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Interpolation of generalized Heegner classes along quaternionic
Coleman families
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ABsTRACT — We construct big generalized Heegner classes by interpolating p-adically the gener-
alized Heegner classes associated to quaternionic modular forms along a Coleman (finite
slope) family, following the approach introduced by Jetchev—Loeffler—Zerbes (2021).
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1. Introduction

Let K be a number field. The Bloch—Kato conjecture for K-representations V'
coming from geometry states that the Bloch—Kato Selmer group of V dictates the
behavior of the L-function attached to V' at the special point s = 0, minus a slight
correction:

(1.1) ordg—oL(s,V) = dim H} (Gal(K/K),V*(1)) — dim H°(Gal(K/K), V*(1)).

If V is the p-adic representation attached to an elliptic curve E over Q with finite
Shafarevich—Tate group, (1.1) becomes the Birch and Swinnerton-Dyer (BSD) conjec-
ture which is known to hold when ords—1 L(s, E) € {0, 1}, due to Kolyvagin’s work
on Euler systems [42] — the use of a norm-compatible system of classes arising from a
tower of Heegner points — combined with the Gross—Zagier formula [26] — relating the
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height of said Heegner points to the derivative of the L-function — which is the key to
bound the size of the Selmer group.

Since then, Euler systems of Abel-Jacobi images of cycles generalizing Heegner
points have become the most promising tool for studying the Bloch—Kato conjecture for
representations attached to modular forms. Nekovar [52,53] introduced Heegner cycles
for higher weight modular forms, defined over & k the k-th fiber product power of the
universal elliptic curve & over the modular curve Yy (N ). Bertolini-Darmon—Prasanna
[4] later introduced generalized Heegner cycles by adding a “fixed” elliptic curve E with
CM over an imaginary quadratic field factor to the Kuga—Sato variety, now consisting of
the canonical desingularization of &% xy,n) E k from which twists by characters arise.
These cycles can be directly related to certain values of p-adic analogues of complex
L-functions, called BDP p-adic L-functions; notably, these values are obtained by
p-adic limit processes at points outside the range of p-adic interpolation of complex
L-values. The relation between Abel-Jacobi images of generalized Heegner cycles
(classes) and values of the BDP p-adic L-function outside the range of interpolation is
known as the explicit reciprocity law, and plays a fundamental role in all applications
of generalized Heegner cycles to the Bloch—Kato conjecture.

By interpolating classes along a p-adic family of modular forms, geometric con-
structions that are available only for infinitely many classical forms in a p-adic family
can be used to generate, via p-adic approximation, algebraic objects at points where at
first no such constructions are available, a major advantage over the single modular form
approach. The zero slope (Hida family) case is due to Howard [30]: after establishing
a relation between the generalized Heegner classes and Heegner points in a certain
tower of modular curves, a big Heegner point, playing the role of a p-adic family of
Heegner points, allows for the p-adic interpolation along a Hida family of classes asso-
ciated to elliptic modular forms. Biiyiikboduk—Lei [11] and Jetchev—Loefller—Zerbes
[33] have independently defined big generalized Heegner classes interpolating the
generalized Heegner classes of [4] as they vary over a finite slope (Coleman) family of
elliptic modular forms. After p-adically interpolating the special values of the complex
L-functions of each modular form in the family into a p-adic L-function, the big
generalized Heegner classes are found to be related to the p-adic L-function via an
explicit reciprocity law extending to families the main result of [4].

The present document concerns the definition of the big generalized Heegner
classes in the indefinite quaternionic setting, adapting the approach of [33]. Future
work in preparation will address the interpolation of p-adic L-functions along Coleman
families of quaternionic modular forms and the corresponding explicit reciprocity law,
an expected extension to families of the main result of [31]. What follows is a brief
account of the contents of this article.
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1.1 — The indefinite quaternionic setting

In the elliptic setting above, generalized Heegner cycles attached to a p-stabilized
eigenform of level p N, with p } N, are defined over (ring class fields of) an imaginary
quadratic field K of discriminant —Dg in which all prime factors of N are split.
However, this restrictive hypothesis leaves out many fields, which can be covered by
weakening the hypothesis on N, allowing N = N TN~ to have both split and inert
primes (the factors of N+ and N~ respectively). This replaces the modular curves
in which the Heegner points were defined with Shimura curves over the quaternionic
algebra B of discriminant N~ > 1 classifying OM abelian surfaces. Since the modular
forms over B and GL,(Q) are essentially the same via the Jacquet-Langlands lift, one
needs to “halve” the dimension of every object coming from such abelian surfaces so
they behave like objects coming from elliptic curves; this is done by introducing an
action by a suitable idempotent e € B ® K. Furthermore, it is imperative for the
quaternion algebra B to split at oo as GL,(Q) does, in which case we say that B is
indefinite.

1.2 — Generalized Heegner cycles

The definitions and results of [4] find their quaternionic counterpart in [31]. For each
m > 0, there is a Shimura curve X, over B playing the role of * quatermomc Yi(Np™)”.
Let myu: ,A — X be the universal abelian surface over X, m»> & be a quaternionic
eigenform over X, of tame level N T and weightk = 2r +2 > 2, A := (C/Ox)®2 an
abelian surface with an action by a maximal order of B (quaternionic multiplication),
O¢pn be the order in K of conductor ¢p” for some ¢ > 0 prime to pNDg and consider
the natural isogeny ¢: A — Acpn := (C/Ocpn)®2. Then

graph(¢)” € CH "' (Wi w ®1 Fepn)o

defines a cycle over the generalized Kuga—Sato variety Wy , = g;gfn xg A overa
suitably large finite extension F,p,» of H.pn, the ring class field of K of conductor
cp™. Averaging over all permutations of the fiber product via a projector ey defines
the generalized Heegner cycle

A, 0 = ew graph(9)” € e CH ! (Wi m ®n Fepn)q.

which can be mapped into a class in EWHézlk_z(Wk’m ®n Fepn, Qp(k — 1)) via the
étale realization map. Lieberman’s trick allows us to work over the simpler Shimura
curve X, instead of Wy ,,, for the price of a slightly more complicated coeflicient



E. R. Walchek 238

sheaf:

wHE 2 (Wiem, Qp(k = 1))
— HZ(Xm,TSymzr(eRln,A, «Qp)(2r + 1) ® TSym*” (eR' 4.+ Q))),

where e is an idempotent which splits R17 4 .Q p into two isomorphic factors, each of
the size of the corresponding object arising from an elliptic curve. The second factor is
a sum of 2r characters, while the first factor, after projecting to the j-th among the
2r characters and then applying the Hochschild—Lyndon—Serre isomorphism, can be

projected onto the dual p-adic Galois representation V2, all maps composing into the
(k]

cpt.m

p-adic Abel-Jacobi map, under which A becomes a generalized Heegner class

) e HY (Fepn, élt()?m ®Q @:V;@) 75 ]))

cp" m

—J = J

where 02 . 1s a character arising from a fixed embedding 0: K < L into a suitable

p-adic ﬁeld over which families of modular forms will be defined. If y is a Hecke
—j [#,/]

_j .
0;, in Gal(Fepn /Hcpn), we can then see Zephm

character that restricts to Uéztr
. 1
classin H"(Hepn, VE ® x).

as a

1.3 — Interpolation into big Heegner classes

Let ¥ now be defined over the Shimura curve X; and p-stabilized with respect to
aroot o of its Hecke polynomial; let # be a Coleman family passing through ¥ of
slope v, (o) < k — 1 and defined over a suitably small affinoid % of the weight space
W . To p-adically interpolate along F, we follow the approach of [33] and transfer this
problem to the p-adic interpolation of basis vectors of the representation associated,
under Ancona’s functor [2], to the motive TSym?” (eR' w4 «L)(2r + 1) ® aéztr_j 6;
(all étale sheaves are considered over a suitable p-adic field L over which & is defined).
Such basis vectors are, in turn, defined after Heegner points in Shimura curves.

A Heegner point ¥¢pn € X, associated to the optimal embedding in K < B of
O¢pn into the standard Eichler order of level N p gives a basis vector

[k J] c TSymZ’((LZ) ) ® 02r igi

et’

which can be seen as a section over S¢pn, the 0-dimensional Shimura variety over K
classifying elliptic curves defined over F,,» with CM by Ok . Under the Gysin (“wrong
way”) map induced by the embedding

LKXId ~
Scp" —> X] X Scpn
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[k, j]

cp”

vectors e

[7./]
cp,1
using the overconvergent projector of Loeffler—Zerbes [44]. Under the

[%,]]
cp”,1°

the big generalized Heegner class over %, but its j-component. The classes obtained

e maps into z,

[%./]

Cp" bl

interpolated Gysin map, the big basis vector maps into a big class z

. One then interpolates basis vectors over % into big basis

not quite

varying n already enjoy Euler system properties:

(%, ]] _ [%.]]
COTESF \ 1 /Fepn (z pnt1, D = Loy

The big classes above lie in cohomologies with coefficients in a distributions module Dy,

that interpolates the single form case coefficient sheaves TSym?” (eR' 7 4 .Q p(1)) in

2r over % . As in the single form case, Dy projects onto a big dual Galois representation

V% which specializes at weight k to V* , where ¥ denotes the specialization of #

weight k = 2r 4+ 2 € Z N % . This projection defines a class zc b 1, which specializes at

weight k > j to( ) zgﬁ’{],

Finally, interpolate o, ’aj in j to A(Ge/04), where A = Z,[Gal(U;_, Fepi/ Fep)ls
[#.i]

the binomial factor needed to “control” the slope of F

giving the big generalized Heegner class z:,™ associated to &, defined over F¢p.

By reparametrizing the base affinoids over a bigger weight space, the class ZE » 7]
can be further extended to a class z7 4! defined over K, now with coefficients on a

reparametrized big representation denoted V.

1.4 — Main result

As our main result, we describe the specializations of the big generalized Heegner
class at classical weights:

THeOREM (Theorem 5.21). Let ¥ be a p-stabilized quaternionic modular form
of signature (k, V) and F be a Coleman family passing through ¥, defined over an
affinoid % of the weight space W', and with coefficients in a p-adic field L < K. The
specialization of 2174 € HY (K, V) at 0 < Jj <2r, weightk =2r +2e€ZN%
and Hecke character of x of infinity type (2r — j, j) and finite type (cp™, MT,¥) is
the class

— 2r ! F *
ap(Fr) "( j ) coresHCpn/K(z(Ep’,i:f]) e HY(K, Ve, ® X,

where a,(Fy) is the eigenvalue of ¥y with respect to the Hecke operator U, at p.

This result extends [33, Theorem 5.4.1] to the quaternionic setting, and the proof
is an adaptation of the main techniques employed in [33], consisting of checking
the conditions — most notably the Euler system relations (cf. Proposition 5.17) and
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the boundedness of the growth of the big classes (cf. Lemma 3.7 and the proof of
Proposition 5.19) — under which a general result of Loeffler—Zerbes [44, Proposition
2.3.3] applies.

2. Notation

Fix algebraic closures @ for Q with an embedding ¢: @ — C, and, for any rational
prime £, Q, for Q, with an embedding ¢y: Q < Q. For any prime ¢, vy denotes the
£-adic valuation normalized so that vy ({) = 1.

2.1 — Generalized Heegner hypothesis

Fix p arational prime and fo'i anew at p elliptic eigenform of even weight k¢ > 2
and level ' (), with N coprime with p. Next we consider a quadratic imaginary
field K, of discriminant —Dg < 0 and ring of integers Ok, satisfying the generalized
Heegner hypothesis with respect to N:

(H1) A prime £ | N either splits or remains inert in K.
(H2) If N is the product of all primes £ | N that splitin K, NT > 4.

(H3) If N~ is the product of all primes £ | N inert in K, N~ is square-free and has
an even and non-zero number of prime divisors.

From (H1), we get a decomposition N = NN ~. For the prime p, write p for the
prime ideal in K corresponding to the embedding ¢, so that in K we have (p) = pp
if p splits, (p) = p if p isinert, and (p) = p? if p is ramified.

2.2 — Class field theory

Denote by 7 := ElllneZ 7,/ nZ the profinite integers, and for any Z-module M,
>1
write M := M ®gz 7. For any number field F', A denotes its ring of adeles, with
AF sin and A F o being the finite and infinite adeles, respectively.
REmARrK 2.1. The Artin reciprocity map

recg: FX\A% —> Gal(F®/F),

where F2 denotes the maximal abelian extension of F, will always be taken to be

geometrically normalized, that is, uniformizers map to geometric Frobenii instead of the

arithmetic Frobenii, by composing the original map with the inversion map o + o1,
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For ¢ € Z > coprime with pNDg andn € Z o, we denote by Ocpn :=7Z + cp" Ok
the order of Ok of conductor cp”. We write H,,» for the ring class field of K of
conductor ¢p”; put H := Hy and Hpoo 1= |J,~; Hepr. Since ged(c, p) = 1, we
have H. N Hpoo = H, and so -

Gal(H,poo/K) = Gal(H./K) x Gal(Hpeo / K).

