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Abstract

We generalize a fundamental theorem in higher-dimensional value distribution theory
about entire curves in subvarieties X of semi-abelian varieties to the situation of the
sequences of holomorphic maps from the unit disc into X. This generalization implies,
among other things, that subvarieties of log general type in semi-abelian varieties are
pseudo-Kobayashi hyperbolic. As another application, we improve a classical theorem
due to Cartan in the 1920s about the system of nowhere vanishing holomorphic functions
on the unit disc satisfying Borel’s identity.
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§1. Introduction

Bloch’s principle is a widely recognized guiding principle in the study of complex
function theory. The origin of this principle goes back to Bloch’s famous dictum
“Nihil est in infinito quod non prius fuerit in finito”,! which appeared in several of
his papers published in 1926 (e.g., [4, p.311]). In many contexts, this statement is
interpreted more concretely as the heuristic principle that a family of holomorphic
functions in a domain, all of which have a property P, is likely to be normal if
P cannot be possessed by non-constant entire functions in the plane (e.g., [38,
p-101]). A typical example is the correspondence between Picard’s little theorem
and Montel’s theorem that a family of holomorphic functions on a domain, all of
which omit two values 0 and 1, is normal. There are several very good references
for Bloch’s principle including [3], [38, Chap. 4], [47].

In the light of his principle, Bloch [4] investigated a theory over the finite
disc that corresponds to Borel’s generalization of Picard’s little theorem (cf. The-
orem 1.8). This investigation was succeeded by Cartan [10], who in particular
generalized Montel’s theorem above (cf. Theorem 1.9). After nearly half a century,
Kiernan and Kobayashi [28] interpreted the works of Bloch and Cartan in the con-
text of Kobayashi hyperbolic geometry. These developments are fully explained by
Lang [30, Chap. VIII]. We shall discuss an improvement of Cartan’s theorem later
(cf. Theorem 1.7).

In this paper, we are interested in holomorphic maps into subvarieties of
semi-abelian varieties. In the situation over the complex plane C, we have the
following fundamental theorem due to Bloch [5], Ochiai [36], Kawamata [22], and
Noguchi [34].

Theorem 1.1 (Bloch, Ochiai, Kawamata, Noguchi). Let A be a semi-abelian
variety and let X ; A be a proper closed algebraic subvariety of A. Let f: C —» X
be a holomorphic map. Then there exists a proper semi-abelian subvariety B ; A
with the following two properties:

(1) wo f: C— A/B is a constant map, where w: A — A/B is the quotient map.
(2) F(C) CMpep(X +0).

L According to Schiff [38, p.101], this may be translated as “Nothing exists in the infinite
plane that has not been previously done in the finite disc.”
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The statement of this theorem is possibly unfamiliar, but convenient to discuss
Bloch’s principle. An equivalent statement is that the Zariski closure of the image
f(C) is a translate of a semi-abelian subvariety B’ C A (cf. [27, Thm. 3.9.19]).
We may take B C A in Theorem 1.1 to be this B’. As noted by Noguchi (cf. [35,
p-156]), this theorem includes Borel’s generalization of Picard’s little theorem
(cf. Theorem 1.8). We apply the theorem to the case that A is an algebraic torus
(Gp)™ and X C (G,,)" is a subvariety defined by the linear equation zy + --- +
Zn+1 = 0 using coordinates x1, . .., z, of (G,,)" C C™. For more discussion about
Theorem 1.1, we refer the readers to [27, Sec. 3.9] and [35, Sec. 4.8].

Now we are going to discuss a corresponding generalization of Theorem 1.1
for holomorphic mappings from the unit disc . To state our main theorem, we
first introduce one terminology from [30, p.242]. Let v > 0 and let W C C be an
open set. An assertion concerning points w € W will be said to hold for v-almost
all w € W if it holds for all w € W possibly except for w contained in at most
countably many closed discs such that the sum of the radii is less than ~.

Let V C A be a Zariski closed set, where A is an equivariant compactification
of a semi-abelian variety A. See Appendix A for the necessary matters on semi-
abelian varieties. Let B C A be a semi-abelian variety. We set

SppV = [(V+b)CV.
beB

Then SpgV C A is a Zariski closed subset.

The following is the main result of this paper. In the following statement,
we denote by Hol(D, X) the set of all holomorphic mappings from D to X. For
0<s<1,weset D(s) ={z €D |z] < s}

Theorem 1.2. Let A be a semi-abelian variety. Let X ;Cé A be a proper closed
algebraic subvariety. Let (f,)nen be a sequence of holomorphic maps in Hol(D, X).
Then there exist a proper semi-abelian subvariety B g A and a subsequence
(fni ) ken with the following two properties:

(1) (w o fn,)ken converges uniformly on compact subsets of D to a holomorphic
map g: D — A/B, where w: A — A/B is the quotient map.

(2) Let A be an equivariant compactification and let X C A be the Zariski closure
of X in A. Then for every 0 < s < 1, v > 0, and open neighborhood U C A of
SppX, there exists kg € N such that, for all k > ko, we have f,,(z) € U for
~v-almost all z € D(s).

Before discussing the applications of the theorem, we derive Theorem 1.1 from
Theorem 1.2. Given f: C — X, we define a sequence (¢p)nen in Hol(D, X) by
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©n(z) = f(nz). Then by Theorem 1.2, there exist a subsequence {¢,, }7°, and a
proper semi-abelian subvariety B g A such that {wop,, } converges uniformly on
compact subsets of D to g: D — A/B. We claim that wo f: C — A/B is constant.
So assume on the contrary that w o f is non-constant. Then there exists a global
holomorphic one-form n € T'(A/B, Qi‘/B) such that (wo f)*n = ((2) dz is non-zero
on C. Hence there exists I > 0 such that (()(0) # 0. We set (wop,)*n = &,(2) dz.
Then &,(z) = n((nz). Hence |§7(ll)(())\ = [nH+1¢D(0)] — oo as n — oco. On the
other hand, &,, converges uniformly on compact subsets of D to £(z) on D, where
g*n = &(z) dz. Hence 57(12 (0) — ¢W(0) as k — oco. This is a contradiction. Hence
wo f is constant. To ensure assertion (2) of Theorem 1.1, we take a minimum semi-
abelian variety B ; A such that wo f is constant. By considering the translations
by f(0), we may assume without loss of generality that f(0) = 04, i.e., the identity
element of A. Then we have f(C) C B. Let X’ C B be the Zariski closure of f(C).
To show X’ = B, we assume on the contrary that X’ G B. Then by the argument
above applied for f: C — X' G B, we get a proper semi-abelian subvariety B’ & B
such that @’ o f: C — B/B’ is constant, where @’: B — B/B’ is the quotient
map. This contradicts the choice of B. Thus X’ = B. By X' € X N B, we have
X NB=B.Hence f(C) C XN B C(),cp(b+ X) as desired. This completes the
implication of Theorem 1.1 from Theorem 1.2.

Note that in the implication above, assertion (2) of Theorem 1.2 plays no role.
However, in the applications of Theorem 1.2 below, we need assertion (2).

Next we discuss applications of Theorem 1.2 to Kobayashi hyperbolic geome-
try. We first introduce some terminologies from [27, p. 245]. Let W be a relatively
compact open domain of M, and let A be a closed subset of M. We say that W is
tautly embedded modulo A in M if for each sequence (f,)nen in Hol(D, W), one
of the following holds:

(1) (fn)nen has a subsequence (fy,)ren which converges uniformly on compact
subsets of D to some f € Hol(D, M);

(2) for each compact set K C I and each compact set L C M — A there exists an
integer ng such that f,,(K)N L =0 for all n > ny.

Let X C A be a closed algebraic subvariety of a semi-abelian variety A. Let
X C A be the compactification, where A is an equivariant compactification. We
set,

Z ={z € X;3B C A, semi-abelian variety s.t. dim(z + B) > 1 and z + B C X }.

Let S C X be the Zariski closure of Z. Then S C X is a Zariski closed set. By
[34, Lem. 4.1], S is a proper subset of X, provided X is of log-general type. As an
application of Theorem 1.2, we obtain the following theorem.
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Theorem 1.3. Let X C A be a closed algebraic subvariety of a semi-abelian vari-
ety A. Let A be a smooth equivariant compactification and let X C A be the
compactification. Then X is tautly embedded modulo S in X.

A theorem of Kiernan and Kobayashi [28] claims that if W is tautly embedded
modulo A in M, then W is hyperbolically embedded modulo A in M (cf. [27,
Thm. 5.1.13], [30, p. 37, Thm. 1.4]). Hence by Theorem 1.3, we immediately get
the following corollary.

Corollary 1.4. Let X C A be a closed algebraic subvariety of a semi-abelian
variety A. Let A be a smooth equivariant compactification and let X C A be the
compactification. Then X is hyperbolically embedded modulo S in X . In particular,
if X is of log-general type, then X is pseudo-Kobayashi hyperbolic.

Here we say that a quasi-projective variety X is pseudo-Kobayashi hyperbolic
if X is Kobayashi hyperbolic modulo some proper Zariski closed subset. In the last
statement of our corollary, X is Kobayashi hyperbolic modulo S N X, which is a
proper Zariski closed subset of X because X is of log-general type.

When A is compact, these results are previously proved in [46]. In the compact
case, Theorem 1.2 yields a result on infinitesimal Kobayashi—-Royden pseudo-metric
Fx defined as follows. Let X be an algebraic variety. For each = € X, we call the
set T, X of all 1-jets the tangent cone of X at z, and TX = Uzex T, X the tangent
cone of X (cf. [27, p.31]). If X is smooth, then TX coincides with the usual tangent
bundle. For v € TX, we set

Fx(v) = inf{r > 0; 3f: D — X, holomorphic map s.t. f'(0) = %v}

Suppose there exists a holomorphic map f: C — X such that f/(0) = v € TX:
then we have F'x(v) = 0. However, the converse is not true in general (cf. Exam-
ple 14.3). Theorem 1.2 yields the following theorem. We do not know whether this
statement is true or not for subvarieties of non-compact semi-abelian varieties.

Theorem 1.5. Let A be an abelian variety. Let X C A be a closed subvariety.
Suppose v € TX satisfies Fx (v) = 0. Then there exists a holomorphic map f: C —
X such that f'(0) = v.

Now we return to the classical topics concerning the Bloch-Cartan theorem.
To simplify the complicated indices in the description, we employ the following
conventions.

Convention 1.6. For a set E and an infinite set I, an indexed family (z;);er is
a function I — E. When FE is an infinite set, we consider E as an indexed family
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indexed by F itself by the identity map E — FE. Let S be a metric space with the
distance function d. Let (f;);cs be an indexed family of functions defined in D,
and with values in S. We say that (f;);c; converges uniformly on compact subsets
on D to some f: D — S if for every compact subset K C D and every ¢ > 0,
there exists a finite subset F' C I such that d(f;(z), f(z)) < ¢ for all z € K and
i € I—F. Of course, when I = N, this definition coincides with the usual definition
of uniform convergence on compact subsets on ID. If each f; is continuous, then f is
continuous. Indeed, we take a sequence i1, is,13, ... of distinct elements in /. Then
the sequence (f;, )ren converges uniformly on compact subsets on D to f. Hence
f is continuous. Similarly, if S is a complex manifold and each f; is holomorphic,
then f is holomorphic.

Theorem 1.7. Let F be an infinite set of p-tuples f = (f1,..., fp) of nowhere-
vanishing holomorphic functions on D satisfying the identity

(1.1) i+ fot-+ fp=0.

Then there exist disjoint non-empty subsets I, ..., I, C{1,...,p} and an infinite
subset G C F with the following properties:
(1) n>1.
(2) Let ke {1,...,n}. Then
(a) for all i,j € Iy, the indexed family (f;/f;)reg converges uniformly on
compact subsets of D to a nowhere-vanishing holomorphic function;

(b) for all j € I, the indexed family (Zielk fil fi)feg converges uniformly
on compact subsets of D to 0. In particular, I contains at least two
elements.

(3) Set I=LU---UI,. Leti € {1,...,p} —I. Lete >0, s € (0,1), and v > 0.

Then there exists a finite subset £ C G such that for all f € G — &, we have
1fi(2)]
Yjer lfi)P

<e

for y-almost all z € D(s).

Some historical remarks are required. The identity (1.1) was considered by
Borel [7], who generalized Picard’s little theorem as follows.

Theorem 1.8 (Borel). Let fi,..., f, be nowhere-vanishing holomorphic functions
on C satisfying the identity (1.1). Then there exists a partition of indices

,....py=LU---UI,
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such that each Iy, satisfies that

(1) for everyi,j € Iy, the quotient f;/f; is constant, and
(2) Eie[k fz =0.

By the second conclusion, each I has at least two elements. In particular,
when p = 3, we have n = 1 and I = {1, 2,3}. This implies Picard’s little theorem
as follows. Let g: C — C — {0,1}. We set fi1(z) = g(z), f2(z) = 1 — g(z), and
fa(z) = —1. Then fy, fo, and f3 are nowhere-vanishing holomorphic functions on
C satisfying the identity f1 + fo + f3 = 0. Hence by Borel’s theorem, f1/f; = —g
is constant, as desired.

As we have already mentioned above, the corresponding theory over the disc D
was investigated by Bloch [4] and Cartan [10, p. 312]. See also [30, Chap. VIII]. Let
F be an infinite set of p-tuples f = (fi,..., fp) of nowhere-vanishing holomorphic
functions on D satisfying the identity (1.1). A subset I C {1,...,p} is called C-class
if there exists ¢ € I such that for all j € I, the sequence (f;/f;)secr is uniformly
bounded on every compact set of D and (D jer i /fi) feF converges uniformly on
compact subsets of D to 0.

Theorem 1.9 (Cartan). There exists an infinite subset G C F such that {1,...,p}
itself is C-class, or there exist two disjoint subsets I, Io C {1,...,p} such that both
are C-classes.

Cartan conjectured that there exists an infinite subset G C F such that the set
{1,...,p} can be partitioned into C-classes (cf. [10, p. 318], [30, p. 244]). However,
this conjecture was disproved by Eremenko [14]. In [15], Eremenko proposed a
modified version of Cartan’s conjecture and proved it for the case p = 5.

Theorem 1.7 implies Theorem 1.9 as follows. We apply Theorem 1.7 to get an
infinite subset G C F and disjoint subsets Iy,...,I, C {1,...,p}. If n > 2, there
is nothing to do for each Ij is a C-class by the second assertion of Theorem 1.7.
Thus we consider the case n = 1. Let j € I;. Then assertion (2a) of Theorem 1.7
implies that (\/> ;c;, fil?/1fj]) reg converges uniformly on compact subsets of D.
Hence the third assertion of Theorem 1.7 reads as follows:

Let i ¢ I1,e >0,s € (0,1), and v > 0. Then there exists a finite subset
€ C G such that for all f € G — &, we have |f;|/|f;| < € for y-almost all
z € D(s).

Let i € I . Let K C D be a compact set and let € > 0. We take s € (0,1) and v > 0
such that K C D(s—27). Then by the third assertion of Theorem 1.7, there exists
a finite set £ C G such that for all f € G —&, we have |f;|/|f;| < e for y-almost all
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z € D(s). Let f € G —&. We may take s’ € (s —2v, s) such that |f;|/|f;| < € holds
over the circle OD(s"). Since f;/f; is holomorphic, the maximal principle yields
that |f;|/|f;| < e for all z € D(s’), hence for all z € K. Hence (f;/f;)feg converges
uniformly to 0 on K. Hence if n = 1, then {1,...,p} is C-class. This completes
the derivation of Theorem 1.9 from Theorem 1.7. O

Let us discuss the structure of the proof of Theorem 1.2. Sections 2-12 are
devoted to the proof of Theorem 1.2. Although the proof of Theorem 1.2 is lengthy,
the structure is rather simple. The proof is based on two key propositions: Propo-
sitions 3.20 and 11.3. Proposition 3.20 establishes a new normality criterion for
families 7 C Hol(D, A), where limit holomorphic maps may lie in the boundary
of A. Then Proposition 11.3 shows that this criterion can be applied to our situ-
ation by taking a quotient. More precisely, for a subvariety X g A and a family
F C Hol(D, X), it shows the existence of B C A such that the family {wo f}scr
in Hol(D, A/B) satisfies the criterion from Proposition 3.20, in addition to the
concentration of F to Spy X. Here, w: A — A/B is the quotient map. The proof
of Theorem 1.2 is completed in Section 12 using these two propositions.

Section 12 is again divided into two major steps. The first step is to prove
Lemma 12.4, which is a direct consequence of Propositions 3.20 and 11.3. How-
ever, Lemma 12.4 is weaker than Theorem 1.2, most notably because the limit
morphism g: D — A/B is obtained only in the compactification of A/B rather
than in A/B itself. We resolve this issue in the second step of our proof, which
constitutes the remainder of Section 12. This step relies heavily on the knowledge
of the compactifications of semi-abelian varieties, as discussed in Appendix A. In
particular, Lemma A.15 plays a crucial role. Finally, Theorem 1.2 is proved in an
equivalent formulation Theorem 12.12.

The proofs of Propositions 3.20 and 11.3 are provided in Sections 4-8 and Sec-
tions 9-11, respectively. Before these proofs, Sections 2 and 3 provide the necessary
preliminaries. In Section 2, we recall the Demailly jet space, an essential object for
the statement of Proposition 3.20. In Section 3, we introduce new concepts, includ-
ing “horizontally integrable”, and state our normality criterion (Proposition 3.20)
for a family F C Hol(D, A). This criterion states that the horizontal integrability
of a certain limit of the Demailly jet lift of F is sufficient for the family F to
be normal. Therefore, verifying the horizontal integrability is a crucial step for
applying Proposition 3.20. As part of the proof for Proposition 11.3, we establish
a sufficient condition for horizontal integrability in Section 10. This is done by
analyzing the Demailly jet tower with the help of the theory of Hilbert schemes.

The main technical tool for the proof of our normality criterion (Proposi-
tion 3.20) is Nevanlinna theory, which we introduce in Section 4. After discussing
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several estimates in this theory, we complete the proof of Proposition 3.20 in Sec-
tion 8 (see Section 3.4 for more details). In contrast, the proof of Proposition 11.3
is based on algebro-geometric arguments, and does not require Nevanlinna theory.
Consequently, these two proofs are logically independent from each other. There-
fore, the corresponding sections (Sections 4-8 and Sections 9-11) can be read
independently.

Although we state our normality criterion in the form of Proposition 3.20,
we use its direct corollary, Corollary 8.4, instead of Proposition 3.20 itself for the
proof of Theorem 1.2. We remark that the statement of Corollary 8.4 does not
require Nevanlinna theory, while the proof relies heavily on it. Thus, for a first
reading of the proof of Theorem 1.2, one possible approach is to read Sections 1
through 3, then check the statements of Corollary 8.4 and Proposition 11.3, and
finally proceed directly to Section 12, where Theorem 1.2 is proved. The additional
notation used in the statement of Proposition 11.3 is introduced at the beginning
of Section 11.

In each of Sections 13, 14, and 15, we prove Theorems 1.3, 1.5, and 1.7, in
this order, as applications of Theorem 1.2. Some needed facts in this paper for
semi-abelian varieties are treated in Appendix A. Appendix B is devoted to the
proof of an algebro-geometric proposition needed in this paper, namely a flattening
result using blow-ups.

Convention 1.10. In this paper, an algebraic variety (or simply a variety) is an
integral, separated scheme of finite type over the complex number field C (cf., e.g.,
[18, p.105]). In particular, every variety is reduced, irreducible, and non-empty
(cf. [18, Chap. II, Prop. 3.1]). Every variety has a canonically associated complex
space structure (cf. [18, p.439]).

Table 1: List of selected symbols

~-almost all Exceptional discs have total radius less than ~ §1
SppV Zariski closed set defined by (1, 5(V + b) §1
D Unit disc §1
Hol(D, X) Set, of all holomorphic maps from D to X §1
D(s) Disc of radius s centered at 0 §1
My, Demailly jet space of M §2
f[k]:]D)—)Mk Liftof f: D — M §2
MpE Zariski closed subset of M}, defined by (2.2) §2

Sk, A Variety satisfying (A x S)p >~ A X Sk 4 §2
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Py a

fa, Is

fSleA D — Sk,A

s

ka,A’ Plitleg

Ey a,4/B

F—2Z

F=2Z

LIM(F; {E)
1.4

I1(F)

| ' |w

‘FPk,A

Ty

Hol,,, (D, V)

Yy

Ty Yf —D

Az

Ns(rv s Z)

m(r, f,Az)

Ts(r, f, Z, Az)

Ts(r, f,w)

G~~T

m(r, (9,2, ), A\z)

Ts(r, (9,9Q,02"),w)

Ch

Ay

Dz

PrX

JpS

J8S

XBk

Stab(V)

Stab®(V)

Ax a(F)

Fa/B
/B

]:Pk,A/B

K. Yamano1

Special case of Si 4 when S is a single point
Composite of f: D — A x S with the projections

§2
§2

Composite of fz: D — (Ax S)x & (Ax S)p — Sp,a §2

Locus of Sy 4 satisfying (A x S)7"® ~ A x S;1%8
fsy... and SZ?XC” when S is a single point

Locus of Py 4 defined in Def. 2.1

Concentrates to Z outside a small exceptional set
Still F — Z' after Z-admissible modifications
Zariski closed set defined in Def. 3.12

Typical horizontally integrable set defined in (3.2)
Set of semi-abelian varieties defined in Def. 3.18
Norm on the tangent space induced by w
Sequence ((f;)p, 4 )icr, Where F = (fi)icr
LIM(FPk,A; {Ek,A,A/B}BEH(]:)) if it exists

Set of all multivalued holomorphic maps

Source space of a multivalued holomorphic map f
Natural proper surjective holomorphic map

Weil function for Z

Counting function

Proximity function

Defined by Ny(r, f, Z) +m(r, f,Az) —m(s, f, A\z)
Order function

Generalization of 7 — T defined in Def. 5.3
Generalization of the proximity function
Generalization of the order function
1-dimensional unlimited Hausdorff content
Non-reduced scheme Spec Cle]/(e¥+1)

Closed subscheme of Sy induced by Z C S

Closed subscheme of V' x S induced by X C V x §

Classical jet space

Space of jets with non-zero first derivatives
Closed subscheme of A x Sk, a/p defined by (10.1)
Stabilizer of V

Identity component of Stab(V)

Set of semi-abelian varieties defined in Def. 11.1
Sequence (wp o f)fer where wp is the quotient
Remove the constant maps from F,4,p

Sequence (fA/B)Pk,A/B

§2
§2
§2
§3.1
§3.1
§3.1
§3.2
§3.3
§3.3
§3.3
§3.3
§4
§4
§4
§4
§4
§4
§4
§4
§5.1
§5.1
§5.1
§8
§9
§9
§9.1
§9.2
§9.2
§10
§10
§10
§11
§11
§11
§11
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Zk,A/B Zariski closed subset of P 4,p defined by (11.1) §11
X[Z] Closed subscheme of X defined by Def. 11.4 §11.1

§2. Demailly jet spaces

We introduce Demailly jet spaces (cf. [12]). Let M be a positive-dimensional
smooth algebraic variety. Let V' C T'M be an algebraic vector subbundle, whose
bundle rank is positive. Set M = P(V). Let 7: M — M be the projection. We
define a vector subbundle V C T'M by the following: for every point (z,[v]) € M
associated with a vector v € V,;\{0}, we set

(2.1) ,[v]) {5 €T M m(§) € CU},

where m,: TM — TM is the induced map. Let f: D — M be a non-constant
holomorphic map. We say that f is tangent to V' if f'(z) € Vi (. for all z € D. If f
is tangent to V', we may define f;;: D — M by fn(2) = (f(2),[f'(2)]). Then fp;
is tangent to V.

We inductively define the Demailly jet space My together with vector sub-
bundle Vi, C T' My, by

(Mo, Vo) = (M, TM), (My, Vi) = (My_1,Vi_1).

For a non-constant holomorphic map f: D — M, we define fj;;: D — M), induc-
tively by fio = f and fig) = (fie—1))[)- _

For k > 2, we define the singular locus M;™® C M, as follows. We note
My C PTMjy_1. We have a natural map Mi_; — M, from which we get the
relative tangent bundle Ty, , /ps C T My_1. We set

(2.2) M;™ = My, N PTag, -

Then Mzing C M, is a Zariski closed set. We claim that this is a divisor. To show
this, we consider the maps Mjy_1 — My_o — M, which induces

TMy_1 — TM_o — TM.

For v € TMy_1, we have v € Ty, , /ar if and only if (7 —1)+(v) € Ty, _, /0, Where
Tgp—1: Mi_1 — Mjy_o is the natural projection. The rational map PTMy_; --»
PT Mj,_5 induces the holomorphic map

p: PT'My—1 — PTn,, oty — PT My 2.
Then

(23) PTMk_l/M — P)Ijjwk_l/]\/[k_2 :p_l(PTMk_2/M).
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Note that the subbundle Ty, | /s, _, C T' My satisfies
(2.4) Tag yMpes C Vo1
The rank of Ty, _, /m, _, is equal to dim M — 1. Set

Dy = PTy,_ sty C PVt = M.
Then Dy is a divisor on Mj. By (2.3), we have
(2.5) M8 = Dy U H(MP™8),

where 7, : Mj, — Mj,_1. Hence Mzing is a divisor on My, using the induction on k.
Next we consider the case of semi-abelian varieties. Let A be a semi-abelian
variety. Let m: A x A — A be the natural action such that (z,a) — = + a. This
induces
my: T(Ax A) = TA.
We have a subbundle
AxXTACT(AxA).

Thus we get
(A X TA)|A><{0A} — TA.

By Ty, A = Lie A, we get
(2.6) : AxLieA — TA.

Then % is an isomorphism of vector bundles over A. For each a € A, we denote by
t,: A — A the translation defined by a. This induces an isomorphism

(ta)s: TA— TA.
Then we have
(2.7) (710 (ta)s 0 ¥)(,0) = (z+ a,0).
Let f € Hol(D, A). We define fr;c4: D — Lie A by the composite of
DL TA Y Ax Lied - Lie A.
For a € A, we define f,: D — A by f.(2) = f(2) + a. By (2.7), we have
(2.8) (fa)Liea = frie a-

We consider the Demailly jet space for the case M = A x S, where S is
a smooth algebraic variety. We construct a smooth algebraic variety S; 4 and a
vector subbundle

(2.9) V! € TSk a x Lie(A)
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as follows. Set Sy 4 = S and VOJr = TS x Lie(A). Suppose Sk_1,4 and VJ_l C
T'Sk—1,4 x Lie(A) are given. We set

(2.10) Spa =PV

Then Sy, 4 is a smooth algebraic variety. Let 7: S 4 — Sk—_1,4 be the projection.
We have a vector bundle map

(T*,idLie(A))Z TS;C’A X Lie(A) — TSkfl,A X Lie(A).

We define V,J C T'Sk,a x Lie(A) as follows. For each (z,[v]) € Sk 4, where z €
Sk-1,4 and v € V,J_l\{()}, we set

(2.11) (VJ)(%[U]) = {f € T(ac,[v])Sk,A X Lie(A); (T*,idLiC(A))(f) eC- ’U}.
By the isomorphism (2.6), we have an isomorphism
T(A X Sk,A) ~ A X TS;C’A X Lie(A).

By this isomorphism, we consider A X V,j as a vector subbundle of T'(A X Sk 4).
Next we construct an isomorphism

(2.12) Pk A><S;€,A—>(AXS)]C

as follows. For k = 0, we set @9 = idaxs. Note that (¢g).«(A4 X VOT) = W.
Suppose we are given an isomorphism ¢p_1: A X Sg_1,4 — (A X S)g_1 such
that (pr—1)«(A X V,J_l) = Vi—1. Then the projectivization of (¢r_1). induces
an isomorphism ¢p: A X Sp.4 — (A x S). Under this isomorphism, we have
(oK)« (A X V,j ) = Vi. Thus inductively, we have constructed the isomorphism
(2.12).

In the following, we identify (A x.S), with AXx .Sy 4 by the isomorphism (2.12).
When S is a single point, we denote

Pya = {pthi,a.

Then under the isomorphism (2.12), we have Ay = A X Py 4.
Let f € Hol(D, A x S) be non-constant. We denote by fs: D — S the com-
posite of f: D — A x S and the second projection A x S — S. We define

(2.13) fsia: D — Ska

as follows. We set fs, , = fs. Note that ((fs, ,)’, fLiea)(2) € VOT. Suppose that
JSi_1.a: D — Sk_1,4 is given such that ((fs,_, ,)s fLica)(2) € thr We define
fSwa: D — Sk a by the projectivization of ((fs,_, 4)’s fLica). Then we have
((fsp.a)' fLiea)(2) € VJ. Thus we have constructed fs, ,: D — Sk 4 inductively
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for all k. Let f4: D — A be the composite of f: D — A x S and the first projection
A xS — A. We have ¢, o (fa, fs, ) = fix), which follows from the construction.
Fora € A, weset fo: D — Ax S by fo(z) = (fa(z) +a, fs(2)). Then by (2.8), we
have

(2.14) (fa)Sk,A = fSk,A

for all a € A.
Let k > 2. We define S;"F C Sy, 4 by

(2.15) Syt = Ska N P(Ts,, /s < {0}),
where T, | ,/s x {0} C T'Sp_1 4 x Lie A. Then we have
(2.16) Ax S8 = (A x S)pre

under the isomorphism of (2.12). When S is a single point, we denote fs, , and
Six by fp, , and P;%, respectively.
The following definition plays an important role in this paper.

Definition 2.1. Let B C A be a semi-abelian subvariety. For £ > 1, we define
Ey a,a/B C Proa by

Ek,A,A/B = Pk,A M P(TPkfl,A X LieB),
where T'P,_1, 4 x Lie B C T'P;_1, 4 x Lie A.

Then we have Fy 4 4 C Ej a,4/- Moreover, by Tp,_, , /ipty = T'Pg—1,4, we
have

(2.17) P,:frf =FE;a.4.
Lemma 2.2. Let k> 1. Let 7: Pyy1,4 — Px a be the projection. Then we have

7 N Exaa/8) C Exp1,4,4/B-

Proof. By the definition (2.10), we have Pyi1,.4 = P(VIJ), where V,: C TPy a %
Lie(A). Let (y,[£]) € Pet1,4\Egk41,4,4/8, where y € P, 4 and £ € VJ\{O} Then
& & TP, g x Lie(B). Let y = (,[v]) € P(V,J_l), where z € P14 and v €
V,jfl\{O}. Then by the definition of V,: (cf. (2.11)), the image of & under the
map TP a4 x Lie(A) — TP,_1, 4 x Lie(A) is contained in the linear space C - v.
Hence v ¢ T'P,_1,4 x Lie(B). Hence y € Pp a\E} 4,4,p- Hence we have proved
7 Y(Ey,a,4/B) C Exg1,4,4/B- O
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Remark 2.3. Let k£ > 0. We have the subbundle V,j C TPy 4 x Lie(A) so that
Piy1,4 = P(V,j). Set S = Py 4. For each | > 0, we denote by VZTS C T'S;,4xLie(A)
the object in (2.9) so that Si41.4 = P(VITS). Then for each | > 0, there exists a
natural embedding

Priia CSpa

such that V,jH C Vsz N (T'Py41,4 % Lie(A)). This is constructed inductively as
follows. For [ = 0, we note P, 4 = S = Sp 4 and V,J C TP 4 x Lie(A) = VJS.
We discuss the induction step from [ to { + 1. By Pry;a C S;4 and VkT+l C
Vi's N (T'Pyy1 x Lie(A)), we have

Pisis1,a = P(V])) € P(Vig) = St a.
The constructions of Vl:+l+1 and VZL_LS (cf. (2.11)) yield

Vi C Vi s N (T Pisii1,a x Lie(A)).
This completes the induction step.

Remark 2.4. As we shall see later in Section 11 (cf. (11.10)), we have a natural
morphism pig: Py A\Ey 4,4/ — Py a/p, which plays an important role in the
proof of Proposition 11.3.

§3. Sufficient condition for normality: Statement of Proposition 3.20

The goal of this section is to introduce Proposition 3.20. This proposition gives a
sufficient condition for a subset of Hol(ID, A) to be normal, where A is a semi-
abelian variety. The proof of this proposition is rather lengthy, so we devote
Sections 4-8 to the proof. To state our proposition, we need to prepare some
terminology, which we describe below.

§3.1. Family of holomorphic maps and Zariski closed sets

We start from the following two definitions.
Definition 3.1. Let S be a variety and let Z C S be a Zariski closed set.
(1) By a Z-admissible modification ¢: S’ — S, we assume that

(a) ¢ is projective and birational, and

(b) there exists a Zariski open set U C S such that ZNU # ) and p=1(U) —
U is an isomorphism.
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(2) For a Z-admissible modification ¢: S — S, we define the minimal transform
7' C S as follows. Let U be the set of all Zariski open subsets U C S with
property (b) above. We set Z' = (o, ¢~ (Z NU), where o=(ZNU) C 5
is the Zariski closure.

To introduce the next definition, we recall the terminology “~-almost all”
already used in Theorem 1.2: Given v > 0 and an open set W C C, we say that
an assertion concerning points w € W holds for ~v-almost all w € W if the set of
points w € W that do not satisfy the assertion is covered by at most countably
many closed discs whose total sum of radii is less than ~.

Definition 3.2. Let F = (f;)ier be an infinite indexed family in Hol(D, S), where
S is a variety. Let Z C S be a Zariski closed set.

(1) We write F — Z if the following holds: For every 0 < s < 1, v > 0, and open
neighborhood U C S of Z, there exists a finite subset £ C I such that, for all
i€ I — E, we have f;(z) € U for v-almost all z € D(s).

(2) We write F = Z if the following hold:

(a) Let V C S be a Zariski closed set such that Z ¢ V. Then f;(D) ¢ V for
all i € I with finite exception.

(b) Let S — S be a Z-admissible modification and let Z’ C S’ be the
minimal transform. Then F — Z'.

Remark 3.3. We supplement the condition F — Z’ in assertion (2b). There
exists a Zariski open set U C S such that ¢: S’ — S satisfies assertion (1b) in
Definition 3.1. Then by Z ¢ (S — U), there exists a finite subset E C I such that
fi(D) ¢ (S—=U) for all i € I — E. Then for each i € I — E, there is a natural lift
fl:D— S of f;. By F — Z' in assertion (2b), we mean (f!);ci—g — Z'.

Remark 3.4. If 7 — Z, then G — Z for all infinite indexed subfamilies G of F.
Here we call an infinite indexed family G = (f;);jes a subfamily of F = (f;)ier
if J C I is an infinite subset. If 7 = Z, then G = Z for all infinite indexed
subfamilies G of F.

We prove several basic properties related to Definition 3.2.

Lemma 3.5. Let F = (f;)icr be an infinite indexed family in Hol(D, S). Let Z;
and Zy be Zariski closed subsets of S. If F — Z1 and F — Zy, then F — Z1 N Zs.

Proof. Set S, = S\(Z1 N Z3). Then (Z1 N S,) N (Z2NS,) = 0. Hence there exist
open neighborhoods U; C S, of Z1 NS, and Us C S, of Z; NS, such that
U1 NU; = 0.
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We take 0 < s < 1, v > 0, and an open neighborhood U C S of Z; N Z5. Then
U, UU C S is an open neighborhood of Z;. Hence by F — Z, there exists a finite
set By C I such that for all ¢ € I\E,, we have f;(z) € Uy UU for v/2-almost all
z € D(s). Similarly, by F — Zs, there exists a finite set Fy C I such that for all
i € I\FEs, we have f;(z) € U UU for v/2-almost all z € D(s). Set £ = E; U Es.
Then F is finite. Note that (U; UU) N (U UU) = U. Hence for all i € I\E, we
have f;(z) € U for v-almost all z € D(s). Thus F — Z; N Zs. O

Lemma 3.6. Let F = (fi)ics be an infinite indexed family in Hol(D,S). Then
there exists a Zariski closed subset Y such that Zariski closed subsets Z C S
satisfy F — Z if and only if Y C Z. In particular, F — Y.

Proof. We denote by Z the set of all Zariski closed subsets Z C S such that
F — Z. We have F — S, hence S € Z. Hence Z # (). By the Noetherian property,
there exists a minimal element Y € Z. Then F — Y. We note that if Z € Z,
then Y C Z. Indeed, if not, then YN Z S V. By 7 — Y and F — Z, we have
F =Y NZ (cf. Lemma 3.5), hence Y N Z € Z. This contradicts the choice of Y.
Hence Y C Z. Conversely, if a Zariski closed set Z C S satisfies Y C Z, then by
F =Y, wehave F — Z. Hence Z € Z. Thus Z € Zifand only if Y C Z. O

Remark 3.7. Suppose F = (f;);cr converges uniformly on compact subsets of
D to a holomorphic map ¢g: D — S. Let V' C S be the Zariski closure of g(ID).
Then Y in Lemma 3.6 coincides with V. To check this, we note F — V, hence
Y C V. To check the converse, we assume on the contrary that V' ¢ Y. Then
g(D) ¢ Y. Hence g~ 1(Y) C D is a discrete subset. Hence we may take a closed
disc K C D\g~(Y) of positive radius. We take an open neighborhood U C S of
Y such that g(K)NU = (. Then since F converges to g uniformly on K, there
exists a finite subset E C I such that for all i € I\ E, we have f;(K)NU = (). This
contradicts F =Y. Hence V C Y. Thus V =Y.

Lemma 3.8. Let ¢: S" — S be a morphism and let Z C S be a Zariski closed set.
Let F = (f;)ier be an infinite indexed family in Hol(D, S") such that (v o fi)icr —
Z. Suppose p: S' — S is proper. Then F — ¢~ Y(Z).

Proof. Let s € (0,1) and v > 0. Let U C S’ be an open neighborhood of »=1(Z).
Since ¢ is proper, ¢(S'\U) is a closed subset. Set W = S\@(S"\U). Then W C S
is an open set such that Z C W. We have o1 (W) C U. By (¢o fi)icr — Z, there
exists a finite subset F C I such that for all ¢ € I\F we have ¢ o f;(z) € W for
~v-almost all z € D(s). Then for all i € I\E we have f;(z) € U for v-almost all
z € D(s). Hence F — ¢~ 1(Z). O
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Lemma 3.9. Let F be an infinite indexed family in Hol(D, S). Let Z, and Z,
be Zariski closed subsets of S. If F = Z1 and F = Zs, then either Z1 C Zs or
Zy C L.

Proof. Assume on the contrary that Z; ¢ Zs and Zs ¢ Z1. Set V. = Z1 N Z5 in
the sense of scheme theory, namely Zy = Zz, + Z, for the defining ideal sheaves
in Og. Set S = Bly S with ¢: §" — S. Let Z] and Z} be the strict transforms of
Z1 and Zs, respectively. Then

(3.1) ZyNZzZy=10.

We prove this. Note that ¢*V C S’ is a Cartier divisor. Hence we may take a
closed subscheme 77" C S’ such that *Z; = ¢*V + Z{'. Indeed, we have Z-z, C
Z,-v C Ogr, where Z,«y is an invertible sheaf. So we take Z{ C S’ so that
Izp =TLprz, ® (Zy+v)™!' C Og. Then Zzy - Lorv = Lynz,- Similarly, there exists
Z4 < S8 such that Tzy Tpwv = ZLprz,. Then by Zyuz, + Lpez, = Lyrv, we have
(Zzy +Zzy) Lprv = Ly+v. Hence Zyy +Izy = Ogr. This shows Z7' N Zy = (. By
Zy C Z{ and Z§ C ZY, we get (3.1).

Now note that BlyS — S is Zj-admissible. Hence by F = Z;, we have
F — Z1. Similarly, F — Z}. This is a contradiction. O

Lemma 3.10. Let F be an infinite indexed family in Hol(D, S). Let Z C S be a
Zariski closed set such that F = Z. Then Z is irreducible.

Proof. We assume on the contrary that Z = Z; U Zs. Set V = Z; N Z5 in the
sense of scheme theory. Then Z; N Z5 = () in Bly' S, where Z] and Z are the strict
transforms (cf. (3.1)). Let ¢: BlyS — S, which is Z-admissible. Set Uy = S — Z5.
Then V NU; = (. Hence <p*1(U1) — U; is an isomorphism. Moreover, we have
ZNU, = ZyNU; # 0. Hence the minimal transform Z’ C BlzS satisfies Z’' C
e~ Y (ZyNUy) C Z1. Similarly Z' C Zi. Hence Z' = (). This contradicts F — Z’.
Hence Z is irreducible. O

Lemma 3.11. Let F = (f;)icr be an infinite indexed family in Hol(D, S). Let
Z C S be a Zariski closed set such that F = Z. Let p: 8" — S be a Z-admissible
modification and let Z' C S’ be the minimal transform. Then F = Z'.

Proof. It V C S’ is a Zariski closed set such that Z’ ¢ V| then Z ¢ (V). For
all 4 € I with finite exception, we have f;(D) ¢ ¢(V), hence f/(D) ¢ V, where
fl: D — S is the lift of f;: D — S. Let S” — S’ be a Z’-admissible modification
and let Z” C S” be the minimal transform of Z’. Then S” — S is Z-admissible
and the minimal transform of Z coincides with Z”. These easily follow from the
irreducibility of Z (cf. Lemma 3.10). Hence F — Z”. Hence F = Z'. O
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Definition 3.12. Let F be an infinite indexed family in Hol(DD, S) and let {E; }iecr
be a countable family of Zariski closed sets in S. We define LIM(F; {E;}) as the
Zariski closed subset of S with the following properties:

(1) F = LIM(F; {E;}) and LIM(F; {Ei}) & Ujc; Eis
(2) for every proper Zariski closed subset W & LIM(F; {E;}) and every infinite
indexed subfamily G of F, either G %= W or W C {J,; Ei.

Remark 3.13. We collect some basic properties.

(1) LIM(F; {E;}) is unique if it exists. This follows from Lemma 3.9. Indeed,
suppose that both 77, Zy C S satisfy the two conditions of Definition 3.12. Then
F = Z; and F = Z5. By Lemma 3.9, we may assume that Z; C Zs. Assume on the
contrary that Z; # Zs. Then by the second condition of Definition 3.12, we have
Z1 C U;eq Es, for F = Z;. This contradicts the first condition of Definition 3.12
that 7y ¢ |J,c; Ei- Hence Z1 = Z,. This shows that LIM(F; {E;}) is unique if it
exists.

(2) LIM(F; {E;}) is irreducible, if it exists. This follows from Lemma 3.10.

(3) If LIM(F; {E;}) exists, then for all infinite subfamilies G of F, LIM(G; {E;})
exists and LIM(G; {E;})= LIM(F; {E;}). This follows directly from Defini-
tion 3.12 (cf. Remark 3.4).

Lemma 3.14. Let F = (f;)icr be an infinite indexed family in Hol(D, S). Let
{E;}jcs be a countable family of Zariski closed sets of S. Assume that for each
J € J, all but finitely many i € I satisfy fi(D) ¢ E;. Then there exists an infinite
indezed subfamily G of F such that LIM(G; {E;}) exists.

Proof. We denote by Z the set of Zariski closed subsets Z C S such that f;(D) C Z
for infinitely many ¢ € I. We have S € Z, hence Z # (). By the Noetherian
property, we may take a minimal Z € Z. We take an infinite subset I’ C I such
that f;(D) C Z for all i € I'. Set F' = (fi)icrr- Then F' = Z. By Lemma 3.10,
Z is irreducible. We have Z ¢ |J E;. Indeed, suppose Z C |J E;. Then since J is
countable, there exists j € J such that Z C E;. Hence f;(D) C E; foralli € I, a
contradiction. Thus Z ¢ |J E;.

For an infinite subfamily G of 7', we denote by Wg the set of Zariski closed
subsets W C S such that G = W and W ¢ UjeJ E;. By the above argument, we
have Z € Wg. Hence Wg # (. By Lemma 3.9 and the Noetherian property, we
may take a unique minimal element Wg C Wg. If G’ is an infinite subfamily of G,
then Wg C Wg,. Hence Wy, C Wg. Hence by the Noetherian property, we may
take an infinite subfamily G of 7’ such that Wg = Wy for all infinite subfamilies
G’ of G. Then LIM(G; {E;}) = Wg. O
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Lemma 3.15. Let p: S1 — Sy be a morphism of varieties. Let F = (f;)icr be an
infinite indexed family in Hol(D, Sy1). Let Z C Sy be a Zariski closed subset such
that F = Z. Then {po fi}tic1 = p(Z), where p(Z) C Sy is the Zariski closure of

p(2).

Proof. Let V C Sy be a Zariski closed set such that p(Z) ¢ V. Then we have
Z ¢ p~Y(V). We have f;(D) ¢ p~1(V) for all i € I with finite exception. Hence
po f;(D) ¢ V for all i € I with finite exception.

Now let S5 — Sy be a p(Z)-admissible modification. We may take a Z-
admlss1b1e modification S — S; such that p’: S] — S exists. Let Z' C S| and
p(Z) C S5 be the minimal transforms of Z and p(Z), respectively. Then p/(Z’) C

p(Z)'. We have F — Z'. Hence {p o f:}ies — p(Z) . Thus {po f;}icr = p(Z). O

§3.2. Horizontally integrable

Let S be a smooth algebraic variety. Let ¢.: U < A xS be an immersion, i.e., open
of closed immersion. Assume that q: U — S is étale, where ¢ is the composite of
the immersion U < A x S and the second projection A x S — S. Then we get an
immersion [t.]: PTU — PT(AxS), which is the projectivization of the differential
ts: TU — T(A x S). By (2.12), we have PT(A x S) = A x S1,4. Hence by the
composite of the immersion [..] and the second projection PT'(A x S) — S1,4, we
get o/ PTU — S1,4.

Definition 3.16. Let Z C S; 4 be an irreducible Zariski closed set. We say that
Z is horizontally integrable if there exists an immersion ¢: U < A x S such that
q: U — Sis étale and Z N/ (PTU) C Z is Zariski dense in Z.

We describe a simple example. Let S < A x S be an immersion induced from
a constant map S — A, and let S} 4 C S1,4 be the image of PT'S — PT(AxS) —
S1,4. Namely, we set

(3.2) St 4 = P(TS x {0}).

Then every irreducible Zariski closed set Z C S; 4 such that Z C ST , is horizon-
tally integrable. /

In general, let ¢: U < A x S be an immersion such that q: U — S is étale.
Then the induced map ¢': Ui,.a — Si,4 is also étale. Let ¢: U — A be the
composite of ¢ and the first projection A x S — A. We note that the immersion
t: U< A x S implies an isomorphism

(3.3) O: AxU— AxU
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over U by

(3.4) B(a, u) = (a — p(w), u).

This defines an isomorphism [®,]: PT(A x U) — PT(A x U). This induces
Do UI,A — Ul,Aa

which is an isomorphism over U: Under the decomposition PT(AxU) = AxU; 4
(cf. (2.12)), we have [®.]((a,u')) = (a — @(T(u')), D®(v)) for (a,u') € A x U, 4,
where 7: Uy 4 — U is the natural map.

Lemma 3.17. Suppose Z C 51,4 is horizontally integrable. Let 1: U — A x S be
an immersion as in Definition 3.16. Then there exists an irreducible component
ECUia of (¢)7'(Z) such that D®(Z) C Uy ,.

Proof. The immersion ¢ induces the section ty: U < A x U of the second pro-
jection A x U — U. Then ¢y induces t;: PTU — Uj a as above. Note that
(' PTU — Si,4 is the composite of ¢j;: PTU — Uy 4 and ¢': Uy 4 — S1,4. Let
Z1,...,= be the irreducible components of (¢')~*(Z). Then we have

Jd (i (PTU)NE) = (PTU) N Z.

There exists Z; such that ¢/(v;(PTU) NE;) C Z is Zariski dense in Z. We set
= = E;. Since ¢’ is étale, we have dimE = dim Z. Hence (;(PTU)NE C E is
Zariski dense in Z.

Since the composite of U <% A x U 2y Ax U is the graph of a constant map,
the image of the composite of PTU ~% U, 4 EELN Ui,4 is Uy 4. Hence 17, (PTU) C
(D®)~'UY 4, 50 ENuyy (PTU) C (D®)~'U; 4. Since ENuy; (PTU) is Zariski dense
in 2 and (D®)~'U; 4 is Zariski closed, we have = C (D®)~'U; ,. This concludes
the proof. O

§3.3. Statement of Proposition 3.20

We say that a smooth positive (1, 1)-form w4 on a semi-abelian variety A is invari-
ant if wy4 is invariant under the translation of A.

