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Introduction by the Organizers

The representation theory of quivers and finite-dimensional algebras is a vibrant
part of modern representation theory. The workshop covered some latest advances
on core topics, in particular on internal structures of module categories, preprojec-
tive algebras, geometric aspects of quiver representations, Cohen–Macaulay rep-
resentations, and incidence algebras, posets and combinatorics. The numerous
interactions with other mathematical subjects like homological algebra, commu-
tative algebra, algebraic geometry, Fukaya categories, and Lie theory, to mention
just a few, play an important role and continue to be a source of inspiration. There
were 28 lectures given at the workshop, and what follows is a short survey of their
main themes.
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Internal structures of module categories. Since the classification of the finite-
dimensional representations of an arbitrary finite-dimensional algebra is typically
impossible, current research often focuses on specific classes of modules and sub-
categories and how these relate to the structure of the module category and of
its derived category. Examples include torsion pairs and support τ -tilting mod-
ules, wide subcategories and semibricks, (co-)t-structures and silting objects, thick
subcategories, etc.

Angeleri-Hügel presented joint works with Laking, Pfeifer and Sentieri in which
they investigate mutations of large torsion classes by leveraging recent break-
throughs in the theory of large cosilting modules. An important result is a bijection
between wide intervals of torsion classes of finite-dimensional modules, and maxi-
mal rigid sets of 2-term complexes of injectives inside the Ziegler spectrum of the
unbounded derived category. Pfeifer presented joint work with Angeleri-Hügel and
Laking where they extend parts of the classical theory of large modules over tame
hereditary algebras to arbitrary tame algebras.

Asai reported on joint work with Iyama, in which they introduced the notion of
M -TF equivalence as a way to coarsen Asai’s notion of TF-equivalence for points
in the real Grothendieck group of a finite-dimensional algebra. This new notion
allows for a finer study of the wall-and-chamber structure on real Grothendieck
groups.

Burban talked on joint work with Baumeister, Neaime and Schwabe, where they
categorify the poset of non-crossing partitions for the reflection groups associated
to Lenzing’s canonical bilinear lattices. The categorification is provided by the
poset of thick subcategories of the category of coherent sheaves on an exceptional
hereditary curve generated by an exceptional sequence. This work complements
results of Ingall–Thomas, Igusa–Schiffler and Hubery–Krause for hereditary alge-
bras.

Gupta presented her recent joint work with Yu Zhou on semibricks and wide
subcategories in extended module categories. In this work, they extend various bi-
jections of interest in τ -tilting theory from categories of finite-dimensional modules
to extended modules categories (=suitable intervals of the standard t-structure on
the bounded derived category).

Haugland discussed her most recent work on the relationship between higher
torsion classes (in the sense of Jørgensen), τd-tilting theory, and silting complexes,
which was carried out in collaboration with August, Jacobsen, Kvamme, Palu and
Treffinger.

Wang presented joint work with Jin and Schroll, in which they studied the silt-
ing theory of graded gentle algebras via geometric models related to the partially
wrapped Fukaya categories of surfaces. Their work yields important results on
the derived-equivalence classification of graded gentle algebras as well as interest-
ing (counter)examples in silting theory and the theory of Bridgeland’s stability
conditions, the latter when combined with recent work by Haiden–Wu.

Yıldırım talked about her joint work with Campanini and Fedele on lattices of
pretorsion classes, which are generalisations of Dickson’s classical torsion classes
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that can be defined in any (not necessarily additive) category. By embedding the
concept of torsion classes in a larger framework, the novel notion of pretorsion
class gives new insights on the lattice-theoretic properties of torsion classes for
finite-dimensional algebras.

Preprojective algebras and related triangulated categories. Preprojective
algebras were introduced by Gelfand and Ponomarev (1979) and later rediscovered
independently by Lusztig (1990). They are defined by starting with an acyclic
quiver Q, taking the double quiver (obtained by adding opposite arrows), and
then dividing by the preprojective relations. Preprojective algebras enjoy several
important properties, such as a suitable 2-Calabi–Yau property, and are known to
have close relationships to Auslander–Reiten theory, singularity theory, and the
construction of various canonical bases of quantum groups.

Herschend presented joint work with Minamoto on quiver Heisenberg algebras,
which are important special cases of the central extensions of preprojective al-
gebras introduced by Etingof–Rains. These new algebras control the Auslander–
Reiten theory of the path algebra of the corresponding quivers, yielding ‘universal’
Auslander–Reiten sequences and also triangles, when the differential graded vari-
ant of the quiver Heisenberg algebras is considered.

Keller reported on work of Canesin on categories of split filtrations and graded
quiver varieties. This work extends previous results that describe affine graded
Nakajima quiver varieties associated with a Dynkin quiver Q in terms of modules
over the so-called singular Nakajima category to the n-fold affine graded tensor
product varieties. The main ingredient is a novel category of ‘split filtrations on the
singular Nakajima category’ whose stable category of pseudo-coherent Gorenstein
projectives is equivalent to the bounded derived category of the tensor product of
the path algebra of Q with the linear An-quiver.

Geometric aspects of quiver representations. Quiver representations, intro-
duced by Gabriel in 1972, have been an extremely fruitful area of representation
theory, with many links to geometry, for example through varieties of represen-
tations of quivers with relations, moduli spaces of such representations and, as
a key special case, Nakajima quiver varieties. There are several conjectures by
Kac which still play an important role in the theory. Finite-dimensional algebras,
presented by quivers with relations, can be studied according to properties of their
representation varieties.

Bobinski presented joint results with Schröer characterizing minimal projec-
tive presentations of maximal rank in terms of the geometric properties of their
cokernels as points in the representation varieties.

Plamondon, in joint work with Arkani-Hamed, Frost, Salvatori and Thomas,
explained in his talk that the F -polynomials of modules over representation-finite
algebras satisfy certain equations arising in Physics. The F -polynomials play a
crucial role in the categorification of cluster algebras and can be thought of as
generating functions of Euler characteristics of submodule Grassmannians.



348 Oberwolfach Report 6/2026

For a preprojective algebra Π associated to an acyclic quiver Q, Lusztig proved
that the generic extension of an irreducible component Z of the associated nilpo-
tent variety with a simple nilpotent Π-module is again an irreducible component.
This gives rise to a geometric realization of Kashiwara’s crystal graph of an associ-
ated quantum group. Lapid explained in his talk that the generic extension of two
arbitrary irreducible components gives again a component. This very unexpected
result yields a generalized crystal graph with much more structure. This opened
up a new research direction asking for the Lie theoretic meaning of this additional
structure.

Kac showed that for a quiver Q there are polynomials aQ,d which (over finite
fields) count the number of absolutely indecomposable d-dimensional representa-
tions of Q. (Some of Kac’s conjectures deal with the polynomials aQ,d.) Davison
presented exciting new results which relate the Tutte polynomial of Q, which is
defined in graph theoretical terms, the Kac polynomials aQ,d, and the singular
cohomology of Nakajima quiver varieties.

One highlight of the conference was Crawley-Boevey presentation of a complete
solution of the multiplicative Deligne-Simpson Problem, which he published re-
cently as a preprint in joint work with Hubery. The problem can be formulated
in terms of linear algebra, but the solution brings together representation theory
of deformed preprojective algebras, coherent sheaves on weighted projective lines,
and roots systems of Kac-Moody Lie algebras.

Incidence algebras, posets and combinatorics. Posets and lattices appear
naturally in representation theory as combinatorial invariants of module categories.
They typically appear as posets of certain objects with cover relations given by
mutation, or subcategories with cover relations given by minimal inclusions. Ex-
amples include torsion classes, silting objects, wide subcategories, support τ -tilting
objects, etc. In this context, classical posets, such as Tamari lattices or Cambrian
lattices have a nice representation-theoretic interpretation.

Rognerud presented a joint result with Baumann and Chapoton on the frac-
tionally Calabi–Yau property of the tilting poset of the category of modules over
a hereditary algebra of Dynkin type. The simplicial complex of the rigid modules
permits them to understand the dynamics of the Serre functor of the incidence
algebra of the poset.

Thomas discussed in his talk joint work with Klasz andMarczinzik on Auslander-
regularity properties of incidence algebras of lattices. In particular, they give a
criterion for a lattice to be Auslander regular in term of a factorization property
for the corresponding Coxeter matrix, from which the row motion permutation
emerges naturally.

Marczinzik gave a talk on homologically defined permutations (the Auslander–
Reiten bijection and the grade bijection) on the isoclasses of simple modules over
Auslander regular algebras. He conjectured that for an arbitrary finite-dimensional
algebra A, there exists such an Auslander–Reiten bijection if and only if A is
Auslander regular. Marczinzik presented several classes of algebras where this
conjecture holds.
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Garcia presented a collaboration with Riachi, Segovia and Thomas linking
Auslander-regularity of certain subposets of 2-dimensional grids. A surprising
connection with Auslander–Reiten quivers of gentle trees appeared.

Krause gave a general criterion for a length category to be the category of
representations of a finite poset. The characterization involves, in particular, the
acyclicity of the Ext-quiver of the category and the existence of a suitable dis-
tributive object.

Chapoton introduced in his talk the notion of an arbor, which is a rooted tree
decorated with a partition. He linked this combinatorial object with lattice poly-
topes such as generalized permutahedra or halohedra. He further used the core
label order to associate h-vectors of associahedra to lattice points. He presented
some intriguing coincidences with numbers of torsion classes for some gentle alge-
bras. New integer sequences counting certain subcategories were also discussed in
the talk of Krause.

The notion of a frieze, introduced by Conway and Coxeter is also a classical
combinatorial object well studied in representation theory, especially in cluster
combinatorics. In her talk, Faber gave a representation-theoretic interpretation of
additive friezes of Dynkin type via the root category, giving rise to a periodicity
theorem.

Cohen–Macaulay modules. Cohen–Macaulay modules (= CM modules) also
play an important role in representation theory of algebras, bridging the subject
to commutative algebra and algebraic geometry. Studying CM modules makes
particular sense when working over a commutative Noetherian ring which is not
necessarily Artinian. When the ring is Gorenstein, complete and local, the exis-
tence of a duality between CM modules has similarities with the case of finite-
dimensional algebras over a field, where the linear dual plays a fundamental role.
This study goes back to Auslander and Buchweitz in the 1980s. Important clas-
sical results include Buchweitz’s triangle equivalence between the stable category
of the CM representations of a Gorenstein algebra and its singularity category.
Auslander showed the existence of almost-split sequences in the category of CM
modules over an isolated singularity, and observed a Calabi–Yau property for the
stable category.

Cohen–Macaulay modules also naturally appear in the categorification of cluster
algebras, especially in the work by Jensen, King and Su that gives a categorifica-
tion of the cluster algebras of Grassmannians Gr(k, n). This categorification was
extended by August, Cheung, Faber, Gratz and Schroll to the infinite Grassman-
nians Gr(k,∞).

Grassmanian cluster categories were also a central notion in Baur’s talk, where
she presented a way to link additive and monoidal categorifications of cluster
algebra of Gr(k, n) in her joint work with Fu and Li.

In his talk, Iyama presented a joint work with Hanihara and Tomonaga giving
a connection between silting/tilting objects of the graded singularity category of
a graded Gorenstein ring R and non-commutative crepant resolutions of R. Using
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Calabi–Yau properties, they give equivalences between these singularity categories
and with some generalized cluster categories introduced by Hanihara.

An equivalence between graded stable singularity categories of type A∞ andD∞
was presented by Gratz in her talk on a joint work with Cummings, Kirkmann,
Letz, Rock and Špenko.

Finally, CM modules appeared in Schiffler’s talk on a joint work with Ser-
hiyenko. He presented some reduction techniques for the stable category of CM
modules over 2-Calabi–Yau tilted algebras, that are endomorphism algebras of a
cluster-tilting object in a cluster category.

Other topics. Schroll talked about joint work with Chang and Elagin on the
entropy of the categorical Serre functor of the partially wrapped Fukaya category
of a surface. Through the, by now, well-known relationship to (graded) gentle
algebras, and after recent works by Elagin and Han among others, this is one of
the pioneering works investigating the concept of categorical entropy (introduced
by Dimitrov, Haiden, Katzarkov and Kontsevich) in a representation-theoretic
context.

Stroppel reported on work with Eberhardt in which they aim to describe the
Yoneda-extension algebra of the standard objects in the bounded derived category
of constructible sheaves on a smooth projective variety with a Gm-action whose
set of fixed points is discrete. Their work provides descriptions in the case of
partial flag varieties and open Richardson varieties in Grassmannians, including
complete differential-graded models given in terms of Fukaya-type diagrams.

Gong show. After the dinner on Wednesday afternoon, there was an informal
Gong show session with contributed 5-minutes talks by the following participants:
Claire Amiot, Pierre Bodin, Chirstof Geiß, Martin Herschend, Gustavo Jasso,
Markus Kleinau, Daniel Labardini, Rene Marczinzik, Hiroyuki Minamoto, David
Nkansah, Julia Sauter, Jan Thomm, Joseph Winspeare.
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Abstracts

The lattice of torsion pairs via cosilting mutation

Lidia Angeleri Hügel

(joint work with Rosanna Laking, Calvin Pfeifer, Francesco Sentieri)

The lattice tors(A) of torsion pairs in the category mod(A) of finitely generated
modules over an artinian ring A is an important invariant of A. The seminal work
of Aihara and Iyama [2] and Adachi, Iyama and Reiten [1] provides a full descrip-
tion of the subposet f -tors(A) of tors(A) formed by the functorially finite torsion
pairs: f -tors(A) is isomorphic to the poset of compact 2-term silting complexes,
ordered by the operation of silting mutation.

In order to describe the whole lattice tors(A) it is necessary to work with
large complexes in the unbounded derived category D(A) of A, with the drawback
that such complexes in general don’t admit an indecomposable decomposition.
To overcome this problem it is convenient to use the dual notion of a cosilting
complex. Cosilting complexes are always pure-injective objects in D(A), and they
can be studied in terms of another important invariant of A, the Ziegler spectrum
Zg(D(A)) of D(A).

Zg(D(A)) is a topological space whose points are given by the isomorphism
classes of indecomposable pure-injective complexes, and whose closed sets are of
the form C∩Zg(D(A)) where C is a definable subcategory of D(A). We refer e.g. to
[15] for details.

The lattice tors(A) is closely related to a restriction of Zg(D(A)) which we

denote by Zg[0,1](A), given by the two-term complexes of injectives in Zg(D(A))

concentrated in degrees 0 and 1. We consider subsets N of Zg[0,1](A) which are
rigid, i.e. all elements µ, ν ∈ N satisfy HomD(A)(ν, µ[1]) = 0, and are maximal
with this property. It turns out that maximal rigid sets are always closed in the
Ziegler topology. We denote by ClRigid(A) the collection of all closed rigid sets

in Zg[0,1](A), and by MaxRigid(A) the subset formed by the maximal rigid sets.

Theorem 1. [4] There is a bijection between tors(A) and MaxRigid(A).

The bridge between tors(A) and MaxRigid(A) is provided by the notion of a
cosilting complex from [16, 13]. Indeed, there is a natural way to associate a torsion
pair (t, f) in mod(A) with a (two-term) cosilting complex σ. This yields a one-
one-correspondence between tors(A) and the set of equivalence classes of cosilting
complexes, and the latter is in bijection with MaxRigid(A) via the assignment
σ 7→ N := Prod(σ) ∩ Zg(D(A)).

In order to investigate the lattice structure of tors(A) we use the operation of
cosilting mutation introduced in [6], rephrased in terms of maximal rigid sets.

Definition. [6, 5] Given L,R ∈ MaxRigid(A), we say that R is a (right)
mutation of L (and L is a left mutation of R) if there is a bijection m : L → R
such that
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• m fixes the points ofM := L ∩R;
• m takes a point λ ∈ L\R to the point ρ ∈ R given by the exchange triangle

ρ
Ψ
−→ ǫ

Φ
−→ λ→ ρ[1] where Φ is a minimal right Prod(M)-approximation

of λ and Ψ is a minimal left Prod(M)-approximation of ρ.

Moreover, the mutation is called irreducible if |L \ R| = 1.

Following [8], we say that two torsion pairs (u,v) and (t, f) form a wide interval
[u, t] if the set t∩v is closed under kernels, cokernels, and extensions. It is shown
in [6, 5] that this happens if and only if the associated maximal rigid sets Nt and
Nu are related by mutation. In particular, there is an arrow t → u in the Hasse
quiver of tors(A) if and only if Nt and Nu are related by irreducible mutation.

It turns out that the closed set formed by the points that are fixed by the
mutation is enough to uniquely determine the corresponding wide interval.

Theorem 2. [5] The assignment which takes a wide interval [u, t] to the set
M := Nt∩Nu defines a bijection between the collection of wide intervals in tors(A)
and the collection of closed rigid sets ClRigid(A).

This allows us to generalise results from [1]. Indeed, the arrows in the Hasse
quiver of tors(A) correspond to the closed rigid sets that are almost complete, or
equivalently, that can be completed to a maximal rigid set in exactly two ways.

Finally, we briefly mention an application to stability theory that is discussed in
more detail in Calvin Pfeifer’s contribution. Now A denotes a finite dimensional
algebra, and K0(mod(A)) is the Grothendieck group of mod(A). We consider a
g-vector Θ in the dual Grothendieck groupK0(mod(A))∗. It is well known that the
semistable torsion pairs (tΘ, fΘ) and (tΘ, fΘ) from [9] give rise to a wide interval
[tΘ, tΘ]. LetMΘ ∈ ClRigid(A) be the corresponding closed rigid set.

In view of the existence of a canonical decomposition [10], we can assume that
Θ is generically indecomposable. When Θ is rigid, it follows from [7] thatMΘ =
{µ} where µ = µM is the minimal injective copresentation of an indecomposable
τ−-rigid moduleM ∈ mod(A), or it is a shifted finite dimensional injective module.
Using results from [11, 14, 12] we can now show that for tame algebras the non-
rigid case is determined by a generic grain, i.e. an indecomposable module G which
has infinite length over A, but finite length over its endomorphism ring, and whose
minimal injective copresentation µG is rigid.

Theorem 3. [3] Assume that A is a finite dimensional algebra of tame represen-
tation type and the g-vector Θ is generically indecomposable and not rigid.

(1) There is a generic grain G such thatMΘ = {µG}.
(2) The wide interval [tΘ, tΘ] is isolated in tors(A), i.e. there are no arrows

starting in tΘ and no arrows ending in tΘ in the Hasse quiver of tors(A).
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Non-crossing partitions for exceptional hereditary curves

Igor Burban

(joint work with Barbara Baumeister, Georges Neaime and Charly Schwabe)

Let k be a field and D be a Hom-finite triangulated category over k. Recall that

(i) E ∈ Ob(D) is called exceptional if
(a) EndD(E) is a division k-algebra.
(b) HomD(E,E[i]) = 0 for all i 6= 0.

(ii) (E1, . . . , En) is an exceptional sequence in D if
(a) E1, . . . , En are exceptional objects in D.
(b) Hom∗

D(Ei, Ej) = 0 for all 1 ≤ j < i ≤ n.
(iii) An exceptional sequence (E1, . . . , En) in D is full if D = 〈〈E1, . . . , En〉〉,

i.e. D is the smallest triangulated category containing E1, . . . , En.
(iv) We denote by Ex(D) the set of thick subcategories of D generated by an

exceptional sequence.

Let Γ = K0(D) be the Grothendieck group of D, Γ × Γ
〈− ,−〉
−−−−−→ Z be the Euler

form of D and Γ× Γ
(− ,− )
−−−−−→ Z be the symmetrized Euler form.
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If (E1, . . . , En) is a full exceptional collection in D and εi = [Ei] ∈ Γ for all
1 ≤ i ≤ n then Γ ∼= Zn and (ε1, . . . , εn) is a basis of Γ. For any 1 ≤ i ≤ n we put:

Γ
si−→ Γ, γ 7→ γ − 2

(γ, εi)

(εi, εi)
εi.

It is clear that s2i = 1 and that si is an isometry of the bilinear lattice
(
Γ, (− , − )

)
.

Let W be the reflection group generated by s1, . . . , sn and

T :=
{
wsiw

−1
∣∣w ∈W, 1 ≤ i ≤ n

}

be the corresponding set of reflections. Then c := s1 . . . sn is a distinguished
element of W (called Coxeter element) characterized by the property that

〈α, β〉 + 〈β, c(α)〉 = 0

for all α, β ∈ Γ; see [10]. In fact, the automorphism c ∈ Aut(Γ) is induced by the
action of the Auslander–Reiten translation functor D −→ D, which is known to
exist under the assumptions we made; see [4].

The set of full exceptional collections in D admits an action of the braid group
on n strands; see [3]. In the case this action is transitive, the group W and the
set of reflections T ⊂W do not depend on the choice of the initial full exceptional
collection (E1, . . . , En) and are natural invariants of the triangulated category D.
In this case, let lT (w) be the length of an element w ∈ W with respect to the
set of reflection T and ≤T be the corresponding partial order on W (i.e. u ≤T v
provided lT (v) = lT (u) + lT (u

−1v)). Our goal is to study the partially ordered set

NCT

(
W, c

)
:=

{
u ∈ W

∣∣u ≤T c
}

of the so-called non-crossing partitions of the Coxeter element c.
Of major interest is the case when D = Db(A) is the derived category of an

Ext-finite hereditary abelian category A. If A = H–mod, where H is a finite dimen-
sional hereditary algebra over k, then the aforementioned braid group action on
the set of complete exceptional sequences is transitive; see [5, 13]. Let (E1, . . . , En)
be the full exceptional collection in Db(H–mod) formed by the simple H-modules

(in an appropriate order) and C = C(H) =

(
(εi, εj)

〈εi, εj〉

)

1≤i,j≤n

be the associated

generalized Cartan matrix. Then W = W
(
Db(H–mod)

)
is the Coxeter group as-

sociated with C. It is well-known that all crystallographic Coxeter groups arise in
this way; see for instance [10]. If H is the path algebra of the quiver of type An

then W = Sn+1 is the symmetric group acting on
{
1, . . . , n+ 1

}
and c = ( 12...n23...1 ).

In this case, the set NCT

(
W, c

)
can be visualized in terms of non-crossing arcs in

the circle, explaining the terminology “non-crossing partitions”.
The following result due to Ingalls–Thomas [8], Igusa–Schiffler [7] and Hubery–

Krause [10] was one of the starting point of our work.

Theorem. Let H be a finite dimensional hereditary k-algebra and D = Db(H–
mod) be its derived category. Then the map

(1) cox : Ex(D) −→ NCT (W, c), 〈〈F1, . . . , Fr〉〉 7→ s[F1] . . . s[Fr]
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is the isomorphism of posets.