It follows from the Artin reciprocity law that Gal(H.pn / K) == Pic(O¢pn).

Since all primes dividing Nt are splitin K, there is a decomposition N * = R+ N+
into ideals of @k by which quotients are cyclic of order N 7. Let Fyp+ be the ray class
field of K modulo N and Fy+ pn be the smallest abelian extension of K containing
both Fyp+ and H¢pr. Under the Artin reciprocity map, Fp+ .,n corresponds to the

group
Ugt epn :={x € O : x = 1 mod NT}.

We do not carry the dependence to N in the notation and just write Fepn := Fot cpn-

2.3 — Quaternion algebras

Condition (H3) implies the existence of an indefinite! rational quaternion division
algebra of discriminant N ~. Fix B as one such algebra, denote by * its main involution,
and fix in B a maximal order Op. Define § := /—Dg and

8+ D
2

Dx  if24 Dk,
Dg/2 if2| Dg.

o ., where D' = {

As a Q-algebra, K embeds into M, (Q) by a Q-linear map [I\Igz(c@): K — M,(Q)
defined in the Q-basis {1, ¥} of K by setting

.1 5 s tracex /() —normg,q(%) ’
1 0
and we denote the composition of L%z(Q) with the inclusion Lﬁ; Eg; M;(Q) — M3(K)

by L%z(K). Since all prime factors of N~ are non-splitin K, B splits over K, that is, there
is an embedding L}?: K < B, orequivalently, anisomorphism /g: B ®¢p K —> M»(K),
and composing the inclusion B < B ®¢ K with Ip gives amap tlgz(K): B — M,(K).

(M) In this article, whenever we refer to the quaternionic setting as opposed to the elliptic
(GL») setting, it is always understood that we are talking about the indefinite quaternionic setting.
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Mz (K) Mx(K) _ B.

We can choose /p to be such that ¢, =1p o tx: all options for /g are conju-
gated to each other, so one just has to match the image of tfé (¥) under LI\;Z(K) with
Mz (K) 9

g (D).

For any finite place £ N ~, where B splits, we fix ig: By := B ®q Q¢ —> M2(Qy)
suchthatiy (O ®z Zy) € Mz(Zy). In particular, iy is anisomorphism between Op ¢ :=
Op ®z Z; and M»(Zy), which reduces modulo £ for all m > 1 to an isomorphism

igm:Op ®z (LML) = My (Z/L™7).

If M is an integer coprime with N ~, the Chinese remainder theorem gives an isomor-
phism

iM:0p ®z (Z/MZ) = My(Z/MZ).
Since B is indefinite, there is an isomorphism iso: Bso := B ®g R — M, (R), as B
splits at oo. All isomorphisms i, defined at places v splitting B are normalized to
satisfy (2.1).

2.4 — OM abelian surfaces

Let M be a positive integer coprime with N~ and S be a Z[1/N ~]-scheme. An
abelian surface with quaternionic multiplication by Op (or QM abelian surface, for
short) is a pair (A4, t) consisting of an abelian scheme A — S of relative dimension 2 and
an injective algebra morphism ¢: O < Endg(A). An isogeny (resp. an isomorphism)
of QM abelian surfaces is an isogeny (resp. an isomorphism) of abelian schemes
commuting with the @p-action.

Since K splits B, one can take t € Op such that 1> = —Dg < 0 and define the
involution

2B — B, b :=1"hr.
Then there is a unique principal polarization A: A — A" such that, for a geometric
point s of S, the restriction of the Rosati involution of End(4;) to Op coincides with
T (see [7, §III.1.5]).

2.5 — Shimura curves
The Shimura datum (G, #*) for G the algebraic group defined by
G(F) = (B®q F)*, forany extension F/Q,

and H* = HT U H~, where #°® := {r € C : sign(Im(z)) = o} for e € {—, +}, is
of PEL type. For each integer m > 0, let

Ry = {b € Op : ig(b) is upper triangular mod E”‘{(Nerm), Ve | Ntp™ prime}
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be the Eichler order of B of level N p™ with respect to the chosen isomorphisms i,
for all finite places £ } N ™. Let U, := 13;; = (R, ®z Z)* and let U, be the subgroup
of Uy, consisting of the elements whose p-component is congruent to a matrix of the

form ((1) I) mod p™. For the same Shimura datum (G, #¥) and varying levels U,

and U,,, we get two families of Shimura varieties respectively:
Xn(C) i= B\(H* x B)/Up and  X(C) := BX\(H* x B*)/Tp,

where B* acts by Mdbius transformations on #* under iy, and by left multiplication
on B, and Uy, (resp. U,,) acts trivially on J* and by right multiplication on B*.The
double coset represented by a point (x, g) € H* x B* is written [(x, g)]. The space
H* =~ GL,(R) - 9 can be identified with P := Homg (C, Bs), over which B> acts
by conjugation, as follows: since Lllz € Homg (K, B) ®g R € P, apoint x = yy - &
is sent to iy 1= )/x_ltllé)/x e P.

For any m > 0, both double coset spaces B*\ B* /Uy, and B*\ B*/U,, are single-
tons, so the strong approximation theorem implies

Xm(C) =T, \H* and X,,(C) =T, \ K™,

where T, (resp. f‘m) is the subgroup of norm 1 elements in B> N Uy, (resp. B* N l7m).
This means that both X,,(C) and X,,(C) are Riemann surfaces, thus being algebraic
curves defined over C. Furthermore, there are algebraic curves X, and X, m defined over
Q whose C-rational points match X,,(C) and Xm (C) respectively, tying the notation
together.

If T € K N J¢* isa CM point, then i € Homg (K, B) fixes 7 ios (1(2)) (}) = z(5)
for all z € K. Explicitly, a CM class [(i;, g)] maps under strong approximation to

[6b~! . 1], where g = bu withh € B* and u € Uy, (resp. Uy,,).

2.6 — Heegner points

A Heegner point of conductor cp™ in X, is a class [(tx, g)] € X, where g € B
and ¢, is an optimal embedding of @.p» into the Eichler order g 'Ung N B, that
is, ;;1(g7'Umg N B) = Opn. The finite index inclusion Uy, 2 U, induces a finite
covering cpm: Xm(C) = X (C). A Heegner point of conductor ¢p” in X, is a class
[(tx. £)] € X such that ¢, ([(tx, £)]) is a Heegner point of conductor cp” in X,, and
an additional local condition at p is satisfied (see [45, §3] for details).

We construct explicit Heegner points of conductor ¢p” in X (for m < n, condition
needed only when p is not split) associated to certain CM points by slightly modifying
[14,15,17,18]. For each rational prime £ we define

. EC(ﬁL =1if ¢ } N*tep;



E. R. Walchek 244

For primes dividing N "¢, let s := vy(c) and set

. E(Z) =812 li’)( 1) € GLo(Ky) = GL2(Qy) if £ | Nte splitsas £ = ([ in K;

. g9 = (9 99)(5 9) € GL2(Qy) if £ | ¢ does not split in K;

cp)‘l
Finally, for p, we set
. Ec(i,l =7 )(1’0 %) € GLy(Ky) = GL2(Qp) if p = pp splits in K ;
. Ec(ﬁ;)q = (97 )(16 9) € GL2(Qp) if p does not splitin K.
All those elements can be seen inside B* under the isomorphisms i, 1 defined in

Section 2.3. Denote by &.,n € B> the element whose £-component is & L(‘p)" for each
prime £.

Define x¢pn m: Pic(O¢pn) — X, (C) by [a] [(lK, aé.pn)], where for each class
[a] we take an element a and write it as a = a@c pn N K for some a € K*, seen as an
element of B> via the adelization of (2 % - This definition is independent of the choice of a
and a, so one can replace [a] in X, pm ([a]) by just a or a. More generally, the previous

map can be lifted to X;pn pm: K> \K* = X,,(C) by setting Fepn m(@) :=[(B, akcpm)).

ProrosiTiON 2.2. For any [a] € Pic(O¢pn ), the point xcpn m([a]) € X (Hepn) is
a Heegner point of conductor cp™.

()

Proor. We check for each prime £ whether, writing § := £, » and (¢ := § _112

we have
te(Kg) N (U ®z Zyg) = 1(Ocpn Q7 ZLy).

For £  N*cp, both orders Uy, ®z Z; and Ocpn ®z 74 are maximal, thus the image
of the latter is contained in the earlier. Next we consider £ | N T¢p.

For a split prime £ = [[ # p (the case £ = p is similar), where [ is the prime
corresponding to the fixed embedding t;: Q < Q, from the beginning of the section,
we have that K; := K ®qg Q¢ splits as Ky & K = Qey ® Qqeg, where

19 -9 ®1 PR1-1®79
ef=——=—— and g=—"—=""".
@-7)R1 G-I

One then computes that for each (a + b)) ® x € K ®q Qy,

0 xa + xbd

w((a+ b9) @ x) = (xa-l—xbz? (=Sxb§ )

= (xa + xb¥)ig(ey) + (xa + xbé)t;(ef),
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showing that 1 (K¢) N (U ®z Zg) consists of elements of the form
(xa + xb)ey + (xa + xbf?)ef € Zyer ® Lyeg

with xb € £°Zy, thus of elements in O¢pn @z Zp.
For a non-split prime £, one computes that for each (a + b)) ® x € Ky = K Qg Qg,

xa LSxb
b = - -
te((@a +b09) ® x) (xbz?t%s x(a—|—b(z9+z9)))’
soelements xa + xbt intg (K¢) N (Uy, ®7z Zy) are of theform xa € Zy and xb € £°7y.
This shows that, for all s’ < 2s, Lg is an optimal embedding into an Eichler order of
level 5", showing both the cases inert (s’ = s, when £ | ¢~ or £ = p inert) and ramified
(s’ = 25, when £ = p is ramified). =

Direct verification of the local condition at p shows that X.p» ,,(a) is also defined
over Hepn.

2.7 — Idempotents

The proof of Proposition 2.2 motivates the choice of the following idempotents in
K ®qg K: _
10 -9 ®1 TR1-1Q70
=————— and 6= ———.
-1 -1

Via direct computation, one can show that those elements are orthogonal idempotents:

e?=e, e>=¢, e=0, and e+eé=1.

Locally at all split primes £ | N T p (including £ = p in the case p splits), their local

realizations at splitting places are the idempotent matrices (§ 3) and (§ 9): if we again

consider the splitting £ = [, we have that K ® K embedsinto K ®qg K1 = K ®qg Q¢
thus obtaining a map

jo K ®g K« K ®g Q¢ —> By > Ma(Qy).
satisfying je(e) = (§§) and je(e) = (§9). We also have a global map
1
j K ®g K —> B ®g K —> My(K)

under which j(e) = (3 9) and j(e) = (3 9).
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If p is inert or ramified, the images of e and € are not yet (§ § ) and (3 9) —to achieve

this we conjugate the image of the map above by M := (li’ If ) via an isomorphism i 4,
obtaining

Jp: K®g K — K ®qg Ky — B, z, Ma(Kyp) R Mz (K5)

again satisfying j,(e) = (3 9) and j,(¢) = (3 9); notice that the notation Ky, corre-
sponds to different objects in each case. Likewise, we have a global map

. .
ji K ®g K —> B ®g K —> My(K) =25 My(K).
and again we find that j(e) = (§§) and j(e) = (§9).

REMARK 2.3. Some references, such as [31], fix a Hashimoto model for B, that
is, the choice of a certain Q-basis {1, 51, 52, 5152} and a totally real quadratic field M
defined after s, and s, which splits B. This allows the definition of a global idempotent
e € K ®q B that is fixed by the involution of B given by b sl_lb_sl.

2.8 — Moduli of QM abelian surfaces

We recall from [12, §1-4] some results on the representability of moduli problems
of QM abelian surfaces. Let M be a positive integer coprime with N —, Sbea Z[1 /N ~]-
scheme, and (A4, 1) a QM abelian surface over S.

2.8.1. Naive level structures. A naive full level M structure on A is an isomorphism
a:0p Rz (Z/MZ) = A[M]

of S-group schemes which commutes with the left actions of Op given by ¢ on A[M],
and the multiplication from the left of @p on the constant S-group scheme Op ®z
(Z/M2Z).