Definition 3.18. Given an infinite indexed family F = (f;);c; in Hol(D, A), we
denote by II(F) the set of all semi-abelian subvarieties B C A satisfying the
following property: there is no infinite subset .J C I such that {|(wpo fi)'|w,, 5 bies
converges uniformly on compact subsets of D to 0. Here, wp: A — A/B is the
quotient map and |-|,, , is anorm on T'(A/B) defined by an invariant (1, 1)-form
WA/B on A/B



476 K. Yamano1

Note that every semi-abelian variety contains only countably many semi-
abelian varieties (cf. [35, Cor. 5.1.9]). Hence II(F) is a countable set. We note
A € 1I(F). Hence if B € TI(F), then Ej 4 a/p & Py, for all k > 1.

For a non-constant holomorphic map f: D — A x S, we recall the notation
fSia: D — S a from (2.13). We use the notation fp, ,: D — P 4 if S = {pt},
where Py 4 = {pt}r 4. Given an infinite indexed family F = (f;)ier of non-
constant holomorphic maps in Hol(D, A), we define an infinite indexed family
Fp, , in Hol(D, Py, 4) by

(3'5) ka,A = ((fi)Pk,A)iEI-

We consider the following assumption for an infinite indexed family F of non-
constant holomorphic maps in Hol(ID, 4).

Assumption 3.19. The Zariski closed subset LIM(Fp, ,; {Ek a,4/8}Ben(r))
exists for all £ > 1.

If this assumption is satisfied, we write

Ty, = LIM(Fp, +; {Ek,a,4/8}Bet(F)) C Pr,a-

As we shall see later (cf. Lemma 12.2), every infinite indexed family F in Hol(DD, A)
contains an infinite subfamily which satisfies this assumption.

Now we take an infinite indexed family F in Hol(ID, A) which satisfies Assump-
tion 3.19. Let £ > 1. We claim

(3.6) Ty C p(Th+1)s

where p: Pyy1.4 — Pj 4 is the natural map. Indeed, by Lemma 3.15, we have
Fpy,.a = P(Tky1)- Hence by Lemma 3.9, we have either Ty, C p(Ty11) or p(Thy1) &
Ty. So assume on the contrary that p(Ty1) g T). Then by the definition of Ty,
we have p(Ti+1) C Upenr) Er.a,a/5- We have p~'(Ey a,4/8) C Ejy1,44/8
(cf. Lemma 2.2). Hence

Tit1 CP1< U Ek,A,A/B)C U Eyy1,4,4/B-
BEeII(F) BEeII(F)

This is a contradiction. Hence we have proved (3.6).
We fix k > 0. For each [ > 1, let p;: Pry; 4 — Piy1,4 be the natural map.
Then by (3.6), we have a sequence

P1(Tit1) C p2(Thy2) C p3(Thys) C -+ - .
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By Remark 3.13 (2), each p;(Tk4) is irreducible. Hence the sequence above stabi-
lizes, i.e., there exists Iy > 1 such that p;(Tx41) = p1y(Tht1,) for all I > 1. We set
Z = piy(Ti+1,), namely

(3.7) z = Un(Tis)-
>1

By Remark 2.3, we have Z C Pyy1.4 C (Px,4)1,4-

Proposition 3.20. Let F C Hol(D, A) be an infinite set of non-constant holo-
morphic maps which satisfies Assumption 3.19. Suppose that there exists k > 0
such that Z C Pry1,4 C (Pr,a)1,4 s horizontally integrable, where Z is defined by
(3.7). Then F is normal for every smooth equivariant compactification A. Namely,
for every smooth equivariant compactification A and every sequence (fn)nen in F,
there exists a subsequence of (fn)nen which converges uniformly on compact sub-
sets of D to g: D — A.

This proposition will be proved in Section 8 after the preparation in Sec-
tions 4-7.

§3.4. Outline of the proof of Proposition 3.20

We discuss an outline of the proof of Proposition 3.20. The proof heavily relies
on Nevanlinna theory. In the next section, we introduce Nevanlinna theory and
prove several estimates needed for the proof of Proposition 3.20. In Section 5,
we prove a main proposition, Proposition 5.1, for the proof of Proposition 3.20.
Here, the assumption that Z C Py 4 is horizontally integrable plays a crucial
role. For some technical reasons described below, we apply Proposition 5.1 not to
the sequence ((fy)x)) itself, but to a certain modification ((¢,)[)) obtained by a
translate and by passing to a subsequence, which ensures that Assumption 6.2 is
satisfied together with ((¢n)p,,, 4)nen = Z. The conclusion of Proposition 5.1
then yields an estimate in Nevanlinna theory of the following form:

T‘J(Ta Pns WA) < Ty (Ta ((sﬁn)[k])Pk,A7ka.A)
(3.8) +cam((s+7)/2, ((£n) ) P ar Aw) + cs-

This modification of the sequence (f,,) to (), which is performed in Lemma 8.1,
is necessary to estimate the right-hand side of (3.8). Thanks to Lemma 8.2, it
suffices to work with (¢y,).

In Sections 6 and 7, we estimate the first and second terms on the right-hand
side of (3.8), respectively. In Section 6, we introduce a geometric generalization of
Nevanlinna’s lemma on logarithmic derivatives, namely the logarithmic tautologi-
cal inequality, and prove Lemma 6.3. This lemma shows that the first term on the
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right-hand side of (3.8) is very small compared with the left-hand side, thanks to
the modification (i, ). Thus, we can ignore it. In Section 7, we prove Lemma, 7.4,
again using Lemma 6.3. Here, the fact that Z C Py 1 4 is constructed in the par-
ticular form (3.7) plays a crucial role. This lemma shows that the second term on
the right-hand side of (3.8) is also very small compared with the left-hand side,
again thanks to the modification (i, ). From this, we conclude that the left-hand
side of (3.8) is bounded, which implies that

/ PpWA
D(s)

is also bounded. By the normality condition proved in Lemma 8.3, this allows us
to choose a convergent subsequence from (¢,,), thereby proving Proposition 3.20
using Lemma, 8.2. This is a rough outline of the proof of Proposition 3.20, omitting
several issues that require careful discussion.

The most technically involved part of the proof is Section 5. For more discus-
sion about the proof of Proposition 5.1, see Section 5.1.

§4. Nevanlinna theory

Let V be an algebraic variety. We denote by Hol,, (D, V) the set of all multivalued
holomorphic maps to V, i.e., each map is represented by

Yf % ‘/,

[

D,

where f is a holomorphic map from a Riemann surface Yy with a proper, surjective
holomorphic map 7y : Yy — D. By the properness, 7¢: Yy — D is a finite ramified
covering with a well-defined covering degree, denoted by deg 7y. Namely, if z € D
is not a branch point, the fiber 77;1(2) consists of exactly degmy points.

We introduce the notion of Weil functions (cf., e.g., [44, Def. 2.2.1]). Let V
be a projective variety and let Z C V be a closed subscheme. A Weil function Az
for Z is a continuous function A\z: V — supp Z — R which satisfies the following
condition. For each = € V|, there are a Zariski open neighborhood U C V of z,
holomorphic functions ¢1,...,¢ € I'(U, Oy ) which define ZNU, and a continuous
function a: U — R on U such that

Az (y) + log 52;%{ lg: ()1} < a(y)

for all y € U —supp(ZNU). We summarize the needed properties of Weil functions
(cf. [44, Sec. 2.2]):
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A Weil function Az exists for every closed subscheme Z C V.

If Az and )\, are Weil functions for Z, then there exists a positive constant -y
such that [Az(z) — A (z)| < v for all x € V — supp Z.

If Az is a Weil function for Z, then Az is bounded from below, namely there
exists a constant v such that Az (z) >« for all z € V — supp Z. In particular,
we may choose a Weil function Az such that Az > 0.

Suppose that p: V > Visa morphism from another projective variety V.
Then Az o p is a Weil function for the pull-back p*Z C V.

Let Z, Z' be closed subschemes of V. Let Az and Az be Weil functions for
Z and Z', respectively. Then Az + Az is a Weil function for Z + Z’, where
Z+ 7' is defined by Tz 7z =Lz - Ty

Let Z, Z’ be closed subschemes of V. Assume that supp Z C supp Z’. Then
there exist positive constants y; > 0 and 2 > 0 such that Az < v Az + 7s.
Assume that V' is smooth. Let D be an effective Cartier divisor on V. Let L be
a line bundle on V associated to D, and let h be a smooth Hermitian metric
on L. Let o be a section of L associated to D such that h(o(z),o(x)) <1 for

all x € V. Then Ap(x) = —log y/h(c(x),0(x)), where x € V —supp D, is a
Weil function for D with Ap > 0.

Remark 4.1. In this paper, we always assume Az > 0 for Weil functions unless

otherwise specified.

We introduce Nevanlinna theory. Let V' be a projective variety. Let Z C V be

a closed subscheme. Let f € Hol,, (D, V') such that f(Y;) ¢ suppZ. For 0 < s <
r <1, we set

1 O\ dt
Ns(rv.ﬁZ)degﬂ_f/ < Z Ordyf Z) ?a

yEYy(t)

where Yy (t) = W;l(D(t)). Let Az be a Weil function for Z. We set

1 dargmy(y)
m g2 = e [ ) T

We set,

TS(Tv f7 Z, )‘Z) = NS(T7 f7 Z) +m(r, fa AZ) - m(57f7 AZ)
Assume V is smooth. Let w be a smooth (1, 1)-form on V. Let f € Hol,, (D, V).

For 0 <s<r<1, we set

1 " dt
Ts Tafaw = / 7/ f*w'
( ) degms Js t Jyp
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We state the famous first main theorem in our case (e.g., [27, §8.4], [30, p. 219],
[35], etc).

First main theorem Let V be a smooth projective variety. Let D C V be an effec-
tive Cartier divisor, L be the associated line bundle, and h be a smooth Hermitian
metric on L. Let w(y, ) be the curvature form for the metrized line bundle (L, h).

Let o be a section of L such that D = (o = 0). Set Ap(x) = —log \/h(o(z),o(z)).
Then for every f € Hol,, (D, V) with f(Yy) ¢ supp D, we have

(4.1) Ts(r, f,wir,ny) = Ns(r, f, D) +m(r, f,Ap) —m(s, f, Ap)

forall0<s<r<1.

Proof. By the Poincaré-Lelong formula, we have

2ddlog(1/|lo o f|) = = D (ordy f*D)b, + f*wirn),
yEYS

where 4, is Dirac current supported on y. Integrating over Y(t), we get

2 / 1081/l ) = = 3 ordy "D+ / Fowm.
Yf t

Yy (1) i)

Hence, we get

2 Tdt . 1
el £ D)+ Tl foeowm) = g | t/yfmdd log(HUOJ‘H)

2 " dt 1
= —/ d° log( )
degmy Jo t Joy; ) oo fll
=m(r, f,\p) —m(s, f, Ap).
This proves (4.1). See also [45, Thm. 3.2]. O

As a corollary, we have the following: Let V' be a projective variety, which
is not necessarily smooth. Let D and D’ be linearly equivalent effective Cartier
divisors on V. Then we have

(42) |T8(rafaD7)‘D)_TS(T7faD/7)‘D')| SC

for all 0 < s < r < 1, where c is a positive constant which only depends on the
choice of the Weil functions A\p and Ap:. Indeed, if D and D’ are very ample,
we reduce to the case of projective spaces by taking an embedding ¢: V — P¥
so that D = 1*H and D’ = +*H' for hyperplane sections H and H’. In this case,
(4.2) follows from (4.1). In general, we take an effective Cartier divisor £ C V
such that D + F and D’ + E are very ample to reduce to the previous case.
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Lemma 4.2. Let V be a projective variety. Let D C V be an effective Cartier
divisor which is ample. Let Z C 'V be a closed subscheme. Let A\p > 0 and Az > 0
be Weil functions for D and Z, respectively. Then there exist positive constants
¢ >0, ¢ >0 such that for all f € Hol,,,(D, V) with f(Yy) ¢ supp D Usupp Z, we
have

Ts(r,f,ZaAZ) S CTs(r,f,D7>\D) +C/

forall0<s<r<1.

Proof. Set V! =BlzV. Let p: V! — V be the projection and let p*Z C V' be the
induced closed subscheme. Then ¢*Z is a Cartier divisor on V’. We denote by L
the associated line bundle. Let M be the ample line bundle on V" associated to D.
Then there exists a positive integer [ such that p*M® @ L~ is very ample on V'
(cf. [18, Chapter II, Prop. 7.10 (b)]). There exists a closed immersion ¢: V' — P*
such that t*Opx (1) = ¢*M® @ L', Let H C P* be an effective divisor from
Opr(1). Then ¢*(ID) and ¢*Z + *H are linearly equivalent Cartier divisors. Let
ho.,, (1) be the Fubini-Study metric on Opx(1). Let o be a section of Opx (1) such

that H = (¢ = 0). Set Ay (z) = — log \/hopk(l)(a(ac), o(z)) > 0. By (4.2), we have

TS(T,f,Z,Az)+TS(T,LOf,H,)\H) SlTs<r7f>D7>\D)+aa

where « is a positive constant which only depends on the choices of Ap, Az, and
A Set wpr = c1(Opr (1), ho,, (1))- By (4.1), we have

Ts(ryvo f,H, M) = Ts(r,eo f,wp) 2 0.

Hence we get
Ts(r, f, Z,Az) < 1Ts(r, f,D,Ap) + .

This conclude the proof. O

Lemma 4.3. Let V' be a smooth projective variety and let wy be a smooth positive
(1,1)-form on V. Let Z C V be a closed subscheme with a Weil function Ay > 0.
Then there ezists a positive constant ¢ > 0 such that for all f € Hol,, (D, V') with
f(Yy) ¢ supp Z, we have

m(r, f7 AZ) < CTS(Ta fawV) —|—m(s,f, )‘Z) +c
for all s € (0,1) and 7 € (s,1).
Proof. Since Ns(r, f,Z) > 0, we have

m(r, f,Az) —m(s, f,Az) < Ts(r, f, Z,A\z).
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Let Dy,...,D; C V be effective ample divisors such that D; N ---N D; = (. Let
Ap, > 0 be a Weil function for D;. We may take D; such that f(Yy) ¢ supp D;.
By Lemma 4.2, we have

m(r, f7 AZ) - m(safv )‘Z) S CiTS(T7 f7 Di7)\Di) + C;'

By (4.1), we have
T(Tv f7 Dia )\Dl) S C/iITS(Tv f7 (UV).

/. c.} to complete the proof. O

1%

We set ¢ = max;<;<; max{c;c

We apply Lemma 4.3 for f: D — V with f(0) & supp Z. Then m(s, f, Az) —
Az(f(0)) when s — 0+. Hence we get

(4.3) m(r, f,Az) < cTo(r, f,wy) + Az(f(0)) + c.

Lemma 4.4. Let p: X — V be a generically finite surjective morphism of pro-
jective varieties, where V is smooth. Let D be an effective Cartier divisor on %
with a Weil function Ap > 0. Let wy be a smooth positive (1,1)-form on V. Let
E C X be the exceptional locus of o: X — X, where ¥ — X7 — V is the Stein
factorization. Let A\ > 0 be a Weil function for E. Then there ezists a positive
constant ¢ > 0 such that for all f € Hol,,(D,X) with f(Yy) ¢ supp D Usupp E,
we have

Ts(rvaDv)\D) < CTS(Tvpofwa) +Cm(87fv>\E) +c

forall0<s<r<1.

Proof. Let D C T+ be the scheme-theoretic image of the composite D < ¥ — XT,
Then we have I@*ﬁ C Ip C Os. Since Zp is an invertible sheaf, we have a closed
subscheme Z C ¥ such that gp*f) = D+ Z. Since ¥ — E — X7 is an open
immersion, we note that suppZ C E. Hence we have a positive constant ¢’ > 0
such that Ay < /\g + ¢’. Thus

Ts(r, [, D, Ap) < Ti(r, f,9"D, " Ap) +m(s, f,Az)
< Ts(r,po f,l~),)\5) +cm(s, f,A\g) + .
Let G1,...,G, C V be effective ample divisors such that Gy N--- NG, = 0. Then
since ¢: ¥t — V is finite, ¢*G; C ¥ are ample. We may take G; such that
o f(Yy) ¢ supp¢*G;. By Lemma 4.2, we get
TQ(T,QOO faﬁa)‘ﬁ) S ’Yst(TaSDO f?q*Gja)‘Gj OQ) +'y§
= ’Yst(ﬁp © f’ G_]7 )\GJ‘) + 'Y;
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By (4.1), we have
Ts(r,p © fv Gja )\Gj) < ,LLst(T,p o fa WV)-
We set ¢ = maxi <<, max{7y;u;,c +7;} to conclude the proof. O

Lemma 4.5. Let p: X — V be a generically finite surjective morphism of smooth
projective varieties. Let wy, and wy be smooth positive (1,1)-forms on ¥ and V,
respectively. Let E C X be the exceptional locus of p: ¥ — X1, where ¥ — X1 —
V' is the Stein factorization. Let \g > 0 be a Weil function for E. Then there exists
a positive constant ¢ > 0 such that for all f € Hol,,(D, %) with f(Yy) ¢ supp E,
we have

Ts(r, f,ws) < Ts(r,po fwy) +em(s, f,Ar) + ¢

forall0<s<r<1.

Proof. Let Dy,...,D; C X be linearly equivalent, effective ample divisors such
that D; N ---ND; = 0. Let L be the associated line bundle on X. Then since L
is ample, there exists a smooth Hermitian metric ~ on L such that the associated
curvature form wy, ) is positive. Then there exists a positive constant o > 0
such that ws < awy ). Let o; be a section of L such that D; = (o; = 0). Set

Ap, (z) = —log \/h(oi(x),0(x)) > 0. We may take D; such that f(Y}) ¢ supp D;.
Then by (4.1), we have

Ts(r, fyws) < aTs(r, f,D;i, Ap,).
By Lemma 4.4, we have
Ts(r, £, Di, Ap,) < ¢iTs(r,po fywy) + eim(s, f, A\g) + ¢
for all 0 < s < r < 1. We set ¢ = max;<;<;{ac;} to conclude the proof. O

Remark 4.6. Let V be a smooth projective variety and let Z C V be a closed
subscheme. Suppose BlzV is smooth. Then there exists a positive constant ¢ > 0
such that for all f: D — V with f(D) ¢ supp Z, we have

(44) Ts(rv f7 wBIZV) S CTS<T7 f7 WV) + Cm(57 f7 /\suppZ) +c

for all s € (0,1) and r € (s, 1). This follows from Lemma 4.5 applied to Bl;V — V.
Indeed, we have m(s, f, Ag) < em(s, f, Asupp 2)-

Remark 4.7. Let 7 C Hol(D, V) be an infinite set, and let Z C V' be a Zariski
closed set. For s € (0,1), v > 0, and an open neighborhood U C V' of Z, we set

Fomu ={f€F; f(z) €U for y-almost all z € D(s)}.
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Then if ' > s, 7' < v, and U’ C U, we have Fy oy C Fs,v. We remark the
following two facts which directly follow from the definition:

(1) F 4 Z if and only if there exist s € (0,1), v > 0, Z C U C V such that
F — Fs4,u is infinite.

(2) G 4 Z for all infinite subset G C F if and only if there exist s € (0,1), v > 0,
Z C U C V such that F;, y is finite. Moreover, if f(D) ¢ Z for all f € F,
then we may take s, v, U such that F, .y = 0.

Lemma 4.8. Let F C Hol(D,V) be an infinite set, and let Z C V be a Zariski
closed set. Assume that F 4 Z. Then there exists an infinite subset G C F such
that f(D) ¢ Z for all f € G, and that G' 4 Z for all infinite subsets G' C G.

Proof. We may take s € (0,1), v >0, Z C U C V such that 7 — F, , v is infinite.
Set G = F — Fsyu. Then G, , v = GNFs v = 0. Hence G’ 4 Z for all infinite
subsets G’ C G. Note that f(D) ¢ Z for all f € G. O

Lemma 4.9. Let V be a smooth projective variety. Let wy be a smooth positive
(1,1)-form. Let F C Hol(D,V) be an infinite subset. Let Z C V be a closed
subscheme with a Weil function \z. Assume that G - supp Z for all infinite
subsets G C F and that f(D) ¢ supp Z for all f € F. Then there exist o € (0,1)
and o > 0 such that for all s € (0,1), r € (s,1), and f € F, we have

m(r, f,Az) < Ts(r, f,wy) + a.

a
(r—s)

To prove this lemma, we start from the following consideration. Let w € D(r).
We set

(4.5) Our(z) = r? w—z

r2 —wz’

which is an isomorphism ¢, ,: D(r) — D(r) such that ¢, ,(0) = w. We have
2 2

O r(2) = Tz%_ Applying the maximum and minimum principles on D(r),

we get

r+ |w|

(4.6) e

7’—|U}‘ i
< 2)| <
el < P2l <

for all z € D(r).

Lemma 4.10. Let 0 < o < r < 1. Then for all non-negative functions A on
OD(r) and w € D(o), we have

21 21 27
/ Apun(re®)) 2 < / Arety B T HO / gy (rei?)) 2
0 ' 2 0 2w 0 '

T r—o o’

r—o
r+o
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Proof. We have
2m 2
o do , oy, dO
| A 5= [ A rtre i tre) -
Hence by (4.6) we have

o 27 27 )
r — |w| do < r 4+ |w| A(cpwyr(rew)) i&

2r = r—|wl Jo 27

27
M (rei®)) 2 < / A(rei®)

r+|w| Jo 27

Since r € (0,1) and w € D(o), we have :fm

< 2. The proof is completed. [

In the proof of Lemma 4.9, we need the following estimate from [19, Lem. 6.17]:
If 1 is a mass distribution on C with finite total mass M and + is a constant with
0 <7 < 1, then we have

1
4. log ————dp, < 7 M
( 7) /(Cogz_w| 1% =Ty

for y-almost all w € C, where 7, > 0 is a positive constant which depends on 7.
For instance, we may take 7, = log(6/7). See also [30, Chapter VIII, §3].

Proof of Lemma 4.9. By Remark 4.7, there exist sg € (0,1), 79 > 0, and an open
neighborhood Uy C V of supp Z such that Fy, ,,,v, = 0. We fix o € (s¢,1). Let
f € F. By Lemma 4.3, we get

m(r, f,Az) < Ty (r, fywy) +m(o, f,Az)

for all » € (0,1), where ¢ > 0 is a positive constant which only depends on wy
and Az. Given an isomorphism ¢, ,: D(c) — D(o) such that w € D(sg) and
f(w) & supp Z, we get (cf. (4.3))

m(0, f o .o, Az) < To(0, f 0 pu.o,wyv) + Az(f(w)).

By Lemma 4.10, we have

2
m(07f7)‘2) < U+Som(a’f0§0w,d7)‘z) < m(UafOSDw,m)\Z)~
o — So g — 50
Hence we get
2c
< w,o )\ )
m(o, f,Az) < U_SOTO(UafOSO W) + p— z(f(w))

so that

2 (0, f o Py ) + Az (f(w)).

g — 8o g — 8o

(4.8) m(r, f,Az) < Ty(r, fywv) +
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Now we estimate the right-hand side of this estimate. We apply (4.7). We
choose w € D(sg) such that f(w) ¢ Uy and

1
/ log —~—dp, < / Fov,
C | | D(o)

where p = I, f*wy. We set = sup,cy_g, Az(z). Then we have

(4.9) Az(f(w)) <.
We have

dt/ / / o
o wU fwy = lo 'Tuo' = lo _7‘1 z
/ Pl Y gm Wil = J loB =t o

= / log w d/J,Z S (7—"{0 + 1Og 2)/ f*wV
C |z — D(o)

w|
Hence log 2
To(0, f © Purwv) < 2B (1 f i)
r—s
for o < s <r < 1. We have
410 Ta v d S 77_19 v d
( ) (T f wV) 0'(7“ — 8) (T f wV)

for o < s < r < 1. We substitute (4.9)—(4.10) into (4.8) to conclude the proof.
Here we set

o max{g n 2¢(ry, + log2)’ 27 }
g g — 8o g — 8o
which is independent of the choice of s € (0,1), r € (s,1), and f € F. O

§5. Main proposition for the proof of Proposition 3.20

We recall the notation fs, , from (2.13). The following proposition plays an impor-
tant role in the proof of Proposition 3.20. In particular, it provides an important
estimate (5.1) under the assumption that (fs, ,)rer = Z, where Z is horizontally
integrable (see Definition 3.16).

Proposition 5.1. Let A be a smooth projective equivariant compactification of a
semi-abelian variety A. Let S be a smooth projective variety. Let 7: S1.4 — S be
the natural projection. Let Z C Si a be an irreducible Zariski closed set. Assume
that Z is horizontally integrable. Then there exists a proper Zariski closed set
W G 7(Z) with the following property: Let ' C Hol(D, A x S) be an infinite set
of non-constant holomorphic maps such that (fs, ,)fer = Z. Let wz and wg
be smooth positive (1,1)-forms on A and S, respectively. Let \yy > 0 be a Weil
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function for W. Let s € (1/2,1) and 6 > 0. Then there exist positive constants
c1 >0, cog >0, c3 >0 such that for all f € F with fs(D) ¢ W, we have

(5.1) Ts(r, fa,wa) < aTi(r, fs,ws) + com((s +7)/2, fs, Aw) + ¢3

for all v € (s,1) outside some exceptional set E C (s,1) with the linear measure
|E| < 4.

In the proof of Proposition 3.20, we apply this proposition to S = Py 4, with
k and Z as in the statement of Proposition 3.20. See Section 3.4 for the role of
Proposition 5.1 in the proof of Proposition 3.20. The rest of this section is devoted
to the proof of Proposition 5.1.

§5.1. Outline of the proof of Proposition 5.1

We discuss an outline of the proof of Proposition 5.1. We recall S} 4 = P(T'Sx{0})
from (3.2). Then S} 4 C 51 4 is horizontally integrable. To see the idea of the
proof of Proposition 5.1, it is instructive to consider the special case Z = ST 4.
The assumption (fs, ,)rer = ST 4 implies (fs, ,)rer — ST 4. Since ST 4 C S1 4
consists of the locus where the derivative is null in the direction of A, the condition
(fs1.a)rer — ST 4 means that the derivative of fa is bounded by the derivative
of fs outside small exceptional sets. Thus it is reasonable to expect an estimate
of the form (5.1) using an integration argument over . For a general horizontally
integrable Z, we apply Lemma 3.17 to reduce the problem to this setting.

The reduction goes as follows, leaving aside the rigorous details for a moment.
Since Z C 51,4 is horizontally integrable, we may take U — A x S as in Defi-
nition 3.16. Then we get an isomorphism ®: A x U — A x U as in (3.3). For
each f € F, we may take a lift, f € Hol,,(D, A x U) of f so that {(®o f)UlyA}fe].‘
becomes very close to UY 4, thanks to Lemma 3.17. Then the derivative of (®of)a
is bounded by the derivative of (® o f)y. Thus an estimate of the form (5.1) for
Do f, instead of f, is easier to prove. We then use this situation to derive the
estimate (5.1) for the original f. See Section 5.2 for the detail of the construction
of f

However, there are several problems to work out this argument rigorously.

e {(®o f)Ul,A}feJ-‘ becomes very close to Uy 4 only on some branch € — Qf
over a domain 2y C ID. The situation will be explained in Definition 5.3 below.

o We need to compactify U. Moreover, to complete the argument rigorously, we
need to take a compactification ¥ carefully. This is the theme of Section 5.3.
The resulting compactification X, together with a semi-positive (1, 1)-form 7
on it, are essential for converting the estimate of ® o f into that of f. The
Zariski closed subset W G 7(Z) appears in this process.
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e After the compactification of U, the extension of the immersion U < A x S in
Definition 3.16 may hit the boundary of A x S. Consequently, the isomorphism
® only extends to a rational map Ax ¥ --» Ax ¥, rather than an isomorphism
AxY— AxX. Asaresult, (o f)A may hit the boundary of A. This issue
arises only when A is non-compact. Compare with the isomorphism @ in the
diagram (5.28).

Based on the outline of the proof, one might hope that the proof still works if
we replace wy in the left-hand side of (5.1) with an invariant positive (1,1)-form
on A. However, this is not the case, primarily because of the third issue above.

Now we introduce Lemma 5.2 below to estimate the left-hand side of (5.1).
We recall that a semi-abelian variety A is an algebraic group with an expression

(5.2) 0T =A% Ay —0,
where Ag is an abelian variety and 7'~ G!_ is an algebraic torus (cf. Appendix A).

Lemma 5.2. Let A be a smooth projective equivariant compactification of a semi-
abelian variety A. Let p: A — Ao be the canonical quotient as in (5.2). Let wj
be a smooth positive (1,1)-form on A and w4, be an invariant positive (1,1)-form
on Agy. For an irreducible component D of 0A, let A\p > 0 be a Weil function.
Then there exists a positive constant ¢ > 0 such that for all g € Hol(D, A), we
have

(53) Ts(rvngﬁ) S CTS(TapongAo)—’_c Z |m(r,g, )‘D)_m((3+r)/2’ga )\D)H_C
DCOA

for all s € (1/2,1) and r € (s,1), where D C 0A runs over all irreducible compo-

nents of 0A.

Proof. We first note that
(5.4) Ts(r,g,wz) < 4T5(r, g,w ;)

forall 1/2 < s <r <1, where 0 = (s+71)/2.

Let A = (T x A)/T (cf. Lemma A.6). Then T C A is projective. Since the
Picard group of T is trivial, we may take a (not necessarily effective) very ample
divisor Dy on T such that supp Dy C 9T. Note that Dy is T-invariant. Set D =
(Do x A)/T. Then D is a Cartier divisor on A. We take a Zariski open covering
{U;} of Ag such that p~*(U;) = U; x T, where p: A — Ay is the extension of p.
Then we have D N p~1(U;) = Do x U;. Hence O 4(D) is very ample for p in the
sense of [17, Def. 13.52]. Since Ay is projective, we may take an ample line bundle
L on Ag. Then by [17, Prop. 13.65], there exists a positive integer n > 1 such that
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04(D) ® p*L®* is ample on A. We write D = D+ — D~ to show the positive and
negative parts of D. By (4.1), there exist positive constants a > 0 and o’ > 0 such
that for all g € Hol(DD, A), we have

Ts(rangﬁ) < aTS(r,po gaon)
(55) +O/TO'(TagaD+7>\D+)_a/TU(T7gaD7a)‘D*)+O[

for all 1/2 < s <r <1 (cf. (5.4)). For g € Hol(D, A), we have N,(r,g, D") = 0,
hence
TO’(T?g7 D+a AD*) = m(r797 )\DJF) - m(oag7 )‘D+)'

Similarly, we have T, (r,g, D™, Ap-) = m(r,g, \p-) — m(o, g, \p- ). Hence

TO’(TagvDJra AD*) - TU(T7g7D77 AD*) < Z |m(Taga )‘D) - m(o',g, )‘D)|a
DCoA
where D C 0A runs over all irreducible components of 0 A. Combining this estimate
with (5.5), we conclude the proof of the lemma. Here we set ¢ = max{c,a'}. O

In the proof of Proposition 5.1, we estimate the first and second terms on the
right-hand side of (5.3) in Lemmas 5.11 and 5.17, respectively. The first term is
easier to estimate. The reason is that since (po fa)*wa, is subharmonic, we could
estimate T(r, po fa,wa,) directly from the information of po f4 over Qy, based on
[46, Lem. 7.1]. The main technique to estimate the second term will be discussed
in Sections 5.5-5.7. Namely we first estimate the second term (in the setting of
Po f) by arc lengths (cf. Lemma 5.14), then we estimate the arc lengths by the
area-length method (cf. Lemma 5.15).

We now return to the first issue from the outline: the concentration of {(® o

Huyatrer to U 4. To examine this concentration, we introduce the following
definition.

Definition 5.3. Let V be a variety. Let G = ((g;, Q:, Q%))scs be an infinite indexed
family of triples (g;, 4, §2}), where g; € Hol,,(D,V), Q; C D is a connected open
subset, and €} C Yy, is a connected component of m, ' (€;). Let ' C V be a Zariski
closed set. We write G ~ T if the following holds: For every 0 < s < 1, v > 0, and
an open subset U C V such that T" C U, there exists a finite subset £ C [ such
that for every i € I — E, we have

e 2 € (), for v-almost all z € D(s),
e g;(Q%) CU.

We prepare some notation in Nevanlinna theory in the context of this defini-
tion. Let X be a projective variety and let Z C X be a closed subscheme with a Weil
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function Az. Let (g,9,8’) be a triple as in Definition 5.3, i.e., g € Hol,,(D, X),

1 C D is a connected open subset, and €' C Y, is a connected component of

7,1 (Q). Assume g(Yy) ¢ supp Z. We set

1 dargm,(y)
5.6 m(r, (g,,Q), A :7/ Az (g(y)) —=>—12L,
600 0.2 99:00) = G o) yeanomyer 70O 2

where deg(m,|q/) is the degree of the restriction my|q/: Q' — Q.
Suppose ¥ is smooth. Let w be a smooth (1,1)-form on . We set

dt
5.7 Ts 7 \9, Q7 Qf ) / /
(5.7 . hw) = deg Wg‘ﬂ’ Ny, (t)

In the rest of this section, A is a semi-abelian variety, .S is a smooth projective
variety, and Z C Sy 4 is an irreducible Zariski closed set which is horizontally
integrable.

§5.2. Good liftings of f € F

Since Z C S, 4 is horizontally integrable, we take c: U — A x S as in Defini-
tion 3.16. We get the isomorphism

P: AxU - AxU

from (3.3). We apply Lemma 3.17 to get an irreducible component = C U; 4 of
(¢')~Y(Z) such that

(5.8) D®(E) C Uf 4,

where ¢': Uy 4 — 51,4 is induced from ¢: U — S. Let © C U be the image of E
under U; 4 — U. Since Uy 4 — U is proper, © is a Zariski closed subset of U. Let
3 be a smooth compactification of U such that ¢: U — S extends to a morphism
g: ¥ — S. We denote by © C ¥ the Zariski closure of © in X.

Remark 5.4. We make the following observations.

(1) Let g € Hol,,(D, A x X) such that g5(Yy) ¢ OU. Then we may define
Dog:Y, — Ax3

as follows. Set Q, = (g»)~1(8U). Then Q, C Y, is a discrete subset. Thus we
get

Do (gly,\q,): Y;\Qy > AxUCAXX.
Since A x ¥ is compact and ®: A x ¥ --» A x ¥ is rational, ® o (g|y \Qs)

extends to a holomorphic map ® o g: Y, — A x X. By the constructlon we
have (® o g) 5(Y,) ¢ 0A.
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(2) Let h € Hol,,(D, A x ) be non-constant such that hz(Y;,) ¢ OA. Then we
may define ks, , : V) — £1 4 as follows. Set Ry, = (h;) ' (0A). Then R, C Y},
is a discrete subset. We get hly,\r, : Ya\Rn — A x X. Since h is non-constant,
this induces (hly,\q,)s1.4: Ya\@n — ¥1,a. Since ¥ 4 is compact, we get
thA : Yh — 217,4.

With this notation, we state the following lemma.

Lemma 5.5. Let F C Hol(D, A x S) be an infinite set of non-constant holomor-
phic maps such that (fs, ,)jer = Z. Then there exists a finite subset £ C F with
the following property: For each f € F\E, there exist

e a lifting f € Hol,, (D, A x ) of f € Hol(D, A x S),
e a connected open subset Qy C D,

* a connected component (Vy of 7Tle(Qf) cY;

such that

(5.9) fe(vp) ¢ ov,

(5.10) ((f2: Q5 Q) perre ~ ©,
(5.11) (@0 Foy 2.2 9) e = Tia
and

(5.12) degm; < [C(S) : C(%)].

Before proving this lemma, we need some preparation.

5.2.1. Preliminary lemmas for the proof of Lemma 5.5.

Lemma 5.6. Let s € (0,1) and v > 0. Let V' C D(s) be an open set such that
z € V for y-almost all z € D(s). Let s’ € (0,s). Then there exists an open subset
Q C V such that Q is connected and z € Q) for 2y-almost all z € D(s').

Proof. Set K = D(s’)\V. Then K is compact. We first show that there exists a
finite correction of closed discs D1, ..., D, such that

(1) K C U?:l D;, and

(2) >, ri < 27, where r; is the radius of D;.

Indeed, let {E;} be a countable set of closed discs such that D(s)\V C |J E; and
the sum of the radii of E; is less than . Let O; be the open disc whose center is

equal to that of E; and radius is equal to double that of E;. We have K C |JO;.
Hence we may take O1,0,,...,0, such that K C O; U---U O, and the sum
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of the radii of O; is less than 2v. Thus the closed discs Oy, ..., 0, satisfy our
requirements.

Now let n be the minimum such that there exist closed discs Dy, ..., D, with
properties (1) and (2) above. We claim that D; N D; = ) for ¢ # j. To prove this,
we suppose on the contrary that there exists ¢ # j such that D; N D; # (). We may
assume without loss of generality that ¢ = 1 and j = 2. Let p1, p2 be the centers
of Dy, Do, respectively. Let p be the point which divides the line segment p1ps
internally in the ratio p1p : ppz = 72 : 71. Let D be the closed disc whose center
is p and radius is equal to r1 + ro. Then D; U Dy C D. Hence the closed discs
D, Ds, ..., D, satisfy properties (1) and (2) above. This contradicts the choice
of n. Hence we have proved D; N D; = () for i # j. Now we set Q = D(s")\ U\, D;.
Then (2 is open and connected. We have z € Q) for 2v-almost all z € D(s'). O

Lemma 5.7. Let V and V be smooth projective varieties. Let p: V >V bea
proper, surjective, generzcally finite morphism. Let VO C V be a non- empty Zariski
open set such that p: V > Vs quasi-finite on VO Let Z C V be an irreducible
Zariski closed set. Let Z C V be an irreducible component of p~1(Z) such that
ZnV, # (. Let G = (g;)ier be an infinite indexed family in Hol(D, V') such that
G = Z. Then for all but finitely many i € I, there exist

e a lift g; € Hol,,, (D, ‘7) of gi,
e a connected open subset Q; C D, and

e a connected component QO of w;il(Qi) CY,
such that

o (G0, ))ier ~ Z,

o degmy, < [C(V):C(V)], and

* 5:(Yg,) £ V\Vo.
Proof. We construct a Z-admissible modification V' — V and Z-admissible mod-
ification V' — V with the following properties (cf. Definition 3.1):

e p induces a morphism p’: V' — V' with the following commutative diagram:
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e p’ is quasi-finite on some neighborhood of Z’, where Z’ C V' is the minimal
transform.

o (p)"Y(2") = Z' 1 E, where Z’ C V' is the minimal transform.

We construct these objects as follows. We decompose p~1(Z) into irreducible com-
ponents as p~1(Z) = ZU FyU---UF, and set F' = Fy U ---U Fj. Replacing 1%
by BlZmF‘Z we may assume Z N F; = 0 if p(Fj) = Z (cf. the proof of (3.1)).
By Lemma B.2, we may take a Z-admissible modification V' — V such that
V'|y — Z' is flat. We may assume moreover that V' is smooth. Then V|5 — Z’
is an open map. Hence every irreducible component of (p')~!(Z’) dominates Z'.
Thus Z' is a connected component of (p')~1(Z'). Hence Z' — Z' is flat, so finite.
Hence p' is quasi-finite on some neighborhood of Z’, and (p/)~1(2') = Z' 11 E.

Let T C V' be a Zariski open neighborhood of 7' such that plr: T =V’
is quasi-finite and T N E = (). Then, by Zariski’s main theorem, there exist a
compactification T C T and a finite map

' TV

such that p”|p = p'|r. We have (p)"3(2') = Z' L1 E'. Let Z' C Oz, and

E’" C Og' be open neighborhoods in T such that Oz N Op: = 0. We may
assume Oz, C T. Note that p”(T — (O3 U Op/)) C V' is compact and disjoint
from Z’. Hence we may take an open neighborhood Z’ C Oz which is disjoint
from pN(T — (OZ/ @] OE)) Then (p”)il(OZ/) C 02, U Ogr. We replace 02, by
(»")"'(Oz)NO3,. Then p”|o,,: Oz — Oz is a proper map. Since V' is smooth,
by the Remmert open mapping theorem, the finite map p”’: T — V' is an open
map. Hence p”|o,, : Oz — Oz is proper and open.

By G = Z, we have G — Z'. Here, by removing finite elements from I, we
assume that every g;: D — V has a unique lift D — V' (cf. Remark 3.3), and we
continue to use the same notation g;. Let Oz  U; © Uy © -+ be a sequence of
open neighborhoods of Z’ such that every open neighborhood of Z’ in Oz contains
some U, for sufficiently large n. Set v, = 5= and

I, = {z e I; gi(z) € Uy, for v,-almost all z € D(1 — 'yn)}

Then we get a descending sequence I D11 DIy D ---. By G — Z’, I\I,, is a finite
set for every n. We set I =, In-

For i € I, we are going to construct a lift §; € Hol,,(ID,T), a connected open
set ; C D, and a connected component 2 C Yy, of 77;(9,»). We first consider
the case i & I.. We fix i € I1\Io.. We take n; such that i € I,,, but i & I,,,+1. By
Lemma 5.6, we may take an open set ; C g; *(U,,) NID(1 — 27,,) such that ©; is
connected and z € Q; for 2v,,-almost all z € D(1 — 2v,,). We take h: ) — T by
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pull-back, where ) is a one-dimensional analytic space with finite map ¢: Y — D:

Js

D2,y

—
’E\

Let Y1,...,Y) be irreducible components of Y. We may take );, where 1 < j <1,
such that h(Y;) N Oy, # 0. Then hly,: Y; — T defines a lift g; € Hol,,, (D, T) of g;
such that g;(Y3,) 1O, # (). We take a connected component €2 of wg_il(Qi) Yy
such that §;() N O3, # 0. By ¢;(Q;) C Up, C Oz, we have §;(Q;) C Oz UOg.
Hence, since €2, is connected, we have

(5.13) §:(9) € 03,

When ¢ € I, we have g;(D) C Z'. Since 7' — 7' is a finite map, we have a
lift g;: Y3, — Z' of g;. We set Q; = D and Q) = Y5, . Thus we have constructed
g; € Hol,,(D,T), Q;, and Q! for all i € I;.

We claim that, for all i € I,,, we have g;(Q;) c (»”)"*(U,) N Oy, This
is obvious for ¢ € I by §:(Y3) C Z'. When i g I, we have n; > n, hence
9i(Q;) C Uy, C Uy. Thus g;(Q) C (p") " (Un) N O3, (cf. (5.13)). This proves our
claim.

Now we prove ((§i, i, ))ics, ~ Z'. Let M C T be an open neighborhood of
Z'. Letse (0,1) and ¢ > 0. We take a sufficiently large n such that s < 1—2, and
27, < 6. Note that Oz, \ M is a closed subset of O,. By (p”)"}(Z') = Z' 1L E', we
have (p”)~1(Z') N0, = Z'. Hence Z'np"(Oz\M) = 0. Since p”|o_,: Oz, — Oz
is proper, p"(0z \M) is a closed subset of Oz:. Hence there exists n’ such that
Uy Np"(0z\M) = 0. Hence we have (p”)~'(Uy) N Oz C M. We set n” =
max{n,n'}. Then for all i € I+, we have g;(2}) C M and z € ; for é-almost all
z € D(s). Hence ((gi, i, U))ier, ~ 2.

So far, we have considered that §; are maps into T. Since the birational map
T --» V'is an isomorphism on 7" and Oz, C T, we have ((Gi, i, $Y}))icr, ~ A
under the consideration §; € Hol,, (DD, V’). Thus we have ((Gis 4, ¥))icr, ~ Z
under the consideration §; € Hol,, (DD, 17) By the construction, we have deg 7, <
RS i o

Now let Vj C V' be the inverse image of V under the map V' — V. We define
J C Iy to be the set of i € I such that §,(Y3,) C V/\V{ under the consideration
gi € Hol,,,(DD, % ). To prove that J is finite, we assume on the contrary that J is
infinite. Then there exists an irreducible component D of V/\V{ such that §;(Y;,) C
D for infinitely many i € J. By (s, %, 2))icr, ~ Z', we have DN Z' # (). Hence
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TND # (. Hence Z' ¢ p/(D) and g¢;(D) C p'(D) for infinitely many ¢ € J. This
contradicts the assumption G = Z. O

5.2.2. Proof of Lemma 5.5. We prove Lemma 5.5. We first fix a modification
of 31 4 as follows. The isomorphism D®: U; 4 — U; 4 induces a rational map
1,4 —=» X1,4. We also have a rational map ¥, 4 --» 51 4. By taking a birational
modification m — ¥1,4, we may assume that

e p: i;; — 57,4 is generically finite and surjective, and

o DO: il\; — X1,4 is holomorphic.

Note that the natural map U; 4 — 51,4 is étale and D® is holomorphic on U 4.
Hence we may assume U; 4 C Xq 4. Let = C 31,4 be the closure of & C Uy 4.
Then = is an irreducible component of p~1(Z) such that

(5.14) ENULA 0.

Now we are given an infinite subset F C Hol(D, A x S) of non-constant holo-
morphic maps so that (fs, ,)fer = Z. By (5.14) and (fs, ,)rer = Z, we may
apply Lemma 5.7 for p: ii; — 81,4 and (fs, 4)ser. Then there exists a finite
subset £ C F such that for each f € F\E, there exist a lift g € Holm(ID),ii_Z)
of fs, 4, a connected open subset 2y C D, and a connected component Q’f of
7,1 (Qf) C Yy such that

(5.15) ((ganaQ;’))fE}'\S ~ &,
(5.16) degmy < [C(S1,4) : C(E1,4)],
and

(5.17) 9(Yy) ¢ S1a\Una.

Let 7': 51\7; — Y be the natural projection. Then we have the following commu-
tative diagram:

g —— .
Y, X1,4

- L]

N
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For f € F\&, we set f: (fa, 7 og) € Hol,,, (D, A x ). Then we get the following
commutative diagram:

Y, —LAxy 9
(5.19) ﬂfl J Jq
D 7 AxS S.

Here, Y; = Y. Note that 7/(Z) = ©. Hence by (5.15), we get (5.10).

Next we show (5.9) and (5.12). Let f € F\E. By (5.17), we get (5.9). We note
that [C(S) : C(X)] = [C(S1,4) : C(X1,4)]- Hence by (5.16), we get (5.12).

Finally, we prove (5.11). We have pog = fs, , omg (cf. (5.18)) and po(f)m =
fs1a0mp (cf. (5.19)). Hence we get

(5.20) pog=po(flg—-

1,A

By the definition of f, we get 7/ o g = f. By (5.19), we have 7/ o (f)i_f; = fx.
Hence we get 7

(5.21) T/Og:Tlo(f)il\,;'

Since Uy 4 = S1,4 xg U, the two relations (5.20) and (5.21) yield (f)fth = g.
Hence by (5.15), we have ‘

(5.22) (((f)f;;:Qf»Q}))fef\g -

By (5.8), we get

(11

D®(Z) C 5} 4.
Thus by (5.22), we get ((D® o fm,Qf, ) ere = 5 4. By DPo fﬁ = (Po

£z, s we get (5.11). °
85.3. Good compactification of U

Lemma 5.8. Let S be a smooth projective variety. Let q: U — S be an étale
morphism from a smooth variety U. Let © C U be an irreducible Zariski closed
set. Then there exist

e a smooth compactification ¥ of U such that q: U — S extends to a morphism
qg:x— 9,

e a Zariski open set ¥° C ¥ such that © C X°, where © C X is the Zariski
closure of © in X,

e a smooth semi-positive (1,1)-form n >0 on ¥ such that n > 0 on X°,
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e a proper Zariski closed subset W C S with W S q(©)
such that the following properties hold:

(1) Let A C X be an irreducible component of OU such that A N © # (. Then
qA)y cw.
(2) Let wg be a smooth positive (1,1)-form on S and let Ay > 0 be a Weil function

for W. Then there ezists a positive constant ¢ > 0 such that for all g €
Hol,, (D, X) with go g(Y,) ¢ W, we have

Ts(r,g,m) < cTs(r,qo g,ws) +em((s +7)/2,40 9, Aw) + ¢
forall s € (1/2,1) and r € (s,1).
To prove this lemma, we start from the following lemma.

Lemma 5.9. Let X be a projective variety. Let V and V' be non-empty Zariski
open subsets of X such that VNV’ is smooth. Then there exists a proper birational
morphism p: X’ — X from a projective variety X' such that p~1(V') is smooth
and p~1 (V') — V' is isomorphic.

Proof. By a strong desingularization of V', we have a sequence
V=WV« Ve T
such that

e V. is smooth, and
e each V11 — V; is a blow-up V;41 = Blg,V; such that the center C; C V;
satisfies p;(C;) C V\(V NV’), where p;: V; — V is the natural morphism.

