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Abstract. Nonlinear dispersive equations describe nonlinear wave phenom-
ena that arise in many physical systems, for instance, in the context of general
relativity, quantum mechanics, or water waves. Linear dispersive equations
have solutions that spread out and decay while keeping a constant L2-norm.
The interaction with nonlinear effects leads to a rich variety of behaviors,
including finite-time blow-up, soliton formation, and scattering. These equa-
tions are connected to many branches of mathematics, such as integrable
systems, harmonic analysis, geometry, and probability.
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Introduction by the Organizers

The workshop organized by Sebastian Herr (Bielefeld), Pierre Raphaël (Cambridge
UK), Daniel Tataru (Berkeley) and Monica Vişan (Los Angeles) was well attended
by forty-eight participants with broad geographic representation.

The workshop brought together researchers working on a broad spectrum of
problems related to nonlinear dispersive and wave equations.

A central theme of the meeting was the interplay between analytic techniques,
structural features such as integrability, and geometric aspects. The program
reflected the wide range of current activity in the field, including developments
in low-regularity well-posedness, long-time dynamics, integrable systems, proba-
bilistic methods, and the analysis of special solutions such as solitons or blow-up
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solutions. Specifically, the talks of this workshop can be grouped according the
the following themes:

(1) Integrability. In the talks of Katie Marsden, Hajer Bahouri and Enno Lenz-
mann, the existence of a Lax pair structure has been used to prove global
existence results for the Calogero-Moser equation, the derivative nonlinear
Schrödinger equation, and the Half-Wave maps equation. Also, in the talks
of Rana Badreddine and Louise Gassot, the complete integrability of the
Benjamin-Ono equation was utilized to prove the stability of multi-solitons
and an instance of the soliton resolution conjecture.

(2) Probabilistic methods. For example, Björn Bringmann presented recent re-
sults on the the global well-posedness of singular stochastic PDEs of para-
bolic type and explained how the methods connect to dispersive problems.
In a different direction, Nikolay Tzvetkov’s lecture on probabilistic well-
posedness for nonlinear Schrödinger equations was related to the construc-
tion of the Gibbs measure.

(3) Harmonic Analysis methods. Ioan Bejenaru described a wave packet de-
composition to construct an effective resolution space for the Schrödinger
equation which allows to capture transversal bilinear effects which go be-
yond classical Strichartz estimates. Robert Schippa explained the phase
space analysis behind his recent work on transversal bilinear Lp estimates
for dispersive equations with rough coefficients. Mitchell Taylor derived a
new fractional chain rule to study the optimal Sobolev regularity of nonlin-
ear evolution equations with rough nonlinearities.

(4) Global asymptotic behavior. Jeremy Marzuola proved global existence and
scattering of Schödinger maps into Kähler manifolds under a critical Besov
space threshold. A modified scattering behavior has been discussed in the
talk of Martin Spitz and Andrew Lawrie for solutions of the Maxwell-Dirac
system and a toy model for the φ4 kink stability problem. Jonas Lührmann
presented an asymptotic stability result for the Yang-Mills-Higgs model.

(5) Finite time blow-up. Beomjong Kwak derived a new universal bound on the
blow-up rate for a nonlinear Schrödinger equation. Herbert Koch presented
a result on blow-up stability for the wave maps equation without symmetry
restrictions on the perturbations. Birgit Schörkhuber discussed a stable self-
similar blow-up mechanism for the harmonic map heat flow. Irfan Glogić
discussed the phenomenon of discretely self-similar blow-up. Didier Pilod
constructed a continuum of blow-up rates for a critical Korteweg-de Vries
equation and Joachim Krieger constructed bubble trees for wave maps.

(6) Wave Turbulence. Pierre Germain presented recent breakthrough develop-
ments on the description of the dynamics of nonlinear dispersive equations
in the weakly turbulent regime by means of kinetic wave equations. Anne-
Sophie de Suzzoni talked about the impact of trivial resonances on the
effective dynamics.
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(7) Fluid mechanics. Mihaela Ifrim presented a recent result on the global exis-
tence of three-dimensional gravity water waves. Thomas Alazard explained
why a loss of regularity may occur for solutions of the two-dimensional Euler
equation, which confirms a long-standing conjecture of Yudovich.

As in previous editions of this workshop series, the program included a fair number
of presentations by early-career researchers, providing an opportunity for young
mathematicians to present recent developments and to engage with experts across
the field.

Acknowledgement: The MFO and the workshop organizers would like to thank the
National Science Foundation for supporting the participation of junior researchers
in the workshop by the grant DMS-2230648, “US Junior Oberwolfach Fellows”.
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Abstracts

Mode stability of blow-up for wave maps in the absence of symmetry

Herbert Koch

(joint work with Roland Donninger, Max Weissenbacher)

The wave maps equation in three spatial dimensions with a spherical target admits
an explicit blow-up solution. Numerical studies suggest this solution captures the
generic blow-up behaviour in the backward light cone of the singularity. In this
work, we establish the mode stability of this blow-up solution in the backward
light cone of the blow-up point without any assumptions on the symmetries of
the perturbation. The corotational case has been studied in a series of paper by
Costin, Donninger Glogić, Schörkhuber and Aichelburg.

We classify all smooth mode solutions for growth rates λ with Reλ ≥ 0 and
demonstrate that the blow-up solution is stable up to the mode solutions arising
from the symmetry group of the wave maps equation. The symmetry group of
the wave maps equation has the dimension 17 (translations in space and time,
scaling, SO(1, 3) symmetry in the domain and SO(4) rotation in the image). The
stabilizer group of the blow-up solution has dimension 4 (scaling plus corotation
symmetry). This leads to a 13 = 17− 4 dimensional space of symmetry modes.

The strategy is as follows.

(1) Our proof relies on a decomposition of the linearised wave maps equa-
tion into a tractable system of symmetry-equivariant ordinary differential
equations (ODEs), diagonalizing the stabiliser of the blow-up solution. We
use the representation theory of the stabiliser (SO(3)× R).

(2) We remove the SUSY trick to remove the symmetry modes. The challenge
is now to prove the only modes left are strictly stable.

(3) The equations for the modes can be transformed into meromorphic ODEs
on the Riemann sphere with 4 resp. 6 regular singular points ( 0, ±1, ±i
and ∞). By a further transform we obtain either standard hypergeometric
equations, or standard Heun equation with the singular points 0, 1, 2 and
∞. Smooth modes corresponds to solutions which are smooth at 0 and 1.

(4) We use the quasi-solution method of Costin–Donninger–Glogić to show the
absence of non-zero smooth solutions for the resulting system of ODEs.
Checking the Frobenius indices one sees that the space of solutions which
are smooth at the origin has dimension 1. We fix the value 1 at z = 0 and
expand it into a power series, for which the coefficients are determined
recursively. We have to prove that the radius of convergence is 1, because
then the solution is not smooth at z = 1.

(5) The elegant method of Costin–Donninger–Glogić requires a good Ansatz
for the the quotients of the coefficients for all the modes, plus delicate and
sharp error estimates.
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Recently Donninger and Moscatelli have studied the higher dimensional case
using the same technique. They also completed the nonlinear stability of the
blow-up.

References
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On the global well-posedness of singular parabolic SPDEs

Bjoern Bringmann

(joint work with Sky Cao, Martin Hairer, and Wenhao Zhao)

This extended abstract (just like the talk) surveys recent advances in singular
parabolic SPDEs. Throughout it, we consider

(1) (∂t −∆)u = F (u,∇u, ξ),
where u : [0,∞)×Td → Rm is a scalar or vector-valued unknown, ξ is a stochastic
forcing, and F is a nonlinearity. The reason why we refer to (1) as singular is
that, at least in the specific examples below, the low regularity of ξ will prohibit
us from solving it using classical methods.

Over the last decade, the local well-posedness of singular parabolic SPDEs has
been studied extensively. It can now be addressed using different techniques,
such as para-controlled calculus [4] or regularity structures [5]. The global well-
posedness, however, is only partially understood. Unlike the local theory, the
global theory has to rely on the precise structure of the nonlinearity. While it
therefore cannot be studied at the level of generality of (1), it has been studied in
important examples.

The Φ4
d-models: In these models, one considers

(2) (∂t −∆)φ = −φ3 + ξ.

Here, φ : [0,∞) × Td → R is the unknown, ξ is a real-valued space-time white
noise, and the renormalization terms have been omitted. In dimension d = 2 and
d = 3, the global well-posedness of (2) has been shown in [3, 8] and [9], respectively.

Stochastic Navier-Stokes equations: In this model, one considers

(3) (∂t −∆)u+ P div(u⊗ u) = ζ.

Here, u : [0,∞)× Td → Rd is the unknown, ζ is a stochastic forcing term, and P
is the Leray-projection. The global well-posedness of (3) in two dimensions has
been studied in [6, 7].

Stochastic Yang-Mills-Higgs equations: To formulate this model, we need
a compact Lie group G, its Lie algebra g, and a representation of G on a vector
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space V . The model is then given by

(4)
∂tA

k = DA,jF
jk
A + b(φ,Dk

Aφ) + ξk,

∂tφ = DA,jD
j
Aφ− |φ|2φ+ ζ.

Here, A(t, x) = Aj(t, x)dx
j is a g-valued, time-dependent connection one-form.

That is, each coefficient is a map Aj : [0,∞)×T
d → g. DA and FA are the covariant

derivatives and curvature tensor corresponding to A. Furthermore, φ : [0,∞)Td →
V is the Higgs field and b : V × V → g is a certain bilinear map. Finally, ξ and ζ
are two independent space-time white noises. For simplicity, we are omitting both
gauge terms and renormalization terms in (4). In dimension d = 2, the global
well-posedness of (4) has recently been studied in [1, 2].

In addition to proving the global well-posedness of (2), (3), and (4), one is often
interested in proving uniform-in-time estimates for (moments of) the solution.
Using these uniform-in-time estimates, one can then use a Krylov-Bogolyubov
argument to construct an invariant measure. This construction is in the spirit of
stochastic quantization [10] and, in the case of (2) and (4), yields the existence of
Euclidean quantum field theories.

1. A stochastic version of Bourgain’s high-low method

The global well-posedness of singular parabolic SPDEs can be tackled using a
stochastic version of Bourgain’s high-low method. This approach was introduced
by Hairer and Zhao in the context of the stochastic Navier-Stokes equation [7].
Their argument relies on the following assumptions on the stochastic forcing.

Assumption (The stochastic forcing ζ). First, let (φk)k∈Z2\{0} be a complex-valued
sequence and (Bk)k∈Z2\{0} be a sequence of standard, complex-valued Brownian
motions satisfying the following conditions:

(a) For all k ∈ Z2\{0}, it holds that φk = φ−k and Bk = B−k.
(b) For all k, ℓ ∈ Z2\{0} satisfying k 6= ±ℓ, Bk and Bℓ are independent.
(c) It holds that lim sup|k|→∞ |φk| ≤ c, where c > 0 is a sufficiently small

absolute constant.

Furthermore, let (ek)k∈Z2\{0} be defined as ek(x) :=
k⊥

|k⊥|e
ikx, where k⊥ = (k2,−k1).

Then, we let

ζ(t, x) :=
∑

k∈Z2\{0}
φkdBk(t) · ek(x).

One option for the stochastic forcing, which would satisfy the above assumption,
is a small constant multiple of a divergence-free space-time white noise. However,
since the coefficients (φk)k∈Z2\{0} do not all have to be equal, the assumption
allows for rather general stochastic forcing terms.

Theorem 1 (Hairer-Zhao ’25). Let d = 2 and let ζ satisfy the assumption above.
Then, under suitable conditions on the initial data, (3) is globally well-posed and
the solution obeys certain uniform-in-time estimates.
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At a heuristic level1, the main idea behind the proof of Theorem 1 is as follows:
One first makes the Ansatz u = hi + wlo + whi, where hi is a high-frequency
stochastic object, wlo is a nonlinear low-frequency term, and whi is a nonlinear
high-frequency term. Together, these three terms solve a system of the form

(∂t −∆) hi = Q>Nζ,

(∂t −∆)wlo = −P div
(
wlo ⊗ wlo

)
+Q≤Nζ + . . . ,

(∂t −∆)whi = −2P div
(
Πlo,hi

(
(wlo + whi)⊗s hi

))
.

Here, N ∈ 2N is a carefully chosen dyadic scale, Q≤N and Q>N are Littlewood-
Paley operators, Πlo,hi is a low×high-paraproduct, and ⊗s is the symmetrized
tensor product. Then, one controls the low-frequency term wlo using the energy
identity for the Navier-Stokes equation and Itô’s formula, and one controls the
high-frequency terms hi and whi using perturbative arguments.

2. Covariant stochastic objects

The global well-posedness of singular parabolic SPDEs, and especially those of
a geometric nature, can also be tackled using covariant stochastic objects. This
approach was first introduced in [1] and has been pushed further in [2]. It led to
the proofs of the following two theorems, which are stated here rather informally.

Theorem 2 (B.-Cao ’24). Let d = 2 and G = U(1), which is Abelian. Then, (4) is
globally well-posed (in the Coulomb gauge) and the solution obeys uniform-in-time
estimates.

Theorem 3 (B.-Cao-Hairer-Zhao ’26+). Let d = 2 and let G be compact. Then,
(4) is globally well-posed (at the level of gauge-orbits) and the solution obeys
uniform-in-time estimates.

The covariant stochastic objects appear in the proofs of Theorems 2 and 3
through partial linearizations of (4). For the sake of concreteness, we focus on the
A-equation in (4) in the context of Theorem 3. We let B be the solution of the
Yang-Mills gradient flow

∂tB
k = DB,jF

jk
B

whose initial data coincides with the initial data of A from (4). The solution B
serves as a deterministic background for the connection one-form A in (4). At
least on certain time-scales (dictated by the size of FB), one should think of A−B
as consisting of stochastic fluctuations. Up to gauge terms, the linearization of
the A-equation in (4) around (B, 0) then leads to the covariant stochastic heat
equation

(∂t −Dj
BDB,j)

k

B − 2
[
F kj
B , B, j

]
= ξk.

We note that this involves the covariant Laplacian Dj
BDB,j , which is the reason

for referring to B as a covariant stochastic object. An important part of the

1In this heuristic discussion, we ignore several technical difficulties. In particular, we do not
mention the second dyadic scale from [7, (2.20)] which is needed in the proof.
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proofs of Theorems 2 and 3 is then to obtain estimates of B which exhibit only a
mild dependence on the size of B, since they can then be used as part of a global
iteration scheme.
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Modified scattering for the three dimensional Maxwell-Dirac system

Martin Spitz

(joint work with Sebastian Herr, Mihaela Ifrim)

We discuss the global well-posedness and asymptotic behavior of the Maxwell-
Dirac system in R1+3. In the Lorenz gauge

∂µAµ = 0

it takes the form

(1)
−iγµ∂µψ + ψ = γµAµψ,

�Aµ = −ψγµψ.
The Maxwell-Dirac system is a fundamental model in relativistic quantum elec-
trodynamics, describing the interaction of a charged fermionic particle (e.g. an
electron) with its self-generated electromagnetic field. In the Lorenz gauge, the
Maxwell-Dirac system (1) couples the Dirac equation for the spinor ψ : R1+3 → C

4

with the wave equation for the electromagnetic potential Aµ : R
1+3 → R. The

complex 4× 4 matrices γµ are standard Dirac matrices and ψ = ψ†γ0 denotes the
Dirac adjoint (where ψ† is the Hermitian adjoint of ψ).



622 Oberwolfach Report 10/2026

The main results of our work [1] address two fundamental questions:

(1) the global existence of solutions to (1), for small initial data satisfying
some mild regularity and spatial decay assumptions, and

(2) the asymptotic description of the solutions of (1).

Using multi-index notation and the rotation vector fields and Lorentz boosts

Ωαβ := xβ∂α − xα∂β , α, β = 0, 3,

we can state our first main result addressing the first question above as follows.

Theorem 1. Assume that the initial data (ψ0, a, ȧ) for the system (1) satisfies
the smallness and decay conditions

(2)
∑

3j0+k0≤9

‖|x|j0∂≤j0+k0ψ0‖L2 + ‖|x|j0∂j0+k0a‖
Ḣ

1
2
+ ‖|x|j0∂j0+k0 ȧ‖

Ḣ− 1
2
≤ ε,

as well as the additional low frequency bound

(3) ‖aµ‖
Ḣ

1
2
−ν + ‖ȧµ‖

Ḣ− 1
2
−ν ≤ ε, ν > 0.

If ε is small enough, then the solution (ψ,A) is global in time and satisfies the
vector field bounds

∑

3|J|+|K|≤9

‖ΩJ∂Kψ‖L2 + ‖ΩJ∂KA‖
Ḣ

1
2
+ ‖ΩJ∂K∂tA‖

Ḣ− 1
2
. ε〈t〉Cε,

as well as the pointwise bounds

(4) |ψ(t, x)| . ε

〈t+ |x|〉 3
2−Cε〈t− |x|〉Cε

, |A(t, x)| . ε

〈t+ |x|〉 , (t > 0)

and, in addition, when |x| − t ≥ 〈t〉 1
3 ,

|ψ(t, x)| . ε

〈t+ |x|〉 3
2 〈|x| − t〉δ

.

We refer to the references in [1] for an overview of previous results in this
direction.

