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Non-linear microlocal cut-off functors
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Abstract – To any conic closed set of a cotangent bundle, one can associate four functors on the
category of sheaves, which are called non-linear microlocal cut-off functors. Here we explain
their relation with the microlocal cut-off functor defined by Kashiwara and Schapira, and
prove a microlocal cut-off lemma for non-linear microlocal cut-off functors, adapting inputs
from symplectic geometry. We also prove two Künneth formulas and a functor classification
result for categories of sheaves with microsupport conditions.
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Introduction

In the study of microlocal theory of sheaves, a crucial tool is the microlocal cut-off
lemma of Kashiwara and Schapira (see [23, Proposition 5.2.3, Lemma 6.1.5], [9] and [13,
Chapter III]), which constructs certain functors that enable us to cut off the microsupport
of sheaves functorially. On the other hand, in the study of symplectic topology, very
similar functors were defined and studied for different purposes [26, 34, 41].

Precisely, for a smooth manifoldM , a conic closed setZ � T �M , andU D T �M n
Z, we will study the non-linear microlocal cut-off functorsLU ;LZ ;RU ;RZ WSh.M/!

Sh.M/, together with fiber sequences of functors LU ! id ! LZ , RZ ! id !
RU defined using adjoint data of the split Verdier sequence ShZ.M/! Sh.M/!

Sh.M IU/. See Section 3 for more details.
The main goal of this article is proving a non-linear microlocal cut-off lemma using

the wrapping formula of LZ introduced in [26].
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Theorem A (Non-linear microlocal cut-off lemma, Theorem 3.6 below). For a
conic closed set Z � T �M , and U D T �M nZ, we have the following:

(1) (a) The morphisms F ! LZ.F / and RZ.F /! F are isomorphisms if and only
if SS.F / � Z.

(b) The morphism LU .F /! F is an isomorphism if and only if F 2 ? ShZ.M/,
and the morphismF !RU .F / is an isomorphism if and only ifF 2 ShZ.M/?.

(2) (a) The morphisms LU .F /! F and F ! RU .F / are isomorphisms on U .

(b) If 0M � Z, the morphisms F ! LZ.F / and RZ.F /! F are isomorphisms
on Int.Z/ n 0M . Equivalently, we have SS.LU .F //[ SS.RU .F //� xU [ 0M .

In fact, all of them except (2) (b) follow directly from the definition. Only (2) (b) of
the theorem is a non-trivial fact.

Here we shall explain the relation between non-linear microlocal cut-off functors
and microlocal cut-off functors in [23]. We follow the notation of [13, Section III.1]
for microlocal cut-off functors.

We take M D V to be a real vector space, �; 
 � V as pointed closed convex
cones (we assume further that � is proper). The comparison is summarized in Table 1,
where the first column marks corresponding references, and the last column marks their
position in this article. Functors in the same columns are isomorphic with corresponding
U and Z.

This article Z U LU LZ RU RZ Definition 3.4
[13, Section III.1] V � �ıa P 0

�
Q� Q0

�
P� Proposition 5.1

[15, Section 3] V � Int.
ı/ L
 R
 Example 5.3

Table 1. Known microlocal cut-off functors.

Based on this comparison, we see the relation between linear microlocal cut-off
lemmas [23, Proposition 5.2.3, Lemma 6.1.5], [15, Propositions 3.17, 3.19, 3.20, 3.21]
and our result. However, let us emphasize that our result is not completely irrelevant to
those linear cut-off lemmas: In fact, to derive the wrapping formula ofLZ , we somehow
use the 1-dimensional linear cut-off lemma for � D .�1; 0�. Therefore, one could
say that Theorem A constructs non-linear microlocal cut-off functors, generalizing
the linear microlocal cut-off functor which used the vector space structures, but it
also provides a unified statement for all microlocal cut-off functors. For example, in
Example 6.3, we will explain how to prove a cut-off lemma for the Tamarkin categories
and its equivariant version.
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We remark that our approach aims to explain the microlocal cut-off lemmas as
globally as possible on T �M using input from symplectic topology. Therefore, we did
not consider the refined microlocal cut-off lemmas (see [23, Propositions 6.1.4, 6.1.6],
[9], and [13, Sections III.2, III.3]), which concern more the local behavior of cut-off
functors.

We also prove two Künneth formulas in Section 7 (with more precise statements),
which remove the isotropic condition of [27, Theorems 1.1, 1.2] via a different approach.

Theorem B. For two manifoldsM ,N , conic closed setsZ � T �M andX � T �N ,
and we set U D T �M nZ and V D T �N nX . We have

ShX�Z.N �M/ ' ShX .N /˝ ShZ.M/;

Sh.N IV /˝ Sh.M IU/ ' Sh.N �M IV � U/:

Combining the dualizability of ShZ.M/ and Sh.M IU/ via [28, Remark 3.7], we
have the following functor classification result:

(0.1)

Sh�X�Z.N �M/ ' FunL.ShX .N /;
ShZ.M// ' FunR.ShZ.M/; ShX .N //op;

Sh.N �M I �V � U/ ' FunL.Sh.N IV /;
Sh.M IU// ' FunR.Sh.M IU/;Sh.N IV //op:

Category convention. In this article, a category means an1-category. We refer to
[11, Chapter 1] for basics about higher algebra, and more details can be found in
[30–32].

In this article, we shall consider a fixed presentable stable symmetric monoidal
category .k;˝; 1/, and we denote by PrL

st the category of k-linear presentable stable
categories and left adjoint k-linear functors. There exists a k-relative Lurie tensor
product that forms a closed symmetric monoidal structure on PrL

st such that the category
of left adjoint functors FunL serves as the internal hom, where we write ˝/FunL

directly instead of˝k/FunLk . We say a k-linear presentable stable category is dualizable
if it is a dualizable object in PrL

st.
For purpose of this paper, we will restrict .k;˝; 1/ to be compactly generated,

and be locally rigid in the sense of [25, Definition 4.2.1, Corollary 4.3.5]. We refer
to [25, Sections 4.2, 4.3, 4.4] and [37] for more discussion on local rigidity. The
standard example for .k;˝; 1/ would be the category of modules ModE over an E1
ring spectrum E. The compactly generation condition guarantees the microlocal sheaf
theory with k-coefficient to run without any modification, as in [23]. The local rigidity
condition ensures that plain adjoints of k-linear functors are also k-linear ([25, Lemma
4.3.7]). Later, we will discuss in more detail the dependence of our results on the
requirement. But let us remark here the following:
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� Upon proving [23, Proposition 5.4.13, Theorem 7.2.1] using the so-called
�-lens definition (i.e. the equivalent of terms (2) and (3) of Lemma 2.2), then all
the results of this paper are true if k is locally rigid but not necessarily compactly
generated.

