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Abstract. Enumerative Combinatorics focuses on the exact and asymptotic
counting of combinatorial objects. It is strongly connected to several disci-
plines, including probability theory, geometry, algebra, statistical physics,
computer science, and biology. Within combinatorics, it has strong links
with structural graph theory and with algebraic combinatorics, in particular
through combinatorial representation theory, polytopes and matroids.

Like other mathematical fields, Enumerative Combinatorics strongly ben-
efits from interactions with other fields. This workshop brought together
experts in Enumerative Combinatorics and related fields in order to discuss
current fundamental problems in the area and to promote cooperation and
interaction among the participants. This was the fourth of a series of MFO
workshops in Enumerative Combinatorics (after 2014, 2018, and 2022).
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Introduction by the Organizers

In March 2014, and again in May 2018, Mireille Bousquet-Mélou (Bordeaux),
Michael Drmota (Vienna), Christian Krattenthaler (Vienna), and Marc Noy
(Barcelona) organized two workshops on Enumerative Combinatorics at the Math-
ematische Forschungsinstitut at Oberwolfach, starting a successful series of work-
shops on this topic. The series continued with another workshop in December
2022. The present workshop took place in January 2026, and is the fourth one in
this series. It was organized by a renewed team consisting of Guillaume Chapuy
(Paris), Sergi Elizalde (Dartmouth) and Ilse Fischer (Vienna).
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Four years after the previous meeting, it was time to meet again and assess
the developments which had taken place since then; in particular, to examine the
impact of the previous workshops, and to witness and discuss the recent trends
and most exciting developments in Enumerative Combinatorics.

Even though, as expected, there was some intersection between the participants
of this workshop and those of previous editions, there was a significant number
(40%) of new participants, many of whom were younger researchers.

The impact of the last workshops could be felt in several ways. The recogni-
tion by the MFO institute of enumerative combinatorics as a field contributed to
create a feeling of community which is very valuable for researchers in the field
all around the world. As expected, the presentations and discussions from the
previous workshops resulted in several new collaborations, and in several papers,
as could be witnessed on the arχiv.

This workshop took place in January 12–16, 2026. There were 45 on-site partici-
pants coming from various European countries, as well as from the US, Canada,
and Japan. The program consisted of 2 one-hour keynote lectures, accompanied by
22 shorter 45-minute presentations, and a special session consisting of 15-minute
talks by the four Oberwolfach Leibniz graduate fellows. There was also a par-
ticularly extensive and inspiring problem session (as is reported in detail below)
which gave rise to exciting discussions, and we are confident it will lead to new
collaborations and to new results in the forthcoming years. The two keynote lec-
tures were delivered by Mireille Bousquet-Mélou and Matjaž Konvalinka.
They provided overviews of recent exciting developments on cyclic sieving and a
generalized poset point of view on alternating sign matrices.

As a whole, the lecturers in this workshop presented the state of the art in
various areas related to Enumerative Combinatorics, together with relevant new
results. The lectures and short talks ranged over a wide variety of topics including
classical enumerative problems, algebraic combinatorics, asymptotic and proba-
bilistic methods, and statistical physics. Special attention was paid to providing a
platform for younger researchers to introduce themselves and their results to the
community. This report contains extended abstracts of the talks, as well as the
statements of the problems that were posed during the problem session.

The goal of the workshop was to bring together researchers from different fields
with a common interest in enumeration, whether from an algebraic, analytic, prob-
abilistic, geometric or computational angle, in order to enhance collaboration and
new research projects. The organizers believe this goal was amply achieved, as
demonstrated by the strong interaction among the participants and the lively dis-
cussions in and outside the lecture room during the whole week.

The working environment was again perfect, and on behalf of all participants,
the organizers would like to thank the staff and the director of the Mathematis-
ches Forschungsinstitut Oberwolfach for providing such a stimulating and inspiring
atmosphere.

We also would like to thank Wenjie Fang, who helped with the collection of
abstracts and the editing of this document.
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Abstracts

A combinatorial formula for interpolation Macdonald polynomials

Houcine Ben Dali

(joint work with Lauren Williams)

Knop [3] and Sahi [4] introduced a remarkable family of inhomogeneous symmet-
ric polynomials, defined via vanishing conditions, whose top homogeneous parts
are exactly the Macdonald polynomials. Like the Macdonald polynomials, these
interpolation Macdonald polynomials are closely connected to the Hecke algebra,
and admit non-symmetric versions, which generalize the non-symmetric Macdon-
ald polynomials. I present in this talk a combinatorial formula for interpolation
Macdonald polynomials in terms of signed multiline queues. This formula gener-
alizes the combinatorial formula for Macdonald polynomials in terms of multiline
queues given by Corteel–Mandelshtam–Williams. This talk is based on [1].

1. Interpolation ASEP polynomials

Given a composition µ = (µ1, . . . , µn) ∈ Nn, we define

ki(µ) := #{j : j < i and µj > µi}+ #{j : j > i and µj ≥ µi}, and(1)

µ̃ :=
(
qµ1t−k1(µ), . . . , qµnt−kn(µ)

)
.(2)

For example, when µ = (4, 2, 0, 1, 4) we have µ̃ = (q4t−1, q2t−2, t−4, qt−3, q4).

Let Pn denote the ring of polynomials in n variables, and let P(d)
n denote the

polynomials of degree at most d.
We define a family of inhomogeneous (non-symmetric) polynomials called in-

terpolation ASEP polynomials.

Theorem 1. Suppose that µ ∈ Sn(λ) is of size d, then there exists a unique

polynomial f∗
µ(x1, . . . , xn; q, t) in P(d)

n such that:

• for any composition ν such that |ν| ≤ |µ| and ν /∈ Sn(λ), we have f∗
µ(ν̃) =

0.
• if τ ∈ Sn(λ), then

[xτ ]f∗
µ = δτ,µ.

This theorem is based on the theory of interpolation polynomials introduced by
Knop [3] and Sahi [4].

The classical ASEP polynomials fµ are obtained from the interpolation poly-
nomials f∗

µ by taking the top homogeneous part. Moreover, we can recover the
symmetric interpolation ASEP polynomials P ∗

λ introduced in [3, 4] as follows.

Proposition 2. For any partition λ, we have

P ∗
λ (x1, . . . , xn; q, t) =

∑

µ∈Sn(λ)

f∗
µ(x1, . . . , xn; q, t).
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Figure 1. Left: a multiline queue of type (1, 2, 0, 0, 0, 3, 2, 1).
Right: a signed multiline queue of type (1, 2, 0, 0, 0, 2, 3, 1).

Our main result is a combinatorial formula for the interpolation ASEP polyno-
mials in terms of signed multiline queues.

2. Multiline queues

Roughly, a multiline queue is a diagram with n ≥ 1 columns and L ≥ 1 rows,
where each of the L×n positions is either empty or occupied by a ball (see Figure
1a for an example). Each ball in a row ℓ ≥ 2 is linked to a ball in the row below,
according to certain rules. A ball is labelled by the number of balls in its strand.
The type of such a diagram is the composition obtained by reading the labels in
the first row. We denote by MLQ(µ) the set of multiline queues of type µ.

Theorem 3 ([2]). There exists a weight wt on multiline queues such that, for any
composition µ ∈ Nn, we have

Fµ(x1, . . . , xn; q, t) =
∑

Q∈MLQ(µ)

wt(Q).

By summing over all permutations µ of a partition λ, we obtain

Pλ(x1, . . . , xn; q, t) =
∑

µ∈Sn(λ)

∑

Q∈MLQ(µ)

wt(Q).

The proof of this result relies on a characterization of ASEP polynomials via
a family of equations called qKZ equations. However, this characterization does
not extend to the interpolation case, which makes it necessary to develop new
techniques to study these polynomials. This partly explains why the problem of
finding a combinatorial interpretation of interpolation polynomials has remained
open, despite the many results known in the homogeneous setting.

In [1], we extend the result of [2] to the setting of interpolation polynomials.
We introduce a signed generalization of multiline queues (see Figure 1b for an
example). These signed diagrams have additional layers (those separating rows r
and r′), whose combinatorial structure differs from that of the “classical” layers.
Given a composition µ, we denote by SMLQ(µ) the set of signed multiline queues
of type µ.
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Theorem 4 ([1]). There exists a weight wt on signed multiline queues such that,
for any composition µ, we have

f∗
µ(x1, . . . , xn; q, t) =

∑

Q∈SMLQ(µ)

wt(Q).

By summing over all permutations µ of a partition λ = (λ1, . . . , λn), we obtain

P ∗
λ (x1, . . . , xn; q, t) =

∑

µ∈Sn(λ)

∑

Q∈SMLQ(µ)

wt(Q).

This result has also a reformulation in terms of signed tableaux (see [1, Theorem
6.10]).

The weight wt(Q) introduced here on signed multiline queues can be expressed
as a product of two terms wt(Q) = wtball(Q)·wtpair(Q), where:

• We assign to a signed ball B a weight wt(B) such that wt(B) = xi if the
ball is positive and lies in column i, and wt(B) = −qr−1/tn−1 if the ball
is negative and lies in a row r′. The ball weight wtball(Q) of Q is then
defined as the product of the weights of all the signed balls.
• We assign to each non-trivial pairing in Q a weight in Q(q, t). This weight

is less straightforward, and depends on whether the pairing is in a signed
or in a classical layer. The pairing weight wtpair(Q) of Q is then defined
as the product of the weights of all pairings.

Since interpolation ASEP polynomials do not satisfy all the qKZ equations used
to study the homogeneous polynomials (Theorem 3), we adopt a different proof
strategy to establish Theorem 4. We first prove a factorization formula for the
polynomials f∗

µ indexed by packed compositions, and then, in a second step, use
the action of the Hecke algebra on these polynomials to pass from the packed case
to the general one.

Theorem 4 gives a combinatorial proof of the integrality result of Knop and
Sahi for the integral symmetric interpolation polynomials J∗

µ (see [1, Section 6.2]).
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Cyclic sieving phenomena for trees and tree-rooted maps

Mireille Bousquet-Mélou

(joint work with Christian Krattenthaler)

1. Introduction, and first example

The cyclic sieving phenomenon was introduced by Reiner, Stanton and White
about 20 years ago [5]. It deals with the enumerative properties of a set of com-
binatorial objects on which a cyclic group acts.

Definition 1. Given a set S of combinatorial objects, an action on S of a cyclic
group G, and a polynomial P (q) in q with non-negative integer coefficients, we say
that the triple (S,G, P ) exhibits the cyclic sieving phenomenon (CSP) if for any
g ∈ G the number of elements of S fixed by g equals P (ω) for any primitive d-th
root of unity ω, where d is the order of g in G.

Reiner, Stanton and White already presented numerous instances of the cyclic
sieving phenomenon in their original article [5]. Since then, the discovery of cyclic
sieving phenomena has almost become an industry, with numerous more having
been discovered and proved since the appearance of [5]. A survey of cyclic sieving
phenomena published until 2011 can be found in [6]. It goes without saying that
even more have been identified since then.

In this talk, based on [2], we show that rooted plane trees (also called ordered
trees) are dream objects for cyclic sieving. Our basic example deals with the set
T(n) of plane trees with n edges, rooted at a corner, as shown in Figure 1. It is
well-known that their number is the n-th Catalan number:

(1) Cn :=
1

n + 1

(
2n

n

)
.

Our first cyclic action, denoted R and called ordinary rotation in what follows,
acts on rooted trees by moving the root corner to the next corner in counterclock-
wise order around the tree; see Figure 1. Since a rooted tree with n edges has 2n
corners, we obtain an action of the cyclic group of order 2n on T(n).

R

R

R

R R

Figure 1. Rotation on rooted trees with 3 edges.



Enumerative Combinatorics 91

In the statement of the theorem below and as well in the rest of the abstract,
we use the standard q-notations for q-integers and q-binomial coefficients:

[M ]q :=
1− qM

1− q
, [M ]q! := [1]q [2]q · · · [M ]q,

[
M
N

]

q

:=
[M ]q!

[N ]q! [M −N ]q!
for 0 ≤ N ≤M.

We will also use q-multinomial coefficients, defined as expected.

Theorem 2. Let n ≥ 1. The cyclic group of order 2n acts on T(n) by the rotation
R, and the following triple exhibits the cyclic sieving phenomenon:

(
T(n), 〈R〉, 1

[n + 1]q

[
2n
n

]

q

)
.

This result is not new, but appears to be (mostly) known in terms of other
objects than trees. Indeed, it is well-known that rooted plane trees of size n
are in bijection with non-crossing perfect matchings of a 2n-gon, and with non-
crossing partitions on n points. It turns out that the CSP above is known in those
terms; see [6, Thm. 8.1] and [1, Thm. 1.5]. It also appears in terms of trees in an
apparently unpublished preprint [3].

Our point is that this result is extremely robust. It admits numerous variations,
both on the set of trees under consideration, and on the rotation itself. Moreover,
one of the variants implies that a CSP phenomenon holds for tree-rooted maps, a
family of decorated plane graphs introduced by Mullin in 1967 [4]. Our proofs use
direct enumeration, and evaluations of various q-analogues at roots of unity.

2. Variations on the trees

We obtain CSP for various sub-families of T(n). For instance, for the set of trees
having n edges and k leaves; or for the set T(n1, n2, . . .) of trees with ni vertices
of degree i, for all i ≥ 1. The corresponding result reads as follows.

Theorem 3. Let n = (n1, n2 . . . ) be a sequence of nonnegative integers such that

(2)
∑

i≥1

(i − 2)ni = −2.

Write n + 1 =
∑

i ni. Then the cyclic group of order 2n acts by the rotation R
on T(n), and the following triple exhibits the cyclic sieving phenomenon:

(
T(n), 〈R〉, 1 + qn

[n + 1]q

[
n + 1

n1, n2, . . .

]

q

)
.

3. Variations on the rotation

We also obtain CSP for variants of the ordinary rotation, for instance for the exter-
nal rotation. Here, only trees rooted at a leaf are considered, and the rotation Re

moves the root to the next leaf in counterclockwise order. Moreover, variations on
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the rotation and on the tree family can be combined. Here is a typical example,
dealing with the subset Te(n) of T(n) consisting of trees rooted at a leaf.

Theorem 4. Let n = (n1, n2, . . . ) be a sequence of non-negative integers satisfy-
ing (2). Write n + 1 =

∑
i ni. The cyclic group of order n1 acts by the external

rotation on Te(n), and the following triple exhibits the cyclic sieving phenomenon:
(

Te(n), 〈Re〉,
1

[n]q

[
n

n1 − 1, n2, n3, . . .

]

q

)
.

4. Tree-rooted maps

Here we refer to [2] for definitions, and only give an illustration that should suggest
how the rotation R acts (Figure 2), and a statement.

Theorem 5. Let n be a non-negative integer. Then the cyclic group of order 2n
acts on the set TM(n) of tree-rooted maps having n edges, and the triple

(
TM(n), 〈R〉, 1

[n + 1]q[n + 2]q

[
2n

n

]

q

[
2n + 2

n + 1

]

q

)

exhibits the cyclic sieving phenomenon.

R
R

R

R R

R

R

Figure 2. The 10 tree-rooted maps with n = 2 edges, and the
action of the rotation R on these maps.
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The slice decomposition of planar hypermaps

Jérémie Bouttier

(joint work with Marie Albenque, Bertrand Eynard and Thomas Lejeune)

Planar maps are connected graphs drawn on the sphere, considered up to defor-
mation. They consist of vertices, edges, and faces. Planar hypermaps are planar
maps whose faces are properly bicolored. We consider the problem of counting
planar hypermaps with controlled face degrees and colors. This problem is inti-
mately connected with the so-called two-matrix model in theoretical physics, and
the Ising model on random maps. In this talk we develop a bijective approach
to this enumerative problem by extending the method of slice decomposition (al-
ready presented in a previous Oberwolfach workshop in the case of ordinary maps).
Considering hypermaps adds a new twist to the story, since we deal with orien-
tations (induced canonically by the colors), adding new interesting ingredients to
our combinatorial arguments.

References

[1] M. Albenque and J. Bouttier, The slice decomposition of planar hypermaps, Preprint,
arXiv:2509.06850 (2025), accepted by Forum Math. Sigma.

Between weak and Bruhat, the middle order on permutations

Mathilde Bouvel

(joint work with Luca Ferrari and Bridget E. Tenner)

In this contribution, we are interested in partial orders that can be defined on the
sets of permutations of any fixed size. Among the most classical such orders are
the Bruhat order and the weak order, which motivate the context of our study
(a published version can be found in [2]). We refer to [1] for background on the
Bruhat and weak orders, and to [3] for basics on posets in general.

The Bruhat and weak orders are defined on the set Sn of all permutations of size
n, and can be conveniently described in terms of the associated covering relations.
More specifically, given σ, τ ∈ Sn, the element σ is covered by τ in the Bruhat
order when τ is obtained from σ by turning a non-inversion into an inversion,
provided that no further inversion is created. On the other hand, σ is covered
by τ in the weak order when τ is obtained from σ by turning an ascent into a
descent. These covering relations can therefore be summarized by the following
transformations on occurrences of so-called mesh patterns :

(weak order), and (Bruhat order).

