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Finite groups with few average orders of subgroups
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Abstract – For a finite groupG, we defineX.G/D ¹o.H/ jH �Gº, where o.H/ is the average
of all order elements in H . In this paper, we classify finite groups in which jX.G/j � 4.

Mathematics Subject Classification 2020 – 20D15 (primary); 20D60 (secondary).

Keywords – abelian group, minimal non-abelian group, group element order.

1. Introduction and results

The problem of detecting the structural properties of a finite group by looking at
element orders has been considered by various authors, from many different points
of view. Amiri, Jafarian Amiri, and Isaacs [2] introduced the function  .G/, which
denotes the sum of element orders of a finite group G and proved that if G is a non-
cyclic group of order n, then  .G/ <  .Cn/, where Cn denotes the cyclic group of
order n. Following this result, in several papers, it was proved that certain classes
of finite groups G can be characterized using the function  .G/ (see for example
[3, 4, 6–9, 13–15,24, 27]).

Later, the average order of G was defined as o.G/ D  .G/=jGj. Recently, many
authors have studied the function o and more generally properties of finite groups
determined by their average orders (see for example [1, 10–12,16–18,21, 22, 25, 26]).
Jaikin-Zapirain [16] used the average order concept while determining a lower bound
for the number of conjugacy classes of a finite p-group (nilpotent group) G. In the
same paper, the author suggested the following question.
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Question 1. Let G be a finite (p-) group and N be a normal (abelian) subgroup
of G. Is it true that o.N /1=2 � o.G/?

Recently, Khukhro, Moretó, and Zarrin [17] gave a strong negative answer to this
question. They proved that “if c is a real number and p � 3=c is a prime, then there
exists a finite p-group with a normal abelian subgroup N such that o.G/ < o.N /c”.
Inspired by this question, in [22], we considered a strong condition and asked the
following question.

Question 2. For which finite groupG is o.H/ � o.G/ for all (normal) subgroups
H of G?

Throughout this paper all groups are finite. Our notation and terminology are
standard and primarily derived from [20]. In particular, the order of a finite group G is
shown by jGj. The set of all distinct prime divisors of jGj is denoted by �.G/. The
dihedral group of order 8, the quaternion group of order 8, and the elementary abelian
p-group of order pm are denoted by D8, Q8, and Cmp , respectively. We denote the set
of all non-isomorphic subgroups of G by N .G/.

We note that if Sn is the symmetric group on n letters, then o.S3/D 13=6 < 7=3D
o.C3/. Therefore, if N is a normal subgroup of G, then o.G/ may be smaller than
o.N /. However, there is the following result about the quotient groups.

Lemma 1.1 ([10, Lemma 3.1]). Let G be a finite group containing a non-trivial
normal subgroup N . Then o.G=N/ < o.G/.

We say that G satisfies the average condition if o.H/ � o.G/ for every subgroup
H of G. In [22] we studied the average condition on abelian groups. The function o is
multiplicative, that is, o.G �H/ D o.G/o.H/ if and only if gcd.jGj; jH j/ D 1. The
cyclic group Cn has the maximum value of o in the class of groups of order n, that
is, if G is a finite group of order n, then o.G/ � o.Cn/. We proved that every finite
abelian group satisfies the average condition [22].

Let p be a prime. If m � 2 and n � 1, then

Mm;n;p D
˝
a; b

ˇ̌
ap

m

D bp
n

D 1; ab D a1Cp
m�1 ˛

D hai Ì hbi

is a p-group of order pmCn, and if m � n � 1, then

Nm;n;p D
˝
a; b; c

ˇ̌
ap

m

D bp
n

D cp D 1; Œa; b� D c; Œa; c� D Œb; c� D 1
˛

D .hai � hci/ Ì hbi D .hbi � hci/ Ì hai

is a p-group of order pmCnC1. Recall that a finite non-abelian group G is said to be
minimal non-abelian if every proper subgroup of G is abelian. It is well known that a
minimal no-abelian p-group is isomorphic to Q8, Mm;n;p , or Nm;n;p [19].
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In [23] we classify minimal non-abelian groups which satisfy the average condition
and prove the following theorem.