Denote the action of g € (Op ® (Z/MZ))* over (Up ® (Z/MZ))* by right
multiplication by r,. If « is a naive full level M structure on A, thensois g ;= o1y,
giving aleft action g - o := &g of (Op ®z (Z/M Z))™ on the set of naive full level M
structures on (A, t). For any subgroup U, composing the action of (Op ®z (Z/ M 7Z))*
with the canonical projection

im: O —> (Op ®z (Z/MZL))*

gives a left action of U on the set of naive full level M structures. An equivalence
class of the action of U is a naive level U structure o on A. We write (A, ¢, ®) when
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equipping (A, t) with a naive level U structure «. An isogeny (resp. isomorphism)

’,a’) is an isogeny (resp. isomorphism) of

QM abelian surfaces ¢p: A — A’ suchthat g o = o',

between two such triples (A, ¢, «) and (A’, ¢

ProposiTiON 2.4. The functor taking a Z.[1/(M N ~)]-scheme S to the set of iso-
morphism classes of such triples (A, t, @) over S is representable by a projective,

smooth, of relative dimension 1, and geometrically connected Z[1 /(M N ~)]-scheme
Xy ([12, Theorem 2.1]).

RemMaRrk 2.5. The representability result above is due to Morita [51, Main Theorem
1] in the case of naive full level M structures. The proof of the general case in [12, §2]
invokes the representability result of [6, Theorem §14, Exposé III]. Both cases require
N7 > 4, justifying condition (H2) in Section 2.1; see also [24, §4] and [31, Theorem
2.2].

ReEmMARK 2.6. We consider specially the naive level U structures given by
Uo(M):={g € O3 : 3a, b, d such that 7ps o Apr(g) = (¢5) mod M},
and its subgroup
Ui(M) := {g € O : 3b, d such that Ty o 7iar (g) = (1 5) mod M}.

The levels of the Shimura curves defined in Section 2.5 relate to the levels above as
follows:
Un =Uo(NTp™) and Upn = Up(N*) N U1 (p™).

The curves X, and X m are the generic fibers of X, = Xy,, and 92,,1 =X &,,» Fespec-
tively.

2.8.2. Drinfeld level structures. Letm > 1 and £ be a prime such that £ } N ~. Consider
idempotents e; = (3 9) and &g = (§9) in Ma(Z/€Z) (for £ | N* p, these can be
taken to be e and € from Section 2.7 via jg). The kernel of the action of e, on A[£™] is
isomorphic as a group scheme to the image of the action of ¢, on A[£™] and vice versa.
Conjugation by wy = (‘1) (1)) gives an isomorphism of group schemes between ker(e;)

and ker(ey). Therefore, we have a decomposition into isomorphic factors
(2.2) A[L™] = ker(eg) @ ker(ey).

We endow (A, t) with a level I'1(£™) structure consisting of a cyclic finite flat S-
subgroup scheme H of ker(e;) which is locally free of rank £ and P a generator
of H (P € H such that {P,...,{™ P} is a full set of sections; see [12, §3], [38,
§1.8]). We denote by (A4, t, o, (H, P)) the QM abelian variety (A4, ¢) equipped with
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a naive level U structure o and a level I'y (£) structure (H, P). An isogeny (resp.
isomorphism) between two such quadruples (A, ¢,a, (H, P))and (A", a’, (H', P')) is
an isogeny (resp. isomorphism) of QM abelian surfaces ¢: A — A’ such that g o o = o/,
@(H) = H',and ¢(P) = P’. A level T'y(£™) structure can be defined by dropping
the choice of a generator P.

ProposiTioN 2.7. The functor which takes a Zg-scheme S to the set of iso-
morphism classes of such quadruplets (A, t,a, (H, P)) over S is representable by a
Zgy-scheme Xy r,m), which is proper and finite over Xy, here viewed as a Zg)-
scheme. Moreover, there is a canonical isomorphism of Q-schemes between the generic
fiber of Xy 1, @m) and the generic fiber of Xyny, @ny (for m = 1, this is [12, Proposi-
tion 4.1]; the same proof works for m > 1).

ItM = Z‘li‘ ---Efs, one can make sense of a level Iy (M) structure in (A, t) via
the Chinese remainder theorem: an S-group scheme H = ]_[;=1 H; such that H; is a

cyclic finite flat S-subgroup scheme H of ker(eg, ) which is locally free of rank E;-ij ,
and P = (Py,..., Py) such that P; is a generator of H;.

2.8.3. Correspondence between naive and Drinfeld level structures. A simple extension
of [12, Lemma 4.4] to higher powers of primes followed by the Chinese remainder
theorem gives a bijection between the naive level Uy(M ) structures (resp. Uy (M))
and level Ty(M) structures (resp. I'1 (M)) in (A4, t). Explicitly, a bijection between the
latter and structures of level

Z)modM}

Vo(M) = {g € (53 Ja, b, d such that iy o Apr(g) = (8
b) mod M})

(resp. (M) :={ge @B Ja, b such that 7 o Tar(g) = (

are described as follows: if « is a naive level V; (M) structure, lift it to a naive full level
M structure @: Op ® (Z/MZ) — A[M]; then (a(§9).a(39)) is a level I'y (M)
structure. Conversely, if (H, P) is a level ['1 (M) structure, replace S by an étale
surjective cover S /S, using the fact that the functor taking S-schemes S /S to the set
of naive level V1 (M) structures over S is étale (see [12]), over which an isomorphism
@:0p @ (Z/MZ) = My(Z/MZ) = A[M] exists. Precomposing o with an auto-
morphism of Op ® (Z/MZ) mapping (@ '(H).a " (P))to ((§95).(39)) givesa
naive full level M structure defined over S, which can be projected onto a naive full
level M structure ¢ defined over S, and thus a level V; (M) structure induced by « (for
Vo(M) and I'g(M) structures it is the same by forgetting the marked point). Finally,
g — norm(g)g~! (“transposing about the secondary diagonal”, up to signs) gives an
anti-automorphism of Vo(M) = Uy(M) that sends V1 (M) to Uy (M).
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2.8.4. Moduli classes corresponding to CM points. Associate to each T € # 7 the
QM abelian variety
_ iso(Boo)(})
T in(0)(5)

consisting of the 4-dimensional real torus M, (R) /00 (@O p) with the complex structure
induced by right multiplication action by the unique J; € M2 (R) such that J- (7) =i (}).
A point T € #1 N K is said to be a CM point if there exists an embedding t,: K < B

such that
foo © Lz (X) - (I) = (i), forall x € K™,

where the action is by Mobius transformations. Embedding the order @, := Zt & 7Z
into Op via (,, the main theorem of complex multiplication gives that the following
isomorphisms are defined over the Hilbert class field H; of O:

1z (K) ®q R(;) _ CroC ~ ((C )592.

A‘L’(H‘L’) = Lr(Qr)(;) = (91:7: ® (91: Ve

O«

In particular, the CM point ¢ for the embedding 1y = Lllg fixed in Section 2.3 gives
Ay = (C/Ok)®? over H.

Now consider the Heegner point x¢pn (1) = [(12, Ecpn)] € X, from Section 2.6.
Via the decomposition &.,n = bepn mlcpn m into a product of bepn ,, € B* and
Uepn,m € Um, the Heegner point

(% Ecpm)] = b pm - (R Eepr)] = [(Gepn ms epnm)],

withicpn m i= bcp" Lllébcpn m> 1S associated to the CM point $¢pn pm € HT N K fixed

by icpn m, which is given by D¢pn m = b_ cp,, U and is defined up to left multiplication

by B* (which comes from choosing another decomposition for &.,n).

ReEmMaRrk 2.8. We are being overcautious in writing dependency on m in the previous
paragraph: in fact, the CM point @¢pn ,, corresponds in each moduli space X, (or Xm)
to the QM abelian variety A¢pn := (C/O¢pn)?, related to Ay through the cyclic isogeny
¢cpn Ay — Acpn of degree cp™: explicitly, if (A, ¢, o, (H, P)) is the moduli class in
Xom corresponding to the CM point ¢, the moduli class corresponding to Ycpn », in Xom
is (Acpn,to ¢cpn s Pepn oo, (pepn (H ), pepn (P))). This means that there is a CM point
Oepn that is a common, independent of m, representative of all classes b} o mV]asm
varies, and so there exists bcpn, and therefore u.p» and icpn as above all independent
of m. By dropping m from the notation, we leave understood that we are choosing such

an independent of m factorization of &.,n. In this case, Ay, = A¢pn.

cph
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2.8.5. Arithmetic trivializations. Let (A4, ¢) be a QM abelian surface over a Z,-scheme
S and m denote either an integer m € Zx¢ or the symbol oco. Recall that Op , :=
Op ®z Zp acts on A[p™] by quaternionic multiplication, and on g ,m X i ,m, where
K pm is the S-group scheme of p™-th roots of unity, by left matrix multiplication via ip.
An arithmetic trivialization on A[p™)] is an isomorphism of finite flat group schemes
over S,
. ~ 0

Bitpm X ppm — A[p™]",
which is equivariant with respect to the action of Op, ,, where <0 denotes the connected
component of the identity of an S-group scheme. Via the decomposition into isomorphic
factors (2.2) induced by e, and ¢, in the notation of Section 2.8.2 (which commutes
with inverse limits and thus extends to m = c0), giving an arithmetic trivialization
of A[p™] is equivalent to giving an isomorphism B: ft ,m = e, A[p™]° of finite flat
connected group schemes over S, equivariant for the action of ¢,9p, .

RemARKk 2.9. The existence of an arithmetic trivialization on A[p°°] implies that
A is an ordinary abelian scheme over S.

An arithmetic trivialization 8 of A[p°°]induces for each integer m > 1 an arithmetic
trivialization S pm = e, A[p™]°. Furthermore, By, an arithmetic trivialization
of A[p™], is said to be compatible with a given arithmetic trivialization 8 of A[p°°] if

the composition

o B!

Bim
wpm —> ep A[p"']" ———— ppm

is the identity.

2.8.6. Igusa towers. Let us consider X1 = Xy, (y+) as a Z(p)-scheme and let X
denote the special fiber of X; (the same constructions can be performed over Xo).
Denote by Ha the Hasse invariant of X; (cf. [35, §6]) and by Ha a lift of Ha to X 1
(cf. [35, §7]). Let X‘l’rd =X [1/1?5], an affine open Z,)-subscheme of X'; which, as
in Proposition 2.4, represents the moduli problem that associates to any Z,)-scheme
S the isomorphism classes of triplets (A, ¢, &), where (A, ¢) is an ordinary QM abelian
surface over S and « a naive level Uy (N 1) structure. Let X‘l"d denote the special
fiber of X{". Let A% be the universal ordinary abelian variety over X¢™. For any
Z,(py-algebra R, denote A‘;;d = A ®z,, R,and Agrd = A%?p”Z'
Given two group schemes G and H equipped with a left Op ,-action, denote
by Isomg, ,(G, H) the set of isomorphisms of groups schemes G — H which are
equivariant for the action of Op,,. Letm > 1 and n > 1 be integers. Consider

Pmn(S) = Isomg, , (lem x /’me’eA’f,rd[Pm]O),

the set of arithmetic trivializations on Afjd[ ™.
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ProprosiTION 2.10. The moduli problem P, », is represented by a Z./ p" Z-scheme
Ig,, », the p™-layer of the Igusa tower over Z/ p" Z, which is finite étale over 1g, ,,.

ord

By the universality of 4y, the Z / p" Z-scheme Ig,, ,, represents the moduli problem
which associates to any Z / p" Z-scheme S the set of isomorphism classes of quadruplets
(A, 1, B) consisting of (4, t, ) € X and an arithmetic trivialization 8 of A[p™].

Forintegersm > 0andn > l andaZ/ p" Z-scheme S, the canonical monomorphism
Rpm <> pm+1 of S-group schemes induces a canonical map Ig,, . , — 1g,, ,. We
can therefore consider the Z / p" Z-scheme

Ign = I(El Igm,n )
m

called the Igusa tower over 7/ p" Z.
ProposiTioN 2.11. The Z/ p™ Z-scheme ITgn represents the moduli problem
Pu(S) = Isome, , (poe X fyoo, AT p™]°)

classifying the set of arithmetic trivializations of A;rd [p®°], or, equivalently, the moduli
problem which associates to a 7./ p" Z-scheme S the set of isomorphism classes of
quadruplets (A, 1, a, B) for each integer m > 1 consisting of a point (4,1, ) € X" over
S equipped with a level Uy (N ) structure o and a family of arithmetic trivializations
Bm of A [p™], one for each integer m > 1, such that there is a trivialization B of
A p®] for which By, is compatible with B, for allm > 1.

Define finally the Igusa tower over Z, to be the Z,-formal scheme

Ig = limIg, = limlimIg,, ,,
n n m
where the inverse limit is computed with respect to the canonical maps induced by
the canonical projection maps Z/p"t1Z —» Z/p"Z for each n > 1. Refer to [29,
Chapter 8], [28, §2.1] and [10, §2.5] for details on Igusa towers.