We introduce a class of “intermediate” partial orders, which we call middle or-
ders, that interpolate (with respect to refinement) between the Bruhat orders and

https://arxiv.org/abs/2509.06850
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the weak orders. Their covering relations correspond to the following transforma-
tions on occurrences of mesh patterns:

(middle order).

By definition, the middle order refines the weak order on permutations and
admits the Bruhat order as a refinement, justifying the terminology. This is illus-
trated in size 3 by the Hasse diagrams below.

321

231 312

213 132

123

321

231 312

213 132

123

321

231 312

213 132

123

Bruhat order middle order weak order

We demonstrate that there is a second combinatorial interpretation of this mid-
dle order, in terms of inversion sequences associated with permutations. In this
context (and while symmetries are considered in other works), we define the in-
version sequence of a permutation σ of size n as I(σ) = (x1, . . . , xn), where

xi = #{j < i |σ−1(j) > σ−1(i)}.

In other words, the i-th coordinate of I(σ) counts the times that the value i is an
inversion top.

We show that σ is less than or equal to τ in the middle order if and only if
I(σ) is less than or equal to I(τ), coordinate-wise. As a consequence, as a poset,
the middle order is isomorphic to the product of chains [0, 0] × [0, 1] × [0, 2] ×
· · · × [0, n− 1]. Building from there, we can prove nice structural properties of the
middle orders: they are distributive lattices, and they are graded.

We proceed by studying the intervals, and the Boolean intervals, of the middle
order. We show that the number of intervals (resp. Boolean intervals) in the

middle order for size n is n!(n+1)!
2n (resp. (2n−1)!!). Furthermore, denoting f(n, k)

(resp. b(n, k)) the number of intervals (resp. Boolean intervals) of rank k in the
middle order for size n, we show that f(1, 0) = 1 and for n ≥ 2 and k ∈ [0,

(
n
2

)
],

f(n, k) =

n−1∑

h=0

(n− h) · f(n− 1, k − h),
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(with the convention that f(n, j) = 0 when j < 0), while we have a non-recursive
formula in the Boolean case. Namely, denoting c(n, j) the signless Stirling num-
bers of the first kind (counting permutations of size n having j cycles, or equiv-
alently permutations of size n having j RtoL-minima), it holds that b(n, k) =∑n

i=0

(
i
k

)
c(n, n− i) (here, k can only range from 0 to n− 1).

With the good understanding of the Boolean intervals, and the property of
being a distributive lattice, we have easy access to the Möbius function on the
middle order (which is notoriously difficult to compute in general).

We are also able to give a combinatorial description of the Euler characteristic on
the middle order, which counts the number of RtoL-non-minima of a permutation.
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Toric Promotion with Reflections and Refractions

Colin Defant

(joint work with Ashleigh Adams and Jessica Striker)

Inspired by recent work on refraction billiards in dynamics, we introduce a notion
of refraction for combinatorial billiards. This allows us to define a generalization of
toric promotion that we call toric promotion with reflections and refractions, which
is a dynamical system defined via a graph G whose edges are partitioned into a
set of reflection edges and a set of refraction edges. This system is a discretization
of a billiard system in which a beam of light can pass through, reflect off of, or
refract through each toric hyperplane in a toric arrangement. We give a simple
formula for the orbit structure of toric promotion with reflections and refractions
when G is a forest. We also completely describe the orbit sizes when G is a cycle
with an even number of refraction edges; this result is new even for ordinary toric
promotion (i.e., when there are no refraction edges). When G is a cycle of even size
with no reflection edges, we obtain an instance of the cyclic sieving phenomenon.
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Symmetries in canon permutations

Danai Deligeorgaki

(joint work with Krishna Menon)

Canon permutations are a class of multiset permutations that exhibit rich com-
binatorial structure. For the multiset M = {1m, 2m, . . . , nm} with m = 2, this
class consists of exactly the multiset permutations that avoid the patterns 1221
and 2112. For general m, a canon permutation is a shuffle of m copies of a per-
mutation of length n: the subsequence formed by the j-th copy of each element of
[n] := {1, 2, . . . , n} is identical for all j ∈ [m]. For instance, 13123424 is a canon
permutation of {12, 22, 32, 42}, with the sequence formed by the 1-st and 2-nd copy
being 1324, whereas 13123442 is not a canon permutation. We denote by Cmn the
set of all canon permutations for given m,n.

Canon permutations were introduced by Elizalde [2] (also called nonnesting
permutations for m = 2), who observed that their descent polynomial is of partic-
ular interest. It is not only palindromic, but it further factorizes as a product of
an Eulerian polynomial and a Narayana polynomial. This exceptional structure
was later explained using standard Young tableaux by Elizalde in [3] and through
labeled posets in joint work with Matthias Beck [1], where further generalizations
were developed. Specifically, the descent polynomial corresponding to Cmn is the
numerator of the rational generating function of the order polynomial for the or-
dinal sum of a product of two chains ([m]× [n]) with an n-element antichain [1].

The descent polynomial for the canon permutations of a multiset {1m, . . . , nm}
is denoted by

Cm
n (x) :=

∑

π∈Cm
n

xdes(π),

where j is a descent of π if π(j + 1) < π(j) and des(π) is the number of descents
of π. Elizalde [2] also considered the polynomial

Cm,σ
n (x) :=

∑

π∈Cm,σ
n

xdes(π)

with Cm,σ
n the set of canon permutations such that the sequence formed by the

j-th copy of each element of [n] is σ, σ ∈ Sn. Narayana polynomials play a crucial
role in this specialization. Let us denote by Nn(x) the n-th Narayana polynomial,
enumerating peaks in Dyck paths. If we fix the underlying subsequence σ to be
the identity permutation, C2,id

n (x) = Nn(x). More generally, for any σ ∈ Sn,

C2,σ
n (x) = xdes(σ)Nn(x).

This was proved bijectively in [2] (case m = 2) and generalized to all m in [3] using
standard Young tableaux. A shorter (but non-bijective) proof is also presented
in [1] using (P, ω) partitions. The expression of C2,σ

n (x) as a shifted Narayana
polynomial is fundamental for establishing distributional properties for C2,σ

n (x)
(and, further, C2

n(x)). For instance, it follows that C2,σ
n (x) is palindromic, and its

degree depends on σ.
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Our focus in this extended abstract is on a different, natural restriction on canon
permutations that is less understood, focusing on the case m = 2. In particular, we
study canon permutations where the “shuffle order” is fixed and the subsequence
σ ∈ Sn can vary. For example, 121323 and 212313 have the same shuffle order,
since the first occurrences of the entries {1, 2, 3} are in positions 1, 2 and 4 in both
permutations. In the case m = 2, a shuffle ordering is captured by a Dyck path
(see [2, Section 3] for an explanation, or alternatively [1, Section 2]). Specifically,
provided with a Dyck path d of semilength n and a permutation σ ∈ Sn, we
consider the canon permutation formed by labeling the up-steps (and the down-
steps) of d with the entries of σ, and then reading the permutation formed (from
left to right), denoted by can(d, σ). See Figure 1 for an example.

1

2 1 3 2

3

can(d, 123) = 121323

Figure 1. Two canon permutations on the same Dyck path.

A Dyck path of semilength n is a lattice path in R2 that starts at the origin
(0, 0), ends at (2n, 0), has steps U = (1, 1) (up-steps) or D = (1,−1) (down-steps),
and never falls below the x-axis. We use Dyckn to denote the set of Dyck paths
of semilength n. To a Dyck path d of semilength n, we associate the polynomial

Cd(t) :=
∑

σ∈Sn

tdes(can(d,σ)),

called the canon descent polynomial of d. Summing over the set of Dyck paths of
semilength n, we recover the set of canon permutations for {12, 22, . . . , n2}, and

∑

d∈Dyckn

Cd(t) = C2
n(x).

For d ∈ Dyckn, its bounce path is constructed as follows. We start at the point
(0, 0) and keep moving using up-steps until encountering a down-step of d. Then
we keep moving using down-steps until encountering the x-axis. Then, again, we
keep moving using up-steps until encountering a down-step of d, and repeat the
process until (2n, 0) is reached. We denote the bounce path of d by bounce(d).
An example is shown in Figure 2.

Our main contribution is the following theorem.

Theorem 1. For any d ∈ Dyckn, the polynomial Cd(t) is:

a) palindromic with respect to degree k = 2n − 1 − lpkd, where lpk is the
number of low peaks of d,
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↓

Figure 2. A Dyck path (top) and its bounce path (bottom).

b) of degree 2n − 1 − pk(bounce(d)), where pk(bounce(d)) is the number of
peaks of the bounce path of d,

c) free from internal zeros.

In our preprint (to appear soon), we further study the leading coefficient of Cd,
which we denote by md, for d ∈ Dyckn. Our motivating question is to find the
permutations σ ∈ Sn maximizing the descents of can(d, σ). A natural candidate
maximizer is the decreasing permutation δn := n . . . 21 ∈ Sn. We show that δn is
not a descent maximizer for all Dyck paths. In fact, this happens if and only if
the number of peaks of d equals the number of peaks of its corresponding bounce
path. In the case where d is a bounce path, δn is the only maximizer, and the
reverse also holds.

To identify the remaining maximizers, we present two different algorithms that
output canon permutations with a maximum number of descents for a given
Dyck path. Our algorithms do not recover all maximizers contributing to md,
as they only construct canon permutations with the same descent structure as
can(bounce(d), δn). However, we can extend the idea to replace bounce(d) with
different bounce paths contained in d (satisfying certain conditions), and that leads
to maximizers with different descent structures. These combine into a lower bound
for md in terms of bounce paths contained in d with certain properties.
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Pinecones and T-system: from exact enumeration to limit shapes

Philippe Di Francesco

(joint work with Trung Hieu Vu)

We study solutions of the T-system a.k.a. the octahedron recurrence with special
initial data along a “mille-feuille” of slanted parallel planes. The exact solution
is the partition function of weighted dimer coverings of suitable graphs, identified
with the “pinecones” introduced by Bousquet-Mélou, Propp and West in 2009
[1]. For special uniform or periodic weights, this allows us to derive the arctic
phenomenon of the dimer models, i.e., the existence of frozen, liquid and pinned
phases in typical configurations of large-scale domains, separated asymptotically
by an algebraic “arctic” curve, which we compute explicitly by the dimer density
function method [2, 3].
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Discrete N-particle systems at high temperature and weighted

 Lukasiewicz paths

Maciej Do lęga

(joint work with Cesar Cuenca)

One recurring message of enumerative combinatorics is that probabilistic quanti-
ties can often be computed by counting suitably weighted combinatorial objects.
In this talk, we illustrate this principle in the high-temperature limit of random
discrete N -particle systems: we show that the moments of the limiting measures
can be obtained by enumerating weighted  Lukasiewicz paths. The weights de-
pend on a one-parameter deformation of cumulants (the quantized γ-cumulants)
extracted from a natural Fourier-type transform (the Jack generating function).

1. Discrete N-particle systems and Jack generating functions

We encode a discrete N -particle configuration by the sequence of particle positions

Li := λi − (i− 1)θ, i = 1, . . . , N,

where λ = (λ1 ≥ · · · ≥ λN ) ∈ ZN is a weakly decreasing sequence of integers, and
θ > 0 is a deformation parameter. Given a sequence of measures {PN}N≥1 on
signatures, we study the empirical measure

µN :=
1

N

N∑

i=1

δLi ,
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and ask for conditions under which µN converges to a deterministic probability
measure µγ as N →∞ and Nθ → γ.

The main structural tool is the Jack generating function. Let Pλ(x1, . . . , xN ; θ)
be the Jack symmetric polynomial with parameter θ > 0. We associate to PN the
symmetric power series

GN,θ(x1, . . . , xN ) :=
∑

λ

PN (λ)
Pλ(x1, . . . , xN ; θ)

Pλ(1N ; θ)
,

which for θ = 1 recovers the Schur generating function; for general θ we call it the
Jack generating function.

2. LLN criterion via the germ of logGN,θ at (1N )

Our first main result gives a necessary and sufficient condition for the LLN in this
regime in terms of the Taylor expansion of logGN,θ at (1N ). An LLN holds if and
only if the following limiting coefficients, called quantized γ-cumulants, exist:

κγ
n := lim

N→∞
Nθ→γ

1

(n− 1)!

∂n

∂xn
1

log
(
GN,θ

)∣∣∣
(1N )

(n ≥ 1),

and all mixed derivatives vanish in the limit:

lim
N→∞
Nθ→γ

∂

∂xi1

· · · ∂

∂xin

log
(
GN,θ

)∣∣∣
(1N )

= 0, |{i1, . . . , in}| > 1,

see [3, Theorem 3.6] for details.

3. A combinatorial moment–cumulant transform via  Lukasiewicz
paths

The second part of our LLN theorem is a purely combinatorial recipe that turns the
“cumulant data” (κγ

n)n≥1 into the moments (mℓ)ℓ≥1 of the limiting measure µγ .
It can be viewed as a one-parameter deformation (depending on γ) of analogous
moment–cumulant relations from classical and free probability.

Let L(ℓ) be the set of  Lukasiewicz paths of length ℓ (lattice paths starting at
height 0, staying at non-negative heights, and using steps that change the height
by an integer ≥ −1). For a path Γ ∈ L(ℓ), we record how many times Γ makes each
admissible step at each height. The weights below depend only on this step-count
data.

Define the discrete derivative operator ∆γ by

∆γ(f)(x) :=
1

γ

(
f(x)− f(x− γ)

)
.

Our theorem states that for every ℓ ≥ 1,

mℓ =
∑

Γ∈L(ℓ)

wγ(Γ),

where wγ(Γ) is an explicit product of local weights. More precisely, denoting by
Hi(Γ) the number of horizontal steps of Γ at height i and by Uj(Γ) (resp. Dj(Γ))
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the number of up-steps of increment j (resp. down-steps departing from height j),
we obtain the closed formula

mℓ =
∑

Γ∈L(ℓ)

∆γ

(
x1+H0(Γ)

)∣∣
x=κγ

1

1 + H0(Γ)
·
∏

i≥1

(
κγ
1 + i

)Hi(Γ)

·
∏

j≥1

(
κγ
j + κγ

j+1

)Uj(Γ)
(j + γ)Dj(Γ).

Thus the entire moment sequence of µγ is obtained by enumerating  Lukasiewicz
paths with weights built from the quantized γ-cumulants. Moreover, both the mo-
ment formula for continuous N -particle systems in the high-temperature regime [1]
and the moment formula for discrete N -particle systems in the fixed-temperature
regime [6] can be recovered from our formula by taking suitable semiclassical limits;
in this sense, our formula refines both.

4. From combinatorics to analysis: functional relations and
crystallization

One downside of the combinatorial formula is that it does not immediately reveal
the “shape” of the limiting measure µγ . Extensive computer simulations suggest
a crystallization phenomenon: the limiting measure seems to be supported on a
union of disjoint intervals separated by unit gaps. Very similar crystallization in
the high-temperature regime was proved previously for a different class of Jack
measures, where the natural “size” parameter is the number of boxes of the as-
sociated random Young diagram [5]. In that setting, the moment–cumulant-type
formulas are again expressed as sums over weighted  Lukasiewicz paths, suggesting
that crystallization might be a universal feature of Jack measures at high tem-
perature. In a companion work [4] we prove crystallization for three important
classes of the N -particle systems studied here; the key tool is a functional equation
between the γ-quantized R-transform and the moment generating function of µγ .
A purely combinatorial proof of this equation is still missing, and it would be very
interesting to find a direct bijective argument explaining it.

A simple crystallization example and a curious combinatorial identity. Let us
illustrate the interplay between the combinatorial approach and the limit-shape
structure by looking at the simplest example that already yields a nontrivial iden-
tity. For instance, here is one of the simplest limiting measures that we encounter:

µγ(dx) =
1

γ

(
1[1−γ2, 1](x) + 1[−γ,−γ2](x)

)
dx, γ ∈ (0, 1).

Its ℓ-th moment can be computed directly:

mℓ =
1

γ(ℓ + 1)

(
1− (1− γ2)ℓ+1 + (−1)ℓ+1γ2ℓ+2 + (−1)ℓγℓ+1

)
.

Our theorem asserts that this elementary closed form equals a weighted sum of
 Lukasiewicz paths of length ℓ with weights determined by the corresponding quan-
tized γ-cumulants. Even in this simplest case the resulting identity is far from
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transparent combinatorially, and it is representative of many other path-sum iden-
tities produced by the general moment–cumulant transform.
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Andrews–Gordon–Bressoud type identities and particle motion

Jehanne Dousse

(joint work with Jihyeug Jang, Frédéric Jouhet and Isaac Konan)

Some of the most important and ubiquitous q-series identities are the Andrews–
Gordon and Bressoud identities. They are stated as follows.

Theorem 1 (Andrews–Gordon identities [1]). Let k ≥ 1 and 0 ≤ r ≤ k be two
integers. We have

(1)
∑

s1≥···≥sk≥0

qs
2
1+···+s2k+sk−r+1+···+sk

(q)s1−s2 · · · (q)sk−1−sk(q)sk
=

(q2k+3, qk+1−r, qk+2+r; q2k+3)∞
(q)∞

.

