,H, λH) ≤ lTs(r, f,D, λD) + α,

where α is a positive constant which only depends on the choices of λD, λZ , and
λH . Set ωPk = c1(OPk(1), hOPk (1)

). By (4.1), we have

Ts(r, ι ◦ f,H, λH) = Ts(r, ι ◦ f, ωPk) ≥ 0.

Hence we get
Ts(r, f, Z, λZ) ≤ lTs(r, f,D, λD) + α.

This conclude the proof.

Lemma 4.3. Let V be a smooth projective variety and let ωV be a smooth positive

(1, 1)-form on V . Let Z ⊂ V be a closed subscheme with a Weil function λZ ≥ 0.

Then there exists a positive constant c > 0 such that for all f ∈ Holm(D, V ) with

f(Yf ) ̸⊂ suppZ, we have

m(r, f, λZ) ≤ cTs(r, f, ωV ) +m(s, f, λZ) + c

for all s ∈ (0, 1) and r ∈ (s, 1).

Proof. Since Ns(r, f, Z) ≥ 0, we have

m(r, f, λZ)−m(s, f, λZ) ≤ Ts(r, f, Z, λZ).
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Let D1, . . . , Dl ⊂ V be e�ective ample divisors such that D1 ∩ · · · ∩Dl = ∅. Let
λDi
≥ 0 be a Weil function for Di. We may take Di such that f(Yf ) ̸⊂ suppDi.

By Lemma 4.2, we have

m(r, f, λZ)−m(s, f, λZ) ≤ ciTs(r, f,Di, λDi) + c′i.

By (4.1), we have

T (r, f,Di, λDi) ≤ c′′i Ts(r, f, ωV ).

We set c = max1≤i≤lmax{cic′′i , c′i} to complete the proof.

We apply Lemma 4.3 for f : D→ V with f(0) ̸∈ suppZ. Then m(s, f, λZ)→
λZ(f(0)) when s→ 0+. Hence we get

(4.3) m(r, f, λZ) ≤ cT0(r, f, ωV ) + λZ(f(0)) + c.

Lemma 4.4. Let p : Σ → V be a generically �nite surjective morphism of pro-

jective varieties, where V is smooth. Let D be an e�ective Cartier divisor on Σ

with a Weil function λD ≥ 0. Let ωV be a smooth positive (1, 1)-form on V . Let

E ⊂ Σ be the exceptional locus of φ : Σ → Σ+, where Σ → Σ+ → V is the Stein

factorization. Let λE ≥ 0 be a Weil function for E. Then there exists a positive

constant c > 0 such that for all f ∈ Holm(D,Σ) with f(Yf ) ̸⊂ suppD ∪ suppE,

we have

Ts(r, f,D, λD) ≤ cTs(r, p ◦ f, ωV ) + cm(s, f, λE) + c

for all 0 < s < r < 1.

Proof. Let D̃ ⊂ Σ+ be the scheme-theoretic image of the compositeD ↪→ Σ→ Σ+.
Then we have Iφ∗D̃ ⊂ ID ⊂ OΣ. Since ID is an invertible sheaf, we have a closed

subscheme Z ⊂ Σ such that φ∗D̃ = D + Z. Since Σ − E → Σ+ is an open
immersion, we note that suppZ ⊂ E. Hence we have a positive constant c′ > 0

such that λZ ≤ c′λE + c′. Thus

Ts(r, f,D, λD) ≤ Ts(r, f, φ∗D̃, φ∗λD̃) +m(s, f, λZ)

≤ Ts(r, φ ◦ f, D̃, λD̃) + c′m(s, f, λE) + c′.

Let G1, . . . , Gν ⊂ V be e�ective ample divisors such that G1 ∩ · · · ∩Gν = ∅. Then
since q : Σ+ → V is �nite, q∗Gj ⊂ Σ+ are ample. We may take Gj such that
φ ◦ f(Yf ) ̸⊂ supp q∗Gj . By Lemma 4.2, we get

Ts(r, φ ◦ f, D̃, λD̃) ≤ γjTs(r, φ ◦ f, q
∗Gj , λGj

◦ q) + γ′j

= γjTs(r, p ◦ f,Gj , λGj
) + γ′j .
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By (4.1), we have

Ts(r, p ◦ f,Gj , λGj
) ≤ µjTs(r, p ◦ f, ωV ).

We set c = max1≤j≤ν max{γjµj , c′ + γ′j} to conclude the proof.

Lemma 4.5. Let p : Σ→ V be a generically �nite surjective morphism of smooth

projective varieties. Let ωΣ and ωV be smooth positive (1, 1)-forms on Σ and V ,

respectively. Let E ⊂ Σ be the exceptional locus of φ : Σ→ Σ+, where Σ→ Σ+ →
V is the Stein factorization. Let λE ≥ 0 be a Weil function for E. Then there exists

a positive constant c > 0 such that for all f ∈ Holm(D,Σ) with f(Yf ) ̸⊂ suppE,

we have

Ts(r, f, ωΣ) ≤ cTs(r, p ◦ f, ωV ) + cm(s, f, λE) + c

for all 0 < s < r < 1.

Proof. Let D1, . . . , Dl ⊂ Σ be linearly equivalent, e�ective ample divisors such
that D1 ∩ · · · ∩ Dl = ∅. Let L be the associated line bundle on Σ. Then since L
is ample, there exists a smooth Hermitian metric h on L such that the associated
curvature form ω(L,h) is positive. Then there exists a positive constant α > 0

such that ωΣ < αω(L,h). Let σi be a section of L such that Di = (σi = 0). Set
λDi(x) = − log

√
h(σi(x), σi(x)) ≥ 0. We may take Di such that f(Yf ) ̸⊂ suppDi.

Then by (4.1), we have

Ts(r, f, ωΣ) ≤ αTs(r, f,Di, λDi).

By Lemma 4.4, we have

Ts(r, f,Di, λDi) ≤ ciTs(r, p ◦ f, ωV ) + cim(s, f, λE) + ci

for all 0 < s < r < 1. We set c = max1≤i≤l{αci} to conclude the proof.

Remark 4.6. Let V be a smooth projective variety and let Z ⊂ V be a closed
subscheme. Suppose BlZV is smooth. Then there exists a positive constant c > 0

such that for all f : D→ V with f(D) ̸⊂ suppZ, we have

(4.4) Ts(r, f, ωBlZV ) ≤ cTs(r, f, ωV ) + cm(s, f, λsuppZ) + c

for all s ∈ (0, 1) and r ∈ (s, 1). This follows from Lemma 4.5 applied to BlZV → V .
Indeed, we have m(s, f, λE) ≤ cm(s, f, λsuppZ).

Remark 4.7. Let F ⊂ Hol(D, V ) be an in�nite set, and let Z ⊂ V be a Zariski
closed set. For s ∈ (0, 1), γ > 0, and an open neighborhood U ⊂ V of Z, we set

Fs,γ,U =
{
f ∈ F ; f(z) ∈ U for γ-almost all z ∈ D(s)

}
.
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Then if s′ ≥ s, γ′ ≤ γ, and U ′ ⊂ U , we have Fs′,γ′,U ′ ⊂ Fs,γ,U . We remark the
following two facts which directly follow from the de�nition:

(1) F ̸→ Z if and only if there exist s ∈ (0, 1), γ > 0, Z ⊂ U ⊂ V such that
F − Fs,γ,U is in�nite.

(2) G ̸→ Z for all in�nite subset G ⊂ F if and only if there exist s ∈ (0, 1), γ > 0,
Z ⊂ U ⊂ V such that Fs,γ,U is �nite. Moreover, if f(D) ̸⊂ Z for all f ∈ F ,
then we may take s, γ, U such that Fs,γ,U = ∅.

Lemma 4.8. Let F ⊂ Hol(D, V ) be an in�nite set, and let Z ⊂ V be a Zariski

closed set. Assume that F ̸→ Z. Then there exists an in�nite subset G ⊂ F such

that f(D) ̸⊂ Z for all f ∈ G, and that G′ ̸→ Z for all in�nite subsets G′ ⊂ G.

Proof. We may take s ∈ (0, 1), γ > 0, Z ⊂ U ⊂ V such that F −Fs,γ,U is in�nite.
Set G = F − Fs,γ,U . Then Gs,γ,U = G ∩ Fs,γ,U = ∅. Hence G′ ̸→ Z for all in�nite
subsets G′ ⊂ G. Note that f(D) ̸⊂ Z for all f ∈ G.

Lemma 4.9. Let V be a smooth projective variety. Let ωV be a smooth positive

(1, 1)-form. Let F ⊂ Hol(D, V ) be an in�nite subset. Let Z ⊂ V be a closed

subscheme with a Weil function λZ . Assume that G ̸→ suppZ for all in�nite

subsets G ⊂ F and that f(D) ̸⊂ suppZ for all f ∈ F . Then there exist σ ∈ (0, 1)

and α > 0 such that for all s ∈ (σ, 1), r ∈ (s, 1), and f ∈ F , we have

m(r, f, λZ) ≤
α

(r − s)
Ts(r, f, ωV ) + α.

To prove this lemma, we start from the following consideration. Let w ∈ D(r).
We set

(4.5) φw,r(z) = r2
w − z
r2 − wz

,

which is an isomorphism φw,r : D(r) → D(r) such that φw,r(0) = w. We have

φ′
w,r(z) = r2 |w|2−r2

(r2−wz)2 . Applying the maximum and minimum principles on D(r),
we get

(4.6)
r − |w|
r + |w|

≤ |φ′
w,r(z)| ≤

r + |w|
r − |w|

for all z ∈ D(r).

Lemma 4.10. Let 0 < σ < r < 1. Then for all non-negative functions Λ on

∂D(r) and w ∈ D(σ), we have

r − σ
r + σ

∫ 2π

0

Λ(φw,r(re
iθ))

dθ

2π
≤

∫ 2π

0

Λ(reiθ)
dθ

2π
≤ r + σ

r − σ

∫ 2π

0

Λ(φw,r(re
iθ))

dθ

2π
.
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Proof. We have∫ 2π

0

Λ(reiθ)
dθ

2π
=

∫ 2π

0

Λ(φw,r(re
iθ))|φ′

w,r(re
iθ)| dθ

2π
.

Hence by (4.6) we have

r − |w|
r + |w|

∫ 2π

0

Λ(φw,r(re
iθ))

dθ

2π
≤

∫ 2π

0

Λ(reiθ)
dθ

2π
≤ r + |w|
r − |w|

∫ 2π

0

Λ(φw,r(re
iθ))

dθ

2π
.

Since r ∈ (σ, 1) and w ∈ D(σ), we have r+|w|
r−|w| <

r+σ
r−σ . The proof is completed.

In the proof of Lemma 4.9, we need the following estimate from [19, Lem. 6.17]:
If µ is a mass distribution on C with �nite total mass M and γ is a constant with
0 < γ < 1, then we have

(4.7)
∫
C
log

1

|z − w|
dµz ≤ τγM

for γ-almost all w ∈ C, where τγ > 0 is a positive constant which depends on γ.
For instance, we may take τγ = log(6/γ). See also [30, Chapter VIII, �3].

Proof of Lemma 4.9. By Remark 4.7, there exist s0 ∈ (0, 1), γ0 > 0, and an open
neighborhood U0 ⊂ V of suppZ such that Fs0,γ0,U0

= ∅. We �x σ ∈ (s0, 1). Let
f ∈ F . By Lemma 4.3, we get

m(r, f, λZ) ≤ cTσ(r, f, ωV ) +m(σ, f, λZ)

for all r ∈ (σ, 1), where c > 0 is a positive constant which only depends on ωV
and λZ . Given an isomorphism φw,σ : D(σ) → D(σ) such that w ∈ D(s0) and
f(w) ̸∈ suppZ, we get (cf. (4.3))

m(σ, f ◦ φw,σ, λZ) ≤ cT0(σ, f ◦ φw,σ, ωV ) + λZ(f(w)).

By Lemma 4.10, we have

m(σ, f, λZ) ≤
σ + s0
σ − s0

m(σ, f ◦ φw,σ, λZ) ≤
2

σ − s0
m(σ, f ◦ φw,σ, λZ).

Hence we get

m(σ, f, λZ) ≤
2c

σ − s0
T0(σ, f ◦ φw,σ, ωV ) +

2

σ − s0
λZ(f(w)),

so that

(4.8) m(r, f, λZ) ≤ cTσ(r, f, ωV ) +
2c

σ − s0
T0(σ, f ◦ φw,σ, ωV ) +

2

σ − s0
λZ(f(w)).
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Now we estimate the right-hand side of this estimate. We apply (4.7). We
choose w ∈ D(s0) such that f(w) ̸∈ U0 and∫

C
log

1

|z − w|
dµz ≤ τγ0

∫
D(σ)

f∗ωV ,

where µ = ID(σ)f∗ωV . We set η = supx∈V−U0
λZ(x). Then we have

(4.9) λZ(f(w)) ≤ η.

We have∫ σ

0

dt

t

∫
D(t)

(f ◦ φw,σ)∗ωV =

∫
C
log

σ

|ξ|
d(φ∗

w,σµ)ξ =

∫
C
log

σ

|φ−1
w,σ(z)|

dµz

=

∫
C
log
|σ − (w/σ)z|
|z − w|

dµz ≤ (τγ0 + log 2)

∫
D(σ)

f∗ωV .

Hence
T0(σ, f ◦ φw,σ, ωV ) ≤

τγ0 + log 2

r − s
Ts(r, f, ωV )

for σ < s < r < 1. We have

(4.10) Tσ(r, f, ωV ) ≤
1

σ(r − s)
Ts(r, f, ωV )

for σ < s < r < 1. We substitute (4.9)�(4.10) into (4.8) to conclude the proof.
Here we set

α = max
{ c
σ
+

2c(τγ0 + log 2)

σ − s0
,

2η

σ − s0

}
,

which is independent of the choice of s ∈ (σ, 1), r ∈ (s, 1), and f ∈ F .

�5. Main proposition for the proof of Proposition 3.20

We recall the notation fSk,A
from (2.13). The following proposition plays an impor-

tant role in the proof of Proposition 3.20. In particular, it provides an important
estimate (5.1) under the assumption that (fS1,A

)f∈F ⇒ Z, where Z is horizontally
integrable (see De�nition 3.16).

Proposition 5.1. Let Ā be a smooth projective equivariant compacti�cation of a

semi-abelian variety A. Let S be a smooth projective variety. Let τ : S1,A → S be

the natural projection. Let Z ⊂ S1,A be an irreducible Zariski closed set. Assume

that Z is horizontally integrable. Then there exists a proper Zariski closed set

W ⫋ τ(Z) with the following property: Let F ⊂ Hol(D, A × S) be an in�nite set

of non-constant holomorphic maps such that (fS1,A
)f∈F ⇒ Z. Let ωĀ and ωS

be smooth positive (1, 1)-forms on Ā and S, respectively. Let λW ≥ 0 be a Weil
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function for W . Let s ∈ (1/2, 1) and δ > 0. Then there exist positive constants

c1 > 0, c2 > 0, c3 > 0 such that for all f ∈ F with fS(D) ̸⊂W , we have

(5.1) Ts(r, fA, ωĀ) ≤ c1Ts(r, fS , ωS) + c2m((s+ r)/2, fS , λW ) + c3

for all r ∈ (s, 1) outside some exceptional set E ⊂ (s, 1) with the linear measure

|E| < δ.

In the proof of Proposition 3.20, we apply this proposition to S = Pk,A, with
k and Z as in the statement of Proposition 3.20. See Section 3.4 for the role of
Proposition 5.1 in the proof of Proposition 3.20. The rest of this section is devoted
to the proof of Proposition 5.1.

�5.1. Outline of the proof of Proposition 5.1

We discuss an outline of the proof of Proposition 5.1. We recall S∗
1,A = P (TS×{0})

from (3.2). Then S∗
1,A ⊂ S1,A is horizontally integrable. To see the idea of the

proof of Proposition 5.1, it is instructive to consider the special case Z = S∗
1,A.

The assumption (fS1,A
)f∈F ⇒ S∗

1,A implies (fS1,A
)f∈F → S∗

1,A. Since S
∗
1,A ⊂ S1,A

consists of the locus where the derivative is null in the direction of A, the condition
(fS1,A

)f∈F → S∗
1,A means that the derivative of fA is bounded by the derivative

of fS outside small exceptional sets. Thus it is reasonable to expect an estimate
of the form (5.1) using an integration argument over D. For a general horizontally
integrable Z, we apply Lemma 3.17 to reduce the problem to this setting.

The reduction goes as follows, leaving aside the rigorous details for a moment.
Since Z ⊂ S1,A is horizontally integrable, we may take U ↪→ A × S as in De�-
nition 3.16. Then we get an isomorphism Φ: A × U → A × U as in (3.3). For
each f ∈ F , we may take a lift f̂ ∈ Holm(D, A×U) of f so that {(Φ ◦ f̂)U1,A

}f∈F

becomes very close to U∗
1,A, thanks to Lemma 3.17. Then the derivative of (Φ◦ f̂)A

is bounded by the derivative of (Φ ◦ f̂)U . Thus an estimate of the form (5.1) for
Φ ◦ f̂ , instead of f , is easier to prove. We then use this situation to derive the
estimate (5.1) for the original f . See Section 5.2 for the detail of the construction
of f̂ .

However, there are several problems to work out this argument rigorously.

� {(Φ ◦ f̂)U1,A
}f∈F becomes very close to U∗

1,A only on some branch Ω′
f → Ωf

over a domain Ωf ⊂ D. The situation will be explained in De�nition 5.3 below.

� We need to compactify U . Moreover, to complete the argument rigorously, we
need to take a compacti�cation Σ carefully. This is the theme of Section 5.3.
The resulting compacti�cation Σ, together with a semi-positive (1, 1)-form η

on it, are essential for converting the estimate of Φ ◦ f̂ into that of f . The
Zariski closed subset W ⫋ τ(Z) appears in this process.
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� After the compacti�cation of U , the extension of the immersion U ↪→ A×S in
De�nition 3.16 may hit the boundary of Ā×S. Consequently, the isomorphism
Φ only extends to a rational map Ā×Σ 99K Ā×Σ, rather than an isomorphism
A× Σ→ A× Σ. As a result, (Φ ◦ f̂)A may hit the boundary of Ā. This issue
arises only when A is non-compact. Compare with the isomorphism Φ0 in the
diagram (5.28).

Based on the outline of the proof, one might hope that the proof still works if
we replace ωĀ in the left-hand side of (5.1) with an invariant positive (1, 1)-form
on A. However, this is not the case, primarily because of the third issue above.

Now we introduce Lemma 5.2 below to estimate the left-hand side of (5.1).
We recall that a semi-abelian variety A is an algebraic group with an expression

(5.2) 0→ T → A
ρ−→ A0 → 0,

where A0 is an abelian variety and T ≃ Glm is an algebraic torus (cf. Appendix A).

Lemma 5.2. Let Ā be a smooth projective equivariant compacti�cation of a semi-

abelian variety A. Let ρ : A → A0 be the canonical quotient as in (5.2). Let ωĀ
be a smooth positive (1, 1)-form on Ā and ωA0

be an invariant positive (1, 1)-form

on A0. For an irreducible component D of ∂A, let λD ≥ 0 be a Weil function.

Then there exists a positive constant c > 0 such that for all g ∈ Hol(D, A), we
have

(5.3) Ts(r, g, ωĀ) ≤ cTs(r, ρ◦g, ωA0
)+c

∑
D⊂∂A

|m(r, g, λD)−m((s+r)/2, g, λD)|+c

for all s ∈ (1/2, 1) and r ∈ (s, 1), where D ⊂ ∂A runs over all irreducible compo-

nents of ∂A.

Proof. We �rst note that

(5.4) Ts(r, g, ωĀ) ≤ 4Tσ(r, g, ωĀ)

for all 1/2 < s < r < 1, where σ = (s+ r)/2.
Let Ā = (T × A)/T (cf. Lemma A.6). Then T ⊂ Ā is projective. Since the

Picard group of T is trivial, we may take a (not necessarily e�ective) very ample
divisor D0 on T such that suppD0 ⊂ ∂T . Note that D0 is T -invariant. Set D =

(D0 × A)/T . Then D is a Cartier divisor on Ā. We take a Zariski open covering
{Ui} of A0 such that ρ̄−1(Ui) = Ui × T , where ρ̄ : Ā → A0 is the extension of ρ.
Then we have D ∩ ρ̄−1(Ui) = D0 × Ui. Hence OĀ(D) is very ample for ρ̄ in the
sense of [17, Def. 13.52]. Since A0 is projective, we may take an ample line bundle
L on A0. Then by [17, Prop. 13.65], there exists a positive integer n ≥ 1 such that
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OĀ(D)⊗ ρ̄∗L⊗k is ample on Ā. We write D = D+ −D− to show the positive and
negative parts of D. By (4.1), there exist positive constants α > 0 and α′ > 0 such
that for all g ∈ Hol(D, A), we have

Ts(r, g, ωĀ) ≤ αTs(r, ρ ◦ g, ωA0)

+ α′Tσ(r, g,D
+, λD+)− α′Tσ(r, g,D

−, λD−) + α(5.5)

for all 1/2 < s < r < 1 (cf. (5.4)). For g ∈ Hol(D, A), we have Nσ(r, g,D+) = 0,
hence

Tσ(r, g,D
+, λD+) = m(r, g, λD+)−m(σ, g, λD+).

Similarly, we have Tσ(r, g,D−, λD−) = m(r, g, λD−)−m(σ, g, λD−). Hence

Tσ(r, g,D
+, λD+)− Tσ(r, g,D−, λD−) ≤

∑
D⊂∂A

|m(r, g, λD)−m(σ, g, λD)|,

whereD ⊂ ∂A runs over all irreducible components of ∂A. Combining this estimate
with (5.5), we conclude the proof of the lemma. Here we set c = max{α, α′}.

In the proof of Proposition 5.1, we estimate the �rst and second terms on the
right-hand side of (5.3) in Lemmas 5.11 and 5.17, respectively. The �rst term is
easier to estimate. The reason is that since (ρ ◦ fA)∗ωA0 is subharmonic, we could
estimate Ts(r, ρ◦fA, ωA0

) directly from the information of ρ◦fA over Ωf , based on
[46, Lem. 7.1]. The main technique to estimate the second term will be discussed
in Sections 5.5�5.7. Namely we �rst estimate the second term (in the setting of
Φ ◦ f̂) by arc lengths (cf. Lemma 5.14), then we estimate the arc lengths by the
area-length method (cf. Lemma 5.15).

We now return to the �rst issue from the outline: the concentration of {(Φ ◦
f̂)U1,A

}f∈F to U∗
1,A. To examine this concentration, we introduce the following

de�nition.

De�nition 5.3. Let V be a variety. Let G = ((gi,Ωi,Ω
′
i))i∈I be an in�nite indexed

family of triples (gi,Ωi,Ω′
i), where gi ∈ Holm(D, V ), Ωi ⊂ D is a connected open

subset, and Ω′
i ⊂ Ygi is a connected component of π−1

gi (Ωi). Let T ⊂ V be a Zariski
closed set. We write G ⇝ T if the following holds: For every 0 < s < 1, γ > 0, and
an open subset U ⊂ V such that T ⊂ U , there exists a �nite subset E ⊂ I such
that for every i ∈ I − E, we have

� z ∈ Ωi for γ-almost all z ∈ D(s),
� gi(Ω

′
i) ⊂ U .

We prepare some notation in Nevanlinna theory in the context of this de�ni-
tion. Let Σ be a projective variety and let Z ⊂ Σ be a closed subscheme with a Weil
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function λZ . Let (g,Ω,Ω′) be a triple as in De�nition 5.3, i.e., g ∈ Holm(D,Σ),
Ω ⊂ D is a connected open subset, and Ω′ ⊂ Yg is a connected component of
π−1
g (Ω). Assume g(Yg) ̸⊂ suppZ. We set

(5.6) m(r, (g,Ω,Ω′), λZ) =
1

deg(πg|Ω′)

∫
y∈Ω′∩∂Yg(r)

λZ(g(y))
d arg πg(y)

2π
,

where deg(πg|Ω′) is the degree of the restriction πg|Ω′ : Ω′ → Ω.
Suppose Σ is smooth. Let ω be a smooth (1, 1)-form on Σ. We set

(5.7) Ts(r, (g,Ω,Ω
′), ω) =

1

deg(πg|Ω′)

∫ r

s

dt

t

∫
Ω′∩Yg(t)

g∗ω.

In the rest of this section, A is a semi-abelian variety, S is a smooth projective
variety, and Z ⊂ S1,A is an irreducible Zariski closed set which is horizontally
integrable.

�5.2. Good liftings of f ∈ F

Since Z ⊂ S1,A is horizontally integrable, we take ι : U ↪→ A × S as in De�ni-
tion 3.16. We get the isomorphism

Φ: A× U → A× U

from (3.3). We apply Lemma 3.17 to get an irreducible component Ξ ⊂ U1,A of
(q′)−1(Z) such that

(5.8) DΦ(Ξ) ⊂ U∗
1,A,

where q′ : U1,A → S1,A is induced from q : U → S. Let Θ ⊂ U be the image of Ξ
under U1,A → U . Since U1,A → U is proper, Θ is a Zariski closed subset of U . Let
Σ be a smooth compacti�cation of U such that q : U → S extends to a morphism
q̄ : Σ→ S. We denote by Θ ⊂ Σ the Zariski closure of Θ in Σ.

Remark 5.4. We make the following observations.

(1) Let g ∈ Holm(D, A× Σ) such that gΣ(Yg) ̸⊂ ∂U . Then we may de�ne

Φ ◦ g : Yg → Ā× Σ

as follows. Set Qg = (gΣ)
−1(∂U). Then Qg ⊂ Yg is a discrete subset. Thus we

get
Φ ◦ (g|Yg\Qg

) : Yg\Qg → A× U ⊂ Ā× Σ.

Since Ā × Σ is compact and Φ: Ā × Σ 99K Ā × Σ is rational, Φ ◦ (g|Yf̂\Qf
)

extends to a holomorphic map Φ ◦ g : Yg → Ā × Σ. By the construction, we
have (Φ ◦ g)Ā(Yg) ̸⊂ ∂A.
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(2) Let h ∈ Holm(D, Ā × Σ) be non-constant such that hĀ(Yh) ̸⊂ ∂A. Then we
may de�ne hΣ1,A

: Yh → Σ1,A as follows. Set Rh = (hĀ)
−1(∂A). Then Rh ⊂ Yh

is a discrete subset. We get h|Yh\Rh
: Yh\Rh → A×Σ. Since h is non-constant,

this induces (h|Yh\Qh
)Σ1,A

: Yh\Qh → Σ1,A. Since Σ1,A is compact, we get
hΣ1,A

: Yh → Σ1,A.

With this notation, we state the following lemma.

Lemma 5.5. Let F ⊂ Hol(D, A× S) be an in�nite set of non-constant holomor-

phic maps such that (fS1,A
)f∈F ⇒ Z. Then there exists a �nite subset E ⊂ F with

the following property: For each f ∈ F\E, there exist

� a lifting f̂ ∈ Holm(D, A× Σ) of f ∈ Hol(D, A× S),
� a connected open subset Ωf ⊂ D,
� a connected component Ω′

f of π−1

f̂
(Ωf ) ⊂ Yf̂

such that

f̂Σ(Yf̂ ) ̸⊂ ∂U,(5.9)

((f̂Σ,Ωf ,Ω
′
f ))f∈F\E ⇝ Θ,(5.10) (

((Φ ◦ f̂)Σ1,A
,Ωf ,Ω

′
f )
)
f∈F\E ⇝ Σ∗

1,A,(5.11)

and

deg πf̂ ≤ [C(S) : C(Σ)].(5.12)

Before proving this lemma, we need some preparation.

5.2.1. Preliminary lemmas for the proof of Lemma 5.5.

Lemma 5.6. Let s ∈ (0, 1) and γ > 0. Let V ⊂ D(s) be an open set such that

z ∈ V for γ-almost all z ∈ D(s). Let s′ ∈ (0, s). Then there exists an open subset

Ω ⊂ V such that Ω is connected and z ∈ Ω for 2γ-almost all z ∈ D(s′).

Proof. Set K = D(s′)\V . Then K is compact. We �rst show that there exists a
�nite correction of closed discs D1, . . . , Dn such that

(1) K ⊂
⋃n
i=1Di, and

(2)
∑n
i=1 ri < 2γ, where ri is the radius of Di.

Indeed, let {Ei} be a countable set of closed discs such that D(s)\V ⊂
⋃
Ei and

the sum of the radii of Ei is less than γ. Let Oi be the open disc whose center is
equal to that of Ei and radius is equal to double that of Ei. We have K ⊂

⋃
Oi.

Hence we may take O1, O2, . . . , On such that K ⊂ O1 ∪ · · · ∪ On and the sum
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of the radii of Oi is less than 2γ. Thus the closed discs O1, . . . , On satisfy our
requirements.

Now let n be the minimum such that there exist closed discs D1, . . . , Dn with
properties (1) and (2) above. We claim that Di ∩Dj = ∅ for i ̸= j. To prove this,
we suppose on the contrary that there exists i ̸= j such that Di∩Dj ̸= ∅. We may
assume without loss of generality that i = 1 and j = 2. Let p1, p2 be the centers
of D1, D2, respectively. Let p be the point which divides the line segment p1p2
internally in the ratio p1p : pp2 = r2 : r1. Let D be the closed disc whose center
is p and radius is equal to r1 + r2. Then D1 ∪ D2 ⊂ D. Hence the closed discs
D,D3, . . . , Dn satisfy properties (1) and (2) above. This contradicts the choice
of n. Hence we have proved Di∩Dj = ∅ for i ̸= j. Now we set Ω = D(s′)\

⋃n
i=1Di.

Then Ω is open and connected. We have z ∈ Ω for 2γ-almost all z ∈ D(s′).

Lemma 5.7. Let Ṽ and V be smooth projective varieties. Let p : Ṽ → V be a

proper, surjective, generically �nite morphism. Let Ṽ0 ⊂ Ṽ be a non-empty Zariski

open set such that p : Ṽ → V is quasi-�nite on Ṽ0. Let Z ⊂ V be an irreducible

Zariski closed set. Let Z̃ ⊂ Ṽ be an irreducible component of p−1(Z) such that

Z̃ ∩ Ṽ0 ̸= ∅. Let G = (gi)i∈I be an in�nite indexed family in Hol(D, V ) such that

G ⇒ Z. Then for all but �nitely many i ∈ I, there exist

� a lift g̃i ∈ Holm(D, Ṽ ) of gi,

� a connected open subset Ωi ⊂ D, and
� a connected component Ω′

i of π
−1
g̃i

(Ωi) ⊂ Yg̃i

such that

� ((g̃i,Ωi,Ω
′
i))i∈I ⇝ Z̃,

� deg πg̃i ≤ [C(V ) : C(Ṽ )], and

� g̃i(Yg̃i) ̸⊂ Ṽ \Ṽ0.

Proof. We construct a Z-admissible modi�cation V ′ → V and Z̃-admissible mod-
i�cation Ṽ ′ → Ṽ with the following properties (cf. De�nition 3.1):

� p induces a morphism p′ : Ṽ ′ → V ′ with the following commutative diagram:

Ṽ

p

��

Ṽ ′oo

p′

��

V V ′.oo
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� p′ is quasi-�nite on some neighborhood of Z̃ ′, where Z̃ ′ ⊂ Ṽ ′ is the minimal
transform.

� (p′)−1(Z ′) = Z̃ ′ ⨿ E, where Z ′ ⊂ V ′ is the minimal transform.

We construct these objects as follows. We decompose p−1(Z) into irreducible com-
ponents as p−1(Z) = Z̃ ∪ F1 ∪ · · · ∪ Fk and set F = F1 ∪ · · · ∪ Fk. Replacing Ṽ
by BlZ̃∩F Ṽ , we may assume Z̃ ∩ Fj = ∅ if p(Fj) = Z (cf. the proof of (3.1)).
By Lemma B.2, we may take a Z-admissible modi�cation V ′ → V such that
Ṽ ′|Z′ → Z ′ is �at. We may assume moreover that V ′ is smooth. Then Ṽ ′|Z′ → Z ′

is an open map. Hence every irreducible component of (p′)−1(Z ′) dominates Z ′.
Thus Z̃ ′ is a connected component of (p′)−1(Z ′). Hence Z̃ ′ → Z ′ is �at, so �nite.
Hence p′ is quasi-�nite on some neighborhood of Z̃ ′, and (p′)−1(Z ′) = Z̃ ′ ⨿ E.

Let T ⊂ Ṽ ′ be a Zariski open neighborhood of Z̃ ′ such that p′|T : T → V ′

is quasi-�nite and T ∩ E = ∅. Then, by Zariski's main theorem, there exist a
compacti�cation T ⊂ T and a �nite map

p′′ : T → V ′

such that p′′|T = p′|T . We have (p′′)−1(Z ′) = Z̃ ′ ⨿ E′. Let Z̃ ′ ⊂ OZ̃′ and
E′ ⊂ OE′ be open neighborhoods in T such that OZ̃′ ∩ OE′ = ∅. We may
assume OZ̃′ ⊂ T . Note that p′′(T − (OZ̃′ ∪ OE′)) ⊂ V ′ is compact and disjoint
from Z ′. Hence we may take an open neighborhood Z ′ ⊂ OZ′ which is disjoint
from p′′(T − (OZ̃′ ∪ OE)). Then (p′′)−1(OZ′) ⊂ OZ̃′ ∪ OE′ . We replace OZ̃′ by
(p′′)−1(OZ′)∩OZ̃′ . Then p′′|OZ̃′ : OZ̃′ → OZ′ is a proper map. Since V ′ is smooth,
by the Remmert open mapping theorem, the �nite map p′′ : T → V ′ is an open
map. Hence p′′|OZ̃′ : OZ̃′ → OZ′ is proper and open.

By G ⇒ Z, we have G → Z ′. Here, by removing �nite elements from I, we
assume that every gi : D → V has a unique lift D → V ′ (cf. Remark 3.3), and we
continue to use the same notation gi. Let OZ′ ⋑ U1 ⋑ U2 ⋑ · · · be a sequence of
open neighborhoods of Z ′ such that every open neighborhood of Z ′ in OZ′ contains
some Un for su�ciently large n. Set γn = 1

2n+1 and

In =
{
i ∈ I; gi(z) ∈ Un for γn-almost all z ∈ D(1− γn)

}
.

Then we get a descending sequence I ⊃ I1 ⊃ I2 ⊃ · · · . By G → Z ′, I\In is a �nite
set for every n. We set I∞ =

⋂
n In.

For i ∈ I1, we are going to construct a lift g̃i ∈ Holm(D, T ), a connected open
set Ωi ⊂ D, and a connected component Ω′

i ⊂ Yg̃i of π−1
g̃i

(Ωi). We �rst consider
the case i ̸∈ I∞. We �x i ∈ I1\I∞. We take ni such that i ∈ Ini

, but i ̸∈ Ini+1. By
Lemma 5.6, we may take an open set Ωi ⊂ g−1

i (Uni)∩D(1− 2γni) such that Ωi is
connected and z ∈ Ωi for 2γni

-almost all z ∈ D(1 − 2γni
). We take h : Y → T by
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pull-back, where Y is a one-dimensional analytic space with �nite map q : Y → D:

Y h //

q

��

T

p′′

��

D
gi // V ′.

Let Y1, . . . ,Yl be irreducible components of Y. We may take Yj , where 1 ≤ j ≤ l,
such that h(Yj)∩OZ̃′ ̸= ∅. Then h|Yj

: Yj → T de�nes a lift g̃i ∈ Holm(D, T ) of gi
such that g̃i(Yg̃i)∩OZ̃′ ̸= ∅. We take a connected component Ω′

i of π
−1
g̃i

(Ωi) ⊂ Yg̃i
such that g̃i(Ω′

i) ∩ OZ̃′ ̸= ∅. By gi(Ωi) ⊂ Uni
⊂ OZ′ , we have g̃i(Ω′

i) ⊂ OZ̃′ ∪ OE .
Hence, since Ω′

i is connected, we have

(5.13) g̃i(Ω
′
i) ⊂ OZ̃′ .

When i ∈ I∞, we have gi(D) ⊂ Z ′. Since Z̃ ′ → Z ′ is a �nite map, we have a
lift g̃i : Yg̃i → Z̃ ′ of gi. We set Ωi = D and Ω′

i = Yg̃i . Thus we have constructed
g̃i ∈ Holm(D, T ), Ωi, and Ω′

i for all i ∈ I1.
We claim that, for all i ∈ In, we have g̃i(Ω′

i) ⊂ (p′′)−1(Un) ∩ OZ̃′ . This
is obvious for i ∈ I∞ by g̃i(Yg̃i) ⊂ Z̃ ′. When i ̸∈ I∞, we have ni ≥ n, hence
gi(Ωi) ⊂ Uni

⊂ Un. Thus g̃i(Ω′
i) ⊂ (p′′)−1(Un) ∩ OZ̃′ (cf. (5.13)). This proves our

claim.
Now we prove ((g̃i,Ωi,Ω′

i))i∈I1 ⇝ Z̃ ′. LetM ⊂ T be an open neighborhood of
Z̃ ′. Let s ∈ (0, 1) and δ > 0. We take a su�ciently large n such that s < 1−2γn and
2γn < δ. Note that OZ̃′\M is a closed subset of OZ̃′ . By (p′′)−1(Z ′) = Ξ′⨿E′, we
have (p′′)−1(Z ′)∩OZ̃′ = Z̃ ′. Hence Z ′∩p′′(OZ̃′\M) = ∅. Since p′′|OZ̃′ : OZ̃′ → OZ′

is proper, p′′(OZ̃′\M) is a closed subset of OZ′ . Hence there exists n′ such that
Un′ ∩ p′′(OZ̃′\M) = ∅. Hence we have (p′′)−1(Un′) ∩ OZ̃′ ⊂ M . We set n′′ =

max{n, n′}. Then for all i ∈ In′′ , we have g̃i(Ω′
i) ⊂M and z ∈ Ωi for δ-almost all

z ∈ D(s). Hence ((g̃i,Ωi,Ω
′
i))i∈I1 ⇝ Z̃ ′.

So far, we have considered that g̃i are maps into T . Since the birational map
T 99K Ṽ ′ is an isomorphism on T and OZ̃′ ⊂ T , we have ((g̃i,Ωi,Ω

′
i))i∈I1 ⇝ Z̃ ′

under the consideration g̃i ∈ Holm(D, Ṽ ′). Thus we have ((g̃i,Ωi,Ω
′
i))i∈I1 ⇝ Z̃

under the consideration g̃i ∈ Holm(D, Ṽ ). By the construction, we have deg πg̃i ≤
[C(V ),C(Ṽ )].

Now let Ṽ ′
0 ⊂ Ṽ ′ be the inverse image of Ṽ0 under the map Ṽ ′ → Ṽ . We de�ne

J ⊂ I1 to be the set of i ∈ I1 such that g̃i(Yg̃i) ⊂ Ṽ ′\Ṽ ′
0 under the consideration

g̃i ∈ Holm(D, Ṽ ′). To prove that J is �nite, we assume on the contrary that J is
in�nite. Then there exists an irreducible componentD of Ṽ ′\Ṽ ′

0 such that g̃i(Yg̃i) ⊂
D for in�nitely many i ∈ J . By ((g̃i,Ωi,Ω

′
i))i∈I1 ⇝ Z̃ ′, we have D∩ Z̃ ′ ̸= ∅. Hence
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T ∩D ̸= ∅. Hence Z ′ ̸⊂ p′(D) and gi(D) ⊂ p′(D) for in�nitely many i ∈ J . This
contradicts the assumption G ⇒ Z.

5.2.2. Proof of Lemma 5.5. We prove Lemma 5.5. We �rst �x a modi�cation
of Σ1,A as follows. The isomorphism DΦ: U1,A → U1,A induces a rational map
Σ1,A 99K Σ1,A. We also have a rational map Σ1,A 99K S1,A. By taking a birational
modi�cation Σ̃1,A → Σ1,A, we may assume that

� p : Σ̃1,A → S1,A is generically �nite and surjective, and

� DΦ: Σ̃1,A → Σ1,A is holomorphic.

Note that the natural map U1,A → S1,A is étale and DΦ is holomorphic on U1,A.
Hence we may assume U1,A ⊂ Σ̃1,A. Let Ξ ⊂ Σ̃1,A be the closure of Ξ ⊂ U1,A.
Then Ξ is an irreducible component of p−1(Z) such that

(5.14) Ξ ∩ U1,A ̸= ∅.

Now we are given an in�nite subset F ⊂ Hol(D, A× S) of non-constant holo-
morphic maps so that (fS1,A

)f∈F ⇒ Z. By (5.14) and (fS1,A
)f∈F ⇒ Z, we may

apply Lemma 5.7 for p : Σ̃1,A → S1,A and (fS1,A
)f∈F . Then there exists a �nite

subset E ⊂ F such that for each f ∈ F\E , there exist a lift g ∈ Holm(D, Σ̃1,A)

of fS1,A
, a connected open subset Ωf ⊂ D, and a connected component Ω′

f of
π−1
g (Ωf ) ⊂ Yg such that

((g,Ωf ,Ω
′
f ))f∈F\E ⇝ Ξ,(5.15)

deg πg ≤ [C(S1,A) : C(Σ1,A)],(5.16)

and

g(Yg) ̸⊂ Σ̃1,A\U1,A.(5.17)

Let τ ′ : Σ̃1,A → Σ be the natural projection. Then we have the following commu-
tative diagram:

(5.18)

Yg
g
//

πg

��

Σ̃1,A
τ ′
//

p

��

Σ

q̄

��

D
fS1,A

// S1,A τ
// S.
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For f ∈ F\E , we set f̂ = (fA, τ
′ ◦ g) ∈ Holm(D, A×Σ). Then we get the following

commutative diagram:

(5.19)

Yf̂
f̂
//

πf̂

��

A× Σ //

��

Σ

q̄

��

D
f
// A× S // S.

Here, Yf̂ = Yg. Note that τ ′(Ξ) = Θ. Hence by (5.15), we get (5.10).
Next we show (5.9) and (5.12). Let f ∈ F\E . By (5.17), we get (5.9). We note

that [C(S) : C(Σ)] = [C(S1,A) : C(Σ1,A)]. Hence by (5.16), we get (5.12).
Finally, we prove (5.11). We have p◦g = fS1,A

◦πg (cf. (5.18)) and p◦(f̂)Σ̃1,A
=

fS1,A
◦ πf̂ (cf. (5.19)). Hence we get

(5.20) p ◦ g = p ◦ (f̂)
Σ̃1,A

.

By the de�nition of f̂ , we get τ ′ ◦ g = f̂Σ. By (5.19), we have τ ′ ◦ (f̂)
Σ̃1,A

= f̂Σ.
Hence we get

(5.21) τ ′ ◦ g = τ ′ ◦ (f̂)
Σ̃1,A

.

Since U1,A = S1,A ×S U , the two relations (5.20) and (5.21) yield (f̂)
Σ̃1,A

= g.
Hence by (5.15), we have

(5.22)
(
((f̂)

Σ̃1,A
,Ωf ,Ω

′
f )
)
f∈F\E → Ξ.

By (5.8), we get
DΦ(Ξ) ⊂ Σ∗

1,A.

Thus by (5.22), we get ((DΦ ◦ f̂
Σ̃1,A

,Ωf ,Ω
′
f ))f∈F\E → Σ∗

1,A. By DΦ ◦ f̂
Σ̃1,A

= (Φ◦
f̂)Σ1,A

, we get (5.11).

�5.3. Good compacti�cation of U

Lemma 5.8. Let S be a smooth projective variety. Let q : U → S be an étale

morphism from a smooth variety U . Let Θ ⊂ U be an irreducible Zariski closed

set. Then there exist

� a smooth compacti�cation Σ of U such that q : U → S extends to a morphism

q̄ : Σ→ S,

� a Zariski open set Σo ⊂ Σ such that Θ ⊂ Σo, where Θ ⊂ Σ is the Zariski

closure of Θ in Σ,

� a smooth semi-positive (1, 1)-form η ≥ 0 on Σ such that η > 0 on Σo,
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� a proper Zariski closed subset W ⊂ S with W ⫋ q̄(Θ)

such that the following properties hold:

(1) Let ∆ ⊂ Σ be an irreducible component of ∂U such that ∆ ∩ Θ ̸= ∅. Then
q̄(∆) ⊂W .

(2) Let ωS be a smooth positive (1, 1)-form on S and let λW ≥ 0 be a Weil function

for W . Then there exists a positive constant c > 0 such that for all g ∈
Holm(D,Σ) with q̄ ◦ g(Yg) ̸⊂W , we have

Ts(r, g, η) ≤ cTs(r, q̄ ◦ g, ωS) + cm((s+ r)/2, q̄ ◦ g, λW ) + c

for all s ∈ (1/2, 1) and r ∈ (s, 1).

To prove this lemma, we start from the following lemma.

Lemma 5.9. Let X be a projective variety. Let V and V ′ be non-empty Zariski

open subsets of X such that V ∩V ′ is smooth. Then there exists a proper birational

morphism p : X ′ → X from a projective variety X ′ such that p−1(V ) is smooth

and p−1(V ′)→ V ′ is isomorphic.

Proof. By a strong desingularization of V , we have a sequence

V = V0 ← V1 ← V2 ← · · · ← Vk

such that

� Vk is smooth, and

� each Vi+1 → Vi is a blow-up Vi+1 = BlCi
Vi such that the center Ci ⊂ Vi

satis�es pi(Ci) ⊂ V \(V ∩ V ′), where pi : Vi → V is the natural morphism.

We inductively construct a projective variety Xi with an open immersion
Vi ⊂ Xi as follows. Set X0 = X. Then V0 ⊂ X0. Suppose we have constructed Xi

with Vi ⊂ Xi. Let Ci ⊂ Xi be the (schematic) closure of Ci ⊂ Vi. We set Xi+1 =

BlCi
Xi. Then the inverse image of Vi ⊂ Xi under the projection Xi+1 → Xi is

equal to Vi+1 ⊂ Xi+1. Since Xi is projective, the blow-up Xi+1 is also projective.
Thus we have constructed projective varieties Xi with open immersions Vi ⊂ Xi

for all i = 0, 1, . . . , k.
By the construction, we have extensions p̄i : Xi → X of pi. By pi(Ci) ⊂

V \(V ∩ V ′), we have p̄i(Ci) ⊂ X\V ′. Hence p̄i : Xi → X are isomorphisms over
V ′ for all i. Moreover, we have p̄−1

i (V ) = Vi for all i. We set X ′ = Xk and p = p̄k
to conclude the proof.

Proof of Lemma 5.8. We �rst construct Σ and Σo. We apply Zariski's main theo-
rem for the quasi-�nite map q : U → S. Then we get an open immersion U ↪→ Σ1
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and a �nite map
q̄1 : Σ1 → S.

Since S is projective, Σ1 is projective. Since U is smooth, we may assume that Σ1

is normal. Set

(5.23) Σ2 = BlΘ1∩∂UΣ1,

where Θ1 ⊂ Σ1 is the Zariski closure of Θ ⊂ U in Σ1. Then Σ2 is projective. Set

p1 : Σ2 → Σ1.

Then p1 is isomorphic over U ⊂ Σ1. Hence U ⊂ Σ2. Let Θ2 ⊂ Σ2 be the Zariski
closure of Θ ⊂ U in Σ2. If ∆ ⊂ Σ2 is an irreducible component of Σ2\U such that
∆ ∩Θ2 ̸= ∅, then

(5.24) p1(∆) ⫋ Θ1.

Let V ⊂ Σ2 be a Zariski open set de�ned by V = Σ2\
⋃

∆′ ∆′, where ∆′ runs over
all irreducible components of Σ2\U such that ∆′ ∩Θ2 = ∅. Then we have

(5.25) Θ2 ⊂ V.

We de�ne a Zariski closed set D ⊂ Σ2 by D =
⋃

∆ ∆, where ∆ runs over all
irreducible components of Σ2\U such that ∆∩Θ2 ̸= ∅. We have U = V ∩ (Σ2\D),
where U is smooth. By Lemma 5.9, there exists a proper birational modi�cation

p2 : Σ3 → Σ2

such that p−1
2 (V ) is smooth and p2 is isomorphic over Σ2\D. We de�ne Σ by a

smooth modi�cation
p3 : Σ→ Σ3

which is an isomorphism over p−1
2 (V ) ⊂ Σ3. We set Σo = (p3◦p2)−1(V ). By (5.25),

we have Θ ⊂ Σo.
We constructW ⊂ S withW ⫋ q̄(Θ) and prove (1). We denote the exceptional

locus of p1 : Σ2 → Σ1 by E1 ⊂ Σ2. We set

W = q̄1 ◦ p1(E1 ∪D) ⊂ S.

By (5.23), we have p1(E1) ⫋ Θ1. By (5.24), we have p1(D) ⫋ Θ1. Hence we have
W ⫋ q̄(Θ). By the de�nition of D ⊂ Σ2, we obtain assertion (1).

Let E ⊂ Σ3 be the exceptional locus of Σ3 → Σ1. Then we claim

(5.26) q̄1 ◦ p1 ◦ p2(E) ⊂W.
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To prove this, we denote the exceptional locus of p2 : Σ3 → Σ2 by E2 ⊂ Σ3. Then
we have E ⊂ p−1

2 (E1) ∪ E2. Hence p2(E) ⊂ E1 ∪ p2(E2). Since p2 : Σ3 → Σ2 is
isomorphic over Σ2\D, we have p2(E2) ⊂ D. Hence p2(E) ⊂ E1 ∪ D. Thus we
have proved (5.26).

Next we construct η and prove property (2). Since Σ3 is projective, we have an
immersion ι : Σ3 ↪→ Pn. Let ωPn be the Fubini�Study metric on Pn. Let φ : Σ→ Pn

be the composite of Σ→ Σ3 → Pn. We set

η = φ∗ωPn .

Then η is semi-positive on Σ and positive on Σo, for the composite of Σo ↪→ Σ→ Σ3

is an open immersion.
Now we prove (2). Let H1, . . . ,Hl ⊂ Pn be hyperplanes such that H1 ∩ · · · ∩

Hl = ∅. Let h be the Fubini�Study metric on OPn(1). Let τi be a section of OPn(1)

such that Hi = (τi = 0). Set λHi
(x) = − log

√
h(τi(x), τi(x)) ≥ 0. By Lemma 4.4,

there exists a positive constant ci > 0 such that for all h ∈ Holm(D,Σ3) with
h(Yh) ̸⊂ E ∪ ι∗Hi, we have

(5.27) Tσ(r, ι ◦ h,Hi, λHi
) ≤ ciTσ(r, q̄1 ◦ p1 ◦ p2 ◦ h, ωS) + cim(σ, h, λE) + ci

for all 0 < σ < r < 1.
Let g ∈ Holm(D,Σ) with q̄◦g(Yg) ̸⊂W . We may take Hi such that φ◦g(Yg) ̸⊂

suppHi, where φ : Σ→ Pn is the morphism above. Then by (4.1), we have

Tσ(r, g, η) = Tσ(r, φ ◦ g, ωPn) = Tσ(r, φ ◦ g,Hi, λHi)

for all 0 < σ < r < 1. By (5.26) and (5.27), we have

Tσ(r, φ ◦ g,Hi, λHi
) ≤ ciTσ(r, q̄ ◦ g, ωS) + cim(σ, q̄ ◦ g, λW ) + ci.

