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Introduction by the Organizers

The workshop “Multiple zeta values and modular forms,” organized by Clau-
dia Alfes (Bielefeld University), Henrik Bachmann (Nagoya University), Kathrin
Bringmann (University of Cologne), and Jan-Willem van Ittersum (University of
Amsterdam), was attended by 24 participants. It brought together senior and ju-
nior researchers from both research directions, with many participants from Japan.
It featured 19 presentations and an open problem session, as well as ample and
much-appreciated opportunities for individual scientific collaborations and discus-
sions.

Multiple zeta values (MZVs) and modular forms appear in a variety of mathe-
matical contexts and are intricately related. Key topics of interest for this work-
shop included algebraic and linear relations among MZVs as well as among their
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g-analogues, the role of cusp forms, and the connections between g-analogues of
MZVs and partitions, representation theory, and mathematical physics, as ob-
served in various research works. Moreover, variations of modular forms, includ-
ing multiple Eisenstein series, vector-valued modular forms, and harmonic Maass
forms were discussed, as well as variants of zeta functions and their functional equa-
tions. The overarching goal of the workshop was to discuss recent developments
and open problems in the study of MZVs and modular forms, foster collaboration,
and advance our understanding of these rich mathematical structures.

MONDAY

e Bo-Hae Im gave an overview of the main results in the theory of classical MZVs
and then explained her work on MZVs in the function field setting with a par-
ticular focus on the construction of the corresponding Hopf algebra structure.

e Nobuo Sato discussed work giving an alternative approach to Ohno’s relation
for MZVs using iterated beta integrals.

e In his talk, Minoru Hirose explained why every MZV is a Z-linear combination
of those with indices not containing 1s, for which he introduced the drop-one
operator.

e Caner Nazaroglu discussed joint work with B. Pandey and A. Singh on the
quasimodularity and limiting behaviour for certain variations of MacMahon se-
ries that are connected to Eisenstein series.

TUESDAY

e Hidekazu Furusho reported on joint work with Minoru Hirose and Nao
Komiyama on solutions of double shuffle relations modulo products up to depth
3.

e In her talk, Annika Burmester presented results on Lie algebra structures for
multiple Eisenstein series. This approach is inspired by the double shuffle Lie
algebra for multiple zeta values and the conjectured sls-algebra structure of
multiple Eisenstein series.

e Henrik Bachmann discussed relations among multiple Eisenstein series and a
conjectural picture of the sls-algebra structure together with conjectural explicit
formulas for their derivatives, which involves Hirose’s drop-one operator.

e In his introductory talk, Masanobu Kaneko gave an overview of the classical
theory of MZVs and the theory of finite MZVs. His talk was complemented by
Don Zagier’s talk, in which he presented numerous examples of elements in the
so-called poor man’s adele ring.

WEDNESDAY

e Koji Tasaka presented results connecting the theory of MZVs to that of modular
forms, focusing on connections with period polynomials of cusp forms and double
Eisenstein series.

e The concept of so-called modular graph functions was introduced by Federico
Zerbini in his talk. Furthermore, he discussed relations with single-valued MZVs.
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e Katsumi Kina introduced the multiple Weierstrass gp-function and presented re-
sults on this function. In particular, he showed a connection between symmetric
multiple Eisenstein series and the space spanned by all multiple gp-functions.

THURSDAY

e Olivia Beckwith reported on joint work with Andreas Mono and Ngoc Trinh
Le on the modularity properties of generating functions of generalised Hurwitz
class numbers.

e Wadim Zudilin discussed joint work with Masato Wakayama on the special
values of the (-function of the non-commutative harmonic oscillator.

e In his talk, Kam Cheong Au reported on arithmetic properties of Witten zeta
functions.

e Atul Dixit talked about Mordell-Tornheim zeta functions and functional equa-
tions for Herglotz—Zagier type functions. He explained that Mordell-Tornheim
zeta values can be written as a Q-linear combination of MZVs, and discussed
how the theories for the Mordell-Tornheim zeta function and the Herglotz—
Zagier function are connected.

e Larry Rolen gave an introduction to the theory of harmonic weak Maass forms
and presented his research program on exploring their role in analytic number
theory. In particular, he defined L-functions of harmonic weak Maass forms
using the theory of test functions.

FRrRIiDAY

e Antun Milas investigated a class of g-series from the representation theory of
vertex algebras that can be realized as generalized multiple ¢-zeta values.

e Gabriele Bogo discussed vector-valued modular forms associated with extensions
of symmetric tensor representations. These include Eichler integrals, second-
order modular forms, elliptic multiple zeta values, and solutions of modular
linear differential equations. He provided a general and unifying description of
the functions appearing as components of these vector-valued modular forms,
along with a discussion of their algebraic and differential structures.

Monday afternoon featured a lively problem session. Participants confirmed the
organizers impression of an enjoyable and highly productive workshop.

Acknowledgement: The MFO and the workshop organizers would like to thank the
National Science Foundation for supporting the participation of junior researchers
in the workshop by the grant DMS-2230648, “US Junior Oberwolfach Fellows”.
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Abstracts

Hopf algebras and multiple zeta values in positive characteristic
Bo-HAE IMm
(joint work with Hojin Kim, Khac Nhuan Le, Tuan Ngo Dac, Lan Huong Pham)

Multiple zeta values in positive characteristic, introduced by Thakur [3, 4] as
function field analogues of classical multiple zeta values, play a central role in the
arithmetic of function fields. They appear naturally in the study of Carlitz multiple
polylogarithms, t—motives, and special values of L—functions, and are expected
to satisfy structural properties analogous to those of classical MZVs, including
dimension conjectures, double shuffle relations, and motivic interpretations.

A fundamental problem in the theory is to determine all K-linear relations among
MZVs of fixed weight. In the classical case, conjectures by Zagier and Hoffman
predict dimension formulas and explicit bases. In positive characteristic, in joint
work with H. Kim, K. N. Le, T. Ngo Dac, and L. H. Pham [5], we prove the full
positive characteristic analogue of Zagier-Hoffman’s conjectures. More precisely,
the result is presented as follows:

Let A = F,[0] be the polynomial ring in 6 over the finite field F, of positive
characteristic p, A4 the set of monic polynomials in A, and K = F,(¢). For
s = (s1,...,8) € N", we define multiple zeta values (MZVs) by

1
Cals) =) g
1 T

where the sum runs over all (a1,...,a,) € (A4)" with dega; > --- > dega, > 0.
As an extension of MZVs by Harada [2], we define alternating multiple zeta values
(AMZVs) for s = (s1,...,8,) € N", and € = (e1,...,€.) € (F)" by

C €1 e € B Z e(ngal N egEgaw
A s ... - ail---a?' ’
where the sum runs over all (ag,...,a,) € (A+)" with degay > --- > dega, > 0.

For each positive integer w, let Z,, and AZ,, be the K-vector spaces spanned by
MZVs and AMZVs of weight w, respectively.

Theorem 1. [5, Theorem A, Theorem B] Define d(w) and s(w) recursively by

1 if w=0,
w1 ifl<w<q-—1,
dw) =< 2wt -1 if w=gq,

q
Zd(w—i) if w>gq,
i=1
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qg—1)qgv! fl<w<qg—1,
(@1~ =1) ifw=q,
S(U)) = q—1
(g—1))» s(w—1i)+s(w—q) ifw>q.
i=1

Then, dimg Z,, = d(w) and dimg AZ,, = s(w). Moreover, Z,, and AZ,, admit
explicit bases.

The proof uses analytic properties of alternating Carlitz multiple polylogarithms
together with transcendence theory arising from Anderson’s t—motives and the
Anderson-Brownawell-Papanikolas criterion [1]. This allows us to determine all
linear relations among positive characteristic MZVs and AMZVs and provides a
function field analogue of Zagier—Hoffman’s conjectures.

In [6], we have generalized the result for cyclic multiple zeta values (CMZVs) and
settled down the dimension and explicit basis questions for the K-vector space
spanned by CMZVs of weight w.

The second part of the talk concerns Hopf algebra structures. In positive charac-
teristic, the presence of Frobenius twisting and the existence of several letters per
weight introduces substantial new difficulties.

In [7, 8], we construct shuffle and stuffle Hopf algebra structures for MZVs and
AMZVs by completing the proof of compatibility and coassociativity of our co-
porducts (conjectured by Deligne and Shi).

Let ¥ = {xy, }nen be the set of letters with weight w(x,,) = n and let C = F (%)
be the F -vector space with basis (X) of words under the concatenation product,
called the composition space.

Theorem 2. ([7]) For the shuffle product W and the stuffle product * and the
associated coproducts on C, (C,Ww,u, A, €) and (C,*,u, A, €) are connected graded
Hopf algebras of finite type over IFy.

For the space Z spanned by all MZ Vs in positive characteristic, define the shuffle
map and the stuffle map

Zu:Cor, K — 2 by 2u(xs, - x4,) = Ca(51,. .., 81),
Z,:Cor, K = Z by Z.(xs, -+~ xs,) = Li(s1,...,5k).
Then, Z,, and Z, are K -algebra homomorphisms.
A key new ingredient is an explicit construction of coproducts using horizontal

maps that transfer structure between letters of equal weight. Also, we have ex-
tended these shuffle and stuffle Hopf algebra structures to- AMZVs in [8].

REFERENCES
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Ohno’s Relation Revisited
NOBUO SATO

Ohno’s relation is a well-known family of linear relations among multiple zeta
values first established by Ohno in 1998. For ¢ > 0 and an admissible index
(k1,...,kq), the Ohno sum is defined as

Ouk) = > Clkr+b,... ka+La).
01,...,4>0
b+ Lg=L

Then Ohno’s relation is stated as
Oe(k) = Oy (k™).

It is a common generalization of two well-known formulas, namely the sum formula
(k = (k) case) and duality formula (¢ = 0 case). It has been reproved by Okudo-
Ueno and Seki-Yamamato using different techniques, but its nature as a duality
was still not fully transparent from the perspective of geometric symmetry.

Let

L (p;wi, w2, -+, Wni Q)
denote the iterated integral of the differential one forms wy,ws,...,w, along a

path ~ from p to g on a complex curve. In my talk, I will introduce the iterated
beta integral

By(&l il lan) = Iy (205 [a0an]  [a163] o -+ [an=han] s 2n)
and
z z 4
B’Y(a% a11 a:LL)

By(&lan)

By(aol ail---1an) =
where the one forms are given by
dt

o] (8) == (t—2)o(t —y)h"

The iterated beta integrals satisfy remarkable properties, among which the most
striking is

> 20| z1 z D 20 z1 Zn
Bv(ao ay| "t 047:1) _Bv(aoJrc ai+tc| T a7z+c)
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for ¢ € C. Notice that Ohno’s relation is restated as a duality
O(k;a) = O(k'; o),

of the generating series

Q) = iO@(k)O/
=0

In this talk, we demonstrate that this generating series is precisely an iterated
beta integral. More precisely, we establish the integral formula

(1) O(ki, . ka;@) = (—1)2B (041005171 - 1082711,
where
Zo = |é| )
and show that Ohno’s relation is cleanly explained by the symmetry of the integral.
In fact, with the formula (1) and the translation invariance, the proof proceeds as

O(k; @) = (—1)B (04100571 - - 150%2~11,)
= (—1)B (1a0o151 71 - 091ka7100) (> 1—1)
= (—1)k= B( 0,140 01M 71001, a) (path reversal)
= (-1)*"B

= O(Kk'; ),

extending the classical symmetry-based proof of the duality for multiple zeta val-
ues.