Theorem 2 (Bressoud’s identities [2]). Let r and k be integers with k ≥ 1 and
0 ≤ r ≤ k. Then
(2)

∑

s1≥···≥sk≥0

qs
2
1+···+s2k+sk−r+1+···+sk

(q)s1−s2 · · · (q)sk−1−sk(q2; q2)sk
=

(q2k+2, qk+1−r , qk+1+r; q2k+2)∞
(q)∞

.

Here we used the standard q-series notation

(a)k = (a; q)k :=

k−1∏

n=0

(1−aqn), (a1, . . . , am)k := (a1, . . . , am; q)k := (a1)k · · · (am)k,

where k ∈ N ∪ {∞}.
These identities have a combinatorial counterpart as partition identities.

Theorem 3 (Gordon [5]). For integers k ≥ 1 and 0 ≤ r ≤ k, the number of
partitions λ of n with the difference condition λi − λi+k ≥ 2 for all i, and where
the part 1 appears at most (k − r) times, is equal to the number of partitions of n
into parts not congruent to 0,±(k − r + 1) modulo 2k + 3.

https://arxiv.org/abs/2502.13098
https://arxiv.org/abs/2510.23496


Enumerative Combinatorics 103

Theorem 4 (Bressoud [2]). For integers k ≥ 1 and 0 ≤ r ≤ k, the number of
partitions λ of n with the difference condition λi−λi+k ≥ 2 for all i, where the part
1 appears at most (k−r) times, and λi−λi+k−1 ≤ 1 only if λi+λi+1+· · ·+λi+k−1 ≡
k− r mod 2, is equal to the number of partitions of n into parts not congruent to
0,±(k − r + 1) modulo 2k + 2.

While it is very easy to see that the right-hand side of (1) (resp. (2)) is the
generating function for the partitions with congruence conditions in Theorem 3
(resp. Theorem 4), it is far from obvious that the left-hand side of (1) (resp. (2))
is the generating function for the partitions with difference conditions in Theorem
3 (resp. Theorem 4). For Theorems 1 and 3, it was originally proved by Andrews
using recurrences [1], and it took more than twenty years until a bijective proof
was found by Warnaar [7].

Warnaar’s bijective proof relies on particle motion, a process which consists
in seeing partitions as frequency sequences, and inserting a k-tuple of partitions,
generated by the denominator of (1), into a minimal frequency sequence generated
by the numerator of (1), by moving particles inside the frequency sequence.

In this talk, we explain and generalise Warnaar’s particle motion bijection.
We show that our generalisation can be applied to the sum side of many other
identities, including Theorem 2.

Then, using the Andrews-Gordon and Bressoud identities as ingredients, we
show that many identities can be proved using particle motion, including broad
generalisations of the Andrews-Gordon and Bressoud identities due to Stanton and
some new identities, following the papers [3, 4].

One of Stanton’s identities reads as follows:

Theorem 5 (Stanton [6]). Let j, r ≥ 0 and k ≥ 1 be integers such that j + r ≤ k.
Then

∑

s1≥···≥sk≥0

qs
2
1+···+s2k−s1−···−sj+sk−r+1+···+sk

(q)s1−s2 · · · (q)sk−1−sk(q)sk

=

j∑

s=0

(q2k+3, qk+1−r+j−2s, qk+2+r−j+2s; q2k+3)∞
(q)∞

.

One of our new identities is given below.

Theorem 6 (D.–Jang–Jouhet [3]). Let j, r ≥ 0 and k ≥ 1 be integers such that
j + r ≤ k. Then

∑

s1≥···≥sk≥0

qs
2
1+···+s2k−s1−···−sj+sk−r+1+···+sk−1+2sk

(q)s1−s2 · · · (q)sk−1−sk(q2; q2)sk

=
1

1 + q

j∑

s=0

(
(q2k+2, qk+2−r+j−2s, qk+r−j+2s; q2k+2)∞

(q)∞

+q
(q2k+2, qk−r+j−2s, qk+2+r−j+2s; q2k+2)∞

(q)∞

)
.
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Asymptotic Counting of some Special Unlabelled Graph Families

Michael Drmota

(joint work with Jordi Castellv́ı, Marc Noy and Clément Requilé)

Unlabelled graphs are usually more difficult to count since one has to take into
account all symmetries (or equivalently the automorphism group). Nevertheless,
there are already several asymptotic results on unlabelled graphs. The most basic
case is that of trees that has been solved by Otter [5]: the number of unlabelled

trees t
[u]
n with n vertices is given by

t[u]n ∼ c n−5/2ρn

with c ≈ 0.5349 and ρ ≈ 2.9558. More recently, unlabelled series-parallel graphs
have been asymptotically counted [3]: the number of unlabelled series-parallel

graphs g
[u]
n with n vertices is given by

g[u]n ∼ c2 n
−5/2ρn2

with c2 > 0 and ρ2 ≈ 9.3852. A corresponding result with the same kind of
structure (c n−5/2ρn) holds for unlabelled k-trees [4].

Actually all these mentioned graph structures are related to the so-called tree-
width of graphs. Trees are precisely graphs with tree-width 1, series-parallel graphs
are those with tree-width ≤ 2, and k-trees are maximal graphs of tree-width k.
It could be therefore conjectured that the number of unlabelled graphs or tree-
width ≤ t (for any given t ≥ 1) are asymptotically given by as ct n

−5/2ρnt for some
ct > 0 and some ρt > 1. We could ask even for more. Since all the previously
mentioned graph classes have the continuum random tree (CRT) as a scaling limit,
one might also ask for scaling limits of unlabelled graphs or tree-width ≤ t. The
main problem in this context is to describe graphs of tree-width ≤ t is a proper
way, preferably in a kind of recursive and unambiguous way (as it can done for all
the above mentioned graph classes).

https://arxiv.org/abs/2507.13239
https://arxiv.org/abs/2403.05414
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The main purpose of this talk is to present a result for a proper sub-class of
general graphs, namely for chordal graphs. A graph is chordal, if every cycle of
length greater than three contains at least one chord (that is, an edge that connects
two non-consecutive vertices).

Theorem 1 (J. Castellv́ı, M. Drmota, and C. Requilé [2]). Let g
[u]
t,n denote the

number of connected unlabelled chordal graphs with n vertices and tree-width ≤ t.
Then we have

g
[u]
t,n ∼ ct n

−5/2ρnt

with constants ct > 0 and ρt > 1.

It should be mentioned that there is a corresponding result for labelled chordal
graphs with tree-width ≤ t by J. Castellv́ı, M. Drmota, M. Noy, and C. Requilé
[1].

The advantage of chordal graphs is that they have nice recursive structure and
the tree-width is closely related to the maximal clique:

• If k is the size of the largest clique then t = k − 1 is the tree-width.
• Every minimal separator is a clique.

(A k-separator is a subset of k vertices whose removal disconnects.)
• A k-connected chordal graph has a unique decomposition into

(k + 1)-connected components by splitting at k-cliques.
(A chordal graph is said to be k-connected if it contains no i-separator for
i < k.)
• The only (t+1)-connected chordal graph of tree-width t is the (t+1)-clique.

Thus, if one is interested in chordal graphs of tree-width ≤ t one can start with
a (t + 1)-clique and then construct from it (by gluing together at t-cliques) all
possible t-connected chordal graphs of tree-width ≤ t. And similarly one gets (by
gluing together at (t− 1)-cliques) (t− 1)-connected chordal graphs of three-width
≤ t etc. Actually this can be done at the level of generating functions, where one
has to take care of vertices (= 1-cliques), edges (=2-cliques), 3-cliques etc.

For example, in the labelled case let Gt,k denote the set k-connected labelled
chordal graphs of tree-width ≤ t and set

Gt,k(x1, x2, . . . , xt) =
∑

g∈Gt,k

1

n1(g)!

t∏

j=1

x
nj(g)
j ,

where nj(g) denotes the number of j-cliques of g. Then one has

Gt,t+1(x1, x2, . . . , xt) =
1

(t + 1)!

t∏

j=1

x
(t+1

j )
j
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and recursively

G
(k)
t,k+1(x) = k!

k−1∏

j=1

x
−(k

j)
j

∂

∂xk
Gt,k+1(x)

G
(k)
t,k = exp

(
G

(k)
t,k+1(x1, . . . , xk−1, xkG

(k)
t,k (x), xk+1 , . . . , xt)

)

Gt,k(x) =
1

k!

k−1∏

j=1

x
(k
j)

j

∫
G

(k)
t,k (x)dxk

= Gt,k+1(x1, . . . , xk−1, xkG
(k)
t,k (x), xk+1, . . . , xt)

+
1

k!

k∏

j=1

x
(k
j)

j G
(k)
t,k (x)

(
1−G

(k)
t,k+1(x1, . . . , xk−1, xkG

(k)
t,k (x), xk+1, . . .)

)
,

where G
(i)
t,k denotes the generating function for chordal graphs that are rooted

at an i-clique. A corresponding analysis of these relations (where one has to
differentiate, integrate and to solve implicit equations) leads to the asymptotic
result for labelled chordal graphs [1].

In order to cover the unlabelled case one has to introduce so-called cycle index
sums and due to the rooting at i-cliques also cycle index sums for cycle rooting
at a clique. The corresponding equations for the cycle index sums are in principle
of similar kind as the equations for the generating functions for labelled graphs,
but much more involved (in particular one needs infinitely many formal variables).
Furthermore, the analysis is much more involved than in the labelled case. The
main challenges are that instead of a single implicit function one faces systems
of implicit functions that are (in general) not strongly connected but split into
strongly connected subsystems, and secondly that the integration step cannot be
done combinatorially (by the dissymmetry theorem) but has to be replaced by a
(proper) finite number of definite integrals.
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Bivariate asymptotics via random walks: application to

unicellular maps

Andrew Elvey Price

(joint work with Wenjie Fang, Baptiste Louf and Michael Wallner)

A unicellular map with n edges and genus g is a 2n-gon whose sides are identified
two by two to form a compact, connected, oriented surface of genus g, along with
an additional distinguished oriented edge called the root.

We compute the asymptotic number of unicellular maps in terms of two pa-
rameters (size and genus) by analyzing a linear bivariate recurrence satisfied by
these numbers. Our method relies on two main ingredients: an asymptotic guess
and check approach, and modelling the recurrence by a random walk. Although
we are presenting one particular case, our method should apply more generally, as
it only uses the recurrence and not the combinatorics of the model.

Let E(n, g) be the number of unicellular maps with n edges and genus g. They
satisfy the Harer–Zagier recurrence formula; see [3, p. 460]:

(n + 1)E(n, g) = 2(2n− 1)E(n− 1, g) + (n− 1)(2n− 1)(2n− 3)E(n− 2, g − 1),

(1)

with boundary conditions

(2) E(0, 0) = 1 and E(n, g) = 0 if g < 0 or n < 2g.

Using only this recurrence we prove our main theorem:

Theorem 1 (Main result on large genus unicellular maps). Given a sequence
g ≡ gn such that n−2g

logn →∞ as n→∞, the following asymptotics hold:

(3) E(n, g) ∼ 1

2
√
π

√
g(g/e)g

g!
n2g−2enf(

g
n )J

( g
n

)
,

with f and J defined as follows: For every θ ∈ [0, 1/2], let λ ≡ λ(θ) ∈ [0, 1/4] be
the unique value satisfying

θ =
1

2
−

λ log
(

1+
√
1−4λ

1−
√
1−4λ

)

√
1− 4λ

.

Then we define

f(θ) = −θ log(1− 4λ)− (1− 2θ) log(λ) + 2(log(2)− 1)θ,

J(θ) =

√
2

λ(1 − 2θ − 4λ + 4θλ)
.

Theorem 1 had already been proved for g ∈ [ǫn, (1/2− ǫ)n] [1] and g = O(n1/3)
[2], but both works rely heavily on the combinatorics of the model, whereas in
this work, we only use the Harer–Zagier recurrence formula (1) with the initial
conditions (2), and we can forget everything about where the numbers E(n, g)
come from.
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We deduced this asymptotic form via a new guess and check approach. For the
guess part of the method, we analysed E(n, θn) for different fixed, rational values
of θ leading us to predict that

E(n, θn) ∼ n2θn−2enf(θ)J (θ) ,

for some functions f and J . The next step is to guess the function f . To do
this, we substituted the approximate expression above for E into (1) with g = θn,
divide by the left-hand side, and then take the limit n → ∞. This yields the
differential equation

1 = 4e−2θ−f(θ)+θf ′(θ) + 4e−4θ−2f(θ)+2θf ′(θ)−f ′(θ),

which can be exactly solved to give our expression for f(θ). To estimate J(θ)
we again substitute our approximate expression for E into (1), but this time we
analyse the n−1 term in the resulting equation. Doing so yields our expression for
J (potentially multiplied by a constant c). Finally, we multiply the expression by
1

2
√
π

√
g(g/e)g

g! so that it holds for fixed g, which gives our estimate (3).

For the check part of the method, we convert the recurrence (1) for E(n, g) to a

recurrence for E(n,g)
Ω(n,g) . The latter corresponds to a new weighted walk model with

steps (n, g)→ (n− 1, g) and (n, g)→ (n− 2, g − 1) and step weights

α =
2(2n− 1)

n + 1
· Ω(n− 1, g)

Ω(n, g)
and β =

(n− 1)(2n− 1)(2n− 3)

n + 1
· Ω(n− 2, g − 1)

Ω(n, g)
,

respectively. The advantage of this new model is that these weights sum to ap-
proximately 1, so we have approximately a classical random walk model. The key

observation now is that the ratio E(n,g)
Ω(n,g) is a conserved quantity (in expected value)

of this random walk model.
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Tree-indexed sums of Catalan numbers

Valentin Féray

(joint work with Alin Bostan and Paul Thévenin)

Let T be an (unrooted) unlabeled tree, where we potentially allow a single half-
edge (i.e., an edge having only one extremity). Denoting its vertex-set by V (T )
and its edge-set by E(T ), we consider the following formal sum

(1) S(T ) :=
∑

(xe)∈Z
E(T )
+




∏

v∈V (T )

CatXv t
Xv



 ,

where Catn := 1
n+1

(
2n
n

)
is the n-th Catalan number, and where for any vertex v

of T we set Xv =
∑

e∋v xe (the sum is taken over edges e incident to v).

For example, if T =
x y z

u
, then

S(T ) =
∑

x,y,z,u≥0

CatxCatx+yCaty+z+uCatzCatut
2x+2y+2z+2u.

It follows from general results on binomial sums that the series S(T ) is D-finite
[3], but the general theory does not give an explicit expression for S(T ) (not even
an algorithm to find one). The goal of this talk is to compute these sums, and in
particular their value at the radius of convergence t = 1/4 (which is easily seen to
be finite). The motivation comes from the study of a one-dimensional percolation
model, see below.

Our main result (Theorem 1) is a structural result on S(T ), which implies that
S(T )(1/4) always is a polynomial with rational coefficients in 1/π. To state this
result more precisely, we first need to recall the definition of the Gauss hypergeo-
metric functions 2F1. For parameters a, b, c ∈ R with −c /∈ N, we set

(2) 2F1(a, b; c; z) :=
∑

n≥0

a↑nb↑n

c↑n
zn

n!
,

where x↑n := x(x+ 1) · · · (x+n− 1) is the n-th raising power of x. Define the two
algebras

A := Q

[
t, t−1, 2F1

(
− 1

2 ,− 1
2 ; 1; 16t2

)
, 2F1

(
− 1

2 ,
1
2 ; 2; 16t2

)]
, and B = A

[√
1− 4t

]

i.e., A (resp. B) is the set of polynomials in the two particular hypergeometric
functions

H1(t) := 2F1

(
− 1

2 ,− 1
2 ; 1; 16t2

)
and H2(t) := 2F1

(
− 1

2 ,
1
2 ; 2; 16t2

)

(resp. in H1(t), H2(t) and in
√

1− 4t), whose coefficients are Laurent polynomials
in t.
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At t = 1/4, the values of the hypergeometric functions above are given by
the Gauss summation identity (writing Γ for the usual gamma function): for
K ∈ {0, 1}, we have

(3) 2F1

(
− 1

2 ,K − 1
2 ;K + 1; 1

)
=

Γ(K + 1)Γ(2)

Γ(K + 3
2 )Γ(32 )

=

{
4/π for K = 0;

8/(3π) for K = 1.

Consequently, if F is in B, then F (1/4) is a polynomial in 1/π. Our main result
is the following.

Theorem 1. If T is a tree without half-edges, then S(T ) ∈ A. If T is a tree with
exactly one half-edge, then S(T ) ∈ B. Consequently, in both cases, S(T )(14 ) is a
polynomial in 1/π with rational coefficients.

Moreover, we provide an algorithm to express S(T ) as a polynomial in H1

and H2, and thus S(T )(14 ) as a polynomial in 1/π. The proof of the theorem
goes through a generalization of the problem (we associate sums to a family of
tri-colored decorated trees) and proceeds by an intricate induction. It uses hy-
pergeometric function identities (the contiguity relations), and the two standard
recurrence formulae for Catalan numbers (the linear and the quadratic ones).

