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ABSTRACT. A growing and impactful area of computational mathematics and
numerical analysis is the solution of PDEs modeled from underlying geomet-
ric principles. This field covers a broad range of PDE problems, including
geometric evolution equations, PDEs on surfaces, nonlinear bending models,
and fully nonlinear Monge-Ampere in optimal transport. These mathemat-
ical formulations are found in numerous applications in machine learning,
meteorology, medical imaging, cell biology, geophysics, and computer graph-
ics. This workshop provided an opportunity for interactions between senior
and early-career researchers working on numerical methods for geometric and
nonlinear PDEs. The expertise of the participants spanned the numerical
analysis, computational implementation, and practical applications of these
problems.
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Introduction by the Organizers

The workshop Numerical Analysis for Geometric and Nonlinear PDEs was at-
tended by 48 researchers working at the intersection of numerical analysis, compu-
tational mathematics, and geometric partial differential equations. The goal of the
meeting was to discuss modern trends and state-of-the-art advancements in the
design, analysis, and implementation of numerical methods of PDEs derived from
underlying geometric principles. Such equations appear in numerous applications
in machine learning, meteorology, medical imaging, cell biology, geophysics, and
computer graphics. The workshop focused on several classes of problems including
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geometric evolution equations, PDEs posed on surfaces, nonlinear bending models,
and fully nonlinear equations arising in optimal transport and differential geom-
etry. In recent years, these problems have generated great interest and activity
from the computational PDE and scientific communities for these problems, lead-
ing to significant advances in both theory and computation. These include robust
Galerkin discretizations for fully nonlinear PDEs, novel algorithms enforcing con-
vexity and isometry constraints, efficient and accurate schemes for approximating
surface evolution under geometric flows, and interface evolution under fluid-fluid
or fluid-structure interactions. In total, 38 research talks were presented by a
mix of senior and early-career researchers from Europe, North America and Asia.
The talks covered a wide range of topics, including novel finite element methods
for Monge-Ampere type equations, analysis of finite element methods in evolving
domains, discretizations for mean curvature flow and harmonic map heat flows,
and unfitted finite element methods. Particular emphasis was placed on structure-
preserving discretizations, geometric finite element methods, and the rigorous anal-
ysis of stability and convergence for numerical algorithms.
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Abstracts

From the classical Canham /Helfrich model towards more realistic
descriptions of the dynamics of fluid surfaces

AXEL VOIGT
(joint work with Ingo Nitschke, Jan Magnus Sischka)

Coarse-grained continuous descriptions for lipid bilayers are typically based on
minimizing the Helfrich energy. Such models consider the fluid properties of these
structures only implicitly and have been shown to nicely reproduce equilibrium
properties. Model extensions that also address the dynamics of these structures
are surface (Navier—)Stokes—Helfrich models. They explicitly account for mem-
brane viscosity. However, these models also usually treat the lipid bilayer as a
homogeneous continuum, neglecting the molecular degrees of freedom that can
influence local curvature and flow resistance and therefore the balance between
fluidity and robustness. A complementary perspective arises from liquid-crystal
hydrodynamics, particularly the Beris—Edwards framework, which describes the
dynamics of nematic order through the evolution of a Q-tensor field coupled to
hydrodynamic motion. Surface formulations of these models have recently been
developed to study active and passive nematic layers on curved surfaces [1, 2].
While these approaches provide a rigorous treatment of orientational order and
its relaxation, they primarily apply to systems with an inherent up-down symme-
try, e.g., nematic shells, or, if the average molecule directions are constrained to
be perpendicular to the surface, symmetric lipid bilayers, and thus cannot cap-
ture asymmetry characteristics of biological membranes, where the asymmetry
emerges from different molecular compositions, different molecular densities or
due to scaffolding protein. Considering the scalar order parameter representing
the molecular alignment of the lipids along the surface normal and extending the
models by a polarization field we obtain a hydrodynamic surface Landau—Helfrich
model for asymmetric lipid bilayers [3]. The fully ordered case leads to the known
surface (Navier—)Stokes—Helfrich models. Besides more detailed continuous mod-
els for lipid bilayers, we therefore also provide an alternative derivation of surface
(Navier—)Stokes—Helfrich models. The impact on the dynamics is demonstrated
by numerical simulations which are based on surface finite element approaches for
surface two-phase flow systems [4, 5].
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Stability properties of the L2-projection
TABEA TSCHERPEL
(joint work with Lars Diening, Viktoria Lingert, Johannes Storn)

The L2-projection mapping to Lagrange finite element spaces is an important tool
in numerical analysis. Its Sobolev stability is known to be crucial for discrete
stability and quasi-optimality estimates for parabolic problems. For adaptively
generated meshes the proof of Sobolev stability is challenging and requires condi-
tions on the local variation of the mesh size.

We first address simplicial triangulations generated by some adaptive refinement
schemes: In [4] we show that the newest vertex bisection and its generalisation
to arbitrary dimension yield families of triangulations with grading v = 2. This
means that there exists a regularised mesh size function for which the values on
neighboring simplices vary by at most a factor of 2. For triangulations with grading
v = 2 in [2] H!'-stability of the L2-projection mapping to Lagrange finite element
spaces of polynomial degree k was proved for a certain range of polynomial degrees
for dimensions d € {2,3}. Therein, Bank and Yserentant employed a linear local
operator C' mapping to the Lagrange finite element space, which is self-adjoint
and elliptic, and it approximates the L?-projection. This is the main tool for
proving decay estimates, and certain weighted L?-estimates, which in turn imply
H'-stability.

By constructing an alternative operator C' based on weighted L2?-projections
on vertex patches in [3] we have improved these stability results: In combination
with our grading results in [4] H'-stability holds for any polynomial degree k € N
and for all triangulations refined by the generalised newest vertex bisection in
dimension d < 6. Furthermore, weighted LP- and W1 P-stability estimates are
proved under suitable conditions on the mesh grading, depending on the dimension,
the polynomial degree, and p € [1,00]. Additionally, stability estimates for the
Crouzeix—Raviart element are established.

For 2D hybrid meshes, i.e., meshes consisting of quadrilaterals and triangles, in
[1] H'-stability was proved for k& € {2,...,9}. Such meshes can be obtained
starting from an initial mesh consisting of parallelograms with red-green or red-
blue refinement. In particular, in [1] grading estimates are established for such
meshes. An extension of our approach in [3] yields H!-stability for all polynomial
degrees k > 2.

To the best of our knowledge, it is completely open whether similar stability
results can be proved for the L2-projection mapping onto discretely divergence-
free finite element spaces associated to a mixed finite element pair for the Stokes
equations.
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Finite element discretization of the Monge—Ampeére equation
via regularization

DIETMAR GALLISTL
(joint work with Ngoc Tien Tran)

For an open, convex, bounded domain 2 C R™ and given data 0 < f € L™(Q2) and
g € C(Q), the Monge-Ampere boundary-value problem seeks u € C(Q) with

det D*u = (f/n)"in Q and wu =g on ON.

There are two properties that make the discretization of this problem difficult: the
convexity constraint and the degenerate ellipticity. The authors of [1] proposed an
alternative formulation as Hamilton-Jacobi-Bellman (HJB) problem as a basis for
numerical methods, which incorporates the convexity constraint implicitly. They
established the following equivalence in the sense of viscosity solutions: u is convex
and satisfies det D?u(z) if and only if Fy(f;x, D?*u(x)) = 0, where Fy is defined as

Fo(f;z,M):= sup (—A: M + fVdetA)
AeS(0)

with the parameter set S(0) := {4 €S: A >0and tr A =1}. Since the HIB
formulation is still degenerate elliptic, we introduce a regularized formulation by
replacing Fy by F., where the set S(0) is replaced by the subset S(¢) of matrices
satisfying additionally A > eI. In [2, 3], uniform convergence of the solutions u.
to u for € — 0 is established. The regularized problem is uniformly elliptic, and
in two space dimensions, n = 2, the parameter set therefore satisfies the Cordes
condition

Aese) — AE o 1 paaese

(trA)2 — 1+¢ '

This makes the problem accessible to finite element methods by the framework
established in [4]. As a result, we can establish the following convergence statement
[2, 3], where we set g = 0 for simplicity of the presentation.

Theorem. Let u € C(2) be the Alexandrov solution with f € L™ and g = 0. Let
(Te)e be a quasi-uniform refinement sequence of triangulations of Q. The finite
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element solutions uge) computed with the mixed scheme of [2] converge uniformly

in the following sense. Given v > 0, there exist 9 > 0 such that

[l — ugE)HLoo(Q) <wv foralle<eggandall £ > {ly(e).
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Mean field games with nondifferentiable Hamiltonians
IAIN SMEARS
(joint work with Yohance A. P. Osborne)

Mean field games are models of the Nash equilibria of differential games involving
a large population of players. Since their introduction by Lasry and Lions, and in-
dependently by Huang, Malhamé and Caines, these models have found widespread
applications in modelling population dynamics. Mathematically, these models can
be described by a coupled system of nonlinear partial differential equations involv-
ing a Hamilton-Jacobi-Bellman equation and a Fokker-Planck equation. The usual
formulation of the problem as a system of PDE imposes the restriction that the
nonlinear Hamiltonian must be differentiable with respect to the variable for the
gradient of the unknown value function. From the perspective of the underlying
optimal control problem, this condition is related to the uniqueness of optimal
feedback controls of the players. However, this assumption is not verified in many
situations, e.g. bang-bang controls, where optimal controls are nonunique at points
of discontinuity. In such cases, the players’ choices of controls are not determined a
priori and there is the question of how to understand the Fokker-Planck equation.

In [1, 2], we show that MFG systems with nondifferentiable Hamiltonians can be
generalized to a system involving a partial differential inclusion (PDI) formulated
in terms of the set-valued subdifferential of the Hamiltonian. We consider as a
model problem the MFG PDI system

—Owu — vAu + H(t,z, Vu) = F[m]|(¢, z) in (0,7) x Q,

om —vAm — G(t,x) € div (mOp,H(t, x, Vu)) in (0,7) x Q,
where u denotes the value function and m denotes the density of players across the
state space () of the game. The function H: (0,7) x Q x R? — R is the Hamilton-

ian, and is merely assumed to be a Lipschitz convex function in its third argument,
and 0, H denotes it subdifferential, which is a set-valued map. The coupling term
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F represents a possibly nonlocal and nonlinear operator that determines the de-
pendence of the players’ costs in terms of the rest of the player distribution. The
problem is supplemented with an initial condition m(0,-) = mg for the density, a
possibly nonlinear final time condition u(7,-) = S[m(T),-)] for the value function,
and also with (for simplicity) homogeneous Dirichlet boundary conditions for u
and m on (0,7T) x 9. We prove the existence of weak solutions in Sobolev spaces
of the MFG PDI system, under suitable mapping and growth assumptions on the
problem data. If the coupling term F' is strictly monotone and the data G and
myg are additionally assumed to be nonnegative, then solutions are furthermore
unique. In [2], we also proved the convergence of numerical approximations of the
problem based on implicit Euler discretizations in time coupled with stabilized
P1 conforming finite element methods in space, where the stabilization enforces a
discrete maximum principle.

In [3], we show that MFG PDI with nondifferentiable Hamiltonians can be
derived as the limits of classical MFG PDE with regularized Hamiltonians. More
precisely, we show that, for broad families of regularizations of the Hamiltonian H,
the solutions of regularized problems converge along subsequences to solutions of
the MFG PDI. Under the stronger hypothesis of a strong monotonicity condition
on the coupling F', we also proved a rate of convergence of the approximations in
suitable Sobolev and Lebesgue norms in terms of the regularization error of the
Hamiltonian.

A crucial difficulty arises in the analysis of the rates of convergence of numerical
approximations to the MFG PDI system, where the lack of continuity in norms of
the subdifferential map is a major obstacle for any direct analysis. Furthermore,
it is known from examples in [1] that the solutions may have limited interior reg-
ularity owing to discontinuities in the measurable selections of the subdifferential
sets. We overcome this challenge by leveraging our analysis of optimal rates of
convergence of the stabilized FEM for MFG systems with C'*' Hamiltonians in [4]
with the analysis of regularization from [3]. By combining these ingredients, we
prove in [5] a convergence rate for element approximations of the MFG PDI.
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The truncated Kacanov method
LARS DIENING
(joint work with Anna Balci, Johannes Storn)

In this talk we present the truncated Kacanov method that allows us to numerically
solve the p-Laplace equation for small and large exponents.
For 1 < p < oo, we consider the partial differential equation

—div (|Vu[P?Vu) = f in Q,
u=20 on 012,

where u : R™ — R is the solution and f € LP (Q) is the data. The method
also works for vector-valued functions but we restrict the presentation to scalar
equations. The solution is the minimizer of the energy

J(v) :z/Q%|Vv|pdx—/vadx.

Our truncated Kacanov algorithm starts for 1 < p < 2 with the relaxed energy
J(v,a) := / 1aP 73| Vol? + (% — 1)aP dx —/ fvdz
Q Q

for v € Wy () and a : Q — [0,00). The minimizer is (u, |Vul).

An alternating minimization with respect to v and a leads to a linear elliptic
problem for v and a simple update for a. The coefficients for the equation of v
however can be degenerate or singular. To overcome this problem, the minimiza-
tion over a is restricted to those functions mapping into the truncation interval
(e,,,eF) C (0,00). In the process, this interval has to be iteratively enlarged.

The overall method includes error estimators for

e mesh refinement,
e truncation interval,
e fixed-point iteration.

Theoretically, we can ensure a certain slow convergence rate, which shows that the
algorithm is mathematically sound. However, in the experiments the algorithm
performs with optimal costs in the sense of the adaptive finite element method. In
particular, we obtain the solution to our non-linear problem asymptotically in the
same time as the solution of the linear Laplace equation.

