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L, . -equivalence of abelian groups
with partial decomposition bases

PETER LoTH (*)

ABsTRACT — We consider the class of abelian groups possessing partial decomposition bases
in the language L, for uncountable cardinals k. Jacoby, Leistner, Loth and Striingmann
developed a numerical invariant deduced from the classical global Warfield invariant and
proved that if two groups have identical modified Ulm invariants and Warfield invariants up
to wé for some ordinal §, then they are equivalent in Lgow. Subsequently, Jacoby and Loth
showed that the converse is true for appropriate §. In this paper we prove that the modified
Warfield invariant up to « is expressible in L, , thus a complete classification theorem in
L is obtained. This generalizes a result of Barwise and Eklof.
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1. Introduction

The classical theorem of Ulm [21] presents invariants that classify countable abelian
p-groups up to isomorphism. Hill [3] and Walker [22] were able to extend this result
to the class of totally projective p-groups, the largest natural class of abelian p-groups
in which the Ulm invariants distinguish between nonisomorphic p-groups. It was
Szmielew [20] who first considered abelian groups from a model-theoretic point of
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view. Barwise and Eklof [1] took up Szmielew’s approach and extended Ulm’s theorem
to the classification of arbitrary torsion abelian groups up to equivalence in some
infinitary language, e.g., Loe. Ulm’s theorem was generalized to Warfield groups
by Warfield [23] in the p-local case and by Hunter, Richman [7] and Stanton [19]
in the global case. In [8] Jacoby developed the class of abelian groups with partial
decomposition bases in order to extend Barwise and Eklof’s [1] classification of torsion
groups in Lo, to Warfield groups. This class coincides with the class of k-groups
defined by Hill and Megibben [4, 5] (see [12, 14]). Using modifications of the Ulm and
Warfield invariants, groups with partial decomposition bases have been classified in
L, or equivalently, up to partial isomorphism ([13, 15]) as well as in L‘Zow ([9-11]).
It follows from [9, Theorem 6.10] (see the first part of Theorem 4.9) that given any
cardinal k¥ > w, if two groups G and H with partial decomposition bases have identical
modified Ulm and Warfield invariants up to «, then G and H are equivalent in L. In
this paper, the converse of this result is proved. More specifically, we show that the
modified Warfield invariant up to « is expressible in L, (Theorem 4.10). Therefore
two L, -equivalent groups with partial decomposition bases have identical modified
invariants up to «. It follows that for groups with partial decomposition bases, their
L-equivalence classes are exactly their L¥_, -equivalence classes (see Corollary
4.11).

For notation and terminology on abelian groups and on model theory, we may refer
to [2,6, 16, 18].

2. General and algebraic preliminaries

We accept the ZFC axioms of set theory. Throughout, we use «, 8, v, . . . to denote
ordinals and k, A, ... to denote cardinals. The cardinality of a set X is written | X]|.
Recall that an infinite cardinal is regular if its cofinality is equal to itself, otherwise
it is singular. For an ordinal «, let @, (or 8, ) denote the ath infinite cardinal and set
® = wy. Then wy is regular if « = 0 or « is a successor ordinal (see [17, p.49]), thus
« is a limit ordinal whenever w,, is singular. If « is an infinite cardinal, then k¥ = w,
for some « (cf. [17, pp. 29-30]).