1. Sheaves and integral kernel

For a locally compact Hausdorff topological space X , we set Sh.X IC/ to be the
category of C-valued sheaves [30, Definition 7.3.3.1] for a presentable symmetric
monoidal category, which is also C-linear. It is explained in [43] that since C is a
symmetric monoidal category, we can define the C-linear 6-functor formalism. We
also refer to [39] for the 6-functor formalism. In this paper, we are mostly interested
in the case that C D k, and in this case, we simply denote Sh.X/ D Sh.X I k/. In this
case, it is explained in [25, Lemma 4.6.17] that local rigidity can guarantee that the
Verdier dual functor behaves as expected.

For a locally closed inclusion i WZ � X and F 2 Sh.X/, we set FZ D iŠi�1F and
�ZF D i�i

ŠF . We denote the constant sheaf 1X D a�1, where a is the constant map
X ! pt, and denote 1Z D .1X /Z 2 Sh.X/ if there is no confusion.

The main reason for using the1-category is the following classification of left
adjoint functors, which is a combination of a sequence of Lurie’s results. We refer to
[28, Proposition 3.2] for a proof.

Proposition 1.1. IfH1 is a locally compact Hausdorff space, then for all topolog-
ical spaces H2, we have the equivalence of categories

Sh.H1 �H2/ ' FunL.Sh.H1/; Sh.H2//

that sendsK 2 Sh.H1 �H2/ to the convolution functorˆK D ŒF 7! p2Š.K ˝ p
�
1F /�,

where pi WH1 �H2 ! Hi are projections. We call K the kernel of ˆK .

It is known that taking the right adjoint induces an equivalence of categories

FunL.Sh.H1/; Sh.H2// ' FunR.Sh.H2/; Sh.H1//op;

where FunR stands for right adjoint functors.
However, for any convolution functor ˆK W Sh.H1/! Sh.H2/ with K 2 Sh.H1 �

H2/, there exists an obvious right adjoint functor1

‰K W Sh.H2/! Sh.H1/; F 7! p1�Hom.K; p
Š
2F /:

(1) We call it an nvolution functor since it is a dual of a convolution functor, while coconvo-
lution should be the same as nvolution.
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Then we have the following equivalence of categories:

Corollary 1.2. Under the same condition as Proposition 1.1, we have

Sh.H1 �H2/ ' FunR.Sh.H2/; Sh.H1//op; K 7! ‰K :

Remark 1.3. Proposition 1.1 and Corollary 1.2 are only true on the1-category
level. In the classical theory of microlocal sheaves, many functors are built as triangu-
lated convolution (nvolution) functors, which do not admit similar results. In particular,
we do not know whether the kernel of triangulated convolution (nvolution) functors is
unique in general.

2. Microsupport of sheaves

From now on, we assumeM is a smooth manifold. Regarding the microlocal theory
of sheaves in the1-categorical setup, we remark that all arguments of [23] work well
provided we have the non-characteristic deformation lemma [23, Proposition 2.7.2] for
all sheaves. When k is compactly generated, the non-characteristic deformation lemma is
proven for all hypersheaves ([38]), and then for all sheaves because of hypercompleteness
for manifolds ([30, Theorem 7.2.3.6, Corollary 7.2.1.12], and [19, Section 1]).

To any object F 2 Sh.M/, one can associate a conic closed set SS.F / � T �M
([23, Definition 5.1.2]), which satisfies the following triangle inequality: for a fiber
sequence F ! G ! H , we have SS.F / � SS.G/ [ SS.H/.

We recall the following definition and result regarding an equivalent definition of
microsupport.

Definition 2.1 ([17, Definition 3.1]). Let�� T �M n 0M be an open conic subset.
We call �-lens a locally closed subset † of M with the following properties: x† is
compact and there exist an open neighborhoodU of x† and a function gWU � Œ0; 1�!R

such that

(1) dgt .x/ 2 � for all .x; t/ 2 U � Œ0; 1�, where gt D gjU�¹tº,

(2) ¹gt < 0º � ¹gt 0 < 0º if t � t 0,

(3) the hypersurfaces ¹gt D 0º coincide on U n x†,

(4) † D ¹g1 < 0º n ¹g0 < 0º.

Lemma 2.2 ([17, Lemmas 3.2, 3.3]). Let F 2 Sh.M/ and let � � T �M n 0M be
an open conic subset. Then following are equivalent:

(1) SS.F / \� D ¿,
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(2) Hom.1†; F / ' 0 for any �-lens †,

(3) �.M I 1† ˝ F / ' 0 for any .��/-lens †.

Remark 2.3. The proof of this lemma needs the non-characteristic deformation
lemma ([23, Proposition 2.7.2], [38]), which is not true if k is not compactly generated
[10, Remark 4.25].

The lemma motivates a new definition2 of microsupport using�-lens and the equiv-
alent conditions (2) or (3), which then avoids the use of non-characteristic deformation.
The definition works very well without k being compactly generated, and it is very
likely equivalent to the one proposed in [10, Remark 4.24]. One can expect that many
results in microlocal sheaf theory will still be true with this definition (in the case that
k is not compactly generated). Nevertheless, we will not discuss the extension of the
definition of microsupport further in this article, and restrict ourselves to the compactly
generation case for safety.

The lemma leads to the following property of microsupports, where the microlocal
cut-off lemma in [23, Section 5.2] is not involved.

Proposition 2.4 ([23, Exercise V.7]). For a set of sheaves F˛ 2 Sh.M/ indexed
by ˛ 2 A, we have

SS
�Y
˛

F˛

�
[ SS

�M
˛

F˛

�
�

[
˛

SS.F˛/:

For Xn � X with n 2 N, we set

lim sup
n

Xn D
\
N�1

[
n�N

Xn

D
®
x W 9.xn/ such that xn 2 Xn for infinitely many n; xn ! x

¯
;

lim inf
n

Xn D
®
x W 9.xn/ such that xn 2 Xn for all n; xn ! x

¯
:

By definition, we have lim infnXn � lim supnXn. As a corollary of Proposition 2.4,
we have the following corollary.

Corollary 2.5 ([17, Proposition 6.26]). Denote by N.N/ the nerve of the 1-
category N. For a functor N.N/! Sh.X/, we have

SS
�

lim
�!
n

Fn

�
� lim inf

n
SS.Fn/:

(2) The author learned this idea from Stéphane Guillermou and Marco Volpe.
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Remark 2.6. We can also denote by N a simplicial set which consists of all vertices,
together with the edges that join consecutive integers, and no higher simplexes. Then the
natural inclusion of simplicial sets N ! N.N/ is cofinal. Therefore, we can compute
the colimit using a mapping telescope construction as in triangulated categories, and
the proof of Corollary 2.5 is the same as in the references.

For our later application, we present its proof here.