We inductively construct a projective variety X; with an open immersion
V; € X; as follows. Set Xy = X. Then Vy C X. Suppose we have constructed X;
with V; C X;. Let C; C X; be the (schematic) closure of C; C V;. We set X;,1 =
BlaXl-. Then the inverse image of V; C X; under the projection X;;; — X; is
equal to V41 C X;y1. Since X; is projective, the blow-up X, is also projective.
Thus we have constructed projective varieties X; with open immersions V; C X;
foralli=0,1,...,k.

By the construction, we have extensions p;: X; — X of p;. By p;(C;) C
V\(V NV’), we have p;(C;) C X\V’. Hence p;: X; — X are isomorphisms over
V' for all i. Moreover, we have ﬁ;l(V) =V, for all .. We set X’ = X, and p = py,
to conclude the proof. O

Proof of Lemma 5.8. We first construct 3 and >°. We apply Zariski’s main theo-
rem for the quasi-finite map ¢: U — S. Then we get an open immersion U — 3
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and a finite map
qr: 21 — 5.

Since S is projective, ¥ is projective. Since U is smooth, we may assume that X,

is normal. Set

(5.23) Yo = Blg, nov 1

where ©; C 3 is the Zariski closure of © C U in ;. Then ¥, is projective. Set
J 22 — 21.

Then p; is isomorphic over U C £;. Hence U C £,. Let ©5 C ¥, be the Zariski
closure of © C U in 5. If A C %5 is an irreducible component of 35\U such that
AN Oy # 0, then

(5.24) n(B)S 6y

Let V' C 3 be a Zariski open set defined by V' = X5\ (JA, A’, where A’ runs over
all irreducible components of ¥5\U such that A’ N ©5 = (. Then we have

(5.25) Oz CV.

We define a Zariski closed set D C ¥y by D = [J, A, where A runs over all
irreducible components of ¥9\U such that AN©Oq # 0. We have U = V N (Z3\D),
where U is smooth. By Lemma, 5.9, there exists a proper birational modification

D2 Eg—)EQ

such that py ' (V) is smooth and py is isomorphic over ¥5\D. We define ¥ by a
smooth modification

P3: Y — 23
which is an isomorphism over p; ' (V) C 3. We set £° = (pzopa) ' (V). By (5.25),
we have © C X°.
We construct W C S with W ; q(©) and prove (1). We denote the exceptional
locus of p1: X9 = X7 by E; C X5, We set

W:qlopl(EluD)CS.

W S @(©). By the definition of D C ¥, we obtain assertion (
Let F C X3 be the exceptional locus of ¥3 — ¥;. Then we claim

By (5.23), we have p;(E1) & ©1. By (5.24), we have pi(D) & ©,. Hence we have
1).

(5.26) qropropa(E) CW.
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To prove this, we denote the exceptional locus of ps: ¥3 — X9 by Ey C X3. Then
we have E C p2_1(E1) U Es. Hence pa(E) C E;y U py(Es). Since py: Xz — g is
isomorphic over ¥,\D, we have py(E;) C D. Hence po(E) C Eqy U D. Thus we
have proved (5.26).

Next we construct n and prove property (2). Since X3 is projective, we have an
immersion ¢: X3 < P". Let wpn be the Fubini-Study metric on P". Let ¢: 3 — P”
be the composite of ¥ — X3 — P™. We set

n = wpn.

Then 7 is semi-positive on 3 and positive on ¢, for the composite of 3.° — 3 — 33
is an open immersion.

Now we prove (2). Let Hy,..., H, C P™ be hyperplanes such that H; N ---N
H; = (. Let h be the Fubini-Study metric on Opx (1). Let 7; be a section of Opn (1)

such that H; = (7, = 0). Set Ay, () = —log \/h(7;(z), 7(x)) > 0. By Lemma 4.4,
there exists a positive constant ¢; > 0 such that for all A € Hol,,(D, X3) with
h(Y,) ¢ EU*H;, we have

(527) TU(T, Lo h7 Hi7 >\H1) S CiTa(Ta ql oOp1op20 ha wS) + Cim(gv h’a )‘E) + ¢

forall0 <o <r<1.
Let g € Hol,, (D, X) with gog(Y,) ¢ W. We may take H; such that pog(Y,) ¢
supp H;, where ¢: 3 — P" is the morphism above. Then by (4.1), we have

T5(r,g,m) = To(r, 0 0 g,wpn) = To(r,p 0 g, Hi, A,
for all 0 < o < r < 1. By (5.26) and (5.27), we have
To(r,po0g,Hi,Ap,) < ¢;To(r,go g,ws) +cm(o,qo g, \w) + ¢;.
We set ¢/ = maxi<;<i{c;}. Then we have
Ty(r,g,m) < Ty(r,qog,ws) +m(o,qo g, \w) + .
Now for 1/2 < s <r <1 and o = (s +1)/2, we have
Ty(r,g,m) < 4T, (r,g,m) < 4T, (r,Go g,ws) + 4c'm(o,Go g, \w) + 4c’.
We set ¢ = 4¢’. By T, (r,go g,ws) < Ts(r,g o g,ws), we conclude the proof. O

Remark 5.10. Let A be a semi-abelian variety and let S be a smooth projective
variety. Let Z C Si.a be an irreducible Zariski closed set. Assume that Z is
horizontally integrable. Then we take and fix the following objects:
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e An immersion U < A x S as in Definition 3.16.

e An isomorphism ®: A x U — A x U from (3.3).

e An irreducible component = C U 4 of (¢/)7(Z) from Lemma 3.17, where
q': Up,a — 51,4 is induced from ¢: U — S.

e The image © C U of = under U; 4 — U. Since U; 4 — U is proper, O is an
irreducible Zariski closed subset of U.

We may apply Lemma 5.8 for ¢: U — S and © C U to get and fix the following
objects:

e A smooth compactification X of U such that q: U — S extends to a morphism
g:x—S.

e A Zariski open set ¥° C ¥ such that ® C X°, where © C ¥ is the Zariski
closure of © in 3.

e A smooth semi-positive (1,1)-form 1 > 0 on ¥ such that n > 0 on X°.

e A proper Zariski closed subset W C S with W & 7(0).

By q(©) = 7(Z), we have W & 7(Z), where 7: S 4 — S is the natural map.

§5.4. Estimate for the first term of the right-hand side of (5.3)

Let A be a semi-abelian variety with the quotient p: A — Ag as in (5.2). Let S
be a smooth projective variety. Let Z C 51 4 be an irreducible Zariski closed set.
Assume that Z is horizontally integrable. We recall W C S from Remark 5.10.

Lemma 5.11. Let F C Hol(D, A x S) be an infinite set of non-constant holomor-
phic maps such that (fs, ,)fer = Z. Let wa, be an invariant positive (1,1)-form
on Ay and let wg be a smooth positive (1,1)-form on S. Let Ayy > 0 be a Weil
function for W. Let s € (1/2,1) and 6 > 0. Then there exists a positive constant
a > 0 such that for all f € F with fs(D) ¢ W, we have

Ts({rypo fA7on) S aTs(T7 fSawS) + am((s + 7q)/2a fS7)\W) + «

for all v € (s,1) outside some exceptional set E C (s,1) with the linear measure
|E| < 4.

Proof. We use the objects fixed in Remark 5.10. Note that the isomorphism ®: A x
U — A x U induces an isomorphism ®y: Ay x ¥ — Ag x ¥ with the following
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commutative diagram:

AxU—2 3 AxU

(528) (pﬂ;)J/ l(pﬂ‘)

A()XZ*)A()XZ.
()

Here, i: U — X is the open immersion.

We prove this claim. Let ¢: U — A be the composite of the immersion v: U —
A x U and the first projection A x S — A. Then ®: A x U — A x U is defined
by ®(a,u) = (a — ¢(u),u) (cf. (3.4)). We have a rational map po p: ¥ --» A,.
Since Ay is an abelian variety and X is smooth, this rational map extends to a
morphism pop: ¥ — Ag. Then & is defined by (b, u) = (b — p o (u),u) for
(b,u) € Ag x X. Then ® fits in the commutative diagram (5.28).

We set

(5.29) §' = 6/801.

We take an open neighborhood Og C 3 of © C X such that Oic:) C X°, where we
recall £° C 3 from Remark 5.10. We take a smooth positive (1, 1)-form wy on
such that

(5.30) ws <1

on Og, where we recall 7 from Remark 5.10.

We apply Lemma 5.5 to get a finite subset £ C F such that for each f € F\E,
we get a lifting f € Hol,, (D, A x &) of f € Hol(D, A x S), a connected open set
Qy C D, and a connected component Q} CY; of W}l(Qf) with the properties
(5.9)—(5.12) described in Lemma 5.5. Then we have (cf. (5.10))

(.97, 9))rere ~ ©.

Hence there exists a finite subset & C F, where £ C &, such that for all f € F\&,
we have z € Qy for ¢’-almost all z € D(1 — ¢’) and

(5.31) fs(Q)) € O0g.

Let w4 be an invariant positive (1, 1)-form on A such that
(5.32) prwa, Swa.
We take an open neighborhood Og;,A C Xy 4 of 31,4 such that

(5.33) VLie Alwa < |5y
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for all (vs,vLica) € TE x Lie A with [(vs,vLiea)] € Os: | C X1 4. We have
(cf. (5.11))

((((P ° f)ZI,A’ Qf’ Q}))fg]:\g ~ ET,A'

Hence, there exists a finite subset & C F, where & C &;, such that for all
f € F\&, we have

(5.34) (®o )z, . (@) C Os;
Now we take f € F\& such that fg(D) ¢ W. Since z € Q for ¢’-almost all
z € D(1 —¢"), we may apply [46, Lem. 7.1] to get

" dt
(5.35) Ty(rpo farwa) < 8 / a / (po ) wa,
st Jowna;

for all r € (s,1 — ¢’) outside some exceptional set E' C (s,1 — ¢’) whose linear
measure satisfies

(5.36) |E'| < 8005

By fa = fa o, we have

" dt A
(5.37) / a / (po fa) was = Tu(r. (90 far 2 2p)way)-
s t Jowna;,

Here we recall (5.7) for the definition of the right-hand side.

Let ®g: Ao x X — Ay x ¥ be the isomorphism above (cf. (5.28)). Let v4: Ag x
> — Ap be the first projection, and v5: Ag X ¥ — X be the second projection.
Then there exists a positive constant a > 0 such that

(v1 0@y M) wa, < a1 (Viwa, + Viws).

We define g: A x X — Ay x ¥ by p(a, s) = (p(a),s) for (a,s) € A x X. Then, we
get

TS(Ta (pO fA7Qf>Qlf)7on)
(538) <onTs (71, ((éo o ﬁo fA)Amevglf)vao) + alTs(T7 (fAEvaaglf)vwE)'

By (5.33) and (5.34), we have
T (T7 (((I) © f)A7 Qf7 Qlf)7wz4) < TQ(Ta (f27 Qf7 Qlf)vwz)'
By the commutativity of (5.28) and (5.32), we have

TS (T7 (((bo o ﬁ o f)Aoa Qfa Q;")aon) S Ts (Tv ((¢ o f)A? Qf) Qlf)va)
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Hence we get
(5.39) Ty (r, (R0 0 50 ) ag, Qp, ) yway) < Tu(r, (., Qp, Q) ws).
Hence by (5.35), (5.37), (5.38), and (5.39), we get
Ty(r,po fa,wa,) < 1601 Tu(r, (fx,Qp, ), ws)

for all r € (s,1 — ¢')\E’. Using (5.30) and (5.31), we have

To(r, (f2, Qp, ), w) < Tu(r, (f5, 97, 95),m) < (degmp)Ti(r, fi,m).
Hence we get
(5.40) Ty(r,po fa,wa,) < aTu(r, fz,n)

for all r € (s,1—0")\E’, where we set ag = 16a1[C(S) : C(X)] (cf. (5.12)). We set
o= (r+s)/2. By Lemma 5.8, we get

(541) Ts<r7 fEu 77) S aSTs(T7 fSawS) + Olgm(U7 fS’7 >\W) + as,

where ag > 0 is a positive constant which is independent of the choice of f €
F\E2. We set o = aparg and E = E'U (1 — ¢, 1). By (5.29) and (5.36), we have
|E| < 4. Then by (5.40) and (5.41), we get the desired estimate for f € F\&; with
fs(D) & W.

Finally, we enlarge « > 0 so that
max T, (1 —46,p w <«
feés S( PO an Ao) =

to complete the proof of the lemma. O

§5.5. Estimate of Weil functions

Let wy be an invariant positive (1,1)-form on A. Given z,y € A, we denote by
d(x,y) the distance with respect to w4. Let m: C* — A be a universal covering,
where n = dim A. We denote by dc- the Euclidean distance on C". Note that 7*w 4
is an invariant positive (1,1)-form on C™ with respect to the additive structure
of C™. Hence there exists a positive constant « > 1 such that

1
(5.42) ~d(z,y) < den (7 (@), 7 (y)) < ad(z,y)
for all z,y € A.

Lemma 5.12. Let B C A be a semi-abelian subvariety. Let dp be the distance
function on B with respect to some invariant positive (1,1)-form on B. Then
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there exists a positive constant § > 1 such that

%dB(x,y) < d(z,y) < fdp(z,y)

for all x,y € B.

Proof. Let C* — B be a universal covering, where k = dimB. Then B C A
induces an immersion C*¥ C C™ into the universal covering of A. This is a linear
subspace. Hence for p,q € C*, we have dcx (p, q) = dcn(p,q). Hence by (5.42), we
obtain our lemma. O

Lemma 5.13. Let A be a smooth equivariant compactification. Let D C OA be an
irreducible component with a Weil function Ap. There ezists a positive constant
¢ > 0 such that

Ap(y) < Ap(x) + cd(z,y) + ¢
for all x,y € A.

Proof. We first consider the case that A is an algebraic torus, and then prove the
general case.

The case of algebraic tori. The proof is by induction on the dimension of A. When
dim A =1, we have A = G,, and A = P'. We may assume D = (c0). Then

Ap(2) = Ap(y)| < [log™ [a] —log™ |y|| < [log|a/yl|-
On the other hand, by (5.42), we have
(5.43) [log |z /yl| < ad(z,y).

This shows our estimate in the one-dimensional case.

Now we consider the case dim A > 2 and assume that our lemma is true for
algebraic tori whose dimension is less than dim A. Let D C JA be an irreducible
component. Let T C A be the isotropy group of D. Then I = G,,. Set B = A/I.
We take a compactification B of B such that B = D. By Lemma A.11, there
exist a Zariski open neighborhood U C A of D C A and a canonical projection
p: U — D which extends A — B. Note that p: U — D is a total space of a line
bundle over B whose zero section is D. Let || - || be a smooth Hermitian metric on
the line bundle p: U — B. We define pu: U\D — R by p(x) = log(1/||z|) where
x € U. We prove the estimate of Lemma 5.13 in several steps.

Step 1. We first show that there exists a positive constant ¢; > 0 such that

(5.44) ln(z) = p(y)] < crd(z, y) +
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for all z,y € A which satisfy p(z) = p(y). To prove this, we take a finite affine
covering B = J;c; Vi such that Uly, = Vi x C. Let 73: Uly, — C be the sec-
ond projection. We may take an open set W; € V; such that B = (J;c; W; and
lu(x) —log|1/7(x)|| < v on o € p~1(W;)\D. We set v = max;c; ;. Now given
x,y € A such that p(x) = p(y), we take i € I such that p(z) € W;. Then we have

lu(z) — p(y)| < Jog[1/7;(x)| — log |1/7:(y)|| + 2.

By the one-dimensional case (cf. (5.43)), we have

|log [1/7:(x)| = log [1/7:(y)l| < adg,, (ri(x), Ti(y))-

Hence we get
(@) — p(y)| < ade,, (7i(2), 7i(y)) + 27.

We take g € I such that y = ¢ - z. Since 7; is G, equivariant, we have 7;(y) =
g - 7i(x). Hence we have dg,, (7:(x),7(y)) = dg,, (eg,,, g). Hence we get

[u(@) — py)| < adg,, (eg,,, ) + 27
Similarly, we have d(z,y) = d(ea, g). By Lemma 5.12, we get d;(ea, g) < Bd(ea, g).
Hence we get (5.44) with ¢; = max{af, 2v}.

Step 2. By [6, Cor., p.115], the quotient A — B has a section s: B — A of
group varieties. We next show

(5.45) lu(z) — n(y)| < cad(z,y) + c2

for all =,y € s(B). By the section s: B — A, we get a rational section 5: B --» U,
which is holomorphic and zero-free on B. Set (s) = E—F. Then u(s(b)) = Ag(b) —
Ar(b) for b € B. Then by the induction hypothesis, we have, for b,b’ € B with
x = s(b) and y = s('),
() = n(y)| = |(Aed) = Ap(0)) — (Ap (V) = Ar (V)|

< ed) = Ap®)] + [Ar(b) = Ap(d)]

< ydp(b,V') +7
By Lemma 5.12, we have dp(b,b') < ad(z,y). Hence we get (5.45) with ¢y =
max{ay,v}.

Step 3. Now we take x,y € A such that z € s(B). Then by (5.44) and (5.45),
we have
(@) = p(y)] < |u(@) = u(spy)| + 1)) - n)]
< c2d(2,5(p(y))) + c1d(s(p(y)), y) + 1 + 2.
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By
d(s(p(y)),y) < d(z,s(p(y))) + d(z,y),
we get
(@) = u(y)| < (e1 + e2)d(w, s(p(y))) + crd(z, y) + 1 + ca.
Since s(p(x)) = x, Lemma 5.12 yields d(z, s(p(y))) < adp(p(z), p(y)). Hence
(@) — p(y)| < (e1 + c2)adp(p(x), p(y)) + crd(z,y) + 1 + c2.

Since p|a: A — B is a group homomorphism, we have

(5.46) dp(p(x),p(y)) < o'd(z,y).

Indeed, (p|a)*wp is an invariant (1,1)-form on A, where wp is the invariant positive
(1,1)-form on B used to define dp. Hence there exists a positive constant o’ > 0
such that (p|a)*wp < a’wa. To conclude, we get

() = p(y)| < cd(e,y) + ¢,
where ¢ = max{(c1 + c2)ad’ + ¢1,¢1 + 2}

Step 4. Now we take x,y € A in general. We take g € I such that s(p(x)) =
g - x. Then we get

ln(z) — p(y)| = |p(g-z) —plg-y)| < cd(g-x,9-y) +c=cd(z,y) +c.

Hence

[Ap(z) = Ap(y)] < |u(x) — p(y)] < cd(z,y) + ¢,
which concludes the induction step. Hence we get our lemma in the case of algebraic
tori.

The case of general semi-abelian varieties. We treat the general case as in (5.2):
0T AL A)—o0.
We pull back this sequence by the universal covering 7: C™ — A to get
O%T%AXAO(CTL;(C”%O.

We have a section s: C" — A x 4,C" of complex Lie groups. Let p: Ax4,C"* — A
be the natural projection. We set

Y =pos: C" — A.

Then p and @ are morphisms of complex Lie groups. We take a closed ball B C C”
centered at the origin such that 7(B) = Ay.
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We first show that there exists a positive constant «; > 0 such that for all
g €T and z,w € B, we have

(5.47) Ap(g-9(2)) = Ap(g - ¢(w))] < au.

We prove this. Let A correspond to a torus embedding 7' C T (cf. Lemma A.6).
Note that p: A — Ag extends to p: A — Ag. Then r: A x 4, C"* — C" extends
to 7: A x4, C* — C". The section s: C* — A x 4, C" induces a (non-canonical)
splitting A x 4, C® = T x C" such that the composite gos: C* — T with the first
projection q: A x 4, C* — T is the constant map identically equal to er:

Al AxyCn 2T
PJ lr
Ao(TCn

Note that p*Ap(z) — (Apl,-1(0))(q(x)) is continuous on A x 4, C". Since 7! (B) is
compact, there exists a positive constant aj > 0 such that

P"Ap(2) = (Aplo-1(0)(a(@))] < o)

for all x € #~1(B). Note that q(g-s(z)) = g for all g € T and z € C". Hence for
all ze B and g € T, we have

[P"Ap(g - 5(2)) = (Aplp-1(0))(9)] < .
Hence by
[Ap(g-¥(2)) — Ap(g - ¥(w))|
< p*Ap(g-5(2)) = (Aplo-10))(9)| + [P"Ap(g - s(w)) — (Ap|p-1(0))(9)],

we get (5.47) with oy = 2a].
Next we prove that there exists a positive constant as > 0 such that for all
g €T and z,w € B, we have

(5.48) d(g- (=), 9 b(w)) < as.

We prove this. Since ¢: C* — A is a group homomorphism, ¥*w,4 is an
invariant (1,1)-form on C™. Hence we have d(¢(z),¥(w)) < abden(z,w) for all
z,w € C™. See the argument for (5.46). Hence

d(g - (2), 9 b(w)) = d(¢(2), P (w)) < apden(z,w)
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for all g € T and z,w € C™. Since B C C” is compact, there exists a positive
constant v > 0 such that dcn (z,w) < 7y for all z,w € B. Hence we get (5.48) with
o = abhy.

Now, for z,y € A, we take 2/,y’ € r—1(B) such that p(z') = z and p(y’) = v.
We take g, gy € T such that g, - s(r(z')) = 2’ and g, - s(r(y’)) = ¢'. Then by the
torus case above, we have

[AD(gz - ¥(0)) = Ap(gy - ¥(0)] < erdr(gx - 9(0), gy - ¥(0)) + 1.
By Lemma 5.12, we have dr (g, - ¢¥(0), g, - ¥(0)) < Bd(gs - ¥(0), gy - ¥(0)). Hence
(5.49) IAD (92 - ¥(0)) = Ap(gy - ¥(0))] < e18d(ga - 1(0), gy - 1(0)) + c1.
We have
[Ap(z) = Ap(y)| < [Ap(gz - ¥(r(2"))) — Ap(gx - ¥(0))]
+ A (g2 - (0)) — Ap(gy - $(0))]
+ | Ap(gy - ¥(0)) = Ap(gy - ¥(r(y)].
Hence by (5.47) and (5.49), we get

[Ap(x) = Ap(y)| < e1Bd(g - $(0), gy - ¥(0)) + 1 + 201

By (5.48), we have

d(gz '¢(0)79y ’(/}(O)) S d(gm -¢(0)79x ¢(7’($/))) + d(gz '¢(T(x/))7gy ¢(T(y/)))
+d(gy - 0(r(y), 9y - ¥(0))
<d(z,y) + 2as.

Hence we get
[Ap(z) = Ap(y)| < cd(z,y) +c,
where ¢ = max{c; 3, 2c128 + ¢1 + 21 }. This concludes the proof. O

§5.6. Application of Lemma 5.13

We recall the notation from (5.6).

Lemma 5.14. Let A be a smooth equivariant compactification of a semi-abelian
variety A, and let ¥ be a smooth projective variety. Let D C OA be an irreducible
component with a Weil function Ap > 0. Let wa be an invariant positive (1,1)-form
on A. Then there exists a positive constant ¢ > 0 with the following property: Let
(9,9Q,%) be a triple as in Definition 5.3, where g € Hol,,(D, A) with g(Y,) ¢ 0A.
We take r,r' € (0,1) such that OD(r) C Q and OD(r’) C Q. We take 0 € R such
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that the line segment v connecting re'? and 1'e* satisfies v C Q. Assume that
OD(r") UOD(r) Uy C Q does not contain the critical values of my: Yy — D. Then
we have

|m(r, (gv Qa Q/)’ )‘D
&

~ deg(mglar)

- m(,r,/’ (ga Qa Q/)a AD)|

)
(5.50) ly (9( N, (OD(r) UOD(r) U 7)) + ¢,

where £, is the length with respect to w4.
Proof. By Lemma 5.13, there exists a positive constant « > 0 such that
(5.51) [Ap(z) = Ap(y)| < ad(z,y) +

for all x,y € A, where d(z,y) is the distance with respect to wa.
Let (9,9,Q) be a triple as in Definition 5.3, where g € Hol,,(D, A) with
g(Yy) ¢ OA. For each z € Q, we set

1
pe(2) = ——— Y Ap(g(v).
d ’
eg(ﬂ_gk} ) yGQ/ﬂwgl(z)
We have

/ dargm,(z)
(5.52) m(r, (9,2, 9), Ap) = o) L2,

2€QNaD(r) ™

Let 2,2 € Q be two points connected by a smooth arc o in Q. Suppose that
o C Q does not contain the critical values of 74: Y; — ID. Then we claim

(5.53) g (2) = g (2')] < lua (9(2 NN (o)) + o

| >
= deg(mylar)

To show this, we set Q’ﬂﬂgl(z) ={y1,..,up}and XN (2) = {1, .., Ui}
where k = deg(mg|q/). We may assume that y; and y; are connected by a smooth
arc o; in Q' where o; is a lift of 0. Then by (5.51), we get

i i ) + a.

By d(9(yi), 9(4i)) < Lwa(9(0i)), we get (5.53).
Now we take r, 7’ € (0,1), 6 € R, and 7 as in Lemma 5.14. We have dD(r) C Q,

ID(r’") C 2, and v C Q. Moreover, 9D(r") U 9D(r) Uy C © does not contain the
critical values of 7,: Y, — D. By (5.53), we have

loy (9 (Q’ﬂw (3D(r))))+a

k‘\»—l
?ﬂQ

|:ug(2)

[e%

0’ i0
re — re < —
|:U‘9( ) ‘Ll,g( )‘ — deg(ﬂ'g‘Q’)
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for all ¢’ € R. Hence by (5.52), we have

Q0,0 — pg(re?)| < — = ' N (0D :
Im(ra (97 ) )7)\D) Mg(re )l — deg(ﬂ_g|ﬂ/)‘€wA(g( rWﬂ-g (8 (T))))+a
Similarly we have
! / _ 1010\ < @ ! -1 !
(', (9,2, Ap) 1y r'e)] € Gt (9l 1y D)) + o
By (5.53), we have
i i @ -
lng(re®) —pg('e)| < Gor Sl (9@ N () + e

The last three estimates yield (5.50), where ¢ = 3a. O

§5.7. Application of the area-length method

For r € (%, 1) and 6 € [0, 27], we denote by v, ¢ C D the line segment connecting

%ew and re?. Let n be a smooth semi-positive (1, 1)-form on a smooth projective

variety 3. We denote by ¢, the length of curves in ¥ with respect to n. The next
lemma is an application of the area-length method.

Lemma 5.15. Let f € Hol,,(D,X) and s € (1,1). Let § > 0.

(1) There exists a subset E1 C (s,1) with |E1| < § such that, for all r € (s,1)\E1,
we have

4y (f(wj?l(a]D)(r)))) < cl(degwf)QTs(r7 fim) + cl(deng)2,

where ¢1 > 0 is a positive constant which only depends on §.

(2) There exists a subset Es C (s,1) with |Es| < 6 such that, for all v € (s,1)\F2,
we have

677 (f(ﬂ-;l('%‘,@))) < 02(deg ﬂ-f)TsOnv f7 77) + C2(deg 7Tf)

for all 6 € (0,27) outside some exceptional set Es C (0,27) with linear mea-
sure |E3| < §. Here, co > 0 is a positive constant which only depends on

J.

Proof. Let f*n = >} (dx A dy), where z = x 4 iy. Set
Av)= [ g
Yi(r)

T(T) = Ts(ra fs 77)'

and
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Then we have
A(r) =r(degmy)T'(r) < (degms)T'(r).

A(r):/ dt/ Y*tdargmy,
0 71 (OD(t))

Alr) = /1(5)@( . ©’rdargTy.
7rf T

Set L(r) = £y(f(x; ' (9D(r)))). Then

L(r) :/ prdargmy.
w7 (8D(r))

Hence by the Cauchy—Schwarz inequality, we get

By

we have

L(r)? < 2nr(deg ’/Tf)/ o?rdarg Ty < 2n(degms)A’(r).
wy H(OD(r))

We estimate the right-hand side. Note that since 7 is semi-positive, we have A’(r) >

0 for all » € (0,1). Hence we may apply the Borel growth lemma (Lemma 5.16

below) for A(r). Letting ¢ = /2 — 1 and §' = §/2, we have

2 2
A'(r) < — max{1, ()"} < —<(deg mp) " max{1, (T'(r)) 77}
for all » € (s,1) outside some exceptional set E] C (s,1) of linear measure less
than ¢’. Again by Lemma 5.16, we have

(T'(r)+ < (%)HE max{l,T(r)(1+5)2}
for all r € (s,1) outside some exceptional set Ef C (s,1) of linear measure less
than ¢’. Hence
A0 < ()7 (ogmp) e max{1, 7))
for all r € (s,1) outside Ey = E{ U EY, where |E;| < é. Then we get
2

L0r)? < 2m( 2) " demny 24 max{1, T,

thus
9\ 1+¢/2
L) <Vor(Z5)  (degmy) /2 max{1, 7(r)}

< er(deg )P T(r) + ca(dog y)?
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for all r € (s,1) outside E;. Here we set ¢; = \/27T(%)1+5/2, which only depends
on 6. This is the first estimate.
Next we prove the second estimate. Set L. (r,§) = fn(f(ﬂ'f_l(")/r’@))). Then

Loy = [ el
7(; ('YT,G)
Since |ms| > 1 on 7rj71('yr,9), we have
Looy<2 [ el
Trf_ ('77‘,9)
By the Cauchy—Schwarz inequality, we get
L0 < dldegny) [ @Plagldimy
Tffl(%,s)
hence )
/ L,(r,0)*df < 4(degms)A(r) < 4(deg )T (r).
0

By Lemma 5.16, letting € = 1, we have

2m 2
/ L.,(r,0)%d6 < M max{1,T(r)*}
0

for all 7 € (s,1)\Fy with |F2| < §. Then, for each r € (s,1)\F2, we get

8(degmy)?
52
for all 6 € (0,27) outside some exceptional set E3 with |E3| < ¢. Hence

Ly(r,0) < 72\/5(;6‘% d

for all 6 € (0,27)\ F3. Thus we obtain the second estimate by letting cy = 21/2/0,
which only depends on §. O

L. (r, )% < max{1,T(r)*}

max{1,7T(r)}

Lemma 5.16. Let g be a continuously differentiable, increasing function on [s, 1)
with g(s) > 0. Let § > 0 and 0 < ¢ < 1. Then we have

g(r) < 2 max{1,g(r)*7)

for all v € (s,1) outside a set E with |E| < 0.

Proof. Set
E={re(s1); ¢(r) > & max{1,g(r)'*°}}.
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If £ = (), then our assertion is trivial. Suppose E # (). We have

s J(r) 6N g0
Sy AL A gt [ S —
Bl <3 [Emax{l,gmlﬂ}dr— 2 / max (L, g(r) 7} O

We have the following three cases.

Case 1: g(r) > 1 for all v € [s,1). Then we have

[ sttty = | st = Al <

Case 2: g(r) <1 for all v € [s,1). Then we have

' g'(r) i ar
/smd’“—/sg()d <1

Case 3: Otherwise, we have g(s) < 1 and lim,_,;_og(r) > 1. We set K =
sup{r € [s,1); g(r) < 1}. Then we have s < k < 1 and g(k) = 1. Hence we have

/: Hm{lgﬁz‘)l*ﬂdr = /:9’(7“) dr+/: g(g;éf)s dr

+

. -1 7t 2

<14+ lim [ } < -,
t—=1-0leg(r)sln ~ €

Thus in all cases, we have proved |E| < 6. O

§5.8. Estimate for the second term of the right-hand side of (5.3)

Let A be a semi-abelian variety with a smooth projective equivariant compacti-
fication A. Let S be a smooth projective variety. Let Z C S; 4 be an irreducible
Zariski closed set. Assume that Z is horizontally integrable. We recall W C S from
Remark 5.10.

Lemma 5.17. Let D C A be an irreducible component of 0A with a Weil function
Ap > 0. Let F C Hol(D, A x S) be an infinite set of non-constant holomorphic
maps such that (fs, ,)fer = Z. Let ws be a smooth positive (1,1)-form on S and
let A\ww > 0 be a Weil function for W. Let s € (1/2,1) and § > 0. Then there exists
a positive constant « > 0 such that for all f € F with fs(D) ¢ W, we have

|m(r7 fA7 )‘D) - m((s + 7’)/2, fA7 /\D)l
< aTs(r, fs,ws) +am((s+71)/2, fs, \w) + «

for all v € (s,1)\E, where E C (s,1) is an exceptional set with |E| < §.
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Proof. We recall the objects fixed in Remark 5.10. Set 9U = ¥ — U with a Weil
function A\gy > 0. Then by Lemma 5.8 (1), we get

(5.54) Ua) cw,
A

where A runs over all irreducible components A C QU such that AN O # (. Here,
G: X — S is the extension of ¢: U — S. Let K C 3 be a compact neighborhood
of © C ¥. We assume that K C X° and

(5.55) ANNK =0

for all irreducible components A’ C U such that A’NO = (). By (5.54) and (5.55),
there exists a positive constant «; > 0 such that

(5.56) Aov () < andw (q(x)) + o

for all x € K.

Since A is an equivariant compactification, the isomorphism ®: AxU — AxU
extends to a morphism

O: AxU = AxU
by the definition (3.4). Then the inverse 3 ': Ax U — A x U induces a rational
map
@_1:/71><2~->[1x2,

which is holomorphic over A x U C A x . Let v;: A x ¥ — A be the first
projection and let v5: A x ¥ — ¥ be the second projection. We claim that there
exists a positive constant s > 0 such that

(5.57) IAp(n1(z)) = Ap(v1 0 @71 (2))| < azdau (v2(x)) + az

forallz € AxU C Ax¥. Indeed, since D C A is A-invariant, we have ®(Dx U) =
D x U. Hence we have

(108 ) D) awe = vi (D) axv

over A x U. Thus by [44, Prop. 2.2.9(7)], we get (5.57).

Now we are given an infinite subset F C Hol(ID, A x S) of non-constant holo-
morphic maps so that (fs, ,)rer = Z. We apply Lemma 5.5 to get a finite subset
E C F such that for each f € F\E, we get a lifting fe Hol,,(D, A x %) of
f € Hol(D, A x S), a connected open set 1y C D, and a connected component
Q) CY;of ﬁj}l(Qf) with the properties (5.9)—(5.12) described in Lemma 5.5.

Let s € (1/2,1), § > 0 be given. Set

8 =§/11.
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We have (cf. (5.10))
((Fe: 05, ) serre ~ ©.

Hence, there exists a finite subset & C F with & C & such that for all f € F\&,
we have z € Qy for ¢’-almost all z € D(1 — ¢’) and

(5.58) f(Q)) C K.
Let wys;, be a smooth positive (1, 1)-form on ¥ such that
(5.59) ws <1

on K. Here we recall n from Remark 5.10. We take an open neighborhood O C ¥; 4
of X7 4 such that

(5.60) VLie Alwa < |5y
for all (vs, vpic 4) € TS x Lie A with [(vs, vLie 4)] € O C £1,4. We have (cf. (5.11))

((((I) ° f)ZI,A? Qfa Q}))fg]:\g ~ ET,A‘

Hence, we may take a finite subset &5 C F with & C &, such that for all f € F\&,,
we have

(5.61) (®o f)s, . (@) CO.
Let f € G\& with fg(D) ¢ W. Then by (5.56) and (5.58), we have
(5.62) m(r, (fe,Qp, ), Nov) < aaml(r, fs, Aw) +
for all 7 € (0,1). We set
Ey={re(s,1=8); (D\Qy)NdD(r) # 0}U{r € (s,1-8"); (D\Qy)NID(c) # 0},

where ¢ = (s 4 r)/2. By adding finite points to E;, we may assume that if r €
(s,1 —0")\E1, then 0D(r) U dD(o) is contained in Qf and does not contain the
critical values of 7 Iz Yf — D. Then we have

|E1] <66
For all r € (s,1 — ')\ E1, we have
m(r, fa, Ap) = m(r, (f4,Q.9}), Ap)

and
m(U’ fA7 )‘D) = m(a, (fA7 Qfa Qlf)v AD)
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By (5.57) and (5.62), we get
Im(r, (@0 f)a, 2, Q) Ap) — m(r, (fa, Q. ), Ap)| < asm(r, fs, \w) + as,
where ag = asay + ao. Similarly, we have
Im (o, (0 f)a, 2, Q) Ap) — m(0, (fa, 2, ), Ap)| < asm(o, fs, Aw) + as.
Thus for r € (s,1 — ¢§')\E1, we have
[m(r, fa, Ap) —m(o, fa, AD)]
= |m(r, (fa, 5, ), Ap) — m(o, (fa, 25, 2), Ap)|
((®
(r, f

< |m( )A7szQ/) >‘D)_m(o-7((q)of)A7Qf7Q/f)7AD)|
+ asm(r Aw) + asm(o, fs, \w) + 2as.
Hence
Im(r, fa, Ap) —m(o, fa, Ap)|
< ‘m( ((I) f)z‘be?Q/) >‘D)7m(07((q)of)A7Qf7Q/f)a>‘D)|
(563) + Oégm( afSa )‘W) + a3m(07 fS7 )\W) + 20{3.

Next we claim
[m(r, (@0 £)a, 9, 95), Ap) = m(a, (20 f)a, 0, ), Ap) |
(5.64) < auTi(r, fu,m) + o

for all r € (s,1)\ Es, where Ey C (0, 1) is an exceptional set with |E3| < 11¢’. Here,
oy > 0 is a positive constant which does not depend on the choice of f € F\&s.

We prove this. Set ;. ¢: te??, 1/2 <t < r. If OD(0) + 7,9 + OD(r) C Qy, then
by (5.60) and (5.61), we have

lua (@0 f)a(2n 71 (OD(r) UdD(0) Ur)))
<l (fu (20 7 (0D(r) UOD() Uyr0)))-
By (5.58) and (5.59), we have
Co, (F5 (2 N 7rT1 (OD(r) U OD(0) U re)))
< (fz(Qf nms L(OD(r) U dD(0) U rp)))-
Thus by Lemma 5.14, we get

|m(r, (0 f) 2,92,

)
(5.65) <—1,(fs

A ) m(o, (@0 f)4,927,92),Ap)|
B deg(ﬂf\ﬂ/) (

OD(r) U dD(o) U %,9))) + ¢,
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provided that 0D(r) U dD(o) U~,9 C f does not contain the critical values of
T Yf — D. Here, ¢ > 0 is a positive constant which appears in Lemma 5.14,
hence is independent of the choice of f € F\&;, r, and 6.

Now we apply Lemma 5.15 to get

Cy(fo(n71(OD(r)))) < as(degmp)*T(r, fr,m) + as(degmy)?,
for all r € (s,1) outside some exceptional set F3 C (s,1) with
|E3| < 5/.

Here, a5 > 0 only depends on ¢’. We define E; C (s,1) by r € Ey if and only if
(s+1)/2 € E5. We have
|Ey| < 2|E3] < 26.

Then for r € (s,1 — §')\(E1 U Ey4), we have
0 (fx (w}l(aﬂ)(a)))) < as(degm;)* Ty (o, fe,m) + as(deg )%,
and 0D(o) C Q. Thus for r € (s,1—6")\(E1 UE3UEy), the estimate (5.65) yields

[m(r, (® o f) 1,927, 9),Ap) —m(o, (Do f) 1,27, 2), Ap)|
< 2cars(deg ) Ts(r, fg,n) + 2cas(deg T+

+ W&; (fE(W; (’Yr,e)))

provided ;¢ is contained in 2 and does not contain the critical values of © IE Yf —
D. By Lemma 5.15 (2), there exists E5 C (s,1) with

|E5| <&

such that for each r € (s,1—0")\ E5, we may choose 6§ € (0, 27) such that v, 9 C Qy,
vr,6 does not contain the critical values of ™ i Yf — D, and

0 (Fo(m7 (9m0)) < a(deg mp)Ti(r, ) + a(deg )
Here, ag > 0 only depends on §’. Hence, we get

[m(r, (@0 f) 4,2, 9),Ap) —m(o, (2o f) 5,9, ), \p)|
< c(2a5 + o) (deg m ) T (r, f2,n) + (205 + ag) (deg TF) +c
for all r € (s,1)\E2, where

(5.66) Ey=E UE3UE,UE;U(1-4,1).
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We have
|Es] < 118" = 6.

This concludes the proof for (5.64), where we set ay = ¢(2a5+a5)[C(S) : C(X)]+c.
Now, by (5.63) and (5.64), we get
|m(r7 an )\D) - m(Uv fA» )\D)|
< a7Ts(Ta va 77) + a7m(r, fS; )\W) + cwm(a, fSa )‘W) + ar
for all r € (s,1)\Es, where a7 = 2a3 + a4. Here we note that E; U (1—9",1) C Es
(cf. (5.66)). By Lemma 5.8, we have
TS(T7 fE;U) < QSTG(Tvq_O fanS) + a8m(0’ vaAW) +ag

for all » € (1/2,1). Here, ag > 0 is a positive constant which does not depend on
the choice of f € F\&>. Hence we get

|m(7", fA)AD) - m(a, fA7AD)|
< a9Ts(Ta vawS) + O[gm(T, fS; )\W) + agm(a, fSa )‘W) + ag

for all r € (s,1)\Ey, where ag = azag + 7. By Lemma 4.3, we get

m(r, fs, \w) < a1oTo(r, fs,ws) +m(o, fs, A\w) + a1o

for all » € (1/2,1). Here, a1 > 0 is a positive constant which does not depend on
the choice of f € F\&;. Hence we get

(567) |m(7“, an)‘D) - m(a, fAv)‘D)| < aTs(Ta fSawS) + O[’I’I’Z(O', fSa)‘W) +a

for all r € (s,1)\Fa, where @ = max{2ag, agag + ag}. This proves the desired
estimate for f € F\& with fs(D) ¢ W.
Finally, we enlarge o > 0 so that

2 sup m(r,f,Ap) <«
re(s,1-9)

for all f € &. Then (5.67) is valid for all f € F with fg(D) ¢ W. O
85.9. Proof of Proposition 5.1

We complete the proof of Proposition 5.1. We take W C S as in Remark 5.10.
Then we have W G 7(Z) (cf. Remark 5.10). Let F C Hol(D, A x S), wj, ws,
Aw, 8 € (1/2,1), 6 > 0 be given as in Proposition 5.1. Let p: A — Ag be the
canonical quotient (cf. (5.2)) and let w4, be an invariant positive (1, 1)-form on
Ap. Note that we are given a smooth projective equivariant compactification A.
For an irreducible component D C A of 9A, let A\p > 0 be a Weil function.
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Now let f € F such that fs(D) ¢ W. By Lemma 5.2, we get

Ty(r, fa,wa) < To(r,po fa,wa,) +¢ Y |mlr, fa, Ap) —m(o, fa, Ap)| + ¢
DCOA

for all » € (s,1), where ¢ > 0 is independent of the choice of f € F. By
Lemma 5.11, we get

TS(T,pO fA7UJA0) S aTs(ra vawS) + O(TTL((S + T)/2a fSa)‘W) +a

for all r € (s,1)\E’ with |E’| < 6/2. Here, a > 0 is independent of the choice of
f € F.Let Dq,...,D; be the irreducible components of 0A. By Lemma 5.17, we
get

\m(n fA7 )‘Dl) - m((s + T)/Qv fA7 >\Dz)
< BiTs(r, fs,ws) + Bim((s +1)/2, fs, Aw) + Bi

for all r € (s,1)\E;, where E; C (s,1) is an exceptional set with |E;| < §/2l. Here,
B; > 0 is independent of the choice of f € F. We set ¢; = ¢ = /(o + Zﬁzl Bi),
3 = +d(a+ Zizlﬁi), and E = E'U Uﬁzl E;. Then |E| < ¢. This shows
(5.1), where ¢; > 0, ¢ > 0, ¢3 > 0 are independent of the choice of f € F. This
completes the proof of Proposition 5.1. O

Remark 5.18. Let us observe from the proof of Proposition 5.1 why it is natural
to work with Demailly jet spaces rather than classical jet spaces in our paper.
This is because the projectivization of the tangent spaces behaves better than the
tangent spaces themselves. Our proposition follows from Lemmas 5.11 and 5.17.
For the proof of Lemma 5.11, we take an open neighborhood OET,A C 1,4 of
Y7 4 over which (5.33) holds. We note that X7 , C %1 4 is the projectivization
of TY x {0} € TY x Lie A (cf. (3.2)). However, unlike its projectivization, we
cannot find an open neighborhood of T x {0} over which (5.33) is satisfied. This
is because the condition fails to hold over an arbitrary small neighborhood of the
zero section of T x Lie A. A similar issue arises in the proof of Lemma 5.17
concerning the estimate (5.60). Therefore, working with the projectivization is a
more suitable approach. This is why it is natural to use Demailly jet spaces in our

paper.

§6. Application of logarithmic tautological inequality

The purpose of this section is to prove Lemma 6.3. This is an application of
the logarithmic tautological inequality, which is a generalization of Nevanlinna’s
lemma on logarithmic derivatives.
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§6.1. Logarithmic tautological inequality

Let X be a smooth projective variety with a smooth, positive (1,1)-form wy. Let
D C X be a simple normal crossing divisor. We set

TX(—logD) = P(TX(—1log D) ® Ox),
which is a smooth compactification of TX(—log D). Let 0T X (—log D) be the
Cartier divisor on the boundary which corresponds to a section of Oz x(_ 144 p)(1)-
If f € Hol(D, X) is holomorphic with f(D) ¢ D, then the derivative of f induces
a holomorphic map f: D — TX(—log D).

Lemma 6.1. Let £ >0, 6 >0, and s € (0,1). Let A\grx(—10g ) and Ap be Weil
functions for 9T X (—1log D) C TX(—log D) and D C X, respectively. Then there
exists a positive constant p > 0 such that for all f € Hol(D, X) with f(D) ¢ D,
we have

m(r, f', Morx(—10g ) < €Ts(r, fywx) +em(r, f,Ap) + 1

for all v € (s,1) outside some exceptional set of linear measure less than J.

This lemma is a variant of the estimate for entire curves f: C — X due to
R. Kobayashi [26] and McQuillan [32]. We refer to Vojta [43, Thm. A.2] for the
precise statement and simplified proof. We remark that [43, Thm. A.2] implies
the classical Nevanlinna lemma on logarithmic derivatives when applied to entire
curves f: C — P! and D = (0)+(o00), while Vojta’s proof of [43, Thm. A.2| is based
on Nevanlinna’s lemma. In the following, we follow another method described in
[45, Thm. 4.8], which does not use Nevanlinna’s lemma. See also [9, Sec. 2].

Proof of Lemma 6.1. The proof divides into three steps. The following proof is
similar to the proof of [45, Thm. 4.8].

Step 1. Let TX = P(TX ®Ox) be a smooth compactification of TX and let 9T X
be the Cartier divisor on the boundary which corresponds to a section of Oz (1).
Let Aorx be the Weil function of 97X defined by Aprx (v) = log /1 + |v|2 for
v € TX, where ||,y is a norm on TX defined by wx. We prove the following
estimate for all g € Hol,, (D, X) with ¢(Y,) ¢ D:

(6.1) m(r, g, Norx(—10g D)) < m(r,9,Ap) +m(r,g', Norx) + 1

for all » € (0,1). Here, u1 > 0 is a positive constant which only depends on the
choices of Weil functions.
We prove this. The natural morphism ¢;: TX(—logD) — TX induces a
birational map
: TX --» TX(—1log D).
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Let Z C TX be the indeterminacy locus of 4. Let p: TX — X be the projection.
Then we have

(6.2) (¢|TX\Z)*8TX(—logD) = (p*D+6TX)|TX\Z.

Let a: TX — TX be a modification such that v induces a morphism {j;: TX —
TX(—log D). Then there exists an effective Cartier divisor E C TX such that

(6.3) P OTX(—log D) =a*(p*D+ 0TX) — E.
Indeed, by (6.2), we have

(6.4) (¢|Tx\z)*0”fx(_ log D)(l) = (p"Ox(D)® OTx(l))|Tx\z~
Let p'°¢: TX(—log D) — X be the projection. There exists a natural surjection
(65) (plog)*(plog)*OTX(_ IogD)(l) — OTX(—logD)(l)'

We pull this back by ¥|7x\,: TX\Z — TX(—log D) and combine with (6.4).
Then we have the following surjection on T X\ Z:
P (0 OFx (10 py(Dlzx\z = p"Ox(D) ® O x (1|7 -

Since Z has codimension greater than 1, this morphism extends over the whole of
TX. We denote by K the kernel of the following surjection obtained from (6.5):

&*(P'8) " (0'%)OF .~ 10g 0y (1) = ©* OFix (106 1y (1):
Then the composition of

K = o p"(0°%).O7x (_ 105 py (1) = 0" (" Ox (D) ® Oz (1))
is a zero map on o~ (T'X\Z), hence on TX. Hence we get a morphism

U OFx (105 py(1) = @ (0" Ox (D) @ Oz (1)).