All groups considered in this paper are abelian, written additively. Let G be a
group and p a prime. The torsion part of G is denoted by G and the p-torsion part is
written 1,G. We write G, = G ® Z,, where Z, is the group of integers localized at
p. Notice that 1,G = t(Gp). If S is a subset of G, then (S) denotes the subgroup of
G generated by S. For all ordinals o, subgroups p*G of G are defined inductively by
p°G =G, p**'G = p(p*G),and p*G =g, pP G if o is alimit ordinal. Then the
p-height | x|, (or |x|§)0fx € Gisdefinedtobeaif x € p*G \ p**1G and |x|, = oo if
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x € p®G :=(), p*G. There is a smallest ordinal 7 such that p*G = p*°G, called the
p-length of G . 1t is called the length of G if G isa p-group. Let G[p] = {x € G : px =
0}. The p-rank of G, written r, (G), is the cardinality of a maximal independent subset
of t,G. We have 1,(G) = 1, (1,G) = rp(G[p]) = dimg,,7(G[p]) (cf. [16, Corollary
1.4.3, p. 11]). The torsion-free rank of G, written ro(G), is the cardinality of a maximal
independent set of elements of G of infinite order. We set 1, o(G) = r,(G) + ro(G)
and define 7, 0(G) = min{7,,0(G), w}. A subgroup H of G is called p-isotype if
p*G N H = p*H for all ordinals «, and H is called isotype if it is p-isotype for all
primes p. For example, ¢ G is isotype and , G is p-isotype in G.
For a prime p and an ordinal «, the Ulm invariants of G are defined by

up(a, G) = dimgz,; ,z((p*G)[pl/(p* ' G)[p))

with « an ordinal and
up(00, G) = dimg, ,z(p*G)[p].

Ulm [21] proved that these cardinal numbers are isomorphism invariants of countable
torsion groups. Barwise and Eklof’s [1] modified Ulm invariant is defined by

up(a, G) = min{u, (o, G), w}.

By adding the invariant 7, (0o, G) = min{u, (oo, G), w}, these invariants classify all
torsion groups in Loy (see [1]).

By Ord we mean the class of all ordinals and define Ord,, = Ord U{co}. We adopt
the convention that oo > o whenever « € Ords, and set co + 1 = oo. For simplicity,
we may write & A B instead of min{c, 8}. An Ulm sequence is an increasing sequence
u = (Bi)i<e Where each B; is an ordinal or the symbol co. Two Ulm sequences
u = (B;) and v = (y;) are called equivalent, written u ~ v, if there exist k,! < w
such that B; 1 = y;4 foralli < w. The p-Ulm sequence of x € G is the sequence
Ixll, = (|Pix|p)i<co-

An Ulm matrix is an o X w-matrix M = [m,, ;] indexed over all primes and non-
negative integers such that each row M, = (mp ;)i < is an Ulm sequence. For a group
G, the Ulm matrix of x € G (written || x|| or |x||¢) is defined to be the Ulm matrix
[| p*x|,] where the rows are the p-Ulm sequences of x with p € P. If n is a positive
integer, we let nM be the Ulm matrix having m,, ; 1 |n|, as its (p, i) entry, where |n|,
is the p-height of n in Z. If M = [m, ;] and N = [n, ;], we write M > N in the
case mp; > np; forall (p,i). Two Ulm matrices M and N are called compatible if
there are positive integers m and n such that mM > N and n N > M. This yields an
equivalence relation, and the equivalence classes are called compatibility classes.
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We recall the following definitions “up to o for a given ordinal « (see [16]): For
B,y € Ordy we define 8 >, y to mean

BAra>yAa.

If equality holds, then we write B =, y. For Ulm matrices M = [mp ;] and N = [n, ;]
define M >, N ifmp; >4 np; forall p andi. Then M and N are called «-compatible,
written M ~, N, if and only if for some m and n, mM >, N andnN >, M. Given
compatibility classes ¢ and ¢’ of Ulm matrices, we write ¢ ~4 ¢’ to mean M ~y N
forsome M € cand N € ¢'.

For Ulm sequences u = (8;) and v = (y;) we define u >4 v if and only if 8; > y;
for all i < w. We call u and v a-equivalent, written u ~4 v, if for some m,n < w
we have &, =¢ Bitn foralli < w. Given two equivalence classes e and ¢’ of Ulm
sequences, we write e ~¢ ¢’ if u ~, v forsome u € e and v € ¢'.

Let G be a group. A subset X of G is called a decomposition set if

(1) all elements of X are independent and have infinite order;

(2) foreachx = kyxy + -+ kuxy (k1,....kn € Z, x1,...,Xx, € X) and prime p,
we have |x|, = min{|k;x;|,}.

