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Maximal subrings of division rings

ALBORZ AZARANG (*)

ABSsTRACT — The structure and the existence of maximal subrings in division rings are investigated.
We see that if R is a maximal subring of a division ring D with center F and N(R) #
U(R) U {0}, where N(R) is the normalizer of R in D, then either R is a division ring with
[D: R]; =[D: R], <oo,or R is an Ore G-domain with certain properties. In particular,
if F £ Cp(R), the centralizer of R in D, then R = Cp(p) is a division ring, for each
B e Cr(R)\ F,[D : R]; is finite if and only if 8 is algebraic over F, [D : R]; = [D :
R]; = [F[B] : F] and Cr(R) = F[B]. On the other hand, if R does not contain F, then
RN F = Cr(R) is a maximal subring of F. Consequently, if a division ring D has a
noncentral element which is algebraic over the center of D, then D has a maximal subring. In
particular, we prove that if D is a noncommutative division ring with center F', then either D
has a maximal subring or dim (D) > | F|. We study when a maximal subring of a division
ring is a left duo ring or certain valuation rings. Finally, we prove that if D is an existentially
complete division ring over a field K, then D has a maximal subring of the form Cp (x)
where D is finite over it. Moreover, if R is a maximal subring of D with K € Cr(R), then
R = Cp(x) for some x € D \ K, which is algebraic over K.

MATHEMATICS SUBJECT CLASSIFICATION 2020 — 16K20 (primary); 16K40, 16S85 (secondary).
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1. Introduction

If K is a field, then the structure of a maximal subring of K is easy to characterize.
In fact, it is not hard to see that a proper subring R of K is a maximal subring of K
if and only if either R is a field and [K : R] is finite of minimum degree, or R is a
one-dimensional valuation ring for K (in particular, in this case R is a G-domain with
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quotient field K). On the other hand, the existence of such subrings for fields is exactly
determined in [7]. In fact, most fields have maximal subrings and, in particular, a field
without maximal subrings is a certain absolutely algebraic field (i.e., a certain field
with nonzero characteristic which is algebraic over its prime subfield). More exactly, a
field K has no maximal subrings if and only if there exists a prime number p such that

K = JFp.

n|S

where [y is a field with p” elements and S is a supernatural number (or a Steinitz
number) of the form [ 72, q?i ,P={q1 =2,92 =3,...}isthe set of all prime numbers
and n; is either 0 or oo; see [7, Definition 1.5] and [2, Remark 2]. Moreover, if & is the
set of all fields, up to isomorphisms, without maximal subrings then || = 2%0; see
[7, Corollary 1.15]. We refer the reader to [10] for some facts about maximal subrings
up to isomorphism of fields too. It is also interesting to know that if 7" is a commutative
ring and U(T) is not integral over the prime subring of 7', then 7 has a maximal
subring; see [3, Theorem 2.4].

In this paper, motivated by the results for fields, we are interested to investigate
the structure of maximal subrings and the existence of them for division rings. As we
see in this paper, the existence of maximal subrings of division rings is different from
fields and depends on the center of division rings and noncentral elements, but the
structure of maximal subrings in division rings is similar to fields. For example, if D
is a noncommutative division ring without maximal subrings, then each noncentral
element of D is not algebraic over the center of D (and therefore is not algebraic over
the prime subring of D), but if R is a maximal subring of D, then in more situations
either R is a division ring with [D : R] finite of minimum degree, or R is an Ore
G-domain whose division ring of quotients is D, and has certain algebraic properties
similar to nonfield maximal subrings of a field.

A brief outline of this paper is as follows. In Section 2, we see that if R is a maximal
subring of a division ring D with center F, then one of the following holds:

(1) R isadivision ring with [D : R]; = [D : R], < oo (of minimum degree).

(2) R is an Ore G-domain whose division ring of quotients is D.

(3) N(R) = U(R) U {0}, where N(R) is the normalizer of R in D.

In particular, if F € Cp(R), the centralizer of R in D, then R = Cp(f) is a division
ring, for each B € Cr(R) \ F, [D : R]; is finite if and only if 8 is algebraic over F,
[D:R]; =[D:R], =[F[B]: F]and Cr(R) = F[B]. On the other hand, if R does
not contain F, then R N F = Cg(R) is a maximal subring of F. Consequently, if