We set c′ = max1≤i≤l{ci}. Then we have

Tσ(r, g, η) ≤ c′Tσ(r, q̄ ◦ g, ωS) + c′m(σ, q̄ ◦ g, λW ) + c′.

Now for 1/2 < s < r < 1 and σ = (s+ r)/2, we have

Ts(r, g, η) ≤ 4Tσ(r, g, η) ≤ 4c′Tσ(r, q̄ ◦ g, ωS) + 4c′m(σ, q̄ ◦ g, λW ) + 4c′.

We set c = 4c′. By Tσ(r, q̄ ◦ g, ωS) ≤ Ts(r, q̄ ◦ g, ωS), we conclude the proof.

Remark 5.10. Let A be a semi-abelian variety and let S be a smooth projective
variety. Let Z ⊂ S1,A be an irreducible Zariski closed set. Assume that Z is
horizontally integrable. Then we take and �x the following objects:
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� An immersion U ↪→ A× S as in De�nition 3.16.

� An isomorphism Φ: A× U → A× U from (3.3).

� An irreducible component Ξ ⊂ U1,A of (q′)−1(Z) from Lemma 3.17, where
q′ : U1,A → S1,A is induced from q : U → S.

� The image Θ ⊂ U of Ξ under U1,A → U . Since U1,A → U is proper, Θ is an
irreducible Zariski closed subset of U .

We may apply Lemma 5.8 for q : U → S and Θ ⊂ U to get and �x the following
objects:

� A smooth compacti�cation Σ of U such that q : U → S extends to a morphism
q̄ : Σ→ S.

� A Zariski open set Σo ⊂ Σ such that Θ ⊂ Σo, where Θ ⊂ Σ is the Zariski
closure of Θ in Σ.

� A smooth semi-positive (1, 1)-form η ≥ 0 on Σ such that η > 0 on Σo.

� A proper Zariski closed subset W ⊂ S with W ⫋ q̄(Θ).

By q̄(Θ) = τ(Z), we have W ⫋ τ(Z), where τ : S1,A → S is the natural map.

�5.4. Estimate for the �rst term of the right-hand side of (5.3)

Let A be a semi-abelian variety with the quotient ρ : A → A0 as in (5.2). Let S
be a smooth projective variety. Let Z ⊂ S1,A be an irreducible Zariski closed set.
Assume that Z is horizontally integrable. We recall W ⊂ S from Remark 5.10.

Lemma 5.11. Let F ⊂ Hol(D, A×S) be an in�nite set of non-constant holomor-

phic maps such that (fS1,A
)f∈F ⇒ Z. Let ωA0

be an invariant positive (1, 1)-form

on A0 and let ωS be a smooth positive (1, 1)-form on S. Let λW ≥ 0 be a Weil

function for W . Let s ∈ (1/2, 1) and δ > 0. Then there exists a positive constant

α > 0 such that for all f ∈ F with fS(D) ̸⊂W , we have

Ts(r, ρ ◦ fA, ωA0
) ≤ αTs(r, fS , ωS) + αm((s+ r)/2, fS , λW ) + α

for all r ∈ (s, 1) outside some exceptional set E ⊂ (s, 1) with the linear measure

|E| < δ.

Proof. We use the objects �xed in Remark 5.10. Note that the isomorphism Φ: A×
U → A × U induces an isomorphism Φ0 : A0 × Σ → A0 × Σ with the following
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commutative diagram:

(5.28)

A× U Φ //

(ρ,i)

��

A× U

(ρ,i)

��

A0 × Σ
Φ0

// A0 × Σ.

Here, i : U → Σ is the open immersion.
We prove this claim. Let φ : U → A be the composite of the immersion ι : U ↪→

A × U and the �rst projection A × S → A. Then Φ: A × U → A × U is de�ned
by Φ(a, u) = (a − φ(u), u) (cf. (3.4)). We have a rational map ρ ◦ φ : Σ 99K A0.
Since A0 is an abelian variety and Σ is smooth, this rational map extends to a
morphism ρ ◦ φ : Σ → A0. Then Φ0 is de�ned by Φ0(b, u) = (b − ρ ◦ φ(u), u) for
(b, u) ∈ A0 × Σ. Then Φ0 �ts in the commutative diagram (5.28).

We set

(5.29) δ′ = δ/801.

We take an open neighborhood OΘ ⊂ Σ of Θ ⊂ Σ such that OΘ ⊂ Σo, where we
recall Σo ⊂ Σ from Remark 5.10. We take a smooth positive (1, 1)-form ωΣ on Σ

such that

(5.30) ωΣ ≤ η

on OΘ, where we recall η from Remark 5.10.
We apply Lemma 5.5 to get a �nite subset E ⊂ F such that for each f ∈ F\E ,

we get a lifting f̂ ∈ Holm(D, A × Σ) of f ∈ Hol(D, A × S), a connected open set
Ωf ⊂ D, and a connected component Ω′

f ⊂ Yf̂ of π−1

f̂
(Ωf ) with the properties

(5.9)�(5.12) described in Lemma 5.5. Then we have (cf. (5.10))

((f̂Σ,Ωf ,Ω
′
f ))f∈F\E ⇝ Θ.

Hence there exists a �nite subset E1 ⊂ F , where E ⊂ E1, such that for all f ∈ F\E1,
we have z ∈ Ωf for δ′-almost all z ∈ D(1− δ′) and

(5.31) f̂Σ(Ω
′
f ) ⊂ OΘ.

Let ωA be an invariant positive (1, 1)-form on A such that

(5.32) ρ∗ωA0 ≤ ωA.

We take an open neighborhood OΣ∗
1,A
⊂ Σ1,A of Σ∗

1,A such that

(5.33) |vLieA|ωA
≤ |vΣ|ωΣ
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for all (vΣ, vLieA) ∈ TΣ × LieA with [(vΣ, vLieA)] ∈ OΣ∗
1,A
⊂ Σ1,A. We have

(cf. (5.11)) (
((Φ ◦ f̂)Σ1,A

,Ωf ,Ω
′
f )
)
f∈F\E ⇝ Σ∗

1,A.

Hence, there exists a �nite subset E2 ⊂ F , where E1 ⊂ E2, such that for all
f ∈ F\E2, we have

(5.34) (Φ ◦ f̂)Σ1,A
(Ω′

f ) ⊂ OΣ∗
1,A
.

Now we take f ∈ F\E2 such that fS(D) ̸⊂ W . Since z ∈ Ωf for δ′-almost all
z ∈ D(1− δ′), we may apply [46, Lem. 7.1] to get

(5.35) Ts(r, ρ ◦ fA, ωA0
) ≤ 8

∫ r

s

dt

t

∫
D(t)∩Ωf

(ρ ◦ fA)∗ωA0

for all r ∈ (s, 1 − δ′) outside some exceptional set E′ ⊂ (s, 1 − δ′) whose linear
measure satis�es

(5.36) |E′| ≤ 800δ′.

By f̂A = fA ◦ πf̂ , we have

(5.37)
∫ r

s

dt

t

∫
D(t)∩Ωf

(ρ ◦ fA)∗ωA0
= Ts(r, (ρ ◦ f̂A,Ωf ,Ω′

f ), ωA0
).

Here we recall (5.7) for the de�nition of the right-hand side.
Let Φ0 : A0×Σ→ A0×Σ be the isomorphism above (cf. (5.28)). Let ν1 : A0×

Σ → A0 be the �rst projection, and ν2 : A0 × Σ → Σ be the second projection.
Then there exists a positive constant α1 > 0 such that

(ν1 ◦ Φ−1
0 )∗ωA0 ≤ α1(ν

∗
1ωA0 + ν∗2ωΣ).

We de�ne ρ̃ : A × Σ → A0 × Σ by ρ̃(a, s) = (ρ(a), s) for (a, s) ∈ A × Σ. Then, we
get

Ts(r, (ρ ◦ f̂A,Ωf ,Ω′
f ), ωA0

)

≤ α1Ts
(
r, ((Φ0 ◦ ρ̃ ◦ f̂)A0 ,Ωf ,Ω

′
f ), ωA0

)
+ α1Ts(r, (f̂Σ,Ωf ,Ω

′
f ), ωΣ).(5.38)

By (5.33) and (5.34), we have

Ts
(
r, ((Φ ◦ f̂)A,Ωf ,Ω′

f ), ωA
)
≤ Ts(r, (f̂Σ,Ωf ,Ω′

f ), ωΣ).

By the commutativity of (5.28) and (5.32), we have

Ts
(
r, ((Φ0 ◦ ρ̃ ◦ f̂)A0

,Ωf ,Ω
′
f ), ωA0

)
≤ Ts

(
r, ((Φ ◦ f̂)A,Ωf ,Ω′

f ), ωA
)
.
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Hence we get

(5.39) Ts
(
r, ((Φ0 ◦ ρ̃ ◦ f̂)A0

,Ωf ,Ω
′
f ), ωA0

)
≤ Ts(r, (f̂Σ,Ωf ,Ω′

f ), ωΣ).

Hence by (5.35), (5.37), (5.38), and (5.39), we get

Ts(r, ρ ◦ fA, ωA0
) ≤ 16α1Ts(r, (f̂Σ,Ωf ,Ω

′
f ), ωΣ)

for all r ∈ (s, 1− δ′)\E′. Using (5.30) and (5.31), we have

Ts(r, (f̂Σ,Ωf ,Ω
′
f ), ωΣ) ≤ Ts(r, (f̂Σ,Ωf ,Ω′

f ), η) ≤ (deg πf̂ )Ts(r, f̂Σ, η).

Hence we get

(5.40) Ts(r, ρ ◦ fA, ωA0
) ≤ α2Ts(r, f̂Σ, η)

for all r ∈ (s, 1− δ′)\E′, where we set α2 = 16α1[C(S) : C(Σ)] (cf. (5.12)). We set
σ = (r + s)/2. By Lemma 5.8, we get

(5.41) Ts(r, f̂Σ, η) ≤ α3Ts(r, fS , ωS) + α3m(σ, fS , λW ) + α3,

where α3 > 0 is a positive constant which is independent of the choice of f ∈
F\E2. We set α = α2α3 and E = E′ ∪ (1 − δ′, 1). By (5.29) and (5.36), we have
|E| ≤ δ. Then by (5.40) and (5.41), we get the desired estimate for f ∈ F\E2 with
fS(D) ̸⊂W .

Finally, we enlarge α > 0 so that

max
f∈E2

Ts(1− δ, ρ ◦ fA, ωA0
) ≤ α

to complete the proof of the lemma.

�5.5. Estimate of Weil functions

Let ωA be an invariant positive (1, 1)-form on A. Given x, y ∈ A, we denote by
d(x, y) the distance with respect to ωA. Let π : Cn → A be a universal covering,
where n = dimA. We denote by dCn the Euclidean distance on Cn. Note that π∗ωA
is an invariant positive (1, 1)-form on Cn with respect to the additive structure
of Cn. Hence there exists a positive constant α > 1 such that

(5.42)
1

α
d(x, y) ≤ dCn(π−1(x), π−1(y)) ≤ αd(x, y)

for all x, y ∈ A.

Lemma 5.12. Let B ⊂ A be a semi-abelian subvariety. Let dB be the distance

function on B with respect to some invariant positive (1, 1)-form on B. Then
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there exists a positive constant β > 1 such that

1

β
dB(x, y) ≤ d(x, y) ≤ βdB(x, y)

for all x, y ∈ B.

Proof. Let Ck → B be a universal covering, where k = dimB. Then B ⊂ A

induces an immersion Ck ⊂ Cn into the universal covering of A. This is a linear
subspace. Hence for p, q ∈ Ck, we have dCk(p, q) = dCn(p, q). Hence by (5.42), we
obtain our lemma.

Lemma 5.13. Let Ā be a smooth equivariant compacti�cation. Let D ⊂ ∂A be an

irreducible component with a Weil function λD. There exists a positive constant

c > 0 such that

λD(y) ≤ λD(x) + cd(x, y) + c

for all x, y ∈ A.

Proof. We �rst consider the case that A is an algebraic torus, and then prove the
general case.

The case of algebraic tori. The proof is by induction on the dimension of A. When
dimA = 1, we have A = Gm and Ā = P1. We may assume D = (∞). Then

|λD(x)− λD(y)| ≤
∣∣log+ |x| − log+ |y|

∣∣ ≤ ∣∣log |x/y|∣∣.
On the other hand, by (5.42), we have

(5.43)
∣∣log |x/y|∣∣ ≤ αd(x, y).

This shows our estimate in the one-dimensional case.
Now we consider the case dimA ≥ 2 and assume that our lemma is true for

algebraic tori whose dimension is less than dimA. Let D ⊂ ∂A be an irreducible
component. Let I ⊂ A be the isotropy group of D. Then I = Gm. Set B = A/I.
We take a compacti�cation B of B such that B = D. By Lemma A.11, there
exist a Zariski open neighborhood U ⊂ Ā of D ⊂ Ā and a canonical projection
p : U → D which extends A → B. Note that p : U → D is a total space of a line
bundle over B whose zero section is D. Let ∥ · ∥ be a smooth Hermitian metric on
the line bundle p : U → B. We de�ne µ : U\D → R by µ(x) = log(1/∥x∥) where
x ∈ U . We prove the estimate of Lemma 5.13 in several steps.

Step 1. We �rst show that there exists a positive constant c1 > 0 such that

(5.44) |µ(x)− µ(y)| ≤ c1d(x, y) + c1
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for all x, y ∈ A which satisfy p(x) = p(y). To prove this, we take a �nite a�ne
covering B =

⋃
i∈I Vi such that U |Vi

= Vi × C. Let τi : U |Vi
→ C be the sec-

ond projection. We may take an open set Wi ⋐ Vi such that B =
⋃
i∈IWi and

|µ(x) − log |1/τi(x)|| < γi on x ∈ p−1(Wi)\D. We set γ = maxi∈I γi. Now given
x, y ∈ A such that p(x) = p(y), we take i ∈ I such that p(x) ∈Wi. Then we have

|µ(x)− µ(y)| ≤
∣∣log |1/τi(x)| − log |1/τi(y)|

∣∣+ 2γ.

By the one-dimensional case (cf. (5.43)), we have∣∣log |1/τi(x)| − log |1/τi(y)|
∣∣ ≤ αdGm(τi(x), τi(y)).

Hence we get
|µ(x)− µ(y)| ≤ αdGm(τi(x), τi(y)) + 2γ.

We take g ∈ I such that y = g · x. Since τi is Gm equivariant, we have τi(y) =

g · τi(x). Hence we have dGm(τi(x), τi(y)) = dGm(eGm , g). Hence we get

|µ(x)− µ(y)| ≤ αdGm
(eGm

, g) + 2γ.

Similarly, we have d(x, y) = d(eA, g). By Lemma 5.12, we get dI(eA, g) ≤ βd(eA, g).
Hence we get (5.44) with c1 = max{αβ, 2γ}.

Step 2. By [6, Cor., p. 115], the quotient A → B has a section s : B → A of
group varieties. We next show

(5.45) |µ(x)− µ(y)| ≤ c2d(x, y) + c2

for all x, y ∈ s(B). By the section s : B → A, we get a rational section s̄ : B 99K U ,
which is holomorphic and zero-free on B. Set (s) = E−F . Then µ(s(b)) = λE(b)−
λF (b) for b ∈ B. Then by the induction hypothesis, we have, for b, b′ ∈ B with
x = s(b) and y = s(b′),

|µ(x)− µ(y)| = |(λE(b)− λF (b))− (λE(b
′)− λF (b′))|

≤ |λE(b)− λE(b′)|+ |λF (b)− λF (b′)|
≤ γdB(b, b′) + γ.

By Lemma 5.12, we have dB(b, b′) ≤ αd(x, y). Hence we get (5.45) with c2 =

max{αγ, γ}.

Step 3. Now we take x, y ∈ A such that x ∈ s(B). Then by (5.44) and (5.45),
we have

|µ(x)− µ(y)| ≤
∣∣µ(x)− µ(s(p(y)))∣∣+ ∣∣µ(s(p(y)))− µ(y)∣∣

≤ c2d
(
x, s(p(y))

)
+ c1d

(
s(p(y)), y

)
+ c1 + c2.
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By
d
(
s(p(y)), y

)
≤ d

(
x, s(p(y))

)
+ d(x, y),

we get
|µ(x)− µ(y)| ≤ (c1 + c2)d

(
x, s(p(y))

)
+ c1d(x, y) + c1 + c2.

Since s(p(x)) = x, Lemma 5.12 yields d(x, s(p(y))) ≤ αdB(p(x), p(y)). Hence

|µ(x)− µ(y)| ≤ (c1 + c2)αdB(p(x), p(y)) + c1d(x, y) + c1 + c2.

Since p|A : A→ B is a group homomorphism, we have

(5.46) dB(p(x), p(y)) ≤ α′d(x, y).

Indeed, (p|A)∗ωB is an invariant (1, 1)-form on A, where ωB is the invariant positive
(1, 1)-form on B used to de�ne dB . Hence there exists a positive constant α′ > 0

such that (p|A)∗ωB ≤ α′ωA. To conclude, we get

|µ(x)− µ(y)| ≤ cd(x, y) + c,

where c = max{(c1 + c2)αα
′ + c1, c1 + c2}.

Step 4. Now we take x, y ∈ A in general. We take g ∈ I such that s(p(x)) =
g · x. Then we get

|µ(x)− µ(y)| = |µ(g · x)− µ(g · y)| ≤ cd(g · x, g · y) + c = cd(x, y) + c.

Hence
|λD(x)− λD(y)| ≤ |µ(x)− µ(y)| ≤ cd(x, y) + c,

which concludes the induction step. Hence we get our lemma in the case of algebraic
tori.

The case of general semi-abelian varieties. We treat the general case as in (5.2):

0→ T → A
ρ−→ A0 → 0.

We pull back this sequence by the universal covering π : Cn → A0 to get

0→ T → A×A0
Cn r−→ Cn → 0.

We have a section s : Cn → A×A0
Cn of complex Lie groups. Let p : A×A0

Cn → A

be the natural projection. We set

ψ = p ◦ s : Cn → A.

Then p and ψ are morphisms of complex Lie groups. We take a closed ball B ⊂ Cn

centered at the origin such that π(B) = A0.
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We �rst show that there exists a positive constant α1 > 0 such that for all
g ∈ T and z, w ∈ B, we have

(5.47) |λD(g · ψ(z))− λD(g · ψ(w))| ≤ α1.

We prove this. Let Ā correspond to a torus embedding T ⊂ T (cf. Lemma A.6).
Note that ρ : A → A0 extends to ρ̄ : Ā → A0. Then r : A ×A0 Cn → Cn extends
to r̄ : Ā×A0

Cn → Cn. The section s : Cn → A×A0
Cn induces a (non-canonical)

splitting Ā×A0
Cn = T ×Cn such that the composite q ◦ s : Cn → T with the �rst

projection q : Ā×A0 Cn → T is the constant map identically equal to eT :

Ā

ρ̄

��

Ā×A0
Cn

p
oo

q
//

r̄

��

T .

A0 Cn.
π

oo

Note that p∗λD(x)− (λD|ρ−1(0))(q(x)) is continuous on Ā×A0 Cn. Since r̄−1(B) is
compact, there exists a positive constant α′

1 > 0 such that

|p∗λD(x)− (λD|ρ−1(0))(q(x))| < α′
1

for all x ∈ r̄−1(B). Note that q(g · s(z)) = g for all g ∈ T and z ∈ Cn. Hence for
all z ∈ B and g ∈ T , we have

|p∗λD(g · s(z))− (λD|ρ−1(0))(g)| ≤ α′
1.

Hence by

|λD(g · ψ(z))− λD(g · ψ(w))|
≤ |p∗λD(g · s(z))− (λD|ρ−1(0))(g)|+ |p∗λD(g · s(w))− (λD|ρ−1(0))(g)|,

we get (5.47) with α1 = 2α′
1.

Next we prove that there exists a positive constant α2 > 0 such that for all
g ∈ T and z, w ∈ B, we have

(5.48) d(g · ψ(z), g · ψ(w)) ≤ α2.

We prove this. Since ψ : Cn → A is a group homomorphism, ψ∗ωA is an
invariant (1, 1)-form on Cn. Hence we have d(ψ(z), ψ(w)) ≤ α′

2dCn(z, w) for all
z, w ∈ Cn. See the argument for (5.46). Hence

d(g · ψ(z), g · ψ(w)) = d(ψ(z), ψ(w)) ≤ α′
2dCn(z, w)
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for all g ∈ T and z, w ∈ Cn. Since B ⊂ Cn is compact, there exists a positive
constant γ > 0 such that dCn(z, w) < γ for all z, w ∈ B. Hence we get (5.48) with
α2 = α′

2γ.
Now, for x, y ∈ A, we take x′, y′ ∈ r−1(B) such that p(x′) = x and p(y′) = y.

We take gx, gy ∈ T such that gx · s(r(x′)) = x′ and gy · s(r(y′)) = y′. Then by the
torus case above, we have

|λD(gx · ψ(0))− λD(gy · ψ(0))| ≤ c1dT (gx · ψ(0), gy · ψ(0)) + c1.

By Lemma 5.12, we have dT (gx · ψ(0), gy · ψ(0)) ≤ βd(gx · ψ(0), gy · ψ(0)). Hence

(5.49) |λD(gx · ψ(0))− λD(gy · ψ(0))| ≤ c1βd(gx · ψ(0), gy · ψ(0)) + c1.

We have

|λD(x)− λD(y)| ≤
∣∣λD(gx · ψ(r(x′)))− λD(gx · ψ(0))∣∣
+ |λD(gx · ψ(0))− λD(gy · ψ(0))|
+
∣∣λD(gy · ψ(0))− λD(gy · ψ(r(y′)))∣∣.

Hence by (5.47) and (5.49), we get

|λD(x)− λD(y)| ≤ c1βd(gx · ψ(0), gy · ψ(0)) + c1 + 2α1.

By (5.48), we have

d(gx · ψ(0), gy · ψ(0)) ≤ d
(
gx · ψ(0), gx · ψ(r(x′))

)
+ d

(
gx · ψ(r(x′)), gy · ψ(r(y′))

)
+ d

(
gy · ψ(r(y′)), gy · ψ(0)

)
≤ d(x, y) + 2α2.

Hence we get
|λD(x)− λD(y)| ≤ cd(x, y) + c,

where c = max{c1β, 2c1α2β + c1 + 2α1}. This concludes the proof.

�5.6. Application of Lemma 5.13

We recall the notation from (5.6).

Lemma 5.14. Let Ā be a smooth equivariant compacti�cation of a semi-abelian

variety A, and let Σ be a smooth projective variety. Let D ⊂ ∂A be an irreducible

component with a Weil function λD ≥ 0. Let ωA be an invariant positive (1, 1)-form

on A. Then there exists a positive constant c > 0 with the following property: Let

(g,Ω,Ω′) be a triple as in De�nition 5.3, where g ∈ Holm(D, Ā) with g(Yg) ̸⊂ ∂A.
We take r, r′ ∈ (0, 1) such that ∂D(r) ⊂ Ω and ∂D(r′) ⊂ Ω. We take θ ∈ R such
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that the line segment γ connecting reiθ and r′eiθ satis�es γ ⊂ Ω. Assume that

∂D(r′) ∪ ∂D(r) ∪ γ ⊂ Ω does not contain the critical values of πg : Yg → D. Then
we have

|m(r, (g,Ω,Ω′), λD)−m(r′, (g,Ω,Ω′), λD)|

≤ c

deg(πg|Ω′)
ℓωA

(
g
(
Ω′ ∩ π−1

g (∂D(r) ∪ ∂D(r′) ∪ γ)
))

+ c,(5.50)

where ℓωA
is the length with respect to ωA.

Proof. By Lemma 5.13, there exists a positive constant α > 0 such that

(5.51) |λD(x)− λD(y)| ≤ αd(x, y) + α

for all x, y ∈ A, where d(x, y) is the distance with respect to ωA.
Let (g,Ω,Ω′) be a triple as in De�nition 5.3, where g ∈ Holm(D, Ā) with

g(Yg) ̸⊂ ∂A. For each z ∈ Ω, we set

µg(z) =
1

deg(πg|Ω′)

∑
y∈Ω′∩π−1

g (z)

λD(g(y)).

We have

(5.52) m(r, (g,Ω,Ω′), λD) =

∫
z∈Ω∩∂D(r)

µg(z)
d arg πg(z)

2π
.

Let z, z′ ∈ Ω be two points connected by a smooth arc σ in Ω. Suppose that
σ ⊂ Ω does not contain the critical values of πg : Yg → D. Then we claim

(5.53) |µg(z)− µg(z′)| ≤
α

deg(πg|Ω′)
ℓωA

(
g(Ω′ ∩ π−1

g (σ))
)
+ α.

To show this, we set Ω′∩π−1
g (z) = {y1, . . . , yk} and Ω′∩π−1

g (z) = {y′1, . . . , y′k},
where k = deg(πg|Ω′). We may assume that yi and y′i are connected by a smooth
arc σi in Ω′, where σi is a lift of σ. Then by (5.51), we get

|µg(z)− µg(z′)| ≤
1

k

k∑
i=1

|λD(g(yi))− λD(g(y′i))| ≤
α

k

k∑
i=1

d(g(yi), g(y
′
i)) + α.

By d(g(yi), g(y′i)) ≤ ℓωA
(g(σi)), we get (5.53).

Now we take r, r′ ∈ (0, 1), θ ∈ R, and γ as in Lemma 5.14. We have ∂D(r) ⊂ Ω,
∂D(r′) ⊂ Ω, and γ ⊂ Ω. Moreover, ∂D(r′) ∪ ∂D(r) ∪ γ ⊂ Ω does not contain the
critical values of πg : Yg → D. By (5.53), we have

|µg(reiθ
′
)− µg(reiθ)| ≤

α

deg(πg|Ω′)
ℓωA

(
g
(
Ω′ ∩ π−1

g (∂D(r))
))

+ α
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for all θ′ ∈ R. Hence by (5.52), we have

|m(r, (g,Ω,Ω′), λD)− µg(reiθ)| ≤
α

deg(πg|Ω′)
ℓωA

(
g
(
Ω′ ∩ π−1

g (∂D(r))
))

+ α.

Similarly we have

|m(r′, (g,Ω,Ω′), λD)− µg(r′eiθ)| ≤
α

deg(πg|Ω′)
ℓωA

(
g
(
Ω′ ∩ π−1

g (∂D(r′))
))

+ α.

By (5.53), we have

|µg(reiθ)− µg(r′eiθ)| ≤
α

deg(πg|Ω′)
ℓωA

(
g(Ω′ ∩ π−1

g (γ))
)
+ α.

The last three estimates yield (5.50), where c = 3α.

�5.7. Application of the area-length method

For r ∈ ( 12 , 1) and θ ∈ [0, 2π], we denote by γr,θ ⊂ D the line segment connecting
1
2e
iθ and reiθ. Let η be a smooth semi-positive (1, 1)-form on a smooth projective

variety Σ. We denote by ℓη the length of curves in Σ with respect to η. The next
lemma is an application of the area-length method.

Lemma 5.15. Let f ∈ Holm(D,Σ) and s ∈ ( 12 , 1). Let δ > 0.

(1) There exists a subset E1 ⊂ (s, 1) with |E1| ≤ δ such that, for all r ∈ (s, 1)\E1,

we have

ℓη
(
f
(
π−1
f (∂D(r))

))
≤ c1(deg πf )2Ts(r, f, η) + c1(deg πf )

2,

where c1 > 0 is a positive constant which only depends on δ.

(2) There exists a subset E2 ⊂ (s, 1) with |E2| ≤ δ such that, for all r ∈ (s, 1)\E2,

we have

ℓη
(
f(π−1

f (γr,θ))
)
≤ c2(deg πf )Ts(r, f, η) + c2(deg πf )

for all θ ∈ (0, 2π) outside some exceptional set E3 ⊂ (0, 2π) with linear mea-

sure |E3| < δ. Here, c2 > 0 is a positive constant which only depends on

δ.

Proof. Let f∗η = φ2π∗
f (dx ∧ dy), where z = x+ iy. Set

A(r) =

∫
Yf (r)

f∗η

and
T (r) = Ts(r, f, η).
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Then we have
A(r) = r(deg πf )T

′(r) ≤ (deg πf )T
′(r).

By

A(r) =

∫ r

0

dt

∫
π−1
f (∂D(t))

φ2t d arg πf ,

we have
A′(r) =

∫
π−1
f (∂D(r))

φ2r d arg πf .

Set L(r) = ℓη(f(π
−1
f (∂D(r)))). Then

L(r) =

∫
π−1
f (∂D(r))

φr d arg πf .

Hence by the Cauchy�Schwarz inequality, we get

L(r)2 ≤ 2πr(deg πf )

∫
π−1
f (∂D(r))

φ2r d arg πf ≤ 2π(deg πf )A
′(r).

We estimate the right-hand side. Note that since η is semi-positive, we have A′(r) ≥
0 for all r ∈ (0, 1). Hence we may apply the Borel growth lemma (Lemma 5.16
below) for A(r). Letting ε =

√
2− 1 and δ′ = δ/2, we have

A′(r) ≤ 2

εδ′
max{1, A(r)1+ε} ≤ 2

εδ′
(deg πf )

1+εmax{1, (T ′(r))1+ε}

for all r ∈ (s, 1) outside some exceptional set E′
1 ⊂ (s, 1) of linear measure less

than δ′. Again by Lemma 5.16, we have

(T ′(r))1+ε ≤
( 2

εδ′

)1+ε

max
{
1, T (r)(1+ε)

2}
for all r ∈ (s, 1) outside some exceptional set E′′

1 ⊂ (s, 1) of linear measure less
than δ′. Hence

A′(r) ≤
( 2

εδ′

)2+ε

(deg πf )
1+εmax{1, T (r)(1+ε)

2

}

for all r ∈ (s, 1) outside E1 = E′
1 ∪ E′′

1 , where |E1| < δ. Then we get

L(r)2 ≤ 2π
( 2

εδ′

)2+ε

(deg πf )
2+εmax{1, T (r)2},

thus

L(r) ≤
√
2π

( 2

εδ′

)1+ε/2

(deg πf )
1+ε/2 max{1, T (r)}

≤ c1(deg πf )2T (r) + c1(deg πf )
2
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for all r ∈ (s, 1) outside E1. Here we set c1 =
√
2π( 2

εδ′ )
1+ε/2, which only depends

on δ. This is the �rst estimate.
Next we prove the second estimate. Set Lγ(r, θ) = ℓη(f(π

−1
f (γr,θ))). Then

Lγ(r, θ) =

∫
π−1
f (γr,θ)

φd|πf |.

Since |πf | > 1
2 on π−1

f (γr,θ), we have

Lγ(r, θ) ≤ 2

∫
π−1
f (γr,θ)

φ|πf | d|πf |.

By the Cauchy�Schwarz inequality, we get

Lγ(r, θ)
2 ≤ 4(deg πf )

∫
π−1
f (γr,θ)

φ2|πf | d|πf |,

hence ∫ 2π

0

Lγ(r, θ)
2 dθ ≤ 4(deg πf )A(r) ≤ 4(deg πf )

2T ′(r).

By Lemma 5.16, letting ε = 1, we have∫ 2π

0

Lγ(r, θ)
2dθ ≤ 8(deg πf )

2

δ
max{1, T (r)2}

for all r ∈ (s, 1)\E2 with |E2| < δ. Then, for each r ∈ (s, 1)\E2, we get

Lγ(r, θ)
2 ≤ 8(deg πf )

2

δ2
max{1, T (r)2}

for all θ ∈ (0, 2π) outside some exceptional set E3 with |E3| < δ. Hence

Lγ(r, θ) ≤
2
√
2 deg πf
δ

max{1, T (r)}

for all θ ∈ (0, 2π)\E3. Thus we obtain the second estimate by letting c2 = 2
√
2/δ,

which only depends on δ.

Lemma 5.16. Let g be a continuously di�erentiable, increasing function on [s, 1)

with g(s) ≥ 0. Let δ > 0 and 0 < ε ≤ 1. Then we have

g′(r) ≤ 2

εδ
max{1, g(r)1+ε}

for all r ∈ (s, 1) outside a set E with |E| < δ.

Proof. Set
E =

{
r ∈ (s, 1); g′(r) > 2

εδ max{1, g(r)1+ε}
}
.
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If E = ∅, then our assertion is trivial. Suppose E ̸= ∅. We have

|E| < εδ

2

∫
E

g′(r)

max{1, g(r)1+ε}
dr ≤ εδ

2

∫ 1

s

g′(r)

max{1, g(r)1+ε}
dr.

We have the following three cases.

Case 1: g(r) ≥ 1 for all r ∈ [s, 1). Then we have∫ 1

s

g′(r)

max{1, g(r)1+ε}
dr =

∫ 1

s

g′(r)

g(r)1+ε
dr = lim

t→1−0

[ −1
εg(r)ε

]t
s
≤ 1

ε
.

Case 2: g(r) ≤ 1 for all r ∈ [s, 1). Then we have∫ 1

s

g′(r)

max{1, g(r)1+ε}
dr =

∫ 1

s

g′(r) dr ≤ 1.

Case 3: Otherwise, we have g(s) < 1 and limr→1−0 g(r) > 1. We set κ =

sup{r ∈ [s, 1); g(r) ≤ 1}. Then we have s < κ < 1 and g(κ) = 1. Hence we have∫ 1

s

g′(r)

max{1, g(r)1+ε}
dr =

∫ κ

s

g′(r) dr +

∫ 1

κ

g′(r)

g(r)1+ε
dr

≤ 1 + lim
t→1−0

[ −1
εg(r)ε

]t
κ
≤ 2

ε
.

Thus in all cases, we have proved |E| < δ.

�5.8. Estimate for the second term of the right-hand side of (5.3)

Let A be a semi-abelian variety with a smooth projective equivariant compacti-
�cation Ā. Let S be a smooth projective variety. Let Z ⊂ S1,A be an irreducible
Zariski closed set. Assume that Z is horizontally integrable. We recallW ⊂ S from
Remark 5.10.

Lemma 5.17. Let D ⊂ Ā be an irreducible component of ∂A with a Weil function

λD ≥ 0. Let F ⊂ Hol(D, A × S) be an in�nite set of non-constant holomorphic

maps such that (fS1,A
)f∈F ⇒ Z. Let ωS be a smooth positive (1, 1)-form on S and

let λW ≥ 0 be a Weil function for W . Let s ∈ (1/2, 1) and δ > 0. Then there exists

a positive constant α > 0 such that for all f ∈ F with fS(D) ̸⊂W , we have

|m(r, fA, λD)−m((s+ r)/2, fA, λD)|
≤ αTs(r, fS , ωS) + αm((s+ r)/2, fS , λW ) + α

for all r ∈ (s, 1)\E, where E ⊂ (s, 1) is an exceptional set with |E| < δ.
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Proof. We recall the objects �xed in Remark 5.10. Set ∂U = Σ − U with a Weil
function λ∂U ≥ 0. Then by Lemma 5.8 (1), we get

(5.54)
⋃
∆

q̄(∆) ⊂W,

where ∆ runs over all irreducible components ∆ ⊂ ∂U such that ∆∩Θ ̸= ∅. Here,
q̄ : Σ → S is the extension of q : U → S. Let K ⊂ Σ be a compact neighborhood
of Θ ⊂ Σ. We assume that K ⊂ Σo and

(5.55) ∆′ ∩K = ∅

for all irreducible components ∆′ ⊂ ∂U such that ∆′∩Θ = ∅. By (5.54) and (5.55),
there exists a positive constant α1 > 0 such that

(5.56) λ∂U (x) ≤ α1λW (q(x)) + α1

for all x ∈ K.
Since Ā is an equivariant compacti�cation, the isomorphism Φ: A×U → A×U

extends to a morphism
Φ: Ā× U → Ā× U

by the de�nition (3.4). Then the inverse Φ
−1

: Ā× U → Ā× U induces a rational
map

Φ
−1

: Ā× Σ 99K Ā× Σ,

which is holomorphic over Ā × U ⊂ Ā × Σ. Let ν1 : Ā × Σ → Ā be the �rst
projection and let ν2 : Ā × Σ → Σ be the second projection. We claim that there
exists a positive constant α2 > 0 such that

(5.57) |λD(ν1(x))− λD(ν1 ◦ Φ−1(x))| ≤ α2λ∂U (ν2(x)) + α2

for all x ∈ A×U ⊂ Ā×Σ. Indeed, since D ⊂ Ā is A-invariant, we have Φ(D×U) =

D × U . Hence we have

(ν1 ◦ Φ
−1

)−1(D)|Ā×U = ν−1
1 (D)|Ā×U

over Ā× U . Thus by [44, Prop. 2.2.9 (7)], we get (5.57).
Now we are given an in�nite subset F ⊂ Hol(D, A× S) of non-constant holo-

morphic maps so that (fS1,A
)f∈F ⇒ Z. We apply Lemma 5.5 to get a �nite subset

E ⊂ F such that for each f ∈ F\E , we get a lifting f̂ ∈ Holm(D, A × Σ) of
f ∈ Hol(D, A × S), a connected open set Ωf ⊂ D, and a connected component
Ω′
f ⊂ Yf̂ of π−1

f̂
(Ωf ) with the properties (5.9)�(5.12) described in Lemma 5.5.

Let s ∈ (1/2, 1), δ > 0 be given. Set

δ′ = δ/11.
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We have (cf. (5.10))
((f̂Σ,Ωf ,Ω

′
f ))f∈F\E ⇝ Θ.

Hence, there exists a �nite subset E1 ⊂ F with E ⊂ E1 such that for all f ∈ F\E1,
we have z ∈ Ωf for δ′-almost all z ∈ D(1− δ′) and

(5.58) f̂Σ(Ω
′
f ) ⊂ K.

Let ωΣ be a smooth positive (1, 1)-form on Σ such that

(5.59) ωΣ ≤ η

onK. Here we recall η from Remark 5.10. We take an open neighborhood O ⊂ Σ1,A

of Σ∗
1,A such that

(5.60) |vLieA|ωA
≤ |vΣ|ωΣ

for all (vΣ, vLieA) ∈ TΣ×LieA with [(vΣ, vLieA)] ∈ O ⊂ Σ1,A. We have (cf. (5.11))(
((Φ ◦ f̂)Σ1,A

,Ωf ,Ω
′
f )
)
f∈F\E ⇝ Σ∗

1,A.

Hence, we may take a �nite subset E2 ⊂ F with E1 ⊂ E2 such that for all f ∈ F\E2,
we have

(5.61) (Φ ◦ f̂)Σ1,A
(Ω′

f ) ⊂ O.

Let f ∈ G\E2 with fS(D) ̸⊂W . Then by (5.56) and (5.58), we have

(5.62) m(r, (f̂Σ,Ωf ,Ω
′
f ), λ∂U ) ≤ α1m(r, fS , λW ) + α1

for all r ∈ (0, 1). We set

E1 =
{
r ∈ (s, 1−δ′); (D\Ωf )∩∂D(r) ̸= ∅

}
∪
{
r ∈ (s, 1−δ′); (D\Ωf )∩∂D(σ) ̸= ∅

}
,

where σ = (s + r)/2. By adding �nite points to E1, we may assume that if r ∈
(s, 1 − δ′)\E1, then ∂D(r) ∪ ∂D(σ) is contained in Ωf and does not contain the
critical values of πf̂ : Yf̂ → D. Then we have

|E1| ≤ 6δ′.

For all r ∈ (s, 1− δ′)\E1, we have

m(r, fA, λD) = m(r, (f̂A,Ωf ,Ω
′
f ), λD)

and
m(σ, fA, λD) = m(σ, (f̂A,Ωf ,Ω

′
f ), λD).
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By (5.57) and (5.62), we get∣∣m(
r, ((Φ ◦ f̂)A,Ωf ,Ω′

f ), λD
)
−m(r, (f̂A,Ωf ,Ω

′
f ), λD)

∣∣ ≤ α3m(r, fS , λW ) + α3,

where α3 = α2α1 + α2. Similarly, we have∣∣m(
σ, ((Φ ◦ f̂)A,Ωf ,Ω′

f ), λD
)
−m(σ, (f̂A,Ωf ,Ω

′
f ), λD)

∣∣ ≤ α3m(σ, fS , λW ) + α3.

Thus for r ∈ (s, 1− δ′)\E1, we have

|m(r, fA, λD)−m(σ, fA, λD)|

= |m(r, (f̂A,Ωf ,Ω
′
f ), λD)−m(σ, (f̂A,Ωf ,Ω

′
f ), λD)|

≤
∣∣m(

r, ((Φ ◦ f̂)A,Ωf ,Ω′
f ), λD

)
−m

(
σ, ((Φ ◦ f̂)A,Ωf ,Ω′

f ), λD
)∣∣

+ α3m(r, fS , λW ) + α3m(σ, fS , λW ) + 2α3.

Hence

|m(r, fA, λD)−m(σ, fA, λD)|

≤
∣∣m(

r, ((Φ ◦ f̂)A,Ωf ,Ω′
f ), λD

)
−m

(
σ, ((Φ ◦ f̂)A,Ωf ,Ω′

f ), λD
)∣∣

+ α3m(r, fS , λW ) + α3m(σ, fS , λW ) + 2α3.(5.63)

Next we claim∣∣m(
r, ((Φ ◦ f̂)A,Ωf ,Ω′

f ), λD
)
−m

(
σ, ((Φ ◦ f̂)A,Ωf ,Ω′

f ), λD
)∣∣

≤ α4Ts(r, f̂Σ, η) + α4(5.64)

for all r ∈ (s, 1)\E2, where E2 ⊂ (0, 1) is an exceptional set with |E2| < 11δ′. Here,
α4 > 0 is a positive constant which does not depend on the choice of f ∈ F\E2.

We prove this. Set γr,θ : teiθ, 1/2 ≤ t ≤ r. If ∂D(σ) + γr,θ + ∂D(r) ⊂ Ωf , then
by (5.60) and (5.61), we have

ℓωA

(
(Φ ◦ f̂)Ā

(
Ω′
f ∩ π−1

f̂
(∂D(r) ∪ ∂D(σ) ∪ γr,θ)

))
≤ ℓωΣ

(
f̂Σ

(
Ω′
f ∩ π−1

f̂
(∂D(r) ∪ ∂D(σ) ∪ γr,θ)

))
.

By (5.58) and (5.59), we have

ℓωΣ

(
f̂Σ

(
Ω′
f ∩ π−1

f̂
(∂D(r) ∪ ∂D(σ) ∪ γr,θ)

))
≤ ℓη

(
f̂Σ

(
Ω′
f ∩ π−1

f̂
(∂D(r) ∪ ∂D(σ) ∪ γr,θ)

))
.

Thus by Lemma 5.14, we get∣∣m(
r, ((Φ ◦ f̂)Ā,Ωf ,Ω′

f ), λD
)
−m

(
σ, ((Φ ◦ f̂)Ā,Ωf ,Ω′

f ), λD
)∣∣

≤ c

deg(πf̂ |Ω′
f̂
)
ℓη
(
f̂Σ

(
π−1

f̂
(∂D(r) ∪ ∂D(σ) ∪ γr,θ)

))
+ c,(5.65)
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provided that ∂D(r) ∪ ∂D(σ) ∪ γr,θ ⊂ Ωf does not contain the critical values of
πf̂ : Yf̂ → D. Here, c > 0 is a positive constant which appears in Lemma 5.14,
hence is independent of the choice of f ∈ F\E2, r, and θ.

Now we apply Lemma 5.15 to get

ℓη
(
f̂Σ

(
π−1

f̂
(∂D(r))

))
≤ α5(deg πf̂ )

2Ts(r, f̂Σ, η) + α5(deg πf̂ )
2,

for all r ∈ (s, 1) outside some exceptional set E3 ⊂ (s, 1) with

|E3| < δ′.

Here, α5 > 0 only depends on δ′. We de�ne E4 ⊂ (s, 1) by r ∈ E4 if and only if
(s+ r)/2 ∈ E3. We have

|E4| ≤ 2|E3| ≤ 2δ′.

Then for r ∈ (s, 1− δ′)\(E1 ∪ E4), we have

ℓη
(
f̂Σ

(
π−1

f̂
(∂D(σ))

))
≤ α5(deg πf̂ )

2Ts(σ, f̂Σ, η) + α5(deg πf̂ )
2,

and ∂D(σ) ⊂ Ωf . Thus for r ∈ (s, 1−δ′)\(E1∪E3∪E4), the estimate (5.65) yields∣∣m(
r, ((Φ ◦ f̂)Ā,Ωf ,Ω′

f ), λD
)
−m

(
σ, ((Φ ◦ f̂)Ā,Ωf ,Ω′

f ), λD
)∣∣

≤ 2cα5(deg πf̂ )Ts(r, f̂Σ, η) + 2cα5(deg πf̂ ) + c

+
c

deg(πf̂ |Ω′
f̂
)
ℓη
(
f̂Σ(π

−1

f̂
(γr,θ))

)
provided γr,θ is contained in Ωf and does not contain the critical values of πf̂ : Yf̂ →
D. By Lemma 5.15 (2), there exists E5 ⊂ (s, 1) with

|E5| < δ′

such that for each r ∈ (s, 1−δ′)\E5, we may choose θ ∈ (0, 2π) such that γr,θ ⊂ Ωf ,
γr,θ does not contain the critical values of πf̂ : Yf̂ → D, and

ℓη
(
f̂Σ(π

−1

f̂
(γr,θ))

)
≤ α6(deg πf̂ )Ts(r, f̂Σ, η) + α6(deg πf̂ ).

Here, α6 > 0 only depends on δ′. Hence, we get∣∣m(
r, ((Φ ◦ f̂)Ā,Ωf ,Ω′

f ), λD
)
−m

(
σ, ((Φ ◦ f̂)Ā,Ωf ,Ω′

f ), λD
)∣∣

≤ c(2α5 + α6)(deg πf̂ )Ts(r, f̂Σ, η) + c(2α5 + α6)(deg πf̂ ) + c

for all r ∈ (s, 1)\E2, where

(5.66) E2 = E1 ∪ E3 ∪ E4 ∪ E5 ∪ (1− δ′, 1).



518 K. Yamanoi

We have
|E2| < 11δ′ = δ.

This concludes the proof for (5.64), where we set α4 = c(2α5+α6)[C(S) : C(Σ)]+c.
Now, by (5.63) and (5.64), we get

|m(r, fA, λD)−m(σ, fA, λD)|

≤ α7Ts(r, f̂Σ, η) + α7m(r, fS , λW ) + α7m(σ, fS , λW ) + α7

for all r ∈ (s, 1)\E2, where α7 = 2α3 +α4. Here we note that E1 ∪ (1− δ′, 1) ⊂ E2

(cf. (5.66)). By Lemma 5.8, we have

Ts(r, f̂Σ, η) ≤ α8Ts(r, q̄ ◦ f̂Σ, ωS) + α8m(σ, fS , λW ) + α8

for all r ∈ (1/2, 1). Here, α8 > 0 is a positive constant which does not depend on
the choice of f ∈ F\E2. Hence we get

|m(r, fA, λD)−m(σ, fA, λD)|
≤ α9Ts(r, fS , ωS) + α9m(r, fS , λW ) + α9m(σ, fS , λW ) + α9

for all r ∈ (s, 1)\E2, where α9 = α7α8 + α7. By Lemma 4.3, we get

m(r, fS , λW ) ≤ α10Tσ(r, fS , ωS) +m(σ, fS , λW ) + α10

for all r ∈ (1/2, 1). Here, α10 > 0 is a positive constant which does not depend on
the choice of f ∈ F\E2. Hence we get

(5.67) |m(r, fA, λD)−m(σ, fA, λD)| ≤ αTs(r, fS , ωS) + αm(σ, fS , λW ) + α

for all r ∈ (s, 1)\E2, where α = max{2α9, α9α10 + α9}. This proves the desired
estimate for f ∈ F\E2 with fS(D) ̸⊂W .

Finally, we enlarge α > 0 so that

2 sup
r∈(s,1−δ)

m(r, f, λD) ≤ α

for all f ∈ E2. Then (5.67) is valid for all f ∈ F with fS(D) ̸⊂W .

�5.9. Proof of Proposition 5.1

We complete the proof of Proposition 5.1. We take W ⊂ S as in Remark 5.10.
Then we have W ⫋ τ(Z) (cf. Remark 5.10). Let F ⊂ Hol(D, A × S), ωĀ, ωS ,
λW , s ∈ (1/2, 1), δ > 0 be given as in Proposition 5.1. Let ρ : A → A0 be the
canonical quotient (cf. (5.2)) and let ωA0

be an invariant positive (1, 1)-form on
A0. Note that we are given a smooth projective equivariant compacti�cation Ā.
For an irreducible component D ⊂ Ā of ∂A, let λD ≥ 0 be a Weil function.
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Now let f ∈ F such that fS(D) ̸⊂W . By Lemma 5.2, we get

Ts(r, fA, ωĀ) ≤ c′Ts(r, ρ ◦ fA, ωA0
) + c′

∑
D⊂∂A

|m(r, fA, λD)−m(σ, fA, λD)|+ c′

for all r ∈ (s, 1), where c′ > 0 is independent of the choice of f ∈ F . By
Lemma 5.11, we get

Ts(r, ρ ◦ fA, ωA0) ≤ αTs(r, fS , ωS) + αm((s+ r)/2, fS , λW ) + α

for all r ∈ (s, 1)\E′ with |E′| < δ/2. Here, α > 0 is independent of the choice of
f ∈ F . Let D1, . . . , Dl be the irreducible components of ∂A. By Lemma 5.17, we
get

|m(r, fA, λDi
)−m((s+ r)/2, fA, λDi

)|
≤ βiTs(r, fS , ωS) + βim((s+ r)/2, fS , λW ) + βi

for all r ∈ (s, 1)\Ei, where Ei ⊂ (s, 1) is an exceptional set with |Ei| < δ/2l. Here,
βi > 0 is independent of the choice of f ∈ F . We set c1 = c2 = c′(α +

∑l
i=1 βi),

c3 = c′ + c′(α +
∑l
i=1 βi), and E = E′ ∪

⋃l
i=1Ei. Then |E| < δ. This shows

(5.1), where c1 > 0, c2 > 0, c3 > 0 are independent of the choice of f ∈ F . This
completes the proof of Proposition 5.1.