Exceptional non-commutative hereditary curves were introduced by Lenzing in
[11] in an axiomatic, though non-geometric, manner. A characteristic feature of
the corresponding category of coherent sheaves Coh(X) is the existence of an exact
equivalence of derived categories Db

(
Coh(X)

)
≃ Db

(
Σ–mod

)
, where Σ is a canon-

ical algebra of Ringel [12]. If k is algebraically closed, then Coh(X) is equivalent
to the category of coherent sheaves on an appropriate weighted projective line of
Geigle and Lenzing [9]. In this case, X itself can be realized as a ringed space
(P1

k

,R), where R is a sheaf of hereditary orders on the projective line P1
k

.
The situation becomes significantly more complicated when k is not algebraically

closed, and it is very sensitive to the arithmetic properties of k. There are two
main reasons for this. First, besides the projective line P1

k

, one must also consider
other projective curves X of genus zero (Brauer–Severi curves). More crucially,
the Brauer group Br(K) of the field K of rational functions on X is no longer
trivial, and its properties have a major influence on the corresponding theory of
generalized weighted projective lines.

By a result of Kussin and Meltzer [6], the action of the braid group on the set
of full exceptional collections in Db

(
Coh(X)

)
is transitive. As a consequence, we

get a new intriguing class of associated discrete groups W = W
X

(called reflection
groups of canonical type). Depending on the representation type of X, we get
all affine Weyl groups (for X domestic), all codimension-one elliptic Weyl groups
of Saito (for X tubular), and also widely unexplored class of cuspidal reflection
groups of canonical type (for wild X). The main result of my talk is the following

Theorem (see [1]). Let X be an exceptional hereditary hereditary curve over a
field k and D = Db

(
Coh(X)

)
be the corresponding derived category of coherent

sheaves. Then the map

(2) cox : Ex(D) −→ NCT (W, c), 〈〈F1, . . . , Fr〉〉 7→ s[F1] . . . s[Fr ]

is an isomorphism of posets, provided X is domestic or wild.

If X is a weighted projective line, a different proof of bijectivity of cox was given
by Baumeister, Wegener and Yahiatene [2]. The case of tubular curves X requires,
however, a special treatment, making the major difference to the setting [8, 7, 10]
of the derived category of a finite dimensional hereditary algebra. Instead of the
reflection group W itself, one has to proceed to the so-called hyperbolic cover W̃
(which is a distinguished central extension of W ). The “correct version” of (2) is

(3) c̃ox : Ex(D) −→ NCT̃ (W̃ , c̃), 〈〈F1, . . . , Fr〉〉 7→ s̃[F1] . . . s̃[Fr ]

for appropriately defined set of reflections T̃ ⊂ W̃ and the Coxeter element c̃ ∈ W̃ .

Theorem (see [1]). The map c̃ox is an isomorphism of posets.

A major tool in settling the correspondence, but also in other context, is the
Hurwitz transitivity of the braid group on the set of reduced reflection factorisa-
tions of the Coxeter element.
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On polytopes and posets attached to arbors

Frédéric Chapoton

This talk is about lattice polytopes, with potential connections to representation
theory through numerological coincidences.

The theory of cluster algebras of finite type, as introduced by Fomin and
Zelevinsky [3], associates with every Dynkin quiver a cluster algebra of finite type.
In particular, this gives a finite regular graph, the mutation graph. This graph
can be oriented by using green mutations [5] and then becomes the Hasse diagram
of a partial order. It is known, by work of Reading [6], that this partial order is
a congruence-uniform lattice. The theory of Cambrian lattices [6] extends this to
the larger setting of finite Coxeter groups.

This can be considered from an alternative viewpoint, using torsion classes.
Let A be a finite-dimensional algebra over a field k. Assume that A has a finite
number of functorially-finite torsion classes. Then the poset defined by inclusion
of torsion classes is a congruence-uniform lattice [4, 2]. As an example, for the

quiver a
f
−→ b

g
−→ c with relation fg, there are 12 torsion classes. In this context,
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there is another lattice with the same number of elements, namely the set of wide
sub-categories with respect to inclusion.

There exists a purely lattice-theoretic construction, known as the “shard inter-
section order” (Reading) or as the “core label order” (Mühle), that starts from
a congruence-uniform lattice and produces another poset. By [2], applying that
construction to the lattice of torsion classes gives the lattice of wide sub-categories.

The theories of cambrian lattices and torsion classes have yet another important
side, namely the notion of g-vectors, the fan built from them and a polytope dual
to the fan. This is not the subject of our talk, which deals with another kind of
polytopes.

So let us start afresh with a simple combinatorial object. An arbor is a finite
rooted tree with vertices decorated by subsets of a finite set I. These subsets are
required to form a partition of I. To every arbor t, one can associate a polytope
Qt in RI as follows. Let (xi)i∈I be coordinates on RI . The inequalities are xi ≥ 0
for every i ∈ I and ∑

i∈Down(v)

xi ≤ |Down(v)|

for each vertex v. Here Down(v) is the union of decorations in all the vertices of
the subtree rooted at v.

Proposition 1. For t an arbor, Qt is a lattice polytope with no lattice point in

its interior. It is contained in the quadrant RI
≥0 and contains the cube [0, 1]

I
.

Let us give some examples. If t is a linear arbor with n vertices with one element
in every vertex, then the number of lattice points in Qt is the Catalan number
cn+1, which is also the number of clusters in type An. If t is the arbor with root
vertex {x} and two leaves {y} and {z} attached to the root, then the number of
lattice points of Qt is 12, as in our example for torsion classes. If t is an arbor
with one vertex decorated by n elements, then Qt is a simplex with

(
2n
n

)
lattice

points, which is also the number of clusters in type Bn.
There is more than these coincidences of numbers between lattice points of Qt

on the one hand and clusters or torsion classes in the other hand:
(α) One can count lattice points of Qt according to the number of non-zero

coordinates. This gives a tuple of integers that should correspond to the cardi-
nalities of the slices of given height in the lattice of wide sub-categories. This last
tuple is known to be also the h-vector of the g-vectors fan.

(β) Let Pt be the graded poset on the set of lattice points of Qt induced by
coordinate-wise comparison. Let the M -triangle of a graded poset L be the gen-
erating polynomial of the Möbius numbers:

ML(X,Y ) =
∑

a≤Lb

µ(a, b)X |a|Y |b|.

Then the M -triangle of the poset Pt should be the transmutation of the M -triangle
of the lattice of wide sub-categories. Here transmutation is the involution

M(X,Y ) 7→M ((1 − Y )/(1−XY ), 1 −XY ) .
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(γ) The poset Pt should have the same Zeta polynomial as the lattice of wide
sub-categories.

Let us say that an arbor is simple if every vertex is decorated with a singleton.
Properties (α), (β) and (γ), or at least some of them, have been checked between
- simple linear arbors ←→ clusters of type A,
- arbors with just one vertex ←→ clusters of type B.
They also hold in small cases for
- simple unary-binary arbors ←→ torsion classes for some gentle algebras.
But sometimes the right-hand side is apparently not representation theoretic.

For example, part of the correspondence is known for
- simple arbors with n−1 vertices attached to the root←→ Hochschild lattices,
- arbors with 2 vertices, one of them with one element ←→ halohedra.
In conclusion, there is a mysterious correspondence between the lattice poly-

topes associated with arbors and some congruence-uniform lattices and their as-
sociated core-label orders. This construction can also be extended from arbors to
finite topologies, with better duality properties.
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A binary operation on the set of irreducible components of Lusztig’s

nilpotent varieties

Erez Lapid

(joint work with Avraham Aizenbud, Alberto Mı́nguez)

Let Q = (I,Ω) be a quiver of Dynkin type. The isomorphism classes of inde-
composable representations of Q correspond to the set Ψ of positive roots of the
root system defined by the Dynkin diagram (with I corresponding to the simple
roots/representations). Thus, the isomorphism classes of the (finite-dimensional)
representations of Q correspond to (finite) multisets of positive roots, i.e., the
monoid NΨ. Fixing a finite-dimensional I-graded vector space V of graded di-
mension d ∈ NI the group GL(V ) of graded-preserving transformations on V acts
with finitely many orbits on the vector space RQ(V ) of Q-representations on V .
The union Λ(d) of the conormal bundles of the orbits in the cotangent bundle
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T ∗(RQ(V )) of RQ(V ) is equi-dimensional, and the irreducible components param-
eterizes the orbits [Pja75]. The set C of irreducible components, as we range over
all d ∈ NI , parameterizes Lusztig’s canonical basis of the positive part of the quan-
tum group pertaining to Q and therefore the set of vertices of the corresponding
crystal considered by Kashiwara [Lus90, Kas91].

In [AL25] we introduced a binary operation on C, based on the description
of Λ(d) as the variety of modules of the preprojective algebra Π pertaining to
Q of graded dimension d. Namely, given C1, C2 ∈ C we define C1 ∗ C2 to be
the closure of the constructible set of all extensions (as Π-modules) of x by y
where (x, y) ∈ argminC1×C2

dimExt1Π(·, ·). By general results (for an arbitrary
finite-dimensional algebra), this is an irreducible set [CBS02]. What is special
for the preprojective algebra is that C1 ∗ C2 is in fact an irreducible component.
This generalizes a construction of Lusztig in the case where one of C1 or C2

correspond to a simple module (i.e., to a vertex in I) – which is the basis of
the crystal operations. We note that the construction is applicable for a general
quiver, except that one needs to consider the irreducible components of Lusztig’s
nilpotent varieties.

Of special importance are the rigid irreducible components, namely, those con-
taining a rigid Π-module (i.e., Ext1Π(x, x) = 0). Equivalently, C contains an open
GL(V )-orbit – consisting of the rigid elements of C.

If C is rigid with rigid x ∈ C, then the map D ∈ C 7→ C ∗D is injective and one
can describe the image as those C′ ∈ C for which there exists a surjection y ։ x
for generic y ∈ C′.

We do not know whether the binary operation is cancellable in general.
The binary operation is neither commutative nor associative, as can be seen

already for Q of type A2: for the simple irreducible components S(1) and S(2) we
have S(1) ∗ S(2) 6= S(2) ∗ S(1) and

(S(1) ∗ S(2)) ∗ S(1) = S(1) ∗ (S(1) ∗ S(2)) 6= S(1) ∗ (S(2) ∗ S(1)).

We say that C1 and C2 strongly commute if

ext1Π(C1, C2) := min
(x1,x2)∈C1×C2

dimExt1Π(x1, x2) = 0.

This implies that C1 ∗ C2 = C2 ∗ C1. In general, the converse doesn’t holds – we
can have in fact ext1Π(C,C) > 0. However, if C1 is rigid, then the commutativity
C1 ∗ C2 = C2 ∗ C1 is equivalent to strong commutativity. Note that we may have
ext1Π(C,C) = 0 even if C is not rigid.

As for associativity, there is a useful sufficient condition. Namely, if C1, C2, C3 ∈
C then (C1 ∗C2)∗C3 = C1 ∗ (C2 ∗C3) provided that the 0-fiber of the cup product

Ext1Π(x1, x2)× Ext1Π(x2, x3)→ Ext2Π(x1, x3) →֒ DHomΠ(x3, x1)

is irreducible for generic (x1, x2, x3) ∈ C1×C2×C3. In particular, this holds if C1

and C2 strongly commute, or if C2 and C3 strongly commute, or if hom(C3, C1) =
0. (In the non-example above, the cup product is (x, y) ∈ A2 7→ xy ∈ A1.)

Suppose from now on that Q is of type An. Then, C corresponds to the set of
simple modules of the Iwahori Hecke algebras Hm, m ∈ N of type A with certain
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conditions on the central character (depending on n) [Zel80]. We denote by π(C)
the simple module corresponding to C ∈ C. It is a module of Hd where d is total
dimension of the ambient space of C. There is a tensor functor, which we denote
by ×, on the category C of finite-dimensional representations of Hm, m ∈ N which
endows C with a structure of a ring category. We say that a simple object π ∈ C is
�-irreducible1 if π×π is simple. The first example of non-�-irreducible module was
conceived by Leclerc [Lec03]. The importance of the notion (in several different
contexts) became prominent in the works of Hernandez–Leclerc, Kang–Kashiwara–
Kim–Oh, Geiss–Leclerc–Schröer and others. In particular, if π is �-irreducible,
then for every simple σ in C, the module π×σ (as well as σ×π) admits an irreducible
socle, which occurs with multiplicity one in the Jordan–Hölder sequence of π× σ.
Moreover, π × σ is irreducible if and only if soc(π × σ) ≃ soc(σ × π) [KKKO15].

A special case of conjectures of Geiss and Schröer [GS05] implies that C is rigid
if and only if π(C) is �-irreducible. Modeled by these conjectures, we conjectured
in [LM25] that if C is rigid, then soc(π(C) × π(D)) = π(C ∗ D). In particular,
π(C) × π(D) is simple if and only if C and D commute.

We gave evidence for this conjecture in cerain cases, in which we can also
characterize the rigidity condition combinatorially. More precisely, assume that
Q is taken with the usual orientation and consider irreducible components in C

corresponding to a set of pairwise orthogonal roots. In [LM18] we gave a necessary
and sufficient criterion for rigidity in terms of pattern avoidance, which coincides
with the criterion for smoothness of Schubert varieties [LS90]. In [LM25] we proved
the socle conjecture above when C satisfies this condition.
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[Pja75] V. S. Pjaseckĭı, Linear Lie groups that act with a finite number of orbits, Funkcional.
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Additive friezes and associahedra

Eleonore Faber

(joint work with Asilata Bapat, Véronique Bazier-Matte, Kunda Kambaso,
Bethany Marsh, Yadira Valdivieso)

Multiplicative friezes were studied by Coxeter and Conway–Coxeter in the 1970s
from a combinatorial perspective. Since the 2000s they had a remarkable re-
naissance in cluster theory, in particular, in connection with cluster algebras and
categories of type A, see [MG15] for a survey. Here we consider the variant of
nonnegative additive integral friezes. Our goal is to find a representation theoretic
interpretation of these friezes as well as a way to enumerate them.

Friezes on translation quivers and associahedra. Consider a stable transla-
tion quiver ZQ, where Q = (Q0, Q1) is an acyclic quiver and denote by

τ : ZQ0 −→ ZQ0 : (k, i) 7→ (k − 1, i)

the AR-translation, where k ∈ Z and i ∈ Q0 = {1, . . . , n}. Then a multiplicative
frieze on ZQ is a map Fm : ZQ −→ R with values in a domain R determined by
the mesh relations

Fm(τ(k, i)) · Fm(k, i) =
∏

α∈ZQ1 with

α:(l,j)−→(k,i)

Fm(l, j) + 1 .

If Q is a quiver of type An, R = Z, and all values of Fm are greater than 0, then
these are precisely the so-called Conway–Coxeter friezes.
On the other hand, an additive frieze F : ZQ −→ R on ZQ is determined by the
additive relations

F (τ(k, i)) + F (k, i) =
∑

α∈ZQ1 with

α:(l,j)−→(k,i)

F (l, j) + ci ,

where ci ∈ R are constants. In the following we are interested in friezes with values
in R = Z and that are ≥ 0. For simplicity we will always assume that ci = 1 for
all i.

Coxeter’s frieze patterns are periodic of horizontal period n + 3 [Cox71], and
one can obtain them from the AR-quiver of a (generalized) cluster category of
type An via the Caldero–Chapoton map, see [CC06]. In particular, the number of
Conway–Coxeter friezes for An is equal to the Catalan number Cn+1.
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More recently, a construction of generalized associahedra using the cluster cate-
gory inspired by physics has been given [ABHY18, BC+24]: take a quiver Q =
(Q0, Q1) of Dynkin type, set n = |Q0|, N = |ind(KQ−mod)|, and let CQ =
Db(KQ−mod)/τ−1 ◦ [1] be the cluster category. Then define

E1 ={(xM )M∈ind(CQ) : xX + xZ = xY + 1, where X → Y → Z → X [1]

is an AR-triangle in CQ starting with an X ∈ kQ-mod} ⊆ RN+n,

further define U1 := E1 ∩ Rn+n
≥0 , and the projection

π : E1 −−−→ Rn : (xM )M∈ind(CQ) 7→ (xP1[1], . . . , xPn[1]) .

Then A1(Q) := π(U1) ⊆ Rn is a generalized associahedron, whose normal fan is
the g-vector fan of a cluster algebra AQ with respect to the seed corresponding to
the cluster tilting object

⊕n
i=1 Pi, see [BC+24].

We aim for a similar categorical description and associahedra for additive friezes.

Periodic additive friezes and the root category.

Proposition 1 ([MG15] for additive functions on ZQ, [BB+26] for additive friezes).
If Q is a Dynkin quiver, then any additive frieze is periodic with period the Coxeter
number h of Q. If Q is not of Dynkin type, then there exist non-periodic friezes
on ZQ.

For example, if Q is the Kronecker quiver, then all additive friezes on ZQ are
non-periodic.

Let now Q be a Dynkin quiver. The occurrence of h as period suggest that the
correct category to replace CQ with is the root category RQ = Db(kQ-mod)/[2].
The root category is also triangulated [PX97] and for Q = An there exists a
combinatorial model [BM12]. Furthermore, AR-triangles in RQ come from AR-
triangles in Db(kQ-mod). This allows us to give a homological interpretation of
nonnegative integral additive friezes containing a slice of 0’s:

Theorem 2. Let M1 =
⊕

M∈ind(kQ-mod) M , regarded as an object of RQ. Let

X −→ Y −→ Z −→ ΣX be an AR-triangle in RQ. Then

dimHomRQ(M1, X) + dimHomRQ(M1, Z) = dimHomRQ(M1, Y ) + 1 .

Associahedron for additive friezes. Using the root categoryRQ we can modify
the definition of the associahedron:

Definition 3. Consider the set of additive friezes F = (FX) with real entries

F1 = {(xM )M∈ind(RQ) : xX + xZ = xY + 1, where

X → Y → Z → X [1] is an AR-triangle in RQ} .

Let F1(Z) ⊆ F1 be all those friezes where FX ∈ Z for all X ∈ ind(RQ), that is,
the set of additive integer friezes associated to the constant vector (1, . . . , 1). We
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define

F≥0
1 = {(FX)X∈ind(RQ) ∈ F1 : FX ≥ 0 for all X ∈ ind(RQ)},

to be the set of such friezes with nonnegative entries, and the integer version

F≥0
1 (Z).
Let πQ : F1 → Rn be the map taking a frieze (FX) to (FP1[1], FP2[1], . . . FPn[1]),

where Pi is the indecomposable projective kQ-module associated to vertex i. Set

B1(Q) to be the image of πQ restricted to F≥0
1 .

Theorem 4. B1(Q) is a full dimensional bounded polyhedron in Rn, whose inte-
ger points correspond precisely to non-negative integral additive friezes, i.e., the

elements of F≥0
1 (Z).

Further, for Q of type An the polytope B1(An) is a symmetrization of the
associahedron A1(An) from the cluster category:

Theorem 5. Let σ : Rn −→ Rn: (x1, . . . , xn) 7→ (xn, . . . , x1). Then

B1(An) = {p ∈ A1(An) : σ(p) ∈ A1(An)} .

Example. Let Q = 1 −→ 2. Then the associahedron A1(Q) has 5 vertices corre-
sponding to the 5 cluster tilting objects in CQ, see Fig. 1.
On the other hand, we have the following 7 nonnegative integral friezes for Q,
where the slices corresponding to (P1[1], P2[1]) are marked in red:

0 1 2

1 0 2

0 2 1

0 1 2

1 0 2

2 0 1

2 0 1

2 1 0

1 2 0

0 2 1

2 1 0

1 2 0

1 1 1

1 1 1

The frieze polytope B1(Q) is depicted on the right hand side of Figure 1, with
the points corresponding to the friezes marked.

Figure 1. The associahedron A1(Q) (left) and the frieze poly-
tope B1(Q) (right).
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In general, the characterization of the vertices of B1(Q) is more subtle and still
work in progress. For Q = An and n = 3, 4, 5, 6, one obtains polytopes with
18, 70, 200, 924 vertices, which does not match any sequence in the OEIS.
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Homological properties of quiver Heisenberg algebras

Martin Herschend

(joint work with Hiroyuki Minamoto)

A quiver Q is an oriented multigraph. It consists of a set of vertices Q0 and a
set of arrows Q1 together with two maps s, t : Q1 → Q0 sending each arrow α
to its starting vertex s(α) and terminating vertex t(α) respectively. We indicate

this graphically by writing s(α)
α
−→ t(α). A path in Q of length r is a sequence of

arrows α1α2 · · ·αr, each terminating where the next starts, i.e., t(αi) = s(αi+1).
In addition, for each vertex in i ∈ Q0 there is a path ei of length zero starting and
ending in i. We assume throughout that both Q0 and Q1 are finite. Note that
there are finitely many paths in Q if and only if Q is acyclic.

Let K be a field and Q a quiver. The path algebra KQ consists of all formal
linear combinations of paths in Q, with multiplication defined on the level of
paths by concatenation (or zero for paths which can not be concatenated). It is an
associative K-algebra, with identity

∑
i∈Q0

ei. Note that KQ is finite dimensional
if and only if Q is acyclic. Path algebras and their representation theory has been
extensively studied. One of the fundamental early results is Gabriel’s Theorem.

Theorem 1 ([3]). Let Q be a connected acyclic quiver. Then KQ has finite
representation type if and only if its underlying graph is of Dynkin type.
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Here, finite representation type means that there are finitely many indecompos-
ables up to isomorphism. From now on we fix an acyclic quiver Q. We say that
Q is Dynkin if its underlying graph is of Dynkin type.

In view of Gabriel’s theorem, it is reasonable to ask what more distinguishes
Dynkin quivers from non-Dynkin quivers. One answer comes from considering the
preprojective algebra of Q, denoted Π(Q). Preprojective algebras were introduced
by Gelfand and Ponomarev [4]. The construction is as follows. We start by
considering the double quiver Q obtained by adding an opposite arrow α∗ : j → i
for each arrow α : i→ j in Q1. Consider the element

ρ :=
∑

α∈Q1

αα∗ − α∗α.

Since ρ is a sum of cycles we obtain ρ =
∑

i∈Q0
ρi where

ρi =
∑

s(α)=i

αα∗ −
∑

t(α)=i

α∗α

is the so-called mesh relation at i. The preprojective algebra is defined as

Π(Q) := KQ/〈ρ〉 = KQ/〈ρi | i ∈ Q0〉.

We consider Π(Q) to be non-negatively graded in such a way that α has degree 0
and α∗ has degree 1 for each α ∈ Q1. The degree zero part of Π(Q) is simply KQ.
Moreover, the homogeneous part of degree i has the following description

(1) Π(Q)i = τ−iKQ.

Here τ−i = (τ−), where τ− is the inverse Auslander-Reiten translation [1]. The
indecomposable direct summands of τ−iKQ, where i ≥ 0 are called preprojective
modules. From Auslander-Reiten theory follows that there are finitely many such
preprojective indecomposables if and only if KQ is representation finite, and so
Π(Q) is finite dimensional if and only if Q is Dynkin by Gabriels Theorem. In
fact, a lot more can be said by combining results due to Auslander and Reiten
with results by Crawley–Boevey [2].