(0 1kd L 0011]81710@10) (translation invariance)

Every multiple zeta value is a Z-linear combination of those with
indices without 1s

MINORU HIROSE
(joint work with Takumi Maesaka, Shin-ichiro Seki, Taiki Watanabe)

This talk is based on [1], in which we introduce the diamond multiple zeta values.
A diamond multiple zeta value is defined as follows. For an admissible index
k= (k1,..., k), define

SCEED YD Y |

Ac{i|ki=1} 0<ny,...,n.<N i€A
ni<niy1 (i€A)
ni<ni+1 (i¢A)

1
h (N eN)

i 1¢A

and

(k) = (CX(K))ven € Q.
Diamond multiple zeta values (°(k) are lifts of the usual multiple zeta values in
the sense that

lim (% (k) = ((k).

N—o0
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The most significant property of diamond multiple zeta values is that they satisfy
many Q-algebraic relations; moreover, every diamond multiple zeta value can be
written uniquely as a Z-linear combination of diamond multiple zeta values whose
indices contain no 1s. This implies that every multiple zeta value is a Z-linear
combination of those with indices without 1s.

REFERENCES

[1] M. Hirose, T. Maesaka, S. Seki, T. Watanabe, The Z-module of multiple zeta values is
generated by ones for indices without ones, arXiv:2505.07221 [math.NT].

Quasimodularity and Limiting Property for Variations of
MacMahon Series

CANER NAZAROGLU
(joint work with Badri Vishal Pandey, Ajit Singh)

In 1920’s MacMahon [2] introduced an infinite family of g-series

qn1+n2+~~~+nt

ut(Q) :nZ:OM(t?n)qn: Z (1_qn1)2(1—q”2)2...(1—qnt)2’

1<n1<ng<---<ng

which is a g-multiple zeta value, attracting renewed interest recently for its prime
detecting properties. In this talk, I report on joint work with Pandey and Singh [3],
where we study a recent extension of MacMahon’s series by Amdeberhan, An-
drews, and Tauraso [1], which we further embed in the larger family

qr(n1+n2+---+nt)

(1 + aqnl + q2n1)k .. (1 + aqnt + ant)k’

ut,k,r(mq) = Z

1<ni<na < --<n¢

whose Fourier coefficients we denote by My i »(a;n).
Using quasi-shuffle algebras to organize the involved sums, one finds
(_1 n+1

exp Z%Z/{nk,nr(a;Q)Xn =1+ Urrlag)X,
n>1 izl

where Uy, r(a; q) := U k.r(a; q). This reduces the study of U; k. »(a; ¢) to Uy ,(a; q)’s.
We then sharpen the results of [1] on the quasimodularity of U 1,1(a;q). For
example, we find that for a = +1 and r € {1, ..., k}, the symmetric combinations
U r(a; q) + Ui 21—r(a; q) decompose to quasimodular forms with weight at most k.
It turns out that for antisymmetric combinations Uy ,(a;q) — Uk 26—r(a;q), on
the other hand, we find holomorphic quantum modular forms (with higher level
analogues of non-modular odd Eisenstein series).

I also report on computational observations suggesting congruences modulo
primes for coefficients M; i, »(a; n) supported on arithmetic progressions, including
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non-quasimodular cases, and the observation that for a € {0,+1} we have

_1\F .
L St X = s X e | ¥ 6w flaxy )

t>1 i>1

for some power series fo(a; X), f(a; X) and (explicit) combinations of Eisenstein
series G;(a; 7). This extends a similar property for MacMahon’s family (a = —2).

REFERENCES

[1] T. Amdeberhan, G. E. Andrews, and R. Tauraso, Further study on MacMahon-type sums
of divisors, Res. Number Theory 11 19 (2025).

[2] P. A. MacMahon, Divisors of Numbers and their Continuations in the Theory of Partitions,
Proc. London Math. Soc. (2) 19 no.1 (1920), 75-113 [also in Percy Alexander MacMahon
Collected Papers 2 (ed. G.E. Andrews), MIT Press, Cambridge (1986), 303-341].

[3] C. Nazaroglu, B.V. Pandey, and A. Singh, Quasimodularity and limiting behavior for vari-
ations of MacMahon series, Adv. Math. 482 (2025).

Solutions of double shuffle relations modulo products
HIDEKAZU FURUSHO
(joint work with Minoru Hirose, Nao Komiyama)

The double shuffle relations constitute a family of algebraic relations among mul-
tiple zeta values (MZVs), obtained by combining the shuffle relations coming from
the iterated integral representation with the stuffle (harmonic) relations arising
from the series representation. These two product structures yield a rich system
of constraints on MZVs that is expected to govern the full algebraic structure of
MZVs. Understanding the structure of the space of solutions to the relations,
modulo products, is a central objects in the algebraic study of MZVs.

In this context, for each n > 1, Ecalle [E] concerns a construction of a certain
polynomial mould lumag, 11, a sequence {m;}$2, with ¢ variables polynomials m;
(the integer i being called the length), which provides a solution to the double
shuffle relations modulo products. Up to length 3 (which corresponds to depth 3
in the MZV setting), they are given by

(1) lumag,+1 = slang; (sazn+1)

1 BooBay (2 .
13 J%; % <22>ar|(slang1(sa2a+1), slang,(sagp))
where the symbols slang, ari, and sa belong to Ecalle’s mould-theoretic formalism;
see [E, FHK, S] etc for precise definitions.

On the other hand, for each n > 1, Brown [B] also constructed explicit families
of polynomials %, ,; which give solutions to the double shuffle relations modulo
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products, up to length 3. Viewing his 05, ; as a mould, one can reinterpret it
within Ecalle’s framework, up to length 3, as follows:

1 BaoBap (21 . .
2 5 = n YT a b ) -
(2) 0941 = Eont1 +a+gb:n TR <2a>ar|(sa2 +1,ari(sazp+1,5a-1))

with )
Eony1 1= Sagny1 + ari(sagni1,8’) + §ari(ari(sa2n+1, s'), 8.

Here B, is the Bernoulli number and s’ is the mould whose only nonzero compo-
nents are of length 1 and 2, given by

1 1 1 1
/ _ ' _
s'(ur) = 221’ §'(u1, ua) 12 (xlxg + xo(w1 — x2)>
For the notation used above, we refer the reader to [FHK] for further details.
We compare these two families, and our main results are as follows.
Theorem ([FHK]) Let n > 1.

(a) The leading terms of moulds lumag, 1 and 0%, , , that is, slang; (saz,41)
and &ap,41 respectively, are family of rational functions and they coincides
up to length 3.

(b) For a,b > 1, put

Do, := ari(sazqt1, ari(sazy11,5a_1)) + 2bari(slang; (sazq+1), slangy (sazs)) .
Then the difference between o5, ,; and lumag, 1 is in length > 3 and it
is given by

Bs, - B 2
Z 2 2b n Dy,
24b - Bs,, \ 2a ’
a+b=n

And the length 3-part of each summand D, is itself a polynomial.

Thus, although Ecalle’s elements lumag, 41 (n > 1) and Brown’s ones 0%,
(n > 1) as given in (1) and (2), have very similar expressions involving Bernoulli
numbers, our analysis shows that they differ in subtle ways.

REFERENCES
[B] Francis Brown, Zeta elements in depth 8 and the fundamental Lie algebra of the infini-
tesimal Tate curve, Forum Math. Sigma 5 (2017), Paper No. el, 56 pp.
[E] Jean Ecalle, The flexion structure and dimorphy: flexion units, singulators, generators,

and the enumeration of multizeta irreducibles, With computational assistance from S.
Carr. CRM Series, 12, Asymptotics in dynamics, geometry and PDEs; generalized Borel
summation. Vol. II, 27-211, Ed. Norm., Pisa, 2011.

[FHK] Hidekazu Furusho, Minoru Hirose, Nao Komiyama, Notes on Ecalle’s and Brown’s solu-
tions to the double shuffle relations modulo products, arXiv:2601.03828, preprint.

[S] Leila Schneps, ARI, GARI, ZIG and ZAG: An introduction to Ecalle’s theory of multiple
zeta values, arXiv:1507.01534, preprint.
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Lie algebra structures for multiple Eisenstein series
ANNIKA BURMESTER
(joint work with Henrik Bachmann, Jan-Willem van Ittersum)

Multiple Fisenstein series are defined for integers ky,...,kq € Z>2, k1 > 3, as
1
Ghyyoka(T) = Z IR T e H,
A= Ag >0 71 d
N €EZTHT

where miT + n1 = maT + ng if my > mo or my = mg and ny > ne. They are
invariant under the translation 7 — 7 + 1, hence they have a Fourier expansion
which was calculated by Gangl-Kaneko-Zagier for d = 2 and then in general by
Bachmann. More precisely, their Fourier expansion is an explicit Q-linear com-
bination of products of multiple zeta values ((k1,...,kqs) and some power series
9(k1,...,kq) € Q[rmi][[¢q]]. By roughly replacing multiple zeta values by a rational
solution to the extended shuffle equations and the power series g(ki,...,kq) by
glk1, ... kq) = (—2mi) k= ~kag(ky, ... kq) € Q|[[g]], one obtains the combinato-
rial multiple Eisenstein series

G(k17"'7kd)e(@[[q]]a klw"akdzla

which were introduced in [2]. Let G be the space spanned by all combinatorial
multiple Eisenstein series. Note that by construction the quasi-modular forms
Mq(Slz(Z)) with rational coefficients are contained in G.

By a conjecture of Bachmann, the space G is equal to the space Z, of g-analogs
of multiple zeta values studied in [1]. More precisely, there is a bi-version of
combinatorial multiple Eisenstein series, which spans the space Z,. Bachmann-
Kiihn [1] conjectured a weight grading on Z, and proposed a formula for the
dimensions of the homogeneous subspaces

? 1 1

im ak =
kzzod (Zalt (1 =2%)(1—2%)(1—a%) 1 - D(2)0:(x) + D(z)R(z)’

where D(z) = 1/1 — 22, O1(z) = /1 — 22, and R(x) = > k>q dim (Sk(Sl(Z)) ®
M (Sl2(Z)))z*. This is a first evidence for an algebra isomorphism

(1) 2, £ Mo(Sla(Z)) @ U(L)",

where L is a Lie algebra generated by some elements 09,41, n > 0, and their
derivatives 0™ (o2,+1), m > 1, which satisfy relations counted by cusp forms
Sk (S12(Z)) and modular forms My (Sl2(Z)). We want to give an explicit description
of the Lie algebra L.

Let Q(B) be the non-commutative free algebra generated by the alphabet B =
{bo, b1, b2, ...}. The balanced quasi-shuffle product on Q(B) is given by 1%, v =
v#*p 1 =wv and

biu *p, bj'U = bl(u *p ij) + bj (blu *p U) + 5ij>0bi+j (u *p U)
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for u,v € Q(B), i,j > 0. Let Q(B)? be the subspace spanned by all words not
starting in by and define the anti automorphism tau : Q(B)? — Q(B)° by

(b)) = by 1bh L
There is a 7T-invariant, surjective algebra morphism
(Q(B), %) — 24, bsy - bs. = o515 .., 5).

The elements (4(s1,...,s,) are the balanced multiple g-zeta values, which were
introduced in [4]. Conjecturally, all algebraic relations in Z, (and G) are implied
by the balanced quasi-shuffle product and the 7-invariance of balanced multiple
g-zeta values. This motivates us to study the algebra

Gr = (Q(B), %) /({r(w) —w | we Q(B)°} U {bo}).

This algebra is graded for the weight, which is on Q(B) given by wt(bs, - --bs,.) =
s1+ -+ s + #{s; = 0}. The previously mentioned conjecture is equivalent to
having an algebra isomorphism Gf ~ G = Z.

Let Ay be the coproduct dual to the balanced quasi-shuffle product #*;, and
denote by 7 : Q(B) — Q(B)° the canonical projection. We define bmg as the
space of all f € Q(B) such that

(i) (f | bk) =0 for k=0,2,4,6,
(i) Ap(f) =f@1+1® f,

(iii) 7(mo(f)) = mo(f)-

We conjecture that bmy is a Lie algebra, and an explicit formula for the Lie bracket
on bmy is given in [5]. Furthermore, we expect an algebra isomorphism

Gf £ Mo(Slh(Z)) ® U(bmg) .