Then X is called a decomposition basis for G if, in addition, G/(X) is torsion. A
decomposition basis X for G is called nice if for every prime p, (X), is a p-nice
subgroup of G, i.e., if every coset x + (X), (x € G,) has an element of maximal
p-height. Groups possessing a nice decomposition basis X with simply presented
quotient G/(X) are called Warfield groups. Stanton defined cardinal numbers that,
together with the Ulm invariants, form a complete set of isomorphism invariants for
Warfield groups (see Hunter—Richman [7], Stanton [19]).

Jacoby [8] generalized the concept of decomposition basis: Given a group G, a
system C is called a partial decomposition basis for G if

(1) € is anonempty collection of finite subsets of G;

(2) if X € C, then X is a decomposition set;

(3) if X e Cand x € G, there is Y € Csuch that X € Y and mx € (Y) for some
positive integer m.

Now let G be a group with partial decomposition basis C, ¢ a compatibility class of
Ulm matrices, p a prime and e an equivalence class of Ulm sequences. Jacoby [8]
defined W(c, p, e, G) to be the largest integer n, if it exists, such that there are X € C
and x1,...,x, € X with | x;|| € cand ||x;||, € eforalli = 1,...,n. If no such n
exists, put w(c, p, e, G) = w. Jacoby, Leistner, Loth and Striingmann [9] generalized
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this definition up to an ordinal o:

We(c, p,e, G) = min{ Z w(c’, p.e',G),w}.

e/~ge,c'~yc

3. Model-theoretic preliminaries

The infinitary language L, is an extension of a language of first-order logic that
allows conjunctions and disjunctions over arbitrary sets of formulas and quantifications
over finite sets of variables. The symbols of the language include a variable v, for
each ordinal o, and since we will be using this language to discuss abelian groups, we
include the binary function symbol 4, the unary function symbol — and the constant 0.
We use these symbols to form atomic formulas in the usual way.

For each ordinal o we define, by induction on «, L%, to be the smallest class ¥
that contains the atomic formulas and is closed under the following logical operations:

(1) fpeY then—peVY;
(2) ifPisaset, ®C Y, then A\ Pand\/ P eY;
3) ifpe Lgow for some B < « and v is a variable, then Vvp € Y and Jvp € Y.

In (2), /\ ® (resp. \/ ®) denotes the conjunction (resp. disjunction) of all elements of
the set ®. Notice that ® can be of any cardinality and that the empty disjunction \/ @
is false everywhere (cf. [6, p. 28]). Then let Loow = |Uyeomn Lo An element ¢ of
Lo, is called a formula if ¢ has at most a finite number of free variables. When we
write “@ € Loo,” it is understood that ¢ is a formula. Sentences are formulas with no
free variables. For ¢ € Lo, the quantifier rank of ¢ is qr(¢) = min{a : ¢ € LS }.

The set of subformulas of ¢, written sub(¢), is defined inductively by the following:

(1) If ¢ is atomic, then sub(p) = {¢};

(2) if ¢ is =, Vuy or vy, then sub(¢) = sub(y) U {¢};

(3) ifgis A\ Wor\/ W, then sub(p) = {J, ey sub(yy) U {p}.

A subformula ¥ of ¢ is called proper if ¥ # ¢. Hodges [6] defined the complexity of

aformula ¢ € Lo inductively to be the ordinal comp(¢) such that

if ¢ is an atomic formula,

(@) ’
com =
Py sup{comp(¥) + 1 : ¥ is a proper subformula of ¢} otherwise.

For an infinite cardinal «, the sublanguage L of Lo is defined to be

Liw = {fﬂ € Loow : [sub(p)] < K}



P. Loth 50

(see [1]). Two groups G and H are called L% -equivalent (resp. L4 -equivalent), and

we write
G =y H (tesp.G =0 H),

if G and H satisty the same sentences of L% (resp. Lyg).
The following result on L, is stated (without proof) in terms of cardinals k¥ = wj,
in [1, p.28]:

Prorosition 3.1. Let k be a an infinite cardinal.
(1) If«x is regular, then Ly, is the smallest class Y of formulas such that
(a) Y contains all atomic formulas;
() ifpisinY, then—¢@isinY;
(¢) ifpisinY and v is a variable, then Yve and Jvp are in Y ;
(d) if Visasubset of Y and |V| < k, then \ W and \/ V are in Y.
(2) Ifk = wqy, where a is a limit ordinal, then L, = Uw5/1<x Lo

(3) Ifp € Ly thenqr(p) <k, i.e., Ly C Uy<K LYoo Thus LX, , -equivalence implies
Lo -equivalence.