Hence there exists an effective Cartier divisor £ on T'X such that (6.3) is valid.
Hence, we get (6.1).

Step 2. We estimate m(r, ¢’, A\arx ), where

1 dargm,(y)
' Norx) = log /1 + |g/ ()2, T8 a\Y)
m(r, g, Aorx) deg 7y /yang(r) og\/1+ 19 (W)I2, o

Using the concavity of log, we have

1 1 darg m,(y
m(r, g, dorx) < 2log(l + doan / . |g/(y)|ix 2;”)
g JyedYy
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1 "
)= / dt/ g wx
degmgy /s Y, ()

1 d? 1 dargm,(y)
TﬁT(T) = d / \gl(y)ﬁ;x 279.
™wr ar egﬂg yEeY, (T) T

We set

Then we have

Hence

1 1
m(r, g, Morx) < flog(l + o= T(r ))

Hence for r > s, we have

\]

1 1 d?
<= — .
m(r.g', Aorx) < 21 g(l + 21s drzT(r))

Now we apply Lemma 5.16 twice. We have

43

=5 max{1,7(r)*}

43 3 4
SyEteETh)

for € (s,1) outside some exceptional set E with |E| < §. Hence by 7(r) <
Ts(r,g,wx), we get

(6.6) m(r, g, Norx) < flog(l +c+ Ty(r, g,wx)*)
for r € (s,1) outside E, where ¢ = 52 —;.

Step 3. We take a positive integer [ such that < &. There exists a ramification
covering ¢: X’ — X such that (1) X’ is smooth7 (2) D" := (¢*D)yeqa is a normal
crossing, (3) ID’ C *D (cf. [23, Thm. 17]). We take a holomorphic map g: ¥ —

X', where Y is a Riemann surface with a proper surjective holomorphic map
mg: Y — D, with the following commutative diagram:

. x

L

—5 X
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Then we have
lm(T7 g, )‘D/) S m(r, 9, )‘go*D) = m(r, f7 AD)
The morphism TX'(—log D’) — T X (—log D) induces a rational map
®: TX'(—logD') --» TX(—log D).
Let Z' C TX'(—log D’) be the indeterminacy locus of ®. Then we have
(6.7) (@|TX/(— log D/)\Z’>*(8TX<_ log D)) = 0T X'(~log Dl)'TX’(— log D')\Z""

— e

Let 8: TX'(—logD') — TX'(—logD') be a modification such that ® induces
~ = T _

a morphism &: TX'(—log D') — TX(—1log D). Then by an argument similar to

that used to justify (6.3), we have

(6.8) *(AT X (—log D)) = B*(dTX'(—log D)) — E',

where E/ C TX'(—log D') is an effective Cartier divisor.
We prove this. By (6.7), we have the following on TX'(—log D')\Z":
(69) (‘b‘TX’(f log D/)\Z/)*OTX(f log D) (1) = OTX’(f log D’)(1)|TX’(7 log D')\Z""
We pull back (6.5) by
D7 3/ (— tog D)\ 2/ ° TX'(~logD')\Z' — TX(—1logD)
and combine with (6.9). Then, on TX'(—log D)\ Z’, we have the following surjec-
tion:
((p/)log)*(plog)*OTX(*logD)(l)‘TX’(*logD’)\Z'
- OTX’(— log D’)(1)|TX’(— log D')\Z"»

where (p’)l°¢: TX'(—log D') — X' is the projection. Since Z’ has codimension
greater than 1, this morphism extends over whole TX’(—log D’). We denote by
K the kernel of the following surjection obtained from (6.5):

(E)*(plog)*(plog)*oi“x(f log D)(l) - (Ff)*OTx(f log D) (1).

Then the composition of

K = B5((0")°8)* (0'°)xO7x (— 105 ) (1) = B"OFx(— 10 oy (1)
—
is a zero map on B~H(TX'(—log D')\Z’), hence on TX'(—1log D'). Hence we get
a morphism

Q*OTX(flogD)(l) - 6*OTX’(7 logD/)(l)'
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— -

Hence there exists an effective Cartier divisor £/ on TX’(—log D') such that (6.8)
is valid.
Now by (6.8), we have

m(r, fla )‘GTX(— log D)) < ’ITL(T7 g/a )‘3TX’(— log D/)) + pa-

Here, ps > 0 is a positive constant which only depends on the choices of Weil
functions. Using (6.1) for the pair (X', D’) instead of (X, D), we get

m(r, f', Norx(—10g 0)) < m(r, 9", Norx/ (=108 D)) + M2

m(r, g, >\D') + m(Tv g/a AaTX’) + 1251 + 125
i m(r, .f7 )‘D) + m(r, g/a )\BTX’) + M1 + 125
S Em(’l", f7 )‘D) + m(r, 9/7 >\8TX’) + M1 + H2.

By (6.6), for the pair (X', wx-) instead of (X,wx), we get

1
m(r, f', Aorx (= 10g D)) < em(r, f, Ap) + 3 log(1 + ¢+ cTy(r, g, wx/)*) + p1 + pe

for all r € (s,1) outside some exceptional set of linear measure less than J. Since
¢: X' — X is finite, there exist positive constants ¢’ > 0 and ¢’ > 0 such that

Ti(r,g,wx:) < dTu(r g, wx) + " = Tu(r, fwx) +

for all r € (s,1), where ¢’ and ¢” are independent of the choice of ¢ (cf. Lemma 4.5).
Hence we get

m(r, fl7 )‘GTX(— log D)) < 5m(7"7 fv )\D)
1
+ 5 log(1+ e+ e(¢Tu(r, fowx) + "))+ + oo

for all r € (s,1) outside some exceptional set of linear measure less than 6. We
take a positive constant p > 0 such that

1
§log(1+c+c(c’x+c”)4)+u1 +ps <ex+p

for z > 0. Then we obtain our estimate. O
§6.2. The case of semi-abelian varieties

Let A be an equivariant compactification of a semi-abelian variety A. Let G be an
infinite indexed family in Hol(ID, A). We consider the following assumption.
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Assumption 6.2. Let D C dA be an irreducible component. Then G’ 4 D for
every infinite subfamily G’ of G.

We recall TI(G) from Definition 3.18. In this subsection, we prove the following
lemma.

Lemma 6.3. Let A be a semi-abelian variety and let S be a smooth projective
variety. Let A be a smooth projective equivariant compactification. Let w5 and wg
be smooth, positive (1,1)-forms on A and S, respectively. Let F C Hol(D, A x S)
be an infinite set such that Fa = (fa)ser satisfies Assumption 6.2. Assume that
{0} € II(Fa) and that fa is non-constant for all f € F.

Let k € Z>:. Let wg, , be a smooth, positive (1, 1)-form on Sk a. Then there
exists o € (0,1) with the following property: Let s € (0,1), € >0, and 6 > 0. Then
there exist positive constants py > 0, pe > 0 such that for all f € F, the estimate

TS(Ta fSk,Avak,A) < ETS(Tv fA7wA) + MlTS(rv fsa WS) + M2
holds for all v € (s,1) outside some exceptional set of linear measure less than 9.
To prove this, we prepare several lemmas.

Lemma 6.4. Let A be a smooth projective equivariant compactification. Let F =
(fi)icr be an infinite indexed family in Hol(D, A) such that Assumption 6.2 is
satisfied. Then there exists o € (0,1) with the following property: Let s € (o,1)
and § > 0. Then there exists a positive constant ¢ > 0 such that for all i € I, we
have

m(r, fi,Aoa) < Ts(r, fi,wg) +c¢
forallr e (s+94,1).

Proof. We first consider the case that the subset
Fo=A{fi; i € I} C Hol(D, A)

is finite. In this case, our estimate follows from Lemma 4.3. Thus we assume that
F, is infinite. Then F, satisfies Assumption 6.2. By replacing F by F,, we may
assume that F is a subset of Hol(D, A).

Let D;,...,D, be the irreducible components of 0A. Then for each j =
1,...,n, by Assumption 6.2, we apply Lemma 4.9 to get o; € (0,1) and a;; > 0
such that, for s € (¢;,1) and 6 > 0, we have

«
m(r, fv )\Dj) < ?]TS(T’ fv wﬁ) + ;i
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for all € (s +4,1) and all f € F. We set 0 = max{oy,...,0,} and a =
a1+ -+ ay. Let s € (0,1) and § > 0. Then for all f € F, we have

n

m(r, f,ho4) = Y m(r, f.Ap,) < STo(r. f.ws) +a

j=1
for all r € (s +0,1). We set ¢ = max{«, @/} to conclude the proof. O
Let V7 and V5 be smooth algebraic varieties. Let py: Vi X Vo — V; be the first

projection and let py: Vi X Vo — V, be the second projection. Let wy, and wy, be
smooth (1, 1)-forms on V; and Vs, respectively. We set

(6.10) Wy x vy = PIWV; + Pawvs.

Let w € D(r). We recall ¢, ,: D(r) — D(r) from (4.5).
Lemma 6.5. Let S be a smooth projective variety. Let A be a smooth projective
equivariant compactification. Let wz and ws be smooth, positive (1,1)-forms on
A and S, respectively. Let wa be an invariant positive (1,1)-form on A. Let F C
Hol(D, A x S) be an infinite set of holomorphic maps such that Fa = (fa)ser
satisfies Assumption 6.2. Then there exists o € (0,1) with the following property:

Lete >0, s € (0,1), and 6 > 0. Then there exists a positive constant p > 0 such
that for all f € F and w € D(o), we have

2m
. df
| 108107 0 00 (€ ) 7 < Tl i) + 1
0

for all v € (s,1) outside some exceptional set of linear measure less than 6.

Proof. We first apply Lemma 6.4 for Fa = (fa)fer to get o € (0,1). Let € > 0,
s € (o,1), 6 > 0 be given.
Set D =0A x S C A x S. We first note that by Lemma A.16, we have

T(Ax S)(—logD) =TA(-1logdA) x TS = A x Lie A x TS.

Hence waxs defines a Hermitian metric on T(A x S)(—log D). Hence we may
define the Weil function by

(6.11) AoT(AxS)(—10g 0y (V) =log /1 + V]2,

where v € T(A x S)(—log D).
By Lemma 6.4, there exists ¢ > 0 such that

m(r, fa, Noa) < cTs(r, fa,wz) + ¢
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forall f € Fandr € (s+¢',1), where ' = §/2. Set &' = % By Lemma 6.1,

there exists po > 0 such that

m(r, f,7 ABT(AXS)(f log D)) < 6ITS(Ta fa WAXS) + E’m(r, f7 /\D) + Ho

for all f € F and r € (s,1) outside some exceptional set of linear measure less
than ¢’. Hence we have

(612) m(r, fI7 )‘BT(AXS)(— log D)) < E/(l + C)TS(Ta fa WAXS) + e'c + po

for all f € F and r € (s,1) outside some exceptional set of linear measure less
than 24,
Now we have

[(f 0 prw) (Bwaxs = [F 0 Orw(@)lwaxs ¥ 105w (2)]-
Hence by (4.6), we have

do

21 21
i i do s+o
/ 10g (£ © 0ur) (76 s 2 < / 10g |1 © Punr (r€) s
0 0

2r  s—o

ﬂ_

for all r € (s,1). Using (6.11), we have

2 27
: do , do
/ log|f’ o ‘in(mw)|w4xs < / log \/1 + " 0 @rw(ret®)|? oo
0 0

o7 = WAxS 9r
= m(r, f/ O Prw, )‘BT(AXS)(— log D))
By Lemma 4.10, we have

s+o
s—0o

m(r, f' 0 Praws Nor(Axs) (= log D)) < m(r, f'; Nor(Axs)( 1og D))

for all » € (s,1). Hence

do < s+o

2r T s—o

S+ o
s—0

m(r, f's Nor(Axs)(— 1og D)) +

27
/0 10g |(f 0 Purr) (€)oo

for all » € (s,1). Combining this with (6.12), we get our lemma. Here we set
p=3Ee(e'et po +1). O

Let 1 be a non-negative mass on D(r). For |w| < s < r, we define

w " dt .
Ts (7", N) :/ t/D)(t) (pw,r,u“

Lemma 6.6. Let 0 < 0 < s < r < 1. Then for all non-negative mass p on D(r)
and w € D(o), we have

=9 e ) < Ty(r ) < =L 10, ).

s+o s(s—o)
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To prove this lemma, we prepare the following two estimates: Let |w| < o <
s < r < 1; then we have

s+o

(6.13) [Pur(D] 2 (|l =7) + 7,
(6.14) [fur (D < (I =7) + 7,

for all z € D(r). Indeed, we have

2] = |wl 2 _|wl+ 2|
(6.15) P S lpwr(2) <P 5=
r? — fwl]z] 72 4 [wl[2|
for all z € D(r). We have
o ol —lwl _ A wl B
il el
For z € D(r), we have
T+ |w] T+ |w| s+o

2 —fwllz] T r(r—|wl) T r(s—o)
Hence combining these with (6.15), we get (6.13). To prove (6.14), we note

y el 4lel o fu
=7 zZl—1r)+r.
2wl R el )

For z € D(r), we have

r— |w| r— |w| s—o
r2|wllz] T or(r+fwl) T or(s+0)

Hence combining these with (6.15), we get (6.14).

Proof of Lemma 6.6. We set
v = [ dt [ g
s D(t)

Then we have
w w 1 w
Us (Tv /L) < Ts (T7 :u) < ;Us (Tr N’)

for all r € (s,1).
We fix r € (s,1) and w € D(o). For x € (0,r), we set

A(z) = min{r — z,r — s}.
Then we have

Ug'(r,p) = A(lzD)er btz
D(r)
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In particular,
U = [ Alleln
D(r)
Firstly, by (6.13), we have

r— lpwr(2)] < 252
S

(r—1z[)

— 0
for |z| < r. Hence we have

s+ o
s—o0o

Allpw,r(2)]) <7 = lpwr(2)] < A(lz])

for s <|z| <r. By A(Jgwr(2)]) <r — s, this holds for all |z| < r. Hence we get

" sto
Wmmzf Mmm=/ A @ur (etyrttz < 2208 (r, ).
D(r) D(r) §—0

Thus
S+ o

1
<=y L 0 )
TS(T,M) — SUS (hﬂ) — S(S—O')Ts (T,,LL)

Next by (6.14), we have

Ss—0
- < - w,r
e ( C TS O]

for |z|] < r. Hence we have
s—o
s+o

for |z| < r, provided s < |y ()| < 7. By A(|2]) < r—s, this holds for all |z] < r.
Hence we get

Allpw.r(2)]) =

A(l2))

* $—0 1w
U (r,p) = A(lz)p. = Alpw,r(2)) P rbe 2 ——US (r, ).
D(r) D(r) s+to

Thus ( )
s(s—o

TS ) > UO ) > —=T ’ .

(rp) 2 Us(rp) 2 =——=T5(r, )

This concludes the proof of our lemma. O

Proof of Lemma 6.3. We prove our lemma by the induction on k. Thus we first
consider the case k = 1. We set D = 9(Ax S). Then D C A x S is a simple normal
crossing divisor. By Lemma A.16, we note that w4xs induces a Hermitian metric
on the tautological line bundle Opr(ixs)(—10g py(1) on PT(A x S)(—log D). Let
WO pr( x5~ 1og 0y (1) be the associated curvature form for this tautological line bun-
dle. Similarly, we note that w4xs induces a Hermitian metric on the tautological
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line bundle Op(rgxrie 4)(1) on S1 4. Let WOp (rsxLie a)(1) be the associated curva-
ture form for this tautological line bundle. By PT(A x S)(—log D) = A x S a,
we have

* _
4 WOprsxric 4)(1) = WOpr(ixs)(— 10g py(1)

where g: A x S1,4 — 51,4 is the projection. There exist positive constants oy and
9 such that

(6.16) Wsy 4 S T WS + WO s, 10 4) (1)

where 7: 51 4 — S.

We first choose o € (0,1) which appears in Lemma 6.5. We modify o as
follows. Let w4 be an invariant positive (1,1)-form on A. For each n € Z>o, let
&, C F be the set of f € F such that

1
sup | fa(2)]wa <~
zeD(1-1) "
Then we have & D & D ---. By the assumption {0} € II(F4), we may take

ng € Zx>o such that &, is finite. Since f4 is non-constant for all f € F, we may
take ny > ng such that &,, = 0. By enlarging o if necessary, we may assume that
1—7%1§a<1.Thenfora11f€]:,wehave

sup |f4(2)lwa 21 -0
z€D(o)

For each f € F, we take wy € D(o) such that

|fa(wp)lwa = sup | fa(2)]wa-
2€D(0)

Let s € (0,1) and let f € F. For r € (s,1), we take @y, ,: D(r) — D(r) as in
(4.5) and set g = f o @y, . Then by (6.16), we have
TS(T7 gSLAyWSLA) S alTS(Tv gSawS) + QQT‘?(Ta g[l]’wOPT(AXS)(—logD)(l))'

By Lemma 6.6, we have

S+o0
TS(Tv fsl,A’wSI,A) < )Ts(r7gSI,A7wSI,A)

s(s—o
and

) > s(s—a)T(

Ts(r, fs,ws) > Py s(r,gs,ws)-
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Thus we get

ai(s+o0)?
Ts(r, fsy, W8y 4) < st(ﬁ fs,ws)
as(s+ o)

(6.17) o= o)

Ty(r, 91> WOpr(axs)(—1og D)(l))'
Next we estimate the second term of the right-hand side. We claim

Ti(r, I YOpr(axs)y(—1og D)(l))

2w 27
) do ) do
(6.18) < [ omlg (e s = [ tom g (56 s o

where |- |, ¢ i the length with respect to waxs. This is obtained as follows. The
metric wax s defines a Hermitian metric | |o,, 5 0n Opr(axs)(—10g p)(—1), whose

curvature form is 1)- By the Poincaré-Lelong formula, we have

WO r(axs)(—1og D) (
_(g[l])*wOPT(AxSM—logD)(l) = [(gl)*Z} — 2dd° log |g/‘UJA><S

as currents on D, where Z is the zero section of Opr(ixs)(—10g p)(—1)- By the
Jensen formula, we get (6.18). Compare with the proof of (4.1).

Now let € > 0 and § > 0. We set ¢’ = Z(;(;i?f) By Lemma 6.5, we get

27
i de
[ 1081 e a5 < ELlr o) + 1
0

for r € (s, 1) outside some exceptional set of linear measure less than §. Here, 1 > 0
is a positive constant which appears in Lemma 6.5. In particular, p is independent
of the choices of f € F and wy. Since log|g’y|w, is subharmonic, we have

& / i0 do 2 / 0 o /
; log |g'(se™)waxs 5 2 ; log |ga (se™)|wa 5 2108 |94 (0)]us-
Note that by (4.6), we have
s—o
s+o

194(0)lwa = |fa(wp)lwalen, - (0)] > (1 —0)
Hence, taking into account these estimate in (6.18), we get

(6.19) To(7, 901 WOty 1o (D) < € Ts(rs frwaxs) + 4

for r € (s,1) outside some exceptional set of linear measure less than ¢. Here we

set ‘LL/ = H+10g(1_2_4)‘>ﬁ
Combining (6.17) with (6.19), we get

TS(T, fSl,A?wSLA) < ‘ETS(T’ fA’WA) + /”'lTS(ra fSaWS) + H2
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for r € (s,1) outside some exceptional set of linear measure less than ¢. Here we
. 2 N ’ N ’

set pq = ?;é;fg; w‘;((;'f‘;))e , Jo = % to conclude the proof of the case

k=1

We assume that & > 2 and the lemma is true for £ — 1. By the construction

of Si 4, we have Sp. a4 C (Sp—1,4)1,4 (cf. (2.10)). Hence there exists a positive

constant o > 0 such that wg, , < QW(S,_1 4)1.4 OLL Sk, a. Hence we have

1,A
(6'20) TS(Ta fsk,A7wSk,A) < O‘TS(Ta (f[kfl])(sk—l,A)l,A7w(5k—1,A)1,A)'

By the first step applied to A x Sp_1 4 and {fj—1}; f € F} C Hol(D, A x S_1,4),
we get o’ € (0,1) with the following property: For s € (¢/,1), € > 0, and ¢ > 0,

there exist uf = p)(s,e,8) > 0 and ph = ph(s,e,0) > 0 such that for all f € F,
we have

T (7"7 (f[k)*l])(sk_lyA)l,A ’ w(sk—l,A)l,A)

13
(6'21) < %TS(Ta fa, WA) + MllTS(r7 (f[k—l])sk—l,A7wSk—1,A) + Nl2

for all r € (s,1) outside some exceptional set of linear measure less than 6/2. Now,
by the induction hypothesis, we get o € (¢’,1) with the following property: For

s € (0,1), e >0, and § > 0, there exist g} > 0 and 4 > 0 such that for all f € F,
we have

TS(’I“, (f[k‘*l])sk—l,A ) wsk—l,A)

13
Ts(r, fa,wz) + pi Ts(r, fs,ws) + py

.22 < -
(6:22) ~ 2ap(s,€,0)

holds for r € (s,1) outside some exceptional set of linear measure less than §/2.
Hence by (6.20)—(6.22), our o satisfies the required property to conclude the induc-
tion step. Here we set 1 = apjpt and ps = a(phpuf + ph). O

§7. Nevanlinna theory and blow-ups

In this section we shall establish Lemma 7.4. For this purpose, we start from a
general estimate (cf. Lemma 7.2).

§7.1. A general estimate
We recall Definitions 3.1 and 3.2 for the terminologies used in the following lemma.

Lemma 7.1. Let S be a smooth projective variety. Let W C S be an irreducible
Zariski closed set. Let F C Hol(D, S) be an infinite subset such that F & W and
fD) ¢ W for all f € F with finite exception. Then there exist an infinite subset
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F' C F and a W-admissible modification ¢: S" — S such that the following two
properties hold:

(1) 8" = Bly S for some closed subscheme Y C S such that suppY ; W and
f(D) ¢ suppY for all f € F'.
(2) F' A W', where W C 5’ is the strict transform.

Moreover, we may take S’ to be smooth.

Proof. We consider the following two cases.

Case 1. There exists a Zariski closed set Z C S such that W ¢ Z and f(D) C Z
for infinitely many f € F. In this case, we take an infinite subset 7/ C F such
that f(D) C Z for all f € F'. Set Y = W N Z as a closed subscheme. Then
suppY G W. Set S” = BlyS. Then Z’'NW' = () in ', where Z’ and W' are the
strict transforms of Z and W, respectively (cf. (3.1)). By suppY C W, we have
f(D) ¢ suppY for all f € F’ with finite exception. Hence by removing these finite
elements from F’, we may assume f(ID) ¢ suppY for all f € F'. Hence we may
consider as f(D) C Z’ for all f € F'. Hence F’' /4 W'.

Case 2. Otherwise, there exists a W-admissible modification S — S such that
F 5 W, where W C S is the minimal transform. By [18, p.171, Ex. 7.11(c)],
there exists a closed subscheme Z C S such that S = BlzS and W ¢ supp Z. Set
Y = WnNZ as closed subschemes of S. Then supp Y g W. Since we are in Case 2,
W ¢ supp Z implies that only finitely many f € F satisfy f(DD) C supp Z. By
removing these finite elements from F, we get 7' C F so that f(D) ¢ supp Z for
all f e F'.

Now we set S’ = BlyS with ¢: 8" — S. There exists a closed subscheme
ZT C 8’ such that Z,«z = T,y - Izi. Indeed, since ¢*Y C S’ is a Cartier divisor,
Z,+y is an invertible sheaf. By Z,-7 C T,y C Og/, we take ZT C S’ such that
Tyt =Tpez @ (Zpry)~ ' C Ogr. Similarly, there exists WT c S’ such that Lorw =
Loy -Iy+. Then by Zyxz +Zoww = Loy, we have Loy - (Zzi +Iw+) = L~y so
that Z,+ 4+ Zy+ = Ogr. Hence Zt N WT = (). Note that W’ ¢ WT, where W’ c S’
is the strict transform. Hence we get

Ztnw’ =0.
We set S = Bl S’. Then since (¢ o p)*Z is a Cartier divisor, S — S exists:
S’ =——=Bly S+~ Bl,;; 8’ =—— 8§

N

S+ Bl,S——3S.



534 K. Yamano1

Let W C S be the strict transform. Then by F 4 W, we have ' /4 W. On the
other hand, by Zt N W’ = (), the morphism p: S — & is an isomorphism on a
neighborhood of W. Hence F' A W'

Now suppose S’ is not smooth. Then we take a birational modification S” —
S’ such that S” is smooth. Since S is smooth, we may assume that S” — S is an
isomorphism over S\ suppY. By [18, p.171, Ex. 7.11(c)], we may take a closed
subscheme Y’ C S such that S” = Bly/S and supp Y’ C supp Y. We replace S’ by
S”. The proof of the lemma is completed. O

We recall Definition 3.12 for the terminology used in the following lemma.

Lemma 7.2. Let S be a smooth projective variety with a smooth positive (1,1)-
form wg. Let W C S be a Zariski closed set with a Weil function Ay > 0. Let
F C Hol(D, S) be an infinite set of holomorphic maps and let {E;}icr be a count-
able set of Zariski closed subsets of S. Assume that LIM(F,{E;};c1) exists and
LIM(F,{E;}ic1) ¢ W. Then there exist c € (0,1), 8 > 0, k € Z>o, a Zariski
closed set E C \J E; with a Weil function Ag > 0, and an infinite subset G C F
with the following two properties:

(1) For all f € G, we have f(D) ¢ EUW.
(2) Let s € (0,1) and f € G. Then we have

m(rafa)‘W)S Ts(r’f7w5)+

B
(r—s)k (r—s)k

for all r € (s,1).

Proof. The proof is by Noetherian induction on W. Let P be the set of all Zariski
closed set W C S such that our lemma is false for W. To show P = (), we assume
on the contrary that P # (). We take a minimal element W € P. In the following,
we shall show that our lemma is true for W.

Let F C Hol(D, S) and {E;};cr be the objects which appear in our lemma.
Thus LIM(F, {E; }icr) exists and LIM(F,{E;}ic1) ¢ W.

We first observe that W is irreducible. Otherwise, we have W = Wy U W.
Let Aw, > 0 and Aw, > 0 be Weil functions such that A\w < Aw, + Aw,. By
Wi G W, we have W, ¢ P. Note that LIM(F,{E;}ic;) ¢ Wi. Hence we may
take o1 € (0,1), 81 > 0, k; € N, a Zariski closed set £y C |JE; with a Weil
function Ag, > 0, and an infinite subset G; C F such that for all f € G;, we have
f(D) ¢ E; UW; and

p B
! klm(safa)‘El) + m7

(r—s)

m(r, f, Aw,) < Ts(r, f,ws) +



BrocH’s PrINCIPLE FOR HOoLOMORPHIC MAPS 535

where 01 < s <r < 1. Now LIM(Gy,{F; }icr) exists and
LIM(G1,{Ei}ier) = LIM(F, {E;}ier) € Wa.

Hence by Wy ¢ P, we may take o2 € (0,1), B2 > 0, ko € N, a Zariski closed set
Es> C |J E; with a Weil function Ag, > 0, and an infinite subset Go C Gy such that
for all f € Go, we have f(D) ¢ E; U W, and

(r_ﬂzs)szg(?”, fv wS) + (T_Bi)]wm(sv fa AEz) +
where 09 < s <1 < 1. We set ¢ = max{oy,02}, 8 = 1 + B2, k = max{ky, ko},
E = E1UFEs, G = Gy. We take a Weil function A\g such that A\g > max{\g,, \g, }-
Then by m(r, f,Aw) < m(r, f, A\w,) + m(r, f, \w,,), the two properties of our
lemma are satisfied. Hence W ¢ P, a contradiction. Hence we may assume that
W is irreducible.

We consider two cases.

S

m(r, f, Aw,) < mv

Case 1: W C |J F;. In this case, we set ¢ = 1/2, E = W, and Ag = Aw. By
LIM(F; {E;}) ¢ W, only finitely many f € F satisfy f(D) C W. We remove
these f from F to get an infinite subset G C F. Then f(D) ¢ EUW for all f € G.
By Lemma 4.3, there exists a positive constant ¢ > 0 such that

m(r, f7 )‘W> < CTS(T, fva) + C’I’I’L(S,f, )\W)

for all s € (0,1), r € (s,1), and f € G. By Aw = Ag, our lemma is true for W.
Here we set § =c and k = 0.

Case 2: W ¢ |JE;. By LIM(F; {E;}) ¢ W and W ¢ |JE;, we have F % W
(cf. Lemma 3.9). By Lemma 7.1, there exist an infinite subset 7/ C F and a closed
subscheme Z C S such that

(1) suppZ G W,
(2) f(D) ¢ supp Z for all f € F,
(3) F' A W', where W’ C BlzS is the strict transform.

Set S’ = BlzS. We may assume that S’ is smooth. By Lemma 4.8, replacing F’ by
its infinite subset, we may assume that 7 4 W’ for all infinite subsets 7"’ C F’
and

(7.1) fD) ¢ W’

for all f € F'. Let Ay > 0 be a Weil function for W’ and let wg: be a smooth
positive (1, 1)-form on S’. By Lemma 4.9, there exist o9 € (0,1) and a > 0 such
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that for all p € (0g,1), 7 € (p,1), and f € F', we have
(7.2) m(r, f, Aw) < %Tp(r, fows) + a.

Set Z = supp Z with a Weil function Az > 0. By Z & W, we have Z ¢ P.

Note that LIM(F’; {E;}) exists and LIM(F’; {E;}) = LIM(F; {E;}). Hence

LIM(F'; {E;}) ¢ Z. Thus by the induction hypothesis, we get o1 € (0,1), 51 > 0,

ki € Zso, E C | JE; with Ag > 0, and G C F' such that for all s € (o1,1),
€ (s,1), and f € G, we have

el Jeit B
(7.3)  m(r, f,Az) < WTS(T’, fiws) + mm(svﬁ AE) + r—s)Ft
and f(D) ¢ EUZ. By (7.1), we have
(7.4) F(D) ¢ EUW

for all f € G.
Now we set 0 = max{og,01}. Let s € (0,1) and r € (s,1). Set p= (s +7)/2.
Then by (4.4), there exists a positive constant ¢ > 0 such that

TP(T7 fva’) < CTP(Tv fva) + Cm(pa fv )‘Z) +c

for all f € G. Then by (7.3) applied to r = p, we get

B2 B2 B2
T ) < —7T. —_— —_—
P(rv fawS' ) = (7‘ — S)kl S(’I", fawS) + (7‘ — S)kl m(s,f, )‘E> + (7, — S)kl 5
where o = max{c + 2*1¢f, 2% ¢, }. Combining this with (7.2), we get
2032
m(r, f, \wr) < st(rv fiws)
2a3 a+ 2afs

(7.5) sy fAR) + T

There exists a positive constant ¢’ > 0 such that m(r, f, A\w) < 'm(r, f, \z) +
m(r, f,Aw-) for all f € G. Combining this with (7.3) and (7.5), we get for all
feg,

p B 8
o) [

Here we set 8 = a+ /81 + 2a85 and k = ky + 1. This and (7.4) imply W & P.
Now in both cases above, we have W ¢ P. This is a contradiction. Thus

m(?‘,ﬁ)\w) < TS(T7f7WS)+

P = (0. We have proved our lemma. O
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§7.2. The case of semi-abelian varieties

We recall Ej, 4 4/ C Py, 4 from Definition 2.1 and TI(G) from Definition 3.18. We
use the convention from (6.10) in the proof.

Lemma 7.3. Let A be a smooth projective equivariant compactification. Let w5
be a smooth positive (1,1)-form on A. Let F C Hol(D, A) be an infinite set such
that F satisfies Assumption 6.2. Let B C A be a semi-abelian subvariety such that
B € II(F) and that wpg o f is non-constant for all f € F, where wp: A — A/B
is the quotient. Let k € Z>1. Let Ag, , ,,, = 0 be a Weil function for Ex a a/p C
Py 4. Then there exists o € (0,1) with the following property: Let s € (0,1), € > 0,
and § > 0. Then there exists a positive constant 8 > 0 such that for all f € F, the
estimate

m(r7 ka,Av AEk,A,A/B) < €T€(ra fa WA) + /B
holds for all v € (s,1) outside some exceptional set of linear measure less than 9.

Proof. We first take oo € (0,1) as follows. Let ws/p be an invariant positive
(1,1)-form on A/B. For each n € Z>q, let &, C F be the set of f € F such that

S |-

sup |(wpo f)/(z)lwA/B <
zeD(1-1)
Then we have & D &3 D ---. By the assumption B € II(F), we may take ng € Z>2
such that &, is finite. Since wp o f is non-constant for all f € F, we may take
n1 > ng such that &,, = 0. We take oy € (0,1) such that 1 — n% < 0p < 1. Then
we have

sup |(WB o f)/(z)‘WA/B >1—-09
z€D(o0)

for all f € F. For each f € F, we take wy € D(0p) such that

(7.6) (@s o f) (we)lwas 21— 00

Next we take o € (09, 1) as follows. Let wp, , , be a smooth positive (1,1)-
form on Pj_1 4. We note that by B € II(F), we have {0} € II(F). We first apply
Lemma 6.3 to get o1 € (09, 1) with the following property: For s € (o1,1), € > 0,
and § > 0, there exists a positive constant p; = p1(s,e,d) > 0 such that for all
f € F, we have

€
(7'7) TS(T, fpk—l.A’ka—l,A) < §T3(rv fa WA) +

for all r € (s,1) outside some exceptional set of linear measure less than 6/2. Let
w4 be an invariant positive (1,1)-form on A. By Lemma 6.5, we get o € (01,1)
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with the following property: For s € (0,1), € > 0, and § > 0, there exists a positive
constant pa = us(s,e,d) > 0 such that for all f € F and w € D(o), we have

do

27
X €
(7.8) /O log |(fix-110Pu.r) (1€ Nwarr, , , 5 < 5Ts(r fie—1),Waxp,_y 1) 102

for all r € (s, 1) outside some exceptional set of linear measure less than §/2. Here
we recall @, ,: D(r) — D(r) from (4.5).

Let s € (0,1),e > 0,and § > 0. Weset ¢’ = eiz2. Let f € F. Givenr € (s, 1),
we set g = f 0 @y, . Then we have g1 = fjx—1] © Puw,,-- Hence by (7.7) and

7.8) both applied to &', we get
( g

27
19 [ 108l00m0) (¢ s,y G < T o) ik 1
for all r € (s,1) outside some exceptional set of linear measure less than 6. Here
we set py = p1(s,e’,0) and ph = pa(s, e, 9).
Let p: A X Py_1,4 — A/B be the composite of the first projection and wp.
Then there exists a positive constant ¢ > 0 such that for all v € T(A X Py_1,4)
with [v] € A x P, 4 C PT(A x Pi_1 4), we have

\ ([ } ) <1o <|U|wA><Pk1,A ) 4
v A S Rl C
Ex a,4/B Pa) =708 |p,(v)|WA/B 7

where [v]p, , € Py a is the image of [v] € A X P 4 under the second projection
A X Py g — Py a. Hence for all f € F and r € (s,1), we have

2 |(gpe-1) (7€) warr do
m(r, A < lo Srkova 224
(R Nmana) < [ o e

Since A, 4 4,5 > 0 and gy = fx) © Yw,,r» Lemma 4.10 yields that

r4+o

m(n ka,A7>\Ek,A,A/B) < r_ am(r, ng,A7)\Ek,A‘A/B)

s+o
< +
s—0

m(r, 9Py 4> AEk,A,A/B )

for all r € (s,1). Hence we have

sto (7 Ngp-1)eorin . dd  s+o
A < — - :
m(T, ka,Aﬂ Ek,A,A/B) = /O |(P09[k71])’(T€19)|wA/B o CS—O’

S —0
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for all r € (s,1). Combining this estimate with (7.9), we get

m(r, ka,A’ )\Ek,A,A/B) < eTy(r, f, WA)

s+o /% log 1 ﬁ
s§—=0 Jo |(p o g[k—l])l(rew)‘wA/B 2m

s+o
(7.10) + E(Mi + 15 +c)

for all r € (s,1) outside some exceptional set of linear measure less than 4.

Next, by the subharmonicity of log [(wp © g)'|w,, 5, We get

/271’ log 1 ﬁ B /271’ log 1 ﬁ
0 (P og-1)(re)w, s 20 Jo (@B 0 g) (re)w,,» 27
1

<log
|(wB o g)l(0)|UJA/B

for all r € (s,1). By (4.6) and (7.6), we have
(1= 0)(s—0)

(@B ©9) (0)lwa s = (@5 0 f) (Wf)lwa, s P, »(0)] =

s+o

Hence

m 1 de s+o
7.11 / log . — <log(| —————
(710 R T e o).
for all r € (s,1). Using (7.10) and (7.11) and letting

st+o/, , st+o
= 1 —

p S—U('u1+'u2+Og((l—o)(s—a))+c)’

we complete the proof. O

Lemma 7.4. Let k € Z>1. Let A be a smooth projective equivariant compactifi-
cation. Let wy be a smooth positive (1,1)-form on A. Let W C Py 4 be a closed
subscheme with a Weil function Ay > 0. Let F C Hol(D, A) be an infinite set such
that F satisfies Assumption 6.2 and {0} € II(F). Let II' C II(F) be a subset such
that LIM(Fp, ,; {Ek.a,4/B}Berr) exists, where Fp,_ , = (fp, 1) fer- Assume that
LIM(Fp, »; {Ek,a,4/8}Berr) ¢ supp W. Then there exist o € (0,1) and an infi-
nite subset G C F with the following property: Let s € (o,1), € > 0, § > 0. Then
there exists a positive constant 8 > 0 such that, for all f € G, we have

m(r, ka,A7 Aw) < eTs(r, fa,wa) + 5

for all v € (s,1) outside some exceptional set of linear measure less than .
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Proof. We first consider the case that the subset
(7.12) {fpoa; [ €F} CHol(D, Py a)

is finite. We may choose an infinite subset G C F by removing finite elements from
F such that fp, , (D) ¢ supp W for all f € G. Then our estimate is valid for this
G and any o € (0,1). Indeed, we just need to set

7= ey, g0 S )
Hence in the following, we assume that the set (7.12) is infinite. Replacing F
by its infinite subset, we may assume that the set (7.12) is infinite and the map
F > fr fp, . € Hol(D, Py a) is injective. Hence we may assume that the infinite
indexed family Fp, , is an infinite subset of Hol(ID, Py 4).

There exists a positive constant ¢ > 0 such that Ay < cAguppw + c. Hence
we may assume that W is reduced. Let wp, , be a smooth positive (1, 1)-form on
Py, 4. We apply Lemma 7.2 to obtain o € (0,1), 8o > 0,1 € Z>, G C F, and a
Zariski closed set E C Ugcpy Bk, a,4/5 With a Weil function A > 0 such that

Bo
—p)
Bo Bo
(r=p) (r—p)
forallc < p<r < 1and f € G. We may take a finite subset A C II' such that let-
ting Ep = Ugea Er,a,4/8, we have E C Ej. Note that G satisfies Assumption 6.2.
By removing finite elements from G, we may assume that wp o f is non-constant
for all B € A and f € G. By enlarging o € (0,1), if necessary, we may assume
that o fits in Lemma 7.3 for each B € A. Note that {0} € II(G). Hence, again by

enlarging o € (0,1), we may assume that o fits in Lemma 6.3.
Now we fix s € (0,1), e >0, and § > 0. We set &’ = S5 We take f € G.

221+1 3,

m(rvakYA?)\W) S (7" lTp(rﬂ ka,A’ka,A)

(713) + m(pa ka,A’)\E) +

l

We apply Lemma 7.3 to get

m(pv ka1A7 )\EA) < ElTs(pa fa WA> + ﬂl

for all p € (s,1) outside some exceptional set of linear measure less than /4.
Hence we may take p € (s, s+ 0/4) which satisfies this property. Hence by (7.13),
we get
4! 4!
M0, T ) < ST, oy o) 2 OT(r Frio)
for all r € (s +6/2,1). We apply Lemma 6.3 to get

4'Bo(1 + B1)
5

T (’I“, ka,A?ka,A) < ngs (Tv anwﬁ) tu
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for all » € (s,1) outside some exceptional set of linear measure less than /2.

Combining these two estimates, we get the estimate of our lemma. Here we set
8= 41ﬂ0(1+l51+/—t) ]
= 6 )

§8. Proof of Proposition 3.20

In this section, we prove Proposition 3.20 after preparing three lemmas. Let A be a
smooth equivariant compactification of a semi-abelian variety A. Given an infinite
indexed family F in Hol(D, A), we set

Z(F) = {D; irreducible component of A s.t.
37 a subfamily of F such that 7' — D}.

For an irreducible component D C 0A, let Ip C A be the isotropy group for D.
Then Ip = Gyy,. Set [r = Ip, ---Ip, C A where {Dy,...,D;} = Z(F). In the next
lemma, for 7 € A, we use the same notation for the map 7: A — A defined by
a—a+T.

Lemma 8.1. Let F = (fi)ics be an infinite indezed family in Hol(D, A). For
1 € 1, there exists T; € Ir such that (7; o f;)icr satisfies Assumption 6.2.

In the following proof, we use the notation of the 1-dimensional unlimited
Hausdorff content defined as follows. Let K C C. We set
Ch(K) = inf{zj r;; 3 a countable cover of K
(8.1) by closed discs with radii r; > 0}.
Proof of Lemma 8.1. If Z(F) = 0, then our lemma is trivial. Hence we assume
I(F) # 0. We take D € Z(F). For each i € I, we shall show that there exists

Ti,p € Ip such that the indexed family F' = (7 p o fi)ier satisfies the following
two properties:

o D¢ I(F).
o If E ¢ I(F), then E & I(F").

We are going to construct 7; p. For each E ¢ Z(F), there exist sg € (0,1),
ve > 0, an open neighborhood Ur C A of E, and a finite subset Jg C I such that

(8.2) Cu(D(sp)\f7 (Ur)) > 7e

for all 7 € I\ Jg (cf. Remark 4.7). We may assume moreover that if END = ), then
Ug € A—D. We set s = maxpgr(r){se}, 7 = Minggr(r){Ve}, and 7' = v/2.
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We apply Lemma A.11 to get p: W — D, where W C A is a Zariski open
neighborhood of D and W is a total space of a line bundle over D. Let || - || be a
smooth Hermitian metric on this line bundle p: W — D. We set Up = {z € W;
|lz|| < 1}. Then Up C A is an open neighborhood of D. By replacing | - || if
necessary, we may assume that Up NUg = () if DN E = (. Note that Ip acts on
W by the scalar product (cf. Lemma A.11). Hence for a € Ip, we may define its
norm |a| by |a| = ||a - z||/||z| for £ € W — D. We set U, = {x € W; |z|| < 1/2}.
Then U, € Up.

Let i € I. We choose 3 p € Ip in the two cases below.

Case 1: fi(z) € Up for v'-almost all z € D(s). We set
o; =sup{|7|; 7 € Ip and 7o f;(z) € Up, for v'-almost all z € D(s)}.

Note that if 7 € Ip satisfies |7 min_ e I f:(2)]| > 1/2, then 7o f;(z) & Up, for all
z € D(s). Hence 0; < 0o. We take 7; p € Ip such that |7; p| = 0. Then we have

(8.3) |7 p| > 1.
This follows from o; > |es, |, where e, is the identity element of Ip.

Case 2: Otherwise, we set 7, p = er,. We set Q; = D(s) N (1, p o fi) " (Up). We
define G C I by the set of i € I such that f; belongs to Case 1. By the definition
of 7; p, we have

(8.4) Cr(D(s)\Q) <~

for all i € G. We show that 7' = (7; p o f;)ier satisfies our requirement. We first
observe that D ¢ Z(F’). To show this, let U}, = {x € W; ||z| < 1/4} so that
U}y, @ Uj,. Then we have Ch(D(s)\(7;.p o fi)"(U})) > +' for all i € I. Hence
D ¢ ZI(F").

Next we take £ € Z(F). We first consider the case END = 0. By UgNUp =
and (8.4), we have C}(D(s)N (7. po fi) " (Ug)) < v/, provided i € G. By (8.2), we
have CL(D(sg)\(mi.p o fi) ' (Ug)) > g for all i € I\(G U Jg). Hence E ¢ Z(F')
as desired.

In the following, we consider the case E N D # (). We take an open neighbor-
hood Uj, C Ug of E so that U, NUp C Up —p~*(p(Up — Ug)). Then for 7 € Ip
with |7| > 1, we have

(8.5) Up,NUp C 7(Ug).
By 7, p o fi(2;) C Up, we have

(ripo fi) " (Ug) N C (ripo f;) (U NUb).
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By (8.3) and (8.5), we have
(ri,p o fi) " (U NUp) C (tip o fi) (7i,0(Ug)) = f; (Ug).

Hence we get
(8.6) (ti,p o fi) T (Up) N C £ (Uk).

By (8.2) and the definitions of s and «, we have C}(D(s)\f; *(Ug)) > v for all
i € I\Jg. Then (8.4) yields that C}(\f; *(Ug)) > 4/ for all i € G\ Jg. Hence by
(8.6), we have C (Q\(1i,.p o f;) "1 (Uy)) > 7/, thus CL(D(s)\(mi,po fi) " (Ug)) >
~' for all i € G\Jg. By (8.2), the same holds for all i € I\Jg. Thus E ¢ Z(F’) as
desired.

Now starting from F, we set F; = F'. Inductively, we get Fo, F3,... by
Fit1 = Fp,. Then by the above consideration, we have Z(Fy) 2 Z(Fj41). Hence
we get Zx, = () for some n. Then F,, satisfies Assumption 6.2. [

Lemma 8.2. Let p: W — V be a vector bundle, where V' is a smooth projective
variety. We consider V. C W by the zero-section. Let F = (f;)icr be an infinite
indexed family in Hol(D, W). Assume that F — V and that {po f;}icr converges
uniformly on compact subsets of D to g: D — V. Then F converges uniformly on
compact subsets of D to g.

Proof. We equip W with a smooth Hermitian metric. We denote by || - ||y the
associated Euclidean norm on each fiber of p: W — V. Let O1,...,0,, CV be an
open set in the standard topology of V' such that V C O; U---UQO,,. Assume that
Wlo, = Ck x Oj; and that letting ¢;: Wlo, — C* be the first projection, there
exists a positive constant c¢; > 1 such that

(8.7) cljllsoj(af)ll < llzllw < ejlle; (@)l

for all x € W|p,. Let § be a distance function on V' which determines the standard
topology on V. Let O € O; be an open set such that V' C O U---UO}. There
exists a positive constant o > 0 such that for all j =1,...,n, we have

(8.8) 5(0},V —0;) > a.
Let 7: V x W — R>¢ be defined by

m(z,y) = 6(z,p(y)) + lyllw.

Let r € (0,/2) and s € (0,1). We claim that there exists a finite set E' C I such
that, for all ¢ € I\E and z € D(s), we have

(8.9) 7(9(2), fi(2)) <.
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We prove this. Let s’ € (s,1). Since {p o f;}icr converges uniformly on compact
subsets of D to g, there exists a finite subset £y C I such that for all ¢ € I\ E; and
z € D(s’), we have

(8.10) d(g(2),po fi(2)) <r/2.
Set ¢ = maxi<;<n{c;} and
U={zeW; |z|w <r/2}.

Then since || - [jw: W — R is continuous, U C W is an open neighborhood of

V C W. We take v € (0, S/;S) such that if A C ID(s’) is a disc of radius ~, then

for all z,2’ € A, we have

(8.11) (9(2),9(z") < a/2.
By F — V, there exists a finite subset Fy C I such that, for all i € I\ Ey, we have
(8.12) CuD(sO\F7HU)) <7/,

where v/ = /4. Set E = Ey U E5. For all i € I\E and z € D(s), we claim

(8.13) 1fi(2)lw < /2.

To show this, we take z € D(s) and ¢ € I\E. Given p € (0,7), we denote by
A, the disc of radius p centered at z. By v < 5/2_3, we have A, C D(s’). We
take O} such that g(z) € O}. To show po fi(A,) C O;, we take w € A,. Then
by (8.11), we have §(g(z), g(w)) < «/2. By w € D(s’), the estimate (8.10) yields
0(g(w),p o fi(w)) < a/4. Hence we have 6(g(z),p o fi(w)) < a. Hence by (8.8),
we have p o fi(w) € O;. This shows po fi(A,) C Oy, thus fi(A,) € Wlo,.
By (8.12), there exists p € (0,7) such that f;(0A,) C U. By (8.7), we have
llp; o fi(w)| < r/2¢; for all w € OA,,. Since ||p; o f;|| is subharmonic on A,, the
maximum principle yields |lp; o fi(2)|| < r/2¢;. By (8.7), we get (8.13). Thus by
(8.10) and (8.13), we get (8.9).