In other words, bmg should be an explicit realization of the Lie algebra L in (1),
and hence

1
2 dimU (bmo)z* = .
@) ;0 (bmo)r 1— D(2)O:(x) + D(z)R(x)
We want to understand the term D(x) in the dimension conjecture, which corre-
sponds to a derivation of weight 2 on bmy.

Bachmann and van Ittersum showed in [3] that G/ is an sly-algebra. In par-
ticular, there is a derivation 6 on G/ of weight —2. On the level of combinatorial

multiple Eisenstein series with entries k1, ..., kg > 2, the derivation § is given by
1
—=G(ka, ... kq), k1 =2,
(3) 5(Glk, ... k) = 4 202 ) !
0 else.

We want to relate the derivation § to ongoing joint work with Bachmann and van
Ittersum. First, we extend the space bmg.

Consider the free non-commutative algebra Q(C) generated by the alphabet
C ={a,b,c}. The map 7 : Q(C) — Q(C) is the anti automorphism with 7(a) = ¢,
7(b) = b and 7(c) = a. Moreover, there is an extension A, of the coproduct Ay,
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which is obtained roughly by the substitution by = a and b; = ¢*~'b for i > 1. Let
cmg be the space of all f € Q(C) such that
() (F | @) =0, —2(f | &~1b) = (£ | ¢~1a) for k = 2,4,6,
(i) Ac(f)=f@l+1a®f,
(i) 7(f) = f.

We have an injective map
(4) bmy — cmg,

which is conjecturally a Lie algebra morphism. Moreover, we expect that there is
an explicit bijection from the Lie algebra cmg to certain derivations on Gf. The
preimage of the derivation ¢ from (3) under this bijection is given by

1
& = 2[c,a] + [b,c] + [a,b] + §b2 € cmyg.

In particular, if cmg is a Lie algebra, then bracketing with the element £ defines a
derivation of weight 2 on ¢mg. This derivation should be exactly the one from the
dimension conjecture in (2). It is work in progress that modulo & the injection
from (4) is an isomorphism, i.e., we have

bmy = cmg/(&2).

This is the main reason why it was difficult to construct the derivation predicted
by the dimension conjecture (2) directly on bmg. As a summary, we expect an
algebra morphism

G/ £ Mo(Sla(Z)) © U(emo)Y,

and hence

im fmk 2 1 1
,;d e (1 —a4)(1 —28) 1 — (O1(2) + 22) + R(z)’
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Relations and derivatives for multiple Eisenstein series
HENRIK BACHMANN
(joint work with Hayato Kanno)

Multiple Eisenstein series are holomorphic functions on the upper half-plane H
that simultaneously generalize classical Eisenstein series and multiple zeta values.
For integers ki, ..., k. > 2, they are defined by

1
G = lim lim _
ki ke (T) M—o00 N—o0 Z )\kl ce )\kT'
Ay A EZNTHZN T r
AL Ap -0
where > is the lexicographic order given by A1 = Ag (<= A1 — Ay € HU R+,.
Their Fourier expansions have coefficients in the ring of multiple zeta values Z

extended by 274, and are built from the g-series

kr—1

k}lfl
n n
ki,....k.) = 1 T miny+-+men, .
mi1>--->me>0

N1y, ny >0

Denoting the Q-span of all multiple Eisenstein series by &, it was conjectured
in [1] that & carries an sly-algebra structure. In particular, this predicts that £ is
closed under the normalized derivative D = 2m’d—dT and that D acts as a derivation
on £.

In the joint work with Kanno [2], we make this structure explicit by introducing
two key ingredients.

A large family of relations. Let ! = Q(z1, 22,...) be the non-commutative
polynomial algebra with the harmonic product *, and let 22 = Q(zz, 23,...).
Define the operator ¢: $' — H' by

p(w) = w* 20 —w LU 29,

measuring the failure of the double shuffle relation with z;. Then R(u,v) :=
o(u *v) — @(u) * v — u * p(v) measures the failure of ¢ to be a derivation with
respect to x. We proved the following.

Theorem ([2]). For any u,v € $22, we have R(u,v) € 22 and G(R(u,v)) = 0.
For example, R(z2, z2) yields the weight 6 relation 6G3 3 —3G4,2 — G = 0.

Conjectural derivative formula. Since ¢ maps $H22 into $H° (but not back
into $22, due to the appearance of z; in the shuffle product), we employ the Dropl
operator D: $H° — $H22 of Hirose-Maesaka—Seki—-Watanabe [5], which satisfies
C(w) = ¢(D(w)) and acts as the identity on $22. Setting 0(w) := —D(p(w)), we
conjecture:

Conjecture ([2]). For any w € $22, we have 27mi-LG(w) = G(6(w)).
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Low-weight examples predicted by this conjecture include:
. d
27TZ—G2 = 3G4 - 4G2,2 )
dr
d
QWZd—G3 = 5G5 - 4G3 2 — 6G2 3,
2WiEG2’2 = 3G4,2 + 3G2,4 — 12G2,2,2 .

The conjecture has been verified in depth one. For any integer k£ > 2, we have
k
omila (1) = (2k — 1)G )= (k+j—-1)G (1) — Ga.i(7)
dr k k+2 p J k+2—75,5 2,k .

The proof proceeds by comparing the Fourier expansions on both sides.
Conjectures on all relations

We conjecture that all relations among multiple Eisenstein series can be obtained
from the relations and the derivative. More precisely, we have the following

Conjecture ([2]). We have DR, = ker G, where

DR, := spang{0"(R(u,v)) xw | n > 0,u,v,w € H=%}.

This leads to the notion of the space formal multiple Eisenstein, defined by

G757 o

By above conjecture we have é? >~ £. Tt is conjectured in [1] that & is an
sly-algebra. We show that this is the case in the formal space.

Theorem ([2]) &7 is an sly-algebra.
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Introduction to classical and finite multiple zeta values
MASANOBU KANEKO

The multiple zeta value (MZV) is defined by the nested series

1
C(has k) = Y ———

0<mq<m<nw7n1 CMmr

where k; (1 <14 <r) are arbitrary positive integers with k, > 2 (for convergence),
and the sum is over r ordered positive integers. The sum ki + - -+ + k. is called
the weight.

In the talk, I first explained two product structures on the Q-vector space 3
spanned by multiple zeta values, defined as the sum

3= Z 3k
k=0
where each 3j is the subspace of R spanned by MZVs of weight k:

30 = @7 31:{0}5
3 = > Q- ¢k, k) (k>2).

1<r<k-1
k1,...,kr71 211k7'22
ki+-+k.=k

The first of these products is called the stuffle product or the harmonic product,
denoted by *, coming from the series expression (the defining series above) of
MZVs and a typical example being

C(2)¢(3) = <¢((2) *(3)) = ¢(2,3) + ¢(3,2) + ¢(5)
(we extend ( linearly to the formal sum of indices (2) * (3) = (2,3) + (3,2) + (5)),
and the second is the shuffle product m coming from the integral expression
= [ dty_dty | dh | Bk Sokgz | G
Oty <w<tpg<1 L —t1 T2 ey 1=tk 41 t|—k+2 ti
k1 k..

where k = (k1,...,k-) and |k| = k1 + -+ - + k,, an example being
((2)C3) = C(2u(3)) = 6¢(1,4) + 3¢(2,3) + ¢(3,2).

With these two product structures, we can define the corresponding regularized
MZVs ¢*(k; T) and ¢"™ (k; T') in R[T] for every index set k (here the last component
of k can be 1). These can be defined either axiomatically by the properties

e For k admissible both are constant polynomials (independent of T') and
agree with ((k),

e both take on the value T if k = (1),

e they multiply according to the stuffle and shuffle rules, respectively,
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or explicitly by the asymptotic formulas

1
> —— = ((klogM +7) +0(1) as M — o0
0<my<--<mp<M T M
and
i — = M AT, .
Likl—¢) = > ——— = ("(klog(1/e)) + o(1) ase—0,

0<my <---<my My M

where Lix(z) is the multiple polylogarithm and v is Euler’s constant.
The two regularizations are related by

Mk T) = p(¢"(k; T))
with p : R[T] — R[T] the R-linear map defined by
p(eTu) _ A(u) eTu’

where A(u) is the power series in R[[u]] defined by

A(w) = €™ T(1 +u) = exp<§: (=1)" g(n)un>.

n=2

This relation is the source of the “extended double shuffle relations” of MZVs,
which conjectually exhaust all relations among MZVs. See [1] for the details.

The second topic in the talk was the two versions of finite multiple zeta values and
the “Main Conjecture” relating the two.
The first of these is the element (4(k) of the “poor man’s adele ring”

A= 1] Z/pZ/ D z/pz
p prime p prime

defined by C4(k) = (Cp(k) mod p)p where (,(k) for each prime p is given

by

prime’

1
Colky, . k) = Z R

0<ny <---<np.<p 1
The other is the symmetric multiple zeta value defined by

T

ok, hy) = Y (=D)kerrtthegs (kg ks T)C (y,y o kg3 T) mod 72
s=0

as an element in the quotient ring 3/(7?), where e is either x or m. We can
show that the sum on the right-hand side is independent of T" in either case, and
both give the same element modulo 72, hence we have the well-defined element
Cs(k, ... k) in 3/(72).

Now our main conjecture is the existence of the following isomorphism.
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Conjecture. There exists an isomorphism

34 =2 3/(n?)
Cak) «— (s(k),

where 3 4 is the subring of A spanned by the 4(k).

We also conjecture that this isomorphism is compatible with both the grading
by weight and the filtration by depth of the two rings, where the weight of both
Ca(k) and (s(k) for k = (k1,..., k) is given by |k| = k1 +- - -+ k;-, while the depth
filtration on 3 4 is defined by the depth of (4 (k) being < r — 1. In particular, this
conjecture says that the depth of (s(k) is < r —1, i.e. (s(kq,-...,k.) is always a
rational linear combination of MZVs ((k, ..., k.,) with 7/ < r modulo 72.

For finite multiple zeta values, we refer [2] for basic properties and various
related topics.
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Finite Multiple Zeta Values and the Poor Man’s Adele Ring
DON ZAGIER

From the handwritten abstract in the book of talks.

This was a report on joint work with Kaneko and a continuation of his talk (ab-
stract above), but concentrating on the ring A and some of its interesting elements.
Two simple examples are the A-analogues of log || (z € Q) and of y (Euler’s con-
stant), which are defined by the Fermat quotient {"’p:_l (mod p)}p prime and Wil-
%)!'H (mod p) }p prime, respectively. A further very interesting col-

son quotient {(
lection of examples are the Sun sums (Zhi-Wei Sun, ~2010) V(i,j) € A (i € Z,j €
N), defined by V(i,5)p = > o<y n'Hj (modp), where H, =1+1+...+1is
the n*" harmonic sum. All of these numbers belong to the ring of A-MZVs,
but they form a very special subclass, with many surprising linear relations over
Q and a lot of structure. Sometimes they belong to Q C A: V(2,2) = —g,

V(8,3) = _11675538785'
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Multiple zeta values and modular forms
Kour TASAKA

Double zeta values defined for positive integers r > 1 and s > 2 by

C(T, 8) = Z nr::ns

0<n<m

are intimately related to modular forms. We call » + s the weight of double zeta
value ((r, s). Let DZ, be the Q-vector space spanned by all double zeta values of
weight k. Then, Zagier [8, §8] (see also [9, §3]) observed that for k > 4 even, we
have

dimg DZ), = g — 1 — dimg S (SLa(Z)),

where S%(SL2(Z)) denotes the space of cusp forms of weight & for SLy(Z). For
k > 4 even, it was shown by Gangl, Kaneko and Zagier [2] that the space DZj,
is generated by the set By = {¢(2i — 1,k —2i+1) | ¢ = 1,2,...,k/2 — 1}.
Since |By| = k/2 — 1, Zagier’s conjecture implies that the generator By satisfies
dime Sk(SL2(Z)) = [(k—4)/4] — [(k —2)/6] relations over Q. This shows that there
are Q-linear relations among double zeta values of weight k£ obtained from cusp
forms of weight k, which we call the “cuspidal relation” of double zeta values. An
explicit description of cuspidal relations was established by Gangl, Kaneko and
Zagier [2, Theorem 3] using even period polynomials, and consequently, the upper
bound dimg PZy, < & — 1 — dimc Sk(SL2(Z)) is provided.