Proor. (1) Itis clear that L := L, satisfies (a)—(c). Now assume that ¢ equals
A @ or\/ ®, where ¥ C L and |¥| < k. Since « is regular, we have |sub(¢)| =
|Uyew sub(¥) U {p}| < k. Thus ¢ isin L.

To prove that L is the smallest such class, let M be any class of formulas satisfying
(a)—(d). To show that L € M we use induction on the complexity of formulas, so let
¢ € L.If ¢ is atomic then ¢ € M by (a). Now assume that ¢ is not an atomic formula
and let ¢ € L. If ¢ is =y, Vv or Juyr, then ¥ € M by the induction hypothesis,
thus ¢ € M by (b) and (c). Finally, assume that ¢ equals A\ W or \/ ¥ with ¥ C L,
where |W| < «. By the induction hypothesis, ¥ € M, so by (d) we have ¢ € M as
desired.

(2) If @ € Ly then [sub(¢)| <w, forsome y <a.Thus¢ € Lo, 0 € Ug<y Logo =
Uw5A<K Ljow.

(3) We write k = wy and prove the assertion by transfinite induction on «. First
assume that w,, is a regular cardinal; this includes the case o = 0. We show that
M = UV<K LY., satisfies (1) (a)—(d). Clearly, (a) and (b) are true. To see that M
satisfies (c), let ¢ € M. Then ¢ € LY, for some y < k, thus Yvg and Jvg are in
LYY < M. To show that M satisfies (d), let ¥ = {Y;:iel} CM,where|l| <k, say
v, € LY, withy; <k foralli € I.Since k is regular we have y’ ;= sup{y; :i € I} <«,
thus ¥; € Lgéw for all i. Hence both /\ W and \/ ¥ are in Lg;w C M. By (1) we have
Lew ©M.
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Now let @ > 0 and assume the claim holds for all 8 < «. If w,, is regular we are
done by the paragraph above. If w,, is singular then « is a limit ordinal, so by (2)
and the induction hypothesis we have Lo, = Up<y Logo S Upg<a Uy <wy LYo =
U, <oy Lbow- as desired. ]

4. L,,-equivalence of groups with partial decomposition bases

Barwise and Eklof [1] examined torsion groups from the viewpoint of L, and
showed that key characteristics of p-groups are expressible in Lo, and Ly, with
some proof details omitted that are included here. The proofs apply to arbitrary groups
as well.

LemMMA 4.1. Let k be an infinite cardinal, o an ordinal and p a prime.

(1) There is a formula 0y (x) that has at most || + 1 subformulas such that for any
group G and any a € G, G = Oy[a] if and only if a € p*G. More specifically,
letting 54 = |sub(6y(x))
o> o.

(2) Ifa < k then 04(x) is a formula of Ly.

,wehave so = 1, 54 =2if0 < @ < w and s4 = || if

Proor. (1) For fp(x),use x = x. If 0 < ¢ < w let Oy (x) = y(x = p*y). To
prove that s = |o| for all @ > @ we use transfinite induction. It is clear that s, = Rg
since “x € pG” is expressible by 0, (x) = /\ g, 0p(x). Now let @ >  and assume
thatsg = |B| forallw < B < a. If @ — 1 exists, let Oy (x) = Iy (u—1(¥) A x = py)
and if & is a limit ordinal, let 6y (x) = A4, 0p(x). In either case we conclude that
Sq = |].

(2) follows from (1). ]

We will adopt the convention of using an algebraic formula in quotation marks to
represent the corresponding expression in L. For example, by Lemma 4.1 (1), “x €
p*G” is expressible by a formula that has < A := || + 1 subformulas. Alternatively,
we may write

“x € p*G” isin Leoe and has < A subformulas.