Theorem 2. Let Q be a connected acyclic quiver.

1. If Q is Dynkin then Π(Q) is finite dimensional, selfinjective and stably
2-Calabi-Yau.

2. If Q is non-Dynkin then Π(Q) is infinite dimensional, has global dimension
2 and is 2-Calabi-Yau.

We now introduce the quiver Heisenberg algebra associated to Q. As we shall
see it has similar properties to the preprojective algebra. Let v ∈ K×Q0 be a
collection of non-zero scalars vi for each i ∈ Q0. Set

vρ :=
∑

i∈Q0

vρi,
vρi := v−1

i ρi,
vηα := α vρ− vρα, for α ∈ Q.

The quiver Heisenberg algebra is defined as vΛ(Q) := KQ/〈vηα | α ∈ Q〉.
By construction vρ commutes in vΛ(Q) with the arrows in Q1. Moreover, being

a sum of cycles vρ also commutes with paths of length zero. Since these elements
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generate vΛ(Q), we obtain that vρ ∈ vΛ(Q) is central. Thus we may consider
multiplication by vρ as a bimodule morphism, the cokernel of which is exactly
Π(Q). Thus we obtain an exact sequence

(2) vΛ(Q)
vρ
−→ vΛ(Q) −→ Π(Q) −→ 0.

From now on we assume that v is regular, i.e.,
∑

i∈Q0

vi dimK Mei 6= 0

for each indecomposableKQ-moduleM . This assumption is crucial for our results.
Note that it is satisfied in characteristic zero by choosing each vi = 1 for instance.

Similarly to the preprojective algebra, the properties of the quiver Heisenberg
algebra depend heavily on whether Q is Dynkin or not.

Theorem 3. [5] Let Q be a connected acyclic quiver.

1. If Q is Dynkin then vΛ(Q) is finite dimensional, symmetric and stably
3-Calabi-Yau.

2. If Q is non-Dynkin then vΛ(Q) is infinite dimensional, has global dimen-
sion 3 and is 3-Calabi-Yau.

As noted, the preprojective algebra is connected to Auslander-Reiten theory by
equation (1). Taking i = 1 we obtain Π(Q)1 = τ−1KQ. In fact, considering Π(Q)1
as a KQ-bimodule we obtain Π(Q)1 ⊗KQ M ≃ τ−M for each right KQ-module
M . Taking degree zero part of the sequence (2) we obtain the following exact
sequence of KQ-bimodules

(3) KQ
vρ
−→ vΛ(Q)1 −→ Π(Q)1 −→ 0.

It is in a sense a universal Auslander-Reiten sequence. More specifically, we have
the following result.

Theorem 4. [5] Let M be a non-injective indecomposable right KQ-module. Then
applying −⊗KQ M to the sequence (3) gives the Auslander-Reiten sequence

0 −→M
vρ
−→ vΛ(Q)1 ⊗KQ M −→ τ−M −→ 0.
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Silting theory for graded gentle algebras via their geometric models

Zhengfang Wang

(joint work with Haibo Jin and Sibylle Schroll)

The notion of gentle algebra first arose in the representation theory of finite di-
mensional algebras in [2].

Definition 1. Let k be a field. An associative algebra is graded gentle if it is
isomorphic to a graded algebra A ≃ kQ/I, where Q is a finite graded quiver and
I ⊂ kQ is a two-sided ideal generated by quadratic monomial relations, where

• at each vertex there are at most two incoming and two outgoing arrows
• for each arrow y of Q there is at most one arrow x such that xy /∈ I, at
most one arrow x′ such that the path x′y ∈ I, at most one arrow z such
that yz /∈ I and at most one arrow z′ such that the path yz′ ∈ I.

The representation theory of gentle algebras is shaped by word combinatorics
and has been extensively investigated. These algebras appear remarkably across
diverse mathematical fields, notably in cluster theory and in the homological mirror
symmetry of two-dimensional manifolds. In particular, it was established in [5, 10]
that the partially wrapped Fukaya categories of surfaces with stops are triangle
equivalent to the perfect derived categories of homologically smooth graded gentle
algebras. More specifically, it demonstrates in [5] that graded gentle algebras arise
naturally as endomorphism algebras of formal generators in partially wrapped
Fukaya categories associated with graded surfaces marked by stops.

Conversely, in [10, 14] it is shown that any graded gentle algebra can be realized
geometrically via a surface model: a graded surface with stops equipped with an
admissible dissection that corresponds to a formal generator. From the standpoint
of representation theory, such surface models offer a convenient and geometric
framework for analyzing the derived categories of graded gentle algebras. For ex-
ample, indecomposable objects, morphisms, and algebraic constructions—such as
mapping cones or mutations—correspond directly to natural geometric counter-
parts and operations within the surface models, as detailed in [3, 5, 7, 14, 15].

In this talk, we investigate the silting theory of graded gentle algebras that are
homologically smooth but not necessarily proper based on the surface models.

Recall that an object P in a triangulated category T is called pre-silting if

HomT (P, P [i]) = 0, for each i > 0,

and it is called silting if, in addition, T coincides with thickT (P ), the smallest thick
subcategory of T containing P [9]. Beyond their fundamental role in generating
derived equivalences—as noted earlier—silting objects for graded gentle algebras
are also motivated by a striking geometric feature revealed by surface models.
Specifically, these objects correspond precisely to admissible dissections (and thus
formal generators) of the associated surface [8]. In other words:

Silting objects give rise to admissible dissections.
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Furthermore, we provide an explicit description of the conditions under which
the perfect derived categories of such algebras admit silting objects. This leads
to a complete characterization of the existence of silting objects in terms of the
surface model associated to a graded gentle algebra, thereby yielding a natural
criterion for when partially wrapped Fukaya categories admit silting objects.

Theorem 2. Let A = kQ/I be a homologically smooth graded gentle algebra.
Then per(A) admits no silting objects if and only if one of the following holds.

(1) There exists a cycle p = α1α2 · · ·αn such that α1α2, · · · , αn−1αn, αnα1 /∈ I
and |p| > 0.

(2) As a graded algebra, A is isomorphic to an algebra given by the quiver

1

α //

γ
//

2
β

oo

with relations {αβ, βγ} and satisfying |α|+ |β| = 1 and |β|+ |γ| = 1.

This theorem extends the results of [4, Theorem 5.9], which offered a partial
classification for homologically smooth and proper graded gentle algebras A whose
per(A) possesses a silting object. It is important to note that Condition (1) in
Theorem 2 can only be satisfied when A is infinite-dimensional, whereas Condition
(2) is applicable exclusively when A is finite-dimensional.

As a corollary, we obtain the following result for homologically smooth and
proper graded gentle algebras.

Corollary 3. Let A = kQ/I be a homologically smooth and proper graded gentle
algebra. Then per(A) does not admit silting objects if and only if A is isomorphic
to a graded gentle algebra given by the quiver

1

α //

γ
//

2
β

oo

with relations {αβ, βγ} and satisfying |α|+ |β| = 1 and |β|+ |γ| = 1.

Building on the result above, it has been shown very recently in [6] that for the
algebras appearing in Corollary 3, per(A) even does not admit Bridgeland stability
conditions. Equivalently, Stab(per(A)) = ∅ for such algebras.

As applications of Theorem 2, we address two open questions. First, we provide
a positive answer to a conjecture by Lekili and Polishchuk (see [10, Remark 3.19])
on establishing a complete derived invariant for graded gentle algebras in terms
of their associated surface models. This also yields a complete invariant for the
triangulated equivalence classes of partially wrapped Fukaya categories of graded
surfaces with stops. In the ungraded setting, a complete derived invariant based
on a geometric interpretation of silting objects has already been obtained in [1, 12].

Theorem 4. Let A and B be two homologically smooth graded gentle algebras with
associated surface models (SA,MA,∆A, ηA) and (SB,MB,∆B, ηB), respectively.
Then A and B are derived equivalent if and only if there exists an orientation
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preserving homeomorphism ϕ : SA → SB such that ϕ(MA) = MB and ϕ∗(ηA) is
homotopic to ηB .

However, we emphasize that the challenge in transitioning from the ungraded
to the graded setting lies in the fact that, in the graded case, the perfect derived
category may not contain a silting object, whereas in the ungraded case the algebra
itself always serves as a silting (indeed, tilting) object. Recently a different proof
of this fact has been given in [13].

As a second application, we establish a necessary and sufficient condition to
determine for which homologically smooth and proper graded gentle algebras every
pre-silting object in their derived categories can be extended to a silting object.
In other words, we characterize the graded gentle algebras for which all pre-silting
objects are partial tilting, i.e., direct summands of some silting object.

Theorem 5. Let A be a homologically smooth and proper graded gentle algebra.
Let (S,M, η) be a surface model of A. Then the following are equivalent

(1) Every pre-silting object in per(A) is partial silting.
(2) Either S is of genus 0, or S is of genus 1 such that

Ã(η) 6= gcd{wη(∂0S) + 2, . . . , wη(∂b−1S) + 2}.

Based on this, we construct an infinite family of counterexamples, which in-
cludes the example previously given in [11], to the representation theoretic question
of whether any pre-silting object in the derived category of a finite-dimensional
algebra is partial tilting.

References

[1] C. Amiot, P-G. Plamondon, S. Schroll, A complete derived invariant for gentle algebras via
winding numbers and Arf invariants, Selecta Math. (N.S.) 29 (2023), no. 2, 30.
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Standard extension algebras

Catharina Stroppel

The talk discusses the problem of spaces of extensions between standard objects
in highest weight categories. Given a C-linear highest weight category C we have
the standard objects ∆(λ), λ ∈ Λ labelled by the elements of the associated poset.
These objects form an exceptional sequence, i.e. they generate the bounded derived
category of C, and Exti(∆(λ),∆(µ)) = δ0,iδλ,µC and Exti(∆(λ),∆(µ)) 6= 0 implies
λ ≤ µ. The goal of the talk is to describe spaces of extensions and properties of
the category F(∆) of objects with a standard filtration.

1. The prototype example and faithful covers

The prototype example of C is the principal block Op
0 of parabolic category O

associated to a complex semisimple Lie algebra b with parabolic p. In this case
the simple objects L(w) = L(w · 0) are highest weight modules of highest weight
λ = w · 0 for w a shortest coset representative in the Weyl group W modulo the
parabolic subgroup Wp ordered by reversed Bruhat order. The standard modules
∆(w) are the parabolic Verma modules. Their projective covers P (w) give rise
to a minimal projective generator P = ⊕wP (w). Then C ∼= mod-End(P ). In
case g = sln with maximal parabolic Wp

∼= Si × Sn−i, End(P ) is the extended
arc algebra Ki,n−i. The projective-injectives Prinj ⊂ P give rise to a selfinjec-
tive symmetric subalgebra Hi,n−i = eKi,n−ie. By the generalisation of Soergel’s
Struktursatz, [7], the quotient functor S : mod-End(P )→ mod-End(Prinj) is fully
faithful on projectives and the latter endomorphism algebra has several descrip-
tions. In contrast, extensions of modules in F(∆), even of Verma modules are not
understood, not even their dimensions. The famous Gabber-Joseph conjecture
predicted a dimension formula in terms of R-polynomials unfortunately turned
out to be incorrect. We show in [3] that S is compatible with extensions in F(∆):

Theorem 1. The algebras Km,n are (|m − n| − 1)-faithful covers of Hm,n, i.e.

ExtiKm,n
(M,N) ∼= ExtiHm,n

(SM,SN) for any M,N ∈ F(∆) and 0 ≤ i < |m− n|.
In particular it is 0-faithful if and only of m 6= n.

Note that the cohomological connection becomes stronger as |m− n| increases.
This should be compared with the classical Schur algebra: over a field of charac-
teristic p it is a (p− 3)-faithful cover of the group algebra of the symmetric group,
[6]. We obtain a generalized version of the Kleshchev–Martin conjecture from [5]:
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Corollary 2. Km,n are i-faithful covers of Hm,n for some i ≥ 0 iff and only iff
the quiver of Hm,n is loopless.

2. Standard extension algebras geometrically

We like to understand the standard extension algebra Ext•(∆,∆), where ∆ =
∆(λ), λ ∈ Λ. We give a general geometric construction based on [4]. The case
of parabolic category O from above will be obtained by taking the corresponding
partial flag variety with the C∗-action given by a regular cocharacter.

Let Z be a smooth projective variety with C∗-action with a finite set Z0 of fixed
points. Let Z+ be the attractor set, i.e. all pairs (p, z) ∈ Z0 × Z such that p is
the 0-limit of z for the C∗-action. Similarly, let Z− be the repellor set.

Theorem 3. There is an isomorphism of algebras Ext•(∆,∆) ∼= H•
c (Z

−×Z Z+),
for an appropriate convolution algebra product on the right hand side.

Here, H•
c denotes the cohomology with compact support. The convolution

product is constructed via cospecialisation using the Drinfeld–Gaitsgory interpo-
lation space. In the special case of flag varieties this space is the Laksmibai–Brion
degeneration space and the fibre product Z−×ZZ

+ is a well-known object. Indeed
it is the union of all Kazdhan–Lusztig–Deodhar–Richardson varieties which means
intersections Z+

p ∩ Z−
q of Schubert cells with opposite Schubert cells. (They are -

in our opinion historically confusing - called often open Richardson varieties). We
show that in this case the abstract product is induced from matrix multiplication
of matrices parametrizing the KLDR-varieties. The power of the theorem however
is that it works in a very general framework.

3. Standard extension algebras in the Grassmannian case

For explicit computations and descriptions of the standard extension algebras more
tools are required. We consider the case of Grassmannians and the corresponding
categories of perverse sheaves with respect to the Schubert stratification. It is
equivalent to the maximal parabolic category O case from above. This section
reports on results from [4].

Let Z = Gr(d, n) the Grassmannian of d-dimensional subspaces in Cn with
the usual C∗-action induced from the torus action. The fixed points are exactly
the coordinate subspaces given by the span of d standard basis vectors and thus
canonically labelled by subset I of {1, . . . , n} of order d. Any point x in Z±

I can
be realised as the span of the rows in a certain d × n-matrix which is part of a
parametrization of the (opposite) Schubert cell. Using this we define a base change
map Z+

I ∩ Z−
J → GLd which passes between the parametrization of x viewed as

a point in Z+
I respectively in Z−

J . We show that this map induces a beautiful
stratification:

Theorem 4. By pulling back the Bruhat decomposition on GLd we obtain a
stratification of Z+

I ∩ Z−
J with strata of the form Ca × (C∗)b for various a, b.
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In particular, the strata are naturally labelled by elements from a subset of
Sd. One can show (with some serious effort) that this stratification agrees with
Deodhar’s decomposition. This is quite surprising, since in general it is known that
that decomposition is not in general a stratification (as was shown by Dudas).

Corollary 5. For a given stratum (Z+
I ∩ Z−

J )w ∼= Ca × (C∗)b, H•
c (Z

+
I ∩ Z−

J )w is
2b-dimensional. As a graded vector space it is isomorphic to span of all Fukaya
diagrams associated with I, J with matching of type w, sending the point classes
and fundamental classes to the corresponding diagram.

The category of modules of the standard extension algebra is A∞-equivalent to
the derived category of C. In general it is however very difficult to describe this
higher structure. It is known that the standard extension algebra is usually not
formal. We are able to describe a concrete dg-model in the Grassmanian cases:

Theorem 6. For each stratum consider the associated graded vector space with
basis given by all Fukaya diagrams (for I, J with matching of type w). These spaces
assemble to a complex where the differential is given by a local diagrammatical
rule. The cohomology of this complex agrees with Ext•(∆,∆).

This provides a dg-model for the spaces of extensions which provides a dg-
model for the standard extension algebra. By connecting it with Fukaya categories
associated to compactified resolutions of Slowdowy slices we will show in a follow-
up paper that the multiplication is given by a simple diagrammatic model similar
to the strand algebras of Oszvath and Szabo.

4. Application: Gabber–Joseph conjecture

As an application we proved an explanation of the failure of the Gabber–Joseph
conjecture: The stratification allows to define a mixed Hodge structure which
indices a bigrading on homology H•,•

c . The two-parameter Poincaré polynomial
allows two natural specialisations which do not agree:

bigraded q, t-Poincaré polynomial

t=−1

zz

q=1

%%

point count
E-polynomial = R-polynomial

Ext dimension
Poincaré polynomial = R′-polynomial
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On a combinatorial characterisation of Auslander regular algebras via

the Coxeter matrix

Rene Marczinzik

(joint work with Viktória Klász, Markus Kleinau, Hugh Thomas)

A two-sided noetherian ring R is called Auslander–Gorenstein if there exists a
finite injective coresolution

0→ R→ I0 → I1 → · · · → In → 0

such that the flat dimension of Ii is less than or equal to i for all i ≥ 0. This
is the noncommutative generalisation due to Auslander of the classical notion of
Gorenstein rings in commutative ring theory. When R is Auslander–Gorenstein
and has finite global dimension, we call R Auslander regular. Many important
classes of rings are Auslander regular; for example, enveloping algebras of finite-
dimensional Lie algebras, Weyl algebras, and higher Auslander algebras. For more
information on Auslander–Gorenstein rings, we refer, for example, to the survey
articles [3] and [6].

In this article, we restrict ourselves to finite-dimensional K-algebras, where K
is a field. For finite-dimensional algebras, Auslander regular algebras come with a
natural bijection, called the Auslander–Reiten permutation, that sends the index x
of an indecomposable projective module P (x) to the index π(x) such that I(π(x))
is the last term of the minimal injective coresolution of P (x). We refer to [2, 6] for
more details, examples, and properties of the Auslander–Reiten permutation. An
important special case is given by Auslander algebras, where the Auslander–Reiten
permutation recovers the classical Auslander–Reiten translate of a representation-
finite algebra; see [9] for more details.

For the rest of this text, we assume for simplicity that our algebras A = KQ/I
are given by a connected acyclic quiver Q with admissible relations I. We always
assume that the vertices of A are naturally labelled, which means that if there is a
non-zero path from vertex i to vertex j with j 6= i, then we have i < j. When A
has n vertices labelled by {1, . . . , n}, the Cartan matrix W of A is defined as the
n×n matrix with entries Wi,j = dim ejAei, and the Coxeter matrix of A is defined
as C = −WTW−1. Note that by our conventions, the Cartan matrix of A is always
lower triangular with ones on the diagonal. For the relevance of the Coxeter matrix
in the representation theory of algebras, especially in the hereditary case, we refer,
for example, to [1, 8].
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In [4] it was shown that a lattice L is distributive if and only if the incidence
algebra KL is Auslander regular, and in this case the Auslander–Reiten permuta-
tion coincides with the classical rowmotion bijection. In [7] a new characterisation
was found using the Coxeter matrix. For this recall that the Bruhat factorisation
of an invertible matrix M is given by M = U1PU2, where U1 and U2 are invert-
ible upper triangular matrices and P is a permutation matrix, which is uniquely
determined by M (while U1 and U2 are not uniquely determined by M in general).

Theorem 1. Let A = KL be the incidence algebra of a lattice L. Then A is
Auslander regular if and only if the Coxeter matrix C has a Bruhat factorisation
C = U1PU2 with U1 equal to the identity matrix; that is, C is upper triangular up
to a permutation of its rows. In this case, P coincides with the Auslander–Reiten
permutation of A.

It is a natural question for which other classes of algebras such a combinatorial
characterisation of the Auslander regular property via the Coxeter matrix can be
expected, and much future work is dedicated to this question. In work in progress
[5] we study this question for Nakayama and monomial algebras.

In his study of the finitistic dimension of Nakayama algebras, Ringel intro-
duced in [10] a homological permutation for general Nakayama algebras, which we
call here Ringel’s homological permutation h. For simplicity, we restrict here to
Nakayama algebras with a linear quiver and vertices {1, . . . , n}. It is defined as
follows. Let A be a Nakayama algebra and Sx a simple A-module. Define

e(Sx) := min{pdimSx, pdim I(Sx)},

where I(Sx) denotes the injective envelope of Sx. Now Ringel’s homological bi-
jection h : {1, . . . , n} → {1, . . . , n} is defined such that the simple module Sh(x) is

isomorphic to the top of the module Ωe(Sx)(N), where N = Sx if e(Sx) is odd,
and N = I(Sx) otherwise. For the fact that this indeed gives a bijection, and for
some nice properties, we refer to [10].

Our second main result is:

Theorem 2. Let A be a linear Nakayama algebra with Coxeter matrix C and
Bruhat factorisation C = U1PU2. Then the permutation matrix P corresponds
to Ringel’s homological permutation of A. Furthermore, A is Auslander regular if
and only if one can choose U1 to be the identity matrix.

In fact, one can extend the last part of the theorem to a much wider class of
algebras. We refer to [5] for more details. As a final comment, we remark that the
classification of Auslander regular linear Nakayama algebras is still open and an
explicit enumeration would be very interesting.
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Semibricks and wide subcategories in extended module categories

Esha Gupta

(joint work with Yu Zhou)

Let Λ be a finite-dimensional algebra over a field K. In [3], the authors showed
bijections between functorially finite torsion classes in modΛ, support τ -tilting
modules over Λ, and 2-term silting complexes in Kb(projΛ). It was subsequently
shown that these are also in bijection with left-finite wide subcategories in modΛ
[7, 4]. Later Asai used Ringel’s bijection between semibricks and wide subcate-
gories [8] to define left-finite semibricks and show bijection with the above classes.
He also showed that these are in bijection with 2-term simple-minded collections
in Db(modΛ) [1]. The main goal of this talk is to generalise some of these ob-
jects to get bijections with (d + 1)-term simple-minded collections in Db(modΛ)
for any d ≥ 1. As shown in [5, 9], the appropriate categories to look at for these
generalisations are ‘extended module categories’ defined as:

d-modΛ = D[−d+1,0](modΛ) := {X ∈ Db(modΛ) | Hi(X) = 0 ∀ i /∈ [−d+ 1, 0]}

We will develop the theory for arbitrary extended hearts of bounded t-structures
on a triangulated category D, and view the extended module categories as the
extended hearts for the standard t-structure on Db(modΛ).

Let D be a K-linear and Hom-finite triangulated category with a bounded t-
structure (D≤0,D≥0). Let H := D≤0 ∩ D≥0 denote the heart of this t-structure
which is an exact abelian subcategory of D. For d ≥ 1, we define the d-extended
heart D[−d+1,0] to be D≤0 ∩ D≥−d+1, which is also equal to H[d − 1] ∗ H[d− 2] ∗
· · ·∗H. Being an extension closed subcategory of D, D[−d+1,0] is an extriangulated
category.
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1. Torsion-like classes

In D[−d+1,0], we can define the following three classes, all of which are equivalent
for d = 1 if H is length. For a subcategory C ⊆ D[−d+1,0], C⊥ := {X ∈ D[−d+1,0] |
Hom(C, X) = 0}. Similarly, we define ⊥C.