For p > 2, we utilize non-linear duality via the Legendre transformation to
formulate a dual problem with 1 < p’ < 2. Applying a similar technique to the
dual problem (energy relaxation), we obtain an algorithm also for p > 2. The
numerical experiments show optimal convergence even for p = 100.
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A Proximity-Based Semi-Smooth Newton Method for Convex
Variational Problems

ALEX KALTENBACH
(joint work with Soren Bartels)

We consider a convex variational problem that seeks to minimize the energy func-
tional 1: W, *(Q) — R U {+o0}, for every v € W, **(Q2) defined by

(1) I(v) = /Q 6(- Vo) dz + /Q () da

where ¢: QxR? — RU{+00} and ¢: QxR — RU{+00} are possibly non-smooth,
measurable energy densities that are proper, convex, and lower semi-continuous
with respect to the second argument. Such problems arise, for instance, in to-
tal variation regularisation, p-Laplace-type models for non-Newtonian fluids, ob-
stacle problems, and elasto-plastic torsion. Our approach is based on Fenchel
duality theory, in which the energy functional (1) is typically referred to as the
primal energy functional and its minimization as the primal problem. Under stan-
dard assumptions on the energy densities ¢ and v, the dual energy functional
D: W? (div; Q) — ]RU{ oo}, whose maximization is referred to as the dual prob-
lem, for every y € we' (div; Q) is defined by

) /¢ dx—/ﬂw*(-,divy)dx

where ¢*: Q@ x R? = RU {400} and 1*: @ x R — R U {400} denote the Fenchel
conjugates of the energy densities ¢ and ¢ (with respect to the second argument),
and a primal solution u € W,"?(Q) (i.e., a minimizer of (1)) and a dual solution
z € WP (div; Q) (i.e., a maximizer of (2)) satisfy a strong duality relation, i.e.,
I(u) = D(z). Such a strong duality relation, in turn, is equivalent to the optimality
inclusions

(3a) z € Op(-,Vu) ae. in Q,
(3b) div z € Os9(-, u) a.e. in 2.

Given two regularization parameters 71, v2 > 0, by means of the proximity opera-
tors prox.,, , = (idga +710:¢) "1 OxR? — R and Prox,,,, = (idg+720s10) 71 Qx
R — R of the energy densities ¢ and ¢ (with respect to the second argument), the
optimality inclusions (3) may be rewritten as

(4a) Vu = prox, 4(-, Vu +712) a.e. in Q,
(4b) u = prox.,, (-, u+72divz) ae. in Q.

The equations (4) constitute a nonlinear system coupling the primal solution u €
W, P (Q) and the dual solution z € W' (div; Q) through proximity operators. Since
proximity operators of proper, convex, and lower semi-continuous functionals are
globally Lipschitz continuous and monotone, this formulation replaces the set-
valued inclusions (3) by single-valued nonlinear equations while preserving the
variational structure of the problem.
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After a first-order continuous Lagrange discretization of the primal problem
and a zeroth-order discontinuous Lagrange discretization of the dual problem, a
discrete counterpart of the system (4) can equivalently be written as a root-finding
problem for the nonlinear mapping Fp,: (£L°(75))? x S¢(Tr) — (L%(Th))? x S&(Th),
for every (yn,vn) € (L%(T7))? x S}(Th) defined by

Vup, — prox., 4, (-, Von +719n)

) F , V) = no .
( ) h(yh h) vp — Ih, d{pr0X72w,L('7Uh + 5 divy, yh)}

where I2°¢ denotes the nodal interpolation operator and divy,: (£°(73))% — Sg(Th)
a Riesz representation lifting of the adjoint of the restricted gradient operator
V: S§(Tn) — (£°(Tw))?. The nonlinear mapping (5) inherits point-wise New-
ton differentiability from the proximity operators with respect to the underlying
Hilbert structure. In particular, Newton derivatives of the nonlinear mapping (5)
admit explicit representations in terms of Newton derivatives of the proximity
operators.

Under mild local strong convexity assumptions on the energy densities ¢ and 1,
the corresponding Newton derivatives are locally invertible with uniformly bounded
inverse. Consequently, a semi-smooth Newton iteration applied to the discrete sys-
tem is locally well-posed and converges super-linearly to a root of the nonlinear
mapping (5). The proposed approach applies to a broad class of convex variational
problems with non-differentiable energies, including total variation regularization,
p-Laplace-type models for non-Newtonian fluids, obstacle problems, and elasto-
plastic torsion. In particular, classical semi-smooth Newton schemes for obstacle
problems are recovered as special cases.

A notable feature of the method is a natural primal-dual invariance inherited
from Fenchel duality, allowing equivalent formulations in either variable.

Quasi-optimal discretization of inextensible rods
DOMINIK SCHNEIDER
(joint work with Séren Bartels, Klaus Deckelnick)

Let u € H%(I)? be a given curve. We call the curve u inextensible if it satisfies
|u/|? = 1 pointwise everywhere. The curvature of u is then given by x = |u”| and
its elastic energy is thus given by

1
B(u) = 5/I|u"|2 da.

The elastic flow of inextensible curves is then defined as the L? gradient flow of
E in the set of admissible functions A := {v € H}(I)? : [v/|> = 1}. A function
z:(0,T) — H?(I)? is a solution to this elastic flow if it satisfies a given initial
condition z(0) = zp € A, the linearized inextensibility constraint z¢, - 2z, = 0
pointwise everywhere and the Euler—Lagrange equation

I
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for all v € G(2(t)) = {v € H?(I)? : 2,(t) - v, = 0}. Here the subscripts ¢ and z
denote the time derivative and spacial derivative respectively. In general we can
not expect a piecewise polynomial function to satisfy the inextensibility constraint
pointwise everywhere. Therefore every finite element discretization of the elastic
flow also requires a discretization of the inextensibility constraint.

In [1] a numerical scheme was proposed that approximates the solution z with
cubic C*-splines and enforces the constraint only at the nodes of the underlying
discretization. Numerical experiments however show that this scheme yields only
linear convergence in H2(I)%. In this talk we trace this suboptimal convergence
back to a minimizing property of the nodal P; interpolant Zj, 1: Given u € H? (I)?
we have that

/ (@ ()2 di < / WP de,
I I

thus local minimizers of the discrete problem are piecewise quadratic. This can be
improved by enforcing the inextensibility constraint not just at the nodes of the
discretization but also at the midpoints of each subinterval. Since the pointwise
inextensibility constraint imposes a restriction on the space of suitable test func-
tions, we introduce correction terms that allow the construction of continuous and
discrete test functions. These correction terms are then used to derive an explicit
formula for the continuous Lagrange multiplier A and a quasi-optimal error esti-
mate for the semi-discrete problem under suitable regularity assumptions. Based
on the semi-discrete elastic flow we define an energy stable and convergent, fully
discrete time stepping scheme that approximates the semi-discrete elastic flow and
perform numerical simulations verifying the derived error estimate. For details we
refer to [2].
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Minimal residual methods for second-order partial differential
equations in nondivergence form
NGoc TiEN TRAN
(joint work with Dietmar Gallistl)

Given an open bounded polyhedral Lipschitz domain Q C R™ and a right-hand
side f € L™(Q), we are interested in the numerical approximation of strong solu-
tions u € C(Q) N WIQO’C”(Q) to second-order partial differential equations (PDE) in
nondivergence form

(1) F(x,u,Vu,D?u) = f ae.in Q@ and wu =g on 90.
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This talk presents convergent minimal residual methods covered in the articles
[1, 2]. They solely require local regularity of strong solutions for the convergence
of the proposed finite element methods, which allows for nonsmooth domains with
corner singularities. In what follows we will write

F[v] = F(e,v(e), Vu(e),D*v(e))

and assume the existence of a strong solution u € C(Q) N VVliC" (Q) to (1). The
point of departure is the Alexandrov—Bakelman—Pucci (ABP) maximum principle
for the nonlinear Pucci operator, which implies the stability estimate

(2) lv —ull g < ¥(v) foranywve W2m(Q)
with the residual
(3) V() = llg = vllL=(aa) + ClIf — Fv]ll~@)

where C' is a generic but known constant. The right-hand side of (2) only depends
on given data and solving (1) becomes minimizing ¥, which is a suitable setting
for stable subspace discretizations. The boundary conditions require particular
care. For instance, let V, C W?2"(Q) denote a finite dimensional subspace of
W2 (Q). If g is the trace of a discrete function, then the minimization of ¥ among
vp € {wp, € Vi + wp, = gp on 0N} is possible. An example from [2] shows that
this finite element scheme may fail to approximate the exact solution u unless
u € W2n(Q) is sufficiently smooth. However, this would require rather severe
restrictions on the smoothness of the operator F' or the boundary 0. Instead,
the minimization of W is carried out in the whole discrete space V},. We establish
that, if

(4) oint () =0,

then the sequence of discrete approximations converges uniformly to w. This
concept also leads to the design of convergent nonconforming FEM with well-
understood averaging techniques. A posteriori error estimates are built-in thanks
to (2) and motivate an adaptive mesh-refining algorithm. A (nonexhaustive) list
of application satisfying (4) is presented and includes examples such as the Pucci
or a regularized Monge—Ampere equation. Unless F' is linear, the residual ¥ will
be nonsmooth and nonconvex.
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Higher-order Taylor-Hood finite element methods for the surface
Stokes problem

ALAN DEMLOW
(joint work with Michael Neilan)

The solution to the surface Stokes problem posed on a surface 7 is a velocity-
pressure pair (u,p). Here u is a vector field which is tangent to a two-dimensional
closed, smooth surface v C R®. In the natural variational formulation of the
surface Stokes problem, there additionally holds that u € [H*(v)]3.

The standard approach to constructing surface finite element methods is to first
approximate 7y via either a polyhedral counterpart I', or a “curvi-polyhedral” ana-
logue employing higher-degree piecewise polynomial approximations. The faces of
I', then comprise a finite element mesh. Typically finite element spaces can be
defined with respect to this mesh in canonical fashion via transformation of piece-
wise polynomial spaces from a reference element. Construction of finite element
methods for the surface Stokes equation is however challenging because simulta-
neous enforcement of tangentiality and [H'(v)]? conformity on I, yields vector
fields which vanish at vertices. Thus it is not possible to construct meaningful
conforming finite element spaces, and as a result most methods in the literature
have instead enforced either tangentiality or H' conformity weakly via penaliza-
tion. In particular, direct translation of standard conforming finite element spaces
for Euclidean Stokes problems such as MINI, Taylor-Hood, and Scott-Vogelius to
the surface context was previously missing from the literature.

In [1] the authors developed a method for constructing tangential vector degrees
of freedom at vertices of polyhedral surfaces and applied it to construct surface
MINT finite element spaces. At such vertices the normal vector to I';, and thus
the tangent plane is multivalued, so tangential vector fields uy to I'j, must be
multivalued as well. Our approach involves defining u; on one of the triangles
(faces) incident to a given vertex z, then employing a computable Piola transform
procedure in order to interpret the vector field on the other triangles incident to
z. This computable Piola transform procedure was shown to approximate well
the process of relating vector fields via a natural process of Piola transforms to
the continuous surface. Finite element spaces with degrees of freedom defined
using this procedure are tangential and possess H (divr, ) regularity. They are not
H?' regular, but possess sufficient weak regularity properties to avoid the need for
penalization and achieve optimal error estimates.

In this talk we described results in [2] which extend this methodology to con-
struct unpenalized surface Taylor-Hood methods. The velocity fields are piecewise
Piola-transformed P" (r > 2) vector functions on piecewise degree-k polynomial
surface approximations. Edge degrees of freedom are located at Gauss-Lobatto
nodes instead of the typically evenly spaced Lagrange nodes in order to guaran-
tee sufficient weak continuity properties. This construction was proved to achieve
optimal order convergence to surface Stokes solutions in energy and Lo norms on
isoparametric (k = r) surface approximations. Numerical experiments confirm
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suboptimal convergence when standard Lagrange nodes are employed instead of
Gauss-Lobatto nodes even if superparametric (k > r) surface approximations are
used. Extensions to construction of surface Scott-Vogelius and H?2-nonconforming
elements employing tangential gradient degrees of freedom were also briefly dis-
cussed.
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Structure-preserving parametric finite element methods for geometric
flows and applications

WEIZHU BAao
(joint work with Wei Jiang, Yifei Li and Quan Zhao)

Geometric flows are processes which are defined by geometric partial differential
equations and are used to evolve geometric objects from general shapes to ones with
more symmetries. Typical geometric flows include curve-shortening flow in geome-
try, mean curvature flow for grain boundary growth in material science and surface
tension along moving interfaces in multiphase fluids, surface diffusion flow in solid
state physics, Willmore flow in biological membrane deformation and drug delivery,
and Ricci flow and Calabi flow as well as Yambe flow in differential geometry, etc.
In fact, geometric flows appear in many real-world applications and they have sig-
nificant and broader applications in materials science, solid-state physics and com-
putational geometry, such as grain boundary growth, foam bubble/film, surface
phase formation, epitaxial growth, heterogeneous catalysis, solid-state dewetting,
and computational graphics, etc. Due to their significantly scientific importance
and wide applications in materials simulation and design, multiphase flows, and
computational graphics, etc., the geometric flows have been widely studied in ap-
plied and computational as well as pure mathematics. In fact, it is one of the
most fundamental problems in mathematical research to establish mathematical
theories and to design and analyse efficient and accurate structure-preserving nu-
merical methods for the geometric flows modelled by geometric partial differential
equations (PDEs) with broad applications.

In this talk, T begin with a review of different geometric flows (PDEs) includ-
ing mean curvature (curve shortening) flow, surface diffusion flow, Willmore flow,
Gauss curvature flow, etc., which arise from materials science, interface dynamics
in multi-phase flows, biology membrane, computer graphics, geometry, etc. Dif-
ferent mathematical formulations and numerical methods for mean curvature flow
are then discussed. In particular, an energy-stable linearly implicit parametric
finite element method (PFEM) is presented in details. Then the PFEM is ex-
tended to surface diffusion flow and anisotropic surface diffusion flow. Specifically,
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a structure-preserving parametric finite element (SP-PFEM) is proposed for sur-
face diffusion, which preserves the two important geometric structures — mass
conservation and energy dissipation — in the fully discrete schemes. Extensions of
the SP-PFEM to anisotropic surface diffusion with arbitrary anisotropic surface
energy density are presented by introducing different surface energy density matri-
ces and obtaining new novel geometric PDEs and their corresponding variational
formulations. Finally, sharp interface models and their PFEM approximations are
presented for solid-state dewetting, and the models and their SP-PFEM methods
are applied for simulating different phenomena in solid-state dewetting and for
predicting and guiding experiments in materials simulation and design.
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Analysis of a finite element method for PDEs in evolving domains
with topological changes

ARNOLD REUSKEN
(joint work with Maxim Olshanskii)

In this talk we present main results from the recent paper [1]. The numerical
solution of PDEs posed on time-dependent domains or surfaces is a common prob-
lem that arises in many fields of application in engineering and natural sciences.
Computational techniques for addressing this challenge range from Lagrangian
approaches with domain-fitted meshes to purely Eulerian methods that employ
meshes indifferent to the domain’s motion. There is extensive literature on these
computational techniques. We distinguish between problems with smoothly evolv-
ing domains (or surfaces) that undergo relatively mild deformations, and problems
in which the domains are strongly deforming or even undergo topological changes.
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It is well known that Lagrangian approaches are particularly suitable for the for-
mer class of problems, whereas Eulerian techniques are often employed to handle
the latter.