Motivation: shape probabilities in the infinite noodle. Our initial interest
in the sums S(T ) comes from discrete probability theory, and more precisely from
a percolation model called the infinite noodle. It was introduced in [4], and further
studied in [1, 5]. Informally, we consider the bi-infinite discrete line Z and choose
for each i in Z two directions, one drawn as an arrow above the line and the other
below. All directions are chosen independently of each other, and uniformly among
← and →. Then we connect arrows pointing to the right with arrows pointing
to the left, in the unique possible configuration avoiding crossings (independently
above and below the line). An example is shown in Figure 1, left.

0

Figure 1. A realization of the infinite noodle, and the corre-
sponding shape of the component of 0.

We are interested in the component of 0. In particular, it is conjectured in
[4] that it is finite almost surely and in [1, Conjecture 1.10] that the probability

that it has size at least k decays as k−(2
√
2−1)/7+o(1). The sums S(T ) come into

the picture when computing the probability that the component of 0 has a given
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shape. Being able to compute these sums does not solve the conjectures above,
but might give insight on the problem.

Informally, the shape of the component of 0 is obtained by considering the
relative order of its intersection points with the real line, but forgetting the actual
values of these points; see Figure 1, right. The shape is what is called a meander,
i.e., a simple curve crossing the real line in multiple points (but only with simple
crossings), up to continuous deformation. We refer to [5] for precise definitions of
meanders and of shape of components of the infinite noodle.

Writing S0 for the shape of the component of 0 and M for a meander, the

probability P[S0 = M ] can be expressed as a product
∏d

i=1 S(Ti) evaluated at
t = 1/4, where (Ti)i≤d is a collection of trees which are in some sense dual to the
meander M (see [5, Section 2] for details). Hence, Theorem 1 implies the following
statement.

Corollary 2. For any meander M , the probability P[S0 = M ] belongs to Q[ 1π ].

Moreover, we provide an algorithm to compute this probability.
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Enumeration, structure and generation of triangular partitions

Alejandro B. Galván

(joint work with Sergi Elizalde)

1. Introduction and background

Let N denote the set of positive integers. The Ferrers diagram of an integer
partition λ = λ1 . . . λk is the set {(a, b) ∈ N2 | 1 ≤ b ≤ k, 1 ≤ a ≤ λb}. The Young
diagram of λ is the set of unit squares (called cells) whose northeast corners form
the Ferrers diagram. We will often identify λ with its Ferrers and Young diagrams,
using notation such as N2\λ. A partition λ is said to be triangular if there exists a
line that separates the Ferrers diagram of λ from its complement N2 \λ, as shown
in Figure 1.

Having their origins in number theory and computer vision, triangular partitions
were first studied from a combinatorial perspective by Onn and Sturmfels [7] under
the name corner cuts. Soon after, Corteel, Rémond, Schaeffer and Thomas [2]

https://arxiv.org/abs/2507.23557
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Figure 1. Left: (8, 6, 5, 3, 1) is a triangular partition. Right:
Applying the bijection from Theorem 8 to τ = (12, 9, 7, 4, 1) gives
χ(τ) = (1, 2, 1011).

proved the following asymptotic result. Let ∆(n) be the set of triangular partitions
of size n.

Theorem 1 ([2]). There exist positive constants c and c′ such that, for all n > 1,

cn logn < |∆(n)| < c′n logn.

More recently, Bergeron and Mazin [1] studied the poset Y∆ of triangular par-
titions ordered by containment of their Young diagrams. The covering relations
in Y∆ are described as follows.

Lemma 2 ([1, Lemma 4.2]). Let τ, ν ∈ Y∆ such that τ < ν. Then, τ ⋖ ν if and
only if τ is obtained from ν by removing exactly one cell. In particular, Y∆ is
ranked by the size of the partitions.

This result motivated the definition of the removable and addable cells of a
triangular partition τ , which are the cells that can be removed from or added to
the Young diagram of τ while preserving the triangular property. Furthermore,
Bergeron and Mazin proved the following properties of the poset Y∆.

Lemma 3 ([1, Corollary 4.1, Lemma 4.4]). The poset Y∆ has a planar Hasse
diagram, and it is a lattice.

2. Characterization of triangular partitions

Let Conv(S) denote the convex hull of a set S ⊆ N2. In [3], we prove the fol-
lowing characterization of triangular partitions, which extends nicely to higher-
dimensional generalizations.

Proposition 4 ([3, Proposition 3.1]). A partition λ is triangular if and only if
Conv(λ) ∩ Conv(N2 \ λ) = ∅.

Building on this result, we obtain characterizations of removable and addable
cells, as well as an efficient algorithm which determines if a partition is triangular
and finds its removable and addable cells. We also present an explicit construction
of the join and meet operations in Y∆, and we fully characterize the Möbius
function of the lattice, proving Bergeron’s conjecture (personal communication,
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2022) that it only takes values in {−1, 0, 1}. In a work in progress with Ben
Adenbaum, we prove that the lattice Y∆ is semi-distributive.

3. Sturmian encodings and enumeration

Triangular partitions are closely related to factors (consecutive subwords) of Stur-
mian words, also called balanced words (see [5, Chapter 2] for a thorough study
of these objects). A finite binary word w1 . . . wℓ is said to be balanced if, for any
h ≤ ℓ and i, j ≤ ℓ− h + 1, we have

|(wi + wi+1 + · · ·+ wi+h−1)− (wj + wj+1 + · · ·+ wj+h−1)| ≤ 1.

That is, for any two factors of equal length, the number of ones that each contains
differs by at most 1. In the following enumeration formula (due to Lipatov [4]), ϕ
denotes Euler’s totient function.

Theorem 5 ([4]). The number of balanced words of length ℓ is

|Bℓ| = 1 +

ℓ∑

i=1

(ℓ− i + 1)ϕ(i).

A triangular partition is said to be wide if all its parts are distinct. If a triangular
partition is not wide, then its conjugate is wide, and the only wide triangular par-
titions whose conjugates are also wide are the staircase partitions (k, k− 1, . . . , 1).

Our first Sturmian encoding follows directly from the correspondence between
Sturmian and mechanical words (see [5, Chapter 2]). Given a wide triangular
partition τ = τ1 . . . τk, define the binary word

ω(τ) = 10τ1−τ2−110τ2−τ3−1 . . . 10τk−1−τk−110τk−1.

Proposition 6 ([3, Proposition 5.6]). The map ω is a bijection between wide
triangular partitions with first part equal to ℓ and balanced words of length ℓ.

From Proposition 6 and Theorem 5, we deduce the following enumeration for-
mula. Let ∆ℓ×ℓ be the set of triangular partitions whose Young diagram fits inside
an ℓ× ℓ square.

Theorem 7 ([3, Theorem 7.4]). For any ℓ ≥ 0,

∣∣∆ℓ×ℓ
∣∣ = 1 +

ℓ∑

i=1

(
ℓ− i + 2

2

)
ϕ(i).

We also obtain in [3] a direct combinatorial proof of Theorem 7, and, as a
byproduct, a new proof of Theorem 5.

Our second Sturmian encoding of triangular partitions appears to be new. For
any wide triangular partition τ = τ1 . . . τk with k ≥ 2, we define min(τ) = τk,
dif(τ) = mini∈[k−1](τi − τi+1), and wrd(τ) = w1 . . . wk−1 where, for i ∈ [k− 1], we
let wi = τi − τi+1 − dif(τ). Figure 1 illustrates the following result.
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Theorem 8 ([3, Theorem 5.8]). The map χ = (min, dif,wrd) is a bijection between
the set of wide triangular partitions with at least two parts and the set

T = {(m, d,w) ∈ N× N× B0 | m ≤ d + 1; w1 ∈ B0 if m = d + 1},
where B0 is the set of balanced words that contain at least one 0.

Before the publication of [3], the entry of the OEIS [6, A352882] for the number
of triangular partitions of n only included values for n ≤ 39, which were obtained
in [2]. Theorem 8 allows us to implement an algorithm that can quickly compute
the first 105 terms of the sequence.

4. Further directions

In a work in progress, we adapt the techniques of Paulsen and Snellman [8] to prove
that triangular partitions into k parts are in bijection with the lattice points of a
k-dimensional polytope. We also study higher-dimensional analogues of triangular
partitions, as well as convex and concave partitions.
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On the coefficients of Chow polynomials

Elena Hoster

The Chow polynomial of a matroid is the Hilbert series of its Chow ring. This
notion extends to posets, where, for a large class of examples, the resulting poly-
nomial exhibits classical combinatorial properties like positivity, palindromicity,
unimodality, and γ-positivity [5]. Further behaviors of the coefficients, such as
log-concavity and real-rootedness, are conjectured and have been verified for cer-
tain families of posets in recent work [1, 2, 3, 7].

In this talk, I present two formulas for the Chow polynomial. The first is the
recursive definition introduced in [5]. The second expresses the Chow polynomial
in its γ-expansion [8]. Using this latter formula, we derive explicit combinatorial
interpretations for the Chow polynomials of uniform matroids [6]. In particular,
their coefficients are maximal among all matroids of fixed rank and size [4]. This

https://oeis.org
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“maximality” therefore motivates the search for analogous combinatorial interpre-
tations for other classes of posets and matroids.
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The Boolean growth polytopes and their triangulations

Matjaž Konvalinka

(joint work with Roger Behrend)

We will present a new object, the Boolean growth polytope, which generalizes both
Stanley’s order polytope and the polytope of alternating sign matrices (and many
of the classes of alternating sign matrices which are symmetric in some way). We
will present some of its properties, like its vertices, facets, volume and Ehrhart
polynomial. The proof of the last two is via an explicit triangulation.
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Enumerating 1324-avoiders with few inversions

Svante Linusson

(joint work with Emil Verkama)

I present the results in [2], in which we enumerate the numbers avk
n(1324) of

1324-avoiding n-permutations with exactly k inversions for all k and n ≥ (k +
7)/2. The result depends on a structural characterization of such permutations in
terms of a new notion of almost-decomposability. In particular, our enumeration
verifies half of a conjecture of Claesson, Jeĺınek and Steingŕımsson [1], according
to which avk

n(1324) ≤ avk
n+1(1324) for all n and k. Proving also the other half

would improve the best known upper bound for the exponential growth rate of
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the number of 1324-avoiders from 13.5 to approximately 13.002. The structure
theorem for permutations avoiding 1324 with k inversions allows us to define an
explicit injection from those of length n to those of length n + 1. This gives an
enumeration of avk

n+1(1324)− avk
n(1324) and thus of avk

n(1324).
I also present ongoing work with Emil Verkama, Anderes Claesson and Hen-

ning Ulfarsson. We study the same conjecture for permutations avoiding pairs of
permutations when one in this pair is 1324. I present a list of when the conjecture
is true, false or still conjectural.

References
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Enumerating factorizations: from the symmetric group to

Hecke algebras

Alejandro H. Morales

(joint work with José Bastidas, Sarah Brauner, Mathieu Guay-Paquet, GaYee
Park and Franco Saliola)

Given a permutation σ in the symmetric group Sn, there is an extensive and
active body of research (see, e.g., [3, 5]) that studies the question: how many
different ways can σ be written as a product of permutations satisfying a given
condition? This is called a factorization of σ. Permutation factorizations have
diverse applications, related to algebraic geometry, random matrix theory and
mathematical physics. We will be interested in four of the most classical results
in this area:

Theorem 1. Write cn := (1 2 . . . n) ∈ Sn as long-cycle and Cn as the n-th
Catalan number.

(1) (Harer–Zagier [6]) Let ǫg(n) be the number of factorizations of c2n ∈ S2n

into a product c2n = σπ, where σ is a fixed-point-free involution and π has
n + 1− 2g cycles. Then,

ǫ0(n) = Cn and
∑

g≥0

ǫg(n)xn+1−2g = (2n− 1)!!

n+1∑

k=1

(
n

k − 1

)
2k−1

(
x

k

)
.

A: (Hurwitz [7]) Let a(n; k) be the number of ways to write cn as a product
of k transpositions. Then, a(n;n− 1) = nn−2.

B: (Matsumoto–Novak [8]) Let b(n; k) be the number of ways to write cn as a
product of k monotone transpositions; that is, as a product

cn = (i1 j1)(i2 j2) · · · (ik jk) where iℓ < jℓ and j1 ≤ j2 ≤ · · · ≤ jk.

Then, b(n;n− 1) = Cn−1.
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C: (Goulden–Jackson [5]) Let c(n; p1, . . . , pm) be the number of ways to write
cn as a product cn = π1π2 · · ·πm, where πi has n− pi cycles, and suppose
p1 + · · ·+pm = n− 1. Then, c(n; p1, . . . , pm) = 1

n

∏m
i=1

(
n
pi

)
. In particular,

c(n; k, n− k − 1) is the Narayana number Nn,k+1 = 1
n

(
n

k+1

)(
n
k

)
.

Note that the results mentioned above are the leading terms of generating func-
tions for more general factorization questions.

In this talk, we discuss how to extend these studies to analogous problems in the
type A Iwahori–Hecke algebra Hn(q), uncovering elegant q-analogues that gener-
alize results from the symmetric group by leveraging the Jucys–Murphy elements
of the Hecke algebra, and plethysm of symmetric functions.

The Type A Iwahori–Hecke algebra Hn(q) is a q-deformation of Q[Sn]. Explic-
itly, it is the Q[q±]-algebra generated by T1, . . . , Tn−1 subject to the relations

(a) T 2
i = (q− 1)Ti + q, (b) TiTj = TjTi for |i− j| ≥ 2, (c) TiTi+1Ti = Ti+1TiTi+1.

Setting q = 1 recovers the presentation of Q[Sn] in terms of adjacent transposi-
tions s1, . . . , sn−1. Moreover, if w = si1 · · · sik ∈ Sn is a reduced (i.e., minimal)
expression for w, then Tw := Ti1 · · ·Tik is well-defined, and {Tw}w∈Sn forms a
linear basis for Hn(q).

Note the relation (a) above is the only one that differs from the usual pre-
sentation of Q[Sn]; this relation makes Hn(q) richer, yet more complicated. For
instance, by Theorem 1 (1), the long cycle c3 = (123) can be written as a product
of two transpositions in a(3, 2) = 31 possible ways. However, the corresponding
products in Hn(q) give linear combinations of elements whenever the factorization
is not a reduced expression for c3:

(23)(12) = c3

T(23)T(12) = Tc3

(12)(13) = c3

T(12)T(13) = qTc3 + (q−1)T(13)

(13)(23) = c3

T(13)T(23) = qTc3 + (q−1)T(13).

Moreover, there are unexpected ways of obtaining Tc3 : T(13)T(13) = (q − 2q2 +

q3)Tc3 + · · ·+ q3.
Throughout, we make use of the following standard q-analogues of the integers.

For j ∈ Z, and n, k ∈ Z≥0, define

[j]q :=
qj − 1

q − 1
, [n]!q := [n]q [n− 1]q · · · [1]q ,

[
n
k

]

q

:=
[n]!q

[k]!q [n− k]!q
,

as well as the q-Catalan numbers Cn(q) and the q-Narayana numbers Nn,k(q):

Cn(q) :=
1

[n + 1]q

[
2n
n

]

q

and Nn,k(q) :=
1

[n]q

[
n
k

]

q

[
n

k − 1

]

q

.

Since Hn(q) is an algebra, the analogues of the factorization results mentioned
above are phrased in terms of the coefficient of Tcn in a certain expression in Hn(q).

The center of the symmetric group algebra ZSn := Z(Q[Sn]) is intimately
connected to its representation theory. First, ZSn has a natural conjugacy class
basis {Cµ}µ⊢n, defined as follows. Let cyc(σ) be the cycle type of a permutation
σ ∈ Sn. Then, Cµ :=

∑
σ∈Sn

cyc(σ)=µ
σ.
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The center of Hn(q) has a parallel, though more complicated, story. The analog
of the conjugacy class sum basis Cµ in ZSn is called the Geck–Rouquier basis
{Γµ}µ⊢n. Unlike the conjugacy class sums Cµ in Q[Sn], the Γµ are not simply
sums over Tw for w of cycle type µ. Instead, [4] shows they are the unique family
of elements in ZHn(q) such that

(1) specializing Γµ to q = 1 gives Γµ|q=1 = Cµ ∈ Q[Sn];
(2) if w has minimal length in its conjugacy class, the coefficient of Tw in Γµ

is 1 if w has cycle type µ, and 0 if not.

∑

h≥0

ǫh/2(n; q)tn+1−h := [Tc2n ] Γ2n

∑

λ⊢2n
Γλt

2n−ℓ(λ)qℓ(λ)−2n

aq(n; k) := [Tcn ]
( ∑

1≤i<j≤n

qi−jT(i j)

)k
= [Γn] q−k(Γ2,1n−2)k,

bq(n; k) := [Tcn ]
∑

2≤t1≤···≤tk≤n
s1<t1,...,sk<tk

q
∑

i(si−ti)T(s1 t1) · · ·T(sk tk),

cq(n; p1, . . . , pm) := [Tcn ]
∑

µ(i)⊢n,ℓ(µ(i))=n−pi

q−(p1+···+pm) Γµ(1) · · ·Γµ(m) .