Remark 5.18. Let us observe from the proof of Proposition 5.1 why it is natural
to work with Demailly jet spaces rather than classical jet spaces in our paper.
This is because the projectivization of the tangent spaces behaves better than the
tangent spaces themselves. Our proposition follows from Lemmas 5.11 and 5.17.
For the proof of Lemma 5.11, we take an open neighborhood OΣ∗

1,A
⊂ Σ1,A of

Σ∗
1,A over which (5.33) holds. We note that Σ∗

1,A ⊂ Σ1,A is the projectivization
of TΣ × {0} ⊂ TΣ × LieA (cf. (3.2)). However, unlike its projectivization, we
cannot �nd an open neighborhood of TΣ×{0} over which (5.33) is satis�ed. This
is because the condition fails to hold over an arbitrary small neighborhood of the
zero section of TΣ × LieA. A similar issue arises in the proof of Lemma 5.17
concerning the estimate (5.60). Therefore, working with the projectivization is a
more suitable approach. This is why it is natural to use Demailly jet spaces in our
paper.

�6. Application of logarithmic tautological inequality

The purpose of this section is to prove Lemma 6.3. This is an application of
the logarithmic tautological inequality, which is a generalization of Nevanlinna's
lemma on logarithmic derivatives.
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�6.1. Logarithmic tautological inequality

Let X be a smooth projective variety with a smooth, positive (1, 1)-form ωX . Let
D ⊂ X be a simple normal crossing divisor. We set

TX(− logD) = P (TX(− logD)⊕OX),

which is a smooth compacti�cation of TX(− logD). Let ∂TX(− logD) be the
Cartier divisor on the boundary which corresponds to a section of OTX(− logD)(1).
If f ∈ Hol(D, X) is holomorphic with f(D) ̸⊂ D, then the derivative of f induces
a holomorphic map f ′ : D→ TX(− logD).

Lemma 6.1. Let ε > 0, δ > 0, and s ∈ (0, 1). Let λ∂TX(− logD) and λD be Weil

functions for ∂TX(− logD) ⊂ TX(− logD) and D ⊂ X, respectively. Then there

exists a positive constant µ > 0 such that for all f ∈ Hol(D, X) with f(D) ̸⊂ D,

we have

m(r, f ′, λ∂TX(− logD)) ≤ εTs(r, f, ωX) + εm(r, f, λD) + µ

for all r ∈ (s, 1) outside some exceptional set of linear measure less than δ.

This lemma is a variant of the estimate for entire curves f : C → X due to
R. Kobayashi [26] and McQuillan [32]. We refer to Vojta [43, Thm. A.2] for the
precise statement and simpli�ed proof. We remark that [43, Thm. A.2] implies
the classical Nevanlinna lemma on logarithmic derivatives when applied to entire
curves f : C→ P1 andD = (0)+(∞), while Vojta's proof of [43, Thm. A.2] is based
on Nevanlinna's lemma. In the following, we follow another method described in
[45, Thm. 4.8], which does not use Nevanlinna's lemma. See also [9, Sec. 2].

Proof of Lemma 6.1. The proof divides into three steps. The following proof is
similar to the proof of [45, Thm. 4.8].

Step 1. Let TX = P (TX⊕OX) be a smooth compacti�cation of TX and let ∂TX
be the Cartier divisor on the boundary which corresponds to a section of OTX(1).
Let λ∂TX be the Weil function of ∂TX de�ned by λ∂TX(v) = log

√
1 + |v|2ωX

for
v ∈ TX, where | · |ωX

is a norm on TX de�ned by ωX . We prove the following
estimate for all g ∈ Holm(D, X) with g(Yg) ̸⊂ D:

(6.1) m(r, g′, λ∂TX(− logD)) ≤ m(r, g, λD) +m(r, g′, λ∂TX) + µ1

for all r ∈ (0, 1). Here, µ1 > 0 is a positive constant which only depends on the
choices of Weil functions.

We prove this. The natural morphism ι1 : TX(− logD) → TX induces a
birational map

ψ : TX 99K TX(− logD).
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Let Z ⊂ TX be the indeterminacy locus of ψ. Let p : TX → X be the projection.
Then we have

(6.2) (ψ|TX\Z)
∗∂TX(− logD) = (p∗D + ∂TX)|TX\Z .

Let α : T̃X → TX be a modi�cation such that ψ induces a morphism ψ̃ : T̃X →
TX(− logD). Then there exists an e�ective Cartier divisor E ⊂ T̃X such that

(6.3) ψ̃∗∂TX(− logD) = α∗(p∗D + ∂TX)− E.

Indeed, by (6.2), we have

(6.4) (ψ|TX\Z)
∗OTX(− logD)(1) = (p∗OX(D)⊗OTX(1))|TX\Z .

Let plog : TX(− logD)→ X be the projection. There exists a natural surjection

(6.5) (plog)∗(plog)∗OTX(− logD)(1)→ OTX(− logD)(1).

We pull this back by ψ|TX\Z : TX\Z → TX(− logD) and combine with (6.4).
Then we have the following surjection on TX\Z:

p∗(plog)∗OTX(− logD)(1)|TX\Z → p∗OX(D)⊗OTX(1)|TX\Z .

Since Z has codimension greater than 1, this morphism extends over the whole of
TX. We denote by K the kernel of the following surjection obtained from (6.5):

ψ̃∗(plog)∗(plog)∗OTX(− logD)(1)→ ψ̃∗OTX(− logD)(1).

Then the composition of

K → α∗p∗(plog)∗OTX(− logD)(1)→ α∗(p∗OX(D)⊗OTX(1))

is a zero map on α−1(TX\Z), hence on T̃X. Hence we get a morphism

ψ̃∗OTX(− logD)(1)→ α∗(p∗OX(D)⊗OTX(1)).

Hence there exists an e�ective Cartier divisor E on T̃X such that (6.3) is valid.
Hence, we get (6.1).

Step 2. We estimate m(r, g′, λ∂TX), where

m(r, g′, λ∂TX) =
1

deg πg

∫
y∈∂Yg(r)

log
√
1 + |g′(y)|2ωX

d arg πg(y)

2π
.

Using the concavity of log, we have

m(r, g′, λ∂TX) ≤ 1

2
log

(
1 +

1

deg πg

∫
y∈∂Yg

|g′(y)|2ωX

d arg πg(y)

2π

)
.
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We set

τ(r) =
1

deg πg

∫ r

s

dt

∫
Yg(t)

g∗ωX .

Then we have

1

2πr

d2

dr2
τ(r) =

1

deg πg

∫
y∈∂Yg(r)

|g′(y)|2ωX

d arg πg(y)

2π
.

Hence

m(r, g′, λ∂TX) ≤ 1

2
log

(
1 +

1

2πr

d2

dr2
τ(r)

)
.

Hence for r > s, we have

m(r, g′, λ∂TX) ≤ 1

2
log

(
1 +

1

2πs

d2

dr2
τ(r)

)
.

Now we apply Lemma 5.16 twice. We have

d2

dr2
τ(r) ≤ 4

δ
max

{
1, (τ ′(r))2

}
≤ 4

δ
max

{
1,
(4
δ
max{1, τ(r)2}

)2}
=

43

δ3
max

{
1, τ(r)4

}
≤ 43

δ3
+

43

δ3
τ(r)4

for r ∈ (s, 1) outside some exceptional set E with |E| < δ. Hence by τ(r) ≤
Ts(r, g, ωX), we get

(6.6) m(r, g′, λ∂TX) ≤ 1

2
log(1 + c+ cTs(r, g, ωX)4)

for r ∈ (s, 1) outside E, where c = 43

2πsδ3 .

Step 3. We take a positive integer l such that 1
l < ε. There exists a rami�cation

covering φ : X ′ → X such that (1) X ′ is smooth, (2) D′ := (φ∗D)red is a normal
crossing, (3) lD′ ⊂ φ∗D (cf. [23, Thm. 17]). We take a holomorphic map g : Y →
X ′, where Y is a Riemann surface with a proper surjective holomorphic map
πg : Y → D, with the following commutative diagram:

Y
g
//

πg

��

X ′

φ

��

D
f
// X.
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Then we have
lm(r, g, λD′) ≤ m(r, g, λφ∗D) = m(r, f, λD).

The morphism TX ′(− logD′)→ TX(− logD) induces a rational map

Φ: TX ′(− logD′) 99K TX(− logD).

Let Z ′ ⊂ TX ′(− logD′) be the indeterminacy locus of Φ. Then we have

(6.7) (Φ|TX′(− logD′)\Z′)
∗(∂TX(− logD)) = ∂TX ′(− logD′)|TX′(− logD′)\Z′ .

Let β : TX ′(− logD′)
:

→ TX ′(− logD′) be a modi�cation such that Φ induces

a morphism Φ̃ : TX ′(− logD′)
:

→ TX(− logD). Then by an argument similar to
that used to justify (6.3), we have

(6.8) Φ̃∗(∂TX(− logD)) = β∗(∂TX ′(− logD′))− E′,

where E′ ⊂ TX ′(− logD′)
:

is an e�ective Cartier divisor.
We prove this. By (6.7), we have the following on TX ′(− logD′)\Z ′:

(6.9) (Φ|TX′(− logD′)\Z′)
∗OTX(− logD)(1) = OTX′(− logD′)(1)|TX′(− logD′)\Z′ .

We pull back (6.5) by

Φ|TX′(− logD′)\Z′ : TX
′(− logD′)\Z ′ → TX(− logD)

and combine with (6.9). Then, on TX ′(− logD′)\Z ′, we have the following surjec-
tion:

((p′)log)∗(plog)∗OTX(− logD)(1)|TX′(− logD′)\Z′

→ OTX′(− logD′)(1)|TX′(− logD′)\Z′ ,

where (p′)log : TX ′(− logD′) → X ′ is the projection. Since Z ′ has codimension
greater than 1, this morphism extends over whole TX ′(− logD′). We denote by
K the kernel of the following surjection obtained from (6.5):

Φ̃∗(plog)∗(plog)∗OTX(− logD)(1)→ Φ̃∗OTX(− logD)(1).

Then the composition of

K → β∗((p′)log)∗(plog)∗OTX(− logD)(1)→ β∗OTX′(− logD′)(1)

is a zero map on β−1(TX ′(− logD′)\Z ′), hence on TX ′(− logD′)
:

. Hence we get
a morphism

Φ̃∗OTX(− logD)(1)→ β∗OTX′(− logD′)(1).
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Hence there exists an e�ective Cartier divisor E′ on TX ′(− logD′)
:

such that (6.8)
is valid.

Now by (6.8), we have

m(r, f ′, λ∂TX(− logD)) ≤ m(r, g′, λ∂TX′(− logD′)) + µ2.

Here, µ2 > 0 is a positive constant which only depends on the choices of Weil
functions. Using (6.1) for the pair (X ′, D′) instead of (X,D), we get

m(r, f ′, λ∂TX(− logD)) ≤ m(r, g′, λ∂TX′(− logD′)) + µ2

≤ m(r, g, λD′) +m(r, g′, λ∂TX′) + µ1 + µ2

≤ 1

l
m(r, f, λD) +m(r, g′, λ∂TX′) + µ1 + µ2

≤ εm(r, f, λD) +m(r, g′, λ∂TX′) + µ1 + µ2.

By (6.6), for the pair (X ′, ωX′) instead of (X,ωX), we get

m(r, f ′, λ∂TX(− logD)) ≤ εm(r, f, λD) +
1

2
log(1 + c+ cTs(r, g, ωX′)4) + µ1 + µ2

for all r ∈ (s, 1) outside some exceptional set of linear measure less than δ. Since
φ : X ′ → X is �nite, there exist positive constants c′ > 0 and c′′ > 0 such that

Ts(r, g, ωX′) ≤ c′Ts(r, g, φ∗ωX) + c′′ = c′Ts(r, f, ωX) + c′′

for all r ∈ (s, 1), where c′ and c′′ are independent of the choice of g (cf. Lemma 4.5).
Hence we get

m(r, f ′, λ∂TX(− logD)) ≤ εm(r, f, λD)

+
1

2
log

(
1 + c+ c(c′Ts(r, f, ωX) + c′′)4

)
+ µ1 + µ2

for all r ∈ (s, 1) outside some exceptional set of linear measure less than δ. We
take a positive constant µ > 0 such that

1

2
log(1 + c+ c(c′x+ c′′)4) + µ1 + µ2 ≤ εx+ µ

for x ≥ 0. Then we obtain our estimate.

�6.2. The case of semi-abelian varieties

Let Ā be an equivariant compacti�cation of a semi-abelian variety A. Let G be an
in�nite indexed family in Hol(D, A). We consider the following assumption.



Bloch's Principle for Holomorphic Maps 525

Assumption 6.2. Let D ⊂ ∂A be an irreducible component. Then G′ ̸→ D for
every in�nite subfamily G′ of G.

We recall Π(G) from De�nition 3.18. In this subsection, we prove the following
lemma.

Lemma 6.3. Let A be a semi-abelian variety and let S be a smooth projective

variety. Let Ā be a smooth projective equivariant compacti�cation. Let ωĀ and ωS
be smooth, positive (1, 1)-forms on Ā and S, respectively. Let F ⊂ Hol(D, A × S)
be an in�nite set such that FA = (fA)f∈F satis�es Assumption 6.2. Assume that

{0} ∈ Π(FA) and that fA is non-constant for all f ∈ F .
Let k ∈ Z≥1. Let ωSk,A

be a smooth, positive (1, 1)-form on Sk,A. Then there

exists σ ∈ (0, 1) with the following property: Let s ∈ (σ, 1), ε > 0, and δ > 0. Then

there exist positive constants µ1 > 0, µ2 > 0 such that for all f ∈ F , the estimate

Ts(r, fSk,A
, ωSk,A

) ≤ εTs(r, fA, ωĀ) + µ1Ts(r, fS , ωS) + µ2

holds for all r ∈ (s, 1) outside some exceptional set of linear measure less than δ.

To prove this, we prepare several lemmas.

Lemma 6.4. Let Ā be a smooth projective equivariant compacti�cation. Let F =

(fi)i∈I be an in�nite indexed family in Hol(D, A) such that Assumption 6.2 is

satis�ed. Then there exists σ ∈ (0, 1) with the following property: Let s ∈ (σ, 1)

and δ > 0. Then there exists a positive constant c > 0 such that for all i ∈ I, we
have

m(r, fi, λ∂A) ≤ cTs(r, fi, ωĀ) + c

for all r ∈ (s+ δ, 1).

Proof. We �rst consider the case that the subset

Fo = {fi; i ∈ I} ⊂ Hol(D, A)

is �nite. In this case, our estimate follows from Lemma 4.3. Thus we assume that
Fo is in�nite. Then Fo satis�es Assumption 6.2. By replacing F by Fo, we may
assume that F is a subset of Hol(D, A).

Let D1, . . . , Dn be the irreducible components of ∂A. Then for each j =

1, . . . , n, by Assumption 6.2, we apply Lemma 4.9 to get σj ∈ (0, 1) and αj > 0

such that, for s ∈ (σj , 1) and δ > 0, we have

m(r, f, λDj
) ≤ αj

δ
Ts(r, f, ωĀ) + αj
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for all r ∈ (s + δ, 1) and all f ∈ F . We set σ = max{σ1, . . . , σn} and α =

α1 + · · ·+ αn. Let s ∈ (σ, 1) and δ > 0. Then for all f ∈ F , we have

m(r, f, λ∂A) =

n∑
j=1

m(r, f, λDj
) ≤ α

δ
Ts(r, f, ωĀ) + α

for all r ∈ (s+ δ, 1). We set c = max{α, α/δ} to conclude the proof.

Let V1 and V2 be smooth algebraic varieties. Let p1 : V1×V2 → V1 be the �rst
projection and let p2 : V1 × V2 → V2 be the second projection. Let ωV1

and ωV2
be

smooth (1, 1)-forms on V1 and V2, respectively. We set

(6.10) ωV1×V2
= p∗1ωV1

+ p∗2ωV2
.

Let w ∈ D(r). We recall φw,r : D(r)→ D(r) from (4.5).

Lemma 6.5. Let S be a smooth projective variety. Let Ā be a smooth projective

equivariant compacti�cation. Let ωĀ and ωS be smooth, positive (1, 1)-forms on

Ā and S, respectively. Let ωA be an invariant positive (1, 1)-form on A. Let F ⊂
Hol(D, A × S) be an in�nite set of holomorphic maps such that FA = (fA)f∈F

satis�es Assumption 6.2. Then there exists σ ∈ (0, 1) with the following property:

Let ε > 0, s ∈ (σ, 1), and δ > 0. Then there exists a positive constant µ > 0 such

that for all f ∈ F and w ∈ D(σ), we have∫ 2π

0

log |(f ◦ φw,r)′(reiθ)|ωA×S

dθ

2π
≤ εTs(r, f, ωĀ×S) + µ

for all r ∈ (s, 1) outside some exceptional set of linear measure less than δ.

Proof. We �rst apply Lemma 6.4 for FA = (fA)f∈F to get σ ∈ (0, 1). Let ε > 0,
s ∈ (σ, 1), δ > 0 be given.

Set D = ∂A× S ⊂ Ā× S. We �rst note that by Lemma A.16, we have

T (Ā× S)(− logD) = TĀ(− log ∂A)× TS = Ā× LieA× TS.

Hence ωA×S de�nes a Hermitian metric on T (Ā × S)(− logD). Hence we may
de�ne the Weil function by

(6.11) λ∂T (Ā×S)(− logD)(v) = log
√

1 + |v|2ωA×S
,

where v ∈ T (Ā× S)(− logD).
By Lemma 6.4, there exists c > 0 such that

m(r, fA, λ∂A) ≤ cTs(r, fA, ωĀ) + c
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for all f ∈ F and r ∈ (s+δ′, 1), where δ′ = δ/2. Set ε′ = (s−σ)ε
(s+σ)(1+c) . By Lemma 6.1,

there exists µ0 > 0 such that

m(r, f ′, λ∂T (Ā×S)(− logD)) ≤ ε′Ts(r, f, ωĀ×S) + ε′m(r, f, λD) + µ0

for all f ∈ F and r ∈ (s, 1) outside some exceptional set of linear measure less
than δ′. Hence we have

(6.12) m(r, f ′, λ∂T (Ā×S)(− logD)) ≤ ε′(1 + c)Ts(r, f, ωĀ×S) + ε′c+ µ0

for all f ∈ F and r ∈ (s, 1) outside some exceptional set of linear measure less
than 2δ′.

Now we have

|(f ◦ φr,w)′(z)|ωA×S
= |f ′ ◦ φr,w(z)|ωA×S

× |φ′
r,w(z)|.

Hence by (4.6), we have∫ 2π

0

log |(f ◦ φw,r)′(reiθ)|ωA×S

dθ

2π
≤

∫ 2π

0

log |f ′ ◦ φw,r(reiθ)|ωA×S

dθ

2π
+
s+ σ

s− σ

for all r ∈ (s, 1). Using (6.11), we have∫ 2π

0

log |f ′ ◦ φr,w(reiθ)|ωA×S

dθ

2π
≤

∫ 2π

0

log
√
1 + |f ′ ◦ φr,w(reiθ)|2ωA×S

dθ

2π

= m(r, f ′ ◦ φr,w, λ∂T (Ā×S)(− logD)).

By Lemma 4.10, we have

m(r, f ′ ◦ φr,w, λ∂T (Ā×S)(− logD)) ≤
s+ σ

s− σ
m(r, f ′, λ∂T (Ā×S)(− logD))

for all r ∈ (s, 1). Hence∫ 2π

0

log |(f ◦ φw,r)′(reiθ)|ωA×S

dθ

2π
≤ s+ σ

s− σ
m(r, f ′, λ∂T (Ā×S)(− logD)) +

s+ σ

s− σ

for all r ∈ (s, 1). Combining this with (6.12), we get our lemma. Here we set
µ = s+σ

s−σ (ε
′c+ µ0 + 1).

Let µ be a non-negative mass on D(r). For |w| < s < r, we de�ne

Tws (r, µ) =

∫ r

s

dt

t

∫
D(t)

φ∗
w,rµ.

Lemma 6.6. Let 0 < σ < s < r < 1. Then for all non-negative mass µ on D(r)
and w ∈ D(σ), we have

s(s− σ)
s+ σ

Tws (r, µ) ≤ Ts(r, µ) ≤
s+ σ

s(s− σ)
Tws (r, µ).
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To prove this lemma, we prepare the following two estimates: Let |w| < σ <

s < r < 1; then we have

|φw,r(z)| ≥
s+ σ

s− σ
(|z| − r) + r,(6.13)

|φw,r(z)| ≤
s− σ
s+ σ

(|z| − r) + r,(6.14)

for all z ∈ D(r). Indeed, we have

(6.15) r2
|z| − |w|
r2 − |w| |z|

≤ |φw,r(z)| ≤ r2
|w|+ |z|
r2 + |w| |z|

for all z ∈ D(r). We have

r2
|z| − |w|
r2 − |w| |z|

= r
r + |w|

r2 − |w| |z|
(|z| − r) + r.

For z ∈ D(r), we have

r + |w|
r2 − |w| |z|

≤ r + |w|
r(r − |w|)

≤ s+ σ

r(s− σ)
.

Hence combining these with (6.15), we get (6.13). To prove (6.14), we note

r2
|w|+ |z|
r2 + |w| |z|

= r
r − |w|

r2 + |w| |z|
(|z| − r) + r.

For z ∈ D(r), we have

r − |w|
r2 + |w| |z|

≥ r − |w|
r(r + |w|)

≥ s− σ
r(s+ σ)

.

Hence combining these with (6.15), we get (6.14).

Proof of Lemma 6.6. We set

Uws (r, µ) =

∫ r

s

dt

∫
D(t)

φ∗
w,rµ.

Then we have
Uws (r, µ) ≤ Tws (r, µ) ≤ 1

s
Uws (r, µ)

for all r ∈ (s, 1).
We �x r ∈ (s, 1) and w ∈ D(σ). For x ∈ (0, r), we set

Λ(x) = min{r − x, r − s}.

Then we have
Uws (r, µ) =

∫
D(r)

Λ(|z|)φ∗
w,rµz.
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In particular,

U0
s (r, µ) =

∫
D(r)

Λ(|z|)µz.

Firstly, by (6.13), we have

r − |φw,r(z)| ≤
s+ σ

s− σ
(r − |z|)

for |z| ≤ r. Hence we have

Λ(|φw,r(z)|) ≤ r − |φw,r(z)| ≤
s+ σ

s− σ
Λ(|z|)

for s ≤ |z| ≤ r. By Λ(|φw,r(z)|) ≤ r − s, this holds for all |z| ≤ r. Hence we get

U0
s (r, µ) =

∫
D(r)

Λ(|z|)µz =
∫
D(r)

Λ(|φw,r(z)|)φ∗
w,rµz ≤

s+ σ

s− σ
Uws (r, µ).

Thus
Ts(r, µ) ≤

1

s
U0
s (r, µ) ≤

s+ σ

s(s− σ)
Tws (r, µ).

Next by (6.14), we have

s− σ
s+ σ

(r − |z|) ≤ r − |φw,r(z)|

for |z| ≤ r. Hence we have

Λ(|φw,r(z)|) ≥
s− σ
s+ σ

Λ(|z|)

for |z| ≤ r, provided s ≤ |φw,r(z)| ≤ r. By Λ(|z|) ≤ r− s, this holds for all |z| ≤ r.
Hence we get

U0
s (r, µ) =

∫
D(r)

Λ(|z|)µz =
∫
D(r)

Λ(|φw,r(z)|)φ∗
w,rµz ≥

s− σ
s+ σ

Uws (r, µ).

Thus

Ts(r, µ) ≥ U0
s (r, µ) ≥

s(s− σ)
s+ σ

Tws (r, µ).

This concludes the proof of our lemma.

Proof of Lemma 6.3. We prove our lemma by the induction on k. Thus we �rst
consider the case k = 1. We set D = ∂(A×S). Then D ⊂ Ā×S is a simple normal
crossing divisor. By Lemma A.16, we note that ωA×S induces a Hermitian metric
on the tautological line bundle OPT (Ā×S)(− logD)(1) on PT (Ā × S)(− logD). Let
ωOPT (Ā×S)(− log D)(1)

be the associated curvature form for this tautological line bun-
dle. Similarly, we note that ωA×S induces a Hermitian metric on the tautological
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line bundle OP (TS×LieA)(1) on S1,A. Let ωOP (TS×LieA)(1) be the associated curva-
ture form for this tautological line bundle. By PT (Ā × S)(− logD) = Ā × S1,A,
we have

q∗ωOP (TS×LieA)(1) = ωOPT (Ā×S)(− log D)(1)
,

where q : Ā×S1,A → S1,A is the projection. There exist positive constants α1 and
α2 such that

(6.16) ωS1,A
≤ α1τ

∗ωS + α2ωOP (TS×LieA)(1),

where τ : S1,A → S.
We �rst choose σ ∈ (0, 1) which appears in Lemma 6.5. We modify σ as

follows. Let ωA be an invariant positive (1, 1)-form on A. For each n ∈ Z≥2, let
En ⊂ F be the set of f ∈ F such that

sup
z∈D(1− 1

n )

|f ′A(z)|ωA
≤ 1

n
.

Then we have E2 ⊃ E3 ⊃ · · · . By the assumption {0} ∈ Π(FA), we may take
n0 ∈ Z≥2 such that En0 is �nite. Since fA is non-constant for all f ∈ F , we may
take n1 ≥ n0 such that En1

= ∅. By enlarging σ if necessary, we may assume that
1− 1

n1
≤ σ < 1. Then for all f ∈ F , we have

sup
z∈D(σ)

|f ′A(z)|ωA
≥ 1− σ.

For each f ∈ F , we take wf ∈ D(σ) such that

|f ′A(wf )|ωA
= sup
z∈D(σ)

|f ′A(z)|ωA
.

Let s ∈ (σ, 1) and let f ∈ F . For r ∈ (s, 1), we take φwf ,r : D(r)→ D(r) as in
(4.5) and set g = f ◦ φwf ,r. Then by (6.16), we have

Ts(r, gS1,A
, ωS1,A

) ≤ α1Ts(r, gS , ωS) + α2Ts(r, g[1], ωOPT (Ā×S)(− log D)(1)
).

By Lemma 6.6, we have

Ts(r, fS1,A
, ωS1,A

) ≤ s+ σ

s(s− σ)
Ts(r, gS1,A

, ωS1,A
)

and

Ts(r, fS , ωS) ≥
s(s− σ)
s+ σ

Ts(r, gS , ωS).
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Thus we get

Ts(r, fS1,A
, ωS1,A

) ≤ α1(s+ σ)2

s2(s− σ)2
Ts(r, fS , ωS)

+
α2(s+ σ)

s(s− σ)
Ts(r, g[1], ωOPT (Ā×S)(− log D)(1)

).(6.17)

Next we estimate the second term of the right-hand side. We claim

Ts(r, g[1], ωOPT (Ā×S)(− log D)(1)
)

≤
∫ 2π

0

log |g′(reiθ)|ωA×S

dθ

2π
−

∫ 2π

0

log |g′(seiθ)|ωA×S

dθ

2π
,(6.18)

where | · |ωA×S
is the length with respect to ωA×S . This is obtained as follows. The

metric ωA×S de�nes a Hermitian metric | · |ωA×S
on OPT (Ā×S)(− logD)(−1), whose

curvature form is −ωOPT (Ā×S)(− log D)(1)
. By the Poincaré�Lelong formula, we have

−(g[1])∗ωOPT (Ā×S)(− log D)(1)
= [(g′)∗Z]− 2ddc log |g′|ωA×S

as currents on D, where Z is the zero section of OPT (Ā×S)(− logD)(−1). By the
Jensen formula, we get (6.18). Compare with the proof of (4.1).

Now let ε > 0 and δ > 0. We set ε′ = s(s−σ)ε
α2(s+σ)

. By Lemma 6.5, we get∫ 2π

0

log |g′(reiθ)|ωA×S

dθ

2π
≤ ε′Ts(r, f, ωĀ×S) + µ

for r ∈ (s, 1) outside some exceptional set of linear measure less than δ. Here, µ > 0

is a positive constant which appears in Lemma 6.5. In particular, µ is independent
of the choices of f ∈ F and wf . Since log |g′A|ωA

is subharmonic, we have∫ 2π

0

log |g′(seiθ)|ωA×S

dθ

2π
≥

∫ 2π

0

log |g′A(seiθ)|ωA

dθ

2π
≥ log |g′A(0)|ωA

.

Note that by (4.6), we have

|g′A(0)|ωA
= |f ′A(wf )|ωA

|φ′
wf ,r

(0)| ≥ (1− σ)s− σ
s+ σ

.

Hence, taking into account these estimate in (6.18), we get

(6.19) Ts(r, g[1], ωOPT (Ā×S)(− log D)(1)
) ≤ ε′Ts(r, f, ωĀ×S) + µ′

for r ∈ (s, 1) outside some exceptional set of linear measure less than δ. Here we
set µ′ = µ+ log s+σ

(1−σ)(s−σ) .
Combining (6.17) with (6.19), we get

Ts(r, fS1,A
, ωS1,A

) ≤ εTs(r, fA, ωĀ) + µ1Ts(r, fS , ωS) + µ2
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for r ∈ (s, 1) outside some exceptional set of linear measure less than δ. Here we
set µ1 = α1(s+σ)

2

s2(s−σ)2 + α2(s+σ)ε
′

s(s−σ) , µ2 = α2(s+σ)µ
′

s(s−σ) to conclude the proof of the case
k = 1.

We assume that k ≥ 2 and the lemma is true for k − 1. By the construction
of Sk,A, we have Sk,A ⊂ (Sk−1,A)1,A (cf. (2.10)). Hence there exists a positive
constant α > 0 such that ωSk,A

≤ αω(Sk−1,A)1,A on Sk,A. Hence we have

(6.20) Ts(r, fSk,A
, ωSk,A

) ≤ αTs(r, (f[k−1])(Sk−1,A)1,A , ω(Sk−1,A)1,A).

By the �rst step applied to A×Sk−1,A and {f[k−1]; f ∈ F} ⊂ Hol(D, A×Sk−1,A),
we get σ′ ∈ (0, 1) with the following property: For s ∈ (σ′, 1), ε > 0, and δ > 0,
there exist µ′

1 = µ′
1(s, ε, δ) > 0 and µ′

2 = µ′
2(s, ε, δ) > 0 such that for all f ∈ F ,

we have

Ts(r, (f[k−1])(Sk−1,A)1,A , ω(Sk−1,A)1,A)

≤ ε

2α
Ts(r, fA, ωĀ) + µ′

1Ts(r, (f[k−1])Sk−1,A
, ωSk−1,A

) + µ′
2(6.21)

for all r ∈ (s, 1) outside some exceptional set of linear measure less than δ/2. Now,
by the induction hypothesis, we get σ ∈ (σ′, 1) with the following property: For
s ∈ (σ, 1), ε > 0, and δ > 0, there exist µ′′

1 > 0 and µ′′
2 > 0 such that for all f ∈ F ,

we have

Ts(r, (f[k−1])Sk−1,A
, ωSk−1,A

)

≤ ε

2αµ′
1(s, ε, δ)

Ts(r, fA, ωĀ) + µ′′
1Ts(r, fS , ωS) + µ′′

2(6.22)

holds for r ∈ (s, 1) outside some exceptional set of linear measure less than δ/2.
Hence by (6.20)�(6.22), our σ satis�es the required property to conclude the induc-
tion step. Here we set µ1 = αµ′

1µ
′′
1 and µ2 = α(µ′

1µ
′′
2 + µ′

2).

�7. Nevanlinna theory and blow-ups

In this section we shall establish Lemma 7.4. For this purpose, we start from a
general estimate (cf. Lemma 7.2).

�7.1. A general estimate

We recall De�nitions 3.1 and 3.2 for the terminologies used in the following lemma.

Lemma 7.1. Let S be a smooth projective variety. Let W ⊂ S be an irreducible

Zariski closed set. Let F ⊂ Hol(D, S) be an in�nite subset such that F ̸⇒ W and

f(D) ̸⊂ W for all f ∈ F with �nite exception. Then there exist an in�nite subset
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F ′ ⊂ F and a W -admissible modi�cation φ : S′ → S such that the following two

properties hold:

(1) S′ = BlY S for some closed subscheme Y ⊂ S such that suppY ⫋ W and

f(D) ̸⊂ suppY for all f ∈ F ′.

(2) F ′ ̸→W ′, where W ′ ⊂ S′ is the strict transform.

Moreover, we may take S′ to be smooth.

Proof. We consider the following two cases.

Case 1. There exists a Zariski closed set Z ⊂ S such that W ̸⊂ Z and f(D) ⊂ Z

for in�nitely many f ∈ F . In this case, we take an in�nite subset F ′ ⊂ F such
that f(D) ⊂ Z for all f ∈ F ′. Set Y = W ∩ Z as a closed subscheme. Then
suppY ⫋ W . Set S′ = BlY S. Then Z ′ ∩W ′ = ∅ in S′, where Z ′ and W ′ are the
strict transforms of Z and W , respectively (cf. (3.1)). By suppY ⊂ W , we have
f(D) ̸⊂ suppY for all f ∈ F ′ with �nite exception. Hence by removing these �nite
elements from F ′, we may assume f(D) ̸⊂ suppY for all f ∈ F ′. Hence we may
consider as f(D) ⊂ Z ′ for all f ∈ F ′. Hence F ′ ̸→W ′.

Case 2. Otherwise, there exists a W -admissible modi�cation Ŝ → S such that
F ̸→ Ŵ , where Ŵ ⊂ Ŝ is the minimal transform. By [18, p. 171, Ex. 7.11 (c)],
there exists a closed subscheme Z ⊂ S such that Ŝ = BlZS and W ̸⊂ suppZ. Set
Y =W ∩Z as closed subschemes of S. Then suppY ⫋W . Since we are in Case 2,
W ̸⊂ suppZ implies that only �nitely many f ∈ F satisfy f(D) ⊂ suppZ. By
removing these �nite elements from F , we get F ′ ⊂ F so that f(D) ̸⊂ suppZ for
all f ∈ F ′.

Now we set S′ = BlY S with φ : S′ → S. There exists a closed subscheme
Z† ⊂ S′ such that Iφ∗Z = Iφ∗Y · IZ† . Indeed, since φ∗Y ⊂ S′ is a Cartier divisor,
Iφ∗Y is an invertible sheaf. By Iφ∗Z ⊂ Iφ∗Y ⊂ OS′ , we take Z† ⊂ S′ such that
IZ† = Iφ∗Z ⊗ (Iφ∗Y )

−1 ⊂ OS′ . Similarly, there exists W † ⊂ S′ such that Iφ∗W =

Iφ∗Y · IW † . Then by Iφ∗Z + Iφ∗W = Iφ∗Y , we have Iφ∗Y · (IZ† + IW †) = Iφ∗Y so
that IZ† + IW † = OS′ . Hence Z† ∩W † = ∅. Note that W ′ ⊂W †, where W ′ ⊂ S′

is the strict transform. Hence we get

Z† ∩W ′ = ∅.

We set S̃ = BlZ†S′. Then since (φ ◦ p)∗Z is a Cartier divisor, S̃ → Ŝ exists:

S′ BlY S

φ

��

BlZ†S′p
oo

��

S̃

S BlZSoo Ŝ.



534 K. Yamanoi

Let W̃ ⊂ S̃ be the strict transform. Then by F ̸→ Ŵ , we have F ′ ̸→ W̃ . On the
other hand, by Z† ∩W ′ = ∅, the morphism p : S̃ → S′ is an isomorphism on a
neighborhood of W̃ . Hence F ′ ̸→W ′.

Now suppose S′ is not smooth. Then we take a birational modi�cation S′′ →
S′ such that S′′ is smooth. Since S is smooth, we may assume that S′′ → S is an
isomorphism over S\ suppY . By [18, p. 171, Ex. 7.11 (c)], we may take a closed
subscheme Y ′ ⊂ S such that S′′ = BlY ′S and suppY ′ ⊂ suppY . We replace S′ by
S′′. The proof of the lemma is completed.

We recall De�nition 3.12 for the terminology used in the following lemma.

Lemma 7.2. Let S be a smooth projective variety with a smooth positive (1, 1)-

form ωS. Let W ⊂ S be a Zariski closed set with a Weil function λW ≥ 0. Let

F ⊂ Hol(D, S) be an in�nite set of holomorphic maps and let {Ei}i∈I be a count-

able set of Zariski closed subsets of S. Assume that LIM(F , {Ei}i∈I) exists and

LIM(F , {Ei}i∈I) ̸⊂ W . Then there exist σ ∈ (0, 1), β > 0, k ∈ Z≥0, a Zariski

closed set E ⊂
⋃
Ei with a Weil function λE ≥ 0, and an in�nite subset G ⊂ F

with the following two properties:

(1) For all f ∈ G, we have f(D) ̸⊂ E ∪W .

(2) Let s ∈ (σ, 1) and f ∈ G. Then we have

m(r, f, λW ) ≤ β

(r − s)k
Ts(r, f, ωS) +

β

(r − s)k
m(s, f, λE) +

β

(r − s)k
,

for all r ∈ (s, 1).

Proof. The proof is by Noetherian induction on W . Let P be the set of all Zariski
closed set W ⊂ S such that our lemma is false for W . To show P = ∅, we assume
on the contrary that P ̸= ∅. We take a minimal element W ∈ P. In the following,
we shall show that our lemma is true for W .

Let F ⊂ Hol(D, S) and {Ei}i∈I be the objects which appear in our lemma.
Thus LIM(F , {Ei}i∈I) exists and LIM(F , {Ei}i∈I) ̸⊂W .

We �rst observe that W is irreducible. Otherwise, we have W = W1 ∪W2.
Let λW1

≥ 0 and λW2
≥ 0 be Weil functions such that λW ≤ λW1

+ λW2
. By

W1 ⫋ W , we have W1 ̸∈ P. Note that LIM(F , {Ei}i∈I) ̸⊂ W1. Hence we may
take σ1 ∈ (0, 1), β1 > 0, k1 ∈ N, a Zariski closed set E1 ⊂

⋃
Ei with a Weil

function λE1
≥ 0, and an in�nite subset G1 ⊂ F such that for all f ∈ G1, we have

f(D) ̸⊂ E1 ∪W1 and

m(r, f, λW1
) ≤ β1

(r − s)k1
Ts(r, f, ωS) +

β1
(r − s)k1

m(s, f, λE1
) +

β1
(r − s)k1

,
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where σ1 < s < r < 1. Now LIM(G1, {Ei}i∈I) exists and

LIM(G1, {Ei}i∈I) = LIM(F , {Ei}i∈I) ̸⊂W2.

Hence by W2 ̸∈ P, we may take σ2 ∈ (0, 1), β2 > 0, k2 ∈ N, a Zariski closed set
E2 ⊂

⋃
Ei with a Weil function λE2

≥ 0, and an in�nite subset G2 ⊂ G1 such that
for all f ∈ G2, we have f(D) ̸⊂ E2 ∪W2 and

m(r, f, λW2
) ≤ β2

(r − s)k2
Ts(r, f, ωS) +

β2
(r − s)k2

m(s, f, λE2
) +

β1
(r − s)k2

,

where σ2 < s < r < 1. We set σ = max{σ1, σ2}, β = β1 + β2, k = max{k1, k2},
E = E1∪E2, G = G2. We take a Weil function λE such that λE ≥ max{λE1

, λE2
}.

Then by m(r, f, λW ) ≤ m(r, f, λW1) + m(r, f, λW2), the two properties of our
lemma are satis�ed. Hence W ̸∈ P, a contradiction. Hence we may assume that
W is irreducible.

We consider two cases.

Case 1: W ⊂
⋃
Ei. In this case, we set σ = 1/2, E = W , and λE = λW . By

LIM(F ; {Ei}) ̸⊂ W , only �nitely many f ∈ F satisfy f(D) ⊂ W . We remove
these f from F to get an in�nite subset G ⊂ F . Then f(D) ̸⊂ E ∪W for all f ∈ G.
By Lemma 4.3, there exists a positive constant c > 0 such that

m(r, f, λW ) ≤ cTs(r, f, ωS) + cm(s, f, λW )

for all s ∈ (σ, 1), r ∈ (s, 1), and f ∈ G. By λW = λE , our lemma is true for W .
Here we set β = c and k = 0.

Case 2: W ̸⊂
⋃
Ei. By LIM(F ; {Ei}) ̸⊂ W and W ̸⊂

⋃
Ei, we have F ̸⇒ W

(cf. Lemma 3.9). By Lemma 7.1, there exist an in�nite subset F ′ ⊂ F and a closed
subscheme Z ⊂ S such that

(1) suppZ ⫋W ,

(2) f(D) ̸⊂ suppZ for all f ∈ F ′,

(3) F ′ ̸→W ′, where W ′ ⊂ BlZS is the strict transform.

Set S′ = BlZS. We may assume that S′ is smooth. By Lemma 4.8, replacing F ′ by
its in�nite subset, we may assume that F ′′ ̸→ W ′ for all in�nite subsets F ′′ ⊂ F ′

and

(7.1) f(D) ̸⊂W ′

for all f ∈ F ′. Let λW ′ ≥ 0 be a Weil function for W ′ and let ωS′ be a smooth
positive (1, 1)-form on S′. By Lemma 4.9, there exist σ0 ∈ (0, 1) and α > 0 such
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that for all ρ ∈ (σ0, 1), r ∈ (ρ, 1), and f ∈ F ′, we have

(7.2) m(r, f, λW ′) ≤ α

r − ρ
Tρ(r, f, ωS′) + α.

Set Z = suppZ with a Weil function λZ ≥ 0. By Z ⫋ W , we have Z ̸∈ P.
Note that LIM(F ′; {Ei}) exists and LIM(F ′; {Ei}) = LIM(F ; {Ei}). Hence
LIM(F ′; {Ei}) ̸⊂ Z. Thus by the induction hypothesis, we get σ1 ∈ (0, 1), β1 > 0,
k1 ∈ Z≥0, E ⊂

⋃
Ei with λE ≥ 0, and G ⊂ F ′ such that for all s ∈ (σ1, 1),

r ∈ (s, 1), and f ∈ G, we have

(7.3) m(r, f, λZ) ≤
β1

(r − s)k1
Ts(r, f, ωS) +

β1
(r − s)k1

m(s, f, λE) +
β1

(r − s)k1

and f(D) ̸⊂ E ∪ Z. By (7.1), we have

(7.4) f(D) ̸⊂ E ∪W

for all f ∈ G.
Now we set σ = max{σ0, σ1}. Let s ∈ (σ, 1) and r ∈ (s, 1). Set ρ = (s+ r)/2.

Then by (4.4), there exists a positive constant c > 0 such that

Tρ(r, f, ωS′) ≤ cTρ(r, f, ωS) + cm(ρ, f, λZ) + c

for all f ∈ G. Then by (7.3) applied to r = ρ, we get

Tρ(r, f, ωS′) ≤ β2
(r − s)k1

Ts(r, f, ωS) +
β2

(r − s)k1
m(s, f, λE) +

β2
(r − s)k1

,

where β2 = max{c+ 2k1cβ1, 2
k1cβ1}. Combining this with (7.2), we get

m(r, f, λW ′) ≤ 2αβ2
(r − s)k1+1

Ts(r, f, ωS)

+
2αβ2

(r − s)k1+1
m(s, f, λE) +

α+ 2αβ2
(r − s)k1+1

.(7.5)

There exists a positive constant c′ > 0 such that m(r, f, λW ) ≤ c′m(r, f, λZ) +

m(r, f, λW ′) for all f ∈ G. Combining this with (7.3) and (7.5), we get for all
f ∈ G,

m(r, f, λW ) ≤ β

(r − s)k
Ts(r, f, ωS) +

β

(r − s)k
m(s, f, λE) +

β

(r − s)k
.

Here we set β = α+ c′β1 + 2αβ2 and k = k1 + 1. This and (7.4) imply W ̸∈ P.
Now in both cases above, we have W ̸∈ P. This is a contradiction. Thus

P = ∅. We have proved our lemma.
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�7.2. The case of semi-abelian varieties

We recall Ek,A,A/B ⊂ Pk,A from De�nition 2.1 and Π(G) from De�nition 3.18. We
use the convention from (6.10) in the proof.

Lemma 7.3. Let Ā be a smooth projective equivariant compacti�cation. Let ωĀ
be a smooth positive (1, 1)-form on Ā. Let F ⊂ Hol(D, A) be an in�nite set such

that F satis�es Assumption 6.2. Let B ⊂ A be a semi-abelian subvariety such that

B ∈ Π(F) and that ϖB ◦ f is non-constant for all f ∈ F , where ϖB : A → A/B

is the quotient. Let k ∈ Z≥1. Let λEk,A,A/B
≥ 0 be a Weil function for Ek,A,A/B ⊂

Pk,A. Then there exists σ ∈ (0, 1) with the following property: Let s ∈ (σ, 1), ε > 0,

and δ > 0. Then there exists a positive constant β > 0 such that for all f ∈ F , the
estimate

m(r, fPk,A
, λEk,A,A/B

) ≤ εTs(r, f, ωĀ) + β

holds for all r ∈ (s, 1) outside some exceptional set of linear measure less than δ.

Proof. We �rst take σ0 ∈ (0, 1) as follows. Let ωA/B be an invariant positive
(1, 1)-form on A/B. For each n ∈ Z≥2, let En ⊂ F be the set of f ∈ F such that

sup
z∈D(1− 1

n )

|(ϖB ◦ f)′(z)|ωA/B
≤ 1

n
.

Then we have E2 ⊃ E3 ⊃ · · · . By the assumption B ∈ Π(F), we may take n0 ∈ Z≥2

such that En0
is �nite. Since ϖB ◦ f is non-constant for all f ∈ F , we may take

n1 ≥ n0 such that En1 = ∅. We take σ0 ∈ (0, 1) such that 1− 1
n1
≤ σ0 < 1. Then

we have
sup

z∈D(σ0)

|(ϖB ◦ f)′(z)|ωA/B
≥ 1− σ0

for all f ∈ F . For each f ∈ F , we take wf ∈ D(σ0) such that

(7.6) |(ϖB ◦ f)′(wf )|ωA/B
≥ 1− σ0.

Next we take σ ∈ (σ0, 1) as follows. Let ωPk−1,A
be a smooth positive (1, 1)-

form on Pk−1,A. We note that by B ∈ Π(F), we have {0} ∈ Π(F). We �rst apply
Lemma 6.3 to get σ1 ∈ (σ0, 1) with the following property: For s ∈ (σ1, 1), ε > 0,
and δ > 0, there exists a positive constant µ1 = µ1(s, ε, δ) > 0 such that for all
f ∈ F , we have

(7.7) Ts(r, fPk−1,A
, ωPk−1,A

) ≤ ε

2
Ts(r, f, ωĀ) + µ1

for all r ∈ (s, 1) outside some exceptional set of linear measure less than δ/2. Let
ωA be an invariant positive (1, 1)-form on A. By Lemma 6.5, we get σ ∈ (σ1, 1)
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with the following property: For s ∈ (σ, 1), ε > 0, and δ > 0, there exists a positive
constant µ2 = µ2(s, ε, δ) > 0 such that for all f ∈ F and w ∈ D(σ), we have

(7.8)
∫ 2π

0

log |(f[k−1]◦φw,r)′(reiθ)|ωA×Pk−1,A

dθ

2π
≤ ε

2
Ts(r, f[k−1], ωĀ×Pk−1,A

)+µ2

for all r ∈ (s, 1) outside some exceptional set of linear measure less than δ/2. Here
we recall φw,r : D(r)→ D(r) from (4.5).

Let s ∈ (σ, 1), ε > 0, and δ > 0. We set ε′ = ε s−σs+σ . Let f ∈ F . Given r ∈ (s, 1),
we set g = f ◦ φwf ,r. Then we have g[k−1] = f[k−1] ◦ φwf ,r. Hence by (7.7) and
(7.8) both applied to ε′, we get

(7.9)
∫ 2π

0

log |(g[k−1])
′(reiθ)|ωA×Pk−1,A

dθ

2π
≤ ε′Ts(r, f, ωĀ) + µ′

1 + µ′
2

for all r ∈ (s, 1) outside some exceptional set of linear measure less than δ. Here
we set µ′

1 = µ1(s, ε
′, δ) and µ′

2 = µ2(s, ε
′, δ).

Let p : A × Pk−1,A → A/B be the composite of the �rst projection and ϖB .
Then there exists a positive constant c > 0 such that for all v ∈ T (A × Pk−1,A)

with [v] ∈ A× Pk,A ⊂ PT (A× Pk−1,A), we have

λEk,A,A/B
([v]Pk,A

) ≤ log
( |v|ωA×Pk−1,A

|p′(v)|ωA/B

)
+ c,

where [v]Pk,A
∈ Pk,A is the image of [v] ∈ A × Pk,A under the second projection

A× Pk,A → Pk,A. Hence for all f ∈ F and r ∈ (s, 1), we have

m(r, gPk,A
, λEk,A,A/B

) ≤
∫ 2π

0

log
|(g[k−1])

′(reiθ)|ωA×Pk−1,A

|(p ◦ g[k−1])′(reiθ)|ωA/B

dθ

2π
+ c.

Since λEk,A,A/B
≥ 0 and g[k] = f[k] ◦ φwf ,r, Lemma 4.10 yields that

m(r, fPk,A
, λEk,A,A/B

) ≤ r + σ

r − σ
m(r, gPk,A

, λEk,A,A/B
)

≤ s+ σ

s− σ
m(r, gPk,A

, λEk,A,A/B
)

for all r ∈ (s, 1). Hence we have

m(r, fPk,A
, λEk,A,A/B

) ≤ s+ σ

s− σ

∫ 2π

0

log
|(g[k−1])

′(reiθ)|ωA×Pk−1,A

|(p ◦ g[k−1])′(reiθ)|ωA/B

dθ

2π
+ c

s+ σ

s− σ
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for all r ∈ (s, 1). Combining this estimate with (7.9), we get

m(r, fPk,A
, λEk,A,A/B

) ≤ εTs(r, f, ωĀ)

+
s+ σ

s− σ

∫ 2π

0

log
1

|(p ◦ g[k−1])′(reiθ)|ωA/B

dθ

2π

+
s+ σ

s− σ
(µ′

1 + µ′
2 + c)(7.10)

for all r ∈ (s, 1) outside some exceptional set of linear measure less than δ.
Next, by the subharmonicity of log |(ϖB ◦ g)′|ωA/B

, we get∫ 2π

0

log
1

|(p ◦ g[k−1])′(reiθ)|ωA/B

dθ

2π
=

∫ 2π

0

log
1

|(ϖB ◦ g)′(reiθ)|ωA/B

dθ

2π

≤ log
1

|(ϖB ◦ g)′(0)|ωA/B

for all r ∈ (s, 1). By (4.6) and (7.6), we have

|(ϖB ◦ g)′(0)|ωA/B
= |(ϖB ◦ f)′(wf )|ωA/B

|φ′
wf ,r

(0)| ≥ (1− σ)(s− σ)
s+ σ

.