Regarding the rigorous error analysis of discretization methods, we note the
following. For problems with smoothly evolving domains (or surfaces), there is
an extensive body of literature, both for Lagrangian methods and for Eulerian
methods. To the best of our knowledge, there is no existing work that provides
a rigorous error analysis of a discretization method for a moving domain problem
with a sharp boundary representation that undergoes a topological change. Such
an analysis is the main focus of this paper.

We consider a linear parabolic problem posed on a time-dependent domain
that may undergo topological changes. For the discretization we apply a finite
element method introduced in [2], which uses an Eulerian framework and a sharp
representation of the physical domain boundary. This method embeds the deform-
ing domain into a fixed background mesh and combines a standard time-stepping
scheme with an implicit extension of the finite element solution to a narrow band
surrounding the physical domain. For the case of a smoothly evolving domain an
error analysis of this method is presented in [2]. The method, however, is also
well-suited for solving PDEs in domains undergoing complex deformations — in-
cluding topological changes. It is already known from the literature that this type
of Eulerian unfitted finite element technique can handle PDEs posed on domains or
surfaces undergoing topological changes in a robust and straightforward manner;
see, e.g., [3, 2, 4].

Numerous scenarios can lead to topological changes in two- or three-dimensional
evolving domains. The analysis presented in this paper covers only a specific subset
of such scenarios. In this presentation we restrict to a certain class of level-set
domains that undergo topological changes. Roughly speaking, our assumptions
on the level set function that characterizes the domain evolution are as follows:
the level set function is globally C2? and has a nonzero spatial gradient everywhere
on the space-time boundary, except at an isolated critical time point, at which the
spatial gradient vanishes and a topological change occurs. The types of topological
changes we allow include domain splitting, hole formation, and the disappearance
of an interior component (island).

These assumptions on the domain evolution are sufficient to derive a uniform
in time estimate for the variation of the L?(Q(t))-norm of a smooth function,
which provides control over the implicit narrow band extension of the numerical
solution. This control is essential for ensuring the stability and accuracy of the
method. Based on this key estimate a stability and error analysis of the method
is developed. The main result is an optimal-order convergence estimate in the
standard “energy” norm.
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Inverse reconstruction for interface problems
ERIK BURMAN
(joint work with Marvin Knoller, Lauri Oksanen, Janosch Preuss)

Inverse problems for elliptic and parabolic PDEs with incomplete or interior data
typically suffer from severe ill-posedness, and their numerical treatment requires
combining conditional stability with carefully designed discretisation and regu-
larisation strategies. This talk presented recent progress on two closely related
questions: (i) unique continuation across interfaces using unfitted finite element
methods, and (ii) stable numerical reconstruction of unknown material coefficients
on interfaces, with a particular focus on the inverse Robin problem.

A first part concerned unique continuation in composite media where the diffu-
sion coeflicients exhibit jump discontinuities. Building on conditional Holder-type
stability estimates for interface problems, we introduced a stabilised unfitted (Cut-
FEM) and isoparametric finite element framework that compensates for noncon-
formity and geometric errors. The resulting method achieves optimal convergence
in the target region despite the lack of boundary data. A key analytical ingredi-
ent is a reconstruction of an H'-conforming approximation by adding a harmonic
corrector and controlling the PDE residual in H~!. The stability theory shows
that geometric approximation of order ¢ yields an h”? error in the continuation
domain, consistent with the conditional stability exponent 7 € (0,1). Numerical
experiments in 2D and 3D confirm robustness with respect to geometry, order, and
contrast, and illustrate near-optimal decay rates.

In the second part we turned to inverse reconstruction, where the same condi-
tional stability ideas can be transferred to coefficient identification. For the inverse
Robin problem, we established a Newton-type algorithm based on first-order La-
grange finite elements. Assuming the Robin coeflicient lies in a finite-dimensional
C'! subspace, the discrete problem admits a uniformly bounded Fréchet derivative,
enabling the application of Keller’s abstract convergence theory. The resulting
method reconstructs the Robin coefficient with second-order accuracy in the mesh
size, until dominated by data noise, and enjoys local quadratic convergence of
Newton’s method. A key tool is a new Lipschitz-type stability estimate for unique
continuation with an additional Robin constraint, whose proof relies on the finite-
dimensionality of the admissible boundary space. The approach extends naturally
to noisy data with noise level 6, yielding error bounds of order A2 + 6.
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Both lines of work show that conditional stability estimates—together with care-
fully designed stabilisation terms and a precise control of geometric and boundary-
data errors—enable practical and provably convergent numerical schemes for se-
verely ill-posed interface and boundary-identification problems. An important
open direction is the development of stabilisation mechanisms that retain robust-
ness in genuinely nonlinear settings, where current techniques offer only partial
insight. The methodology extends naturally to sign-changing coefficients, trans-
mission problems, and a broad range of PDE models exhibiting similar instability
mechanisms.
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Diffuse interface method for fluid-structure interaction
MARTINA BUKAC
(joint work with Boris Muha and Francis Aznaran)

Fluid-structure interaction problems arise in many applications, including geome-
chanics, aerodynamics, and hemodynamics. Many existing numerical methods
for FSI employ a sharp interface approach, where the interface between fluid and
structure domains is explicitly parametrized with precise geometric specifications,
and computational mesh nodes align with the interface. However, when interface
displacements are large, classical sharp interface methods often require expensive
remeshing procedures.

We present a diffuse interface method that tracks the time-dependent fluid and
structure domains using a phase-field function that smoothly transitions from 1
in one region to -1 in the other. The fluid-structure interaction is modeled using
the Navier-Stokes equations for a viscous, incompressible fluid coupled with the
incompressible hyperelasticity system, both formulated in Eulerian coordinates.
This formulation enables a unified approach using a single velocity field for both
fluid and structure. The domain interface is tracked via a phase-field approach,
yielding a coupled Cahn-Hilliard-Navier-Stokes system for the diffuse interface FSI
problem. The model also incorporates a transport equation for the Cauchy-Green
stress tensor of the elastic structure. We derive energy estimates for the diffuse
interface FSI problem at the continuous level and, under certain assumptions,
prove convergence of the diffuse interface model to the sharp interface model.
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For numerical solution, we propose a novel, strongly coupled, second-order
partitioned algorithm where the Cahn-Hilliard equation, transport equation, and
Navier-Stokes equations are solved separately. These subproblems are solved it-
eratively until convergence at each time step, and then extrapolated to achieve
second-order temporal accuracy. The algorithm’s performance is validated com-
putationally using the method of manufactured solutions, demonstrating second-
order convergence. We also test the method on a benchmark problem involving
fluid-structure interaction with contact, where an elastic ball immersed in fluid
falls and makes contact with the bottom boundary. This work extends our prior
analysis of diffuse interface approaches for the Stokes-Darcy problem [1] and the
Stokes-Biot problem [2].
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Rates of convergence for finite element approximations of stationary
second-order Mean Field Game Partial Differential Inclusions

YOHANCE A. P. OSBORNE
(joint work with Iain Smears)

Mean Field Games (MFG) are models for Nash equilibria in games of optimal con-
trol involving a continuum of players. MFG are typically described by a system of
PDE, where a Hamilton—Jacobi-Bellman equation, for the generic player’s value
function u, is coupled nonlinearly with a Kolmogorov—Fokker—Planck equation
that determines the player density m. To model cases where players have access
to (possibly) nonunique optimal controls, in [1] we proposed that the MFG PDE
system be relaxed to a Partial Differential Inclusion (PDI) system based on mea-
surable selections of the subdifferential of the Hamiltonian. We developed in [1]
a theory of weak solutions and monotone stabilized finite element discretizations
for a second-order mean field game PDI (MFG PDI) of the form

—vAu+ H(z,Vu) = F[m|(z) in Q,
(1) —vAm — G(z) € div(md,H(xz,Vu)) in Q,
u=0, m=0 on 01},

with Lipschitz but (possibly) nondifferentiable Hamiltonians H. In particular, we
proved strong H'-norm convergence of the value function approximations and
strong L?-norm convergence of the density approximations. In [4] we recently
quantified this convergence by establishing a priori error bounds for the finite
element approximations from [1]. More precisely, we proved an asymptotic rate
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of convergence in the H'-norm for the value function approximations and in the
L?-norm for the approximations of the density, despite there being no continuity
of the set-valued subdifferential 0,H. The analysis jointly leverages approaches
to establishing quasi-optimal finite element error bounds for MFG systems with
differentiable C''! Hamiltonians [3], and new results for the convergence of se-
quences of MFG systems with regularized C''! Hamiltonians to MFG PDI with
nondifferentiable Hamiltonians as the regularization parameter vanishes [2].
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An algorithm for mean curvature flow: error estimates and
energy decay

BaLAzs KovAcs
(joint work with Buyang Li, Christian Lubich)

We have present and discussed a fully discrete algorithm for mean curvature flow
of closed surfaces which preserves the energy decay properties of the continuous
problem.

Consider the evolution of a surface under mean curvature flow with initial sur-
face I'°, and let the surface I'[X (-, )] be the image of a flow map X (-, ) : I'* — R3.
The original continuous reformulation of mean curvature flow that is discretized
in [2] incorporates the evolution equations for the normal vector n and mean cur-
vature H derived by Huisken [1] and is written as follows:

KX =volX,
v=—Hn,
0°n — Apxyn = |Vp[X]n|2n,
O°H — Appx)H = |Vrxnl*H,
where 0° is the material derivative, and where v,n, and H denote the velocity,

normal vector, and mean curvature of the evolving surface I''X| = I'[X(-,t)].
However, the ESFEM discretization of this system does not preserve the energy
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(area) decrease in the continuous mean curvature flow. We introduce an additional
Lagrange multiplier A to this formulation, rewriting it into the following form:

X =1+ ANvolX,
v=—Hn,
0*n — AF[X]n = |VF[X]n|2na
O°H — ApxjH = |Vpxnl°H,
4 1=— H?.
dt Jrix) rix)

The last equation is a constraint corresponding to the Lagrange multiplier A, as
the exact solution of mean curvature flows satisfies the following relation:

d
—/ 1= Vp[X]-v:/ Hn-v=— H?,
dt Jrpx rixj rix] rixj

where the first equality is the Leibniz formula and the second equality is obtained
by direct calculation.

The method uses a high-order multistep method in time and evolving surface
finite elements in space. The energy decay is achieved through a Lagrange multi-
plier. In view of this, this method can be viewed as a correction of our previous
method from [2].

We have presented optimal-order semi-discrete error estimates and energy decay,
and sketched a proof of fully discrete energy decay.
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Finite element approximation of parametric mean curvature flow with
tangential motion

K1LAUS DECKELNICK
(joint work with Vanessa Styles)

We consider a family (I'(t)).c(o,r) of closed surfaces that evolve by mean curvature,
i.e. they satisfy

(1) V=H onl().

In the above, V and H denote the normal velocity and the mean curvature of T'(t)
respectively. In what follows we shall assume a parametric representation of the
surfaces I'(t) in the sense that I'(t) = 2(M, t) for some mapping  : M x (0,T) —
R3, where M is a smooth reference surface. In this case a solution z of the system

(2) xy=Hvr onMx(0,T),
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(with v the unit normal to I'(t)), will satisfy (1) since V.= a¢ - v = H. In his
seminal paper [4] Dziuk used the identity Hv = Arid in order to approximate
the solution of (2) with the help of a finite element scheme. While the scheme
is stable, a convergence analysis for Dziuk’s original approach is still open with
recent progress made in [1]. The first error analysis for parametric mean curvature
flow was obtained by Kovécs, Li and Lubich in [7]. The corresponding scheme
discretizes a system that also includes evolution equations for the normal and
the mean curvature of the evolving surfaces. The abovementioned methods all
involve (2) so that the motion is purely in normal direction. In some cases this
may lead to a deterioration of the surface mesh and a possible breakdown of the
numerical simulation. A natural strategy in order to avoid this effect is to add a
tangential component to the velocity vector z;. A well-known approach that uses
this idea is the BGN-method, proposed by Barrett, Garcke and Nirnberg, see
[2, 3]. The tangential component is introduced at the discrete level and induces a
discrete conformal mapping. A scheme that employs a conformal mapping from a
reference manifold to I'(¢) has recently been suggested in [6].

The starting point for our work is a scheme that was proposed by Elliott and Fritz
in [5] and which is based on the DeTurck trick. By reparametrizing a solution of
(2) with the help of a suitably defined harmonic map heat flow the authors derive
the following system which involves an additional tangential term:

(3) zr=Hv+al—-vev)Apyzr onMx(0,T), (a>0).

After representing the mean curvature vector with the help of a globally defined
metric tensor G : M x (0,T) — R3*3 and replacing a by —2—, the system (3)

vdeta

takes the form

(4) o =

D, (Giijx Vdet G) +

1 o
WARYe m([—u@l/)AMaﬁ on M x (0,T).

Here, G~ = (Cv'ij)ij:1 and D, f denotes the i—th component of the tangential
gradient Vaqf of f. A natural weak formulation of (4) then is

/xt'X\/detGdo—i—/ G 'V mz : VaxVdet Gdo
M M

(5) +a/MVMx:VM((I—V®V)X) do=0 Vxe& H'(M;R?).

Let us denote by (SF)o<n<n, C H'(M) a sequence of finite-dimensional spaces,
for which there exists an interpolation operator I} : H*+1(M) — S¥ such that
1f =I5 fllee + IV a(f = I )2 < b | fllgenr YV f € HHM).

A semidiscretization of (4) then looks for a map z, : M x [0,T] — R3 such that
zp (-, t) € (SF)3 for all t € [0, T, 4(-,0) = IFxo and

/xh,t-Xh\/detGhdo—i—/ G;lvah-VMXh\/detGhdo
M M

(6) +a/ Vmzn : Vo (PhXh) do=0 Vyxp€ (55)3
M
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In the above, G}, is the discrete global metric tensor associated with x; and P, C
HY(M;R3%3) is a suitable approximation of I — v, ® v,. We can then prove the
following error bound:

Theorem Let & > 2, > 1 and assume that (4) has a smooth solution. Then
there exists hg > 0 such that for 0 < h < hg the semidiscrete problem (6) has a
unique solution z;, satisfying the following error bounds:

T
o2 _ 2 < op2k
[ s =Pt e e = )0 < ch

REFERENCES

[1] G. Bai and B. Li, A new approach to the analysis of parametric finite element approzima-
tions to mean curvature flow. Found. Comput. Math. 24 (2024) 1673-1737.

[2] J. W. Barrett, H. Garcke and R. Nirnberg, On the parametric finite element approzimation
of evolving hypersurfaces in R3, J. Comput. Phys. 222 (2008) 4281-4307.