Definition 1.1 ([2]). A full subcategory T ⊆ D[−d+1,0] is called an s-torsion
class if Hom(T , T ⊥[−1]) = 0 and, for all X ∈ D[−d+1,0], there exists a conflation
T → X → F 99K with T ∈ T and F ∈ T ⊥.

Definition 1.2 ([5]). A full subcategory T ⊆ D[−d+1,0] is called a positive torsion

class if Hom(T , T ⊥[−1]) = 0 and T =
⊥
(T ⊥).

Definition 1.3 ([6, 9]). A full subcategory T ⊆ D[−d+1,0] is called a d-FAE closed
subcategory if T is closed under d-factors and extensions.

Proposition 1.4 ([6]). The sets of positive torsion classes and d-FAE closed
subcategories are closed under intersections. Moreover, Figure 1 shows the rela-
tionship between the three sets.

{
functorially finite
s-torsion classes

} {
functorially finite

positive torsion classes

} {
functorially finite

d-FAE closed subcategories

}
= =

⊆ ⊆ ⊆

{s-torsion classes}
{
positive torsion classes

}
{d-FAE closed subcategories}( ⊆

Figure 1. Inclusions and equalities among various torsion-like
classes

2. Semibricks and wide subcategories

Definition 2.1 ([6]). Let S ⊆ D[−d+1,0] be a collection of objects. Then S is
called a semibrick if

(1) End(S) is a division ring for all S ∈ S, i.e., S is a brick for all S ∈ S.
(2) Hom(S, S′[< 0]) = 0 for all S, S′ ∈ S.
(3) Hom(S, S′) = 0 for any S 6= S′ ∈ S.

Note that for d = 1, this recovers the classical definition of a semibrick.

Definition 2.2 ([6]). A full subcategory W ⊆ D[−d+1,0] is called wide if

(1) W is closed under extensions,
(2) Hom(W ,W [< 0]) = 0,
(3) The extriangulated structure of D[−d+1,0] restricted to W is abelian.

Proposition 2.3. The following is a bijection.
{

semibricks
in D[−d+1,0]

} {
finite-length wide

subcategories of D[−d+1,0]

}
W = extension closure

sim = set of simples
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3. Maps between the three families

3.1. From d-FAE closed subcategories to wide subcategories. Let T ⊆
D[−d+1,0] be a d-FAE closed subcategory. Define

HT = (D≤−d ∗ T ) ∩ (T ⊥[1]D≥0) ⊆ D.

By [2],HT is an exact subcategory ofD. Thus, T ∩HT inherits this exact structure,
being an extension closed subcategory of HT . Define

WL(T ) := {X ∈ T ∩ HT | every morphism in T ∩HT to X is admissible}.

Proposition 3.1. WL(T ) is a wide subcategory of D[−d+1,0].

3.2. From semibricks to torsion-like classes. Since positive torsion classes
and d-FAE closed subcategories are closed under intersections, for any semibrick
S, we can define T (S) (resp. φ(S)) to be the smallest positive torsion class (resp.
d-FAE closed subcategory) containing S. Similarly, we can define T (W) and φ(W)
for any wide subcategory W .

Proposition 3.2. For any semibrick S ⊆ D[−d+1,0],

S = simHT (S) = simHφ(S) = simWL(φ(S)).

4. The bijections

Henceforth, fix D = Db(modΛ) with the standard t-structure and H = modΛ.

Remark 4.1. For d = 1, the map WL is the same as the map α between torsion
classes and wide subcategories in modΛ defined in [4, 7].

Definition 4.2. Say that a semibrick S ⊆ D[−d+1,0](modΛ) (resp. wide subcat-
egory W) is left-finite if T (S) (resp. T (W)) is functorially finite.

Theorem 4.3. The following is a commutative diagram of bijections.
{
(d+ 1)-term simple-minded
collections in Db(modΛ)

} {
left-finite semibricks

in d-modΛ

}

{
left-finite wide

subcategories of d-modΛ

} 



functorially finite
s-torsion

classes in d-modΛ





X 7→X ∩ d-modΛ

ΠL

T

W

sim

WL

We also have the dual notions of right-finite semibricks and right-finite wide
subcategories, which are in bijection with their left-finite counterparts. The map
ΠR sends a (d + 1)-term simple-minded collection X to the right-finite semibrick
X [−1] ∩D[−d+1,0] .
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5. Mutations of simple-minded collections

Let X ⊆ Db(modΛ) be a (d+ 1)-term simple-minded collection.

Proposition 5.1. X = ΠL(X ) ∪ ΠR(X )[1].

Observation. The left (resp. right) mutation of X atXi ∈ X is again (d+1)-term
if and only if Xi ∈ ΠL(X ) (resp. Xi ∈ ΠR(X )[1]).

Corollary 5.2. For any Xi ∈ X , at least one of the left or right mutations of X
at Xi is again (d+ 1)-term.
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Generically τ -regular components of module varieties

Grzegorz Bobiński

(joint work with Jan Schröer)

Let A be the path algebra of a bound quiver (Q,R) over an algebraically closed
field k. For a tuple d ∈ NQ0 of nonnegative integers denote by modA(d) the scheme
of A-modules (equivalently, representations of (Q,R)) of dimension vector d. The
product GL(d) :=

∏
x∈Q0

GL(dx) of general linear groups acts on modA(d) by
conjugations in such a way that the orbits correspond to the isomorphism classes
of d-dimensional A-modules. The following observation attributed to Voigt [7] is
one of the fundamentals facts which allow to study geometric properties of points
of modA(d) using homological properties of the corresponding modules.

Theorem 1. If M ∈ modA(d), then

TM modA(d)/TM GL(d)M ≃ Ext1A(M,M).

It is easy to observe that

dimk TM GL(d)M = dimGL(d)M = ‖d‖2 − dimk EndA(M),

where ‖d‖2 :=
∑

x∈Q0
d2x. Thus, as a consequence of Theorem 1 we get

dimk TM modA(d) = ‖d‖
2 − dimk EndA(M) + Ext1A(M,M).
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Recall that a closed point x of a k-scheme X is called regular if dimk TxX =
dimx X , where dimx X is the maximum dimension of the irreducible components
of X passing through x. The above observations imply that M ∈ modA(d) is a
regular point of modA(d) if and only if

dimk Ext
1
A(M,M) = codim(M),

where codim(M) := dimM modA(d)− dimGL(d)M .
Motivated by the Auslander–Reiten formula which implies

dimk Ext
1
A(M,M) = dimk HomA(M, τAM),

where τA is the Auslander–Reiten translation and HomA(M, τAM) is the quo-
tient of HomA(M, τAM) modulo the space of homomorphisms factoring through
injective modules, we call M ∈ modA(d) τA-regular if

dimk Hom(M, τAM) = codim(M).

An irreducible component of modA(d) is called generically τA-regular if it contains
a point (equivalently, a nonempty open subset of points) which is (are) τA-regular.
Generically τA-regular components were introduced (under the name strongly re-
duced components) by Geiss, Lecler and Schröer [4] and play an important role in
a construction of generic bases of Fomin–Zelevinsky cluster algebras.

Examples of τA-regular modules and components are given by τA-rigid modules,
i.e. modules M such that Ext1A(M, τAM) = 0. If M is τA-rigid, then M is τA-
regular and the closure of GL(d)M (where d is the dimension vector of M) is a
generically τA-regular component.

For A-modules M and N we put

r(M,N) := max{rk f : f ∈ HomA(M,N)}.

The following theorem, which generalizes an observation due to Plamondon [6], is
useful in determining τA-regularity of modules.

Theorem 2. Let f ∈ HomA(P1, P0), with P0 and P1 projective.

(1) If rk f = r(P1, P0), then Coker f is τA-regular.
(2) If Coker f is τA-regular and f is a minimal projective presentation of

Coker f , then rk f = r(P1, P0).

When studying geometric problems it is usually natural to shrink the considered
algebra, if possible. Namely, if B := A/AeA, for an idempotent e ∈ A, and
eM = 0, for each M ∈ modA(d), then modA(d) can be identified with modB(d).
Obviously in the above situation, if M ∈ modA(d) = modB(d) then regularity of
M is independent on the choice of an algebra. One of the first consequences of
Theorem 2 is that the same holds for τ -regularity.

Theorem 3. Let B := A/AeA, for an idempotent e ∈ A, and M ∈ modB(d).
Then M is τB-regular if and only if M is τA-regular.

We denote by IrrA (Irrτ A) the set of (generically τA-regular) components of the
varieties modA(d), where d runs through NQ0 . We have the following consequence
of Theorem 3.
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Corollary 4. If B := A/AeA, for an idempotent e ∈ A, then Irrτ B = Irrτ A ∩
IrrB.

We remark that Mousavand and Paquette [5] proved that Irrτ A∩IrrB ⊆ Irrτ B,
if B := A/I, for an ideal I in A. However, none of the implications in Theorem 3
holds in this more general situation.

By a τA-ridig pair we mean a pair (M,P ), where M is a τA-rigid module and
P a projective A-module such that HomA(P,M) = 0. One defines τ−A -rigid pairs
dually. Adachi, Iyama and Reiten [1] showed that there is a bijection between
the (isomorphism classes of) τA-rigid and the τ−A -rigid pairs given by (M,P ) 7→
(τAM ⊕ νA(P ), νA(PM )), where νA := DHomA(−, A) is the Nakayama functor
and PM the maximal projective direct summand of M . We can generalize the
above result as follows.

Theorem 5. We have the bijection

{(Z, [P ]) : Z ∈ Irrτ A, P ∈ projA, dimk HomA(P,Z) = 0}

→ {(Z ′, [I]) : Z ′ ∈ Irrτ−A, I ∈ injA, dimk HomA(Z
′, I) = 0}

given by

(Z, [P ]) 7→ (τA(Z)⊕ νA(P ), [νA(PZ)]).

In the above:

• for a module M , [M ] denotes the isomorphism class of M ;
• projA and injA are the full subcategories of the category of A-modules
consisting of projective and injective modules, respectively;
• for an irreducible subset Z of a module variety and a module N we de-
note by dimk HomA(Z, N) (dimk HomA(N,Z)) the minimum dimension
of HomA(M,N) (HomA(N,M), respectively), for M ∈ Z;

• Irrτ
−

A denotes the set of generically τ−-regular components of the vari-
eties of A-modules, defined dually to generically τ -regular components;
• for Z ∈ Irrτ A, by τA(Z) we mean the subset of the appropriate mod-
ule variety consisting of the modules of the form τA(M), where M runs
through τ -regular modules in Z;
• PZ := PM , where M is a generic module in Z (i.e. M ∈ U , where U is an
nonempty open subset of Z such that PM = PN , for all M,N ∈ U).

We note that the bijection in Theorem 5 is compatible with bijections of the
corresponding sets with ZQ0 given by g-vectors.

One of the natural questions one may ask in this context is when Irrτ A =

Irrτ
−

A. It follows from [3] that this is the case for the Jacobian algebras. We
showed that the inverse implication holds for some classes of algebras including
the finite global dimension algebras, the gentle algebras without loops and the
Nakayama algebras without loops.

Recall that A is called triangular if there are no oriented cycles in Q. Equiva-
lently, we may order (representatives of) the simple modules S1, . . . , Sn, n := |Q0|,
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in such a way that Ext1A(Si, Sj) = 0, for i ≤ j. Using previous results and induc-
tion on d one may show the following.

Theorem 6. If A is a triangular algebra, then for each dimension vector d there
exists a unique generically τA-regular component of modA(d).

Barot and Schröer showed [2] that if A is a triangular algebra, then for each
dimension vector d there exists at most one component of modA(d), whose generic
module has projective dimension at most 1. Note that the modules of projective
dimension at most 1 are τ -regular, hence Theorem 6 can be viewed as a general-
ization of the above result.
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Silting-NCCR correspondence for graded Gorenstein isolated

singularities

Osamu Iyama

(joint work with Norihiro Hanihara, Ryu Tomonaga)

Cohen-Macaulay representation theory is a higher dimensional analogue of repre-
sentation theory of finite dimensional algebras. For a complete local Gorenstein
ring R, the main interest is the category CMR of maximal Cohen-Macaulay R-
modules:

CMR := {maximal Cohen-Macaulay R-modules} ⊆ modR.

The category CMR has desired properties to do representation theory like module
categories of finite dimensional algebras; e.g. it has a duality HomR(−, R) : CMR ≃
CMR, and has almost split sequences if the singularity of R is isolated [A]. Fur-
thermore, Gabriel-type classification theorem holds, i.e. if the residue field of R
is algebraically closed of characteristic zero, then CMR has only finitely many
indecomposable objects if and only if R is simple singularity [BGS].

Recently, tilting theory turns out to provide a powerful tool for studying Cohen-
Macaulay representations of graded Gorenstein rings. In what follows, let R be a
Z≥0-graded isolated Gorenstein singularity such that k := R0 is a field. Our main
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interest is to find tilting or silting objects in the stable category CMZR of graded
maximal Cohen-Macaulay R-modules.

• If dimR = 0, then CMZR always has a tilting object
⊕

i≥1 R(i)≥0 [Y].

• If dimR = 1, then CMZR has a tilting object if and only if the Gorenstein

parameter p of R is non-negative, or R is regular. In this case,
⊕N

i=1 R(i)≥0 ∈

CMZR gives a tilting object for N ≫ 0 [BIY].

However, when dimR ≥ 2, only results for specific R have been known, e.g.
[HIMO, IT, KST, KLM]. Based on a joint work [HIT] with Hanihara and Tomon-

aga, we take a systematic approach and give a new sufficient condition for CMZR
to have tilting or silting objects in terms of non-commutative crepant resolutions
(NCCRs). To state our theorem, we introduce the following notion, which turns
out to play a crucial role in geometric tilting theory e.g. [BHI, C, T].

Definition. [HI2] Let T be a k-linear triangulated category with a Serre functor
ν : T ≃ T . Let U ∈ T be a silting object.

(1) U ∈ T is called d-silting if T (νU, U [> d]) = 0 holds.
(2) U ∈ T is called d-tilting if it is a tilting object which is d-silting.

Remark that a tilting object U ∈ T is d-tilting if and only if gl.dimEndT (U) ≤ d
holds. Now we state our main theorem.

Theorem. [HIT] Assume that the Gorenstein parameter p of R is positive and

d+ 1 := dimR ≥ 2. Take N ∈ CMZR and put

M := N ⊕R and T :=

p−1⊕

i=0

M(i).

Assume N and HomR(N,R) are Z≥0-graded. We put Γ := EndR(M). Then the
following conditions are equivalent.

(1) T ∈ CMZR is a d-silting object.

(2) addZM ⊆ CMZR is a d-cluster tilting subcategory with Γ<0 = 0.
(3) Γ is an NCCR of R with Γ<0 = 0.

If moreover HomR(N,R)<p = 0 holds, then these conditions are also equivalent to
the following one.

(1)′ T ∈ CMZR is a d-tilting object.

In this case, for A := EndZR(T ), we have a commutative diagram

CMZR

≀
��

// CMZ/pZR
≀
��

// CMR

≀
��

perA // C
(1/p)
d (A) // Cd(A)

where columns are triangle equivalence and Cd(A) and C
(1/p)
d (A)are the d-cluster

and p-folded d-cluster categories of A (see [H, HI1]).

Remark that when p = 1, our main theorem for the tilting case has already
been known [AIR]. However, our proof is much simpler.
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We explain our theorem in terms of cyclic quotient singularities. Let k be a field
having the primitive n-th root of unity ζ ∈ k. Let G := 〈diag(ζa0 , · · · , ζad)〉 ⊆
SLd+1(k) with a0 + · · · + ad ∈ nZ and gcd(n, ai) = 1. Then G acts on S :=
k[x0, · · · , xd] and R := SG has an isolated Gorenstein singularity. Let Q be the
McKay quiver of G, i.e. Q0 := Z/nZ and we have arrows xl

i : l → l + ai for each
l ∈ Q0 and 0 ≤ i ≤ d. Then we have an isomorphism

EndR(S) ∼= S ∗G ∼= kQ/(xixj − xjxi).

Choose an arbitrary map deg : Q1 → Z≥0 such that deg 6≡ 0 and

deg xl
i + deg xl+ai

j = deg xl
j + deg x

l+aj

i

holds for each l ∈ Q0 and 0 ≤ i, j ≤ d. Then deg gives rise to a Z≥0-grading on
S ∗G and R = e0(S ∗G)e0. Here, p := deg c > 0 is constant for every (d+1) cycle
c in Q consisting of x0, · · · , xd and gives the Gorenstein parameter of R. In this
case,

T :=

p−1⊕

i=0

S(i) ∈ CMZR

gives a d-silting object. If moreover any arrow ending at 0 ∈ Q0 satisfies deg ≥ p,
then T ∈ CMZR is a d-tilting object.

Example. Let d = 2 and G = 〈diag(ζ, ζ2, ζ2)〉 ⊆ SL3(k) for the primitive 5th
root ζ of unity. We give deg : Q1 → Z≥0 as follows.
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Then T := S ⊕ S(1) ∈ CMZR gives a 2-tilting object whose quiver is as follows.
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''❖❖
❖❖❖

❖❖❖
❖❖❖

❖❖❖
❖ 3

''❖❖
❖❖❖

❖❖❖
❖❖❖

❖❖❖
❖ 2oo +3 4

px ✐✐✐✐
✐✐✐✐

✐✐✐✐
✐✐✐✐

✐✐✐✐
✐

✐✐✐✐
✐✐✐✐

✐✐✐✐
✐✐✐✐

✐✐✐✐
✐

1′ +3 3′ 2′oo +3 4′

References

[AIR] C. Amiot, O. Iyama, and I. Reiten, Stable categories of Cohen-Macaulay modules and
cluster categories, Amer. J. Math, 137 (2015) no.3, 813-857.

[A] M. Auslander, Functors and morphisms determined by objects, in: Representation The-
ory of Algebras, Lecture Notes in Pure and Applied Mathematics 37, Marcel Dekker,
New York, 1978, 1–244.

[BGS] R. O. Buchweitz, G. M. Greuel, and F. O. Schreyer, Cohen-Macaulay modules on hy-
persurface singularities. II, Invent. Math. 88 (1987), no. 1, 165–182.

[BHI] R. O. Buchweitz, L. Hille, and O. Iyama, Cluster tilting for projective varieties and
Horrocks type Theorem, in preparation.

[BIY] R. O. Buchweitz, O. Iyama, and K. Yamaura, Tilting theory for Gorenstein rings in
dimension one, Forum of Mathematics, Sigma, 8 (2020).



386 Oberwolfach Report 6/2026

[C] D. Chan, 2-hereditary algebras and almost Fano weighted surfaces, Journal of Algebra
478 (2017), 92–132.

[H] N. Hanihara, Calabi-Yau completions for roots of dualizing dg bimodules,

arXiv:2412.18753
[HI1] N. Hanihara, and O. Iyama, Enhanced Auslander-Reiten duality and Morita theorem

for singularity categories, arXiv:2209.14090.
[HI2] N. Hanihara, and O. Iyama, Silting correspondences and Calabi-Yau dg algebras,

arXiv:2508.12836.
[HIT] N. Hanihara, O. Iyama, and R. Tomonaga, Silting-NCCR correspondences for graded

isolated Gorenstein singularities, in preparation.
[HIMO] M. Herschend, O. Iyama, H. Minamoto, and S. Oppermann, Representation theory

of Geigle-Lenzing complete intersections, American Mathematical Society, 285 (2023)
no.1412.

[IT] O. Iyama, and R. Takahashi, Tilting and cluster tilting for quotient singularities, Math-
ematische Annalen, 356 (2013) no.3, 1065–1105.

[KLM] D. Kussin, H. Lenzing, and H. Meltzer, Triangle singularities, ADE-chains, and weighted
projective lines, Adv. Math. 237 (2013), 194–251.

[KST] H. Kajiura, K. Saito, and A. Takahashi, Triangulated categories of matrix factorizations
for regular systems of weights with ǫ = −1, Adv. Math. 220 (2009), no. 5, 1602–1654.

[T] R. Tomonaga, Weak del Pezzo surfaces yield 2-hereditary algebras and 3-Calabi-Yau
algebras, arXiv:2510.26199

[Y] K. Yamaura, Realizing stable categories as derived categories, Advances in Mathematics,
248 (2013) 748–819.

The poset of tilting modules over the path algebra of a Dynkin quiver

is fractionally Calabi-Yau

Baptiste Rognerud

(joint work with Pierre Baumann, Frédéric Chapoton, Hugh Thomas)

Our aim in this note is to sketch the main ingredients of the proof of the following
theorem. The various notions and objects will be presented throughout the text.

Theorem 1. Let H = kQ be the path algebra of a Dynkin quiver over an al-
gebraically closed field k. Let h be the Coxeter number of Q and kTilt(H) the
incidence algebra of the poset of tilting H-modules. Then the bounded derived

category Db(kTilt(H)) is n(h−2)
2h -Calabi-Yau.

Let us recall that the incidence algebra of a finite poset L has finite global
dimension (bounded by the largest chain in L), hence by a famous result of Happel,
its bounded derived category has a Serre functor S. Abusing notation, we say that
the poset L is m

n -Calabi-Yau if Sn ∼= [m] as functors on Db(kL).
Calabi-Yau posets have recently received a lot of attention. It was, for example,

proved in [6] that the Tamari lattice is n(n−1)
2n−2 -Calabi-Yau. In [4] it was proved that

the distributive lattice of order ideals in a product of two chains is also Calabi-Yau,
moreover its incidence algebra is derived equivalent to a higher Auslander algebra
of type A. A conjectural relation between Calabi-Yau posets, product formulas
and Fukaya categories has also been proposed in [1].
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It is in general hard to prove that the derived category of a finite-dimensional
algebra is fractionally Calabi-Yau. However, for incidence algebras of finite lattices,
we have the following result:

Theorem 2. Let L be a finite lattice. For α ∈ L, let Cα be a module with simple
top Sα which has a boolean minimal projective resolution. Then the following are
equivalent:

(1) L is m
n -Calabi-Yau.

(2) We have Sn(Cα) ∼= Cα[m] in Db(kL) for every α ∈ L.

When Cα = Pα, the result was proved in [6]. It was generalized to proper
quotients of the projective indecomposable in [4]. In order to prove Theorem 1,
we will consider Cα = Sα the simple module at α, for all α ∈ Tilt(H).

We will now define the poset of tilting modules, following Riedtmann-Schofield
[5] and Happel-Ünger [5]. Let us recall that a right module T is a tilting module
if:

(1) Ext1H(T, T ) = 0
(2) There is a short exact sequence 0→ A→ T0 → T1 → 0 where Ti ∈ add(T ),

the additive closure of T .