For r >0 and z € V, we set B,(r) = {y € W; 7(z,y) < r}. Note that 7(z,y)
is continuous with respect to y € W. Hence B, (r) C W is an open subset. Let d

be a distance function on W which induces the topology on W. Let £ > 0. Then
we may take a positive constant r. > 0 such that

(8.14) sup d(z,y) <e
YEB (1e)

for all z € V. To prove this, we note that for each z € V, we may take r. , > 0 such
that sup,cp, (. ) d(z,y) < e/4. We consider the open covering {B,(re /2)}uev
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of V. C W. Since V is compact, there exist z1,...,2; € V such that V C
By (Tez, /2) U - U By (re,2,/2). We set 7o = mini<j<i{re.,/2}. Let 2 € V.
Then there exists x; such that x € B, (rc «,/2). Let y € B,(r:). Then we have

T(‘Tj?y) < 5(1‘j,$) + T(Iay) < Tex;-

Hence y € By, (re,;). Thus d(z,y) < d(z;,z) +d(z;,y) < €/2. This proves (8.14).

Now we prove that F converges uniformly on compact subsets of D to g. Let
s € (0,1) and let € > 0. Then by (8.9) applied to = min{«a/3,r.}, there exists a
finite subset E C I such that for all ¢ € I\ E, we have

T(g(z)v fl(z)) <Te

for all z € D(s). By (8.14), we have d(g(z), fi(z)) < e for all z € D(s) and i € I\E.
Thus F converges uniformly on compact subsets of D to g. O

Lemma 8.3. Let A be a smooth equivariant compactification of A and let wz
be a smooth positive (1,1)-form on A. Let F C Hol(D, A) be an infinite set of
holomorphic maps which satisfies Assumption 6.2. Assume that for all 0 < r < 1,

sup{/ f*wA}<oo.
fer U

Then there exists an infinite subset G C F such that G converges uniformly on

we have

compact subsets of D to some g: D — A.

Proof. The proof divides into three steps.

Step 1. We first consider the case that A is an abelian variety. In this case, we have
A = A. We may assume that wy is a positive invariant (1,1)-form. Let o € (0, 1).
We shall show that F is equicontinuous on D(c). Namely we prove

sup sup{|"(w)l, } < o0.
weD(o) fEF

Let s € (0,1). We set

¢ = sup { f*wA}.
ferF D(s)

Let w € D(o). Recall ¢, s: D(s) — D(s) from (4.5). Then

/ (f o Pu,s) ' wa = / frfwa <ec.
D(s) D(s)

For r € (0, s), we set

27
u(r) = /0 [(fo <pw75)’(rei‘9)|iA do.
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Since |(fogpw,s)(2)|2, is subharmonic on D(s), we have 27|(fopw, ) (0|2, < u(r).

waA —
Hence

/ qm%gmmz/ﬁmvwzwﬂUo%wﬂm;.
D(s) 0

|Um%gmmMg¢z;
/ s+o c
Ifwmmés_a¢m¢

Hence F is equicontinuous on D(o). By the Arzeld—Ascoli theorem, there exists a
subsequence G C F such that G converges uniformly on compact subsets of D to
some g: D — A.

This shows

Hence by (4.6), we have

Step 2. We consider the case A = (G,,)*. We are given an equivariant, compactifi-
cation A. Then by Lemma 6.4, there exists so € (0, 1) such that for all r € (s, 1),
we have

(8.15) sup{m(r, f, Xoa)} < oo.

feF
Let p;: A — G,, be the i-th projection. Let 7;: W; — A be a smooth modification
such that p;: A = G,, extends to p;: W; — PL. Then we have

supp 9;“((0) + (00)) C supp 77 0A.
Hence by (8.15), we get

(8.16) Sup{m(r, p; o f, )\(0)+(OO))} < 00
fer

for all » € (s0,1). Note that m(r,p; o f, \0)+(s0)) is an increasing function on r.
Hence (8.16) holds for all » € (0,1). Thus by Montel’s theorem (cf. [30, Thm. 1.6,
p-230] or [13, p. 233]), there exists an infinite subset G; C F such that (p1 0 f)seg,
converges uniformly on compact subsets of D to g;: D — C. By (8.16), we have
g1 # 0. Hence we have g;: D — G,,. By the same argument, there exists an
infinite subset Go C Gi such that (p2 o f)jeg, converges uniformly on compact
subsets of D to go: D — C. Again we have go: D — G,,. In this way, we get
Gi DGy D -+ D Gr. Weset G = Gg. Then G is an infinite set and converges
uniformly on compact subsets of D to (g1,...,9x): D — (G,,)¥.
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Step 3. We consider the general case with 0 — T'— A 2 Ay — 0. By Lemma A.6,
there exists an equivariant compactification T such that A = (T x A) / T. We take
the universal covering Ao — Ap. We consider 0 — T — A x4, AO LN Ao — 0,
which has a splitting. Then we have A x 4, AO =T x Ao Let q: A x 4, AO —-T
be the first projection and 7: A X 4, AO — A be the natural map. We continue to
write p: A — Ay and p: AXAOZB%ZB:

A*/IXAOZB#T

Ag —— Ao.

Now we claim that there exists an infinite subset 7' C F such that (p o
f)rer converges uniformly on compact subsets of D. Indeed, if {po f; f € F} C
Hol(D, Ay) is a finite subset, we take an infinite subset 7' C F such that po f
is all the same for all f € F’; otherwise we apply the first step for the infinite
subset {po f; f € F} C Hol(D, Ap) to get an infinite subset F' C F such that
(po f)fer converges umforrnly on compact subsets of . For each f € F’, we take
a lifting f: D — A x4, Ag. We may assume that (jo f) teF converges umformly
on compact subsets of D to h: D — AO For each fixed r € (0,1), there exists a
compact set K, C Ay such that h(D(r)) € K¢, where K? is the interior of K.
Then for all f € F’ with finite exception, we have po f(D(r)) C K°. Let wz be a
smooth positive (1, 1)-form on T. Note that there exists a positive constant ¢, > 0
such that ¢*ws < ¢,m*w4 on p~'(K,). Hence we have

sup {/ (qof)*wT} < oo.
feF! D(r)

Next we claim that (g o f)fey:/ satisfies Assumption 6.2. Let D C 9T be an
irreducible component. Then (D x A)/T is an irreducible component of JA with
(g Y (D)) = (D x A)/T. Since F' satisfies Assumption 6.2, there exist an open
neighborhood (D x A)/T C Uy C 4, s € (0,1), 70 > 0, and a finite subset & C F’
such that

Cr(D(so)\f (Vo)) = 70

for all f € F'\& (cf. Remark 4.7). Note that q(p~*(K,,)\7 1 (Up)) C T is compact.
Set W = T\q(p *(Ks,)\71(Up)). Then W is an open neighborhood of D. We have
¢ TW)Np Y (K,,) € m= 1 (Up). Hence for all f € F'\E with po f(D(s)) C K¢,
we have

Cr(D(s0)\(g o /)" (W)) = 0.
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Thus (g o f)fg:/ satisfies Assumption 6.2. Hence there exists an infinite subset
G C F' such that (qof)feg converges uniformly on compact subsets of D. Indeed,
if {go f; f € F'} C Hol(D,T) is a finite subset, we take an infinite subset G C F’
such that go f is all the same for all f € G; otherwise we apply the second step for
the infinite subset {gof; f € F'} C Hol(ID, T) to get an infinite subset G C F' such
that (g o f)feg converges uniformly on compact subsets of I. Then G converges
uniformly on compact subsets of D. O

Proof of Proposition 3.20. We note that Z is an irreducible Zariski closed set of
Pi11,4. In the following, we fix [ > 1 such that the natural map Ty, — Z is
surjective under the map Py 4 — Prt1,4. We divide the proof into the following
several steps.

Step 1. We are given a sequence (f,)nen in F and a smooth equivariant compact-
ification A. For a while, we assume furthermore that A is projective. Replacing
(fn)nen by its subsequence, we may assume that the sequence consists of distinct
elements of F, for otherwise the existence of a convergent subsequence is obvious.
Replacing (fy)nen by its subsequence, we may assume that for every irreducible
component D C 0A, we have either (1) (fn)nen — D, or (2) (fn,)ken 7 D for
every subsequence (f,, )ken Of (fn)nen- This is achieved as follows. Let Dy, ..., Dy
be all irreducible components of 0A. We define a subsequence Gy of (f,,) as fol-
lows. If (f,) contains a subsequence (f,/) such that (f,) — Dj, then we set
G1 = (fn). Otherwise, we set G; = (f,). If G1 contains a subsequence (f,) such
that (fn~) — Da, then we set Go = (fn). Otherwise we set Go = G;. Continue
this process to get Gi. Then Gy, satisfies our requirement. We replace (f,,) by Gk.

We denote by Z the set of all irreducible components D; of 0A such that
(fn) = Di. Weset V = 7 Di. When Z = {), we read V = A. By Lemma 3.5,

we have
(8.17) (fn) = V.

Step 2. We may assume that {0} € II((fn)nen), for otherwise the existence of
a convergent subsequence is obvious. We apply Lemma 8.1 to get an element 7,
of the isotropy group for V such that (7, o f,)nen satisfies Assumption 6.2. We
take p: W — V from Lemma A.11, where W C A is the total space of the vector
bundle over V. Then we have

(8.18) POTRLO fn=po fn

for all n € N in Hol(D, V).
We set S = P; 4. Then we have P14 C Si,4. Since all elements of F
are non-constant, 7, o f,: D — A is non-constant for all n € N. Hence we get
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(Tn o fa)k): D — A x S, which yields
((Tn 0 fr)g])s1,a: D — St a.

Then under the inclusion ¢: Pry1a <> S1,4, we have ((7, 0 fo)g))sia = t o
(Tn © frn)Pesr.a- Wenote Z C Pry1,a C Sia.

Now we claim that (((7, © fn)[k])s,.4)nen = Z. Indeed, we have
(8.19) (TTL o fn)Pk_*_lyA = (fn)Pk+L,A

for all n € N (cf. (2.14)). By Fp,,, , = Tk and Remark 3.4, we have

((fn)Pk+l,A)n€N = Tk+l-

Hence ((7n © fn)Piya)nen = Tiqi- Thus by Lemma 3.15, we get

((Tn o fn)PkJrl,A)nEN = Z.

Hence again by Lemma 3.15, we get (((7n © fn)[r))s, 4 )nen = Z.
In the following, we are going to prove that there exists a subsequence (7, o
S )ken which converges uniformly on compact subsets on D to a holomorphic
map D — A. Set
G ={m, 0 fn; n €N} C Hol(D, A).

If G is finite, the existence of such (7,,, © fn, )ken is obvious. Hence in the following,
we assume that G is infinite. We note the following:

e {0} €II(G).
e G satisfies Assumption 6.2.
[ ((@[k])Sl,A)weg = Z, where (P[k]: D—-AxS.

These properties follow from the discussion of this step (Step 2).

Step 3. Let wy and ws be smooth positive (1,1)-forms on A and S, respectively.
We apply Lemma 6.3 to get o1 € (0, 1) with the following property: Let s € (o1, 1),
€ >0, 0 > 0. Then there exists p > 0 such that, for all p € G, we have

(820) Ts (’I’, ©s, WS) S ETS (T7 ®, WA) + 1%

for all » € (s,1) outside some exceptional set with the linear measure less than 4.
Next by (8.19) and Remark 3.13 (3), we have

LIM(Gp, ;1 a0 1 Brti,a,4/B  Bett(F)) = Tt

Since Z C S;,4 is horizontally integrable, we may take a Zariski closed subset
W G t(Z) C S which appears in Proposition 5.1, where t: Sy 4 — S is the natural
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projection. Let m: Py1; 4 — S be the natural projection. By 7n(Ty4;) = t(Z), we
have Ty, ¢ 71 (W). Let Ay > 0 be a Weil function for W. Then Ay o7 is a Weil
function for 7*W C Pyy 4. By II(G) D II(F), we may apply Lemma 7.4 to get an
infinite subset G’ C G and o3 € (0,1) with the following property: Let s € (02, 1),
€ >0, > 0. Then there exists 8 > 0 such that, for all ¢ € G’, we have

(8'21) m(r, PPitr,a Aw © 7T) < T (7", 2 WA) + 83

for all r € (s,1) outside some exceptional set with the linear measure less than 4.
We set 0 = {1/2,01,02}. Note that we have pg(D) ¢ W for all ¢ € G’, which
follows from (8.21).

Step 4. Now we fix s € (0, 1) arbitrary. We set
d=(1-1s)/5.

By Proposition 5.1 applied to {¢); » € G} C Hol(D, A x ), there exist ¢; > 0,
co > 0, ¢3 > 0 such that for all ¢ € G with pg(D) ¢ W, we have

Ts(ryo,wi) < 1Ts(r, ps,ws) + com((s +71)/2, 05, A\w) + ¢3

for all r € (s,1) outside some exceptional set with the linear measure less than d.
Letting € = 1/3¢y in (8.21), we obtain that, for all ¢ € G’, we have

1
m((s+1)/2,¢s,Aw) < @Ts(ﬁ%wg) +6

for all r € (s,1) outside some exceptional set of the linear measure less than 20.
Hence for all p € G’, we get

1
TS(Ta Sovwﬁ) < gTS(Ta (vaA) + clTS(Tv @S?ws) +c2f2 +c3

for all » € (s,1) outside an exceptional set of the linear measure less than 36. By
(8.20), letting e = 1/3¢;, we obtain that for all ¢ € G’, we have

2
Ts<r7 ®, WA) S gTS(’f‘, ®, WA) + C1t + 0252 + C3

for all r € (s,1) outside an exceptional set of the linear measure less than 46. Thus
for all ¢ € G, we get
Ts(r,p,wz) <c
for all r € (s, 1) outside some exceptional set of linear measure less than 49, where
¢ =3(c1p + c2fB2 + c3). We may apply this estimate for some r € (s + 4, 1). Hence
we get
To(s+d,0,wz) <c,
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/ prwg < 7(8 + 9)c
D(s) 4

for all ¢ € G’. Hence by Lemma 8.3, there exists a subsequence (7, © fn, )keN
which converges to a holomorphic map g: D — A.

thus

Step 5. Now we show that (fy, )ren converges uniformly on compact subsets of D
to p o g, where p: W — V. Note that (p o 7,, © fn,)ren converges uniformly on
compact subsets of D to p o g. By (8.18), (p © fn,)ken also converges uniformly
on compact subsets of D to p o g. We apply Lemma 8.2. Then by (8.17), (fn,)ken
converges uniformly on compact subsets of D to p o g.

Step 6. So far, we have assumed that A is projective. Now let A be an arbitrary
smooth equivariant compactification. We may take an equivariant modification
q: A — A such that A is smooth and projective (cf. Lemma A.8). Then we may
take a subsequence (fy, )ken which converges uniformly on compact subsets of D
to g: D — A. Then (fni)ken converges uniformly on compact subsets of D to
gog: D — A. This concludes the proof. O

Corollary 8.4. Let F = (f;)ier be an infinite indexed family of non-constant
holomorphic maps in Hol(D, A) which satisfies Assumption 3.19. Suppose that
there exists k > 0 such that Z C Pyy1,4 C (Pra)1,4 is horizontally integrable,
where Z is defined by (3.7). Let A be a smooth equivariant compactification. Then
there exists an infinite subfamily G of F such that G converges uniformly on com-
pact subsets of D to g: D — A.

Proof. Set F, = {f;; i € [} C Hol(D, A). We may assume that the map I — F,
is a finite-to-one mapping. Indeed, otherwise we may take an infinite subset J C I
such that f; are all the same for all ¢ € J, hence the assertion is obvious. Thus
we assume the map I — F, is a finite-to-one mapping. In particular, F, is an
infinite set. We note that II(F,) = II(F). By taking a section of I — F,, we take
an infinite subset I, C I such that I, — F, is bijective. By Remark 3.13 (3), we
have

LIM((Fo) P, a3 {Ek,a,4/B}Ben(F,)) = LIM(Fp, 45 {Ek a,4/B}Beri(F))-

Hence the assumption of Proposition 3.20 is satisfied for F,. Hence by Proposi-
tion 3.20 for F,, we may take an infinite subset G, C F, such that G, converges
uniformly on compact subsets of D. Then we may take an infinite subset J C I,
such that J — G, is bijective. We set G = (f;):cs to conclude the proof. O
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§9. Families of closed subschemes and regular jets

We set Ay, = Spec C[g]/(e¥T1). Then we have a sequence of closed immersions
(91) AQ‘—)Al%AQ‘—)"‘.

Let S be a smooth variety. Given a morphism 7: Ay — S of schemes, we obtain
the derivative n': Ay_1 — T'S of n. This map satisfies the following: Let ¢ be a
local holomorphic function on S. Let d: Og — Qf be the derivation. Then we have

d
.2 1\ % I *
(9-2) (n')*de =

where & : C[e] /(") — Cl[e]/(¢¥) is the derivation. A regular k-jet is a morphism
n: Ay — S5 such that 77’( ) & Opg, where Opg C T'S is the zero section. Hence
by the composite of ' and TS — Ors — S1, we get Ny Ak—1 — S1 into the
projectivization Sy = P(T'S). Inductively, we obtain 7y : Ax—; — S; into Demailly
jet space S; for 1 <[ < k. In particular, we get a point 7 (0) € Sk.

Let Z C S be a closed subscheme. We define a closed subscheme DZ C
S1 as follows. Let W C S be an affine open set where Z N W is defined by
©1,- 5 on C T(W,Ow). Then we define the closed subscheme ZNW C TW by
O1y-yPn,dp1,...,dp,. Then this definition of m/ does not depend on the
choice of generators @1, ..., pn, so well defined over W In general, we cover S by
open affines {W;} and make closed subschemes ZAW W; C TW;. Then we glue these
subschemes and define the subscheme Z C TS. By the construction, 7 is invariant
under the C*-action on the fibers of 'S — S. Thus we get a closed subscheme
DZ =Z/C*C 8.

§9.1. Family of closed subschemes

Let V and S be smooth varieties and let X C V x S be a closed subscheme. For
k > 0, we define a closed subscheme P, X C V x Sy inductively as follows. We
have V xT'S =Ty xs)/v C T(V x S). Hence we get V xS C (V x S);. We define
P1X C V xSy by the restriction of DX C (V x .5); onto V x S; C (V x.5);. Now
suppose we get a closed subscheme Py X C V x Si. We have Sk+1 C (Sk)1. Thus
we define P11 X CV X Sk41 by the restriction of

(9.3) P1(PkX) CcVx (Sk)l
onto V' x Sgr1 CV x (Sk)1-

Lemma 9.1. Let V and S be smooth varieties and let X C V x S be a closed
subscheme. Let §: A, — S be a regular k-jet. Let so = £(0) € S and 55 = &p,)(0) €
Sk. Assume that the natural map (PrX)s, — Xs, s an isomorphism as schemes.
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Then X, = X5, X Ay as closed subschemes of V- x A. Here, Xy, is the pull-back
of X — S by &.

Before proving this lemma, we start from a preliminary observation. Let W C
V be an affine open subset and set Z = X N (W x S). For v = 0,...,k, let
I, C C[W] ®c C[Ak—_,] be the defining ideal of (P,Z)a,_,, where (P,Z)a,_, is
the pull-back of P,Z C W x S, by ,: Ay, — S,. We denote %: C[W] ®c
ClAx—v] = C[W] ®c C[Ag—,—1] by idciw) ® 4.
Claim. If h € I,,, then £h € I,41.

We prove this claim. Let U C S, be an affine open subset such that &,;(0) €
U. Suppose that P,Z is defined by fi1,...,fn € T(W x U,Owxy) on W x U.
Then (P,Z)a, , C W x Ai_, is defined by g1, ..., 9, € C[W] ®c C[Ak_,], where
J1s---,9n are the images of f1,..., f, under the natural map C[W] ®c¢ C[U] —
C[W] ®c C[Ak—.]. We note that (9.2) yields the following commutative diagram
of C[W]-modules:

idepw ®¢,
CW] ®c ClU] — ", C[W] @c C[Ax_,]

idC[W]®dU\L J{gg

C[W] &c C[TU] ————— C[W] ®c C[Aj—p—1].
idew)®(&],))

Hence (Py+12)a,_,_, is defined by

_ 0 0
Guoee s Gny 5201 50
Here, g1,...,gr are the images of g1,. .., gx under C[W] ®c C[Ax_.] = C[W] ®c
C[Ak—_,—_1], where C[Ag_, 1] = C[As_,]/ (") (cf. (9.1)).
Now let h € I,. Then there exist by,...,b, € C[W] ®c C[Agx—,] such that
h=bigi+++bygn. Then we have Zh = g1 2 b1 +b1 2 g1+ +Gn2bn+bn 2 gn-
Hence %h € I,,41. This proves our claim.

Proof of Lemma 9.1. We may assume that S is affine. Let X C V x S be defined
locally on an affine open W C V by fi,..., fn. Then X, C V x Ay is defined
locally by g1,...,9n € C[W]®cC[Ag], where g1, ..., g, are the images of f1,..., fn
under the natural map C[W] ®@c C[S] — C[W] ®c C[Ag].- Let X C V x Ag
be the constant family X = (X,,) X Ax over Ag. Then X is defined locally by
91le=0, - - - » gn|e=0. Hence it is enough to show

(91, -+, 9n) = (g1le=0- - -, gnle=0)
as ideals of C[W] ®@¢ C[Ag].
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We first claim

0" g;
(9.4) om0 € (g1le0: -+ gal=—0)

for v = 0,...,k, where (g1]c=0,- ., 9nle=0) C C[W]. To prove this, we set s, =
£11(0) € S,,. Then we have

(PeX)s, € (Peo1X)s,, C---C (P1X)s, C X,

Thus by the assumption (PrX)s, = Xs,, we have (P, X)s, = X,,. By the claim
above, we have %Veg;' € I,. Hence 8(;5;' c=0 € C[W] is contained in the defining ideal
of (PrX)s, N W, hence that of X;, N W. Note that X;, N W is defined on W by
(gi|£:0)i:1,...,n- This proves (94)

Now we have

9gi 1 kakgi
9.5 i = Gile= a_ le= I’ e=0-
Hence by (9.4), we get (g1,..-,9n) C (91]e=0, - - -, gnle=0)-
Next we show (g1|e=0,---,9nle=0) C (91,--.,9n). For this we only show

dile=0 € (g1,---,9n), for the other indices are treated in the same manner. Let
J C (g91,---,9n) be the subset of the elements of the form

A=gile—o + €A1+ + A,

where Ai,...,Ar € (g1le=0s---,9nle=0) C C[W]. By (9.4) and (9.5), we have
g1 € J. Hence J # (). For each element A € J, we set

ja = min{j; A; # 0},

where we set g =k +1if A; =0forall j =1,...,k We put y = maxacspa.
What we want to show is that u = k+ 1. So suppose p < k. Take A € J such that
ua = . Then

A= gilemo + " Ay + -+ R A

By A, € (g1]e=0; - - -, gnle=0), there exist b1,...,b, € C[IW] such that
Ay =bigile=o + -+ + bngnle=0-
Then by (9.4) and (9.5), we have
A =A—etbig — - —etbugn € J.

Moreover, we have g4 > p. This is a contradiction. Hence we have y = k + 1,
thus ¢1]c=0 € (g1,--.,9n). This completes the proof of our lemma. O
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§9.2. Regular jets and Demalilly jet spaces

Let S be a smooth variety. We are going to introduce the jet space JiS as in
[45, Sec. 4.2]. This definition is equivalent to the usual definition described in [35,
Sec. 4.6.1]. See Remark 9.2 below.

Set JopS = S and J1.5 = TS. For k > 1, the space JS is a smooth variety
with an embedding

JeS < TJy 1S,

where we set ¢1: J1.5 — T'S to be the identity map. We define Ji S inductively as
follows. So we suppose that the smooth variety J.S and the embedding ¢y : JxS —
TJ,_1S are given. Let wy: JpS — Jr_1.5 be the composite of v : JipS — TJp_1S
and the projection T Jp_1S — Jg_15. Then wy: Jip.S — Jr_1.S5 induces the fol-
lowing commutative diagram:

TJ.S —2 5 1.8

(wk)*l lwk

TJp—18 5> Je-1S.
This induces the morphism
pr: TJS = JpS x g, s TJp—185.
The graph of vy : JpS — T Jp_1S defines the closed immersion
U JpS = JpS x g5 TJk—1S.

Then tgy1: Jp11S — TJiS is defined by the base change of iy by py:

Jk+15 L) TJkS

(/%)’J{ l‘“ﬂ

JkS —_— JkS X Ju_1S Tkals.
ix

We get amap (ug)': Jr+1S — JiS from this base change. Let wy11: Jr1S — JiS
be the composite of tjy1: Jip41S — T JiS and the projection pg: T JpS — JiS.
Then we note

(9-6) (1) = g1

Indeed, we have (ug) = idj, s o (ug) = 11 0 ip o (ug), where ri: JpS x5
TJx_1S — JpS is the first projection. On the other hand, we have 71 o iy o
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(k) =110 g © Lgy1 = Pk © Lg+1. Hence we get (9.6). By [45, Cor. 4.4], the map
Wit1: Je+15 — Ji S is smooth. Hence Ji415 is smooth.

Remark 9.2. Assume that an affine open W C S admits coordinate functions
X1;---5Xn such that TW splits as TW = W x C" and (dxi,...,dx,) defines
the second projection, where n = dim S. Then by [45, Cor. 4.6], we have J,W =
W x Ck and (dxi,...,dXn,.-.,d*x1,...,d*x,) defines the second projection.
This shows that our definition of J;.S coincides with the usual definition described
in [35, Sec. 4.6.1].

The space tg11: Jpr1S — TJiS is characterized as follows.

Lemma 9.3. A map n: W — TJpS from a scheme W factors vp11: Jp415 —
TJS if and only if 1y, o pr o = (wi)« o n. In particular, if we consider the case
W = SpecC, we have

(9.7) Jpr1S = {ac € TJiS; 1o pr(z) = (wk)*(m)}

Proof. To prove this, we suppose that : W — T'J.S satisfies ¢, opron = (g )«0n.
We claim that

(9.8) Wk © 1 = ik © Pk O 1.

To show this we note that

(9.9) 71O O =pPgON =110Lk0pPEOTN.
We also have

(9.10) 20 fi; oM = (W)« 01,

where ro: JiS X 5,5 TJr—1S — TJx_1S is the second projection of the fiber
product:

JeS X s TIp 18— TJy_1S
JpS ———— Jp-15.
By our assumption tx o py o1 = (@)« o1, we have
(9.11) (Wk)x 0N =1k 0OpKLON =720 0K 0pEON.

Hence by (9.10) and (9.11), we have roopugon = reoiy opgon. Combining this with
(9.9), we get (9.8) by the universal property of the fiber product. Hence by (9.8),
the universal property of the fiber product yields the map (n,pron): W — Jx 1S
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such that the composition with tyy1: Jr115 — TJiS is equal to n. Hence n factors
L+1: Jk+1S — TJkS.
To prove the converse, we claim

(9.12) Lk O Pk O L1 = (Wk)s O Lit1-
Indeed, by (9.6), we have (ug)’ = protr+1. Hence we have the following equalities:
Lk O Dk O Ljg41 = T2 0 U © Pl O L1 = T2 0 L © (l)" =12 0 g © L1 = (k)s © i1

Hence if n: W — TJ,S factors tgy1: Jpy15 — TJpS, we have 1 o ppon =
(@k)« 0. O

Let [ > k. Given a morphism n: A; — S, we obtain jyn: Aj_r — JiS such
that

/

(9.13) L © Jkm = (Jr—11)

Indeed, to show the existence of jyn by induction on k, we assume the existence
for k. Then we have

e o pr o (Jxn) =tk 0 Jikn = (Jr—1m) = (@k)« © (Jrxn)'-

Hence, by Lemma 9.3, the map (jxn): Aj—x—1 — TJS factors tpy1: Jp115 <
TJiS. Thus we get jrr1m: Aj—g—1 — Jg+1S such that tx41 0 jrr1n = (Jxn)'-

Let J,*8S C JS be the Zariski open which is the inverse image of T'S — {Ors}
under the map JiS — T'S, provided k > 1. We set J;*®*S = S. Note that the map

Jit18 — JiS induces J, S — J S,

Lemma 9.4. Let S and M be smooth algebraic varieties. Let V. C T M be an
algebraic vector subbundle and let M = P(V'). Let k > 0. Let ¢: J,"S — M be a
morphism such that the induced map ¢.: TJ,*2S — TM satisfies

@u (i1 (Jp515)) € V\{Ov ).
Let & J,i‘fls — M be the composite of the following morphisms:

JiE S L v\ {oy} T M.

Then the induced map ®.: TJ; %S — TM satisfies D, (thy2( S 1S)) C V\{Ov},
where V.C TM s defined by (2.1).
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Proof. We first show that the following diagram is commutative:

TS 2 M

(9.14) wwl f

iS5 M.

Indeed, 7 o ® is the composite of

L1

T8 S S TI8S 25 TM 2 M.

By the definition of the derivation, we have q o ., = @ o pg, i.e., the following
diagram is commutative:

TJS 2 TM
ka{ Jq
J, 88 ——— M.
©
Hence we get
TOD =qopY,0lpr1 =QOPLO Lkl = PO Whyl-

This shows that (9.14) is commutative.
Now by (9.14), we get the following commutative diagram:

q

Jreg,s e 2 g

M
(9.15) wk+2l (wk+1)*l J{ﬂ'* J{ﬂ'
M.

TiES ——— TI5S ——TM

Lk+1

q

Indeed, the only non-trivial part is the relation (cwgi1)« © tkt2 = tkt1 © @Wrt2. TO
show this, we note (twg4+1)x0lk+2 = Lk+19Pk+1°Lk+2, Which follows from Lemma 9.3

(cf. (9.12)). Thus by pri1 © trhr2 = @Whi2, We get (Wry1)x O tht2 = L1 © Whia-
Thus the above diagram (9.15) is commutative.
We take y € J;F,S. We want to show

(916) @* O lk+42 (y) € vﬁoé*obk+2(y)~
Let 7: V\{Oy} — M be the projection. By the definition of ®, we have

(9.17) P opry10tgpto=POWrio =T O Py OLpt1 O Whio =T OTx 0D, 0Lpyra,
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where the last equality follows from the commutativity of (9.15). Since @, is the
derivation of ®: J,%% S — M, we have §o ®, = ® o py,;. Combining this with
(9.17), we have

Go®iotgo=Poprr10tpgr2 =Tome 0Py 0Ly

Thus we observe that §(®.otr12(y)) € M is the image of m, (P, 0tk42(y)) under the
map 7: V\{0} — M. Hence by the definition of V C TM (cf. (2.1)), we get (9.16).
By the assumption of ¢, we have 7. (®.otp12(y)) & Ornr- Hence ®yotp12(y) € 0p77-
Hence @, o 142(y) € V\{0y }. The proof is completed. O

For each k > 0, we define a morphism ¢y, : J,°S — Sy, inductively as follows.
We recall from Section 2 the vector subbundle Vi, C T'S) so that Spy1 = P(Vy).
We set @o: S — S to be the identity map, where Sy = S and J;**S = S. Then
we have (¢0)«(e1(J1789)) C Vo\{0}, where Vi = T'S. Suppose we have constructed
ot Jp 8S — Sk which satisfies (¢g)«(tr41(J 55 S)) € Ve\{0}. Then we define
@kt S S — Skya1 by the composite of the following morphisms:

B T 10} s Sy

Then by Lemma 9.4, we have (¢g41)«(ter2(J5555)) C Vay1\{0}. Hence we have

constructed ¢y : J;8S — S, inductively. By the construction, we have

(9.18) (@r)« (1 (S5 9)) € Vi\{0}

for all k > 0. By (9.14), the following diagram commutes for all k£ > 1:

Jiss s,

J,ing W Sk—l-
Hence for each s € J, %S, we get the restriction map
(9.19) SD]C‘W;I(S): wlzl(s) — ﬂ—lzl(@kfl(s))'

Here, @y '(s) o~ CH5 and 7, (pg_1(s)) =~ PI™S—1 We set S} = 5\ S;™8
(cf. (2.2)).

Lemma 9.5. Let k > 1. Then for each s € J,°5 S, the map (9.19) is smooth and
(@ ' (5) = 7 (pr-1(s)) NS,
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Proof. We prove this by induction on k. Thus we assume the lemma for k£ and
prove the lemma for k + 1. We take s € J,°S. We first note that

(9-20) (k) s,s(Treesygree 5.5) = Ty /Sk 1,01 ()

where (¢r)w,s: TsJ.8S — T, (5)Sk is the induced map. We prove this from the
induction hypothesis as follows. We have

Tyreesy s, s,s = Ts(wy ' (wi(s)))
(Pr)x.s _
=5 Ty () (1 (-1 (@0(9)))) = T /1100 (5):

where we note the smoothness of wy and 7, on the first and last equalities. By

the induction hypothesis, (9.19) is smooth for k. Hence we get (9.20).

Now we consider the following commutative diagram, where (wy). o (g1 =

L © w41 follows from (9.12) (cf. (9.15)):

Jeg s Ut presg P g, Vi\{0} — Spir

(921) lwkﬁ—l l(wk)* J((Wk)* ﬂ'k+1l

J,8S — TJ,z'igIS(mTSk_l +—— Vi1 \{0} —— Sk

By (9.7), we have
(9.22) 1 (@i (5) = {& € T I8 S; (wr)w (@) = wi(s)},
where 14(s) € T, (5)J,,-% S- We focus on the following two linear maps from (9.21):

T, i £ T,y (o) Sk-

(wk)*.sl

Toi(s) 318

By (9.22), we have

(k)7 (tk(5)) = thrr (@51 (5))-
Hence by (wx);4(0) = Tyreegy ez 5,6, We n0te that Lk+1(wk_i1(s)) is a translate of
the linear subspace T)jresg) jres g in the linear space T J,*®S. Hence by (9.20), we

observe that (apk)*,s(z,kﬂ(wk_jl(s))) is a translate of T, /s, | 4. (s)- By (9.18), we
have

(9.23) (0h)s,s (th41(311(5))) C Vi) \ {0}
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On the other hand, we have T, /s, | o.(s) C Vipu(s) (cf. (2.4)) and PV o, () =
Trot1(©r(s)). By wi(s) € J;8 S, the induction hypothesis yields that ¢y (s) € S;.
Hence the hyperplane PTy, /s, , o, (s) C PVi e, (s) i8 equal to W;jl((pk(s)) N SZT%
(cf. (2.5)). Since (@k)*vs(%ﬂ(w,:il(s))) is the translate of Ty, /s, | 4, (s) in the
linear space Vj, o, (s), (9.23) yields that

(en) s (r1 (@i 1 (5)) = g (0n(9) NS,
is an isomorphism under the restriction of the projectivization Vj, , (5)\{0} —
PVi on(s)- Now we look at the two morphisms

(¢r)x,s

Y e ) (08)ws (thr1 (w51 (5))) = mdy (0r(s) N SEE,

where the first map is a translate of the linear map Ty, /5, 5,5 = T, /S, _1,01(s)
which is surjective by (9.20). Hence @} (s) = w5 (or(s)) N S,E, is smooth and
Prt1(wi 1 1(5) = 71 (@r(s)) N S8, . This completes the induction step. O

Lemma 9.6. For each k > 1 we have i, (J,°%S) = S,.

Proof. The proof is by induction on k. The case k = 1 is trivial. So we assume the
case k — 1 and prove the case k. Let x € S,®. Then m(x) € S,.°% . Hence by the
induction hypothesis, there exists s € J,°% S such that ¢_1(s) = 7 (). Then by
Lemma 9.5, there exists s’ € @, '(s) such that px(s') = z. O

Lemma 9.7. Let n: Ay — S be a regular [-jet. Then we have @y o jxn = Ny as
elements in Hom(A;_g, Sk).

Proof. The proof is by induction on k. The case k = 0 is trivial. So we assume the
case k — 1 and prove the case k. By the induction hypothesis, we have (¢g_1)« ©
(Jr—1m)" = (Mk—17)". By (9.13), we have (¢r_1)«0(jr—1m)" = (@r—1)x0tkojrn. Thus
we get (Qr—1)«0Lk0jkn = (N—1])’. We composite these maps with Vi _1\{0} — Sk.
Then by the definitions of ¢, and 7, we have ¢y o jxn = np). This completes the
induction step. O

Lemma 9.8. Let w € J°*S. Then there exists a regqular k-jet n: A, — S such
that jxn(0) = w.

Proof. We first consider the case S = A!. Let x be the coordinate of A'. Then
JeA' = A*T1 where z,dz,...,d*z are the coordinate functions of JyA'. Let
w = (wo, wy, ..., ws). We define n: A, — Al by

wk k

— + _’_%24_..._’_7
Tr = Wy wi1€ 2'5 k'E
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Then we have j,n(0) = w. By w € J;*®S, we have w; # 0. Hence 7 is regular.
This proves our lemma when S = Al.

Next we consider the case S = A™. In this case, we have the natural splitting
JeA™ = (J,AV)™. Let p;: JyA™ — JpA! be the i-th projection. We take 7;: A —
A such that j;n;(0) = p;(w). We set n = (01, ...,nx). Then we have jz1n(0) = w.
By w € J,°®A™, there exists ¢ such that p;(w) € J;"®A’. Then 7, is regular. Hence
7 is regular. This proves our lemma when S = A”.

In general, we may assume that S is affine and has local coordinate functions
X1, - - - Xn described in Remark 9.2. Then x = (x1,...,Xn): S — A™ is étale. This
induces x.: JiS — JLA"™ so that dz;0x, = d?x;. We have x.(w) € J*A™. By the
previous step, there exists a regular k-jet &: Ay — A™ such that j,£(0) = x«(w).
We take : Ay, — S such that xon = £ and 1(0) is the image of w under Ji.S — S.
Then by x.« o jikn = jx&, we have j;n(0) = w. O

Corollary 9.9. Let w € S,°®. Then there exists a reqular k-jet n: Ay — S such
that ny (0) = w.

Proof. By Lemma 9.6, there exists w’ € J, S such that ¢p(w’) = w. By
Lemma 9.8, there exists a regular k-jet n: Ay — S such that jzn(0) = w’. By
Lemma 9.7, we have 7)(0) = w. This concludes the proof of the corollary. See
also [12, Thm. 6.8]. O

§9.3. One lemma for regular jets

Lemma 9.10. Let S be a smooth variety. Let Z C S be a closed subscheme. Then
there exists a positive integer k with the following property: Let n: Ay — S be a
regular k-jet with non-zero first derivative n'(0) = v € Ty, S, where v # 0. Assume
that n factors Z C S. Then there exists an irreducible component Z' C Zyeq such
that [v] € DZ' C S;.

Proof. We may assume that S is affine. We first prove a weaker statement [v] €
D(Z1eq)- Let Zyoq C S be defined by 1, ..., ¢;. We consider the map ®: § — Al
defined by ¢1,...,¢;. We have ®71(0) = Z;oq. There exists k such that 0, =
Spec(Og g1 /m*) C Al satisfies Z C ©*0y. Note that ¢1, ..., ¢, de1, . .., dp; defines
D(Ziea) C S1- Let n: Ay, — S be a regular k-jet with non-zero first derivative
n'(0) = v € Ty (0)S, where v # 0, such that 7 factors Z C S. To show [v] € D(Zeq),
we assume on the contrary that [v] & D(Zeq). Then ® on: Ay — Al is regular.
Since ® o n factors 0, C Al, we have ((® o n)*z1)* = 0,...,((® on)*z)* = 0,
where (®on)*zy,...,(®on)*x € Cle]/(e¥*1). Since ® o is regular, we may take
i =1,...,1 such that (® on)*z; = aje + age? + -+ + are® with a; # 0. Then
((® om)*z;)* = akek # 0. This is a contradiction. Hence [v] € D(Zreq)-
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Now let Z1,...,Z; be irreducible closed subschemes of S such that supp 71,
...,supp Z; are the irreducible components of supp Z and Z C Z; + --- + Z;. Let
k1, ..., k; be positive integers which are obtained in the previous step for 71, ..., Z;.
Set k = ky+---+k;. Let n: A — S be a regular k-jet with non-zero first derivative
n'(0) = v € T))0)S, where v # 0, such that » factors Z C S, hence Z; +--- + Z).
Let 1;: Ay, — S, where Ay, = Spec C[e]/(¥*1), be induced from 7. Then there
exists ¢ such that n; factors Z;. Indeed, to see this, we consider closed subschemes
n*Z; C Ap. We may write the defining ideal of n*Z; as (™) C Cle]/(ek*1).
By Z C Z1 +---+ Z;, we have n*Zy + --- + n*Z; = Aj. The defining ideal of
N2y + -+t Zpis (emttm) C Cle]/(eFTY). Hence my 4 - +my > k+ 1.
We may take ¢ such that m; > k; + 1. Hence n;: Ay, — S factors Z;. Then by
the previous step, we have [v] € D((Z;)red). Note that (Z;)req is an irreducible
component of Z, 4. O

§10. Sufficient condition for horizontal integrability

The main result of this section is Lemma 10.1. This gives a sufficient condition for
Z C S1,4/p to be horizontally integrable (cf. Section 3.2). This lemma is used in
the proof of Proposition 11.3.

Let A be an equivariant compactification of a semi-abelian variety A. Let S be
a smooth variety. Let X C A xS be a closed subscheme. Let X C Ax A x S be the
pull-back of X by the action m: Ax AxS — AxS defined by (z,a, s) — (x+a, s) so
that X{, ) = X, —a. Suppose that X C Ax S is B-invariant. Then by Lemma A.19
we have a closed subscheme Xp C A x (A/B) x S such that X is the pull-back of
Xp by the quotient A x Ax S — A x (A/B) x S on the second factor. We get the
closed subscheme Py Xp C A x ((A/B) x S). By the isomorphism (2.12), we have

Sk,a/B =1{0a/8} X Sk,a/ C (A/B) x Sp.a/p = ((A/B) x ).

Using this immersion Sy, 4,5 C ((4/B)xS)k, we define a closed subscheme Xp ; C
A x Sk,A/B by

(10.1) Xpr= (,PkXB”AXSk,A/B'

Let pr,p: Ax Sk,A/B — Sk,a/B be the second projection. Let px, | x ;.1 XB.k
— Sk,a/p be the composite of the closed immersion Xp — A x Si 4/p and
pr,B- Given y € Sy 4/, we denote by (Xp 1), C A the scheme-theoretic fiber of
Pr,Blxp.: XB kK — Sk,a/p over y € Sy p. For k > [, we have a natural morphism
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PrXp — Py Xp. This induces the following commutative diagram:

Xpr— XB

;Dk,leB’kl lpl,BIXB’l

Sk.a/B — S1,4/B-

For y € Sk, a/B,let y' € S;_4/p be the image of y under the map Sy, 4,5 — Si 4/B-
Then we have the map (Xp 1), — (Xp,1)y of the closed subschemes of A.

Let V C A be a closed subscheme. We define Stab(V') C A by a € Stab(V) if
and only if @ +V =V as closed subschemes of A. Let Stab®(V) be the connected
component of Stab(V') containing the identity element of A. Then Stab®(V) C A
is a semi-abelian subvariety.

Let k > 2. We recall ;™8 C Sy 4 from (2.15). Set S8 = Sk,A\SZi’rIf. Then
we have (A x §);™® = A x S,r:’i (cf. (2.16)). The purpose of this section is to prove
the following lemma.

Lemma 10.1. Let A be an equivariant compactification of A, where A is pro-
jective. Let B g A be a proper semi-abelian subvariety. Let Z C Sy a/p be an
irreducible Zariski closed set. Let X C A x S be a B-invariant closed subscheme
such that Z C p1 p(Xp,1), where p1 p: A X S1,4/B — S1,4/B is the second projec-
tion. Assume that for every integer k > 2, there exists a non-empty Zariski open
subset Oy C Z such that for every y € Oy, the following hold:

(1) Stab’((Xp1),) = B.

(2) The natural map (Xp1)y — Xr(y) is an isomorphism as schemes, where
T: 81,4/ — S is the induced map.

(3) There exists yy, € Slfi/B such that the image of yi, under Sy a/p — S1,a/B is
y, and that the map (Xp )y, — (XB,1)y is an isomorphism as schemes.

Then Z C Sy 4B 1is horizontally integrable.

According to Definition 3.16, the conclusion of Lemma 10.1 reads the existence
of an immersion U < (A/B) x S with the following properties:

e ¢: U — S is étale.

e p'(PTU)N Z C Z is Zariski dense in Z, where p’: (A/B) x S1,4/8 — S1,4/B
is the second projection.

Before proving Lemma 10.1, we start from algebro-geometric lemmas.
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Lemma 10.2. Let ¥ and S be algebraic varieties such that dim¥ = dim S. Let
p: X — S be unramified. Assume that S is smooth. Then p: ¥ — S is smooth,
hence étale.

Proof. Set d =dim¥ = dim .S. We first show that X is smooth. We have the exact
sequence (cf. [18, Chapter II, Prop. 8.11])

p*Qs — Qg — Qx/s — 0.

Since p: ¥ — S is unramified, we have (5,5 = 0 (cf. [31, p.221]). Hence the
morphism p*Qg¢ — Qy is surjective. Since p*Qg is locally free of rank d, we have
dim Qx, ® C(x) < d for all z € X. For general z € ¥, we have dim Qy ® C(z) = d,
so by the upper semi-continuity, this holds for all z € X. Since ¥ is reduced, this
shows Qy is locally free of rank d (cf. [18, Chapter II, Ex. 5.8]). Hence ¥ is smooth.

Since p*Qg — y is surjective, the induced map Qs ® C(p(x)) — Oy @ C(z)
is surjective for all z € . Note that Qg ® C(p(z)) — Qs ® C(x) is the dual of the
induced map on the tangent spaces p.: Tz — Tgp(r)- Hence pi: T o — T's p(p) 18
injective for all z € ¥. Hence by dim X = dim S, we obtain that p.: Ts » — T ()
is surjective for all z € ¥. By [18, Chapter III, Prop. 10.4], p: ¥ — S is smooth.
See also [31, p.141]. O

Next we apply the previous lemma to prove the following lemma.

Lemma 10.3. Let S and W be smooth algebraic varieties. Let p: W — S be a
smooth morphism. Let X C W be an irreducible Zariski closed set and x € Y.
Assume that p|s,: Yo — S is unramified at x € Lo. Then there ezists an irreducible
Zariski closed set ¥ C W such that g C X and p|s: ¥ — S is étale at x.

Proof. Let hy,...,hg be local defining functions of ¥y C W around z. Let L =
p~Y(p(x)) and set s = dim L. Since p is smooth, L. C W is a smooth subvariety.
Since p|y, is unramified at « € X, we have

{’U S TwL; (dh1|TwL)(U) =...= (dhleLL)(’U) = 0} = {0}

Since T, L is an s-dimensional vector space, we may assume that

{veTL; (dh|r,1)(v) = = (dhs|r,L)(v) = 0} = {0}.
We take ¥ C W such that ¥ is defined by hy = .-+ = hy = 0 around z. Since
the images of hy,...,hs in m,/m2 are linearly independent, X is regular at x

(cf. [17, Prop. B.74 (3)]). Hence we may assume that ¥ is irreducible and reduced.
Moreover, p|s: ¥ — S is unramified at z, and dim ¥ > dim W — s = dim S. Hence
dim ¥ = dim S. Since unramified is an open condition, there exists a non-empty
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Zariski open set ¥’ C ¥ such that x € ¥/ and ¥’ — S is unramified. Since S is
smooth, ¥’ — S is étale (cf. Lemma 10.2). Hence ¥ — S is étale at x. Since X is
irreducible, we have ¥g C X. O

Lemma 10.4. Let M, X, and H be algebraic varieties. Let c: M x % — H be a
dominant morphism. Let V C 3 be a closed subvariety. Assume that there exists
a non-empty Zariski open set W C M x V such that the restriction c|lw: W —
(M x V) is étale. Let ag € M satisfy ({ao} x V)NW £ 0. Let F C M x X be an
irreducible component of supp ¢~ (c({ag} x V)) such that {ap} x V C F. Then we

have the following:

(1) ForteV with (ag,t) €W, the induced map F — X is unramified at (ag,t) € F.

(2) Suppose moreover that the restriction c|pxyv: M xV — H is dominant and
generically finite. Then F — X is dominant and generically finite.