The author obtained another formulation of cuspidal relations in terms of dou-
ble Eisenstein series in [7]. We first review this result, and then discuss related
topics, including its generalization and an approach to the non-vanishing of Fourier
coefficients (e.g., Lehmer’s conjecture).

1. DOUBLE EISENSTEIN SERIES AND NEWFORMS OF LEVEL 1

We first recall even period polynomial and double Eisenstein series, and then, give
another formulation of cuspidal relations in terms of double Eisenstein sereis.

1.1. Period polynomials. Let k > 4 be even. The period polynomial Py(X,Y) €
C[X, Y] associated to a cusp form f € Si(SL2(Z)) is the homogeneous polynomial
of degree k — 2 given by

100 k —
e AN CE SR S ;k(—n“(s CD)axeye
r,s>1

where we set A(f;s) = foioo f(2)z°~tdz. If Re(s) is large enough, we have
A(f;s) = L) Y o>t e () with Y ons1af(n)g" = f(z). The values A(f;s) at

(27i)s ns
s=1,2,...,k —1 are called critical. The Eichler—Shimura theory (cf. [5]) tells us
that the values A(f;s) at s =1,3,5,...,k —1 (resp. s = 2,4,6,...,k — 2) satisfy

many Q-linear relations. Indeed, we have the following folklore conjecture.
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Conjecture 1. For a normalized Hecke eigenform f € Si(SLa(Z)), let L’Jf be the

Q-vector space spanned by the critical values A(f;s), s = dx mod 2, where we set
0y =1andé_ =0:

L7 = (A(f;5) | s=1,3,5....,k—=1)q, L} :=(A(f;5)]s=2,4,6,....k - 2)q.
Then we have dimg £+ < dimg Sk(SL2(Z)).

Let P;’(X,Y) = 2(Pp(X,Y) + P;(—X,Y)) (resp. P (X)Y):= L(Pr(X,Y) -
P;(—X,Y)). These are called even (resp. odd) period polynomial of f, generating
polynomials of the critical values at odd (resp. even) integer points. We can prove
the upper bound dimg Cf < dim¢ Sk (SL2(Z)) using functional relations

PH(X,Y)=PA(X +Y,Y) £ PF(X +Y,X) =0,

originated from elliptic points of SLa(Z)/{=£I} (more precisely, for the plus space,
an extra relation obtained from Haberland’s formula due to Kohnen—Zagier [5,
Theorem 9(ii)] is needed).

Conjecture 1 is also supported by Maeda’s conjecture. To see this, recall that
for a newform f, the ratio A(f;s)/A(f;s") of critical values with s = s’ mod 2
lies in the Hecke field Q(f) (cf. [6]). Thus, the dimension of the space L’Jf is
bounded above by the extension degree [Q(f) : Q]. On the other hand, Maeda’s
conjecture, which asserts that the Hecke polynomial is irreducible over Q, implies
that [Q(f) : Q] = dimc Sk(SL2(Z)). As a result, we ‘obtain’ the desired upper
bound for C?. It is worth mentioning that Maeda’s conjecture would follow from
Conjecture 1. This conjecture may play an important role in the theory of modular
forms.

Ezample 2. The even period polynomial of the discriminant function A(z) =
q[T,51(1 = ¢")** € S12(SL2(Z)) is given as follows:

(1) PIXY)= (120>A(A; 3) {—ﬁ(xw S Y10 4 X2y2(x2 - Y2)3} ,

691
where we have used Manin’s result [6] on the ratio of critical values (e.g. %
_ 30, o
691"

1.2. Double Eisenstein series. The concept of multiple Eisenstein series was
first introduced by Gangl, Kaneko and Zagier [2]. It is defined for integers r > 2
and s > 3 by the absolutely convergent series

Gaz)= S —

AT s’
0<A< K
AN UEZLz+T

Here, for lattice points A, 4 € Zz + Z with p — A = lz +m, we write A < p if £ is
positive or £ equals 0 and m is positive. Using this, we also redefine the Eisenstein
series as Gi(2) = Yy, 4 mso(lz +m) ", Unlike the classical case, this gives rise to
a nonzero holomorphic function on the complex upper half-plane even when k is
odd.
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As in the standard manner, the Fourier expansion of Gi(z) for k > 3 can be
computed by using the Lipschitz formula.

_ 1 1 _ (_27”')k n _ 2miz
Gi(z) = ; % > e C(k) + 1) gak—l(nm (g =e""7),

= £>0
m>0 MEZ

where op—1(n) = > 4, d*=1! is the divisor function. In a similar way, we can

compute the Fourier expansion of double Eisenstein series Gy s(z) for r > 2,5 > 3.
The result is as follows:

GT,S(Z) =((r,s) +((r)gs(2) + QT,S(Z)

-1 p—1
2 1" P —1)P~*
@ o 2 (Cor (D) e (00))) e,
h+p=r+s
p>min{r,s}
where for positive integers k1, ..., k4, we define the holomorphic function g, .. x,(2)
on the upper half-plane by

(=2mi)kat o tha ki—1 ka—1 ¢ "y
Gl o vy vy B DR L A
0<ty <-<Ly
ni,...,ng >0

The coefficients of gx, .. ,(2)/(—2mi)F1++ke are in general called the multiple
divisor sum; see [1, (1.1)] for related works.

Following Gangl, Kaneko and Zagier [2], we now extend the definition of double
Eisenstein series for r, s > 1. For r,s > 1, set

ers(2) 1= 2mi (05,207 (2) = 05,197 1(2) + 0r1 (931 (2) + 95(2))) + 0r105,192(2),

where g} (2) := 7(72+)k+1 > tn>0 inkq'™ (k > 0) and 4, is the Kronecker symbol,
and define
1
Gz (2) = C(r8) + C(r)gs (2) + gr.s(2) + Fens(2)
-1 _(r-1
DI (T (S B (R RS
h+p=r+s
h,p=1

with ¢(r,1) := —=C(r+ 1) — ¢(1,r) for » > 2 and (1) := 0. Then, for any r,s > 1
with r + s =k > 3, we have

e ez e = X ((P2))+(00))) e

h+p=k

Moreover, by comparing with (2), we get G7°8(2) = G s(2) for 7,5 > 2. Using this
double Eisenstein series, we let

1 1
GFs(2) = GrE(2) + 5Grea(2)

for r,s > 1 with r + s > 3.
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The significance of the above definition is that G;°¢(z) satisfies the double shuffle
relation: For r,s > 1 with k =r + s > 3, we obtaln

re re _ p—= 1 p—= 1 reg
G+ ez ra = X ((P21)+(70))) e,
h+p=k
Hence, we can apply the double shuffle relation to the study of double Eisenstein
series.

1.3. Cuspidal relation revisited. We begin with two facts: The set {Gés(z) |
r+s = k,r,s : odd} forms a basis of the C-vector space spanned by Gp(z)
and G7°8(z) of weight k: Every cusp form can be uniquely written as a C-linear
combination of this basis. Giving an explicit formula for such a combination, we
can recover the cuspidal relations for double zeta values as a constant term of
g-series.

Theorem 3. [7, Theorem 1] For a normalized Hecke eigenform f € Sy(SL2(Z)),
define the numbers cf , by > ., (k 2)cf Xr—lys-1. P;'(X +Y,X). Then
we have

1o @m)RA(f)
T;}g str (2) = wf(»’?f
r,s>1:0dd

We give two applications of Theorem 3. Firstly, since the constant term is linear
with respect to f, for any cusp form f € S;(SL2(Z)), we obtain

S el (ctno)+ ) o

r+s=k
r,s>1:0dd

which gives a formulation of cuspidal relations.

Secondly, let & _ := ¢/ /A(f;1). Note that, if f is a newform, then 5{78 € Q(f)-
For n € N, by comparing the coefficients of ¢ on both sides of Theorem 3, we get
an expression of the Fourier coefficient a¢(n) of a newform f in terms of Q-linear
combination of ration of critical values of f.

Ezample 4. After multiplication by a constant (recall that the ratio A(A;s)/
A(A;s') of critical values is rational if s = ¢’ mod 2), we get

(27i)12
3) 680

A(z) = 22680G2 4(2) — 35364G2 (=) — 29145G2 1 (2)

+ 13006G2 (=) + 22680G2 , (2),

whose constant term yields the cuspidal relation of double zeta values. As another
example, let f = q+216¢?—3348¢>+- - - be the unique normalized Hecke eigenform
in S16(SL2(Z)). Then we have

(27i)16

322560
1 1 1 1

— 1400182G2 4(2) — 1360395G2 ,(2) — 351252G2, 5(2) + 1081080G, ,(2).

F(2) = 108108062 (=) + 842358G3 14(2) — 275295G2 (=)
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2. PROBLEMS

I have summarized a few ongoing projects related to the above works.
Problem 5. Generalize Theorem 3 to newforms for congruence subgroups.

For this problem, I have an explicit conjecture describing newforms of I'y(2) in
terms of double Eisenstein series of level 2 (cf. [4]). Note that an analogous result
on explicit formulas for cuspidal relations, originally due to Gangl-Kaneko—Zagier,
was established by Hirose [3].

Problem 6. The formula (3) gives a new expression of Ramanujan’s 7(n). Can
we apply this formula to the non-vanishing problem of T(n)?

It is well known that the non-vanishing of 7(n) for all n > 1 is equivalent to
the assertion that 7(p) # 0 for all prime p. Our explicit formula (3) provides one
possible approach to showing that there are only finitely many primes p such that
7(p) = 0. Indeed, for each prime p satisfying 7(p) = 0, a comparison of the two
sides of the explicit formula (3) yields a Q-linear relation among ratios of critical
values. However, there are only finitely many such relations (see Conjecture 2.1).
Therefore, one is led to expect that there are only finitely many primes p with
7(p) = 0.

Of course, it is possible that the same relation arises from different primes p
satisfying 7(p) = 0, so this argument remains heuristic. Nevertheless, we hope
that this point of view may lead to new insights.
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Modular graph functions and single-valued multiple zeta values
FEDERICO ZERBINI

A modular form of weights (r,s) € Z? is a real analytic function f : $ — C such
that [2]

(i) F(37) = (cr +d) (cF + d)* f(7) for all v = (g b) € SLy(2):

2miT

(ii) if we set ¢ := e
and numbers a'n), € C such that f(r) = Zf:—K Y mn>0 agf,)nykqmq_".

and y := log|q| = —2nIm(7), there exists K € Z>¢

The C-vector space of modular form of weights (r, s) is denoted M, 5, and M :=
D, ez Mo,s is a bi-graded algebra, which contains for instance y (which belongs to

M 1), and the ring M of almost holomorphic modular forms (which is contained
in @, -, M.po). It also contains the real analytic Eisenstein series, which can be

defined for n € Zx>» by! E(n,7) = (Im_TET))” Z;EZT+Z o Indeed, this lattice sum

is obviously modular invariant, and its asymptotic expansion at the cusp is known
to be of the form e(n)y + e(1 n>((2n Dyt~ + Zgzkn > m>1 egn)yk(qm +7M),

with e{¥) € Q, so that E(n,7) € Moo.