We note that the above theorem shows that strictly inside the light cone, both
the spinor ψ and the potential A decay at their respective dispersive decay rates

t−
3
2 and t−1. The slow t−1 decay ofA suggests that there might be strong nonlinear

interactions inside the light cone which prevent standard scattering but remodulate
the spinor solution ψ, leading to modified scattering.

Our second main result validates this heuristic and shows that ψ decays like a
linear wave but with a logarithmic phase correction.

Theorem 2. There exists δ > 0 so that, for all solutions (ψ,A) for the Maxwell-
Dirac equations as in Theorem 1, there exist asymptotic profiles

(ρ±∞, a
µ
∞) ∈ C

1
2 (B(0, 1)),

vanishing at the boundary, so that inside the light cone we have the asymptotic
expansions
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(5) Aµ(t, x) = (t2 − x2)−
1
2 aµ∞(x/t) +O(ε〈t〉−1〈t− |x|〉−δ),

and

ψ(t, x) = (t2 − x2)−
3
4

∑

±
e±i

√
t2−x2

e
i
xµa

µ
∞(x/t)

2
√

t2−x2
log(t2−x2)

ρ±∞(x/t)(6)

+O(ε〈t〉− 3
2 〈t− |x|〉−δ),(7)

where aµ∞ is uniquely determined by ρ±∞ via the elliptic equation

(8) (−1−∆H)aµ∞ = −ρ±∞γµρ±∞,
for the hyperbolic Laplacian ∆H in the Klein–Beltrami disk model.

We also note that this theorem shows that the bulk of A inside the light cone
comes from solving the wave equation with a source term which is quadratic in ψ,
and as a result, A does not decay better than t−1 inside the light cone.

The proof proceeds in several modular steps:

(1) We derive energy estimates with a slow tCε-growth in time under the
minimal bootstrap assumption

‖ψ(t)‖L6
x
+ ‖A(t)‖L∞

x
≤ Dε〈t〉−1.

Note that no assumptions on the decay of derivatives or vector fields of the
solution are made. To accommodate this low regularity assumption, the
derivation of the energy estimate includes Gagliardo-Nirenberg type inter-
polation estimates. Due to the time-dependent vector fields, this argument
has to be performed in space-time regions CT .

(2) We derive pointwise Klainerman-Sobolev-type bounds from the energy
bounds. To that purpose, we further decompose the dyadic space-time
regions CT in space-time slabs CTS around the light cone (plus interior
and exterior regions), where S measures the distance of the slab to the
cone. The use of these dyadic space-time regions follows ideas introduced
in [7] in a linear setting and further developed in [2] in a quasilinear setting.

We also emphasize that the derivation of the pointwise estimates ex-
ploits structural properties of the Dirac equation which we uncovered in [1].
In particular, we do not project on half-Klein-Gordon equations but work
directly on the level of the Dirac equation.

(3) We apply the wave packet testing method of Ifrim–Tataru [3, 4, 5, 6] to find
an asymptotic profile for the asymptotic expansion of ψ. We implement
this method in higher dimensions and we test on hyperboloids, respecting
the hyperbolic geometry of the underlying problem. Using an asymptotic
ODE for the profile, we can close the bootstrap and conclude Theorem 1.

To obtain the asymptotic description and modified scattering result
in Theorem 2, we refine the asymptotic expansion in several steps. We
successively construct an asymptotic profile ρ±∞ for ψ, which is accurate
only up to phase rotation. This is sufficient to find asymptotic profiles
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aµ∞ for A, which can be thought of as limits of (t2 − x2)−
1
2Aµ(t, x) along

rays x = vt. Employing the corresponding asymptotic expansion for A,
we finally remove the phase rotation ambiguity and refine the choice of
ρ±∞, which yields the asymptotic descriptions in Theorem 2.
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A universal bound on the blow-up rate for the focusing mass-critical

nonlinear Schrödinger equation

Beomjong Kwak

(joint work with Soonsik Kwon)

We consider the focusing mass-critical nonlinear Schrödinger equation (NLS),

(NLS)

{
i∂tu+∆u + |u| 4d u = 0,

u(0) = u0 ∈ L2(Rd).

Equation (NLS) has the ground state soliton solution u(t, x) = eitQ(x). Here, Q

is the unique positive radial Schwartz solution to −Q+∆Q+ |Q| 4dQ = 0.
Understanding the general blow-up dynamics of (NLS) has been of interest.

An elementary fact is that the blow-up rate is at most self-similar; by scaling, a
solution u ∈ H1 that blows up at time T satisfies

(1) ‖∇u(t)‖L2(Rd) &
1√
T − t

.

Note that (1) makes sense only for H1 data. An analogous statement for general
L2 solutions is the concentration of mass, shown by Bourgain [2]:

(2) lim sup
t→T

sup
x0∈R2

∫

x0+[−
√
T−t,

√
T−t]2

|u(t, x)|2 dx ≥ c

for some constant c = c(d,M) > 0. See [1, 3, 4, 5] for further developments.
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Beyond the self-similar bound, a major advance toward understanding blow-
up dynamics was achieved by Merle and Raphaël [8, 6, 7, 10, 9]. Through a
modulation analysis, they developed a rigid description of the dynamics in the
near-soliton regime M(Q) < M(u) ≤ M(Q) + α∗. They showed that, for H1

solutions in the near-soliton regime, the blow-up profile is Q and the blow-up rate
is either of the following:

‖∇u(t)‖L2 ∼
√

log|log(T − t)|
T − t

or ‖∇u(t)‖L2 &
1

T − t
.

In particular, the former rate, called the log–log rate, provides a sharp lower bound
improving (1) and occurs for every negative-energy initial datum.

Apart from the near-soliton regime, the nature of general blow-up dynamics
remains largely elusive. Historically, the only available information regarding the
blow-up rate was the elementary self-similar scaling bound (1). A fundamental
open question in the field was whether genuine self-similar blow-up solutions could
exist. Even within the near-soliton regime, the potential for such solutions posed
a significant challenge to establishing the universality of the blow-up profile Q [7].

In this talk, we discuss universal information on blow-up dynamics without any
size constraints. First, we rule out self-similar blow-up for arbitrary L2 solutions.

Theorem 1 (Nonexistence of self-similar blow-up). Let d ≥ 1. Let u(t) ∈ L2 be
a solution to (NLS) that blows up at time T <∞. For any ε > 0, we have

lim sup
t→T

sup
x0∈Rd

∫

x0+[−ε
√
T−t,ε

√
T−t]d

|u(t, x)|2 dx ≥M(Q).

Second, we obtain the optimal log–log improvement of (2) for radial solutions.
In full strength, we prove the following.

Theorem 2 (Log–log blow-up bound for radial solutions). Let d ≥ 2. For a radial
solution u(t) ∈ L2 to (NLS) that blows up at time T <∞, we have the following:

(1) There exists an asymptotic profile z∗ ∈ L2(Rd) such that for every ρ > 0,

lim
t→T

‖u(t)− z∗‖L2(|x|≥ρ
√
T−t) = 0.

(2) Let 0 < δ ≤ 1
2 . We define the effective radius scale of the blow-up core:

λδ(t) := inf
{
r > 0 :

∫

|x|≥r

|u(t)− z∗|2 dx ≤ δ2
}
, 0 ≤ t < T.

Then, there exist C0 = C0(d,M) and t0 < T such that for any t∗ ∈ [t0, T )
and C = C0 |log δ|,

∫ t∗

0

λ2δ(t)

T − t

dt

T − t
≤ C2

∫ t∗

0

1

log|log(T − t)|
dt

T − t
.

Moreover, we have C0 =
√
2π + oδ→0(1).

Remark 1. Theorem 2 measures the blow-up rate in a stronger sense than (2).
In a bubble-tower structure in the blow-up core, Theorem 2 captures the largest
bubbling scale, while (2) detects only the smallest scale.
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Theorem 2 yields the optimal improvement to (2).

Corollary 1. Let d ≥ 2 and M > 0. Assume that a radial solution u to (NLS)
with mass M(u) ≤M blows up at time T <∞. Then, for R ≥ Od,M (1), we have

lim sup
t→T

∫

|x|≤R
√

T−t
log | log(T−t)|

|u(t, x)|2 dx ≥M(Q)− e−2cR,

where c = c(d,M) > 0 is a constant. Moreover, we have c =
√

1
2π − oR→∞(1).

In Theorem 2 and Corollary 1, the sizes of C and c reflect the exponential tail
of the blow-up profile and its sharp scaling

√
2π.

For the proofs of Theorems 1 and 2, we develop an analysis that does not rely
on any ansatz or variational structure. This analysis captures the log–log gap at
the linear level, handling the nonlinearity perturbatively at the quantitative level.

This approach relates the log–log blow-up rate to the asymptotic profile z∗ and
the spatial decay of the blow-up core, which was previously understood in the
near-soliton regime [9]. Concerning the decay information, this analysis explains
the necessity of the exponential decay of the rescaled solution for most times.

Concerning the interplay between the regularity of the asymptotic profile z∗ and
the blow-up rate, we prove that if the log–log blow-up rate bound is saturated,
then z∗ /∈ Hε for any ε > 0.

Theorem 3. Let d ≥ 2 and ε > 0. Let u be a radial solution to (NLS) with initial
data u0 and the asymptotic profile z∗. Assume that u0, z

∗ ∈ Hε(Rd). Then, for
any c > 0, there exists tc < T such that for t∗ ∈ [tc, T ),

∫ t∗

0

λ2δ(t)

T − t

dt

T − t
≤ c

∫ t∗

0

1

log|log(T − t)|
dt

T − t
.
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Discretely self-similar blowup for a geometric wave equation

Irfan Glogić

(joint work with David Hilditch, David Wallauch)

Self-similar solutions play a fundamental role in the study of singularity formation
for nonlinear evolution equations. A solution is called continuously self-similar
(CSS) if it is invariant under the full scaling symmetry of the equation, while dis-
cretely self-similar (DSS) solutions are invariant only under a discrete subgroup of
the scaling transformations. Consequently, in similarity coordinates, CSS solutions
correspond to stationary profiles, whereas DSS solutions correspond to periodic
orbits.

For many nonlinear hyperbolic models arising in mathematical physics, con-
tinuously self-similar blowup has been rigorously established. Examples include
wave maps, Yang-Mills equations, and models from fluid dynamics; see, e.g.,
[1, 2, 3, 7, 5, 6]. In contrast, discretely self-similar solutions are typically known
only through numerical evidence. Perhaps the most prominent example arises in
the Einstein-scalar field model, where Choptuik observed a discretely self-similar
solution at the threshold of black hole formation [4]. At present, however, there
are no simple explicit examples of smooth DSS blowup solutions in nonlinear hy-
perbolic equations.

In this talk we introduce and analyze a modified version of the wave maps
equation for U : R1+d → S1 →֒ R2, given by

(1) ∂2tU −∆U = (U + JU)
(
−|∂tU |2 + |∇U |2

)
,

where J is the standard skew-symmetric matrix generating rotations in R2. The
skew-symmetric coupling introduces a rotational mechanism that markedly alters
the large-data dynamics. Although the system possesses a positive-definite energy,
the energy is not coercive (as opposed to the pure wave maps equation), allowing
for nontrivial large-data blowup dynamics, as observed numerically in [8].

We first show that the system (1) does not admit smooth continuously self-
similar solutions. Namely, passing to polar coordinates U = (sin θ, cos θ) reduces
the equation to the well-known Nirenberg model

∂2t θ −∆θ = −(∂tθ)
2 + |∇θ|2,

which, by the nonlinear transformation u = eθ, turns into the linear wave equation.
Since the linear wave equation does not admit nontrivial smooth CSS solutions,
the same follows for (1).

Despite this rigidity, the system (1) admits a rich family of discretely self-similar
solutions.
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Theorem 1. For every d ≥ 1, the system (1) admits a countable family of smooth
DSS solutions

Un(t, x) =Wn(τ, ξ), τ = − ln(−t), ξ =
x

−t , n ∈ N.

The profiles Wn are explicitly given by

Wn(τ, ξ) =

(
sin
(
ln[φn(|ξ|)]− nτ

)

cos
(
ln[φn(|ξ|)]− nτ

)
)

with

φn(ρ) =

⌊n
2 ⌋∑

j=0

(−n
2 )j(

1−n
2 )j

(d2 )jj!
ρ2j = 2F1

(
1− n

2
,−n

2
;
d

2
; ρ2
)
,

where (a)j stands for a(a+ 1) · . . . (a+ j − 1).

These solutions arise from extinction-type self-similar solutions of the linear
wave equation. We further investigate the dynamical role of these solutions in
singularity formation for (1). First, in radial symmetry and for dimensions d ≥ 2
we prove that the fundamental DSS profile U1 exhibits stable blowup.

Theorem 2 (Stability of U1, informal version). Let d ≥ 2. Then small radial
perturbations of the fundamental DSS profile U1 produce solutions that blow up in
finite time and converge to the DSS orbit, inside a backward lighcone and modulo
the natural modulation parameters corresponding to symmetries.

To state the formal version of the theorem, we define the solution orbit

UT
n,c(t, x) :=

(
sin
(
ln
[
(T − t)nφn

( |x|
T−t

)]
+ c
)

cos
(
ln
[
(T − t)nφn

( |x|
T−t

)]
+ c
)
)
, n ∈ N, T > 0, c ∈ R,

we denote by Bd
R the open ball in Rd centered at the origin with radius R, and we

use a compact notation for solution data at any time t ≥ 0

U [t] :=
(
U(t, ·), ∂tU(t, ·)

)
.

Theorem 2′ (Stability of U1, formal version). Let d ≥ 2. For M ≫ 1, δ ≪ 1 and
radial U [0] : Bd

2 → TS1 ⊆ R2 × R2, with

‖U [0]− U1
1,0[0]‖H⌈ d

2
⌉+3×H⌈ d

2
⌉+2(Bd

2)
≤ δ

M
,

there exist T ∈ [1− δ, 1+ δ] and c ∈ [−δ, δ], and a solution U to (1) that is smooth
on the closed backward lightcone of the point (T, 0), blows up at (T, 0), and satisfies

∥∥U [t]− UT
1,c[t]

∥∥
Hs×Hs−1(Bd

T−t)∥∥UT
1,c[t]

∥∥
Hs×Hs−1(Bd

T−t)

. (T − t)
1
2 ,

for all 1 ≤ s ≤ ⌈d
2⌉+ 3, and t ∈ [0, T ).
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We also prove that higher excited profiles exhibit a hierarchical stability struc-
ture. More precisely, the n-th profile Un is stable on a manifold of co-dimension
n− 1 in the radial phase space.

The proofs rely on a semigroup formulation of the problem in similarity co-
ordinates. After passing to similarity variables and linearizing around the DSS
profile, one obtains a strongly non-self-adjoint generator. A key step is to show
that this operator is boundedly similar to a simpler operator consisting of the wave
generator in similarity coordinates plus a potential term. The associated spectral
problem reduces to a singular Sturm-Liouville equation on the unit interval. By
constructing the resolvent explicitly and deriving uniform bounds, we obtain semi-
group estimates that, in view of the structure of the unstable spectrum, allow us to
close the nonlinear stability argument via a fixed-point and modulation method.

Based on the stability results above, and in view of the numerical findings in
[8], we formulate several conjectures about the dynamics of (1).

Conjecture 1 (Generic blowup via U1). Let d ≥ 2. For an open and dense set of
radial initial data leading to finite-time blowup, the solution develops a discretely
self-similar singularity at the origin governed by the fundamental profile U1.

Conjecture 2 (Threshold nature of U2). The stable manifold of the DSS profile
U2 is locally a threshold for generic blowup. More precisely, the stable manifold of
U2 separates a neighborhood of U2 into two connected components, one leading to
blowup governed by the profile U1, and one leading to dispersive dynamics.

The interface separating dispersion from generic blowup, to which the (local)
stable manifold in the conjecture above belongs, is called the critical surface.

Conjecture 3 (Structure of the critical surface). For every n ≥ 3, the n-th
excited DSS profile Un lies on the critical surface. More precisely, the initial
data generating Un belongs to a curve that interpolates between data leading to
dispersion and data leading to generic blowup via U1.

To conclude, the model (1) provides the first example of a nonlinear wave equa-
tion exhibiting explicit discretely self-similar blowup solutions, together with a
complete dynamical stability picture. We believe that it may therefore serve as
a tractable model equation for the discretely self-similar phenomena observed nu-
merically in gravitational collapse.
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[8] I. Suárez Fernández, R. Vicente, and D. Hilditch, Semilinear wave model for critical collapse,

Phys. Rev. D 103 (2021), Paper No. 044016.

Asymptotic stability of the degree one vortex in the 2D abelian

Yang-Mills-Higgs model under equivariant perturbations

Jonas Lührmann

(joint work with José Palacios, Fabio Pusateri, Wilhelm Schlag,
Sohrab Shahshahani)

The 2D abelian Yang-Mills-Higgs model is a classical relativistic field theory on
(1 + 2)-dimensional Minkowski space for a complex-valued field

φ : R1+2 → C

coupled to an electromagnetic potential described in terms of a real-valued 1-form

A = A0 dt+A1 dx
1 +A2 dx

2, Aµ : R
1+2 → R.