Proof. We take t € V such that (ag,t) € W. Let F; be the scheme-theoretic
fiber of the map FF — X over t € V. Then F; = F N (M x {t}), where the
intersection is taken scheme theoretically. We are going to prove Op, (40,1) = C.
Since c|lw: W — ¢(M x V) is étale, the scheme-theoretic intersection FN (M x V)
coincides with {ag} x V on some Zariski open neighborhood U C W of (ag,t) € W.
Namely FNU = {ag} x V. Hence

FEFnU=Un{ao} x V)N (M x {t}) = {(ap,t)},

where {(ag,?)} is a reduced scheme. Hence F; N U = SpecC. Since F; — M x %
factors Fy < M xV < M x %, we have OF, (4,,+) = C. Hence F' — ¥ is unramified
at (ag,t).

Next suppose c|yxyv: M x V — H is dominant and generically finite. Note
that all the irreducible components of fibers of M x 3 — H have dimension greater
than or equal to dim(M x ¥) — dim H. Hence we have

dim F' > dim(M x ¥) — dim H + dim ¢({ap} x V).

Since ¢|prxv: M x V — H is dominant and generically finite, we have dim H =
dim(M x V). By the choice of ag, we have dimc¢({ap} x V') = dim V. Hence

dim F > dim(M x ¥) — dim(M x V) +dim V = dim 3.

Thus dim F' > dim X. Since F' — ¥ is unramified at (ag,t) € F, where (ag,t) € W,
the map F' — ¥ is dominant and generically finite. O

Lemma 10.5. Let M, %, and H be algebraic varieties. Let ¢: M x ¥ — H be
a dominant morphism. Assume that for generic s € X, the restriction c|pr(s}:
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M x {s} — H is quasi-finite. Then there exists a closed subvariety V C ¥ such
that c|pxv: M x V — H is dominant and generically finite.

Proof. Set d =dim(M x X) —dim H. Let s € ¥ and m € M satisfy the following;:

o clarxqsy: M x {s} — H is quasi-finite.
e Set h =c((m,s)) € H and ¢~ *(h) = X. Then all irreducible components of X
have dimension equal to d (cf. [18, Chapter II, Ex. 3.22]).

Let p: M x ¥ — ¥ be the second projection. By (m, s) € X, we have s € p(X).
Set p(X) = Y. Then all irreducible components of ¥ have dimension equal to or
less than d. We take a closed subvariety V' C ¥ of codimension equal to d such
that {s} = supp(V NY’) on some Zariski open neighborhood U C ¥ of s € . By

pis)NX = c|gflx{s}(h), the set p~!(s) N X is finite. Hence
M) N(MxV)N(MxU)=p t(s)NnX

consists of finite points. We note that this set is non-empty for it contains the
point (m, s).

Now we consider the map c¢|yxv: M xV — H. Then (¢|prxv )~ (h) contains
zero-dimensional irreducible components. Moreover, dim(M x V) = dim H. Hence
clmxv: M xV — H is dominant and generically finite. O

Proof of Lemma 10.1. The proof divides into several steps. In the following argu-
ment, we fix a projective embedding A C PV,

Step 1. Let Z, = 7(Z) C S. Let Xz, C A x Z, be the base change. Let P
be the Hilbert polynomial of generic fibers of Xz — Z,. Let ZF C Z, be a
non-empty Zariski open set such that all the fibers over the points of Z have
Hilbert polynomial P. Then since ZI is integral, Xzp — ZP is flat (cf. [18,
Chapter III, Thm. 9.9]). We denote by {Si,...,S;} the flattening stratification of
the coherent sheaf Ox on PV x S. (See [39, Thm. 4.2.11] for the existence of such
a stratification.) Namely, each S; is a locally closed subscheme of S such that

 §= ]_[SZ-, and
e amap T — S from a scheme T factors [[S; — S if and only if X7 — T is
flat.

We may choose ST € {S;} such that ZF c S factors as
zlc s”.

Then S¥ C S is a locally closed subscheme.
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There exists a non-empty Zariski open set S° C S such that S¥ < S factors
SP <3 §° C S, where S < S° is a closed immersion. Replacing S by S°, we
may assume that ST C S is a closed subscheme. Under this reduction, the relation
zZP c S* implies Z, C S?. Hence ZF' = Z,.

Step 2. Let X C A x A x S be the pull-back of X by the action m: A x A x S —
A x S, where (z,a,s) = (z + a, s) so that

X(a,s) = Xs — Q.

Since X is B-invariant, X is B-invariant under the B-action Ax Ax S — Ax Ax S
defined by (z,a,s) — (x,a+b, s) for b € B. Hence there exists a closed subscheme
Xp C Ax(A/B)xS such that X is the pull-back of X by the quotient Ax Ax .S —
A x (A/B) x S on the second factor (cf. Lemma A.19).

Let T — (A/B) x S be a map from a scheme T. Let (X¥g)r — T be the
pull-back of X — (A/B) x S by this map T — (A/B) x S. Let Xp — T be
the pull-back of X — S by the composition of T — (A/B) x S and the second
projection (A/B) x S — S.

Claim 1. The morphism (Xg)r — T is flat if and only if X — T is flat.

We prove this. Let X’ € A x A x S be the pull-back of X C A x S by the
map A x A x S — A x S defined by (z,a,s) — (z,s). Let X} be the pull-back
of X by the map A x (A/B) x S — A x S defined by (z,a’,s) + (x,s). Then
X’ is the pull-back of X by the quotient A x A x S — A x (A/B) x S on the
second factor. Note that the isomorphism k: A x A x S — A x A x S defined by
(z,a,s) — (x + a,a,s) induces the isomorphism k|x: X — X" over A x S.

Let T — A x S be the pull-back of T — (A/B) x S by the quotient map
A xS — (A/B) x S. Then the induced map 77 — T is faithfully flat, for A x S —
(A/B) x S is faithfully flat (cf. Remark A.1). Let X7v — T’ be the pull-back
of X - A xS by the map T" — A x S. Then we have the following Cartesian
diagram:

XT/ E—d (XB)T

| ]

77— T.

Hence
(10.2) (Xp)r — T is flat if and only if X7v — T” is flat.

Indeed, if X7v — T’ is flat, the composite map X+ — T is flat. Note that the
faithful flatness of 77 — T yields that of X7 — (X)r, for the faithful flatness is
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stable under the fiber product. Hence by [17, Cor. 14.12], we obtain that (Xg)r —
T is flat. Conversely, the flatness of (Xg)r — T yields that of X7 — T, for the
flatness is stable under the fiber product. Thus we obtain (10.2).

The isomorphism x induces an isomorphism Xp» — (X’)7 over T". Hence

X — T' is flat if and only if (X")p — T” is flat.
For the same reason as (10.2), we note that
(X")pr — T" is flat if and only if (X5)r — T is flat.

Note that (X5)r = Xr. Hence (Xg)r — T is flat if and only if X; — T is flat.
This concludes the proof of the claim.
Now, we note that Xgr — S* is flat. Hence by the claim above, the morphism

(XB)(a/Byxsr — (A/B) x S¥

is flat. Let Hilb be the Hilbert scheme of closed subschemes of A with Hilbert
polynomials P (cf. [39, Thm. 4.3.4]). By (XB)(4/p)xsr — (A/B) x S¥, we have
the classification map

c: (A/B) x S — Hilb.
Step 3. For each (a,s) € (A/B) x S, we set E(, s = c*(c(a,s)), which is the

scheme-theoretic fiber of ¢ over the point c(a, s) € Hilb. Then E(, ) C (A/B)x S”
is a closed subscheme. We claim that

(10.3) By =a+ Ep-

We prove this. For ¢: T — (A/B) x S, we get t —a: T — (A/B) x S by the
translation. We denote by (Xg); C AxT the pull-back of Xg by t: T — (A/B)xS.
Similarly for (Xp):—4. Let ' € A be a point whose image under A — A/ B is equal
to a. Then we note that

(10.4) (Xp): = (Xp)1_a — d.

To show this, it is enough to consider the case that ¢t = id: (A/B)xS — (A/B)xS.
Let t': Ax S — A x S be the identity map and t' —a’: A x S — A x S be the
map defined by (z,s) — (x — a’, s). Then

l
Xt/ = Xt/fa’ —a.

Note that Xy (resp. Xy_q — a’) is the pull-back of (Xp): (resp. (XB)i—q — @)
under the quotient A x A x S — A x (A/B) x S on the second factor. Moreover,
the induced maps Xy — (Xp): and Xy _or —a’ — (Xp)i—, — a’ are the categorical
quotients (cf. Lemma A.19). Hence we get (10.4).
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Now we note that ¢t: T — (A/B) x S* factors E(, 4 if and only if
(XB)t = (XB)(as) X T
as closed subschemes of A x T. We note that
(XB)(a,5) X T =Xy xT = (Xg—a ) x T = (X; xT) —d.
Hence ¢t: T — (A/B) x S* factors E(, ) if and only if
(Xp)t=(Xs xT)—d

as closed subschemes of A x T'. Using this, we note that t —a: T — (A/B) x S¥
factors E (g, if and only if

(XB)t—a =X xT
as closed subschemes of A x T. Hence (10.4) yields that t: T — (A/B) x ST factors
E(a,s) if and only if t —a: T — (A/B) x S factors E(()’S). Thus E(a,s) =a +E(07S).
This completes the proof of (10.3).

Step 4. For each [v] € Z, we have 7([v]) € Z, C SF. Hence for each a € A/B, we
may consider E(q 7 (]))- We prove the following.

Claim 2. For all [v] € ((;520k) C Z and all a € A/B, there exists an
irreducible component E of supp E(, r([,])) such that
(10.5) (a,[v]) € DE C (A/B) x S1,4/B
under the identification (A/B) x S1, 4/ = ((A/B) x S):. Here, E C (A/B) x S is
a Zariski closed subset.

We prove this. Denoting S" = (A/B) xS, we have (") = (A/B) xSy, 4/p- For
each k > 2, by our assumptions (2), (3), and Corollary 9.9, we may take a regular
k-jet n: Ay, — S’ with 77/(0) = (0,1}) such that (XB)(O,T([’U])) = (PkXB)W[k](O)’ where
A, = Spec C[e]/(¢¥*1). Hence by Lemma 9.1, we have

(10.6) (XB)n = (XB)©0,7(10])) X M-

Hence (Xg), — Ay is flat. Let 7o: Ay — S be the composition with 7 and the
second projection (A/B) xS — S. Then by Claim 1 in Step 2, X,, — A, is flat. By
72(0) = 7([v]) € Zy, m2: Ay, — S factors ST. Thus n: A — S’ factors (A/B) x ST,
hence E () (cf. (10.6)). This holds for all k. Hence by Lemma 9.10, we have

(0,[v]) € DE'
for some irreducible component E’ of supp E(o -(j]))- By (10.3), we have

Elar(w) = a+ E@r ()
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Hence £ = a + E’ is an irreducible component of supp(E(q,-(j])))- By DE =
a + DE’, we complete the proof of the claim.

Step 5. We are going to take a closed subvariety V' C Z, such that the restriction
C|(A/B)><V : (A/B) XV — C((A/B) X Zo)

is dominant, and generically finite. Here, ¢((A/B) x Z,) C Hilb is the Zariski clo-
sure in Hilb. Note that the set 7(O2) C Z, is dense and constructible (cf. [18,
Chapter II, Ex. 3.19]), hence contains non-empty Zariski open set. Hence for
generic t € Z,, by assumptions (1), (2), we have Stab’(X;) = B. Hence the
restriction
C|(A/B)><{t}: (A/B) X {t} — Hilb

is quasi-finite. We apply Lemma 10.5 to (A/B) x Z, — ¢((A/B) x Z,) to get our
V C Z,.

Let W C (A/B) x V be a non-empty Zariski open subset such that W —
¢((A/B) x Z,) is étale. We fix ag € A/B such that

({ao} x V)N W # 0.

Step 6. We construct Zariski closed subsets F, and X of (4/B) x S. (After U —
(A/B) x S is constructed, these would be irreducible components of U Np~!(Z,)
and U N p~(supp ST), where p: (A/B) x S — S is the second projection.) We
consider the restriction

cla/yxz,: (A/B) x Zy — c((A/B) x Z,) C Hilb.
We take an irreducible component F, of a Zariski closed set

(cleasByxz,) " (c{ao} x V)

such that {ag} x V C F,. Here, c({ap} x V) C Hilb is the Zariski closure in Hilb.
We have a map
p|Fo : FO — ZO

by the composition of the closed immersion F, < (A/B) x Z, and the second
projection pl(a/B)xz,: (A/B) x Z, — Z,. Then by Lemma 10.4(2), the map
plr,: Fo = Z, is dominant and generically finite.

Next we construct Xy C (A/B) x S so that F, C ¥y. Let F' be an irreducible
component of F, Xz Z such that the natural maps F — F, and p'|p: F — Z
are dominant, where p’: (A/B) x Sy 4/ — S1,4/p is the second projection. We
remark that F, x z, Z is a Zariski closed set of (A/B)xZ. Hence F C (A/B)xZisa
Zariski closed subset. Let © C (A/B) x ST be a Zariski closed subset defined by
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O = ¢ Yc({ao} xV)). Then ©® C (A/B) x S is a Zariski closed subset. Let
(a,[v]) € Miso(@|r)"1(Or) C F. We take an irreducible component E of
supp E(a77([v]))_as in Claim 2 of Step 4. By (a, 7([v])) € F,, we have ¢((a,7([v]))) €
c¢({ag} x V). Hence E C O. Hence there exists an irreducible component ©’ of ©
such that £ C ©’. Then ©' C (A/B) x S is a Zariski closed subset. By (10.5), we
have (a,[v]) € DO’. Hence, denoting by Oy, ...,0; all irreducible components of
©, we have

ﬂ(p/|F)_1(Ok) c DO, U---UDO,.

k
Since DO; C (A/B) x S are closed subschemes, supp(F NDO;) are Zariski closed
subsets of F. Note that (p'|r)”1(Ox) C F is a non-empty Zariski open set for
each k. Hence we may choose ¥ from ©1,...,©; such that

(10.7) F C DXy.
Since the natural map F — F,, is surjective, we have
F, C Xy.
In particular, {ap} x V C Xy. Hence we may apply Lemma 10.4 (1) for
(A/B) x S” — c((A/B) x S7)

to get that p|s,: X9 — S is unramified at generic (ag,t) € {ag} x V, where
p: (A/B) x S — S is the second projection.

Step 7. Now we apply Lemma 10.3 to take ¥ C (A/B) x S from ¥y C (A/B) x S
such that Y9 C ¥ and ¥ — S is generically finite and étale at generic (ag,t) €
{ap} x V C Xy. We take a Zariski open U C ¥ such that q: U — S is étale,
where g is the restriction of p onto U. We may take U so that ({ag} x V)NU # 0,
hence F, NU # (. Hence F, NU C F, is Zariski dense. By (10.7), this shows that
FNPTU C F is Zariski dense, where PTU = (DX)|y in (A/B) x Sy 4/p. Hence
p'(FNPTU) C Z is Zariski dense in Z. Hence p/(PTU) N Z C Z is Zariski dense
in Z. This shows that the immersion U — (A/B) x S satisfies the property of
Definition 3.16. Hence Z is horizontally integrable. This completes the proof of
the lemma. O

§11. Verifying the normality condition: Existence of
horizontally integrable Z

The purpose of this section is to prove Proposition 11.3 below. To state this propo-
sition, we introduce some terminology. We recall II(F) from Definition 3.18.
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Definition 11.1. Let X C A be a closed subvariety. Let A be an equivariant
compactification. Let 7 C Hol(ID, X) be an infinite set of holomorphic maps. We
define A x z(F) to be the set of all semi-abelian subvarieties B C A such that

(1) F — SppX, where X C A is the compactification, and
(2) B ¢ II(F).

Let F C Hol(D, A) be an infinite set of holomorphic maps. For B € TI(F),
denoting the quotient map by wg: A — A/B, we set

Fasp = (wBo f)rer.

This is an infinite indexed family in Hol(D, A/B). Then F,,p contains at most
finitely many constant maps. We remove these constant maps from F4,p to get
an infinite subfamily 77, /B of Fa/p. We consider the following assumption for JF.

Assumption 11.2. For every B € II(F), the infinite indexed family }'1’4/3 in
Hol(D, A/B) satisfies Assumption 3.19.

As we shall see later (cf. Lemma 12.3), every infinite subset F C Hol(D, A)
of non-constant holomorphic maps contains an infinite subset which satisfies this
assumption. Let 7 C Hol(D, A) be an infinite set of holomorphic maps which
satisfies Assumption 11.2. Let B € II(F). Then there exists a unique T} 4/ C
Py a/p as in Assumption 3.19. We define Zj, 4,5 C P 4/ by

(11.1) Zx,A)B = U Im(Tyq1,4/8 = Pryi,a/B = Pr,a/B)-
1>0
Then by Lemma 3.15, we have Fp, , ., = Zj a/p, where we set Fp,_, , =

('FA/B)PJC,A/B (Cf' (3'5))'

Proposition 11.3. Let X C A be a closed subvariety and let A be a smooth equiv-
ariant compactification, where A is projective. Let F C Hol(D, X) be an infinite set
of holomorphic maps which satisfies Assumption 11.2. Assume that Ay 5(F) = 0.
Then there exists a semi-abelian subvariety B C A such that Spg X # 0 with the
following properties:

(1) B e II(F).

(2) There exists k such that Zy, 11 a/p C Pry1,4/B is horizontally integrable, where

Zkt1,4/B = U Im(Ty11,4/8 < Pryi,a/B = Pey1,4/B)-
1>1

(3) F — SppX.
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We note that the assumption Ay z(F) = 0 in this proposition reads X G A.
Indeed, if X = A, then we have A € Ay 5(F), hence Ay z(F) # 0.

§11.1. First series of auxiliary lemmas
In this subsection, we prove several lemmas related to the following definition.

Definition 11.4. Let S be a variety and let X be a scheme of finite type over C.
Let ¢: X — S be a morphism and let Z C S be a Zariski closed set. Let U be the
set of all Zariski open sets U C S such that ZNU # (. For U € U, we consider
the scheme-theoretic closure 1=1(U) C X. We set X[Z] = (¢, %1 (U), which
is a closed subscheme of X.

Remark 11.5. Assume that Z is irreducible. Then there exists U € U such that
X[Z] = ¢~1(U). Indeed, by the Noetherian property, there exist Uy,..., Uy € U
such that X[Z] ==Y (U1)N--- Ny~ (Uy). Set U = Uy N --- N Uy. Then since Z
is irreducible, we have U € Y. Then we have X[Z] C =Y (U) Cc =1 (U;)N---N

»~1(Uy). Hence X[Z] = ¢~ 1(U).

Lemma 11.6. Let X — S and ¢: S — T be morphisms, where S and T are
varieties and X is a scheme of finite type over C. Let v: X — T be the composite
of X - S = T. LtV C S and W C T be irreducible Zariski closed subsets
such that W C (V). Then X[V] C X[W]. Moreover, assume that there ezists a
Zariski open set U C T such that UNW # 0 and that ¢~ (U) is integral. Then

X[V] = X[W].

Proof. By Remark 11.5, we may take a Zariski open U; C T such that UyNW # ()
and

(11.2) X[W) = 57100,
We have ¢~} (U;) NV # . Hence by the definition of X[V], we have

X[V cy=t(Uy) = X[W].

Now we assume moreover that 1»~1(U) is integral for some Zariski open U C T
such that U NW # 0. We take U; C T as above. We may assume U; C U. By
o Y U1) NV # 0, we may take Uy C ¢~ (Uy) such that p—1(Us) = X[V], where
p: X — S (cf. Remark 11.5). Since 1 ~!(U;) is integral, the inclusion p~1(Us;) C
¥p~1(U;) is schematic dense. Hence ¢~1(U;) C X[V]. Thus by (11.2), we get
X[W] C X[V]. This concludes the proof of the lemma. O

Lemma 11.7. Let T be a variety and let W C T be an irreducible Zariski closed
subset. Let ¥: X — T and ¢': X' — T be morphisms from schemes of finite
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type over C. Let p: X — X' be a closed immersion over T. Assume that there
exists a Zariski open set U C T such that UNW # 0 and the induced map
=Y U) — (") (U) is an isomorphism. Then X[W]| = X'[W].

Proof. The immersion p induces a closed immersion X[W] — X'[W]. Hence we
prove the converse. By Remark 11.5, we may take a Zariski open U C T such
that UNW # 0 and ¢p—1(U) = X[W]. By replacing U by a smaller Zariski
open set, we may assume moreover that the induced map ¢~1(U) — (¢')~1(U)
is an isomorphism. Hence the scheme-theoretic closure (¢/)~1(U) C X' factors
X[W], where X[W] is a closed subscheme of X’ by p: X — X’. This shows

X'[W] c X[W). O

We recall Definition 3.1. Let ¢: .S — T be a morphism of varieties. Let V C S
and W C T be irreducible Zariski closed subsets such that W C (V). Let ¢: T" —
T be a W-admissible modification and set S = (SxT")[W'], where W' C T” is the
minimal transform. Then the induced map S’ — S is a V-admissible modification.
We denote by V' C S’ the minimal transform of V' C S. In this situation, we have
the following lemma.

Lemma 11.8. Let X — S and p: S — T be morphisms, where S and T are
varieties and X is a scheme of finite type over C. Let V. .C S and W C T be

irreducible Zariski closed subsets such that W C o(V). Let T" — T be a W-
admissible modification and set 8" = (S xp T")[W']. Then

(X xs S")[V'] C (X xpT")[W'].
Assume moreover that X is integral. Then (X xg S")[V'] = (X xo T)[W'].
Proof. We first prove
(11.3) (X xg S"HW' = (X xp T"[W'].

By the closed immersion S’ < S x1 T’, we get a closed immersion X xg S’ —
X x7 T'. Note that the following is the fiber product:

X x5S —— X xrT'——=X xg (S xrT)
(11.4) l l
S — Sxp T

By Remark 11.5, we may take a Zariski open U; C T’ such that Uy N W' #£ 0,
and a Zariski open set S xp Uy € S xp T is schematic dense in S’ C S x7 T”. In
particular, we have an open immersion

(11.5) Sxp U C S’
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Hence the map S” — S x7 1" over T” is an isomorphism over U; C T”. Hence the
closed immersion X Xg S’ < X X7 T" is an isomorphism over U; C T’. Hence by
Lemma 11.7, we get (11.3).

Set X' = X xgS'. Let ¢: X' — T’ be the natural map. Since (11.4) is a fiber
product, the open immersion (11.5) yields

(11.6) v HUY) = X xp Uy,

Now let ¢': S — T” be the induced map. We have W' C ¢/(V’). We apply
Lemma 11.6 to get X'[V'] C X'[W’]. Hence combining with (11.3), we get

(X xg SV’ C (X x7 T[W'].

We assume moreover that X is integral. We take a Zariski open set Uy C T’
such that 7" — T is an isomorphism over Uy and Uy N W' # (). We may assume
U, C U;. Then by (11.6), we may consider )~ (Us) as a Zariski open set of X.
Hence ¢)~1(U,) is integral. Hence by Lemma 11.6, we get X'[V'] = X'[W’]. Hence
by (11.3), we conclude the proof of our lemma. O

Lemma 11.9. Let Z C S be an irreducible Zariski closed set. Let S — S be a
Z -admissible modification and let S” — S’ be a Z'-admissible modification, where
Z' C S’ is the minimal transform. Let X — S be a morphism. Then we have

(X x5 8")[2"] = (X x5 8")[Z'] x5 §")[2"],

where Z" C S” is the minimal transform.

Proof. The closed immersion (X xgS")[Z'] < X x ¢S5’ induces a closed immersion
(X x5 SN[Z') x5 S")[Z"] — (X x5 S")[Z"].

We shall show that this is an isomorphism. By Remark 11.5, we may take a Zariski
open set U; C S’ such that Z’ NU; # () and

(X Xg Sl)[Z/] =X Xg Ul.

We denote the natural map by ¢: §” — §’. By Remark 11.5, we may take a
Zariski open set Uy C ¢~ 1(U;) such that Uy N Z” # () and

((X X5 S,)[Z/] X gt SN)[Z”] = (X Xg S/)[Z/] X g Ug.
Hence, we have

X xgUs = (X Xg Ul) Xgr Us C (X X g S/)[Z/} Xgr Uy
C (X xg S"[Z'] xs: S")[Z"].
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Then by the definition of (X xg S”)[Z"], we have (X xg S")[Z"] C X xg Us.
Hence we get
(X x5 S8")[Z") € (X x5 8)[Z'] x5 S")[Z"].

This completes the proof of our lemma. O
In the following two lemmas, we consider a closed subscheme X C PV x S.

Lemma 11.10. Let S’ — S be a Z-admissible modification of varieties, where
Z C S is an irreducible Zariski closed set. Let X — S be a projective morphism
such that X|z — Z is flat, where X|z = X xXg Z. Let Z' C 8" be the minimal
transform. Set X' = (XxgS")[Z'] and X'|z» = X'x g Z'. Then X'|z = X|z%xzZ'.
In particular, X'|z» — Z' is flat.

Proof. The closed immersion X’ < X xg S’ induces a closed immersion
(117) XI‘Z/‘—>(X Xs Sl)|Z/.

By Remark 11.5, we may take a Zariski open U C S’ such that U N Z’ # () and
X xg U = X'. In particular, we have an open immersion

(118) (X X s S/)|Z’F1U C XI‘Z/.
Since the composite of Z’ < S’ — S factors through Z — S, we have
(119) (X Xssl)‘z/:X|Z Xzz/.

In particular, the morphism (X xg S")|z2 — Z’ is flat. Hence by Lemma B.1,
the inclusion (X xg5")|z:nv C (X x5 5)|z is scheme-theoretic dense. Hence by
(11.8), we get (X xg5")|z C X'|z. Thus by (11.7), we get X'|z = (X xg5")|z -
By (11.9),We get X/|Z’ :X|Z Xz AR O

Lemma 11.11. Let X C PN x S be a closed subscheme where S is a variety.
Let Z C S be an irreducible Zariski closed set. Then there exists a Z-admissible
modification S" — S such that (X xs S")[Z']|z» — Z' is flat, where Z' C S’ is the
minimal transform and (X xg S")[Z'||z = (X xsS8)[Z'] xs Z'.

Proof. We apply Lemma B.2 to get a Z-admissible modification S’ — S and a
Zariski open set U C S such that U N Z" # () and that X'|z — Z' is flat,
where X' C X xg 5’ is the scheme-theoretic closure of X xg U. Then we have
(X xg8")[Z'] € X'. Hence (X xg 5")[Z'[Z'] ¢ X'[Z’]. By Lemma 11.9, applied
to S” =5', we get

(X xs $)[Z)1Z) = (X x5 §)[Z).
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Hence (X xg §)[Z'] € X'[Z’]. On the other hand, by X’ C X xg 5, we get
X'Z'] € (X x5 58")[Z’]. Thus X'[Z'] = (X xg S")[Z']. We apply Lemma 11.10 to
X" — S and idg/: S” — S’. The conclusion is X'[Z']|z = X'|z . Hence (X xg
S/)[Z/”Z/ = X,|Z’- Thus (X Xs S/)[Z/HZ/ — 7' is flat. O

§11.2. Second series of auxiliary lemmas

Lemma 11.12. Let X C A x S be a closed subscheme, where S is integral and A
is a projective, equivariant compactification. Assume that the induced map X — S
is surjective. Then there exist a non-empty Zariski open set U C S and a semi-
abelian subvariety C C A such that Stab®(X,) = C for all y € U.

Proof. Since S is integral, by replacing S by its non-empty Zariski open set, we may
assume that X — S is flat. For each B C 4, weset Vg = {y € S; B C Stab®(X,)}.
Then Vg C S'is a Zariski closed set. Indeed, let P be the Hilbert polynomial of X,
for some (hence for all) y € S. Set Y = (), 5(X +b) C X, where the intersection
is taken scheme theoretically. Then y € Vp if and only if the Hilbert polynomial
of Y, is equal to P. Hence Vg is a Zariski closed set (cf. [46, Lem. 3.1]).

Now let X € A x A x S be the pull-back of X by the action m: Ax A x S —
A x S, where (z,a,s) — (v +a,s). Then X — A x S is flat. Let c: A x S — Hilb
be the classification map. Let ¢: A x S — Hilb x S be the induced map such
that o(a,s) = (c(a,s),s). Then for each y € S, we have supp(p~(¢(0,y))) C
A x {y} = A. We have

supp(¢ " ((0,y))) = Stab(X,).

For each integer d > 0, let E; C S be the set of y € S such that

dimg ) ¢~ (¢(0,y)) > d.

Then E4 C S is a Zariski closed set. We take d such that £y = S and Eg4y1 ; S.
Then for each y € S — Eq41, we have dim Stab®(X,) = d. Let By, Ba,... be the set
of d-dimensional semi-abelian subvarieties of A. Then S — E441 C |JVp,. Hence
there exists B; such that S = Vp,. For y € S — E441, we have B; C Stab’(X,).
Hence Stab’(X,) = B;. We set C = B; and U = S — E4;1 to conclude the
proof. O

In the following lemma, we recall the definition Xoy  C Ax Sk 4 from (10.1).
We have the isomorphism (A x S) >~ A X Sj 4 as in (2.12).

Lemma 11.13. Let X C A x S be a closed subscheme, where S is a smooth alge-
braic variety and A is a smooth equivariant compactification. Let f € Hol(D, Ax S)
satisfy f(D) C supp X, where f is non-constant. Then fp,)(D) C supp X{o} -
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Proof. We define g: D xD — Ax Ax S by

9(z,w) = (fa(2), fa(w) = fa(2), fs(w)).

Let m: Ax Ax S — A xS be defined by (x,a,s) — (z+a,s). Then mog(z,w) =
(fa(w), fs(w)) € supp X. Hence g(D x D) C supp X, where ¥ C Ax Ax Sisa
closed subscheme obtained by the pull-back of X € AxS by m: AxAxS — AxS.
By taking the k-th derivative for w, we get 0¥ g: D x D — A x (A x ).

w

Claim. 0F g(D x D) C supp P X.

Proof. We prove this by the induction on k. The case k = 0 is obvious. So we
assume the case k and prove the case for k + 1. By

kgD xD— PrX € Ax (Ax )y,

we get
Dw(0Fg): D x D — DPX C (A x (A x S)g)1.

Since 9, (0% g): D x D — A x (A x S)ps1 C (A x (A x S)i)1, we get
Duw(0E g)(D x D) € DPX N (A x (A X 8)jq1) = Pri1 X.
This completes the induction step. O

By (2.14), we have 9% g = (fa(z), fa(w) — fa(2), fs,.. (w)). Restricting this
to the diagonal D C D x D, we get

8519 o A(Z) = (fA(Z)’OA7fSk,A(Z)) € Ax (A X S)k|A><{0}><Sk,A'

Hence by X oy = PeX N (A x {0} x S 4), the claim above implies 9% go A(D) C
supp X{o},x- Now under the isomorphism

Vit AX (A X S)klaxfoyxs,a — (A XSk,
we have ¢ 0 0¥ go A = fir)- Hence, we have fi,1(D) C supp X¢oy,x- O

Lemma 11.14. Let X C A be a closed subvariety, where A is a smooth equiv-
ariant compactification. Let F C Hol(D, AN X) be an infinite set of non-constant
holomorphic maps. Let Z C Py 4 be a Zariski closed subset such that Fp, , = Z.
Let Py, y — Py 4 be a Z-admissible modification and let Z' C P 4 be the minimal
transform. Set Xi,y . = (Xqop.6 Xpya Py 4)[Z']. Then we have f}, (D) C Xy,
for all f € F with finite exception, where f[’k]: D — A x P 4 is the lift of
f[k] D— A X P]g7A.
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Proof. By Lemma 3.10, Z is irreducible. By Remark 11.5, we may take a Zariski
open set U C P}, 4 such that UN Z’" # ) and X = ¢~1(U), where ¢: Xj xp, ,
Py, 4 — Py 4 is the projection. We may assume moreover that the map P , —

Py 4 is isomorphic on U. By Lemma 3.11, we have ]-"p/ = 7Z'. Hence we have
fr ,(D)NU # () for all f € F with finite exception. We set Qp = fP/ ( ). Then

for all f € F with finite exception, D — { is discrete and fp; (Qf) c U. By
Lemma 11.13, we have fp)(D) C X{oy,%. This shows f[k (Qy) c w LU), hence
flyD) € Xigy , for all f € F with finite exception. O

§11.3. Demailly jet spaces and quotient maps
We recall Definition 2.1. Let B C A be a semi-abelian subvariety. For each k& > 1,
the quotient A — A/B canonically induces the map
(11.10) pr: Pea\Ey a,a/B = Pra/B

inductively as follows. When k = 1, we have Py a = P(Lie(A)), By a4/ =
P(Lie(B)), and P, 4/p = P(Lie(A/B)). The map p, is defined by the projec-
tivization of the quotient map Lie(A) — Lie(A/B). Suppose we have py_1. Then
by (ttk—1)«: T(Pr—1,A\Ex—1,4,4/B) — TPr_1,4,p and the quotient map Lie(A4) —
Lie(A/B), we get

(1111) T(Pk—l,A\Ek—l,A,A/B) X LIG(A) — TPk—l,A/B X Lle(A/B)
The kernel of this map is contained in
T(Pkfl,A\Ek—l,A,A/B) X Lie(B) C T(Pkfl,A\Ek—l,A,A/B) X Lie(A).

Let 7: Py a4 — Pr_1,4 be the projection. Then the restriction of the projectiviza-
tion of (11.11) onto Py 4 yields the map

(P, aA\T~ " (Ey—1,4,4/8))\Er,a,4/8 — Pr.a/p-

Hence by Lemma 2.2, we get jug: Pr A\Ex a,a/B — Pra/p, which is the map
(11.10) for k.

Now let f: D — A be a holomorphic map. Let f4/p: D — A/B be the
composition of f and the quotient map A — A/B. Assume that f,,p is non-
constant. Then we get fp, ,: D — Py a and (fa/B)p, 4,5 D — Py a/p, where
fPoa(D) & Ei a,4/p- Then by the construction above, we have

(fA/B)Pk,A/B = Mk © ka,A'

Lemma 11.15. Let C' C A be a semi-abelian subvariety such that B C C C A.
Then py, " (Ey,a/8,4/¢) C Ex 470 0 (Pr,a\Ex a,4/8)-
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Proof. Let (z,[v]) € Py a\Ek.a,a/c, where x € P14 and v € V,;r_l\{()} C
TPi_14 x Lie(A) (cf. (2.10)). Then v ¢ TPy_1,4 x Lie(C). Then the image
of v under the map (11.11) is not contained in T'P,_; 4,5 x Lie(C/B). Hence
pu((2, [v])) € Ey a/p,4/c- This shows

ti; (B, a/8,4/¢) C Eaa/c
in P a\Ey a,4/B- O
We recall Zj, 4/p C Py, a/p from (11.1).

Lemma 11.16. Let F C Hol(D, A) be an infinite set of holomorphic maps which
satisfies Assumption 11.2. Let B,C € II(F) such that B C C. Let P,;A/B —
Py 4/ be a Zy a/p-admissible modification such that the rational map Py o/p --»
Py a/c induces a morphism juiy: P,;A/B — Pyajc- Then Zy 4/c C uk(Z,’C7A/B),
where Z,;,A/B C PIQ)A/B is the minimal transform.

Proof. We take | € Z>q such that Ty a/c — Zra/c and Ty 4/ — Zy,a/B
are surjective maps. The rational map Py a/p --* Piqia/c is holomorphic
outside Eyia/,a/c C Pryia/p- By C/B € I(Fayp), we have Ty a5 ¢
Eit1,4/B,4/c- Hence there exists a Tj, 4,p-admissible modification P,;H’A/B —
Py11,4/p such that the rational map Py 4/ -+ Pi41,4/c induces a regular map

. /
Hie+1: Pk+l,A/B = Pryi,a/c-

BY Fpiiasn = Tovia/p, wehave Fp =Ty, 4 p (cf. Lemma 3.11). Hence

by Lemma 3.15, we get

’
]:Pk-H,A/C = Mk+l(Tk+l7A/B)'

By Lemma 3.9, we have either Tj1y a/c C pitt(Ty 4y 4/5) oF pri(Ty iy 4/5) S
Tk—i—l,A/C' To show
Tiy1.47¢ € krt(Tiyg,a/8)s
assume on the contrary that pkH(T,éH’A/B) S Tyti,a/c- By Lemma 3.10,
1 (Ty A/B) is irreducible. Hence by the definition of T}; 4/c, there exists
C//C S H(]:A/C) such that Mk+l(TIQ+l,A/B) C Ek+l,A/C,A/C’- Thus Tlg—i-l,A/B C
/“L];il(Ek-‘rl,A/C,A/C')' Since Tj1;.4/p is irreducible, this implies Ty 4/ C
Eyy1,4/B,4/c (cf. Lemma 11.15). By C'/B € II(F4,p), this contradicts the defi-
nition of Tk+l,A/B. Hence Tk+l’A/C - /’Lk‘f‘l(Tlg-q—l,A/B)'
Now Zj, a/c C Py, a/c is contained in the image of T,;H A/ C P/é+l A/B under
the composition of pigy: P];Jrl A/B — PkJrl’A/C and PkJrl’A/C — Pk,A/C’- Thus we
get Zk:,A/CCMk(Z;C’A/B)- O]
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Let B and C be semi-abelian subvarieties of A such that B ¢ C. Let S C A
be a Zariski closed set which is C-invariant. Then we get Sp ;. C A x Py /B and
SCJg C /I X Pk,A/C (Cf (101))

Lemma 11.17. Let ¢: A x (Pre,a/B\Ek,a/B,a/C) — A x Py ajc be the map
induced from the reqular map Py 4/8\Ex a/B,A/c — Pr,ajc- Then we have

QO*(SCJC) = SB:klpk,A/B\Ek,A/B,A/c‘

Proof. Let S C A x A be the pull-back of S C A by the action m: A x A — A so
that S, = S — a, where S, C A is the fiber of S — A over a € A. Let Sp C A x
(A/B) be defined so that the pull-back of Sp by Ax A — Ax (A/B) is equal to S.
We define S¢ C A x (A/C) similarly. Then the pull-back of S¢ by A x (4/B) —
Ax(A/C)isequal to Sp. Let ¢: Ax((A/B)x Py a/p) --» Ax((A/C)x Py a/c) be
the induced rational map, which is regular on Ax ((4/B) x (Py a/5\Ek,a/5,4/C))-
Then we have

¢ (PeSc) = (PkSB)|(A/B)X(Pk,A/B\Ek,A/B,A/c)'
Hence by (10.1), we get ¢*(Sc.k) = SB»k|Pk,A/B\Ek,A/B,A/C' O
§11.4. Main lemma for the proof of Proposition 11.3

Let A be a semi-abelian variety and let B C A be a semi-abelian subvariety. Given
a Zariski closed set V C A, we set Y = Spz V. Then the Zariski closed set Y C A
is B-invariant. Hence we get the closed subscheme Yp , C A x Py /. For each
Y € Py a/B, the fiber of Yp . — Py 4/p over y is denoted by (Y5 x),, which is a
closed subscheme of A.

Let X C A be a closed subvariety and let A be a smooth equivariant com-
pactification. Let X C A be the Zariski closure. In this subsection, we write
X = (X){o,x for short. Then X} C A x Py 4. Although this X is not the
same as the Demailly jet space of X discussed in Section 2, no confusion will
occur.

We recall Zj, 4/p C Py a/p from (11.1). We set Zy, = Z 4 C Py a for short.

Lemma 11.18. Let A be a non-trivial semi-abelian variety and let X C A be a
closed subvariety. Let A be a smooth equivariant compactification, which is pro-
jective. Let F C Hol(D, X) be an infinite set of holomorphic maps which satisfies
Assumption 11.2. Assume that Ay (F) = (0. Then there exists B C A such that
SppX # 0 with the following properties:

(1) B € II(F), in particular B G A.
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(2) Zk,a/B C pr,B(YB k) for k> 1, where Y = SppX and Dk,B: A x Py a/p —
Py /B 1s the second projection.

(3) Stab®((Yp,k)y) = B for generic y € Zy, a/p and k> 1.

(4) Fork > 1, there exist a Zy-admissible modification ﬁkyA — Py, 4 with a regular
map o : ﬁkyA — Py, a/p and a Zariski closed set Vi, C }3;@,,4 such that

(a) Zy,a/p Co(Vi) and Vy C 2;“ where 2k - JSk,A is the minimal transform;

(b) set )A(k = (Xg X Py a ﬁ;%A)[ZC] c Ax ]3;67,4; then X’“'Z — 21« is flat;

(c) let P, A/B Py a/B be a Zy, 4/p-admissible modification with the mini-
mal transform leg,A/B - PIQ’A/B, let ]3[3714 = (ﬁk’A kayA/BP,;A/B)[Z,’“A/B]
and Vi = (Vi X Py a/p PI;,A/B)[Z];,A/B] - PI;,A; then ]:13,; R - Vi

(d) the image of supp )?k‘h/k - AxﬁkyA under the map Axﬁk,A — AxPy a/p
is contained in supp Yp ; C A x Py oa/B-

(5) If k> 1, then for generic y € Zj, 4B, the natural map (Ypx)y — (YB,k—1)yo
is an isomorphism, where yo € Pr_1 a/p 1s the image of y under the map

Py a/p = Pr_1,4/B-

In the proof of this lemma, we use the following notation: Let V C A x S be
a Zariski closed set. Let B C A be a semi-abelian variety. We set

SppV = [(V+b) CV.
beB

Then SpgV C A x S is a Zariski closed subset.

Proof of Lemma 11.18. Let B be the set of all semi-abelian subvarieties B C A
such that B satisfies the three properties (1), (4), and SppX # (. To show that
B is non-empty, we shall prove {0} € B. We note that {0} € II(F). Indeed, by
Sp{oy X = X, we have F — Spyo, X. Hence if {0} ¢ II(F), then {0} € Ax 3(F).
This contradicts A x 5(F) = 0. Hence {0} € II(F). To prove that {0} satisfies (4),
we take a Zj-admissible modification o: ﬁkA — Py 4 such that )?k|2k — Zk is
flat, where X r and Ek are defined as in the statement of the lemma. The existence
of such a modification follows from Lemma 11.11. We set Vj, = Zj. Then (4) is
satisfied. Thus {0} € B. In particular, B is non-empty.

We remark that if B € B, then (2) is satisfied for sufficiently large k satisfying
(4). Indeed, by Fp, , = Zi, we may apply Lemma 11.14 to get Zx C pr(Xy),
where we continue to write the induced map py: A x Pk A = Pk A- Hence by
Vi C Zk (Cf. ( )), we have Vj, = pk(Xk‘Vk)- By (4d), we have O’(Vk) - pk,B(YB,k),
where pr.p: A X Py a/p — Pj, a/p is the second projection. By Zj 4,5 C 0(Vi)
(cf. (4a)), we get Zj, 4,5 C pr,B(YB,x). Hence (2) is true for B € B.
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Claim 1. If B € B, then assertion (5) is satisfied.

Proof. Since Zj, 4,p is integral, the generic flatness yields that there exists a non-
empty Zariski open set Uy C Zj 4/p such that Yka|Zk,A/B — Zy,a/p is flat
over Uy. We may assume that the image of Uy under Zy o/p — Zix_1,4/B 18
contained in Ug_;. For each k, note that the Hilbert polynomials of the fibers
(Y )y are all the same for y € Uy. We denote this polynomial by Hj,. For y € Uy,
we have (Yp )y C (YBu—1)y, C A, where yg € Py_1 a/p is the image of y under
the map Py 4/p — Py_1,4/5- Hence Hy < Hj,_1. Thus we get

Hy > Hpyr > Hip2 2

By [46, Lem. 8.2], there exists kg such that Hy, = Hg,41 = ---. Hence if k > ko+1,
we have (Yg 1)y = (YB,k—1)y,- This completes the proof. O

In the following, we shall prove that a maximal element in B satisfies (3). We
take B € B. We consider Y5 k|z, ,,5 — Zk,a/5- Then by property (2), this map is
surjective. Set Cy = Stab®(Yp 1), C A for generic y € Zi,a/B (cf. Lemma 11.12).
Note that (Ygx), C A is B-invariant. Hence

BCCk.

By Claim 1 above, there exists C such that Cy = C for all sufficiently large k.

We shall show C € B. By the construction, we have Sp-Y # (. Hence by
SpcY C SpeX, we have SpX # (. By B € B, we may take ]3k7A — Py.a,
o: ﬁk,A — Py a/p, and Vi C ﬁk,A, which are described in (4). Here and in
what follows, we assume that k is sufficiently large, satisfying (4) for B. Using
Lemma 11.11, we take a Zj, 4,p-admissible modification P,;,A/B — Py, /B such
that

. Vk,|Zl/c,A/B — Z,;A/B is flat, where Z; , p C Pj 4, p is the minimal transform
and V[ C P} , is defined by V{ = (Vi xp, ., Pha/p)lZha/p) as in the

statement of (4c).

We present the following commutative diagram:
}312,,4 — P A/B
Py a—— Py a/B-

Note that by {0} € II(F), Lemma 11.16 yields that Z; 4,5 C U(Zk). Hence
Py o = Py, is a Zp-admissible modification. Hence we may define the minimal
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transform 2,; C IS,Q’A. Set )?,’C = (X X5 A JS,QA)[Z’C] C Ax IS,Q}A. We set

Wi, = supp V| z: - ﬁé,A

k,A/B

We claim the following.

Claim 2. The image of supp Xj|w, C A x 13,2’14 under the map A x 13,2’14 —
A X Py, 4/p is contained in Sp, (supp Ya.).-

Proof. By the definition of C}, there exists a dense Zariski open U C Zj a/B
such that supp Yp x|v C Spc, (supp Y ). By shrinking U, we may assume that

UcC Zl/c,A/B' Since Vk’|ZL,A/B — Z,’C)A/B is flat, Lemma B.1 yields that Wy |y C Wy

is dense. Since )A(k|2k — Zj is flat, Lemma 11.10 yields that 55;6'2{@ — Z’C is flat.
By Wy C V. C Z},, we get that X}|w, — Wj is flat. Hence Lemma B.1 yields that
supp)A(,’C|(Wk|U) C supp )A(,’Q|Wk is dense.A R

Now by (4d), the image of supp Xj|w,|,) under A x Py 4, — A X Py a/p is
contained in supp Yp x|v, hence Spg, (supp Yp ). Thus the image of supp )A(,’€|Wk
is contained in Sp¢, (supp Y x)- O

Claim 3. Let PIQCA/B — PAA/B be a Z,;A/B—admissible modification. Let Zl/c/,A/B c
IQIA/B be the minimal transform. Set

Plg,A = (PIQ,A Pl a5 P}é/,A/B)[ llg/,A/B]

and W = (Wi xp; | Pla)lZ{ a/5) © PiLa- Then Fp, = Wi

We present the following commutative diagram:

o~ 17
" o 1"
k,A > Pk,A/B

I

’
/ g /
k,A Pk,A/B'

Proof of Claim 3. Set V' = (Vi xp/ A/BP,;’A/B)[Z,’C’A/B] C 13,;’)14. Since V|2
Z,;,A/B is flat, Lemma 11.10 yields that VkN|Z§J,A/B = Vk/|Z£-,A/B X2l arn Z,';A/B.
Similarly, applying Lemma 11.10 to V,€’|Z;C e P, A/B> We have

JA/B

((Vilzy ,0) ¥ Py n Ploas)ZE ays) = Vilzy %2 5 Zk.asp-

Note that W™ = supp(((V{|z . ) xp P a8 Z; A/ pl)- Hence we get

k,A/B k,A/B

suppV{'|zv =Wt

k,A/B
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Now by Lemma 11.9, we have V" = (Vi xp, ,,» By 4/p)[Z) 4,5 and ]3,;’)14 =
(Pr.A X Py /5 P ayp)Z);, 4/ )- Hence by (4c), we have Fp, ~— Vi By Assump-
tion 11.2, we have .FPIZA/B — ZI’C”A/B. Thus by Lemmas 3.5 and 3.8, we get
Fpn — Wt This concludes the proof of the claim. O

%A
We are going to prove C' € B. We first prove C' € TI(F). By Lemma 11.9, we

have X}, = (X1 xp, , Py 4)[Z;]- Hence by Lemma 11.14, we have

fiw (D) C X

for all f € F with finite exception. We have F5, — Wj. Hence by Lemma 3.8,
k,A

{fim}rer — )?,’C\Wk By Claim 2 above, we have F — Sp¢, Y, hence F — Spckj(.
Hence by Ax 4(F) = 0, we get C}, € II(F). Thus C' € II(F). In particular, we
have C # A.