[3] J. W. Barrett, H. Garcke and R. Nurnberg, Parametric finite element approzimations of

curvature—driven interface evolutions. In: Handbook of Numerical Analysis, vol. 21, 275—

423; Elsevier, Amsterdam, 2020.

G. Dziuk, An algorithm for evolutionary surfaces, Numer. Math. 58 (1990) 603-611.

[5] C. M. Elliott and H. Fritz, On approzimations of the curve shortening flow and of the mean
curvature flow based on the DeTurck trick, IMA Journal of Numerical Analysis 37 (2017)
543-603.

[6] G. Gao and B. Li, Geometric—structure preserving methods for surface evolutions in curva-
ture flows with minimal deformation formulations, J. Comput. Phys., article 113718 (2025).

[7] B. Kovécs, B. Li, B and C. Lubich, A convergent evolving finite element algorithm for mean
curvature flow of closed surfaces, Numer. Math. 149 (2019) 797-853 .

=

High order projection-free iterative schemes for some non-convex
constrained variational problems

SHUO YANG
(joint work with Guozhi Dong, Zikang Gong, Hailong Guo, Ziqing Xie)

Solving non-convex constrained energy minimization problems in an efficient and
accurate manner remains a challenging task. We consider the constrained mini-
mization problem in a general form as

(1) minimizeye 4AE[u], A:={u€U:B(u,u) =u, a.e. in }.

where the non-convex admissible set A is a subset of a Hilbert space U for func-
tions defined on the bounded Lipschitz domain @ ¢ R* and B : U x U — Z
is a generic symmetric bilinear operator, and u. € Z for some Banach space Z.
Projection-free gradient flow methods, which iteratively linearize constraints via
tangent space updates, have been widely adopted due to their stability, generality,
and practicality.

In our recent work [3], inspired by Akrivis et al. [1], we develop a general
framework to estimate the constraint violations | B(u™, u™)—u.||z for any iterative
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schemes that linearize the quadratic constraint in (1) by doing a tangent space
update

(2) B(u",a") =0, at each iteration step n > k,

where 1" denotes the BDF-k (k > 1) approximation of time derivatives using
values of u”,...,u” % and 4" the k-th extrapolation of u” using u»~',...,u"*.
The key ingredient is the discovery of a general algebraic identity relating a sum of
constraint violations to discrete temporal derivatives. We derive an exact expres-
sion of constraint violations by solving a linear inhomogeneous difference equation
and obtain estimates || B(u"”,u"™) — u.||z = O(79) under discrete time regularity
conditions.

We next design a novel second-order-flow method by solving u" satisfying the
linearized constraint (2) and the following equation at each iteration

3) (0" = 0" /7, W)y + (=", w)y + SB[ (w) = 0,

with damping coefficient « > 3. u" is the auxiliary variable that is properly
constructed from previous iterates so that the modified energy stability for F[u"]+
|[a™||% is achieved when we further assume E is defined by a bilinear form. The
stability guarantees the existence of a weak limit u* for 1 < k < 4, which can
be characterized as a local minimizer along the limiting tangential direction. By
combining the proposed general framework for constraint violation estimates, the
discrete regularity condition ensured by the second-order-flow method, and the
stability, we establish unconditional O(72) constraint consistency for 2 < k < 4.
Moreover, conditional constraint violation estimates O(73), O(73) and O(7%) are
proved and observed computationally for BDF-2, 3,4 schemes respectively, under
certain discrete regularity conditions. Notably, compared to the existing gradient
flow approaches, our method achieves higher order constraint consistency both
unconditionally and conditionally.

We also systematically integrated momentum techniques (Nesterov, heavy-ball)
with tangent-space updates to accelerate convergence for nonconvex constrained
minimization in [2], such as in bilayer plate models. An implicit—explicit (IMEX)
scheme was developed to handle nonconvex energy terms while maintaining energy
stability. In computation, these second-order methods show significant accelera-
tion for complex energies, and a backtrack-restart strategy further enhances their
performance.
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An unfitted divergence-free higher order finite element method for the
Stokes problem

MAXIM OLSHANSKII
(joint work with Michael Neilan, Henry von Wahl)

We consider the incompressible Stokes system in a smooth bounded domain 2 C
R? (d € {2,3}),

—Au+Vp=§Ff inQ, V-u=0 1in Q, u=0 onl =09,

with fﬂpda: = 0. The physical domain is embedded in a fixed polytopal back-
ground domain Q°**, and the geometry is represented implicitly (level set) so that
I" cuts a background mesh arbitrarily. Our goal is a higher-order unfitted method
that produces a discrete velocity field which is strongly solenoidal up to the phys-
ical boundary while retaining robustness with respect to small cut elements and
allowing practical quadrature on cut cells (no exact integration assumed).

Starting from a shape-regular quasi-uniform simplicial triangulation of Q' we
define the active macro mesh ﬁAlm as the set of elements intersecting (2 and refine
it by an Alfeld (barycentric) split to obtain the active split mesh ﬁAl. On ’thl we
consider the Scott—Vogelius finite element pair

Vi, x Qn Cc HY Q) x L2(Q]), V-V, CQn,

which is further mapped using by elementwise Piolla transformations to allow a
higher order treatment of the domain geometry. The spaces are implementable
with standard polynomial mappings (avoiding macro-element reference construc-
tions), yet retain the divergence-free structure and “weak” H!-conformity.

To impose u = 0 on the cut boundary I we employ a stabilized Nitsche/Lagrange-
multiplier formulation in which the trace of the pressure on ', A = p|r, appears as
an auxiliary unknown. The method is derived from the following integral identity
satisfied by a smooth solenoidal extension u¢ of the velocity and the zero extension
p? of the pressure to Q¥

/QV'U,e : Vox — /F((n -V)u®) - vds— /F((n -V)v) - uds + ’y/ u® - vds

T

ext
—/ pZV~vdw—/ qV-uedw—l—/)\(v'n)ds+/u(ue~n)ds=/_f-vdac
Qext Q r r Q

for arbitrary and sufficiently regular test functions v, q, u defined on their corre-
sponding domains, and for any real number . Here, n denotes the outward unit
normal of I". A more accurate FE pressure is recovered by a post-processing based
on the following integral identity satisfied by p:

/Vp-quw:—/nx(qu)quaH—/f-quw.
Q r Q

The integral equalities above form the basis of the finite element formulation.
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CutFEM stabilization is incorporated via ghost-penalty terms posed on interior
faces in a neighborhood of the cut region (facets associated with T,AmG and
ﬁAlmgp). These terms provide cut-independent control of discrete H!-seminorms
and ensure uniform conditioning of the algebraic system. The analysis hinges on
two important inf-sup conditions:

e a new inf-sup stability result for the isoparametric Scott—Vogelius pair
on the unfitted active mesh, accounting for geometric perturbations intro-
duced by the isoparametric mapping, and

e a new combined inf-sup stability for the pressure and multiplier that is
used for Lagrange-multiplier enforcement of w -7 =0 on I'.

In two space dimensions we prove full stability and convergence theory that ex-
plicitly tracks geometric approximation errors. Under standard regularity assump-
tions we obtain optimal-order convergence of the velocity in H'(Q) and L?(Q).
Moreover, a post-processing step yields a pressure approximation that converges
optimally in H'(Q) and nearly optimally in L?(€2). Numerical experiments confirm
the predicted rates and demonstrate robustness with respect to how I' intersects
the background mesh.

The results of our studies are reported in [4]. The design and analysis of the
method benefits from ideas found in [1, 2, 3].
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Approximation of partial differential equations with unknown
boundary conditions

DIANE GUIGNARD
(joint work with Andrea Bonito)

We consider the problem of numerically approximating the solution to a partial dif-
ferential equation for which the boundary conditions are unknown or only partially
known. To alleviate this lack of knowledge, which can be due for instance to a lack
of understanding of the physics or the actual value imposed on the boundary, we
assume to be given linear measurements of the solution. Combined with a model
class assumption (prior knowledge) related to regularity properties of solutions,
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the problem can be formulated as an optimal recovery problem [7]. To fix the idea,
consider the Poisson problem

findue H'(Q): —Au=f inQ,

where 0 C R™ is a bounded polytopal domain with n € {2,3}, f = 0 (only for
simplicity here), and no information is available about the boundary condition on
T':= 99Q. The model class is

T(u)=ulr € K¥:={ve H*T): ||v||gsq) <1} for some s>1/2
and we suppose that we have access to the measurement vector
w = A(u) == (A1 (u), A2(u), ..., Am(u)) € R™

for fixed linearly independent measurement functionals A;, j = 1,2,...,m. The
optimal recovery problem then reads: given w € R™ and s > 1/2, find the best
representative u* € H1(2) for all the elements of

K:={uc H(Q): —Au=0inQ, T(u) € K%, \u) =w},

where the compact set K7 collects all the information we know about the function
to be recovered. By best representative, we mean a function minimizing the worst
case error, namely such that
u* € argmino(v; K), where o(v;K):= sup |v— z| g1 (q)-
veEH(Q) zEK,
In this context, a near optimal recovery algorithm was proposed in [2]. Its key
component is the computation of the Riesz representer ¢; = Et; of A; for j =

1,2,...,m, where E : H'/?(T') — H'(Q) denotes the harmonic extension operator,
which boils down to solving
(1) (Vi myme(ry = Aj(Em) Ve H(T).

While standard finite element methods can be used when s is integral, the nu-
merical approximation of this problem on I' for non-integral s is computationally
challenging in presence of the non-local H*(T") inner-product.

In [3], we borrow techniques used in the analysis of fractional diffusion problems,
in particular [4, 5, 6], to design and analyze a fully practical near optimal algorithm.
Focusing on the case 1/2 < s < 1 (an iterative procedure can be used for s > 1),
we consider the inner product (£3/2v, £3/22) 2y on H*(T'), where £ := I — Ar
with Ar the Laplace-Beltrami operator. Problem (1) then becomes

£S¢j = )\j ol

with right-hand side p; := Ajo E'in H —1/2 (I"). Relying on the integral representa-
tion of ¢; = L7°p1; based on the Balakrishnan formula [1], +; is then approximated
using a sinc quadrature combined with a standard (surface) finite element solver
for the reaction-diffusion problem associated to each quadrature point.

In this talk, we first present the results obtained in [3] for the Poisson problem
and then extend the methodology to the Stokes equations.
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A nonlinear least-squares finite element method for the prescribed
Gaussian curvature problem

Zuryu TAN
(joint work with Susanne C. Brenner, Li-Yeng Sung)

Let © be a bounded convex polygonal domain in R2. The prescribed Gaussian
curvature problem is given by

(1a) det D*u = K (x)(1 4 |Dul*)? in Q,
(1b) u=¢ on Of).

We assume that K(x) € H?(Q) is strictly positive on Q, ¢ € H4(Q) is a strictly
convex function and that

(1) has a strictly convex solution u € H*(Q).

Such a solution is necessarily unique by the maximum principle (cf. [3, Section
1]).
The discrete problem is a constrained nonlinear least-squares problem which
is defined based on the enhanced cubic Lagrange element [1] with some exotic
degrees of freedom that can enforce the convexity of the approximate solutions.

Let V;, be the finite element space based on the enhanced cubic Lagrange ele-
ment, ¢p be the one dimensional cubic Lagrange interpolant of ¢ along 992 and
the convex subset Lj of V}, be defined by

Lp={veV,:v=¢y on 0N and tr(J%DszJT) > 0 at the vertices of T}
for every T € Tp},

where T} is the triangle whose midpoints are the vertices of 7.
The discrete problem is to find

up, = argmin Jp, (v),
vELy,
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where the cost function 7}, is defined by
1
TIn(v) = 5” det DZv — K (1 + |th|2)2||2L2(Q) +Cr(v),

and Cp(v) includes some regularization and penalization terms.

The penalization terms in Cp(v) can be chosen such that the objective function
is coercive and the standard optimization theory implies that the discrete problem
is well-defined.

By using the optimality of the discrete solution uj and the fact that the nodal
interpolant of w in V}, belongs to L;, we can obtain some a priori bounds on
the terms in J5(up). These bounds give the uniform boundedness of DZuy, and
Dpup on  and the elementwise convexity of uy. It follows from the fundamental
theorem of calculus, the elementwise convexity of u; and the enriching operator
[2] that the convergence analysis can then be converted to some error estimates
of a second order linear elliptic problem. By further appliying the Aleksandrov-
Bakelman-Pucci maximum principle [4, 5, 6] and standard error estimates of the
enriching operator [2], we get the following convergence results

[l — U,hHLoo(Q) < Ch?.

Moreover, for any element @y, € Ly, if (i) 4y, is elementwise convex, (ii) D3y,
and Dpuyp are uniformly bounded, we have the following a posterior: error esti-
mates

lw— @nl| o) < Clon(@n) + k],

where

1
(@) = || det Dyiip, — K (14 | Dpiin|*)?|| 2oy + (Y lel ™M [0n/0n] )13 2y) *

ec&l

Note that the elementwise convexity of %y and the uniform boundedness of D%&h
and Dpup, can be checked numerically. Therefore, we can monitor the convergence
of the computed solution @y to u in L>(Q), i.e.,

nn(@n) — 0 implies  |lu — dp| Loy — 0

as h — 0.
Numerical results match very well with our theoretical findings.
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Solving anisotropic eikonal equations discretized with non-causal
schemes, in quasi-linear complexity

JEAN-MARIE MIREBEAU
(joint work with Olaf Gainville, Rawane Mansour)

We present a narrow-band numerical method for solving eikonal equations, and
more generally static first order Hamilton-Jacobi-Isaacs partial differential equa-
tions [5]. Such PDEs (1) characterize the arrival time u associated with a simple
model of front propagation, and their numerical solution plays a fundamental role
in numerous applications such as motion planning, geometry processing, differen-
tial games, traveltime tomography, geometry processing, etc. Formally, one asks
for the viscosity solution u of the degenerate elliptic PDE

(1) Ve e Q, Fi(Vu(z)) =1 Vo € 9Q, u(x) =0.

The Hamiltonian (x,v) — F;(v) encodes the front propagation speed, which de-
pends both on the position z in the domain © C R? and on the propagation
direction associated with the co-vector v € R?. The Hamiltonian may be non-
convex, in the case of Pursuit evasion games, or of shear-wave seismic propagation
modes. Typical discretizations of the PDE (1) take the form of a fixed point
problem: find u : X — R obeying

(2) Vo e X, Au(z) = u(z), Vo € 0X, u(z) =0.