A new interesting class of examples of elements of My o, called modular graph
functions (MGFs), which generalize real-analytic Eisenstein series, arise from the
computation of the low-energy expansion of the genus-one contribution to per-
turbative scattering amplitudes in closed superstring theory. In this lecture, we
want to present a conjecture, formulated 10 years ago in [10] and still open in the
general case, that relates MGFs with multiple zeta values (MZVs), which are the
real numbers (k) defined for tuples k = k‘l, ...k, € Z>1 with k. > 2 by the

absolutely convergent sums » o, ., W
1

Let I' = (V, E) be a connected graph with v = |V| > 2 vertices and e = |E| > 2
edges. We do not allow I' to have self-edges, namely edges which begin and end
at the same vertex, whereas we allow multiple edges between the same pair of
vertices. Let us choose labelings of V and E, and consider the orientation of T’
induced by the labelling of V' as follows: we say that an edge between v; and v;
goes from v; to v; if i < j. Consider the incidence matrix (I';4) associated to this
orientation, whose entries, associated with all pairs (v;, e,) of a vertex and an edge
of ', are given by I';, =0 if v; Ne, =0, I';, = 1 if e, ends at v; and [';, = —1 if
eq begins at v;. The MGF associated with the graph T is defined as [7, 5, 11]

(1) Dr(r) = (M)e Z [T 0028 Tiawa)

a Jwi]? - Jwe|?

Wiy, We ELTHZL

1Here and elsewhere, the prime over the summation symbol indicates that we sum only over
lattice points on which the summand’s denominator does not vanish.
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where §(z) = 1 if # = 0, and vanishes otherwise?. One can check that Dr(7) does
not depend on the labelings, and that it is modular invariant, namely Dr(y7) =
Dr(r) for any v € SLa(Z). Moreover, we proved in [11] that the asymptotic
expansion of MGF's satisfies condition (ii) in the above definition of modular forms,
with K = e, and so they belong to M g, as announced?.

Let us give some examples. Consider the following 3 families of graphs, the
“polygon graphs” P, with n vertices and n edges, the “banana graphs” B,, with
two vertices and n edges between them, and the “triangular graphs” T, ;. with
three vertices and a, b and ¢ edges between the three possible pairs of vertices. By

iti m(7))2 w1tw —w1—w
definition, one has Dp, (1) = Dp, (1) = (1—75)) Z:;1,wz€Z7—+Z A lJr|wf|)§|(wz|21 2) —
(ImﬁT))Q 2;1627—4»2 ﬁ7 hence Dp, (1) = E(2,7), and more generally one checks

that Dp, (1) = E(n,T), so that all one-loop graphs reduce to real-analytic Eisen-
stein series. A more interesting example is the 2-loop modular graph function
Dp, (1) = (Im—TET))3 Z:ul,wzleJrZ m, which was proven by Zagier to
be equal to E(3,7) 4+ {(3), and one starts finding genuinely “new” modular forms
when considering either Dp,(7) or Dr,, (1), which are known to be related by
Dp, (1) = 24Dy, , (1) + 3E(2,7)? — 18E(4, ) [6].

More generally, there is a fascinating network of relations between MGFs, which
suggest questions on the algebraic structure of their space. Extend the definition
(1) of MGFs to include also the graph with two vertices and one edge by setting
in this case Dr(7) = 0, and the graph with one vertex and no edges by setting in
this case Dr(7) = 1. It is not difficult to prove that, if we denote by I'1 V4, 4,) I'2
the graph obtained by glueing a vertex vy of I'y with a vertex vy of I's, then
the corresponding MGF Dr,v,, ., 2 1s equal to Dp, Dp,. In particular, it does
not depend on the pair (vq,v2), and will simply be denoted Dr,yr,. It follows
that the product of two MGFs Dr, and Dr, is again an MGF, namely Dr,vr,,
hence for any ring R the space of R-linear combinations of MGFs is actually
an R-algebra, naturally endowed with three filtrations induced by the number of
edges, vertices and loops of the underlying graph. Notice that the relation between
Dp,(7) and Dr, , , (1), which can be rewritten as a linear relation on 4-edge MGF's,
immediately implies that the number of vertices and the number of loops cannot
give rise to a grading whereas, consistently with that relation, the number of edges
is expected? to yield a grading.

A remarkable feature of MGF's is the appearance of MZVs in their asymptotic
expansion at the cusp. The asymptotic expansion of the “simplest” MGFs involves
odd Riemann zeta values only, as observed already for real-analytic Eisenstein

— 2 By 4 56) _ ¢B)?

series, or as suggested from the formula D, , , (1) = 5= + <45 2y~ 1y

2This condition may be interpreted as a momentum conservation condition at each vertex, in
the original string theory context.

3It was also proven that the coefficients of this expansion belong to the ring of special values of
multiple polylogarithms at roots of unity. This was subsequently refined by Panzer, who sketched
in a talk in Uppsala in 2019 a proof that all the coefficients are MZVs (a complete rigorous proof
has not yet appeared). We will see that, conjecturally, Panzer’s result can be further refined.

4As far as we know, a proof of this folklore fact is not contained in the literature.
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91%(3/73) + O(y*eY) [7]. Starting from graphs with seven edges, one starts observing

(a small subset of) MZVs ((k1,...,k.) with » > 1 which (conjecturally) cannot
be written as linear combinations of products of single zeta values, the simplest
being ((3,5,3). A key observation is that ((3,5,3) never occurs alone in these
asymptotic expansions, but always accompanied by —((3)((3,5). This, together
with the lack of even zeta values, is the smoking gun that one should restrict the
attention to a subring of MZVs, whose elements are called single-valued MZVs [1],
and whose generators of weight < 11 are (conjecturally) ¢(3),{(5),¢(7),{(9),¢(11)
and ((3,5,3) —((3)((3,5), and it led us, after further numerous numerical checks,
to the following [10, 11]:

Conjecture. Let Zzzl_e mezo dgf,)nykqm(j” be the asymptotic expansion of
an MGF Dr(7), then the coefficients dgf?n are single-valued MZVs.

As already mentioned, this conjecture is still open in the general case®, and it is
widely believed that it can be refined by adding that déﬁ% should have weight e — k.
Moreover, string theory considerations seem to indicate that the ring generated
by all d(()]fg should coincide with the whole ring of single-valued MZVs.
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Multiple p-functions and associated multiple Eisenstein series
Karsumr KINA
(joint work with Hayato Kanno)

1. PREVIOUS WORK

In this section, we introduce the results of Bouillot[2] and Hirose[3] as previous
work related to our research. Let Inq := {(k1,...kr) | ki € Z>1 (Vi), ky, > 2},
It = {(kl,k‘r) | k; € Zzl (VZ), k‘l,kr > 2}, and I := {(/{Jl,k‘r) | k; €
Lo (Vi)}.

Definition 1. For an index k = (ki,..., k) € L.a, we define the multiple zeta
value by

1
(W= >, ek
0<ny < <nyp nll st
Let wt(k) := k1 + - - + k-, which is called the weight of k.
We set Zy :=Q,
2y, := Spang{((k) | k € L, wt(k) = k} for k>0, and Z := Y _ Zj.
k>0

Definition 2. For an index k = (ki,...,k.) € It, we define the multitangent
function by

Uy (z) := Z ! € M(C).

ny<--<ng, (’Z + nl)kl T (’Z + nr)kr
For an integer k > 0, we set
Ti = Spang{¥i(z) | k € I, wt(k) =k} and T := ZE
k>2
Bouillot proved that any multitangent function can be expressed in terms of mul-
tiple zeta values and single-index multitangent functions ¥,,(z) (n > 2).

Theorem 3 (Bouillot[2]). For an inder k € It with wt(k) = k, there exist unique
Cn(k) € Z_p, such that

Ui(2) = ) Gulk) - Wi (2).
n>2
Let
Cn(Tr) == Spang{(a(k) | k € I, wt(k) = k} C Zx_n.
Theorem 4 (Hirose[3]). We have the following.
(1) For any integers k > 0 and n > 2, we have Cy,(Titn) = Zk.
(2) T is a Z-algebra. ie., Z-T CT.
This result implies the following isomorphism and the dimension formula.
k—2 k—2

To=@2,, dmTi=) dimZ,.

n=0 n=0
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2. MULTIPLE g-FUNCTIONS AND ASSOCIATED MULTIPLE EISENSTEIN SERIES

In this section, we introduce multiple Eisenstein series and multiple p-functions
and investigate how the results of the previous section lift to this framework. Let
H:={z€C|Im(z) >0} and Zy := {n € Z | |n| < N}. For 7 € H, the order <
on the lattice points Z7 + Z is defined by

def
mi17T + N1 < MaT + Ng < M1 < Mo OT (m1 =mg and n; < ng).

Definition 5. For 7 € H and an index k = (ki,...,k,) € I3, we define the
multiple Eisenstein series by

. . 1
Gk(z):= lim lim E —— € O(H).
M—o0 N—oo wl...wr'"
weZpyT+LZy 1
wy < <Wp

We can regard G (7) as an analogue of ((k), and lim Gi(7) = ((k) holds.
T—>100
We set & := Q,
& = Spang{((k) | k € I, wt(k) =k} for k > 0, and £ := » _ &.
k>0

Definition 6. For an index k = (k1,...,k,) € Iz, we define the multiple p-
Junction by

()= lim i 1
pr(z) := lim lim E )
M—c0 N_“X’WEZMH—ZN (z —wp)kr - (z — w,.)kr
w1 < <Wp

The above defines an elliptic function. We can regard pi(z) as an analogue of
Uk(z), and lm @k, ks, k. (2) = Uk, ko.ks (%) holds. For an integer k > 0, we
SEt T—>100

Py, := Spang{pk(z) |k € I, wt(k) =k} and P:= Z”Pk.
k>2
We obtained the following expression for multiple p-functions as an analogue of
Theorem 3.

Theorem 7 (Kanno-K.[4]). For an index k € Iy with wt(k) = k, there exist
unique and explicit G, (k) € Ex_,, such that

p1(2) = Go(k) + D Gu(k) - pn(2).

More precisely, for an index k € Iy with wt(k) = k and an integer m > 2, we have

_ k+m - N1t tng+k; - n; —1
Gl =(—1)m S 37 () H(k - 1)0@

=1 ni,....,n.>1
ni+--4n,.==k J#i

n;=m

The main difference from Theorem 3 is that Go(k) does not vanish. Further-
more, Go(k) is expressed in a more complicated form. Let

Co(Py) := Spang{Gn (k) | k € I, wi(k) = k} C En.
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The following conjecture is an analogue of Theorem 4.

Conjecture 8. We have
(1) For any k > 0 and n > 3, we have C,,(Piin) = k.
(2) %(5-?) CcP.

Furthermore, we propose the following conjecture for Cy(Py) and Co(Py).

Conjecture 9. Let A = (2m)12[07 (1 — ¢™)?* (the cusp form of weight 12). We
have &, NP = A - Ex_12, and E, N (Pr—2 - p2) = A - Ek—14 - pa.

Ezample 10. We have
A = —320(Tp3,9+ 21948 + 3757 +4506,6 + 37075 + 218 4+ Tp9 3 — 35003 3,3,3)-
Proposition 11. If Conjecture 8 and Conjecture 9 are true, we have
dim Py, = dim & 12 +dim Co(Px) + Y dim&,
0<n<k—3

= dim Cy(Px) + dim Ex—14 + Z dim &,.
0<n<k—3

From the above statement, since a dimension conjecture for £ has already been
given by Okounkov[5] and Bachmann-Kiihn[1], one can obtain a dimension con-
jecture for Py by determining the dimension conjectures for Ca(Py) and Co(Py).
However, at present, we have no such conjectures.

weight=k |2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

dim Py, 1 1 2 3 5 7 12 17 27 39 59 88 130 194 286

dim &, 1123 47 9 15 21 32 47 70 104 153 228

dimCo(Py) [0 0 1 1 2 2 4 5 8 11 16 24 33 51 72

dimCy(Prya) [1 1 2 2 4 5 8 11 15 24 33 50 71 104 153
ACKNOWLEDGEMENTS

I would like to thank the organizers of this workshop. In particular, I am
grateful to one of the organizers, Henrik Bachmann, for his continuous support.