Hence

(7.11)
∫ 2π

0

log
1

|(p ◦ g[k−1])′(reiθ)|ωA/B

dθ

2π
≤ log

( s+ σ

(1− σ)(s− σ)

)
for all r ∈ (s, 1). Using (7.10) and (7.11) and letting

β =
s+ σ

s− σ

(
µ′
1 + µ′

2 + log
( s+ σ

(1− σ)(s− σ)

)
+ c

)
,

we complete the proof.

Lemma 7.4. Let k ∈ Z≥1. Let Ā be a smooth projective equivariant compacti�-

cation. Let ωĀ be a smooth positive (1, 1)-form on Ā. Let W ⊂ Pk,A be a closed

subscheme with a Weil function λW ≥ 0. Let F ⊂ Hol(D, A) be an in�nite set such

that F satis�es Assumption 6.2 and {0} ∈ Π(F). Let Π′ ⊂ Π(F) be a subset such

that LIM(FPk,A
; {Ek,A,A/B}B∈Π′) exists, where FPk,A

= (fPk,A
)f∈F . Assume that

LIM(FPk,A
; {Ek,A,A/B}B∈Π′) ̸⊂ suppW . Then there exist σ ∈ (0, 1) and an in�-

nite subset G ⊂ F with the following property: Let s ∈ (σ, 1), ε > 0, δ > 0. Then

there exists a positive constant β > 0 such that, for all f ∈ G, we have

m(r, fPk,A
, λW ) ≤ εTs(r, fA, ωĀ) + β

for all r ∈ (s, 1) outside some exceptional set of linear measure less than δ.
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Proof. We �rst consider the case that the subset

(7.12) {fPk,A
; f ∈ F} ⊂ Hol(D, Pk,A)

is �nite. We may choose an in�nite subset G ⊂ F by removing �nite elements from
F such that fPk,A

(D) ̸⊂ suppW for all f ∈ G. Then our estimate is valid for this
G and any σ ∈ (0, 1). Indeed, we just need to set

β = max
f∈G

sup
r∈(s,1−δ)

m(r, fPk,A
, λW ).

Hence in the following, we assume that the set (7.12) is in�nite. Replacing F
by its in�nite subset, we may assume that the set (7.12) is in�nite and the map
F ∋ f 7→ fPk,A

∈ Hol(D, Pk,A) is injective. Hence we may assume that the in�nite
indexed family FPk,A

is an in�nite subset of Hol(D, Pk,A).
There exists a positive constant c > 0 such that λW ≤ cλsuppW + c. Hence

we may assume that W is reduced. Let ωPk,A
be a smooth positive (1, 1)-form on

Pk,A. We apply Lemma 7.2 to obtain σ ∈ (0, 1), β0 > 0, l ∈ Z≥0, G ⊂ F , and a
Zariski closed set E ⊂

⋃
B∈Π′ Ek,A,A/B with a Weil function λE ≥ 0 such that

m(r, fPk,A
, λW ) ≤ β0

(r − ρ)l
Tρ(r, fPk,A

, ωPk,A
)

+
β0

(r − ρ)l
m(ρ, fPk,A

, λE) +
β0

(r − ρ)l
(7.13)

for all σ < ρ < r < 1 and f ∈ G. We may take a �nite subset Λ ⊂ Π′ such that let-
ting EΛ =

⋃
B∈ΛEk,A,A/B , we have E ⊂ EΛ. Note that G satis�es Assumption 6.2.

By removing �nite elements from G, we may assume that ϖB ◦ f is non-constant
for all B ∈ Λ and f ∈ G. By enlarging σ ∈ (0, 1), if necessary, we may assume
that σ �ts in Lemma 7.3 for each B ∈ Λ. Note that {0} ∈ Π(G). Hence, again by
enlarging σ ∈ (0, 1), we may assume that σ �ts in Lemma 6.3.

Now we �x s ∈ (σ, 1), ε > 0, and δ > 0. We set ε′ = εδl

22l+1β0
. We take f ∈ G.

We apply Lemma 7.3 to get

m(ρ, fPk,A
, λEΛ

) ≤ ε′Ts(ρ, f, ωĀ) + β1

for all ρ ∈ (s, 1) outside some exceptional set of linear measure less than δ/4.
Hence we may take ρ ∈ (s, s+ δ/4) which satis�es this property. Hence by (7.13),
we get

m(r, fPk,A
, λW ) ≤ 4lβ0

δl
Ts(r, fPk,A

, ωPk,A
) + ε′

4lβ0
δl

Ts(r, f, ωĀ) +
4lβ0(1 + β1)

δl

for all r ∈ (s+ δ/2, 1). We apply Lemma 6.3 to get

Ts(r, fPk,A
, ωPk,A

) ≤ ε′Ts(r, fA, ωĀ) + µ
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for all r ∈ (s, 1) outside some exceptional set of linear measure less than δ/2.
Combining these two estimates, we get the estimate of our lemma. Here we set
β = 4lβ0(1+β1+µ)

δl
.

�8. Proof of Proposition 3.20

In this section, we prove Proposition 3.20 after preparing three lemmas. Let Ā be a
smooth equivariant compacti�cation of a semi-abelian variety A. Given an in�nite
indexed family F in Hol(D, A), we set

I(F) =
{
D; irreducible component of ∂A s.t.

∃F ′ a subfamily of F such that F ′ → D
}
.

For an irreducible component D ⊂ ∂A, let ID ⊂ A be the isotropy group for D.
Then ID = Gm. Set IF = ID1 · · · IDl

⊂ A where {D1, . . . , Dl} = I(F). In the next
lemma, for τ ∈ A, we use the same notation for the map τ : Ā → Ā de�ned by
a 7→ a+ τ .

Lemma 8.1. Let F = (fi)i∈I be an in�nite indexed family in Hol(D, A). For
i ∈ I, there exists τi ∈ IF such that (τi ◦ fi)i∈I satis�es Assumption 6.2.

In the following proof, we use the notation of the 1-dimensional unlimited
Hausdor� content de�ned as follows. Let K ⊂ C. We set

C1
H(K) = inf

{∑
j rj ; ∃ a countable cover of K

by closed discs with radii rj > 0
}
.(8.1)

Proof of Lemma 8.1. If I(F) = ∅, then our lemma is trivial. Hence we assume
I(F) ̸= ∅. We take D ∈ I(F). For each i ∈ I, we shall show that there exists
τi,D ∈ ID such that the indexed family F ′ = (τi,D ◦ fi)i∈I satis�es the following
two properties:

� D ̸∈ I(F ′).

� If E ̸∈ I(F), then E ̸∈ I(F ′).

We are going to construct τi,D. For each E ̸∈ I(F), there exist sE ∈ (0, 1),
γE > 0, an open neighborhood UE ⊂ Ā of E, and a �nite subset JE ⊂ I such that

(8.2) C1
H(D(sE)\f−1

i (UE)) ≥ γE

for all i ∈ I\JE (cf. Remark 4.7). We may assume moreover that if E∩D = ∅, then
UE ⋐ Ā−D. We set s = maxE ̸∈I(F){sE}, γ = minE ̸∈I(F){γE}, and γ′ = γ/2.
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We apply Lemma A.11 to get p : W → D, where W ⊂ Ā is a Zariski open
neighborhood of D and W is a total space of a line bundle over D. Let ∥ · ∥ be a
smooth Hermitian metric on this line bundle p : W → D. We set UD = {x ∈ W ;

∥x∥ < 1}. Then UD ⊂ Ā is an open neighborhood of D. By replacing ∥ · ∥ if
necessary, we may assume that UD ∩ UE = ∅ if D ∩ E = ∅. Note that ID acts on
W by the scalar product (cf. Lemma A.11). Hence for a ∈ ID, we may de�ne its
norm |a| by |a| = ∥a · x∥/∥x∥ for x ∈W −D. We set U ′

D = {x ∈W ; ∥x∥ < 1/2}.
Then U ′

D ⋐ UD.
Let i ∈ I. We choose τi,D ∈ ID in the two cases below.

Case 1: fi(z) ∈ U ′
D for γ′-almost all z ∈ D(s). We set

σi = sup
{
|τ |; τ ∈ ID and τ ◦ fi(z) ∈ U ′

D for γ′-almost all z ∈ D(s)
}
.

Note that if τ ∈ ID satis�es |τ |min
z∈D(s) ∥fi(z)∥ ≥ 1/2, then τ ◦ fi(z) ̸∈ U ′

D for all
z ∈ D(s). Hence σi <∞. We take τi,D ∈ ID such that |τi,D| = σi. Then we have

(8.3) |τi,D| ≥ 1.

This follows from σi ≥ |eID |, where eID is the identity element of ID.

Case 2: Otherwise, we set τi,D = eID . We set Ωi = D(s) ∩ (τi,D ◦ fi)−1(UD). We
de�ne G ⊂ I by the set of i ∈ I such that fi belongs to Case 1. By the de�nition
of τi,D, we have

(8.4) C1
H(D(s)\Ωi) < γ′

for all i ∈ G. We show that F ′ = (τi,D ◦ fi)i∈I satis�es our requirement. We �rst
observe that D ̸∈ I(F ′). To show this, let U ′′

D = {x ∈ W ; ∥x∥ < 1/4} so that
U ′′
D ⋐ U ′

D. Then we have C1
H(D(s)\(τi,D ◦ fi)−1(U ′′

D)) ≥ γ′ for all i ∈ I. Hence
D ̸∈ I(F ′).

Next we take E ̸∈ I(F). We �rst consider the case E∩D = ∅. By UE∩UD = ∅
and (8.4), we have C1

H(D(s)∩ (τi,D ◦fi)−1(UE)) < γ′, provided i ∈ G. By (8.2), we
have C1

H(D(sE)\(τi,D ◦ fi)−1(UE)) ≥ γE for all i ∈ I\(G ∪ JE). Hence E ̸∈ I(F ′)

as desired.
In the following, we consider the case E ∩D ̸= ∅. We take an open neighbor-

hood U ′
E ⊂ UE of E so that U ′

E ∩ UD ⊂ UD − p−1(p(UD − UE)). Then for τ ∈ ID
with |τ | ≥ 1, we have

(8.5) U ′
E ∩ UD ⊂ τ(UE).

By τi,D ◦ fi(Ωi) ⊂ UD, we have

(τi,D ◦ fi)−1(U ′
E) ∩ Ωi ⊂ (τi,D ◦ fi)−1(U ′

E ∩ UD).
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By (8.3) and (8.5), we have

(τi,D ◦ fi)−1(U ′
E ∩ UD) ⊂ (τi,D ◦ fi)−1(τi,D(UE)) = f−1

i (UE).

Hence we get

(8.6) (τi,D ◦ fi)−1(U ′
E) ∩ Ωi ⊂ f−1

i (UE).

By (8.2) and the de�nitions of s and γ, we have C1
H(D(s)\f−1

i (UE)) ≥ γ for all
i ∈ I\JE . Then (8.4) yields that C1

H(Ωi\f−1
i (UE)) ≥ γ′ for all i ∈ G\JE . Hence by

(8.6), we have C1
H(Ωi\(τi,D ◦ fi)−1(U ′

E)) ≥ γ′, thus C1
H(D(s)\(τi,D ◦ fi)−1(U ′

E)) ≥
γ′ for all i ∈ G\JE . By (8.2), the same holds for all i ∈ I\JE . Thus E ̸∈ I(F ′) as
desired.

Now starting from F , we set F1 = F ′. Inductively, we get F2,F3, . . . by
Fk+1 = F ′

k. Then by the above consideration, we have I(Fk) ⫌ I(Fk+1). Hence
we get IFn = ∅ for some n. Then Fn satis�es Assumption 6.2.

Lemma 8.2. Let p : W → V be a vector bundle, where V is a smooth projective

variety. We consider V ⊂ W by the zero-section. Let F = (fi)i∈I be an in�nite

indexed family in Hol(D,W ). Assume that F → V and that {p ◦ fi}i∈I converges

uniformly on compact subsets of D to g : D→ V . Then F converges uniformly on

compact subsets of D to g.

Proof. We equip W with a smooth Hermitian metric. We denote by ∥ · ∥W the
associated Euclidean norm on each �ber of p : W → V . Let O1, . . . , On ⊂ V be an
open set in the standard topology of V such that V ⊂ O1 ∪ · · · ∪On. Assume that
W |Oj

= Ck × Oj and that letting φj : W |Oj
→ Ck be the �rst projection, there

exists a positive constant cj > 1 such that

(8.7)
1

cj
∥φj(x)∥ ≤ ∥x∥W ≤ cj∥φj(x)∥

for all x ∈W |Oj
. Let δ be a distance function on V which determines the standard

topology on V . Let O′
j ⋐ Oj be an open set such that V ⊂ O′

1 ∪ · · · ∪ O′
l. There

exists a positive constant α > 0 such that for all j = 1, . . . , n, we have

(8.8) δ(O′
j , V −Oj) > α.

Let τ : V ×W → R≥0 be de�ned by

τ(x, y) = δ(x, p(y)) + ∥y∥W .

Let r ∈ (0, α/2) and s ∈ (0, 1). We claim that there exists a �nite set E ⊂ I such
that, for all i ∈ I\E and z ∈ D(s), we have

(8.9) τ(g(z), fi(z)) < r.
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We prove this. Let s′ ∈ (s, 1). Since {p ◦ fi}i∈I converges uniformly on compact
subsets of D to g, there exists a �nite subset E1 ⊂ I such that for all i ∈ I\E1 and
z ∈ D(s′), we have

(8.10) δ(g(z), p ◦ fi(z)) < r/2.

Set c = max1≤j≤n{cj} and

U =
{
x ∈W ; ∥x∥W < r/2c2

}
.

Then since ∥ · ∥W : W → R≥0 is continuous, U ⊂ W is an open neighborhood of
V ⊂ W . We take γ ∈ (0, s

′−s
2 ) such that if ∆ ⊂ D(s′) is a disc of radius γ, then

for all z, z′ ∈ ∆, we have

(8.11) δ(g(z), g(z′)) < α/2.

By F → V , there exists a �nite subset E2 ⊂ I such that, for all i ∈ I\E2, we have

(8.12) C1
H(D(s′)\f−1

i (U)) < γ′,

where γ′ = γ/4. Set E = E1 ∪ E2. For all i ∈ I\E and z ∈ D(s), we claim

(8.13) ∥fi(z)∥W < r/2.

To show this, we take z ∈ D(s) and i ∈ I\E. Given ρ ∈ (0, γ), we denote by
∆ρ the disc of radius ρ centered at z. By γ < s′−s

2 , we have ∆ρ ⊂ D(s′). We
take O′

j such that g(z) ∈ O′
j . To show p ◦ fi(∆ρ) ⊂ Oj , we take w ∈ ∆ρ. Then

by (8.11), we have δ(g(z), g(w)) < α/2. By w ∈ D(s′), the estimate (8.10) yields
δ(g(w), p ◦ fi(w)) < α/4. Hence we have δ(g(z), p ◦ fi(w)) < α. Hence by (8.8),
we have p ◦ fi(w) ∈ Oj . This shows p ◦ fi(∆ρ) ⊂ Oj , thus fi(∆ρ) ⊂ W |Oj

.
By (8.12), there exists ρ ∈ (0, γ) such that fi(∂∆ρ) ⊂ U . By (8.7), we have
∥φj ◦ fi(w)∥ < r/2cj for all w ∈ ∂∆ρ. Since ∥φj ◦ fi∥ is subharmonic on ∆ρ, the
maximum principle yields ∥φj ◦ fi(z)∥ < r/2cj . By (8.7), we get (8.13). Thus by
(8.10) and (8.13), we get (8.9).

For r > 0 and x ∈ V , we set Bx(r) = {y ∈W ; τ(x, y) < r}. Note that τ(x, y)
is continuous with respect to y ∈ W . Hence Bx(r) ⊂ W is an open subset. Let d
be a distance function on W which induces the topology on W . Let ε > 0. Then
we may take a positive constant rε > 0 such that

(8.14) sup
y∈Bx(rε)

d(x, y) < ε

for all x ∈ V . To prove this, we note that for each x ∈ V , we may take rε,x > 0 such
that supy∈Bx(rε,x) d(x, y) < ε/4. We consider the open covering {Bx(rε,x/2)}x∈V
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of V ⊂ W . Since V is compact, there exist x1, . . . , xl ∈ V such that V ⊂
Bx1

(rε,x1
/2) ∪ · · · ∪ Bxl

(rε,xl
/2). We set rε = min1≤j≤l{rε,xj

/2}. Let x ∈ V .
Then there exists xj such that x ∈ Bxj

(rε,xj
/2). Let y ∈ Bx(rε). Then we have

τ(xj , y) ≤ δ(xj , x) + τ(x, y) < rε,xj
.

Hence y ∈ Bxj
(rε,xj

). Thus d(x, y) ≤ d(xj , x)+ d(xj , y) < ε/2. This proves (8.14).
Now we prove that F converges uniformly on compact subsets of D to g. Let

s ∈ (0, 1) and let ε > 0. Then by (8.9) applied to r = min{α/3, rε}, there exists a
�nite subset E ⊂ I such that for all i ∈ I\E, we have

τ(g(z), fi(z)) < rε

for all z ∈ D(s). By (8.14), we have d(g(z), fi(z)) < ε for all z ∈ D(s) and i ∈ I\E.
Thus F converges uniformly on compact subsets of D to g.

Lemma 8.3. Let Ā be a smooth equivariant compacti�cation of A and let ωĀ
be a smooth positive (1, 1)-form on Ā. Let F ⊂ Hol(D, A) be an in�nite set of

holomorphic maps which satis�es Assumption 6.2. Assume that for all 0 < r < 1,

we have

sup
f∈F

{∫
D(r)

f∗ωĀ

}
<∞.

Then there exists an in�nite subset G ⊂ F such that G converges uniformly on

compact subsets of D to some g : D→ A.

Proof. The proof divides into three steps.

Step 1. We �rst consider the case that A is an abelian variety. In this case, we have
Ā = A. We may assume that ωA is a positive invariant (1, 1)-form. Let σ ∈ (0, 1).
We shall show that F is equicontinuous on D(σ). Namely we prove

sup
w∈D(σ)

sup
f∈F

{
|f ′(w)|ωA

}
<∞.

Let s ∈ (σ, 1). We set

c = sup
f∈F

{∫
D(s)

f∗ωA

}
.

Let w ∈ D(σ). Recall φw,s : D(s)→ D(s) from (4.5). Then∫
D(s)

(f ◦ φw,s)∗ωA =

∫
D(s)

f∗ωA ≤ c.

For r ∈ (0, s), we set

u(r) =

∫ 2π

0

|(f ◦ φw,s)′(reiθ)|2ωA
dθ.
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Since |(f◦φw,s)′(z)|2ωA
is subharmonic on D(s), we have 2π|(f◦φw,s)′(0)|2ωA

≤ u(r).
Hence ∫

D(s)
(f ◦ φw,s)∗ωA =

∫ s

0

u(r)r dr ≥ πs2|(f ◦ φw,s)′(0)|2ωA
.

This shows

|(f ◦ φw,s)′(0)|ωA
≤

√
c

πs2
.

Hence by (4.6), we have

|f ′(w)|ωA
≤ s+ σ

s− σ

√
c

πs2
.

Hence F is equicontinuous on D(σ). By the Arzelá�Ascoli theorem, there exists a
subsequence G ⊂ F such that G converges uniformly on compact subsets of D to
some g : D→ A.

Step 2. We consider the case A = (Gm)k. We are given an equivariant compacti�-
cation Ā. Then by Lemma 6.4, there exists s0 ∈ (0, 1) such that for all r ∈ (s0, 1),
we have

(8.15) sup
f∈F

{
m(r, f, λ∂A)

}
<∞.

Let pi : A→ Gm be the i-th projection. Let τi : Wi → Ā be a smooth modi�cation
such that pi : A→ Gm extends to pi : Wi → P1. Then we have

supp pi
∗((0) + (∞)) ⊂ supp τ∗i ∂A.

Hence by (8.15), we get

(8.16) sup
f∈F

{
m(r, pi ◦ f, λ(0)+(∞))

}
<∞

for all r ∈ (s0, 1). Note that m(r, pi ◦ f, λ(0)+(∞)) is an increasing function on r.
Hence (8.16) holds for all r ∈ (0, 1). Thus by Montel's theorem (cf. [30, Thm. 1.6,
p. 230] or [13, p. 233]), there exists an in�nite subset G1 ⊂ F such that (p1 ◦f)f∈G1

converges uniformly on compact subsets of D to g1 : D → C. By (8.16), we have
g1 ̸≡ 0. Hence we have g1 : D → Gm. By the same argument, there exists an
in�nite subset G2 ⊂ G1 such that (p2 ◦ f)f∈G2

converges uniformly on compact
subsets of D to g2 : D → C. Again we have g2 : D → Gm. In this way, we get
G1 ⊃ G2 ⊃ · · · ⊃ Gk. We set G = Gk. Then G is an in�nite set and converges
uniformly on compact subsets of D to (g1, . . . , gk) : D→ (Gm)k.
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Step 3. We consider the general case with 0→ T → A
p−→ A0 → 0. By Lemma A.6,

there exists an equivariant compacti�cation T such that Ā = (T ×A)/T . We take
the universal covering Ã0 → A0. We consider 0 → T → A×A0

Ã0
p̃−→ Ã0 → 0,

which has a splitting. Then we have Ā ×A0 Ã0 = T × Ã0. Let q : Ā ×A0 Ã0 → T

be the �rst projection and π : Ā×A0
Ã0 → Ā be the natural map. We continue to

write p : Ā→ A0 and p̃ : Ā×A0 Ã0 → Ã0:

Ā

p

��

Ā×A0
Ã0

πoo

p̃

��

q
// T

A0 Ã0.oo

Now we claim that there exists an in�nite subset F ′ ⊂ F such that (p ◦
f)f∈F ′ converges uniformly on compact subsets of D. Indeed, if {p ◦ f ; f ∈ F} ⊂
Hol(D, A0) is a �nite subset, we take an in�nite subset F ′ ⊂ F such that p ◦ f
is all the same for all f ∈ F ′; otherwise we apply the �rst step for the in�nite
subset {p ◦ f ; f ∈ F} ⊂ Hol(D, A0) to get an in�nite subset F ′ ⊂ F such that
(p◦f)f∈F ′ converges uniformly on compact subsets of D. For each f ∈ F ′, we take
a lifting f̃ : D→ A×A0 Ã0. We may assume that (p̃ ◦ f̃)f∈F ′ converges uniformly
on compact subsets of D to h : D → Ã0. For each �xed r ∈ (0, 1), there exists a
compact set Kr ⊂ Ã0 such that h(D(r)) ⊂ Ko

r , where K
o
r is the interior of Kr.

Then for all f ∈ F ′ with �nite exception, we have p̃ ◦ f̃(D(r)) ⊂ Ko
r . Let ωT be a

smooth positive (1, 1)-form on T . Note that there exists a positive constant cr > 0

such that q∗ωT ≤ crπ∗ωĀ on p̃−1(Kr). Hence we have

sup
f∈F ′

{∫
D(r)

(q ◦ f̃)∗ωT

}
<∞.

Next we claim that (q ◦ f̃)f∈F ′ satis�es Assumption 6.2. Let D ⊂ ∂T be an
irreducible component. Then (D × A)/T is an irreducible component of ∂A with
π(q−1(D)) = (D × A)/T . Since F ′ satis�es Assumption 6.2, there exist an open
neighborhood (D×A)/T ⊂ U0 ⊂ Ā, s0 ∈ (0, 1), γ0 > 0, and a �nite subset E ⊂ F ′

such that

C1
H(D(s0)\f−1(U0)) ≥ γ0

for all f ∈ F ′\E (cf. Remark 4.7). Note that q(p̃−1(Ks0)\π−1(U0)) ⊂ T is compact.
SetW = T\q(p̃−1(Ks0)\π−1(U0)). ThenW is an open neighborhood ofD. We have
q−1(W ) ∩ p̃−1(Ks0) ⊂ π−1(U0). Hence for all f ∈ F ′\E with p̃ ◦ f̃(D(s0)) ⊂ Ko

s0 ,
we have

C1
H(D(s0)\(q ◦ f̃)−1(W )) ≥ γ0.
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Thus (q ◦ f̃)f∈F ′ satis�es Assumption 6.2. Hence there exists an in�nite subset
G ⊂ F ′ such that (q ◦ f̃)f∈G converges uniformly on compact subsets of D. Indeed,
if {q ◦ f̃ ; f ∈ F ′} ⊂ Hol(D, T ) is a �nite subset, we take an in�nite subset G ⊂ F ′

such that q ◦ f̃ is all the same for all f ∈ G; otherwise we apply the second step for
the in�nite subset {q◦f̃ ; f ∈ F ′} ⊂ Hol(D, T ) to get an in�nite subset G ⊂ F ′ such
that (q ◦ f̃)f∈G converges uniformly on compact subsets of D. Then G converges
uniformly on compact subsets of D.

Proof of Proposition 3.20. We note that Z is an irreducible Zariski closed set of
Pk+1,A. In the following, we �x l ≥ 1 such that the natural map Tk+l → Z is
surjective under the map Pk+l,A → Pk+1,A. We divide the proof into the following
several steps.

Step 1. We are given a sequence (fn)n∈N in F and a smooth equivariant compact-
i�cation Ā. For a while, we assume furthermore that Ā is projective. Replacing
(fn)n∈N by its subsequence, we may assume that the sequence consists of distinct
elements of F , for otherwise the existence of a convergent subsequence is obvious.
Replacing (fn)n∈N by its subsequence, we may assume that for every irreducible
component D ⊂ ∂A, we have either (1) (fn)n∈N → D, or (2) (fnk

)k∈N ̸→ D for
every subsequence (fnk

)k∈N of (fn)n∈N. This is achieved as follows. Let D1, . . . , Dk

be all irreducible components of ∂A. We de�ne a subsequence G1 of (fn) as fol-
lows. If (fn) contains a subsequence (fn′) such that (fn′) → D1, then we set
G1 = (fn′). Otherwise, we set G1 = (fn). If G1 contains a subsequence (fn′′) such
that (fn′′) → D2, then we set G2 = (fn′′). Otherwise we set G2 = G1. Continue
this process to get Gk. Then Gk satis�es our requirement. We replace (fn) by Gk.

We denote by I the set of all irreducible components Di of ∂A such that
(fn)→ Di. We set V =

⋂
Di∈I Di. When I = ∅, we read V = Ā. By Lemma 3.5,

we have

(8.17) (fn)→ V.

Step 2. We may assume that {0} ∈ Π((fn)n∈N), for otherwise the existence of
a convergent subsequence is obvious. We apply Lemma 8.1 to get an element τn
of the isotropy group for V such that (τn ◦ fn)n∈N satis�es Assumption 6.2. We
take p : W → V from Lemma A.11, where W ⊂ Ā is the total space of the vector
bundle over V . Then we have

(8.18) p ◦ τn ◦ fn = p ◦ fn

for all n ∈ N in Hol(D, V ).
We set S = Pk,A. Then we have Pk+1,A ⊂ S1,A. Since all elements of F

are non-constant, τn ◦ fn : D → A is non-constant for all n ∈ N. Hence we get
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(τn ◦ fn)[k] : D→ A× S, which yields

((τn ◦ fn)[k])S1,A
: D→ S1,A.

Then under the inclusion ι : Pk+1,A ↪→ S1,A, we have ((τn ◦ fn)[k])S1,A
= ι ◦

(τn ◦ fn)Pk+1,A
. We note Z ⊂ Pk+1,A ⊂ S1,A.

Now we claim that (((τn ◦ fn)[k])S1,A
)n∈N ⇒ Z. Indeed, we have

(8.19) (τn ◦ fn)Pk+l,A
= (fn)Pk+l,A

for all n ∈ N (cf. (2.14)). By FPk+l,A
⇒ Tk+l and Remark 3.4, we have

((fn)Pk+l,A
)n∈N ⇒ Tk+l.

Hence ((τn ◦ fn)Pk+l,A
)n∈N ⇒ Tk+l. Thus by Lemma 3.15, we get

((τn ◦ fn)Pk+1,A
)n∈N ⇒ Z.

Hence again by Lemma 3.15, we get (((τn ◦ fn)[k])S1,A
)n∈N ⇒ Z.

In the following, we are going to prove that there exists a subsequence (τnk
◦

fnk
)k∈N which converges uniformly on compact subsets on D to a holomorphic

map D→ A. Set
G = {τn ◦ fn; n ∈ N} ⊂ Hol(D, A).

If G is �nite, the existence of such (τnk
◦fnk

)k∈N is obvious. Hence in the following,
we assume that G is in�nite. We note the following:

� {0} ∈ Π(G).
� G satis�es Assumption 6.2.

� ((φ[k])S1,A
)φ∈G ⇒ Z, where φ[k] : D→ A× S.

These properties follow from the discussion of this step (Step 2).

Step 3. Let ωĀ and ωS be smooth positive (1, 1)-forms on Ā and S, respectively.
We apply Lemma 6.3 to get σ1 ∈ (0, 1) with the following property: Let s ∈ (σ1, 1),
ε > 0, δ > 0. Then there exists µ > 0 such that, for all φ ∈ G, we have

(8.20) Ts(r, φS , ωS) ≤ εTs(r, φ, ωĀ) + µ

for all r ∈ (s, 1) outside some exceptional set with the linear measure less than δ.
Next by (8.19) and Remark 3.13 (3), we have

LIM(GPk+l,A
, {Ek+l,A,A/B}B∈Π(F)) = Tk+l.

Since Z ⊂ S1,A is horizontally integrable, we may take a Zariski closed subset
W ⫋ t(Z) ⊂ S which appears in Proposition 5.1, where t : S1,A → S is the natural
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projection. Let π : Pk+l,A → S be the natural projection. By π(Tk+l) = t(Z), we
have Tk+l ̸⊂ π−1(W ). Let λW ≥ 0 be a Weil function forW . Then λW ◦π is a Weil
function for π∗W ⊂ Pk+l,A. By Π(G) ⊃ Π(F), we may apply Lemma 7.4 to get an
in�nite subset G′ ⊂ G and σ2 ∈ (0, 1) with the following property: Let s ∈ (σ2, 1),
ε > 0, δ > 0. Then there exists β > 0 such that, for all φ ∈ G′, we have

(8.21) m(r, φPk+l,A
, λW ◦ π) ≤ εTs(r, φ, ωĀ) + β

for all r ∈ (s, 1) outside some exceptional set with the linear measure less than δ.
We set σ = {1/2, σ1, σ2}. Note that we have φS(D) ̸⊂W for all φ ∈ G′, which

follows from (8.21).

Step 4. Now we �x s ∈ (σ, 1) arbitrary. We set

δ = (1− s)/5.

By Proposition 5.1 applied to {φ[k]; φ ∈ G} ⊂ Hol(D, A × S), there exist c1 > 0,
c2 > 0, c3 > 0 such that for all φ ∈ G with φS(D) ̸⊂W , we have

Ts(r, φ, ωĀ) ≤ c1Ts(r, φS , ωS) + c2m((s+ r)/2, φS , λW ) + c3

for all r ∈ (s, 1) outside some exceptional set with the linear measure less than δ.
Letting ε = 1/3c2 in (8.21), we obtain that, for all φ ∈ G′, we have

m((s+ r)/2, φS , λW ) ≤ 1

3c2
Ts(r, φ, ωĀ) + β

for all r ∈ (s, 1) outside some exceptional set of the linear measure less than 2δ.
Hence for all φ ∈ G′, we get

Ts(r, φ, ωĀ) ≤
1

3
Ts(r, φ, ωĀ) + c1Ts(r, φS , ωS) + c2β2 + c3

for all r ∈ (s, 1) outside an exceptional set of the linear measure less than 3δ. By
(8.20), letting ε = 1/3c1, we obtain that for all φ ∈ G′, we have

Ts(r, φ, ωĀ) ≤
2

3
Ts(r, φ, ωĀ) + c1µ+ c2β2 + c3

for all r ∈ (s, 1) outside an exceptional set of the linear measure less than 4δ. Thus
for all φ ∈ G′, we get

Ts(r, φ, ωĀ) ≤ c

for all r ∈ (s, 1) outside some exceptional set of linear measure less than 4δ, where
c = 3(c1µ+ c2β2 + c3). We may apply this estimate for some r ∈ (s+ δ, 1). Hence
we get

Ts(s+ δ, φ, ωĀ) ≤ c,
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thus ∫
D(s)

φ∗ωĀ ≤
(s+ δ)c

δ

for all φ ∈ G′. Hence by Lemma 8.3, there exists a subsequence (τnk
◦ fnk

)k∈N
which converges to a holomorphic map g : D→ A.

Step 5. Now we show that (fnk
)k∈N converges uniformly on compact subsets of D

to p ◦ g, where p : W → V . Note that (p ◦ τnk
◦ fnk

)k∈N converges uniformly on
compact subsets of D to p ◦ g. By (8.18), (p ◦ fnk

)k∈N also converges uniformly
on compact subsets of D to p ◦ g. We apply Lemma 8.2. Then by (8.17), (fnk

)k∈N
converges uniformly on compact subsets of D to p ◦ g.

Step 6. So far, we have assumed that Ā is projective. Now let Ā be an arbitrary
smooth equivariant compacti�cation. We may take an equivariant modi�cation
q : Â → Ā such that Â is smooth and projective (cf. Lemma A.8). Then we may
take a subsequence (fnk

)k∈N which converges uniformly on compact subsets of D
to g : D → Â. Then (fnk

)k∈N converges uniformly on compact subsets of D to
q ◦ g : D→ Ā. This concludes the proof.

Corollary 8.4. Let F = (fi)i∈I be an in�nite indexed family of non-constant

holomorphic maps in Hol(D, A) which satis�es Assumption 3.19. Suppose that

there exists k ≥ 0 such that Z ⊂ Pk+1,A ⊂ (Pk,A)1,A is horizontally integrable,

where Z is de�ned by (3.7). Let Ā be a smooth equivariant compacti�cation. Then

there exists an in�nite subfamily G of F such that G converges uniformly on com-

pact subsets of D to g : D→ Ā.

Proof. Set Fo = {fi; i ∈ I} ⊂ Hol(D, A). We may assume that the map I → Fo
is a �nite-to-one mapping. Indeed, otherwise we may take an in�nite subset J ⊂ I
such that fi are all the same for all i ∈ J , hence the assertion is obvious. Thus
we assume the map I → Fo is a �nite-to-one mapping. In particular, Fo is an
in�nite set. We note that Π(Fo) = Π(F). By taking a section of I → Fo, we take
an in�nite subset Io ⊂ I such that Io → Fo is bijective. By Remark 3.13 (3), we
have

LIM((Fo)Pk,A
; {Ek,A,A/B}B∈Π(Fo)) = LIM(FPk,A

; {Ek,A,A/B}B∈Π(F)).

Hence the assumption of Proposition 3.20 is satis�ed for Fo. Hence by Proposi-
tion 3.20 for Fo, we may take an in�nite subset Go ⊂ Fo such that Go converges
uniformly on compact subsets of D. Then we may take an in�nite subset J ⊂ Io
such that J → Go is bijective. We set G = (fi)i∈J to conclude the proof.
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�9. Families of closed subschemes and regular jets

We set Λk = SpecC[ε]/(εk+1). Then we have a sequence of closed immersions

(9.1) Λ0 ↪→ Λ1 ↪→ Λ2 ↪→ · · · .

Let S be a smooth variety. Given a morphism η : Λk → S of schemes, we obtain
the derivative η′ : Λk−1 → TS of η. This map satis�es the following: Let φ be a
local holomorphic function on S. Let d : OS → Ω1

S be the derivation. Then we have

(9.2) (η′)∗dφ =
d

dε
η∗φ,

where d
dε : C[ε]/(ε

k+1)→ C[ε]/(εk) is the derivation. A regular k-jet is a morphism
η : Λk → S such that η′(0) ̸∈ 0TS , where 0TS ⊂ TS is the zero section. Hence
by the composite of η′ and TS − 0TS → S1, we get η[1] : Λk−1 → S1 into the
projectivization S1 = P (TS). Inductively, we obtain η[l] : Λk−l → Sl into Demailly
jet space Sl for 1 ≤ l ≤ k. In particular, we get a point η[k](0) ∈ Sk.

Let Z ⊂ S be a closed subscheme. We de�ne a closed subscheme DZ ⊂
S1 as follows. Let W ⊂ S be an a�ne open set where Z ∩ W is de�ned by
φ1, . . . , φn ⊂ Γ(W,OW ). Then we de�ne the closed subscheme Z̃ ∩W ⊂ TW by
φ1, . . . , φn, dφ1, . . . , dφn. Then this de�nition of Z̃ ∩W does not depend on the
choice of generators φ1, . . . , φn, so well de�ned over W . In general, we cover S by
open a�nes {Wi} and make closed subschemes Z̃ ∩Wi ⊂ TWi. Then we glue these
subschemes and de�ne the subscheme Z̃ ⊂ TS. By the construction, Z̃ is invariant
under the C∗-action on the �bers of TS → S. Thus we get a closed subscheme
DZ = Z̃/C∗ ⊂ S1.

�9.1. Family of closed subschemes

Let V and S be smooth varieties and let X ⊂ V × S be a closed subscheme. For
k ≥ 0, we de�ne a closed subscheme PkX ⊂ V × Sk inductively as follows. We
have V ×TS = T(V×S)/V ⊂ T (V ×S). Hence we get V ×S1 ⊂ (V ×S)1. We de�ne
P1X ⊂ V ×S1 by the restriction of DX ⊂ (V ×S)1 onto V ×S1 ⊂ (V ×S)1. Now
suppose we get a closed subscheme PkX ⊂ V × Sk. We have Sk+1 ⊂ (Sk)1. Thus
we de�ne Pk+1X ⊂ V × Sk+1 by the restriction of

(9.3) P1(PkX) ⊂ V × (Sk)1

onto V × Sk+1 ⊂ V × (Sk)1.

Lemma 9.1. Let V and S be smooth varieties and let X ⊂ V × S be a closed

subscheme. Let ξ : Λk → S be a regular k-jet. Let s0 = ξ(0) ∈ S and sk = ξ[k](0) ∈
Sk. Assume that the natural map (PkX)sk → Xs0 is an isomorphism as schemes.
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Then XΛk
= Xs0 ×Λk as closed subschemes of V ×Λk. Here, XΛk

is the pull-back

of X → S by ξ.

Before proving this lemma, we start from a preliminary observation. LetW ⊂
V be an a�ne open subset and set Z = X ∩ (W × S). For ν = 0, . . . , k, let
Iν ⊂ C[W ] ⊗C C[Λk−ν ] be the de�ning ideal of (PνZ)Λk−ν

, where (PνZ)Λk−ν
is

the pull-back of PνZ ⊂ W × Sν by ξ[ν] : Λk−ν → Sν . We denote ∂
∂ε : C[W ] ⊗C

C[Λk−ν ]→ C[W ]⊗C C[Λk−ν−1] by idC[W ] ⊗ d
dε .

Claim. If h ∈ Iν , then ∂
∂εh ∈ Iν+1.

We prove this claim. Let U ⊂ Sν be an a�ne open subset such that ξ[ν](0) ∈
U . Suppose that PνZ is de�ned by f1, . . . , fn ∈ Γ(W × U,OW×U ) on W × U .
Then (PνZ)Λk−ν

⊂W × Λk−ν is de�ned by g1, . . . , gn ∈ C[W ]⊗C C[Λk−ν ], where
g1, . . . , gn are the images of f1, . . . , fn under the natural map C[W ] ⊗C C[U ] →
C[W ] ⊗C C[Λk−ν ]. We note that (9.2) yields the following commutative diagram
of C[W ]-modules:

C[W ]⊗C C[U ]
idC[W ]⊗ξ∗[ν]

//

idC[W ]⊗dU
��

C[W ]⊗C C[Λk−ν ]
∂
∂ε

��

C[W ]⊗C C[TU ]
idC[W ]⊗(ξ′[ν])

∗
// C[W ]⊗C C[Λk−ν−1].

Hence (Pν+1Z)Λk−ν−1
is de�ned by

ḡ1, . . . , ḡn,
∂

∂ε
g1, . . . ,

∂

∂ε
gn.

Here, ḡ1, . . . , ḡk are the images of g1, . . . , gk under C[W ] ⊗C C[Λk−ν ] → C[W ] ⊗C
C[Λk−ν−1], where C[Λk−ν−1] = C[Λk−ν ]/(εk−ν) (cf. (9.1)).

Now let h ∈ Iν . Then there exist b1, . . . , bn ∈ C[W ] ⊗C C[Λk−ν ] such that
h = b1g1+· · ·+bngn. Then we have ∂

∂εh = ḡ1
∂
∂εb1+ b̄1

∂
∂εg1+· · ·+ ḡn

∂
∂εbn+ b̄n

∂
∂εgn.

Hence ∂
∂εh ∈ Iν+1. This proves our claim.

Proof of Lemma 9.1. We may assume that S is a�ne. Let X ⊂ V × S be de�ned
locally on an a�ne open W ⊂ V by f1, . . . , fn. Then XΛk

⊂ V × Λk is de�ned
locally by g1, . . . , gn ∈ C[W ]⊗CC[Λk], where g1, . . . , gn are the images of f1, . . . , fn
under the natural map C[W ] ⊗C C[S] → C[W ] ⊗C C[Λk]. Let X ⊂ V × Λk
be the constant family X = (Xs0) × Λk over Λk. Then X is de�ned locally by
g1|ε=0, . . . , gn|ε=0. Hence it is enough to show

(g1, . . . , gn) = (g1|ε=0, . . . , gn|ε=0)

as ideals of C[W ]⊗C C[Λk].
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We �rst claim

(9.4)
∂νgi
∂εν
|ε=0 ∈ (g1|ε=0, . . . , gn|ε=0)

for ν = 0, . . . , k, where (g1|ε=0, . . . , gn|ε=0) ⊂ C[W ]. To prove this, we set sν =

ξ[ν](0) ∈ Sν . Then we have

(PkX)sk ⊂ (Pk−1X)sk−1
⊂ · · · ⊂ (P1X)s1 ⊂ Xs0 .

Thus by the assumption (PkX)sk = Xs0 , we have (PνX)sν = Xs0 . By the claim
above, we have ∂νgi

∂εν ∈ Iν . Hence
∂νgi
∂εν |ε=0 ∈ C[W ] is contained in the de�ning ideal

of (PkX)sk ∩W , hence that of Xs0 ∩W . Note that Xs0 ∩W is de�ned on W by
(gi|ε=0)i=1,...,n. This proves (9.4).

Now we have

(9.5) gi = gi|ε=0 + ε
∂gi
∂ε
|ε=0 + · · ·+

1

k!
εk
∂kgi
∂εk
|ε=0.

Hence by (9.4), we get (g1, . . . , gn) ⊂ (g1|ε=0, . . . , gn|ε=0).
Next we show (g1|ε=0, . . . , gn|ε=0) ⊂ (g1, . . . , gn). For this we only show

g1|ε=0 ∈ (g1, . . . , gn), for the other indices are treated in the same manner. Let
J ⊂ (g1, . . . , gn) be the subset of the elements of the form

A = g1|ε=0 + εA1 + · · ·+ εkAk,

where A1, . . . , Ak ∈ (g1|ε=0, . . . , gn|ε=0) ⊂ C[W ]. By (9.4) and (9.5), we have
g1 ∈ J . Hence J ̸= ∅. For each element A ∈ J , we set

µA = min{j; Aj ̸= 0},

where we set µA = k + 1 if Aj = 0 for all j = 1, . . . , k. We put µ = maxA∈J µA.
What we want to show is that µ = k+1. So suppose µ ≤ k. Take A ∈ J such that
µA = µ. Then

A = g1|ε=0 + εµAµ + · · ·+ εkAk.

By Aµ ∈ (g1|ε=0, . . . , gn|ε=0), there exist b1, . . . , bn ∈ C[W ] such that

Aµ = b1g1|ε=0 + · · ·+ bngn|ε=0.

Then by (9.4) and (9.5), we have

A′ = A− εµb1g1 − · · · − εµbngn ∈ J.

Moreover, we have µA′ > µ. This is a contradiction. Hence we have µ = k + 1,
thus g1|ε=0 ∈ (g1, . . . , gn). This completes the proof of our lemma.
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�9.2. Regular jets and Demailly jet spaces

Let S be a smooth variety. We are going to introduce the jet space JkS as in
[45, Sec. 4.2]. This de�nition is equivalent to the usual de�nition described in [35,
Sec. 4.6.1]. See Remark 9.2 below.

Set J0S = S and J1S = TS. For k ≥ 1, the space JkS is a smooth variety
with an embedding

JkS
ιk
↪→ TJk−1S,

where we set ι1 : J1S → TS to be the identity map. We de�ne JkS inductively as
follows. So we suppose that the smooth variety JkS and the embedding ιk : JkS ↪→
TJk−1S are given. Let ϖk : JkS → Jk−1S be the composite of ιk : JkS ↪→ TJk−1S

and the projection TJk−1S → Jk−1S. Then ϖk : JkS → Jk−1S induces the fol-
lowing commutative diagram:

TJkS
pk //

(ϖk)∗

��

JkS

ϖk

��

TJk−1S pk−1

// Jk−1S.

This induces the morphism

µk : TJkS → JkS ×Jk−1S TJk−1S.

The graph of ιk : JkS → TJk−1S de�nes the closed immersion

ι̂k : JkS ↪→ JkS ×Jk−1S TJk−1S.

Then ιk+1 : Jk+1S ↪→ TJkS is de�ned by the base change of ι̂k by µk:

Jk+1S
ιk+1

//

(µk)
′

��

TJkS

µk

��

JkS
ι̂k

// JkS ×Jk−1S TJk−1S.

We get a map (µk)
′ : Jk+1S → JkS from this base change. Letϖk+1 : Jk+1S → JkS

be the composite of ιk+1 : Jk+1S ↪→ TJkS and the projection pk : TJkS → JkS.
Then we note

(9.6) (µk)
′ = ϖk+1.

Indeed, we have (µk)
′ = idJkS ◦ (µk)′ = r1 ◦ ι̂k ◦ (µk)′, where r1 : JkS ×Jk−1S

TJk−1S → JkS is the �rst projection. On the other hand, we have r1 ◦ ι̂k ◦
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(µk)
′ = r1 ◦ µk ◦ ιk+1 = pk ◦ ιk+1. Hence we get (9.6). By [45, Cor. 4.4], the map

ϖk+1 : Jk+1S → JkS is smooth. Hence Jk+1S is smooth.

Remark 9.2. Assume that an a�ne open W ⊂ S admits coordinate functions
χ1, . . . , χn such that TW splits as TW = W × Cn and (dχ1, . . . , dχn) de�nes
the second projection, where n = dimS. Then by [45, Cor. 4.6], we have JkW =

W × Ckn and (dχ1, . . . , dχn, . . . , d
kχ1, . . . , d

kχn) de�nes the second projection.
This shows that our de�nition of JkS coincides with the usual de�nition described
in [35, Sec. 4.6.1].

The space ιk+1 : Jk+1S ↪→ TJkS is characterized as follows.

Lemma 9.3. A map η : W → TJkS from a scheme W factors ιk+1 : Jk+1S ↪→
TJkS if and only if ιk ◦ pk ◦ η = (ϖk)∗ ◦ η. In particular, if we consider the case

W = SpecC, we have

(9.7) Jk+1S =
{
x ∈ TJkS; ιk ◦ pk(x) = (ϖk)∗(x)

}
.

Proof. To prove this, we suppose that η : W → TJkS satis�es ιk◦pk◦η = (ϖk)∗◦η.
We claim that

(9.8) µk ◦ η = ι̂k ◦ pk ◦ η.

To show this we note that

(9.9) r1 ◦ µk ◦ η = pk ◦ η = r1 ◦ ι̂k ◦ pk ◦ η.

We also have

(9.10) r2 ◦ µk ◦ η = (ϖk)∗ ◦ η,

where r2 : JkS ×Jk−1S TJk−1S → TJk−1S is the second projection of the �ber
product:

JkS ×Jk−1S TJk−1S
r2 //

r1

��

TJk−1S

pk−1

��

JkS ϖk

// Jk−1S.

By our assumption ιk ◦ pk ◦ η = (ϖk)∗ ◦ η, we have

(9.11) (ϖk)∗ ◦ η = ιk ◦ pk ◦ η = r2 ◦ ι̂k ◦ pk ◦ η.

Hence by (9.10) and (9.11), we have r2◦µk ◦η = r2◦ ι̂k ◦pk ◦η. Combining this with
(9.9), we get (9.8) by the universal property of the �ber product. Hence by (9.8),
the universal property of the �ber product yields the map (η, pk ◦ η) : W → Jk+1S
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such that the composition with ιk+1 : Jk+1S → TJkS is equal to η. Hence η factors
ιk+1 : Jk+1S ↪→ TJkS.

To prove the converse, we claim

(9.12) ιk ◦ pk ◦ ιk+1 = (ϖk)∗ ◦ ιk+1.

Indeed, by (9.6), we have (µk)′ = pk ◦ ιk+1. Hence we have the following equalities:

ιk ◦ pk ◦ ιk+1 = r2 ◦ ι̂k ◦ pk ◦ ιk+1 = r2 ◦ ι̂k ◦ (µk)′ = r2 ◦ µk ◦ ιk+1 = (ϖk)∗ ◦ ιk+1.

Hence if η : W → TJkS factors ιk+1 : Jk+1S ↪→ TJkS, we have ιk ◦ pk ◦ η =

(ϖk)∗ ◦ η.

Let l ≥ k. Given a morphism η : Λl → S, we obtain jkη : Λl−k → JkS such
that

(9.13) ιk ◦ jkη = (jk−1η)
′.

Indeed, to show the existence of jkη by induction on k, we assume the existence
for k. Then we have

ιk ◦ pk ◦ (jkη)′ = ιk ◦ jkη = (jk−1η)
′ = (ϖk)∗ ◦ (jkη)′.

Hence, by Lemma 9.3, the map (jkη)
′ : Λl−k−1 → TJkS factors ιk+1 : Jk+1S ↪→

TJkS. Thus we get jk+1η : Λl−k−1 → Jk+1S such that ιk+1 ◦ jk+1η = (jkη)
′.

Let J reg
k S ⊂ JkS be the Zariski open which is the inverse image of TS−{0TS}

under the map JkS → TS, provided k ≥ 1. We set J reg
0 S = S. Note that the map

Jk+1S → JkS induces J reg
k+1S → J reg

k S.