There are several possible choices for the operator A : RX — RX on the finite
set X = X 10X, including Lax-Friedrichs relaxation, Semi-Lagrangian schemes,
or upwind finite differences. We show [5] that, at points of differentiability, they
satisfy

3) OAu(x)

du(y)

for some sufficiently large timescale o > 0, and some p < 1. The first inequality
expresses the scheme monotony. The second inequality means that the dependency
of the operator value Au(z), with respect to neighbor solution values u(y), decays
exponentially fast w.r.t. the difference u(y) — Au(z), with timescale o. It is a
weakened form of the celebrated causality property [9, 11], which itself requires
aé\u“(%) = 0 whenever u(y) > Au(xz). However, the classical causality property puts
strong constraints on the discretization scheme A, such as angular conditions on the
neighbor points [4, 8, 11], especially if the Hamiltonian F* is non-convex or strongly
anisotropic, leading to complex designs and possibly wide stencils [4, 8, 7, 6].

OAu(x) u(y) — Au(z)
ou(y) exp( «

>0, ) <p,

yeX
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The classical causality property is at the foundation of the fast marching method
[9, 4, 11], a generalization of Dijkstra’s algorithm, which allows solving (2) with
O(NIn N) complexity where N := #X. We show that the weaker property (3,
right) still allows solving (2), up to a given uniform tolerance £ > 0 on the solution,
with quasi-linear complexity O(N In*(N/¢)), under mild additional assumptions.
This is achieved using a narrow band method, which tracks the front propagation,
and whose approximate band thickness «In(||u||/€) is proportional to the non-
causality timescale v and logarithmic w.r.t. the relative error tolerance /||| co-

Alternative numerical methods applicable to non-causal schemes, such as fast-
sweeping [10], adaptive Gauss Seidel iteration [1], the fast iterative method [3],
or banded fast marching [2], do not offer such complexity guarantees. Numeri-
cal experiments show that in challenging test cases, including strong anisotropy,
maze structures, or the use of a diffusive discretization scheme (hard to avoid for
non-convex Hamiltonians), their complexity often becomes super-linear O(N 1+1/ )
w.r.t. the number of points - whereas the proposed Narrow-Band method retains
its quasi-linear complexity.

Avenues for future research include the adaptation of the narrow band width
based on a-posteriori error indicators, in the spirit of [2] but with a quasi-linear
complexity guarantee, rather than the a-priori defined width presently used [5];
considering other discretization schemes with different compromises in terms of
accuracy, complexity, and generality; and developing a high performance parallel
implementation.
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Odd behavior of even geometries
SIMON PRAETORIUS
(joint work with Hanne Hardering and Gentian Zavalani)

In numerical experiments with surface finite element (SFEM) discretizations, we
observe in some simulations convergence rates above the classical predictions. In
the SFEM discretization of the surface Stokes equations [1], this is linked to a
specific consistency term with curvature contribution. A characteristic feature is
an even/odd behavior: improvement is observed for even geometry orders, while
for odd orders the classical bounds remain sharp.

The present work studies this effect for smooth two-dimensional surfaces I' C R3
approximated by discrete geometries I'¥ = @ﬁ(fh), where f‘h is a uniformly refined
reference grid and <I>fl is a piecewise polynomial parametrization of order k. The
refinement is performed on the reference grid, while the surface approximation
is obtained by mapping with ®F. For sufficiently fine levels, the interior of the
reference grid can be covered almost everywhere by symmetric pairs of triangles.
On these pairs, odd-order terms in the interpolation error cancel. Chien [2] lifts
this cancellation argument to surface integrals by combining function interpolation
and surface interpolation. We extend the argument to derivative terms and apply
it systematically to SFEM discretizations and geometry-related consistency terms.

For even geometry order k, this leads to improved bounds for the integral over
the distance function p = distr, for approximations of the normal vector n and
Gaussian curvature K, while the pointwise geometric bounds remain unchanged.
Specifically, we proof for u € W2>°(I',R?) and v,w € W1H(T'),

(o, )y | S B2, 1ol oo riy S BFH
[(n = nf, w) | S P2 e, I = 0| e ) S B

|(Kv,w)r — (ot w0 | S BEollwaslollwr e, 1K = KB gy S 1572

with the classical L> bounds for comparison. This explains why some error con-
tributions improve although the corresponding L*° geometry errors do not. For
curvature formulations of surface Stokes systems, this yields the observed even/odd
behavior in the energy error: the curvature contribution behaves like order k for
even geometries and like order k — 1 for odd geometries.

This analysis is still work in progress. Two central open questions are:

e Which internal mesh structure is necessary for the even-odd superconver-
gence effect? Is the mirrored-pair structure from our analysis only one
representative, or the main mechanism?

e How can observed even/odd behavior be explained in settings, where a
mirrored-pair structure is not explicitly visible?
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Error analysis for a finite element discretization of a radially
symmetric harmonic map heat flow problem
NAM ANH NGUYEN
(joint work with Arnold Reusken)

We study the harmonic map heat flow (HMHF) problem for a specific radially
symmetric case. Given 0 < T < oo, I := [0,1] and ug € C?(I) with uo(0) =
up(1) = 0 and |lugl| e (r) < 7, determine u = u(t,r) such that

sin (2u)
272

Ou = Oppu + %&u -
(1) u(0,7) = up(r) forrel,
u(t,0) =u(t,1)=0 fort e [0,T].

for r € (0,1),¢ € (0,77,

with the energy given by

. s = [ (0 22

(1) plays a fundamental role in the analysis of HMHF. In the seminal work [1],
the authors prove the existence of finite time singularities for HMHF using (1).
It has motivated further investigations of the blow-up behavior, e.g., the reverse
bubbling phenomena [2] and the blow-up rate of solutions of (1) [3].

There are only very few papers in which numerical aspects of (1) are treated. In
this talk we present an error analysis for a finite element discretization of (1). We
restrict to the regime of smooth solutions of the continuous problem. We define
the spaces

1
Lz = {v 10,1 = R: ||'UH(2)’T = (v,v)o, = / v(r)zrdr < oo} ,
0

H, = {v € L2 vl = (Dr0, 00)o, + (5, 5) < 00,0(0) = u(1) = o} .
’ v r r/or
We use grid points r; = ih,i =0,..., N, with A = 1/N for some N € N and a fixed
time step 7, with 7J = T for some J € N. Let 5270 be the space of continuous and
piecewise polynomial functions of degree k with homogeneous Dirichlet boundary
condition. We propose the following discretization of (1): Given an initial value
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S S}’io that approximates ug, for 7 > 0, determine ufrl € 5’270 such that

u = - £
(3) <%,U}L 0 + (ui ,Uh)H}, = r2h ,Uh ) for all vy, € Sllfi,o-

)

where f(u) :==u — 3 sin(2u). We also define F(u) := & (u? — sin®(u)) with f(u) =

F'(u). Note the crucial identity &(u) = §|ul| — fol Mdr and the convexity of
F(u) which are the main ingredients to show the following main results.

Theorem 1. For the solution (Ui)lgjg] of (3) the following holds:
E(uth) < E(ul).
If E(uY)) < 2, then HuleLm(I) <7 forall0<j<J.

Theorem 2. Given ug € H¥T1(I) with E(ug) < 2, take ul) € 5270 with E(uh) < 2.
Assume |luo — u || g1 < ch* and define the error efl = ui —u(t;), 1 <j<J, for
h and 7 sufficiently small, we have

lef s < C(r + h").

where the constant C' is independent of h, 7 but depend on T and on the regularity
assumption of the continuous solution u of (1).
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Shape Variations and Level Set Methods with Unfitted Finite
Element Methods

SHAWN W. WALKER

We present an approach to shape differentiation that takes advantage of level set
methods and unfitted finite element methods (FEMs). The domain geometry is
represented, and varied, using a (discrete) level set function. For a discrete, bulk
objective functional, defined in the unfitted FEM framework, we show that the
eract discrete shape derivative essentially matches the shape derivative at the
continuous level. In other words, our approach has the benefits of both optimize-
then-discretize and discretize-then-optimize approaches. For boundary functionals
(co-dimension 1), we regularize the functional, which can be viewed as part of the
discretization, and then apply our exact derivative formula.

Specifically, we establish the shape Fréchet differentiability of discrete (unfitted)
bulk shape functionals and regularized boundary functionals by direct perturbation
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of the level set representation. Our Fréchet differentiability results hold for any
polynomial degree used for the discrete level set representation of the domain. We
also have optimal order error estimates for our shape derivative formulae that are
independent of the regularization parameter. Numerical experiments were shown
that illustrate our technique.

1. LEVEL SET SHAPE CALCULUS

We reformulate the concept of shape functional in terms of level set functions. Let
Q = Q(¢) be the sub-zero level set of ¢ and let T'(¢) = 9Q(¢) be the zero level set
of ¢. Next, define level set shape functionals:

(1) F(¢) = fx9)dx,  J(¢) = f(x, 9)dS(x),
(9) r(9)

where we assume ¢ : R” — R is non-degenerate and Lipschitz. With Xr =
W20(R"), Xy = C%(R"), the Fréchet derivatives are given by

(2) F'(¢)(n) = o) f(n)dx + /amw f(x) (—n(x)|V¢(X)|_1) dS(x), Vn € Xp,
/ / ;¢(X)
J = —n(x)——— - Vf(x
" (¢)(n) F(4})1‘(77) n( )IW(X)IQ f(x)

Vop(x
- 1005 (o) ) dse) Vo e
The formula in (2) was generalized for unfitted finite element (FE) discretiza-
tions in [1, Thm. 9] with piecewise discontinuous f5, namely: F'(¢n)(nn) =
fg((z,h)flll(??h)dx + fr(%)fh (—nh|V¢h|71) dS for all n, € Bj (background La-
grange, FE space), provided I'(¢;) has measure zero intersection with the facets
of the mesh.

In addition, we were able to extend this result to functionals of the form
G(on) == fﬂ(%) fn|Von|dx, without the facet assumption when f, is continuous.

2. REGULARIZATION

We propose to regularize the boundary functional by replacing it with a (narrow-
band) bulk functional. Let € > 0 be a regularization parameter and define
1

@ 0= s > de=g [ eove

where f is independent of ¢ and is in W11(B) (at least); further regularity as-
sumptions are made below. Using the coarea formula, we have

(5) Je(¢) = 2% /_ E /{ - F(x)dS(x)ds.

We obtain the following consistency results under suitable regularity assumptions:

(6) [ Je(¢) = J(9)] < Cie’, [TL(@) () = T (¢)(n)] < Cie'
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for i = 1,2 with constants depending on the regularity of f and ¢, n

3. DISCRETIZATION

We discretize the regularized functional:

1
™) T =g [ fuGoVenldx
{l¢nl<e}
which has exact Fréchet derivative given by our previous result:

" (6n) () = 1/{ Fa(X)n - Vindx

|pn|<e}

1
2 X dS(x) — X)ndS(x) | |
2¢ </{¢h—€} fh( )nh ( ) /{¢h——e} fh( )nh ( )>

where v, = V¢, /|Vn| is the discrete normal vector. We then obtain the following
error estimates under suitable regularity assumptions:

[ Jen(@n) = Je(@)] < C (B + RIH) || fllwnssos,
9) | n(én)(mm) = (D) )| < CR*|[fllwsse [l o
+ CIpllws. = lllwarroc + l@llwarr.ce + DRI f w2 Il warr.oc,

where k is the degree of approximation of fj and ¢ is the degree of approximation
of ¢p, and 7. We emphasize that the constants here do not depend on € > 0.

(8)

REFERENCES

[1] J. T. Shahan and S. W. Walker. Exact shape derivatives with unfitted finite element methods.
Journal of Numerical Mathematics, 2025.

Stable fully discrete parametric finite element methods for Willmore
flow and for the dynamics of fluidic biomembranes

HARALD GARCKE
(joint work with Robert Niirnberg, Quan Zhao)

The numerical approximation of geometric evolution equations that involve the
first variation of the Willmore energy % fr »? dTl is particularly challenging due to
the fact that highly nonlinear and fourth order terms appear. Above, we considered
a closed surface I' in two or three space dimensions and » := —V, - ¥ is its mean
curvature where 7 is a unit normal to the surface I. The L2-gradient flow of the
Willmore energy is given as

(1) V= —Agx— x|Vt + 55 on TI'(%).
Here, V = 7, -V is the normal velocity of the surface where ¥ is a parameterization

of the time dependent surface and Ay = V- V, is the surface Laplacian and
—V,v is the Weingarten map. For curves in the plane, the equation reduces to
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V= —g — %%3. The evolution law (1) is called Willmore flow and its gradient
flow structure yields:

d

— %/ 2AdT | = V[Agse + 5|V, i]> — 35°)dl = — VAdT.

dt T(t) () r(t)

The overall velocity of a parameterization & can be split in a normal and a tan-
gential part as follows: @y = VU + ﬁtan,. The normal velocity V determines the
gradient flow structure, whereas the tangential velocity Vian does not affect the
shape of the evolving interface. When one approximates the evolution law (1) nu-
merically, it is essential to use the tangential degrees of freedom for a better mesh
quality. Parametric finite element approaches to Willmore flow, which are based
on approaches which evolve points purely in normal direction, often suffer from a
bad mesh quality, see, e.g., [4, 9]. Barrett, Garcke and Niirnberg (BGN) [2, 3] in-
troduced an approach which used tangential degrees of freedom to produce meshes
with a good mesh quality. However, so far it is not known whether these methods
are energy stable on the fully discrete level. Until recently, the only known fully
discrete method which is energy stable is due to Bao and Li [1]. However, this
method in certain situations produces bad meshes.

We here present a new approach which is energy stable on the fully discrete
level and produces meshes which are of the same quality as the meshes produced
by the BGN approach. We first describe the approach for planar curves. The idea
is to use a new set of geometric PDEs which is given as follows:

. R = — g5 — %%3,
gradient flow structure : { 0% =V +V 2+ (Zy - 7) 2¢s;

BGN tangential velocity : { itﬁ v i jr_),’
- S88-

The first two equations approximate the gradient flow structure and will lead
to unconditional energy stability and the last two equations introduce the BGN
tangential motion which will lead asymptotically to an equidistribution, see [3, 5].
A weak formulation of the first two equations in this novel formulation is then
given as:

e Find (V, ») € HY(I) x H'(I) such that
/Vgpdsz/zs%ds—%/%%ds Vo € HY(I),
r r r
/%txds—l—%/[ft]s-f'%xds: —/stsds—l—%/szxds
r r r r

—|—%/a‘:’t-7_"(%sx—%xs)ds Vx € HY(I).
r

We obtain energy dissipation by testing with ¢ =V and x = s

0:/V2d5+/%t%+%[ft]s'F%QdS:/VQdS—Fi (%/%2d8>.
r r r dt r
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Denoting by V" the space of piecewise linear, continuous elements, by I'™ the
polygonal curve to approximate I'(¢,,) and by (-, -)pm: the inner product over I'™,
we consider in a first stage the following system:

e Stage 1: Solve for (V"1 L) ¢ [V1]?