Proof of Corollary 2.5. By Remark 2.6, and the fact that all strictly increas-
ing sequences are cofinal in N, we have cofiber sequences for all strictly increasing
sequences ¹niºi2N , M

i

Fni !
M
i

Fni ! lim
�!
n

Fn:

We first takeni D iCN for allN � 1, and then we have SS.lim
�!n

Fn/� lim supnSS.Fn/
by Proposition 2.4 and the triangle inequality.

Now take x … lim infn SS.Fn/. By the definition of lim infn, we can find a strictly
increasing sequence ni such that x … lim supi SS.Fni /. Then we have x … SS.lim

�!i
Fni /

D SS.lim
�!n

Fn/. That is, SS.lim
�!n

Fn/ � lim infn SS.Fn/.

Another application of Lemma 2.2 is the following property, which could be under-
stood as a version of 1-dimensional microlocal cut-off lemma. We denote isWM !
M �R, x 7! .x; s/.

Proposition 2.7. For F 2 Sh.M �R/, if SS.F / � T �M �R � .�1; 0�, then
for a � b there exists a morphism c.a; b/W i�aF ! i�

b
F .

Proof. Let�D T �M �R� .0;1/. For any relatively compact open setU �M ,
we take an �-lens † D U � Œy; z/ for y < z. Therefore, by Lemma 2.2, the following
morphism is naturally an equivalence for x < y < z:

F.U � .x; z//
'
�! F.U � .x; y//:

For general U , the equivalence is still true: We take an open cover ¹U˛º˛ of U , and
then we use F.U � .y; z// D lim

 �˛
F.U˛ � .y; z// since F is a sheaf.

Then we can define a morphism for open sets U �M , which is natural with respect
to U :

F.U � .a � "; aC "// ' F.U � .a � "; b C "//! F.U � .b � "; b C "//:
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Passing to lim
�!"!0

, we define a morphism of presheaves

cpre.a; b/W i�;pre
a F ! i

�;pre
b

F;

where we denote by i�;pre
s the presheaf pullback.

Then we define c.a; b/ as the sheafification of cpre.a; b/.

Lastly, we need the following microsupport estimation of (co)nvolution functors:

Proposition 2.8 ([27, Lemma 4.4, Proposition 4.5]). Let K 2 Sh.N �M/ with
SS.K/ � .�X/ �Z for conic closed sets X � T �N , Z � T �M . Then we have, for
F 2 Sh.N /,

SS.ˆK.F // � Z; SS.‰K.F // � X:

Let us also give a proof of this proposition using an �-lens.

Proof. We assume that X and Z contain the zero section; the general case can be
proven using SS.F / \ 0M D supp.F /. By Lemma 2.2, we only need to show that for
a �.T �M nZ/-lens †, we have

�.M; 1† ˝ˆK.F // D 0:

By definition of an�-lens, the closed set x† is compact. Then we can replace � D p2�
by �c D p2Š. Then we use the base change formula and projection formula to see that
we have

�.M; 1† ˝ˆK.F // D �c.N �M; .F � 1†/˝K/:

Notice that F D lim
�!˛

1W˛ for relatively compact open sets W˛ by [11, Proposition
5.4.5] and the definition of sheaves. We have

�.M; 1† ˝ˆK.F // D lim
�!
˛

�.N �M; .1W˛�†/˝K/:

Therefore, noticing that
W˛ �†

is a T �N � .�.T �M nZ//D�T �N � .T �M nZ/-lens, we can conclude by Lemma
2.2 that

�.N �M; .1W˛�†/˝K/ D 0

since SS.K/ � .�X/ �Z � T �N �Z.
The statement about ‰K.F / can be proven using Lemma 2.2 (2) and a similar

argument. We leave the details to the readers.
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3. Split Verdier sequence from microlocalization

Throughout this article, we setZ�T �M to be a conic closed set andU DT �M nZ
(which is a conic open set). We set ShZ.M/ as the full subcategory of Sh.M/ spanned
by sheaves F with SS.F / � Z.

Proposition 3.1. The category ShZ.M/ is a stable subcategory of Sh.M/ closed
under small limits and colimits.

In particular, (1) the inclusion �W ShZ.M/! Sh.M/ admits both left and right
adjoints, and (2) ShZ.M/ is k-linear.

Proof. By the triangle inequality of microsupport, we only need to show that
ShZ.M/ is closed under small products and coproducts, which follows from Proposi-
tion 2.4.

The inclusion � admits both adjoints by the adjoint functor theorem [30, Corollary
5.5.2.9]; ShZ.M/ is presentable and k-linear by [36] since � is reflective and k is locally
rigid.

Remark 3.2. (1) This is the only place in the article that we need to use the local
rigidity assumption of k explicitly.

(2) Another way to formulate Lemma 2.2 is that the left (right) semi-orthogonal
complement ShZ.M/ is generated by 1† for T �M n Z-lens (�.T �M n Z/-lens)
under colimits (limits). This observation was also provided in [22], where condition (3)
of Lemma 2.2 was formulated in terms of the dual of 1†. It does not make a significant
difference as we can assume the lens † is small enough that we can orient a small
neighborhood of †.

Definition 3.3 ([23, Definition 6.1.1]). For the conic open set U � T �M , we set

Sh.M IU/´ Sh.M/= ShZ.M/:

We refer to [6, Section 5], [35, Section 1.3] and [7, Appendix A] for basic results
on Verdier quotients of stable categories. Here we say that C

�
�! D

j
�! D=C is a split

Verdier sequence if � admits both left and right adjoints; see [7, Definition A.2.4,
Corollary A.2.6]. We denote by ?C (resp. C?) the left (resp. right) semi-orthogonal
complement of C in D , and we can identify ?C (resp. C?) with D=C via a left (resp.
right) adjoint functor in the split case.
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By Proposition 3.1, the inclusion �W ShZ.M/ ! Sh.M/ defines a split Verdier
sequence. Precisely, we have the following diagram of functors:

(3.1) ShZ.M/ Sh.M/ Sh.M IU/:� j

��

�Š

jŠ

j�

Then we have adjunction pairs

LU ´ jŠj a j�j µ RU ; LZ ´ ��� a ��Šµ RZ ;

and the units/counits give us the following fiber sequences of functors on Sh.M/:

(3.2) LU ! id! LZ ; RZ ! id! RU :

By Proposition 1.1 and Corollary 1.2, there exists a fiber sequence in Sh.M �M/,

(3.3) KU ! 1�M ! KZ

that gives corresponding convolution/nvolution functors

LU D ˆKU ; LZ D ˆKZ ; RU D ‰KU ; RZ D ‰KZ

and corresponding natural transformations. Therefore, in practice, to construct those
functors and the fiber sequences between them, we only need to write down the fiber
sequence (3.3).