By a famous result of Bongartz, we can replace the second condition by asking
T to have exactly n pairwise non-isomorphic indecomposable summands, where
n = |Q0|. In other words, a tilting module is a maximal rigid module. The set of
tilting modules can be ordered by setting T1 ≤ T2 if Ext1H(T2, T1) = 0. We have
as a first easy lemma:

Lemma 3.

(1) Tilt(H) is isomorphic to an order filter and to an order ideal in the poset
of torsion classes in modH .

(2) Tilt(H) is a finite semidistributive lattice.

Proof. It is easy to see that T 7→ Fac(T ) is an embedding from the poset of tilting
modules to the lattice of torsion classes. The image consists of all the torsion
classes containing the injectives. It follows that the image is an order filter. A
tilting module is also a cotilting module, hence we have T 7→ ⊥Sub(T ) is a second
embedding. It follows that the poset of tilting modules is a sublattice of the lattice
of torsion classes. The lattice of torsion classes is semidistributive (see e.g. [2])
and a sublattice of a semidistributive lattice is also semidistributive. This proves
the second statement. �

Our next objective is to prove that the orbits of the simple modules under the
action of the Serre functor contain only interval-modules up to shift. We start by
explaining what these intervals are.

An exceptional sequence E = (E1, . . . , Er) is an ordered list of H-modules such
that:

(1) For 1 ≤ i < j ≤ r, we have HomH(Ej , Ei) = Ext1H(Ej , Ei) = 0.

(2) For 1 ≤ i ≤ r, we have Ext1H(Ei, Ei) = 0.
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An exceptional set is a set that can be ordered as an exceptional collection.

Theorem 4. There is an injective map E 7→ IE from the set of complete excep-
tional collections to the set of intervals in Tilt(H).

Proof. One of the main results of Dlab and Ringel [3] is their so-called standard-
isation theorem which says that an exceptional set can always be seen as the
set of standard modules over a quasi-hereditary algebra. As the starting point
of the proof, they show that the category of modules filtered by E has a basic
ext-projective generator PE . Since it is an ext-projective, it is rigid and if E is
complete, it has n indecomposable summands, hence it is a tilting module. We can
as well dualize the proof and we obtain a basic ext-injective cogenerator IE which
for the same reason is a tilting module. Moreover, these two modules are in F(E),
hence we have Ext1H(PE , IE) = 0. In other words, we have IE ≤ PE in the poset of
tilting modules and we denote by IE the interval [IE , PE ]. �

We have an easy lemma:

Lemma 5. The indecomposable summands of a tilting T can be ordered as a
complete exceptional sequence and IT = [T, T ].

We are now ready to state our main result:

Theorem 6. Let E = {E1, . . . , En} be a complete exceptional set. We denote
by SH the Serre functor of Db(H) and by SH(E) the complete exceptional set
{SH(E1), . . . , SH(En)}. Then we have:

S2(IE ) ∼= ISH (E)[mE ],

where mE is the sum of the shifts that appear in SH(E).

Let us remark that we have all the ingredients for the proof of Theorem 1. By
Lemma 5, we can compute the orbits of the simple modules by using Theorem
6. If h is the Coxeter number of H , we have S2h(IE) ∼= ISh

H(E)[m] for an integer

m. The derived category of the hereditary algebra H is h−2
h -Calabi-Yau. Hence

Sh
H(E) = E [n(h− 2)] and using Theorem 2, we obtain a proof of Theorem 1.
The proof of Theorem 6 involves the simplicial complex of rigid modules intro-

duced by Riedtmann-Schofield [5], which we view in the real Grothendieck group
of H . The facets of this simplicial complex are the tilting modules. We say that a
face of codimension 1 is a wall and we can label a wall W by the unique brick E
such that <E,W> = 0, where <−,−> is the Euler form. An interval in the poset
of tilting modules corresponds to a union of cones in the real Grothendieck group.
For the interval IE of Theorem 4, we prove that this union of cones is the convex
hull of the dimension vectors of the modules in E . Hence, there are exactly n walls
surrounding the interval IE . If we see the poset of tilting modules as an order filter
in the lattice of torsion classes, these walls correspond to cover relations leaving
or entering the interval. Moreover, our labelling coincides with the brick labeling
of [2]. The last step is to construct projective and injective resolutions of intervals
only involving these walls.
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On an equivalence between graded hypersurface singularities of types

A∞ and D∞

Sira Gratz

(joint work with Charley Cummings, Ellen Kirkman, Janina C. Letz,
J. Daisie Rock, Špela Špenko)

Let S = k[[x, y]] be the power series ring in two variables over an algebraically
closed field k, and let f ∈ S. If f = x2 or f = x2y then the isomorphism
classes of indecomposable maximal Cohen-Macaulay modules over S/(f) form a
countable set. These rings are referred to as the hypersurface singularity of type
A∞ and D∞ respectively. This is because they can be viewed, in some sense, as
the limiting cases of the families of hypersurface singularities of type An and Dn,
which have only finitely many indecomposable maximal Cohen-Macaulay modules
up to isomorphism. If k is algebraically closed and of characteristic different from
2, these are, up to coordinate change, the only hypersurface singularities with a
countably infinite set of indecomposable maximal Cohen-Macaulay modules [2].

The stable category of maximal Cohen-Macaulay modules over the type A∞
hypersurface singularity is not equivalent to the one over the type D∞ hypersur-
face singularity. This is not unexpected: The stable category reflects properties of
the singularities and in general one only expects a relation for analytically isomor-
phic singularities. Moreover, these categories are particularly rigid for hypersur-
face singularities. In general, non-trivial equivalences between stable categories of
maximal Cohen-Macaulay modules are notoriously hard to come by [4], [6].

Considering now the polynomial ring S′ = k[x, y] as a Z-graded ring with x
in degree 1 and y in degree −1 affords interesting connections between the type
A∞ hypersurface singularity and cluster theory of infinite type A [1]. In fact, this
situation can be seen as an infinite version of Grassmannian cluster categories of
finite type A as introduced in [5]. Motivated by this fruitful connection, we set out
to study the type D∞ hypersurface singularity with that same grading inherited
from S′ and find the following surprising connection:
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Theorem 1 ([3, Theorem A]). Consider S′ = k[x, y] as a graded ring with x in
degree 1 and y in degree −1, and consider the type A∞ hypersurface singularity
S′/(x2) and the type D∞ hypersurface singularity S′/(x2y) with the inherited
gradings. The stable categories of maximal graded Cohen-Macaulay modules over
the type A∞ hypersurface singularity and over the type D∞ hypersurface singu-
larity are triangular equivalent.

Note that this equivalence cannot preserve the grading shift. Indeed, taking the
orbit category, in an appropriate sense, by the grading shift recovers the ungraded
stable category and we know that we do not obtain an equivalence in the ungraded
case. However, under this equivalence the grading shift for the type D∞ singularity
corresponds to a power of the graded shift for the type A∞ singularity. This
suggests that one should view the infinite type D case as a kind of cover of the
type A case.
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Špela Špenko, An equivalence linking CM-types A∞ and D∞, arXiv e-prints, 2025,
arXiv:2510.24642, pp. 1-9.

[4] Alexander I. Efimov, Homological mirror symmetry for curves of higher genus, Adv. Math.
230 (2012), no. 2, 493–530.

[5] B. T. Jensen, A. D. King, and X. Su, A categorification of Grassmannian cluster algebras,
Proc. Lond. Math. Soc. (3), 113 (2016), 185–212.

[6] Martin Kalck, Classifying dg-categories of matrix factorizations, arXiv e-prints, 2021,
arXiv:2108.03292v1, pp. 1–9.

[7] B. Xample, Computing other invariants of topological spaces of dimension three, Topology
32 (1990), 120–140.

Tutte polynomials of graphs and symplectic duality for Nakajima

quiver varieties

Ben Davison

(joint work with Michael McBreen)

This project concerns a cohomological realisation of the Tutte polynomial, which
is the universal two-variable graph polynomial satisfying the deletion–contraction
relation recalled below. By cohomological realisation, we mean that we provide
a space X such that the cohomology H(X,C) carries a bigrading, and such that
the dimensions of the bigraded pieces are the coefficients of the Tutte polynomial.
One grading on H(X,C) is the natural cohomological grading, while the second
grading will come from the cohomological grading on the symplectic dual of X .
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1. Graph polynomials

Fix a quiver Q, meaning a set Q1 of arrows, a set Q0 of vertices, and a pair of
morphisms s, t : Q1 → Q0 (the source and target maps). We assume that Q1, Q0

are finite. Fix a field k with algebraic closure k. We denote by kQ the path
algebra, containing paths ei of length 0 starting and ending at i, for each i ∈ Q0.
The dimension vector dimQ0(ρ) of a finite-dimensional kQ-module ρ is the tuple
(dim(ei · ρ))i∈Q0 ∈ NQ0 . A kQ-module ρ is called absolutely indecomposable if

ρ⊗k k is an indecomposable kQ-module.

Theorem 1.1 (Kac [4]). Fix Q and d ∈ NQ0 . Then there exists a polynomial
aQ,d(t) ∈ Z[t] such if |k|= q then aQ,d(q) is the number of isomorphism classes of
absolutely indecomposable d-dimensional kQ-modules.

Example 1.2. Let Q = K3 be the 3-Kronecker quiver. This has vertex set {0, 1}
and three arrows ai, a2, a3 with s(ai) = 0 and s(ai) = 1 for all i. Throughout,
we denote by 1 the constant dimension vector (1, . . . , 1). There is a bijection
between isomorphism classes of (absolutely) indecomposable 1-dimensional kQ-
modules and points of P2

k, so aQ,1(t) = t2 + t+ 1.

Kac proved that the polynomial aQ,d(t) is independent of the orientation of Q,
and so we are free to think of it as an invariant of the underlying graph of Q.
Given a ∈ Q1 not a loop we denote by Q/a the contraction of a: this has vertex
set Q0/ ∼ where the only nontrivial equivalence class for the equivalence relation
is {s(a), t(a)}, and we set (Q/a)1 = Q1 \ {a}. We denote by Q \ a the deletion of
a: this has the same vertex set as Q, and (Q\a)1 = Q1 \ {a}. We say a is a bridge
if Q \ a has more connected components than Q.

Proposition 1.3. If Q1 contains b bridges, l loops, and no other edges, then
aQ,1(t) = tl. If a is not a loop then aQ,1(t) = aQ/a,1(t) + aQ\a,1(t) (this is called
the deletion-contraction relation).

This (fairly easy) proposition gives a recursive way of calculating Kac polyno-
mials for dimension vector 1. We can also define the Tutte polynomial recursively:
if Q1 only contains l loops and b bridges then χQ(x, y) = xlyb, and the Tutte poly-
nomials satisfy the deletion-contraction relation. Defining the Tutte polynomial
this way, the relation aQ,1(t) = χQ(t, 1) is clear. Using the deletion-contraction
relation, we see that χK3(x, y) = x2 + x+ y.

2. Quiver varieties

Kac conjectured that the coefficients of aQ,d(t) are always positive. By Proposition
1.3 this is easy to show for d = 1. We say that a dimension vector d ∈ NQ0 is
indivisible if we cannot write d = nd′ with d′ ∈ NQ0 and n ≥ 2. The Kac
positivity conjecture was proved for all indivisible dimension vectors by Crawley–
Boevey and Van den Bergh [2] via Nakajima quiver varieties, which we recall in
this section. The conjecture was proved for general dimension vectors by Hausel,
Letellier and Rodriguez Villegas, again using Nakajima quiver varieties, but since
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we are secretly only interested in the (indivisible) dimension vector 1 we will not
expand upon the extra theory required for general d.

So assume that d is indivisible. Pick generic ζ ∈ QQ0 . We define the slope of
a (non-zero) kQ-module ρ to be µ(ρ) = dimQ0(ρ) · ζ/dim(ρ). Then ρ is called ζ-
semistable if for all proper 0 6= ρ′ ⊂ ρ we have µ(ρ′) ≤ µ(ρ). We define the subspace
Asst

Q,d ⊂ AQ,d :=
∏

a∈Q1
Hom(Cds(a) ,Cdt(a)) to be the Zariski open subspace of ζ-

semistable modules. This is acted on freely1 by PGLd :=
(∏

i∈Q0
GL(Cdi)

)
/C∗,

where z ∈ C∗ is sent to the Q0-tuple (z · Iddi×di)i∈Q0 . We define Md(Q) :=
Asst

Q,d/PGLd, the moduli space of d-dimensional ζ-semistable CQ-modules.

We define Q to be the quiver with Q0 = Q0 and Q1 = Q1

∐
Qopp

1 . For
each arrow a ∈ Q1 there is an arrow a∗ ∈ Qopp

1 with the opposite orientation.

Then we define the preprojective algebra ΠQ := CQ/〈
∑

a∈Q1
[a, a∗]〉. We define

Mζ−sst
d

(ΠQ) ⊂ M
ζ−sst
d

(Q) to be the closed subvariety of CQ-modules satisfy-
ing the relations for ΠQ: this is the moduli space of ζ-semistable d-dimensional

ΠQ-modules. It is a smooth symplectic variety, containing T∗Mζ−sst
d

(Q) as a
symplectic subvariety, and is an example of a Nakajima quiver variety.

Example 2.1. LetQ = K3. In this case the inclusion T∗Mζ−sst
1 (Q) ⊂Mζ−sst

1 (ΠQ)

is actually an equality, and soMζ−sst
1 (ΠQ) ∼= T∗P2

C
. We thus have an equality

p̃q1/2(M
ζ−sst
1 (ΠQ)) = aQ,1(q

−1),

where for smooth connected X we define

p̃q1/2(X) := q−dim(X)/2
∑

i

dim(Hi(X,C))qi/2.

The following theorem from [2] shows that this is a general phenomenon, and
also implies the Kac positivity conjecture for indivisible d.

Theorem 2.2. Let Q be a quiver, let d ∈ NQ0 be indivisible, and let ζ ∈ QQ0 be

generic. Then there is an equality p̃q1/2(M
ζ−sst
d

(ΠQ)) = aQ,d(q
−1).

3. Symplectic duality and bicharacteristic polynomials

Definition 3.1. A conical symplectic resolution (CSR) is a C∗-equivariant res-

olution of singularities X
π
−→ X0, where (X,ω) is a smooth symplectic complex

variety, C∗ scales ω with weight two, (X0, ω0) is Poisson, π is a Poisson morphism,

and the C∗-action contracts X0 to a point XC
∗

0 = pt.

Examples include the Springer resolution T∗Fl(n)→ Nilp(n), the minimal reso-

lution Hilbn(A
2
C
)→ Symn(A2

C
) and several more resolutions of the formMζ

d
(ΠQ)→

X0, where X0 is the affinization ofMζ
d
(ΠQ).

As observed in e.g. [1], CSRs often come in symplectic dual pairs. We say that
X,X ! are a symplectic dual pair of CSRs if there are maximal Hamiltonian tori
T, T ! acting on X and X ! respectively, with a bijection of (finite) fixed point sets

1This is where we use indivisibility of d.
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XT ∼= (X !)T
!

: x 7→ x! and a nondegenerate pairing H2
T (X,C) ⊗ H2

T !(X
!,C) → C

for which H2
T (x,C)

∨ is the orthogonal complement to H2
T !(x

!,C)∨ for all x ∈ XT .

A consequence is that there is an isomorphism H2(X,C) ∼= H2
T !(pt,C)

∨.
Given a generic cocharacter σ ⊂ T we obtain a morphism Stabσ : HT (X

T ,C)→
HT (X,C) as a special instance of the Maulik–Okounkov stable envelope. The
cocharacter σ defines a one-dimensional module Cσ of A, and tensoring with Cσ we
obtain an isomorphism Stabσ : H(X

T ,C) ∼= HT (X,C)⊗A Cσ. The target of Stabσ
acquires a cohomological filtration from the cohomological filtration of HT (X,C),
so that H(XT ,C) acquires a filtration F • via Stab−1

σ . There is an isomorphism of
graded objects GrFH(X

T ,C) ∼= H(X,C).

Our assumptions provide an isomorphism H(XT ,C) ∼= H((X !)T
!

,C), which
carries a second filtration F !,•, coming from the construction above for the CSR
X !. Combining F • and F !,•, the vector space H(XT ,C) carries a bifiltration. We
define in [3] the bicharacteristic polynomial

TX,X!(x, y) := x−dim(X)/2y−dim(X!)/2
∑

i,j

dim(Gri,j(H(XT ,C)))xi/2yi/2.

Example 3.2. The symplectic dual X ! of X = T∗P2
C
is the minimal resolution of

the hypersurface defined by x3 − yz = 0. This resolution contains a chain of two
rational curves in its exceptional fibre, and we have H(X !,C) = C ⊕ C[−2]⊕2, so
that p̃q1/2(X

!) = 2 + q−1. Observe that 2 + q−1 = χK3(1, q
−1).

Let Q be a quiver, and consider the CSR X = Mζ−sst
1 (Q) along with its

symplectic dual X !. If the underlying graph of Q is planar, then we have that

X ! ∼=M
ζ−sst
1 (Q∨), where Q∨ is the dual graph.

Theorem 3.3. [3] There is an equality χQ(x, y) = TX,X!(x−1, y−1)

The theorem gives a cohomological interpretation to all of the coefficients of
the Tutte polynomial, and presents an avenue to discover new inequalities between
these coefficients by studying Lefschetz operators on cohomology of CSRs.
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Categorical entropy for partially wrapped Fukaya categories of surfaces

Sibylle Schroll

(joint work with Wen Chang and Alexey Elagin)

Categorical entropy of exact endofunctors of triangulated categories was intro-
duced by Dimitrov-Haiden-Katzarkov-Kontsevich in [7]. In some sense it measures
the complexity of the repeated application of the functor over time. Although it is
quite difficult to calculate, there are by now many examples in the literature where
the categorical entropy is known. This includes, for example, the entropy of the
Serre functor in the bounded derived category of path algebras of acyclic quivers
contained in the original paper [7]. Other examples of calculations can be found
in [3, 8, 9, 12]. But, in general, it seems that some additional information on the
triangulated category and the functor are needed, for example, extra conditions on
the triangulated category T such as it being saturated. An example of a saturated
triangulated category is the perfect derived category of a homologically smooth
differential graded algebra. In this case, it is shown in [7] that for a generator G of
T and an exact endofunctor F , the entropy can be characterised as the function,
which to t ∈ R associates

Ht(F ) = lim
N→∞

1

N
log

∑

n∈Z

dim HomT (G,FN (G))e−nt.

Furthermore, if some geometric context is given, this can sometimes be used
to simplify the calculations of the categorical entropy. Such a geometric context
is given, for example, in the case of the perfect derived category per(A) of a
homologically smooth graded gentle algebra A. Indeed, by the work of Haiden-
Katzarkov-Kontsevich [10] on the one hand and Lekili-Polishchuk on the other
hand [11], we know that per(A) is triangle equivalent to the (topological) partially
wrapped Fukaya category of a surface with stopsW(S,M, η) where S is a compact
oriented surface with connected boundary components ∂1S, . . . , ∂bS, M a set of
stops on the boundary with mi stops on ∂iS, where mi ≥ 1, and η is a line field on
S. Furthermore, starting from a Z-graded gentle algebra A, in [14] building on the
works in [1, 4, 5, 15, 16] and their generalisation to the graded case, a geometric
surface model (S,M,∆) of the bounded derived category Db(A) was constructed.
In this model ∆ is a graded surface dissection into polygons corresponding to
a formal generator of W(S,M, η). In this model curves connecting unstopped
boundary segments and closed curves (together with a local system) correspond,
up to shift, to indecomposable objects and intersections of curves correspond to
morphisms. In [2] a derived invariant, which will call AAG invariant, for gentle
algebras was constructed, which was generalised to the graded case and interpreted
in terms of the surface (S,M) in [11, 14]. The AAG invariant is given by b pairs
(m1, n1), . . . , (mb, nb) where ni = mi−wη(∂iS) and wη(∂iS) is the winding number
of the boundary component ∂iS.

As A is Gorenstein, per(A) has a Serre functor S, that is an autoequivalence such
that Hom(X,Y ) = DHom(Y, SX). In [14] it is shown that the action of the Serre
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functor on indecomposable objects corresponding to curves connecting boundary
components corresponds to rotating both endpoints to the next boundary segment
on the same boundary component, respectively.

In [6], we show that the categorical entropy of the Serre functor S in the partially
wrapped Fukaya category of a graded surface with stops, W(S,M, η), is given by
the function, for t ∈ R,

Ht(S) =

{
(1 −minΩ)t, t ≥ 0;
(1 −maxΩ)t, t ≤ 0,

where Ω = {wη(∂1S)
m1

. . . ,
wη(∂1S)

mb
, 0}.

Alternatively, the entropy can be formulated entirely in terms of the AAG
invariant. Namely for N = { n1

m1
, . . . , nb

mb
, 1}, the entropy of the Serre functor S is

given by, for t ∈ R,

Ht(S) =





(maxN )t, t ≥ 0;

(minN )t, t ≤ 0.

It follows from the above and [9] that the upper and lower Serre dimensions of

per(A) are given by (dimS) = 1 − minΩ = maxN and (dimS) = 1 − maxΩ =

minN , respectively.
Furthermore, for ungraded homologically smooth gentle algebras, we prove a

Gromov–Yomdin-like equality between the entropy of the Serre functor and the
logarithm of the spectral radius of the Coxeter transformation. Such an equality
is related to a conjecture by Kikuta and Takahashi in the case of autoequiva-
lences in the bounded derived category of coherent sheaves of a smooth projective
variety [13, Conjecture 5.3]. More precisely, if we set Hcat(S) = H0(S) and let
[S] : K0per(A) → K0per(A) be the map induced by the Serre functor S on the
Grothendieck group then we show that

Hcat(S) = logρ([S])

where ρ is the spectral radius of [S].
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Ordnung muss sein – ruminations on posets and their

linear representations

Henning Krause

My talk was devoted to some recent work on linear representations of finite posets
[2, 3].

For any finite totally ordered set and any field, the finite dimensional linear
represenations form an abelian category. Various classes of subcategories admit
natural combinatorial descriptions, and counting them yields familiar integer se-
quences. Surprisingly, in some cases new integer sequences arise. For instance,
consider the full additive subcategories that are extension closed and also closed
under direct summands. For a finite totally ordered set with n elements the num-
ber of these subcategories has been computed for small values of n, but no formula
seems to be known [4]. The values for n = 1, 2, 3, . . . are

2, 7, 34, 199, 1308, 9300, . . .

The formulation of such counting problem leads to a universal construction
which assigns to any poset a finitely cocomplete additive category; it is abelian
when the poset is finite and does not depend on the choice of any ring of coefficients.