Notice that “x € tG” is in L, since it is expressible by the formula ¢(x) =
V o<n<e(mx = 0). Likewise, “x € t,G” and “x has infinite order” are in L, .

Lemma 4.2, Suppose that H is a subgroup of a group G such that “x € H” isin
Loow and has A subformulas.
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(1) Ifay,...,am € Z then “ayx1 + -+ + amxm € H” has A + 2 subformulas.
(2) “x1,..., X are independent modulo H” has Ry - A subformulas.

(3) “x has infinite order modulo H” and “x has p-power order modulo H” have
Ro - A subformulas, where p is a given prime.

Proor. (1) Suppose that “x € H” is expressed by the formula ¥ (x). Then a;x; +
<o+ amxm € H ifand only if Ix (Y (x) A x = ayx1 + - + amXm).

) x1,...,Xx, are independent modulo H if and only if for all aq,...,a, € Z,
aixy+ -+ amxm € H implies a;x; € H forall 1 <i < m. This may be written as
Narez NayezCarxi + -+ amxm € H” — N\[L, “aix; € H). Now apply (1).

(3) “x has infinite order modulo H” is true if and only if A,_,., —=(“nx € H”),
and “x has p-power order modulo H” holds exactly if \/,, _,(“p"x € H”). ]

LemMA 4.3. Let G be a group, p a prime, a an ordinal and m < w. Then “rp,(p*G)
>m” and “up(a, G) > m” are expressible by formulas that have at most R - ||
subformulas.

Proor. We have r,(p*G) > m if and only if there are m independent elements of
p-height > «, if and only if G E Jx; ---El)cm(/\:"=1 “xi € p*G” AN “X1,..., Xy are
independent” A “x1,..., X, € 1,G”).

Note that u, (e, G) > mifandonly if G }=3xy + - - Ixp [ A2, (“Xi € p*G” A px; =
0) A “X1, ..., X; are independent modulo p**1G™]. n

The following will be needed.

LemMma 4.4. Let G be a group, p a prime, T = length(¢t,G) and v > t. Then
up(00, G) = rp(p*G).

Proor. We have u, (00, G) = rp(p™G) = rp([ 3, P°G N 1,G), so since 1,G
is p-isotype in G we obtain u,(c0, G) = (5, P°(tpG)) = 1p(p*(,G)) =
rp(p’G Nt,G) =r,(p°G). [

The next result was proved for p-groups in [1, Corollary 3.5 (1)=(2)].

THeOREM 4.5. Let G and H be groups such that G =, H, where k is a cardinal
> w. Then we have

(1) dp(e, G) = tiy(ee, H) for all primes p and ordinals o < k;
(2) iflength(t(Gp)) < k, then ii,(c0, G) = ti,(c0, H).
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Proor. (1) Let p be a prime and o < k. If #i,(0, G) = m < w then G =
“Up(et, G) > m” A ="“up(or, G) > m + 17, an expression with < Ry - |a| < « sub-
formulas by Lemma 4.3. Thus H models the same expression, i.e., %i, (o, H) = m. Now
assume that 11, (o, G) = w. Then G = A, ., “Up(e, G) > m”, hence ti, (o, H) = w.

(2) Suppose ¢(Gp) = t,G has length t < k. For 0 > t we have (p°G)[p] =
(P°GNt,G)pl = (P°(t,G))[p) = (p*(t,G))[p). thus u, (o, G) = 0. Then (1) shows
that u, (0, H) = O for all T < 0 < k. Assume that v’ := length(¢ (H,)) > k. Since
is a limit ordinal we have u, (o, H) # 0 for infinitely many t < ¢ < « by [16, Lemma
1.13.7 (2), p.34], a contradiction. Therefore t/ < k. For v = max{t, t} we have
Up(00,G) =rp(p¥G)anduy, (oo, H) =rp(p¥ H) (Lemma4.4). Since “r,(p* G) > m”
has at most Ry - |v| < k subformulas (Lemma 4.3), we conclude that #i,(c0, G) =
p(oco, H). [

We wish to show that the modified Warfield invariant Wy (c, p, e, G) is expressible
in Ly, whenever o < «. First we turn to a modification of an invariant defined by
Stanton [19], equivalent to Wy (c, p, e, G), which we then prove is expressible in L.