REFERENCES

(1] H.Bachmann-Kithn, A Dimension Conjecture for q-Analogues of Multiple Zeta Values,
Springer Proceedings in Mathematics & Statistics 314 (2020), 237-258.

[2] O. Bouillot, The algebra of multitangent functions, J. Algebra 410 (2014), 148-238.

[3] M. Hirose, Multitangent functions and symmetric multiple zeta values, arXiv:2402.13902.

[4] H. Kanno and K. Kina, Multiple p-functions and their applications, arXiv:2507.14118.

[5] A. Okounkov, Hilbert schemes and multiple g-zeta values, Funct Anal Its Appl 48, 138-144
(2014).



Multiple Zeta Values and Modular Forms 465

A modular framework for generalized Hurwitz class numbers
OLIVIA BECKWITH
(joint work with A. Mono, N. Le)

In my recent work with Andreas Mono [1], we explore the modular properties of
generating functions for Hurwitz class numbers endowed with level structure. Our
work is based on an inspection of the weight % Maass—Fisenstein series of level 41V,
where NV is odd and square-free, at its spectral point s = %, extending the work of
Duke, Imamoglu and Téth [3] in the level 4 setting. We construct a higher level
analogue of Zagier’s Eisenstein series [7], and a sesquiharmonic preimage under
the {1-operator. As in [3], the coefficients of these pre-images functions involve
real and quadratic class numbers, but in the higher level setting have local factors
which reflect the level N structure. Using the Serre-Stark Basis Theorem, we
deduce that a relation between our functions, Eisenstein series studied by Pei and
Wang [6], and Zagier’s function.

In a follow up [2], we express the functions constructed in [1] in terms of certain
regularized Siegel theta lifts. Our main theorem gives an explicit relationship
between the level N weight % sesquiharmonic function in [1], the Jacobi theta
function, the level 4 weight % Eisenstein series constructed by Duke, Imamoglu,
and Toth, and the sum of the components of the vector-valued form Siegel theta
lift of 1 as constructed by Bruinier, Funke, and Imamoglu [4]. As consequences,
we can write the level p Hurwitz class numbers in terms of the sizes of I'g(p)
equivalence classes of binary quadratic forms, and explicitly express the positive
indexed coefficients (which are related to real quadratic class numbers) in terms
of regularized cycle integrals, expressing them as a “class number” rather than a
multiple of an L-value. For example, if n < 0 with n = 0,1 (mod 4), then we have

1 4(p+1) 2(p+1)
2 o TEial ~ oy e T T )
Q€Q, . /To(p) " OW/Q

where Hy ,(n) and Hy, ,(n) are the level p Hurwitz class numbers which first ap-
peared in [6].

At the end of the talk, we briefly discussed some connections between the gen-
eralized Hurwitz class numbers and ternary theta functions, which are further
explored in an ongoing work by Ngoc-Trinh Le [5].
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Special values of the zeta functions of NcHO
WADIM ZUDILIN
(joint work with Masato Wakayama)

I report on joint work in progress with Masato Wakayama, who is one of the
inventors of the NcHO model [7, 8] (“non-commutative harmonic oscillator”) —
one may think of this model as of mathemathical alternative to the physical “two-
photon Rabi model”. The NcHO corresponds to the (parity preserving) differential
operator

a 0 14> 1 0 -1 d 1
Q:Q“ﬁ:(o B)(_§@+§x2>+(1 0><x£+§>'

Under the assumptions a, 5 > 0 and af > 1, the operator defines a positive,
self-adjoint and unbounded operator on the space of C?-valued square-integrable
functions on R; its spectrum is discrete: 0 < A\; < Ag < A3 < -+ (" 00). When
a # [, it is known that A\; has multiplicity 1 and any other eigenvalue has mul-
tiplicity at most 2. A principal interest is in understanding the spectral zeta

functions
= 1
6Q(®) = ans(9) = 3 5
n=1"T"
where the series converges in the domain Re s > 1 and continues analytically [2, 5]
to a meromorphic function on C with a single simple pole at s = 1 and (trivial)
zeros at non-positive even integers. In the case a = 3, the model degenerates
to the couple of quantum harmonic oscillators, so that its spectrum is explicitly
identified with {v/a? —1(n+3) : n € Z>(}, each eigenvalue appearing twice. One
gets
(Qu.o (8) = 2Va? —1(2° = 1)((s),
so that (g, ,(s) can be viewed as an (a/f)-analogue of Riemann’s zeta function
((s), or even of the (Hurwitz) half-shifted zeta function ((s, %) = (2% — 1)((s).
Though one can ask numerous standard questions about (g(s), like the existence
of functional equation and location of non-trivial zeros (and not much is known
about this!), I mainly focus on the values of (g(s) at positive integers s > 1, in
the spirit of this workshop.
As an appetiser, the value at s = 2 was given earlier by Kimoto and Wakayama
[3, 4, 5]:

@ =c23)- 2(%)% * <Z—1§)2R<a61— 1))




Multiple Zeta Values and Modular Forms 467

X n n 2% 2 n
- -1 k24(n—k)
(64) k:O( ) k) \k
11
27 2

This function R(X) is annihilated by the differential operator

d3 d2 d
D=8X2(1+X)2— 424X (1+ X)) (142X ) ——+2(4+27X +27X ?) — +3(1+2X).
8 (+)dX3+ (1+X)(1+ )dX2+(+7 +27 )dX+3(+ )

Here and in what follows,

agp, ai, az
3lh
< b17 b2

where

Z) _ i (ao')n(al)n(az)n n

" n: (bl)n(bg)n
is a hypergeometric series, with (a), = I'(a + n)/T'(a) = H?;Ol (a + j) denoting
the Pochhammer symbol. For the specific hypergeometric function that shows up,
there are closed-form evaluations at “CM points” coming from application of the
Chowla—Selberg formula, e.g.,

111
‘ 2020 2
3F2( 11

1) _ 2 T(TG)IE)

64)  Tr T(E)0(3)r(g)

They lead to explicit evaluations of (g(2) for particular choices of «, §; they orig-
inate from the modular parametrisation

_02(7) o 1d _d
R(X(r)) = (1) 0= midr qd_q’
of R(X) via X(7) = 2(7)/(1 — 2(7)), where
64 24,24
z(1) = 77%87]4

is a modular function; the notation used is n; = n(j7) = ¢//* [[°°_, (1 — ¢/™) with
q = exp(2miT).
The situation for (g(3) is more delicate, though linked with (g(2):

=25 ) (2(555) #())

2(2 a;(zg— 1))3(312)21%(&51_ 1)’

-4 55 (2) (&) Ere ()

n=0 k=0 J
1 1324 4

o 65 o 13247, 704707
27 7128 27648 1572864

E

G+ 5)3(¥)

Il
o
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satisfies the inhomogeneous differential equation Dﬁ(X ) = —4/(1 + X). The
latter can be used to recognise the modularity of R(X) after the modular sub-
stitution X = X(7) through the Eichler integral of a weight 4 modular form
F(r) = —3X(1)R(X(7))? = —32n{n} /n3; namely, we have

R(X(r)) = R(X(r)) - 6 *F(7).

The examples above show that (g(2) and (g(3) viewed as functions of X =
1/(af — 1) have particular arithmetic shapes:

(#{)ﬁ_lﬂ _QgQ(g) €2¢(2, 1) + (Z :L 5)26(2, 3) QX]]

and
(#ag_l)yg@(w €2((3,3)+ (Z :L g)Qc(S, L QX+ (Z J_r g)QQ[[X]],

A general available formula for (g(k) is given by Kimoto and Wakayama in [4]
and reads

Co(k) = 2(#065_1»]6 (C(lﬁ 3)+ L:zj? (%)2431@,4(&61_ 1>),

where
2F duy dusg - - - dug
Ryo(X) = / L
1<11<z2< <ige<k [0,1]% \/Wk X’ ULy ey Uk 215225 - - 7126)
with polynomials W (X;uq, ..., ug;i1,d0,...,4920) € Z[X,u?,...,ui] given as de-

terminants of certain matrices. In our work with Wakayama we obtain explicit
expressions for these polynomials, which allow us to further progress in experi-
menting with the integrals and understanding an arithmetic structure of the latter
better.

Theorem 1. For k > 2, the power series Ry ¢(X) belong to the space
C(k, 3) QX + ¢(k — 2, 3) QX + - -- +¢(2, 5) QX]] if k is even,
¢(k, ) QXN + C(k = 2,3) QX + -~ +¢(3, ) QXN + QIX]] i k is odd.

The parity-decomposition “well-poised” phenomenon in this result strikingly
resembles the one featured in recent arithmetic results of Rivoal and others on the
values of Riemann’s zeta function. Our proof of Theorem 1 makes use of a special
symmetry of the integrands appearing in Ry, ¢(X), which is offered by the related
work of Dupont [1]. The disappearance of the non-zeta term in the case of k even
is explained in a similar context in my joint work with Krattenthaler [6].

A difficulty in recording the power-series coefficient of {(m, 2) in the decompo-
sition provided by Theorem 1 comes from the fact that the polynomials Wy (X; uq,

., Uk 1,82, .- ., i2¢) have degree £ in X. When ¢ > 1, it is hard (if possible) to
link the corresponding integrals with classical hypergeometric functions and even
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to write linear differential equations for them. Already the structure of Ry 2(X)
is highly challenging to analyse, and we only have some partial results for these.
At the same time, our analysis of the integrals Ry 1(X) reveals the following nice
generating function.

Theorem 2. We have the t-expansion

e L A1 —2t) — /(1 —t) <l+t i—ty| X )

R (X)th—2 = L2t by A

2 RealX) T X G R e
¢ i(%%( X )"z":(j—l)!Q(%+j+t>n-j<%+j—t>n-j
VI+X = n? \1+X = 2j — 1 ;

where (z) =T1"(2)/T'(z) denotes the digamma function. Observe that the double-
sum term on the right-hand side only contributes to the part of generating function
involving Ry 1(X) with k odd.

Our proof of this theorem makes use of differential equations for the series
Ry.1(X) and an “entanglement” of these series (generalising the above appearance
of R(X) in both (g(2) and (o(3)).

An interesting fact about the right-hand expressions in Theorem 2 is that both
the constant term (in t) and coefficient of #? in

)

1 1 1

3FQ(QHH,Ql "
are modular, in the sense that they can be identified with modular forms and
their higher-order d-antiderivatives (same is true for the double sum required in
R31(X)). What about higher powers in ¢, do they connect with modular forms?
There is some further structure for general Ry ¢(X), much subtler than that
when ¢ = 1, which we cannot yet identify or prove with sufficient rigour; for

example, the coefficient of (4, 1) in R4 2(X) happens to be the square of

1 3| X
R(X)= ——-3F| 2 2 —
N = = e 2( 1—|—X)
while the coefficient of ((6, 3) in Rg 3(X) is not a polynomial in R(X) (though it

is close to R(X)? in a certain sense). Already computing the instances of Ry, ¢(X)
for £ > 1 numerically is currently beyond the reach when k& > 5.
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Arithmetical properties of Witten zeta function
Kam CHEONG AU

For a finite dimensional simple Lie algebra g over C, its Witten zeta function is
the Dirichlet series

1
Ce(s) == Z @m ) p € {finite-dimensional irreducible representations of g}.

If ® is the root system associated with g, then we abuse notation by writing (4(s)
as (o (s). For example,

Canls) =3 = = ¢(s)

n‘;
n>1

) =2 Y

Az - msns (m + n)s ’

n,m>1
1
Ca (5) n%:zl men (m ) (m + 2n)°
1
=120°

$ax (9) n;l men®(m +n)*(m + 2n)*(m + 3n)*(2m + 3n)*’

1
S

o) =12 m1,m§n321 mimsms(my +mz)®(mg + m3)*(m1 +ma +ms)*

There is a vast literature on Witten zeta function [8, 9, 10, 11, 12, 13, 14],
especially on meromorphic continuation and functional relations of their multi-
variable generalizations. However, its subtle arithmetic properties was not known
at large until two recent articles of the author [7, 3], we aim to provide a glimpse
of these properties in this short abstract.