a division ring D has a noncentral element which is algebraic over the center of D,
then D has a maximal subring. In particular, we prove that if D is a noncommutative
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division ring with center F', then either D has a maximal subring or dimg (D) > | F]|.
In Section 3 we study certain maximal subrings of division rings. In fact, we want to
show that certain maximal subrings of division rings are valuation rings, similar to
nonfield maximal subrings of a field. We prove that if a division ring D has a maximal
subring R which is a left duo ring, then either R is a division ring or R is an Ore
G-domain with exactly one nonzero prime ideal M = R \ U(R); in fact R is a duo
ring and if R is not a division ring, then R is a valuation ring for D (i.e., foreach x € D
either x € Ror x~! € R), Max; (R) = Max, (R) = Max(R) = Spec(R) \ {0} = {M},
and for each d € D, we have dRd™! = R and dMd~' = M. We see thatif D is a
division ring and R is a certain maximal subring (of the form (1-CNO) or (2-CEO) of
Theorem 2.6) and B € R such that BR = Rf # R, then(\,—, Rf" =0and Risa
(left and right) bounded ring. In particular, if R is a left duo ring and RS is a prime
ideal of R, then R is a discrete valuation ring for D. We show that if D is a division
ring and R is a maximal subring of D which is not a division ring, then R is an abelian
valuation ring for D if and only if D¢ C R and in this case, R is a duo ring. Finally,
we prove that if D is an existentially complete division ring over a field K, then D
has a maximal subring of the form Cp(x) where D is finite over it. Moreover, if R
is a maximal subring of D with K € Cr(R), then R = Cp(x) for some x € D \ K,
which is algebraic over K.

All rings in this paper are associative unital rings with 1 % 0 and all subrings, ring
homomorphisms and modules are unital too. A proper subring R of aring T is called
a maximal subring if R is maximal with respect to inclusion in the set of all proper
subrings of 7. In fact, a proper subring R of a ring 7 is a maximal subring of T if and
only if foreach o« € T\ R we have R[] = T. If R is a maximal subring of aring 7,
then the ring extension R C T is called a minimal ring extension too. We refer the
reader to [12—14, 16,30] for the minimal extension of commutative rings and [15] for
the minimal ring extension of noncommutative rings too. Also, we refer the reader
to [1-3,6-9, 28] for maximal subrings of commutative rings and [4,5,21,22,25] for
maximal subrings of noncommutative rings. In particular, we refer the interested reader
to [29] for the classification of maximal subrings of finite semisimple rings and the
application of them to calculating the covering number of a finite semisimple ring. If T’
isaringand X C T, then the centralizer of X in T is denoted by Cr(X) (for X = {x},
we use Cr (x)). In particular, C(T) := C7(T) is the center of 7. If K is a field which is
contained, as subring, in the center of the ring 7', then the vector dimension of 7" over K
is denoted by dimg (7). If T is a ring and D is a subring of 7" which is a division ring,
then [T : D]; and [T : D], denote the vector dimensions of 7" over D as left and right
vector spaces, respectively. If R is a ring and M is a left (resp. right) R-module, then
the uniform dimension of M is denoted by u. dim(g M) (resp. u.dim(Mg)). If D is a
division ring and R is a subring of D, then we define N;(R) := {x € D | Rx C xR},
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N,(R) :={x € D | xR C Rx}and N(R) :={x € D | xR = Rx}. Itis clear that
N(R) = {0} U {x € D* | xRx~! = R}, hence is called the normalizer of R in D. If
T is aring, Max, (T'), Max;(T), Max(T) and Spec(7") denote the set of all maximal
right ideals of T, the set of all maximal left ideals of T, the set of all maximal ideals
of T and the set of all prime ideals of T, respectively. Foraring 7, T* = T \ {0} and
U(T) is the set of all units of 7. If D is a division ring, then D¢ denotes the set of
all elements of the form aba~'h~', where a, b € D*. For the definitions of right/left
Ore sets, left/right bounded rings, G-rings, valuation rings, left duo rings, discrete
valuation rings, abelian valuation rings and existentially complete division rings we
refer the reader to standard textbooks [11,17-19,23,24,26,31].

2. Maximal subrings in division rings

In this section we study the properties of maximal subrings in division rings. As
we mentioned in the introduction to this paper, in fact we want to show that maximal
subrings of division rings have properties similar to maximal subrings of fields. We
begin this section with some simple facts about maximal subrings in division rings, as
follows.

Lemma 2.1. Let D be a division ring and R be a maximal subring of D. If A € D,
then AR € RA < RA C AR & AR = RA.

Proor. We may assume that A # 0. First note that for each nonzero A € D, it
is easy to see that ARA™! is a maximal subring of D. Thus AR C RA if and only if
ARA™! C R if and only if ARA™! = R (by the maximality of ARA™1) if and only if
AR = RA. By a similar argument, RA C AR if and only if AR = RA. =

An immediate consequence of the above lemma is that if R is a maximal subring
of a division ring D, then R is a left duo ring if and only if R is a right duo (if and
only if R is a duo ring).