Definition 3.4. We call the functors LU , LZ , RU , RZ the non-linear microlocal
cut-off functors. The corresponding kernels KU , KZ are called microlocal cut-off
kernels (or microlocal kernels for short).

For any object in Sh.M I U/, the triangle inequality implies that SSU .ŒF �/´
SS.F /\U for any representative F 2 Sh.M/ is well defined. Then we have SSU .ŒF �/
D SS.RU .F // \ U D SS.LU .F // \ U for all F 2 Sh.M/. For conic closed sets
X � Z, we consider the category ShX .M/

ShZ.M/
as a full subcategory of Sh.M IU/. Then the

essential image of ShX .M/
ShZ.M/

in Sh.M IU/ is ShX\U .M IU/, the full subcategory spanned
by objects with SSU .ŒF �/ � X \ U . We will recall this construction in Section 6.

Example 3.5. Take an open set W �M , and set U D T �W � T �M with Z D
T �M n T �W . We naturally identify ShZ.M/ with sheaves supported inM nW since
�T �M .SS.F // D suppF for the cotangent projection �T �M W T �M ! M , and we
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can verify that the restriction functor .�/jW W Sh.M/! Sh.W / exhibits Sh.W / as the
Verdier quotient Sh.M IT �W /. Then we have

LU .F / D FW ; LZ.F / D FMnW ; RU .F / D �W .F /; RZ.F / D �MnW .F /;

and can take microlocal kernels as the following:

KU D 1�W ! 1�M ! KZ D 1�MnW :

Therefore, the fiber sequences (3.2) are exactly the excision sequence for sheaves. This
example also motivates the notation of functors in equation (3.1).

At the end of this section we state the main result of this article. Recall that we say a
morphism f WF !G in Sh.M/ is an isomorphism on an open setU if SS.cofib.f //\
U D ¿, or equivalently, f is an isomorphism in Sh.M IU/ (cf. [23, Definition 6.1.1]).

Theorem 3.6. For a conic closed set Z � T �M , and U D T �M nZ, we have
the following:

(1) (a) The morphisms F ! LZ.F / and RZ.F /! F are isomorphisms if and only
if SS.F / � Z.

(b) The morphism LU .F /! F is an isomorphism if and only if F 2 ? ShZ.M/,
and the morphismF !RU .F / is an isomorphism if and only ifF 2 ShZ.M/?.

(2) (a) The morphisms LU .F /! F and F ! RU .F / are isomorphisms on U .

(b) If 0M � Z, the morphisms F ! LZ.F / and RZ.F /! F are isomorphisms
on Int.Z/ n 0M . Equivalently, we have SS.LU .F //[ SS.RU .F //� xU [ 0M .

Proof. Items (1) (a) and (2) (a) follow from the definitions ofLZ andLU and fiber
sequences (3.2). Item (1) (b) follows from [7, Corollary A.2.8]. For (2) (b), we will prove
in Proposition 4.5 that SS.KU / � .� xU/ � xU [ 0M�M under the condition 0M � Z.
Therefore, SS.LU .F // [ SS.RU .F // � xU [ 0M follows from Proposition 2.8.

4. Wrapping formula of non-linear microlocal cut-off functors

In this section we present an explicit formula for microlocal kernels using Guiller-
mou–Kashiwara–Schapira sheaf quantization [14]. We recall their results here.

Let PT �M be the complement of the zero section in T �M , and, for a subset A �
T �M , we set PA D A \ PT �M . In particular, we have the notion of PSS.F / for F 2
Sh.M/.

Let .I; 0/ be a pointed interval. Consider a C1 conic symplectic isotopy

�W I � PT �M ! PT �M
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which is the identity at 0 2 I . Such an isotopy is always the Hamiltonian flow for a
unique conic functionH W I � PT �M ! R and we set � D �H when we emphasize the
Hamiltonian functions. At fixed z 2 I , we have the graph of �z:

ƒ�z ´
®
..q;�p/; �z.q; p// W .q; p/ 2 PT

�M
¯

� PT �M � PT �M � PT �.M �M/:(4.1)

As for any Hamiltonian isotopy, we may consider the Lagrangian graph, which by
definition is a Lagrangian subset ƒ� � T �I � PT �.M �M/ with the property that
ƒ�z0 is the symplectic reduction of ƒ� along ¹z D z0º. It is given by the formula

ƒ� ´
®�
z;�H.z; �z.q; p//; .q;�p/; �z.q; p/

�
W z 2 I; .q; p/ 2 PT �M

¯
:

Theorem 4.1 ([14, Theorem 3.7, Proposition 4.8]). For � as above, there is a
sheaf K D K.�/ 2 Sh.I �M 2/ such that PSS.K/ � ƒ� and Kj¹0º�M2 Š 1�M . The
pair .K;Kj¹0º�M2 Š 1�M / is unique up to a unique isomorphism.

Moreover, for isotopies�H ;�H 0 withH 0�H , there is a mapK.�H 0/j1!K.�H /j1.
In particular, when H � 0, then there is a map 1�M ! K.�H /j1.

Remark 4.2. Here we make some remarks on the proof of the theorem:

(1) In the proof of Theorem 4.1, the requirements for k contribute to different parts of
the proof.

As we explained at the beginning of Section 1, we need local rigidity if we want to
use the Verdier dual. It basically shows up everywhere in the proof.

However, it is not completely clear whether compact generation is essential. The
main role of compact generation here is to guarantee that we can use arguments in [23]
to prove the following type of microsupport estimations: box product, pullback and
pushforward. The proofs of the box product estimation and pullback by submersion
estimation in [23, Propositions 5.4.1, 5.4.5] essentially use the�-lens definition, while
it is direct to prove the pushforward estimation [23, Proposition 5.4.4] using the�-lens
definition. However, we do not know whether pullback by embedding can be proven
using the �-lens definition directly. If one can do this, the GKS theorem is true in the
case that k is locally rigid but not necessarily compactly generated.

(2) The existence does not use the linear cut-off lemmas. The continuation map can
be derived directly from equation (4.1) and Proposition 2.7, which is a version of the
1-dimensional linear cut-off lemma, upon which we have the existence.

Motivated by ideas of [12, 33], it was shown in [26] that for any closed set Z1 �
S�M and the conic closed set Z D R>0Z1 [ 0M � T �M , the left and right adjoint
inclusion �W ShZ.M/! Sh.M/ can be computed by “wrapping”. More precisely, we
have the following theorem.
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Theorem 4.3 ([26, Theorem 1.2]). If Hn is3 any increasing sequence of positive
compactly supported Hamiltonians supported on S�M n Z1 such that Hn " 1
pointwise in S�M nZ1, then the adjoints of � can be computed by

��F D lim
�!