For a group G, a prime p, an Ulm matrix M and an ordinal «, we define the
following as in [16]:

Ga(M) = {x € G : |x]| 24 M),
Go(M*)® = {x € Go(M) : ||x|| o M or x is torsion},
Gw(M;,p)<> = {x €G:|x|lp =« M), and |pix|p F#q Mp ; for infinitely many i},
Go(M™, p)° = Go(M*)° U Go(M,, p)°,
Go(M™, p) = Go(M) N (Ga(M™, p)°).

Then for a compatibility class ¢ of Ulm matrices and an equivalence class e of Ulm
sequences, the modified Stanton invariant is defined to be

:S:a(cv p.e, G) = Sup{fp,O(Ga(M)/Ga(M*v p))}’

where the supremum is taken over all Ulm matrices M € ¢ with M}, € e (cf. [16]). For
groups with partial decomposition bases, this invariant can be expressed as follows.

THEOREM 4.6 (Jacoby-Loth [10,16]). Let G be a group with partial decomposition
basis, a an ordinal, ¢ a compatibility class of Ulm matrices, p a prime and e an
equivalence class of Ulm sequences. Then we have

(1) §a(c7 p» e9 G) = wa(C, p’ev G);
(2) Sa(c,p.e,G) =71po(Gu(M)/Go(M™, p)) forall M € c with M, € e.
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The next lemma will be useful.

Lemma 4.7. Let o be an ordinal and let B,y € Orde.
(1) B=qyifandonlyif p =y Aa.
(2) B zayandf #ayifandonlyify Za B.
(B) yFaPifandonlyif B> (y+1)Aaandy < a.

Proor. (1) If B>, ythenB > B Aa >y Aaandif B >y Aa,then B Ao >
Y Ad.

2 Bra=yAraandBAra#yAaifandonlyif BAa >y Aa.

(3) By (1), y #4 B if and only if y < B A «. First, assume that y < 8 A «. Then
y<oaandsince f > B Aa>y,wehave B>y +1>(y+1)Aa.

Conversely, assume § > (y + 1) Aa and y < . Then y + 1 < «, hence § >
(y + D) Aa =y + 1. Therefore § A > . ]

al.

(1) If M is any Ulm matrix, then each of the expressions “x € Go(M)”, “x €
Ga(M*)o”, ux c Ga(M;,p)O”, ux c Ga(M*’p)Q ”» al’ld (‘x c Ga(M*,p)”
can be written as a formula that has < A subformulas.

Lemma 4.8. Let G be a group, p a prime and o an ordinal. Let A = N -

(2) If m < w, then “S4(c, p,e,G) > m” is expressible by a formula that has < A
subformulas.

Proor. (1.1) We write M = [mg;]. Then Lemma 4.7 (1) shows that x € G4 (M)
if and only if ¢'x € ¢™+-i"*G for all ¢ and i. By Lemmas 4.1 (1) and 4.2 (1), the
expression \(, i) epxe “¢' X € ¢"%"*G” has < A subformulas.

(1.2) We have x € Go(M*)® exactly if x € Go(M) and either x is torsion or
|x|| ~o M.Ifx € Go(M), then ||x|| ~q M ifand only if jM #, ||x| forevery j < w.
By Lemma 4.7 (3), this holds if and only if for every j < w there are g and i, for which
g x|g > (mg,ivijl, 1) Aaandmgy;y);), < a. Therefore the statement may be writ-
tenas “x € Go(M)” A (“x is torsion” v A\ ; _, \/(q,i)exj “qix € gMmai+ijlgTHA Gy,
where X; = {(q,i) € P xw :mg,;4j), <a}for j <w.Since the expressions in quotes
have < A subformulas and | X;| < R forall j, “x € Go(M*)°®” has < A subformulas.