LemMmaA 2.2. Let D be a division ring and R be a maximal subring of D. Then
either there exists A € D \ R such that AR € RA (RA € AR) or N;(R) = N,(R) =
N(R) = U(R) U {0}.

Proor. By the previous lemma, it is clear that N := N;(R) = N,(R) = N(R).
Also it is obvious that U(R) U {0} € N. Now we have two cases: (1) N € R, which
means there exists A € D \ R such that AR € R\ and we are done, or (2) N C R, thus
foreach0 # A € N, clearly A~! € N and therefore A € U(R). Hence we are done. m
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We need the following remark for our next results.

ReEmaRk 2.3. Let D be a division ring and R be a subring of D. Assume that there
exist A; € D, 1 <i <nsuchthat RA\; = A;R foreachi,and D = RA; + RA, +
-+ + RA, (i.e., D is a finite normalizing extension of R). Then R is a division ring; see
[27, (i) of corollary, p. 369]. In particular, if there exists A € D \ R, such that RA = AR
and D = R + RA + --- 4+ RA" for some natural number 7, then R is a division ring.

Now we are ready to present our first main result, which shows that a nondivision
maximal subring of a division ring has properties similar to nonfield maximal subrings
of fields.

THEOREM 2.4. Let D be a noncommutative division ring and R be a maximal
subring of D. Assume that there exists a nonzero nonunit a in R, such that aR = Ra.
Then the following hold:

() X ={l,a,a®, .. isanOresetand D = X"'R = RX L.

(2) Each nonzero left/right ideal of R contains a power of a. In particular, u. dim(g R)
= 1, u.dim(RR) = 1 and R is an Ore domain whose division ring of quotients
is D.

(3) Each nonzero prime ideal of R contains a.

4) a e J(R).

(5) R is a nonsimple G-domain.

(6) Foreach A € N(R), either A € Ror A™! € R.

Proor. Firstnote that by our assumptiona™! ¢ R. We claim that X = {1,a,a?,...}
is a left/right Ore setin R, D = X 'R ={a"r |n >0, r € R}and D = RX~ ' =
{ra™ | n >0, r € R}. Since R is a maximal subring of D and a~! ¢ R we deduce
that D = R[a~']. Now note that clearly a” R = Ra™ for each integer n. Therefore, we
have D =R+ Ra'4+ Ra2+---=R+a 'R+a2R +---. These equalities
immediately imply that D = {a™"r |n >0, r € R} ={ra™ |n >0, r € R}. Now, for
(1),1etr € Randn > 0. To show that X is aright Ore set we must prove that X Na” R is
anonempty set. Since ra” € Ra™ = a" R, we conclude that there exists r’ € R such that
ra™ =a"r’ € rX Na" R. Thus X is aright Ore set and similarly is a left Ore set too. Thus
the first part of (1) holds. The second part of (1) is clear by the first part of the proof. For
(2),if I is a nonzero left ideal of R and 0 # x € I, then x~1 e D. Therefore, there exist
n>0andr € Rsuchthatx™! = a™"r and thus @ = rx € I. This immediately implies
that u. dim(g R) = 1 and similarly u. dim(Rg) = 1. Thus R is an Ore domain whose
division ring of quotients is D. Thus (2) holds. For (3), let P be a nonzero prime ideal
of R, and n be a natural number (by (2)) such that a” € P. Since aRa"~! = Ra" C P,
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by induction on n, we conclude that a € P, because P is a prime ideal. Thus (3) holds.
To see (4), let M be an arbitrary maximal left ideal of R. Then M # 0, for R is not a
division ring. Thus by (2), there exists n > 1 such that a” € M. We may assume that
n is the smallest natural number with this property. If ¢ M, then M 4+ Ra = R and
therefore Ra* ' = a" 'R =a""'M +a" 'Ra = a" 'M + Ra" € M, which is
absurd by the minimality of n. Thus a € J(R). Hence (4) holds. Case (5) is an immediate
consequence of (3) and (4). Finally, for (6), assume that A € N(R). We may assume
that A # 0. Assume that A ¢ R; we claim that A™! € R. Otherwise A € R[A"!] = D
and therefore A is left integral over R of degree k. Since A" R = RA", we immediately
conclude that D = R + RA + --- + RA*¥~! Therefore, by Remark 2.3, R is a division
ring which is absurd. Thus A~! € R. ]

Next we have the following main result for arbitrary maximal subrings of division
rings.

THEOREM 2.5. Let D be a noncommutative division ring and R be a maximal
subring of D. Then at least one of the following holds:

(1) N(R) =U(R)U{0}.

(2) R is adivision ring and D is finite over R as left and right vector space with the
same degree.

(3) R is not a division ring and it satisfies Theorem 2.4.