Theorem 1.2 ([23]). LetG be a finite minimal non-abelian group. ThenG satisfies
the average condition if and only if one of the following holds:

(a) G 6Š D8 is a p-group, where p is a prime,

(b) G Š C3 Ì C2˛ , ˛ � 2,

(c) G Š C
ˇ
q Ì Cp˛ , where p > q � 3 are distinct primes, ˇ � 2, and ˛ � 1.

As a consequence of the above theorems, we concluded the following useful results.

Corollary 1.3 ([22]). Let G be a finite abelian group or a minimal non-abelian
p-group which is not isomorphic toD8. Then o.H/ < o.G/, for all maximal subgroups
H of G. In particular, o.Mm;n;p/ D o.Cpm � Cpn/ and o.Nm;n;p/ D o.Cp � Cpm �
Cpn/.

Corollary 1.4 ([23]). Let G Š C ˇq Ì Cp˛ be a finite minimal non-abelian group,
where p and q are distinct primes, and let G1 Š C ˇq � Cp˛�1 be a maximal subgroup
of G. If ˇ D 1, p D 2, q D 3, ˛ � 2, or ˇ � 2, p > q, ˛ � 1, then o.G1/ < o.G/.
Otherwise o.G1/ > o.G/.

In this paper we study finite groups in terms of the number of average order of its
non-isomorphic subgroups. For a finite group G we set X.G/´ ¹o.H/ j H � Gº. It
is obvious that X.H/ � X.G/ for all subgroups H of G. It is clear that if H and K
are two isomorphic subgroups of G, then o.H/ D o.K/. The converse is not true. For
example, let

G D
˝
a; b; c; d

ˇ̌
ap D bp D cp D dp D 1; dc D acd; bd D db; ad D da;

bc D cb; ac D ca; ab D ba
˛

Š ..Cp � Cp/ Ì Cp/ � Cp;
H D

˝
a; b; c

ˇ̌
ap D bp D cp D 1; bc D cb; ac D ca; ab D ba

˛
;

K D
˝
a; c; d

ˇ̌
ap D cp D dp D 1; dc D acd; ad D da; ac D ca

˛
:

Then H © K, o.H/ D o.K/, by Corollary 1.3. Therefore, we have X.G/ D ¹o.T / j
T 2 N .G/º, jN .G/j ¤ jX.G/j.

In Section 2 we characterize finite groups G with jX.G/j � 3. In fact, jX.G/j D k,
k D 1; 2; 3, if and only if jGj D pk�1, for some prime p.

In Section 3 we characterize finite groups with jX.G/j D 4 and show the following
result.
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Theorem A. Let G be a finite group . Then jX.G/j D 4 if and only if either
jGj D pq, where p and q are different primes, or G Š Q8, or, for some prime p, G
is isomorphic to one of the groups Cp3 , C 3p , N1;1;p .

2. Finite groups with jX.G/j � 3

We begin with the following easy observation.

Proposition 2.1. Let G be a finite group. Then jX.G/j D 1 if and only if G D 1.

Proof. IfGD 1 then it is obvious thatX.G/D¹1º and the result is true. Conversely,
we suppose that jX.G/j D 1. Since ¹1; o.G/º � X.G/, o.G/ D 1 and  .G/ D jGj.
If G ¤ 1 then G contains an element x of order o.x/ > 1. Therefore,

 .G/ D o.x/C
X

x¤y2G

o.y/ � o.x/C
X

x¤y2G

1 D o.x/C jGj � 1 > jGj;

which is a contradiction. Hence, G D 1 and the proof is complete.

We need the following simple result on the sum of element orders of elementary
abelian p-groups.

Lemma 2.2. Let G be an elementary abelian p-group of order pa. Then

 .G/ D paC1 � p C 1:

We need the following easy lemma.

Lemma 2.3. Let G be a finite group. If jGj > p, where p is the smallest prime
divisor of jGj, then o.Cp/ < o.G/.

Proof. If o.Cp/ � o.G/, then jGj .Cp/ � p .G/. Using Lemma 2.2, we have

jGj.p2 � p C 1/ � p

�
1C

X
1¤x2G

o.x/

�
� p

�
1C

X
1¤x2G

p

�
D p2jGj � p2 C p;

from which it follows that jGj � p, a contradiction. Hence, o.Cp/ < o.G/ and the
proof is complete.