ˆK.�Hn /j1.F /; �ŠF D lim
 �

ˆK.��Hn /j1.F /:

Moreover, the continuation maps F !ˆK.�Hn /j1.F / (resp.ˆK.��Hn /j1.F /! F )
induced by 1�M ! K.�Hn/j1 (resp. K.��Hn/j1 ! 1�M ) from positivity ofHn give
the unit (resp. counit) after taking the colimit (resp. limit).

Remark 4.4. Here we make some remarks on the theorem:

(1) In fact, as explained in [28, Remark 6.5], the colimit in [26] is taken over an
1-categorical “wrapping category”, but one can compute the colimit by a cofinal
sequence as explained in [26, Lemma 3.31].

(2) As we note in Remark 4.2, we may think of the wrapping formula as a cut-off
result derived from the 1-dimensional linear cut-off lemma.

(3) In [26], the author requires k to be compactly generated and rigid to ensure the
present proofs for the existence and uniqueness parts of the GKS theorem work. We
have constructed the continuation map using the�-lens definition, which only requires
that k be dualizable.

Although the argument of [26, Theorem 1.2] was written using [23, Definition
5.1.2], but can be written in terms of the �-lens.

(4) It is clear that we also have �ŠF D lim
 �

‰K.�Hn /j1.F / via nvolution functors.
The formula coincides with the above formula using the limit of convolutions since
‰K.�Hn /j1 ' ˆK.��Hn /j1 by [14, Proposition 3.2 (ii)].

For H � 0, we set Kı.�Hn/ D cofib.1I��M ! K.�Hn//.

Composing with the natural inclusion � and combining with [26, Proposition 3.5],
one can see that the fiber sequence (3.3) can be taken as

(4.2) KU D lim
�!
.Kı.�Hn/j1/! 1�M ! KZ D lim

�!
.K.�Hn/j1/:

To complete the proof of Theorem 3.6 (2) (b), we prove the following microsupport
estimation ofKı.�H /j1. We also notice that the requirement that 0M � Z comes from
the wrapping formula.

(3) Here we do not distinguish between a function on S�M and its conic lifting on PT �M .
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Proposition 4.5. For a Hamiltonian functionH supported in U1 D U=R>0, we
have

PSS.Kı.�H /j1/ � .�U/ � U:

In particular, we have
PSS.KU / � .� xU/ � xU :

Proof. By the triangle inequality, we have that

PSS.Kı.�H /j1/ � ƒ�H;1 [ƒid:

Since �H;1 is compactly supported, there exists a maximal conic open set W � T �M
at infinity such that T �M n U � W such that H jW D 0. Therefore, we have

PSS.Kı.�H /j1/ n .�W c/ �W c
�
®
.q;�p; q; p/ W .q; p/ 2 W

¯
:

Now we want to prove that the right-hand side of the above is not in PSS.Kı.�H /j1/.
To see this, we notice thatKı.�H /j1 acts as a quantized contact transform in the sense
of [23, Theorem 7.2.1]. In particular, the action of Kı.�H /j1 on a microstalk can be
given by geometric action given by .�1H /� on sheaves on a cotangent bundle. Therefore,
as H jW D 0, the monotonicity morphism 1�M ! K.�H /j1 induces the identity map
on microstalks at .q;�p; q; p/ for .q; p/ 2 W .

Then we have that the microstalk ofKı.�H /j1 at .q;�p;q;p/ is zero for .q;p/ 2W .
This implies that

PSS.Kı.�H /j1/ � .�W c/ �W c
� .�U/ � U:

The second statement follows from Corollary 2.5 and the wrapping formula (4.2).

Using the wrapping formula, we can also prove the following microsupport estima-
tion.

Proposition 4.6. If Z contains the zero section, then for any increasing sequence
of positive compactly supported HamiltoniansHn supported on S�M nZ1 such that
Hn " 1 pointwise in S�M nZ1, we have

SS.LZ.F // �
®
xW 8n 2 N; 9xn 2 PSS.F / such that �Hn;1.xn/! x

¯
[ 0M ;

SS.RZ.F // �
®
xW 8n 2 N; 9xn 2 PSS.F / such that ��Hn;1.xn/! x

¯
[ 0M :

Proof. By [14, equation (1.12)], we have the microsupport estimation [14, equation
(4.4)]

(4.3) PSS.K.�/jz ı F / D �z. PSS.F //:
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For LZ , the estimation follows immediately from Corollary 2.5 and equation (4.3)
using the wrapping formula Theorem 4.3.

For the statement forRZ , we cannot use Corollary 2.5 directly. Notice that the proof
of Corollary 2.5 only needs the fact that, for abstract reasons, for all strictly increasing
sequences ¹niºi2N , we have lim

�!i
Fni ' lim

�!n
Fn. In general, for sequences ¹niºi2N as

before, we do not have lim
 �i

Fni 6' lim
 �n

Fn for abstract reasons. Nevertheless, for the
givenHn, functions ¹Hni ºi2N still go to infinity on S�M nZ1 for any strictly increas-
ing subsequence ¹niºi2N . Therefore, Theorem 4.3 implies, for all strictly increasing
sequences ¹niºi2N , that

RZ.F / ' lim
 �
i

ˆK.��Hni /j1
.F /:

Then we can adapt the argument of Corollary 2.5 for the specific limit to show that

SS.RZ.F // � lim inf
n

SS.ˆK.��Hn /j1.F //:

The required microsupport estimation follows from equation (4.3).

Remark 4.7. Suppose we did not know the formula for the adjoint functor LZ.F /.
The proposition still shows a singular support estimation on lim

�!
ˆK.�Hn /j1.F /. It is

possible to use this singular support estimation to show that lim
�!

ˆK.�Hn /j1.F / � Z.
Subsequently, one can conclude that lim

�!
ˆK.�Hn /j1 is indeed the left adjoint LZ . This

offers us a new proof of the wrapping formula. We leave the details to the readers.

Lastly, we write down the following limit formula.

Proposition 4.8. For an increasing sequence of conic open sets Un with U DS
n Un, we set Zn D T �M n Un. Then there exists a colimit of fiber sequences in

Sh.M �M/:

KU ! 1�M ! KZ ' lim
�!
ŒKUn ! 1�M ! KZn �:

Proof. In [44, Appendix], we prove a version of the proposition for triangulated
Tamarkin categories. The construction therein relies on [45, Proposition 2.4], which
we can prove directly here: Let X � Y � T �M be two conic closed sets. We consider
the inclusions �XY W ShX .M/! ShY .M/. In particular, we denote �X D �X T �M . The
same argument as Proposition 3.1 shows that �XY has a left adjoint ��XY . Moreover,
as �X D �Y �XY by definition, we have ��X D �

�
XY �

�
Y . Therefore, the unit of .��XY ; �XY /

constructs a natural transform

LX D �X �
�
X D �Y �XY �

�
XY �

�
Y  �Y idShY .M/�

�
Y D LY :
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Similarly, we can construct a morphism LT �MnY ! LT �MnX , and a morphism of a
fiber sequence

LT �MnY idSh.M/ LY

LT �MnX idSh.M/ LX :

D

Replacing functors in the commutative diagram by their kernels, we obtain [45, Propo-
sition 2.4] in the1-categorical setting.