Lemma 9.4. Let S and M be smooth algebraic varieties. Let V ⊂ TM be an

algebraic vector subbundle and let M̃ = P (V ). Let k ≥ 0. Let φ : J reg
k S →M be a

morphism such that the induced map φ∗ : TJ
reg
k S → TM satis�es

φ∗(ιk+1(J
reg
k+1S)) ⊂ V \{0V }.

Let Φ: J reg
k+1S → M̃ be the composite of the following morphisms:

J reg
k+1S

φ∗◦ιk+1−−−−−→ V \{0V }
τ−→ M̃.

Then the induced map Φ∗ : TJ
reg
k+1S → TM̃ satis�es Φ∗(ιk+2(J

reg
k+2S)) ⊂ Ṽ \{0V },

where Ṽ ⊂ TM̃ is de�ned by (2.1).
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Proof. We �rst show that the following diagram is commutative:

(9.14)

J reg
k+1S

Φ //

ϖk+1

��

M̃

π

��

J reg
k S

φ
// M.

Indeed, π ◦ Φ is the composite of

J reg
k+1S

ιk+1−−−→ TJ reg
k S

φ∗−−→ TM
q−→M.

By the de�nition of the derivation, we have q ◦ φ∗ = φ ◦ pk, i.e., the following
diagram is commutative:

TJ reg
k S

φ∗ //

pk

��

TM

q

��

J reg
k S

φ
// M.

Hence we get

π ◦ Φ = q ◦ φ∗ ◦ ιk+1 = φ ◦ pk ◦ ιk+1 = φ ◦ϖk+1.

This shows that (9.14) is commutative.
Now by (9.14), we get the following commutative diagram:

(9.15)

J reg
k+2S

ιk+2
//

ϖk+2

��

TJ reg
k+1S

Φ∗ //

(ϖk+1)∗

��

TM̃
q̃
//

π∗

��

M̃

π

��

J reg
k+1S ιk+1

// TJ reg
k S

φ∗
// TM

q
// M.

Indeed, the only non-trivial part is the relation (ϖk+1)∗ ◦ ιk+2 = ιk+1 ◦ϖk+2. To
show this, we note (ϖk+1)∗◦ιk+2 = ιk+1◦pk+1◦ιk+2, which follows from Lemma 9.3
(cf. (9.12)). Thus by pk+1 ◦ ιk+2 = ϖk+2, we get (ϖk+1)∗ ◦ ιk+2 = ιk+1 ◦ ϖk+2.
Thus the above diagram (9.15) is commutative.

We take y ∈ J reg
k+2S. We want to show

(9.16) Φ∗ ◦ ιk+2(y) ∈ Ṽq̃◦Φ∗◦ιk+2(y).

Let τ : V \{0V } → M̃ be the projection. By the de�nition of Φ, we have

(9.17) Φ ◦ pk+1 ◦ ιk+2 = Φ ◦ϖk+2 = τ ◦ φ∗ ◦ ιk+1 ◦ϖk+2 = τ ◦ π∗ ◦ Φ∗ ◦ ιk+2,
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where the last equality follows from the commutativity of (9.15). Since Φ∗ is the
derivation of Φ: J reg

k+1S → M̃ , we have q̃ ◦ Φ∗ = Φ ◦ pk+1. Combining this with
(9.17), we have

q̃ ◦ Φ∗ ◦ ιk+2 = Φ ◦ pk+1 ◦ ιk+2 = τ ◦ π∗ ◦ Φ∗ ◦ ιk+2.

Thus we observe that q̃(Φ∗◦ιk+2(y)) ∈ M̃ is the image of π∗(Φ∗◦ιk+2(y)) under the
map τ : V \{0} → M̃ . Hence by the de�nition of Ṽ ⊂ TM̃ (cf. (2.1)), we get (9.16).
By the assumption of φ, we have π∗(Φ∗◦ιk+2(y)) ̸∈ 0TM . Hence Φ∗◦ιk+2(y) ̸∈ 0

TM̃
.

Hence Φ∗ ◦ ιk+2(y) ∈ Ṽ \{0V }. The proof is completed.

For each k ≥ 0, we de�ne a morphism φk : J
reg
k S → Sk inductively as follows.

We recall from Section 2 the vector subbundle Vk ⊂ TSk so that Sk+1 = P (Vk).
We set φ0 : S → S to be the identity map, where S0 = S and J reg

0 S = S. Then
we have (φ0)∗(ι1(J

reg
1 S)) ⊂ V0\{0}, where V0 = TS. Suppose we have constructed

φk : J
reg
k S → Sk which satis�es (φk)∗(ιk+1(J

reg
k+1S)) ⊂ Vk\{0}. Then we de�ne

φk+1 : J
reg
k+1S → Sk+1 by the composite of the following morphisms:

J reg
k+1S

(φk)∗◦ιk+1−−−−−−−→ Vk\{0} → Sk+1.

Then by Lemma 9.4, we have (φk+1)∗(ιk+2(J
reg
k+2S)) ⊂ Vk+1\{0}. Hence we have

constructed φk : J
reg
k S → Sk inductively. By the construction, we have

(9.18) (φk)∗(ιk+1(J
reg
k+1S)) ⊂ Vk\{0}

for all k ≥ 0. By (9.14), the following diagram commutes for all k ≥ 1:

J reg
k S

φk //

ϖk

��

Sk

πk

��

J reg
k−1S φk−1

// Sk−1.

Hence for each s ∈ J reg
k−1S, we get the restriction map

(9.19) φk|ϖ−1
k (s) : ϖ

−1
k (s)→ π−1

k (φk−1(s)).

Here, ϖ−1
k (s) ≃ CdimS and π−1

k (φk−1(s)) ≃ PdimS−1. We set Sreg
k = Sk\Ssing

k

(cf. (2.2)).

Lemma 9.5. Let k ≥ 1. Then for each s ∈ J reg
k−1S, the map (9.19) is smooth and

φk(ϖ
−1
k (s)) = π−1

k (φk−1(s)) ∩ Sreg
k .
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Proof. We prove this by induction on k. Thus we assume the lemma for k and
prove the lemma for k + 1. We take s ∈ J reg

k S. We �rst note that

(9.20) (φk)∗,s(TJreg
k S/Jreg

k−1S,s
) = TSk/Sk−1,φk(s),

where (φk)∗,s : TsJ
reg
k S → Tφk(s)Sk is the induced map. We prove this from the

induction hypothesis as follows. We have

TJreg
k S/Jreg

k−1S,s
= Ts

(
ϖ−1
k (ϖk(s))

)
(φk)∗,s−−−−→ Tφk(s)

(
π−1
k

(
φk−1(ϖk(s))

))
= TSk/Sk−1,φk(s),

where we note the smoothness of ϖk and πk on the �rst and last equalities. By
the induction hypothesis, (9.19) is smooth for k. Hence we get (9.20).

Now we consider the following commutative diagram, where (ϖk)∗ ◦ ιk+1 =

ιk ◦ϖk+1 follows from (9.12) (cf. (9.15)):

(9.21)

J reg
k+1S

ιk+1
//

ϖk+1

��

TJ reg
k S

(φk)∗
//

(ϖk)∗

��

TSk

(πk)∗

��

Vk\{0}oo // Sk+1

πk+1

��

J reg
k S

ιk
// TJ reg

k−1S (φk−1)∗

// TSk−1 Vk−1\{0}oo // Sk.

By (9.7), we have

(9.22) ιk+1(ϖ
−1
k+1(s)) =

{
x ∈ TsJ reg

k S; (ϖk)∗(x) = ιk(s)
}
,

where ιk(s) ∈ Tϖk(s)J
reg
k−1S. We focus on the following two linear maps from (9.21):

TsJ
reg
k S

(φk)∗,s
//

(ϖk)∗,s

��

Tφk(s)Sk.

Tϖk(s)J
reg
k−1S

By (9.22), we have
(ϖk)

−1
∗,s(ιk(s)) = ιk+1(ϖ

−1
k+1(s)).

Hence by (ϖk)
−1
∗,s(0) = TJreg

k S/Jreg
k−1S,s

, we note that ιk+1(ϖ
−1
k+1(s)) is a translate of

the linear subspace TJreg
k S/Jreg

k−1S,s
in the linear space TsJ

reg
k S. Hence by (9.20), we

observe that (φk)∗,s(ιk+1(ϖ
−1
k+1(s))) is a translate of TSk/Sk−1,φk(s). By (9.18), we

have

(9.23) (φk)∗,s
(
ιk+1(ϖ

−1
k+1(s))

)
⊂ Vk,φk(s)\{0}.
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On the other hand, we have TSk/Sk−1,φk(s) ⊂ Vk,φk(s) (cf. (2.4)) and PVk,φk(s) =

π−1
k+1(φk(s)). Byϖk(s) ∈ J reg

k−1S, the induction hypothesis yields that φk(s) ∈ S
reg
k .

Hence the hyperplane PTSk/Sk−1,φk(s) ⊂ PVk,φk(s) is equal to π
−1
k+1(φk(s)) ∩ S

sing
k+1

(cf. (2.5)). Since (φk)∗,s(ιk+1(ϖ
−1
k+1(s))) is the translate of TSk/Sk−1,φk(s) in the

linear space Vk,φk(s), (9.23) yields that

(φk)∗,s
(
ιk+1(ϖ

−1
k+1(s))

)
→ π−1

k+1(φk(s)) ∩ S
reg
k+1

is an isomorphism under the restriction of the projectivization Vk,φk(s)\{0} →
PVk,φk(s). Now we look at the two morphisms

ιk+1(ϖ
−1
k+1(s))

(φk)∗,s−−−−→ (φk)∗,s
(
ιk+1(ϖ

−1
k+1(s))

)
→ π−1

k+1(φk(s)) ∩ S
reg
k+1,

where the �rst map is a translate of the linear map TJkS/Jk−1S,s → TSk/Sk−1,φk(s)

which is surjective by (9.20). Hence ϖ−1
k+1(s)→ π−1

k+1(φk(s))∩S
reg
k+1 is smooth and

φk+1(ϖ
−1
k+1(s)) = π−1

k+1(φk(s)) ∩ S
reg
k+1. This completes the induction step.

Lemma 9.6. For each k ≥ 1 we have φk(J
reg
k S) = Sreg

k .

Proof. The proof is by induction on k. The case k = 1 is trivial. So we assume the
case k − 1 and prove the case k. Let x ∈ Sreg

k . Then πk(x) ∈ Sreg
k−1. Hence by the

induction hypothesis, there exists s ∈ J reg
k−1S such that φk−1(s) = πk(x). Then by

Lemma 9.5, there exists s′ ∈ ϖ−1
k (s) such that φk(s′) = x.

Lemma 9.7. Let η : Λl → S be a regular l-jet. Then we have φk ◦ jkη = η[k] as

elements in Hom(Λl−k, Sk).

Proof. The proof is by induction on k. The case k = 0 is trivial. So we assume the
case k − 1 and prove the case k. By the induction hypothesis, we have (φk−1)∗ ◦
(jk−1η)

′ = (η[k−1])
′. By (9.13), we have (φk−1)∗◦(jk−1η)

′ = (φk−1)∗◦ιk◦jkη. Thus
we get (φk−1)∗◦ιk◦jkη = (η[k−1])

′. We composite these maps with Vk−1\{0} → Sk.
Then by the de�nitions of φk and η[k], we have φk ◦ jkη = η[k]. This completes the
induction step.

Lemma 9.8. Let w ∈ J reg
k S. Then there exists a regular k-jet η : Λk → S such

that jkη(0) = w.

Proof. We �rst consider the case S = A1. Let x be the coordinate of A1. Then
JkA1 = Ak+1, where x, dx, . . . , dkx are the coordinate functions of JkA1. Let
w = (w0, w1, . . . , wk). We de�ne η : Λk → A1 by

x = w0 + w1ε+
w2

2!
ε2 + · · ·+ wk

k!
εk.
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Then we have jkη(0) = w. By w ∈ J reg
k S, we have w1 ̸= 0. Hence η is regular.

This proves our lemma when S = A1.
Next we consider the case S = An. In this case, we have the natural splitting

JkAn = (JkA1)n. Let pi : JkAn → JkA1 be the i-th projection. We take ηi : Λk →
A1 such that jkηi(0) = pi(w). We set η = (η1, . . . , ηk). Then we have jkη(0) = w.
By w ∈ J reg

k An, there exists i such that pi(w) ∈ J reg
k A1. Then ηi is regular. Hence

η is regular. This proves our lemma when S = An.
In general, we may assume that S is a�ne and has local coordinate functions

χ1, . . . , χn described in Remark 9.2. Then χ = (χ1, . . . , χn) : S → An is étale. This
induces χ∗ : JkS → JkAn so that djxi◦χ∗ = djχi. We have χ∗(w) ∈ J reg

k An. By the
previous step, there exists a regular k-jet ξ : Λk → An such that jkξ(0) = χ∗(w).
We take η : Λk → S such that χ◦η = ξ and η(0) is the image of w under JkS → S.
Then by χ∗ ◦ jkη = jkξ, we have jkη(0) = w.

Corollary 9.9. Let w ∈ Sreg
k . Then there exists a regular k-jet η : Λk → S such

that η[k](0) = w.

Proof. By Lemma 9.6, there exists w′ ∈ J reg
k S such that φk(w

′) = w. By
Lemma 9.8, there exists a regular k-jet η : Λk → S such that jkη(0) = w′. By
Lemma 9.7, we have η[k](0) = w. This concludes the proof of the corollary. See
also [12, Thm. 6.8].

�9.3. One lemma for regular jets

Lemma 9.10. Let S be a smooth variety. Let Z ⊂ S be a closed subscheme. Then

there exists a positive integer k with the following property: Let η : Λk → S be a

regular k-jet with non-zero �rst derivative η′(0) = v ∈ Tη(0)S, where v ̸= 0. Assume

that η factors Z ⊂ S. Then there exists an irreducible component Z ′ ⊂ Zred such

that [v] ∈ DZ ′ ⊂ S1.

Proof. We may assume that S is a�ne. We �rst prove a weaker statement [v] ∈
D(Zred). Let Zred ⊂ S be de�ned by φ1, . . . , φl. We consider the map Φ: S → Al

de�ned by φ1, . . . , φl. We have Φ−1(0) = Zred. There exists k such that 0k =

Spec(O0,Al/mk) ⊂ Al satis�es Z ⊂ Φ∗0k. Note that φ1, . . . , φl, dφ1, . . . , dφl de�nes
D(Zred) ⊂ S1. Let η : Λk → S be a regular k-jet with non-zero �rst derivative
η′(0) = v ∈ Tη(0)S, where v ̸= 0, such that η factors Z ⊂ S. To show [v] ∈ D(Zred),
we assume on the contrary that [v] ̸∈ D(Zred). Then Φ ◦ η : Λk → Al is regular.
Since Φ ◦ η factors 0k ⊂ Al, we have ((Φ ◦ η)∗x1)k = 0, . . . , ((Φ ◦ η)∗xl)k = 0,
where (Φ ◦ η)∗x1, . . . , (Φ ◦ η)∗xl ∈ C[ε]/(εk+1). Since Φ ◦ η is regular, we may take
i = 1, . . . , l such that (Φ ◦ η)∗xi = a1ε + a2ε

2 + · · · + akε
k with a1 ̸= 0. Then

((Φ ◦ η)∗xi)k = ak1ε
k ̸= 0. This is a contradiction. Hence [v] ∈ D(Zred).
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Now let Z1, . . . , Zl be irreducible closed subschemes of S such that suppZ1,

. . . , suppZl are the irreducible components of suppZ and Z ⊂ Z1 + · · ·+ Zl. Let
k1, . . . , kl be positive integers which are obtained in the previous step for Z1, . . . , Zl.
Set k = k1+ · · ·+kl. Let η : Λ→ S be a regular k-jet with non-zero �rst derivative
η′(0) = v ∈ Tη(0)S, where v ̸= 0, such that η factors Z ⊂ S, hence Z1 + · · · + Zl.
Let ηi : Λki → S, where Λki = SpecC[ε]/(εki+1), be induced from η. Then there
exists i such that ηi factors Zi. Indeed, to see this, we consider closed subschemes
η∗Zi ⊂ Λk. We may write the de�ning ideal of η∗Zi as (εmi) ⊂ C[ε]/(εk+1).
By Z ⊂ Z1 + · · · + Zl, we have η∗Z1 + · · · + η∗Zl = Λk. The de�ning ideal of
η∗Z1 + · · · + η∗Zl is (εm1+···+ml) ⊂ C[ε]/(εk+1). Hence m1 + · · · + ml ≥ k + 1.
We may take i such that mi ≥ ki + 1. Hence ηi : Λki → S factors Zi. Then by
the previous step, we have [v] ∈ D((Zi)red). Note that (Zi)red is an irreducible
component of Zred.

�10. Su�cient condition for horizontal integrability

The main result of this section is Lemma 10.1. This gives a su�cient condition for
Z ⊂ S1,A/B to be horizontally integrable (cf. Section 3.2). This lemma is used in
the proof of Proposition 11.3.

Let Ā be an equivariant compacti�cation of a semi-abelian variety A. Let S be
a smooth variety. Let X ⊂ Ā×S be a closed subscheme. Let X ⊂ Ā×A×S be the
pull-back ofX by the actionm : Ā×A×S → Ā×S de�ned by (x, a, s) 7→ (x+a, s) so
that X(a,s) = Xs−a. Suppose that X ⊂ Ā×S is B-invariant. Then by Lemma A.19
we have a closed subscheme XB ⊂ Ā× (A/B)× S such that X is the pull-back of
XB by the quotient Ā×A×S → Ā× (A/B)×S on the second factor. We get the
closed subscheme PkXB ⊂ Ā× ((A/B)×S)k. By the isomorphism (2.12), we have

Sk,A/B = {0A/B} × Sk,A/B ⊂ (A/B)× Sk,A/B = ((A/B)× S)k.

Using this immersion Sk,A/B ⊂ ((A/B)×S)k, we de�ne a closed subschemeXB,k ⊂
Ā× Sk,A/B by

(10.1) XB,k = (PkXB)|Ā×Sk,A/B
.

Let pk,B : Ā×Sk,A/B → Sk,A/B be the second projection. Let pk,B |XB,k
: XB,k

→ Sk,A/B be the composite of the closed immersion XB,k ↪→ Ā × Sk,A/B and
pk,B . Given y ∈ Sk,A/B , we denote by (XB,k)y ⊂ Ā the scheme-theoretic �ber of
pk,B |XB,k

: XB,k → Sk,A/B over y ∈ Sk,B . For k ≥ l, we have a natural morphism
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PkXB → PlXB . This induces the following commutative diagram:

XB,k
//

pk,B |XB,k

��

XB,l

pl,B |XB,l

��

Sk,A/B // Sl,A/B .

For y ∈ Sk,A/B , let y′ ∈ Sl,A/B be the image of y under the map Sk,A/B → Sl,A/B .
Then we have the map (XB,k)y → (XB,l)y′ of the closed subschemes of Ā.

Let V ⊂ Ā be a closed subscheme. We de�ne Stab(V ) ⊂ A by a ∈ Stab(V ) if
and only if a+ V = V as closed subschemes of Ā. Let Stab0(V ) be the connected
component of Stab(V ) containing the identity element of A. Then Stab0(V ) ⊂ A

is a semi-abelian subvariety.
Let k ≥ 2. We recall Ssing

k,A ⊂ Sk,A from (2.15). Set Sreg
k,A = Sk,A\Ssing

k,A . Then
we have (A×S)regk = A×Sreg

k,A (cf. (2.16)). The purpose of this section is to prove
the following lemma.

Lemma 10.1. Let Ā be an equivariant compacti�cation of A, where Ā is pro-

jective. Let B ⫋ A be a proper semi-abelian subvariety. Let Z ⊂ S1,A/B be an

irreducible Zariski closed set. Let X ⊂ Ā × S be a B-invariant closed subscheme

such that Z ⊂ p1,B(XB,1), where p1,B : Ā×S1,A/B → S1,A/B is the second projec-

tion. Assume that for every integer k ≥ 2, there exists a non-empty Zariski open

subset Ok ⊂ Z such that for every y ∈ Ok the following hold:

(1) Stab0((XB,1)y) = B.

(2) The natural map (XB,1)y → Xτ(y) is an isomorphism as schemes, where

τ : S1,A/B → S is the induced map.

(3) There exists yk ∈ Sreg
k,A/B such that the image of yk under Sk,A/B → S1,A/B is

y, and that the map (XB,k)yk → (XB,1)y is an isomorphism as schemes.

Then Z ⊂ S1,A/B is horizontally integrable.

According to De�nition 3.16, the conclusion of Lemma 10.1 reads the existence
of an immersion U ↪→ (A/B)× S with the following properties:

� q : U → S is étale.

� p′(PTU) ∩ Z ⊂ Z is Zariski dense in Z, where p′ : (A/B)× S1,A/B → S1,A/B

is the second projection.

Before proving Lemma 10.1, we start from algebro-geometric lemmas.
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Lemma 10.2. Let Σ and S be algebraic varieties such that dimΣ = dimS. Let

p : Σ → S be unrami�ed. Assume that S is smooth. Then p : Σ → S is smooth,

hence étale.

Proof. Set d = dimΣ = dimS. We �rst show that Σ is smooth. We have the exact
sequence (cf. [18, Chapter II, Prop. 8.11])

p∗ΩS → ΩΣ → ΩΣ/S → 0.

Since p : Σ → S is unrami�ed, we have ΩΣ/S = 0 (cf. [31, p. 221]). Hence the
morphism p∗ΩS → ΩΣ is surjective. Since p∗ΩS is locally free of rank d, we have
dimΩΣ ⊗ C(x) ≤ d for all x ∈ Σ. For general x ∈ Σ, we have dimΩΣ ⊗ C(x) = d,
so by the upper semi-continuity, this holds for all x ∈ Σ. Since Σ is reduced, this
shows ΩΣ is locally free of rank d (cf. [18, Chapter II, Ex. 5.8]). Hence Σ is smooth.

Since p∗ΩS → ΩΣ is surjective, the induced map ΩS ⊗ C(p(x))→ ΩΣ ⊗ C(x)
is surjective for all x ∈ Σ. Note that ΩS ⊗C(p(x))→ ΩΣ⊗C(x) is the dual of the
induced map on the tangent spaces p∗ : TΣ,x → TS,p(x). Hence p∗ : TΣ,x → TS,p(x) is
injective for all x ∈ Σ. Hence by dimΣ = dimS, we obtain that p∗ : TΣ,x → TS,p(x)
is surjective for all x ∈ Σ. By [18, Chapter III, Prop. 10.4], p : Σ → S is smooth.
See also [31, p. 141].

Next we apply the previous lemma to prove the following lemma.

Lemma 10.3. Let S and W be smooth algebraic varieties. Let p : W → S be a

smooth morphism. Let Σ0 ⊂ W be an irreducible Zariski closed set and x ∈ Σ0.

Assume that p|Σ0 : Σ0 → S is unrami�ed at x ∈ Σ0. Then there exists an irreducible

Zariski closed set Σ ⊂W such that Σ0 ⊂ Σ and p|Σ : Σ→ S is étale at x.

Proof. Let h1, . . . , hk be local de�ning functions of Σ0 ⊂ W around x. Let L =

p−1(p(x)) and set s = dimL. Since p is smooth, L ⊂ W is a smooth subvariety.
Since p|Σ0

is unrami�ed at x ∈ Σ0, we have{
v ∈ TxL; (dh1|TxL)(v) = · · · = (dhk|TxL)(v) = 0

}
= {0}.

Since TxL is an s-dimensional vector space, we may assume that{
v ∈ TxL; (dh1|TxL)(v) = · · · = (dhs|TxL)(v) = 0

}
= {0}.

We take Σ ⊂ W such that Σ is de�ned by h1 = · · · = hs = 0 around x. Since
the images of h1, . . . , hs in mx/m

2
x are linearly independent, Σ is regular at x

(cf. [17, Prop. B.74 (3)]). Hence we may assume that Σ is irreducible and reduced.
Moreover, p|Σ : Σ→ S is unrami�ed at x, and dimΣ ≥ dimW − s = dimS. Hence
dimΣ = dimS. Since unrami�ed is an open condition, there exists a non-empty
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Zariski open set Σ′ ⊂ Σ such that x ∈ Σ′ and Σ′ → S is unrami�ed. Since S is
smooth, Σ′ → S is étale (cf. Lemma 10.2). Hence Σ→ S is étale at x. Since Σ0 is
irreducible, we have Σ0 ⊂ Σ.

Lemma 10.4. Let M , Σ, and H be algebraic varieties. Let c : M × Σ → H be a

dominant morphism. Let V ⊂ Σ be a closed subvariety. Assume that there exists

a non-empty Zariski open set W ⊂ M × V such that the restriction c|W : W →
c(M × V ) is étale. Let a0 ∈M satisfy ({a0}× V )∩W ̸= ∅. Let F ⊂M ×Σ be an

irreducible component of supp c−1(c({a0} × V )) such that {a0}×V ⊂ F . Then we

have the following:

(1) For t∈V with (a0, t)∈W , the induced map F →Σ is unrami�ed at (a0, t)∈F .
(2) Suppose moreover that the restriction c|M×V : M × V → H is dominant and

generically �nite. Then F → Σ is dominant and generically �nite.

Proof. We take t ∈ V such that (a0, t) ∈ W . Let Ft be the scheme-theoretic
�ber of the map F → Σ over t ∈ V . Then Ft = F ∩ (M × {t}), where the
intersection is taken scheme theoretically. We are going to prove OFt,(a0,t) = C.
Since c|W : W → c(M × V ) is étale, the scheme-theoretic intersection F ∩(M×V )

coincides with {a0}×V on some Zariski open neighborhood U ⊂W of (a0, t) ∈W .
Namely F ∩ U = {a0} × V . Hence

Ft ∩ U = U ∩ ({a0} × V ) ∩ (M × {t}) = {(a0, t)},

where {(a0, t)} is a reduced scheme. Hence Ft ∩ U = SpecC. Since Ft ↪→ M × Σ

factors Ft ↪→M×V ↪→M×Σ, we have OFt,(a0,t) = C. Hence F → Σ is unrami�ed
at (a0, t).

Next suppose c|M×V : M × V → H is dominant and generically �nite. Note
that all the irreducible components of �bers ofM×Σ→ H have dimension greater
than or equal to dim(M × Σ)− dimH. Hence we have

dimF ≥ dim(M × Σ)− dimH + dim c({a0} × V ).

Since c|M×V : M × V → H is dominant and generically �nite, we have dimH =

dim(M × V ). By the choice of a0, we have dim c({a0} × V ) = dimV . Hence

dimF ≥ dim(M × Σ)− dim(M × V ) + dimV = dimΣ.

Thus dimF ≥ dimΣ. Since F → Σ is unrami�ed at (a0, t) ∈ F , where (a0, t) ∈W ,
the map F → Σ is dominant and generically �nite.

Lemma 10.5. Let M , Σ, and H be algebraic varieties. Let c : M × Σ → H be

a dominant morphism. Assume that for generic s ∈ Σ, the restriction c|M×{s}:
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M × {s} → H is quasi-�nite. Then there exists a closed subvariety V ⊂ Σ such

that c|M×V : M × V → H is dominant and generically �nite.

Proof. Set d = dim(M ×Σ)− dimH. Let s ∈ Σ and m ∈M satisfy the following:

� c|M×{s} : M × {s} → H is quasi-�nite.

� Set h = c((m, s)) ∈ H and c−1(h) = X. Then all irreducible components of X
have dimension equal to d (cf. [18, Chapter II, Ex. 3.22]).

Let p : M × Σ → Σ be the second projection. By (m, s) ∈ X, we have s ∈ p(X).
Set p(X) = Y . Then all irreducible components of Y have dimension equal to or
less than d. We take a closed subvariety V ⊂ Σ of codimension equal to d such
that {s} = supp(V ∩ Y ) on some Zariski open neighborhood U ⊂ Σ of s ∈ Σ. By
p−1(s) ∩X = c|−1

M×{s}(h), the set p
−1(s) ∩X is �nite. Hence

c−1(h) ∩ (M × V ) ∩ (M × U) = p−1(s) ∩X

consists of �nite points. We note that this set is non-empty for it contains the
point (m, s).

Now we consider the map c|M×V : M ×V → H. Then (c|M×V )
−1(h) contains

zero-dimensional irreducible components. Moreover, dim(M ×V ) = dimH. Hence
c|M×V : M × V → H is dominant and generically �nite.

Proof of Lemma 10.1. The proof divides into several steps. In the following argu-
ment, we �x a projective embedding Ā ⊂ PN .

Step 1. Let Zo = τ(Z) ⊂ S. Let XZo
⊂ Ā × Zo be the base change. Let P

be the Hilbert polynomial of generic �bers of XZo
→ Zo. Let ZPo ⊂ Zo be a

non-empty Zariski open set such that all the �bers over the points of ZPo have
Hilbert polynomial P . Then since ZPo is integral, XZP

o
→ ZPo is �at (cf. [18,

Chapter III, Thm. 9.9]). We denote by {S1, . . . ,Sl} the �attening strati�cation of
the coherent sheaf OX on PN ×S. (See [39, Thm. 4.2.11] for the existence of such
a strati�cation.) Namely, each Si is a locally closed subscheme of S such that

� S =
∐
Si, and

� a map T → S from a scheme T factors
∐
Si → S if and only if XT → T is

�at.

We may choose SP ∈ {Si} such that ZPo ⊂ S factors as

ZPo ⊂ SP .

Then SP ⊂ S is a locally closed subscheme.
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There exists a non-empty Zariski open set So ⊂ S such that SP ↪→ S factors
SP ↪→ So ⊂ S, where SP ↪→ So is a closed immersion. Replacing S by So, we
may assume that SP ⊂ S is a closed subscheme. Under this reduction, the relation
ZPo ⊂ SP implies Zo ⊂ SP . Hence ZPo = Zo.

Step 2. Let X ⊂ Ā×A× S be the pull-back of X by the action m : Ā×A× S →
Ā× S, where (x, a, s) 7→ (x+ a, s) so that

X(a,s) = Xs − a.

Since X is B-invariant, X is B-invariant under the B-action Ā×A×S → Ā×A×S
de�ned by (x, a, s) 7→ (x, a+ b, s) for b ∈ B. Hence there exists a closed subscheme
XB ⊂ Ā×(A/B)×S such that X is the pull-back of XB by the quotient Ā×A×S →
Ā× (A/B)× S on the second factor (cf. Lemma A.19).

Let T → (A/B) × S be a map from a scheme T . Let (XB)T → T be the
pull-back of XB → (A/B) × S by this map T → (A/B) × S. Let XT → T be
the pull-back of X → S by the composition of T → (A/B) × S and the second
projection (A/B)× S → S.

Claim 1. The morphism (XB)T → T is �at if and only if XT → T is �at.

We prove this. Let X ′ ⊂ Ā × A × S be the pull-back of X ⊂ Ā × S by the
map Ā × A × S → Ā × S de�ned by (x, a, s) 7→ (x, s). Let X ′

B be the pull-back
of X by the map Ā × (A/B) × S → Ā × S de�ned by (x, a′, s) 7→ (x, s). Then
X ′ is the pull-back of X ′

B by the quotient Ā × A × S → Ā × (A/B) × S on the
second factor. Note that the isomorphism κ : Ā× A× S → Ā× A× S de�ned by
(x, a, s) 7→ (x+ a, a, s) induces the isomorphism κ|X : X → X ′ over A× S.

Let T ′ → A × S be the pull-back of T → (A/B) × S by the quotient map
A×S → (A/B)×S. Then the induced map T ′ → T is faithfully �at, for A×S →
(A/B) × S is faithfully �at (cf. Remark A.1). Let XT ′ → T ′ be the pull-back
of X → A × S by the map T ′ → A × S. Then we have the following Cartesian
diagram:

XT ′ //

��

(XB)T

��

T ′ // T.

Hence

(10.2) (XB)T → T is �at if and only if XT ′ → T ′ is �at.

Indeed, if XT ′ → T ′ is �at, the composite map XT ′ → T is �at. Note that the
faithful �atness of T ′ → T yields that of XT ′ → (XB)T , for the faithful �atness is



Bloch's Principle for Holomorphic Maps 569

stable under the �ber product. Hence by [17, Cor. 14.12], we obtain that (XB)T →
T is �at. Conversely, the �atness of (XB)T → T yields that of XT ′ → T ′, for the
�atness is stable under the �ber product. Thus we obtain (10.2).

The isomorphism κ induces an isomorphism XT ′ → (X ′)T ′ over T ′. Hence

XT ′ → T ′ is �at if and only if (X ′)T ′ → T ′ is �at.

For the same reason as (10.2), we note that

(X ′)T ′ → T ′ is �at if and only if (X ′
B)T → T is �at.

Note that (X ′
B)T = XT . Hence (XB)T → T is �at if and only if XT → T is �at.

This concludes the proof of the claim.
Now, we note that XSP → SP is �at. Hence by the claim above, the morphism

(XB)(A/B)×SP → (A/B)× SP

is �at. Let Hilb be the Hilbert scheme of closed subschemes of Ā with Hilbert
polynomials P (cf. [39, Thm. 4.3.4]). By (XB)(A/B)×SP → (A/B) × SP , we have
the classi�cation map

c : (A/B)× SP → Hilb.

Step 3. For each (a, s) ∈ (A/B) × SP , we set E(a,s) = c∗(c(a, s)), which is the
scheme-theoretic �ber of c over the point c(a, s) ∈ Hilb. Then E(a,s) ⊂ (A/B)×SP

is a closed subscheme. We claim that

(10.3) E(a,s) = a+ E(0,s).

We prove this. For t : T → (A/B) × S, we get t − a : T → (A/B) × S by the
translation. We denote by (XB)t ⊂ Ā×T the pull-back of XB by t : T → (A/B)×S.
Similarly for (XB)t−a. Let a′ ∈ A be a point whose image under A→ A/B is equal
to a. Then we note that

(10.4) (XB)t = (XB)t−a − a′.

To show this, it is enough to consider the case that t = id: (A/B)×S → (A/B)×S.
Let t′ : A × S → A × S be the identity map and t′ − a′ : A × S → A × S be the
map de�ned by (x, s) 7→ (x− a′, s). Then

Xt′ = Xt′−a′ − a′.

Note that Xt′ (resp. Xt′−a′ − a′) is the pull-back of (XB)t (resp. (XB)t−a − a′)
under the quotient Ā×A× S → Ā× (A/B)× S on the second factor. Moreover,
the induced maps Xt′ → (XB)t and Xt′−a′ − a′ → (XB)t−a− a′ are the categorical
quotients (cf. Lemma A.19). Hence we get (10.4).
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Now we note that t : T → (A/B)× SP factors E(a,s) if and only if

(XB)t = (XB)(a,s) × T

as closed subschemes of Ā× T . We note that

(XB)(a,s) × T = X(a′,s) × T = (Xs − a′)× T = (Xs × T )− a′.

Hence t : T → (A/B)× SP factors E(a,s) if and only if

(XB)t = (Xs × T )− a′

as closed subschemes of Ā× T . Using this, we note that t− a : T → (A/B)× SP

factors E(0,s) if and only if
(XB)t−a = Xs × T

as closed subschemes of Ā×T . Hence (10.4) yields that t : T → (A/B)×SP factors
E(a,s) if and only if t− a : T → (A/B)×S factors E(0,s). Thus E(a,s) = a+E(0,s).
This completes the proof of (10.3).

Step 4. For each [v] ∈ Z, we have τ([v]) ∈ Zo ⊂ SP . Hence for each a ∈ A/B, we
may consider E(a,τ([v])). We prove the following.

Claim 2. For all [v] ∈ (
⋂
k≥2Ok) ⊂ Z and all a ∈ A/B, there exists an

irreducible component E of suppE(a,τ([v])) such that

(10.5) (a, [v]) ∈ DE ⊂ (A/B)× S1,A/B

under the identi�cation (A/B)×S1,A/B = ((A/B)×S)1. Here, E ⊂ (A/B)×S is
a Zariski closed subset.

We prove this. Denoting S′ = (A/B)×S, we have (S′)k = (A/B)×Sk,A/B . For
each k ≥ 2, by our assumptions (2), (3), and Corollary 9.9, we may take a regular
k-jet η : Λk → S′ with η′(0) = (0, v) such that (XB)(0,τ([v])) = (PkXB)η[k](0), where
Λk = SpecC[ε]/(εk+1). Hence by Lemma 9.1, we have

(10.6) (XB)η = (XB)(0,τ([v])) × Λk.

Hence (XB)η → Λk is �at. Let η2 : Λk → S be the composition with η and the
second projection (A/B)×S → S. Then by Claim 1 in Step 2, Xη2 → Λk is �at. By
η2(0) = τ([v]) ∈ Zo, η2 : Λk → S factors SP . Thus η : Λk → S′ factors (A/B)×SP ,
hence E(0,τ([v])) (cf. (10.6)). This holds for all k. Hence by Lemma 9.10, we have

(0, [v]) ∈ DE′

for some irreducible component E′ of suppE(0,τ([v])). By (10.3), we have

E(a,τ([v])) = a+ E(0,τ([v])).
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Hence E = a + E′ is an irreducible component of supp(E(a,τ([v]))). By DE =

a+DE′, we complete the proof of the claim.

Step 5. We are going to take a closed subvariety V ⊂ Zo such that the restriction

c|(A/B)×V : (A/B)× V → c((A/B)× Zo)

is dominant, and generically �nite. Here, c((A/B)× Zo) ⊂ Hilb is the Zariski clo-
sure in Hilb. Note that the set τ(O2) ⊂ Zo is dense and constructible (cf. [18,
Chapter II, Ex. 3.19]), hence contains non-empty Zariski open set. Hence for
generic t ∈ Zo, by assumptions (1), (2), we have Stab0(Xt) = B. Hence the
restriction

c|(A/B)×{t} : (A/B)× {t} → Hilb

is quasi-�nite. We apply Lemma 10.5 to (A/B)× Zo → c((A/B)× Zo) to get our
V ⊂ Zo.

Let W ⊂ (A/B) × V be a non-empty Zariski open subset such that W →
c((A/B)× Zo) is étale. We �x a0 ∈ A/B such that

({a0} × V ) ∩W ̸= ∅.

Step 6. We construct Zariski closed subsets Fo and Σ0 of (A/B)×S. (After U ↪→
(A/B)× S is constructed, these would be irreducible components of U ∩ p−1(Zo)

and U ∩ p−1(suppSP ), where p : (A/B) × S → S is the second projection.) We
consider the restriction

c|(A/B)×Zo
: (A/B)× Zo → c((A/B)× Zo) ⊂ Hilb.

We take an irreducible component Fo of a Zariski closed set

(c|(A/B)×Zo
)−1(c({a0} × V ))

such that {a0} × V ⊂ Fo. Here, c({a0} × V ) ⊂ Hilb is the Zariski closure in Hilb.
We have a map

p|Fo
: Fo → Zo

by the composition of the closed immersion Fo ↪→ (A/B) × Zo and the second
projection p|(A/B)×Zo

: (A/B) × Zo → Zo. Then by Lemma 10.4 (2), the map
p|Fo

: Fo → Zo is dominant and generically �nite.
Next we construct Σ0 ⊂ (A/B)× S so that Fo ⊂ Σ0. Let F be an irreducible

component of Fo ×Zo
Z such that the natural maps F → Fo and p′|F : F → Z

are dominant, where p′ : (A/B) × S1,A/B → S1,A/B is the second projection. We
remark that Fo×ZoZ is a Zariski closed set of (A/B)×Z. Hence F ⊂ (A/B)×Z is a
Zariski closed subset. Let Θ ⊂ (A/B) × SP be a Zariski closed subset de�ned by
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Θ = c−1(c({a0} × V )). Then Θ ⊂ (A/B) × S is a Zariski closed subset. Let
(a, [v]) ∈

⋂
k≥2(p

′|F )−1(Ok) ⊂ F . We take an irreducible component E of
suppE(a,τ([v])) as in Claim 2 of Step 4. By (a, τ([v])) ∈ Fo, we have c((a, τ([v]))) ∈
c({a0} × V ). Hence E ⊂ Θ. Hence there exists an irreducible component Θ′ of Θ
such that E ⊂ Θ′. Then Θ′ ⊂ (A/B)× S is a Zariski closed subset. By (10.5), we
have (a, [v]) ∈ DΘ′. Hence, denoting by Θ1, . . . ,Θl all irreducible components of
Θ, we have ⋂

k

(p′|F )−1(Ok) ⊂ DΘ1 ∪ · · · ∪ DΘl.

Since DΘi ⊂ (A/B)× S are closed subschemes, supp(F ∩DΘi) are Zariski closed
subsets of F . Note that (p′|F )−1(Ok) ⊂ F is a non-empty Zariski open set for
each k. Hence we may choose Σ0 from Θ1, . . . ,Θl such that

(10.7) F ⊂ DΣ0.

Since the natural map F → Fo is surjective, we have

Fo ⊂ Σ0.

In particular, {a0} × V ⊂ Σ0. Hence we may apply Lemma 10.4 (1) for

(A/B)× SP → c((A/B)× SP )

to get that p|Σ0 : Σ0 → S is unrami�ed at generic (a0, t) ∈ {a0} × V , where
p : (A/B)× S → S is the second projection.

Step 7. Now we apply Lemma 10.3 to take Σ ⊂ (A/B)× S from Σ0 ⊂ (A/B)× S
such that Σ0 ⊂ Σ and Σ → S is generically �nite and étale at generic (a0, t) ∈
{a0} × V ⊂ Σ0. We take a Zariski open U ⊂ Σ such that q : U → S is étale,
where q is the restriction of p onto U . We may take U so that ({a0}×V )∩U ̸= ∅,
hence Fo ∩ U ̸= ∅. Hence Fo ∩ U ⊂ Fo is Zariski dense. By (10.7), this shows that
F ∩ PTU ⊂ F is Zariski dense, where PTU = (DΣ)|U in (A/B)× S1,A/B . Hence
p′(F ∩ PTU) ⊂ Z is Zariski dense in Z. Hence p′(PTU) ∩ Z ⊂ Z is Zariski dense
in Z. This shows that the immersion U ↪→ (A/B) × S satis�es the property of
De�nition 3.16. Hence Z is horizontally integrable. This completes the proof of
the lemma.

�11. Verifying the normality condition: Existence of

horizontally integrable Z

The purpose of this section is to prove Proposition 11.3 below. To state this propo-
sition, we introduce some terminology. We recall Π(F) from De�nition 3.18.
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De�nition 11.1. Let X ⊂ A be a closed subvariety. Let Ā be an equivariant
compacti�cation. Let F ⊂ Hol(D, X) be an in�nite set of holomorphic maps. We
de�ne ΛX,Ā(F) to be the set of all semi-abelian subvarieties B ⊂ A such that

(1) F → SpBX, where X ⊂ Ā is the compacti�cation, and

(2) B ̸∈ Π(F).

Let F ⊂ Hol(D, A) be an in�nite set of holomorphic maps. For B ∈ Π(F),
denoting the quotient map by ϖB : A→ A/B, we set

FA/B = (ϖB ◦ f)f∈F .

This is an in�nite indexed family in Hol(D, A/B). Then FA/B contains at most
�nitely many constant maps. We remove these constant maps from FA/B to get
an in�nite subfamily F ′

A/B of FA/B . We consider the following assumption for F .

Assumption 11.2. For every B ∈ Π(F), the in�nite indexed family F ′
A/B in

Hol(D, A/B) satis�es Assumption 3.19.

As we shall see later (cf. Lemma 12.3), every in�nite subset F ⊂ Hol(D, A)
of non-constant holomorphic maps contains an in�nite subset which satis�es this
assumption. Let F ⊂ Hol(D, A) be an in�nite set of holomorphic maps which
satis�es Assumption 11.2. Let B ∈ Π(F). Then there exists a unique Tk,A/B ⊂
Pk,A/B as in Assumption 3.19. We de�ne Zk,A/B ⊂ Pk,A/B by

(11.1) Zk,A/B =
⋃
l≥0

Im(Tk+l,A/B ↪→ Pk+l,A/B → Pk,A/B).

Then by Lemma 3.15, we have FPk,A/B
⇒ Zk,A/B , where we set FPk,A/B

=

(F ′
A/B)Pk,A/B

(cf. (3.5)).

Proposition 11.3. Let X ⊂ A be a closed subvariety and let Ā be a smooth equiv-

ariant compacti�cation, where Ā is projective. Let F ⊂ Hol(D, X) be an in�nite set

of holomorphic maps which satis�es Assumption 11.2. Assume that ΛX,Ā(F) = ∅.
Then there exists a semi-abelian subvariety B ⊂ A such that SpBX ̸= ∅ with the

following properties:

(1) B ∈ Π(F).
(2) There exists k such that Zk+1,A/B ⊂ Pk+1,A/B is horizontally integrable, where

Zk+1,A/B =
⋃
l≥1

Im(Tk+l,A/B ↪→ Pk+l,A/B → Pk+1,A/B).

(3) F → SpBX.
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We note that the assumption ΛX,Ā(F) = ∅ in this proposition reads X ⫋ A.
Indeed, if X = A, then we have A ∈ ΛX,Ā(F), hence ΛX,Ā(F) ̸= ∅.

�11.1. First series of auxiliary lemmas

In this subsection, we prove several lemmas related to the following de�nition.

De�nition 11.4. Let S be a variety and let X be a scheme of �nite type over C.
Let ψ : X → S be a morphism and let Z ⊂ S be a Zariski closed set. Let U be the
set of all Zariski open sets U ⊂ S such that Z ∩ U ̸= ∅. For U ∈ U , we consider
the scheme-theoretic closure ψ−1(U) ⊂ X. We set X[Z] =

⋂
U∈U ψ

−1(U), which
is a closed subscheme of X.

Remark 11.5. Assume that Z is irreducible. Then there exists U ∈ U such that
X[Z] = ψ−1(U). Indeed, by the Noetherian property, there exist U1, . . . , Uk ∈ U
such that X[Z] = ψ−1(U1) ∩ · · · ∩ ψ−1(Uk). Set U = U1 ∩ · · · ∩ Uk. Then since Z
is irreducible, we have U ∈ U . Then we have X[Z] ⊂ ψ−1(U) ⊂ ψ−1(U1) ∩ · · · ∩
ψ−1(Uk). Hence X[Z] = ψ−1(U).

Lemma 11.6. Let X → S and φ : S → T be morphisms, where S and T are

varieties and X is a scheme of �nite type over C. Let ψ : X → T be the composite

of X → S → T . Let V ⊂ S and W ⊂ T be irreducible Zariski closed subsets

such that W ⊂ φ(V ). Then X[V ] ⊂ X[W ]. Moreover, assume that there exists a

Zariski open set U ⊂ T such that U ∩W ̸= ∅ and that ψ−1(U) is integral. Then

X[V ] = X[W ].

Proof. By Remark 11.5, we may take a Zariski open U1 ⊂ T such that U1∩W ̸= ∅
and

(11.2) X[W ] = ψ−1(U1).

We have φ−1(U1) ∩ V ̸= ∅. Hence by the de�nition of X[V ], we have

X[V ] ⊂ ψ−1(U1) = X[W ].

Now we assume moreover that ψ−1(U) is integral for some Zariski open U ⊂ T
such that U ∩W ̸= ∅. We take U1 ⊂ T as above. We may assume U1 ⊂ U . By
φ−1(U1) ∩ V ̸= ∅, we may take U2 ⊂ φ−1(U1) such that p−1(U2) = X[V ], where
p : X → S (cf. Remark 11.5). Since ψ−1(U1) is integral, the inclusion p−1(U2) ⊂
ψ−1(U1) is schematic dense. Hence ψ−1(U1) ⊂ X[V ]. Thus by (11.2), we get
X[W ] ⊂ X[V ]. This concludes the proof of the lemma.

Lemma 11.7. Let T be a variety and let W ⊂ T be an irreducible Zariski closed

subset. Let ψ : X → T and ψ′ : X ′ → T be morphisms from schemes of �nite
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type over C. Let p : X ↪→ X ′ be a closed immersion over T . Assume that there

exists a Zariski open set U ⊂ T such that U ∩ W ̸= ∅ and the induced map

ψ−1(U)→ (ψ′)−1(U) is an isomorphism. Then X[W ] = X ′[W ].

Proof. The immersion p induces a closed immersion X[W ] ↪→ X ′[W ]. Hence we
prove the converse. By Remark 11.5, we may take a Zariski open U ⊂ T such
that U ∩ W ̸= ∅ and ψ−1(U) = X[W ]. By replacing U by a smaller Zariski
open set, we may assume moreover that the induced map ψ−1(U) → (ψ′)−1(U)

is an isomorphism. Hence the scheme-theoretic closure (ψ′)−1(U) ⊂ X ′ factors
X[W ], where X[W ] is a closed subscheme of X ′ by p : X ↪→ X ′. This shows
X ′[W ] ⊂ X[W ].

We recall De�nition 3.1. Let φ : S → T be a morphism of varieties. Let V ⊂ S
andW ⊂ T be irreducible Zariski closed subsets such thatW ⊂ φ(V ). Let ψ : T ′ →
T be aW -admissible modi�cation and set S′ = (S×TT ′)[W ′], whereW ′ ⊂ T ′ is the
minimal transform. Then the induced map S′ → S is a V -admissible modi�cation.
We denote by V ′ ⊂ S′ the minimal transform of V ⊂ S. In this situation, we have
the following lemma.

Lemma 11.8. Let X → S and φ : S → T be morphisms, where S and T are

varieties and X is a scheme of �nite type over C. Let V ⊂ S and W ⊂ T be

irreducible Zariski closed subsets such that W ⊂ φ(V ). Let T ′ → T be a W -

admissible modi�cation and set S′ = (S ×T T ′)[W ′]. Then

(X ×S S′)[V ′] ⊂ (X ×T T ′)[W ′].

Assume moreover that X is integral. Then (X ×S S′)[V ′] = (X ×T T ′)[W ′].

Proof. We �rst prove

(11.3) (X ×S S′)[W ′] = (X ×T T ′)[W ′].

By the closed immersion S′ ↪→ S ×T T ′, we get a closed immersion X ×S S′ ↪→
X ×T T ′. Note that the following is the �ber product:

(11.4)

X ×S S′ //

��

X ×T T ′

��

X ×S (S ×T T ′)

S′ // S ×T T ′.

By Remark 11.5, we may take a Zariski open U1 ⊂ T ′ such that U1 ∩W ′ ̸= ∅,
and a Zariski open set S ×T U1 ⊂ S ×T T ′ is schematic dense in S′ ⊂ S ×T T ′. In
particular, we have an open immersion

(11.5) S ×T U1 ⊂ S′.
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Hence the map S′ → S ×T T ′ over T ′ is an isomorphism over U1 ⊂ T ′. Hence the
closed immersion X ×S S′ ↪→ X ×T T ′ is an isomorphism over U1 ⊂ T ′. Hence by
Lemma 11.7, we get (11.3).