Remark 2.4. In Lemma 2.3, the condition on p is essential; for example o.C3/ D
14=6 is greater than o.S3/ D 13=6.
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Proposition 2.5. LetG be a finite group. Then jX.G/j D 2 if and only ifG Š Cp ,
for some prime p.

Proof. If G Š Cp , then N .G/ D ¹1; Cpº. Since o.Cp/ > 1, jX.G/j D 2.
Conversely, suppose that jX.G/j D 2. Then, by Proposition 2.1, jGj > 1. Let p be

the smallest prime divisor of jGj and let an element x 2 G be such that Cp Š hxi � G.
If hxi < G then, by Lemma 2.3, o.Cp/ < o.G/. Hence, jX.G/j � 3, a contradiction.
Therefore, G Š Cp and the proof is complete.

In what follows we characterize groups G with jX.G/j D 3. We need the following
classification of non-abelian groups of order p3.

Theorem 2.6 ([5, §112]). Let G be a non-abelian group of order p3, where p is a
prime.

(a) If p > 2, then G is isomorphic to either M2;1;p Š Cp2 Ì Cp or N1;1;p Š .Cp �
Cp/ Ì Cp .

(b) If p D 2, then G is isomorphic to either Q8 or D8.

Also, we use the following results.

Lemma 2.7. If G is a finite group then  .G/ is an odd integer.

Proof. Every non-trivial element of G whose order is not 2 is distinct from its
inverse. Since the order of any element is equal to its inverse,

P
x2G;o.x/>2 o.x/ is an

even number. Since
P
x2G;o.x/D2 o.x/ is even,

 .G/ D 1C
X
x2G
o.x/>2

o.x/C
X
x2G
o.x/D2

o.x/

is an odd integer.

Lemma 2.8. Let p be a prime. If G is a finite p-group, then  .G/ is congruent to
1 mod p.

Proof. We have  .G/ D 1 C
P
x2Gn¹1º o.x/. Now p divides o.x/, for every

x 2 Gn¹1º, and we have the result.

Lemma 2.9. Let G be a finite p-group of order p˛ . Then jX.G/j � ˛ C 1.

Proof. Since jGj D p˛, there exist normal subgroups Gi of G of order pi , 0 �
i � ˛, such that

1 D G0 < G1 < G2 < � � � < G˛ D G:
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If o.Gi /D o.Gj /, for some 0� j < i � ˛, then .Gi /D pi�j .Gj /. Since i � j > 0,
p divides  .Gi /, contradicting Lemma 2.8. Therefore, o.Gi /¤ o.Gj / for all 0 � j <
i � ˛, andX.G/ contains ˛C 1 distinct elements 1; o.G1/; o.G2/; : : : ; o.G˛/. Hence,
jX.G/j � ˛ C 1, and the proof is complete.

Lemma 2.10. Let p and q be distinct primes. If p < q, then o.Cp/ < o.Cq/.

Proof. If o.Cp/ � o.Cq/, then, by Lemma 2.2, q.p2 � p C 1/ � p.q2 � q C 1/.
Simplifying this inequality we obtain that pq � 1, which is a contradiction.

Corollary 2.11. If p1 < p2 < � � � < pk are distinct primes then o.Cp1/ <
o.Cp2/ < � � � < o.Cpk /.

Lemma 2.12. Let p, q be different primes. If G and G1 are two groups with
jGj D p˛ and jG1j D qˇ , then o.G/ ¤ o.G1/.

Proof. Assume o.G/ D o.G1/. Then  .G/=p˛ D  .G1/=q
ˇ . It follows that

 .G/qˇ D  .G1/p
˛ , and p divides qˇ .G/, a contradiction, since p does not divide

 .G/, by Lemma 2.8, and p ¤ q.

Proposition 2.13. Let G be a finite group. Then jX.G/j D 3 if and only if either
G Š C 2p or G Š Cp2 , for some prime p.

Proof. If G Š C 2p or G Š Cp2 , then N .G/ D ¹1; Cp; Gº. By Lemma 2.3, 1 <
o.Cp/ < o.G/. Hence, jX.G/j D 3.