Witten conjectured [15] and Zagier proved [6] in 1990s that its value at positive
even integer are rational times a power of 7:

<<I> (27’77,) c Qﬂ_Q'rr(#positive roots in @)

It can be proved that (s (s) extends to a meromorphic function on C and it analytic
at s € Z.
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The first non-trivial property [7]: the order of vanishing of (s(s) at negative
even integer is at least the rank of ®. This is no longer true for sums without Weyl
group symmetry (e.g. >, <, m) Moreover, its “leading coefficient”
has a nice structure:

e When @ is one of A,,, B,,C,, or D,, let r be the number of positive roots
in @, m € 2N, then 7™" fp")(—m) is a polynomial in 7% and {¢(2j+1)};en.

There is a non-trivial conjecture on the derivative at s = 0. The simplest case
is when ® = Ay, ¢'(0) = 5t log(27). In [3], the author conjectures the following
general formulation:

Qlog(2m) for ® = A,
€.(0) é Qlog(2m) + Qlog(2) for ® = B,,,C,,D,,
® Qlog(27) + Qlog(2) + Qlog(3) for ® = Go, Fy, Es, F7,

Qlog(2m) + Qlog(2) + Qlog(3) + Qlog(5) for ® = Fj.

here £4(s) is a normalized version of (s (s) apart from multiplication of an expo-
nential. The primes on the RHS has a combinatorial interpretation in terms ®:
they are exactly the primes that occur when expressing the highest root of ® in
terms of simple roots. The conjecture has been verified in rank 2 and 3 [2, 3, 1].
The last properties that we touch on in this short abstract is the residues at
abscissa of convergence, which is s = m rank 3 For ((s), the residue is simply

positive roots

1. For rank 2 and 3, they are listed below ([4, 5, 3].

Ress:l WA, (8) 1
r)°
Ress:2/3 WA, (S) 2437
r(1)?
Resszl/g wa, (s) %
INESE
Ress:l/S WG, (S) %
r()t
Res—1/2wa,(s) e
INEIN
Resg—1/3wn,(s) 9(63#)2
INEIN
Res,—1/3we, (s) 9(6‘;)2

The general conjecture is that (¢ (s) can always be expressed in terms of gamma
function.
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Mordell-Tornheim zeta functions and functional equations of
Herglotz-Zagier type functions

AtuL DIxiT
(joint work with Sumukha Sathyanarayana, N. Guru Sharan)

Recently, with my PhD student N. Guru Sharan and my postdoc Sumukha Sathya-
narayana, I undertook a comprehensive study [1] of the following special case of
the generalized Mordell-Tornheim zeta function defined, first, for Re(z) > 1 by

oo oo 1
O(z,x) := nz::lmzz:l o Ema) T

The generalization is in the variable x and it is a specialization because the expo-
nents r, s and ¢t of n, m and n + mx respectively occuring in a Mordell-Tornheim
zeta function are specialized tor =s=1and t =z — 1.

While there are extensive studies on ©(z,z) when z = 1, analyzing it as a
function of the variable z led us to new surprising properties. I mention below
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two of them. For Re(z) > 1 and = > 0, we have [1, Theorem 1.2]

T+ 1
=—(@2+1)"770(E 0D+ 1+2"" = (2 +1)'7) (2 + 1)

1 00 iy ) e—(m-{—l)t —eut ) e—(m-{—l)t — et
— 71_‘(2 — 1) /0 t {LIQ <—€—(m+1)t 1 + L12 —e—(r-i-l)t 1 dt,
where Lis(z) denotes the dilogarithm function. Thus, ©(z, z) satisfies a three-term

functional equation of the same type as that satisfied by the period functions for
Maass forms or by the Herglotz-Zagier function

O(z,2) —O(z,z+ 1) — (x + 1)70 <z i )

Pla) = Z Y(nx) — log(nx)’

n
n=1

where z € C\(—00,0].
We also showed that a natural generalization of F'(x), namely,

where Re(z) >0, x € C\(—o0,0] and ((z,x) is the Hurwitz zeta function, can be
used to decompose ©(z, ), that is, for Re(z) >1andz >0, we have [1, Theorem 1.3]

O(z,z) + ' 70 (z, é)
0o 0o gz
- Z Z mn(n +1ma?)z‘1 — j— 1 )C(Z) + (@ +277)C(z + 1),

where ((z) is the Riemann zeta function.
This results in a two-term functional equation for Ishibashi functions defined
for k € N and 2 € C\(—o0, 0] by

o kb1 (nz) — log*(nz)
(I)k xT) =
(z) T; -
where ¢y, (x), k > 0, are essentially the power series coefficients of ((s, nz)—1/(s—1)
around s = 1. Clearly, ®;(z) = F(z). Such functional equations were missing
from the literature for over twenty years. Our paper [1, Theorem 1.4] also contains
doubly infinite families of functional equations for Herglotz-type integrals involving
Fekete polynomials and character polylogarithms which were obtained via analytic
continuation, thus building a general framework around such integrals, of which
only two ad-hoc examples were known previously. We concluded our paper with
several unsolved problems in this area.
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L-functions for harmonic Maass forms
LARRY ROLEN

This talk describes L-functions for forms with exponential growth at the cusps,
such as weakly holomorphic modular forms and harmonic Maass forms. Such
exponential growth is essential in applications to physics, combinatorics, and ge-
ometry. Harmonic Maass forms (HMFs) are non-holomorphic generalizations of
holomorphic modular forms which are instead in the kernel of a Laplacian operator.
They are tied to classical modular forms via the shadow operator (essentially anti-
holomorphic differentiation). This implies that they have Fourier expansions that
split into two pieces, which in turn have been connected to central L-derivatives
and L-values of elliptic curves, moonshine, enumerative geometry, and many other
subjects. Such growth, while essential in the structure of the forms, obstructs tech-
niques from classical automorphic forms to these settings. Our results represent a
new program to elucidate such structure for HMF's.

L-functions are central in the theory of modular forms and arithmetic, unifying
modular forms with geometric objects and underlying central conjectures such as
those of Birch and Swinnerton-Dyer, Bloch and Kato, and Beilinson. For a cusp
form g(7) =: Y, <1 bg(n)g™ of weight k for T'o(NN), the classical L-function, for
Re(s) > k/2 4 1, is the Dirichlet series Ly(s) := >, < bg(n)n™°. This can be
completed to A,(s) := N*/2(21)~2T'(s)L,(s), which then analytically continues
to C with the functional equation Ag(s) = £A4(k — s). This construction is easily
extended to holomorphic modular forms, such as Eisenstein series, by subtracting
the constant term. The resulting functional equation is easily fixed.

For weakly holomorphic modular forms (where poles are allowed at cusps),
defining L-functions is more difficult. The first prototype was given by Bringmann-
Fricke-Kent in [3]. They applied this to further our understanding of the connec-
tion between Eichler-Shimura theory of period polynomials and HMF theory from
[4]. This form of the L-function is a generalization of a numerical trick used to
speed up convergence by Kohnen-Zagier [12], and was interpreted by “regularizing”
the Mellin transforms which correspond to completed L-functions. These regular-
izations, dating to seminal work of Harvey-Moore [11], are central tools in HMF
theory. Our approach gives a new method to sidestep these divergence issues by
passing through the world of the L-functions, giving canonical and easier-to-apply
approaches.

The previous method of regularization also has limitations as it uses only a
single limiting value rather than considering the whole family as an object which
“calculus” can be performed on. In particular, their L-function came with the
functional equation “baked in,” removing any possibility of a Converse Theorem.
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Recently, with Diamantis, Lee, and Raji, we developed the first L-function which
extends to any HMF [8]. This uses a distributional idea defining L-functions as
functions on a set of test functions. This is similar in spirit to important recent
work of Milller-Schmid [13, 14] on automorphic distributions.

For a suitable set of test functions ¢, the L-function of an HMF f with Fourier
expansion given by the coefficients cj{(n) and ¢ (n) is defined in [8]:

Li(w) = Y ¢f(n)(Ly)(2mn)

n>-—ng

+2_¢p (m)(—4mn)' ™ /ooo w”)((f E;f% g,

We showed that these new L-functions satisfy general functional equations.
Moreover, we proved a Weil-type Converse Theorem that allows us to determine
if sequences {c;{(n)}, {cy (n)} are coefficients of an HMF by checking functional
equations of L-functions. This Converse Theorem unlocks several immediate appli-
cations. Firstly, by general theory, this gives summation formulas analogous to the
classical Voronoi Summation Formula for automorphic forms. The Voronoi Sum-
mation Formula and its generalizations have important applications throughout
number theory, for example to power savings in the error estimates for the Gauss
Circle Problem, to subconvexity for automorphic L-functions, and to Petersson
and Kuznetzov trace formulas (cf. the survey [13]). The new Summation Formula
allowed us to relate the coefficients cjf (n) to each other via integral transforms on
test functions. This sheds light on a central goal of the subject: finding HMF lifts
of classical cusp forms under the shadow map. This is tied to Lehmer’s Conjecture
on the non-vanishing of the Ramanujan 7 function and Bruinier-Ono’s work [6]
expressing central L-derivatives and L-values of quadratic twists of elliptic curves
via HMF's.

With coauthors, I've followed this work up in several papers. In [9], we con-
structed first prototypes of analogues of the Bol operator, the companion of the
shadow operator which is “missing” in half-integral weights (essential cases for
arithmetic). In [10], we give a formula for critical L-values of weakly holomorphic
modular forms which naturally extended and explained a geometric formula of
Bruinier, Funke, and Imamoglu for the central L-value of the j-invariant, which
had previously been conjectured by Zagier. In [2], we developed intuition by de-
scribing a cohomological theory of half-integral weight period polynomials using
finite-dimensional spaces for the first time. Finally, in [1], we developed new sum-
mation formulas for harmonic Maass forms to give new estimates for weighted
sums of class numbers of imaginary quadratic fields. Looking forward, extensions
to other classes of forms with exponential growth are also possible with our meth-
ods. For instance, Diamantis and Drewitt [7] developed L-functions for recently
studied functions of Brown which arose in superstring amplitudes and, remark-
ably, proved a Manin period theorem-style algebraicity result for critical L-values.
This suggests that a deep arithmetic theory is waiting to be discovered for such
functions.
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Vertex Algebras, Modular Linear Differential Equations, and q-MZVs
ANTUN MILAS

Let V = ®nE%Z>0 V. be a vertex operator (super)algebra (VOA) with finite-
dimensional graded subspaces. An ordinary V-module also admits grading M =
D..cn +1 ZZOMm where M, are finite-dimensional vector spaces. The character of
V' is defined by

ch[V](r) = ¢~</# Z dim(V,,)q", q=e*™.
n>0

We analogously define characters of (ordinary) modules. If a vertex algebra has a
super structure we can also consider their supercharacter, denoted by sch[V](7).

Understanding the modular and analytic properties of such characters is a cen-
tral problem in the theory of vertex algebras. This talk presents some problems
in this direction.
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A key class of vertex algebras that we discuss are quasi-lisse VOAs (i.e. those
whose associated variety has finitely many symplectic leaves), introduced to cap-
ture finiteness properties weaker than rationality but still strong enough to impose
modular constraints on characters. These vertex algebras are strongly motivated
by the work of physicists on four-dimensional N = 2 SCFTs [5].

As usual, the ring of quasi-modular forms on SLs(Z) is given by OM =
C[Es, E4, Fg|. The Serre derivative of weight k is given by 6 (f) = qdiqf - f—‘Qng.
A modular linear differential equation (MLDE) of order n is an equation of the
form

n—1
ﬁnf—’_ZP](T)ﬁjf:O, ,&n ::92,”720...0907
=0
where P;(7) is a modular form of weight 2n — 2j. A fundamental result states:

Theorem (Arakawa—Kawasetsu [4]). If V is quasi-lisse, then the characters
of all ordinary V -modules satisfy a common MLDE.