Proor. Assume that (1) does not hold. Thus by Lemma 2.2, there exists A € D \ R
such that AR € RA. Now we have two cases: either R is a division ring or it is not. First
assume that R is a division ring, hence we infer that A1 ¢ R.From Lemma 2.1 we
conclude that AR = RAand A~' R = RA~!. Since R is a maximal subring of D which
does not contain A and A~!, we infer that D = R[A] and D = R[A™']. ThusA € D =
RAN=R+RV'+RA 2+ .-cand A '€ D=R[A] =R+ RA+ RA> +---.
Therefore, A and A~! are left integral over R (and it is not hard to see that A and
A1 have the same degree over R, say k). Thus [D : R]; = k. Also note that since
RA™ = A" R for each integer n, we immediately conclude that [D : R], = k, and
therefore (2) holds in this case. Now suppose that R is not a division ring. Then by a
similar proof to (6) of Theorem 2.4, we conclude that @ := A~! € R and therefore (3)
holds. |

In the next result we study the behavior of a maximal subring R of a division ring
D with respect to the center of D, i.e., Cp (D), the center of R, i.e., Cr(R) and the
centralizer of R in D, i.e., Cp(R).
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THEOREM 2.6. Let D be a noncommutative division ring with Cp(D) = F and R
be a maximal subring of D. Then R satisfies one of the following conditions:

(1) F &€ R. Inthis case R is anoncommutative ring, Cp(R) = F and CR(R)= RN F.
Moreover, R satisfies exactly one of the following:

(1-CND) R is adivision ring and [D : R]; = [D : R]; is finite. For each X < D,
R # Cp(X).

(1-CNO) R is an Ore G-domain whose division ring of quotients is D and R
satisfies Theorem 2.4.

(2) F C R. In this case CR(R) = Cp(R) is a field and one of the following holds:
(2-CE) Cgr(R) = Cp(R) = F. In this case either N(R) = U(R) U {0} or one
of the following holds:
(2-CED) R is adivision ring and [D : R]; = [D : R]; is finite. For each
X C D, R # Cp(X).

(2-CEO) R is an Ore G-domain whose division ring of quotients is D
and R satisfies Theorem 2.4.

(2-CN) F € Cr(R) =Cp(R). Inthis case, if B € CR(R) \ F, then R = Cp(p)
is a division ring and exactly one of the following holds:

(2-CNF) [D : R]; is finite. In fact, [D : R]; is finite if and only if B is
algebraic over F. Inthis case, [D : R]; =[D : R], =[F[B]: F]
and Cr(R) = F[B].

(2-CNI) [D : R]; and [D : R], are infinite and N(R) = R. Moreover,
in this case Cr(R)/ F is a purely transcendental extension of
fields.

Proor. First assume that (1) F € R.Leta € F \ R. Thus D = R[], for R is a
maximal subring of D. Since @ € F = Cp (D), we conclude that D = R + Ro +
Ro? + ---. We claim that Cp(R) = F.Let B € Cp(R) and x € D. Thus there exist a
natural number n andr; € R, 1 <i <n,suchthat x = ro + rja + -+ + rpa”™. Since
a € F =Cp(D)and B € Cp(R) (therefore r; = Br;), we immediately conclude
that x = Bx and thus 8 € Cp(D) = F. Hence Cp(R) = F, which immediately
shows that CR(R) = F N R. Itis clear that R is noncommutative in this case. Since
a € N(R) \ R, from Theorem 2.4, we conclude that (I-CND) or (1-CNO) holds. Also
note that in case (1-CND), if R = Cp(X) for some X C D, then since R is a proper
subring of D, we deduce that there exists x € X \ F and therefore R = Cp(x), by
maximality of R. Hence x € Cp(R) = F which is absurd.



A. Azarang 92

Now assume that (2) F C R. First we show that CR(R) = Cp(R).Letx € Cp(R) \
R.Thus x ¢ F = Cp (D), for F C R. Therefore, Cp (x) is a proper subring of D which
contains R. Hence by maximality of R, we infer that R = Cp (x) and therefore x € R,
which is absurd. Thus Cp(R) € R which immediately implies that Cgr(R) = Cp(R).
From the latter equality we conclude that Cg(R) is a field (note that Cp (R) is a division
ring and Cgr(R) is the center of R). Now we have two cases:

(2-CE) F = Cgr(R) = Cp(R).Hence by Theorem 2.5, we deduce that either N(R) =
U(R) U {0} or (2-CED) or (2-CEO) holds.