Set X ′ = X×S S′. Let ψ : X ′ → T ′ be the natural map. Since (11.4) is a �ber
product, the open immersion (11.5) yields

(11.6) ψ−1(U1) = X ×T U1.

Now let φ′ : S′ → T ′ be the induced map. We have W ′ ⊂ φ′(V ′). We apply
Lemma 11.6 to get X ′[V ′] ⊂ X ′[W ′]. Hence combining with (11.3), we get

(X ×S S′)[V ′] ⊂ (X ×T T ′)[W ′].

We assume moreover that X is integral. We take a Zariski open set U2 ⊂ T ′

such that T ′ → T is an isomorphism over U2 and U2 ∩W ′ ̸= ∅. We may assume
U2 ⊂ U1. Then by (11.6), we may consider ψ−1(U2) as a Zariski open set of X.
Hence ψ−1(U2) is integral. Hence by Lemma 11.6, we get X ′[V ′] = X ′[W ′]. Hence
by (11.3), we conclude the proof of our lemma.

Lemma 11.9. Let Z ⊂ S be an irreducible Zariski closed set. Let S′ → S be a

Z-admissible modi�cation and let S′′ → S′ be a Z ′-admissible modi�cation, where

Z ′ ⊂ S′ is the minimal transform. Let X → S be a morphism. Then we have

(X ×S S′′)[Z ′′] = ((X ×S S′)[Z ′]×S′ S′′)[Z ′′],

where Z ′′ ⊂ S′′ is the minimal transform.

Proof. The closed immersion (X×SS′)[Z ′] ↪→ X×SS′ induces a closed immersion

((X ×S S′)[Z ′]×S′ S′′)[Z ′′] ↪→ (X ×S S′′)[Z ′′].

We shall show that this is an isomorphism. By Remark 11.5, we may take a Zariski
open set U1 ⊂ S′ such that Z ′ ∩ U1 ̸= ∅ and

(X ×S S′)[Z ′] = X ×S U1.

We denote the natural map by φ : S′′ → S′. By Remark 11.5, we may take a
Zariski open set U2 ⊂ φ−1(U1) such that U2 ∩ Z ′′ ̸= ∅ and

((X ×S S′)[Z ′]×S′ S′′)[Z ′′] = (X ×S S′)[Z ′]×S′ U2.

Hence, we have

X ×S U2 = (X ×S U1)×S′ U2 ⊂ (X ×S S′)[Z ′]×S′ U2

⊂ ((X ×S S′)[Z ′]×S′ S′′)[Z ′′].
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Then by the de�nition of (X ×S S′′)[Z ′′], we have (X ×S S′′)[Z ′′] ⊂ X ×S U2.
Hence we get

(X ×S S′′)[Z ′′] ⊂ ((X ×S S′)[Z ′]×S′ S′′)[Z ′′].

This completes the proof of our lemma.

In the following two lemmas, we consider a closed subscheme X ⊂ PN × S.

Lemma 11.10. Let S′ → S be a Z-admissible modi�cation of varieties, where

Z ⊂ S is an irreducible Zariski closed set. Let X → S be a projective morphism

such that X|Z → Z is �at, where X|Z = X ×S Z. Let Z ′ ⊂ S′ be the minimal

transform. Set X ′ = (X×SS′)[Z ′] and X ′|Z′ = X ′×S′Z ′. Then X ′|Z′ = X|Z×ZZ ′.

In particular, X ′|Z′ → Z ′ is �at.

Proof. The closed immersion X ′ ↪→ X ×S S′ induces a closed immersion

(11.7) X ′|Z′ ↪→ (X ×S S′)|Z′ .

By Remark 11.5, we may take a Zariski open U ⊂ S′ such that U ∩ Z ′ ̸= ∅ and
X ×S U = X ′. In particular, we have an open immersion

(11.8) (X ×S S′)|Z′∩U ⊂ X ′|Z′ .

Since the composite of Z ′ ↪→ S′ → S factors through Z ↪→ S, we have

(11.9) (X ×S S′)|Z′ = X|Z ×Z Z ′.

In particular, the morphism (X ×S S′)|Z′ → Z ′ is �at. Hence by Lemma B.1,
the inclusion (X ×S S′)|Z′∩U ⊂ (X ×S S′)|Z′ is scheme-theoretic dense. Hence by
(11.8), we get (X ×S S′)|Z′ ⊂ X ′|Z′ . Thus by (11.7), we get X ′|Z′ = (X ×S S′)|Z′ .
By (11.9), we get X ′|Z′ = X|Z ×Z Z ′.

Lemma 11.11. Let X ⊂ PN × S be a closed subscheme where S is a variety.

Let Z ⊂ S be an irreducible Zariski closed set. Then there exists a Z-admissible

modi�cation S′ → S such that (X ×S S′)[Z ′]|Z′ → Z ′ is �at, where Z ′ ⊂ S′ is the

minimal transform and (X ×S S′)[Z ′]|Z′ = (X ×S S′)[Z ′]×S′ Z ′.

Proof. We apply Lemma B.2 to get a Z-admissible modi�cation S′ → S and a
Zariski open set U ⊂ S′ such that U ∩ Z ′ ̸= ∅ and that X ′|Z′ → Z ′ is �at,
where X ′ ⊂ X ×S S′ is the scheme-theoretic closure of X ×S U . Then we have
(X ×S S′)[Z ′] ⊂ X ′. Hence (X ×S S′)[Z ′][Z ′] ⊂ X ′[Z ′]. By Lemma 11.9, applied
to S′′ = S′, we get

(X ×S S′)[Z ′][Z ′] = (X ×S S′)[Z ′].



578 K. Yamanoi

Hence (X ×S S′)[Z ′] ⊂ X ′[Z ′]. On the other hand, by X ′ ⊂ X ×S S′, we get
X ′[Z ′] ⊂ (X ×S S′)[Z ′]. Thus X ′[Z ′] = (X ×S S′)[Z ′]. We apply Lemma 11.10 to
X ′ → S′ and idS′ : S′ → S′. The conclusion is X ′[Z ′]|Z′ = X ′|Z′ . Hence (X ×S
S′)[Z ′]|Z′ = X ′|Z′ . Thus (X ×S S′)[Z ′]|Z′ → Z ′ is �at.

�11.2. Second series of auxiliary lemmas

Lemma 11.12. Let X ⊂ Ā×S be a closed subscheme, where S is integral and Ā

is a projective, equivariant compacti�cation. Assume that the induced map X → S

is surjective. Then there exist a non-empty Zariski open set U ⊂ S and a semi-

abelian subvariety C ⊂ A such that Stab0(Xy) = C for all y ∈ U .

Proof. Since S is integral, by replacing S by its non-empty Zariski open set, we may
assume that X → S is �at. For each B ⊂ A, we set VB = {y ∈ S; B ⊂ Stab0(Xy)}.
Then VB ⊂ S is a Zariski closed set. Indeed, let P be the Hilbert polynomial of Xy

for some (hence for all) y ∈ S. Set Y =
⋂
b∈B(X + b) ⊂ X, where the intersection

is taken scheme theoretically. Then y ∈ VB if and only if the Hilbert polynomial
of Yy is equal to P . Hence VB is a Zariski closed set (cf. [46, Lem. 3.1]).

Now let X ⊂ Ā×A×S be the pull-back of X by the action m : Ā×A×S →
Ā× S, where (x, a, s) 7→ (x+ a, s). Then X → A× S is �at. Let c : A× S → Hilb

be the classi�cation map. Let φ : A × S → Hilb × S be the induced map such
that φ(a, s) = (c(a, s), s). Then for each y ∈ S, we have supp(φ−1(φ(0, y))) ⊂
A× {y} = A. We have

supp
(
φ−1(φ(0, y))

)
= Stab(Xy).

For each integer d ≥ 0, let Ed ⊂ S be the set of y ∈ S such that

dim(0,y) φ
−1(φ(0, y)) ≥ d.

Then Ed ⊂ S is a Zariski closed set. We take d such that Ed = S and Ed+1 ⫋ S.
Then for each y ∈ S−Ed+1, we have dimStab0(Xy) = d. Let B1, B2, . . . be the set
of d-dimensional semi-abelian subvarieties of A. Then S − Ed+1 ⊂

⋃
VBi

. Hence
there exists Bi such that S = VBi . For y ∈ S − Ed+1, we have Bi ⊂ Stab0(Xy).
Hence Stab0(Xy) = Bi. We set C = Bi and U = S − Ed+1 to conclude the
proof.

In the following lemma, we recall the de�nition X{0},k ⊂ Ā×Sk,A from (10.1).
We have the isomorphism (A× S)k ≃ A× Sk,A as in (2.12).

Lemma 11.13. Let X ⊂ Ā×S be a closed subscheme, where S is a smooth alge-

braic variety and Ā is a smooth equivariant compacti�cation. Let f ∈ Hol(D, A×S)
satisfy f(D) ⊂ suppX, where f is non-constant. Then f[k](D) ⊂ suppX{0},k.



Bloch's Principle for Holomorphic Maps 579

Proof. We de�ne g : D× D→ A×A× S by

g(z, w) = (fA(z), fA(w)− fA(z), fS(w)).

Let m : Ā×A×S → Ā×S be de�ned by (x, a, s) 7→ (x+a, s). Then m◦ g(z, w) =
(fA(w), fS(w)) ∈ suppX. Hence g(D × D) ⊂ suppX , where X ⊂ A × A × S is a
closed subscheme obtained by the pull-back ofX ⊂ Ā×S bym : Ā×A×S → Ā×S.
By taking the k-th derivative for w, we get ∂kwg : D× D→ A× (A× S)k.

Claim. ∂kwg(D× D) ⊂ suppPkX .

Proof. We prove this by the induction on k. The case k = 0 is obvious. So we
assume the case k and prove the case for k + 1. By

∂kwg : D× D→ PkX ⊂ A× (A× S)k,

we get

∂w(∂
k
wg) : D× D→ DPkX ⊂ (A× (A× S)k)1.

Since ∂w(∂kwg) : D× D→ A× (A× S)k+1 ⊂ (A× (A× S)k)1, we get

∂w(∂
k
wg)(D× D) ⊂ DPkX ∩ (A× (A× S)k+1) = Pk+1X .

This completes the induction step.

By (2.14), we have ∂kwg = (fA(z), fA(w) − fA(z), fSk,A
(w)). Restricting this

to the diagonal D ⊂ D× D, we get

∂kwg ◦∆(z) = (fA(z), 0A, fSk,A
(z)) ∈ A× (A× S)k|A×{0}×Sk,A

.

Hence by X{0},k = PkX ∩ (Ā×{0}×Sk,A), the claim above implies ∂kwg ◦∆(D) ⊂
suppX{0},k. Now under the isomorphism

ψk : A× (A× S)k|A×{0}×Sk,A
→ (A× S)k,

we have ψk ◦ ∂kwg ◦∆ = f[k]. Hence, we have f[k](D) ⊂ suppX{0},k.

Lemma 11.14. Let X ⊂ Ā be a closed subvariety, where Ā is a smooth equiv-

ariant compacti�cation. Let F ⊂ Hol(D, A ∩X) be an in�nite set of non-constant

holomorphic maps. Let Z ⊂ Pk,A be a Zariski closed subset such that FPk,A
⇒ Z.

Let P ′
k,A → Pk,A be a Z-admissible modi�cation and let Z ′ ⊂ P ′

k,A be the minimal

transform. Set X ′
{0},k = (X{0},k ×Pk,A

P ′
k,A)[Z

′]. Then we have f ′[k](D) ⊂ X ′
{0},k

for all f ∈ F with �nite exception, where f ′[k] : D → A × P ′
k,A is the lift of

f[k] : D→ A× Pk,A.
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Proof. By Lemma 3.10, Z is irreducible. By Remark 11.5, we may take a Zariski
open set U ⊂ P ′

k,A such that U ∩ Z ′ ̸= ∅ and X ′
k = ψ−1(U), where ψ : Xk ×Pk,A

P ′
k,A → P ′

k,A is the projection. We may assume moreover that the map P ′
k,A →

Pk,A is isomorphic on U . By Lemma 3.11, we have FP ′
k,A
⇒ Z ′. Hence we have

fP ′
k,A

(D)∩U ̸= ∅ for all f ∈ F with �nite exception. We set Ωf = f−1
P ′

k,A
(U). Then

for all f ∈ F with �nite exception, D − Ωf is discrete and fP ′
k,A

(Ωf ) ⊂ U . By
Lemma 11.13, we have f[k](D) ⊂ X{0},k. This shows f ′[k](Ωf ) ⊂ ψ−1(U), hence
f ′[k](D) ⊂ X

′
{0},k for all f ∈ F with �nite exception.

�11.3. Demailly jet spaces and quotient maps

We recall De�nition 2.1. Let B ⊂ A be a semi-abelian subvariety. For each k ≥ 1,
the quotient A→ A/B canonically induces the map

(11.10) µk : Pk,A\Ek,A,A/B → Pk,A/B

inductively as follows. When k = 1, we have P1,A = P (Lie(A)), E1,A,A/B =

P (Lie(B)), and P1,A/B = P (Lie(A/B)). The map µ1 is de�ned by the projec-
tivization of the quotient map Lie(A)→ Lie(A/B). Suppose we have µk−1. Then
by (µk−1)∗ : T (Pk−1,A\Ek−1,A,A/B)→ TPk−1,A/B and the quotient map Lie(A)→
Lie(A/B), we get

(11.11) T (Pk−1,A\Ek−1,A,A/B)× Lie(A)→ TPk−1,A/B × Lie(A/B).

The kernel of this map is contained in

T (Pk−1,A\Ek−1,A,A/B)× Lie(B) ⊂ T (Pk−1,A\Ek−1,A,A/B)× Lie(A).

Let τ : Pk,A → Pk−1,A be the projection. Then the restriction of the projectiviza-
tion of (11.11) onto Pk,A yields the map

(Pk,A\τ−1(Ek−1,A,A/B))\Ek,A,A/B → Pk,A/B .

Hence by Lemma 2.2, we get µk : Pk,A\Ek,A,A/B → Pk,A/B , which is the map
(11.10) for k.

Now let f : D → A be a holomorphic map. Let fA/B : D → A/B be the
composition of f and the quotient map A → A/B. Assume that fA/B is non-
constant. Then we get fPk,A

: D → Pk,A and (fA/B)Pk,A/B
: D → Pk,A/B , where

fPk,A
(D) ̸⊂ Ek,A,A/B . Then by the construction above, we have

(fA/B)Pk,A/B
= µk ◦ fPk,A

.

Lemma 11.15. Let C ⊂ A be a semi-abelian subvariety such that B ⊂ C ⊂ A.

Then µ−1
k (Ek,A/B,A/C) ⊂ Ek,A,A/C ∩ (Pk,A\Ek,A,A/B).
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Proof. Let (x, [v]) ∈ Pk,A\Ek,A,A/C , where x ∈ Pk−1,A and v ∈ V †
k−1\{0} ⊂

TPk−1,A × Lie(A) (cf. (2.10)). Then v ̸∈ TPk−1,A × Lie(C). Then the image
of v under the map (11.11) is not contained in TPk−1,A/B × Lie(C/B). Hence
µk((x, [v])) ̸∈ Ek,A/B,A/C . This shows

µ−1
k (Ek,A/B,A/C) ⊂ Ek,A,A/C

in Pk,A\Ek,A,A/B .

We recall Zk,A/B ⊂ Pk,A/B from (11.1).

Lemma 11.16. Let F ⊂ Hol(D, A) be an in�nite set of holomorphic maps which

satis�es Assumption 11.2. Let B,C ∈ Π(F) such that B ⊂ C. Let P ′
k,A/B →

Pk,A/B be a Zk,A/B-admissible modi�cation such that the rational map Pk,A/B 99K
Pk,A/C induces a morphism µk : P

′
k,A/B → Pk,A/C . Then Zk,A/C ⊂ µk(Z

′
k,A/B),

where Z ′
k,A/B ⊂ P

′
k,A/B is the minimal transform.

Proof. We take l ∈ Z≥0 such that Tk+l,A/C → Zk,A/C and Tk+l,A/B → Zk,A/B
are surjective maps. The rational map Pk+l,A/B 99K Pk+l,A/C is holomorphic
outside Ek+l,A/B,A/C ⊂ Pk+l,A/B . By C/B ∈ Π(FA/B), we have Tk+l,A/B ̸⊂
Ek+l,A/B,A/C . Hence there exists a Tk+l,A/B-admissible modi�cation P ′

k+l,A/B →
Pk+l,A/B such that the rational map Pk+l,A/B 99K Pk+l,A/C induces a regular map

µk+l : P
′
k+l,A/B → Pk+l,A/C .

By FPk+l,A/B
⇒ Tk+l,A/B , we have FP ′

k+l,A/B
⇒ T ′

k+l,A/B (cf. Lemma 3.11). Hence
by Lemma 3.15, we get

FPk+l,A/C
⇒ µk+l(T

′
k+l,A/B).

By Lemma 3.9, we have either Tk+l,A/C ⊂ µk+l(T
′
k+l,A/B) or µk+l(T

′
k+l,A/B) ⫋

Tk+l,A/C . To show
Tk+l,A/C ⊂ µk+l(T ′

k+l,A/B),

assume on the contrary that µk+l(T
′
k+l,A/B) ⫋ Tk+l,A/C . By Lemma 3.10,

µk+l(T
′
k+l,A/B) is irreducible. Hence by the de�nition of Tk+l,A/C , there exists

C ′/C ∈ Π(FA/C) such that µk+l(T ′
k+l,A/B) ⊂ Ek+l,A/C,A/C′ . Thus T ′

k+l,A/B ⊂
µ−1
k+l(Ek+l,A/C,A/C′). Since Tk+l,A/B is irreducible, this implies Tk+l,A/B ⊂
Ek+l,A/B,A/C′ (cf. Lemma 11.15). By C ′/B ∈ Π(FA/B), this contradicts the de�-
nition of Tk+l,A/B . Hence Tk+l,A/C ⊂ µk+l(T ′

k+l,A/B).
Now Zk,A/C ⊂ Pk,A/C is contained in the image of T ′

k+l,A/B ⊂ P
′
k+l,A/B under

the composition of µk+l : P ′
k+l,A/B → Pk+l,A/C and Pk+l,A/C → Pk,A/C . Thus we

get Zk,A/C ⊂ µk(Z ′
k,A/B).
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Let B and C be semi-abelian subvarieties of A such that B ⊂ C. Let S ⊂ Ā

be a Zariski closed set which is C-invariant. Then we get SB,k ⊂ Ā× Pk,A/B and
SC,k ⊂ Ā× Pk,A/C (cf. (10.1)).

Lemma 11.17. Let φ : Ā × (Pk,A/B\Ek,A/B,A/C) → Ā × Pk,A/C be the map

induced from the regular map Pk,A/B\Ek,A/B,A/C → Pk,A/C . Then we have

φ∗(SC,k) = SB,k|Pk,A/B\Ek,A/B,A/C
.

Proof. Let S ⊂ Ā×A be the pull-back of S ⊂ Ā by the action m : Ā×A→ Ā so
that Sa = S − a, where Sa ⊂ Ā is the �ber of S → A over a ∈ A. Let SB ⊂ Ā ×
(A/B) be de�ned so that the pull-back of SB by Ā×A→ Ā×(A/B) is equal to S.
We de�ne SC ⊂ Ā× (A/C) similarly. Then the pull-back of SC by Ā× (A/B)→
Ā×(A/C) is equal to SB . Let ϕ : Ā×((A/B)×Pk,A/B) 99K Ā×((A/C)×Pk,A/C) be
the induced rational map, which is regular on Ā×((A/B)×(Pk,A/B\Ek,A/B,A/C)).
Then we have

ϕ∗(PkSC) = (PkSB)|(A/B)×(Pk,A/B\Ek,A/B,A/C).

Hence by (10.1), we get φ∗(SC,k) = SB,k|Pk,A/B\Ek,A/B,A/C
.

�11.4. Main lemma for the proof of Proposition 11.3

Let A be a semi-abelian variety and let B ⊂ A be a semi-abelian subvariety. Given
a Zariski closed set V ⊂ Ā, we set Y = SpBV . Then the Zariski closed set Y ⊂ Ā
is B-invariant. Hence we get the closed subscheme YB,k ⊂ Ā × Pk,A/B . For each
y ∈ Pk,A/B , the �ber of YB,k → Pk,A/B over y is denoted by (YB,k)y, which is a
closed subscheme of Ā.

Let X ⊂ A be a closed subvariety and let Ā be a smooth equivariant com-
pacti�cation. Let X ⊂ Ā be the Zariski closure. In this subsection, we write
Xk = (X){0},k for short. Then Xk ⊂ Ā × Pk,A. Although this Xk is not the
same as the Demailly jet space of X discussed in Section 2, no confusion will
occur.

We recall Zk,A/B ⊂ Pk,A/B from (11.1). We set Zk = Zk,A ⊂ Pk,A for short.

Lemma 11.18. Let A be a non-trivial semi-abelian variety and let X ⊂ A be a

closed subvariety. Let Ā be a smooth equivariant compacti�cation, which is pro-

jective. Let F ⊂ Hol(D, X) be an in�nite set of holomorphic maps which satis�es

Assumption 11.2. Assume that ΛX,Ā(F) = ∅. Then there exists B ⊂ A such that

SpBX ̸= ∅ with the following properties:

(1) B ∈ Π(F), in particular B ⫋ A.
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(2) Zk,A/B ⊂ pk,B(YB,k) for k ≫ 1, where Y = SpBX and pk,B : Ā × Pk,A/B →
Pk,A/B is the second projection.

(3) Stab0((YB,k)y) = B for generic y ∈ Zk,A/B and k ≫ 1.

(4) For k ≫ 1, there exist a Zk-admissible modi�cation P̂k,A → Pk,A with a regular

map σ : P̂k,A → Pk,A/B and a Zariski closed set Vk ⊂ P̂k,A such that

(a) Zk,A/B ⊂ σ(Vk) and Vk ⊂ Ẑk, where Ẑk ⊂ P̂k,A is the minimal transform;

(b) set X̂k = (Xk ×Pk,A
P̂k,A)[Ẑk] ⊂ Ā× P̂k,A; then X̂k|Ẑk

→ Ẑk is �at;

(c) let P ′
k,A/B → Pk,A/B be a Zk,A/B-admissible modi�cation with the mini-

mal transform Z ′
k,A/B ⊂P

′
k,A/B, let P̂

′
k,A = (P̂k,A×Pk,A/B

P ′
k,A/B)[Z

′
k,A/B ]

and V ′
k = (Vk ×Pk,A/B

P ′
k,A/B)[Z

′
k,A/B ] ⊂ P̂

′
k,A; then FP̂ ′

k,A
→ V ′

k;

(d) the image of supp X̂k|Vk
⊂ Ā×P̂k,A under the map Ā×P̂k,A → Ā×Pk,A/B

is contained in suppYB,k ⊂ Ā× Pk,A/B.

(5) If k ≫ 1, then for generic y ∈ Zk,A/B, the natural map (YB,k)y → (YB,k−1)y0
is an isomorphism, where y0 ∈ Pk−1,A/B is the image of y under the map

Pk,A/B → Pk−1,A/B.

In the proof of this lemma, we use the following notation: Let V ⊂ Ā× S be
a Zariski closed set. Let B ⊂ A be a semi-abelian variety. We set

SpBV =
⋂
b∈B

(V + b) ⊂ V.

Then SpBV ⊂ Ā× S is a Zariski closed subset.

Proof of Lemma 11.18. Let B be the set of all semi-abelian subvarieties B ⊂ A

such that B satis�es the three properties (1), (4), and SpBX ̸= ∅. To show that
B is non-empty, we shall prove {0} ∈ B. We note that {0} ∈ Π(F). Indeed, by
Sp{0}X = X, we have F → Sp{0}X. Hence if {0} ̸∈ Π(F), then {0} ∈ ΛX,Ā(F).
This contradicts ΛX,Ā(F) = ∅. Hence {0} ∈ Π(F). To prove that {0} satis�es (4),
we take a Zk-admissible modi�cation σ : P̂k,A → Pk,A such that X̂k|Ẑk

→ Ẑk is

�at, where X̂k and Ẑk are de�ned as in the statement of the lemma. The existence
of such a modi�cation follows from Lemma 11.11. We set Vk = Ẑk. Then (4) is
satis�ed. Thus {0} ∈ B. In particular, B is non-empty.

We remark that if B ∈ B, then (2) is satis�ed for su�ciently large k satisfying
(4). Indeed, by FPk,A

⇒ Zk, we may apply Lemma 11.14 to get Ẑk ⊂ pk(X̂k),
where we continue to write the induced map pk : Ā × P̂k,A → P̂k,A. Hence by
Vk ⊂ Ẑk (cf. (4a)), we have Vk = pk(X̂k|Vk

). By (4d), we have σ(Vk) ⊂ pk,B(YB,k),
where pk,B : Ā × Pk,A/B → Pk,A/B is the second projection. By Zk,A/B ⊂ σ(Vk)

(cf. (4a)), we get Zk,A/B ⊂ pk,B(YB,k). Hence (2) is true for B ∈ B.
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Claim 1. If B ∈ B, then assertion (5) is satis�ed.

Proof. Since Zk,A/B is integral, the generic �atness yields that there exists a non-
empty Zariski open set Uk ⊂ Zk,A/B such that YB,k|Zk,A/B

→ Zk,A/B is �at
over Uk. We may assume that the image of Uk under Zk,A/B → Zk−1,A/B is
contained in Uk−1. For each k, note that the Hilbert polynomials of the �bers
(YB,k)y are all the same for y ∈ Uk. We denote this polynomial by Hk. For y ∈ Uk,
we have (YB,k)y ⊂ (YB,k−1)y0 ⊂ Ā, where y0 ∈ Pk−1,A/B is the image of y under
the map Pk,A/B → Pk−1,A/B . Hence Hk ≤ Hk−1. Thus we get

Hk ≥ Hk+1 ≥ Hk+2 ≥ · · · .

By [46, Lem. 8.2], there exists k0 such thatHk0 = Hk0+1 = · · · . Hence if k ≥ k0+1,
we have (YB,k)y = (YB,k−1)y0 . This completes the proof.

In the following, we shall prove that a maximal element in B satis�es (3). We
take B ∈ B. We consider YB,k|Zk,A/B

→ Zk,A/B . Then by property (2), this map is
surjective. Set Ck = Stab0(YB,k)y ⊂ A for generic y ∈ Zk,A/B (cf. Lemma 11.12).
Note that (YB,k)y ⊂ Ā is B-invariant. Hence

B ⊂ Ck.

By Claim 1 above, there exists C such that Ck = C for all su�ciently large k.
We shall show C ∈ B. By the construction, we have SpCY ̸= ∅. Hence by

SpCY ⊂ SpCX, we have SpCX ̸= ∅. By B ∈ B, we may take P̂k,A → Pk,A,
σ : P̂k,A → Pk,A/B , and Vk ⊂ P̂k,A, which are described in (4). Here and in
what follows, we assume that k is su�ciently large, satisfying (4) for B. Using
Lemma 11.11, we take a Zk,A/B-admissible modi�cation P ′

k,A/B → Pk,A/B such
that

� V ′
k|Z′

k,A/B
→ Z ′

k,A/B is �at, where Z ′
k,A/B ⊂ P ′

k,A/B is the minimal transform

and V ′
k ⊂ P̂ ′

k,A is de�ned by V ′
k = (Vk ×Pk,A/B

P ′
k,A/B)[Z

′
k,A/B ] as in the

statement of (4c).

We present the following commutative diagram:

P̂ ′
k,A

σ′
//

��

P ′
k,A/B

��

P̂k,A σ
// Pk,A/B .

Note that by {0} ∈ Π(F), Lemma 11.16 yields that Zk,A/B ⊂ σ(Ẑk). Hence
P̂ ′
k,A → P̂k,A is a Ẑk-admissible modi�cation. Hence we may de�ne the minimal
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transform Ẑ ′
k ⊂ P̂ ′

k,A. Set X̂
′
k = (X̂k ×P̂k,A

P̂ ′
k,A)[Ẑ

′
k] ⊂ Ā× P̂ ′

k,A. We set

Wk = suppV ′
k|Z′

k,A/B
⊂ P̂ ′

k,A.

We claim the following.

Claim 2. The image of supp X̂ ′
k|Wk

⊂ Ā × P̂ ′
k,A under the map Ā × P̂ ′

k,A →
Ā× Pk,A/B is contained in SpCk

(suppYB,k).

Proof. By the de�nition of Ck, there exists a dense Zariski open U ⊂ Zk,A/B
such that suppYB,k|U ⊂ SpCk

(suppYB,k). By shrinking U , we may assume that
U ⊂ Z ′

k,A/B . Since V
′
k|Z′

k,A/B
→ Z ′

k,A/B is �at, Lemma B.1 yields that Wk|U ⊂Wk

is dense. Since X̂k|Ẑk
→ Ẑk is �at, Lemma 11.10 yields that X̂ ′

k|Ẑ′
k
→ Ẑ ′

k is �at.

By Wk ⊂ V ′
k ⊂ Ẑ ′

k, we get that X̂
′
k|Wk

→Wk is �at. Hence Lemma B.1 yields that
supp X̂ ′

k|(Wk|U ) ⊂ supp X̂ ′
k|Wk

is dense.
Now by (4d), the image of supp X̂ ′

k|(Wk|U ) under Ā × P̂ ′
k,A → Ā × Pk,A/B is

contained in suppYB,k|U , hence SpCk
(suppYB,k). Thus the image of supp X̂ ′

k|Wk

is contained in SpCk
(suppYB,k).

Claim 3. Let P ′′
k,A/B → P ′

k,A/B be a Z ′
k,A/B-admissible modi�cation. Let Z ′′

k,A/B ⊂
P ′′
k,A/B be the minimal transform. Set

P̂ ′′
k,A = (P̂ ′

k,A ×P ′
k,A/B

P ′′
k,A/B)[Z

′′
k,A/B ]

and W+
k = (Wk ×P ′

k,A/B
P ′′
k,A/B)[Z

′′
k,A/B ] ⊂ P̂

′′
k,A. Then FP̂ ′′

k,A
→W+

k .

We present the following commutative diagram:

P̂ ′′
k,A

σ′′
//

��

P ′′
k,A/B

��

P̂ ′
k,A

σ′
// P ′
k,A/B .

Proof of Claim 3. Set V ′′
k =(V ′

k×P ′
k,A/B

P ′′
k,A/B)[Z

′′
k,A/B ] ⊂ P̂

′′
k,A. Since V

′
k|Z′

k,A/B
→

Z ′
k,A/B is �at, Lemma 11.10 yields that V ′′

k |Z′′
k,A/B

= V ′
k|Z′

k,A/B
×Z′

k,A/B
Z ′′
k,A/B .

Similarly, applying Lemma 11.10 to V ′
k|Z′

k,A/B
→ P ′

k,A/B , we have

((V ′
k|Z′

k,A/B
)×P ′

k,A/B
P ′′
k,A/B)[Z

′′
k,A/B ] = V ′

k|Z′
k,A/B

×Z′
k,A/B

Z ′′
k,A/B .

Note that W+
k = supp(((V ′

k|Z′
k,A/B

)×P ′
k,A/B

P ′′
k,A/B)[Z

′′
k,A/B ]). Hence we get

suppV ′′
k |Z′′

k,A/B
=W+

k .
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Now by Lemma 11.9, we have V ′′
k = (Vk ×Pk,A/B

P ′′
k,A/B)[Z

′′
k,A/B ] and P̂

′′
k,A =

(P̂k,A ×Pk,A/B
P ′′
k,A/B)[Z

′′
k,A/B ]. Hence by (4c), we have FP̂ ′′

k,A
→ V ′′

k . By Assump-

tion 11.2, we have FP ′′
k,A/B

→ Z ′′
k,A/B . Thus by Lemmas 3.5 and 3.8, we get

FP̂ ′′
k,A
→W+

k . This concludes the proof of the claim.

We are going to prove C ∈ B. We �rst prove C ∈ Π(F). By Lemma 11.9, we
have X̂ ′

k = (Xk ×Pk,A
P̂ ′
k,A)[Ẑ

′
k]. Hence by Lemma 11.14, we have

f[k](D) ⊂ X̂ ′
k

for all f ∈ F with �nite exception. We have FP̂ ′
k,A
→ Wk. Hence by Lemma 3.8,

{f[k]}f∈F → X̂ ′
k|Wk

. By Claim 2 above, we have F → SpCk
Y , hence F → SpCk

X.
Hence by ΛX,Ā(F) = ∅, we get Ck ∈ Π(F). Thus C ∈ Π(F). In particular, we
have C ̸= A.

By C ∈ Π(F), the de�nition of Tk,A/B yields that Tk,A/B ̸⊂ Ek,A/B,A/C .
Hence

(11.12) Zk,A/B ̸⊂ Ek,A/B,A/C .

Note that the rational map Pk,A/B 99K Pk,A/C is regular outside Ek,A/B,A/C . Thus
we may moreover assume for the Zk,A/B-admissible map P ′

k,A/B → Pk,A/B that

� µ : P ′
k,A/B → Pk,A/C exists.

We get the following:

P̂ ′
k,A

σ′
//

��

P ′
k,A/B

µ
//

��

Pk,A/C

P̂k,A σ
// Pk,A/B .

By Lemma 11.16, we have

(11.13) Zk,A/C ⊂ µ(Z ′
k,A/B).

Now we shall show that τ : P̂ ′
k,A → Pk,A/C and Wk ⊂ P̂ ′

k,A satisfy condi-

tion (4). By Lemma 11.9, we have X̂ ′
k = (Xk×Pk,A

P̂ ′
k,A)[Ẑ

′
k]. Note that Zk,A/C ⊂

τ(Wk) follows from σ′(Wk) = Z ′
k,A/B (cf. (11.13)). Also by Vk ⊂ Ẑk, we have

Wk ⊂ V ′
k ⊂ Ẑ ′

k. These show (4a). Since X̂k|Ẑk
→ Ẑk is �at, Lemma 11.10 yields

that X̂ ′
k|Ẑ′

k
→ Ẑ ′

k is �at. This shows (4b).
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Next we prove (4c). Let P ′
k,A/C → Pk,A/C be a Zk,A/C-admissible modi�ca-

tion. We consider the following:

P̂ ′′
k,A

σ′′
//

ψ

��

P ′′
k,A/B

//

��

P ′
k,A/C

��

P̂ ′
k,A

σ′
// P ′
k,A/B

µ
// Pk,A/C .

Here, P ′′
k,A/B = (P ′

k,A/B ×Pk,A/C
P ′
k,A/C)[Z

′
k,A/C ]. Then P ′′

k,A/B → P ′
k,A/B is a

Z ′
k,A/B-admissible modi�cation (cf. (11.13)). Since P̂ ′

k,A is integral, we may apply

Lemma 11.8 to get P̂ ′′
k,A = (P̂ ′

k,A ×Pk,A/C
P ′
k,A/C)[Z

′
k,A/C ] (cf. (11.13)). Set W

′
k =

(Wk×Pk,A/C
P ′
k,A/C)[Z

′
k,A/C ]. Then by Lemma 11.8, we getW+

k ⊂W ′
k (cf. (11.13)).

Thus by Claim 3, we get FP̂ ′′
k,A
→W ′

k. This shows (4c).

Finally, to check (4d), we prove that the image X̂ ′
k|Wk

⊂ Ā × P̂ ′
k,A → Ā ×

Pk,A/C is contained in SC,k ⊂ Ā×Pk,A/C , where S = SpCX. We have SpCY = S.
Hence we get SpC(YB,k) = SB,k. Hence Lemma 11.17 yields

(11.14) SpC(YB,k)|(Pk,A/B\Ek,A/B,A/C) ⊂ φ−1(SC,k),

where φ : Ā× (Pk,A/B\EA/B,A/C,k)→ Ā×Pk,A/C . We take U ⊂ Pk,A/B such that
U ∩ Zk,A/B ̸= ∅ and P ′

k,A/B → Pk,A/B is an isomorphism over U . We consider as
U ⊂ P ′

k,A/B . By (11.12), we may assume

U ⊂ Pk,A/B − Ek,A/B,A/C .

Since V ′
k|Z′

k,A/B
→ Z ′

k,A/B is �at, Lemma B.1 yields that Wk|(Z′
k,A/B

∩U) ⊂ Wk is

dense. By Claim 2 and (11.14), the image of X̂ ′
k|Wk|(Z′

k,A/B
∩U)

under Ā× P̂ ′
k,A →

Ā × Pk,A/C is contained in SC,k, provided k is su�ciently large so that Ck = C.
Since X̂ ′

k|Wk
→Wk is �at, Lemma B.1 yields that the inclusion X̂ ′

k|Wk|(Z′
k,A/B

∩U)
⊂

X̂ ′
k|Wk

is dense. Hence the image supp X̂ ′
k|Wk

⊂ Ā×P̂ ′
k,A → Ā×Pk,A/C is contained

in SC,k ⊂ Ā× Pk,A/C . Thus we have proved C ∈ B.
Now we �nish the proof of the lemma. We take maximal B ⊂ A such that

B ∈ B. Set C = Stab0(YB,k)y ⊂ A for generic y ∈ Zk,A/B and su�ciently large k.
Then B ⊂ C. By C ∈ B and the maximal property of B ∈ B, we have C = B.
This concludes the proof of Lemma 11.18.

�11.5. Proof of Proposition 11.3

Now we prove Proposition 11.3. Since F satis�es Assumption 11.2 and ΛX,Ā(F) =
∅, we may take B as in Lemma 11.18. Then B ∈ Π(F). In particular, B ̸= A.
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Next we prove property (2) of Proposition 11.3. We take su�ciently large k0
such that properties (2), (3), (4), and (5) of Lemma 11.18 are true for k ≥ k0.
For each k ∈ Zk≥1, let Zk,A/B ⊂ Pk,A/B be de�ned by (11.1). Then Zk,A/B is
an irreducible Zariski closed set such that Tk,A/B ⊂ Zk,A/B . Set Y = SpBX. If
k ≥ k0, then for generic y ∈ Zk,A/B , the natural map (YB,k)y → (YB,k−1)y0 is an
isomorphism, where y0 ∈ Pk−1,A/B is the image of y under the map Pk,A/B →
Pk−1,A/B (cf. Lemma 11.18 (5)). We set S = Pk0,A/B . Then Pk0+l,A/B ⊂ Sl,A/B
(cf. Remark 2.3). We consider Zk0+l,A/B ⊂ Sl,A/B . We set Z = Zk0+1,A/B ⊂
S1,A/B . By Lemma 10.1, Z is horizontally integrable. Indeed, assumption (1)
of Lemma 10.1 follows from Lemma 11.18 (3). Assumption (2) of Lemma 10.1
directly follows from Lemma 11.18 (5). By B ∈ Π(F), the de�nition of Tk0+l,A/B
yields that Tk0+l,A/B ̸⊂ Ek0+l,A/B,A/B as subsets of Pk0+l,A/B . By P

sing
k0+l,A/B

=

Ek0+l,A/B,A/B (cf. (2.17)), we get Tk0+l,A/B ̸⊂P
sing
k0+l,A/B

, soZk0+l,A/B ̸⊂P
sing
k0+l,A/B

.
Note that

Pk0+l,A/B ⊂ Sl,A/B ⊂ P (TSl−1,A/B × Lie(A/B)).

Then we have

Ssing
l,A/B ∩ Pk0+l,A/B = P (TSl−1,A/B/S × {0}) ∩ Pk0+l,A/B

⊂ P (TSl−1,A/B × {0}) ∩ Pk0+l,A/B = P sing
k0+l,A/B

.

Thus Zk0+l,A/B ̸⊂ Ssing
l,A/B . Hence for generic y ∈ Z, there exists yl ∈ Zk0+l,A/B −

Ssing
l,A/B such that (YB,k0+1)y = (YB,k0+l)yl . We note that

YB,k0+l = (YB,k0)B,l ∩ (Ā× Pk0+l,A/B)

for l ≥ 1, which follows from the de�nitions (9.3) and (10.1). Hence assumption (3)
of Lemma 10.1 is satis�ed. Thus Z is horizontally integrable.

Now we prove F → SpBX. We take P̂k,A → Pk,A and X̂k ⊂ Ā × P̂k,A as in
Lemma 11.18 (4), where we �x k ≥ k0. By Lemma 11.14, we have f[k](D) ⊂ X̂k for
all f ∈ F with �nite exception. Hence by FP̂k,A

→ Vk (cf. Lemma 11.18 (4c)), we
have {f[k]}f∈F → X̂k|Vk

(cf. Lemma 3.8). Hence by Lemma 11.18 (4d), we have
F → SpBX. This completes the proof of Proposition 11.3.

�12. Proof of Theorem 1.2

The aim of this section is to prove Theorem 1.2.

Lemma 12.1. Let F = (fi)i∈I be an in�nite indexed family of holomorphic maps

in Hol(D, A). Then replacing F by its in�nite subfamily, we have Π(G) = Π(F)
for all in�nite subfamilies G of F .
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Proof. There are only countably many semi-abelian subvarieties B ⊂ A (cf. [35,
Cor. 5.1.9]). So we enumerate them as B1, B2, . . . . If this sequence is �nite, say it
terminates at BL, we extend it to an in�nite sequence by de�ning Bk = BL for
all k ≥ L. If I contains an in�nite subset I ′ ⊂ I such that (|(ϖB1 ◦ fi)′|ωA/B1

)i∈I′

converges uniformly on compact subsets of D to 0, then we set I1 = I ′. If there is
no such I ′, then we set I1 = I. If I1 contains an in�nite subset I ′ ⊂ I1 such that
{|(ϖB2

◦ fi)′|ωA/B2
}i∈I′ converges uniformly on compact subsets of D to 0, then

we set I2 = I ′. If there is no such I ′, then we set I2 = I1. We continue this process
to get an in�nite decreasing sequence of in�nite sets I ⊃ I1 ⊃ I2 ⊃ · · · . We de�ne
an in�nite sequence i1, i2, i3, . . . of distinct elements in I so that for each l ≥ 1, we
have

(12.1) ik ∈ Il

for all k ≥ l. This sequence is constructed inductively as follows. We take i1 ∈ I1.
Suppose distinct elements i1, i2, . . . , in are chosen so that (12.1) holds for all k, l ∈
N with 1 ≤ l ≤ k ≤ n. Then we choose in+1 ∈ In+1 − {i1, . . . , in}. Thus we have
constructed the sequence i1, i2, . . . with the desired property (12.1).

Now we set J = {i1, i2, i3, . . .}. Then for all semi-abelian subvarieties B, we
have either

� (|(ϖB ◦ fi)′|ωA/B
)i∈J converges uniformly on compact subsets of D to 0, or

� no in�nite subfamily of (|(ϖB ◦ fi)′|ωA/B
)i∈J converges uniformly on compact

subsets of D to 0.

Hence replacing F by (fj)j∈J , we get Π(G) = Π(F) for all in�nite subfamilies G
of F .

Lemma 12.2. Let F = (fi)i∈I be an in�nite indexed family of non-constant holo-

morphic maps in Hol(D, A). Then there exists an in�nite subfamily G of F such

that all in�nite subfamilies of G satisfy Assumption 3.19.

Proof. By replacing F by its in�nite subfamily, we have

(12.2) Π(F ′) = Π(F)

for all in�nite subfamilies F ′ of F (cf. Lemma 12.1). Let k ≥ 1 and B ∈ Π(F).
Then only �nitely many i ∈ I satisfy (fi)Pk,A

(D) ⊂ Ek,A,A/B , for if (fi)Pk,A
(D) ⊂

Ek,A,A/B , then (ϖB ◦ fi)′ = 0. Hence, given an in�nite subfamily F ′ of F , we
may apply Lemma 3.14 to get an in�nite subfamily H of F ′ such that LIM(HPk,A

,

{Ek,A,A/B}B∈Π(F)) exists.
We apply the argument above for k = 1 to get an in�nite subfamily F1 =

(fi)i∈I1 , where I1 ⊂ I, such that LIM((F1)P1,A
, {E1,A,A/B}B∈Π(F)) exists. Again
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we apply the argument above for k = 2 to get an in�nite subfamily F2 = (fi)i∈I2 ,
where I2 ⊂ I1, such that LIM((F2)P2,A

, {E2,A,A/B}B∈Π(F)) exists. Continue this
process to get an in�nite decreasing sequence of in�nite sets I ⊃ I1 ⊃ I2 ⊃ . . . .
We de�ne a countable in�nite subset J = {i1, i2, i3, . . .} of I such that (12.1)
holds for all l ≥ 1 and k ≥ l (cf. the proof of Lemma 12.1). Set G = (fi)i∈J .
Then LIM(GPk,A

, {Ek,A,A/B}B∈Π(F)) exists for all k ≥ 1 (cf. Remark 3.13 (3)). Let
H be an in�nite subfamily of G. Then LIM(HPk,A

, {Ek,A,A/B}B∈Π(F)) exists for
all k ≥ 1 (cf. Remark 3.13 (3)). Hence, by (12.2), LIM(HPk,A

, {Ek,A,A/B}B∈Π(H))

exists for all k ≥ 1. Thus H satis�es Assumption 3.19. The proof is completed.

Lemma 12.3. Let F ⊂ Hol(D, A) be an in�nite set of non-constant holomorphic

maps. By replacing F by its in�nite subset, we may assume Assumption 11.2.

Proof. By replacing F by its in�nite subset, we may assume (12.2) for all in�-
nite subsets F ′ ⊂ F (cf. Lemma 12.1). We enumerate the elements of Π(F) as
B1, B2, . . . . If this sequence is �nite, say it terminates at BL, we extend it to
an in�nite sequence by de�ning Bk = BL for all k ≥ L. We apply Lemma 12.2
to get an in�nite subset F1 ⊂ F such that all in�nite subfamilies of (F1)A/B1

satisfy Assumption 3.19. Again we apply Lemma 12.2 to get an in�nite subset
F2 ⊂ F1 such that all in�nite subfamilies of (F2)A/B2

satisfy Assumption 3.19.
We continue this process to get an in�nite descending sequence of in�nite sets
F ⊃ F1 ⊃ F2 ⊃ · · · . We de�ne a countably in�nite subset G = {f1, f2, f3, . . .}
such that fk ∈ Fl for all l ≥ 1 and k ≥ l (cf. the proof of Lemma 12.1). Then, for
all B ∈ Π(F), GA/B satis�es Assumption 3.19. By (12.2), we have Π(G) = Π(F).
Hence for all B ∈ Π(G), GA/B satis�es Assumption 3.19. Hence G satis�es Assump-
tion 11.2.

Lemma 12.4. Let X ⫋ A. Let Ā be a smooth equivariant compacti�cation and let

X ⊂ Ā be the compacti�cation. Let F ⊂ Hol(D, X) be an in�nite set of holomorphic

maps. Then there exist a semi-abelian subvariety B ⊂ A and an in�nite subset

G ⊂ F with the following two properties:

(1) Let A/B be a smooth equivariant compacti�cation. Then there exists an in�nite

subset H ⊂ G such that {ϖ ◦ f}f∈H converges uniformly on compact subsets

of D to g : D→ A/B, where ϖ : A→ A/B is the quotient map.

(2) G → SpBX.

Proof. We may assume that F contains only �nitely many constant maps, for
otherwise our lemma is trivial by setting B = {0} and G is the set of constant
mappings in F . We remove those constant maps from F and assume that all
elements of F are non-constant.
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We �rst reduce to the case Ā is projective. When this is not satis�ed, we may
take an equivariant modi�cation Â → Ā such that Â is smooth and projective
(cf. Lemma A.8). Let X̂ ⊂ Â be the compacti�cation. Then the image of SpBX̂ ⊂
X̂ under the natural map X̂ → X is contained in SpBX. Hence G → SpBX̂ implies
G → SpBX. Hence we have reduced to the case that Ā is projective.

By Lemma 12.3, we may take an in�nite subset G ⊂ F such that G satis�es
Assumption 11.2. We prove the lemma in two cases.

If ΛX,Ā(G) ̸= ∅, then we take B ∈ ΛX,Ā(G). Then G → SpBX and there exists
an in�nite subset H ⊂ G such that {|(ϖ ◦ f)′|ωA/B

}f∈H converges uniformly on
compact subsets of D to 0. Hence replacing H by its in�nite subset, we conclude
that {ϖ ◦ f}f∈H converges to some constant map. Thus our lemma is valid in this
case.

If ΛX,Ā(G) = ∅, then we take B as in Proposition 11.3. We have G → SpBX.
By Proposition 11.3 (1), we have B ∈ Π(G). Hence an in�nite indexed family GA/B
in Hol(D, A/B) contains only �nitely many constant maps and satis�es Assump-
tion 3.19. By Proposition 11.3 (2), we get k such that Zk+1,A/B ⊂ Pk+1,A/B is
horizontally integrable, where Zk+1,A/B is de�ned in (11.1). Let A/B be a smooth
equivariant compacti�cation. By Corollary 8.4, we may choose an in�nite subset
H ⊂ G such that {ϖ ◦ f}f∈H converges uniformly on compact subsets of D to
g : D→ A/B. The proof is completed.

Now to prove Theorem 1.2, Lemma 12.4 is weak for two reasons. Firstly, the
limit morphism g : D→ A/B is obtained only in the compacti�cation A/B, not in
A/B itself. Secondly, the choices of B and G depend on the compacti�cation Ā.
In the remainder of this section, we shall resolve these issues.

Let B ⊂ A be a semi-abelian subvariety. Let Â and A/B be equivariant
compacti�cations with an equivariant map p : Â→ A/B. We consider the following
assumption.

Assumption 12.5. For every x ∈ Â, if a semi-abelian subvariety C ⊂ A satis�es
C · p(x) = p(x), then C · x ⊂ B · x as subsets of Â.

By choosing an equivariant blow-up φ : Â → Ā and a particular equivariant
compacti�cation A/B, we may assume this assumption. We may assume that A/B
is smooth. This is a consequence of Lemma A.15.

Lemma 12.6. Let X ⫋ A be a proper closed subvariety. Let B ⊂ A be a semi-

abelian subvariety. Let A/B be a smooth equivariant compacti�cation and let Â be

an equivariant compacti�cation such that an equivariant map p : Â → A/B with

Assumption 12.5 exists. Let F ⊂ Hol(D, X) be an in�nite set of holomorphic maps

such that F → SpBX̂, where X̂ ⊂ Â is the Zariski closure of X ⊂ A. Assume that
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(p ◦ f)f∈F converges uniformly on compact subsets of D to g : D→ A/B such that

g(D) ⊂ ∂(A/B). Then there exists a semi-abelian subvariety B′ ⊂ A with B ⊂ B′

such that the following two properties hold:

(1) (p′ ◦ f)f∈F converges uniformly on compact subsets of D to h : D → A/B′,

where p′ : A→ A/B′ is the quotient map.