The main results in this talk are the following. Consider the following q-

analogue of the binomial basis
(
t
k

)
, written as

(
t
k

)
q

:= 1
[k]!q

∏k−1
i=0

(
t + [−i]q

)
.

Theorem 2 (q-Harer–Zagier formula). We have ǫ0(n; q) = q−
(n−1)(n+2)

2 Cn(q) and

Pn(t; q) = [2n− 1]!!q

n+1∑

k=1

q3(
k−1
2 )−(n−1)(2k−1)

[
n

k − 1

]

q

k−2∏

j=0

(1 + qn−j)

(
t

k

)

q

.

Theorem 3. For n ≥ 1, the aq(n; j), bq(n; j) and cq(n; p1, . . . , pm) satisfy:

A: aq(n;n− 1) = q−(n
2) [n]

n−2
q , and more generally

∑

j≥0

aq(n; j) tj =
q−(n

2) [n]
n−2
q tn−1

∏n−1
j=0

(
1−

(
n−q−j [n]q

1−q

)
t

) ;

B: bq(n;n− 1) = q−(n
2) Cn−1(q), and more generally,

∑

j≥0

bq(n; j) tj =
q−(n

2) Cn−1(q) tn−1

∏n−1
j=−(n−1)(1− [j]q t)

;

C: cq(n; p1, . . . , pm) = q
∑

i (pi
2 )−(n

2) 1

[n]q

∏

i

[
n
pi

]

q

when p1 + · · ·+ pm = n− 1,

and thus cq(n; k, n− 1− k) = q1−(k+1)(n−k)Nn,k+1(q).
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The quasisymmetric flag variety

Philippe Nadeau

(joint work with Nantel Bergeron, Lucas Gagnon, Hunter Spink and Vasu
Tewari)

1. Forest polynomials

Let Poln = Z[x1, . . . , xn] and Pol = Z[x1, x2, . . .]. The set For of indexed forests
consists of sequences F = (T1, T2, . . .) of planar binary trees with Ti trivial for i
large enough. Such trees are represented as in the example below: the union of
their leaves is canonically identified with N, by reading from left to right.

Let F ∈ For. The support of F is its set of nontrivial leaves. Its nodes are
the non-leaf vertices and form the set IN(F ); we write |F | = #IN(F ). A node
is terminal if both its children are leaves, and we let LTer(F ) ⊂ N be the set of
left leaves of terminal nodes. If i ≥ 1, one can insert a new terminal node in F
with left leaf i to get a forest F · i. Conversely, if i ∈ LTer(F ), one can remove the
terminal node attached to i and get a forest F/i.

In the picture below, the trees T2, T4, T7 are the nontrivial ones, the forest has
size 6, LTer(F ) = {2, 4, 7, 11} and the support is {2, 3, 4, 5, 7, 8, 11, 12, 13}.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

1

2

3
44

5 6

77

8 9 10
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The forest polynomial PF is defined (see [10]) as

PF =
∑

f :IN(F )→Z>0

∏

v∈IN(F )

xf(v),

where the sum is over all f whose values are weakly increasing down left edges,
strictly increasing down right edges. These inequalities include the canonical leaf
labels, by using their values to extend f to leaves.

It is easily seen that these polynomials form a basis of Pol. Their importance
is motivated by the notion of quasisymmetry.

2. Quasisymmetry

Quasisymmetry is a weak version of symmetry dating back to works of Stanley
[11] and Gessel [4]. It is now a core part of algebraic combinatorics.

Definition 1. Let f ∈ Poln. Then f is quasisymmetric if for all a1, . . . , ak > 0,
for all i1, . . . , ik such that 1 ≤ i1 < . . . < ik ≤ n,

Coeff of xa1

i1
· · ·xak

ik
= Coeff of xa1

1 · · ·xak

k .

Write QSymn ⊂ Poln for the space of quasisymmetric polynomials. For i ≥ 1,
define endomorphisms Ri,Ti on Pol by

Ri(f(x1, x2, . . . , ) = f(x1, . . . , xi−1, 0, xi, xi+1, . . .) and Ti =
1

xi
(Ri+1 − Ri).

Proposition 2. [7] Let f ∈ Poln. Then f is in QSymn if and only if, for i =
1, . . . , n− 1, Ri(f) = Ri+1(f), or equivalently Ti(f) = 0.

Since the operators Ri are algebra morphisms, a corollary is that QSymn is an
algebra. The operators Ti satisfy the Thompson monoid relations TiTj = TjTi+1

for i > j. This monoid is isomorphic to the set For with product F · G given by
grafting the i-th tree in G to the i-th leaf in F .

Theorem 3 ([7]). The polynomials (PF )F for F ∈ For are the unique family of
homogeneous polynomials such that P∅ = 1 and

Ti(PF ) =

{
PF/i if i ∈ LTer(F );

0 otherwise.

As a consequence one can get the following.

Proposition 4 ([7]). Let F 6= ∅. The polynomial PF is in QSymn if and only
if LTer(F ) = {n}. This subfamily of forest polynomials PF coincides with funda-
mental quasisymmetric polynomials Fα(x1, . . . , xn).

Consider then the ideal QSym+
n ⊂ Poln generated by polynomials in QSymn

with zero constant term.

Proposition 5 ([7]). The polynomials PF where F has support in {1, . . . , n} form
a basis modulo QSym+

n of the quotient space Poln /QSym+
n .

It follows in particular that this quotient has dimension the n-th Catalan num-
ber, a fact first proved using Gröbner basis techniques [1].
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3. Geometry

The theory of forest polynomials was developed in relation with the theory of
Schubert polynomials ([6]), and the results above are analogues of the following
classical facts: Given divided difference operators ∂i = id−si

xi−xi+
, the Schubert poly-

nomials (Sw)w, for w in the permutation group S∞ = ∪nSn, are the unique family
of homogeneous polynomials that satisfies Sid = 1 and

∂iSw =

{
Swsi if w(i) > w(i + 1);

0 otherwise.

They form a basis of Pol. Moreover, they are known to specialize to Schur poly-
nomials sλ(x1, · · · , xn) when they belong to Symn, and they form a basis modulo
Sym+

n of the coinvariant space Poln / Sym+
n when w ∈ Sn.

Schubert polynomials come originally from geometry, as the Sw’s for w ∈ Sn

give a basis of the cohomology of the flag variety Fln, through the canonical
isomorphism of this cohomology ring with Poln / Sym+

n .

In the articles [2, 3, 8], we manage to construct a certain variety QFln ⊂ Fln by
lifting operators Ti,Ri to the flag variety.

Theorem 6 ([3]). The cohomology ring of QFln is isomorphic to the quotient
Poln /QSym+

n . It has an affine paving by cells CF indexed by Forn. The forest
polynomial PF is Kronecker-dual to the cohomology class of CF .

QFln can also be defined by the vanishing locus of certain Plücker coordinates.
The theorem above is proved in more generality for equivariant cohomology, and
uses GKM theory.

We give a complete combinatorial description of the complex of toric subvarieties
of QFln, as illustrated below on the left, with cell-decomposition illustrated on the
right. Torus-fixed points are given by noncrossing partitions.

(21)(3)

(321)

(31)(2)

(1)(2)(3)

(1)(32)

Figure 1. The toric structure of QFl3, and its cell decomposi-
tion.
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Refinements of Bounded Littlewood Identities and Related

Combinatorics

Soichi Okada

(joint work with JiSun Huh, Jang Soo Kim and Christian Krattenthaler)

It is well known (see, e.g., [3, Corollary 7.13.8]) that the sum of all Schur functions
has a simple product formula, namely

(1)
∑

λ

sλ(X) =
∏

i

1

1− xi

∏

i<j

1

1− xixj
,

where λ runs over all partitions, which we call the Schur–Littlewood identity. In
the bounded Littlewood identities, the summation is taken over partitions with
bounded numbers of columns (or rows). The following form of bounded Little-
wood identities can be found in [4, Theorem 7.1] (modulo the symmetric function
involution ω):

∑

λ:λ1≤2w+1

sλ(x) =

∞∑

k=0

ek(x) · det
1≤i,j≤w

(
fi−j(x)− fi+j(x)

)
,(2)

∑

λ:λ1≤2w

sλ(x) = det
1≤i,j≤w

(
fi−j(x) + fi+j−1(x)

)
,(3)
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where λ runs over partitions with the largest part λ1 not exceeding 2w + 1 or 2w,
ek(x) is the k-th elementary symmetric function, and

fr(x) =
∑

k∈Z

ek(x)ek+r(x).

In this talk based on [2], we give refinements of bounded Littlewood identities
(2), (3) with respect to the number of odd-length columns, and present equinumer-
ous results between standard tableaux and vacillating tableaux as an application.

One of our main results is the following refinements of the bounded Littlewood
identities. We denote by c(λ) the number of odd-length columns in the Young
diagram of a partition λ. (Goulden [1, Theorems 2.4 and 2.6] gave the refinements
of (2), (3) with respect to the number of odd-length rows.)

Theorem 1. (Huh, Kim, Krattenthaler, and Okada [2, Theorem 1.3])

(1) For a positive integer w and an indeterminate u, we have
∑

λ1≤2w

(
uc(λ) + u2w−c(λ)

)
sλ(x)

=
1

2

w∑

k=0

(
uk + u2w−k

)
det

1≤i,j≤w

({
fi−j(x) + fi+j−2(x) if i ≤ w − k

fi−j+1(x) + fi+j−1(x) if i > w − k

)
,

∑

λ1≤2w

(
uc(λ) − u2w−c(λ)

)
sλ(x)

= e(x)e(x)

×
w−1∑

k=0

(
uk − u2w−k

)
det

1≤i,j≤w−1

({
fi−j(x)− fi+j(x) if i < w − k

fi−j+1(x)− fi+j+1(x) if i ≥ w − k

)
.

(2) For a non-negative integer w and an indeterminate u, we have
∑

λ1≤2w+1

(
uc(λ) + u2w+1−c(λ)

)
sλ(x)

= e(x) ·
w∑

k=0

(
uk + u2w+1−k

)
det

1≤i,j≤w

({
fi−j(x)− fi+j−1(x) if i ≤ w − k

fi−j+1(x)− fi+j(x) if i > w − k

)
,

∑

λ1≤2w+1

(
uc(λ) − u2w+1−c(λ)

)
sλ(x)

= e(x) ·
w∑

k=0

(
uk − u2w+1−k

)
det

1≤i,j≤w

({
fi−j(x) + fi+j−1(x) if i ≤ w − k

fi−j+1(x) + fi+j(x) if i > w − k

)
.

Here we put e(x) =
∑

r≥0 er(x) and e(x) =
∑

r≥0(−1)rer(x).

We can apply the refinements of bounded Littlewood identities to obtain equinu-
merous results involving standard tableaux. Let STabn,w[k] be the set of standard
tableaux of shape λ such that |λ| = n, λ1 ≤ w and c(λ) = k. For positive in-
tegers n and w, a w-vacillating tableau (resp. w-oscillating tableau) of length n
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is a sequence
(
λ(i)
)n
i=0

of partitions with l(λ(i)) ≤ w such that λ(i−1) and λ(i)

differ by at most one cell for 1 ≤ i ≤ n (resp. λ(i−1) and λ(i) differ by exactly
one cell for 1 ≤ i ≤ n). Given two partitions µ and ν, we denote by VTw

n (µ, ν)
(resp. OTw

n (µ, ν)) the set of w-vacillating tableaux (resp. w-oscillating tableaux)

of length n with λ(0) = µ and λ(n) = ν. For a w-oscillating tableau T =
(
λ(i)
)n
i=0

,
we put

Sw(T ) =
{
j ∈ {1, 2, . . . , n} : l(λ(j−1)) ≤ w − 1, l(λ(j)) = w

}
.

Then a marked w-oscillating tableau of length n is defined to be a pair (T, S) of a
w-oscillating tableau T of length n and a subset S ⊂ Sw(T ). Let MOTw

n (µ, ν) be
the set of marked w-oscillating tableaux (T, S) with T ∈ OTw

n (µ, ν).

Theorem 2. (Huh, Kim, Krattenthaler, and Okada [2, Theorems 8.3 and 8.7])

(1) If 0 ≤ k ≤ 2w + 1 and k ≡ n mod 2, then we have

# STabn,2w+1[k]

= #
{(

λ(i)
)n
i=0
∈ VTw

n ((1t), ∅) : λ(i−1) = λ(i) implies l(λ(i−1)) = l(λ(i)) = w
}
,

where t = k if 0 ≤ k ≤ w and t = 2w + 1− k if w < k ≤ 2w + 1.
(2) If 0 ≤ k ≤ w − 1, then we have

# STabn,2w[k]

= #
{

(T, S) ∈MOTw
n ((1k), ∅) : Sw(T ) = ∅ or minSw(T ) 6∈ S

}
,

# STabn,2w[2w − k]

= #
{

(T, S) ∈MOTw
n ((1k), ∅) : Sw(T ) 6= ∅ and minSw(T ) ∈ S

}
.

If k = w, then we have

# STabn,2w[w] = # MOTw
n ((1w), ∅).

It would be interesting to find bijective proofs of results in Theorem 2.
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Grothendieck shenanigans: algebra meets integrable probability

Greta Panova

(joint work with A. H. Morales, L. Petrov, D. Yeliussizov)

In his 2018 paper “Some Schubert shenanigans” Richard Stanley asked for the
asymptotic behavior of the maximal principle specialization of a Schubert poly-
nomial. Motivated by this still open question, we explore the generalization to
Grothendieck polynomials and uncover a rich statistical mechanical structure giv-
ing new permutons. The models via pipe dreams are tiling models, which can
also be viewed as ensembles of lattice walks with various interaction constraints.
We understand the typical Grothendieck permutations via the theory of the To-
tally Asymmetric Simple Exclusion Process (TASEP), which itself is analyzed
using Schur functions. Deeper connections with free fermion 6-vertex models and
domino tilings of the Aztec diamond allow us to describe the extreme cases of
the original algebraic problem and to answer the question of which permutations
maximize the principle specialization of the Grothendieck polynomials at β = 1.
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Log-concavity and -convexity of permutation class sizes via

distributive lattices

Bruce E. Sagan

(joint work with Jinting Liang)

Let L be a distributive lattice. It follows easily from the FKG inequality that if
I and J are lower order ideals in L then |I| · |J | ≤ |L| · |I ∩ J |, where vertical
bars denote cardinality. The inequality is reversed if I is a lower order ideal and
J is an upper order ideal. These inequalities can be used to combinatorially prove
log-concavity and log-convexity results for various sequences including binomial
coefficients, Catalan numbers, Fibonacci numbers, Stirling numbers of the second
kind, order polynomials, and more.
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Dynamics on webs

Jessica Striker

(joint work with Ashleigh Adams, Chris Fraser, Christian Gaetz, Jesse Kim,
Rebecca Patrias, Oliver Pechenik, Stephan Pfannerer, Joshua P. Swanson and

Haihan Wu)

In recent work with Gaetz, Pechenik, Pfannerer and Swanson [5], we found a
rotation-invariant sl4 web basis comprised of certain hourglass plabic graphs, re-
solving a 30-year-old problem of Kuperberg [8]. The combinatorial heart of this
work is an equivariant bijection between 4-row rectangular tableaux under promo-
tion and move equivalence classes of sl4 webs under rotation, which yields a new
proof of the cyclic sieving phenomenon for these tableaux.

Theorem 1 ([5]). The collection of web invariants of contracted, fully-reduced,
top 4-hourglass plabic graphs with 4d boundary vertices is a rotation-invariant sl4
web basis. Furthermore, promotion on rectangular 4 row fluctuating tableaux cor-
responds to rotation of web equivalence classes, and the tuple of trip permutations
of the web equals the tuple of promotion permutations of the tableau.

Keys to the proof include the definition and detailed study of promotion permu-
tations for tableaux [3], multiple trip permutations for hourglass plabic graphs [5],
and benzene and square moves on webs, which naturally relate to plane partitions
and alternating sign matrices.

In this talk, we discuss this theorem and subsequent work involving these dy-
namical tools. With Gaetz, Swanson, and Wu [6], we define and study simplicial
complexes called pockets which give geometric realizations of move equivalence
classes and relate to their lattice structures.

Definition 2 ([6]). The pocket of a move-class C of fully reduced 4-hourglass
plabic graphs is the simplicial complex P (C) obtained by gluing together the dual
diskoids D(G) for G ∈ C by attaching octahedra between the portions involved
in a square move, hexagonal bipyramids between portions involved in a benzene
move, and tetrahedra between portions involved in an IH move.

Theorem 3 ([6]). The pocket P (C) of a move-class C
• is a flag simplicial complex that is contractible, but not always homeomor-

phic to a ball, and
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• is embeddable in R3 if and only if its associated poset is a distributive
lattice.