2.9 — Relative Chow motives

We recall some general results on representations of algebraic groups obtained
in [1,2]. For this subsection, let G be an algebraic group, (G, D) be a PEL Shimura
datum, U a compact open subset of G(Ag,in), X the canonical model of the Shimura
variety Shy (G, D) of level U over the reflex field F, and 7: A — X the universal
PEL abelian variety. If H® is a Weil cohomology, there is a realization functor

R:CHMF (X) — Vect
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from the category CHMF (§) of relative Chow motives (X, p,n) (where X — S is
a smooth projective scheme, p € CHYmX )(X xs X)F satisfies p2 = pandn € 7),
to the category of finite-dimensional Z-graded F -vector spaces compatible with the
“varieties-to-motives functor”

CHMF (S) —2 Vec

L

Varg

and being such that R(h'(A)) = H'(A) for all 0 < i < 2g ([2, Proposition 3.5]).
Furthermore, every decomposition into direct summands of H ! (+4)®" lifts canonically
to a decomposition into direct summands of ! (4)®" ([2, Théoréme 6.1]). In particular,
we have

* a Hodge realization Hody,r: CHMfp(X) — VHSf(X(C)) into variations of
Hodge structures, when

H'I(f:V—)X)l—)@(Rif*FV)xv

for F — C anumber field and x € X(F) a base point;

* an étale realization Ety /F:CHMF (X) — CHM r(X) into lisse étale sheaves,
when

H':(f:V—>X)»—>@(Rif*Fv)x,

]
for £ a prime, F an £-adic field, and a base geometric point ¥ € X(Qy).

By [2, Théoreme 8.6], the canonical construction functor ([56, §1.18]) lifts through
Hody, r to a functor

Ancy/r:Repp(G) — CHMF (X),

where Rep (G) is the category of F-representations of G, with the following proper-
ties:

* Ancy,F is F-linear, preserves duals and tensor products.

* If Vi is the standard algebraic representation of G, Ancy,/r (Ve (F)) = hl(A)
(following the normalization in [43, Remark 6.2.3]; see also [59, §8]).

See [21], [23], and [2, §2] for properties of the decomposition of Chow motives.
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2.10 — Symmetric tensors

Let n > 1 be an integer, &, be the group of permutations on n letters, and H be a
free abelian module of finite rank over a ring R of characteristic 0. The group &,, acts
on the n-th tensor power H ®” by permutation of the factors of each elementary tensor.
The set of &,,-invariant elements are the symmetric tensors,

TSym"(H) :={n € H®" :o(n) = n}.

Similarly to the symmetric algebra Sym®(H ), TSym®*(H) := ,,., TSym" (H) is a
graded algebra with the usual sum and with the symmetrization of the tensor product
©. Identifying H with TSym!(H), H can be embedded in TSym®(H), so there is a
graded algebra morphism Sym® (H) — TSym®(H ) coming from the universal property
of the symmetric algebra, which specializes in degree n to

Sym"(H) —> TSym"(H):h{’ ---h ;¢ +—> er!-eqh? @ '--the".

If n! is invertible in R, the map above can be inverted and so becomes an isomorphism.
There is another natural link between Sym and TSym: if «¥ := Hom(+, R) denotes the
linear dual of an R-module, we have a canonical isomorphism

(2.3) TSym"(H") =~ (Sym"(H))".

If & is alocally free sheaf on a variety X over a field of characteristic 0, Sym®(F)
makes sense as a locally free sheaf on X, but that is not always the case with TSym.
However, since H is a free module, TSym®(H) coincides with I'*(H), the divided
power algebra of H (see [46] for more details on the relation between these two objects)
which does sheafify well: as pointed out in [40, §2.2], if # is a locally free sheaf on
a variety X over a field of characteristic 0, I'" (%) and therefore TSym” (%) define
a locally free sheaf on X and, in particular, one can talk about symmetric tensors of
coeflicient sheaves of €tale cohomology. See also [39, §12.2.2].

Let M = (V, p, m) be a relative Chow motive as in the previous subsection. The
group G, acts on M®" = (V" p,m), where V" denotes the n-th fiber product power
of V over X. The image of M ®" under the projector 7g, = > e, O is the n-th
symmetric power of M, denoted Sym”" (M) = (V", ng, o p,m). We then define

TSym" (M) := (Sym"(M"Y))".

2.11 — Hecke characters

An algebraic Hecke character over a finite Galois extension F/Q is a 1-dimensional
F-representation y € Homgon (A%, Q*), which is said to have infinity type (i1, i2)
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if, for each x = X X0 € A}‘, decomposed into its finite xg, € A; 6n and infinity
Xoo € A%, components,

2(x) = x(xan)xLE2.

We decompose y into a finite and an infinity part given respectively by
Hin(¥) = x(xn) and Yoo (X) 1= XLER.

Through the Artin reciprocity map, y can be seen as a Galois character over F, that
is, a character of Gal(F / F). All characters we consider are algebraic, so we drop the
adjective for the sake of brevity.

Now let F' = K and ¢ € Z>¢ coprime with N (but not necessarily with p). We
say that y has finite type (¢, 0T, ) if the conductor ¢ of y is divisible by ¢ and
the restriction of y to (Oz/MN* N Oz)* (by restricting to o Z and projecting onto the
N+ -component) is ¥ !, a finite order character.

3. Generalized Heegner classes

For the whole section fix integers k, r,n,m,c € Zs¢ suchthatn > m, k :=2r +2 >
2, and ¢ > 1 is coprime with NDg p. Recall the Shimura curve X m of level (7,,1
introduced in Section 2.5 and let aIm be the corresponding universal abelian variety in
view of Section 2.8. Via the main theorem of complex multiplication, the elliptic curve
E := C/0Ok has a model defined over H. We shall denote by (4, ¢, @) a fixed QM
abelian variety, consisting of A := Ay = E @ E (cf. Section 2.8.4), the embedding
1:Op — End(A) = O @ Ok induced by Lz, and equipped with a level Uy, structure
a. Recall that the idempotents e and ¢ from Section 2.7 act under j as projections
into each factor. Thus we have a decomposition A = eA @ e A into isomorphic factors
eA~eA=E.

3.1 — Generalized Kuga—Sato variety

We recall basic definitions following [31, §2.6].

DerintTION 3.1. The Kuga—Sato variety of weight k over X is Ji;n, the r-fold fiber
product of #A,, over X,,. The generalized Kuga—Sato variety of weight k over X, is

. qr _ r
Wim = Ay xg AT,

Since A is defined over H and both a:\:m and X, m have models over Q, Wy ,, has a
model over H, which we fix henceforth. The generalized Kuga—Sato variety Wy ,, has
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relative dimension 47 + 1 = 2k — 1 over X, 'm,» the first factor contributing with 2r + 1
and the second with 2r.

Denote by m4: eftm — X m the canonical projection. Since the complex structure
commutes with the action of B, the idempotents e and e from Section 2.7 induce a
decomposition of variations of Hodge structures

Rl”o‘o,*@ = eRITRA,,*Q 7] ERIT[,A,,*Q

into isomorphic factors. The projector € 4 € Corroi (a:(;n , o:\?,’n) from [5, Theorem 5.8.iii]
induces a projection from R?" 7,4 «Q to Sym* (e R' 7 4, . Q): seeing Sym? (e R 7 4 . Q)
inside RzﬂA,*Q ([5, Theorem 5.8.ii]), we have

Sym?” (eR' w4 +Q) <> Sym” (Sym?(eR' 7.4 +Q)) ([5, Proposition 5.6.vii])
> (R?4+Q)®" — R¥714..Q ([5, Theorem 5.8.ii]),

the last step following from the Kiinneth formula. Essentially, ¢ 4 kills all factors in the
Kiinneth formula apart from (R4 «Q)®", which projects onto Sym?” (eR' 74 +Q).
We let ¢4 € Corr®” (A", A”) to be the projector obtained by specializing each factor
of achn to A. We also define ey := g464 € Corr%m (Wik.ms Wik.m)- See also [4, (1.4.4),
(2.1.2)] for the elliptic counterpart.

REMARK 3.2. We identify Sym?” ((eR' 74 «Q)") with TSym?” ((eR' 74 «Q)V)
via the isomorphism (2.3). Thus the dual of the image of ey lies in Sym?” (eR' 7 4 . Q),
from which representations of modular forms will arise (see Section 5.1).

3.2 — Generalized Heegner cycles

The extension of Bertolini-Darmon—Prasanna’s definition [4, §2.3] to the indefinite
quaternionic case is due to Hunter Brooks [31, §6.2].

Let F be a finite extension of F,pn, (A’, (") be a QM abelian surface and ¢p: A — A’
be an isogeny defined over F' whose kernel intersects trivially the image of «. Under
these conditions, &’ := ¢ o « gives a level U, structure on A’, and therefore a point
(4',/,a) in Am defined over F (cf. [57, Theorem 3.2]), which allows the graph of ¢
to be embedded into 4 x g A via the “universality” inclusion A" < Aoms giving
an embedding graph(¢)” < Wi .. The graph of ¢ has dimension 2 so, as a rational
cocycle in Wy ,, defined over F, graph(¢)” has codimension 2r + 1 =k — 1.

DEerintTION 3.3. The generalized Heegner cycle associated to the isogeny ¢ is

Agc]m = ey graph(¢)” € ew CHk_l(Wk,m ®u F)o.
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Chow groups can be identified with motivic cohomology groups (cf. [48, Corollary
19.2]), so there is an isomorphism

Foi: ew CHE (W @1 F)o => ew H22(Wiem ® 1 F, Q(k — 1)).

mot

For the rest of the section fix L a p-adic field with an embedding o7: K — L (if p
splits in K, one can simply take L = Q). Composing the map 7y With the realization
map into the étale cohomology with coefficients in L (that is, the cycle map from étale
cohomology),

rar:ew HE2(Wim @ F,Q(k—1)) —> ew H* (Wi n ®n F, L(k—1))

gives an étale class Agi]m,ét ‘=T, 0 rmot(Agi]m) associated to Ag(]m

REMARK 3.4. If ¢ is the isogeny ¢cprn: Ay — Aﬂcpn from Section 2.8.4, we write
cp” instead of ¢, When it appears as an index in all notation to follow.

3.3 — Lieberman trick

By a technique known as the Lieberman trick, one can replace the base scheme
Wk ,m with the simpler variety X, at the cost of having a slightly more complicated
coeflicient system. By the Kiinneth decomposition theorem in étale cohomology (see
[49, Theorem 8.21]), we have

HZ Wi L) = @ Hi(Ap. L) ® HI(4". L),
i+j=2k—2

Let my: a:(m — fm and m4: A — ,/Zm ZA fm be the canonical projections. Since
the Leray spectral sequence degenerates at page 2 (cf. [22, §2.4]), the groups on the
right-hand side decompose as

H (A, L) = @ HE(Xpn. RP7asL)
a+b=i
and
HI(A".L)= P HE(Xm. R°manl).
a+b=j
and the image of the projectors ¢ 4 and £4 are motives whose Betti realizations are of type

((k —1,0),(0,k — 1)), asin [5] (see the proof of Theorem 5.8 and the paragraph after
the proof of Proposition 5.9 in [5]). Therefore, the only summand remaining after



Interpolation of generalized Heegner classes along quaternionic Coleman families 257

applying the projectors corresponds to the indexesi = j = k — 1, so

ew H3 7> (Wim. L)
= Hélt(fm,TSymzr (eR'my L)) ® Héll(fm, TSym?" (eR' 74+ L))
LA H;(fm, TSym?” (eR' 7w 4.+ L) ® TSym* (eR' 74 L)),

where PD is the Poincaré duality map (see for example [49, Corollary 11.2]).

3.4 — Generalized Heegner classes

Twisting the cohomology groups above by k — 1 = 2r + 1 gives a map

ew HE 7> (Wi, L(k — 1))
3.1 — Hézt()’(-m,TSymzr(eRlneA’*L) ® TSym?" (eR' 74« L)(2r + 1)).
It will be convenient to have the twists distributed in the following way: denoting
ME = TSym* (eR'mpL(1)) ® TSym® (eR' 74+ L),

we have
(32)  TSym* (eR'mu L) ® TSym* (eR'maL)(2r + 1) = M2 (1).

The composition of ryg, 7¢,1,, (3.1), and the isomorphism induced by (3.2) gives a
map

(33)  ewHXE (Wi ®u F,Q(k — 1)) — H2(X,, ®q F, M2 (1)).

DeriniTION 3.5. The generalized Heegner class zgczn is the image of Afﬁk],n under

the map (3.3).
3.5 — Representations associated to motives
The sheaf 72" := TSym*” (eR" 74, L(1)) is the étale realization of
72" .= TSym* (eh (shm)(1)) € CHMg (Xm).

so 7°2" comes from a K-representation of G defined in Section 2.5. Since G(K) =
(B ®q K)*, the standard representation of G over K is B ®g K = M(K) (via
Ip when p is split and i 4 o Ip otherwise; see Section 2.7), which is 4-dimensional
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over K. By [2, Corollaire 2.6], h' (Am)Y = h'(s)(1) and, since e(h! (shm))¥ =
(eTh (Am))Y, we have

eh' (Am)(1) = (eTh! (Am))".