The Lagrangian action functional for the model is given by
∫

R1+2

(
1

4
FµνF

µν +
1

2
DµφD

µφ+
λ

8

(
1− |φ|2

)2
)
dx dt,

where F = dA is the curvature of the connection A, D = ∇− iA is the covariant
derivative, and λ > 0 is a coupling constant. The corresonponding Euler-Lagrange
equations are usually referred to as the abelian Yang-Mills-Higgs equations and
are given by

(aYMH)




DµD

µφ+
λ

2

(
1− |φ|2

)
φ = 0,

∇µFµν + Im
(
φDνφ

)
= 0.

A key feature of (aYMH) is the invariance under U(1) gauge transformations

(φ,A) 7→
(
eiγφ,A+ dγ

)

for any sufficiently regular real-valued function γ : R1+2 → R.
Finite energy solutions to (aYMH) satisfy |φ(x)| → 1, Dφ(x) → 0 as |x| → ∞.

As a consequence, one can show that the scalar field defines a map S1 → S1 at
spatial infinity whose degree deg(φ) ∈ Z is a gauge-invariant topological quantity.
This integer coincides with the quantized magnetic flux∫

R2

B dx = 2π deg(φ),

where B = F12 denotes the magnetic field. Global existence for smooth finite
energy data in the Lorenz gauge was established by Burzlaff-Moncrief [4].
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Static finite-energy solutions to (aYMH) include the vaccum states (φ,A) =
(eiκ, 0), κ ∈ [0, 2π), and vortices in all degree classes. The latter constitute funda-
mental examples of topological solitons in two space dimensions. The asymptotic
stability problem for vacuum states has been addressed by Tsutsumi [9].

In our work we consider the asymptotic stability problem for the degree-one
vortex in the self-dual case λ = 1. In that regime the static energy admits the
decomposition [3]

E =
1

2

∫

R2

((
B − 1

2 (1− |φ|2)
)2

+
∣∣(D1 + iD2)φ

∣∣2
)
dx+ π deg(φ),

which reduces the second-order Euler–Lagrange equations for static configurations
to the first-order Bogomolnyi system

(1) B = 1
2 (1− |φ|2), (D1 + iD2)φ = 0.

Their solutions have been thoroughly studied by Taubes [7, 8], see also Jaffe-
Taubes [5]. We consider static equivariant 1-vortex solutions to (1) of the form

Φ(r, θ) = eiθU(r), A(r, θ) = aθ(r) dθ.

Passing to polar coordinates, the Bogomolnyi equations (1) read

(2) ∂rU =
1− aθ
r

U, ∂raθ =
r

2

(
1− U2

)
.

The finite energy requirement implies U(r) → 1, aθ(r) → 1 as r → ∞. Then the
degree-one vortex is the unique solution to the system (2) satisfying the boundary
conditions

U(0) = 0, lim
r→∞

U(r) = 1, U ′(r) > 0, aθ(0) = 0, lim
r→∞

aθ(r) = 1, a′θ(r) > 0.

We consider equivariant perturbations of the 1-vortex

φ(t, x) = eiθ
(
U(r) + α(t, r) + iβ(t, r)

)
,

A(t, x) = aθ(r) dθ + ηθ(t, r) dθ + ηr(t, r) dr + η0(t, r) dt,

where we impose the orthogonal gauge condition [6]

(3)
(
∂r +

1

r

)
ηr = Uβ.

This leads to the following system of nonlinear Klein-Gordon equations for the
(complexified) dynamical variables α + iβ and ηθ

r − iηr coupled to an elliptic
equation for the temporal component η0,




(
∂2t + L

) ( α+ iβ
ηθ

r − iηr

)
= N ,

(
−∆+ U2

)
η0 = N0,

where the self-adjoint linearized matrix operator L is given by

L =

(
L1 −2U ′

−2U ′ L2

)
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with

L1 := −∆+
(1 − aθ)

2

r2
− ∂raθ

r
+ U2, L2 := −∆+

1

r2
+ U2.

Using a combination of rigorous analysis arguments and numerics, we determine
the spectrum of L. It turns out that L has continuous spectrum [1,∞) and exhibits
a single internal mode λ2 ≈ 0.78. The existence of this internal mode has been
previously observed in the applied mathematics and physics communities, see the
papers [1, 2] and references therein.

In work in preparation, we establish that under the evolution of the abelian
Yang-Mills-Higgs equations (aYMH) in the self-dual case λ = 1, the 1-vortex (Φ, A)
is asymptotically stable with respect to equivariant perturbations in weighted
Sobolev spaces that satisfy the orthogonal gauge condition (3).

To this end we develop a suitable space-time resonances approach adapted to
the distorted Fourier transform for the linearized operator L and simultaneously
implement a nonlinear radiation damping mechanism (nonlinear Fermi Golden
Rule) to infer decay of the internal mode.
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Global well-posedness for the derivative nonlinear Schrödinger

equation on the torus

Hajer Bahouri

(joint work with Galina Perelman)

This talk concerns a recent joint work with Galina Perelman where we established
global well-posedness for the derivative nonlinear Schrödinger equation

iut + uxx = −i∂x(|u|2u)
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on the torus for any H1-data, without any restriction on the mass. Starting from
the local well-posedness of Herr [1], we proceed by contradiction combining the
profile decomposition techniques with the integrability structure of the equation
discovered by Kaup and Newell in [2].
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Schrödinger maps into a Kähler manifold in two dimensions

Jeremy Marzuola

(joint work with Benjamin Dodson)

We discuss the proof a global well–posedness and scattering result for Schrödinger
maps to a general Kähler manifold with small initial data in a Besov space. Let
(N , J, h) denote a Kähler manifold, where N is the manifold, J is the almost
complex structure, and h is the metric on N . A Schrödinger map from a Euclidean
space to a Kähler manifold is a map

(1) u : R× R
d → N ,

that satisfies the equation

(2) ut = J(

d∑

k=1

∇k∂ku), u|t=0 = u0.

Here ∇ denotes the induced covariant derivative in the pullback bundle from the
metric h, u∗TN .

Let J be the usual complex structure on S2 given by u × · and let h be the usual
Riemannian metric on S2. Then (2) becomes

(3) ut = u×∆u, u|t=0 = u0.

Since the Ḣd/2 norm of the initial data is invariant under the scaling, (1) is called

Ḣd/2–critical, which is independent of N .

Theorem 1 (Small data global well–posedness). For data that is small in Ḣd/2

norm, global well–posedness for (3) has been proved in all dimensions d ≥ 2.

Theorem 1 was proved in [1] for dimensions d ≥ 4, [12] for dimensions d ≥ 3
and [2] for dimensions d ≥ 2. The proof of global well–posedness in [1], [12], and
[2] relies on the local well–posedness result of [15]. Specifically, (1) is locally well–
posed for sufficiently smooth initial data. Therefore, for smooth data (which will
be precisely defined later) with sufficiently small ‖u0‖Ḣd/2 ≪ 1,

(4) ‖u(t)‖Hσ ≤ C(σ)‖u0‖Hσ ,

for any σ ∈ N, which implies global well–posedness.
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Dimension d = 2 is particularly important due to the existence of a conserved
energy for (3),

(5) E(t) =

∫

Rd

d∑

m=1

|∂mu(t, x)|2dx.

Since (5) controls the Ḣ1–norm, it is reasonable to conjecture that the local well–
posedness result can be extended to a global well–posedness result for solutions
below the energy of the soliton solution. This problem remains open, although the
result has been obtained for solutions to (1) with equivariant symmetry, see [3].
In the 2-equivariant case, Besov regularity recently played a role in the analysis of
[5].

When N = H2, global well–posedness for equivariant solutions to (1) is known,
see [4]. There is no soliton when the target manifold is N = H2, so global well-
posedness holds for any initial data with finite energy. The proof in [3] and [4]
utilizes Morawetz estimates and the local energy estimates in [8] adapted to the
equivariant problem.

The above results were generalized to the case when N is a general two dimensional
compact Kähler manifold in Theorem 1.1 of [14]. We further generalize this result
to initial data lying in a Besov space that contains small energy initial data. There
are three reasons why such a result is useful. The first is that the Besov space
strictly contains small energy, and thus is a broader class of initial data. The
second reason is that to generalize the results in [3] and [4] to all initial data with
finite energy below the soliton such a result will probably be needed in order to
utilize the concentration compactness argument. The third reason is that the proof
here is substantially simpler than the arguments in [2] and [14]. In particular, the
proof uses fairly “ordinary” function spaces, mostly Strichartz spaces and bilinear
Strichartz spaces.

Before stating the main result presented, it is useful to explain a few of the reasons
why the result is stated in the way that it is. When the target N is a curved
manifold, assigning function spaces to contain a map u : Rd → N is necessarily
complicated by the curvature of the target, and there are several issues to consider.
One such issue is the lack of a canonical zero. Analyzing the dispersive nature of
u : R × Rd → N = S2 is necessarily complicated by the fact that if N = S2 (for
example), |u(t, x)| ≡ 1 everywhere. Following [6], we choose Q ∈ N and show that
if u0 −Q lies in some function space, then the solution u(t, x) tends toward Q in
some space.

A second issue is that Banach spaces are closed under multiplication by scalars.
However, again if N = S

2 (for example), |u(t, x)| ≡ 1, and thus, λu(t, x) does
not lie in S2 for any λ such that |λ| 6= 1. If u lies close to Q in L∞ norm, one
option is to use a coordinate projection in a neighborhood of Q. This is exactly
what [6] does. However, for initial data lying in the function space Ḣd/2(Rd), the
coordinate projection is no longer as useful, even for small data. This is because
Ḣd/2 does not embed into L∞(Rd), and thus, if u has small Ḣd/2 norm, u need not
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lie close to Q. A second option is to use the extrinsic formulation of the function
space. That is, since N →֒ RN for some N , we define the function space

(6) X = {f : Rd → R
N : ‖f −Q‖X <∞},

where X is a Banach norm on functions mapping from R
d to R

N . This is the
space that we shall use.

We will define the Sobolev spaces and Littlewood–Paley theory using the ex-
trinsic definition.

Definition 1. Suppose N is a compact Kähler manifold, and suppose Q ∈ N and
N ⊂ RN for some integer N .

Then define the extrinsic Sobolev space Hk
Q by

(7) Hk
Q = {u : Rd → R

N : u(x) ∈ N , a.e. in R
d, ‖u−Q‖Hk(Rd) <∞},

which is equipped with the metric dQ(f, g) = ‖f − g‖Hk . Define HQ to be

(8) HQ = ∩∞
k=1H

k
Q.

This definition was used in [2] for the sphere S2 →֒ R3. This definition was also
used in [13] for a general compact Kähler manifold.

We will utilize the spaces Bs
p,q, the usual Besov spaces with norm

(9) ‖f‖Bs
p,q

= (
∑

j

2jps‖Pjf‖pLq)
1/p,

with the obvious modifications when p = ∞, q = ∞, or both. Here, Pj is the
standard Littlewood–Paley projection operator.

Theorem 2. Let d = 2. For n ≥ 1, let N be a 2n-dimensional compact Kähler
manifold that is isometrically embedded into RN , and let Q ∈ N be a given point.
There exists a sufficiently small constant ǫ∗(‖u0−Q‖Ḣ1) ≪ 1 such that if u0 ∈ HQ

satisfies

(10) ‖u0 −Q‖B1
∞,2

≤ ǫ∗ ≪ 1,

then (1) with initial data u0 evolves into a global unique solution u ∈ C(R;HQ).
Moreover, as |t| → ∞ the solution u converges to a constant map in the sense that

(11) lim
|t|→∞

‖u(t)−Q‖L∞
x

= 0.

Furthermore, in the energy space properly interpreted using the complex structure
on N , we also have

(12) lim
t→∞

‖u(t)−
n∑

j=1

(Re(eit∆hj+)− Im(eit∆gj+))‖Ḣ1 = 0,

for some functions hj+, g
j
+ : R2 → Cn belonging to Ḣ1 with j = 1, . . . , n.
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Remark 2. Our scattering result (12) will actually be proven as an L2 scattering
result on a gauged system of equations that will be introduced shortly, then the
result (12) can follow as in [14], Section 7.5, in particular the arguments leading
to equation (7.29).

Notice that Theorem 2 is a generalization of Theorem 1.1 in [14] and also
Theorem 1.1 [2]. Both [2] and [14] studied Schrödinger maps for small initial data

in B1
2,2 = Ḣ1. Equivalently,

(13) ‖∇u‖L2 ≤ ǫ∗ ≪ 1.

However, while (13) has a natural intrinsic formulation, (11) does not, and there-
fore must be formulated extrinsically.

Outline of argument. The argument in [2] and [14] studied the derivative of
the solution to (1), which satisfies the equation

(14)

(i∂t +∆x)ψm = −2i
d∑

l=1

Al∂lψm + (Ad+1 +
d∑

l=1

(A2
l − i∂lAl))ψm

− i

d∑

l=1

Im(ψ̄lψm)ψl,

under a suitable gauge condition (the caloric gauge in our case). Here, (v, w) is a
suitable frame in TuN ,

(15) ψm = v · ∂mu+ iw · ∂mu, Am = w · ∂mv.
Remark 3. For convenience let ψx(t) denote the vector with components ψm(t),
m = 1, 2.

The next step of the proof is to use the result of [15] to prove local well–
posedness.

Theorem 3 (Local in Time H3 result from [15]). For u0 ∈ H3, there exists

T (‖u0‖H3) > 0

such that (2) is locally well-posed on the interval [−T, T ]. Furthermore, the solution

u ∈ C([−T, T ];H3) ∩ L∞([−T, T ];H3)

and ‖u‖L∞
t H3

x([−T,T ]×R2) ≤ 2‖u0‖H3 .

Since u ∈ C([−T, T ];H3), there exists some 0 < δ(‖u0‖H3) ≤ T such that

(16) ‖ψx(t)‖B0
∞,2

≤ 2ǫ∗, for all t ∈ [−δ, δ].
By the Sobolev embedding theorem and Bernstein’s inequality,

(17) ‖Pkψx(t)‖L4
x(R

2) . 2k/2‖Pkψx(t)‖L2
x(R

2) . 2k/2 inf{1, 2−3k}‖ψx(t)‖H3
x(R

2).

Therefore, by Hölder’s inequality,

(18)
‖Pkψx(t)‖L4

t,x([−T,T ]×R2) . 2k/2T 1/4 inf{1, 2−3k}‖ψx(t)‖H3
x(R

2)

. 2k/2T 1/4 inf{1, 2−3k}‖u0‖H3
x(R

2).
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Hence,

(19) (
∑

k

‖Pkψx(t)‖2L4
t,x([−T,T ]×R2))

1/2 . T 1/4‖u0‖H3
x(R

2).

For T (‖u0‖H3) sufficiently small,

(20) (
∑

‖Pkψx(t)‖2L4
t,x([−T,T ])

1/2 ≤ ǫ≪ 1.

Therefore, we can use Theorem 1.2 from [7], which essentially states that if

‖∇φ‖ℓ2L4
t,x(I×R2) ≤ ǫ≪ 1

on some interval I, then the interval of existence can be extended.

Remark 4. Two issues need to be addressed here. The first is that the result of [7]
is on M ∈ {S2,H2}, while here the manifold M is a more general Kähler manifold.
Secondly, the result in [7] requires that the initial data lie below the soliton, that
is E < Ecrit. We do not require that here either.

This is because the small Besov norm (16) guarantees well-posedness of the
harmonic map heat flow, which in turn implies that a caloric gauge exists. As a
result, the computations in [7] can be carried over to this setting as well.

Theorem 4.3 of [7] states that if there exists an interval I such that ‖ψx‖ℓ2L4
t,x(I×R2)

≤ ǫ≪ 1, then for |j − k| > 10,

(21) ‖(Pjψx(s))(Pkψx(s
′))‖L2

t,x(I×R2) . 2−
|j−k|

2 vjvk(1 + s22j)−4(1 + s′22k)−4.

In particular, if we have smallness of the L4 norm on I, then we have a bilin-
ear estimate on that interval similar to the linear one. Similar modifications as
mentioned in Remark 4 hold for this estimate.

Applying Theorem 4.3 of [7] as is at the moment, let

αk = sup
j∈Z

2−δ|k−j|‖Pjψx‖L4
t,x([−T,T ]), βk = sup

j∈Z

2−δ|k−j|‖Pjψx(0)‖L2 ,(22)

vk = αk + βk.

and for any σ ∈ N,

αk(σ) = sup
j∈Z

2−δ|k−j|2jσ‖Pjψx‖L4
t,x([−T,T ]),(23)

βk = sup
j∈Z

2−δ|k−j|2jσ‖Pjψx(0)‖L2 , vk(σ) = αk(σ) + βk(σ).

Theorem 4.3 of [7] implies

(24)
‖(Pjψx(s))(Pkψx(s

′))‖L2
t,x([−T,T ]×R2)

. 2−
|j−k|

2 vjvk(1 + s22j)−3(1 + s′22k)−3

and

‖(Pjψx(s))(Pkψx(s
′))‖L2

t,x([−T,T ]×R2)(25)

. 2−
|j−k|

2 2−kσvjvk(σ)(1 + s22j)−3(1 + s′22k)−3.(26)
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From (24) and (25),

(27) sup
t∈[−δ,δ]

‖Pkψx(t)‖L2 ≤ ‖Pkψx(0)‖L2 +O(ǫ3) ≤ 3

2
ǫ∗

and

(28) ‖ψx(t)‖L∞
t H3([−δ,δ]×R3) ≤

3

2
‖ψx(0)‖H3 .