Next we consider the decreasing sequence ¹Znºn and we set Z D Z1. For any
1 � n < m � 1, it is clear that �ZmZn D �ZmZm�1 � � � �ZnC1Zn . Here we notice that
for finite m, n � n C 1 � � � � � m � 1 � m defines an .n � m/-simplex in N.N/.
Therefore, taking adjoints and considering units of adjoints as above gives a homotopy
coherent diagram N.N/! FunL.Sh.M/;Sh.M//, n 7! LZn : When taking m D1,
the construction gives a morphism lim

�!
LZn ! LZ1 D LZ .

Lastly, we prove that the morphism lim
�!

LZn!LZ is an equivalence by showing that
SS.F /� Z if and only if F

'
�! lim
�!

LZn.F /: If SS.F /� Z, then all morphisms F !
LZn.F / are equivalences since Z � Zn, so we have F

'
�! lim
�!

LZn.F /. Conversely,
if F

'
�! lim
�!

LZn.F /, then Corollary 2.5 shows that

SS.F / �
\
N

[
n�N

SS.LZn.F // �
\
N

[
n�N

Zn D
\
N

ZN D Z:

Passing to kernels, we have a homotopy coherent diagram N.N/ ! Sh.M �
M/, n 7! KZn ; and an equivalence lim

�!
KZn

'
�! KZ . For KU , we notice that KU D

cofib.1�M ! KZ/ and then we use that colimits are commutative.

5. Kashiwara–Schapira microlocal cut-off functors

In this section we study the microlocal cut-off functors defined by Kashiwara and
Schapira. We will follow the notation and formulation of [13, Chapter III].

Let M D V be a real vector space of dimension n, and we naturally identify
T �V D V � V �. A subset 
 � V is a cone if R>0
 D ¹xv W x > 0; v 2 
º � 
 , and
we say 
 is pointed if 0 2 
 . We set 
a D �
 . We say a cone 
 is convex/closed if it
is a convex/closed set, and is proper if 
 \ 
a D ¹0º (equivalently, 
 contains no line).
We define the dual cone 
ı � V � and Q
 � V � V as


ı D
®
l 2 V � W l.v/ � 0;8v 2 


¯
; Q
 D

®
.x; y/ 2 V � V W x � y 2 


¯
:
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For a pointed closed cone 
 � V , we define four functors

(5.1)

P
 W Sh.V /! Sh.V /; F 7! q2�.1 Q
 ˝ q
�
1F /;

Q
 W Sh.V /! Sh.V /; F 7! q2Š.Hom.1 Q
a ; q
Š
1F //;

P 0
 W Sh.V /! Sh.V /; F 7! q2Š.Hom.1 Q
an�V Œ1�; q
Š
1F //;

Q0
 W Sh.V /! Sh.V /; F 7! q2�.1 Q
n�V Œ1�˝ q
�
1F /:

For 
 D¹0º, we have Q¹0ºD�V andP¹0º.F /'Q¹0º.F /'F . Using the fiber sequence
1 Q
 ! 1�V ! 1 Q
n�V Œ1� (and the same with 
a), we obtain the fiber sequences of
functors

P 0
 ! id! Q
 ; P
 ! id! Q0
 :

Proposition 5.1. Let 
 be a pointed closed convex cone. For Z D V � 
ıa and
U D T �M nZ, we have the isomorphisms of fiber sequences

ŒP 0
 ! id! Q
 � ' ŒLU ! id! LZ �; ŒP
 ! id! Q0
 � ' ŒRZ ! id! RU �:

Remark 5.2. Originally, [13, 23] define triangulated functors P
 , Q
 , P 0
 , Q0
 .
Here we use the same formula to define those functors on1-level, so they automatically
descend to corresponding triangulated functors.

Proof of Proposition 5.1. It is explained in [13, Remark III.1.9] that, for the
inclusion �WShV�
ıa.V /! Sh.V /, we have thatQ
 D ��� andP
 D ��Š; and the natural
transformations induced by 1�V ! 1 Q
n�V Œ1� and 1 Q
a ! 1�V are the unit/counit of
the corresponding adjunctions.

By virtue of Section 3, the existence of the cut-off functor appears as a purely
categorical result. However, the advantage of equation (5.1) is that the kernel is explicitly
written (also no limit!). It is explained in [13, equation (III.1.5)] that one can write
down kernels of P 0
 and Q
 as Proposition 1.1 predicted, such that the fiber sequence
KU ! 1�V ! KZ is given by the fiber sequence

KU D D0.1 Q
an�V /Œn � 1�! 1�V ! KZ D D0.1 Q
a/Œn�;

where D0.F / D Hom.F; 1V 2/.

Example 5.3. We consider a variant. Let M D V be a real vector space. Take
a pointed closed convex proper cone 
 � V , set U D V � Int.
ı/ and Z D V �

.V � n Int.
ı//. The microlocal cut-off functors for U are studied by Tamarkin [41]
and Guillermou–Schapira [15] (where LU , RU are called L
 , R
 respectively).
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The fiber sequence of kernels is given by

KU D 1 Q
 ! 1�V ! KV D 1 Q
n�V Œ1�:

By Proposition 5.1, if we assume there exists a pointed closed convex cone � such
that V � n Int.
ı/ D �ıa, we have LU D P 0� D L
 , RU D Q0� D R
 . Notice that we
can show by either computation of a dual functor D0 or abstract uniqueness for the
kernel that KU D 1 Q
 ' D0.1Q�an�V /Œn � 1�.

6. Results for pairs

In this section we consider the following construction: Take two conic closed sets
Z � X � T �M . Let U D T �M nZ and V D T �M nX ; then V � U . Recall that
ShX\U .M IU/ D ShX .M/

ShZ.M/
.

We consider the following 9-diagram of k-linear categories:

(6.1)

ShZ.M/ ShX .M/ ShX\U .M IU/

ShZ.M/ Sh.M/ Sh.M IU/

0 Sh.M IV / Sh.M IU/
ı

ShX\U .M IU/:'

In this diagram, by the same argument as in Proposition 3.1, we have that all vertical
and horizontal sequences are split Verdier sequences in PrL

st.k/. We say a morphism
f WF !G in Sh.M IU/ is an isomorphism on an open setV �U iff is an isomorphism
in Sh.M IV /. Because ShX\U .M IU/ is a thick subcategory of Sh.M IU/, we know
that f is an isomorphism on V if and only if SSU .cofib.f // \ V D ¿.