The idempotents eT and & split M, (K) into two 2-dimensional components isomorphic
to K2, thus Z"?" is isomorphic to

TSym* ((e"h' (Am))¥) = Ancg ¢ (TSym* (K*)")) = Ancg p((Sym> K?)Y).

Similarly, TSym?” (eR'74 L), is the étale realization of TSym?” (eh!(A)), but
since A is not a universal object over any Shimura variety, it is not immediately obvious
what representation would correspond to this motive. However, since e4A = E, we
have eh!(A4) = h'(E). The O-dimensional PEL Shimura variety associated to the
torus H := Resg;q(Gm) with level Up+ .,n has a canonical model S¢pn defined
over K (see the paragraph “CM-tori” at [50, p.347]), and its points correspond to
all K-isomorphism classes of elliptic curves defined over F,,» with CM by Ok (in
other words, the Gal(F,,»/K)-orbit of E). Denote by &.,» the universal elliptic
curve over S¢pn. Then E <> &.pn is a scheme over S¢pn, so h1(E) € CHMg (Scpn).
Furthermore, since there are only finitely many moduli classes, 2! (E) is a direct
summand of 4! (&.,n). Then there is some direct summand W, 1-dimensional over
K, of the standard K -representation of H (which is K, as H(K) = GL(K)) such that
Ancs, ,/k(W) = h'(E) = eh'(A), and therefore

TSym®” (eh'(A)) = Ancg,,/x (TSym*" (W) ®q K) € CHMg (Scpn)

(since TSym?” (eh!(A)) is a Chow motive defined over Q, seeing it as a motive over
K prompts a base change in the associated representation).

3.6 — j-components

The representation W(Q) is 2-dimensional over Q, so TSym?” (W)(Q) is afforded
by the (dual) space of degree 2r polynomials in two variables and with coefficients in Q,
thus being (2r + 1)-dimensional over Q. So TSym?*” (W)(K) = TSym*" (W)(Q) ®q
K is a (2r + 1)-dimensional K-representation that splits into a direct sum of
1-dimensional representations (characters) wll for 0 < j < 2r in which complex
multiplication by x € O acts as multiplication by x2"~/ %/, by which we mean the
correspondences induced by both maps act the same way over the motive eh!(A). This
is because a K -representation of H is the direct sum of representations of the form
o'l @ 62, where iy, i, € Zspando: K < K is a fixed embedding seen as the standard
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representation of H (see [1, Remarque 4.8]), and since there are 2r + 1 such factors
for i1 + i, = 2r, those are all of them. Define

hCr=iD(4) == Ancs, k(WD)

More generally, an embedding of: K < F can be seen as an F -representation of H.
Consider the algebraic representation V ?”=/:/) of G x H which over F is given by

VEr=iD(F) = (Sym? (F2)Y B (07~ ®57),

where X denotes the external tensor product (we often simplify notation by suppressing
the lower level tensor product and denote this one by ® instead). Also define the motive

METID) = g @ h@r 71D (A) € CHMg (X X Sepn).
Combining all of the above, it follows from the tensoriality of the Ancona functor that

@i — AnC}?,,,xSCPn/K(V(zr_j’j)(K))'

The projection TSym?” (eh! (A)) — h'?" =77 (A) gives wl/: > — =77

in Corr% (Wi m) which induces a map wll: ézt’ — M e(tz r=J:7) under the étale real-

ization of motives and therefore a pushforward map in the étale cohomology
G4 wUhHA(X, ®q Fepn, M2 (1)) —> HE (X ®q Fepr, M7 (1)),

DEeriniTION 3.6. The image of Z m under (3.4) is a class ch , the j-component

of the generalized Heegner class Z[k]

3.7 — Basis vectors from Heegner points

Leti:H < G (resp. icpn: H = G) be the embedding induced by LIlg (resp. icpn, in
the notation of Section 2.8.4).

Letor: K < F be an embedding of K into a field F', and let 6r: K < F denote
its conjugate, in the sense that 67 (3) := o (9). Associated to each Heegner point
Xepnm(1) = [(1B, Ecpn)] € X, we define vectors in F2,

_1 (oF () or (D)

after the decomposition &.pn = bepnitcpn With bepn € B* and uepn € l7m as in Sec-
tion 2.8.4). By definition, v.p» is an eigenvector for the action of H(K) through
icpn, in the sense that i¢pn (X)Vepn = OF (X)vepn for any x € H(K) = K*, where



E. R. Walchek 260

icpn (x) € G(K) is understood as an element in M, (F) through L]\BfIZ(K) ®k F. By
seeing eVg(F) = F? as an F-representation of G as in Section 3.5, the set of vectors
e, gl . -@r=j) ~Jj
Ucp” =V, n . Ucpn
for varying 0 < j < 2r is a basis for the F-representation Sym?” (F2) of G.
Dually, set #* := —1/% and define the vectors in (F?)V,

oF(0%) _ or (07)
€cpn ::bZP”( 1 ) and - ecpr ::bZP”( 1 '

Similarly, e.pn is an eigenvector for the “dual” action of H(K), (i¢cpn (x)™1)7

Ccpn =
oF(x)"lecpn for any x € H(K) = K*, being dual in the sense that it corresponds
to the dual 0! of the standard representation op: K* — Vg(F) = F*. The set of

vectors
k.1 ._ ,0Cr—))
cp™ T Fceph

for 0 < j < 2r is a basis for the F-representation (Sym?>" (F?))V = TSym?" ((F?)Y).

~Qj
e © ecp"

Lemma 3.7. If p is split in K, then

_ p"oF(8) (0
ecpn = U - . and écpn =u - )

withu € GLo(OF). If p is not split in K, then

_ (PnUF(é)) — (p”UF(ﬁ))
ecpn = U - ] and écpn =u - ) ,

with u € GLy(OF). In every case,

_ +ptor(8 n
Cepn — Eepn =u-( P OF( )) € p"(O%).

Proor. The question is local at p. Recall the decomposition &.pn = bepnutcpn

from Section 2.8.4, s0 bepn = bg - (16" (1)) . uc_pln, with by = (’f _01) for some % € K

depending on whether p splits or not. Therefore,

o* * - 0* 41 -
bg.(UF(l ))sz—*+ﬁ
and .
O* * -0 41
b;)r'(OF(l )) :—_;’* :—*+19

If p is split, then % = o F (¥), otherwise % = 0. In every case, we take u = (u;pl,z)T. [
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The representation i * TSymzr ((F 2)V) splits as a sum of (2r + 1) 1-dimensional

representations of the form cr ' ® 0 2 with i1 + i = 2r, among which we have the
k, k,
ol e
defines an element in the F-representation

summand ozr J ® oF, for Wthh i* is a basis vector. Then e[k /1 Qi*e

V(zr_faj)(F) — Tsyer((FZ)V) X (01(72r_j) ® 6,]

of G x H, which is invariant under the diagonal action of K by i¢p» x id. To simplify
the notation, we write just e[k 71 for all instances of this vector.

3.8 — From basis vectors to generalized Heegner classes

Since Scpn is a model of the Shimura variety Sh(H, {x}) = K*\A¥ ¢ /U, g+
over K, base changing to F¢p,n gives an isomorphism

(3.5) 0: ((va ®Q K) x Scp”) Rk Fcp" = )?m Rk Fcp”o

To simplify the notation, write X m X Sepn 1= ()? m ®Q K) x Sepn.
In order to associate the basis vectors from the previous subsection to the generalized

Heegner classes defined in Section 3.4, start by considering ekl

eph , with the same symbol,

as an element in the twisted representation V(2r & )(1) Since this representation is
finite-dimensional,

[k,j] cH (V(Zr Js ])(1)\/ ) C H (ﬂZr(l)V ]l)

ecpn OMF, ,n Fepn cp” OMF, n &t , ),

where the inclusion comes from Anc xS and we further use o to see this

cpht /Fcpn
morphism defined in CHM Fopn (Xm); here, 1 = (X,,, id, 0) denotes the trivial motive.

In view of Sections 3.3 and 3.6, we have the explicit description
%éZtr(l)V = (Wk,m RH Fcp", w 8W 2r + 1) = (Wk m QH Fcp" (w EW) ,2r),

s0, by the definition of the morphisms in the category of Chow motives as correspon-
dences,

L

eepn € Corry 2r(ka ®u Fepr, Xm @k Fepn) 0 (@wllep)T

=~ wliley CH* T (Wi y ® 1 Fepr)o,

where we further use the homotopy invariance property of relative Chow groups. Asa
cycle (in the notation of Section 2.8.4), ey;,, 1 is the graph of the map ¢: A" x Xz, Ar

X, given by (P, Gcp (P)) = Ucpn, where ((P), P) is the level I'; (p™) structure
attached to A and ({¢cpn (P)), ¢cpn (P)) is the corresponding level I'y (p™) structure
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attached to the section of AT,,, lying over ¥pn, that is, ¢epn (A) = Ay, ,n- In other
LW) '

words, e eph

corresponds as a cycle to

. . k
wUley graph(gepn)” = wAL), ).

the j-component of the generalized Heegner cycle attached to ¢¢pn. As an element of
wliley CH” Y (Wi @1 Fepr)o. wl1(AK), ) maps under (3.3) to 2%/}

cp.m cp.m*

3.9 — Gysin map

Each of the embeddings i.,» induces an embedding of 6. ,n: H < G x H, defined
by 8cpn = (icpn,id), where id is the identity map. This map induces a pullback at the
level of Shimura varieties defined over K given by

Scp” Xm X Scpn —> Scpn,

which further induce maps at the level of representations, Chow motives and lisse étale
sheaves, the former two being compatible via Ancona functors and the latter two being
compatible via étale realization functors (using [59, Theorem 9.7]):

Anc E

Xm*S.p XmxS.p,n/K ~
Repg (G x H) T Fepn/ S S CHMg (X X Sepn) — CHMg 1 (X X Sepn)
lgékp” lgékp” i lajp”
A“CSCpn /K EtSCpn /K
Repy (H) CHMg (Sepn) CHMyg, 1 (Sepn)

The embedding 6.,» also induces a pushforward at the level of Shimura varieties:
Sepn i Sepn > Xy X Sepn,
which in turn induces a Gysin (“wrong way”’) map at the cohomological level,
HY(Sepn, 82n (ME™7D)) — H2 (X X Sepn, M7 (1)),
which happens to have precisely the index and twist to land in
H2(R ®¢ Fopr, M2 (1)) = HE(y x Sepn MZ (1)),

As observed in [33, p. 132] (see also [41, Definition 3.1.2, §5.2]), the Gysin map

gives an equivalent and more practical way to express the relation between e£ p,,] and
Zg;,{ ]m Compose the two maps above into

(3.6) Sepnu: HA(Sepn, 85 (MZ™ID)) — HE(Kpy @k Fopn, M7 (1)),

»Yep
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which we will refer to as the Gysin map induced by §.,». In view of Section 3.8,
we summarize the relation between basis vectors and generalized Heegner classes as
follows.

ProrosiTioN 3.8. The image under &, pn « Of the basis vector eg;n] is ZEI;,{ ]

3.10 — The Abel-Jacobi map

In this subsection, we denote Xy, := X R0 Q. The degeneration at page 2 of the
Hochschild-Lyndon—Serre spectral sequence [54, §1.2] yields an isomorphism

(B7) H2(Xp ®q Fepn, M7 (1)) o HY (Fepn, HE (X, (2777 (1))).
The embeddings o, 61: K < L, seen as Galois characters, induce p-adic characters
04, Og: Gal(K™ / Fpt) —> L™

defined by x + o7 1 (x(?) and x > 571 (x(P)), respectively, where x(?) is the p-
component of x as an element of (1 + N+ Og)*, which is isomorphic to Gal(K*®/ Fap+)
under the geometrically normalized Artin reciprocity map reck (see Remark 2.1).

The right-hand side of (3.7) can then be further rewritten as

HY(Fopn, HY (Xon, 277 (1))

(3.8) > H' (Fepn. Hy (X, 727 (1) ® 03~/ 57)).

DerintTION 3.9. The composition of the maps (3.3), (3.4), (3.7), and (3.8) is the
p-adic Abel-Jacobi map

k) gy, CH V(W 1 @1 Fepr)o
—s H'(Fopn, HY (X, 72" (1) ® 02777 51)).

In particular, zqg - <I>[k’](A )

4. Modular forms

Let R be a p-adic ring, that is, a Z,-algebra which is complete and Hausdorff with
respect to the p-adic topology, so that R =~ lirlln R/p"R. In this section, if S is a
Zp-scheme, Sk := § ®z, R indicates the coefficient extension to R.
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4.1 — p-adic modular forms

Quaternionic p-adic modular forms are defined for all weights in [8]; see also [34].