Conversely, suppose that jX.G/j D 3. If j�.G/j � 3 then, by Corollary 2.11,
jX.G/j � 4, a contradiction. Therefore, j�.G/j � 2. Now we divide the rest of the
proof into two steps:

(a) j�.G/j D 1. Then jGj D p˛ , where ˛ is a positive integer. By Lemma 2.9, ˛ � 2,
and, by Propositions 2.1 and 2.5, ˛ > 1. Hence ˛ D 2, jGj D p2, and we have the
result.

(b) j�.G/j D 2. Then jGj Dp˛qˇ , wherep, q are different primes and˛,ˇ are positive
integers. Then X.G/ D ¹1; o.Cp/; o.Cq/º, by Lemma 2.10. Assume that one of the
integers ˛, ˇ is > 1, for example ˛ > 1. Then there exists a subgroupH of G of order
p2. We have 1 < o.H/ 2 X.G/, and o.H/ ¤ o.Cp/, by Lemma 2.3, o.H/ ¤ o.Cq/,
by Lemma 2.12, a contradiction.

Therefore, jGj D pq. Then X.G/ D ¹1; o.Cp/; o.Cq/; o.G/º has size 4, by Corol-
laries 1.3 and 1.4, a contradiction.
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3. Proof of Theorem A

Lemma 3.1. Let G be an abelian group of order p˛ , where p is a prime and ˛ is a
positive integer. Then jX.G/j D 4 if and only if G Š Cp3 or G Š C 3p .

Proof. First, suppose that G Š Cp3 . Then N .G/ D ¹1; Cp; Cp2 ; Gº. By Corol-
lary 1.3, 1 < o.Cp/ < o.Cp2/ < o.G/. Hence, jX.G/j D 4. Similarly, if G Š C 3p
then N .G/ D ¹1;Cp; C

2
p ; Gº. By Corollary 1.3, 1 < o.Cp/ < o.C 2p / < o.G/. Hence,

jX.G/j D 4.
Conversely, suppose that jX.G/j D 4. Since G is a p-group, 4 D jX.G/j � ˛ C 1,

by Lemma 2.9. It follows that ˛ � 3. If ˛ D 0, 1, or 2 then, by Propositions 2.1,
2.5, and 2.13, we obtain that jX.G/j � 3, a contradiction. Thus we have ˛ D 3 and
jGj D p3. IfG Š Cp2 �Cp then N .G/D ¹1;Cp;Cp �Cp;Cp2 ;Gº. By Corollary 1.3,
1 < o.Cp/ < o.Cp � Cp/ < o.Cp2/ < o.G/. Therefore, jX.G/j D 5, a contradiction.
Hence, by the first part of the proof, we have G Š Cp3 or G Š C 3p and the proof is
complete.

Lemma 3.2. Let G be a non-abelian group of order 2˛. Then jX.G/j D 4 if and
only if G Š Q8.

Proof. IfGŠQ8, then N .G/D¹1;C2;C4;Gº andX.G/D¹1;3=2;11=4;27=8º.
Hence jX.Q8/j D 4.

Conversely, suppose that jGj D 2˛ and jX.G/j D 4. Then, by Lemma 2.9, 4 D
jX.G/j � ˛ C 1. It follows that ˛ � 3. If ˛ D 0, 1, or 2 then, by Propositions 2.1, 2.5,
and 2.13, we obtain that jX.G/j � 3, a contradiction. So ˛D 3 and jGj D 8. IfG ŠD8,
then N .G/D ¹1;C2;C2 �C2;C4;Gº andX.G/D ¹1; 3=2; 7=4; 11=4; 19=8º. Hence,
jX.D8/j D 5, a contradiction. Therefore, by the first part of the proof G Š Q8 and
the proof is complete.

As a consequence of Lemmas 3.1 and 3.2 we can prove the following corollary.

Corollary 3.3. Let G be a finite p-group, where p is a prime. Then jX.G/j D 4
if and only if G is isomorphic to one of the following groups:

(a) Cp3 ,

(b) C 3p ,

(c) Q8,

(d) N1;1;p .