(2-CN) Now assume that Cp(D) = F € E = Cr(R) = Cp(R).If B € E \ F, then
by maximality of R we immediately conclude that R = Cp(8) and therefore
R is a division ring in this case. Hence we have one of the following subcases:

(2-CNF) D is finite-dimensional as left/right over R which occur if and only
if B is algebraic over F. Moreover, in this case [D : R]; = [D :
R], =[F|[B]: F]and E = F[B]. To see this, note that by the double
centralizer theorem (see [24, Theorem 15.4] or [11, Corollary 3.3.9]),
since R = Cp(B) = Cp(F[B]), we have [D : R]; = [F[B] : F]
whenever each side is finite and in this case £ = Cp(R) = F[f].
Similarly, [D : R], = [F[B] : F] and vice versa, hence we are done.
(2-CNI) Thus we may assume that D is not finite over R as left/right vector
space. In this case N(R) = R. For otherwise if A € N(R) \ R, then
A~1 ¢ R, because R is a division ring. Hence by a similar proof of
Theorem 2.5, we conclude that D is finite over R which is absurd.
It is clear that in this case E/F is a purely transcendental extension
of fields. |

In the next result we prove that the contraction of a certain maximal subring of a
division ring D to the center of D remains a maximal subring of the center of D.

THEOREM 2.7. Let D be a noncommutative division ring with Cp(D) = F and
R be a maximal subring of D which does not contain F. Then CR(R) = RN F isa
maximal subring of F. Moreover, one of the following holds:
(1) If R is not a division ring, then R N F is a one-dimensional valuation ring (which
is a G-domain with quotient field F ).
(2) If R is a division ring, then F N R C F is a finite minimal ring extension of fields
(of minimum degree).

Proor. We must show that foreacha € F \ R, we have (F N R)[a] = F. We have
two cases: either R is a division ring or it is not. First assume that R is not a division ring.
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It is clear that « € N(R), and therefore by a similar proof to case (6) of Theorem 2.4,
B:=a"'eR Thuspe FNRand D = {rB™" | r € R, n > 0}, by (1) of Theorem
2.4. Now let x € F, thus there exist ¥ € R and n > 0 such that x = r87". Hence
r=xB" € FNR(note, B =a~! € F)and therefore x = rf™ = ra” € (F N R)[a].
Thus (F N R)[«e] = F and therefore F N R is amaximal subring of F.Since f € F N R
and B! = a ¢ F N R, we deduce that F N R is not a field and therefore F N R is
a one-dimensional valuation G-domain with quotient field F (note that a nonfield
maximal subring of a field is a one-dimensional valuation domain and therefore is a
G -domain).

Now assume that R is a division ring. Since R is a division ring we conclude that
a~! ¢ R. By a similar proof to (6) of Theorem 2.4, « is integral over R of degree
n =[D : R];, and we have D = R + Ra + --- + Ra""!. Let x € F; thus there
exist rg, ..., m—1 € Rsuchthat x = rg + ria + - -+ + ry—10" 1. Now we claim that
foreach i, r; € F = Cp(R) (note that as we see in case (1) of the previous theorem,
Cp(R) = F).Letz € R; then clearly xz = zx, and since « is integral over R of degree
n, we immediately deduce that for each i, r;z = zr;. Hence r; € Cp(R) = F, i.e.,
ri € F N R. Therefore, x = ro + ria + -+ + rp—10” ' € (F N R)[a]. Thus F N R
is a maximal subring of F'. It is clear that F N R is a field and therefore F N R C F
is a minimal ring extension of fields. ]

Now we have the following immediate result.

CoroLLARY 2.8. Let F be a field without maximal subring and D be a noncom-
mutative division ring with C(D) = F. If R is a maximal subring of D, then F C R.

Part (1) of the following remark is about the extension of an automorphism of a
maximal subring of a division ring D to an inner automorphism of D similar to the
Skolem—Noether theorem; see [11, Corollary 3.3.6].

ReMARK 2.9. We have the following facts for certain maximal subrings of division
rings:
(1) Let R be a maximal subring of a division ring D and N(R) = U(R) U {0}. Then
an automorphism o of R can extend to an inner automorphism of D if and only if o is
an inner automorphism of R. To see this, assume that o is the extension of o to an inner
automorphism of D, and A € D* is such that 5(x) = AxA~!, for each x € D. Then for
eachx € R,wehave AxA~! € R,i.e., ARA™! C R. Therefore, A € N(R) = U(R) U {0}
and hence we are done. In particular, if D is an existentially complete division ring
and R is a finitely generated subdivision of D which is a maximal subring of D, then
N(R) = R implies that each automorphism of R is an inner automorphism, by the
first part and [19, Lemma 14.2] (it is interesting to note that if D is a division ring with
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center F and R is a maximal subring of D which is a divisionring, F € R, N(R) = R
and [R : F] is finite, then each automorphism of R is inner by the Skolem—Noether
theorem; see [11, Corollary 3.3.6]).