A p-adic modular form of tame level N+ on B is a global section of IE R (see
Section 2.8.6). Let V, (N *, R) denote the space of quaternionic modular forms of tame
level N In terms of the layers of the Igusa tower I/g\g

Vo(N*.R) = H(Ig. 03) ®z, R = limlim H°(lg,, . Os,, ) ®z, R,
n m

where, as usual, Qg denotes the structure sheaf of a scheme S. In view of Propo-
sition 2.10, a quaternionic p-adic modular form as above is a rule ¥ that, for each
n,m > 1, takes a quadruple (4, ¢, o, B) consisting of a QM abelian surface (4, t) over
an R-algebra R with level U; (N T) structure o and an arithmetic trivialization B,, of
A[p™] over R/ p" R, and assigns a value ¥ (A4, ¢, «, B) € R/ p" R which is compatible
with respect to the canonical maps used to compute the direct and inverse limit, depends
only on the isomorphism class of the quadruplet, and is compatible under base change
given by continuous morphisms between R-algebras.

Anelementu € I :== 1 + pZ, acts on f o0 by left multiplication. Precomposing
an arithmetic trivialization B € P, of AYI[p™] with that action u gives a new
arithmetic trivialization u - § = (u x u) o B € Py, , which specializes to an arithmetic
trivialization of A[p°°] for any QM abelian surface A over R. This gives an R[[I']-
module structure over V,(N T, R) denoted by ¥ > F|(A) for ¥ € V,(N T, R) and
A € AR, defined foru € I by

(‘?l(u))(A7 L, o, ,B) - \?(A, Lo, u- /3)
and for any other A € R[I"] by extending R-linearly.

DeriniTiON 4.1, Let : ' = p 00 (@p) be a finite order character and k € Z, a
p-adic integer. We say that a p-adic modular form ¥ is of signature (k, ) if for every
u €T, wehave F|(u) = uky(u)F.

4.2 — Geometric modular forms

As explained in [34], the classical quaternionic p-adic modular forms are those
coming from geometry. Let 7: A — S be a QM abelian surface over R and Q4,r
denote the bundle of relative differentials. Then quaternionic multiplication by Op,
after extension of scalars to Z,, gives an action on 7,24, g. In particular, the local
idempotent e, from Section 2.8.2 (which coincides with the global idempotent e from
Section 2.7 if p is split) acts over m«$24,g allowing us to define the invertible sheaf

@a/R = epTxSa/R-
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A test object over an R-algebra R is a quintuplet T = (A4, t,«, (H, P), w) consisting
of a QM abelian surface (4, ) over R, alevel U; (N ) structure o on A, alevel T'y (p™)
structure (H, P) on A, and a non-vanishing global section of the line bundle @4, % of
relative differentials. Two test objects are isomorphic if there is an isomorphism of QM
abelian surfaces which induces isomorphisms of level U; (N 1) and I'y (p™) structures
and pulls back the generator of the differentials of A’ to that of A.

DerintTiON 4.2. An R-valued geometric modular form on fm is a rule ¥ that
assigns to each isomorphism class of test objects T = (A, ¢, «, (H, P), w) over an
R-algebra R a value ¥ (T') € R which

* is compatible with base changes: if ¢: R — R’ is a morphism of R-algebras,
FA o (H P 0)=9(F (A ,a (H P) e @)))

where A" = A QR R',and ', &’ and (H’, P') are obtained by base change from
t, ¢ and (H, P), respectively;

« satisfies a weight condition: for any A € R*,
F(A,t,a,(H, P),Aw) = A *F (A, 1,0, (H, P),w).

We denote by My (N, p™, R) the R-module of R-valued weight k modular forms
on X,,.

Anelementu € (Z/p™7Z)* actsonatestobject T = (A, t,«, (H, P),®) by left mul-
tiplication on P and trivially everywhere else. This action extends to My (N *, p™, R)
by setting

(Flu))(A,t,a,(H, P),w) = F(A,t,a,(H,u- P),w).

DerintTION 4.3. Let ¥: (Z/p™7Z)* — R be a finite order character. We say that
a modular form ¥ € My (N ™, p™, R) has character y if ¥ |(u) = ¥ (u)F for all
ue(Z/pm™Zy*.

Denote by My (N p™, R) the R-submodule of My (N, p™, R) of R-valued
weight k& modular forms on X, consisting of modular forms with trivial character.

4.3 — From geometric to classical p-adic modular forms

In order to define a p-adic modular form from a geometric modular form, one needs
to establish a relation between the test objects above with the quadruplets from before,
which boils down to defining a level I';(p™) structure (H, P) after an arithmetic
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trivialization 8 for each (4, ¢, «). In view of Section 2.4, there is a unique principal
polarization A: A = A" whose corresponding Rosati involution of End(A) coincides
with the restriction to @ p of the involution f of B defined in Section 2.4.

As explained in [47, §3.1], an arithmetic trivialization B determines by Cartier
duality a point xg in e'Ta, (AV)(IE,), where Ta, denotes the p-adic Tate module. By
[37, p. 150], we have an isomorphism of formal groups over F,,

A = Homgz, (Ta,(A")(F,), Gm) = eA = Homg, (Tap((e4)V)(F,), Gm)
— ¢'Ta,(4Y)(F,) = Homgz, (e A, Gp).

Under the isomorphism above, x/\ﬂ/ corresponds to some ¢g € Homg, (e/f , @m).
Conversely, one such morphism gives a point in eTTap (AV)(]E,,) and, again by Cartier
duality, to an arithmetic trivialization on A. The pullback of the standard differential
dT/T of Gy under ¢p, denoted wg = gog (dT/T), defines a differential in w4, &-

Fix a generator of u e, which induces a generator {,m of p,m for all m. Then
B(&pm) gives a point P in A[p™] of exact order p™ and, taking H to be the subgroup
scheme generated by P, (H, P) gives a level ['1 (p™) structure on (4, ¢, ®). Define

}C(A, La,B):=F(A,a (H P) wg).

The map ¥ +— ¥ is compatible with base change, only depends on the isomorphism
class of (A4, t,a, B), and is compatible with the maps occurring in the direct and inverse

A~

limit in the definition of p-adic modular forms; thus ¥ +— ¥ establishes a map
4.1 Mi(N*, p™, R) — Vp(N*,R)

sending a geometric modular form & of weight k and character v to a p-adic modular
form ¥ of signature (k, ).

DEerintTION 4.4. A p-adic modular form is classic if it is in the image of (4.1).

4.4 — Hecke operators

We follow [25, §I1.2, I1.3] and [31, §3.6]. If (A, ¢, «, B) is a quadruplet like in
the previous subsections, since A has ordinary reduction at p (see Remark 2.9), the
p-torsion subgroup H defined after 8 in the previous subsection is the canonical
subgroup, that is, the one (and only one) which reduces modulo p to the kernel of the
Frobenius morphism (see also [34, Theorem 1.11]). Denoting by ¢g: A — Ao := A/H
the canonical projection, we can define another quadruplet (Ao, to, @, Bo) as follows:

e (g is the pullback of ¢ by ¢.
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* Since ¢ has degree p which is coprime with N T, ¢o reduces to an isomorphism in
the N T-torsion, so ag := ¢ o « is a well-defined level U (N 1) structure on Ay.

* As before, B corresponds to a morphism ¢g € Homgz, 2 (eA Gm) Since ¢y is étale,
it induces an 1som0rphlsm on formal completions ¢0 Ao — A. The morphism
p:=q@go (e¢0) € Homg, (eAO, m) induces an arithmetic trivialization S on Ag.

DEerFiNiTION 4.5. The operator V,: V,(N ', R) — V,(N*, R) is defined for any
p-adic modular form ¥ over R by the equation V,, - F (A4, t,c, B) := F (Ao, to. %0, Po)-

Let H;, for 1 <i < p, denote all the other p-torsion subgroups of A. An equiva-
lent construction to the one performed for the canonical subgroup gives quadruplets
(A, i, i, Bi), where ¢: A — A; := A/H,; is the quotient of A by H;.

DEerFINITION 4.6. The operator U,: V,(N T R) — V (N + R) is defined for any
p-adic modular form ¥ over R by the equation U, = p 1—1 F(Ai i, 0, Bi).

RemMARK 4.7. It follows that V), o U, is just the identity map id, which is not the
case for U, o V). In the elliptic modular forms case, the second composition kills
all terms of index prime to p in the Fourier expansion. Motivated by this classical
case, we define the p-depletion of a p-adic modular form % in V,(N T, R) to be
Flol = (id-U,V,) - F

If £ is any other prime, the same construction as above gives, for each of the £-
torsion groups Hy, ..., Hy and their quotients ¢;: A — A; := A/H;, a quadruplet
(Ai, b, 04, Bi).

DeriNiTION 4.8. The operator Ty: V,(N*, R) — V (N+, R) is defined for any
p-adic modular form ¥ over R by the equation Ty - ¥ := % Zf:o F (A, 0, Bi).

4.5 — Jacquet—Langlands correspondence

Fix an isomorphism between C and Cp, the p-adic completion of Q p» compatible
with the embedding ¢, Q—=0Q »» and denote by Oc,, the valuation ring in C, arising
from this choice. The reason why classical quaternionic modular forms receive such a
name is that they come from actual classical modular forms via the Jacquet-Langlands
correspondence.

Prorosition 4.9 ([32, Theorem 16.1]). There is an isomorphism

~

JL: Si (T (Np™), O)N % =5 M (N, p™, Cp),

where S (T (Np™), C)N™ "V js the C-vector space of new at all primes dividing N ~
elliptic cuspidal modular forms of level T1(Np™). If f € Si(T1(Np™), C)N ™ "W hgs
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character W then so does ¥ = JL(f), and the eigenvalues of f and & with respect to
U, and all Hecke operators Ty away from N = NN~ coincide.

4.6 — Galois representations

Let L = Frac(R). Consider ¥ € My (N*, p™, R) an eigenform for all Hecke opera-
torsandlet Ly € Q p be its Hecke field. Here we take the p-adic Galois representation
of ¥ to be the Deligne p-adic representation

Ve € HA (X ®0 Q. (75)Y) ®q, Ly

characterized by requiring that the trace of the geometric Frobenius element at a prime
£ } Np is equal to ag(¥), the Hecke eigenvalue of Ty. The dual, or contragredient,
Galois representation V£ of Vg is then the maximal quotient

HL(Xm ®0 Q. 7 (1) ®g, Ly —> Vi,

where dual Hecke operators T, act by a;(F), forall £  Np, and U, acts by a,(F);
see [40, §2.8].

Let f be aclassical eigenform such that ¥ = JL( /') and denote by V7 its classical p-
adic Galois representation with coefficients in Ly =~ Ky ®¢q Q. Since the eigenvalues
with respect to Ty of f and ¥ coincide in all but finitely many primes ¢, their Hecke
polynomial (that is, the characteristic polynomial of the image of the Frobenius element)
at all but finitely many primes £ coincide. Since V¢ and Vg are irreducible, they are
then isomorphic.

4.7 — p-stabilization of modular forms

Let # = JL(f) € M (N™, 1, R) be a quaternionic modular form over Xo. The
p-stabilization of ¥ with respect to a root a of its Hecke polynomial is simply the
image under JL of the p-stabilization of f with respect to a.

Consider the canonical degeneration maps
* pry: )71 — )?0, which takes a quadruplet (A4, ¢, o, B) and maps into (A, ¢, o, Bp),

where o, is (the equivalence class of) ¥, o a with v, the map (x, y) — (px, py),

and B, = B o ¢, with ¢,: w, — p being the map x +— x?, thus trivial;
* pry: )?1 — )?0, which takes a quadruplet (A4, ¢, @, 8) and outputs (Ag, Lo, ¥, Bo), the

quadruplet associated to the canonical subgroup of A as explained in Section 4.4.

Prorosrtion 4.10. The map

(pra)«

(pro)s+ = (pry)« — Ve, — Vg
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is an isomorphism, where (pr,)«, (pry)«: Vg, — V& are induced by the canonical
degeneration maps pry, pry: X1 — Xo.

Proor. One can use the Jacquet—Langlands correspondence to reduce it to the
elliptic version of this statement, which is [40, Proposition 7.3.1]. ]

4.8 — Eigencurves

Recall that the weight space %" := Homeon,z,, (Z, , Z;) is the rigid analytic variety
associated to the Iwasawa algebra A := Z,[Z,]. For J € Z>,, we also define the
level J Iwasawa algebra to be Ay = Zp[[(Z/JZ)* x Z,], whose associated level
J weight space is #; := Homeon,z, (Z/J Z)* x Z;, Z;), and there is a natural
projection #; — #". We embed Z into those weight spaces by sending k into the
character x — x¥~2. This normalization is so that k = 2r + 2 maps into 2r.

Let &(N) denote the Coleman—Mazur eigencurve of tame level N defined in [19],
a rigid analytic variety parametrizing finite slope overconvergent p-adic eigenforms of
tame level N, and in particular, the p-stabilized eigenforms f € S (I'; (Np), C)N ™ new
from Proposition 4.9. There exists a projection of the eigencurve & (N ) into the level
N weight space Wy .