An interesting example is that of the webs corresponding to chained alternating
sign matrices [7]. These form pockets that are not homeomorphic to a ball because
there is a pinch point in the center. Furthermore, the webs for five 2×2 alternating
sign matrices chained circularly gives a pocket that is not embeddable in R3.

In a different follow-up project with Patrias and Pechenik [11], we define and
study promotion digraphs of increasing tableaux, proving the following increasing
tableau analogue of a result on standard tableaux from [3]:

Theorem 4 ([11]). Suppose that T and T ′ are rectangular increasing tableaux
with the same tuples of promotion digraphs. Then T = T ′. Indeed, there is an
algorithm that reconstructs the rectangular tableau from its promotion digraphs.

We furthermore defined (i, r)-trip digraphs on plabic graphs and proved:

Theorem 5 ([11]). The promotion digraph of a 2 × c increasing tableau T is a
union of complete graphs corresponding to the blocks of its noncrossing partition
π(T ). Moreover, the tuple of trip digraphs of the web of π(T ) equals the tuple of
promotion digraphs of T .

Then in current work with Kim, Patrias, and Pechenik, we use promotion di-
graphs to define webs for 3-row increasing tableaux in order to understand their
nice K-promotion dynamics.
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The talk was organized around two claims:

Claim 6. The best objects in enumerative combinatorics are webs.

Claim 7. Combinatorial actions with small order are rotations (in disguise).

Throughout the talk, we verified Claim 6 by showing how to see the following
combinatorial objects as webs: tableaux [5], noncrossing partitions [2, 10, 11],
Catalan objects [4], alternating sign matrices [5], plane partitions [5], and even
symmetry classes of plane partitions [1]. So provided one considers these as the
best objects in enumerative combinatorics, the claim is proven.

The talk also demonstrated Claim 7 for promotion on:

• r × c standard Young tableaux with r ≤ 4 [5, 13],
• r × c fluctuating tableaux with r ≤ 4 [5, 9],
• r × 2 standard tableaux for all r [4], and
• 2× c increasing tableaux for all c [12].

Verifying this claim is work in progress for promotion on:

• 5-row rectangular standard / fluctuating tableaux (Gaetz, Pechenik, Pfan-
nerer, Striker, Swanson), and
• 3-row rectangular increasing tableaux (Kim, Patrias, Pechenik, Striker).

References

[1] A. Adams and J. Striker, Webification of symmetry classes of plane partitions, Preprint,
arXiv:2508.16565 (2025).

[2] C. Fraser, R. Patrias, O. Pechenik and J. Striker, Web invariants for flamingo Specht
modules, Algebr. Comb. 8(1) (2025), 235–266.

[3] C. Gaetz, O. Pechenik, S. Pfannerer, J. Striker and J. Swanson, Promotion permutations
for tableaux, Comb. Theory 4(2) (2024), Art. #15.

[4] C. Gaetz, O. Pechenik, S. Pfannerer, J. Striker and J. Swanson, Web bases in degree two
from hourglass plabic graphs, Int. Math. Res. Not. 2025(13) (2025), Art. rnaf189.

[5] C. Gaetz, O. Pechenik, S. Pfannerer, J. Striker and J. Swanson, Rotation–invariant web
bases from hourglass plabic graphs, Invent. Math. 243 (2026), 703–804.

[6] C. Gaetz, J. Striker, J. Swanson and H. Wu, Web bases, pocket complexes, and affine
buildings, in preparation.

[7] D. Heuer, C. Morrow, B. Noteboom, S. Solhjem, S. Striker and C. Vorland, Chained permu-
tations and alternating sign matrices - inspired by three-person chess, Discrete Math. 340
(2017), 2732–2752.

[8] G. Kuperberg, Spiders for rank 2 Lie algebras, Commun. Math. Phys. 180(1) (1996), 109–
151.

[9] R. Patrias, Promotion on generalized oscillating tableaux and web rotation, J. Comb. Theory
Ser. A, 161 (2019), 1–28.

[10] R. Patrias, O. Pechenik and J. Striker, A web basis of invariant polynomials from noncross-
ing partitions, Adv. Math. 408(B) (2022), Art. 108603.

[11] R. Patrias, O. Pechenik and J. Striker, Promotion digraphs, Preprint arXiv:2508.10969
(2025).

[12] O. Pechenik, Cyclic sieving of increasing tableaux and small Schröder paths, J. Comb.
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Enumerative properties of Chow polynomials

Christian Stump

(joint work with Galen Dorpalen-Barry and Josh Maglione)

With the definition of the Chow polynomial of a finite, graded, bounded poset [3]
(as presented by Luis Ferroni at the Oberwolfach Workshop Arrangements, Ma-
troids and Logarithmic Vector Fields in June 2024), I present the extended ab-
index [2], show how the Chow polynomial is an evaluation thereof [6], present its
γ-expansion purely in combinatorial terms, and finish with a discussion on how this
framework unifies several real-rootedness conjectures for geometric lattices [1, 4, 5].
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Reachable endpoint sets and algebraic enumeration of

nondeterministic walks

Michael Wallner

(joint work with Mohamed Lamine Lamali and Élie de Panafieu)

Motivated by questions from networks with protocol encapsulation/decapsulation,
we introduce nondeterministic walks (N-walks): one-dimensional lattice walks in
which each step is a finite set of increments, and all compatible classical trajec-
tories are explored in parallel. The full version of this work is available at [3], a
preliminary conference version at [2].

The natural analogue of an endpoint is the set of reachable endpoints after
n steps. Tracking this reachable set (which behaves analogously to a state in a
deterministic automaton) leads to a tractable enumerative framework and reveals
strong algebraic structure. Given a set S of integers, called the steps, a walk is a
sequence v = (v1, . . . , vn) of steps vi ∈ S. Its length is the number n of its steps,
and its endpoint is equal to the sum of the steps

∑n
i=1 vi. As illustrated in Figure 1,

a walk can be visualized by its geometric realization. Starting from the origin 0,
the steps are added one by one to the previous endpoint. This gives a sequence

(yj)0≤j≤n of ordinates of the walk at discrete time steps yj := y0 +
∑j

i=1 vi. We
distinguish the following types of walks:

https://arxiv.org/abs/2411.04070
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• A bridge is a walk with endpoint yn = 0.
• A meander is a walk where all points have non-negative ordinate, i.e.,
yj ≥ 0 for all j = 0, . . . , n.
• An excursion is a meander with endpoint yn = 0.

We introduce a new variant of walks, called nondeterministic walks, or N-walks.
In our context, this word does not mean “random”. Instead it is understood in the
same sense as for automata and Turing machines. A process is nondeterministic
if several branches are explored in parallel, and the process is said to end in an
accepting state if one of those branches ends in an accepting state. Let us now
give a precise definition of these walks.

Definition 1 (Nondeterministic walks). An N-step is a nonempty set of integers.
Given an N-step set S, an N-walk w is a sequence of N-steps. Its length |w| is
equal to the number of its N-steps.

As for classical walks we distinguish different types.

Definition 2 (Types of N-walks). An N-walk w = (w1, . . . , wn) and a classical
walk v = (v1, . . . , vn) are compatible if they have the same length, and for each
i, the i-th step is included in the i-th N-step, i.e., vi ∈ wi. An N-bridge (resp.,
N-meander, N-excursion) is an N-walk compatible with at least one bridge (resp.,
meander, excursion). Thus, N-excursions are particular cases of N-meanders.

The endpoints of classical walks are central to the analysis. We define their
nondeterministic analogues: reachable points.

Definition 3 (Reachable points). The reachable points of a general N-walk are
the endpoints of all walks compatible with it. For N-meanders, the reachable
points are defined as the set of endpoints of compatible meanders. In particular,
all reachable endpoints of an N-meander are non-negative.

The geometric realization of an N-walk is the sequence of its reachable points
after j steps for all j. Figure 1 shows the realizations of the classical walk

v = (1, 2,−1, 0)

and the N-walk

w = ({1}, {−1, 2}, {−1, 1}, {0, 1, 2}) .
Note that the walk v (highlighted in red) is compatible with the N-walk w.

In the first part of the talk, I focused on two fundamental examples: the Dyck-
type N-step set

SD = {{−1}, {1}, {−1, 1}}
and the Motzkin-type N-step set

SM = {{−1}, {0}, {1}, {−1, 0}, {−1, 1}, {0, 1}, {−1, 0, 1}}.
Using multivariate generating functions (with catalytic variables marking extremal
reachable points), we showed that basic families (N-bridges, N-meanders, and N-
excursions) have algebraic generating functions in these models and determined
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Figure 1. Geometric realization of a walk (left), an N-walk (cen-
ter), and its compatible meanders (right).

their asymptotic number using singularity analysis [4]. The results for the un-
weighted case are summarized in Table 1. Remarkably, the leading asymptotic
terms for N-bridges, N-meanders, and N-excursions share the same exponential
growth and differ only by multiplicative constants. This phenomenon arises due
to a dominant polar singularity followed by a square root singularity. This is in
sharp contrast to classical walks, in which we observe polynomial corrections [1].
For example the number of classical bridges of length n is of order O(

√
n) com-

pared to classical walks. Here, this polynomial change in order of magnitude is
only visible in the lower order terms. What is more, the limit probabilities for a
Dyck N-walk of even length to be an N-bridge, an N-meander, or an N-excursion,
are 1, 1

2 , or 1
4 , and for Motzkin N-walks 1, 3

4 , or 9
16 , respectively.

Type Dyck N-steps Motzkin N-steps
P({−1, 1}) \ ∅ P({−1, 0, 1}) \ ∅

N-Walk 3n 7n

N-Bridge 1+(−1)n

2

(
3n − 2

√
2√
π

8n/2
√
n

+ . . .
)

7n −
√

3
π

6n√
n

+ . . .

N-Meander 3n

2 + 3
√
2(1+(−1)n)+4(1−(−1)n)√

π
8n/2
√
n3

+ . . . 3
47n + 3

√
3

2
√
π

6n√
n3

+ . . .

N-Excursion 1+(−1)n

2

(
3n

4 + 4
√

2 8n/2
√
πn3

+ . . .
)

9
167n − γ 6n√

πn3
+ . . .

Table 1. The asymptotic enumeration of nondeterministic un-
weighted Dyck and Motzkin N-walks, N-bridges, N-meanders, and
N-excursions with n steps. The constant γ ≈ 0.6183 is the posi-
tive real solution of 1024γ4 − 8019γ2 + 2916 = 0.

In the second part, I explained how the same viewpoint extends to general finite
N-step sets: the generating function of N-bridges is always algebraic, and broad
families of N-meanders admit a uniform algebraicity mechanism; this supports the
conjecture that N-excursions are algebraic in general. As a concrete test case, for
S = {{−1}, {−1, 1}, {−2, 1}} we can prove algebraicity of N-excursions, and com-
puted coefficients strongly suggest a specific degree-4 equation for the generating
function; proving this explicit identification remains open.
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Since these counting series are algebraic, it is natural to ask for explicit un-
ambiguous context-free grammars (we currently have this in the Dyck case, while
the general case appears genuinely delicate). In addition, we obtain limit laws
and a phase-transition picture for natural parameters of random N-excursions
(discrete/Gaussian/Rayleigh/mixed limits), with an interpretation in terms of
quarter-plane lattice paths with reflecting/absorbing boundary behavior. The
methods combine generating functions and analytic combinatorics with additive-
combinatorial control of reachable sets.
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On the Schubert Support of Grothendieck Polynomials

Anna Weigandt

(joint work with Judy (Hsin-Hui) Chiang)

Lascoux and Schützenberger [1, 2] introduced Grothendieck polynomials as poly-
nomial representatives of the classes of structure sheaves of Schubert varieties in
the K-theory of the complete flag variety. These polynomials extend the notion of
Schubert polynomials from cohomology to K-theory, encoding richer combinato-
rial and geometric information. There has been growing interest in understanding
the Newton polytope and monomial support of Grothendieck polynomials. Specif-
ically, Monical, Tokcan, and Yong [4] conjectured that Grothendieck polynomials
have the saturated Newton polytope (SNP) property, while Mészáros, Setiabrata,
and St. Dizier [3] formulated several related conjectures concerning the divisibility
poset of their monomial supports. Their first conjecture states that the maximal
elements of the divisibility poset are the monomials with the maximum possible
degree. Their second conjecture strengthens this by asserting that one can always
move upward in the divisibility poset by exactly one degree at a time. Their third
conjecture proposes that the monomial supports of Grothendieck polynomials are
convex with respect to the divisibility order.

Despite partial progress, these conjectures remain open, with proofs known only
in specific cases. We introduce a new approach to these problems by studying
the Schubert support of Grothendieck polynomials. The Schubert polynomials
{Sw : w ∈ S∞} form a linear basis of Z[x1, x2, . . .]. As such, each polynomial

f ∈ Z[x1, x2, . . .] has a unique expansion f =
∑

w∈S∞

awSw. We define the Schubert

support of f to be SuppS(f) = {w ∈ S∞ : aw 6= 0}. We formulate Schubert

https://arXiv.org/abs/2311.03234
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support analogues of the Grothendieck monomial support conjectures of [3]. For
our conjectures, we replace monomial support with Schubert support, degree with
Coxeter length, and divisibility with the left weak order on the symmetric group.

Conjecture 1. If u ∈ Supp
S

(Gw) and ℓ(u) < deg(Gw), then there exists v ∈
SuppS(Gw) such that u <L v.

There is a stronger statement that implies Conjecture 1.

Conjecture 2. Let w ∈ Sn. If u ∈ Supp
S

(Gw) and ℓ(u) < deg(Gw), then there
exists k such that u < sku and sku ∈ SuppS(Gw).

Proving Conjecture 1 and 2 would imply the analogous conjectures of [3], where
one replaces Schubert support with monomial support and left weak order with
divisibility. The next conjecture concerns intervals in left weak order.

Conjecture 3. Let w ∈ Sn. The set SuppS(Gw) is convex with respect to the left
weak order. That is, if u, u′ ∈ Supp

S
(Gw), then the interval

[u, u′]L = {v ∈ Sn : u ≤L v ≤L u′}

is contained in SuppS(Gw).

We resolve these conjectures in the case of Grassmannian permutations and
1 × u where u is dominant. We also show that the first two conjectures hold for
inverse fireworks permutations.
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Posets of Decompositions, Their Möbius Numbers and

Associated Representation

Volkmar Welker

(joint work with Benjamin Brück, Kevin Piterman and John Shareshian)

1. Definitions

Partitions of sets are classical combinatorial objects. Formulated in terms of the
Boolean lattice Bn of subsets of [n] := {1, . . . , n}, a partition is a collection of
elements B1, . . . , Bk of the Boolean lattice which satisfies two properties:

• Bi 6= ∅, i = 1, . . . , k,
• B1 ∪ · · · ∪Bk = [n],
• |B1|+ · · ·+ |Bk| = n.

In terms of the lattice Bn this can be translated using the dictionary:

• ∅ = 0̂Bn is the unique minimal element of Bn,
• B1 ∪ · · · ∪Br = B1 ∨ · · · ∨Br, where ∨ is the join operation in Bn,
• [n] = 1̂Bn is the unique maximal element of Bn,
• |Bi| = rk(Bi) and n = rk(Bn), where rk is the rank function of Bn.

In recent work [2, 4, 5] the authors have studied generalizations to arbitrary
lattices (and beyond) of the procedure by which set partitions arise from the
Boolean lattice. All new results described here are contained in these papers.

There the authors exhibited various approaches, all using the dictionary above.
In its simplest form this generalization starts with a graded lattice L with unique
minimal element 0̂L, unique maximal element 1̂L, join operation ∨ and rank func-
tion rk. It defines a decomposition of L as a set {x1, . . . , xr} ⊆ L such that

• xi 6= 0̂L, i = 1, . . . , k,
• 1̂L = x1 ∨ · · · ∨ xr and
• rk(x1) + · · ·+ rk(xr) = rk(L).

We set D(L) as the set of all decompositions of L ordered by refinement with an

additional least element 0̂ element added. Note that for set partitions there is
already a unique minimal set partition 1| · · · |n but this is not the case in general

and therefore also in the case of L = Bn we add an additional minimal element 0̂.
Starting from D(L) we define ordered decompositions, partial decompositions

and ordered partial decompositions. A partial decomposition of L is a non-empty
subset of a decomposition. We write PD(L) for the set of all partial decompositions

again ordered by refinement and an additional unique minimal element 0̂ added.
An ordered partial decomposition is a tuple (x1, x2, . . . , xr) without repetition
such that {x1, . . . , xr} ∈ PD(L). We write OD(L) (resp. OPD(L)) for the poset
of all ordered decompositions (resp. ordered partial decompositions) ordered by

order-preserving refinement and with an additional minimal element 0̂.
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2. The case L = Bn

If L = Bn then the following results are mostly well known. We formulate the
results in terms of the topology of the order complex of the proper parts of the
posets.
D(Bn) is a poset whose proper part has a unique minimal element – the partition

of [n] into singleton blocks. Therefore, the following is trivial.

Remark 1. D(Bn) is contractible and in particular µ(D(Bn)) = 0.

For PD(Bn) we do not know a reference, but the following is easy to derive and
probably well known.