Therefore, by continuity, (27) and (28) can be extended to [−T, T ].
Now suppose that for some interval I ⊂ R, 0 ∈ I, (2) has a solution on I ⊂ R

that satisfies

(29)

‖(Pkψx(s))(Pjψx(s
′))‖L2

t,x(I×R2)

. 2−
|j−k|

2 vjvk(1 + s22k)−3(1 + s′22j)−3,

‖(Pkψx(s))(Pjψx(s
′))‖L2

t,x(I×R2)

. 2−
|j−k|

2 2−kσvjvk(σ)(1 + s22k)−3(1 + s′22j)−3,

where

(30)

αk = sup
j∈Z

2−δ|k−j|‖Pjψx‖L4
t,x(I×R2), βk = sup

j∈Z

2−δ|k−j|‖Pjψx(0)‖L2 ,

αk(σ) = sup
j∈Z

2−δ|k−j|2jσ‖Pjψx‖L4
t,x(I×R2),

βk(σ) = sup
j∈Z

2−δ|k−j|2jσ‖Pjψx(0)‖L2 .

We take

(31) vk := αk + βk,

which satisfies the bounds

(32) sup
k
vk . ǫ,

∑

k

v2k . E4.

We will similarly take vk(σ) := αk(σ) + βk(σ). Note, we do not require that∑
α2
k . ǫ2.

Applying the result of [15] to the endpoint of I = [−t1, t2], and using (17)–(27),
there exists some η(‖u0‖H3) > 0 and a C > 1 such that (29) holds on the interval
[−t1 − η, t2 + η], with

(33)

‖(Pkψx(s))(Pjψx(s
′))‖L2

t,x([−t1−η,t2+η]×R2)

. 2−
|j−k|

2 Cvjvk(1 + s22k)−3(1 + s′22j)−3,

‖(Pkψx(s))(Pjψx(s
′))‖L2

t,x([−t1−η,t2+η]×R2)

. 2−
|j−k|

2 Cvjvk(σ)2
−kσ(1 + s22k)−3(1 + s′22j)−3,

(34)
∑

j

v2j . CE, sup
j
vj . CE4ǫ∗, sup

t∈[−t1−η,t2+η]

‖ψx(t)‖B0
∞,2

≤ 2ǫ∗,
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(35) ‖ψx(t)‖L∞
t H3([−t1−η,t2+η]×R2) ≤ 2‖ψx(0)‖H3 .

Note, here the . C(·) means that the bound on the right hand side of our boot-
strapping assumption is taken to be a large constant multiplied by the implicit
constant we will get in the bilinear bound eventually.

Bootstrapping the bounds (33)–(35) with the constant C > 1, we can then
prove

(36)

‖(Pkψx(s))(Pjψx(s
′))‖L2

t,x([−t1−η,t2+η]×R2)

. 2−
|j−k|

2 vjvk(1 + s22k)−3(1 + s′22j)−3,

‖(Pkψx(s))(Pjψx(s
′))‖L2

t,x([−t1−η,t2+η]×R2)

. 2−
|j−k|

2 vjvk(σ)2
−kσ(1 + s22k)−3(1 + s′22j)−3,

(37)
∑

j

v2j . E4, sup
j
vj . E4ǫ∗,

(38) sup
t∈[−t1−η,t2+η]

‖ψx(t)‖B0
∞,2

≤ 3

2
ǫ∗,

(39) ‖ψx(t)‖L∞
t H3([−t1−η,t2+η]×R2) ≤

3

2
‖ψx(0)‖H3 .

By a standard continuity argument, this implies that I can be extended to R, giving
scattering through our control of the L4 norm using the α frequency envelope.
The proof of (36)–(39) uses the interaction Morawetz estimate to obtain bilinear
Strichartz estimates for quasilinear Schrödinger equations, see [9], [11], and [10].

In the paper, we demonstrate how the interaction Morawetz estimate simplifies
scattering results for the standard cubic NLS equation when working in Besov
spaces. We also demonstrate the argument to establish scattering in the presence
of a global L4 norm.

We introduce the appropriate Besov spaces in the geometric setting and use
them to prove that the Harmonic Map Heat Flow is well defined in these spaces.
With the Harmonic Map Heat Flow established, we can define the caloric gauge
and set up the problem in covariant coordinates. We also demonstrate that small-
ness in the Besov norm translates to smallness in the initial data for the gauged
equations. The crucial bootstrap bounds will be done by proving the following
chain of Lemmas.

Lemma 1 (Change in mass). Under the bootstrap assumptions (33)-(35), we have

(40) ‖Pkψx(t)‖2L2 ≤ ‖Pkψx(0)‖2L2 + c2kǫ
2 ≤ β2

k + v2kǫ
2.

This proves (38).
Also, for any σ ∈ N,

(41) ‖Pkψx(t)‖2L2 ≤ 2−2kσβk(σ)
2 + ǫ22−2kσvk(σ)

2.

This proves (39).
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Lemma 2 (Bilinear estimate). Under the bootstrap assumptions (33)-(35), we
have that for k − j > 10,

(42) ‖(Pkψx(s))(Pjψx(s
′))‖L2

t,x
. 2

j−k
2 {βkβj+Cǫvjvk}(1+s22k)−3(1+s′22j)−3,

and

(43)
‖(Pkψx(s))(Pjψx(s

′))‖L2
t,x

. 2
j−k
2 2−kσ{βk(σ)βj + Cǫvjvk(σ)}

× (1 + s22k)−3(1 + s′22j)−3.

This proves (36).

Lemma 3. Under the bootstrap assumptions (33)-(35), we have

(44) ‖Pkψx(t)‖L4
t,x

. βk
∑

j

β2
j + ǫvk

∑

j

v2j .

Therefore,

(45) ‖Pkψx(t)‖L4
t,x

. βkE + vk(CǫE)E4

and

(46)
∑

k

‖Pkψx(t)‖2L4
t,x

. E2 + ǫCE6.

Also,

(47) ‖Pkψx(t)‖L4
t,x

. βk(σ)E + ǫvk(σ)E
4.

This proves (37).

Carefully combining these Lemmas, we are able to finish the proof of Theorem
2.

References

[1] I. Bejenaru, A. D. Ionescu, and C. E. Kenig, Global existence and uniqueness of Schrödinger
maps in dimensions d ≥ 4, Advances in Mathematics 215 (2007), no. 1, 263–291.

[2] I. Bejenaru, A. D. Ionescu, C. E. Kenig, and D. Tataru, Global Schrödinger maps in dimen-
sions d = 2: small data in the critical Sobolev spaces, Annals of Mathematics 173 (2011),
1443–1506.

[3] I. Bejenaru, A. Ionescu, C. Kenig, and D. Tataru, Equivariant Schrödinger maps in two
spatial dimensions, Duke Mathematical Journal 162 (2013), no. 11, 1967–2025.

[4] I. Bejenaru, A. Ionescu, C. E. Kenig, and D. Tataru, Equivariant Schrödinger maps in two
spatial dimensions: the H2 target, Kyoto Journal of Mathematics 56 (2016), no. 2, 283–323.

[5] I. Bejenaru, M. Pillai, and D. Tataru, Near soliton evolution for 2-equivariant Schrödinger
maps in two space dimensions, arXiv:2408.16973 (2024).

[6] N.-H. Chang, J. Shatah, and K. Uhlenbeck, Schrödinger maps, Communications on Pure
and Applied Mathematics 53 (2000), no. 5, 590–602.

[7] B. Dodson and P. Smith, A controlling norm for energy-critical Schrödinger maps, Trans-
actions of the American Mathematical Society 367 (2015), no. 10, 7193–7220.

[8] M. G. Grillakis and V. Stefanopoulos, Lagrangian formulation, energy estimates, and the
Schrödinger map problem, preprint (2002).

[9] M. Ifrim and D. Tataru, Global solutions for 1D cubic defocusing dispersive equations: Part
I, Forum of Mathematics, Pi 11 (2023), e31.



Nonlinear Waves and Dispersive Equations 641

[10] M. Ifrim and D. Tataru, Global solutions for 1D cubic dispersive equations, Part III: the
quasilinear Schrödinger flow, arXiv:2306.00570 (2023).

[11] M. Ifrim and D. Tataru, Long time solutions for 1D cubic dispersive equations, Part II: the

focusing case, Vietnam Journal of Mathematics (2023), 1–18.
[12] A. D. Ionescu and C. Kenig, Low-regularity Schrödinger maps, II: global well-posedness in

dimensions d ≥ 3, preprint (2006).
[13] Z. Li, Global Schrödinger map flows to Kähler manifolds with small data in critical Sobolev

spaces: high dimensions, Journal of Functional Analysis 281 (2021), 109093.
[14] Z. Li, Global Schrödinger map flows to Kähler manifolds with small data in critical Sobolev

spaces: energy critical case, Journal of the European Mathematical Society 25 (2023),
no. 12, 4879–4969.

[15] H. McGahagan, An approximation scheme for Schrödinger maps, Communications in Par-
tial Differential Equations 32 (2007), no. 3, 375–400.

A continuum of finite-point blow-up rates for the critical generalized

Korteweg-de Vries equation

Didier Pilod

(joint work with Yvan Martel)

The generalized Korteweg-de Vries equation (gKdV) is obtained by changing the
nonlinearity of the famous (quadratic) Korteweg-de Vries equation. We consider
the quintic power nonlinearity, for which the gKdV equation is critical for the
L2(R) norm. The equation reads

(1) ∂tu+ ∂x
(
∂2xu+ u5

)
= 0, (t, x) ∈ R× R.

Kenig, Ponce and Vega proved in [1] that the associated Cauchy problem is locally
well-posed both in the critical space L2(R) and in the energy space H1(R).

On the one hand, as a consequence of the local posedness result and of a sharp
Gagliardo-Nirenberg inequality proved by Weinstein, any finite energy solution
with a mass strictly less than that of the ground state Q exists globally in time.
Recall that the ground state Q is the unique positive even solution in H1(R) of
the equation

(2) Q′′ +Q5 = Q, x ∈ R.

On the other hand, in the early 2000’s, Martel and Merle constructed in [2]
solutions with masses slightly above that of the ground state which blow up in
finite time by concentrating a solitary wave. About a decade later, the blow-
up dynamics of the critical gKdV equation was revisited by Martel, Merle and
Raphaël in [3], leading to a classification of finite energy solutions with masses
close to that of the ground state and satisfying in addition a smallness condition
in some L2 weighted space. In particular, a notion of stable blowup emerged, with
the L2-norm of the gradient of the solution blowing up at the rate t−1 as the time
t > 0 approaches the blowup time (taken by convention at t = 0). In complement,
the same authors constructed in [5] exotic blowup solutions with various rates of
blowup for initial data that do not satisfy the smallness condition in weighted
norm. It is worth noting that in these works, blowup occurs through the bubbling
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of a solitary wave going at infinity in space at the blow-up time; this behavior is
known to be related to blowup rates t−ν with exponents ν ≥ 1

2 .
Recently, we constructed in [6] the first example of a finite energy solution that

blows up in finite time at a finite point in space, as a consequence of a particular
blowup rate t−2/5, reopening the question of the possible blowup rates for the
critical gKdV equation.

In this talk, we introduce a more general point of view that allows us to construct
solutions of (1) that blow up at a finite point and in finite time for a continuum
of blow-up rates.

Theorem 1 ([7]). Let ν ∈ (37 ,
1
2 ) and α = 3ν−1

2−4ν . For any δ > 0, there exist T0 > 0

and a solution u ∈ C((0, T0] : H
1(R)) of (1) of the form

(3) u(t, x) =
1

t
ν
2
Q

(
x− σ(t)

tν

)
+ r(t, x),

where limt↓0 σ(t) = 0 and

(4) sup
t∈(0,T0]

‖r(t)‖L2 . δα, lim
t↓0

tν‖∂xr(t)‖L2 = 0.

In particular, the solution u(t) blows up at time 0 with

lim
t↓0

tν‖∂xu(t)‖L2 = ‖Q′‖L2.

Moreover,

(5) lim
t↓0

r(t) = rα in L2(R)

where rα belongs to H1(R) and satisfies

(6) rα(x) =

{
0 for x < 0,

cαx
α− 1

2 for 0 < x < δ,

where cα = (4α+ 3)−
1
4 (2α+1)(2α+ 1)

∫
Q.

Remark 5. By construction, this blowup rate is associated to anH1 blowup residue
rα, obtained by passing to the limit in the solution u(t) as t ↓ 0 after subtracting

the singular bubble, of the form rα(x) = cxα−
1
2 for x > 0 close to the blowup point,

where α = 3ν−1
2−4ν . Note that ν = 2

5 is equivalent to α = 1
2 , while the condition

ν ∈ (37 ,
1
2 ) is equivalent to α > 1. Thus, this range of ν corresponds exactly to the

range of α for which the residue rα belongs to H1. For this reason, these are the
only possible finite point blowup rates ν accessible by our construction method.

Below, we list some interesting open questions regarding the blowup phenome-
non for the mass critical gKdV equation.

(i) Does there exist a blowup residue rα in H1 for any solution of (1) blowing
up in finite time at a finite point (thus, ν ∈ (13 ,

1
2 ))? This question is open

even for the solution constructed in [6] for ν = 2
5 .

(ii) Do the solutions of Theorem 1 enjoy any form of stability?
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(iii) Are ν = 2
5 and ν > 3

7 the only possible power blowup rates for a solution

in H1?
(iv) If the answer to question (iii) is positive, are all the concentration rates

ν ∈ (13 ,
3
7 ) \ { 2

5} possible, but for infinite energy solutions belonging to Hκ

for some κ = κ(ν) ∈ (0, 1)? We use the terminology concentration rate
instead of blow-up rate since the solution would not belong to H1.

A key ingredient in the proof of Theorem 1 is to construct an approximate solution
of the rescaled equation

(7) ∂sw + ∂y(∂
2
yw − w + w5)− λs

λ

(w
2
+ y∂yw

)
−
(σs
λ

− 1
)
∂yw = 0

obtained from (1) by introducing the new variables

u(t, x) =
1

λ
1
2 (s)

w(s, y), where
ds

dt
=

1

λ3
, y =

x− σ(s)

λ(s)
.

x

Θ0(x)

Q(y)

•
σ(s)

λ(s)

•
0

Figure 1. Interaction between Q and Θ0(x) = xα−
1
2 .

The approximate solution W is constructed from the interaction between the

solitary wave Q in the variable y, and the function Θ0(x) = xα−
1
2 in the original

variable x. This interaction is captured by introducing the odd function A1 sat-
isfying ∂xLA1 = 1

2Q + yQ′ and limy→±∞A1(y) = ∓m0, where m0 is a positive
universal constant. Thus, at first order, the approximate solution is defined by

W (s, y) = Q(y) + V1(s, y)θ(s, y), where θ(s, y) = λ(s)
1
2Θ(t(s), λ(s)y + σ(s)).

Here V1(s, y) = c1A1(y)ζ(s, y), where c1 is a positive constant and ζ is a cutoff
function introduced to avoid the singularity at x = 0, while being equal to 1 in
the solitonic region. The function Θ denotes the solution of (1) with initial data
Θ(0, ·) = Θ0.

It is worth noting that the oddness of the function A1 yields the crucial can-
cellation

∫
A1Q = 0 in the computation of the energy of W . However, several
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modifications are needed to ensure the approximate solution has finite energy.
More specifically, we work with a refined ansatz of the form

W = Q+ V1θ + V2θ
2 + V ∗

2 ∂yθ + V3θ
3,

for suitable profiles V2, V
∗
2 and V3.

Observe that, when α is close to 1, the function Θ0 exhibits a cusp-shaped sin-
gularity as x tends 0 (see Figure 1). Thus, introducing the solution Θ is necessary

to avoid singular terms such as (xα−
1
2 )′′′ in the error of the approximate solution.

An important step in the proof is to show that Θ behaves as xα−
1
2 in the solitonic

region. This is achieved by using local energy estimates defined with two different
weights, together with modified energies to control the higher-order regularities.

Then, by projecting the equation satisfied by W onto the direction Q and
choosing c1 = −(2α + 1), one obtains that λs

λ = (2α + 1)λ
1
2σα− 1

2 . Coupled with

σs = λ and dt/ds = λ3, this yields the desired blow-rate λ(t) = tν as stated in
Theorem 1.

The end of the proof is more classical and follows the road map in [8, 3, 4]. We
refer to [7] for more detail.
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[4] Y. Martel, F. Merle and P. Raphaël, Blow-up for the critical generalized Korteweg-de Vries

equation II: minimal mass dynamics, J. Eur. Math. Soc. 17 (2015), 1855–1925.
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The Hamiltonian formulation for the Calogero-Sutherland equation on

the torus

Katie Marsden

(joint work with Rowan Killip and Monica Vişan)

We consider the Calogero–Moser derivative nonlinear Schrödinger equation on the
torus T = 2π/Z, which appears in the literature in the form

(1) iqt = −qxx ± 2iq∂xC+(|q|2), q : Rt × Tx → C.
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Throughout, the upper sign always corresponds to the focusing equation, and
the lower sign to the defocusing equation. The Szegő operator C+ denotes the
projection onto the Hardy space

L2
+(T) := {f ∈ L2(T) : f̂(n) = 0 ∀ n < 0},

which is invariant under the flow of (1).
The L2 norm is scaling critical for (1) and coincides with the conserved mass

M(q) := 〈q, q〉, making L2
+ an interesting space in which to study the equation.