Using Buzzard’s eigenvariety machine from [13], Brasca (in [9]) has constructed the
quaternionic analogue of the eigencurve, parametrizing cuspidal quaternionic modular
forms over certain PEL Shimura varieties. Since the Shimura curves we consider here
are PEL and compact, there are no cusps and therefore any modular form defined over
them is automatically cuspidal, so Brasca’s construction applies. We denote by &(N T)
the Brasca—Buzzard eigencurve, whose L-rational points parametrize modular forms
of tame level N *. A general result by Chenevier, when adapted to our context, implies
a p-adic Jacquet—Langlands correspondence between the elliptic and quaternionic
eigencurves.

ProrositioN 4.11. The new at N~ locus of the Coleman—Mazur eigencurve,
denoted &(N)N ™™V and the Brasca—Buzzard eigencurve €(N ) are isomorphic as
rigid analytic varieties; see [16, Théoréme 3].

4.9 — Coleman families

Coleman families of any positive slope, generalizing the ordinary (zero slope)
families defined by Hida, were first defined in [20] for elliptic modular forms. We
follow the exposition in [55, §2.2] for the elliptic case.

Let f be a classical level N new normalized eigenform of even weight kg, such
that the roots of its Hecke polynomial, o and f are distinct and v, () < ko — 1. These
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conditions are enough for us to define after f, a pointin &(N)N ™Y in which the
projection to the weight space is smooth and étale (see [27, §1.1] and [3, §2.3]).

For an affinoid % C %, we write &, for the ring of power bounded rigid analytic
functions defined over Q, (see [55, §2.1]).

ProrosiTion4.12. Let f be a p-stabilized modular form of slope A in the conditions
above. Then there exist an affinoid % C W and, for eachn € Z~, a, € .527;[ ®Q, L
rigid analytic functions with coefficients in a finite extension L of Qp, such that, for
eachk € U N Z with A < k — 1, the specialization at weight k,

fi= Y an(k)g" € LIgl.

n=1

is a classical normalized cuspidal eigenform of level Np, weight k, and slope A, and
fork = ko, fi, = [ seealso [44, Theorem 4.6.4].

The family of functions {a,}, is the (elliptic) Coleman family defined over %
passing through f. In other words, a Coleman family is an affinoid { f }x<% in the
Coleman—Mazur eigencurve & (N) defined over %. Let Ay be the Iwasawa algebra
associated to %, over which &/, is a finite and flat module. The (at first) formal series

£i= anq" € dylq]
n=1

is a well-defined element in V,(N*, &5) := V,(N ¥, L) ®4,, I3

Let f be a classical p-stabilized eigenform as above, ¥ := JL( f) be the corre-
sponding p-stabilized quaternionic modular form, and £ be the Coleman family passing
through f defined over some affinoid % C %" (after projection from %} ). Via the
p-adic Jacquet-Langlands correspondence (Proposition 4.11), £, as an open neigh-
borhood of f in &(N)N ™ ™% maps into an open neighborhood F of ¥ in &(N 1),
which we call the (quaternionic) Coleman family passing through ¥ defined over %.
As an abuse of notation, we write & = JL(£) to emphasize the relation between the
elliptic and quaternionic Coleman families. As a consequence of Propositions 4.11
and 4.12, we have the following corollary.

CoROLLARY 4.13. Let F = JL(f) be the Coleman family passing through ¥ over
U CW. Foreachk = 2r +2 € U N Z with A < k — 1, the specialization at weight
k denoted Fy, is the quaternionic modular form JL( fi), where f. is the specialization
at weight k of £. At weight k = ko, the specialization is ¥ itself.
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5. Big generalized Heegner classes

We define big generalized Heegner classes associated to Coleman families of
quaternionic modular forms through the p-adic interpolation of generalized Heegner
classes associated to quaternionic modular forms, following the approach from [33, §4].
As seen in Section 3.9, the basis vectors we constructed after CM points correspond
under the Gysin map to the generalized Heegner classes (Proposition 3.8), so the
strategy is to interpolate p-adically the basis vectors and the Gysin map.

Let kg = 2rg + 2 € Z, which can be found in %" as the character z > z27°. For
an integer s > 0, denote by W) the locus of the s-analytic characters, which are the
k € W such that

vpk(l+p)=1) > (p* (p—1)""

Let L be a p-adic field in which K embeds by o: K < L, let % be an open neighborhood
of ko in 7'®) defined over L, let Ay := Oy [u] be its Iwasawa algebra and let ko;: T <>
A3, be its universal character. For any character 0: O — I' we write 0*% := k9 o 0,
0% :=k oo forany k € Z and gF<* 1512 = (cr"‘”)jEl 1512 for any iy, ip € Z.

Recall the fixed new at p elliptic eigenform f, ! of weight k¢ and level 'y (V) from
Section 2.1, let fo be the p-stabilization of f; 3 with respect to some root o of its
Hecke polynomial, and let ¥y = JL( fp), a p-stabilized quaternionic modular form
of signature (kg, %) and level N p. As in Section 4.9, let F be the fixed Coleman
family passing through ¥4 defined over L and let % be an open neighborhood of k¢
small enough so that & specializes at every k = 2r + 2 € % N Z to a p-stabilized
modular form.

RemMaRrk 5.1. In all étale cohomology groups in this section, we always invert (but
do not write) only the primes dividing Np in the respective fields of definition.

5.1 = Classes associated to quaternionic modular forms

Let ¥ € My (N, p™, 1) be a quaternionic newform of signature (k, ) over X,,,.
From Section 4.6, the dual Galois representation V2 of # can be seen as a quotient of
Hélt (Xm ®0 Q, %f' (1)), so we have a projection

pr[f ] Hl(Fcp", Hélt(fm ®Q Q. %zr(l)) &® 02r g ejt)
—> H' (Fepn, Vi @ 02777 57).
(77— 71 ()

cp.m cp.m
generalized Heegner class associated to ¥ and with 0 < j < 2r.

DEeriniTION 5.2. The class z ) is the j-component of the
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LemMA 5.3. Let y be a Hecke character of infinity type (2r — j, j) and finite type
(cp™, NF, ). Then the generalized Heegner class Zg:,/] is in the Gal(Fepn /Hepn)-
invariant subspace of

HY (Fopn Ve ® 02 0l) = H (Fepn, Vi ® 7).

Proor. The proofis similar to [33, Proposition 3.5.2]. The group @Z}" [Upt cpn =
(Z/N*Z)* acts naturally on S¢p» and by diamond operators on X, and both actions
are compatible with the embedding 8 Sepn — Xon X Sepn induced by the embedding
from Section 3.9. Since y has conductor prime to N T, x restricts to the character
W(Ieztr /5 J on Gal(F,pn/Hcpn), thus extending 02"~/ 5/ to Gal(K®/H,,n) after
twisting the Galois action by the finite order character ¥. Since z[ cph ’] 1 lies in the
finite-dimensional subspace of classes which are unramified outside N p, the result

then follows from the Shimura reciprocity law ([58, Theorem 9.6]). ]

Via the inflation-restriction exact sequence and the irreducibility of Vg, there is an

isomorphism

(51) (Hl (F(,‘p" , V; ® X))Gal(Fcpn /Hcpn) o~ Hl(Hcp” , V;-' ® X)
DeriniTION 5.4. Let y be a Hecke character of infinity type (2r — j, j) with

0 < j < 2r.The y-component Zan] of the generalized Heegner class is the image

[7,J]

ofch m

via the isomorphism (5.1).

Let ¥ = JL(f) be the quaternionic lift of a new at p elliptic eigenform f and «, B
be the roots of its Hecke polynomial; let F be the p-stabilization of & with respect
to o. Proposition 4.10 gives an isomorphism (pry)«: Ve, S

ProposITION 5.5. The map (pry,)« induces an isomorphism
H'(Hepn Vi, ® ) = H' (Hepn . Vi ® X)

Al

under which 2\ pn 1 maps into Ep(F, x) - zL p,, 0, where the Euler factor E, (¥, x) is

defined by
(1 B x(p)>(1 B x(p))’ if p is split:
o o
EF.p)=41—- %, if p is inert;
1 - M, if p is ramified.
o

This is an explicit calculation; see [33, Proposition 3.5.5] and [40, Theorem 5.7.6].
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5.2 — p-adic interpolation of basis vectors

Let Af,;l, ¢ be the Ag,-module of continuous bounded A4-valued functions on O
converging on p°*Oc,,, that is, the power series of the form ) . a; (%)t witha; € Ay,.
We call s the slope of these functions. Inverting p we get the space Ay,s := A, ([1/p]
of continuous functions with slope s.

9, 0Op
S(p™) =
(r™) (meL 02),

The monoid

generated by (f)’ (1)) and the elements of GL, (@) that are upper triangular modulo
p™, acts on Ag s from the left by

V-9(Z) =ku(bZ + d)p(Z -y),

where y = (‘cl Z) acts on the variable Z from the right as Z - y = %. The space

Sym?" (L?) of weight 2r homogeneous polynomials in two variables X and ¥ embeds
into Ag s by setting Z as a fractional linear combination of X and ¥ and mapping
P(X,Y)— P(Z,1).In view of Lemma 3.7, we set Z = ul. (X.Y)T, where u =
(uc_pln)T. Such an embedding is equivariant with respect to the action above and its
restriction to Sym?” (L?) given by

y-9(Z) = (bZ +d)9(Z ).
The dual of this embedding gives the moment map
mom?’: Dy, s := Homy,, (45 ¢, Ay) —> TSym?” ((L*))

(and similarly for Dy, s := Dg, ([1/ p] over Ay[1/ p]) defined by the integration formula

(mom® (1)) () = / o(z. D du(2),

oL

for each ¢ € Sym?” (L?). The dual action of X'(p™) := {y~! : y € (p™)} is given
by

1

y-u(p) = pnly™ -9).

[%,0]

DEerinITION 5.6. We denote by € pn

€ Dy, the distribution given by the integra-
tion formula

%,0 %,0 .
0 () = /@ 9(2) de0(2) 1= g(ecpn)
L

for any ¢ € Ag m, where, in light of Lemma 3.7, ¢(e.pn) is simply evaluation at
p"or(8) if p is split, and at p" oy () otherwise.
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Remark 5.7. The distribution ez;?]

that the distributions of each m-layer are compatible with respect to the natural maps

behaves independently of m in the sense

Dym — Doym—1.

Prorosition 5.8. The distribution e[ pn ol plays the role of a p-adic family over U

of basis vectors having the following propertzes
* The action of icpn ((Ocpn ®z Lp)™) on e[%’o] is via aL_'“”

(701 _ lk0]

o For all even integers k = 2r + 2 > 2 we have mom?" (o eph -

ProoF. Let % denote either p" oy (8) or p"oy (¥) depending on whether p is split
or not, respectively. For the first statement, recall that i.,» is an optimal embedding
of O¢pn into the Eichler order R,, = B* N U,y,. For u in (Ocpn @z Z,)>, we have
(icpn W)™ ") ecpn = 0 M(u)ecpn (see Section 3.7). Let u act under icpn by (¢ 5). As
we just observed,

o ()t e(2)

For each ¢ € A9 ,, we then have

lcp”(u) 1 [‘ZZ 0]((P) cp” (lcpn(u) Q) = /(; KW(bx‘i'd)(P(ﬁ) de[% O](X)

XYL o ()

b +d

2,0
= o5 (el ().

= iy (hk + d)(p(

Therefore, we conclude that the action of i.p» (1) on the measure e[?; .0

product o, K%(")egno],

once noticing that over polynomials both e

is just the

which gives the first statement The second statement follows
%, [%,0]

p pn cpn actas evaluation at . =

and e

To interpolate the remaining vectors, we introduce some twist. First, recall from
[44, §5.1] the operator V, which acts on locally analytic L-valued functions defined
over % by

V/E) = £

([44, Proposition 5.1.2]). For each character x € %" defined over %, V o k|9 acts as
multiplication by «’(1) and, in particular, at weight k = 2r + 2 € Z N % corresponding
to the character x — x2", V specializes to multiplication by 2r ([44, Proposition 5.2.5]).
For each j € Z, let

t=1

I;: Dy—jm ® TSym’ (L?)Y) —> Doy/m
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denote the overconvergent projector from [44, Corollary 5.2.1], which essentially acts
as the usual symmetrized tensor product up to denominators: there is a dual map acting
on evaluations at v € (L?)V by

H;’f: Dy —> Doy—jm ® TSym’ ((L?)Y): evy —> evy, 0 v/
such that IT; o HJ’.‘ acts as multiplication by (7) The denominators of IT; are explicitly
bounded in terms of j and m, see [44, Remark 5.2.2].

[%.]]

DeriniTION 5.9. For each j € Z, we denote by ecp,,

;e 0 (e @8 ).

the distribution given by

As an immediate consequence of Proposition 5.8, we have the following corollary.