(Vrn-i—l7 sDh) _ (%m-i—l7 ng)lﬂm o %((%m)QZm-l—l’ (Ph)

h h
Tm s VSD eV )

F771
mt+l__m flom—1
(% - A7 = Xh)rm = -, Xi})rm +5((m)?2ym Xh)rm

]. vm_ ym—1 h h h h
5 (7 R T =) WX eV
It is straightforward to show existence and uniqueness of the above system and
by using a similar testing procedure as above, we obtain the unconditional energy
stability estimate

%/ (%m“)st—!—At/ (Vs < %/F 71(%m)2d8.

The first stage determines the normal velocity V™! and in a second stage we use
the equations @y - U = V, kV = Zss to evolve the interface using the prescribed
velocity. In fact, we solve:

e Stage 2: For given V™1, we compute (X1, x™F1) such that

()?m“—)?’” 7™, (,Dh)h _(Vm-i-l7 <,0h)

h h
At v rm VSD € V )

1—"771.
(k™ )+ (X ), =0 it e VI

In fact, here the BGN velocity is used to update the mesh, which leads asymptoti-
cally to an equidistribution. Also for this system existence and uniqueness can be
shown as above. It is now easy to generalize the approach to surfaces. In fact, we
consider the system:

= —Agx— 2| V,i|? + 158,

gradient flow structure { 00 = AV +V|Vob2 + 71 - Ve,

~ ] — V7
BGN tangential velocity{ itﬁ Y — A.id

Also for this system one can show existence, uniqueness and energy stability for a
fully discrete variant similar as above. The last two equations lead a BGN velocity.
However, instead it is also possible to use different approaches to move the mesh
tangentially. For example one can use the MDR approach introduced by Hu and
Li [8] to update the mesh tangentially. In fact, in this case, instead of using the
BGN velocity equations from above, one solves on the fully discrete level:

-V ), =0,

h G B
(e, )+ (5. [259], ) o



Numerical Analysis for Geometric and Nonlinear PDEs 319

The approach for curves is introduced and analyzed in [5], the generalization to
surfaces can be found in [6] and a numerical method for a related model describing
the dynamics of fluidic biomembranes is ongoing work [7].
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Parabolic equations with L! data
ABNER J. SALGADO
(joint work with Gabriel R. Barrenechea)

We consider the heat equation
uy—Au=f, inQr=(0,T)xQ, u=0, on (0,7)x 00, u=ugin {0} xQ,

with merely ug € L'(Q) and f € L*(Q7). Because of this, the solution must be
understood in the renormalized sense [1, 2]: u € C([0,T]; L*(Q)) with Up—o =
ug is a renormalized solution if, for every k > 0, its truncation satisfies Tyu €
L2(0,T; HL(2)), as k — oo we have

k! |VTul?dzdt — 0,
Qr
and, for every n € WH(R) with suppn € [—k, k] and N’ =7, and v smooth

/ [—N (w)v + n(Tiu)VTzuVo + 7' (Tyu) | VT pul*v] dedt = In(Tru)vdzdt.
T Qr
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Let Vi, C H}(2) be the P;-finite element space over a mesh of size h > 0 that
is weakly acute so that. If Ij, is the Lagrange interpolant, we have (see [3])

(1) Vwy, - VIR Twy, > |VIthwh|2, Ywy, € Vj,.

Our numerical scheme is the implicit Euler method with mass lumping: u) = Pjuo,
where P, is the L?-projection and, for n > 0,

1 (uZJrl — uz,vh)h —|—/ VuZHVvhdx = / it ropde, Yo, € Vi,
Q Q

where 7 is the time-step and (-, -); is the mass lumped inner product.
Let u], € BV(0,7;V3) be the piecewise constant reconstruction of {u}}. Our
main result shows that if 2 < C7, then as (h,7) — (0,0),
. , o d+2
lu—upllL=r;r (@) + IV(u = up)llLagr) =0, Vg<g= ir1

The main tool to obtain this convergence is the nonlinear estimate
IVupllLaee(@r) < C(I1fller@r) + lluollie)

obtained by setting v, = IthuZH, using (1), and level set arguments.
Ideas to remove the condition h? < C1 were discussed during the workshop.
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Growing dendrites in lithium batteries
OMAR LAKKIS
(joint work with Alexandros Skouras, Vanessa Styles)

The details of this talk are found in [4, 5] and [LSS26b]. Dendritic growth in
batteries are one of the main sources of failure and controlling them can present
challenges to engineers. Phase-field modelling has been successfully employed to
model battery growth in two and three spatial dimensions [2]. We seek (u, ¢, ¢)
satisfying

o Allen-Cahn in the order parameter (phase-field) u(x,t)
(1) 0 =V - [A(Vu)Vu] — vg'(u) + m(c)h/(u) in Q x [0, T],

e Nernst-Planck (parabolic) in concentration of Li* ¢(x,t)

(2) dyc =V - [D(u)Ve+ Di(u,c)Vé| — pdpu in Q x 0,77,
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e Poisson (elliptic) in electric potential ¢(x,t)
(3) V- [o(u)Ve] = v1dyu — vao’ (u)0pu in Q x [0, 7],

In the Allen—Cahn equation (1) the double-well potential is described by

" 9(5) 1= (= 5[4, ag/(s) = s(s — 1)(s — )
h(s) == 6s° — 1551 + 105>, h'(s) = 30(s — 1)%s?

and m(c) = C1 — cCy. The anisotropy of the Li crystalline strcucture is modelled
by the tensor A appearing in the Allen—Cahn diffusion term [3]

©) 0 = V- [A(V)Vu] ~ g/ (u) + m(e)h(u)
(6) A(p) = a(p)Va(p)p" +a*(P)I a(p) = ao(l - 36) <1 +7 f636 ZJI ij ) '

Lemma 1 (anisotropy). For d =3,2 and 6 < 1/15

1
1) energy functional ju[p] == = [ a®(p)|p|? is strictly convex inp € (Ly(Q))%.
2
Q

1
(2) Dirichlet energy J,[w)] = 5/ a*(Vw)|Vw|?is strictly conver in w €
Q
H'(Q).
Compare with 2D case [1].

Theorem 2 (existence, [4]). For § < 1/15, recall (6), initial data (ug,co) €
HY(Q) x Ly(Q) and T > 0, there exists weak solution triplet (u, ¢, @)

(7) u € Ly([0,T]; H'(€2)) N H ([0, T7; La(€2)) N Loo ([0, T; Lo (€2)),
8) ¢ € La([0, T); HL(92)) N H([0, T); (H(2))) N Loo ([0, T]; L2(€2))
and

9) ¢ € Ly([0,T]; H) 'y U Ta]1(%2)).

Numerical approximation via a spatial finite element and time-stepping

e (druk, xn) + (A(Vuy Vi, V) +9(g' (™), xn)
= (m(cy YA (up™ ), xn),

1) (o(ul)) Yok, Vi) - / o () (n - Vol ymn ds = —w(dyud, ),

(12)  (drcg, xn) + (D(up)Ver, Vxn) + (D(ug)ep ™ Vy, Vxn) = —puldrug, xn),

(10)
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Theorem 3 (a priori error estimates). Assuming initial data ug € H*(Q),¢o €
H'(Q) and ng-Vug = 0, and some regularity assumptions (detailed in [5]) we have

X K
(13) emaxp,..x [luy — ut*)|F, ) + 0 Sper [uf — u(tk”%ll(ﬂ)
K
k k
—+ ﬁg L I{laX ||Ch — C(t )HLQ(Q + BQTDmm ; |ch - C( )|12r11(Q)

+ 7510min Z |¢h tk)|H1(Q < C~'exp(C’T)(7'2 +h? 4+t + 1At
k=1

6 =0.01 6 =0.02

Adaptive Simulated or-
finite der parameter
element uf  for fixed
mesh tr — 0.366, 9=0.05 6 = 0.065 =
refinement W = 2,
crucial at variable
t =0.427 anisotropy

strength &
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Anisotropy measures for shapes on curved surfaces
HANNE HARDERING
(joint work with Lea Happel, Simon Praetorius, Axel Voigt)

Minkowski tensors are classical tools to quantify rotational symmetries of planar
shapes. They measure anisotropy by integrating the p-fold tensor product of the
outer unit normal along the curve decribing the contour of the shape. After ex-
tracting the trace-free part, one obtains a tensor with one positive and one negative
eigenvalue. The normalized positive eigenvalue lies between 0 and 1 and can be
interpreted as a measure of p-fold symmetry: it vanishes in the absence of symme-
try and attains the value 1 for regular (equiangular and equilateral) p-polygons.
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The eigenvectors corresponding to the negative eigenvalue indicate the directions
of the “corners” of the associated ideal p-polygon.

In this contribution, we propose an extension of these ideas to shapes embedded
in curved surfaces. More precisely, we consider parametrized boundary curves of
embedded discs in a smooth two-dimensional surface and assume that their total
geodesic curvature is bounded away from zero. To define the p-fold tensor product
of the outer normal in this setting, we transport normals to a common reference
point. This requires a modified notion of parallel transport: we combine parallel
transport along the curve with an additional rotation compensating for the accu-
mulated angle defect. Once transported, the construction proceeds analogously
to the Euclidean case: we extract the trace-free part and define eigenvalues and
eigenvectors. The framework extends naturally from smooth curves to geodesic
polygons. As in the flat case, the value 1 is achieved for equiangular p-polygons.
However, the full spectrum known from regular polygons in the plane is recovered
only for equilateral polygons, which need not exist on general surfaces.

The resulting anisotropy measures turn out to be independent of the chosen
reference point and invariant under surface isometries, as they depend only on in-
trinsic quantities such as arc length, angles, and geodesic curvature. They are also
stable under small perturbations of the contour. The eigenvectors are reference-
point independent in the sense that they are consistent with the modified parallel
transport along the curve.

From a practical perspective, the construction is straightforward when explicit
parametrizations and formulas for parallel transport are available. Since this is
often not the case, we investigate discrete approximations of both the contour and
the surface. First, we approximate the boundary curve by a geodesic polygon
with maximal side length § > 0 and show linear convergence of the anisotropy
measures as 6 — 0. If the surface admits an isometric embedding into R3, the
geodesic polygon can be further approximated by a piecewise linear curve in R3.
Angles are then computed via orthogonal projection onto tangent spaces at the
vertices, which again yields linear convergence. As a final step, one may replace
the smooth surface itself by a piecewise linear approximation, so that projections
rely on approximate normals. This fully discrete scheme still converges at a linear
rate.

We also take a first look at the behavior of these measures under geometric evo-
lution of the boundary. Using a parametric formulation with prescribed normal
and tangential velocities, we derive evolution equations for the anisotropy measures
involving the normal velocity, geodesic curvature, and Gauss curvature along the
curve. For curve shortening flow, the measures converge to 0, although not mono-
tonically. In contrast, normalized inverse curvature flow in the plane leads to a
monotone and exponential decay; on curved surfaces this behavior persists in a
weakened form. Numerical experiments illustrate these phenomena.

Finally, we outline a tentative strategy for designing a flow that drives a curve
toward a regular p-polygon by exploiting the Minkowski eigenvectors, combined
with curvature regularization. At present, this idea is under investigation (in
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ongoing master’s work supervised by A. Voigt). Many analytical aspects remain
open.

A variational front-tracking method for multiphase flow with
triple junctions

ROBERT NURNBERG
(joint work with Harald Garcke, Quan Zhao)

In this talk we consider the numerical approximation of the natural generaliza-
tion of the classical two-phase flow problem to the situation when three or more
phases/fluids are present. A common situation is then that three different phases
may meet in space, which gives rise to so-called triple junctions, where three fluid-
fluid interfaces come together. In this talk we are going to pursue a parametric
front tracking method, and so the numerical treatment of the triple junctions needs
special care.

In particular, we build on previous work by the authors in [5, 7] for the two-phase
Navier—Stokes equations. Combining those unfitted finite element approximations
with the numerical methods from [2, 1, 4, 3] for the approximation of geometric
evolution equations of curve networks and surface clusters, will yield the desired
variational front-tracking method for multiphase flow.

Within the given domain Q C R?, d = 2, 3, we consider a curve network /surface
cluster with interfaces I';, triple junctions 7; and boundary intersections By, en-
closing the fluid regions €2;. See the left hand side of Figure 1.

i Q
<_
T; re
T 7"
o0 Qj QT

FIGURE 1. The partitioning of the domain €2 by the curve network
I' = (I';) into the phases Q; is shown on the left, with a natural
discrete approximation depicted on the right.

The incompressible Navier—Stokes multiphase flow is a moving free boundary
problem whose solution I'(t) = (I';(¢)) separates Q into the regions €2;(t) such
that the velocity @ : @ — R? and the pressure p : Q@ — R satisfy the Navier—
Stokes equations in each region, together with suitable boundary conditions on
0N and appropriate interface conditions on I'(t). In particular, letting p; and
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p; denote the density and viscosity of Q;, we define p(-,t) = >, p;jXq; ) and
p(t) = 325 niXa, ), and let g = 2uD(4) — pld with D(u) = %( Vi + ( ).
Then in the bulk regions we have
pliy+(@-V)2)~V-g=f=pfi+fo, V-@=0 inQt)Vy
with boundary conditions
i=0 ondQ, @-i=0, o] -t=0 Vte{d}* on kO

where 002 = 012U 0s() is a partitioning of the boundary of €2, and where 1 denotes
the outward unit normal to dQ2. On the moving interfaces we require

i, =0, |oir, = —yisav;, Vi=1i-7; only(t) Vi,

where V; denotes the normal velocity of T';(¢) in the direction of its normal 7;.
Moreover, 7; is a surface tension coefficient and s¢; denotes the mean curvature of
T;(t). On the moving triple junctions we have the conditions

(1) Ty (), Ty (), T'g () remain attached at T (t) and ny kilgr = 0 on Ti(t) Vk,

(#9) T's,(t) remains attached at Be(t) C 92 and @i - U, = 0 on By(t) Ve,

where fi; denotes the outward conormal of I';(t).
It is not difficult to show that the above introduced model admits an energy
law, and in addition maintains the volume of the phases. In particular,

i(/puu+271/r(f)>+2/9u1) :/f

i/ 1=0 Vi
dt Jo, )

In this talk we present a structure preserving unfitted parametric finite element
approximation that uses standard Taylor-Hood elements in the bulk, together
with an XFEM-style enrichment of the pressure space to ensure exact volume
preservation on the discrete level, together with piecewise linear approximations
of the moving interfaces, see the right hand side of Figure 1. A key ingredient in
the scheme is an appropriate variational approximation of curvature. To derive it,

and

we start from the well-known identity s;0; = Asia from differential geometry, see
e.g. [6], multiply with a test function and perform integration by parts to obtain

/ 70 - 1 + Viid : V.7f; — / fi -7 =0 V.