Deligne’s exceptional series. Consider the chain of simple Lie algebras:
A1 CAy C G C Dy CFyCEg CEr CEs.
For each g in this series, the affine VOA
L_pv/6-1(9)

is quasi-lisse and its character satisfies the second-order MLDE [4]

v v
ge(p) - =D D
Solving these MLDEs yields explicit character formulas in terms of n-quotients
and Eisenstein series.

In addition to these examples, there are infinitely many families of quasi-lisse
vertex (super)algebras whose irreducible characters exhibit similar behavior and
are expected to be governed with nice MLDEs.

One such family arises from the super-Deligne series, which includes infinitely
many affine vertex superalgebras. For the Lie superalgebra psl(n|n), we have
hY =0, and the level &1 affine character admits the constant-term realization

Iz l; \"
eh{L (pot(f)) = enn(r)? O (ZELET)
where €, = ™. The resulting series is quasi-modular because the meromorphic
Jacobi form in the formula is of index zero [2]. This character conjecturally satisfies
a second-order MLDE involving Eisenstein series on I'g(2) (see [2, Conj. 7.7]).

Another source of quasi-lisse-type behavior comes from meromorphic Jacobi
forms arising from extensions of the affine vertex algebras L_;(sl,,). These vertex
(super)algebras, denoted by U, are closely related to the previous examples and
are expected to be quasi-lisse. For odd n, the character is given by

J(nz + &,n7)
Iz, )" ’

Eyf =0.

chity, (1) = enn(r)”*l CT, (
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while the supercharacters is

schiUy, (1) = exn(T)" T CT¢ <M> .

Iz, 7)"

Both families of g-series are quasi-modular. Regarding their MLDEs, not much is
known. For instance, schifs] satisfies a fifth-order MLDE [2], while the minimal
order for general n remain unknown.

Modified Chiral Differential Operators. The Chiral differential operators
(CDOs) on G, D(G), provide a vertex-algebraic analogue of the Peter—Weyl
theorem and can be decomposed as

DG = P Luonv(N) @ Lopv (XY).
AEP,

Although their characters diverge, suitable twists are expected to produce quasi-
lisse VOAs with rational levels paired as in Quantum Geometric Langlands [1].
These vertex algebras are conjectured to exist for every G [1], where we denoted
them by Cg . As shown in loc.cit. for G = SLs, one can indeed constructs such a
family and prove that characters are modular of weight zero [1]. Guided by this
success we expect:

Conjecture. For every g and n, vertex algebra Cy ,, is quasi-lisse with the modular
character of weight zero.

Class § VOAs and ¢-MZVs associated to g. Vertex algebras of class S, arise
from four-dimensional N” = 2 SCFTs [3, 5]. Their characters take the form [3]

% ZQEA+ <A+P70ﬂv>

1 q
ch VG,k (7‘) = dirn(VA)kJr2 v )
[ ] n(T)"mk.s )\g’; HaEA+(1 — ¢ pa ))k

Motived by this formula, in [7] we introduced a -MZV type series attached to g:

% ZweAJr kW<A+P70‘v>

q
Cqu(k()q PRAR] kO‘\A_H) = Z

XePy HaeA+(1 — q<)\+/),ozv>)ka .

Taking the symmetrization of (g4, using the Weyl group action, the resulting se-
ries are expected to be quasi-modular, at least if k, are all even. To analyze
ch[V¢g £](7), it is important also to consider slightly more general series

5 Taea, <Ha’>

. q
Faer(q) = Z dl_ma/Afp)e : 11 (1 — g<ha?>)k’
AeP\H achy q

where we sum over the full weight lattice minus the reflecting hyperplanes, and
where dim is computed from the Weyl dimension formula.

Conjecture. If k = ¢ (mod 2), then the series Fy1(q) is quasi-modular, with
respect to a suitable congruence subgroup.

In joint work with Bringmann and Van Ittersum [6], we made progress toward
this conjecture for all classical types, including a symmetrized version.
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(5

Vector-valued modular forms associated with extensions of symmetric
tensor representations

GABRIELE BoGo

Let T' be a Fuchsian group of the first kind, and let vs: I' — Sym®(C?) denote
the standard irreducible representation of dimension s + 1. A vector F(7) =
(fs(7),..., fo(r))t, where f;: H — C is holomorphic and satisfies certain growth
condition at the cusps (if any), is called a vector-valued modular form of weight k
with respect to v if, for every v € T, it satisfies

(Flev)(r) = vs(1)F(T) .

Here | denotes the usual slash operator, and it is applied entrywise. These vector-
valued functions form a finte dimensional vector space (for s and k fixed). This
space, first studied by Kuga and Shimura [3], is in bijection with the space of
quasimodular forms of weight k + s and depth < s, the bijection being the ex-
traction of the botton component F(7) — fo(7) (at the time of Kuga-Shimura’s
paper, quasimodular forms had not been introduced yet; see the subsequent work
of Choie and Lee [2] for statements involving this notion).

Let » < s be non-negative integers and consider an extension vy, of the rep-
resentation vs by v,.. This is a representation of I' of dimension r 4+ s 4+ 2 of the
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form

¥ o) = (Lo B

for some suitable family of matrices { B, (7)},. Let Extf(v,.,vs) denote the space
of equivalence classes of extensions v . It follows from the Clebsch-Gordan decom-
position that Exth(v,,vs) ~ D)o HY(T,Sym*T"~%(C?)). The Eichler-Shimura
isomorphism, which describes H*(T', Sym®™" =% (C?)) in terms of period polyno-
mials of modular forms, implies that the extension classes [vs ], and in particular
the entries of By ,(7), are determined by periods of modular forms.

In the talk I discussed work in progress on the study of vector-valued modu-
lar forms attached to extensions v,,. Components of these vector-valued modu-
lar forms include well-known functions satisfying relaxed modular transformation
properties, such as: Eichler integrals, second-order modular forms, elliptic multi-
ple zeta values [5], and certain ”deformations” of modular forms [1]. See the work
of Mertens-Raum [4] for other examples, also in the more general case of iterated
extensions.

For r,5 as above, given an element of @’_, HY(I', Sym*™"2(C?)), that is,
an (r + 1)-uple of period polynomial cocycles, it is possible to explicitly describe
the associated matrices {B; s(7)},, and consequently determine the transforma-
tion properties of components of vector-valued modular forms associated to vs , in
terms of period polynomials. For instance, in the simple case where the extension is
induced by a single polynomial cocycle {p(z,y)}, of maximal degree r+s, i.e., by
the tuple ({p,(z,y)}~,0,...,0), the top component g, of the vector-valued moduar
form G(7) = (g-(7), .-, 90(7), fs(T), ..., fo(T))! satisfies the following transforma-
tion

sz 5t
() (9rls)(7) = gn(7 +Z ) R er,

where D is the differentiation on H, p,(7) := p,(7,1), and 0 is the well-known
differential operator & which sends quasimodular forms of weight w and depth d
to quasimodular forms of weight w — 2 and depth d — 1. If there exist a suitable
function h (Eichler integral) satisfying (h|_(,4+s)7)(7) = h(7) + py(7), then (1)
leads to an explicit formula for the entries g, ..., g, of the vector-valued form G.
In the other cases, existence can be studied via Poincare series.

In the last part of the talk, I discussed spaces of scalar-valued functions obtained
from the vector-valued forms associated to extensions. More precisely, fix an
element of @;:0 HY(I', Sym**"~%/(C?)), and consider all the extensions v, ., for
variable r and s induced by it; they are countably many. For each extension
consider all the vector-valued modular forms G. Construct a space of scalar-
valued functions by considering the component gg of each G. This space is graded
by the weight and filtered by two “depths” (essentially the indices r and s in the
extension v, ). For fixed depths and weight, the space is of finite (computable)
dimension. The space formed in this way shares some similarities with the space
of quasimodular forms: it is closed under differentiation, it has an sly(C)-module
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structure given by differential operators, and its elements of suitable depths satisfy
linear ordinary differential equations when expressed locally in terms of a modular
function. Details will appear in a forthcoming paper.
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Summary of the problem session
(CoMPILED BY JAN-WILLEM VAN ITTERSUM)

The following problems were discussed on the first afternoon of the workshop.

(PROPOSED BY JAN-WILLEM VAN ITTERSUM)

The space W) of period polynomials consists of all polynomials f € Q[z, y] such
that

f@y) + f(=y,2) = 0 = flz,y) + f(-y,2 —y) + f(—z +y, —2).
Examples of period polynomials include
28y? — 32%y* + 32%9% — 2%y®,  and  4x% — 2527y + 4225y — 2523y + day®.
Consider the following three-variable analogue of the space of period polynomials:
let W) be the space of polynomials f € Q[z,y, z| satisfying
[y, 2) = fly,z,2) = 0 = flo,y,2) + f(—y, 2 —y,2) + f(—z +y, —x,2).

The problem is to prove the following conjecture in an ongoing project with Henrik
Bachmann:

W® c Qz,y] + Qly, 2] + Ql, 2]
Alternatively, prove the closely related conjecture stating that the sequence

0-whH Lw® 2 wd 0

is exact. Here, W) denotes the space of even polynomials in one variable, and
WO 5 W@ and ¢ : W - WE are given by

vif(x) = flx) = fly), ¢ flz,y) = flay) + fly, 2) + fz2).
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(PrOPOSED By KAM CHEONG AU)

Does there exist a g-analogue of some of Ramanujan’s 1/7 series [2], such as

n>0

38114 (1)3 2v/27
that exhibits modular properties? Note that for the simpler identity

n (1 3
Z (2—16> ((i)): (42n +5) = 17T—6

n>0

g-analogues that are modular [4] or mock modular [1] are known.

(PROPOSED BY MINORU HIROSE)

Let W be the set of finite words in the six letters eap,eac,eap, ecn,epp and ecp
and define an antiautomorphism 7 : W — W by 7(est) = €s()o(s) With o the
involution determined by o(A) = B and o(C) = D. Let W° C W be the set of
words which do not begin with e for t € {B,C, D} and do not end with e,p for
s € {A,C,D}.

Define a strict partial order on K = Q(A,C,D,q)byx <y =% € {¢7" | n > 0}.
When z < y, define a g-analogue of the iterated integral by

Iq(x; [al,bl],...,[ak,bk];y) = Z H (t _aj tjt—jbj) .

@<ty <... <ty <y j=1
Let B be an element of K such that A < B. Define L, : W° — K by
L(esyt, - egktk_) = I, (A; [slqnl,th",l], e [skq"’“,tkq";c]; B),
where n; 1= mg, (i), n, :=my, (i), and
(J) —#{h e{l,...,j} | es,t, € {eaB,eac.ean}},
s(j) = #{h €{j,....,k} | es,t, € {eAB,eCB,eDB}},
(J) —#{he{l,...,5} | es,t, € {eap,ean}}
+#{he{j,....k} | es,t, = epB},
mp(j) := —#{h e{l,...,7} | est, € {eAB,eAc}}
+ #{h e{j,...,k} | es,t, = eCB}.
Show that Ly(w) = Ly(7(w)) for all w € WO.

(PROPOSED BY ATUL DIXIT)

The number b(n) of partitions of n into distinct parts such that the number of
parts itself is not a part (OEIS A240861) satisfies [3]
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Show that if £ > 1 and k is not a multiple of 29, then
b(29k +21) =0 (mod 4).

(PROPOSED BY WADIM ZUDILIN)

Let -
f(z) = Zanx" € Z[x].
n=0
Assume that
F(z) = i 2n an "
- n=0 n !

satisfies a second order linear homogeneous differential equation with polynomial
coefficients and regular singularities. Is f(z) algebraic?
For a motivation, statement and illustrative examples, see [5].
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