Here we write down the adjoint functors in the last column precisely:

ShX\U .M IV / Sh.M IU/ Sh.M IV /:� j

��

�Š

jŠ

j�

Then we have adjunction pairs

L.U;V /´ jŠj a j�j µ R.U;V /; L.Z;X/´ ��� a ��Šµ R.Z;X/;

and the units/counits give us following fiber sequences of functors on Sh.M IU/:

(6.2) L.U;V / ! id! L.Z;X/; R.Z;X/ ! id! R.U;V /:
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Remark 6.1. By equation (0.1), we can also represent functors in equation (6.2)
by integral kernels K.Z;X/; K.U;V / 2 Sh.M �M I .�U/ � U/ and they are images
of KX , KV under the quotient functor Sh.M �M/! Sh.M �M I .�U/ � U/. The
relative version of microsupport estimation Proposition 4.5 is also true.

Therefore, we can state the following version of the cut-off lemma.

Theorem 6.2. For conic closed sets Z � X � T �M , and U D T �M n Z and
V D T �M nX , we have the following:

(1) (a) The morphisms F ! L.Z;X/.F / and R.Z;X/.F /! F are isomorphisms if
and only if SSU .F / � X \ U .

(b) The morphism L.U;V /.F / ! F is an isomorphism if and only if F 2
? ShX\U .M IU/, and the morphism F ! R.U;V /.F / is an isomorphism if
and only if F 2 ShX\U .M IU/?.

(2) (a) The morphisms L.U;V /.F /! F and F ! R.U;V /.F / are isomorphisms on
U \ V .

(b) If 0M � Z, the morphisms F ! L.Z;X/.F / and R.Z;X/.F / ! F are
isomorphisms on Int.X/ \ U . Equivalently, we have SSU .L.U;V /.F // [
SSU .R.U;V /.F // � xV \ U . Here xV denotes the closure of V in T �M .

Proof. Here we notice that SSU .ŒF �/ D SS.RU .F // \ U D SS.LU .F // \ U
for ŒF � 2 Sh.M IU/. Then we apply the absolute version of Theorem 3.6 to conclude
the result.

Example 6.3. We consider the manifoldM �Rt . We take a closed set Z� J 1M D

T �M � R and U D J 1M n Z. We consider their conification in T �.M � Rt / D

T �M �Rt �R� . We set

�>0 D
®
� > 0

¯
; �� D ¹� � 0

¯
;

U D
®
.q; �p; t; �/ W .q; p; t/ 2 U; � > 0

¯
;

Z>0 D
®
.q; �p; t; �/ W .q; p; t/ 2 Z; � > 0

¯
;

Z D Z>0 [��:

Then �� � Z are two closed conic sets. In this case, the category

Sh.M �Rt IU/ ' Sh.M �Rt I�>0/=ShZ>0.M �Rt I�>0/

is useful for contact topology of J 1M , since R>0 acts on�>0 freely, with the quotient
J 1M D T �M �Rt .
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If we take UD U0 �R for an open set U0 � T �M and ZD Z0 �R for the closed
set Z0 D T �M n U0, the category Sh.M �Rt IU/ is exactly the so-called Tamarkin
category T.U0/ (cf. [28]). Tamarkin categories are first defined in [41], and then studied
in [1, 2, 4, 5, 8, 16,20, 42,46]. In this case, U admits an R-action by translation along
Rt . Therefore, there exists a T ´ T.pt/ (which is a symmetric monoidal category
[15,28]) action on T.U0/ that helps us understand the action filtration from symplectic
geometry. The functors

LT
U0
´ L.�>0;U /; LT

Z0
´ L.Z;��/

are actually T-linear. By the T-linear left adjoint functors classification (see [28, Propo-
sition 5.12], which is an enriched version of Remark 6.1), there is a fiber sequence
KT
U0
! 1T�M ! KT

Z0
in T.T �.M �M// D Sh.M �M IT/ with

LT
U0
D ˆT

KT
U0

; LT
Z0
D ˆT

KT
Z0

;

where ˆT means the convolution functor defined using T-linear 6-operators. These
functors are studied in [8, 28, 40, 44, 45], where the corresponding kernels are denoted
by KT

U0
D PU0 , KT

Z0
D QU0 .

Here we can apply Theorem 6.2 to Tamarkin categories, regarded as k-linear cate-
gories Sh.M �Rt IU/, to obtain an microsupport estimation SS�>0.L.�>0;U /.F // �
xU \�>0. Then we obtain an estimation for reduced microsupport:

RS.LT
U0
.F // D RS.L.�>0;U /.F //

D
®
.q; p/ W .q; p; t; 1/ 2 SS�>0.L.�>0;U /.F //

¯
� xU0:

In general, if the open set U � J 1M admits a G-action for a subgroup G � R via
translation, Asano, Ike and Kuwagaki introduce an equivariant version of categories;
see [3, 21, 29]: We consider G as a discrete group by forgetting its topology, in this
case, the group homomorphism G ! Rt is still continuous. Then we consider the
G-action on Sh.M �RI�C/ via translation, and define Sh.M �RI�C/,

ShG.M �RI�C/´ .Sh.M �RI�C//
G
´ lim
 �
G

Sh.M �RI�C/:

There exists a forgetful functor fWShG.M �RI�C/! Sh.M �RI�C/, and the notion
SS�>0.F /´ SS�>0.f.F // is well defined. Therefore, we can define categories

ShG.M �Rt IU/; ShG
Z>0

.M �Rt I�>0/:

The cut-off functor and cut-off lemma are still true and can be proven by the following
ingredients: The forgetful functor f admits both left and right adjoint, and Sh.N �M �
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RI�C/ acts on ShG.M �RI�C/ via a convolution and fL. Then we can construct
the wrapping formula via the action and show all results of this article directly and
carefully (especially on the categorical aspect rather than the microlocal aspect). We
also leave the details to the readers as it is a little beyond the purpose of this article.

7. Künneth formula

Here we present some computations of Lurie tensor products, which generalize the
result of [27, Theorem 1.2], where an isotropic condition is needed. We take manifolds
N , M , conic closed sets Z � T �M and X � T �N , and we set U D T �M nZ and
V D T �N nX .

To start with, we recall that C 2 PrL
st is dualizable if it is a dualizable object with

respect to the symmetric monoidal structure defined by the Lurie tensor product, and
its dual is denoted by C_. Then we recall the following.

Lemma 7.1 ([28, Remark 3.7]). The category ShZ.M/ is dualizable with dual
Sh�Z.M/. The category Sh.M IU/ is dualizable with the dual Sh.M I �U/.

Remark 7.2. In fact, Proposition 3.1 is enough to guarantee that ShZ.M/ and
Sh.M IU/ are dualizable as stable linear categories (cf. [10, Proposition 1.17.]), and
local rigidity of k ensures that the dual is actually a k-linear dual [25, Proposition 4.3.3].
The nature of the lemma here is that we identify the dual of ShZ.M/ and Sh.M IU/.