Ty (f) Ti(t) T, (1)

Multiplying the above with ~; and summing over ¢ then yields for test functions
7€ X(T(t) = {(ﬁ;) Dk = Tigs = 1gs on Ti VK, 1, -1 =0 on By Vﬁ}, on recall-
ing the force balance conditions (i) and (ii), that

S [ ameie Y [ vidsvii-o
i (%) i

I'; (t)
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For the precise details of the overall weak formulation and its unfitted finite element
approximation, we refer to the recently appeared article [8].

An example computation for our numerical scheme is shown in Figure 2. In
this experiment, we consider a rising bubble that is trapped between two fluids,
with the heavier fluid initially at the bottom. In particular, we set v = (5,5, 5),
and use p = (1000,1200,1) and g = (0.1,0.15,10~%). The gravitational force is
chosen as ]Fl = (0,—0.98)T. We observe that the bubble lifts the heavier liquid,
which eventually leads to a striking shape at the final time.

(1]

2]
(3]

(4]

(5]
(6]

(7]

0.8

0.6 0.6

FIGURE 2. Snapshots of the fluid interfaces at times ¢t =
0,0.5,...,3, together with a visualization of the computational
meshes at time ¢ = 3. On the right is a plot of the pressure and
of some streamlines of the velocity at time ¢ = 3.

REFERENCES

J. W. Barrett, H. Garcke and R. Niirnberg, On the variational approximation of combined
second and fourth order geometric evolution equations, SIAM J. Sci. Comput. 29 (2007)
1006-1041.

J. W. Barrett, H. Garcke and R. Nirnberg, A parametric finite element method for fourth
order geometric evolution equations, J. Comput. Phys. 222 (2007) 441-462.

J. W. Barrett, H. Garcke and R. Niirnberg, Finite element approximation of coupled surface
and grain boundary motion with applications to thermal grooving and sintering, Furopean
J. Appl. Math. 21 (2010) 519-556.

J. W. Barrett, H. Garcke and R. Niirnberg, Parametric approximation of surface clusters
driven by isotropic and anisotropic surface energies, Interfaces Free Bound. 12 (2010) 187—
234.

J. W. Barrett, H. Garcke and R. Niirnberg, A stable parametric finite element discretization
of two-phase Navier—Stokes flow, J. Sci. Comp. 63 (2015) 78-117.

J. W. Barrett, H. Garcke and R. Niirnberg, Parametric finite element approximations of
curvature driven interface evolutions, in Handb. Numer. Anal., eds. A. Bonito and R. H.
Nochetto (Elsevier, Amsterdam, 2020), volume 21, pp. 275-423.

H. Garcke, R. Nirnberg and Q. Zhao, Structure-preserving discretizations of two-phase
Navier—Stokes flow using fitted and unfitted approaches, J. Comput. Phys. 489 (2023)
112276.



Numerical Analysis for Geometric and Nonlinear PDEs 327

[8] H. Garcke, R. Niirnberg and Q. Zhao, A variational front-tracking method for multiphase
flow with triple junctions, Math. Comp. 95 (2026) 647-682.

Convergence of finite elements for a bulk—surface coupled free
boundary problem

YIrel L1

We consider the Eyles—King—Styles tumour growth model [1], which is a bulk—
surface coupled free boundary problem. The bulk variable u and the evolving
surface I'(t) = 0Q(t) satisfy

—Au=-1 in Q(t),
Ohu+u=H+Q on I'(¢),
ur = Vn, V=-H+u on I'(¢).

Here n and H denote the unit normal and the mean curvature of I'(t).

For the analysis of geometric evolution problems, a standard approach is to
derive evolution equations for geometric quantities. In particular, the mean cur-
vature satisfies the evolution equation

O°H = —ArH + (—H +u)|Vrn|? + Aru.

This equation allows one to control the H(I') norm of H by energy estimates.

A difficulty in the numerical analysis arises from the term Aru, which requires
control of the H'(I') norm of the trace of u. However, this quantity cannot be
controlled directly by the bulk PDE. Therefore, in the work of Edelmann, Kovacs,
and Lubich [2], an additional regularization term Arw is introduced into the Robin
boundary condition,

Ohu+u=H+Q+ Aru on I'(¢),

and optimal-order convergence for continuous finite elements is obtained. However,
proving convergence for the original Eyles—King—Styles model without artificial
regularization terms remained open.

To overcome this difficulty, we employ the trace estimate

||U||H1/2(r) < CH“HHl(Q)a

which allows us to control the H'/2(I") norm of u, and consequently the H'/?(T)
norm of H. This requires extending the H! evolving surface finite element analysis
established by Kovdes, Li, and Lubich [3] to a fractional H 1/2 framework.

The appearance of fractional Sobolev norms leads to substantial analytical dif-
ficulties. In particular, the error analysis requires estimates for

(I — Ap)'/2,
which arise from the derivative trick

(0*u)v = 0°®(uv) — u(0%v).
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Our main technical contribution is to characterize the relevant fractional oper-
ators via a Sylvester equation

AX +XB =Y,

whose solution admits the representation
[ee]
X = / e~y e Bt .
0

This representation allows us to control the fractional operator and derive the
required stability estimates. In particular,

(001 = 2n)M2) (1 = A2 4 (1 = )2 (601 = An)'/2) = 0°(1 = Aw).

As a consequence, we prove optimal-order convergence for continuous finite
elements of polynomial degree k > 3. In particular,

Huﬁ — || Lo 0,1;H (1)) T Huﬁ - U||Loo(o,T;H1/2(r(t))) < Ch*.

These results provide the first convergence analysis for the original Eyles—King—
Styles model without introducing artificial regularization terms.

A detailed version of the results is available in [4].
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Finite element exterior calculus for time-dependent Hamiltonian PDEs
ARI STERN
(joint work with Enrico Zampa)

The success of symplectic integrators for Hamiltonian ODEs has led to a decades-
long program of research seeking analogously structure-preserving numerical meth-
ods for Hamiltonian PDEs. This talk presents the results of the preprint [1], in
which we construct a large class of such methods by combining finite element exte-
rior calculus (FEEC) for spatial semidiscretization with symplectic integrators for
time discretization. The resulting methods satisfy a local multisymplectic conser-
vation law in space and time, which generalizes the symplectic conservation law of
Hamiltonian ODEs, and which carries finer information about Hamiltonian struc-
ture than other approaches based on global function spaces. We give particular
attention to conforming FEEC methods and hybridizable discontinuous Galerkin
(HDG) methods for the semilinear Hodge wave equation.
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As with our recent paper [2] on the non-time-dependent case, the starting point
is the canonical formalism of Bridges [3] for Hamiltonian PDEs. We show that the
canonical equations in spacetime have the novel form

OH
i+Dp=—
g+ Dp op

OH
—p+Dg=—
p+ Dgq 9q

where D is the Hodge—Dirac operator, and we characterize and interpret the result-
ing multisymplectic conservation law.

Next, we study semidiscretization of these systems of PDEs by hybridized FEEC
methods, showing that the multisymplectic methods of [2] are also multisymplec-
tic for time-dependent systems. Specific methods for the semilinear Hodge wave
equation are considered in depth; one class of HDG methods is shown to be mul-
tisymplectic, while another is shown to be dissipative and non-multisymplectic.

Finally, we discuss the time-discretization of the semidiscretized ODEs via sym-
plectic Runge-Kutta and partitioned Runge-Kutta methods. We prove that the
resulting fully-discrete system satisfies a discrete multisymplectic conservation law
in space and time. As an example, we discuss the application of the Stormer/Verlet
“leapfrog” method to the semilinear Hodge wave equation, which requires only a
linear variational solver—even in the presence of nonlinear source terms.
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Cut Finite Element Methods for Computational Neuroscience
ANDRE MASSING
(joint work with Nanna Berre, Kent-Andre Mardal, Marie E. Rognes, Ivan Yotov)

Computational models in neurosciences provide a plethora of examples of coupled
multiphysics problems involving complex interfaces and domains. A major chal-
lenge is often the generation of simulation-ready high-quality 3D volume meshes
from image data generated from sophisticated imaging technologies such as elec-
tron microscopy (EM) or magnetic resonance imaging (MRI) to facilitate image-
based simulations.

The Cut Finite Element Method (CutFEM) [1] provides a flexible numerical
framework that allows for the discretization of PDEs on complex geometries with-
out the need for body-fitted meshes. Instead, CutFEM uses a fixed background
mesh and allows the geometry to cut through it, which can significantly simplify
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the mesh generation process and reduce computational costs. In this presenta-
tion, we discuss how the Cut Finite Element Method can ease the burden of mesh
generation for two prototypical computational neuroscience problems. First, we
present cut finite element methods for the numerical solution of the so-called EMI
(Extracellular-Membrane-Intracellular) model [2]. The EMI model is an example
of a mixed-dimensional problem that couples an elliptic partial differential equa-
tion (PDE) on the extra/intracellular domains with a system of nonlinear ordinary
differential equations (ODEs) over the cell membranes. We provide theoretical and
numerical evidence for the robustness and convergence properties of the proposed
CutFEM formulations and demonstrate its flexibility by considering realistic neu-
ron geometries. In the second part, we pass from computational models on the
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F1GURE 1. Cut finite element simulations on neuron and brain
geometries. (Left) Neuron geometry embedded into a background
mesh together with a time snapshot of the extracellular potential.
(Right) Computed displacement field for a brain-type geometry.

cell scale to organ-level simulations. We introduce new cut finite element methods
for the numerical solution of Biot’s consolidation model for poroelasticity [3]. The
Biot model describes the coupled deformation of an elastic porous medium and
the flow of viscous fluid within it, making it crucial for applications in geoscience,
medicine, and biophysics. Our approach combines the so-called total pressure for-
mulation with cut finite element stabilization techniques, resulting in geometrically
and parameter robust solution schemes. Numerical examples include convergence
studies, robustness tests, as well as applications to brain-type geometries.
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Discrete Monge-Ampeére equations and the second boundary
value problem

GERARD AWANOU

The second boundary value problem for the Monge-Ampere equation is central
to applications in illumination design, such as the construction of refractors and
reflectors. While semi-discrete optimal transport methods have worst-case compu-
tational complexity of O(N?) in dimensions 2 and 3, finite difference methods have
linear complexity O(NN) when used with a stencil of size independent of the number
of mesh points N. This talk presented a complete theoretical foundation—covering
existence, uniqueness, and convergence—for a linear-complexity finite-difference
discretization based on a reformulation of the second boundary condition that pre-
scribes the asymptotic cone of the epigraph of a convex extension of the solution.

The proposed framework introduces several significant advances that can be
adapted to other discretizations of the Monge-Ampere equation:

e Damped Newton’s Method for Existence: A damped Newton’s method
is employed to solve the nonlinear discrete system. By incorporating a
defect term and analyzing the convergence of Newton’s iterates, the work
establishes the existence of a discrete solution as the limit of a convergent
subsequence.

e Local Inverse Theorem for Uniqueness: The report utilizes the local in-
verse theorem to prove the local uniqueness of the discrete solutions. This
addresses a significant gap in the literature, as discrete uniqueness for
linear-complexity finite difference schemes had previously remained un-
proven.

e Ghost Point Discretization for Boundary Condition: The second boundary
condition is enforced through a discrete extension formula reminiscent of
the ”"ghost point” method used for Neumann boundary conditions. The
discrete extension formula implicitly enforces the boundary condition by
prescribing the asymptotic cone of the epigraph of the convex extension.

Existence, stability, unicity, and convergence results to the continuous Aleksan-
drov weak solution are established. Numerical simulations validate the theoretical
results and demonstrate the framework’s modularity and practical applicability.

The discretization discussed is the finite difference analogue of a proper ge-
neralization of the Oliker-Prussner method, originally proposed for the Dirichlet
problem, to the second boundary condition.
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A posteriori error estimates for a modified Morley FEM
MIRA SCHEDENSACK
(joint work with Asha K. Dond, Dietmar Gallistl, Subham Nayak)

The Morley finite element method (FEM) employs a finite element space which
enforces continuity of the function at the nodes and of its derivative in normal di-
rection at the midpoints on interior edges. This results in a nonconforming space
both with respect to HZ(2) and to Hg (). It is well known that this nonconform-
ing method works well for the biharmonic equation. However, it can be shown
that the method diverges for the Poisson equation. This leads to preasymptotic
large errors for the Morley FEM for the singularly perturbed biharmonic equation

E2ANu—Au=f with ulpa = 0, Vulaq = 0.

In [2], this is overcome by introducing a nodal interpolation operator into the
terms for the second-order differential operator, i.e., the discrete problem seeks
up € Mo(T) in the Morley finite element space such that

62/ Dgwuh : Dngh dz +/ VIyup - VIpv, dx z/ f Invp dx for all v, € Mo(T),
Q Q Q

where I, denotes the nodal interpolation operator with values in the space of
piecewise affine globally continuous functions and the subscript pw denotes the
piecewise application of a differential operator.

The talk introduced an a posteriori error estimator 7 that is reliable and efficient
in the sense that

I = wnllepw + IV (u = Inun)|| L2 (@) + osce(f, T) = n

where A =~ B abbreviates that there exist constants Cy,Cs < oo with A < C1B <
CyA and

Ioll2 o = 1 D3 olli2() + IVowellZ2 (o),
osce(f, T(wr)) = |[min{hr, W7/} (f — Mo f)lr2(wr)

and h7 denotes the piecewise constant mesh-size function and ITy denotes the L?
projection onto piecewise constant functions. A similar idea can be applied to the
von Karmén equations

Ny = [ el + S, A% = —sl i)

Here, the Monge-Ampere form or von Kérmén bracket [, o] is defined as [0, x| =
cof(D?0) : D?y. By introducing the nodal interpolation operator in the second-
order term, an a posteriori error estimator can be defined that is reliable (if the
maximal mesh-size is sufficiently small) and efficient with respect to the total error
| D2, (¥ = W3)|| L2() + [V (¥ — I, V3) || £2(), where ¥ = (41, 1)2) denotes the exact
solution and ¥y, its discrete approximation. Details can be found in [1].
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Two-phase Navier—Stokes flow with viscoelasticity
DENNIS TRAUTWEIN

In this extended abstract, we present a two-phase model for incompressible vis-
coelastic flow within a bounded domain 2 C R¢, where d € {2,3}. The system is
governed by the incompressible Navier—Stokes equations, augmented by an elastic
stress tensor to account for the two fluid phases:

p(Oru+ (u- V)u) = div(2nDu) — Vp + div(S) +f, divu =0,

where u denotes the fluid velocity, p is the pressure, p,n > 0 represent the mass
density and fluid viscosity, respectively, and f accounts for external body forces.
The elastic behavior is characterized by the Oldroyd-B model:

S=GB-1), B+ (u-V)B— (Vu)B-B(Vu)' = —%(IB% — T,
where G > 0 is the elastic modulus and A > 0 is the relaxation time.