Proof. If G is isomorphic to one of the groups in the corollary, then by Lemmas
3.1 and 3.2 and Corollary 1.3, we have jX.G/j D 4.
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Now suppose that jGj D p˛ and jX.G/j D 4. Then ˛C 1� 4 and ˛ � 3, by Lemma
2.9. If G is abelian or non-abelian with p D 2 then, by Lemmas 3.1 and 3.2, G Š Cp3 ,
G Š C 3p , orG ŠQ8. So we suppose thatG is a non-abelian group of order p˛ , p is an
odd prime. If ˛ D 0, 1, or 2 then, by Propositions 2.1, 2.5, and 2.13, jX.G/j � 3. This
is a contradiction. Hence, we have ˛ D 3 and G is a non-abelian group of order p3,
p > 2. Using Theorem 2.6, G ŠM2;1;p or G Š N1;1;p . Since jX.M2;1;p/j D 5 and
jX.N1;1;p/j D 4, by Corollary 1.3, we have G Š N1;1;p and the proof is complete.

Now we are in position to prove Theorem A.

Proof of Theorem A. One direction follows from the previous results.
Conversely, letG be a finite group with jX.G/j D 4. Then j�.G/j � 3, by Corollary

2.11. Suppose that j�.G/j D 3. Then jGj D p˛qˇ r
 , wherep, q, r are different primes,
˛, ˇ, 
 are positive integers, and X.G/ D ¹1; o.Cp/; o.Cq/; o.Cr/º.

Assume that one of the integers ˛, ˇ, 
 is> 1, for example ˛ > 1. Then there exists
a subgroup H of G of order p2. We have 1 < o.H/ 2 X.G/, and o.H/ ¤ o.Cp/,
by Lemma 2.3, o.H/ ¤ o.Cq/; o.Cr/, by Lemma 2.12, a contradiction. Therefore
jGj D pqr . Now suppose that p > q > r . Thus 1 < o.Cr/ < o.Cq/ < o.Cp/. By
Sylow theorems, there exists a normal subgroup ofG of order p, and hence there exists
a subgroup H of G of order pq. We have 1 < o.Cr/ < o.Cq/ < o.H/, by Lemma
1.1. If H is cyclic then o.Cp/ < o.H/, and o.H/ < o.Cp/, by Corollary 1.4, if H
is not cyclic. In any case o.H/ ¤ o.Cp/, and jX.G/j � 5, a contradiction. Hence
j�.G/j � 2.

If G is a p-group, p a prime, the result follows from Corollary 3.3. Thus we can
assume that jGj D p˛qˇ , where p, q are different primes and ˛, ˇ are positive integers.
If ˛ D ˇ D 1, we have the result.

Now assume, by contradiction, that one of ˛, ˇ, say ˛, is greater than 1. Then
there exists a subgroup P ofG of order p2. We haveX.G/D ¹1; o.Cp/; o.Cq/; o.P /º.
If ˇ > 1, there exists a subgroup K of order q2. But then we have the contradiction
o.K/ 2 X.G/, by Lemmas 2.9, 2.12. Similarly we get that ˛ D 2.

Thus jGj D p2q. If there exists a subgroup M of order pq, then we have o.M/ 2

X.G/. We know that o.M/ is different from 1, o.Cp/, o.Cq/. Thus o.M/ D o.P /.
But this is not possible, otherwise  .M/=pq D  .P /=p2,  .M/p D q .P /, and
p divides q .P /, a contradiction. Thus G does not have a subgroup of order pq.
Let Q be a subgroup of order q. Then by Sylow theorems either P is normal in G
or Q is normal in G. Since G does not have a subgroup of order pq, we infer that
P is normal in G, G D P Ì Q, and every element of GnP has order q. Then we
have o.G/ D . .P /C q.q � 1/jP j/=p2q. It is easy to see that o.G/ > 1 and that
o.G/ is different from o.Cp/, o.Cq/, by Lemmas 2.12, 1.1. The only possibility is



Finite groups with few average orders of subgroups 157

o.G/ D o.P / D  .P /=p2. But in this case,  .P /C q.q � 1/jP j D  .P /q, and we
have q.q � 1/jP j D .q � 1/ .P /, qjP j D  .P /, and again the contradiction that p
divides  .P /.

We conclude the paper with the following question.

Question 3. Is there a finite group G such that

(i) o.G/ D o.Cp/, for some p 2 �.G/?

(ii) o.G/ D o.H/, for some subgroup H of G?
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