Equation (1) has only recently been studied on the torus [5, 4, 3], having orig-
inally been derived on the real line by Pelinovsky [8] in the defocusing case, and
Abanov, Bettelheim, and Wiegmann [9] in the focusing case. The mathemati-
cal study of (1) was initiated by Gérard and Lenzmann [1] who showed that the
equation is completely integrable in the sense of admitting a Lax pair. The Lax
operator is

Lq = −i∂ ∓ qC+q.

This operator describes an infinite family of conserved quantities via the generating
function

(2) β(κ, q) := 〈q, (Lq + κ)−1q〉 =
∑

n≥0

κ−n−1〈q,Ln
q q〉 =:

∑

n≥0

κ−n−1En(q).

An integrable system should also be Hamiltonian. On the real line, Abanov,
Bettelheim and Wiegmann showed that the Hamiltonian

E2(q) =
1

2

∫

R

|∂xq ∓ iqC+(|q|2)|2 dx

generates (1) under the flow of the symplectic form

(3) ω#
q (f, g) = ℑ〈f, g〉L2 ±

∫ ∫

R×R

Re(q̄f)(x)Re(q̄g)(y) sign(x − y) dx dy

on L2(R). This expression is somewhat unnatural in the context of (1) posed on
the Hardy space, since the symplectic form ω# does not preserve the subspace
L2
+. For instance, the symplectic gradient of F (q) =

∫
R
|q(x)|4 dx at the point

q(x) = (x + i)−1 ∈ L2
+(R) is

∇ω#F (q) = −4i(x+ i)−2(x− i)−1 /∈ L2
+(R).

This difficulty will be resolved in this article, in the context of the following more
serious issue:

Posed on the torus, (1) does not appear to admit any Hamiltonian structure!
In this work we show that a Hamiltonian formalism does exist for (1) in a moving
frame. We will define a symplectic form directly on L2

+(T), so that all symplectic
flows automatically evolve within the Hardy space.

Our construction is as follows. Inspired by the real line case, we define

(4) ωq(f, g) = Re〈f,Ω(q)g〉,
for f, g ∈ L2

+(T). Here

(5) Ω(q)g := i(1∓ 2C+S(q))g, S(q)g := iq∂̃−1 Re(q̄g)
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for

∂̃−1g := ∂−1(g − ĝ(0)) =
∑

n6=0

1

in
ĝ(n)einx

In the theorem below, we present the Hamiltonian structure on balls

BM := {q ∈ L2
+ : M(q) < M},

with a mass cut-off

M∗ =

{
2π in the focusing case,

∞ in the defocusing case.
(6)

By convention, B∞ = L2
+(T).

Theorem 1. Fix M ≤ M∗. The 2-form ω defined in (4) defines a (strong)
symplectic form on any ball BM . The symplectic flow of the Hamiltonian

H(q) =
1

2
‖q‖2

Ḣ1 ∓
(1
4
‖q2‖2

Ḣ1/2 −
1

2π
‖q‖2L2‖q‖2Ḣ1/2 +

1

2
‖C+(|q|2)‖2Ḣ1/2

)

+
1

6
‖q‖6L6 − 1

4π
‖q‖4L4‖q‖2L2 +

1

12π2
‖q‖6L2

with respect to ω generates the equation

(7) i∂tq + qxx ∓ 2iq∂xC+(|q|2)± π−1E0(q)qx = 0.

In the focusing case, ω is degenerate on BM whenever M > M∗.

As mentioned previously, the version (7) is related to the original equation (1)
via the transformation q(t, x) 7→ q(t, x±π−1E0t); thus many conclusions proven for
(1) straightforwardly transfer to (7). Observe also that the completely integrable
structure shown in [1] still applies to (7) with the same Lax operator, and the
quantities En(q) are also still conserved by the flow.

As an application of our constructions, we provide a new proof of the scaling
critical global wellposedness (with mass constraint in the focusing case) via the
method of commuting flows developed in [7]. On the torus, this result was first
shown in [4] using an explicit solution formula. On the real line global wellposed-
ness was shown in [2]. The advantage of our approach is that it provides a means
of approximating solutions by a sequence of regularized commuting Hamiltonian
systems, each of which preserves the integrable structure. This is of importance
in applications, as we will discuss briefly at the end of this report.

Our approach to regularizing the Hamiltonian is as in [2] in the context of
the Benjamin-Ono equation. Due to the smoothing property of the resolvent
(Lq+κ)

−1, the quantity β(κ, q) defined in (2) makes sense at low regularity where
the Hamiltonian is ill-defined. In view of (2), E1 and E2 can be approximated by

Eκ
1 = −κ2(βκ − κ−1E0), Eκ

2 = κ3(βκ − κ−1E0 + κ−2E1)
in the limit κ → ∞. Along with some technical considerations to handle the low
regularity, this leads us to define the approximate Hamiltonians

(8) Hκ(q) =
1

2
Eκ
2 ± 3

2
E0Eκ

1 + E3
0 ∓ 1

2
κE0〈Lqm,Lqm〉.
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By establishing new uniform resolvent estimates for the lax operator, we can
show that the Hamiltonian flows corresponding to theHκ are globally well-posed in
L2
+(T) (with a mass constraint in the focusing case), and that bounded, equicon-

tinuous data sets produce bounded, equicontinuous orbits. Taking κ → ∞, we
obtain the following result.

Theorem 2. LetM ≤M∗, for M∗ as in (6). The flow (7) is globally well-posed in
Cloc(R, L

2
+(T)) for initial data in BM , with continuous dependence on the initial

data.
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On the optimal Sobolev threshold for evolution equations with

rough nonlinearities

Mitchell Taylor

(joint work with Ben Pineau)

Consider a general evolution equation of the form

∂tu−A(D)u = F (u,∇u)
where A(D) is a Fourier multiplier of either dispersive or parabolic type, and the
nonlinear term F has limited regularity. In this talk, I will describe a robust set
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of techniques which can be used in many cases to predict the highest possible
Sobolev exponent s = s(q, d) for which the above evolution can be well-posed in
W s,q(Rd). I will discuss how these principles can be rigorously implemented in
the model cases of the nonlinear Schrödinger and nonlinear heat equations. More
precisely, we are able to show that the nonlinear heat equation

∂tu−∆u = |u|p−1u

is well-posed in W s,q(Rd) when max{0, sc} < s < p + 2 + 1
q and is strongly

ill-posed when s ≥ p + 2 + 1
q and p − 1 6∈ 2N in the sense of non-existence of

solutions even for smooth, small and compactly supported data. When q = 2 we
establish the same ill-posedness result for the nonlinear Schrödinger equation and
a similar well-posedness result. Identifying the optimal Sobolev threshold for even
a single non-algebraic p > 1 has been a longstanding folklore open problem in the
literature. This is based on a joint work with Ben Pineau.

Generic small scale creation for the two dimensional Euler equation

Thomas Alazard

(joint work with Ayman Rimah Said)

The two-dimensional incompressible Euler equation reads




∂u

∂t
+ (u · ∇)u+∇p = 0,

div u = 0,

where u = (u1, u2) and p denote the fluid velocity and pressure, respectively. The
variables are the time t ∈ R and the spatial position x = (x1, x2) ∈ R2.

A key quantity in 2D fluid dynamics is the scalar vorticity, defined by ω =
∂1u

2 − ∂2u
1. Taking the curl of the momentum equation eliminates the pressure

term and yields a transport equation for the vorticity:

(1)
∂ω

∂t
+ u · ∇ω = 0.

The incompressibility condition allows one to recover the velocity field u from ω
by introducing a stream function ψ, such that u = ∇⊥ψ = (−∂2ψ, ∂1ψ). Solving
for ψ gives the explicit non-local relation between velocity and vorticity, known as
the Biot-Savart law:

(2) u = ∇⊥∆−1ω.

The system formed by (1) and (2) is self-contained: the evolution of ω depends
on u, which is itself determined by ω. Hence, equation (1) shows that vorticity
is transported by the very flow it generates. The transport nature of (1) is most
apparent from a Lagrangian perspective. We trace the path of a fluid particle
Φt(x) originating at x ∈ R2 by solving the ordinary differential equation

d

dt
Φt(x) = u(t,Φt(x)), with Φ0(x) = x.
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Equation (1) implies that ω(t,Φt(x)) = ω0(x). Consequently, the Lp norms are
conserved for all p ∈ [1,∞]:

(3) ‖ω(t, ·)‖Lp = ‖ω0‖Lp .

The conservation law (3) leaves open the possibility that the derivatives of vor-
ticity may grow (see [1]). This is the object of a conjecture by Yudovich, with
previous results by Yudovich [2], Morgulis, Shnirelman and Yudovich [3], and El-
gindi, Murray and Said [4]. In this talk we have discussed the following result
(together with the periodic case).

Theorem. Let s > 1 be a real number. The set of initial data ω0 ∈ Hs(R2) ∩
L1(R2) satisfying the zero-mean condition

∫
R2 ω(x) dx = 0 and such that

lim sup
t→+∞

‖ω(t, ·)‖Hs(R2) = +∞,

is a dense Gδ set in the subspace of Hs(R2)∩L1(R2) of functions with mean-value
zero.
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Stable blow-up for the heat flow of harmonic maps into spheres

Birgit Schörkhuber

(joint work with Johannes Angerer and Sarah Kistner)

We consider the harmonic map heat flow for U : [0, T )× Rd → Sd, which can be
formulated intrinsically as

∂tU
a −∆Ua − Γa

bc(U)∂jU
b∂jU c = 0.(1)

Here ∆ denotes the Laplace operator on R
d and Γa

bc are the Christoffel symbols on
Sd. The study of the heat flow of harmonic maps dates back to the classical work of
Eells and Sampson [6], who considered maps between closed Riemannian manifolds
and proved that for targets with non-positive sectional curvature the flow exists
globally in time and converges to a harmonic map as t → ∞. For general target
manifolds it is well known that singularities may form in finite time. For maps
from Rd to Sd the best-studied case is d = 2, where the model is energy critical. In
the following we are interested in the supercritical case d ≥ 3, where the dynamics
are less well understood. We choose normal coordinates on Sd, U = (U1, . . . , Ud),



650 Oberwolfach Report 10/2026

U i = u · Ωi, Ω ∈ Sd−1 →֒ Rd, and restrict ourselves to the class of co-rotational
solutions

U i(t, x) =
xi

|x| u(t, |x|) = xiv(t, |x|),

where v satisfies

∂tv(t, r) − ∂2rv(t, r)−
d+ 1

r
∂rv(t, r) +

d− 1

2r3
(
sin(2rv(t, r)) − 2rv(t, r)

)
= 0.(2)

Due to the scaling invariance of the problem one is naturally interested in the
existence of self-similar blow-up solutions, which are typically called shrinkers.
Notably, in d ≥ 7 the existence of such solutions has been ruled out [4]. In
contrast, for 3 ≤ d ≤ 6 the model admits a countably infinite family of self-similar
solutions of the form

u(t, r) = f

(
r√
T − t

)
, t < T,

see [7]. We emphasise that none of these solutions is known in closed form. Nu-
merical experiments [1] suggest that in each dimension d ∈ {3, 4, 5, 6} the ground
state of this family describes the behaviour of generic co-rotational blow-up solu-
tions of the harmonic map heat flow. In the three-dimensional case, the existence
of a profile f0 matching the form of the ground state, together with its spectral
stability (see below), was established in [2] using rigorous computer-assisted meth-
ods. The nonlinear asymptotic stability of the corresponding blow-up solution was
subsequently proved in [3].

We extend this result to higher space dimensions. More precisely, we prove
that in every dimension 3 ≤ d ≤ 6 there exists a self-similar co-rotational blow-up
solution to Eq. (1) that is asymptotically stable under suitably small co-rotational
perturbations. We state the main result in normal coordinates.

Theorem 1. Let d ∈ {3, 4, 5, 6}. There exists a self-similar profile F0(y) =
y
|y|f0(|y|) such that the following holds. Fix s, k > 0 with

d
2 < s < d

2 + 1
2d , k = d+ 3.

There exists ε > 0 such that for any co-rotational initial datum of the form

U0 = F0 +Φ0,

where Φ0 : R
d → Rd, Φ0(x) = x v0(|x|), is a Schwartz function satisfying

‖Φ0‖Ḣs∩Ḣk(Rd) ≤ ε,

there exist T > 0 and a solution U ∈ C∞([0, T )×Rd) to Eq. (1) which admits the
decomposition

U(t, x) = F0

(
x√
T−t

)
+Φ

(
t, x√

T−t

)
,

where ‖Φ(t, ·)‖Ḣβ(Rd) → 0 as t→ T− for every β ∈ [s, k].
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We briefly outline the main steps of the proof. Given a shrinker profile f , we
insert a perturbative ansatz into Eq. (2), which we regard as a radial heat equation
on Rn with n := d+2. Transforming to similarity coordinates (τ, ξ) ∈ [0,∞)×Rn

yields an equation of the form

∂τϕ(τ, ·) = Lfϕ(τ, ·) +N(ϕ(τ, ·)), τ > 0,

for the perturbation ϕ, where Lf = L0 + L′
f with

L0u := ∆u− 1
2ξ · ∇u− 1

2u, L′
fu := Vf (| · |)u,

and Vf is the radial potential determined by the profile f . The natural function
space for the linearised problem is the weighted space L2

σ(R
n) (restricted to radial

functions) for a suitable exponentially decaying weight σ, where Lf admits a self-
adjoint realisation and generates a semigroup (S(τ))τ≥0. One of our key results is
the following.

Proposition 1. For every d ∈ {4, 5, 6} there exists a profile f0 satisfying f0 > 0
on (0,∞) and

σ(Lf0) ⊂ (−∞, 0) ∪ {1},
where λ = 1 is a simple eigenvalue with eigenfunction f ′

0.

The proof of Proposition 1 follows the general approach of [2], which handles

the case d = 3. We first construct a suitable approximation f̃0 via Chebyshev
polynomials with rational coefficients, then extend it to an exact solution f0 by
a fixed-point argument. The result on the spectrum of Lf0 relies on an analysis
of the underlying Schrödinger operator and the zeros of its zero-energy solution.
Both parts of the argument use rigorous computer assistance; however, rather
than using interval arithmetic as in [2], we implement the evaluation method of
[5], optimised for our setting.

To handle the nonlinear stability problem we work in the intersection Sobolev
space

X := Ḣs
rad(R

n) ∩ Ḣk
rad(R

n)

for sc < s < sc + 1
2(n−2) < n

2 , where sc is the scaling-critical exponent, and

k = n + 1. With this choice one has X →֒ Crad(R
n) ∩ L∞(Rn) →֒ L2

σ(R
n) and

local Lipschitz bounds for the nonlinearity follow from Schauder-type estimates
established in [8]. The linearised evolution on X is obtained from that on L2

σ(R
n)

by restriction. The most crucial step is to transfer the spectral information from
Proposition 1 to the non-self-adjoint operator LX

f0
:= Lf0 |X and to efficiently use it

in order to derive suitable growth bounds for the linearised evolution. Compared
to [3], we employ a considerably shorter argument, based on the representation

SX(τ) − SX
0 (τ) =

∫ τ

0

SX(τ − τ ′)L′
f0S

X
0 (τ ′) dτ ′,

where (S0(τ))τ≥0 is the semigroup generated by L0. Exploiting the decay of f0
at infinity and the explicit form of S0(τ), we show that the integral defines a
compact operator on X for every τ ≥ 0. This allows us to apply standard results
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relating the spectrum of a semigroup to its growth bound and to the spectrum of
its generator, thereby yielding the required bounds for the evolution on X . The
nonlinear problem is then treated by a standard fixed-point argument, including
a suitable adjustment of the blow-up time.
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Kinetic wave equations for nonlinear oscillator chains

Pierre Germain

1. The microscopic model

Our starting point is the nonlinear oscillator chain

(NOC) q̈j = −∂qjF ((qj)), qj ∈ R, j ∈ Z,

where we denote ḟ for the time derivative of f and omit time-dependence in the
notation; furthermore, the function F ((qj)) is assumed to be translation invariant
in the j variable. The two most famous examples are the Fermi-Pasta-Ulam-
Tsingou equation

(FPUT) q̈j = V ′(qj+1 − qj)− V ′(qj − qj−1), V (x) =
1

2
x2 +

α

3
x3 +

β

4
x4

(where α, β ∈ R are parameters) and the Discrete Nonlinear Klein-Gordon equa-
tion

(DNLKG) q̈j = −δ(2qj − qj+1 − qj−1)− (1− 2δ)qj − λq2j − µq3j ,

(where δ ∈ (0, 12 ) and λ, µ ∈ R are parameters)
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Interpreting qj as the deviation of a particle from its rest position, such oscillator
chains are naive and one-dimensional models for crystals.