We investigate two distinct approaches to modeling the fluid-fluid interface.
The first is a phase-field framework [6], which utilizes the Cahn-Hilliard equations
to represent the interface as a diffuse transition layer. Consequently, the model
parameters depend continuously on the phase-field variable ¢ € [—1,1]. A cen-
tral focus is the derivation and analysis of the physically consistent energy law
governing the system’s total energy:

et = [ A0p s+ [ EmE-ws -+ [ (Lo +§ver).

This formulation includes the kinetic energy, the elastic energy, and the Ginzburg—
Landau energy, where v (-) is a double-well potential and £ > 0 dictates the interfa-
cial width. Notably, the logarithmic barrier term inherently requires B to remain
strictly positive definite, as Tr(InB) = Indet(B). We discuss recent advances in
both the mathematical analysis [5] and the numerical approximation [3, 7] of this
model, particularly under parabolic regularization of the viscoelastic constitutive
equation.

The second framework is a sharp-interface approach, wherein an evolving hyper-
surface distinctly separates the fluid phases, imposing jump conditions on the fluid
variables across the interface. We demonstrate the rigorous connection between
this formulation and the phase-field model via formally matched asymptotics as
e — 0 [6]. Furthermore, we introduce structure-preserving numerical schemes
that discretize the interface utilizing piecewise linear parametric finite elements
[4], thereby ensuring optimal mesh quality during evolution.
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Finally, we outline recent advancements and open challenges in the mathemati-
cal and numerical analysis of single-phase viscoelastic fluids in the absence of stress
diffusion. A prominent hurdle in this regime is the renowned High Weissenberg
Number Problem (HWNP), characterized by severe numerical instabilities that
emerge when the elastic relaxation time A > 0 is large, often due to exponential
stress gradients and the numerical loss of positive definiteness of B. To address
this, we compare classical approaches for the Oldroyd-B model with recent devel-
opments for the Giesekus model. First, we review the structure-preserving log-
conformation approach [2]—which solves for a tensor 1 and sets B = exp(®) to
inherently guarantee positive definiteness and bypass HWNP instabilities—as well
as the direct structure-preserving method by Barrett and Boyaval [1]. The latter
naturally preserves positivity and, given parabolic regularization (AB), achieves
subsequence convergence in two dimensions. Building upon these foundations, we
detail a novel framework for the Giesekus model [8] that solves for the elastic de-
formation tensor F and reconstructs the conformation tensor via B = FF'. This
formulation yields a subsequence-convergent numerical method in 2D without ne-
cessitating artificial regularization or cut-off techniques. Notably, the limit of the
numerical approximation satisfies the physical constraint det(F) > 0 strictly.
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Finite element approximation of stochastic PDEs on evolving curves
BJORN STINNER
(joint work with Paola Pozzi)

We present and analyse a novel scheme to compute solutions to stochastic partial
differential equations (SPDE) of the form

(1) dc:(—c|um|t+D ! (Cﬂ” )I)dt—k L Blyaw, wes' telo,]
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Here, c represents a field on a given evolving closed curve that is regularly pa-
rameterised by u, and B(c)dW a stochastic reaction and source. Our study is
motivated by applications in cell motility, models for which feature equations of
the above form as a building block [2].

For the discretisation we used finite elements in space and an Euler-Maruyama
scheme in time. Let H = L?(S'), V = H!(S'), and ¢y € L?*(Q; H) denote some
Fo-measurable initial data on a probability space (2, F,P) with normal filtration
(Ft)¢. The cylindrical Wiener process W lives in some Hilbert space U and is of
the form

W(w,t) = Zglﬁl(w,t), we, tel0,T],
lEN
with an orthonormal basis (g;); of U and mutually independent F-adapted Brow-
nian motions J;. Stochastic reactions and sources are given in terms of the Hilbert-
Schmidt operator B : V' — Lo(U, H) that is assumed weakly monotone, i.e., for
some Cgpr > 0

1B(e1) = Ble2)l1,w,m) < Comller — e2l|f Ver,eo € H.

We furthermore assume that we can approximate the stochastic terms using a
finite-dimensional cut-off as follows: for any ey > 0 there is L € N such that

E(|B(y)(Id — P)Z,w.m) < ew(L+E(llylE) ¥y e L*(Q,V)

with the orthogonal projection Pr : U — span(gi, . . . L, 9L)U-
A continuous H-valued F-adapted process (c(t)):e[o,r] with

¢ € L2(@; L((0,T); V) 1 L*( C°([0, T, H))

is called a solution if

(Clus O] ) ~ (ol O b + [ G g

— i/@t<B(C(t'))gz, ) rdpi(t')

P-almost sure for all ¢ € [0, 7] and for all p € V = H'(Q). The above problem (and
further generalisations in [6]) is covered by the theory in [4] and well-posed. How-
ever, solutions usually lack regularity in time. We make the following additional
regularity assumption: there exists v, € [0,1) such that

wp Eleld) —e()[})
t,7€[0,T],tT [t —7|=

< 0

This assumption is motivated by results for mild solutions to the stochastic heat
equation (Jug| = const) in [5] and [3].

For the numerical scheme we choose continuous, piecewise linear finite elements
Sp = {v € C°(S!) : vlg, linear Vj} with S; = [z;_1,%;], z; = jh, h = 27/N.
The time step size is denoted by At, and we set t, = kAt, k = 0,...,. M =
T/At. The curve is approximated by interpolation, uf(z) := I u(tg,z). Given
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& € L%, Sy), F(to)-measurable, we iteratively find JF(t;)-measurable maps cf €
L?(Q, Sy,), such that

k

(cfur ol on) H+Ot |,<Phr> = (e M uf ), en) u+H(Bo(ch ™ ) AWk, on)u

| Uhg
VYop € Vi, where AWy, = W(ty) — W(tx—1) and Br(c) := B(c)ﬁL. Thanks to
the regularity of u also the discrete length element |ufm| is uniformly bounded
away from zero (for h small enough). The above fully discrete and linear scheme
therefore has a unique solution.

We can show stability and convergence in expectation, and we have the following
error estimates:

Theorem 1. Let h < hg and At < Aty be sufficiently small and let At ~ h. Then
foranyk=1,...,.M

E(||cf — c(tn)l|3)F < Cew + C(A)F + CE(| e — col|3)® + Ch.

The proof uses a suitable Ritz projection introduced in [1]. It also uses an It6-
isometry to deal with the noise terms. The restriction At ~ h is required in order
to treat one error contribution that involves time differences of the solution. For
the details we refer to [6].

The work also contains several results of numerical simulations to support the
theoretical results and beyond. We briefly report on an example inspired by [5,
Example 10.43]. In (1) let D = 0.001 and add the deterministic reaction term
r(c) = ¢(1 — ¢)(c + 0.5). The parametrisation of the curve is given by

u(t,r) = (1 — t/3)sin(3z)(cos(x),sin(z)), (¢, z) € [0,7] x S*.

Trigonometric functions were chosen for the g; on U = H = L?(S'). We set
B(e)gr = o(c)Vbigi where o(c) = max{oc(l — ¢),0}, by = 1, and b = n=2" 1
1 € {2n,2n+1},n € N, with the parameters & = 0.5 and 7 = 1.0. The deterministic
initial data

co(z) =exp (-2 (z — 7)), zes,

472
are interpolated on the spatial mesh to obtain c(,)L. We computed S = 100 sample

paths of a reference solution ¢,y on a fixed mesh with N = 128 vertices, with
Atpey = 1075 and L = 2N + 1 = 259. The solutions at the final time 7" = 1 after
M,er = T/btres = 10° steps are denoted by c e”’f(ws) where w, € Q stands for
the s-th sample path. We then computed the same sample paths for the time step
sizes At = pAt,.y with p € {500,200, 100, 50, 20, 10, 5} and, for each sample path
at the final time ¢} (w;), M = T/At, the L? distance to the corresponding sample
path of the reference solution. The average was used as a measure for the error
due to the time step size:

Nj=

s
M.
(2) Z (len (ws) = cref” (ws) 1)

C/Jl'—‘
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‘ At ‘ Eg ‘ eoc ‘
0.005 | 4.4034e-04 | —

0.002 | 2.6045e-04 | 0.57309
0.001 | 1.8081e-04 | 0.52659
0.0005 | 1.2459e-04 | 0.53728
0.0002 | 7.9164e-05 | 0.49492
0.0001 | 5.1203e-05 | 0.62861
5e-05 | 3.7661e-05 | 0.44315

TABLE 1. Errors and experimental orders of convergence. The
error Eg is given by (2).

Table 1 displays the errors and the corresponding experimental orders of conver-
gence, which are around 0.5 as observed in [5, Example 10.43], too. In contrast,
rates around 1.0 were observed in the deterministic case (¢ = 0).

We consider the findings as a first step towards analysing schemes for problems
as in [2] where SPDEs on an evolving curve are coupled with geometric evolution
equations for the curve.
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A Proximal Newton method for a plasticity model based on a
plastic metric

OLIVER SANDER
(joint work with Patrick Jaap, Bastian Potzl, and Anton Schiela)

We show how an efficient and robust Proximal Newton solver can be constructed
for a finite-strain elastoplasticity model based on a plastic metric. Such a model,
discussed, e.g., by Grandi and Stefanelli [1], uses the standard decomposition
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F = F.F, of the deformation gradient F := Vy in an elastic and a plastic part.
In contrast to other models, however, it does not consider Fj, as new independent
variable. Rather, the evolution is formulated in terms of the plastic right Green—
Lagrange strain C;, := F?;Fp. Consequently, the appropriate configuration space is
SL(3)S+ym, the space of symmetric, positive-definite matrices with unit determinant.
Plastic dissipation is described as a positively 1-homogeneous functional on the
tangent bundle of this space.

We formulate the model as an energetic rate-independent system in the sense
of Mielke and Roubicek [3]. There is then a natural time discretization, resulting
in a sequence of minimization problems

(1) (yk7 CS) € argmin &(tx,y, Cp) + D(Cg_l, Cp),

Y7Cp
where tj, is the current time, £ is a hyperelastic energy, and D is a quasi-distance
on the space of SL(S)j},m—valued fields. Various authors have noted that for the
dissipation potential of [1], this quasi-distance can be computed in closed form

D(cg—l,cp):/Q||1og((Cg—l)—%cp(cg—l)—%)ndx.

The closed-form expression makes the minimization problem (1) amenable to
nonsmooth optimization solvers. However, the matrix logarithm and square roots
in the nonsmooth dissipation term still pose considerable numerical challenges. Us-
ing a particular variable substitution we can, however, reformulate the problem (1)
to

(2) (yk,dBk) e argmin&'(tk,y,Inc(Cgfl,dB)) + / ||6B]| dz,
y,0B Q

where Inc(-,-) is a smooth operator mapping SL(3)J,, x RS;n?,O to SL(3){ .. By
this transformation, the nonsmooth dissipation term becomes convex, and the
problem is now posed on a linear space.

Problems of the type (2) can be approached numerically using Proximal New-
ton solvers. Such solvers approximate (2) by a sequence of simpler minimization

problems for approximate functionals

3) .

LE(8) = 58" (030 0BL)A, AL (10,3, 0B, ) A1+ [ [0B,+4] dot SA .
Q

The smooth nonconvex energy term is approximated by a quadratic model, while
the nonsmooth convex dissipation is kept as is. In addition, a quadratic regular-
ization term is added that ensures that the overall model remains coercive. The
strength w of this regularization is controlled by the algorithm itself, and requires
no manual intervention. Proximal Newton methods of this type have been shown
to converge globally, even in general Hilbert space settings [4].

To work efficiently, Proximal Newton methods need a good solver to solve the
intermediate problems (3), which are convex but still nonsmooth. Luckily, de-
spite the regularization they take precisely the form of small-strain elastoplasticity
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problems. For these, we use the TNNMG solver [2, 5], which exploits the block-
separability of the functional to achieve multigrid-like convergence rates.
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Weighted finite difference methods for nonlinear dispersive equations
with highly oscillatory solutions in space and time

CHRISTIAN LUBICH
(joint work with Yanyan Shi)

This talk presents weighted finite difference methods for numerically solving dis-
persive evolution equations with solutions that are highly oscillatory in both space
and time. In particular, we consider a semiclassically scaled Schrodinger equation
with cubic nonlinearity [1, 2],

2
(1) ie Opu + %Au = e |ul?u,

where 0 < £ < 1 is the small semiclassical parameter, and X is a fixed nonzero real
number. The equation is to be solved for the complex-valued function u = u(t, x)
under periodic boundary conditions with z € T? = (R/27Z)? over a bounded time
interval 0 < ¢ < T. The final time T is chosen independently of €.

We consider highly oscillatory initial data

M
(2) u(0,2) = Y af, (w) /e,

m=1
where k., € R¥\{0} are fixed wave vectors, and a¥, : T — C are given smooth
profile functions independent of e.

The interaction of waves through the nonlinearity, often referred to as wave
mixing, is of significant mathematical and physical interest, for example in fiber
optics. Wave mixing appears with multiphase initial data (M > 1) but is not
present in the single-phase case (M = 1).

The proposed numerical methods do not need to resolve high-frequency oscilla-
tions in both space and time by prohibitively fine grids as would be required by
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standard finite difference methods. The approach taken here modifies traditional
finite difference methods by appropriate exponential weights. Specifically, we pro-
pose weighted leapfrog and weighted Crank—Nicolson methods, both of which
achieve second-order accuracy with time steps and mesh sizes that are not re-
stricted in magnitude by the small semiclassical parameter. They are as simple to
implement as classical finite difference methods.

For the multiphase case (M > 1) we propose several variants which differ in
the numerical treatment of the nonlinearity. For the most accurate variant we
obtain an O(7% + h? +£2) error bound in the maximum norm, where 7 is the time
stepsize and h is the meshsize, which can both be chosen independently of the
small parameter €.

The derivation and analysis of the numerical methods relies on modulated
Fourier expansions (see [3] for a review) in a Wiener algebra functional setting.
Numerical experiments illustrate the theoretical results. The talk is based on [4].
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