By C € II(F), the definition of Ty 4/p yields that Ty a/p ¢ Ey a/B,.a/c-
Hence

(11.12) Zi,a/B € Eya/pajc

Note that the rational map Py o/p --* Py, a/c is regular outside Ey 4/ 4/c- Thus
we may moreover assume for the 7, 4,p-admissible map P A/B Py 4/ that

o u: Pl::,A/B — Pj, a)c exists.

We get the following:

’
DI o ’ H
Pk,A B Pk,A/B >Pk,A/C

L]

Pioa —— Py a/B-
By Lemma 11.16, we have
(11.13) Zxajo C1lZy a/p)-

Now we shall show that 7: ﬁ}é,A — Pra/c and Wy, C }3,;)14 satisfy condi-
tion (4). By Lemma 11.9, we have X; = (Xj, xp, , P 4)[Z;]. Note that Zy 4,c C
T(Wy) follows from o' (Wy) = Z,;A/B (cf. (11.13)). Also by Vj, C Zj, we have
Wy C Vi, C Zj,. These show (4a). Since Xy|; — Zj is flat, Lemma 11.10 yields
that X,’g|2;€ — Z;, is flat. This shows (4b).
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Next we prove (4c). Let P; o A/C Py ac be a Z, 4/c-admissible modifica-
tion. We consider the following:

~ "
1" g 1"
Pk,A Pk,A/B Pk VA/C

A B

/ o / H
PIc,A*LPk,A/B » Prajc

Here, P/ A/B = (PIQ,A/B X Py.ajc PIQ,A/C)[ZIQ,A/C}' }‘hen P]:,A/B - PIQ,A/B is a
Zk,A/B admissible modification (cf. (11.13)). Since P 4 is integral, we may apply
Lemma 11.8 to get Py 4 = (P 4 Xp, 4/ P,;A/C)[Z,’C A/C] (cf. (11.13)). Set W] =
Wekxpy 40 Py a/c)Z), 4)c]- Then by Lemma 11.8, we get Wi W] (cf. (11.13)).
Thus by Claim 3, we get fAI!.A — W/. This shows (4c).

Finally, to check (4d), we prove that the image )A(,’€|Wk C Ax }312,14 — A x
Py a/c is contained in S¢ C A x Py a/c, where S = SpeX. We have SpY = S.
Hence we get Spo(Ys k) = Sp.x. Hence Lemma 11.17 yields

(11‘14) SpC(YB’k)|(Pk,A/B\Ek,A/B,A/C) - @_1(5()7’“)’

where @: Ax (Pk A/B\EA/B A/Ck) — Ax Pk JA/C- We take U C Pk JA/B such that
UNZiap # ¢ and P A/B — Pp, 4/p is an isomorphism over U. We consider as
UcCP A/ BY (11.12), we may assume

UCPyaB—Era/pajc:

Since Vk’\z/ A Z, a/p s flat, Lemma B.1 yields that Wiz ,5n0) C Wy, is

dense. By Claim 2 and (11.14), the image of Xk|Wk|(Z/ under A x Pk A=

L)
A x P, kA/C is contained in Sc¢ j, provided £ is Sufﬁ(nently large so that Cy = C.
Since Xk:|Wk — Wy, is flat, Lemma B.1 yields that the inclusion Xk|Wk|(z/ a0 -
k|Wk is dense. Hence the image supp XkIWk C AxP,g 4 — Ax Py A/C s contalned
in Sg . C A x Py a/c- Thus we have proved C € B.
Now we finish the proof of the lemma. We take maximal B C A such that
B e B.Set C = StabO(YB,k)y C A for generic y € Z;, 4/p and sufficiently large k.
Then B C C. By C € B and the maximal property of B € B, we have C' = B.

This concludes the proof of Lemma 11.18. O

§11.5. Proof of Proposition 11.3

Now we prove Proposition 11.3. Since F satisfies Assumption 11.2 and Ay 5(F) =
(), we may take B as in Lemma 11.18. Then B € II(F). In particular, B # A.
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Next we prove property (2) of Proposition 11.3. We take sufficiently large ko
such that properties (2), (3), (4), and (5) of Lemma 11.18 are true for k > ko.
For each k € Zy>1, let Z a/p C Py a/p be defined by (11.1). Then Zj 4/p is
an irreducible Zariski closed set such that Ty a/p C Zj,a/p. Set Y = SppX. If
k > ko, then for generic y € Zj 4/p, the natural map (Ypx)y — (YB,k—1)y, is an
isomorphism, where yo € Pr_1 4/p is the image of y under the map Py 4/p —
Py_1,4/B (cf. Lemma 11.18(5)). We set S = Py, a/p. Then Py a/ C Sia/B
(cf. Remark 2.3). We consider Zy,; a/p C Sia/p- We set Z = Zj 11,4/ C
S1,4/8- By Lemma 10.1, Z is horizontally integrable. Indeed, assumption (1)
of Lemma 10.1 follows from Lemma 11.18 (3). Assumption (2) of Lemma 10.1
directly follows from Lemma 11.18 (5). By B € II(F), the definition of T} 1, 4,5
yields that Ty 41 4/8 € Ekgt1,4/B,4/8 as subsets of Py 1) 4/p5. By P:;rfl’A/B =
Eyot1,4/8,4/8 (cf. (2.17)), we get Ty 11,4/8 € PS5 4/5>50 Zo+1,4/8 L Pr5 45
Note that

Prov1,.4/8 C Si,ayp € P(T'S;—1,4/8 % Lie(A/B)).

Then we have

S?,‘,’;%B N Prgrr,a/B =P(Ts,_, 4,578 X {0}) N Pryria/B
C P(TSi—1,4/B X {0}) N Prygr,4a/B = P:gfz,A/B'

Thus Zy,41,4/8 ¢ Sls’izfiB. Hence for generic y € Z, there exists y; € Zy 41,.4/8 —

SiiZ%B such that (Y xg+1)y = (YB.ko+1)y,- We note that

VB kott = (YB.ko) B N (A X Pyyyi,4/B)

for [ > 1, which follows from the definitions (9.3) and (10.1). Hence assumption (3)
of Lemma 10.1 is satisfied. Thus Z is horizontally integrable.

Now we prove F — SpBX'. We take ﬁkyA — Py, 4 and )/fk C Ax ﬁkyA as in
Lemma 11.18 (4), where we fix k > ko. By Lemma 11.14, we have fj,)(D) C X, for
all f € F with ﬁniteA exception. Hence by Fp = — Vi (cf. Lemma 11.18 (4c)), we
have {fiy}rer — Xklv, (cf. Lemma 3.8). Hence by Lemma 11.18 (4d), we have
F — SppX. This completes the proof of Proposition 11.3. O

§12. Proof of Theorem 1.2

The aim of this section is to prove Theorem 1.2.

Lemma 12.1. Let F = (f;)ics be an infinite indexed family of holomorphic maps
in Hol(D, A). Then replacing F by its infinite subfamily, we have II(G) = II(F)
for all infinite subfamilies G of F.
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Proof. There are only countably many semi-abelian subvarieties B C A (cf. [35,
Cor. 5.1.9]). So we enumerate them as Bj, Ba, . ... If this sequence is finite, say it
terminates at B, we extend it to an infinite sequence by defining By = By, for
all k > L. If I contains an infinite subset I' C I such that (|(wp, o fi)'|w,, s, Jier
converges uniformly on compact subsets of D to 0, then we set I; = I'. If there is
no such I’, then we set Iy = I. If I; contains an infinite subset I’ C I such that
{[(@B, © fi)'lwa, s, bier converges uniformly on compact subsets of D to 0, then
we set Io = I'. If there is no such I’, then we set Iy = I;. We continue this process
to get an infinite decreasing sequence of infinite sets I D Iy D I D ---. We define
an infinite sequence i1, is, i3, . . . of distinct elements in I so that for each [ > 1, we
have

(12.1) ir €1,

for all k£ > [. This sequence is constructed inductively as follows. We take i € I.
Suppose distinct elements i1, %2, . . ., i, are chosen so that (12.1) holds for all k,1 €
N with 1 <1 < k < n. Then we choose ip+1 € Int1 — {i1,...,i,}. Thus we have
constructed the sequence i1, 9, ... with the desired property (12.1).

Now we set J = {iy,42,13,...}. Then for all semi-abelian subvarieties B, we
have either

¢ ([(@p o fi)|lwa, s )ics converges uniformly on compact subsets of D to 0, or

¢ no infinite subfamily of (|(wp o fi)'|w,, 5 )ics converges uniformly on compact
subsets of D to 0.

Hence replacing F by (f;);jes, we get II(G) = II(F) for all infinite subfamilies G
of F. O

Lemma 12.2. Let F = (f;)ics be an infinite indexed family of non-constant holo-
morphic maps in Hol(D, A). Then there exists an infinite subfamily G of F such
that all infinite subfamilies of G satisfy Assumption 3.19.

Proof. By replacing F by its infinite subfamily, we have
(12.2) I(F') = II(F)

for all infinite subfamilies 7' of F (cf. Lemma 12.1). Let & > 1 and B € II(F).
Then only finitely many i € I satisfy (fi)p, ,(D) C Ej a,4/8, for if (fi)p, ,(D) C
Ej 4,4/8, then (wp o f;)’ = 0. Hence, given an infinite subfamily F” of F, we
may apply Lemma 3.14 to get an infinite subfamily H of ' such that LIM(Hp, ,,
{Ek,a,4/B}Ben(F)) exists.

We apply the argument above for £ = 1 to get an infinite subfamily F; =
(fi)ier,, where Iy C I, such that LIM((F1)p, 4, {E1 4,4/8} Beni(F)) exists. Again
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we apply the argument above for k = 2 to get an infinite subfamily 7o = (f;)icr,,
where Iy C Iy, such that LIM((F2)p, o, {F2,4,4/8} Ber(r)) exists. Continue this
process to get an infinite decreasing sequence of infinite sets I D [y D Io D ...
We define a countable infinite subset J = {i,42,43,...} of I such that (12.1)
holds for all I > 1 and k& > [ (cf. the proof of Lemma 12.1). Set G = (fi)ic-
Then LIM(Gp, 4, {Ek,a,4/8} Ben(r)) exists for all £ > 1 (cf. Remark 3.13 (3)). Let
H be an infinite subfamily of G. Then LIM(Hp, ,,{Ek a,4/8}Ben(F)) exists for
all k> 1 (cf. Remark 3.13(3)). Hence, by (12.2), LIM(Hp, ,,{Ek a,4/B}Beti(2))
exists for all k > 1. Thus H satisfies Assumption 3.19. The proof is completed. [

Lemma 12.3. Let F C Hol(D, A) be an infinite set of non-constant holomorphic
maps. By replacing F by its infinite subset, we may assume Assumption 11.2.

Proof. By replacing F by its infinite subset, we may assume (12.2) for all infi-
nite subsets F' C F (cf. Lemma 12.1). We enumerate the elements of II(F) as
Bi, Bs,.... If this sequence is finite, say it terminates at By, we extend it to
an infinite sequence by defining By = By, for all £ > L. We apply Lemma 12.2
to get an infinite subset F; C F such that all infinite subfamilies of (F1)a/p,
satisfy Assumption 3.19. Again we apply Lemma 12.2 to get an infinite subset
Fo C Fi such that all infinite subfamilies of (F2)4,p, satisfy Assumption 3.19.
We continue this process to get an infinite descending sequence of infinite sets
F D F1 D Fa D ---. We define a countably infinite subset G = {f1, fa, f3,...}
such that fi € F; for all [ > 1 and k > [ (cf. the proof of Lemma 12.1). Then, for
all B € II(F), Ga,p satisfies Assumption 3.19. By (12.2), we have II(G) = II(F).
Hence for all B € 11(G), G,/ p satisfies Assumption 3.19. Hence G satisfies Assump-
tion 11.2. O

Lemma 12.4. Let X g A. Let A be a smooth equivariant compactification and let
X C A be the compactification. Let F C Hol(DD, X) be an infinite set of holomorphic
maps. Then there exist a semi-abelian subvariety B C A and an infinite subset
G C F with the following two properties:

(1) Let A/B be a smooth equivariant compactification. Then there exists an infinite
subset H C G such that {w o f}cy converges uniformly on compact subsets
of D to g: D — A/B, where w: A — A/B is the quotient map.

(2) G — SppX.

Proof. We may assume that F contains only finitely many constant maps, for
otherwise our lemma is trivial by setting B = {0} and G is the set of constant
mappings in F. We remove those constant maps from F and assume that all
elements of F are non-constant.



BrocH’s PrINCIPLE FOR HOoLOMORPHIC MAPS 591

We first reduce to the case A is projective. When this is not satisfied, we may
take an equivariant modification A — A such that A is smooth and projective
(cf. Lemma A.8). Let X C A be the compactification. Then the image of SpB)A( C
X under the natural map X — X is contained in SppX. Hence G — SpB)? implies
G — SppX. Hence we have reduced to the case that A is projective.

By Lemma 12.3, we may take an infinite subset G C F such that G satisfies
Assumption 11.2. We prove the lemma in two cases.

If Ax 4(G) # 0, then we take B € Ax 5(G). Then G — SppX and there exists
an infinite subset H C G such that {|(w@ o f)'|s,, s
compact subsets of D to 0. Hence replacing H by its infinite subset, we conclude
that {@wo f} ;e converges to some constant map. Thus our lemma is valid in this
case.

If Ax 5(G) =0, then we take B as in Proposition 11.3. We have G — SppX.
By Proposition 11.3 (1), we have B € II(G). Hence an infinite indexed family G4, 5
in Hol(D, A/B) contains only finitely many constant maps and satisfies Assump-
tion 3.19. By Proposition 11.3(2), we get k such that Zy11 a/p C Pyy1,4/8 is
horizontally integrable, where Z; 1 4/p is defined in (11.1). Let A/B be a smooth
equivariant compactification. By Corollary 8.4, we may choose an infinite subset

}ren converges uniformly on

M C G such that {w o f}ecy converges uniformly on compact subsets of D to
g: D — A/B. The proof is completed. O

Now to prove Theorem 1.2, Lemma 12.4 is weak for two reasons. Firstly, the
limit morphism ¢g: D — IVB is obtained only in the compactification 173 , not in
A/B itself. Secondly, the choices of B and G depend on the compactification A.
In the remainder of this section, we shall resolve these issues.

Let B C A be a semi-abelian subvariety. Let A and m be equivariant
compactifications with an equivariant map p: A— ITB . We consider the following
assumption.

Assumption 12.5. For every = € A, if a semi-abelian subvariety C' C A satisfies
C - p(z) = p(z), then C' -z C B -z as subsets of A.

By choosing an equivariant blow-up ¢: A— Aanda particular equivariant
compactification A/B, we may assume this assumption. We may assume that A/B
is smooth. This is a consequence of Lemma A.15.

Lemma 12.6. Let X ;Cé A be a proper closed subvariety. Let B C A be a semi-
abelian subvariety. Let A/B be a smooth equivariant compactification and let A be
an equivariant compactification such that an equivariant map p: A= m with
Assumption 12.5 exists. Let F C Hol(D, X) be an infinite set of holomorphic maps
such that F — SpB)A(, where X C A is the Zariski closure of X C A. Assume that



592 K. Yamano1

(po f)jer converges uniformly on compact subsets of D to g: D — A/B such that
g(D) C (A/B). Then there exists a semi-abelian subvariety B’ C A with B C B’
such that the following two properties hold:

(1) (p' o f)fer converges uniformly on compact subsets of D to h: D — A/B’,
where p': A — A/B’ is the quotient map.

Proof. Let Y C X be the smallest Zariski closed set such that F — Y (cf. Lem-
ma 3.6). We have

(12.3) Y C Spy(X).

Note that p(Y") is the smallest Zariski closed set such that (pof)rcr — p(Y'). Hence
p(Y) is the Zariski closure of g(D) (cf. Remark 3.7). By ¢g(D) C 9(A/B), we have
p(Y) € d(A/B). Let V C A/B be the Zariski closure of p(Y) + (A/B) C A/B.
Then since p(Y) is irreducible, V' is irreducible. Note that V is A/B-invariant.
Hence by Lemma A.11, there exists an A/B-invariant Zariski open set W C IVB
such that V' C W and that an equivariant morphism 7: W — V exists. Let
I C A/B be the isotropy group for V. Let O C V be the unique dense A/B-orbit.
Then O is isomorphic to (A/B)/I and O Np(Y) # (. Hence

(12.4) g(D) ¢ V\O.

Since (p o f)fer converges uniformly on compact subsets on D to g, the indexed
family (T opo f)rer converges uniformly on compact subsets on D to 70 g = g.
We have Topo f(D) C O for all f € F. Hence by (12.4), we have g(D) C O. Let
B’ be B C B’ C A such that B'/B = I. Then under the isomorphism O ~ A/B’,
we have p’ o f = 7 opo f. Hence we have proved (1).

In the following, we shall prove 7 — Spp, ()/(\') Note that the action of B’ on
p(Y) is trivial. Hence by Assumption 12.5, we have B'+Y C B+Y. Since Spg ()/(\')

is B-invariant, we have B+Y C SpB)/(> (cf. (12.3)). Hence we get
B'+Y CSppX C X.
HenceYCSpB,)A(, so}'—>SpB,X. O

Lemma 12.7. Let X g A be a proper closed subvariety. Then there exists a
smooth equivariant compactification A such that Sp 4(X) = 0.

Proof. Let A be an equivariant compactification and let X C A be the closure.
Set Z = [\,cala + X) as a scheme. By X # A, we have suppZ C JA. Let
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m: A x A — A be the A-action on the equivariant compactification A. We first
prove

(12.5) m*Z=AxZ.

Indeed, we have a + Z = Z for all a € A. Hence by Lemma A.17, we have
A x Z Cc m*Z. To prove the converse m*Z C A x Z, we consider an isomorphism
p: Ax A — Ax A defined by (a,z) — (a,m(—a,z)). By Lemma A.17, we also
have A x Z C p*(A x Z). Note that m o p: A x A — A is the second projection.
Hence p*m*Z = A x Z. Thus p*m*Z C p*(A x Z), hence m*Z C A x Z. Thus
we get (12.5).

We claim that the blow-up A = Bl;A is an equivariant compactification.
Indeed, the map m: A x A — A induces m’: A x BlzA — A. Note that A x
Bl A = Blaxz(A x fl). Hence by (12.5), (m’)*Z is a Cartier divisor. Hence m’
factors as A x Bly A — BlzA. Hence we have proved that Bl; A is an equivariant
compactification.

Now we may take finite points aq,...,a; € A such that Z = ﬂizl(ai + X) as
a scheme. Then we have

1
(12.6) (@i + X) =0,
i=1

where X C A is the Zariski closure of X. We prove this. Let ¢: A — A be the
morphism. Since p*Z C A is a Cartier divisor, Z,-z C O} is an invertible sheaf. By
T (as i) C Torz C Oy, we take Y; C A such that Ty, =T, (, . 5 ® (Zpo2) "' C
O . Then by I<p*(a1+)?) 4. '+Iap*(az+)~() =Tywz, we have Tyvz - (Zy, +-+Iy,) =
T,z so that Ty, +---+Zy, = O 4. Hence Y1 N---NY; = . Note that a; + X C Y;.
Hence we get (12.6). By Sp,(X) C ﬂizl(ai + X), we have Sp,(X) = (. By
Lemma A.7, we may take a smooth equivariant modification A — A. Then A
satisfies our assertion. (See also [35, Prop. 5.6.7].) O

Let X C A be a closed subvariety and F C Hol(ID, X') be an infinite set. Given
an equivariant compactification A, we set

QA F) = {B CA F— SpBX},

where X C A is the Zariski closure. Then {0} € Q(A,F), hence Q(A,F) # 0.
If G C F is an infinite subset, then we have Q(A,F) C Q(A4,G). Indeed, if B €
Q(A, F), then F — SppX. Hence G — Spp X, which shows B € Q(A,G).

Lemma 12.8. Replacing F by its infinite subset, we have Q(A, F) = Q(A,G) for
all infinite subsets G C F and all smooth equivariant compactifications A.
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Proof. The pairs (/1, B) of smooth equivariant compactifications A and semi-
abelian subvarieties B C A are countable (cf. Lemma A.10 and [35, Cor. 5.1.9]).
We enumerate them as (fll, By), (1212, Bs), . ... If this sequence is finite, say it ter-
minates at (Az, Br), we extend it to an infinite sequence by defining (A, By,) =
(AL,BL) for all & > L. In the following, we construct an infinite descending
sequence F D F; D Fo D --- of infinite subsets such that for all £ > 1, one of the
following occurs:

(1) Fr — Ska)A(k, where )?k C Ay is the Zariski closure of X in flk, or
(2) F' 4 Ska)?k for all infinite subset F' C F.

The construction is the following. If there exists an infinite subset 7' C F such
that 7/ — Spp, )A(l, then we set F; = F’, otherwise we set F; = F. If there exists
F' C F; such that 7/ — Ssz)Afg, then we set Fo = F’, otherwise F» = Fi. In
this way, we get F D F1 D Fa2 D

We define an infinite sequence f1, fo, f3,... of distinct elements in F so that
for each [ > 1, we have

(12.7) fe € Fi

for all k& > [. This sequence is constructed inductively as follows. We take f; € F7.
Suppose distinct elements fi, fo,..., f, are chosen so that (12.7) holds for all
k,l € Nwith 1 <1<k <n.Then we choose f,+1 € Frnt1—{f1,.-., fn}. Thus we
have constructed the sequence fi, fa,... with the desired property (12.7).

Now we set F, = {f1, f2,...}. Then F, C F is an infinite subset. Let G C F,
be an infinite subset and A be a smooth equivariant compactification. We claim
Q(A,F,) = Q(A,G). To show this, it is enough to show Q(A,G) C Q(A,F,).
Let B € Q(A,G). We may take k such that (A B) = (A, By). Since G N Fy, is
infinite, G — Spp, Xk yields that 7 — Spg, Xk Hence F, — Spp, Xk, so that
B € Q(A,F,). Hence Q(A,G) C Q(A,F,). We replace F by F, to conclude the
proof. [

In the following, we write Q(A) = Q(A, F) if no confusion may occur.

Lemma 12.9. The set Q(A) contains a finite number of mazimal elements, i.e.,
there exist By,...,B; € Q(A) such that for all B € Q(A), there exists B; such
that B C Bi-

Proof. By Lemma 3.6, there exists a Zariski closed set Y C X such that for Zariski
closed subsets V C X, we have F — V if and only if Y C V. If B € Q(A), then
Y C SpypX. Since Spg X is B-invariant, we have B+Y C Spz X, hence B+Y C X.
Conversely, if B C A is a semi-abelian subvariety such that B +Y C X, then we
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have Y C SppX. Hence we have F — SppX, so B € Q(A). Thus B € Q(A) if
and only if B+Y C X.

Let ¢: A xY — A be the restriction of the A-action A x A — A. Then
¢ YX) C A XY is Zariski closed. We define Z C A to be the set of a € A such
that {a} x Y C ¢p71(X). Then Z C A is Zariski closed. We have

(12.8) BeQ(A) < BcCZ.

We set U = Lie(A) — {0}. Let ¢: C x U — A be an analytic map defined by
¢(z,u) = exp(zu). For t € C, we define t;: U — C x U by t1(u) = (t,u). We set
Z2=(¢ouw)"(2).
teC

Then Z C U is an analytic subset such that
(12.9) u€eZ e ¢,(C) C Z,

where ¢, : C — A is a one-parameter group defined by ¢, (z) = exp(zu). For each
b € C*, we have ¢p,(2) = ¢y (bz). Hence Z C U is invariant under the natural
C*-action on Y. Thus Z/C* is an analytic subset of U /C* = P(Lie(A)). Indeed,
let Q C P(Lie(A)) be an open set with a local analytic section o: Q@ — U of the
natural projection ¢ — P(Lie(A)). Then we have o=1(Z) = (Z/C*) N €. Since
o~ 1(Z2) C Qs an analytic subset, Z/C* is an analytic subset of P(Lie(A)). Hence
by Chow’s lemma, Z/C* is an algebraic subset of P(Lie(A)).

For [u] € P(Lie(A)), where u € Lie(A) — {0}, let By, be the Zariski closure of
¢4 (C) C A. Then Bp,) C A is a semi-abelian subvariety. Then by (12.9), we have

(12.10) [u] € Z/C" & By, C Z.
Hence [u] € Z/C* if and only if P(Lie(By,))) C Z/C*. Thus
z/cr= |J P(Lie(By)).
[ulez/C*
Note that there are only countably many semi-abelian subvarieties of A (cf. [35,
Cor. 5.1.9]). Hence there exist [u1],...,[u;] € Z/C* such that
Z/(C* = P(LIQ(B[ul])) U---u P(LIG(B[W]))

Now if B € Q(A), then B C Z (cf. (12.8)). Hence we have P(Lie(B)) C Z/C*
(cf. (12.10)). Hence there exists By,,) such that B C B,,). This concludes the
proof. O

Let ¥ be the set of all semi-abelian subvarieties of A. Let Q be the set of all
subset (Q C X such that
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(1) @ contains a finite number of maximal elements, and
(2) if B, B’ € ¥ such that B € Q and B’ C B, then B’ € Q.

Then Q satisfies the following.

Lemma 12.10. Let Q1 D Q2 D Q3 D -+ be a descending sequence in Q. Then
there exists k > 1 such that Qi = Q11 = Qri2 =

Proof. For each Q € Q, we denote by Quax C @ the set of the maximal elements
in Q. Then Quax C @ is a finite subset. We set

U B

BeEQmax

Then Py C Ais a Zariski closed set. We claim that @) C Q" if and only if Py C Py-.
Indeed, assume @ C Q'. Then for B € Quax, we have B € @', hence there exists
B’ € @,.x such that B C B’. This shows B C Py, hence Py C Py . Conversely,
suppose Py C Pg/. Let B € . Then B C Py C Py . Hence there exists B’ € Q/,.«
such that B C B’. Thus by property (2) for Q, we have B € @'. Hence Q C Q’.
Thus we have proved that ) C Q' if and only if Py C Py..

Now let @1 D Q2 D Q3 D --- be a descending sequence in Q. Then we have

FPg, D Py, D Pg, D ---. Thus by the Noetherian property, there exists k such
that PQk = PQk+1 = PQkJrz = ---. Then we have Qk = Qk+l = Qk+2 =---. The
proof is completed. O

For each equivariant compactification A, we have Q(A) € Q. Indeed, by
Lemma 12.9, Q(A) contains a finite number of maximal elements. If B € Q(A)
and B’ C B, then by SppX C Spp X, we have F — SpB,X hence B’ € Q( A).
Thus Q(A) € Q. For an equivariant, compactification A — A, we have Q(A)
Q(A). Indeed, the image of Spz(X) C A under the map A — A is contained in
Spy(X) C A, which implies that if B € Q(A), then B € Q(A).

Lemma 12.11. There exists an equivariant compactification A such that for every
equivariant compactification A — A, we have Q(A) = Q(A). Moreover, we may
take A to be smooth.

Proof. Assume on the contrary that we get a sequence A; < Ay « --- such that
Q(A1) 2 Q(A3) 2 ---. But this does not occur from Lemma 12.10. Hence there
exists A of the desired property. If our A is not smooth, we may replace A by its
smooth equivariant blow-up. This exists by Lemma A.7. O

We reduce Theorem 1.2 to the following equivalent statement.
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Theorem 12.12. Let A be a semi-abelian variety. Let X g A be a proper closed
algebraic subvariety. Let F C Hol(D, X) be an infinite set of holomorphic maps.
Then there exist a proper semi-abelian subvariety B ; A and an infinite subset
G C F with the following two properties:

(1) (wo f)reg converges uniformly on compact subsets of D to g: D — A/B,
where w: A — A/B is the quotient map.

(2) Let A be an equivariant compactification and let X C A be the compactifica-
tion. Then G — SppX.

Proof. By Lemma 12.8, replacing F by its infinite subset, we may assume that
(12.11) QA F) = Q(A,6)

for every smooth equivariant compactification A C A and every infinite subset
G C F. By Lemma 12.11, we may take a smooth equivariant compactification A
such that

(12.12) QA F) = Q(A, F)

for all A — A.
We claim that for every equivariant compactification A and infinite subset
G C F, we have

(12.13) Q(4,6) C Q(4,9).

To prove this, we apply Lemmas A.7 and A.9 to get a smooth equivariant blow-up
A — A such that A — A exists. Then by (12.11) and (12.12), we get

Q(A,G) =Q(A,F)=Q(A,F)=Q(A,Q).

On the other hand, the existence of the map A — A yields Q(4,G) C Q(4,G).
Hence we get (12.13).

Now we apply Lemma 12.4 for F and A to get By C A and G C F. Then
we have § — SpBo)?, hence By € Q(A,G). We choose an equivariant blow-up
p: A — A and an equivariant compactification A/Bg such that p: A — A/By
exists and satisfies Assumption 12.5 (cf. Lemma A.15). We may assume that A/ By
is smooth. By (12.13), we have By € Q(A, G). Thus G — —+ Spp, (X X). By Lemma 12.4,
we get an infinite subset H C G with a limit g: D — A/By of (po f)fen.

We first consider the case (D) C A/Bo. We take arbitrary A. Then by (12.13),
we have By € Q(A,G). Hence H — SpBOX Note that By satisfies Spp, (X) # 0
for all A. Hence by Lemma 12.7, we have By ; A. We replace G by H and set
B = By to conclude the proof in the case g(D) C A/By.
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Next we assume g(D) ¢ A/By. Then we have g(D) C 9(A/By). Then by
Lemma 12.6, we get B with By C B C A such that {@wo f} rcy converges uniformly
on compact subsets of D to g: D — A/B and that % — Spp(X). Hence the
existence of A — A shows that H — SppX. We take arbitrary A. Then by
(12.13), we have B € Q(A, H). Hence H — SppX. Our B satisfies Spg(X) # 0
for all A. Hence by Lemma 12.7, we have B g A. We replace G by H to conclude
the proof. O

Proof of Theorem 1.2. Let (f,)nen be a sequence in Hol(D, X). We may assume
that the set 7 = {f,; n € N} C Hol(D, X) is infinite, for otherwise, we may take
a subsequence consisting of the same maps, hence the theorem is trivially valid
for B = {0}. Then we apply Theorem 12.12 to get B and G C F. To conclude the
proof, we take a subsequence (fy, )ren of distinct elements in G. O

§13. Proof of Theorem 1.3

In this section, we prove Theorem 1.3. We recall the Zariski closed subset S C X
from the statement of Theorem 1.3.

Lemma 13.1. Let X ;Cé A be a closed algebraic subvariety of a semi-abelian vari-
ety A. Let A be a smooth equivariant compactification and let X C A be the
compactification. Let (f;)icr be an infinite indexed family of holomorphic maps in
Hol(D, X) such that (f;)icr /> S. Then there exists an infinite subset J C I such
that (fi)ics converges uniformly on compact subsets of D to some h: D — X.

In the following proof, we recall C}, from (8.1).

Proof. Set F = {f;; i € I} C Hol(D, X). Then we may assume that the map
I — F defined by i — f; is a finite-to-one mapping, for otherwise we may choose
an infinite indexed subfamily which consists of the same elements in Hol(D, X).
In particular, F is infinite. By (f;)ic; # S, we have F /A S. We shall show
the existence of an infinite subset G C F which converges uniformly on compact
subsets of D to some h: D — X.

By replacing F by its infinite subset, we may assume that F' 4 S for all
infinite subsets 7' C F (cf. Lemma 4.8). We take B C A and G C F as in
Theorem 12.12. If B = {0}, then our lemma is valid. Hence we assume dim B > 1.
Let Z C 0X be the locus where B acts trivially. Then SppX C S U Z, hence
G — SUZ. Let Z be the set of all Zariski closed sets Z' C Z such that G — SUZ’.
By G — SUZ, we have Z € Z, hence Z # (). By the Noetherian property, we
may take a minimum element Z’ € Z. By G A S, we have Z' # (. Let T be
an irreducible component of Z'. Set St = SU (Z'\T). By (Z'\T) & Z', we have
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(Z'\T) ¢ Z. Hence
(13.1) G 4 Sr.

Let C' C A be the isotropy group of the generic points of 7. Then B C C. Let
V' C OA be the Zariski closure of A+T C JA. Then C is the isotropy group of V.
Since T is irreducible, V is irreducible. Let

p: W=V

be the vector bundle described in Lemma A.11 so that V = A/C, where V.C W
is considered a zero-section. Note that

SUuz cSruT cCcSruUV.
By G — SU Z’, we have
(13.2) G— SruV.

From the limit map go: D — A/B, we get g: D — A/C C V, which is the limit of

(po f)reg-

We are going to prove G — V. We first show ¢g(D) ¢ SrNV. To prove this, we
assume on the contrary that g(D) C SypNV. Let W C W be a compactification such
that ¢: W — Aand p: W — V exists. By (13.2), we have G — ¢~ 1(S7)UV. Since
we are assuming g(D) C Sy NV, we have (po f)reg — St NV (cf. Remark 3.7).
Hence by Lemma 3.8, we have G — p~ (St N V). Hence G — (o= *(S7)U V)N
P~ 1St NV) (cf. Lemma 3.5). By

Vnp Y (SrnV)=8rNYV,
we have
(e S UV)Np NS NV) = (¢ (Sr) NP H(SrNV)U(VNp H(SrnV))
C (p_l(ST).

Hence G — ¢~ 1(Sr), so G — Sr. This contradicts (13.1). Hence g(D) ¢ St NV.

Now we replace G by its infinite subset so that G’ 4 St for all infinite subsets
G’ C G (cf. Lemma 4.8). We take an open neighborhood St C Uy and positive
constants sg € (0,1) and 79 > 0 such that for all f € G\&;, where & C G is a
finite subset, we have

(13.3) Cir(D(so)\f " (Uo)) > o

To prove G — V', we take an open neighborhood V C U; and positive constants
s € (sp,1) and 7 € (0,~9) arbitrary. We denote by K C I the finite union of small
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open discs centered at the points of the finite set g='(S7 N V) ND(£EL) so that
g HSrNV)ND(H) € K and

(13.4) CH(K) < /4.

We take an open neighborhood Uz C W of Sy NV such that Us C p~*(U3NV) and

g(D(EH\K) c V\U; N'V. Since (po f) seg converges uniformly on D(H) to g, we

have po f(D(232)\K) C V\U; NV for all f € G\&,, where & C G is a finite subset.
Hence by Us C p~} (U3 N V), we have f(D(2H)\K) c A\U; for all f € G\&. By
replacing Uy and U; by smaller open neighborhoods of St and V', respectively, we
may assume that Uy NU; C Us. Hence we have f(D((s+1)/2)\K) c A\(Uy N Uy),

so D((s+1)/2)N f~1(Upy N U;) C K. Hence by (13.4), we have

Cu(D((s +1)/2)n f~H TN Th)) < 7/4

for all f € G\&;. Now by (13.2), for all f € G\E&;, where &3 C G is a finite subset,

we have
Cu(((s +1)/2)\f (U0 U L)) < /4.
Then for all f € G\(E2 U&3), we have

Cr(D((s + 1)/2\fT1 (U U UY)) < /2,

where U} = Ug\UyNU; and Uy = U;\UyNU;. By Lemma 5.6, there exists an
open set 2y C D(s) N f~1 (U, U UY) such that Q; is connected and

Cr(D(s)\2f) <.

Note that Uj N U{ = 0. Since f(£2f) is connected, we have either f(Qy) C Uj or
f(Qy) C U{. By 70 > 7 and (13.3), we have f(Q2y) ¢ Uy for all f € G\(E1UEUES).
Hence f(Q2y) CU; C Uy. Thus G — V.

Now by Lemma 8.2, G converges uniformly on compact subsets of D to g: D —
VN X. We take an infinite subset .J C I such that f; € G for all i € J. Then (fi)ics
converges uniformly on compact subsets of D to g. This completes the proof of the
lemma. O

Proof of Theorem 1.3. If X = A, then S = A. Hence our theorem is trivial. In the
following, we assume X G A.

Let (fn)nen be a sequence of holomorphic maps in Hol(D, X). We assume that
condition (2) of the definition of “tautly embedded modulo” is not satisfied. Then
there exist compact sets K C D and L C X — S such that, by replacing (f,,)nen
by its subsequence, we have f,(K)NL # ( for all n € N.
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We shall show
(fn)nEN 7L> S.

To prove this, we assume, on the contrary, that (f,),eny — S. We take an open
neighborhood U C X of S such that U N L = (). For each n € N, there exists
an € K such that f,(a,) € L, which follows from f,(K) N L # 0. We choose an
automorphism ¢, : D — D so that ¢, (0) = a,,. Then f,, 09, (0) € L. In particular,
fnopn(0) & U. We define 6, > 0 by

6 =sup{t € (0,1); fropn(D(t)) C X —U}.

Then we have

(13.5) frnoon(D(6,))NU =0
and
(13.6) frn 0 9n(0D(8,)) N T # 0.

Since we are assuming (fy,)nen — S, we have

(13.7) lim 6, = 0.
n—oo

Set r, = i. We define g,: D(r,) — X by gn(2) = fn o ©n(20,2). Here we
continue to write D(r) = {z € C; |z| < r} for r € R without assuming r < 1.

We define a descending sequence of infinite subsets N D Iy D Is D - - induc-
tively as follows. Set Iy = N. Suppose I;_; is defined. By (13.7), we may take an
infinite subset I} C I;_; such that §; < % for all ¢ € I]. Hence r; > [ for all ¢ € I].
Hence for each i € I}, we have the restriction g;|p«): D(I) — X. We get an infinite
indexed family (gi[p(;))icr; in Hol(D(1), X). By (13.5), we have g;(D(1/2))NU =0
for all i € Ij. Hence (gilp@))icr; 7> S, where we consider D(I) as “D”. We apply
Lemma 13.1. Then we get an infinite subset I; C I} such that (g;|p(;))ier, converges
uniformly on compact subsets of D(I) to h;: D(I) — X. Since h;_; is the limit of
(9ilp(i—1))icr,, which is a subfamily of (gi|p—1))ier,_,, we have hi|pq_1) = hi_1.

Now we get a holomorphic map h: C — X such that hlpg) = Ry for all
! € N. We shall show that & is non-constant. Note that hy: D — X is the limit of
(gilp)icr, - By (13.6), we have g;(0D(1/2))NU # @ for alli € I;. Thus hy(0D(1/2))N
U # (). On the other hand, by ¢;(0) € L for all i € I;, we have hy(0) € L. By
LNU =0, hy is non-constant. Hence k is non-constant.

For each irreducible component D C 9A, we have either h(C) C D or h(C) N
D = (). Thus there exists an A-orbit O C A such that h(C) C O. Note that
O is isomorphic to a semi-abelian variety. Hence the Zariski closure of h(C) is a
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translate of a semi-abelian subvariety of O (cf. Theorem 1.1, or [27, Thm. 3.9.19]).
Hence h(C) C S. This contradicts h(0) = h1(0) € L. Hence (fn)nen 7 S.

Now by Lemma 13.1, there exists a subsequence (fy,)ren which converges
uniformly on compact subsets of D to f: D — X. Thus we have proved that X is
tautly embedded modulo S in X. 0O

Remark 13.2. While the compact case of Theorem 1.3 was proved in [46,
Thm. 1.4], the strategy of that proof does not seem to extend to the non-compact
case. This limitation arises because a key geometric lemma from that proof, [46,
Lem. 4.2], fails to generalize to the non-compact setting. We remark that the
compact case, [46, Thm. 1.4], can be proved more directly from Theorem 1.2
(cf. Remark 14.2).

§14. Proof of Theorem 1.5

When A is compact, we may eliminate the term “y-almost” from statement (2) in
Theorem 1.2 to get the following.
Corollary 14.1. Let A be an abelian variety. Let X g A be a proper closed
algebraic subvariety. Let (f,)nen be a sequence of holomorphic maps in Hol(D, X).
Then there exist a proper abelian subvariety B ; A and a subsequence (fy,)ken
with the following two properties:

(1) (@ o fn,)ken converges uniformly on compact subsets of D to a holomorphic
map g: D — A/B, where w: A — A/B is the quotient map.

(2) For every 0 < s < 1 and open neighborhood U C A of SpgX, there exists
ko € N such that, for all k > ko, we have f,, (z) € U for all z € D(s).

Proof. We apply Theorem 1.2 to get B G A and (fy, )ren. Assertion (1) follows
from that of Theorem 1.2. To prove assertion (2), we set Z = w(SppX). Then
since each fiber of w: A — A/B consists of one B-orbit, we have

w ' (Z) = SppX.

Let U C A be an open neighborhood of SpzX. Then since A\U is compact,
w(A\U) C A/B is a closed set. We have Z Nw(A\U) = (. Note that Z C A/B
is a Zariski closed set. Hence there exists an open neighborhood W C A/B of Z
such that W Nw(A\U) = 0. Then @ 1(W) C U.

Now let s € (0,1). By (fn,)ken — SppX, we have (w o f,, )Jken — Z. Hence
g(D) C Z (cf. Remark 3.7). Hence there exists kg € N such that wo f,,, (D(s)) C W
for all k > ko. Hence we have f,, (D(s)) C U for all k > k. O
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Remark 14.2. When A is compact, Theorem 1.3 is easily derived from Corol-
lary 14.1 as follows. Let (f,,)nen be a sequence of holomorphic maps in Hol(D, X).
We assume that condition (2) of the definition of “tautly embedded modulo” is
not satisfied. Then there exist compact sets K C D and L C X — S such that, by
replacing (f,)nen by its subsequence, we have f,(K) N L # § for all n € N. We
apply Corollary 14.1 to get B C A and (fn, )ken. To prove dim B = 0, we assume
on the contrary that dim B > 0. Then Spp X C S. Hence assertion (2) of Corol-
lary 14.1 contradicts the condition f,,(K)N L # () for all n € N. Hence dim B = 0.
Then by assertion (1) of Corollary 14.1, the sequence ( f,,, )xen converges uniformly
on compact subsets of D. Thus Theorem 1.3 for the compact case is re-proved.

Proof of Theorem 1.5. The case X = A is trivial, so we assume X ; A. Let
v € T, X satisfy Fx(v) = 0, where x € X. We consider v € T'A by the natural
inclusion TX C TA. There exists a sequence (f,)nen in Hol(D, X) such that
f1,(0) = nv. Then f,(0) = 2. We apply Corollary 14.1 to get B & A and (fn, )ren-
We first show w.(v) = 0, where w: A — A/B is the quotient map. Note that
wo fn,: D — A/B converges uniformly on compact subsets of D to g: D — A/B.
Hence (w o f,,)'(0) = nyw.(v) converges to g’'(0). Thus we have w,(v) = 0.
Now by assertion (2) of Corollary 14.1, we have

x € SppX

(thanks to the absence of the term “y-almost” in Corollary 14.1). Hence z+B C X.
Since w,(v) = 0, we have v € T'(x + B). Hence there exists f: C —» (x + B) C X
such that f’(0) = v. The proof is completed. O

The following example shows that the condition Fx(v) = 0 does not neces-
sarily imply the existence of f: C — X with f/(0) = v.

Example 14.3. Let X be a smooth surface which is Kobayashi hyperbolic. Let
X = X bea blow-up along one point p € X. Let £ C X be the exceptional divisor.
Let ay,a2,a3 € E be three distinct points. Then X—Zis Brody hyperbolic, where
7Z ={a1,as,as}. Namely there is no non-constant holomorphic map f: C — X—Z.
On the other hand, for e E— ZC X — Z and v € T,E, we have Fg_,(v) = 0.
To show this, we take an open neighborhood W of E which is biholomorphic to

{(z,y,[s,t]) e C* x P; |z| < 1, y| < 1, ot =ys}.

We may assume that ¢ € E corresponds to (0,0,[0,1]). For n € N, we define
fn € Hol(D,W) by fu(z) = (2%, 122 [nz,1]). Set v = f{(0). Then v € T,E and
v # 0. We have f/ (0) = nv. We have f,,(D—{0}) c W—E and f,(0) =¢ge X —Z.
Hence f,(D) C X — Z. Thus Fg_ ,(v) = 0.
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Remark 14.4. We do not know whether a similar statement for Theorem 1.5
holds for non-compact semi-abelian varieties.

§15. Proof of Theorem 1.7

We have an equivariant compactification (G,, )P~ C PP~! such that the inclusion is
defined by (g1,...,9p—1) > [g1 : -+ : gp—1 : 1]. The action (G, )P~ x PP~ — PP~!
is defined by

(15.1) (g1s- s Gp—1) - [T1 -t Tpo1 1 Tp) = [g1T1 -+ & Gp—1Tp—1 : Tp).

Here, z1, ..., x, are the homogeneous coordinates of PP~L Let V C (G,,)P" ! be a
closed subvariety such that V C PP~ is defined by 2y + x5 + -+ + z, = 0.

Let Z = {I4,...,I;} be a disjoint partition Iy U---UI; = {1,...,p}. We define
a subtorus Gz C (G,,)P~ " as follows. For i € {1,...,p}, we define 7(i) € {1,...,1}
by i € I.(;y. We define a linear subspace L(Z) C CP by the equations z; = x; for all
i,j € {1,...,p} such that 7(i) = 7(j). We consider the immersion (G,,)?~* C CP
given by (g1,...,9p—1) = (91, .-, 9p—1,1). We set

Gz = (G,,)P ' N L(T).
Then Gz C (G,,)P~! is a subtorus.
Lemma 15.1. We have
Spe, V ={[z1: - 1xy] €PPTY Yier, i =0 foralll <k < l}.

Proof. Note that SpGIV is defined by the simultaneous equations

(15.2) g1+ -+ gp—12p—1 + 2, =0 forall (g1,...,9p—1) € G7.
By changing the indices of Iy,...,I;, we may assume p € I;. We have an iso-
morphism (G,)'"* — Gz by (a1,...,a1—1) = (ar(1),--.,ar(p—1)), where we set

a; = 1. For each k € {1,...,1}, we choose «(k) € {1,...,p} such that (k) € Ij.
Then ¢ is a section of 7: {1,2,...,p} — {1,...,{}. For (¢1,...,9p—1) € Gz, we

have -1
Gr&1 + - F Gp1Tp—1 T Tp = Z(gb(k) 2 x2> rn

k=1 i€l i€l
Hence (15.2) is equivalent to > ,.; x; = 0 for all k € {1,...,l}. The proof is
completed. O

Lemma 15.2. Let G C (G,,)P~! be a subtorus. Then there exists a disjoint par-
tition T = {I1,...,I;} of {1,2,...,p} such that
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(1) G C Gz, and

Proof. By the inclusion (G,,)P~! C CP, we have G C CP. Let x1,...,Xp €
Hom(G, G,,) be the composite of G C CP and the i-th projections C? — C,
where x, = 1. Then xi,..., X, are group homomorphisms. We define an equiva-
lence relation ~ on {1, ..., p} such that ¢ ~ j if and only if x; = x;. Thus we get a
disjoint partition Z = {Iy,...,;} of {1,...,p} such that each I} is an equivalence
class of the equivalence relation.

Let L C CP be the linear subspace spanned by G C CP. We claim

(15.3) L= L(T).

We prove this. By the definition of Z, we have x; = x; if and only if 7(i) =
7(j). Hence we have G C L(Z). Hence L C L(Z). Let ¢: {1,...,l} — {1,...,p}
be a section of 7: {1, R ,p} — {1, ceey l} Note that IL(I)lL(I): Ceey xb(l)lL(I) form
a basis of the dual space of L(Z), where z1,...,z, are the coordinate functions
of CP. On the other hand, {x,)}req1,...;3 € Hom(G,G,,) is linearly independent
(cf. [6, Lem. 8.1]). Hence x,(1)|L,...,2,q)|r are linearly independent on the dual
space of L. Hence dim L > [ = dim L(Z). Thus we get (15.3).

Now we have G C Gz, which follows from G C L(Z). Hence we have Spg, V C
Spg V. It remains to prove SpsV C SpGIV. Note that Sp,V is defined by simul-
taneous equations

(15.4) bizi+---+bp_ixp_1+x, =0 forall (by,...,b,-1) €GC (G )P L.

For g = (g1,---,9p—1,1) € Gz C CP, we have g € L(Z). Thus by (15.3), we have
g € L. Hence there exist (b11,...,01,p-1,1),...,(bs;1,...,bsp—1,1) € G C CP and
ag,...,as € C such that

(915, 9p—1,1) =a1(b11,. ., b1 p—1,1) + -+ as(bs1, .-y bs p—1,1).
Hence the solutions of the simultaneous equations (15.4) satisfy the equation
g1x1+ -+ gp—1Tp—1 +xp = 0.
Thus SpgV C Spg, V. O
Lemma 15.3. Suppose G = (G,,)?~1. Then we have SpsV = 0.
Proof. Note that SpV is defined by simultaneous equations
G171+ gpo17p1 +x, =0 forall (g1,...,9p-1) € (Gn)P ™1,

which has only a trivial solution. Hence Sp,V = (). O
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Proof of Theorem 1.7. We consider PP~! as an equivariant compactification of
(G,,)P~!, where the action is defined by (15.1). Let V C (G,,)P~! be a closed
subvariety such that ¥V C PP~! is defined by

T +x2+ -+ xp =0,

where 1, ..., z, are homogeneous coordinates of PP, For each f = (f1,..., f,) €
F, we consider a holomorphic map f: D — PP~! defined by f(z) =[fi(z) :---:
fp(2)]. Then we have f(D) € V, hence f € Hol(D, V). Hence (f)fe}- is an infinite
indexed family in Hol(DD, V'). We replace F by its countably infinite subset. Then
we may consider (f)fe]—‘ as a sequence in Hol(D, V). We continue to write this
sequence F.