Lemma 2. PD(Bn) is contractible and in particular µ(PD(Bn)) = 0.

The poset OD(Bn) of ordered set partitions is well known to be the face lattice
of the permutahedron (see for example [1]). This immediately implies the following
folklore fact.

Theorem 3. OD(Bn) is a triangulation of an (n − 2)-sphere and in particular
µ(OD(Bn)) = (−1)n.

It is easily seen that the symmetric group acts by the sign representation on
the homology of the sphere.

For the poset OPD(Bn) of ordered partial set partitions we do not know any
result from the literature. As a consequence the following fact seems to be new.

Theorem 4. OPD(Bn) is a triangulation of a (2n− 3)-sphere and in particular
µ(OPD(Bn)) = −1.

One can verify that the symmetric group acts by the trivial representation on
the homology of the sphere.

3. The case L = Ln(q)

We write Ln(q) for the lattice of subspaces of an n-dimensional vector space. When
applying our definitions to Ln(q), the partitions arising from Bn are replaced by
internal direct sum decompositions. The case of decompositions is well known.

Theorem 5 ([6]). D(Ln(q)) has the homotopy type of a wedge of

1

n

n−1∏

i=1

(qi − 1)fn(q)

spheres of dimension n − 2, where fn(q) is a polynomial with positive integer

coefficients of degree
(
n
2

)
. In particular, µ(D(Ln(q))) = (−1)n

n

∏n−1
i=1 (qi − 1)fn(q).

In [6] one can find combinatorial interpretations of the polynomial fn(q) and
its coefficients. For PD(Ln(q)) the relevant result is contained in [3].



136 Oberwolfach Report 2/2026

Theorem 6 ([3]). PD(Ln(q)) has the homotopy of a wedge of

1

n
q(n

2)
n−1∏

i=1

(qi − 1)

spheres of dimension 2n−3. In particular, µ(PD(Ln(q))) = − 1
nq

(n
2)
∏n−1

i=1 (qi−1).

The poset OPD(Ln(q)) exhibits a particularly nice enumerative formula.

Theorem 7. OPD(Ln(q)) is homotopy equivalent to a wedge of qn(n−1) spheres
of dimension 2n− 3. In particular, µ(OPD(Ln(q)) = −qn(n−1).

In particular, what is interesting is that in this case the homology representation
of GL(q) is the tensor square of the Steinberg representation.

The poset OD(Ln(q)) does not seem to exhibit nice enumerative behavior. Its
Möbius number is a polynomial which factors into polynomials with an unclear
pattern of positive and negative coefficients. Possibly there is a representation
theoretic interpretation of the formula.

Results for other interesting cases, in particular some classical geometric lat-
tices, can be found in [5] and in a forthcoming work by Kevin Piterman, John
Shareshian and Volkmar Welker.
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Permutahedron Triangulations via Total Linear Stability and the Dual

Braid Group

Nathan Williams

(joint work with Colin Defant and Melissa Sherman-Bennett)

How many triangles? A popular sort of brain teaser runs as follows:

How many triangles do you see on the left side of Figure 1?

Figure 1. Left: How many triangles? Right: How many sim-
plices?

Spoiler: There are twelve triangles. In more details, there are five “minimal”
triangles (that is, triangles not containing any smaller triangle), four triangles
obtained by gluing two minimals together, two more triangles that are the union
of three of the minimals, and of course the exterior triangle itself.

A first higher-dimensional analogue of such a brain teaser might ask:

How many simplices do you see on the right side of Figure 1?

Spoiler: 55. (Left was the positive cluster complex of type A3; right is for A4.)

Weak order and the noncrossing partition lattice. Let’s start again. As-
sociated to the symmetric group Sn (and more generally, any finite irreducible
Coxeter group W ) are two well-loved combinatorial objects:

(1) the weak order Weak(Sn) (the Cayley graph of Sn generated by the simple
transpositions); and

(2) the noncrossing partition lattice NC(Sn) (the interval between the identity
and the long cycle (1, 2, . . . , n) when Sn is generated by all transpositions).

These posets have many similarities (they are both lattices, they have nice
enumerations, etc.), but are “Bessis-dual” in the following sense: Weak(Sn) is
“tall and slender” with height

(
n
2

)
and n − 1 atoms, while NC(Sn) is “short and

wide”, with height n− 1 and
(
n
2

)
atoms.

httpss://personal.utdallas.edu/~nxw170830/docs/Bessalvetti/bessalvetti.html
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From this point of view, it almost looks as if the weak order was obtained
by flipping the noncrossing partition lattice onto its side—of course, this state-
ment as written is impossible (and even ridiculous). Nevertheless, our work in [3]
makes this idea precise. To do so, I will end up explaining Figure 2, which is the
dual/adjacency graph of a particular triangulation of the permutahedron.

Figure 2. The dual graph of a triangulation of the permuta-
hedron for S4, indexed as triangles inside of triangles inside of
triangles inside of a triangle.

“Bessis dual”? When we generate a finite Coxeter group W acting in the re-
flection representation V with simple reflections S, we get the weak order with
rank generating function Weak(W ; q) :=

∏r
i=1[di]q (where the di’s are the degrees

and [n]q := 1 + q + · + qn−1). Even better, we get a presentation for the braid
group BW,w◦

:= π1(V reg) = 〈S : [RedS(w◦)]〉, where S is a formal copy of S and
[RedS(w◦)] is the set of relations that set equal all reduced words for the long
element w◦ in S (replacing each simple by its formal copy).

When we generate instead by all1 reflections T := {wsw−1 : w ∈W, s ∈ S}, we
get the rank generating function

∏r
i=1(1 + qei) (where the ei’s are the exponents).

Even though there are many maximal elements in this order, if we choose a Coxeter
element c (that is, an h-regular element), then we again get a presentation BW,c :=
〈T : [RedT (c)]〉, where again T is a formal copy of T and, as before, [RedT (c)] sets
equal all reduced words for c in T .

1A good reason for considering T over S is that it makes sense for well-generated complex
reflection groups (where we don’t have real chamber geometry, and hence no “simple” reflection).
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Then BW,w◦
≃ BW,c, and—as Bessis says [1]—the difference lies in choosing

a real versus a complex basepoint for π1(V reg) (that is, the choice of a 2-regular
eigenvector for w◦ versus an h-regular eigenvector for c).

It is reasonable to ask what happens when you overlay the two monoids, using
the reasonable inclusion of the generators S →֒ T suggested by taking c to be
standard (the product of the simple reflections, in some order).

Objection: If we flip the noncrossing partition lattice onto its side, then

cover relations would become horizontal. Good point. We actually cut the
noncrossing partition lattice into pieces, and then move those pieces around. More
precisely, we can think of each maximal chain in the noncrossing partition lattice
as a factorization of c, and hence a tuple of reflections. For each element of w, we
associate the set of maximal chains in the noncrossing partition lattice such that
the product of the corresponding reflections increases in Bruhat order from w. We
call these chains concordant with w. This maintains the integrity of the covers—
the “horizontal” cover relations of NC become edges in the permutahedron that
traverse the interior of the polytope. Furthermore, there is a very nice geometric
condition to figure out which noncrossing chains Bruhat-increase from w.

Objection: How do you cover all n! vertices of weak order with the

Cat(n) vertices of the noncrossing partition lattice? What would you have
said if we had started with the Tamari lattice (or, more generally, a Cambrian
lattice)? These lattices are also “tall and slender,” but they now have Cat(n)
vertices. But now remember that Cambrian lattices are lattice quotients of weak
order. Up to taking inverses, we prove that elements w ∈W belonging to the same
Cambrian congruence class have the same concordant chains, and so we reuse the
exact same piece of NC(W ). (If you restrict to just sortable elements, then you
get a (non-convex) triangulation of the associahedron.)

Does this have any geometric meaning? Let’s make everything geometric:
the weak order becomes the permutahedron and the noncrossing partition lattice
becomes its order complex. Then the simplices corresponding to the concordant
chains triangulate the permutahedron.

To prove this, we use the existence of totally stable linear stability functions
from quiver representation theory. We show that our triangulations are regular by
defining a height function by the “time” t at which a well-chosen “laser” intersects
the noncrossing shards in the hyperplane arrangement.

Ultimately, our triangulation is motivated by the question of giving an explicit
homotopy between the Salvetti complex and the Bessis–Brady–Watt complex; this
problem remains open. We got stuck because of the duplications of the spheres
coming from non-singleton Cambrian classes, likely due to the fact that our tri-
angulation uses Bruhat order and is a “cheap approximation” of the interaction
between the Artin and dual positive monoids.
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On the number of t-hooks in partitions

Ae Ja Yee

(joint work with Hyunsoo Cho, Byungchan Kim and Eunmi Kim)

Partition hooks play a key role in connecting the partition theory and represen-
tation theory [13, 14]. They are also closely connected to the mod 5, 7 and 11
partition congruences of Ramanujan [8]. This has led to extensive study on par-
tition hooks from a partition theoretic point of view [4]. Recently, the number of
t-hooks (i.e., hooks of length t) has received a lot of attention, for example the
work of Griffin, Ono, and Tsai on the distribution of the number of t-hooks in
partitions of n [9], and the work of Ballantine, Burson, Craig, Folsom, and Wen
on hook length bias [1].

Suppose t is a positive integer. For a partition of λ, define nt(λ) to be the
number of t-hooks in λ. For a partition set A, define the random variable NA

t,n,
which takes the value nt(λ) for λ chosen uniformly randomly from partitions of n
in the set A. For example, the values of NP

3,10 with probabilities are given below.
Here, P denotes the set of all partitions.

n3(λ) 0 1 2 3

P
(
NP

3,10 = n3(λ)
)

1
21

3
7

1
2

1
42

In [9, Theorem 1.1], Griffin, Ono, and Tsai proved that NP
t,n is asymptotically

normally distributed with mean ∼
√
6n
π − t

2 + o(1) and variance ∼ (π2−6)
√
6n

2π3 as
n→∞. This work raises the question of whether the same phenomenon holds for
restricted partition families. In [6, Theorem 1.2], Craig, Ono, and Singh confirmed
the question for self-conjugate partitions.

The first part of my talk will focus on the distribution of the number of t-hooks,
giving a brief sketch of the proof of the result of Griffin, Ono, and Tsai, which
is based on results from [7, 10, 11, 12]. I will also present my joint work with
Hyungsoo Cho, Byungchan Kim, and Eunmi Kim on the number of t-hooks in
doubled distinct partitions from [2]. The following are our main results.

https://arxiv.org/abs/2509.11497
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Theorem 1. For a positive integer t, let DD be the set of all doubled distinct
partitions and

Ft(x; a) :=
∑

λ∈DD
xnt(λ)q|λ|.

Then,

Ft(x; q) =






(−q2; q2)∞
(
(1− x2)q2t; q2t

) t−1
2

∞ D∗(x; qt) if t is odd,

(−q2; q2)∞
(
(1− x2)q2t; q2t

) t−2
2

∞ D∗(x; qt)H∗(x; qt) if t is even,

where

D∗(x; q) =
1

(1 + x)

((
(1− x2)q2; q4

)
∞ + x

(
(1− x2

)
q4; q4)∞

)
,

H∗(x; q) =
1

2x

[(
1−

√
1− x

1 + x

)
(−
√

1− x2;−q)∞

+

(
1 +

√
1− x

1 + x

)
(
√

1− x2;−q)∞

]
.

Here, we use the standard q-product notation (a; q)n =
∏n

k=1(1 − aqk−1) with
n ∈ N ∪ {∞}.
Theorem 2. Let t be a positive integer. Then as n→∞, NDD

t,2n is asymptotically
normally distributed with mean

µt,2n =
2
√

3n

π
+

3

π2
− t

2
+

δ2|t
4

+ O
(
n− 1

2

)

and variance

σ2
t,2n =

2(π2 − 6)

π3

√
3n− 36

π4
+

3

π2
− 1

4
− δ2|t

8
+ O

(
n− 1

2

)
.

In the second part of my talk, I will discuss hook inequality questions in self-
conjugate partitions and doubled distinct partitions. One famous conjecture on
monotonicity in partitions was given by Stanton [16, Conjecture 10]. A partition
is called a t-core (partition) if no hook is a multiple of t. Let ct(n) be the number
of t-core partitions of n. Stanton’s conjecture claims that for t ≥ 4,

ct(n) < ct+1(n)

for n ≥ t + 1. This conjecture was recently confirmed by Tyler [17] using analytic
techniques, but there is no known combinatorial approach.

In [15, Theorem 1.1], Singh and Barman considered an analog of Stanton’s
conjecture for the total number of t-hooks and obtained the following monotonicity
of the total number of t-hooks p⋆t (n) in partitions of n. For a positive integer t,

p⋆t (n) ≥ p⋆t+1(n)

except for n = t + 1. Moreover, we have p⋆t (t + 1)− p⋆t+1(t + 1) = −1.
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Motivated by the result of Singh and Barman, I with Cho, Kim, Kim inves-
tigated further and proposed the following conjecture in [3]. Let sc⋆t (n) (resp.
dd⋆t (n)) be the number of t-hooks in self-conjugate (resp. doubled distinct) parti-
tions of n.

Conjecture 3. For a fixed positive integer t,

sc⋆t (n) ≥ sc⋆t+1(n) and dd⋆t (n) ≥ dd⋆t+1(n)

holds for n ≫ t, where the implied constant does not depend on t. In particular,
for even t ≥ 8, for all n ≥ 0,

dd⋆t (n) ≥ dd⋆t+1(n).

By the asymptotic results on t-hooks of self-conjugate partitions [6] and doubled
distinct partitions [2], the inequalities above hold for n≫t 1. Using combinatorial
arguments, we were able to prove the conjecture combinatorially for half of the
t’s.

Theorem 4. For a positive integer k, and for all n > 84k,

sc⋆2k−1(n) ≥ sc⋆2k(n).

Theorem 5. The following holds.

(1) We have dd⋆1(n) ≥ dd⋆2(n) except for n = 6, 10.
(2) For a positive integer k, we have

dd⋆2k(n) ≥ dd⋆2k+1(n)

except for (k, n) = (1, 12), (2, 10), (3, 14).

In the second half of my talk, I will present these results.
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Open problem session

Collected by Guillaume Chapuy

(joint work with Bruce Sagan, Miklós Bóna, Nathan Williams, Valentin Féray,
Philippe Nadeau, Alejandro H. Morales, Andrew Elvey Price, Martina Juhnke,

Matjaž Konvalinka, Jérémie Bouttier)

1. Stability in the plactic monoid (problem of Bruce Sagan)

Bruce Sagan presented the main conjectures of the paper [12].

2. Inequalities for skew indecomposable permutations
(problem of Miklós Bóna)

Definitions: Let q = q1q2 · · · qk be a permutation satisfying q1 < qk, and let
k > 2. Let Avn(q) denote the number of permutations of length n that avoid
q and let Avn,1(q) denote the number of skew indecomposable permutations of
length n that avoid q. Recall that a permutation is skew indecomposable if it is
not possible to cut it into two parts so that each entry before the cut is larger than
each entry after the cut.

The problem: Prove that for all n ≥ 1, we have the inequality

(1) Avn(q) ≤ Avn+1,1(q).

The easy cases: Note that (1) is trivially true if qk 6= k as we can postpend any
permutation counted by Avn(q) by the entry n + 1, yielding an injective proof of
the inequality. Similarly, if q1 6= 1, then we can take the reverse complement of
q and proceed as above. Finally, if q1 = 1 and qk = k, but there exists another
permutation q′ that satisfies Avn(q) = Avn(q′) for all n, in other words, when q is
Wilf-equivalent to another pattern q′ that does not start with 1 or does not end
with k, but whose first entry is smaller than the last, then (1) is true for q′, and
therefore, it is true for q. (It is easy to see this using generating functions.)

The difficult cases: We do not have a proof of (1) in the cases not covered above.
That is, we do not have a proof when q1 = 1, qk = k, and q is not Wilf-equivalent
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to a pattern q′ that does not have both of those properties. (Note the first entry
of q′ has to be smaller than the last.) So the shortest pattern for which we do not
have a proof of (1) is 1324.

Motivation: If (1) holds, then by the Supercritical Sequence Schema, the ordinary
generating function of the sequence Avn(q) is not rational.

Fun fact: For the pattern q = 12, inequality (1) does not hold, and the generating
function of the sequence Avn(q) is rational. In fact, it is 1/(1 − z). That is why
we need the condition k > 2.

3. The Full Twist (problem of Nathan Williams)

Draw the complete graph Kn with vertices 1, 2, . . . , n around a circle. Let Xn

be the set of ways to bijectively label the edges by {1, 2, . . . ,
(
n
2

)
} so that every

triangle increases counterclockwise:

1

3

2 ,
2

1

3 , or
3

2

1 .

Call the elements of Xn cyclic labelings. For example, here is an interesting
cyclic labeling for K5:

1

2

3

4

5

3

2

8

1

5

4 107

6

9

∈ X5,

and here is the corresponding ordered list of all 10 edges:

(15)(13)(12)(24)(23)(35)(34)(14)(45)(25).