(2) Let D be adivision ring and R be a maximal subring of D of the form R = Cp (x).

Then for each g € D*, Cp(gxg™") is a maximal subring of D. To see this, first note

that as we mentioned in the proof of Lemma 2.1, gRg ™!

1

is a maximal subring of D. It

is not hard to see that Cp(gxg™!) = gCp(x)g™! and therefore we are done.

(3) Let D be a division ring with a finite maximal subring; then D is a finite field.
This fact is proved by [21,22] for noncommutative rings. Also note that an immediate
consequence of Theorem 2.5 is that if R is a finite maximal subring of a division ring
D, then either N(R) = R or D is finite field.

Finally in this section, we prove some corollaries about the existence of maximal
subrings in a division ring.

CoroLLARY 2.10. Let D be a division ring with center F. Then either D has a
maximal subring or each o € D \ F is not algebraic over F.

Proor. Let § € D\ F be algebraic over F. Hence [F[f] : F] is finite and therefore
by the double centralizer theorem (see [24, Theorem 15.4] or [11, Corollary 3.3.9]),
[D : Cp(P)]; is finite too. Now since Cp (f) is a proper subring of D and D is finite
over it, we conclude that D has a maximal subring (which contains Cp (f), say R, and
[D : R]; is finite too; moreover, [D : R]; = [D : R];). ]

CoroLLARY 2.11. Let D be a division ring which is algebraic over its center F.
Then D has no maximal subrings if and only if D = F is a field without maximal
subrings.

CoROLLARY 2.12. Let D be a noncommutative division ring with center F. Then
either D has a maximal subring or dimg (D) > | F|.

Proor. Assume that dimg (D) < |F|. Since D is a noncommutative ring we con-
clude that F is infinite. Now, similar to the proof of [24, Theorem 4.20], we conclude
that each r € D \ F is algebraic over F' and hence we are done by Corollary 2.10. m

In fact in the proof of the previous corollary note that by the proof of [24, Theorem
4.20], if D is a division ring with center F,a € D \ F and [F(a) : F] < |F|, then a
is algebraic over F.
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3. Certain maximal subrings of division rings

In this section we are interested to show that certain maximal subrings of division
rings are valuation rings like nonfield maximal subrings of a field. First we give a result
similar to the extension of a valuation ring from the center F' of a division ring D to a
valuation ring for D. Before we present the next result, let us remind the reader of a
fact about valuation rings in division rings. Let D be a division ring which is finite
over its center F' and V be a valuation ring for F. Then D has a total valuation ring
W such that W N F = V if and only if the set T = {& € D | « is integral over V'} is
a subring of D; see [26, Theorem 8.12]. Now we have the following result without
assuming D is finite over its center for extension of a maximal subring V' from the
center F' of a division ring D to a maximal subring W of D with W N F = V.

ProrosiTioN 3.1. Let D be a division ring which is algebraic over its center, say
F. Assume that V is a maximal subring of F which is not a field and x € F\ V. If
T ={a € D | « is integral over V'} is a subring of D, then D has a maximal subring
W suchthat T CW,x¢Tand FNW = V.

Proor. Since V is not a field, we infer that V' is a one-dimensional valuation
domain. Therefore, « = x~! € V. Hence F = V[a™!], for V is a maximal subring of
F. Therefore, each element of F is of the form va—* for some v € V and k > 0. Now,
by definition of T', we have ! ¢ T, for V is integrally closed in F anda™! € F\ V.
We prove that T[a~!] = D. Assume that y € D. Since y is algebraic over F, we
conclude that there exist n and ay, . .., a,—1 in F such that y" + a,_;y" ' +--- 4+
a1y + aog = 0. Thus there exist v; € V and m > 0 such that a; = v;~™. Therefore,
Y+ vy ™y s v ™y + voa™™ = 0. Multiplying this equation by
a™" (note a € F), we obtain that (@™ y)" + vy—1(@™y)" ™! + vy_pa™(@™y)" 2 +
s 01D (@M y) 4 vea™ D = 0. Therefore, o™y € T. Hence y € T[a™!],
which shows that 7[@~!] = D. Thus by a natural use of Zorn’s lemma, 7 has a maximal
subring W such that T € W and a~! ¢ W. Finally, note that W N F is a subring of
F which contains V but not o~ !. Thus W N F = V, by maximality of V and hence
we are done. ]

In the next result we prove that if a maximal subring of a division ring is a left
duo ring, then it has a similar properties in the commutative case (i.e., properties of
maximal subrings in fields).