Remark 7.3. In the following propositions, the box tensor � of kernels should
be understood after identifying .N �M/2 ' N 2 �M 2 via ..n1; m1/; .n2; m2// 7!
.n1; n2; m1; m2/.

Theorem 7.4. We have that KX � KZ ' KX�Z , and ShX .N / ˝ ShZ.M/ '

ShX�Z.N �M/.

Proof. We first assume that both X and Z contain the zero section.
For the first statement, we set K ´ KX � KZ . It is clear that the morphism

1�N � 1�M D 1�N�M ! K induces an equivalence ˆK
'
�! ˆK ıˆK . Henceforth,

ˆK is a projector in the sense of [24, Definition 4.1.1], whose essential image is given
by the full subcategory spanned by F with F

'
�! ˆK.F / (cf. [24, Proposition 4.1.3]).

We are going to prove that ˆK D ˆKX�Z now. Because ˆKX�Z is the projector
whose essential image is ¹F WF

'
�! ˆKX�Z .F /º D ShX�Z.N �M/ by its definition,

it remains to show that F
'
�! ˆK.F / if and only if F 2 ShX�Z.N �M/.
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ForF 2 Sh.N �M/withˆK.F /'F , we can writeF D lim
�!

F˛�G˛ , and then we
haveF ' lim

�!
ˆKX .F˛/�ˆKZ .G˛/. So SS.F /D SS.lim

�!
ˆKX .F˛/�ˆKZ .G˛//�

SS.ˆKX .F˛// � SS.ˆKZ .G˛// � X �Z.
Conversely, we need to show that K fixes F 2 ShX�Z.N � M/. We use the

wrapping formula Theorem 4.3, and adapt the argument of [1, Lemma 4]. For co-
final sequences of conic non-negative Hamiltonian functions H�1.n1/ supported in
U and H�2.n2/ supported in V with index sequences �i WN ! N, we have that
K ' lim

�!.n1;n2/
K.�H�1.n1//j1 �K.�H�2.n2//j1. Now consider the 1-parameter ver-

sion of the GKS quantization K.�H�1.n1// and K.�H�2 .n2// as given in Theorem 4.1.
By a parameter version of (4.3) (precisely, [14, equation (4.3)]), it is direct to see that
for W D ˆK.�H�1.n1/ /�K.�H�2.n2/ /

.F / 2 Sh.N �R �M �R/, we have

SS.W / �
®
.q1; z1; p1; �1; q2; z2; p2; �2/ W 9.q

0
1; p
0
1; q
0
2; p
0
2/ 2 SS.F /;

.qi ; pi / D �
H�i .ni /
zi .q0i ; p

0
i /;

�i D �H�i .ni /.q
0
i ; p
0
i /
¯
:

Now, since SS.F / � X � Z, we have that SS.W / � T �.N �M/ � 0R2 . Then by
[23, Proposition 5.4.5], we have

F D W jz1Dz2D0 ' W jz1Dz2D1 D ˆK.�H�1.n1/
/j1�K.�H�2.n2/

/j1.F /:

The isomorphism commutes with the continuation map given by non-negativity of
H�i .ni / (see Theorem 4.1). Then we take the limit with respect to .n1; n2/ to see that
ˆK.F / ' F .

Consequently, we have KX�Z ' K D KX �KZ by uniqueness of the kernel.

For the second statement, under the natural identification Sh.N / ˝ Sh.M/ D

Sh.N �M/ (see [43, Proposition 2.30]), it remains to verify that the essential image
of the functor

ShX .N /˝ ShZ.M/! Sh.N /˝ Sh.M/ D Sh.N �M/; F ˝G 7! F �G

is ShX�Z.N �M/. In fact, any objectF in ShX�Z.N �M/ can be written as a colimit
of some F D lim

�!
F˛ �G˛ 2 Sh.N �M/. We should show that the F˛ can be chosen

in ShX .N / and G˛ can be chosen to be in ShZ.M/. By definition of KX�Z , we have
F ' ˆKX�Z .F /. As we have already proved that KX�Z ' KX �KZ , we have

F 'ˆKX�Z .lim�!F˛�G˛/' lim
�!

ˆKX�KZ .F˛�G˛/D lim
�!

ˆKX .F˛/�ˆKZ .G˛/:

Then by replacing F˛ and G˛ by ˆKX .F˛/ and ˆKZ .G˛/, we can conclude that
F 2 ShX .N /˝ ShZ.M/.
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Now we remove the assumption that X , Z contain the zero section. In this case, we
set Z0 D Z \ 0M and zZ D Z [ 0M (similarly for X0 and zX ). Then we use the result
for zX and zZ, which contain zero sections, from above, and we conclude by noticing that
SS.F /�Z if and only if SS.F /� zZ and suppF �Z0, andFn˝Gm' .F �G/.n;m/
for .n;m/ 2 N �M .

Corollary 7.5. We have an equivalence of fiber sequences of categories

ShX�Z.N �M/! ShX�T �M .N �M/! ShX�U .N �M IT �N � U/
' ShX .N /˝ .ShZ.M/! Sh.M/! Sh.M IU//:

Proof. The functor � 7! ShX .N /˝ � preserves colimits and full faithfulness.
This can be seen from two different points of view, one from dualizability of ShX .N /
and [10, Theorem 2.2], the other one from [18, Corollary 2.29] since in the stable
setting, the notions of recollement pair and split Verdier sequence are equivalent
[7, Proposition A.2.11] (in this approach we do not need dualizability). Therefore, we
have the equivalence of Verdier sequences

ShX .N /˝ .ShZ.M/! Sh.M/! Sh.M IU//
' ShX .N /˝ ShZ.M/! ShX .N /˝ Sh.M/! ShX .N /˝ Sh.M IU/:

Theorem 7.6. We have an equivalence

Sh.N IV /˝ Sh.M IU/ ' Sh.N �M IV � U/:

In particular, we have that KV �KU ' KV�U .

Proof. We fill the 9-diagram in equation (6.1) by setting the manifold by N �M ,
two conic closed sets are T �N � Z � T �N � Z [ X � T �M . Therefore, we have
the following equivalence:

Sh.N �M IV � U/ ' Sh.N �M IT �M � U/= ShX�U .N �M IT �M � U/:

Now we apply Corollary 7.5 twice to see that

ŒShX�U .N �M IT �N � U/ ,! Sh.N �M IT �N � U/�
D ŒShX .N / ,! Sh.N /�˝ Sh.M IU/:

Consequently, we have

Sh.N �M IT �N � U/=ShX�U .N �M IT �N � U/ ' Sh.N IV /˝ Sh.M IU/:
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