Next consider a length category; it is an abelian category such that any chain of
subobjects for a given object is finite and the isomorphism classes of objects form
a set [1]. There are two basic invariants: the centre, which is the ring of natural
transformations from the identity functor to itself, and the ext-quiver, for which
the vertices are given by the isomorphism classes of simple objects, and there is an
arrow [S]→ [T ] if Ext1(T, S) 6= 0. The following result describes a class of length
categories that are completely determined by these invariants.
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For an abelian category A we write Z(A) for its centre and say that an endo-
morphism of an object X is central if it lies in the image of the canonical map
Z(A)→ End(X). The category A is connected if 0 and 1 are the only idempotents
in Z(A).

The main result of [3] is the following.

Theorem. A connected length category is equivalent to the category of pointwise
finite dimensional representations of a poset over a field if and only if the following
hold:

(1) The ext-quiver has no oriented cycle.
(2) For each simple object all its endomorphisms are central.
(3) There exists an object M with a distributive lattice of subobjects such that

each object is a subquotient of a finite direct sum of copies of M .

In this case the field equals the centre of the category and the poset is given by the
isomorphism classes of simple objects, with [S] ≤ [T ] if there is a path from [S] to
[T ] in the ext-quiver. �
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Higher torsion classes, τd-tilting theory and silting complexes

Johanne Haugland

(joint work with Jenny August, Karin M. Jacobsen, Sondre Kvamme, Yann Palu
and Hipolito Treffinger)

Initiated in work by Adachi, Iyama and Reiten, the area known as τ -tilting the-
ory plays a fundamental role in contemporary representation theory [AIR]. In
[AHJKPT2], we explore a higher-dimensional analogue of this theory, formulated
with respect to the higher Auslander–Reiten translation τd. In particular, we
associate to any functorially finite d-torsion class a maximal τd-rigid pair and a
(d+1)-term silting complex. In the case d = 1, the notions of maximal τd-rigid and
support τ -tilting pairs coincide, and our theory recovers the classical bijections.
However, the proof strategies for d > 1 differ significantly. In this talk we report
on these results, focusing on how to construct a (d+1)-term silting complex given
a functorially finite d-torsion class.

Throughout, we let d be a positive integer and A be a finite-dimensional al-
gebra over a field k. We write modA for the category of finitely presented

https://oeis.org
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right A-modules, projA for the subcategory consisting of projective modules and
Kb(projA) for the associated homotopy category of bounded complexes. Any
subcategory is required to be closed under finite direct sums and summands. We
always assumeM⊆ modA to be a d-cluster tilting subcategory as defined below.

Definition 1. A functorially finite subcategoryM of modA is d-cluster tilting if

M = {X ∈ modA | ExtiA(X,M) = 0 for all M ∈ M and all i = 1, . . . , d− 1}

= {Y ∈ modA | ExtiA(M,Y ) = 0 for all M ∈M and all i = 1, . . . , d− 1}.

Observe that the shortest non-split exact sequences inM have d middle terms.
These d-exact sequences, or d-extensions, play a key role in the study of M. In
particular, any d-cluster tilting subcategory is a d-abelian category in the sense
of [Ja]. Moreover, any d-abelian category embeds into an ambient abelian category
as a d-cluster tilting subcategory [ENI1, Theorem 4.7] and [Kv2, Theorem 7.3].

The notion of a torsion class in an abelian category was introduced by Dickson
[D] and generalized to the setup of d-abelian categories by Jørgensen [Jø]. Instead
of presenting Jørgensen’s original definition of a d-torsion class, we here use the
characterization in [AHJKPT, Theorem 3.14] to give an equivalent definition. For
this, note that a subcategory U ofM is called closed under d-extensions if for any
d-extension

0→ X → E1 → · · · → Ed → Y → 0

inM with X and Y in U , there exists an equivalent d-extension

0→ X → E′
1 → · · · → E′

d → Y → 0

where all the objects are in U . Furthermore, we say that U is closed under
d-quotients if for any morphism f : M → U in M with U in U , there exists an
exact sequence

M
f
−→ U → E1 → E2 → · · · → Ed → 0

with Ei in U for all i = 1, . . . , d.

Definition 2. A subcategory U of M is a d-torsion class if it is closed under
d-extensions and d-quotients.

It is shown in [AJST] that there is a nice interplay between the theory of
torsion classes in modA and the analogue theory of higher torsion classes in M.
In particular, for any d-torsion class U in M, there exists a torsion class T in
modA such that U = T ∩ M. If the torsion class T is functorially finite, then
so is U [AHJKPT2, Proposition 6.2]. However, we do not know whether U being
functorially finite implies that T is functorially finite. From now on, we restrict our
attention to functorially finite d-torsion classes. Note that as M is functorially
finite in modA, we have that U is functorially finite in M if and only if it is
functorially finite in modA, and we will just say that U is functorially finite.
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When a d-torsion class U inM is functorially finite, we may use it to construct
minimal U-coresolutions of any module M ∈ modA. Such a coresolution is ob-
tained by first taking the minimal left U-approximation f0 : M → UM

0 of M , and
then iteratively taking the minimal left U-approximation of the cokernel of the
previous morphism. This is illustrated in the following diagram

M UM
0 UM

1 UM
2 · · · UM

d 0

C0 C1 Cd−1

f0 f1 f2 fd

g1 g2 gd

where Ci is the cokernel of fi and gi is the minimal left U-approximation of
Ci−1. It can be shown that any minimal U-coresolution has at most d+ 1 terms.

Putting M = A in the construction above allows us to consider UA :=
⊕d

i=0 U
A
i .

Since UA might not be basic, we define MU to be the basic module such that
add(MU ) = add(UA). Moreover, we let PU denote the maximal basic projective
module satisfying HomA(PU ,MU) = 0. In the theorem below, we think about
PU as a stalk complex concentrated in degree zero, and PU [d] is hence the stalk
complex with PU in degree −d. We are now ready to present the main result.

Theorem 3. [AHJKPT2, Theorem 1.3] Let PMU• be the complex formed by the
first d + 1 terms in the minimal projective resolution of MU . Then PMU• ⊕ PU [d]
is a silting complex in Kb(projA).

The theorem above is a key ingredient in our proof that (MU , PU ) is a maximal
τd-rigid pair inM in the sense of [JJ]; see [AHJKPT2, Theorem 1.1]. It is more-
over worth noting that Theorem 3 also provides a way to use a d-cluster tilting
subcategory as a tool to study the ambient algebra itself, by generating silting
complexes and hence t-structures and derived equivalences from d-torsion classes.
Furthermore, the notion of (d + 1)-term silting complexes for d ≥ 2 has recently
attracted significant attention, and Theorem 3 can be seen as a part of this study.
One big advantage of our approach is that we get explicit constructions of silt-
ing complexes by just working in the d-cluster tilting subcategory of the algebra.
This is a much simpler task than working in its derived category, where silting
complexes normally live.

We finish by illustrating our theory in an explicit example.

Example 4. Consider the quiver 1
α
−→ 2

β
−→ 3, and let A denote the path algebra

of this quiver modulo the ideal generated by the relation αβ. The subcategory

M = add
{

3⊕ 2

3
⊕ 1

2
⊕ 1

}
is 2-cluster tilting in modA. Since A is of finite repre-

sentation type, every 2-torsion class inM is functorially finite. A complete list of
all 2-torsion classes U in M, along with their associated minimal torsion classes
T in modA, maximal τ2-rigid pairs (MU , PU) inM and 3-term silting complexes
PMU• ⊕ PU [d] in Kb(projA) is given above.
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U T (MU , PU ) P
(MU ,PU)
•

M modA
(
3⊕ 2

3
⊕ 1

2
, 0
)

0→ 0→ 3⊕ 2

3
⊕ 1

2

add
{

2

3
⊕ 1

2
⊕ 1

}
add

{
2

3
⊕ 2⊕ 1

2
⊕ 1

} (
2

3
⊕ 1

2
⊕ 1, 0

)
3→ 2

3
→ 2

3
⊕ 1

2
⊕ 1

2

add
{

1

2
⊕ 1

}
add

{
1

2
⊕ 1

} (
1

2
⊕ 1, 3

)
3⊕ 3→ 2

3
→ 1

2
⊕ 1

2

add {1} add {1}
(

1, 3⊕ 2

3

)
3⊕ 3⊕ 2

3
→ 2

3
→ 1

2

add {3} add {3}
(

3, 2
3
⊕ 1

2

)
2

3
⊕ 1

2
→ 0→ 3

{0} {0}
(
0, 3⊕ 2

3
⊕ 1

2

)
3⊕ 2

3
⊕ 1

2
→ 0→ 0
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M-TF equivalences on the real Grothendieck groups

Sota Asai

(joint work with Osamu Iyama)

This talk was based on [3].
Let A be an abelian length category which has exactly n isoclasses of simple

objects. Then the real Grothendieck group K0(A)R and the dual real Grothendieck
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group K0(A)∗R = HomR(K0(A)R,R) are both identified with Rn. In this talk, I
mainly focused on the latter.

Each element θ ∈ K0(A)∗R is nothing but an R-linear form θ : K0(A)R → R.
Hence, for each object M ∈ A, we have a real number θ(M) := θ([M ]) ∈ R. This
leads to the next notions.

Definition 1. We define the following.

(1) [10] Let θ ∈ K0(A)
∗
R
. Then we define the θ-semistable subcategory Wθ ⊂ A

by

Wθ := {M ∈ A | θ(M) = 0 and θ(N) ≥ 0 for any quotient object N of M} .

(2) [5] We define the wall-chamber structures on K0(A)∗R by
(a) the walls are ΘM := {θ ∈ K0(A)∗R |M ∈ Wθ} for all nonzero objects

M ∈ A \ {0};
(b) the chambers are the connected components of the open set

K0(A)
∗
R \

⋃

M∈A\{0}
ΘM .

To understand them more, their refinements below are useful.

Definition 2. We define the following.

(1) [4] Let θ ∈ K0(A)∗R. Then we define two semistable torsion pairs (T θ,Fθ)

and (Tθ,Fθ) by

T θ := {M ∈ A | θ(N) ≥ 0 for any quotient object N of M} ,

Fθ := {M ∈ A | θ(L) < 0 for any nonzero subobject L 6= 0 of M} ,

Tθ := {M ∈ A | θ(N) > 0 for any nonzero quotient object N 6= 0 of M} ,

Fθ := {M ∈ A | θ(L) ≤ 0 for any subobject L of M} .

(2) [2] We define the TF equivalence on K0(A)∗R as follows: two elements θ

and η are said to be TF equivalent if (T θ,Fθ) = (T η,Fη) and (Tθ,Fθ) =

(Tη,Fη).

In [2, 5, 11], the relationship between the TF equivalence and the silting the-
ory in the case A is the module category modΛ of a finite dimensional Λ over
a field. The Grothendieck group K0(projΛ)R of the category of finitely gener-
ated projective modules is identified with K0(modΛ)∗

R
via the Euler bilinear form

K0(projΛ)R ×K0(modΛ)R → R. Then we have an injection

{isoclasses of basic 2-term presilting complexes in Kb(projΛ)}

→ {TF equivalence classes in K0(projΛ)R}

where each
⊕m

i=1 Ui is sent to the (relatively open) silting cone
∑m

i=1 R>0[Ui] in
K0(projΛ)R. This is bijective if and only if modΛ is brick finite. Moreover this
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injection is always restricted to a bijection

{isoclasses of basic 2-term silting complexes in Kb(projΛ)}

→ {TF equivalence classes in K0(projΛ)R with nonempty interiors}

= {chambers in the wall-chamber strcutures on K0(projΛ)R}.

Therefore the TF equivalence recovers the silting fan introduced in [6, 7].
In general, it is hard to determine all the TF equivalence classes at once. Thus

we introduce M -TF equivalences on K0(A)∗R for objects M ∈ A as a systematic
way to coarsen the TF equivalence. Our ingredients are given as follows.

Definition 3. Let M ∈ A and θ ∈ K0(A)
∗
R
.

(1) We define a triple (tθM,wθM, fθM) by taking the canonical sequences

0→ tθM →M → fθM → 0, 0→ tθM →M → fθM → 0.

with respect to the torsion pairs (tθM, fθM) and (tθM, fθM), and setting
wθM := tθM/tθM ∈ Wθ.

(2) We define a finite set

suppθ(wθM) := {isoclasses of composition factors of wθM in Wθ}.

This is well-defined, because Wθ is a wide subcategory of A.

By using them, we can define M -TF equivalences.

Definition 4. [3] Fix M ∈ A.

(1) We define theM -TF equivalence onK0(A)∗R as follows: two elements θ and
η are said to be M -TF equivalent if (tθM,wθM, fθM) = (tηM,wηM, fηM)
and suppθ(wθM) = suppη(wηM).

(2) We set

TF(M) := {M -TF equivalence classes on K0(A)
∗
R},

and Σ(M) := {E | E ∈ TF(M)}, which is the set of closures of M -TF
equivalence classes.

We remark that θ and η are (M1 ⊕M2)-TF equivalent if and only if they are
M1-TF equivalent and M2-TF equivalent. Moreover if A is brick finite, then the
TF equivalence and the M -TF equivalence coincide, where M is the direct sum of
all bricks in A.

Then we showed the following properties. Here we mean by a generalized fan
that we allow that cones may not be necessarily strongly convex.

Theorem 5. [3, Theorem 1.2] Let M ∈ A.

(1) We have a bijection TF(M) → Σ(M) given by E 7→ E. The inverse is
given by taking the relative interior of each σ ∈ Σ(M).

(2) The set Σ(M) is a finite, complete, rational, generalized fan on K0(A)∗R.
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These results are proved by using the Newton polytope ofM , which is a compact
subset of K0(A)R (not K0(A)∗R) defined as follows. Its properties are studied also
in [1, 9].

Definition 6. [4, 8] Let M ∈ A. Then its Newton polytope N(M) in K0(A)R is
defined as the convex hull of the finite subset {[L] | L is a subobject of M}.

We write FaceN(M) for the set of nonempty faces of N(M). For the definition
of normal generalized fans, see [3, Definition-Proposition 2.4] and the references
therein.

Theorem 7. [3, Theorem 1.5] Let M ∈ A. Then Σ(M) is the normal generalized
fan of N(M). Thus we have a bijection Σ(M) → FaceN(M) which is order-
reversing and converts dimensions to codimensions.
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Representation theory of lattices and rowmotion

Hugh Thomas

1. The Auslander–Reiten bijection for distributive lattices

A finite-dimensional algebra A over a field k is called Auslander regular if it is of
finite global dimension and when we consider an injective coresolution of A,

0→ A→ I0 → I1 → · · · → Ir → 0

we have that pdim Ii ≤ i, where pdim is the projective dimension.
In this abstract, we will be considering A = kL, where L is a finite lattice. The

global dimension is therefore always finite.
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Let R be a poset. An order ideal of R is a subset J of R such that if x ∈ J and
y ≤ x, then y ∈ J . We write J(R) for the set of all order ideals of R, ordered by
inclusion. A finite lattice is distributive if L ≃ J(R) for some finite poset R. (There
is another definition of distributive lattices, which also applies to infinite lattices,
in terms of a distributivity identity, be we won’t need that in this abstract.) For
X a subset of R, we write ↓(X) for the smallest order ideal of R containing X .

Theorem 1 ([IM]). Let L be a finite lattice. Then kL is Auslander regular if and
only if L is distributive.

If L ≃ J(R), it is possible to describe the injective coresolution of kL in terms of
the combinatorics of order ideals of R, which is how Iyama and Marczinzik prove
one direction of the theorem.

For any Auslander regular algebra A, Auslander and Reiten [AR] discovered a
bijection between the indecomposable injective modules and the indecomposable
projective modules, as follows:

{ ind. proj. } { ind. inj. }
last term in injective coresolution

last term in projective resolution

That is to say, an indecomposable projective module is mapped to the last term
of its injective coresolution, and an indecomposable injective module is mapped to
the last term of its injective resolution. It is part of the theorem that these final
terms are indecomposable, and that these two maps are inverses of each other.

Iyama and Marczinzik show that an indecomposable projective module PJ is
sent to the indecompoasble injective module I↓(min(R\J)). The operation which
appears here, sending J to ρ(J) =↓ (min(R \ J)), is known as rowmotion. First
studied by Brouwer and Schrijver [BS] in the 1970s, it has been re-discovered
several times since. For the past fifteen years it has been intensively studied
within the dynamical algebraic combinatorics community. (See, for example, [S].)

In general, we know nothing about the orbit structure of rowmotion as it acts
on an arbitrary distributive lattice. Surprisingly, for certain lattices, the order is
small. This behaviour, which, though established in various cases, is still unex-
plained, is the chief motivation for the study of rowmotion.

Two examples where the order of rowmotion is small are the order ideals in a
product of two chains, and for the order ideals of the top half of the product of
an n-chain with itself. The former case is known to be fractionally Calabi–Yau,
by work of Gottesman [G]; the latter case is conjectured to be factionally Calabi–
Yau [C]. It would be very interesting to find a conceptual link between the two
properties. (See [MTY] for an initial attempt in this direction.)

2. Linear algebra of rowmotion

Let π be a numbering of the simple modules of kL (equivalently, of the n elements
of L). Given a numbering π of the simple modules of kL, we can identify dimension
vectors of kL modules with elements of Zn

≥0, and write dimX for the dimension
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vector corresponding to a moduleX . We write ρπ for the permutation of {1, . . . , n}
corresponding to ρ under this bijection.

Consider the Coxeter matrix Φπ defined by

Φπ(dimPi) = − dim Ii

For a lattice L, consider π a reverse linear extension of L, i.e., we number the
elements of L from top to bottom.

We say that a matrix is PU if it is of the form wU , with w a permutation
matrix, and U upper-triangular. Explicitly, this says that the first non-zero entry
in each row is in a different column. In this case, the permutation w is uniquely
determined: the permutation matrix has a 1 in position (i, j) if the first non-zero
entry in row i is in column j.

Theorem 2 ([KMT]). For L a lattice, L is Auslander regular if and only if for any
reverse linear extension π of L, we have Φπ is PU, if and only if for some reverse
linear extension π of L, we have Φπ is PU.

In this case, if Φπ ∈ wπU , then wπ = ρπ.

3. A combinatorial extension of rowmotion

Bruhat decomposition for GLn says that any invertible n × n matrix can be fac-
tored as an upper-triangular matrix times a permutation matrix times an upper-
triangular matrix. The permutation matrix is uniquely determined, while the
upper-triangular matrices are not. The elements of GLn whose factorizations use
a particular permutation matrix form a cell in the Bruhat decomposition.

For any finite-dimensional algebra, starting an ordering of the simple modules,
we obtain from Φπ a well-defined permutation wπ , by finding the permutation
corresponding to the Bruhat cell containing Φw.

Theorem 2 says that if L is distributive, and π is any reverse linear extension
of L, then wπ = ρπ. This can be generalized.

There is a class of lattices which properly includes the distributive lattices,
the semi-distributive lattices. (For example, lattices of torsion classes are always
semidistributive, while they are hardly ever distributive.) There is an extension of
rowmotion to such lattices, due to Barnard [B]. We have the following theorem:

Theorem 3 ([D+]). If L is semidistributive, then for all reverse linear extensions
π, if we define wπ by Φπ ∈ UwπU , then wπ = ρπ. Conversely, for any lattice L, if
there is some permutation of the elements of L, say σ, such that for any reverse
linear extension π of L, we have wπ = σπ , then L is semidistributive, and σ = ρ.

This theorem invites the following question:

Question 1. For L semidistributive, is there a homological interpretation of the
rowmotion bijection?

When L is distributive, an answer is given by the Auslander–Reiten bijection,
but for L semidistributive and not distributive, by Theorem 1, the algebra kL is
not Auslander regular, so there is no Auslander–Reiten bijection available.
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Generic modules arising from stability

Calvin Pfeifer

(joint work with Lidia Angeleri Hügel and Rosanna Laking)

Our aim is to extend parts of the structure theory of large modules over tame
hereditary algebras to arbitrary tame algebras. We work over an algebraically
closed field K.

1. The tame hereditary picture

Suppose A = KQ is the path algebra of a connected acyclic quiver Q of extended
Dynkin type. The category Mod(A) of all A-modules can be analysed via torsion
pairs (TΘ,FΘ) and (T Θ,FΘ) which are given by a defect functional Θ; see [13].

Mod(A)

fΘ tΘ
wΘ

Adics

Š

Generic

G
Prüfers

Ŝ

FΘ T Θ FΘ TΘ

Restricting to mod(A), the category of finite dimensional A-modules, one recovers
the classes of preprojective modules fΘ = FΘ ∩ mod(A), preinjective modules
tΘ = TΘ ∩ mod(A), and regular modules wΘ = FΘ ∩ T Θ ∩ mod(A). The latter
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decomposes further into a P1-family of tubes. Every module S at the mouth of a

tube gives rise to an adic module Š in FΘ and a Prüfer module Ŝ in FΘ ∩ T Θ.
Finally, there is a unique module G which is generic in the sense of [7]: It is
infinite dimensional, indecomposable and endofinite (i.e. has finite length over
its endomorphism algebra). This classifies all large indecomposable pure-injective
A-modules. The generic module G determines the above torsion pairs in the sense
that FΘ = Cogen(G), the class of A-modules cogenerated by G, and FΘ = ⊥1G,
the class of A-modules M with Ext1A(M,G) = 0.

2. Torsion pairs from stability

Let A = KQ/I be a basic finite dimensional algebra given by the path algebra
KQ of a quiver Q modulo an admissible ideal I. Fix a class Θ ∈ K0(inj(A))
in the Grothendieck group of the category inj(A) of finite dimensional injective
A-modules. We have a non-degenerate pairing

〈−,−〉 : K0(mod(A))×K0(inj(A))→ Z, 〈[M ], [I]〉 := dimHomA(M, I).

Baumann, Kamnitzer and Tingley [4], introduced two torsion pairs (tΘ, fΘ) and
(tΘ, fΘ) in mod(A) defined by

tΘ := {M ∈ mod(A) | ∀M ։M ′ 6= 0: 〈[M ′],Θ〉 ≤ 0},

fΘ := {M ∈ mod(A) | ∀0 6= M ′ →֒M : 〈[M ′],Θ〉 ≥ 0};

tΘ and fΘ are defined correspondingly with strict inequalities. The intersection
wΘ := tΘ ∩ fΘ is the wide subcategory of modules which are Θ-semistable in the
sense of King [10]. Closing under direct limits, yields two torsion pairs (TΘ,FΘ)
and (T Θ,FΘ) in Mod(A), which correspond to a closed rigid subset MΘ of the

Ziegler spectrum Zg[0,1](A) := Zg(D(A)) ∩ K[0,1](Inj(A)); see [2] and Lidia An-
geleri Hügel’s contribution. Here, Zg(D(A)) denotes the Ziegler spectrum of the
unbounded derived category D(A), and K[0,1](Inj(A)) the homotopy category of
complexes of injective A-modules concentrated in degrees 0 and 1.