Prorosition 3.2. Let D be a division ring with a maximal subring R. If R is a left
duo ring, then either R is a division ring or R is an Ore G-domain with exactly one
nonzero prime ideal M = R \ U(R). Moreover, in fact R is a duo ring, and if R is not
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a division ring, then R is a valuation ring for D (i.e., for each x € D either x € R or
x~1 € R), Max;(R) = Max, (R) = Max(R) = Spec(R) \ {0} = {M}, and for each
d € D*, we have dRd™' = Rand dMd~' = M.

Proor. If R is a division ring we are done. Hence assume that 0 % x € R \ U(R).
Thus R[x~!] = D by maximality of R. Since R is a left duo ring, we conclude that
xR C Rx and therefore xR = Rx (hence R is a duo ring), by Lemma 2.1. Thus
x~'R = Rx~! which implies that D = R[x"!] = R+ Rx™' + Rx™2 4 ---. Hence
each element of D is of the form rx™" for some 7 € R and n > 0 (note x € R and see
the proof of Theorem 2.4). It is clear that by Theorem 2.4, R is an Ore G-domain whose
division ring of quotients is D. Since 0 # x € R \ U(R), we infer that xR = Rx is a
nonzero proper ideal of R, therefore R has a nonzero prime ideal. Now assume that M

L' — yx7" for some r € R and

is a nonzero prime ideal of R and 0 # y € M. Thus y~
n > 0.Hence x" = yr € M. Since M is prime and R is duo we conclude that x € M.
Thus R \ U(R) C M and therefore M = R\ U(R) is the only nonzero prime ideal of
R. Now note that since R is a duo ring we infer that for each a € R we have aR = Ra
and therefore aRa~! = R. Also,by aRa~! = R, we immediately deduce that a Ma~!
is a nonzero prime ideal of R = aRa~! and thus aMa™! = M. Now, if d € D*,
then d = rx ™" for some r € R and n > 0. Hence we have dRd ™! = rx " Rx"r 1.
Since x € R, we have x " Rx"™ = R, and therefore dRd~! = rRr~! = R, forr € R.
Similarly we have dMd~! = M. Finally, we prove that R is a valuation ring for D.
Assume that d € D and R does not contain d ! and d. Thus R[d] = D = R[d ], for
R is a maximal subring of D. Since Rd = dR, similar to the proof of (6) of Theorem
2.4, we conclude that D = R + Rd + --- + Rd* for some k. Since Rd! = d'R,
we conclude that R is a division ring, by Remark 2.3, which is absurd. Thus R is a

valuation ring for D. ]

In the next result we see that a maximal subring of a division ring given in Theorem
2.4 is a bounded ring; moreover, in a certain case it is a discrete valuation ring too.

Prorosition 3.3. Let D be a division ring, R be a maximal subring of D and
B € R suchthat BR = RB # R. Then [\, RB™ = 0and R is a (left/right) bounded
ring. In particular, if R is a left duo ring and R is a prime ideal of R, then R is a
discrete valuation ring for D.

Proor. First note that for each n € N, Rf" = B" R is an ideal of R and by (2)
of Theorem 2.4, for each nonzero left/right ideal I of R, I contains 8" for some
natural number 7, and therefore / contains RS" = 8" R. Thus R is a left/right bounded
ring (note that u. dim; (R) = u.dim, (R) = 1 and therefore the ideal Rf" = "R is
essential as a left/right ideal). Hence if B := (), ; RB" # 0, then there exists a natural
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number m such that B = RB™. Thus RB™ = RB™T1 ie., B is a unit of R, which is
absurd. Thus B = 0. Now assume that R is a left duo ring and M = Rf is a prime
ideal of R. Thus by Proposition 3.2, we conclude that R is a valuation ring for D and
M is the only nonzero prime ideal of R, i.e., U(R) = R\ M. Since B = 0, we deduce
that each element of R is of the form uf™ for some u € U(R) and m > 0, and clearly
m is unique. This also shows that each element of D is of the form uf™ for some
u € U(R) and a unique element m € Z. Thus R is a left discrete valuation ring for D
(see [24, Exersice 19.7]). Similarly, R is a right discrete valuation ring too and hence
we are done. |

In the next result we determine when a maximal subring of a division ring is an
abelian valuation ring.

ProrosiTioN 3.4. Let D be a division ring and R be a maximal subring of D
which is not a division ring. Then R is an abelian valuation ring for D if and only if
D¢ C R. In this case, R is a duo ring.

Proor. This is an immediate consequence of [11, Lemma 9.2.2], because R is a
maximal subring of D. For the final part note that for each a, b € R*, aba™'b™! € R.
Thus aba™' € Rb C R and therefore ab € Ra. Hence aR C Ra which immediately
implies that a R = Ra, by Lemma 2.1. Thus R is a duo ring and hence we are done. m

The following result is about the existence and also the form of maximal subrings
in an existentially complete division ring.