We apply Theorem 1.2 to get B C (G,,)?~! and an infinite subset G C F.
Then by (f)feg — SpgV, we have SpgyV # 0. We apply Lemma 15.2 to get a
disjoint partition Z = {Iy,...,I;} of {1,...,p} such that B C Gz and SpGIV =
SpzV. Then we have SpGIV # (). Hence by Lemma 15.3, we have G1 # (G,,, )P~ .
Since the limit function satisfies D — (G,,)?~!/B, the sequence (f)feg converges
under the quotient (G,,)?~!/Gz. Hence by replacing B by Gz, we may assume
that B = GI.

We take I, where 1 < k <. By Lemma 15.1, we have SpzV C {3
0} as Zariski closed subsets of PP~!. Hence we have

(15.5) fec — { > ay= 0}

JEIx

jen, T

Let by : PP~ ——» PIxI=1 be defined by [z1 : -+ : x,] = [2j];er,. Here we note
that PY = pt, when |I;| = 1. Then 1, is regular on (G,,)?~* C PP~1. We have
(G TsI=1  PIEI=1, Note that 1, induces a group homomorphism

Yel@yr-1: (Gr)P ™1 = (G 11,

This ¥y (g,,)»1 is invariant under the action of B on (G,,)?~', hence factors the
quotient map (G,,)?~' — (G,,)?~'/B. Hence the sequence (1 o f)feg converges
uniformly on compact subsets of D to gi: D — (G, )/ %171, Set Hy, = {3 jen, @

0} c PIxI=1, We note that Hy, = 0 if [I| = 1.

Claim. Suppose gi(D) ¢ Hy. Let € € (0,1), s € (0,1), and v > 0. Then there
exists a finite subset £ C G such that for all f € G\&, we have

Yern i1P
(15.6) £

Sicicy lfi(2)2 2P

for 3 -almost all z € D(s).
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We prove this. We define E;, C PP~ by E;, = ﬂz‘elk {z; = 0}. Then v, induces
a regular map ¢y : Blg,PP~1 — PlkI=1 Let E; C Blg,PP~! be the exceptional
divisor. Let p: PP~ — R>( be defined by

Zjelk |3Uj|2
219'5;) |2

Set U = {n < £/2p} C PP~1. Then U is an open neighborhood of Ej. Let U’ C
Blg, PP~! be the inverse image of U under Blg, PP~! — PP~!. Then U’ is an
open neighborhood of Ej. By gx(D) ¢ Hj, we may take an open neighborhood
Wy € PHEI=1 of H}, such that

Cr(D(s) N g, (Wo)) < ~/4p.

pller s ap)) =

Here we recall the notation C}; from (8.1). We take an open neighborhood W & Wy
of Hy. Then since (¢ o f)feg converges uniformly on compact subsets of I to gy,
we have

D(s) N f~ gy (W) € D(s) N g;; ' (Wo)

for all but finitely many f € G. Hence we have

Ch (D(s) N (i (W))) < 7/4p

for all but finitely many f € G. By (15.5), we have (f)feg — E}. Uy Hy. Hence,
we have

Ch(D(\fTHU U (W) < ~/4p
for all but finitely many f € G. Hence we have

Ch(D(s\fHU)) </2p

for all but finitely many f € G. This proves our claim.

We define A C {1,...,1} to be the set of k € {1,...,1} such that g, (D) ¢ Hy.
If |Ir| = 1, then k € A. We note that (15.6) shows that A # {1,...,1}. By changing
the indexes, we may assume that {1,...,n} = {1,...,[}\A. Then we have n > 1.

We show that Iy,..., I, satisfy assertions (2) and (3) of Theorem 1.7. We
take k € {1,...,n}. Then |I| > 2. For i, j € Iy, we define 7;: (G,,)?~' — G,, by
(bi,-..,bp—1) = b;/b;, where we set b, = 1. Then 7;; factors ¢ |(g,, p—1: (G )P ~?
— (G,,)!"*1=1. Hence (73 o f)eg converges uniformly on compact subsets of D
to the composite of gx: D — (G,,)"*I=! and kyj: (G,,)!'*I=! — G,,. Note that
Tij © f= fi/ f;- Hence (fi/f;)feg converges uniformly on compact subsets of D to
kij © gr: D = G,,, which is a nowhere-vanishing holomorphic function on . By
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gx (D) C Hy, we have

Zlﬂjogkio.

i€l
Hence (>_;c;, fi/fj)feg converges uniformly on compact subsets of D to 0. Thus
assertion (2) of Theorem 1.7 is true.
We prove Theorem 1.7(3). Set [ = I U --- U I,,. We have

Zie[|fi|2 N Z1gigp|fi|2*2j¢1|fj‘:1_z |f]|

\/Z1gigp|fi|2 - \/Z1gigp|fi|2 JEI \/Z1gi§p|fi|2.

Hence by (15.6), we have

Z1§i§p | fi(2)]2
S P
for Z-almost all z € D(s). Combining this with (15.6), we get assertion (3) of
Theorem 1.7. The proof of Theorem 1.7 is completed. O

<l+e<?2

Appendix A. Semi-abelian varieties

In this appendix, we describe semi-abelian varieties. We only treat the definitions
and properties which are needed in this paper. There are several good references
on semi-abelian varieties including [8, Sec. 5.4], [21], [35, Chap. 5], [40, Chap. VI].
All algebraic groups are defined over C.

A semi-abelian variety A is an algebraic group with a (unique) expression

0—-T—A— Ay —0,

where Ag is an abelian variety and T ~ G! is an algebraic torus. Then A is
smooth, connected, and commutative (cf. [8, Rem. 5.4.2 (ii)]). By [8, Thm. 2.7.2],
the map A — Ag is a T-torsor, i.e., we have the following Cartesian diagram:

Ac? T xA

| )

Ag+— A
Here, ¢(a,t) = a+t and p is the second projection.

Remark A.1. Let A be a semi-abelian variety and let B C A be a connected
algebraic subgroup. By [8, Cor. 5.4.6], B is a semi-abelian variety. We have a
quotient g: A — A/B, which is a B-torsor (cf. [8, Thm. 2.7.2]). In particular, ¢ is
faithfully flat and quasi-compact. By [8, Cor. 5.4.6], A/B is a semi-abelian variety.



BrocH’s PrINCIPLE FOR HOoLOMORPHIC MAPS 609

By an equivariant compactification A of A, we mean that (1) A is compact,
(2) an open immersion A C A exists, and (3) the group morphism A x A — A
extends to A x A — A.

Appendix A.1. Construction of an equivariant compactification

The main purpose of this subsection is to introduce an equivariant compactifi-
cation A of A constructed from an equivariant compactification T' of 7. This
compactification is described in [29, p. 1414], [42, Lem. 2.2].

Let V be an algebraic variety which admits a T-action. Then we have a T-
action on V' x A defined by (z,a) — (z —t,a+1t) for t € T.

Lemma A.2. The categorical quotient V x A — (V x A)/T exists. Namely, every
T-invariant morphism V- x A — W factors uniquely through Vx A — (V x A)/T.

Proof. Let {U;} be a Zariski open covering of Ay with T-equivariant trivialization
@i Aly, = T x U; (cf. [40, p. 169], [41, Lem. 2.2], [33, Prop. 16.55]). Then for each
i, j, we get an isomorphism

Let s;5: U;NU; — T be defined by ¢; o ¢>;1|TX(U1.QU],)(OT,U) = (s;5(u), u). Note
that A is reconstructed from a gluing of trivial T-torsors 1" x U, by the Cech
cocycle {s;;} € H'({U;},T). Now we glue V x U; by the same Cech cocycle {sij}
to get (V x A)/T. The T-invariant morphism V' x A — (V x A)/T is described as
follows. For each i, we define a map

,LLi:VXTXUi—>V><Ui

by pi(x,t,u) = (x+t,u). Then y; is T-invariant under the T-action on V x T x U;
defined by (x,t,u) — (x — 7,t + 7,u), where 7 € T. We note that y; is a T-torsor
with respect to this T-action. The space V x A is described by a gluing of spaces
V x T x U; by the isomorphisms V' x T' x (U; NU;) =V x T x (U; N Uj) defined
by (x,t,u) — (x,t+ s;;(u), u). Then we may glue p; to get a T-torsor

p:VxA—(VxA)T.

In particular, 4 is a categorical quotient (cf. [8, Prop. 2.6.4]). We remark that the
space (V x A)/T does not depend on the choices of {U;} and ¢;. O

Remark A.3. Suppose a T-equivariant map f: V' — V exists. Then by the
above construction, f induces f’: (V' x A)/T — (V x A)/T.If f is an open (resp.
closed) immersion, then f’ is an open (resp. closed) immersion. If V' is smooth,
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then (V' x A)/T is smooth. Indeed, (V' x A)/T is constructed by a gluing of the
spaces V x U;, which are smooth.

Lemma A.4. Let T be an equivariant compactification of T. Then (T x A)/T is
an equivariant compactification of A.

Proof. We have A = (T'x A)/T. Hence the open immersion 7' C T induces an open
immersion A C (T x A)/T. The A-action on (T x A)/T is described as follows.
Let

h: Ax (T x A) = Ax (T x A)/T)
be defined by h(a,t,a’) = (a, u(t,a’)), where u: Tx A — (T x A)/T is the quotient

map. Then h is a T-torsor, hence a categorical quotient under the T-action on
A x (T x A) defined by

(A.1) (a,t,a’) — (a,t —7,a" + 1),
where 7 € T'. Let
(A.2) p: Ax (Tx A)— (T x A))T

be defined by ¢(a,t,a’) = p(t,a + o). Then ¢ is invariant under the T-action
(A.1). Hence ¢ is the composite of h and a unique map

(A.3) b Ax (T x A)/T) — (T x A)/T.

This is our A-action. Note that the map A — Ay extends to (T x A)/T — Ao,
which is proper. Hence (T x A)/T is compact. O

Lemma A.5. Let T be an equivariant compactification of T. Let Z C T be an
irreducible locally closed set which is T-invariant. Then (Z x A)/T C (T x A))T
is an A-invariant, irreducible locally closed set. Moreover, every A-invariant, irre-
ducible locally closed set V C (T x A)/T is obtained in this way.

Proof. By the construction, (Z x A)/T C (T x A)/T is a locally closed set
(cf. Remark A.3). We have p(A x Z x A) = (Z x A)/T, where ¢ is given as
in (A.2). Hence ¥(A x ((Z x A)/T)) = (Z x A)/T, where 1) is given as in (A.3).
Hence (Z x A)/T C (T x A)/T is A-invariant.

Let V C (T x A)/T be an A-invariant, irreducible locally closed set. Set
Z =V NT, where T is identified with the fibers of (T x A)/T — Ap. Then we
have V = (Z x A)/T. O

Lemma A.6. Let A be a smooth equivariant compactification of A. Then there
exists a smooth equivariant compactification T C T so that A = (T x A)/T.
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Proof. There exists a rational map A --» Ay, but every rational map from smooth
variety to an abelian variety is regular. So we have a regular map p: A — Ag. Note
that this map is A-equivariant. Indeed, denoting the actions by m: Ax A — A and
m': Ax Ay — Ap, we have two maps pom: Ax A — Agand m’o(id4,p): Ax A —
Ap. These coincide on Ax A C Ax A. Hence pom = m’o(id 4, p), which shows that
p: A — Ag is A-equivariant. Since A is smooth, there exists a non-empty Zariski
open set U C Ag such that p~1(U) — U is smooth ([18, Chapter III, Cor. 10.7]).
By translation, p: A — Ag is smooth.

Now set T' = p~1(04,)- Then T is a smooth equivariant compactification of T'.
By restricting m: Ax A — Ato AxT C Ax A, we get AxT — A. This map is T-
invariant. Hence we get ¢: (T x A)/T — A. Note that the restriction 1[4: A — A
is the open immersion. Hence 1 is a map over Ay. Note that v is injective on
the fiber T C (T x A)/T over 04, € Ag. Hence 1 is injective. Since A is smooth,
Zariski’s main theorem yields that 1 is an open immersion. Since (T' x A)/T is
complete, 9 is an isomorphism. Thus A is obtained by (7' x A)/T. O

Appendix A.2. Fans and torus embeddings

We describe torus embeddings associated to fans. We basically follow the notation
described in [37]. See also [11, 16, 24].

Let N =27Z".Set Ng = NQR, M = Hom(N,Z), and Mz = M ® R. A subset
C C Ng is a convex rational polyhedral cone if there exist nq,...,ns € N such
that C' = R>onq + - - + Rx>on,. We set

CY ={u € Mg; u(z) >0forall z € C}.

Then CV C Mg is a convex rational polyhedral cone (cf. [37, p.2]). A subset
F C C is called a face and is denoted F' < C' if there exists u € CV such that
F =Cn{u=0}. Then F is a convex rational polyhedral cone (cf. [37, p.2]). We
call C strongly convez if CN(—C) = {0}. A fan in N is a non-empty collection A of
strongly convex rational polyhedral cones in Ng satisfying the following conditions:

(1) Every face of any o € A is contained in A.

(2) For any 0,0’ € A, the intersection o N o’ is a face of both ¢ and o¢”.

We call A complete if A is finite and |J, .5 0 = Nr. We call A non-singular if for
all o € A, there exists a Z-basis n1, ..., n, of N such that 0 = R>oni+- - -+Rx>ons,
where s < r.

Let N’ = Z" and let A’ be a fan in Nj. A map of fans ¢: (N',A’) = (N, A)
is a Z-linear map ¢: N’ — N such that for each o’ € A’; there exists o € A such
that ¢(o’) C 0. Here we continue to write the scalar extension as ¢: N — Ng.
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Let T be an algebraic torus. Let M = Hom(T,G,;,) and N = Hom(G,,,T).
A torus embedding T C T emb(A) is defined from a fan (N, A) as follows (cf. [37,
Thm. 1.4]): For each o € A, we construct the affine scheme Spec(C[MNo"]). Then
for o/ € A with ¢/ < o, we get the open immersion U,: C U,. By this, we may
glue {Us }sen to get T'emb(A). Then T emb(A) is normal and contains 7' = Uy
as a dense Zariski open set. Moreover, T acts on T emb(A). A torus embedding
T emb(A) is complete if and only if A is complete, and smooth if and only if
A is non-singular. Conversely, by Sumihiro’s theorem, every normal, equivariant
compactification T of T is a torus embedding associated to some complete fan
([37, Thm. 1.5]). Let ¢: 7" — T be a homomorphism of algebraic tori. Then we
have ¢,: N’ — N, where N’ = Hom(G,,,T"). Let A’ be a fan in N’. Suppose
et (N',A") = (N,A) is a map of fans. Then ¢ extends to an equivariant map
T emb(A’) — T emb(A) (cf. [37, Thm. 1.13]).

Let A be a complete fan in N. Set T = TembA. For each ¢ € A, there
exists a unique T-orbit orb(c) C U, which is Zariski closed in U,. Then by [37,
Prop. 1.6 (iv)], we have

(A.4) [ orb(r) = Us.
<o

Set 0t = {u € Mg; u(z)=0for all z € o}. Then orb(c) is identified with
Spec C[MNo+], where the closed immersion orb(c) C U, is described by the surjec-
tion C[M No¥] — C[M N o] defined by x™ + 0 for all m € (M NaV)\(M Not)
(cf. [37, Prop. 1.6 (iv)]). Here, for the notation x™ we refer the readers to [16,
p- 15]. We note that Spec C[M N o] is a quotient torus defined by the inclusion
C[M N ¢*] C C[M]. The inclusion C[M No+] C C[M N "] yields the map

(A.5) Uy — orb(o)

whose restriction to T' C U, is the quotient map T" — orb(o). The closed immersion
orb(c) < U, is a section of the map (A.5).

Let I, C T be the kernel of the quotient map 7" — orb(c). Then I, is the
isotropy group for the points of orb(e) C U,. Set M, = M/(M Not). We claim
that I, C T is a subtorus and

(A.6) Hom(I,, Gry) = M,.

Indeed, since M No+ C M is saturated, M, is a free Z-module. Hence we get an
exact sequence of free Z-modules:

0> Mnot = M-— M, —0.
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This yields the exact sequence of tori (cf. [33, Thm. 12.9])
1 — Spec C[M,] — Spec C[M] — SpecC[M Not] — 1.
Hence we have I, = Spec C[M,]. This shows that I, is a torus such that (A.6).

Appendix A.3. Smooth modifications

Lemma A.7. Given an equwarmnt compactification A, we may take a smooth
equivariant compactification A and an equivariant morphism A A

Proof. Let T be the Zariski closure of T-04 C A in A. Then T C T is an
equivariant compactification. We have a canonical map : (T x A)/T — A. We
have a map T x T — T which extends the group morphism 7' x T — T. Let
T — T be the normalization. This is an isomorphism over T'. Hence T C T. Since
T x T is normal, the composite T' x T —TxT — T factors T — T. Hence we
get T X T — T, which extends the group morphism 7" x T' — T. Hence T is an
equivariant compactification of T'. Then by Sumihiro’s theorem, T" C T is a torus
embeddlng Hence by [37, p. 23], there exist a smooth equ1var1ant compactification
T and an equivariant morphism 7' — T. Set A = (T X A) /T. Then we have A-
equivariant morphisms A — (T'x A)/T — A. Note that A is a smooth equivariant
compactification. Compare with [25, Thm. 1.1]. O

Lemma A.8. Given a smooth equivariant compactification A, we may take a
smooth projective equivariant compactification A and an equivariant morphism
A— A.

Proof. By Lemma A.6, we have A = (T x A)/T By [37, Prop. 2.17], there exists
an equivariant modification T — T such that 7T is projective. By [37, p. 23], we
may assume that 7' is smooth. Then A = (A x T)/T is smooth. We claim that this
is also projective. Indeed, let D = > ;niD; be a T-invariant, very ample divisor
on 7. We set E = >-;nj(D;j x A)/T. Then E is a divisor on A Let p: A = Ay
be the canonical projection. Let {U;} be a Zariski open covering of Ay such that
p~Y(U;) =T x U;. Then p~'(U;)NE = D x U;, which shows that O 4(E) is p-very
ample relative to Ag (cf. [17, Def. 13.52]). Since Aq is projective, there exists an
ample line bundle L on Ay such that p*L(E) is ample on A (cf. [17, Prop. 13.65]).
Hence A is projective. O

Lemma A.9. Let A and A be equivariant compactifications. Then there exists a
smooth equivariant compactification A such that equivariant morphisms A — A
and A — A exist.
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Proof. Let A C A x A be the diagonal, which induces A € Ax A. Let V.C Ax A
be the Zariski closure of this. Then V is an A-equivariant compactification with
equivariant maps V — A and V — A. By Lemma A.7, there exists a smooth equiv-
ariant compactification A with an equivariant morphism A — V. The composites
of this with V — A and V — A yield A — A and A — A. O

Lemma A.10. Every semi-abelian variety admits only countably many smooth
equivariant compactifications.

Proof. A smooth equivariant compactification A is written as (7' x A)/T, where T
is a smooth equivariant compactification (cf. Lemma A.6). By Sumihiro’s theorem,
every smooth, equivariant compactification T of 7T is a torus embedding associated
to some complete fan ([37, Thm. 1.5]). There are only countably many complete
fans. Hence there are only countably many smooth equivariant compactifications
of T, hence of A. O

Appendix A.4. Orbit closure and isotropy group

Let A= (T x A)/T, where T = T emb A. For each 0 € A, we set O, = (orb(c) x
A)/T. Then O, C Ais an A-orbit. By (A.4), we have A =[] . O,. Let I C Abe
the isotropy group for the points of O, . Since I acts trivially on the abelian variety
Ag, we get I C T. Then I is the isotropy group for the points of orb(c) C 7. Hence
I C T is a subtorus and (A.6) yields

(A7) Hom(I,G,,) = M/(M No™t).

Let V C A be an irreducible Zariski closed set which is A-invariant. Then there
exists a unique A-orbit O, C A such that V is the Zariski closure of O,. Suppose
A is smooth. Then by [37, Cor. 1.7], the closure of orb(c) C T is smooth. Hence
V' is smooth.

Lemma A.11. Let A be a smooth equivariant compactification. Let V C A be an
irreducible Zariski closed set which is A-invariant. Then there exist an A-invariant
Zariski open set W C A with V. C W and an equivariant morphism p: W — V
such that p: W — V is a total space of a vector bundle over V whose zero-section
is the inclusion map V. — W. Moreover, V is covered by Zariski open subsets Vj
such that the following properties hold:

(1) p: W — V is a trivial vector bundle C! x Vo — Vo on V.

(2) Let O C A be the A-orbit such that V is the closure of O. Let I be the isotropy
group for the points of O C A. Then there exists a decomposition I = G,
such that (t1,...,t;) € GL, acts (z1,...,2,y) € C' x Vg as (21,...,2,y) —
(tlzl, PN ,tlzl,y).
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Proof. We first consider the case A = T. Set M = Hom(T,G,,) and N =
Hom(G,,,T). Let A be the fan defining T, i.e., T = T emb(A). By [37, Prop. 1.6],
we may take 7 € A such that V is the closure of orb(7). We may take vy,,...,v; €
N such that 7 = Ryovy + - + Rypvy and TN N = Z>ovy + -+ - + Z>ov;. Let
N = N/N,, where N, = Z(r N N). Then N is the dual of M N 7+. We have

orb(7) = Spec C[M N 7).

For each ¢ € A with 7 < o, we set & = (0 + R7)/Rr C Ng. Then ¢ C Ng
is a strongly convex rational polyhedral cone (cf. [37, Prop. A.8]). Set U, =
Spec C[(M N 7+) N 3Y]. The inclusion C[(M N 7+)NaY] € C[M N o] yields
U, — Us. We have a closed immersion Uz < U,, which is obtained by the
surjection C[M N o] — C[(M N 7+) N Y] defined by x™ + 0 for all m €
(M NoY)\(M N7t NaY). This inclusion Uy < U, is the section of the map
U, > Us.

We remark that the map U, — Us is a trivial vector bundle whose zero-
section is the inclusion map Us < U,. Indeed, the sequence

0—-N,-N—->N-=0

has a (non-canonical) splitting N = N, @ N such that o = 7 ® &, where we view
T C Ng as 7 C (N;)g. Considering the dual

0—>Mnrt > M— M, —0,
we get the associated splitting M = M, @& (M N 7+). Hence we get
CIMNoV]=C[M, N7 ®@c C[(Mn7tt)naV].

We have Spec C[M, N7V] = C!, hence U, ~ C! x Us. The inclusion U5 C U,
coincides with {0} x U, C C' x Us. Hence the map U, — U is a trivial vector
bundle whose zero-section is the inclusion map Us < U,. Moreover, the stabilizer
I of orb(7) is identified with (G,,)! C C!. Note that the ambiguity of the splitting
N = N, @ N yields an isomorphism C! x Uz ~ C! x Uz which is defined by the
multiplication given by Uy — 1.

Now set A = {5; 0 € A, 7 < o}. Then, by [37, Cor. 1.7], A is a fan in Ng
and V = orb(7) emb(A). Hence V = ;5 Us. We set

W = U U,.

cEA,T<0

Then the maps U, — Us glue together to get a vector bundle W — V. Indeed, the
coordinate transformations of this vector bundle are given by the multiplications
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by I. Since U, are T-invariant, W is T-invariant. This completes the proof when
A=T.

Next we consider the general case. We write V = (V' x A)/T, where V' C T
is a T-invariant Zariski closed set. Then we may take a Zariski open set W’/ C T
and p: W’ — V' by the previous consideration. We set W = (W’ x A)/T, where
W’ is T-invariant. Then W C A is an A-invariant Zariski open set and V C W.
This yields W — V' as desired. O

Remark A.12. Let A be a smooth equivariant compactification. Then the bound-
ary 0A is a simple normal crossing divisor. Indeed, for each x € 0A, we take a
unique A-orbit O C A such that 2 € O and set V = O. Then V is smooth. We
take W C A as in Lemma A.11. Let V; C V be described in Lemma A.11 so that
r € V. We may assume Vy C O. Then (94) N (C! x V) = Uilei x Vo, where
H; C C!is defined by H; = {z; = 0}. Hence (0A) N (C' x V}) is a simple normal
crossing divisor on C! x Vj. Since & € JA is arbitrary, A is simple normal crossing.

Appendix A.5. Modification of equivariant maps
The purpose of this subsection is to prove Lemma A.15.

Lemma A.13. Let ¢¥: N — N’ be surjective. Let A be a fan in N and let A be
a fan in N'. Set A" = {cn¢~1(o’); 0 € A, o' € A’}, where we continue to write
¥: Ng — Ng. Then A" is a fan in N.

Before proving this lemma, we remark the following. Given a convex rational
polyhedral cone C' C Ng, we have (CV)Y = C (cf. [37, Thm. A.1]). For another
convex rational polyhedral cone C’ C Ng, we have (CNC")Y = CV+(C")Y (cf. |37,
Thm. A.1]). In particular, C N C" is a convex rational polyhedral cone. Moreover,
if C is strongly convex, then C'N C’ is strongly convex. By [37, Prop. A.9], the
following two statements are equivalent:

(1) The subset CNC’ C C is a face of C.
(2) For every z,2’ € C,if x +2’ € CNC’, then bothz € CNC" and 2/ € CNC'.

The non-trivial part is the implication (2) = (1). The converse is trivial. Indeed,
suppose C N C’ is a face of C. Then there exists u € CV such that C N C' =
Cn{u=0}If z,2' € C satisty z + 2’ € C N, then u(z) > 0, u(z’) > 0, and
u(x + 2') = 0. Hence u(z) = u(z’) =0, thus z,2’ e C N C".

Proof of Lemma A.13 (cf. [2, Lem. 3.2]). Note that 1)=*(o’) is a convex rational
polyhedral cone. Since o is strongly convex, o N ~1(¢’) is a strongly convex
rational polyhedral cone. Hence A” is a non-empty collection of strongly convex
rational polyhedral cones in Ng.
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We first show that a face of o N1 ~1(0’) is contained in A”. We claim
(A.8) (@Ny™H0")" = o +9(()"),

where 9*: Mj, — Mg is the dual map. Indeed, by (o N ¢~1(c"))Y = oV +
(»=1(a"))V, it is enough to show

Note that
@~'(e")Y > ¢ (o))

is trivial. To show the converse, let u € (¢»~1(¢"))V. Let K C Ng be the kernel of 1.
Then K C ¢~ '(¢’). Hence K C {u > 0}. By —K = K, we get K C {u = 0}. Hence
there exists v € My such that u = voi). By u € (¢p"(0"))V, we have ¢’ C {v > 0}.
Hence v € (0’)V. This shows u € ¥*((0”)V), hence (¢ =1(a"))V C ¥*((¢”)¥). Thus
we get (A.8).

Now a face of o N ~1(c’) is defined by o Ny~ (¢’) N {u = 0} for some
u € (e Ny~'))V. By (A.8), we have u = v + v’ o 1) for some v € ¢¥ and
v € (¢')V. We claim that

(A.9) onNy oY N{u=0}=(en{v=0} )Ny (o' Nn{v =0}).

Indeed, the relation “D>” is trivial. To show the converse, let € o Ny ~1(c') N
{u = 0}. Then we have v(x) > 0 and v’ o¢)(x) > 0. By u(z) = 0, we have v(z) =0
and v’ otp(x) = 0. Hence z € (cN{v = 0})Neyp~1 (¢’ N{v' = 0}). This shows (A.9).
Set T =cN{v =0} and 7" = ¢’ N{v' = 0}. Then 7 and 7’ are faces of o and o',
respectively. Hence 7 € A and 7" € A’. By (A.9), we have

on 1/1_1(0') N{u=0}=71nN ’L/J_l(’l'/) e A.

Next we show that (o1 N ~1(0h)) N (02 Np~1(0})) is a face of oy N~1(a}).
We take z,y € o1 N¢~1(0}) such that z +y € (o1 N~ 1(a})) N (o2 N~ (ah)).
Then we have x + y € o1 N og. Since o1 N o9 is a face of o1, and =,y € oy,
we get x,y € o1 Nog. Also we have ¢¥(z + y) = ¥(z) + ¢(y) € o1 N o). Since
o1 N oy is a face of o7, and Y(x),¢¥(y) € o1, we get ¥(x),¥(y) € o1 N oy Hence
z,y € (o1 NY~(oh)) N (o2 N~ (ah)). By [37, Prop. A.9], we have

(o1 Ny~ (01)) N (o2 N~ (0h)) < (o1 N~ (o).
Hence A" is a fan. O

Lemma A.14. Lety: N — N'. Let A be a complete fan in N. Then there exist
a non-singular, complete fan A’ in N' and a finite subdivision A of A such that
for all o0 € A, there exists o' € A’ such that ¢(o) = o’.
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This is contained in the proof of [1, Prop. 4.4]. We give a proof for the sake of
completeness. Before proving this lemma, we remark the following. If Ay, ... A,
are complete fans in N, then A = {o1N---Noy; 01 € Aq,...,00 € A} is a
complete fan in N. Indeed, for the case [ = 2, Lemma A.13 applied to the identity
map N — N yields that A is a fan. The same holds for all [ by induction. The
completeness is obvious. Each o1 € A1 is a union of cones in A. Indeed, we have

o1 = U oy Nog2N---Noy,
02€A,...,00€EA2

for A, ..., A; are complete.

Proof of Lemma A.14. For each o € A, we may take a complete fan A/ in N’
such that ¢(o) is a union of cones in A’ . Indeed, by |37, Thm. A.3|, there exist
strongly convex rational polyhedral cones 71, ..., 7 such that ¢ (o) =7 U---U7.
By [37, Prop. 1.12|, there exist complete fans Af,..., A} such that 7, € Al. We
set Al = {0 N---Noj; o, € Al}. Then by Lemma A.13, A/

! is a complete fan.

Each 7; € A} is a union of cones in A/ . Hence (o) is a union of cones in A’ , as
desired.

We set A" = {(\,ca Ko; ko € AL}. Then by Lemma A.13, A’ is a complete
fan in N’. For all 0 € A, ¢(0) is a union of cones in A’. By replacing A’ by its
finite subdivision, we may assume that A’ is non-singular.

We set A = {Y=(r)Nno; 7 € A', 0 € A}. Then by Lemma A.13, Ais a
complete fan in N. We shall show that these A and A’ satisfy our requirement.
We have ¢(¢p~1 (1) N o) = 7 N4(0). Hence it is enough to show

TNY(o) € A
We may take 7y,...,7x € A’ such that ¥(o0) =7 U--- U7,. Hence we have
TNY(o)=(rNm)U---U(rN7g).

Each 7N7; is a face of 7. We take x,y € 7 such that x4y € 7Ny (o). Then we have
x4y € T N1; for some 7;. Since 7 N 7; is a face of 7, we have x,y € 7 N 7;. Hence
x,y € TNY(o). By |37, Prop. A.9], TN(0o) is a face of 7. Hence 7 N1)(c) € A.
This completes the proof of our lemma. O

Lemma A.15. Let A be a smooth equivariant compactification and let B C A
be a semi-abelian subvariety. Then there exists an equivariant compactification

A= (f x A)/T with an equivariant morphism A — A such that the following
properties hold:

(1) There exists a smooth equivariant compactification A/B such that an equiv-

ariant morphism p: A— A/B etists.
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(2) For every x € A, if a semi-abelian subvariety C C A satisfies C -p(z) = p(a),
then C -z C B-x as subsets of A.

Proof. We have canonical expressions 0 — T4 - A — Ag - 0and 0 —» T —
B — By — 0. Then we have the canonical expression

0—Ta/Tp — A/B — Ay/By — 0.

Set N = Hom(G,,,T4). Let A be the fan in N such that T 4 = T4 emb(A), where
A= (Tax A)/Ta. Set N' = Hom(G,,,, Ta/T5). Then we have ¢»: N — N'. By
Lemma A.14, we may find a non-singular, complete fan A’ in N’ and a finite
subdivision A of A such that for all o€ A, there exists o’ € A’ such that
’(ﬂ(O’) = ¢'. Set A = (fA X A)/TA and A/B = (TA/TB X A/B)/(TA/TB), where
Ta = Taemb(A) and Tm = T4/Tpemb(A’). Then ZT/?B is smooth. Hence
zﬁ is smooth. By [37, p.19], we get equivariant morphisms p: A > IZ/E and
A— A -

We shall show that p: A — A/B satisfies assertion (2). Let = € A. Set I, =
{a € A; a2 = 2}. We take 0 € A such that = € (orb(c) x A)/T C A. Set
M, = M Not, where M = Hom(T4,G,,). By (A.7), we have

Hom(I,,G,,) = M/M,,

where I, C Ty is a subtorus. Similarly, set Jy,,) = {a € A/B; a-p(z) = p(v)}.
We take o' € A’ such that

(A.10) P(o) =o'

Let orb(c’) C m be the corresponding orbit. Denoting the canonical map by
q: Ta — Ta /Ty, we have g(orb(c)) = orb(c”) (cf. [16, p.56], [11, Lem. 3.3.21]). In
particular, we have p(z) € (orb(¢’) x (A4/B))/(Ta4/Tg) C A/B. Hence by (A.7),
we have

HOIn(Jp(I), Gm) = M//MZT,,
where M’ = Hom(Ta/T5,Gy,) and M., = M’ N (o). The quotient map Ty —

T4/Tp induces a morphism I, — Jp(z) of tori. This induces Hom(Jp(z), Gm) —
Hom(I,,G,y,), namely M’'/M!, — M /M,. This fits into the following commutative
diagram:

0 M, M’ M'/M!, ——0
M,

M M/M, —0.
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We claim that the map I, — Jp(,) is surjective. Indeed, by (A.10), we have
M!, = M' N M,. Hence the map M'/M!, — M/M, is injective. Thus we get the
injection Hom(J,(5), Gyn) < Hom(Z;,Gy,). Since the image of the map I, — Jp )
is a subtorus of Jp,,) (cf. [20, Prop. B, p.54]), this image should coincide with
J

p(z)- Thus the map I, — J,(,) is surjective.

Now let C' C A satisfy C-p(x). Then (C+ B)/B C Jy(,)- Hence (C+B)/B C
(I +B)/B,so C C I, + B. Thus C -« C (I, + B) - © = B - z. This completes the
proof. [

Appendix A.6. Logarithmic tangent space

We recall the isomorphism A x Lie A ~ T'A from (2.6). Let A be a smooth equiv-
ariant compactification of A. Then JA is a simple normal crossing divisor on A
(cf. Remark A.12).

Lemma A.16. The isomorphism (2.6) extends to an isomorphism

P: A x Lie A — TA(—log(0A)).
Proof (cf. [35, Prop. 5.4.3]). We denote by

m: Ax A— A
the natural action defined by (z,a) — x + a. By m*(0A) = (0A) x A, we have
T(A x A)(—log((0A4) x A)) — TA(—1log(dA)).
We have the subbundle
AxTACT(Ax A)(—log((0A) x A)).

Thus we get
(A.11) AxTA— TA(—1log(dA)).
We restrict this to A x {04} C A x A to get

P: A x Lie A — TA(—log(0A)),

which extends (2.6). We shall show that ¢ is an isomorphism.
Let 2 € A be an arbitrary point. It is enough to show that the induced map

¥, Lie A — T, A(—1log(0A))

is injective. Let O C A be a unique A-orbit such that = € O. Let I C A be the
isotropy group for z € A. Then we have an isomorphism O ~ A/I. Set V = O.
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By Lemma A.11, there exist an A-invariant Zariski open W C A with V.c W
and an A-equivariant morphism p: W — V. We take a Zariski open neighborhood
Vo C V of  such that Vy C O and p~1 (V) = Al x V;. Set Wy = p~(Vp). Then Wy
is I-invariant and (ty,...,t;) € I acts (y1,...,y,v) € Al x Vg as (tiy1, ..., Ly, v).
We denote this action by

MZWOXI%WO.

Note that p is the restriction of 7. The restriction of (A.11) on Wy xTI C AxTA
induces

Wy xTI — TWo(— log(aA))

By the dual, we get

(A.12) 1y, (108(0A)) = Uy w1y /-

The image of the sections dy; /y1,...,dyi/yi € QII/VO (log(0A)) on Wy under the
map (A.12) are dt;/t1,...,dt;/t;. This shows that the map (A.12) is surjective
over Wy x I. Considering the dual on (z,e;) € Wy x I, we observe that the
restriction

VplLier: Liel — T, A(—1log(0A))
is injective.

Next we have the following commutative diagram:

WxA—" W

Vx(A/I) —— V.
my
This induces the following commutative diagram:

Lie A —"" s T.W

Lie(A/T) —— T, V.

(Mv )«

By z € A/I, we note that (M ). is an isomorphism. Hence ker m, C LieI. Since
s factors as

Lie A 225 T, A(— log(9A)) —s T, W,

we get kerp, C Lie I. This shows that v, is injective. O
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Appendix A.7. An application of faithfully flat descent

Lemma A.17. Let V and ¥ be varieties. Let Z C V be a closed subscheme. Let
Y C V xX be a closed subscheme such that Yy = Z foralls € ¥. Then ZxX CY
as closed subschemes of V x 3.

Proof. Tt is enough to prove the case that V and ¥ are affine. Thus we assume
V =SpecR and ¥ = Spec S. Let [; C R and Iy C R®¢ S be the ideals associated
to Z CVand Y CV x X, respectively. To show Iy C Iz ®c S, we take ¢ € Iy.
Then we may write

po=Hu+ -+ fiog,

where f1,...,f; € R and ¢g1,...,9; € S. We take this expression so that [ is a
minimum. We define a subset L C C! such that (ay,...,a;) € L if and only if
arfi +---+ayf; € Iz. Then L C C!is a linear subspace. To prove L = C!, we
assume on the contrary that L G C'. Then we may take a non-zero (Ay, ..., ;) € C'
such that Ajaq + -+ Nja; = 0 for all (aq,...,a;) € L. We may assume without
loss of generality that Ay = 1. Now for all s € X, we have Y; = Z. Hence g;(s) f1 +
-4 g1(s)fi € Iz. Hence (g1(s),...,q1(s)) € L, 80 A\1g1(8)+-- -+ Ngi(s) =0 for all
s € X. Since S is an integral domain, we have A\1g1+---4+X;g; =0in S. By A\ =1,
we have g1 = —(Xaga+---+Ngr). Hence o = (fo— Ao f1)®@ga+-- -+ (fi—Nif1)®g-
This contradicts the minimality of /. Hence L = C!. Now we have (1,0,...,0) € L,
hence f; € Iz. Similarly, we have f; € Iz for all i. Hence ¢ € Iz ®c S. Thus
Iy C Iz ®c S. This shows Z x X C Y. O

Let A be a semi-abelian variety and let B C A be a semi-abelian subvariety.
Let ¥ be a variety. Then we get a projection p: A x ¥ — (A/B) x X, which yields
the following fiber product:

BxAxY—2 4 AxY
qll lp
Ax Y ——(A/B) x %.
Here, for (b,a,s) € Bx Ax X, we have ¢q1(b,a, s) = (a,s) and g2(b, a, s) = (b+a, s).

Lemma A.18. Let Z C A x X be a closed subscheme which is B-invariant in the
sense that b+ Z = Z for all b € B. Then q;(Z) = ¢5(Z) as closed subschemes of
Bx AxX.

Proof. Note that ¢i(Z) = B x Z. Let m: B x A x ¥ — B be the first projection.
Then for b € B, we have ¢5(Z) N7~ 1(b) = (=b) + Z = Z. Hence by Lemma A.17,
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we have ¢i(Z) C ¢5(Z). We have an isomorphism 7: Bx AxY — Bx AxX defined
by 7(b,a,s) = (bya — b,s). By ¢1 = g2 o7, we have 7*¢;(Z) = B x Z. We have
qo7(b,a,s) = (a—b,s). Hence for b € B, we have 7*¢; (Z)Nn~ (b)) =b+Z = Z.
Hence by Lemma A.17, we have 7%¢3(Z) C 7*¢5(Z). Hence ¢3(Z) C ¢;(Z). Thus
we get ¢1(Z) = ¢ (2). O

Lemma A.19. Let A be a semi-abelian variety and let B C A be a semi-abelian
subvariety. Let 3 be a variety and let Z C A X X be a closed subscheme which is
B-invariant in the sense that b+ Z = Z for all b € B. Then there ezists a closed
subscheme Zy C (A/B) x ¥ such that Z = p*(Zy), where p: Ax X — (A/B) x &
1s the projection. Moreover, the natural map Z — Zy is a categorical quotient, i.e.,
all B-invariant morphisms Z —'Y factor uniquely through Z — Z.

Proof. To show the existence of Z,, we apply the theory of faithfully flat descent.
By Lemma A.18, we have ¢} (Z) = ¢5(Z) as closed subschemes of B x A x X.
The cocycle condition on B x B x A x X (cf. [17, equation (14.21.1)]) reduces to
the obvious identity idpxpxz cidpxBxz = idpxBxz- Since the closed immersion
7Z — A x ¥ is affine, this descent data yields a closed subscheme Z, C (A/B) x ¥
such that Z = p*(Zy) (cf. [17, Cor. 14.86]). See also [8, Rem. 2.6.2 (iv)]. The
restriction p|z: Z — Zj is the base change of p, hence a B-torsor. Hence Z — Z,
is a categorical quotient (cf. [8, Prop. 2.6.4]). O

Appendix B. Flattening via blow-ups

Lemma B.1. Let S be a scheme of finite type over C. Let X C PN x S be a
closed subscheme such that X — S is flat. Assume that S is reduced. Let U C S
be a dense Zariski open set. Then the scheme-theoretic closure of X|y is X. In
particular, supp X|y C supp X is dense.

Proof. Let Y C PN x S be the scheme-theoretic closure of X|;;. Then Y € X
and Y|y = X|y. Let P be the Hilbert polynomial for each X where s € S. Take
s €S —U. Let P’ be the Hilbert polynomial of Y.

Claim. P' = P.

We prove this. By Y; C X, we have P’ < P, i.e., P'(m) < P(m) for m > 1
(cf. [46, Lem. 3.3]). On the other hand, we have P < P’ by upper semi-continuity
of the Hilbert polynomial. Indeed, let p: Y — S be the composite of the closed
immersion Y < PV x S and the second projection PV x S — S. Let £ be the
invertible sheaf on Y obtained by the pull-back of Opn (1) by the composite of
Y < PN x S and the first projection PV x § — PN For t € S, we denote by Py,



624 K. Yamano1

the Hilbert polynomial of Y;. Hence for m > 1, we have
Py,(m) = dim H°(Y;, LS™).

By [39, p.201, Step 3|, there exists { > 0 such that for every ¢ € S and every
m > [, the natural morphism

(P+LE™) @ C(t) — T(Ye, L)

is an isomorphism, and
HI (Y, £7™) = {0}

for all j > 0. Hence Py, (m) = dim{(p.L®™) @ C(t)} for every t € S and every
m > [. Since the set {Py, }:cs is finite (cf. [39, p.201, Step 2]), we may assume,
by enlarging [, that the condition P < Py, is equivalent to P(l) < Py, (1) for every
t € S. The function t — dim{(p.£L%") ® C(¢)} is upper semi-continuous. Therefore
the set {t € S; P < Py,} is a Zariski closed subset of S that contains U, and thus
coincides with S. This shows P < P’, which concludes the proof of the claim.
Now, since S is reduced, we observe that Y — S is flat. Moreover, we have
Y, = X, for all s € S. Hence Y = X. See [17, Prop. 14.26]. O

Lemma B.2. Let X C PN x S be a closed subscheme where S is a variety. Let
Z C S be an irreducible Zariski closed set. Then there exist a projective birational
modification p: S — S and a non-empty Zariski open set U C S with the following
properties:

(1) UNnZ #0.

(2) oY (U) — U is an isomorphism.

(3) Let p: X — S be the projection and let X' C PN x S’ be the scheme-theoretic
closure of p~*(U) C X x5 S'. Then X'|z» — Z' is flat, where Z' C S’ is the
Zariski closure of o= Y (ZNU) C S and X'|z = X' x5 Z'.

Proof. This follows from [46, Lem. 3.1] as follows. For each s € S, let Px_ be
the Hilbert polynomial of X, C PV. Let P be the set of all Hilbert polynomials
of the closed subschemes of P¥. Then P is a totally ordered set by P, < P, if
and only if P;(m) < Py(m) for all large m. Moreover, P is well ordered (cf. [46,
Lem. 8.2]). Note that {Px_}ses is a finite set (cf. [39, p.201, Step 2]). Let Ppax
be the maximal element in {Px_}scs. We set

T — {SGS; PXS:Rnax} le#Qv
e if X = 0.

Then T' C S is a Zariski closed subset (cf. [46, Lem. 3.1]).
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The proof of our lemma is by transfinite induction on Py .« € P. So we assume
that our lemma is true when P, < P and consider the case P, = P. If X = (),
then our lemma is obvious. Hence in the following, we assume X # (). Suppose
Z CT. Then for all s € Z, we have Px_, = P. Since Z is integral, X|z — Z is flat
(cf. [18, Chapter III, Thm. 9.9]). Hence our lemma is true for S’ =S and U = S.
So we consider the case Z ¢ T. Then T # S. By [46, Lem. 3.1], there exists a
closed subscheme 7 with supp 7 = T such that if P = max{Pg } g, then P<P,
where S = Bl+S and X C PN x § is the strict transform. This strict transform
is defined under the isomorphism PV x § = Blpn (PN x ). Let Z C S be the
strict transform.

Now by the induction hypothesis, there exist a projective birational modifi-
cation ¢: S’ — S and a non-empty Zariski open set Uy C S with the following
properties:

e UgN Z # 0.

e )~ 1(Uy) — Uy is an isomorphism.

e Let p: X — S be the pArojection and leE X C PV x S be the scheme-theoretic
closure of p~1(Up) C X xg S’. Then X|z — Z' is flat, where Z’ C S’ is the
Zariski closure of ¥~*(Z NUy) C S'.

We denote by ¢: S” — S the composite of S’ — S — S. Note that S — S is an
isomorphism over S — 7. Hence we may consider S — 7T C S as an open subset of
S.Set U = (S — T) N Upy. Then we may consider U as an open subset of S. Then
we have U N Z # () and o~ 1(U) — U is an isomorphism. Since Z is irreducible,
the Zariski closure of p=1(U N Z) in S’ is equal to Z'. Let X’ C PV x S’ be the
scheme-theoretic closure of p~1(U) C X xg S'. Then we have X’ C X, hence
X'|z7 € X|z. On the other hand, we have X1y = )Z\Wl(U); Hence by
Lemma B.1, the scheme-theoretic closure of X'lo-1wynzr C Xz is X|z. Hence
X|z C X'|z, hence X|z = X'|z. Hence X'|z — Z' is flat. Hence by transfinite
induction, the proof is completed. O

Lemma B.3. In Lemma B.2, if S is smooth, then S’ can be taken as smooth.

Proof. We apply Lemma B.2 to get S’ and U. Suppose S’ is not smooth. Then
we take a smooth modification S” — S’. Since S is smooth, we may assume that
S"” — S’ is an isomorphism over ¢~ (U). Let ¢: S” — S be the induced map.
Then ¢: S” — S and U C S satisfy properties (1) and (2) in the statement of
Lemma B.2. We prove (3). We consider U C S”. Let X" C PY¥ x S” be the scheme-
theoretic closure of p~1(U) C X x5 S”. Then we have X" C X' x5 5" C X xgS".
This implies the closed immersion X"|z» C (X' xg S")|z», where Z" C S" is
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the Zariski closure of v~1(Z NU) C S§”. Since Z"” — S’ factors Z' — S’, we have
(X" x5/ S")|zn = (X'|z) x Z". Hence we get X" |z C (X'|z/) x Z". Note that
XH|Z//QU = (X/|Z’) X (ZH N U) :pil(U)‘ZﬁmU. Since (X/|Z’) x Z" — 7" is ﬂat,
Lemma B.1 yields X" |z» = (X'|z/) x Z". Hence X" |z» — Z" is flat. We replace
S’ by S to complete the proof. O
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