3. Endofinite and generic modules from stability

In [1], we determineMΘ more explicitly. Let Mod(A,d) denote the affine scheme
of A-modules with dimension vector d. Any point M ∈Mod(A,d) with residue
field F may be seen as a module over the scalar extension F⊗KA, thus M restricts
to a possibly infinite dimensional, but endofinite, A-module. Elements ofMΘ are
indecomposable direct summands of injective copresentations of certain points of
the affine schemes of A-modules. Plamondon [12] associates to Θ an irreducible
component ZΘ of Mod(A,d), for some d, which is generically τ−-regular in the
sense of [5]: Namely, ZΘ is the closure of the set of kernels of general elements
in HomA(I0, I1) where I0, I1 ∈ inj(A) are the unique injective A-modules without
common direct summands such that Θ = [I0] − [I1]. Let IHomA(Θ) denote the
affine space with closed points HomA(I0, I1). As for schemes of modules, we may
consider points of IHomA(Θ) as endofinite objects in K[0,1](Inj(A)).
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Definition.

(1) The Zariski-generic module ZΘ ∈ Mod(A) is the generic point of ZΘ

considered as an A-module.
(2) The Zariski-generic complex ζΘ ∈ K[0,1](Inj(A)) is the generic point of

IHomA(Θ) considered as a 2-term complex of injective A-modules.

They are related by Add(ZΘ) = Add(H0(ζΘ)). We chose the terminology
“Zariski-generic” to avoid confusion with Crawley-Boevey’s notion of generic mod-
ules [7]. Our Zariski-generic modules are usually decomposable and may have finite
dimensional indecomposable summands. Building upon [3, 8] we show:

Theorem 1. [1] Suppose Θ is tame in the sense of [8]. Then,

T Θ = {M ∈Mod(A) | HomA(M, ζΘ) is injective},

FΘ = {M ∈Mod(A) | HomA(M, ζΘ) is surjective}.

Furthermore,MΘ := Prod(ζΘ) ∩ Zg[0,1](A) is a closed rigid set.

It follows that FΘ = Cogen(ZΘ) for tame Θ. We would like to describe the
indecomposable summands of ZΘ. With the canonical decomposition from [6, 8],
we can assume that ZΘ is generically indecomposable. If ZΘ has a dense orbit,
then ZΘ is a coproduct of possibly infinitely many copies of the corresponding
finite dimensional τ−-rigid A-module. It is more challenging to describe ZΘ in
case ZΘ does not have a dense orbit. We can say more for tame algebras:

Theorem 2. [1] Suppose A has tame representation type and ZΘ is generically
indecomposable. Then there exists an indecomposable endofinite GΘ ∈ Mod(A)
such that ZΘ is a coproduct of infinitely many copies of GΘ.

In the setting of Theorem 2, if ZΘ does not contain a dense orbit, then GΘ is
a generic module and can be found as follows: There is a rational curve Σ of τ -
homogeneous and Θ-stable modules such that the union of their orbits is dense in
ZΘ; see [9]. Every module in Σ gives rise to a tube in the Auslander–Reiten quiver
of mod(A). Following [11], the Ziegler closure of every such tube contains a generic
module GΘ, which turns out to be unique and independent of the chosen tube; it
can be obtained from the unique generic module over the coordinate algebra of Σ.

Example. Let A = K〈 1 2 〉 be the path algebra of the Kronecker quiver. The

defect is given by Θ = (−1, 1)T . We have ZΘ = Mod(A,d) for the dimension
vector d = (1, 1). The Zariski-generic and the generic module are

ZΘ = K(x, y) K(x, y), GΘ = K(t) K(t).
x

y

1

t
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On syzygy categories over 2-Calabi-Yau tilted algebras

Ralf Schiffler

(joint work with Khrystyna Serhiyenko)

A 2-Calabi-Yau tilted algebra is the endomorphism algebra of a cluster-tilting ob-
ject in a 2-Calabi-Yau category. For example, the Jacobian algebra of a quiver
with potential, in particular every cluster-tilted algebra, is 2-Calabi-Yau tilted.

The category of syzygies over a 2-Calabi-Yau tilted algebra A is a triangulated
category with inverse shift given by the syzygy functor Ω. Since 2-Calabi-Yau
tilted algebras are Iwanaga-Gorenstein of Gorenstein dimension 1, the syzygies
are exactly the Cohen-Macaulay modules [2]. We therefore denote the syzygy
category of A by CMPA. The stable syzygy category CMPA is known to be
3-Calabi-Yau [3].

The long term objective of this work is to classify the 2-Calabi-Yau tilted alge-
bras A that have finitely many indecomposable syzygies. Such an algebra is said
to be CM-finite. If A is CM-finite, then CMPA is a finite 3-Calabi-Yau category,
and thus it is covered by a 2-cluster category of Dynkin type A,D or E, by a result
in [A]. In this sense, CM-finite 2-Calabi-Yau tilted algebras are of CM-type A,D
or E.

In previous work [4, 5], we introduced a class of 2-Calabi-Yau tilted algebras,
which we call dimer tree algebras, that are of CM-type A. These algebras are
dimer algebras that are characterized by the property that, in their quiver, every
arrow lies in an oriented cycle, and the dual graph is a tree. In the sequel [6],
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we consider dimer tree algebras A that admit a certain action of a group G with
two elements, and we prove that the corresponding skew group algebra AG has
CM-type D. We also gave examples of 2-Calabi-Yau tilted algebras of CM-type E.

The focus of this talk is our recent work [7]. Let i be a vertex of the quiver
of the 2-Calabi-Yau tilted algebra A, let ei be the corresponding idempotent and
J = AeiA the two-sided ideal generated by ei. Then the quotient algebraB = A/J
is again 2-Calabi-Yau tilted. The quiver of B is obtained from the quiver of A
by removing the vertex i as well as all arrows incident to it. We say that B is
obtained from A by the reduction at the vertex i.

We describe the effect of the reduction on the syzygy category in the following
theorem. Let J⊥ = {X ∈ CMPA | Ext1A(J,X) = 0 = Ext1A(X, J)}, be the two-
sided ext-perpendicular category of J , and (J) the ideal of morphisms factoring
through J .

Theorem 1. There is an equivalence of categories

CMPB ∼= J⊥/(J).

The functor that realizes this equivalence maps the class of a syzygy X in J⊥

to the cokernel of an add J approximation of X . As a consequence, we obtain the
following characterizations for the invariance of the syzygy type under reduction.

Corollary 2. Let A be a 2-Calabi-Yau tilted algebra, and let mji = dim ejAei.
Then the following statements are equivalent.

(a) CMPA ∼= CMPB.

(b) J is a projective A-module.

(c) J ∼= ⊕j∈Q0PA(i)
mji .

(d) For all j ∈ Q0, the module PA(i)
mji is a submodule of PA(j).

(e) The radial rad P (i) is generated by the radicals radP (j), with j 6= i.

(f) There exists a short exact sequence 0 → rad P (i) ⊕ Y → P → X → 0
where Y ∈ CMPA, P is a projective A-module, and X is an A-module
that is not supported at i.

We call an algebra A CM-minimal, if all of its reductions have smaller CM-type
than A, that is, CMPA 6∼= CMPB for all vertices i.

Example 3. Let A be the algebra given by the quiver below with relations δγα =
στ , and βδγ = αβδ = γαβ = βσ = τβ = 0.

1
α //

OO

γ

2

β

��

5
τoo

4 oo
δ

3

σ

@@��������

The indecomposable projective modules are
1
2
3

2
3
4

3
4 5
1
2

4
1
2

5
2 . In particular, we

see that P (5) satisfies condition (d) of the corollary. Consequently, the reduction
in 5 preserves the syzygy type.
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Example 4. Let A be the algebra given by the quiver below with relations αβ =
γδ, ǫα = στ, and ǫγ = δǫ = βǫ = βσ = τβ = 0.

1
α //

γ

��

2

β

��

5
τoo

4
δ

// 3

ǫ

^^❃❃❃❃❃❃❃❃ σ

@@��������

The indecomposable projective modules are
1

2 4
3

2
3

3
1 5
2

4
3
5

5
2 . Here none of

the P (i) satisfies condition (d). For example, for i = 5, we have Hom(P (5), P (4)) 6=
0, but P (5) is not a submodule of P (4). Hence P (5) does not satisfy condition
(d). We deduce that A is CM-minimal.

Going back to dimer tree algebras and their skew group algebras, we have the
following result.

Theorem 5. Let A be a dimer tree algebra and AG a corresponding skew group
algebra. Then A is CM-minimal if and only if AG is.
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Graded preprojective algebras, split filtrations and graded Nakajima

tensor varieties, after Ricardo Canesin

Bernhard Keller

At the beginning of the 2000s, Nakajima used graded (singular) Nakajima quiver
varieties to give a geometric construction [6] of certain representations of quantum
affine algebras. He also introduced graded Nakajima tensor varieties to describe
[7] tensor products of such representations. In 2016, in joint work [4] with Sarah
Scherotzke, we used Gorenstein homological methods to show how the graded
Nakajima quiver varieties of a given ADE type ∆ parametrize the objects in the
derived category of any quiver Q with underlying graph ∆. This was based on an
interpretation [3, 5] of the points of the graded (singular) Nakajima quiver varieties
as finite-dimensional modules over the (relative) graded preprojective algebra of
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the quiver Q with principal framing. In the second chapter [1] of his ongoing
Ph. D. thesis [2], Ricardo Canesin proves an analogous link between n-fold graded
Nakajima tensor varieties and the n-step filtered derived category of the quiver
Q. A key point is his interpretation of the points of the n-fold tensor varieties
as modules over the (relative) graded preprojective algebra of the quiver Q with
n-principal framing. These modules can be viewed as n-filtered finite-dimensional
representations of the graded preprojective algebra which are endowed with vertex-
wise splittings.
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A correspondence between additive and monoidal categorifications of

Grassmannian cluster algebras

Karin Baur

(joint work with Changjian Fu, Jianrong Li)

We study the link between additive and monoidal categories associated with the
same cluster algebra different types of categorification of the same cluster algebra.
Let Q be a finite quiver without loops nor two-cycles, let N be the number of its
vertices and let A = A(Q) be the corresponding cluster algebra ([6]).

The key players in a cluster algebra are the so-called cluster variables and the
clusters : The cluster algebra arises from an initialN -tuple of variables (x1, . . . , xN )
through arbitrary sequences of mutations with the rule for mutation encoded in
Q. The original N variables and all mutated variables are the cluster variables
of A, they all lie in the field of fraction Q(x1, . . . , xN ). Every N -tuple of cluster
variables obtained is a cluster of A. Let m ≤ N . We call the first m variables
in every cluster mutable and the other variables frozen. Mutation is only allowed
at mutable variables. Shortly after the introduction of cluster algebras, people
started discovering links to categories where the categorical counterpart to the
cluster variables are indecomposable objects or certain simple modules. These
links proved to be fruitful for both players involved, leading to progress on the
cluster algebra side and on the categorical side.
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Roughly speaking, an additive categorification of a cluster algebra A is a stably
2 Calabi–Yau category F together with a cluster character map χ : F → A sending
indecomposable rigid objects to cluster variables, while a monoidal categorification
if a monoidal category (M,⊗) where the (classes) of real prime modules correspond
to cluster variables. We first introduce the necessary notation before discussing
the categorifications we have in mind.

Let F be a Frobenius exact category and let C = F be its stable category. An
object T = T1 ⊕ · · · ⊕ Tm is said to be cluster-tilting if Ext1C(T, T ) = 0 and if it
is maximal w.r.t. this property (all objects are assumed to be basic). Let T be
cluster-tilting. We say that a cluster-tilting object T ′ is a mutation of T if the
two differ in exactly one summand. A rigid object M ∈ C is reachable from T if
there exists a sequence of mutations T = T (0)

 T (1)
 · · · T (m) = T ′ between

cluster-tilting objects such that M is in addT ′. We may go from cluster-tilting
objects of C to such of F by adding the direct sum P = P1 ⊕ · · · ⊕ PN−m of all
indecomposable projective injectives ([3]).

Let F be as above and T ⊕ P ∈ F be a cluster-tilting object, let A = A(Q) be
a cluster algebra where Q has m mutable vertices. We say that F is an additive
categorification of A if there exists a map χT : F → A, the cluster character w.r.t.
T , sending indecomposable rigid objects to cluster variables. This gives a bijection

{reachable cluster-tilting objects}
1:1
←→ {clusters in A}

T ′
1 ⊕ · · ·T

′
m ⊕ P1 ⊕ · · · ⊕ PN−m 7−→ (y1, . . . , yN )

where the quiver of the cluster (y1, . . . , yN ) is isomorphic to the quiver of the
endomorphism algebra of T ⊕ P . We need the notion reachable here: in general,
it is an open question whether the “exchange graph of C” is connected (this graph
has as vertices the cluster-tilting objects and its edges are given by mutation).

Let (M,⊗) be a monoidal abelian category. A simple module S ∈ M is real
if S ⊗ S is simple, S is a real prime module if it is simple and if there exists no
non-trivial factorisation S′ ⊗ S′′ of S.

A monoidal abelian category (M,⊗) is a monoidal categorification of A if
K0(M) ∼= A and if every cluster variable is the class of a real simple prime module.

If we have an additive and a monoidal categorification of the same cluster
algebra, the question arises how the two categories are related. Recent work on
this question includes [5], [7], [4].

We consider the Grassmannian cluster algebra structure A = Ak,n on the coor-
dinate ring of the (affine cone over the) Grassmannian C[Gr(k, n)], [10]. Among
the cluster variables are the Plücker coordinates pI , I any k-subset of n = {1, . . . , n}.
Unless k = 2 or (k, n) ∈ {(3, 6), (3, 7), (3, 8)}, A has infinitely many cluster vari-
ables (assuming k ≤ N

2 )).
By [9], the category Fk,n =CM(Bk,n) of maximal Cohen Macaulay modules

for the quotient Bk,n of the (completed) path algebra of the cyclic quiver on n
vertices, with arrows xi : i− 1→ i, yi : i→ i− 1, subject to the relations xy = yx
and xk = yn−k (both at all vertices) is an additive categorification of A. The
rank one modules of Fk,n are in bijection with the Plücker coordinates, the n
projective-injective ones given by k-subsets of the form I = {i, i+1, . . . , i+k−1}.
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By [2], the category Fk,n has cluster-tilting objects given by rank 1 modules
and where the quiver Qk,n of the endomorphism algebra has the vertices {(0, 0)}∪
{(a, b) | 1 ≤ a ≤ n − k, 1 ≤ b ≤ k} and the arrows (a, b) → (a, b + 1), (a, b) →
(a + 1, b) and (a, b) → (a − 1, b − 1) (whenever the target is in Q), together with
(0, 0) → (1, 1), (n − k, 1) → (0, 0) and (1, k) → (0, 0). For a description of the
k-subsets corresponding to these vertices, we refer to [1, §2.6].

Hernandez and Leclerc showed in [8] that the category Cslkℓ of finite dimensional

Uq(ŝlk)-modules at level ℓ, for N = k + ℓ+ 1, q not a root of unity, is a monoidal

categorification of the cluster algebra Ãk,n := Ak,n/〈{pi,i+1,...,i+k−1−1,1≤i≤n−k+1}〉.
The quiver Qℓ with vertices

{

(i,−2(r + 1)) |
1 ≤ i ≤ k − 1 odd
r ∈ [0, ℓ] ∩ Z

}

∪

{

(i, 1− 2(r + 1)) |
1 ≤ i ≤ k − 1 even
r ∈ [0, ℓ] ∩ Z

}

and arrows (i, a)→ (i, a− 2), (i, a)→ (i+ 1, a+ (−1)i+1) and (i, a)→ (i− 1, a+

2 + (−1)a) (whenever the target is in Qℓ) is an initial quiver for Ãk,n.

Example. We show the quiversQ3,6 andQ2 (boxed vertices: projective-injectives).

(0, 0)

$$■
■■■

■

(1, 1) //

��

(1, 2) //

��

(1, 3)

��

ll

(2, 1) //

��

(2, 2) //

��

dd❍❍❍❍❍❍

(2, 3)

��

dd❍❍❍❍❍

(3, 1) //

VV

(3, 2) //

dd❍❍❍❍❍

(3, 3)

dd❍❍❍❍❍

(1,−2) //

��

(2,−1)

��

(1,−4) //

��

(2,−3)

��

ee❑❑❑❑❑

(1,−6) // (2,−5)

ee❑❑❑❑❑

Up to taking this quotients, the two categofications can thus be viewed as
categorifications of the “same” cluster algebra. The link between them arises via
Young tableaux:

F

cc-map %%❏
❏❏❏

❏oo
SSYT(k,[n])/∼

//M

q-character
zz✉✉
✉✉

A(Qk,n)
ρ
// A(Qℓ)

Theorem. [1, Theorem 5.2] There are bijections between isoclasses of reach-
able rigid indecomposable modules in F , reachable prime real semistandard Young
tableaux in SSYT(k, [n]) and iso classes of reachable prime real modules in M.

As an application, we are able to compute g-vectors of certain real prime mod-
ules and construct new rigid indecomposable modules in F . We conclude by noting
that in the two tame cases, all cluster-tilting objects are reachable:

Theorem. [1, Theorem 4.3] The exchange graphs of F3,9 and F4,8 are connected.



Representation Theory of Quivers and Finite-Dimensional Algebras 415

References

[1] K. Baur, C. Fu, JR. Li, A correspondence between additive and monoidal categorifications
with application to Grassmannian cluster categories, ArXiv, arXiv:2410.04401.

[2] K. Baur, A. D. King, B. R. Marsh, Dimer models and cluster categories of Grassmannians,
Proc. Lond. Math. Soc. (3) 113, 2 (2016), 213–260.

[3] A. B. Buan, O. Iyama, I. Reiten, J. Scott, Cluster structures for 2-Calabi-Yau categories
and unipotent groups, Compos. Math. 145, 4 (2009), 1035–1079.

[4] A. Contu, Solution of a problem in monoidal categorification by additive categorification, J.
Algebra 691 (2026), 128–185.

[5] B. Duan, R. Schiffler, Real simple modules over simply-laced quantum affine algebras and
categorifications of cluster algebras, J. Algebra 685 (2026), 608–672.

[6] S. Fomin, A. Zelevinsky, Cluster algebras. I. Foundations. J. Amer. Math. Soc. 15, 2 (2002),
497–529.

[7] R. Fujita, R. Singularities of normalized R-matrices and E-invariants for Dynkin quivers,
arXiv:2410.10070 (2024).

[8] D. Hernandez, B. Leclerc, Cluster algebras and quantum affine algebras, Duke Math. J. 154,
2 (2010), 265–341.

[9] B. T. Jensen, A. D. King, A. D., X. Su, A categorification of Grassmannian cluster algebras,
Proc. Lond. Math. Soc. (3) 113, 2 (2016), 185–212.

[10] J. Scott, Grassmannians and cluster algebras, Proc. London Math. Soc. (3) 92, 2 (2006),
345–380.

Universal F -polynomials and configuration spaces

Pierre-Guy Plamondon

(joint work with Nima Arkani-Hamed, Hadleigh Frost, Giulio Salvatori,
Hugh Thomas)

The results of this talk are contained in the recent preprint [1].

1. Setting

Let Λ be a finite-dimensional basic C-algebra; we can assume that Λ is isomorphic
to CQ/I, where Q is a finite quiver with vertices 1, . . . , n and I is an admissible
ideal. Throughout this talk, we will make this very strict assumption:

Assumption 1. The algebra Λ is of finite representation type.

Let modΛ be the category of finite-dimensional right Λ-modules. Denote
by S1, . . . , Sn the simple modules supported on vertices 1, . . . , n, respectively, and
denote by P1, . . . , Pn their respective projective covers. Let KΛ = K [−1,0](projΛ)
be the category of complexes of finite-dimensional projective Λ-modules supported
in cohomological degrees −1 and 0, with morphisms considered up to homotopy.

An object X of KΛ thus has the form P−1 f
−→ P 0, where P−1 and P 0 are finite-

dimensional projective modules and f is a morphism of modules. There are non-
negative integers ai and bi such that P 0 ∼=

⊕
P⊕ai

i and P−1 ∼=
⊕

P⊕bi
i ; the

g-vector of X is g(X) = (a1 − b1, . . . , an − bn).
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The categories KΛ and modΛ are related by the functor H0 taking a complex
to its 0-th cohomology:

H0 : KΛ −→ modΛ

(P−1 f
−→ P 0) 7−→ coker f.

This functor is full, essentially surjective, and its kernel is the ideal of morphisms
factoring through a shifted projective P [1] = (P → 0).

Finally, for X,Y ∈ KΛ, let c(X,Y ) = dimExt1(X,Y ) + dimExt1(Y,X).

2. u-equations

Our main object of study is the following.

Definition 2. Let X ∈ indKΛ, the u-equation of X is

uX +
∏

W∈indKΛ

u
c(W,X)
W = 1,

viewed as an element of the polynomial ring C[uX | X ∈ indKΛ].

These equations are categorifications of others that have appeared in several
places in the literature. If Λ is the path algebra of a quiver of Dynkin type A,
the u-equations recover those introduced by Koba and Nielsen in their study of
tree-level string amplitudes [8, 9, 10]. They are related to M0,n as seen in work
of Brown [3]. For all Dynkin types, these appeared in [2]. For Dynkin type with
bipartite orientation, they appeared in Fomin and Zelevinsky’s construction of
universal coefficients for cluster algebras [6, Equation 12.18].

3. Universal F -polynomials

Definition 3. Let X ∈ KΛ. Its F -polynomial is FX =
∑

d∈Nn χ
(
Grd(H

0X)
)
yd.

In the above, yd := yd1
1 · · · y

dn
n , Grd is the submodule Grassmannian of dimen-

sion vector d, and χ is the Euler characteristic. The F -polynomials were intro-
duced in the additive categorification of cluster algebras, see [4][7][5][11]... They
allow for the representation-theoretic interpretation of F -polynomials in cluster
algebras.

For our next definition, let ŷi =
∏

W∈indKΛ
u
−g(W )i
W for i = 1, . . . , n.

Definition 4. Let X ∈ KΛ. Its universal F -polynomial is

F̂X = FX(ŷ1, . . . , ŷn)
∏

W∈indKΛ

u
dimHom(H0W,H0X)
W .

If Λ is the path algebra of a Dynkin quiver with bipartite orientation, then
the universal F -polynomials of indecomposable objects are obtained by taking the
cluster variables of the cluster algebra with universal coefficients of [6] and setting
all xi to 1, hence their name.

The universal F -polynomials are related to u-equations by the following result.
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Proposition 5.

(1) For any X,Y ∈ KΛ, we have that F̂X⊕Y = F̂X F̂Y .
(2) For X ∈ indKΛ not projective, let τX → EX → X the the almost-split

conflation ending in X in KΛ. Then

F̂τX F̂X = uX F̂EX +
∏

W∈indKΛ

u
c(W,X)
W .

(3) For an indecomposable projective Pi, we have that

F̂Pi = uPiF̂radPi +
∏

W∈indKΛ

u
c(W,Pi)
W .