(2) F → SpB′X̂.

Proof. Let Y ⊂ X̂ be the smallest Zariski closed set such that F → Y (cf. Lem-
ma 3.6). We have

(12.3) Y ⊂ SpB(X̂).

Note that p(Y ) is the smallest Zariski closed set such that (p◦f)f∈F → p(Y ). Hence
p(Y ) is the Zariski closure of g(D) (cf. Remark 3.7). By g(D) ⊂ ∂(A/B), we have
p(Y ) ⊂ ∂(A/B). Let V ⊂ A/B be the Zariski closure of p(Y ) + (A/B) ⊂ A/B.
Then since p(Y ) is irreducible, V is irreducible. Note that V is A/B-invariant.
Hence by Lemma A.11, there exists an A/B-invariant Zariski open set W ⊂ A/B
such that V ⊂ W and that an equivariant morphism τ : W → V exists. Let
I ⊂ A/B be the isotropy group for V . Let O ⊂ V be the unique dense A/B-orbit.
Then O is isomorphic to (A/B)/I and O ∩ p(Y ) ̸= ∅. Hence

(12.4) g(D) ̸⊂ V \O.

Since (p ◦ f)f∈F converges uniformly on compact subsets on D to g, the indexed
family (τ ◦ p ◦ f)f∈F converges uniformly on compact subsets on D to τ ◦ g = g.
We have τ ◦ p ◦ f(D) ⊂ O for all f ∈ F . Hence by (12.4), we have g(D) ⊂ O. Let
B′ be B ⊂ B′ ⊂ A such that B′/B = I. Then under the isomorphism O ≃ A/B′,
we have p′ ◦ f = τ ◦ p ◦ f . Hence we have proved (1).

In the following, we shall prove F → SpB′(X̂). Note that the action of B′ on
p(Y ) is trivial. Hence by Assumption 12.5, we have B′+Y ⊂ B+Y . Since SpB(X̂)

is B-invariant, we have B + Y ⊂ SpBX̂ (cf. (12.3)). Hence we get

B′ + Y ⊂ SpBX̂ ⊂ X̂.

Hence Y ⊂ SpB′X̂, so F → SpB′X̂.

Lemma 12.7. Let X ⫋ A be a proper closed subvariety. Then there exists a

smooth equivariant compacti�cation Ā such that SpA(X) = ∅.

Proof. Let Ã be an equivariant compacti�cation and let X̃ ⊂ Ã be the closure.
Set Z =

⋂
a∈A(a + X̃) as a scheme. By X ̸= A, we have suppZ ⊂ ∂A. Let
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m : A × Ã → Ã be the A-action on the equivariant compacti�cation Ã. We �rst
prove

(12.5) m∗Z = A× Z.

Indeed, we have a + Z = Z for all a ∈ A. Hence by Lemma A.17, we have
A× Z ⊂ m∗Z. To prove the converse m∗Z ⊂ A× Z, we consider an isomorphism
µ : A × Ã → A × Ã de�ned by (a, x) 7→ (a,m(−a, x)). By Lemma A.17, we also
have A× Z ⊂ µ∗(A× Z). Note that m ◦ µ : A× Ã → Ã is the second projection.
Hence µ∗m∗Z = A × Z. Thus µ∗m∗Z ⊂ µ∗(A × Z), hence m∗Z ⊂ A × Z. Thus
we get (12.5).

We claim that the blow-up Â = BlZÃ is an equivariant compacti�cation.
Indeed, the map m : A × Ã → Ã induces m′ : A × BlZÃ → Ã. Note that A ×
BlZÃ = BlA×Z(A × Ã). Hence by (12.5), (m′)∗Z is a Cartier divisor. Hence m′

factors as A× BlZÃ→ BlZÃ. Hence we have proved that BlZÃ is an equivariant
compacti�cation.

Now we may take �nite points a1, . . . , al ∈ A such that Z =
⋂l
i=1(ai + X̃) as

a scheme. Then we have

(12.6)
l⋂
i=1

(ai + X̂) = ∅,

where X̂ ⊂ Â is the Zariski closure of X. We prove this. Let φ : Â → Ã be the
morphism. Since φ∗Z ⊂ Â is a Cartier divisor, Iφ∗Z ⊂ OÂ is an invertible sheaf. By
Iφ∗(ai+X̃) ⊂ Iφ∗Z ⊂ OÂ, we take Yi ⊂ Â such that IYi = Iφ∗(ai+X̃) ⊗ (Iφ∗Z)

−1 ⊂
OÂ. Then by Iφ∗(a1+X̃)+ · · ·+Iφ∗(al+X̃) = Iφ∗Z , we have Iφ∗Z ·(IY1

+ · · ·+IYl
) =

Iφ∗Z so that IY1 + · · ·+IYl
= OÂ. Hence Y1 ∩ · · · ∩Yl = ∅. Note that ai+ X̂ ⊂ Yi.

Hence we get (12.6). By SpA(X̂) ⊂
⋂l
i=1(ai + X̂), we have SpA(X̂) = ∅. By

Lemma A.7, we may take a smooth equivariant modi�cation Ā → Â. Then Ā

satis�es our assertion. (See also [35, Prop. 5.6.7].)

Let X ⊂ A be a closed subvariety and F ⊂ Hol(D, X) be an in�nite set. Given
an equivariant compacti�cation Ā, we set

Q(Ā,F) =
{
B ⊂ A; F → SpBX

}
,

where X ⊂ Ā is the Zariski closure. Then {0} ∈ Q(Ā,F), hence Q(Ā,F) ̸= ∅.
If G ⊂ F is an in�nite subset, then we have Q(Ā,F) ⊂ Q(Ā,G). Indeed, if B ∈
Q(Ā,F), then F → SpBX. Hence G → SpBX, which shows B ∈ Q(Ā,G).

Lemma 12.8. Replacing F by its in�nite subset, we have Q(Ā,F) = Q(Ā,G) for
all in�nite subsets G ⊂ F and all smooth equivariant compacti�cations Ā.
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Proof. The pairs (Â, B) of smooth equivariant compacti�cations Â and semi-
abelian subvarieties B ⊂ A are countable (cf. Lemma A.10 and [35, Cor. 5.1.9]).
We enumerate them as (Â1, B1), (Â2, B2), . . . . If this sequence is �nite, say it ter-
minates at (ÂL, BL), we extend it to an in�nite sequence by de�ning (Âk, Bk) =

(ÂL, BL) for all k ≥ L. In the following, we construct an in�nite descending
sequence F ⊃ F1 ⊃ F2 ⊃ · · · of in�nite subsets such that for all k ≥ 1, one of the
following occurs:

(1) Fk → SpBk
X̂k, where X̂k ⊂ Âk is the Zariski closure of X in Âk, or

(2) F ′ ̸→ SpBk
X̂k for all in�nite subset F ′ ⊂ Fk.

The construction is the following. If there exists an in�nite subset F ′ ⊂ F such
that F ′ → SpB1

X̂1, then we set F1 = F ′, otherwise we set F1 = F . If there exists
F ′ ⊂ F1 such that F ′ → SpB2

X̂2, then we set F2 = F ′, otherwise F2 = F1. In
this way, we get F ⊃ F1 ⊃ F2 ⊃ · · · .

We de�ne an in�nite sequence f1, f2, f3, . . . of distinct elements in F so that
for each l ≥ 1, we have

(12.7) fk ∈ Fl

for all k ≥ l. This sequence is constructed inductively as follows. We take f1 ∈ F1.
Suppose distinct elements f1, f2, . . . , fn are chosen so that (12.7) holds for all
k, l ∈ N with 1 ≤ l ≤ k ≤ n. Then we choose fn+1 ∈ Fn+1−{f1, . . . , fn}. Thus we
have constructed the sequence f1, f2, . . . with the desired property (12.7).

Now we set Fo = {f1, f2, . . .}. Then Fo ⊂ F is an in�nite subset. Let G ⊂ Fo
be an in�nite subset and Ā be a smooth equivariant compacti�cation. We claim
Q(Ā,Fo) = Q(Ā,G). To show this, it is enough to show Q(Ā,G) ⊂ Q(Ā,Fo).
Let B ∈ Q(Ā,G). We may take k such that (Ā, B) = (Âk, Bk). Since G ∩ Fk is
in�nite, G → SpBk

X̂k yields that Fk → SpBk
X̂k. Hence Fo → SpBk

X̂k, so that
B ∈ Q(Ā,Fo). Hence Q(Ā,G) ⊂ Q(Ā,Fo). We replace F by Fo to conclude the
proof.

In the following, we write Q(Ā) = Q(Ā,F) if no confusion may occur.

Lemma 12.9. The set Q(Ā) contains a �nite number of maximal elements, i.e.,

there exist B1, . . . , Bl ∈ Q(Ā) such that for all B ∈ Q(Ā), there exists Bi such

that B ⊂ Bi.

Proof. By Lemma 3.6, there exists a Zariski closed set Y ⊂ X such that for Zariski
closed subsets V ⊂ X, we have F → V if and only if Y ⊂ V . If B ∈ Q(Ā), then
Y ⊂ SpBX. Since SpBX is B-invariant, we have B+Y ⊂ SpBX, hence B+Y ⊂ X.
Conversely, if B ⊂ A is a semi-abelian subvariety such that B + Y ⊂ X, then we
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have Y ⊂ SpBX. Hence we have F → SpBX, so B ∈ Q(Ā). Thus B ∈ Q(Ā) if
and only if B + Y ⊂ X.

Let φ : A × Y → Ā be the restriction of the A-action A × Ā → Ā. Then
φ−1(X) ⊂ A × Y is Zariski closed. We de�ne Z ⊂ A to be the set of a ∈ A such
that {a} × Y ⊂ φ−1(X). Then Z ⊂ A is Zariski closed. We have

(12.8) B ∈ Q(Ā)⇔ B ⊂ Z.

We set U = Lie(A)− {0}. Let ϕ : C× U → A be an analytic map de�ned by
ϕ(z, u) = exp(zu). For t ∈ C, we de�ne ιt : U → C× U by ιt(u) = (t, u). We set

Z =
⋂
t∈C

(ϕ ◦ ιt)−1(Z).

Then Z ⊂ U is an analytic subset such that

(12.9) u ∈ Z ⇔ ϕu(C) ⊂ Z,

where ϕu : C→ A is a one-parameter group de�ned by ϕu(z) = exp(zu). For each
b ∈ C∗, we have ϕbu(z) = ϕu(bz). Hence Z ⊂ U is invariant under the natural
C∗-action on U . Thus Z/C∗ is an analytic subset of U/C∗ = P(Lie(A)). Indeed,
let Ω ⊂ P(Lie(A)) be an open set with a local analytic section σ : Ω → U of the
natural projection U → P(Lie(A)). Then we have σ−1(Z) = (Z/C∗) ∩ Ω. Since
σ−1(Z) ⊂ Ω is an analytic subset, Z/C∗ is an analytic subset of P(Lie(A)). Hence
by Chow's lemma, Z/C∗ is an algebraic subset of P(Lie(A)).

For [u] ∈ P(Lie(A)), where u ∈ Lie(A)−{0}, let B[u] be the Zariski closure of
ϕu(C) ⊂ A. Then B[u] ⊂ A is a semi-abelian subvariety. Then by (12.9), we have

(12.10) [u] ∈ Z/C∗ ⇔ B[u] ⊂ Z.

Hence [u] ∈ Z/C∗ if and only if P(Lie(B[u])) ⊂ Z/C∗. Thus

Z/C∗ =
⋃

[u]∈Z/C∗

P(Lie(B[u])).

Note that there are only countably many semi-abelian subvarieties of A (cf. [35,
Cor. 5.1.9]). Hence there exist [u1], . . . , [ul] ∈ Z/C∗ such that

Z/C∗ = P(Lie(B[u1])) ∪ · · · ∪ P(Lie(B[ul])).

Now if B ∈ Q(Ā), then B ⊂ Z (cf. (12.8)). Hence we have P(Lie(B)) ⊂ Z/C∗

(cf. (12.10)). Hence there exists B[ui] such that B ⊂ B[ui]. This concludes the
proof.

Let Σ be the set of all semi-abelian subvarieties of A. Let Q be the set of all
subset Q ⊂ Σ such that
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(1) Q contains a �nite number of maximal elements, and

(2) if B,B′ ∈ Σ such that B ∈ Q and B′ ⊂ B, then B′ ∈ Q.

Then Q satis�es the following.

Lemma 12.10. Let Q1 ⊃ Q2 ⊃ Q3 ⊃ · · · be a descending sequence in Q. Then
there exists k ≥ 1 such that Qk = Qk+1 = Qk+2 = · · · .

Proof. For each Q ∈ Q, we denote by Qmax ⊂ Q the set of the maximal elements
in Q. Then Qmax ⊂ Q is a �nite subset. We set

PQ =
⋃

B∈Qmax

B.

Then PQ ⊂ A is a Zariski closed set. We claim that Q ⊂ Q′ if and only if PQ ⊂ PQ′ .
Indeed, assume Q ⊂ Q′. Then for B ∈ Qmax, we have B ∈ Q′, hence there exists
B′ ∈ Q′

max such that B ⊂ B′. This shows B ⊂ PQ′ , hence PQ ⊂ PQ′ . Conversely,
suppose PQ ⊂ PQ′ . Let B ∈ Q. Then B ⊂ PQ ⊂ PQ′ . Hence there exists B′ ∈ Q′

max

such that B ⊂ B′. Thus by property (2) for Q, we have B ∈ Q′. Hence Q ⊂ Q′.
Thus we have proved that Q ⊂ Q′ if and only if PQ ⊂ PQ′ .

Now let Q1 ⊃ Q2 ⊃ Q3 ⊃ · · · be a descending sequence in Q. Then we have
PQ1 ⊃ PQ2 ⊃ PQ3 ⊃ · · · . Thus by the Noetherian property, there exists k such
that PQk

= PQk+1
= PQk+2

= · · · . Then we have Qk = Qk+1 = Qk+2 = · · · . The
proof is completed.

For each equivariant compacti�cation Ā, we have Q(Ā) ∈ Q. Indeed, by
Lemma 12.9, Q(Ā) contains a �nite number of maximal elements. If B ∈ Q(Ā)

and B′ ⊂ B, then by SpBX ⊂ SpB′X, we have F → SpB′X, hence B′ ∈ Q(Ā).
Thus Q(Ā) ∈ Q. For an equivariant compacti�cation Â → Ā, we have Q(Â) ⊂
Q(Ā). Indeed, the image of SpB(X̂) ⊂ Â under the map Â → Ā is contained in
SpB(X) ⊂ Ā, which implies that if B ∈ Q(Â), then B ∈ Q(Ā).

Lemma 12.11. There exists an equivariant compacti�cation Ā such that for every

equivariant compacti�cation Â → Ā, we have Q(Ā) = Q(Â). Moreover, we may

take Ā to be smooth.

Proof. Assume on the contrary that we get a sequence Ā1 ← Ā2 ← · · · such that
Q(Ā1) ⫌ Q(Ā2) ⫌ · · · . But this does not occur from Lemma 12.10. Hence there
exists Ā of the desired property. If our Ā is not smooth, we may replace Ā by its
smooth equivariant blow-up. This exists by Lemma A.7.

We reduce Theorem 1.2 to the following equivalent statement.
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Theorem 12.12. Let A be a semi-abelian variety. Let X ⫋ A be a proper closed

algebraic subvariety. Let F ⊂ Hol(D, X) be an in�nite set of holomorphic maps.

Then there exist a proper semi-abelian subvariety B ⫋ A and an in�nite subset

G ⊂ F with the following two properties:

(1) (ϖ ◦ f)f∈G converges uniformly on compact subsets of D to g : D → A/B,

where ϖ : A→ A/B is the quotient map.

(2) Let Ā be an equivariant compacti�cation and let X ⊂ Ā be the compacti�ca-

tion. Then G → SpBX.

Proof. By Lemma 12.8, replacing F by its in�nite subset, we may assume that

(12.11) Q(Ã,F) = Q(Ã,G)

for every smooth equivariant compacti�cation A ⊂ Ã and every in�nite subset
G ⊂ F . By Lemma 12.11, we may take a smooth equivariant compacti�cation Ā
such that

(12.12) Q(Ā,F) = Q(Â,F)

for all Â→ Ā.
We claim that for every equivariant compacti�cation Ã and in�nite subset

G ⊂ F , we have

(12.13) Q(Ā,G) ⊂ Q(Ã,G).

To prove this, we apply Lemmas A.7 and A.9 to get a smooth equivariant blow-up
Â→ Ā such that Â→ Ã exists. Then by (12.11) and (12.12), we get

Q(Ā,G) = Q(Ā,F) = Q(Â,F) = Q(Â,G).

On the other hand, the existence of the map Â → Ã yields Q(Â,G) ⊂ Q(Ã,G).
Hence we get (12.13).

Now we apply Lemma 12.4 for F and Ā to get B0 ⊂ A and G ⊂ F . Then
we have G → SpB0

X, hence B0 ∈ Q(Ā,G). We choose an equivariant blow-up
φ : Â → Ā and an equivariant compacti�cation A/B0 such that p : Â → A/B0

exists and satis�es Assumption 12.5 (cf. Lemma A.15). We may assume that A/B0

is smooth. By (12.13), we have B0 ∈ Q(Â,G). Thus G → SpB0
(X̂). By Lemma 12.4,

we get an in�nite subset H ⊂ G with a limit g : D→ A/B0 of (p ◦ f)f∈H.
We �rst consider the case g(D) ⊂ A/B0. We take arbitrary Ã. Then by (12.13),

we have B0 ∈ Q(Ã,G). Hence H → SpB0
X̃. Note that B0 satis�es SpB0

(X̃) ̸= ∅
for all Ã. Hence by Lemma 12.7, we have B0 ⫋ A. We replace G by H and set
B = B0 to conclude the proof in the case g(D) ⊂ A/B0.
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Next we assume g(D) ̸⊂ A/B0. Then we have g(D) ⊂ ∂(A/B0). Then by
Lemma 12.6, we get B with B0 ⊂ B ⊂ A such that {ϖ◦f}f∈H converges uniformly
on compact subsets of D to g : D → A/B and that H → SpB(X̂). Hence the
existence of Â → Ā shows that H → SpBX. We take arbitrary Ã. Then by
(12.13), we have B ∈ Q(Ã,H). Hence H → SpBX̃. Our B satis�es SpB(X̃) ̸= ∅
for all Ã. Hence by Lemma 12.7, we have B ⫋ A. We replace G by H to conclude
the proof.

Proof of Theorem 1.2. Let (fn)n∈N be a sequence in Hol(D, X). We may assume
that the set F = {fn; n ∈ N} ⊂ Hol(D, X) is in�nite, for otherwise, we may take
a subsequence consisting of the same maps, hence the theorem is trivially valid
for B = {0}. Then we apply Theorem 12.12 to get B and G ⊂ F . To conclude the
proof, we take a subsequence (fnk

)k∈N of distinct elements in G.

�13. Proof of Theorem 1.3

In this section, we prove Theorem 1.3. We recall the Zariski closed subset S ⊂ X

from the statement of Theorem 1.3.

Lemma 13.1. Let X ⫋ A be a closed algebraic subvariety of a semi-abelian vari-

ety A. Let Ā be a smooth equivariant compacti�cation and let X ⊂ Ā be the

compacti�cation. Let (fi)i∈I be an in�nite indexed family of holomorphic maps in

Hol(D, X) such that (fi)i∈I ̸→ S. Then there exists an in�nite subset J ⊂ I such

that (fi)i∈J converges uniformly on compact subsets of D to some h : D→ X.

In the following proof, we recall C1
H from (8.1).

Proof. Set F = {fi; i ∈ I} ⊂ Hol(D, X). Then we may assume that the map
I → F de�ned by i 7→ fi is a �nite-to-one mapping, for otherwise we may choose
an in�nite indexed subfamily which consists of the same elements in Hol(D, X).
In particular, F is in�nite. By (fi)i∈I ̸→ S, we have F ̸→ S. We shall show
the existence of an in�nite subset G ⊂ F which converges uniformly on compact
subsets of D to some h : D→ X.

By replacing F by its in�nite subset, we may assume that F ′ ̸→ S for all
in�nite subsets F ′ ⊂ F (cf. Lemma 4.8). We take B ⊂ A and G ⊂ F as in
Theorem 12.12. If B = {0}, then our lemma is valid. Hence we assume dimB ≥ 1.
Let Z ⊂ ∂X be the locus where B acts trivially. Then SpBX ⊂ S ∪ Z, hence
G → S∪Z. Let Z be the set of all Zariski closed sets Z ′ ⊂ Z such that G → S∪Z ′.
By G → S ∪ Z, we have Z ∈ Z, hence Z ̸= ∅. By the Noetherian property, we
may take a minimum element Z ′ ∈ Z. By G ̸→ S, we have Z ′ ̸= ∅. Let T be
an irreducible component of Z ′. Set ST = S ∪ (Z ′\T ). By (Z ′\T ) ⫋ Z ′, we have
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(Z ′\T ) ̸∈ Z. Hence

(13.1) G ̸→ ST .

Let C ⊂ A be the isotropy group of the generic points of T . Then B ⊂ C. Let
V ⊂ ∂A be the Zariski closure of A+T ⊂ ∂A. Then C is the isotropy group of V .
Since T is irreducible, V is irreducible. Let

p : W → V

be the vector bundle described in Lemma A.11 so that V = A/C, where V ⊂ W

is considered a zero-section. Note that

S ∪ Z ′ ⊂ ST ∪ T ⊂ ST ∪ V.

By G → S ∪ Z ′, we have

(13.2) G → ST ∪ V.

From the limit map g0 : D→ A/B, we get g : D→ A/C ⊂ V , which is the limit of
(p ◦ f)f∈G .

We are going to prove G → V . We �rst show g(D) ̸⊂ ST ∩V . To prove this, we
assume on the contrary that g(D) ⊂ ST∩V . LetW ⊂W be a compacti�cation such
that φ : W → Ā and p̄ : W → V exists. By (13.2), we have G → φ−1(ST )∪V . Since
we are assuming g(D) ⊂ ST ∩ V , we have (p ◦ f)f∈G → ST ∩ V (cf. Remark 3.7).
Hence by Lemma 3.8, we have G → p̄−1(ST ∩ V ). Hence G → (φ−1(ST ) ∪ V ) ∩
p̄−1(ST ∩ V ) (cf. Lemma 3.5). By

V ∩ p̄−1(ST ∩ V ) = ST ∩ V,

we have

(φ−1(ST ) ∪ V ) ∩ p̄−1(ST ∩ V ) = (φ−1(ST ) ∩ p̄−1(ST ∩ V )) ∪ (V ∩ p̄−1(ST ∩ V ))

⊂ φ−1(ST ).

Hence G → φ−1(ST ), so G → ST . This contradicts (13.1). Hence g(D) ̸⊂ ST ∩ V .
Now we replace G by its in�nite subset so that G′ ̸→ ST for all in�nite subsets

G′ ⊂ G (cf. Lemma 4.8). We take an open neighborhood ST ⊂ U0 and positive
constants s0 ∈ (0, 1) and γ0 > 0 such that for all f ∈ G\E1, where E1 ⊂ G is a
�nite subset, we have

(13.3) C1
H(D(s0)\f−1(U0)) ≥ γ0.

To prove G → V , we take an open neighborhood V ⊂ U1 and positive constants
s ∈ (s0, 1) and γ ∈ (0, γ0) arbitrary. We denote by K ⊂ D the �nite union of small
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open discs centered at the points of the �nite set g−1(ST ∩ V ) ∩ D( s+1
2 ) so that

g−1(ST ∩ V ) ∩ D( s+1
2 ) ⊂ K and

(13.4) C1
H(K) < γ/4.

We take an open neighborhood U3 ⊂W of ST ∩V such that U3 ⊂ p−1(U3∩V ) and
g(D( s+1

2 )\K) ⊂ V \U3 ∩ V . Since (p◦f)f∈G converges uniformly on D( s+1
2 ) to g, we

have p◦f(D( s+1
2 )\K) ⊂ V \U3 ∩ V for all f ∈ G\E2, where E2 ⊂ G is a �nite subset.

Hence by U3 ⊂ p−1(U3 ∩ V ), we have f(D( s+1
2 )\K) ⊂ Ā\U3 for all f ∈ G\E2. By

replacing U0 and U1 by smaller open neighborhoods of ST and V , respectively, we
may assume that U0∩U1 ⊂ U3. Hence we have f(D((s+1)/2)\K) ⊂ Ā\(U0 ∩ U1),
so D((s+ 1)/2) ∩ f−1(U0 ∩ U1) ⊂ K. Hence by (13.4), we have

C1
H(D((s+ 1)/2) ∩ f−1(U0 ∩ U1)) < γ/4

for all f ∈ G\E2. Now by (13.2), for all f ∈ G\E3, where E3 ⊂ G is a �nite subset,
we have

C1
H(D((s+ 1)/2)\f−1(U0 ∪ U1)) < γ/4.

Then for all f ∈ G\(E2 ∪ E3), we have

C1
H(D((s+ 1)/2)\f−1(U ′

0 ∪ U ′
1)) < γ/2,

where U ′
0 = U0\U0 ∩ U1 and U ′

1 = U1\U0 ∩ U1. By Lemma 5.6, there exists an
open set Ωf ⊂ D(s) ∩ f−1(U ′

0 ∪ U ′
1) such that Ωf is connected and

C1
H(D(s)\Ωf ) < γ.

Note that U ′
0 ∩ U ′

1 = ∅. Since f(Ωf ) is connected, we have either f(Ωf ) ⊂ U ′
0 or

f(Ωf ) ⊂ U ′
1. By γ0 > γ and (13.3), we have f(Ωf ) ̸⊂ U0 for all f ∈ G\(E1∪E2∪E3).

Hence f(Ωf ) ⊂ U ′
1 ⊂ U1. Thus G → V .

Now by Lemma 8.2, G converges uniformly on compact subsets of D to g : D→
V ∩X. We take an in�nite subset J ⊂ I such that fi ∈ G for all i ∈ J . Then (fi)i∈J
converges uniformly on compact subsets of D to g. This completes the proof of the
lemma.

Proof of Theorem 1.3. If X = A, then S = A. Hence our theorem is trivial. In the
following, we assume X ⫋ A.

Let (fn)n∈N be a sequence of holomorphic maps in Hol(D, X). We assume that
condition (2) of the de�nition of �tautly embedded modulo� is not satis�ed. Then
there exist compact sets K ⊂ D and L ⊂ X − S such that, by replacing (fn)n∈N
by its subsequence, we have fn(K) ∩ L ̸= ∅ for all n ∈ N.
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We shall show
(fn)n∈N ̸→ S.

To prove this, we assume, on the contrary, that (fn)n∈N → S. We take an open
neighborhood U ⊂ X of S such that U ∩ L = ∅. For each n ∈ N, there exists
an ∈ K such that fn(an) ∈ L, which follows from fn(K) ∩ L ̸= ∅. We choose an
automorphism φn : D→ D so that φn(0) = an. Then fn ◦φn(0) ∈ L. In particular,
fn ◦ φn(0) ̸∈ U . We de�ne δn > 0 by

δn = sup
{
t ∈ (0, 1); fn ◦ φn(D(t)) ⊂ X − U

}
.

Then we have

(13.5) fn ◦ φn(D(δn)) ∩ U = ∅

and

(13.6) fn ◦ φn(∂D(δn)) ∩ U ̸= ∅.

Since we are assuming (fn)n∈N → S, we have

(13.7) lim
n→∞

δn = 0.

Set rn = 1
2δn

. We de�ne gn : D(rn) → X by gn(z) = fn ◦ φn(2δnz). Here we
continue to write D(r) = {z ∈ C; |z| < r} for r ∈ R>0 without assuming r < 1.

We de�ne a descending sequence of in�nite subsets N ⊃ I2 ⊃ I2 ⊃ · · · induc-
tively as follows. Set I0 = N. Suppose Il−1 is de�ned. By (13.7), we may take an
in�nite subset I ′l ⊂ Il−1 such that δi < 1

2l for all i ∈ I
′
l . Hence ri > l for all i ∈ I ′l .

Hence for each i ∈ I ′l , we have the restriction gi|D(l) : D(l)→ X. We get an in�nite
indexed family (gi|D(l))i∈I′l in Hol(D(l), X). By (13.5), we have gi(D(1/2))∩U = ∅
for all i ∈ I ′l . Hence (gi|D(l))i∈I′l ̸→ S, where we consider D(l) as �D�. We apply
Lemma 13.1. Then we get an in�nite subset Il ⊂ I ′l such that (gi|D(l))i∈Il converges
uniformly on compact subsets of D(l) to hl : D(l) → X. Since hl−1 is the limit of
(gi|D(l−1))i∈Il , which is a subfamily of (gi|D(l−1))i∈Il−1

, we have hl|D(l−1) = hl−1.
Now we get a holomorphic map h : C → X such that h|D(l) = hl for all

l ∈ N. We shall show that h is non-constant. Note that h1 : D→ X is the limit of
(gi|D)i∈I1 . By (13.6), we have gi(∂D(1/2))∩U ̸= ∅ for all i ∈ I1. Thus h1(∂D(1/2))∩
U ̸= ∅. On the other hand, by gi(0) ∈ L for all i ∈ I1, we have h1(0) ∈ L. By
L ∩ U = ∅, h1 is non-constant. Hence h is non-constant.

For each irreducible component D ⊂ ∂A, we have either h(C) ⊂ D or h(C) ∩
D = ∅. Thus there exists an A-orbit O ⊂ Ā such that h(C) ⊂ O. Note that
O is isomorphic to a semi-abelian variety. Hence the Zariski closure of h(C) is a
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translate of a semi-abelian subvariety of O (cf. Theorem 1.1, or [27, Thm. 3.9.19]).
Hence h(C) ⊂ S. This contradicts h(0) = h1(0) ∈ L. Hence (fn)n∈N ̸→ S.

Now by Lemma 13.1, there exists a subsequence (fnk
)k∈N which converges

uniformly on compact subsets of D to f : D→ X. Thus we have proved that X is
tautly embedded modulo S in X.

Remark 13.2. While the compact case of Theorem 1.3 was proved in [46,
Thm. 1.4], the strategy of that proof does not seem to extend to the non-compact
case. This limitation arises because a key geometric lemma from that proof, [46,
Lem. 4.2], fails to generalize to the non-compact setting. We remark that the
compact case, [46, Thm. 1.4], can be proved more directly from Theorem 1.2
(cf. Remark 14.2).

�14. Proof of Theorem 1.5

When A is compact, we may eliminate the term �γ-almost� from statement (2) in
Theorem 1.2 to get the following.

Corollary 14.1. Let A be an abelian variety. Let X ⫋ A be a proper closed

algebraic subvariety. Let (fn)n∈N be a sequence of holomorphic maps in Hol(D, X).

Then there exist a proper abelian subvariety B ⫋ A and a subsequence (fnk
)k∈N

with the following two properties:

(1) (ϖ ◦ fnk
)k∈N converges uniformly on compact subsets of D to a holomorphic

map g : D→ A/B, where ϖ : A→ A/B is the quotient map.

(2) For every 0 < s < 1 and open neighborhood U ⊂ A of SpBX, there exists

k0 ∈ N such that, for all k ≥ k0, we have fnk
(z) ∈ U for all z ∈ D(s).

Proof. We apply Theorem 1.2 to get B ⫋ A and (fnk
)k∈N. Assertion (1) follows

from that of Theorem 1.2. To prove assertion (2), we set Z = ϖ(SpBX). Then
since each �ber of ϖ : A→ A/B consists of one B-orbit, we have

ϖ−1(Z) = SpBX.

Let U ⊂ A be an open neighborhood of SpBX. Then since A\U is compact,
ϖ(A\U) ⊂ A/B is a closed set. We have Z ∩ϖ(A\U) = ∅. Note that Z ⊂ A/B

is a Zariski closed set. Hence there exists an open neighborhood W ⊂ A/B of Z
such that W ∩ϖ(A\U) = ∅. Then ϖ−1(W ) ⊂ U .

Now let s ∈ (0, 1). By (fnk
)k∈N → SpBX, we have (ϖ ◦ fnk

)k∈N → Z. Hence
g(D) ⊂ Z (cf. Remark 3.7). Hence there exists k0 ∈ N such that ϖ◦fnk

(D(s)) ⊂W
for all k ≥ k0. Hence we have fnk

(D(s)) ⊂ U for all k ≥ k0.
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Remark 14.2. When A is compact, Theorem 1.3 is easily derived from Corol-
lary 14.1 as follows. Let (fn)n∈N be a sequence of holomorphic maps in Hol(D, X).
We assume that condition (2) of the de�nition of �tautly embedded modulo� is
not satis�ed. Then there exist compact sets K ⊂ D and L ⊂ X − S such that, by
replacing (fn)n∈N by its subsequence, we have fn(K) ∩ L ̸= ∅ for all n ∈ N. We
apply Corollary 14.1 to get B ⊂ A and (fnk

)k∈N. To prove dimB = 0, we assume
on the contrary that dimB > 0. Then SpBX ⊂ S. Hence assertion (2) of Corol-
lary 14.1 contradicts the condition fn(K)∩L ̸= ∅ for all n ∈ N. Hence dimB = 0.
Then by assertion (1) of Corollary 14.1, the sequence (fnk

)k∈N converges uniformly
on compact subsets of D. Thus Theorem 1.3 for the compact case is re-proved.

Proof of Theorem 1.5. The case X = A is trivial, so we assume X ⫋ A. Let
v ∈ T̆xX satisfy FX(v) = 0, where x ∈ X. We consider v ∈ TA by the natural
inclusion T̆X ⊂ TA. There exists a sequence (fn)n∈N in Hol(D, X) such that
f ′n(0) = nv. Then fn(0) = x. We apply Corollary 14.1 to get B ⫋ A and (fnk

)k∈N.
We �rst show ϖ∗(v) = 0, where ϖ : A → A/B is the quotient map. Note that
ϖ ◦ fnk

: D→ A/B converges uniformly on compact subsets of D to g : D→ A/B.
Hence (ϖ ◦ fnk

)′(0) = nkϖ∗(v) converges to g′(0). Thus we have ϖ∗(v) = 0.
Now by assertion (2) of Corollary 14.1, we have

x ∈ SpBX

(thanks to the absence of the term �γ-almost� in Corollary 14.1). Hence x+B ⊂ X.
Since ϖ∗(v) = 0, we have v ∈ T (x+B). Hence there exists f : C→ (x+B) ⊂ X

such that f ′(0) = v. The proof is completed.

The following example shows that the condition FX(v) = 0 does not neces-
sarily imply the existence of f : C→ X with f ′(0) = v.

Example 14.3. Let X be a smooth surface which is Kobayashi hyperbolic. Let
X̃ → X be a blow-up along one point p ∈ X. Let E ⊂ X̃ be the exceptional divisor.
Let a1, a2, a3 ∈ E be three distinct points. Then X̃−Z is Brody hyperbolic, where
Z = {a1, a2, a3}. Namely there is no non-constant holomorphic map f : C→ X̃−Z.
On the other hand, for q ∈ E − Z ⊂ X̃ − Z and v ∈ TqE, we have FX̃−Z(v) = 0.
To show this, we take an open neighborhood W of E which is biholomorphic to{

(x, y, [s, t]) ∈ C2 × P1; |x| < 1, |y| < 1, xt = ys
}
.

We may assume that q ∈ E corresponds to (0, 0, [0, 1]). For n ∈ N, we de�ne
fn ∈ Hol(D,W ) by fn(z) = (z3, 1

nz
2, [nz, 1]). Set v = f ′1(0). Then v ∈ TqE and

v ̸= 0. We have f ′n(0) = nv. We have fn(D−{0}) ⊂W−E and fn(0) = q ∈ X̃−Z.
Hence fn(D) ⊂ X̃ − Z. Thus FX̃−Z(v) = 0.
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Remark 14.4. We do not know whether a similar statement for Theorem 1.5
holds for non-compact semi-abelian varieties.

�15. Proof of Theorem 1.7

We have an equivariant compacti�cation (Gm)p−1 ⊂ Pp−1 such that the inclusion is
de�ned by (g1, . . . , gp−1) 7→ [g1 : · · · : gp−1 : 1]. The action (Gm)p−1×Pp−1 → Pp−1

is de�ned by

(15.1) (g1, . . . , gp−1) · [x1 : · · · : xp−1 : xp] = [g1x1 : · · · : gp−1xp−1 : xp].

Here, x1, . . . , xp are the homogeneous coordinates of Pp−1. Let V ⊂ (Gm)p−1 be a
closed subvariety such that V ⊂ Pp−1 is de�ned by x1 + x2 + · · ·+ xp = 0.

Let I = {I1, . . . , Il} be a disjoint partition I1⊔· · ·⊔Il = {1, . . . , p}. We de�ne
a subtorus GI ⊂ (Gm)p−1 as follows. For i ∈ {1, . . . , p}, we de�ne τ(i) ∈ {1, . . . , l}
by i ∈ Iτ(i). We de�ne a linear subspace L(I) ⊂ Cp by the equations xi = xj for all
i, j ∈ {1, . . . , p} such that τ(i) = τ(j). We consider the immersion (Gm)p−1 ⊂ Cp

given by (g1, . . . , gp−1) 7→ (g1, . . . , gp−1, 1). We set

GI = (Gm)p−1 ∩ L(I).

Then GI ⊂ (Gm)p−1 is a subtorus.

Lemma 15.1. We have

SpGI
V =

{
[x1 : · · · : xp] ∈ Pp−1;

∑
i∈Ik xi = 0 for all 1 ≤ k ≤ l

}
.

Proof. Note that SpGI
V is de�ned by the simultaneous equations

(15.2) g1x1 + · · ·+ gp−1xp−1 + xp = 0 for all (g1, . . . , gp−1) ∈ GI .

By changing the indices of I1, . . . , Il, we may assume p ∈ Il. We have an iso-
morphism (Gm)l−1 → GI by (a1, . . . , al−1) 7→ (aτ(1), . . . , aτ(p−1)), where we set
al = 1. For each k ∈ {1, . . . , l}, we choose ι(k) ∈ {1, . . . , p} such that ι(k) ∈ Ik.
Then ι is a section of τ : {1, 2, . . . , p} → {1, . . . , l}. For (g1, . . . , gp−1) ∈ GI , we
have

g1x1 + · · ·+ gp−1xp−1 + xp =

l−1∑
k=1

(
gι(k)

∑
i∈Ik

xi

)
+

∑
i∈Il

xi.

Hence (15.2) is equivalent to
∑
i∈Ik xi = 0 for all k ∈ {1, . . . , l}. The proof is

completed.

Lemma 15.2. Let G ⊂ (Gm)p−1 be a subtorus. Then there exists a disjoint par-

tition I = {I1, . . . , Il} of {1, 2, . . . , p} such that
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(1) G ⊂ GI , and

(2) SpGI
V = SpGV .

Proof. By the inclusion (Gm)p−1 ⊂ Cp, we have G ⊂ Cp. Let χ1, . . . , χp ∈
Hom(G,Gm) be the composite of G ⊂ Cp and the i-th projections Cp → C,
where χp ≡ 1. Then χ1, . . . , χp are group homomorphisms. We de�ne an equiva-
lence relation ∼ on {1, . . . , p} such that i ∼ j if and only if χi = χj . Thus we get a
disjoint partition I = {I1, . . . , Il} of {1, . . . , p} such that each Ik is an equivalence
class of the equivalence relation.

Let L ⊂ Cp be the linear subspace spanned by G ⊂ Cp. We claim

(15.3) L = L(I).

We prove this. By the de�nition of I, we have χi = χj if and only if τ(i) =
τ(j). Hence we have G ⊂ L(I). Hence L ⊂ L(I). Let ι : {1, . . . , l} → {1, . . . , p}
be a section of τ : {1, . . . , p} → {1, . . . , l}. Note that xι(1)|L(I), . . . , xι(l)|L(I) form
a basis of the dual space of L(I), where x1, . . . , xp are the coordinate functions
of Cp. On the other hand, {χι(k)}k∈{1,...,l} ⊂ Hom(G,Gm) is linearly independent
(cf. [6, Lem. 8.1]). Hence xι(1)|L, . . . , xι(l)|L are linearly independent on the dual
space of L. Hence dimL ≥ l = dimL(I). Thus we get (15.3).

Now we have G ⊂ GI , which follows from G ⊂ L(I). Hence we have SpGI
V ⊂

SpGV . It remains to prove SpGV ⊂ SpGI
V . Note that SpGV is de�ned by simul-

taneous equations

(15.4) b1x1 + · · ·+ bp−1xp−1 + xp = 0 for all (b1, . . . , bp−1) ∈ G ⊂ (Gm)p−1.

For g = (g1, . . . , gp−1, 1) ∈ GI ⊂ Cp, we have g ∈ L(I). Thus by (15.3), we have
g ∈ L. Hence there exist (b1,1, . . . , b1,p−1, 1), . . . , (bs,1, . . . , bs,p−1, 1) ∈ G ⊂ Cp and
α1, . . . , αs ∈ C such that

(g1, . . . , gp−1, 1) = α1(b1,1, . . . , b1,p−1, 1) + · · ·+ αs(bs,1, . . . , bs,p−1, 1).

Hence the solutions of the simultaneous equations (15.4) satisfy the equation

g1x1 + · · ·+ gp−1xp−1 + xp = 0.

Thus SpGV ⊂ SpGI
V .

Lemma 15.3. Suppose G = (Gm)p−1. Then we have SpGV = ∅.

Proof. Note that SpGV is de�ned by simultaneous equations

g1x1 + · · ·+ gp−1xp−1 + xp = 0 for all (g1, . . . , gp−1) ∈ (Gm)p−1,

which has only a trivial solution. Hence SpGV = ∅.
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Proof of Theorem 1.7. We consider Pp−1 as an equivariant compacti�cation of
(Gm)p−1, where the action is de�ned by (15.1). Let V ⊂ (Gm)p−1 be a closed
subvariety such that V ⊂ Pp−1 is de�ned by

x1 + x2 + · · ·+ xp = 0,

where x1, . . . , xp are homogeneous coordinates of Pp−1. For each f = (f1, . . . , fp) ∈
F , we consider a holomorphic map f̂ : D → Pp−1 de�ned by f̂(z) = [f1(z) : · · · :
fp(z)]. Then we have f̂(D) ⊂ V , hence f̂ ∈ Hol(D, V ). Hence (f̂)f∈F is an in�nite
indexed family in Hol(D, V ). We replace F by its countably in�nite subset. Then
we may consider (f̂)f∈F as a sequence in Hol(D, V ). We continue to write this
sequence F .

We apply Theorem 1.2 to get B ⊂ (Gm)p−1 and an in�nite subset G ⊂ F .
Then by (f̂)f∈G → SpBV , we have SpBV ̸= ∅. We apply Lemma 15.2 to get a
disjoint partition I = {I1, . . . , Il} of {1, . . . , p} such that B ⊂ GI and SpGI

V =

SpBV . Then we have SpGI
V ̸= ∅. Hence by Lemma 15.3, we have GI ̸= (Gm)p−1.

Since the limit function satis�es D→ (Gm)p−1/B, the sequence (f̂)f∈G converges
under the quotient (Gm)p−1/GI . Hence by replacing B by GI , we may assume
that B = GI .

We take Ik, where 1 ≤ k ≤ l. By Lemma 15.1, we have SpBV ⊂ {
∑
j∈Ik xj =

0} as Zariski closed subsets of Pp−1. Hence we have

(15.5) (f̂)f∈G →
{ ∑
j∈Ik

xj = 0

}
.

Let ψk : Pp−1 99K P|Ik|−1 be de�ned by [x1 : · · · : xp] 7→ [xj ]j∈Ik . Here we note
that P0 = pt, when |Ik| = 1. Then ψk is regular on (Gm)p−1 ⊂ Pp−1. We have
(Gm)|Ik|−1 ⊂ P|Ik|−1. Note that ψk induces a group homomorphism

ψk|(Gm)p−1 : (Gm)p−1 → (Gm)|Ik|−1.

This ψk|(Gm)p−1 is invariant under the action of B on (Gm)p−1, hence factors the
quotient map (Gm)p−1 → (Gm)p−1/B. Hence the sequence (ψk ◦ f̂)f∈G converges
uniformly on compact subsets of D to gk : D→ (Gm)|Ik|−1. Set Hk = {

∑
j∈Ik xj =

0} ⊂ P|Ik|−1. We note that Hk = ∅ if |Ik| = 1.

Claim. Suppose gk(D) ̸⊂ Hk. Let ε ∈ (0, 1), s ∈ (0, 1), and γ > 0. Then there
exists a �nite subset E ⊂ G such that for all f ∈ G\E , we have

(15.6)

√∑
j∈Ik |fj(z)|

2√∑
1≤i≤p |fi(z)|2

<
ε

2p

for γ
2p -almost all z ∈ D(s).
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We prove this. We de�ne Ek ⊂ Pp−1 by Ek =
⋂
i∈Ik{xi = 0}. Then ψk induces

a regular map φk : BlEk
Pp−1 → P|Ik|−1. Let E′

k ⊂ BlEk
Pp−1 be the exceptional

divisor. Let µ : Pp−1 → R≥0 be de�ned by

µ([x1 : · · · : xp]) =

√∑
j∈Ik |xj |

2√∑
1≤i≤p |xi|2

.

Set U = {µ < ε/2p} ⊂ Pp−1. Then U is an open neighborhood of Ek. Let U ′ ⊂
BlEk

Pp−1 be the inverse image of U under BlEk
Pp−1 → Pp−1. Then U ′ is an

open neighborhood of E′
k. By gk(D) ̸⊂ Hk, we may take an open neighborhood

W0 ⊂ P|Ik|−1 of Hk such that

C1
H(D(s) ∩ g−1

k (W0)) < γ/4p.

Here we recall the notation C1
H from (8.1). We take an open neighborhoodW ⋐W0

of Hk. Then since (φk ◦ f̂)f∈G converges uniformly on compact subsets of D to gk,
we have

D(s) ∩ f̂−1(φ−1
k (W )) ⊂ D(s) ∩ g−1

k (W0)

for all but �nitely many f ∈ G. Hence we have

C1
H

(
D(s) ∩ f̂−1(φ−1

k (W ))
)
< γ/4p

for all but �nitely many f ∈ G. By (15.5), we have (f̂)f∈G → E′
k ∪ φ∗

kHk. Hence,
we have

C1
H

(
D(s)\f̂−1(U ′ ∪ φ−1

k (W ))
)
< γ/4p

for all but �nitely many f ∈ G. Hence we have

C1
H(D(s)\f̂−1(U)) < γ/2p

for all but �nitely many f ∈ G. This proves our claim.
We de�ne Λ ⊂ {1, . . . , l} to be the set of k ∈ {1, . . . , l} such that gk(D) ̸⊂ Hk.

If |Ik| = 1, then k ∈ Λ. We note that (15.6) shows that Λ ̸= {1, . . . , l}. By changing
the indexes, we may assume that {1, . . . , n} = {1, . . . , l}\Λ. Then we have n ≥ 1.

We show that I1, . . . , In satisfy assertions (2) and (3) of Theorem 1.7. We
take k ∈ {1, . . . , n}. Then |Ik| ≥ 2. For i, j ∈ Ik, we de�ne τij : (Gm)p−1 → Gm by
(b1, . . . , bp−1) 7→ bi/bj , where we set bp = 1. Then τij factors ψk|(Gm)p−1 : (Gm)p−1

→ (Gm)|Ik|−1. Hence (τij ◦ f̂)f∈G converges uniformly on compact subsets of D
to the composite of gk : D → (Gm)|Ik|−1 and κij : (Gm)|Ik|−1 → Gm. Note that
τij ◦ f̂ = fi/fj . Hence (fi/fj)f∈G converges uniformly on compact subsets of D to
κij ◦ gk : D → Gm, which is a nowhere-vanishing holomorphic function on D. By
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gk(D) ⊂ Hk, we have ∑
i∈Ik

κij ◦ gk = 0.

Hence (
∑
i∈Ik fi/fj)f∈G converges uniformly on compact subsets of D to 0. Thus

assertion (2) of Theorem 1.7 is true.
We prove Theorem 1.7 (3). Set I = I1 ⊔ · · · ⊔ In. We have√∑

i∈I |fi|2√∑
1≤i≤p |fi|2

≥

√∑
1≤i≤p |fi|2 −

∑
j ̸∈I |fj |√∑

1≤i≤p |fi|2
= 1−

∑
j ̸∈I

|fj |√∑
1≤i≤p |fi|2

.

Hence by (15.6), we have√∑
1≤i≤p |fi(z)|2√∑
i∈I |fi(z)|2

< 1 + ε < 2

for γ
2 -almost all z ∈ D(s). Combining this with (15.6), we get assertion (3) of

Theorem 1.7. The proof of Theorem 1.7 is completed.

Appendix A. Semi-abelian varieties

In this appendix, we describe semi-abelian varieties. We only treat the de�nitions
and properties which are needed in this paper. There are several good references
on semi-abelian varieties including [8, Sec. 5.4], [21], [35, Chap. 5], [40, Chap. VI].
All algebraic groups are de�ned over C.

A semi-abelian variety A is an algebraic group with a (unique) expression

0→ T → A→ A0 → 0,

where A0 is an abelian variety and T ≃ Glm is an algebraic torus. Then A is
smooth, connected, and commutative (cf. [8, Rem. 5.4.2 (ii)]). By [8, Thm. 2.7.2],
the map A→ A0 is a T -torsor, i.e., we have the following Cartesian diagram:

A

��

T ×A
φ

oo

p

��

A0 A.oo

Here, φ(a, t) = a+ t and p is the second projection.

Remark A.1. Let A be a semi-abelian variety and let B ⊂ A be a connected
algebraic subgroup. By [8, Cor. 5.4.6], B is a semi-abelian variety. We have a
quotient q : A→ A/B, which is a B-torsor (cf. [8, Thm. 2.7.2]). In particular, q is
faithfully �at and quasi-compact. By [8, Cor. 5.4.6], A/B is a semi-abelian variety.
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By an equivariant compacti�cation Ā of A, we mean that (1) Ā is compact,
(2) an open immersion A ⊂ Ā exists, and (3) the group morphism A × A → A

extends to A× Ā→ Ā.

Appendix A.1. Construction of an equivariant compacti�cation

The main purpose of this subsection is to introduce an equivariant compacti�-
cation Ā of A constructed from an equivariant compacti�cation T of T . This
compacti�cation is described in [29, p. 1414], [42, Lem. 2.2].

Let V be an algebraic variety which admits a T -action. Then we have a T -
action on V ×A de�ned by (x, a) 7→ (x− t, a+ t) for t ∈ T .