(1.3) “x € Go(M);, p)°” holds if and only if || x|, >¢ M, and for every j < w
there exists an integer i > j such that |p'x|, # mp;. By Lemma 4.7 (2),(3) we
have |p'x|, >4 mp; and |p'x|, #4 mp; if and only if | p'x|, > (mp; + 1) A« and
mp,; < a. Therefore the statement is expressible by (/A\; -, “p'x € p™ri"*G”) A
Nj<o Viex; “pix € pmpitDAG” where X; = {i <w :i > jandm,; < a}.
Again, the formula has < A subformulas.
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(1.4) By (1.2) and (1.3), “x € Go(M™, p)°” has < A subformulas.

(1.5) “x € Go(M*, p)”is true if and only if x € G4 (M) and there are 0 < n < w
and z1,...,2zy € Go(M™*, p)® suchthat x = z1 + --- + z,. Thus “x € Go(M™, p)”
has < A subformulas.

(2) We have Sq(c, p, e, G) > m if and only if for any M € ¢ with M, € e,
the following is true: G | 3xy -+ Ixpm[AFL; (“Xi € Go(M)” A “x; has either infi-
nite or p-power order modulo G, (M*, p)”’) A “x1,..., Xy are independent modulo
Gy (M*, p)”], an expression that has < A subformulas. ]

8 . . o, . . .
In L, groups with partial decomposition bases are classified using modified
Ulm and Warfield invariants.

THEOREM 4.9 (Jacoby-Leistner—Loth—Striingmann [9], Jacoby-Loth [10]). Let G
and H be groups with partial decomposition bases, and let § be an ordinal. Suppose
(1) tp(e, G) = tp(a, H) for all primes p and o < w§;

(2) Wepw+1)(c. p,e,G) = Wyw+1)(c, p,e, H) for every compatibility class ¢ of Ulm
matrices, prime p, equivalence class e of Ulm sequences, and v < §;
(3) iflength(t(Gp)) < wé, then iiy(c0, G) = ti,(c0, H).

Then G =5 H. If § = wy and y is a limit ordinal, then the converse is also true.

If K > w, then two L,-equivalent groups with partial decomposition bases have
identical modified Warfield invariants up to «.

THeEOREM 4.10. Let G and H be groups with partial decomposition bases and let
Kk be a cardinal > w such that G =, H. If a is an ordinal < «k, then Wy(c, p,e,G) =
Wy (c, p,e, H) forall ¢, p, e.

Proor. Let m < w. Both “S4(c, p,e, G) = m” and “S4(c, p,e,G) = w” are in
L as they have < Rg - |a| < « subformulas by Lemma 4.8 (2), thus (¢, p,e,G) =
Sq(c, p,e, H). Therefore, Wy (c, p,e, G) = Wy(c, p,e, H) by Theorem 4.6 (1). =

CoroLLARY 4.11. Let G and H be groups with partial decomposition bases and
let k be a cardinal > w. The following conditions are equivalent:

(1) G =0 H;
(2) (@) up(a,G) =1ty(a, H) for all primes p and ordinals o < k;

(b) Wepw+1)(c, p,e,G) = Weuw+1)(c, p,e, H) for every compatibility class c
of Ulm matrices, prime p, equivalence class e of Ulm sequences, and ordinal
V<K
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(c) iflength(t(Gp)) < k, then iip(00, G) = 1i,(c0, H);
3) G=(H.

Proor. We have (2) < (3) by Theorem 4.9 since w§ = § for § = k. That (1) =
(2) follows from Theorems 4.5 and 4.10, and (3) = (1) is immediate by Proposition
3.1(3). [

CoroLLARY 4.12 (Barwise—Eklof [1]). Let G and H be p-groups and let k be a
cardinal > w. The following conditions are equivalent:
(1) G =« H;
(2) (@) up(a,G) =1tpy(a, H) for all ordinals o < k;
(b) iflength(G) < k, then iip(c0, G) = tip(00, H).
3) G=(H.
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