As a corollary, setting F̂X = 1 for all X , we recover the u-equations.

Definition 6. The configuration spaces associated to Λ are

M̃Λ = Spec
(
C[uX | X ∈ indKΛ]/〈F̂X − 1 | X ∈ indKΛ〉

)

MΛ = Spec
(
C[u±1

X | X ∈ indKΛ]/〈F̂X − 1 | X ∈ indKΛ〉
)

ŨΛ = Spec
(
C[uX | X ∈ indKΛ]/〈u-equations〉

)

UΛ = Spec
(
C[u±1

X | X ∈ indKΛ]/〈u-equations〉
)
.

By Proposition 5, we get that M̃Λ ⊂ ŨΛ andM⊂ U .

Conjecture 7. We always have M̃Λ = ŨΛ andM = U .

If follows from [2] that the conjecture is true for path algebras of Dynkin quivers.
We can prove that it is true for large families, including algebras for which the
Auslander–Reiten quiver of KΛ has no oriented cycles, and for Λ = C[x]/〈xd〉
for d = 1, . . . , 9.

4. Parametrization

Theorem 8 ([1]). The ring morphism

C[u±1
X |X ∈ indKΛ]/〈F̂X − 1 |X ∈ indKΛ〉 −→C[y±1

1 , . . . , y±n
n , F±1

X |X ∈ indKΛ]

uX 7−→





FEX

FXFτX
if X is not Pi or Pi[1],

yi
FEX

FXFτX
if X = Pi[1],

Frad Pi

FPi
if X = Pi.

is an isomorphism.

As a corollary, MΛ is irreducible (or equivalently, the ideal generated by the

polynomials F̂X − 1 in C[u±1
X | X ∈ indKΛ] is a prime ideal) of dimension n.
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Pretorsion Theories

Emine Yıldırım

(joint work with Federico Campanini and Francesca Fedele)

Torsion theories provide a structural approach to the study of abelian and pointed
categories and have played an important role in representation theory for several
decades. When A is a finite-dimensional algebra, the torsion classes in the cate-
gory mod A of finitely generated A-modules form a complete lattice tors A. The
rich combinatorial behaviour of these lattices has been extensively investigated,
revealing deep connections between categorical structures and combinatorial set-
tings. Notably, the study of torsion classes has led to interesting correspondences
between objects such as noncrossing partitions and certain subcategories arising
in the representation theory of quivers, for instance [1, 4].

Pretorsion theories were recently introduced in [5, 6] as a non-pointed analogue
of torsion theories, extending torsion-theoretic methods beyond pointed and addi-
tive settings to arbitrary categories. The key idea is to replace the zero object with
a distinguished class of trivial objects denoted by Z and the zero morphisms with
an ideal of trivial morphisms. This perspective allows one to define Z-kernels,
Z-cokernels, and Z-exact sequences without requiring the ambient category to be
pointed. As a result, pretorsion theories unify and generalise several torsion-like
phenomena that appear across a wide range of mathematical contexts, including
topological structures, internal preorders, and categories of algebraic origin.
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The goal of our joint work [3] is to initiate a systematic lattice-theoretic study
of pretorsion classes in representation theory of algebras. We introduce and inves-
tigate the poset Lt(A) of pretorsion classes in mod A under inclusion. Our first
main result shows that this poset Lt(A) is actually a complete lattice with meet
operation is being the intersection and the join is being the smallest pretorsion
class containing the union.

The lattice Lt(A) contains the classical lattice tors A as a subposet, however not
as a sublattice. This indicated that the passage from torsion to pretorsion theories
produces genuinely new phenomena rather than a straightforward enlargement of
the classical picture.

We then undertake a detailed analysis of the lattice-theoretic properties of
Lt(A). In particular, we obtain a complete description of its completely join-
irreducible elements, thereby clarifying the building blocks from which all pre-
torsion classes arise. This description reveals a strong structural parallel with
the classical theory while simultaneously highlighting new features that have no
counterpart for torsion classes.

A central theme of the paper is distributivity. While lattices of torsion classes
are rarely distributive, we prove a characterisation theorem that completely deter-
mines when the lattice Lt(A) is distributive. We denote by Gen(S) the smallest
pretorsion class containing S.

The lattice Lt(A) of pretorsion classes is distributive if and only if add(T1∪T2) =
Gen(T1 ∪ T2) for every pair of pretorsion classes T1 and T2 in Lt(A).

Furthermore, we identify precisely those finite-dimensional algebras A for which
the lattice of pretorsion classes can be realised as the distributive closure of tors A
This establishes a direct structural link between the classical torsion and pretorsion
theories and offers a conceptual interpretation of pretorsion classes as completing
the torsion lattice in a canonical distributive manner.

[2] shows how the lattices of pretorsion classes, together with their dual con-
structions, can be used to build pretorsion theories inside mod A. This provides
a systematic mechanism for producing some pretorsion theories in representation-
theoretic setting. Below we explain one example in detail. Consider the quiver
Q = A2 : 1 → 2. The category mod kA2 has three indecomposable objects up
to isomorphism: the simple modules corresponding to the two vertices, namely 1

and 2 , and the indecomposable projective-injective module 1
2 .

The lattices of pretorsion classes, Lt(kQ), and of pretorsion-free classes Ltf (kQ)
of mod(kQ) are shown in Figure 1. Notice that they are both distributive lattices.

Focusing on Lt(kQ), the join-irreducible elements are Gen of the indecomposable
modules, that is Gen( 1 ) = add( 1 ), Gen( 2 ) = add( 2 ) and Gen( 12 ) = add( 1 , 1

2 ).
Notice that it is the lattice of order ideals of the poset

Gen( 12 )

Gen( 2 ) Gen( 1 ).

❊❊❊❊❊❊❊❊
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Note that in both cases there is a single subcategory that is not a classic tor-
sion, respectively torsion-free: add( 1 , 2 ), as this is not closed under extensions.
Moreover, tors(kQ) is a subposet but not a sublattice of Lt(kQ), as a distributive
lattice cannot have a non-distributive sublattice.

One can check that there are 17 pretorsion theories listed as follows.

• There are 11 pretorsion theories of the kind (T ,mod kA2) or (mod kA2,F),
for T ∈ Lt(kQ) and F ∈ Ltf (kQ), two of which are classic torsion theories.

• The following 3 are classic torsion theories:

(add( 1 ), add( 2 , 1
2 )), (add( 2 ), add( 1 )), (add( 1 ,

1
2 ), add( 2 )).

• The remaining ones

(add( 1 , 1
2 ), add( 2 ,

1
2 )).

(add( 1 , 1
2 ), add( 1 , 2 )), (add( 1 , 2 ), add( 2 , 1

2 )).

mod kA2 mod kA2

add( 1 , 1
2 )

⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧
add( 1 , 2 )

❄❄❄❄❄❄❄❄❄❄❄❄❄❄❄❄❄

add( 2 , 1
2 )

⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧
add( 1 , 2 )

❄❄❄❄❄❄❄❄❄❄❄❄❄❄❄❄❄

add( 1 )

⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧

❄❄❄❄❄❄❄❄❄❄❄❄❄❄❄❄

add( 2 )

❄❄❄❄❄❄❄❄❄❄❄❄❄❄❄❄

add( 2 )

⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧

❄❄❄❄❄❄❄❄❄❄❄❄❄❄❄❄

add( 1 )

❄❄❄❄❄❄❄❄❄❄❄❄❄❄❄❄

0

⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧

❄❄❄❄❄❄❄❄❄❄❄❄❄❄❄❄❄
0

⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧

❄❄❄❄❄❄❄❄❄❄❄❄❄❄❄❄❄

Figure 1. On the left, the lattice of pretorsion classes of
mod kA2, and on the right its lattice of pretorsion-free classes.
In both cases, the join-irreducible elements are coloured in red.
Dotted frames indicate the elements of the torsion and torsion-
free classes.
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Grids, the PU property, and Auslander regularity

Monica Garcia

(joint work with Clara Riachi, Adrien Segovia, Hugh Thomas)

In this extended abstract, we report on ongoing work on the Auslander regular
property for the incidence algebra of a non-lattice poset. Let Λ be a finite di-
mensional quiver algebra with fixed ordering S(1), S(2), . . . , S(n) of its simple
Λ-modules. For all 1 ≤ i ≤ n, let P (i) and I(i) be respective indecomposable pro-
jective and injective Λ-modules. The Cartan matrix associated to Λ is the matrix
given by ωΛ = (wi,j)1≤i,j≤n where wi,j = dimk(ejΛei) = dimk(HomΛ(Pi, Pj)). If
Λ is of finite global dimension, we can associate to Λ its Coxeter matrix CΛ =
−ωT

Λω
−1
Λ . This matrix satisfies that CΛ dim(P (i)) = − dim(I(i)) for all 1 ≤ i ≤ n.

Recently, it was shown that the Coxeter matrix has deep connections to the notion
of Auslander regularity.

Definition 1. A finite-dimensional algebra Λ of finite global dimension is Aus-
lander regular if there exists a finite injective coresolution

0→ Λ→ I0 → I1 → · · · → Ik → 0

such that the projective dimension of Ii is at most i for all 1 ≤ i ≤ k.

The following theorem, shown by by Klász, Marczinzik and Thomas in [2],
provides a new criterion to verify whether a finite dimensional algebra is Auslander
regular with the use of the Coxeter matrix. Recall that a Bruhat decomposition
of an invertible n × n matrix M is a factorization of M as M = U1PU2, where
P is a permutation matrix and U1 and U2 are upper triangular matrices. When
M is the Coxeter matrix, we refer to the permutation given by P as the Coxeter
permutation of Λ.

Theorem 1. [2, Theorem 1.2] Let Λ be an Auslander regular algebra with ad-
missible1 ordering of the simple Λ-modules. Then its Coxeter matrix has Bruhat
decomposition U1PU2 where U1 is the identity matrix.

We say that the Coxeter matrix of an algebra satisfies the PU-property if its
Bruhat decomposition is as in the previous theorem. When Λ = ΛL is the in-
cidence algebra of a finite lattice L, Klász, Marczinzik an Thomas also give a

1We call an ordering S(1), ..., S(n) of the simple Λ-modules admissible if the condition
pdim I(i) < pdim I(j) =⇒ j > i is satisfied.
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linear-algebraic interpretation of the rowmotion bijection, a classical bijection in
combinatorics studied for distributive lattices, via the Coxeter matrix CL of ΛL.

Theorem 2. [2, Theorem 1.4] Let L be a finite lattice with Coxeter matrix CL,
where the vertices are ordered according to a linear extension of the order of L.
Then L is distributive if and only if the first non-zero entry of each row of CL is
in a different column. In this case, CL satisfies the PU-property and the Coxeter
permutation associated to L coincides with the inverse of the rowmotion bijection.

The algebraic interpretation of rowmotion given by Theorem 2 provides natural
way to generalize this bijection to any poset. This bijection, known as echelonmo-
tion, has been further studied in [1] for semi-distributive lattices. In this work, we
study the relation between the PU-property, rowmotion and Auslander regularity
for posets other than lattices. We focus on subposets of the 2D-grid.

1. Grids and removable shapes

Let Gm,n be the product of a chain of m+1 elements and a chain of n+1 elements,
where the labels of the chains start at zero. The elements of Gm,n are tuples
(a, b) ∈ {0, . . . ,m} × {0, . . . , n}, which are partially ordered by (a, b) ≤ (a′, b′) if

a ≤ a′ and b ≤ b′. We write 0̂ := (0, 0) and 1̂ := (m,n). If x = (a, b) ∈ Gm,n, we
say that the element y = (a + 1, b + 1) is directly above x. In this case, we say

that x is directly bellow y. With the elements 0̂ and 1̂, the join-irreducible and
meet-irreducible elements form the boundary vertices of the grid Gm,n. The other
elements are called internal vertices of the grid. We denote by [x, z] ⊂ Gm,n the
interval of elements y ∈ Gm,n such that x ≤ y ≤ z, we refer to them as rectangles.

Let X be a subset of Gm,n consisting only of internal vertices. We say that x is a
top element of X if the element of Gm,n which is directly above x is not in X . We
denote by GX the induced subposet of Gm,n obtained by removing the elements
in X . We write (HX , IX) for the Hasse quiver associated to GX and ΛX for its
incidence algebra. This poset is not a lattice, so the results in [2, 1] do not apply
in this context. We restrict to the case when the incidence algebra ΛX of the poset
GX has injective dimension at most 3. In this case, we say that X is removable.

d′

yd

d
xd

nd

ed

Rd

sd

wd

Figure 1. Elements
nd, wd, ed, sd, yd and
d′ = ρX(d) associated
to an element d ∈ DX

and the rectangle Rd.

1.1. The 3-PU property. We introduce a local property
on removable sets of Gm,n and show that it is equivalent
to ΛX being Auslander regular and the Coxeter matrix of
ΛX being PU. Let DX ⊂ GX be the subset of elements of
GX that are directly above a top element in X . For the
following notations see Figure 1. For each d = (d1, d2) ∈
DX , let xd = (d1 − 1, d2 − 1) be the corresponding top
element in X directly below it. We define the subset Rd ⊂
X as the intersection of all maximal rectangles [x, xd] ⊂ X .
Then Rd = [yd, xd] for certain yd = (ad, bd) ∈ X . We
write ρX(xd) = (ad − 1, bd − 1) = d′ to be the element
directly bellow yd. Given Rd, we associate to d the following
elements in Gm,n:
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· · ·

...

x′ x′′

x

≺·

≺·

· · ·

...

x′′

x x′
≺·

≺·

Figure 2. Types of bendings in the quiver (QX , IX), seen as a
subposet of GX . Note that x, x′, x” need not be adjacent in GX .

nd := (ad, d2), ed := (d1, bd), wd := (ad − 1, d2 − 1) and sd := (d1 − 1, bd − 1).

Definition 2. A subset X ⊂ Gm,n consisting of only internal vertices satisfies the
3-PU property if the following conditions are satisfied for every d ∈ DX :

(3.1-PU) yd ∈ GX (3.2-PU) sd wd ∈ GX (3.3-PU) nd, ed ∈ GX .

The following result shows that the PU-property is equivalent to Auslander
regularity for the incidence algebra a non-lattice poset.

Theorem 3. Let X ⊂ Gm,n be a removable shape consisting only of internal
vertices. The following statements are equivalent.

(1) X satisfies the 3-PU property.
(2) The Coxeter matrix CX of ΛX is PU.
(3) ΛX is Auslander regular.

d1

d2 d3

d5d4

Figure 3. Example of
(QX , JX).

1.2. Removable shapes are Auslander-Reiten

quivers. Given a subset X ⊂ Gm,n consisting only
of internal vertices. We will associate to X a quiver
with relation (QX , JX) in the following way. The set
of vertices (QX)0 is the set DX of vertices immedi-
ately above X , and arrows are given by the cover re-
lations in GX between the elements in DX , that is,
α : x → x′ belongs to (QX)1 if and only if x ≺·GX x′

and [x, x′]\{x, x′} ⊂ X . The ideal JX will be generated
by the paths of length 2 shown in fig. 2. We call these
paths bendings. By definition, (QX , IX) is a gentle tree
algebra. For an example, see fig. 3.

Theorem 4. Let X ⊂ Gm,n satisfying 3-PU consisting only of interior vertices.
Then X has the shape of the Auslander-Reiten quiver of rep(QX , JX). Moreover,
for d ∈ DX we have that

(1) xd is the projective representation associated to d,
(2) yd is the injective representation associated to d, and
(3) Rd is the set of representations supported in vertex d.

Furthermore, each x ∈ X is the unique module supported in the d such that
x ∈ Rd.
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The Deligne-Simpson problem

William Crawley-Boevey

(joint work with Andrew Hubery)

Given conjugacy classes C1, . . . , Ck in GLn(C), the Deligne-Simpson problem asks
to determine whether or not there is a solution to the equation A1 . . . Ak = 1 with
Ai ∈ Ci which is irreducible in the sense that the Ai have no common invariant
subspace. This is motivated by the problem of classifying systems of linear ordinary
differential equations in the complex domain in terms of their local monodromies;
see [8] for more background and motivation.

I conjectured in [1], that for there to be an irreducible solution, a certain con-
dition involving a root system is necessary and sufficient, and the sufficiency was
proved in [5]. A proof of necessity was already announced in [2], but only now, after
a long delay, is there a manuscript joint with Andrew Hubery [4]. An independent
proof has been given at the same time by Cheng Shu [9].

In the lecture I discussed the joint work with Hubery, but I also gave an overview
of my older work, which served to introduce the relevant machinery: multiplicative
preprojective algebras, reflection functors for them, parabolic bundles on weighted
projective lines, compatible logarithmic connections and their monodromy.

To state the condition, we encode the conjugacy classes using a star-shaped
graph as follows. Let ξi,1, ξi,2, . . . , ξi,wi be the roots of the minimal polynomial of
Ai ∈ Ci, in some order. We consider the star-shaped graph with k arms

s

s

s

s

s

s

s

s

s

s

✡
✡

✡
✡ ✟✟✟

❏
❏

❏
❏

q q q

q q q

q q q

q

q

q

q

q

q

q

q

q0

[k, 1]

[2, 1]

[1, 1]

[k, 2]

[2, 2]

[1, 2]

[k, wk − 1],

[2, w2 − 1]

[1, w1 − 1]

Let I be the vertex set of the graph, and define α ∈ ZI by α0 = n and

α[i,j] = rank(Ai − ξi,11) . . . (Ai − ξi,j).
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Let q be the quadratic form on ZI given by q(β) =
∑

v∈I β
2
v −

∑
βuβv, where the

second sum is over the edges u—v in the graph, and let p(β) = 1 − q(β). The
graph gives a symmetric generalized Cartan matrix, and there is an associated
root system in ZI , consisting of real roots (which have p(β) = 0) and imaginary
roots (which have p(β) > 0). For β ∈ ZI , we define

ξ[β] =

k∏

i=1

ξ
β0−β[i,1]

i,1 ξ
β[i,1]−β[i.2]

i,2 . . . ξ
β[i,wi−1]

i,wi
.

The condition ξ[α] = 1 is equivalent to det(A1) . . . det(Ak) = 1, which is clearly
necessary for the equation A1 . . . Ak = 1 to have a solution. The condition men-
tioned above is that α is a positive root, ξ[α] = 1, and p(α) > p(β) + p(γ) + · · ·
for any nontrivial decomposition of α as a sum of positive roots α = β + γ + · · ·
with ξ[β] = ξ[γ] = · · · = 1.

For example, let C and D be the conjugacy classes of unipotent 6× 6 matrices,
where C has Jordan blocks of sizes 4 and 2, and D has two Jordan blocks of size
3. Are there irreducible solutions to A1A2A3 = 1 with Ai ∈ C for all i? We have
ξi,j = 1 for all i, j and the graph and α are

1
2

4
6

4

2

1

4
2

1
✑✑

✑✑
✑✑ ◗◗

◗◗
◗◗

and the answer is yes. Similarly for A1, A2, A3 in C,C,D, in C,D,D or D,D,D,
we get respectively

1
2

4
6

4

2

1

4
2

✑✑
✑✑

✑✑ ◗◗
◗◗

1
2

4
6

4

2

4
2

✑✑
✑✑

✑✑ ◗◗
◗◗

2
4

6

4

2

4
2

✑✑
✑✑ ◗◗

◗◗

and the answers are yes, no, no respectively. In these examples, since all ξi,j = 1,
the combinatorial condition can be reformulated: we need α in the fundamental
region (used to define the imaginary roots), and not a ‘bad case’: either a proper
multiple of the minimal imaginary root for an extended Dynkin diagram (the
last case in the example), or a similar configuration for an over-extended Dynkin
diagram (the second to last case).

If Q is a quiver with vertex set I, the double Q is obtained by adjoining an
arrow a∗ : j → i for each arrow a : i → j in Q, and the preprojective algebra
Π(Q) is defined so that its representations are the representations of Q satisfying
relations of the form ∑

h(a)=i

aa∗ −
∑

t(a)=i

a∗a = 0
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for each vertex i. Given q ∈ (C∗)I , the multiplicative preprojective algebra Λq(Q)
[5] changes the relations to

∏

h(a)=i

(1 + aa∗)
∏

t(a)=i

(1 + a∗a)−1 = qi1.

It turns out that there is an irreducible solution to A1 . . . Ak = 1 with Ai ∈ Ci

if and only if there is a simple Λq(Q)-module of dimension vector α, for Q an
orientation of the star-shaped graph and q constructed from the ξi,j . Now Katz’s
middle convolution operation [7] becomes a reflection functor for multiplicative
preprojective algebras [5], and using this, together with combinatorial arguments,
for the proof of necessity one needs to show that there is no simple module in
appropriate generalizations of the bad cases.

Via monodromy, we can convert the Deligne-Simpson problem to logarithmic
connections on parabolic bundles on a weighted projective line. A weighting X for
the projective line consists of a collection D = (a1, . . . , ak) of marked points and
weightings wi for each of them. There is a category Coh(X) of coherent sheaves
on X introduced by Geigle and Lenzing [6], and the torsion-free sheaves can be
identified with vector bundles E on P1 equipped with a parabolic structure, that
is, chains of subspaces

Eai = Ei,0 ⊇ Ei,1 ⊇ · · · ⊇ Ei,wi = 0

of the fibres Eai of E for each marked point ai. Let ζi,j = − 1
2π

√
−1

log ξi,j . We

consider logarithmic connections ∇ : E → Ω1(logD) ⊗ E which are compatible
with the parabolic structure in the sense that (Resai∇− ζi,j)(Ei,j−1) ⊆ Ei,j ∀ i, j.
The monodromy of an irreducible such connection gives an irreducible solution to
A1 . . . Ak = 1 with Ai ∈ Ci, so we want to show in the bad cases that there are no
irreducible connections. If the graph is extended Dynkin and α is a proper multiple
of the minimal imaginary root, then the weighted projective line has virtual genus
1, and we can use Geigle and Lenzing’s classification of coherent sheaves on X and
a theorem of Hübner and Lenzing about perpendicular categories for weighted
projective lines. In the case when there is an over-extending vertex, one can forget
it, so that X again has virtual genus 1 and the connection is only compatible up
to an error, appearing as a matrix of rank ≤ 1, but again we are able to show that
there is no irreducible connection.
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(LACIM)
201 avenue du Président Kennedy
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8, place Aurélie Nemours
75205 Paris Cedex 13
FRANCE



Representation Theory of Quivers and Finite-Dimensional Algebras 431

Dr. Julia Sauter

Fakultät für Mathematik
Universität Bielefeld
Postfach 100131
33501 Bielefeld
GERMANY

Prof. Dr. Ralf Schiffler

Department of Mathematics
University of Connecticut
341 Mansfield Road
Storrs CT 06269-1009
UNITED STATES

Prof. Dr. Jan Schröer
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Weyertal 86-90
50923 Köln
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