Some remarks:

(i) The set Xn is nonempty—reverse lexicographical order is a valid cyclic la-
beling. Here are the first few numbers of cyclic labelings: |X3| = 3, |X4| =
48, |X5| = 5150, and (with reasonable confidence) |X6| = 4, 218, 360.

(ii) Cyclic labelings correspond to reflection orderings that are EL-shellings
of the noncrossing partition lattice. In particular (as consequences of the
geometry of the order complex of the noncrossing partition lattice), each
cyclic labeling in Xn has
• a unique spanning tree with edges that increase counterclockwise

around each vertex (the edges are bold in the list above); and
• Catn−1 spanning trees with edges that increase clockwise.
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(iii) I conjecture that cyclic labelings correspond to reduced words for the full
twist in the squares of the Birman-Ko-Lee generators of the braid group.

(iv) There are local moves that preserve the property of being a cyclic labeling:
(a) disjoint edges with consecutive labels commute (as edge lists, we have

the sequence (ij)(kl) = (kl)(ij) when it isn’t the case that i < k <
j < l cyclically);

(b) triangles whose edges have consecutive labels can be rotated (that is,
(ij)(jk)(ik) = (ik)(ij)(jk) = (jk)(ik)(ij) when i < j < k cyclically).

(c) a “pierced triangle” has the move (ij)(jl)(jk)(ik) = (ik)(ij)(jl)(jk)
when i < j < k < l cyclically.

Here are some problems.

(1) Tell me about cyclic labelings—for example, enumeration or asymptotics
for |Xn|.

(2) Characterize when a partial cyclic labeling can be completed to a full
cyclic labeling.1 I expect connectivity under the local moves (a),(b), and
(c) (likely coming from the fact that the pure braid monoid injects into
the pure braid group).

4. Counting w-trees (problem of Guillaume Chapuy)

If a : [n] → [n] is a function, we let Ca be the set of cyclic points of a, i.e.,
Ca = {x ∈ [n] | ∃k > 0, ak(x) = x}. Clearly, functions with a unique cyclic point
are in bijection with rooted Cayley trees, so

{a : [n]→ [n], |Ca| = 1} = nn−1,

or equivalently the probability that a uniformly chosen random function has a
unique cyclic point is 1

n .

We now generalize this to two functions. Let W ∈ {A,B}k be a word of length
k. Given a, b : [n]→ [n], the word W induces a function w : [n]→ [n] defined by:

w = w1 ◦ w2 ◦ · · · ◦ wk, wi =

{
a if Wi = A,

b if Wi = B.

One can think of this function as following the W -transitions in the deterministic
two-letter automaton determined by the functions a and b. Say that (a, b) is a
W -tree if |Cw| = 1, i.e., if these w transitions induce a (cycle-rooted) tree.

W -trees were introduced in [2] and used to solve a conjecture on the length on
the minimal synchronizing word in a random automaton of size n. To do this,
part of the paper [2] performed the asymptotic enumeration of these objects, and
showed for W primitive that the number of W -trees of size n is:

{a, b : [n]→ [n], |Cw| = 1} ∼ k

n
n2n,

1By the conjecture above, this is related to the interval from the identity to the full twist
in the pure braid group generated by the squares of the BKL generators, considered by Dan
Margalit and Jon McCammond.
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thus generalizing the probability of being a tree (Cayley’s formula) by an additional
factor of k. My main question is:

Question: Can one do exact enumeration of w-trees? Can you conjecture, or
prove, an exact formula, or even a recurrence formula or functional equation, to
produce the number of w-trees of size n? I mean, even for the simplest word
W = AB I can’t do anything!

Remark: for any d > 0 and any function w, both w and wd have the same cyclic
points, so the number of w-trees is the same as that of wd-trees. The hypothesis
that W is primitive in the statement above is thus both necessary and harmless.

A related question is to ask, for two different words W and W ′, whether the
associated random functions w and w′ have distributions which are very similar,
or very different. Does their total variation distance go to 0, to 1, or neither, with
certain conditions on W and W ′? First partial answers are given in [3].

5. Words in random permutations (problem of Valentin Féray)

Setting. Consider two independent uniform random permutations σ, τ , and set
π = στσ2τ2. As π is conjugacy invariant, we are interested in its cycle structure.

The first conjecture deals with the length L1 of the cycle containing 1 in π.

Conjecture 1. The random variable L1/n converges in distribution to a uniform
random variable in [0, 1].

We can also ask about the length Mk of the k-th largest cycle in π.

Conjecture 2. The random variable (M1/n,M2/n, . . . ) converges in distribution
to a the Poisson Dirichlet process of parameter 1.

Informally, the two conjectures above mean that we expect π to behave asymp-
totically as a uniform random permutation. Indeed, Conjectures 1 and 2 are
well-known to hold if π is replaced by a uniform random permutation (in fact, in
this case, the distribution of L1 is uniform on {1, . . . , n}). A stronger conjecture
would be that the total variation distance dTV(π,Unif(Sn)) converges to 0. The
counterpart for short cycles follow from a result of Kammoun and Maida [7].

Theorem 3. If Ck is the number of k-cycles in π, then the Ck’s converge jointly
in distribution to independent Poisson random variables of parameter 1/k.

Generalization to primitive words. Of course, one can ask the question for any
word w in the alphabet {σ, τ}, not only for στσ2τ2 as above (we could also admit
inverses, though we will not discuss this here). When σ and τ are independent
uniform random permutations, w can be interpreted as a random permutation.
We believe that Conjectures 1 and 2 hold for w as soon as w is primitive, i.e.,
cannot be written as a concatenation power of a shorter word. The theorem above
of Kammoun and Maida holds in this setting.
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Words with few occurrences of σ.

• If one of the letter, say σ, appears only once, then, by conjugacy invariance,
w has the same distribution as στk, which is uniformly distributed. Thus
Conjectures 1 and 2 hold.
• If one of the letter, say σ, is repeated only twice, then by conjugacy in-

variance, w has the same distribution as στkστ ℓ with k ≤ ℓ. Then we set
ρ = στk (trick suggested by Lucas Teyssier), and w has the same distribu-
tion as ρ2τ ℓ−k. Observe that ρ is uniformly distributed and independent
from τ . The permutations ρ2 and τ ℓ−k are independent, both conjugacy
invariant, and have few short cycles. Thus, we can use representation
theoretical techniques, in the spirit of [4] or [13], to prove that ρ2τ ℓ−k is
closed in total variation distance to the uniform distribution on Sn if ℓ−k
is odd (resp. on the alternating group An if ℓ − k is even). In both cases,
this implies that Conjectures 1 and 2 hold.

6. Forest Monk’s formula (problem of Philippe Nadeau)

The problem is to find a combinatorial interpretation for the expansions of various
polynomials in the basis of forest polynomials. These are “quasisymmetric” ana-
logues of Schubert polynomials [10, 9], cf. abstract of the talk “Forest polynomials
and quasisymmetry” for more background.

A natural question is to find forest counterparts of various Schubert properties.
One of them is the classical Monk’s formula

(x1 + · · ·+ xi)Sw =
∑

w→iw′

Sw′

where w,w′ are two permutations, w′ = w(a, b) with a ≤ i < b, wa < wb, and no
wk with a < k < b is in the interval [wa, wb].

Objects An indexed forest F is a sequence of plane binary trees (T1, T2, . . .) where
Ti is a single leaf for i large enough. One can label canonically the union of all
leaves of these trees by Z>0: label all leaves of T1 from left to right, then all leaves
of T2, etc. . .

Given F , the forest polynomial PF is defined as the sum
∑

κ

∏
v∈F xκ(v) where

κ runs through all maps from the internal nodes of F to Z>0 such that, if v is
any internal node of F with vL, vR as left and right children, then κ(vL) ≥ κ(v)
and κ(vR) > κ(v). Note that vL and/or vR can be a leaf, in which case κ(vL) and
κ(vR) is to be understood as the canonical leaf label.

Problem Give explicit expression of the coefficients aGi,F in the expansion

(x1 + · · ·+ xi)PF =
∑

G

aGi,FPG.

The question makes sense since the forest polynomials PG form an integral basis of
Q[x1, x2, · · · ], as can be seen for instance by by looking at the maximal monomials
in revlex ordering.
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What is known The aGi,F are known to be non-negative: this was proved by

combinatorial methods in [9, 10], for the more general case of

PFPG =
∑

H

aHF,GPH .

In fact, the aGi,F ’s belong to {0, 1}, so we have a multiplicity-free expansion as in

the Schubert case. While the methods in [9, 10] are combinatorial, they do not
directly give access to a nice interpretation for the coefficients.

Further questions Nice combinatorial interpretations to look for:

• The aHF,G’s. We have a direct proof of non-negativity in that case (a long-

standing open problem in the Schubert case).
• The coefficients in the Schubert polynomial expansions into forest polyno-

mials. Here again, combinatorial proofs are known from [9, 10];
• Equivariant versions of all of the above [1].

7. Conjectured positivity of bounded cylindric skew plane
partitions (problem of Alejandro H. Morales)

For a skew shape λ/µ, a plane partition is a filling of the Young diagram of λ/µ with
positive integers that is weakly decreasing in rows and columns (see Figure 1:Left).
Let PPλ/µ(n) be the number of plane partitions of shape λ/µ with entries 1, . . . , n.

Kreweras [8] gave the following determinant formula to compute PPλ/µ(n). One
can show that PPλ/µ(n) is a polynomial in n. By a result of Fomin and Kirilov
[6], we have that for straight shapes λ, PPλ(n) is a polynomial with non-negative
coefficients in n. Recently with Ferroni and Panova we showed that for skew shapes
λ/µ, PPλ/µ(n) is a polynomial with non-negative coefficients in n.

A cylindric plane partition of a skew diagram λ/µ/d is a plane partition that
remains a plane partition if the last row, shifted d units to the right, is placed on
top of the plane partition (see Figure 1:Right).

56

9 6 5

6 6

4 0

29

8

7 6 3 3

7 6 3 3

5

55

4 4 2

4 2 1

4

4

2 0

Figure 1. Left: a plane partition of shape λ/µ = 6433/21.
Right: a cylindric plane partition of shape λ/µ/d = 7644/311/4.

Concretely, we have two sequences of non-negative integers λ = (λ1, . . . , λℓ) and
µ = (µ1, . . . , µℓ) satisfying

λ1 ≥ λ2 − 1 ≥ λ3 − 2 ≥ · · · ≥ λℓ − ℓ + 1 ≥ λ1 − d− ℓ,

µ1 ≥ µ2 − 1 ≥ µ3 − 2 ≥ · · · ≥ µℓ − ℓ + 1 ≥ µ1 − d− ℓ.

Let CPPλ/µ/d(n) be the number of cylindric plane partitions of shape λ/µ/d with
entries 1, . . . , n. Gessel and Krattenthaler gave a formula for CPPλ/µ/d(n) as a
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sum of determinants. The following conjecture in [5], states that CPPλ/µ/d(n) is
also a polynomial with non-negative coefficients:

Conjecture 4. For a cylindric shape λ/µ/d, we have that CPPλ/µ/d(n) is also a
polynomial with non-negative coefficients.

The case of circular fence posets was settled in [5, Prop. 7.6]. By the gen-
eral strategy in this paper, it would suffice to show that the linear coefficient of
CPPλ/µ/d(n) is non-negative.

8. Bijection for walks in the three-quarter plane
(problem of Andrew Elvey Price)

Fix a step set S ⊂ {−1, 0, 1}2 and let C denote the three-quadrant cone

C = {(i, j) : i ≥ 0 or j ≥ 0},
with boundary

∂C = {(0, j) : j ≤ 0} ∪ {(i, 0) : i ≤ 0}.
For positive integers i, j, n, let wi,j,n denote the number of walks of length n in
C from (i, 0) to (−j, 0) using steps in S which only touch the boundary ∂C at
their final point. The problem is to find a combinatorial explanation of any of the
following equalities (listed in increasing order of generalisation)

(1) w2,1,n = 2w1,2,n

(2) jwi,j,n = iwj,i,n

(3) The generating functions

W (x, y) :=
∑

i,j,n≥1

1

i
xiyjtnwi,j,n and W1(y) :=

∑

j,n≥1

yjtnw1,j,n

satisfy

W (x, y) = log

(
1 + xy

W1(y)−W1(x)

y − x

)

The first problem is essentially equivalent to a problem I posed at a previous
Oberwolfach meeting. The second is a generalisation observed by Timothy Budd
at the same meeting. These equalities have all been proven using a complicated
and technical argument involving complex analysis and elliptic functions.

9. Unimodality of certain sequences counting lattice paths
(problem of Martina Juhnke)

The number of coherent paths, counted by length, on the second hypersimplex,

∆(d, 2) = conv(x ∈ {0, 1}d ;
∑d

i=1 xi = 2) for a generic linear functional c ∈ Rd

has been computed in [11, Prop. 5.4]. It was shown that the number N coh
ℓ of

coherent paths of length ℓ equals the coefficient of zℓ in the polynomial Td+Qd+Cd

defined by:


Td+1

Qd+1

Cd+1


 = M



Td

Qd

Cd


 with M =




z 1 + z 1 + z
0 1 + z z

z + z2 0 1 + z


 for d ≥ 4
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and 

T4

Q4

C4


 =




z4 + 2z3

z4

2z4 + 2z3


 .

The following conjecture has been confirmed via computer experiments, for all
d ≤ 150, but is open in general.

Conjecture 5. The sequence (Ncoh

ℓ )ℓ defined above is unimodal (and even log-
concave).

The numbers (N coh
ℓ )ℓ can be interpreted as the number of certain lattice paths

(with arbitrary step length in north and east direction) that are diagonal-avoiding
(that is, they do not stop on the diagonal) and satisfy some kind of compatibility
criterion (see [11, Section 6] for more details).

Letting (Nℓ)ℓ denote the number of lattice paths using only east and north
steps (of arbitrary lengths) from (2, 1) to (d− 1, d) or (d, d− 1) that have ℓ steps,
also the following conjecture is open.

Conjecture 6. The sequence (Nℓ)ℓ is unimodal (and even log-concave).

10. Optimizing over nonzero LR coefficients
(problem of Matjaž Konvalinka)

(Problem communicated by Igor Klep at University of Ljubljana.) Given a parti-
tion λ of length d, define

η(λ) = n2 +
d(d− 1)(2d− 1)

6
−

d∑

i=1

(λi − (i − 1))2.

For λ, µ, ν we define ∆(λ, µ, ν) = η(λ)− η(µ)− η(ν).
We are given n, k, d, k ≤ n/2. The problem is to maximize ∆(λ, µ, ν) over triples

(λ, µ, ν) with |λ| = n, |µ| = k, |ν| = n − k, for which the Littlewood-Richardson
coefficient cλµ,ν is nonzero.

11. Rational numbers appearing in the expansion of the inverse of
the Bessel function J1 (problem of Jérémie Bouttier)

The question is whether there exists a nice combinatorial interpretation of a certain
sequence of rational numbers. Consider the series

(2) B(x) :=

∞∑

n=0

(−1)nxn

n!(n + 1)!
,

which is closely related to the Bessel function of order one by

(3) B(x) =
J1(2
√
x)√

x
.

It turns out that the series

(4)
1

B(x)
= 1 +

x

2
+

x2

6
+

7x3

144
+

13x4

960
+

107x5

28800
+

409x6

403200
+

56197x7

203212800
+ · · ·
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has positive coefficients, which does not seem to be an obvious property. Multi-
plying the coefficient of xn by (−1)nn!(n + 1)!, it seems that we get the integer
sequence OEIS A103365. Weirdly, the OEIS entry itself says nothing about the
apparent sign property.

I found the following argument to show that B(x)−1 has positive coefficients.
It suffices to show that its logarithmic derivative

(5) K(x) := −B′(x)

B(x)

has positive coefficients, since we go from K(x) to B(x)−1 by integrating and
taking exponential, which are positivity-preserving operations. Now, from the
Bessel differential equation

(6) z2J ′′
1 (z) + zJ ′

1(z) + (z2 − 1)J1(z) = 0

it is straightforward to deduce that K(x) satisfies the first-order differential equa-
tion

(7) xK ′(x) + 2K(x) = xK(x)2 + 1.

This is an instance of a Riccati equation, the fact that it is equivalent to a second-
order linear ODE is well-known. The Riccati equation implies immediately that
the sequence (kn)n≥0 of coefficients of K(x) satisfies the recurrence

(8) kn =

{
1
2 for n = 0,
1

n+2

∑n−1
i=0 kikn−1−i for n ≥ 1,

from which it is now obvious that kn > 0 for all n. The first kn are

(9)
1

2
,

1

12
,

1

48
,

1

180
,

13

8640
,

11

26880
,

647

5806080
,

1133

37324800
,

43213

5225472000
, . . .

The sequence ((n + 1)!(n + 2)!kn)n≥0 seems to be the integer sequence A131490
on OEIS. Note that the integrality of the sequence does not follow easily from the
recurrence above, I do not have a direct argument at the moment.

My question is whether kn, or (n + 1)!(n + 2)!kn, has a simple combinatorial
interpretation.
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Université Paris Cité
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