2. The mesoscopic (kinetic) model

In the weakly turbulent regime characterized by weak nonlinearity, large volume
and chaos (random phase approximation), this Hamiltonian system can be de-
scribed by a kinetic equation. In this microscopic to mesoscopic limit, only some
statistical quantities are retained; the resulting equation is easier to approach and
statistical physics effects (such as the H-theorem) are transparent. Cubic nonlin-
earities are the most relevant, in which case the kinetic wave equation takes the
following form

(KWE) ∂tf + ω′(ξ)∂xf = C(f), f = f(t, x, ξ) ≥ 0, (x, ξ) ∈ T× T.

Here, we denote T = R/(2πZ), the dispersion relation ω(ξ) is a function on T and
the collision operator is given by the formula
(1)

C(f)(ξ)=
∫
K0,1,2,3 [f1f2f3+f0f2f3−f0f1f2−f0f1f3] δ(Ω0,1,2,3)δ(Σ0,1,2,3) dξ1,2,3,

where we denoted

Ω0,1,2,3 = ω0 + ω1 − ω2 − ω3, Σ0,1,2,3 = ξ0 + ξ1 − ξ2 − ξ3

and we used the customary notation

ξ0 = ξ, ωi = ω(ξi), K0,1,2,3 = K(ξ, ξ1, ξ2, ξ3), etc...

and where the kernel K enjoys the properties

(2) K(ξ, ξ1, ξ2, ξ3) ≥ 0 and

{
K(ξ, ξ1, ξ2, ξ3) = K(ξ2, ξ3, ξ, ξ1)

K(ξ, ξ1, ξ2, ξ3) = K(ξ1, ξ, ξ2, ξ3).

We considered above the simplest inhomogeneous setup, where (x, ξ) ∈ T ×
T, but bounded domains in x with appropriate boundary conditions are also of
interest. Finally, dropping the x variable yields the simpler homogeneous problem
∂tf = C(f), which is already quite interesting.

3. Macroscopic (fluid) equations

Consider the ansatz

f(t, x, ξ) = f(ξ)2
[
1 + εω(ξ)v1(ε

At, εBx) + εv2(ε
At, εBx)

]
+ {error},

where

f(ξ) =
1

αω(ξ) + β
, α, β ∈ R

is a stationary solution of (KWE) called Rayleigh-Jeans, and A,B > 0 are con-
stants to be determined. Two cases have to be distinguished here, depending on
the invertibility of the linearized operator around the Rayleigh-Jeans solutions.
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Non-degenerate case. In that case, the limiting behavior of v =

(
v1
v2

)
can be one

of the three following equations

• Linear diffusion equation: for symmetric non-negative 2 × 2 matrices A
and D,

A∂tv +D∂2xv = 0.

• Conservation law: for an R2-valued function P whose entries are cubic
homogeneous polynomials in v,

A∂tv + ∂xP (v) = 0.

• Nonlinear diffusion equation: it combines the two above cases

A∂tv +D∂2xv + ∂xP (v) = 0.

(details and formulas for A,D, P are omitted).

Degenerate case. We only mention here the case of perturbations of the RJ solution
1

ω(ξ) in the (KWE) derived from (FPUT), and we further restrict to the linearized

problem. Then the limiting equation is an anomalous diffusion

∂tv1 + c0(−∆)8/5v1 = 0, v2 = −c1ε
3B
5 (−∆)3/5v1,

where c0, c1 > 0.

4. Results

Our results are as follows

• Variational characterization of the Rayleigh-Jeans solutions [1].
• Asymptotic stability of the Rayleigh-Jeans solutions [2].
• Detailed (but not rigorous) derivation of all the singular limits mentioned
above [3].
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Gauge transforms, random averaging operator ansatz and improved

probabilistic well-posedness for the radial NLS on the 3D ball

Nikolay Tzvetkov

(joint work with Nicolas Burq, Nicolas Camps, Chenmin Sun)

Consider

(NLS) (i∂t +∆)u = |u|2u, (t, x) ∈ R×B3,

posed on the ball B3 := {x ∈ R3 : |x| ≤ π} (the results bellow readily extend
to a ball of an arbitrary radius). We restrict to radial solutions of (NLS) and
we consider Dirichlet boundary conditions u|R×∂B3 = 0. An orthonormal basis of
radial eigenfunctions of the Dirichlet Laplacian on B3 is given by

(1) en(x) =
1√
2π

sin(n|x|)
|x| 1|x|≤π, n ∈ N,

associated with the eigenvalues n2. Denoting by 〈·, ·〉 the L2(B3) inner product,
any radial function u ∈ L2(B3) admits the expansion

u =
∑

n≥1

〈u, en〉 en.

We consider random initial data defined by

ψα(ω, x) =
∑

n≥1

gn(ω)

nα
en(x), α ≤ 1,

where (gn)n≥1 is a sequence of independent standard complex Gaussian variables,
living in

H(α− 1
2 )−(B3) =

⋂

s<α−1/2

Hs(B3) .

For N ≥ 1, we denote by ΠN the spectral projector onto frequencies ≤ N ,

ΠNu =
∑

1≤n≤N

〈u, en〉 en,

and by PN the Littlewood–Paley projector onto frequencies of size comparable
to N , i.e. PN := ΠN − ΠN/2. In [1], Bourgain and Bulut studied the following
finite-dimensional approximation of (NLS):

{
(i∂t +∆)uN = ΠN (|uN |2uN),

uN |t=0 = ΠNψ1(ω, ·).
Since the dynamics evolve in a finite-dimensional space, the solution uN = ΠNuN
is globally defined by standard Cauchy–Lipschitz theory, together with mass con-
servation.

Theorem 1 (Bourgain–Bulut 2014). For all T > 0, the sequence (uN )N≥1 con-

verges almost surely in L∞([−T, T ]; H1/2−(B3)) to a unique limit u ∈ C(R;
H1/2−(B3)) which solves (NLS).
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The presence of the projector ΠN in the nonlinear interaction ΠN (|uN |2uN) is
essential for the Bourgain-Bulut proof. Moreover, the method of Bourgain-Bulut
does not yield the flow property of the limit object. We have the following precision
of the Bourgain-Bulut result.

Theorem 2 ([2]). The Bourgain-Bulut solutions can be realized as a limit of
(uN )N≥1 defined by {

(i∂t +∆)uN = |uN |2uN ,
uN |t=0 = ΠNψ1(ω, ·)

and the limit object satisfies the flow property. Namely, if we denote by µ the
measure induced by ω 7→ ψ1(ω, x) then there exists Σ such that µ(Σ) = 1 and for
every initial data u0 ∈ Σ the solutions of

(i∂t +∆)uN = |uN |2uN , uN |t=0 = u0

converge to Φ(t)(u0) such that Φ(t)(u0) ∈ Σ, ∀ t ∈ R with Φ(t1+t2) = Φ(t1)◦Φ(t2)
on Σ.

Let us next turn to an even more significant improvement of the Bourgain-Bulut
result. Consider

(2)

{
(i∂t +∆)uN = |uN |2uN ,
uN |t=0 = ΠNψα(ω, ·),

where we recall that

ψα(ω, x) =
∑

n≥1

gn(ω)

nα
en(x).

Theorem 3 ([2]). Let α > 15/16. Then there exists a set Σ of full prob-
ability such that for every ω ∈ Σ there exists T > 0 such that the sequence
(uN )N≥1 of solutions of (2) converges in L∞([−T, T ];Hα−1

2−(B3)) to a limit

u ∈ C([−T, T ];Hα− 1
2−(B3)) which solves (NLS).

Interestingly, it turns out that α = 1 is critical with respect to the notion
of probabilistic scaling introduced by Deng-Nahmod-Yue in [3] and therefore the
previous result is dealing with data of super-critical regularity with respect to this
scaling. Let us describe this phenomenon in some detail. Set

I(t,PNψα) :=

∫ t

0

ei(t−τ)∆
(
|eiτ∆PNψα|2eiτ∆PNψα

)
dτ ,

which corresponds to the second Picard iterate applied to the wave packet PNψα,
localized at frequency scaleN. We have that the typical regularity of ψα isHα−1/2−.
We have the following statement.

Proposition 1 ([2]). Let α ≥ 0. There exists a constant C > 0 such that for
every t ≥ 0 and every N ∈ 2N,

‖I(t,PNψα)‖L2(Ω;Hα−1/2−) ≥ CtN2(1−α)− .
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Therefore for α < 1 the first Picard iterate is worse than the initial data in the
high-high interaction which makes that α = 1 is critical w.r.t. the probabilistic
scaling introduced in [3].
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Global solutions for 3D gravity water waves

Mihaela Ifrim

(joint work with Ben Pineau, Daniel Tataru)

The aim of the talk was to present work in progress on the problem of local and
global well-posedness in the small data, low regularity regime for gravity waves in
a fluid of infinite depth, and infinite width, in spatial dimension n ≥ 3 and higher.

The governing equations within the fluid domain, which will be described
shortly, are the incompressible Euler equations, with appropriate boundary con-
ditions on the fluid surface, which can be viewed as a free boundary. Under
the assumption that the fluid is also irrotational, the velocity of the fluid can be
described as the gradient of a harmonic velocity potential, which is uniquely de-
termined by its trace on the surface. Thus, the original n-dimensional Euler flow
can be reduced to an n − 1 dimensional flow modeling the evolution of the free
surface together with the trace of the velocity potential on the free surface. This
is commonly referred to as the water wave problem, which is a fully nonlinear,
nonlocal dispersive evolution.

Expressed in the Zakharov formulation [13], with η describing the free surface
as a graph and ψ the velocity potential restricted to the free surface, the equations
have the form

(1)




∂tη = G(η)ψ,

∂tψ = −g η − 1

2
|∇ψ|2 + 1

2

(G(η)ψ +∇η · ∇ψ)2
1 + |∇η|2 ,

involving the Dirichlet-to-Neumann operator G(η) associated to the fluid domain.
In this work we study both the local well-posedness question at low regularity,

and the global well-posedness under the assumption that the initial data is small,
but not localized. Both of these problems have been intensely studied in the
last 25 years or so. For local well-posedness, we mention the work of Wu [11],
Lannes [10], Alazard-Burq-Zuily [4, 5] and Ai [1] (see also [2, 3] for corresponding
2D results). Global well-posedness has been primarily considered in the restrictive
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context where the initial data is assumed to be both small, smooth and localized,
see [6, 12].

The objective of our ongoing work is to simultaneously provide drastic improve-
ment for both the local and global theory for these equations, reaching optimal
Sobolev thresholds. More precisely, our goals are as follows:

(1) To sharply improve the local well-posedness theory for the gravity wave
problem, up to scaling regularity in dimension n ≥ 4, and 1/12 derivatives
above scaling in dimension n = 3.

(2) To prove global well-posedness for initial data which is small in a critical
Besov space, but not necessarily localized.

These results should also be understood in the context of the general global well-
posedness conjecture for two dimensional quasilinear dispersive flows, proposed in
Ifrim-Tataru [8] (see also [7, 9] for the earlier, one dimensional version of the
conjecture).

Conjecture 4 (2D non-localized data GWP conjecture). Cubic quasilinear dis-
persive flows with small data give rise to global in time, scattering solutions in two
and higher dimension.

The case of cubic nonlinearities in two space dimensions is borderline in terms
of the balance between the linear dispersion and nonlinear effects. This is why
for semilinear problems, small data global well-posedness results can typically
be obtained using Strichartz estimates, most notably L4 in 2D. However, such
estimates are no longer available in quasilinear problems, which is one reason why
no result of this type existed prior to [8], where the above conjecture is proved for
cubic quasilinear Schrödinger flows. Another key point there was the fact that the
approach to global well-posedness also yields sharp local well-posedness results.

By comparison, our problem here is fully nonlinear, nonlocal, with quadratic
nonlinearities, and with a dispersion relation which is (a) not of Schrödinger type
and (b) singular at zero frequency. The redeeming feature is that this problem
exhibits no three wave resonant interactions away from zero frequency. Heuristi-
cally, this suggests that normal form ideas can be used to treat this problem as
cubic.
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Long finite time bubble trees for two co-rotational wave maps

Joachim Krieger

(joint work with Jose Palacios)

We discuss a recent result, obtained jointly with Jose Palacios (EPFL) and gen-
eralising an earlier result obtained jointly with Jacek Jendrej, that the energy
critical Wave Maps equation from R2+1 into S2, restricted to the k = 2 co-
rotational setting, admits arbitrarily large numbers of concentrating concentric
n bubble profiles. For any n ∈ N, we construct an n-bubble solution concen-
trating at scales λ1(t) ≫ λ2(t) ≫ . . . ≫ λn(t), where λn(t) = t−1| log t|β , and
λj(t) & exp(

∫ t0
t
λj+1(s)ds), for any j < n. Here β > 3

2 is a parameter that can be
chosen arbitrarily. This shows that, as far as finite time blow-up case is concerned,
the entirety of cases postulated in the soliton resolution theorem by Jendrej-Lawrie
indeed occur, provided the concentric collapsing bubbles have alternating signs.

An effective resolution space for the Schrödinger equation

Ioan Bejenaru

In the analysis of nonlinear dispersive PDEs it is important to design resolution
spaces which replicate key estimates available for free solutions. The most basic
linear estimates are known as the Strichartz estimates, and most resolutions spaces
replicate these estimates; here we assume that the analysis is done in the transla-
tion invariant setup and not in the setup of localized initial data where different
methods (such as vector fields) are deployed.

The next level of estimates is the bilinear one. In the context of the Schrödinger
equation, the following holds true

(1) ‖eit∆f · eit∆g‖L2
t,x(R

n+1) . 2
(n−1)k1−k2

2 ‖f‖L2
x(R

n)‖g‖L2
x(R

n),
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where f, g are localized at frequency ≈ 2k1 respectively 2k2 , and k1 ≤ k2; here we
assume n ≥ 2. Replicating this estimate beyond the class of free solution has been
an important topic of research motivated by applications to nonlinear dispersive
PDEs. One would like to seek spaces Xk such that

(2) ‖u · v‖L2
t,x

. 2
(n−1)k1−k2

2 ‖u‖Xk1
‖v‖Xk2

,

where u, v are localized at frequency ≈ 2k1 , respectively 2k2 and k1 ≤ k2.
The first candidates had been the Xs,b type spaces, introduced by Beals [1] (for

the wave equation), Bourgain [3, 4] (for the Schröedinger and KdV equations) and
Klainerman and Machedon [6] (for the wave equation).

The next candidates were the U2
∆, V

2
∆ introduced by Tataru in an unpublished

manuscript; this was done in the context of the wave equations. Follow up works
validated these spaces as a very powerful tool in the analysis of nonlinear disper-
sive equations, see for instance [9, 10, 11], Hadac, Herr, Koch [7], Herr, Tataru,
Tzvetkov [8].

In the analysis of the nonlinear dispersive PDEs another desirable (but not
necessary) property of the resolution spaces is that the formal dual of the resolution
space is a good candidate for the forcing for the inhomoegenous problem

(3) (i∂t +∆)u = f, u(0, x) = u0(x).

In an overly simplified form, given f ∈ (Xk)
∗ and u0 ∈ L2

x, one would like to be
able to derive u ∈ Xk. This is one place where the above structures fail: to access

(2) one needs to use the stronger structures X0,b, with b > 1
2 , or Ẋ

0, 12 ,1 or U2
∆

which makes their dual larger and returns the solution u to (3) into the weaker

structure X0,b′ , with b′ < 1
2 , or Ẋ

0, 12 ,∞ or V 2
∆, which in turn are not strong enough

to recoup (2).
As a consequence, these structures have been very effective in the analysis of

nonlinear problems where weaker versions of (2) were sufficient. On the other
hand, for problems such as the Wave Maps and the Schrödinger Maps, one needs
to rely on (2), or its version for the wave equation. For these problems, the
adapted frame method, introduced by Tataru in [12] for wave maps, proved to be
instrumental.

The frame method approach departs from the above setup, in that it does not
obey the solvability condition requiring that (Xk)

∗ is a viable space for f appearing
in (3). Our work seeks to complement that approach by providing a new resolution
space with this missing property; there are additional benefits of the setup we seek.

A step in this direction was undertaken in [5] by Candy and Herr for the wave
maps problem. They established that the spaces U2 (adapted to the wave equa-
tion) can be used to provide an iteration scheme for the Wave Maps equation,
despite some inefficiencies in the estimates arising precisely from the need to in-
volve V 2 structure, and its inability to reproduce (2) (in the context of the wave
equation).

We propose a new candidate for the spaces Xk in the context of the Schrödinger
equation. We start from the weaker space V 2

∆ and see how much it can help in
recovering parts of (2). In very low modulation regimes (for both inputs) we rely
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on the bilinear restriction Lp
t,x, with p < 2, for free waves to establish (2) when the

inputs are in V 2
∆. When one input has relatively high modulation, the V 2

∆ structure
is again sufficient. It is only in an intermediate range of modulations where things
fail. Here we augment the V 2

∆ structure with two basic properties: a refined mass
estimate and local smoothing estimate, both reflecting the speed of propagation of
the underlying wave. In addition, we uncover an additional ”decoupling” of these
structures in the context of higher modulation. The new structure is shown to be
able to reproduce (2) in all regimes.