Lemma A.2. The categorical quotient V ×A→ (V ×A)/T exists. Namely, every

T -invariant morphism V ×A→W factors uniquely through V ×A→ (V ×A)/T .

Proof. Let {Ui} be a Zariski open covering of A0 with T -equivariant trivialization
ϕi : A|Ui

→ T ×Ui (cf. [40, p. 169], [41, Lem. 2.2], [33, Prop. 16.55]). Then for each
i, j, we get an isomorphism

ϕj ◦ ϕ−1
i |T×(Ui∩Uj) : T × (Ui ∩ Uj)→ T × (Ui ∩ Uj).

Let sij : Ui ∩ Uj → T be de�ned by ϕj ◦ ϕ−1
i |T×(Ui∩Uj)(0T , u) = (sij(u), u). Note

that A is reconstructed from a gluing of trivial T -torsors T × Ui by the �ech
cocycle {sij} ∈ qH1({Ui}, T ). Now we glue V × Ui by the same �ech cocycle {sij}
to get (V ×A)/T . The T -invariant morphism V ×A→ (V ×A)/T is described as
follows. For each i, we de�ne a map

µi : V × T × Ui → V × Ui

by µi(x, t, u) = (x+ t, u). Then µi is T -invariant under the T -action on V ×T ×Ui
de�ned by (x, t, u) 7→ (x− τ, t+ τ, u), where τ ∈ T . We note that µi is a T -torsor
with respect to this T -action. The space V ×A is described by a gluing of spaces
V × T × Ui by the isomorphisms V × T × (Ui ∩ Uj)→ V × T × (Ui ∩ Uj) de�ned
by (x, t, u) 7→ (x, t+ sij(u), u). Then we may glue µi to get a T -torsor

µ : V ×A→ (V ×A)/T.

In particular, µ is a categorical quotient (cf. [8, Prop. 2.6.4]). We remark that the
space (V ×A)/T does not depend on the choices of {Ui} and ϕi.

Remark A.3. Suppose a T -equivariant map f : V ′ → V exists. Then by the
above construction, f induces f ′ : (V ′×A)/T → (V ×A)/T . If f is an open (resp.
closed) immersion, then f ′ is an open (resp. closed) immersion. If V is smooth,
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then (V × A)/T is smooth. Indeed, (V × A)/T is constructed by a gluing of the
spaces V × Ui, which are smooth.

Lemma A.4. Let T be an equivariant compacti�cation of T . Then (T ×A)/T is

an equivariant compacti�cation of A.

Proof. We have A = (T×A)/T . Hence the open immersion T ⊂ T induces an open
immersion A ⊂ (T × A)/T . The A-action on (T × A)/T is described as follows.
Let

h : A× (T ×A)→ A× ((T ×A)/T )

be de�ned by h(a, t, a′) = (a, µ(t, a′)), where µ : T×A→ (T×A)/T is the quotient
map. Then h is a T -torsor, hence a categorical quotient under the T -action on
A× (T ×A) de�ned by

(A.1) (a, t, a′) 7→ (a, t− τ, a′ + τ),

where τ ∈ T . Let

(A.2) φ : A× (T ×A)→ (T ×A)/T

be de�ned by φ(a, t, a′) = µ(t, a + a′). Then φ is invariant under the T -action
(A.1). Hence φ is the composite of h and a unique map

(A.3) ψ : A× ((T ×A)/T )→ (T ×A)/T.

This is our A-action. Note that the map A → A0 extends to (T × A)/T → A0,
which is proper. Hence (T ×A)/T is compact.

Lemma A.5. Let T be an equivariant compacti�cation of T . Let Z ⊂ T be an

irreducible locally closed set which is T -invariant. Then (Z × A)/T ⊂ (T × A)/T
is an A-invariant, irreducible locally closed set. Moreover, every A-invariant, irre-

ducible locally closed set V ⊂ (T ×A)/T is obtained in this way.

Proof. By the construction, (Z × A)/T ⊂ (T × A)/T is a locally closed set
(cf. Remark A.3). We have φ(A × Z × A) = (Z × A)/T , where φ is given as
in (A.2). Hence ψ(A × ((Z × A)/T )) = (Z × A)/T , where ψ is given as in (A.3).
Hence (Z ×A)/T ⊂ (T ×A)/T is A-invariant.

Let V ⊂ (T × A)/T be an A-invariant, irreducible locally closed set. Set
Z = V ∩ T , where T is identi�ed with the �bers of (T × A)/T → A0. Then we
have V = (Z ×A)/T .

Lemma A.6. Let Ā be a smooth equivariant compacti�cation of A. Then there

exists a smooth equivariant compacti�cation T ⊂ T so that Ā = (T ×A)/T .
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Proof. There exists a rational map Ā 99K A0, but every rational map from smooth
variety to an abelian variety is regular. So we have a regular map p : Ā→ A0. Note
that this map is A-equivariant. Indeed, denoting the actions bym : A×Ā→ Ā and
m′ : A×A0 → A0, we have two maps p◦m : A×Ā→ A0 andm′◦(idA, p) : A×Ā→
A0. These coincide on A×A ⊂ A×Ā. Hence p◦m = m′◦(idA, p), which shows that
p : Ā → A0 is A-equivariant. Since Ā is smooth, there exists a non-empty Zariski
open set U ⊂ A0 such that p−1(U) → U is smooth ([18, Chapter III, Cor. 10.7]).
By translation, p : Ā→ A0 is smooth.

Now set T = p−1(0A0
). Then T is a smooth equivariant compacti�cation of T .

By restricting m : A×Ā→ Ā to A×T ⊂ A×Ā, we get A×T → Ā. This map is T -
invariant. Hence we get ψ : (T ×A)/T → Ā. Note that the restriction ψ|A : A→ Ā

is the open immersion. Hence ψ is a map over A0. Note that ψ is injective on
the �ber T ⊂ (T × A)/T over 0A0 ∈ A0. Hence ψ is injective. Since Ā is smooth,
Zariski's main theorem yields that ψ is an open immersion. Since (T × A)/T is
complete, ψ is an isomorphism. Thus Ā is obtained by (T ×A)/T .

Appendix A.2. Fans and torus embeddings

We describe torus embeddings associated to fans. We basically follow the notation
described in [37]. See also [11, 16, 24].

Let N = Zr. Set NR = N ⊗R, M = Hom(N,Z), and MR =M ⊗R. A subset
C ⊂ NR is a convex rational polyhedral cone if there exist n1, . . . , ns ∈ N such
that C = R≥0n1 + · · ·+ R≥0ns. We set

C∨ =
{
u ∈MR; u(x) ≥ 0 for all x ∈ C

}
.

Then C∨ ⊂ MR is a convex rational polyhedral cone (cf. [37, p. 2]). A subset
F ⊂ C is called a face and is denoted F ≺ C if there exists u ∈ C∨ such that
F = C ∩ {u = 0}. Then F is a convex rational polyhedral cone (cf. [37, p. 2]). We
call C strongly convex if C∩(−C) = {0}. A fan in N is a non-empty collection∆ of
strongly convex rational polyhedral cones in NR satisfying the following conditions:

(1) Every face of any σ ∈ ∆ is contained in ∆.

(2) For any σ, σ′ ∈ ∆, the intersection σ ∩ σ′ is a face of both σ and σ′.

We call ∆ complete if ∆ is �nite and
⋃
σ∈∆ σ = NR. We call ∆ non-singular if for

all σ ∈ ∆, there exists a Z-basis n1, . . . , nr of N such that σ = R≥0n1+· · ·+R≥0ns,
where s ≤ r.

Let N ′ = Zr′ and let ∆′ be a fan in N ′
R. A map of fans φ : (N ′,∆′)→ (N,∆)

is a Z-linear map φ : N ′ → N such that for each σ′ ∈ ∆′, there exists σ ∈ ∆ such
that φ(σ′) ⊂ σ. Here we continue to write the scalar extension as φ : N ′

R → NR.
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Let T be an algebraic torus. Let M = Hom(T,Gm) and N = Hom(Gm, T ).
A torus embedding T ⊂ T emb(∆) is de�ned from a fan (N,∆) as follows (cf. [37,
Thm. 1.4]): For each σ ∈ ∆, we construct the a�ne scheme Spec(C[M∩σ∨]). Then
for σ′ ∈ ∆ with σ′ ≺ σ, we get the open immersion Uσ′ ⊂ Uσ. By this, we may
glue {Uσ}σ∈∆ to get T emb(∆). Then T emb(∆) is normal and contains T = U{0}
as a dense Zariski open set. Moreover, T acts on T emb(∆). A torus embedding
T emb(∆) is complete if and only if ∆ is complete, and smooth if and only if
∆ is non-singular. Conversely, by Sumihiro's theorem, every normal, equivariant
compacti�cation T of T is a torus embedding associated to some complete fan
([37, Thm. 1.5]). Let ψ : T ′ → T be a homomorphism of algebraic tori. Then we
have ψ∗ : N

′ → N , where N ′ = Hom(Gm, T ′). Let ∆′ be a fan in N ′. Suppose
ψ∗ : (N

′,∆′) → (N,∆) is a map of fans. Then ψ extends to an equivariant map
T ′ emb(∆′)→ T emb(∆) (cf. [37, Thm. 1.13]).

Let ∆ be a complete fan in N . Set T = T emb∆. For each σ ∈ ∆, there
exists a unique T -orbit orb(σ) ⊂ Uσ which is Zariski closed in Uσ. Then by [37,
Prop. 1.6 (iv)], we have

(A.4)
∐
τ≺σ

orb(τ) = Uσ.

Set σ⊥ = {u ∈ MR; u(x) = 0 for all x ∈ σ}. Then orb(σ) is identi�ed with
SpecC[M∩σ⊥], where the closed immersion orb(σ) ⊂ Uσ is described by the surjec-
tion C[M ∩ σ∨]→ C[M ∩ σ⊥] de�ned by χm 7→ 0 for all m ∈ (M ∩ σ∨)\(M ∩ σ⊥)

(cf. [37, Prop. 1.6 (iv)]). Here, for the notation χm we refer the readers to [16,
p. 15]. We note that SpecC[M ∩ σ⊥] is a quotient torus de�ned by the inclusion
C[M ∩ σ⊥] ⊂ C[M ]. The inclusion C[M ∩ σ⊥] ⊂ C[M ∩ σ∨] yields the map

(A.5) Uσ → orb(σ)

whose restriction to T ⊂ Uσ is the quotient map T → orb(σ). The closed immersion
orb(σ) ↪→ Uσ is a section of the map (A.5).

Let Iσ ⊂ T be the kernel of the quotient map T → orb(σ). Then Iσ is the
isotropy group for the points of orb(σ) ⊂ Uσ. Set Mσ = M/(M ∩ σ⊥). We claim
that Iσ ⊂ T is a subtorus and

(A.6) Hom(Iσ,Gm) =Mσ.

Indeed, since M ∩ σ⊥ ⊂M is saturated, Mσ is a free Z-module. Hence we get an
exact sequence of free Z-modules:

0→M ∩ σ⊥ →M →Mσ → 0.
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This yields the exact sequence of tori (cf. [33, Thm. 12.9])

1→ SpecC[Mσ]→ SpecC[M ]→ SpecC[M ∩ σ⊥]→ 1.

Hence we have Iσ = SpecC[Mσ]. This shows that Iσ is a torus such that (A.6).

Appendix A.3. Smooth modi�cations

Lemma A.7. Given an equivariant compacti�cation Ā, we may take a smooth

equivariant compacti�cation Â and an equivariant morphism Â→ Ā.

Proof. Let T be the Zariski closure of T · 0A ⊂ A in Ā. Then T ⊂ T is an
equivariant compacti�cation. We have a canonical map ψ : (T × A)/T → Ā. We
have a map T × T → T which extends the group morphism T × T → T . Let
T̃ → T be the normalization. This is an isomorphism over T . Hence T ⊂ T̃ . Since
T × T̃ is normal, the composite T × T̃ → T × T → T factors T̃ → T . Hence we
get T × T̃ → T̃ , which extends the group morphism T × T → T . Hence T̃ is an
equivariant compacti�cation of T . Then by Sumihiro's theorem, T ⊂ T̃ is a torus
embedding. Hence by [37, p. 23], there exist a smooth equivariant compacti�cation
T̂ and an equivariant morphism T̂ → T̃ . Set Â = (T̂ × A)/T . Then we have A-
equivariant morphisms Â→ (T ×A)/T → Ā. Note that Â is a smooth equivariant
compacti�cation. Compare with [25, Thm. 1.1].

Lemma A.8. Given a smooth equivariant compacti�cation Ā, we may take a

smooth projective equivariant compacti�cation Â and an equivariant morphism

Â→ Ā.

Proof. By Lemma A.6, we have Ā = (T × A)/T . By [37, Prop. 2.17], there exists
an equivariant modi�cation T̂ → T such that T̂ is projective. By [37, p. 23], we
may assume that T̂ is smooth. Then Â = (A× T̂ )/T is smooth. We claim that this
is also projective. Indeed, let D =

∑
j njDj be a T -invariant, very ample divisor

on T̂ . We set E =
∑
j nj(Dj × A)/T . Then E is a divisor on Â. Let p : Â → A0

be the canonical projection. Let {Ui} be a Zariski open covering of A0 such that
p−1(Ui) = T̂ ×Ui. Then p−1(Ui)∩E = D×Ui, which shows that OÂ(E) is p-very
ample relative to A0 (cf. [17, Def. 13.52]). Since A0 is projective, there exists an
ample line bundle L on A0 such that p∗L(E) is ample on Â (cf. [17, Prop. 13.65]).
Hence Â is projective.

Lemma A.9. Let Ā and Ã be equivariant compacti�cations. Then there exists a

smooth equivariant compacti�cation Â such that equivariant morphisms Â → Ā

and Â→ Ã exist.
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Proof. Let A ⊂ A×A be the diagonal, which induces A ⊂ Ā× Ã. Let V ⊂ Ā× Ã
be the Zariski closure of this. Then V is an A-equivariant compacti�cation with
equivariant maps V → Ā and V → Ã. By Lemma A.7, there exists a smooth equiv-
ariant compacti�cation Â with an equivariant morphism Â→ V . The composites
of this with V → Ā and V → Ã yield Â→ Ā and Â→ Ã.

Lemma A.10. Every semi-abelian variety admits only countably many smooth

equivariant compacti�cations.

Proof. A smooth equivariant compacti�cation Ā is written as (T ×A)/T , where T
is a smooth equivariant compacti�cation (cf. Lemma A.6). By Sumihiro's theorem,
every smooth, equivariant compacti�cation T of T is a torus embedding associated
to some complete fan ([37, Thm. 1.5]). There are only countably many complete
fans. Hence there are only countably many smooth equivariant compacti�cations
of T , hence of A.

Appendix A.4. Orbit closure and isotropy group

Let Ā = (T ×A)/T , where T = T emb∆. For each σ ∈ ∆, we set Oσ = (orb(σ)×
A)/T . Then Oσ ⊂ Ā is an A-orbit. By (A.4), we have Ā =

∐
σ∈∆Oσ. Let I ⊂ A be

the isotropy group for the points of Oσ. Since I acts trivially on the abelian variety
A0, we get I ⊂ T . Then I is the isotropy group for the points of orb(σ) ⊂ T . Hence
I ⊂ T is a subtorus and (A.6) yields

(A.7) Hom(I,Gm) =M/(M ∩ σ⊥).

Let V ⊂ Ā be an irreducible Zariski closed set which is A-invariant. Then there
exists a unique A-orbit Oσ ⊂ Ā such that V is the Zariski closure of Oσ. Suppose
Ā is smooth. Then by [37, Cor. 1.7], the closure of orb(σ) ⊂ T is smooth. Hence
V is smooth.

Lemma A.11. Let Ā be a smooth equivariant compacti�cation. Let V ⊂ Ā be an

irreducible Zariski closed set which is A-invariant. Then there exist an A-invariant

Zariski open set W ⊂ Ā with V ⊂ W and an equivariant morphism p : W → V

such that p : W → V is a total space of a vector bundle over V whose zero-section

is the inclusion map V ↪→ W . Moreover, V is covered by Zariski open subsets V0
such that the following properties hold:

(1) p : W → V is a trivial vector bundle Cl × V0 → V0 on V0.

(2) Let O ⊂ Ā be the A-orbit such that V is the closure of O. Let I be the isotropy

group for the points of O ⊂ Ā. Then there exists a decomposition I = Glm
such that (t1, . . . , tl) ∈ Glm acts (z1, . . . , zl, y) ∈ Cl × V0 as (z1, . . . , zl, y) 7→
(t1z1, . . . , tlzl, y).
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Proof. We �rst consider the case A = T . Set M = Hom(T,Gm) and N =

Hom(Gm, T ). Let ∆ be the fan de�ning T , i.e., T = T emb(∆). By [37, Prop. 1.6],
we may take τ ∈ ∆ such that V is the closure of orb(τ). We may take v1, , . . . , vl ∈
N such that τ = R≥0v1 + · · · + R≥0vl and τ ∩ N = Z≥0v1 + · · · + Z≥0vl. Let
N = N/Nτ , where Nτ = Z(τ ∩N). Then N is the dual of M ∩ τ⊥. We have

orb(τ) = SpecC[M ∩ τ⊥].

For each σ ∈ ∆ with τ ≺ σ, we set σ̄ = (σ + Rτ)/Rτ ⊂ NR. Then σ̄ ⊂ NR
is a strongly convex rational polyhedral cone (cf. [37, Prop. A.8]). Set U σ̄ =

SpecC[(M ∩ τ⊥) ∩ σ̄∨]. The inclusion C[(M ∩ τ⊥) ∩ σ̄∨] ⊂ C[M ∩ σ∨] yields
Uσ → U σ̄. We have a closed immersion U σ̄ ↪→ Uσ, which is obtained by the
surjection C[M ∩ σ∨] → C[(M ∩ τ⊥) ∩ σ̄∨] de�ned by χm 7→ 0 for all m ∈
(M ∩ σ∨)\(M ∩ τ⊥ ∩ σ̄∨). This inclusion U σ̄ ↪→ Uσ is the section of the map
Uσ → U σ̄.

We remark that the map Uσ → U σ̄ is a trivial vector bundle whose zero-
section is the inclusion map U σ̄ ↪→ Uσ. Indeed, the sequence

0→ Nτ → N → N → 0

has a (non-canonical) splitting N = Nτ ⊕N such that σ = τ ⊕ σ̄, where we view
τ ⊂ NR as τ ⊂ (Nτ )R. Considering the dual

0→M ∩ τ⊥ →M →Mτ → 0,

we get the associated splitting M =Mτ ⊕ (M ∩ τ⊥). Hence we get

C[M ∩ σ∨] = C[Mτ ∩ τ∨]⊗C C[(M ∩ τ⊥) ∩ σ̄∨].

We have SpecC[Mτ ∩ τ∨] = Cl, hence Uσ ≃ Cl × U σ̄. The inclusion U σ̄ ⊂ Uσ
coincides with {0} × U σ̄ ⊂ Cl × U σ̄. Hence the map Uσ → U σ̄ is a trivial vector
bundle whose zero-section is the inclusion map U σ̄ ↪→ Uσ. Moreover, the stabilizer
I of orb(τ) is identi�ed with (Gm)l ⊂ Cl. Note that the ambiguity of the splitting
N = Nτ ⊕ N yields an isomorphism Cl × U σ̄ ≃ Cl × U σ̄ which is de�ned by the
multiplication given by U σ̄ → I.

Now set ∆ = {σ̄; σ ∈ ∆, τ ≺ σ}. Then, by [37, Cor. 1.7], ∆ is a fan in NR
and V = orb(τ) emb(∆). Hence V =

⋃
σ̄∈∆ U σ̄. We set

W =
⋃

σ∈∆,τ≺σ
Uσ.

Then the maps Uσ → U σ̄ glue together to get a vector bundleW → V . Indeed, the
coordinate transformations of this vector bundle are given by the multiplications
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by I. Since Uσ are T -invariant, W is T -invariant. This completes the proof when
A = T .

Next we consider the general case. We write V = (V ′ ×A)/T , where V ′ ⊂ T
is a T -invariant Zariski closed set. Then we may take a Zariski open set W ′ ⊂ T

and p : W ′ → V ′ by the previous consideration. We set W = (W ′ × A)/T , where
W ′ is T -invariant. Then W ⊂ Ā is an A-invariant Zariski open set and V ⊂ W .
This yields W → V as desired.

Remark A.12. Let Ā be a smooth equivariant compacti�cation. Then the bound-
ary ∂A is a simple normal crossing divisor. Indeed, for each x ∈ ∂A, we take a
unique A-orbit O ⊂ Ā such that x ∈ O and set V = O. Then V is smooth. We
take W ⊂ Ā as in Lemma A.11. Let V0 ⊂ V be described in Lemma A.11 so that
x ∈ V0. We may assume V0 ⊂ O. Then (∂A) ∩ (Cl × V0) =

⋃l
i=1Hi × V0, where

Hi ⊂ Cl is de�ned by Hi = {zi = 0}. Hence (∂A) ∩ (Cl × V0) is a simple normal
crossing divisor on Cl×V0. Since x ∈ ∂A is arbitrary, ∂A is simple normal crossing.

Appendix A.5. Modi�cation of equivariant maps

The purpose of this subsection is to prove Lemma A.15.

Lemma A.13. Let ψ : N → N ′ be surjective. Let ∆ be a fan in N and let ∆′ be

a fan in N ′. Set ∆′′ = {σ∩ψ−1(σ′); σ ∈ ∆, σ′ ∈ ∆′}, where we continue to write

ψ : NR → N ′
R. Then ∆′′ is a fan in N .

Before proving this lemma, we remark the following. Given a convex rational
polyhedral cone C ⊂ NR, we have (C∨)∨ = C (cf. [37, Thm. A.1]). For another
convex rational polyhedral cone C ′ ⊂ NR, we have (C∩C ′)∨ = C∨+(C ′)∨ (cf. [37,
Thm. A.1]). In particular, C ∩C ′ is a convex rational polyhedral cone. Moreover,
if C is strongly convex, then C ∩ C ′ is strongly convex. By [37, Prop. A.9], the
following two statements are equivalent:

(1) The subset C ∩ C ′ ⊂ C is a face of C.

(2) For every x, x′ ∈ C, if x+ x′ ∈ C ∩C ′, then both x ∈ C ∩C ′ and x′ ∈ C ∩C ′.

The non-trivial part is the implication (2) ⇒ (1). The converse is trivial. Indeed,
suppose C ∩ C ′ is a face of C. Then there exists u ∈ C∨ such that C ∩ C ′ =

C ∩ {u = 0}. If x, x′ ∈ C satisfy x + x′ ∈ C ∩ C ′, then u(x) ≥ 0, u(x′) ≥ 0, and
u(x+ x′) = 0. Hence u(x) = u(x′) = 0, thus x, x′ ∈ C ∩ C ′.

Proof of Lemma A.13 (cf. [2, Lem. 3.2]). Note that ψ−1(σ′) is a convex rational
polyhedral cone. Since σ is strongly convex, σ ∩ ψ−1(σ′) is a strongly convex
rational polyhedral cone. Hence ∆′′ is a non-empty collection of strongly convex
rational polyhedral cones in NR.
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We �rst show that a face of σ ∩ ψ−1(σ′) is contained in ∆′′. We claim

(A.8) (σ ∩ ψ−1(σ′))∨ = σ∨ + ψ∗((σ′)∨),

where ψ∗ : M ′
R → MR is the dual map. Indeed, by (σ ∩ ψ−1(σ′))∨ = σ∨ +

(ψ−1(σ′))∨, it is enough to show

(ψ−1(σ′))∨ = ψ∗((σ′)∨).

Note that
(ψ−1(σ′))∨ ⊃ ψ∗((σ′)∨)

is trivial. To show the converse, let u ∈ (ψ−1(σ′))∨. LetK ⊂ NR be the kernel of ψ.
ThenK ⊂ ψ−1(σ′). HenceK ⊂ {u ≥ 0}. By −K = K, we getK ⊂ {u = 0}. Hence
there exists v ∈M ′

R such that u = v◦ψ. By u ∈ (ψ−1(σ′))∨, we have σ′ ⊂ {v ≥ 0}.
Hence v ∈ (σ′)∨. This shows u ∈ ψ∗((σ′)∨), hence (ψ−1(σ′))∨ ⊂ ψ∗((σ′)∨). Thus
we get (A.8).

Now a face of σ ∩ ψ−1(σ′) is de�ned by σ ∩ ψ−1(σ′) ∩ {u = 0} for some
u ∈ (σ ∩ ψ−1(σ′))∨. By (A.8), we have u = v + v′ ◦ ψ for some v ∈ σ∨ and
v′ ∈ (σ′)∨. We claim that

(A.9) σ ∩ ψ−1(σ′) ∩ {u = 0} = (σ ∩ {v = 0}) ∩ ψ−1(σ′ ∩ {v′ = 0}).

Indeed, the relation �⊃� is trivial. To show the converse, let x ∈ σ ∩ ψ−1(σ′) ∩
{u = 0}. Then we have v(x) ≥ 0 and v′ ◦ψ(x) ≥ 0. By u(x) = 0, we have v(x) = 0

and v′ ◦ψ(x) = 0. Hence x ∈ (σ∩{v = 0})∩ψ−1(σ′∩{v′ = 0}). This shows (A.9).
Set τ = σ ∩ {v = 0} and τ ′ = σ′ ∩ {v′ = 0}. Then τ and τ ′ are faces of σ and σ′,
respectively. Hence τ ∈ ∆ and τ ′ ∈ ∆′. By (A.9), we have

σ ∩ ψ−1(σ′) ∩ {u = 0} = τ ∩ ψ−1(τ ′) ∈ ∆′′.

Next we show that (σ1 ∩ψ−1(σ′
1))∩ (σ2 ∩ψ−1(σ′

2)) is a face of σ1 ∩ψ−1(σ′
1).

We take x, y ∈ σ1 ∩ ψ−1(σ′
1) such that x + y ∈ (σ1 ∩ ψ−1(σ′

1)) ∩ (σ2 ∩ ψ−1(σ′
2)).

Then we have x + y ∈ σ1 ∩ σ2. Since σ1 ∩ σ2 is a face of σ1, and x, y ∈ σ1,
we get x, y ∈ σ1 ∩ σ2. Also we have ψ(x + y) = ψ(x) + ψ(y) ∈ σ′

1 ∩ σ′
2. Since

σ′
1 ∩ σ′

2 is a face of σ′
1, and ψ(x), ψ(y) ∈ σ′

1, we get ψ(x), ψ(y) ∈ σ′
1 ∩ σ′

2. Hence
x, y ∈ (σ1 ∩ ψ−1(σ′

1)) ∩ (σ2 ∩ ψ−1(σ′
2)). By [37, Prop. A.9], we have

(σ1 ∩ ψ−1(σ′
1)) ∩ (σ2 ∩ ψ−1(σ′

2)) ≺ (σ1 ∩ ψ−1(σ′
1)).

Hence ∆′′ is a fan.

Lemma A.14. Let ψ : N → N ′. Let ∆ be a complete fan in N . Then there exist

a non-singular, complete fan ∆′ in N ′ and a �nite subdivision ∆̃ of ∆ such that

for all σ ∈ ∆̃, there exists σ′ ∈ ∆′ such that ψ(σ) = σ′.
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This is contained in the proof of [1, Prop. 4.4]. We give a proof for the sake of
completeness. Before proving this lemma, we remark the following. If ∆1, . . . ,∆l

are complete fans in N , then ∆ = {σ1 ∩ · · · ∩ σl; σ1 ∈ ∆1, . . . , σl ∈ ∆l} is a
complete fan in N . Indeed, for the case l = 2, Lemma A.13 applied to the identity
map N → N yields that ∆ is a fan. The same holds for all l by induction. The
completeness is obvious. Each σ1 ∈ ∆1 is a union of cones in ∆. Indeed, we have

σ1 =
⋃

σ2∈∆2,...,σl∈∆2

σ1 ∩ σ2 ∩ · · · ∩ σl,

for ∆2, . . . ,∆l are complete.

Proof of Lemma A.14. For each σ ∈ ∆, we may take a complete fan ∆′
σ in N ′

such that ψ(σ) is a union of cones in ∆′
σ. Indeed, by [37, Thm. A.3], there exist

strongly convex rational polyhedral cones τ1, . . . , τl such that ψ(σ) = τ1 ∪ · · · ∪ τl.
By [37, Prop. 1.12], there exist complete fans ∆′

1, . . . ,∆
′
l such that τi ∈ ∆′

i. We
set ∆′

σ = {σ′
1 ∩ · · · ∩ σ′

l; σ
′
i ∈ ∆′

i}. Then by Lemma A.13, ∆′
σ is a complete fan.

Each τi ∈ ∆′
i is a union of cones in ∆′

σ. Hence ψ(σ) is a union of cones in ∆′
σ, as

desired.
We set ∆′ = {

⋂
σ∈∆ κσ; κσ ∈ ∆′

σ}. Then by Lemma A.13, ∆′ is a complete
fan in N ′. For all σ ∈ ∆, ψ(σ) is a union of cones in ∆′. By replacing ∆′ by its
�nite subdivision, we may assume that ∆′ is non-singular.

We set ∆̃ = {ψ−1(τ) ∩ σ; τ ∈ ∆′, σ ∈ ∆}. Then by Lemma A.13, ∆̃ is a
complete fan in N . We shall show that these ∆̃ and ∆′ satisfy our requirement.
We have ψ(ψ−1(τ) ∩ σ) = τ ∩ ψ(σ). Hence it is enough to show

τ ∩ ψ(σ) ∈ ∆′.

We may take τ1, . . . , τk ∈ ∆′ such that ψ(σ) = τ1 ∪ · · · ∪ τk. Hence we have

τ ∩ ψ(σ) = (τ ∩ τ1) ∪ · · · ∪ (τ ∩ τk).

Each τ ∩τi is a face of τ . We take x, y ∈ τ such that x+y ∈ τ ∩ψ(σ). Then we have
x+ y ∈ τ ∩ τi for some τi. Since τ ∩ τi is a face of τ , we have x, y ∈ τ ∩ τi. Hence
x, y ∈ τ ∩ ψ(σ). By [37, Prop. A.9], τ ∩ ψ(σ) is a face of τ . Hence τ ∩ ψ(σ) ∈ ∆′.
This completes the proof of our lemma.

Lemma A.15. Let Ā be a smooth equivariant compacti�cation and let B ⊂ A

be a semi-abelian subvariety. Then there exists an equivariant compacti�cation

Â = (T̂ × A)/T with an equivariant morphism Â → Ā such that the following

properties hold:

(1) There exists a smooth equivariant compacti�cation Â/B such that an equiv-

ariant morphism p : Â→ Â/B exists.
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(2) For every x ∈ Â, if a semi-abelian subvariety C ⊂ A satis�es C · p(x) = p(x),

then C · x ⊂ B · x as subsets of Â.

Proof. We have canonical expressions 0 → TA → A → A0 → 0 and 0 → TB →
B → B0 → 0. Then we have the canonical expression

0→ TA/TB → A/B → A0/B0 → 0.

Set N = Hom(Gm, TA). Let ∆ be the fan in N such that TA = TA emb(∆), where
Ā = (TA × A)/TA. Set N ′ = Hom(Gm, TA/TB). Then we have ψ : N → N ′. By
Lemma A.14, we may �nd a non-singular, complete fan ∆′ in N ′ and a �nite
subdivision ∆̂ of ∆ such that for all σ ∈ ∆̂, there exists σ′ ∈ ∆′ such that
ψ(σ) = σ′. Set Â = (T̂A × A)/TA and Â/B = (T̂A/TB × A/B)/(TA/TB), where
T̂A = TA emb(∆̂) and T̂A/TB = TA/TB emb(∆′). Then T̂A/TB is smooth. Hence
Â/B is smooth. By [37, p. 19], we get equivariant morphisms p : Â → Â/B and
Â→ Ā.

We shall show that p : Â → Â/B satis�es assertion (2). Let x ∈ Â. Set Ix =

{a ∈ A; a · x = x}. We take σ ∈ ∆̂ such that x ∈ (orb(σ) × A)/T ⊂ Â. Set
Mσ =M ∩ σ⊥, where M = Hom(TA,Gm). By (A.7), we have

Hom(Ix,Gm) =M/Mσ,

where Ix ⊂ TA is a subtorus. Similarly, set Jp(x) = {a ∈ A/B; a · p(x) = p(x)}.
We take σ′ ∈ ∆′ such that

(A.10) ψ(σ) = σ′.

Let orb(σ′) ⊂ T̂A/TB be the corresponding orbit. Denoting the canonical map by
q : T̂A → T̂A/TB , we have q(orb(σ)) = orb(σ′) (cf. [16, p. 56], [11, Lem. 3.3.21]). In
particular, we have p(x) ∈ (orb(σ′) × (A/B))/(TA/TB) ⊂ Â/B. Hence by (A.7),
we have

Hom(Jp(x),Gm) =M ′/M ′
σ′ ,

where M ′ = Hom(TA/TB ,Gm) and M ′
σ′ = M ′ ∩ (σ′)⊥. The quotient map TA →

TA/TB induces a morphism Ix → Jp(x) of tori. This induces Hom(Jp(x),Gm) →
Hom(Ix,Gm), namelyM ′/M ′

σ′ →M/Mσ. This �ts into the following commutative
diagram:

0 // M ′
σ′ //

��

M ′ //

��

M ′/M ′
σ′ //

��

0

0 // Mσ
// M // M/Mσ

// 0.
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We claim that the map Ix → Jp(x) is surjective. Indeed, by (A.10), we have
M ′
σ′ = M ′ ∩Mσ. Hence the map M ′/M ′

σ′ → M/Mσ is injective. Thus we get the
injection Hom(Jp(x),Gm) ↪→ Hom(Ix,Gm). Since the image of the map Ix → Jp(x)
is a subtorus of Jp(x) (cf. [20, Prop. B, p. 54]), this image should coincide with
Jp(x). Thus the map Ix → Jp(x) is surjective.

Now let C ⊂ A satisfy C ·p(x). Then (C+B)/B ⊂ Jp(x). Hence (C+B)/B ⊂
(Ix +B)/B, so C ⊂ Ix +B. Thus C · x ⊂ (Ix +B) · x = B · x. This completes the
proof.

Appendix A.6. Logarithmic tangent space

We recall the isomorphism A× LieA ≃ TA from (2.6). Let Ā be a smooth equiv-
ariant compacti�cation of A. Then ∂A is a simple normal crossing divisor on Ā

(cf. Remark A.12).

Lemma A.16. The isomorphism (2.6) extends to an isomorphism

ψ : Ā× LieA→ TĀ(− log(∂A)).

Proof (cf. [35, Prop. 5.4.3]). We denote by

m : Ā×A→ Ā

the natural action de�ned by (x, a) 7→ x+ a. By m∗(∂A) = (∂A)×A, we have

T (Ā×A)
(
− log((∂A)×A)

)
→ TĀ(− log(∂A)).

We have the subbundle

Ā× TA ⊂ T (Ā×A)
(
− log((∂A)×A)

)
.

Thus we get

(A.11) Ā× TA→ TĀ(− log(∂A)).

We restrict this to Ā× {0A} ⊂ Ā×A to get

ψ : Ā× LieA→ TĀ(− log(∂A)),

which extends (2.6). We shall show that ψ is an isomorphism.
Let x ∈ Ā be an arbitrary point. It is enough to show that the induced map

ψx : LieA→ TxĀ(− log(∂A))

is injective. Let O ⊂ Ā be a unique A-orbit such that x ∈ O. Let I ⊂ A be the
isotropy group for x ∈ Ā. Then we have an isomorphism O ≃ A/I. Set V = O.
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By Lemma A.11, there exist an A-invariant Zariski open W ⊂ Ā with V ⊂ W

and an A-equivariant morphism p : W → V . We take a Zariski open neighborhood
V0 ⊂ V of x such that V0 ⊂ O and p−1(V0) = Al×V0. SetW0 = p−1(V0). ThenW0

is I-invariant and (t1, . . . , tl) ∈ I acts (y1, . . . , yl, v) ∈ Al×V0 as (t1y1, . . . , tlyl, v).
We denote this action by

µ : W0 × I →W0.

Note that µ is the restriction of m. The restriction of (A.11) onW0×TI ⊂ A×TA
induces

W0 × TI → TW0(− log(∂A)).

By the dual, we get

(A.12) µ∗Ω1
W0

(log(∂A))→ Ω1
(W0×I)/W0

.

The image of the sections dy1/y1, . . . , dyl/yl ∈ Ω1
W0

(log(∂A)) on W0 under the
map (A.12) are dt1/t1, . . . , dtl/tl. This shows that the map (A.12) is surjective
over W0 × I. Considering the dual on (x, eI) ∈ W0 × I, we observe that the
restriction

ψx|Lie I : Lie I → TxĀ(− log(∂A))

is injective.
Next we have the following commutative diagram:

W ×A m //

q

��

W

p

��

V × (A/I)
mV

// V.

This induces the following commutative diagram:

LieA
m∗ //

q∗

��

TxW

p∗

��

Lie(A/I)
(mV )∗

// TxV.

By x ∈ A/I, we note that (mV )∗ is an isomorphism. Hence kerm∗ ⊂ Lie I. Since
m∗ factors as

LieA
ψx−−→ TxĀ(− log(∂A)) −−→ TxW,

we get kerψx ⊂ Lie I. This shows that ψx is injective.
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Appendix A.7. An application of faithfully �at descent

Lemma A.17. Let V and Σ be varieties. Let Z ⊂ V be a closed subscheme. Let

Y ⊂ V ×Σ be a closed subscheme such that Ys = Z for all s ∈ Σ. Then Z×Σ ⊂ Y
as closed subschemes of V × Σ.

Proof. It is enough to prove the case that V and Σ are a�ne. Thus we assume
V = SpecR and Σ = SpecS. Let IZ ⊂ R and IY ⊂ R⊗CS be the ideals associated
to Z ⊂ V and Y ⊂ V × Σ, respectively. To show IY ⊂ IZ ⊗C S, we take φ ∈ IY .
Then we may write

φ = f1 ⊗ g1 + · · ·+ fl ⊗ gl,

where f1, . . . , fl ∈ R and g1, . . . , gl ∈ S. We take this expression so that l is a
minimum. We de�ne a subset L ⊂ Cl such that (a1, . . . , al) ∈ L if and only if
a1f1 + · · · + alfl ∈ IZ . Then L ⊂ Cl is a linear subspace. To prove L = Cl, we
assume on the contrary that L ⫋ Cl. Then we may take a non-zero (λ1, . . . , λl) ∈ Cl

such that λ1a1 + · · · + λlal = 0 for all (a1, . . . , al) ∈ L. We may assume without
loss of generality that λ1 = 1. Now for all s ∈ Σ, we have Ys = Z. Hence g1(s)f1+
· · ·+gl(s)fl ∈ IZ . Hence (g1(s), . . . , gl(s)) ∈ L, so λ1g1(s)+ · · ·+λlgl(s) = 0 for all
s ∈ Σ. Since S is an integral domain, we have λ1g1+ · · ·+λlgl = 0 in S. By λ1 = 1,
we have g1 = −(λ2g2+ · · ·+λlgl). Hence φ = (f2−λ2f1)⊗g2+ · · ·+(fl−λlf1)⊗gl.
This contradicts the minimality of l. Hence L = Cl. Now we have (1, 0, . . . , 0) ∈ L,
hence f1 ∈ IZ . Similarly, we have fi ∈ IZ for all i. Hence φ ∈ IZ ⊗C S. Thus
IY ⊂ IZ ⊗C S. This shows Z × Σ ⊂ Y .

Let A be a semi-abelian variety and let B ⊂ A be a semi-abelian subvariety.
Let Σ be a variety. Then we get a projection p : A×Σ→ (A/B)×Σ, which yields
the following �ber product:

B ×A× Σ
q2 //

q1

��

A× Σ

p

��

A× Σ
p
// (A/B)× Σ.

Here, for (b, a, s) ∈ B×A×Σ, we have q1(b, a, s) = (a, s) and q2(b, a, s) = (b+a, s).

Lemma A.18. Let Z ⊂ A×Σ be a closed subscheme which is B-invariant in the

sense that b+ Z = Z for all b ∈ B. Then q∗1(Z) = q∗2(Z) as closed subschemes of

B ×A× Σ.

Proof. Note that q∗1(Z) = B × Z. Let π : B × A× Σ→ B be the �rst projection.
Then for b ∈ B, we have q∗2(Z) ∩ π−1(b) = (−b) + Z = Z. Hence by Lemma A.17,
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we have q∗1(Z) ⊂ q∗2(Z). We have an isomorphism τ : B×A×Σ→ B×A×Σ de�ned
by τ(b, a, s) = (b, a − b, s). By q1 = q2 ◦ τ , we have τ∗q∗2(Z) = B × Z. We have
q1 ◦ τ(b, a, s) = (a− b, s). Hence for b ∈ B, we have τ∗q∗1(Z)∩π−1(b) = b+Z = Z.
Hence by Lemma A.17, we have τ∗q∗2(Z) ⊂ τ∗q∗1(Z). Hence q

∗
2(Z) ⊂ q∗1(Z). Thus

we get q∗1(Z) = q∗2(Z).

Lemma A.19. Let A be a semi-abelian variety and let B ⊂ A be a semi-abelian

subvariety. Let Σ be a variety and let Z ⊂ A × Σ be a closed subscheme which is

B-invariant in the sense that b+ Z = Z for all b ∈ B. Then there exists a closed

subscheme Z0 ⊂ (A/B)× Σ such that Z = p∗(Z0), where p : A× Σ→ (A/B)× Σ

is the projection. Moreover, the natural map Z → Z0 is a categorical quotient, i.e.,

all B-invariant morphisms Z → Y factor uniquely through Z → Z0.

Proof. To show the existence of Z0, we apply the theory of faithfully �at descent.
By Lemma A.18, we have q∗1(Z) = q∗2(Z) as closed subschemes of B × A × Σ.
The cocycle condition on B × B × A× Σ (cf. [17, equation (14.21.1)]) reduces to
the obvious identity idB×B×Z ◦ idB×B×Z = idB×B×Z . Since the closed immersion
Z ↪→ A×Σ is a�ne, this descent data yields a closed subscheme Z0 ⊂ (A/B)×Σ

such that Z = p∗(Z0) (cf. [17, Cor. 14.86]). See also [8, Rem. 2.6.2 (iv)]. The
restriction p|Z : Z → Z0 is the base change of p, hence a B-torsor. Hence Z → Z0

is a categorical quotient (cf. [8, Prop. 2.6.4]).

Appendix B. Flattening via blow-ups

Lemma B.1. Let S be a scheme of �nite type over C. Let X ⊂ PN × S be a

closed subscheme such that X → S is �at. Assume that S is reduced. Let U ⊂ S

be a dense Zariski open set. Then the scheme-theoretic closure of X|U is X. In

particular, suppX|U ⊂ suppX is dense.

Proof. Let Y ⊂ PN × S be the scheme-theoretic closure of X|U . Then Y ⊂ X

and Y |U = X|U . Let P be the Hilbert polynomial for each Xs where s ∈ S. Take
s ∈ S − U . Let P ′ be the Hilbert polynomial of Ys.

Claim. P ′ = P .

We prove this. By Ys ⊂ Xs, we have P ′ ≤ P , i.e., P ′(m) ≤ P (m) for m ≫ 1

(cf. [46, Lem. 3.3]). On the other hand, we have P ≤ P ′ by upper semi-continuity
of the Hilbert polynomial. Indeed, let p : Y → S be the composite of the closed
immersion Y ↪→ PN × S and the second projection PN × S → S. Let L be the
invertible sheaf on Y obtained by the pull-back of OPN (1) by the composite of
Y ↪→ PN × S and the �rst projection PN × S → PN . For t ∈ S, we denote by PYt
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the Hilbert polynomial of Yt. Hence for m≫ 1, we have

PYt
(m) = dimH0(Yt,L⊗m

t ).

By [39, p. 201, Step 3], there exists l > 0 such that for every t ∈ S and every
m ≥ l, the natural morphism

(p∗L⊗m)⊗ C(t)→ Γ(Yt,L⊗m
t )

is an isomorphism, and
Hj(Yt,L⊗m

t ) = {0}

for all j > 0. Hence PYt
(m) = dim{(p∗L⊗m) ⊗ C(t)} for every t ∈ S and every

m ≥ l. Since the set {PYt
}t∈S is �nite (cf. [39, p. 201, Step 2]), we may assume,

by enlarging l, that the condition P ≤ PYt
is equivalent to P (l) ≤ PYt

(l) for every
t ∈ S. The function t 7→ dim{(p∗L⊗l)⊗C(t)} is upper semi-continuous. Therefore
the set {t ∈ S; P ≤ PYt

} is a Zariski closed subset of S that contains U , and thus
coincides with S. This shows P ≤ P ′, which concludes the proof of the claim.

Now, since S is reduced, we observe that Y → S is �at. Moreover, we have
Ys = Xs for all s ∈ S. Hence Y = X. See [17, Prop. 14.26].

Lemma B.2. Let X ⊂ PN × S be a closed subscheme where S is a variety. Let

Z ⊂ S be an irreducible Zariski closed set. Then there exist a projective birational

modi�cation φ : S′ → S and a non-empty Zariski open set U ⊂ S with the following

properties:

(1) U ∩ Z ̸= ∅.
(2) φ−1(U)→ U is an isomorphism.

(3) Let p : X → S be the projection and let X ′ ⊂ PN × S′ be the scheme-theoretic

closure of p−1(U) ⊂ X ×S S′. Then X ′|Z′ → Z ′ is �at, where Z ′ ⊂ S′ is the

Zariski closure of φ−1(Z ∩ U) ⊂ S′ and X ′|Z′ = X ′ ×S′ Z ′.

Proof. This follows from [46, Lem. 3.1] as follows. For each s ∈ S, let PXs
be

the Hilbert polynomial of Xs ⊂ PN . Let P be the set of all Hilbert polynomials
of the closed subschemes of PN . Then P is a totally ordered set by P1 ≤ P2 if
and only if P1(m) ≤ P2(m) for all large m. Moreover, P is well ordered (cf. [46,
Lem. 8.2]). Note that {PXs

}s∈S is a �nite set (cf. [39, p. 201, Step 2]). Let Pmax

be the maximal element in {PXs
}s∈S . We set

T =

{
{s ∈ S; PXs = Pmax} if X ̸= ∅,
∅ if X = ∅.

Then T ⊂ S is a Zariski closed subset (cf. [46, Lem. 3.1]).
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The proof of our lemma is by trans�nite induction on Pmax ∈ P. So we assume
that our lemma is true when Pmax < P and consider the case Pmax = P . If X = ∅,
then our lemma is obvious. Hence in the following, we assume X ̸= ∅. Suppose
Z ⊂ T . Then for all s ∈ Z, we have PXs = P . Since Z is integral, X|Z → Z is �at
(cf. [18, Chapter III, Thm. 9.9]). Hence our lemma is true for S′ = S and U = S.
So we consider the case Z ̸⊂ T . Then T ̸= S. By [46, Lem. 3.1], there exists a
closed subscheme T with supp T = T such that if P̂ = max{PX̂s

}s∈Ŝ , then P̂ < P ,

where Ŝ = BlT S and X̂ ⊂ PN × Ŝ is the strict transform. This strict transform
is de�ned under the isomorphism PN × Ŝ = BlPN×T (PN × S). Let Ẑ ⊂ Ŝ be the
strict transform.

Now by the induction hypothesis, there exist a projective birational modi�-
cation ψ : S′ → Ŝ and a non-empty Zariski open set U0 ⊂ Ŝ with the following
properties:

� U0 ∩ Ẑ ̸= ∅.
� ψ−1(U0)→ U0 is an isomorphism.

� Let p̂ : X̂ → Ŝ be the projection and let X̃ ⊂ PN ×S′ be the scheme-theoretic
closure of p̂−1(U0) ⊂ X̂ ×Ŝ S

′. Then X̃|Z′ → Z ′ is �at, where Z ′ ⊂ S′ is the
Zariski closure of ψ−1(Ẑ ∩ U0) ⊂ S′.

We denote by φ : S′ → S the composite of S′ → Ŝ → S. Note that Ŝ → S is an
isomorphism over S − T . Hence we may consider S − T ⊂ S as an open subset of
Ŝ. Set U = (S − T ) ∩ U0. Then we may consider U as an open subset of S. Then
we have U ∩ Z ̸= ∅ and φ−1(U) → U is an isomorphism. Since Z is irreducible,
the Zariski closure of φ−1(U ∩ Z) in S′ is equal to Z ′. Let X ′ ⊂ PN × S′ be the
scheme-theoretic closure of p−1(U) ⊂ X ×S S′. Then we have X ′ ⊂ X̃, hence
X ′|Z′ ⊂ X̃|Z′ . On the other hand, we have X ′|φ−1(U) = X̃|φ−1(U). Hence by
Lemma B.1, the scheme-theoretic closure of X ′|φ−1(U)∩Z′ ⊂ X̃|Z′ is X̃|Z′ . Hence
X̃|Z′ ⊂ X ′|Z′ , hence X̃|Z′ = X ′|Z′ . Hence X ′|Z′ → Z ′ is �at. Hence by trans�nite
induction, the proof is completed.

Lemma B.3. In Lemma B.2, if S is smooth, then S′ can be taken as smooth.

Proof. We apply Lemma B.2 to get S′ and U . Suppose S′ is not smooth. Then
we take a smooth modi�cation S′′ → S′. Since S is smooth, we may assume that
S′′ → S′ is an isomorphism over φ−1(U). Let ψ : S′′ → S be the induced map.
Then ψ : S′′ → S and U ⊂ S satisfy properties (1) and (2) in the statement of
Lemma B.2. We prove (3). We consider U ⊂ S′′. Let X ′′ ⊂ PN×S′′ be the scheme-
theoretic closure of p−1(U) ⊂ X×S S′′. Then we have X ′′ ⊂ X ′×S′ S′′ ⊂ X×S S′′.
This implies the closed immersion X ′′|Z′′ ⊂ (X ′ ×S′ S′′)|Z′′ , where Z ′′ ⊂ S′′ is
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the Zariski closure of ψ−1(Z ∩ U) ⊂ S′′. Since Z ′′ → S′ factors Z ′ → S′, we have
(X ′ ×S′ S′′)|Z′′ = (X ′|Z′) × Z ′′. Hence we get X ′′|Z′′ ⊂ (X ′|Z′) × Z ′′. Note that
X ′′|Z′′∩U = (X ′|Z′)× (Z ′′ ∩ U) = p−1(U)|Z′′∩U . Since (X ′|Z′)× Z ′′ → Z ′′ is �at,
Lemma B.1 yields X ′′|Z′′ = (X ′|Z′)× Z ′′. Hence X ′′|Z′′ → Z ′′ is �at. We replace
S′ by S′′ to complete the proof.
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