ProposiTiON 3.5. Let D be an existentially complete division ring over a field K.
Then the following hold:

(1) D has a maximal subring of the form Cp(x), where D is finite over it.

(2) If R is a maximal subring of D with K C Cgr(R), then R = Cp(x) for some
x € D\ K, which is algebraic over K.

Proor. First note that Cp (D) = K by [19, Corollary 14.5], which is the prime
subfield of D (i.e., K = Q or Z, for a prime number p) and D contains an algebraically
closed field E of infinite transcendental degree over K, by [19, Corollary 14.12]. Thus D
contains the algebraic closure of K, say L. Since Cp (D) = K and K < L is an algebraic
extension, we conclude that D has a noncentral element which is algebraic over its center
(i.e., each element of L \ K). Therefore, by Corollary 2.10, (1) holds. Now assume
that D has a maximal subring R with K & Cgr(R), and each element of Cr(R) \ K
is not algebraic over F. Suppose that § € Cgr(R) \ K; then clearly R = Cp (). We
claim that Cg(R) = K(B). It is clear that K(B) € Cg(R). Conversely, assume that
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a € CR(R) \ K(B); then R = Cp(w) and therefore Cp(B) = Cp (). Hence, by
[19, Lemma 14.3], K(«) = K(B), which is a contradiction for @ € Cgr(R) \ K(B) =
Cr(R)\ K(a), but @ € K(«). Thus Cr(R) = K(f). Now since S is not algebraic
over K we immediately conclude that K(82?) S K(B), but K(B) = Cr(R) = K(B?),
for B2 ¢ K. Hence we conclude that Cg(R)/K is an algebraic extension and hence
we are done. ]

We conclude this paper with the following remark. In the next remark we use the
notation of [11, Sec 3.2], i.e., the Jacobson—Bourbaki correspondence.

ReEMARK 3.6. We have the following facts for the existence of maximal subrings of
division rings and properties of them by Jacobson—-Bourbaki correspondence:

(1) Let D beadivisionringand E := Endz (D). Thenby [11, Theorem 3.2.4] (i.e., the
Jacobson—-Bourbaki correspondence) there exists an order-reversing bijection between
the division subrings D’ of D and closed p(D)-subrings F of E (with finite topology).
Consequently, D’ is a maximal subring of D whichis adivisionringand [D : D’]; < o0
if and only if E has a closed p(D)-subring F, where p(D) is a maximal subring of
F and [F : p(D)], < oo.In fact, if D’ is a maximal subring of D which is a division
ring and [D : D’]; < oo, then F = End(p’ D) (is a closed finite minimal extension of
o(D) inside E); conversely, if F is a (closed) finite (i.e., [F : p(D)], < co0) minimal
extension of p(D)in E,then D' :={x e D | (xy)f =x((y)f), ye D, f € F}
(note, writing maps on the right) is a maximal subring of D with [D : D']; < oo; and
infact [F : p(D)], = [D : D'];.

(2) If Fisa p(D)-subring of E with [F : p(D)], < oo, thenby [11, Ex. 4, p. 100] or
see [20], F is a closed subring in E (by finite topology). In particular, if a division ring
D has no maximal subring, then for each noncentral a € D, the map A4 (i.e., X — ax,
for each x € D) is not right algebraic over p(D). To see this, first note that p(D)
centralizes A, in E. Hence if A, is right algebraic over p(D), then F := p(D)[A4] is
a p(D)-subring of E which is finite over p(D) (i.e., [F : p(D)], < 00). Therefore, by
Jacobson—-Bourbaki correspondence, we deduce that D has a maximal subring, which
is absurd.

(3) Let D be a division ring and a € D be a noncentral element. Assume that ¢ is
an inner automorphism of D, defined by o(x) = axa™!, for each x € D. If o is left
algebraic over p(D) (in E), then a is algebraic over the center of D. In particular, D
has a maximal subring. To see this, let » € N and by, by, ..., b,—1 € D such that

O,n + pbn_lo,n—l 44 pblo“ + pb() = 0.

Note that since p(D) = D is a division ring, we may assume that o satisfies a monic
polynomial. Moreover, since o is invertible, we may assume that pp, # 0, i.e., bg # 0.
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Taking x = 1 in the above equation we deduce that 1 + b,y + --- + by = 0 and if
we take x = a”, then we obtain that a” + a"b,—_1 + --- + a"b; + by = 0. Therefore,
a"(14+by—1+---+b1)+ by =0,i.e.,a"(—by) + bg = 0. Thus a” = 1, for by # 0.
Hence a is algebraic over the prime subring of D, in particular g is algebraic over the

center of D. Therefore, D has a maximal subring by Corollary 2.10.
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