Then we establish that the dual structure (Xk)
∗ is indeed a effective candidate

for the solvability of (3), in that it returns the solution back to Xk.
One consequence of such a construction is that it allows reducing the analysis

of a nonlinear problem

(4) (i∂t +∆)u = N(u,∇u), u(0, x) = u0(x)

to a multilinear estimate of type

|
∫
N(u,∇u) · ϕdxdt| . ‖u‖pX · ‖ϕ‖X ,

where N is assumed to have degree p ∈ N. The advantage is that one can combine
in any way two components in the above expression and apply (2). The above is
a caricature model (thought it captures the essence of the method), as in practice
one decouples the elements in the nonlinearity N(u,∇u), and also localizes each
component to a specific frequency, which in turn dictates the specific Xk being
used.
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The soliton resolution conjecture for the Benjamin-Ono equation

Louise Gassot

(joint work with Patrick Gérard, Peter D. Miller)

We consider solutions of the Benjamin–Ono equation

(1) ∂tu− ∂x|D|u+ ∂x(u
2) = 0 , u(0, x) = u0(x).

The function u = u(t, x) is real–valued, and |D| denotes the Fourier multiplier
associated to the symbol |ξ| acting on functions on the real line.

The solutions of (1) of the form u(t, x) = u0(x− ct) have been classified in [1].
These solutions, called soliton solutions, are given by

(2) u(t, x) = Rp(x− cpt), Rp(y) :=
2Imp

|y + p|2 , cp :=
1

Imp
,

where p ∈ C+ is a complex number with a positive imaginary part.
The result presented in this talk concerns the soliton resolution conjecture for

a large class of initial data u0, including in particular Schwartz functions and
rational functions such that xu0 ∈ L2(R).

Theorem 1 ([3]). Let u0 ∈ H1(R) be a real–valued function such that xu0 ∈
H1(R). Assume moreover that there exist c0 ∈ R and v0 ∈ L2(R) such that:

(3) ∀x ∈ R, x2u0(x) = c0 + v0(x).

Then there exist N ∈ N, elements p1, . . . , pN of C+ with increasing imaginary
parts Im(p1) < · · · < ImpN , and real–valued functions u± in H1(R) such that

(4)
∥∥∥u(t, x)−

N∑

j=1

Rpj (x − cpj t)− et∂x|D|u±
∥∥∥
H1(R)

−→
t→±∞

0.

Note that global well-posedness for (1) has been shown in Hs(R) for s > −1/2
in [7]. We also refer to [6] for precise long-time dispersive decay bounds for small-
data.

Let us now present the link between the soliton parameters p1, . . . , pN , the
radiation profiles u±, and the spectral theory of the Lax operator associated to
u0. We first introduce some notation.

The Hardy space L2
+(R) is the set of functions f ∈ L2(R) whose Fourier trans-

form f̂ is supported in the half-line [0,+∞). An element f ∈ L2
+(R) extends as a

holomorphic function on the complex upper half-plane C+ satisfying

sup
y>0

∫

R

|f(x+ iy)|2 dx < +∞.
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Let Π be the orthogonal projector from L2(R) onto L2
+(R). The Toeplitz operator

Tb associated to b ∈ L∞(R) is given by the formula

∀f ∈ L2
+(R), Tbf := Π(bf).

The Lax operator associated to u0 for the Benjamin-Ono equation is then de-
fined as Lu0 := D−Tu0 , where D := −i d

dx . This operator acts on the Hardy space

L2
+(R). Let λ1, . . . , λN be the — simple and negative — eigenvalues of Lu0 , and

ϕ1, . . . , ϕN the corresponding eigenfunctions, normalized in L2. The finiteness of
N for initial data u0 ∈ H1(R) with xu0 ∈ L2(R) has been established in [8, Theo-
rem 1.2]. For every λ > 0, we also denote by m± = m±(x, λ) the unique solution
in the space L∞(R) of the equation

(Lu0 − λ)m± = 0 , lim
x→±∞

e−iλxm±(x, λ) = 1.

For every f ∈ L2
+(R), the distorted Fourier transform of f is then defined by

∀λ > 0, f̃±(λ) :=

∫

R

f(x)m±(x, λ) dx.

Finally, we define the operatorX∗ as the adjoint on L2
+(R) of the multiplication

by x. Equivalently — see for instance [5]— we can define X∗ by its domain

D(X∗) = {f ∈ L2(R) : f̂ |(0,∞) ∈ H1(0,∞)},
and the formula

∀x ∈ R, X∗f(x) := xf(x) +
I+(f)

2iπ
,

where I+(f) := f̂(0+).

Theorem 2 ([3]). With the notation of Theorem 1, the following holds.

• (Soliton parameters) The integer N is the number of eigenvalues of the Lax
operator Lu0 . Moreover, for every j ∈ {1, . . . , N}, the soliton parameters
are given by

pj = −〈X∗ϕj , ϕj〉, cj = 2|λj |.
• (Radiation profiles) The radiation profiles u± are characterized by the for-
mula

(5) ∀λ > 0, û±(λ) = Π̃u0
∓
(λ).

Note that purely radiative asymptotics — N = 0 — hold if and only if the
operator Lu0 is positive, this is for instance the case when u0 ≤ 0. In this setting,
Theorem 1 was recently established in [2], in the special case u0 = −Rp ≤ 0.
Conversely, N–soliton asymptotics — u+ = 0 (or equivalently, u− = 0 since one
can show that û+ and û− always have the same modulus) — occur if and only if
u0 is a sum of N soliton profiles, namely there exist p̃1, . . . , p̃N ∈ C+ such that

u0 =
∑N

j=1 Rp̃j .
The proof of Theorem 1 relies on an explicit formula derived by the second

author in [4]. This formula states that the solution u ∈ C(R, H1(R)) of the
Benjamin-Ono equation (1) with initial datum u(0) = u0 ∈ H1(R) is given by
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u(t, x) = Πu(t, x) +Πu(t, x), where the holomorphic extension of Πu to the upper
half-plane satisfies:

(6) ∀t ∈ R, ∀z ∈ C+, Πu(t, z) =
1

2iπ
I+((X

∗ − 2tLu0 − z)−1Πu0).

From this formula, we show the following two weak convergence properties.

• (Soliton limit) For every j ∈ {1, . . . , N}, for every z ∈ C+,

(7) Πu(t, z − 2tλj) −→
t→+∞

i

z − 〈X∗ϕj , ϕj〉
.

• (Radiation limit) For every z ∈ C+ with |z| small enough,

(8) (2t)1/2eitλ
2

Πu(t, z − 2tλ) −→
t→+∞

eiπ/4√
2π

eiλzΠ̃u0
−
(λ),

in the sense of weak convergence in L2(0,+∞) in the λ variable.

Strong convergence is then obtained from the following distorted Plancherel iden-
tity, which was proven in [2, Theorem 26]: for every f ∈ L2

+(R),

(9)
N∑

j=1

|〈f, ϕj〉|2 +
∫ ∞

0

|f̃±(λ)|2 dλ

2π
=

∫

R

|f(x)|2 dx.

Note that using the property that (t, x) 7→ u(−t,−x) is a solution of the
Benjamin-Ono equation whenever u is a solution, one can deduce the asymptotics
as t→ −∞ from the asymptotics as t→ +∞.
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Trivial resonances for a system of Klein–Gordon equations and

statistical applications

Anne-Sophie de Suzzoni

(joint work with Annalaura Stingo, Arthur Touati)

We consider a system of Klein–Gordon equations with generic quadratic non lin-
earities such as {

∂2t u−∆u+ u = εQ0(v, v)
∂2t v −∆v + v = εQ1(u, u)

posed on a torus LTd and with a nonlinearity of size ε with ε = L−β and β ∈ (0, 12 ).

The nonlinearities are defined through symbols Q0, Q1 such that

Q̂η(v, w)(k) = L−d/2
∑

k1+k2=k

Qη(k1, k2)v̂(k1)ŵ(k2).

We suppose that:

• maps Qη, η = 0, 1 are symmetric;
• for all k1, k2 ∈ R2, we have Qη(k1, k2) = Qη(−k1,−k2);
• maps Qη are bounded and continuous;
• for all k, we have Qη(k,−k) = 0.

After the standard transformation U = 〈∇〉u+ i∂tu and V = 〈∇〉v + i∂tv with
〈∇〉 =

√
1−∆, we study the Cauchy problem





i∂tU = 〈∇〉U + εQ0(〈∇〉−1ReV, 〈∇〉−1ReV )
i∂tV = 〈∇〉V + εQ1(〈∇〉−1ReU, 〈∇〉−1ReU)

U(t = 0) = Uin, V (t = 0) = Vin

where the initial datum is given by:

Uin(x) =L
−d/2

∑

k∈ 1
LZd

eikxµ0
k

Vin(x) =L
−d/2

∑

k∈ 1
LZd

eikxµ1
k

where ((µ0
k, µ

1
k))k is a family of independent centred C2 Gaussian variables such

that there exist continuous functions with compact support Mη, M× such that

E(|µη
k|2) =Mη(k), E(µ0

kµ
1
k) =M×(k).

In this context, we prove that the dynamics of the correlations of (U, V ) are
driven by the system of equations

(1)





∂tρ
0(t, ξ) = 4ρ0(t, ξ)

∫
Rd Im

(
N0(ξ, ζ)ρ×(t, ζ)

)
dζ,

∂tρ
1(t, ξ) = 4ρ1(t, ξ)

∫
Rd Im

(
N1(ξ, ζ)ρ×(t, ζ)

)
dζ,

∂tρ
×(t, ξ) = 2iρ×(t, ξ)

∫
Rd

(
P+(ξ, ζ)ρ×(t, ζ) + P−(ξ, ζ)ρ×(t, ζ)

)
dζ,

(ρ0, ρ1, ρ×)|{t=0} = (M0,0,M1,1,M0,1),



666 Oberwolfach Report 10/2026

with

4(2π)dP±(ξ, ζ) =
Q0(ξ,∓ζ)Q1(ξ ∓ ζ,±ζ)−Q1(ξ,∓ζ)Q0(ξ ∓ ζ,±ζ)

〈ξ〉〈ζ〉2(m± 2(ξ · ζ − 〈ξ〉〈ζ〉) .

More precisely, we prove the following theorem.

Theorem 1. Assume d ≥ 3. And let s > d/2. There exists δ > 0 such that the
effective system is well-posed with a solution in C([0, δ], C(Rd) ∩ L1(Rd)). For all
L, there exists a set EL whose measure is going to 1 as L goes to ∞ such that the
half Klein–Gordon system is well-posed in C([0, ε−2δ], Hs). And we have

lim
L→∞

sup
k∈ 1

LZd

E(1EL
|Û(ε−2t, k)|2)− ρ0(t, k)

E(1EL
|V̂ (ε−2t, k)|2)− ρ1(t, k)

E(1EL
Û(ε−2t, k)V̂ (ε−2t, k))− ρ×(t, k)

= 0.

This theorem is the derivation of equation 1. It may be compared to the results
of derivation of the kinetic wave equation of Deng and Hani, [DH23b] and of the
continuous resonant equation of Faou, Germain and Hani, [FGH16].

In our setting, the timescale at which the effective equation occurs is not kinetic
but nonlinear (up to a normal form transform). The lack of U(1) symmetry (or
Hamiltionian structure) generates anomalous correlators, as in [VDL+25], that
prevents a kinetic behavior. The effective equation 1 is not of a kinetic nature. In
the derivation, there is a competition between the set of quasi-resonances:

Q = {(ξ1, ξ2, ξ3) ∈
1

L
Z
d | 0 6= |ω(ξ1 − ξ2 + ξ3)− ω(ξ1) + ω(ξ2)− ω(ξ3)| ≤ ε2}.

and that of exact resonances:

E = {(ξ1, ξ2, ξ3) ∈
1

L
Z
d | ω(ξ1 − ξ2 + ξ3)− ω(ξ1) + ω(ξ2)− ω(ξ3) = 0}

where ω is the dispersion relation. But in the case of the Schrödinger equation,
trivial resonances have cancelling contributions and set E should be replaced by

Ẽ = {(ξ1, ξ2, ξ3) ∈
1

L
Z
d | ω(ξ1− ξ2+ ξ3)−ω(ξ1)+ω(ξ2)−ω(ξ3) = 0∧ ξ2 6= ξ1, ξ3}.

In some regimes (determined by the power law between the size of the torus L and

the size of the nonlinearity ε), the exact resonances Ẽ are much more numerous
than the quasi-resonances, and this leads to discrete turbulence as in [FGH16]. In
other regimes, there are many more quasi-resonances and this triggers a kinetic
regime as in [DH23b]. In our case, trivial resonances may not be ignored and set E
is always much larger than set Q, which translates as an obstruction to a kinetic
regime and explains why the effective dynamics is not of kinetic nature.
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Modified scattering for a free Klein-Gordon field coupled to a

harmonic oscillator

Andrew Lawrie

(joint work with Gong Chen, Jacek Jendrej)

We consider the coupled system

z′′(t) +
3

4
z(t) + 2z(t)

∫ ∞

−∞
Y (x)φ(t, x) dx = 0(1)

∂2t φ(t, x) − ∂2xφ(t, x) + φ(t, x) + z(t)2Y (x) = 0,(2)

for functions z : R → R, φ : R1+1 → R, and where Y (x) is an L2 normalized,
real valued, smooth, and rapidly decaying function. We further assume that Y (x)
is an odd function so that

∫∞
−∞ Y (x) dx = 0, or in other words, the coupling is

realized in a direction orthogonal to the resonant mode of the free Klein Gordon
field. Finally, we assume the Fermi Golden Rule condition

Ŷ (
√
2) 6= 0.(3)

For example, one can consider the model function

(4) Y (x) :=
3

4
tanh

(x
2

)
sech2

(x
2

)
,

which is motivated by viewing the system (1)–(2) as being related to the φ4 equa-
tion, particularly as a toy model derived from the case of odd perturbations of
the kink solution. In keeping with this motivation, we note that the equation (2)
preserves oddness of the initial data, and we restrict to this case.

The system (1)–(2) is Hamiltonian, with the energy given by

(5) E =
1

2

(
(z′)2 +

3

4
z2
)
+

1

2

∫ ∞

−∞

(
(∂tφ)

2 + (∂xφ)
2 + φ2

)
dx+ z2

∫ ∞

−∞
Y φdx.

The main result is the following theorem.

Theorem. There exist ε0 > 0, C0 > 0 and universal constants ρ∗ > 0, γ∗ > 0
with the following properties. For all non-zero initial data (z0, z1) ∈ R × R and
odd functions (φ0, φ1) ∈ H3,3(R) × H2,2(R) of size ε < ǫ0, there exists θ∞ ∈ R

such that the corresponding solution z(t) to (1) satisfies
∣∣∣z(t)− t−

1
2 Re(ρ∗e

iθ∞e−i
√

3
2 teiγ∗ log t)

∣∣∣ = O(t−
3
2+)(6)
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as t→ ∞. The solution φ(t, x) to (2) admits a decomposition of the form

φ(t, x) = φfree(t, x) + φmod(t, x)(7)

where φfree exhibits small data scattering and satisfies

‖φfree(t, ·)‖L∞ ≤ C0εt
− 1

2 ,(8)

and φmod exhibits modified scattering in the sense that near the group velocities
x
t = ±

√
2√
3
the asymptotic amplitude of t

1
2φmod(t, x) is independent of the initial

data and there are logarithmic corrections to the phase.

The half-wave maps equation is globally well-posed in H
1/2 on T

Enno Lenzmann

(joint work with Patrick Gérard)

We consider the half-wave maps equation given by

(HWM) ∂tu = u× |D|u
for u : I × T → S2. Here I ⊂ R is some time interval, T = R/2πZ denotes the
one-dimensional torus, and S2 stands for the standard two-sphere embedded in
R3.

We remark that (HWM) arises as an effective evolution equation in the contin-
uum limit of discrete spin Calogero–Moser systems [7]; see also [1, 8, 9] for studies
in the physics literature. Striking analytic features of (HWM) include a Lax pair
structure [2] and a completely classified set of traveling solitary waves, which are
related to minimal surfaces of disk type [6]. Furthermore, we note that (HWM) is
a Hamiltonian equation whose energy functional is found to be

(1) E[u] =
1

2

∫

T

u · |D|u =
1

2

∞∑

n=−∞
|n||ûn|2 =

1

2
‖u‖2

Ḣ1/2 .

Thus the corresponding energy space is

(2) H1/2(T;S2) = {u ∈ H1/2(T;R3) : u(x) ∈ S2 for a.e. x ∈ T}.
Likewise, we define the spaces Hs(T;S2) for any s ≥ 0 in an obvious manner.

Concerning the Cauchy problem for (HWM), we remark that local well-posed-
ness (LWP) for initial data in Hs(T;S2) with s > 3

2 follows by implementing
a standard iteration-scheme for hyperbolic systems. However, the global well-
posedness (GWP) for the Cauchy problem of (HWM) has remained completely
open – even for smooth initial data which are small (i.e., suitably close to a con-
stant). Here the main obstacles turn out to be:

• The equation is a quasi-linear system.
• The operator |D| provides no dispersion in one space dimension.
• The Lax structure for (HWM) does not control Sobolev norms aboveH1/2.
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In [4] we develop a strategy to prove global well-posedness for (HWM) in the
critical energy space H1/2 by constructing a unique continuous flow map, obtained
by extending the flow for smooth rational initial data.

Theorem 1. (HWM) is globally well-posed in H1/2(T;S2) in the following
sense. There exists a unique continuous map

Φ : R×H1/2(T;S2) → H1/2(T;S2), (t,u0) 7→ Φt(u0)

such that, for every u0 ∈ H1/2(T;S2), the following properties hold true.

(i) Solution: The map t 7→ Φt(u0) belongs to C(R;H1/2(T;S2)) and solves
(HWM) in the weak sense with initial datum Φt=0(u0) = u0.

(ii) Mean and energy conservation: For all t ∈ R, it holds that

M[Φt(u0)] = M[u0] =
1

2π

∫

T

u0, E[Φt(u0)] = E[u0].

(iii) Continuous dependence: If u0,n ∈ H1/2(T;S2) is a sequence with u0,n →
u0 in H1/2 as n→ ∞, then Φt(u0,n) → Φt(u0) in H

1/2 as n→ ∞ locally
uniformly in time.

(iv) Group property: It holds that

Φt+s(u0) = Φt(Φs(u0)) for all t, s ∈ R.

(v) Preservation of rationality: For rational initial data u0 : T → S2, we have

Φt(u0) : T → S2 is rational for all t ∈ R.

Our strategy to prove Theorem 1 makes essential use of the Lax pair structure,
which enables us to find an explicit formula for solutions of (HWM). Indeed, such
explicit formulas for completely integrable PDEs related to Hardy spaces have
turned out to be a versatile tool.

Let us briefly sketch our approach in some detail. First, we recast (HWM) into
matrix form, i.e., we can equivalently write

(3) ∂tU = − i

2
[U, |D|U], U(0) = U0

with the matrix-valued map U : I × T → C
2×2 given by U =

∑3
k=1 ukσk, where

σ1, σ2, σ3 denote the standard Pauli matrices. Note that the geometric constraint
u ∈ S2 translates into the algebraic conditions that U∗ = U, U2 = 12 and
TrU = 0. As a benefit from this matrix-valued reformulation, we are able to find
a Lax pair structure on the Hardy space with matrix-valued functions:

L2
+(T;C

d×d) = {F(z) =
∑

n≥0

F̂nz
n : F̂n ∈ C

d×d,
∑

n≥0

|F̂n|2 <∞}.

Now, if we let TU : L2
+(T;C

d×d) → L2
+(T;C

d×d) denote the Toeplitz operator
with the matrix-valued symbol U, we derive that sufficiently smooth solutions
U ∈ C(I;Hs) with s > 3

2 of (3) are given by the explicit formula such that

(4) ΠU(t, z) = M
(
(id− ze−itTU0S∗)−1ΠU0

)
for (t, z) ∈ I × D.
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Here Π : L2 → L2
+ denotes the Szegő projection and S∗ stands for the backward

shift on L2
+. The main steps towards proving Theorem 1 can be briefly summarized

as follows.

(1) For rational initial data U0 and with the help of Kronecker’s theorem,
the analysis of the explicit formula reduces to some finite-dimensional
subspace K in L2

+. This feature allows (similar to [3]) to show global-in-
time existence for all rational initial data.

(2) By density of rational data in H1/2, their global-in-time existence in con-
cert with the explicit formula above, we obtain a unique (a-priori only
weakly) continuous extension so that

E[Φt(U0)] ≤ E[U0] for all t ∈ R.

The key step to obtain Theorem 1 is now to prove that equality must
hold for all t ∈ R, implying the desired strong continuity of the flow
map. Here we devise a general stability principle for explicit formulae.
The spectral properties of TU0 allow us to successfully make use of this
stability principle in case of (HWM), concluding the proof of Theorem 1.

We remark that step (2) involves a substantial part of operator-theoretic anal-
ysis that makes close connections to the Wold decomposition for isometries on
Hilbert spaces. [In our setting, the operators Σt = SeitTU : L2

+ → L2
+ for t ∈ R

are the isometries of interest.]
As a by-product of the proof of Theorem 1, we also deduce the following result

about the long-time behavior of the solutions constructed in Theorem 1 above.

Theorem 2. For u0 ∈ H1/2(T;S2), let Φt(u0) ∈ C(R;H1/2(T;S2)) be the solu-
tion as given by Theorem 1. Then the following properties hold.

(i) The map t 7→ Φt(u0) is almost periodic from R to H1/2. In particular,
we have Poincaré recurrence, i.e., for any ǫ > 0 and T > 0 there exists
some t∗ ≥ T such that ‖Φt∗(u0)− u0‖H1/2 < ǫ.

(ii) If u0 : T → S2 is rational, then t 7→ Φt(u0) is quasi-periodic from R to
H1/2 and we have the a priori bounds

sup
t∈R

‖Φt(u0)‖Hs(T) ≤ C(s,u0) for all s > 0.

We conclude with the following remarks.

• In [4] the results above are generalized to the complex Grassmannians
Grk(C

d) for any d ≥ 2 as target space. Note that Gr1(C
2) ∼= S2.

• In [5] we prove global well-posedness for (HWM) posed on the real line R

and all initial data in Ḣ1/2(R;S2) along with the soliton resolution.
• It is an interesting open question to understand the behavior of higher
Sobolev norms Hs with s > 1/2 for non-rational data. Is blowup in Hs

possible in finite or infinite time?
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Wave packet decompositions and sharp bilinear estimates for rough

Hamiltonian flows

Robert Schippa

(joint work with Daniel Tataru)

Wave packet decompositions, going at least back to works of Fefferman and Cór-
doba [1], in the context of Fourier extension operators decompose the oscillatory in-
tegrals into components with maximal joint spatial, frequency, and time-frequency
localization, which is only dictated by the uncertainty principle.

In the translation-invariant case, the wave packets are essentially supported
on space-time cylinders whose long directions are governed by the normal of the
characteristic surface. The properties follow from kernel estimates, which are ob-
tained by integration by parts. Wave packet decompositions allow for quantifying
dispersive properties very precisely. For the Schrödinger equation the essential dis-
jointness of wave packets emanating from the same initial position at the terminal
position gives geometric access to the dispersive estimate.

We turn to equations with smooth coefficients, e.g., a wave equation with
smooth metric coefficients (gij)i,j , which are uniformly elliptic:

∂2t u− ∂ig
ij∂ju = 0, (t, x) ∈ R× R

d.

In this case, after reducing to half-wave equations, it is classical that a Fourier
integral parametrix on the unit time scale is given by

Ff(x, t) =
∫
eiφ(x,t,ξ)a(x, t, ξ)f̂(ξ)dξ,

where the phase function solves the eikonal equation for p(x, ξ) = (gij(x, t)ξiξj)
1
2 :

{
∂tφ(x, t, ξ) + p(x,∇xφ) = 0, (x, t, ξ) ∈ Rd × R× Rd,

φ(x, 0, ξ) = 〈x, ξ〉.
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From the oscillatory integral wave packet decompositions are obtained. Now the
wave packets are propagating along the Hamiltonian flow:

{
∂tx

t = ∂ξp(x
t, t, ξt),

∂tξ
t = −∂xp(xt, t, ξt).

Clearly, a natural pointwise regularity to analyze the Hamiltonian flow is p ∈
C1,1. However, at this regularity an oscillatory integral representation with smooth
phase function cannot be expected in general.

We obtain wave packet decompositions on the space-time scale R for smooth
Hamiltonians which satisfy the following size and regularity estimates:

(1) |∂αz ∂βξ p(z, ξ)| .α,β

{
R−|α|, 0 ≤ |α| ≤ 2,

R−2− |α|−2
2 , |α| ≥ 3.

These regularity assumptions are satisified e.g. for wave equations with C1,1-
coefficients after paradifferential decomposition and rescaling.

For initial data appropriately localized in phase space on sets YR ⊆ T ∗Rd, we
obtain for solutions to{

−i∂tu+ pw(x, t,D)u = 0, (t, x) ∈ R× Rd,
u(0) = χY(x,D)u0 ∈ L2(Rd).

decompositions for |t| ≤ R

u(t) =
∑

T∈YR∩ΛR

αTφT +RapDec(R)‖u0‖L2

with ‖φT (t)‖L2 . 1,
∑

T |αT |2 . ‖u0‖2L2 , and

(1) ‖φT (t)‖
L2(B(xT (t),R

1
2
+δ)c)

.δ RapDec(R),

(2) ‖φ̂T (t)‖
L2(B(ξT (t),R− 1

2
+δ)c)

.δ RapDec(R),

(3) ‖Ft[χ(R
− 1

2 (t− t0))φT ]‖
L2

t(B(−p(xT (t0),t0,ξT (t0)),R
− 1

2
+δ)c)

.δ RapDec(R).

For the precise statement, we refer to [2, Theorem 1.2].

With wave packet decompositions for rough coefficients at disposal, we turn to
probing bilinear Fourier restriction theory. The advent of sharp bilinear Fourier
restriction estimates under transversality assumptions had a transformative effect,
which go back to Wolff [4] for the cone extension and Tao [3] for the paraboloid
extension. Wolff’s result states for the cone-extension operator

Ecf(x, t) =
∫

|ξ|∼1

ei(〈x,ξ〉+t|ξ|)f(ξ)dξ, (x, t) ∈ R
d × R

that for ∠(supp(f1), supp(f2)) ∼ 1:

‖Ecf1Ecf2‖
L

d+3
d+1
t,x (Bd+1(0,R))

.ε R
ε‖f1‖2‖f2‖2.

By formulating transversality assumptions on intersecting bicharacteristics and
properties of Hamiltonian flows governed by C1,1-Hamiltonians, we obtain general
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results in [2, Theorem 2.13] and [2, Theorem 2.16], which recovers Wolff’s and
Tao’s result for constant-coefficients.

We record a sample result for wave equations with C1,1-coefficients after parad-
ifferential decomposition.

Theorem 1. Let N ≫ 1, N− 1
2 ≪ ν . 1, and gij ∈ C1,1 be uniformly elliptic:

∃λ,Λ > 0 : λ|η|2 ≤ gijηiηj ≤ Λ|η|2.

Let supp(f̂i) ⊆ {ξ ∈ Rd : |ξ| ∼ N,
∣∣ ξ
|ξ| − ξ∗i

∣∣ . ν} and ∠(ξ∗1 , ξ
∗
2 ) ∼ ν.

Let ui : R× R
d → C be two solutions to
{

∂2t u = ∂ig
ij

≤N
1
2
∂ju+ Fi, (t, x) ∈ R× Rd,

ui(0) = fi, u̇i(0) = 0.

Then it holds:

‖u1u2‖
L

d+3
d+1
t,x ([0,1]×Rd)

.ε N
d−1
d+3+ε

2∏

i=1

(‖fi(0)‖L2 + ‖Fi‖L1L2).
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Orbital stability of the multisolitons of the Benjamin-Ono equation in

low-regularity spaces

Rana Badreddine

(joint work with Rowan Killip, Monica Vişan)

The Benjamin–Ono equation

(BO) ∂tu = H∂2xu− 2u∂xu, u : R× R → R,

where H denotes the Hilbert transform, is a completely integrable nonlocal dis-
persive equation that arises as a model for internal waves in deep stratified fluids.
It admits explicit multisoliton solutions QΛ,~c for any choice of distinct negative
parameters Λ := {λ1 < · · · < λN < 0} and position parameters ~c ∈ RN . These
solutions are given by Matsuno’s formula [3]

QΛ,~c(x) = −2 Im
d

dx
ln detM(x),
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where the matrix M(x) has diagonal entries −i(x − cj) − 1
2λj

and off-diagonal

entries −1/(λj − λk). For N ∈ N, we denote

MN(Λ) = {QΛ,~c : ~c ∈ R
N}.

The Cauchy problem for (BO) is globally well-posed in Hs(R) for s > −1/2,
and ill-posed for s < −1/2, [2]. A fundamental question is whether the manifold
MN (Λ) is orbitally stable in Hs(R) for the optimal regularity range s > −1/2.

Theorem 1 (Orbital stability of multisolitons [1]). Fix N ≥ 1, Λ = {λ1 < · · · <
λN < 0}, and s > −1/2. For every ε > 0 there exists δ > 0 such that if

inf
Q∈MN (Λ)

‖u0 −Q‖Hs(R) < δ,

then the corresponding global solution u(t) to (BO) satisfies

sup
t∈R

inf
Q∈MN (Λ)

‖u(t)−Q‖Hs(R) < ε.

The proof exploits the complete integrability of (BO) via the Lax pair on the
Hardy space L2

+(R): For u ∈ Hs(R) with s > −1/2, the Lax operator

Luf := −i∂xf −Π(uf)

is self-adjoint on L2
+(R), where Π is the Szegő projector onto nonnegative frequen-

cies. Its continuous spectrum is [0,∞), while the discrete spectrum consists of
negative eigenvalues; under the BO flow, the spectrum σ(Lu(t)) is conserved. For
a multisoliton QΛ,~c, the discrete spectrum is exactly the finite set Λ, so the spectral
data uniquely identify the parameters of the multisoliton manifold MN(Λ).

From the Lax operator Lu, we consider, for κ ≫ 1, the generating function of
all the conservation laws of (BO)

βκ(u) = 〈Πu, (Lu + κ)−1Πu〉.
This quantity is well-defined for u ∈ Hs with s > −1/2 and is conserved by the
Benjamin–Ono flow. Using the spectral theory of the self-adjoint operator Lu, we
obtain the following variational characterization of multisolitons:

Theorem 2 (Variational characterization of multisolitons [1]). Fix Λ = {λ1 <
· · · < λN < 0} and let s > −1/2. If u ∈ Hs(R) and σd(Lu) = Λ, then

βκ(u) ≥
N∑

n=1

2π|λn|
λn + κ

.

Equality holds if and only if u ∈ MN (Λ).

This characterization is remarkable: it identifies multisolitons as the unique
minimizers of a conserved quantity under a fixed spectral constraint. The proof
combines a Combes–Thomas type estimate with the integrable structure encoded
in the Lax pair [1]. A crucial technical tool is an extension of an identity due to
Wu [4] to the low-regularity setting. This identity connects the Lax eigenfunctions
to its eigenvalues:
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Lemma 1 (Wu relation [1]). Let u ∈ Hs(R) with s > −1/2. If f is an eigenfunc-
tion of Lu with eigenvalue λ, then

|〈Πu, f〉|2 = −2πλ‖f‖2L2.

Moving to the proof of Theorem 1, it proceeds via a concentration-compactness
argument. Assume, for contradiction, that there exists a sequence of initial data
(un0 ) converging to the multisoliton manifold MN (Λ) in Hs(R) such that for the
corresponding solutions (un(t)), there exist times tn with

‖un(tn)−MN (Λ)‖Hs > ε0.

Applying a refined profile decomposition in Hs(R) to the sequence un(tn) yields

un(tn) =
J∑

j=1

U j(· − xjn) + rJn ,

where the profiles U j are asymptotically orthogonal in space, the shifts xjn satisfy
|xjn − xkn| → ∞ for j 6= k, and the remainder rJn converges weakly to 0 in Hs(R).

Using the generating function and establishing a decoupling property of βk along
the profiles U j and rJn , we deduce by the use of Theorem 2 that each nontrivial
profile U j must itself be a multisoliton QΛj ,~cj with Λj ⊆ Λ, belonging to Mj(Λj)
for some subset Λj ⊆ Λ, with the property that the union of all such subsets equals
the full spectral set Λ. In other words, each profile U j carries a distinct portion
of the eigenvalues, and together they exhaust the original spectral configuration.
And the remainder rJn carries no discrete spectrum in the limit, and

lim
n→∞

βκ(r
J
n) = 0.

From limβκ(r
J
n) = 0 and the equicontinuity properties of the BO flow, one can

upgrade the weak convergence to strong convergence: rJn → 0 in Hs(R). Thus
un(tn) is approximated by a sum of well-separated multisolitons, each correspond-
ing to a distinct subset of Λ.

The final ingredient is a “molecular structure” lemma, which shows that such
a sum can be recombined into a single multisoliton with the full spectral set Λ:

Lemma 2 (Molecular structure of multisolitons [1]). Let Λ := {λ1 < · · · < λN <

0} be partitioned as Λ =
⊔J∗

j=1 Λj with Λj∩Λk = ∅ for j 6= k. For each 1 ≤ j ≤ J∗,
let QΛj ,~cj ∈ M(Λj). Then, if

lim
n→∞

(
xjn − xkn

)
= ∞ whenever j 6= k,

there exists QΛ,~cn ∈ MN(Λ) such that

QΛ,~cn(x) −
J∑

j=1

QΛj ,~cj

(
x− xjn

)
−→ 0 in Hσ(R)

as n→ ∞ for any regularity σ ∈ R.
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Applying Lemma 2 to the profiles U j yields a sequence of multisolitons Qn ∈
MN (Λ) such that

‖un(tn)−Qn‖Hs → 0,

which contradicts the assumption that ‖un(tn) −MN(Λ)‖Hs > ε0. This contra-
diction establishes the orbital stability claimed in Theorem 1.

Acknowledgment: I gratefully acknowledge support from the Simons Founda-
tion, administered by the American Mathematical Society (AMS), through an
AMS-Simons Travel Grant, and from the National Science Foundation’s “US Ju-
nior Oberwolfach Fellows” program, which funded my visit to Oberwolfach.

References

[1] R. Badreddine, R. Killip, and M. Visan. Orbital stability of Benjamin–Ono multisolitons.
arXiv preprint arXiv:2509.14153 (2025). (Submitted)
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