[#,]] . .
eph has the following properties:

[%,)]
cp”

CoROLLARY 5.10. The distribution e

via the representation o~ ku=DNgJ,
[%./] ) = olk:J1

* The group icpn ((Ocpn @ Zp)™) acts on e,

 For all even integers k = 2r + 2 > 2 we have mom?" (e

cp” cph -t
5.3 — p-adic interpolation of generalized Heegner classes
Let 0" 0 ' be the étale realization of 1%’ o} (cf. Section 3.10). The “big”
Gysin map
HY(Sepn 8% (Do ® 051 57))
(5.3) etz HZ (X ®k Fepn. Dym(1) @ 057757

interpolates the Gysin maps from Section 3.9, in the sense of being compatible with
the one in (3.6) via the moment maps: foreachk = 2r +2 € Z N % with k > j we
have, writing X,, := X, ®0 Q and 9(2r B9 = = Dym ® oy =l g ] to simplify the
notation,

2r—j,j 2r 2r—jj
Hé(:(SCP" s 8:1)" (@éft T l))) L) Hé(z(SCp" , 5:‘}7" (%é(t r—Jj l)))

J{(Sc,,n’* l&c,,n *

G4 H2(Xp ® Fopr, 2~ ”)(1))—>H2(Xm ® Fopn, M (1))

I I

H'(Fepn , HA (X0, 287~ “)(1)))%}1 (Fepns HE (X 777 (1)),
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DerintTiON 5.11. Let j > 0and n > m > 1 be integers. The j-component of the

[%,]] — (Scpn,*(e[%’j]).

big generalized Heegner class associated 10 % 1S Z 5 4, eph

By diagram (5.4), 21%7) is an element of HY(Fpn, Hélt(}?m, QZétzr_]’])(l))).

cp”,m
ProrosiTion 5.12. Foreachk = 2r +2 € Z N U with k > j we have that
[%,j] ) = Sk,

2r
mom (chn m cphm

Proor. Again by diagram (5.4) and Corollary 5.10, the left-hand side is

mom?” (5cpn,*(egkj])) = Sepn,» (mom™” (eg;’j])) = depr.s (eg;,{] )

and the result then follows from Proposition 3.8. ]

Next we derive the norm-compatibility relations satisfied by the set of big gen-
eralized Heegner classes for varying n, m, and j that turns it into an Euler system,
arguing similarly to the elliptic counterpart in [33, Proposition 5.1.2]. We begin with an
alternative description of the induced action of the Hecke operators in the cohomology
level.

For m > 1, let ﬁ,}l be the subgroup of U,, whose elements have p-parts lower
triangular modulo p:

Up = {8 € Un:gp=(12) mod p}

(notice that these matrices are already upper triangular modulo p by being such modulo
p™, thus elements of 17,,11 are diagonal modulo p). We define the corresponding Shimura
curve as

XL = BX\(#* x B*)/U},
which, as a moduli space, classifies triplets (A4, ¢, @) consisting of a QM abelian sur-
face (A, 1), a level U structure « of full level N p’”“, where, in the notation of
Section 2.8.1,

U=1{gec0f:3a,b,dsuchthatiysmoiy+,m(g) = (42) mod N*p™},

and to which we may also attach an arithmetic trivialization B: g ,m+1 — e, A[p™+1]°.
This kind of Shimura curve relates to the other kind X, by the following maps:

~ b ~
an1 z m+1
[T
‘)’Z va’

where
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 prtakes a quadruple (4, ¢, o, ) and maps into (A4, ¢, &y, Bp), Where B, = B o ¢p,
with @p: ym+1 — p,m being the map x - x?, and o, is (the equivalence class
of) ¥, o o, where V, is the map (x, y) — (px. py);

e practs similarly to pr with the corresponding changes in the level structure;

« ®,actsas (7 (1)) on the level structure.

These maps induce pullbacks and pushforwards (trace maps) in the cohomology of
the Shimura curves above. Following [40, §2.4] and [36, §2.9], we define the Hecke
operator

Up := (p1)« © (Pp)™ o (pr)*,

which coincides with the previously defined Hecke operator U, in the level of quater-
nionic modular forms as follows: in the notation of Section 4.4, (pr)* lifts a quadruplet
(4,1, a, B) 10 (A, 1, )1, B,—1) by composing & with ¥,—1: (x, y) (p~'x,p7ly)
and precomposing B with ¢,—1: x x'/P; the isomorphism (®,)* introduces the
averaging factor ; lastly, the pushforward (trace) (pr). projects the quadruplets back
to level Uj(N T ’") by taking the trace of the quotients running over all p-torsion
subgroups of A, recovering the original definition of U,.

Under the Poincaré duality (refer again to [49, Corollary 11.2]), pushforwards and
pullbacks are dual to each other, and (®,)+ = (®,")* as the induced actions of (4 {)
and ( 0) are dual to each other. Thus, the dual to the Hecke operator U, is

= (pr)x 0 (¥, )" o (D).

Prorosrtion 5.13 (Euler relations). Foralln > m > 1 and all j > 0,

[%.]] 1 %]
Corechp"+1/Fcp”( cptlm )= U “Zepn.m

Proor. Since Gal(H,pn+1/Hcpn) = Upn/UL = U,, /Uy 1, the last isomorphism
being a result of the action o~f ®, as (6’ (1’) the preimage of the (U, / ﬁ,},)—orbit of
Xepn.m(1) = [(tk, Ecpn)] in Xy under pr is the Gal(Hpn+1/Hepn) orbit of the CM
point [(tx,&cpn)] in X 1 . Repeating the construction of the j-component of the big
generalized Heegner class associated to % for the Shimura curve X ,}, gives a class

[“21 J]

Zgmin) = Sepns(egh ™) € H (Foprir, Hy(X,, 0 Q. Dum ® 0577 57),

defined over F,n+1, and thus satisfying

1, %,
COI'CSFCpn+1/FC,,n (Zcp[n ]]) - (pr) (ZE‘pn]] )
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Therefore,
Uy -2l = (on)w o (@, o (1) 2],

/A
= (pr)s 0 (D) *(COMSSF,_ 1,/ (e ia)

= COreSE, |,y /Fopn (P © (@51 (2g:0))).
The morphism &, maps the CM point [(tx, Ecpn)] € )'(v,il into [(tx, §pnt1)] € Xpt1,
SO
(@, ) Cepam) = (@p)ulzpin) =

cp’,m cp.m cp"+1 m+1’°

and finally (pr). projects [(tk, & pn+1)] € Xn+1 into the “same point” [(ik, Ecpnt1)]
in X, (this identity-like behavior of the pushforward of the projection is akin to what
happens in the elliptic case, as seen in [40, §2.4]). Piecing it all together yields

i _ 1,0%,
U]g : ZE’pnjj’n = COI'ESFLApn_‘_l /Fcpn ((pr)* °© ((DP 1)*(ZCP[n ]]))
2.
= COICSF, ,41/Fepn ((Pr)*(ZEPnJJ]rI,erl))

[%,]]
= COICSE_ i1 /Fepn et p)-

5.4 — Big Galois representations

Let £ be the Coleman family defined over % € %" passing through f corresponding
via the p-adic Jacquet-Langlands lift to &

ProposiTION 5.14. After shrinking U, there is an open disc UDUinwD so
that the O (2 )-module

H}(X1 ®¢ Q. Dy (1) ®a 11/ O()

has a rank 2 maximal quotient VY, interpolating the dual p-adic Galois representa-
tions of the specializations at integral weights of F in the following sense: for each
k =2r +2 € UN7Z, there is an isomorphism of L-representations

V5 /kVy =~ V;,
where k is seen as a character in W'

Proor. Using the p-adic Jacquet—-Langlands correspondence (Proposition 4.11),
this reduces to the equivalent statement about £, which is [44, Theorem 4.6.6] (taking
into account our conventions established in Section 4.6). ]
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DEeriniTION 5.15. The @ (%)-module V%, from Proposition 5.14 is the dual big
Galois representation associated to &, and its linear dual Vg = V% (1) is the big
Galois representation associated to &.

The constructions leading up to Definition 5.11 can be redone for U, yielding a
Zi;,”]l for 0 < j < 2r. The natural inclusion  C 9/ induces for all s € Z>pa
restriction map A?? ¢ — Ag s in the level of continuous slope s functions, and a dual

class z

map Dy s — Dg; ¢ in the level of distributions. Under the induced dual map in the

level of cohomologles, the class z[?;,,] ]1 maps to z[?;n] ]1

Similarly to Section 5.1, the projection given in Proposition 5.14 induces a map
pri? I HY (Fepn . Dz (1) ® 0,7 757 —> H'(Fupn, VE @ 07 7 57).

The reason one extends to % in the first place is to get big generalized Heegner classes
that are divisible by the operator

V) 1=
)= (V—=1i)
(J J!E)

(cf. [44, Proposition 5.2.5]), which acts invertibly on A 5[1/ p] after shrinking U enough
to avoid all integers O, ..., j — 1 ([44, Remark 5.2.2]) and specializes at weight & to
( ) This will be fundamental to control the growth of these classes when projected
1nto the Coleman family & in the proof of Proposition 5.19 to follow such growth

is due to the slope of &. This motivates adding a factor of ( j)_ to the map above,
leading to the following definition.

DEerintTION 5.16. The j-component of the big generalized Heegner class is

-1 _
e (V) prl#:7 (7]
J

cp,1 cp, 1/
These classes satisfy the following Euler relations.

Prorosition 5.17. Forall 0 < j < 2r andn > 1, we have
cores n+1/FLpn( cp"+1 D=2 -ZE;;ZJ’]I.
Proor. This follows directly from Proposition 5.13 and the fact that, by our
conventions, UI; acts over the dual Galois representation by the eigenvalue a, (cf.
Section 4.6). ]

ProposiTiON 5.18. Let k =2r +2¢e%NZwith2r > j. The specialization at
weight k ofz[‘;,’ﬂ]l is (]) gﬁ {] € HY(Fepn, Vg, ® ozr /5 J)
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[#.]]
cp,1

at weight k of (j)ng’,,]; ]1 under prl¥x-/1 which is exactly (2].')_12

is the image of the specialization
[Fi»i]
cp”,1

Proor. The specialization at weight k of z
(]

5.5 — Definition of big generalized Heegner classes

The remaining step towards the general definition is the interpolation of the charac-
ters 0/ 6/ for j > 0.

Let Fepoo = o | Fepn.Since Hepn N Fo = K foralln > 0, Tog := Gal(Fpoo /
F.) is isomorphic to Gal(H,pe /H.). For any integer n > 1, let I, denote the subgroup
Gal(Fepoo/ Fepn) = Gal(Hepoo /Hepn) of I'no. Via the Artin reciprocity map, there is
anisomorphism I'y = (O ® Z)*/Z,, so the charactero/0: (Ox ® Z)* /L, — L,
induces a Galois character oy /05: 'y — Z;.

The Iwasawa algebra Ar, := Z,[I'1] can be seen as a Gal(Q/ F¢,)-module via the
canonical projection into I';, which embeds as group-like elements in Ar,. Twisting
Ar, by the inverse of 0y /0%, gives a Galois module Ar, (G¢/04), whose elements can
be seen as Gal(Q/ F.p)-representations. Let the specialization at j € Zx¢ be the map

55) Ary 5/ 0z) —> Qo5 w—>( [ du)(c}ét/oét)f.

Define o251 1= gk ®Zp Ar, (0¢/0¢). The map (5.5) induces corresponding
specialization at j maps for 0“# 715 and therefore a map

mom;: H' (Fep, Vi 8z, 057 353) — HY (Fopn, Vi ® 05777 5)),
which can be composed with cores Fopn/Fep 1O land in the same field of definition F¢.

ProposiTION 5.19. There exists 2., il ¢ g1 (Fep, Vi Rz é“” 5 ")such that, for

t
alln > 1and all j > 0, mom;, n(z[‘f"') =a,” zn]]l

Proor. The existence of the class will follow from a general construction of
Loeffler—Zerbes, namely [44, Proposition 2.3.3]. To check the conditions for it, endow
O (%) with the supremum norm and take A to be the slope of &, that is, log,, (||a;1 D, a
positive real number which by hypothesis is strictly smaller than k — 1, thus 2r > |A].
Define the classes

\V4 .
Cn,j = a;"(zr)zg;,{]l € H' (Fepoo, VE®0M),

considered over F, o0 where the characters oy, and 0y are trivial. For the first condition
in [44, Proposition 2.3.3], it suffices to check that

COTESE_ i1/ Fepn (¢cnt1,j) = Cn,js

which is immediate from Proposition 5.17.
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For the second condition, we wish to show that there exists a constant C such that

o (e

where ||- is the supremum seminorm on H ! (F, o0, V¥ ®0*%) coming from a choice of
normon Vi, ®c0“” as aBanach O (%)-module. By Lemma 3.7, ecpn — écpn € p ((9 )Y,
therefore

< cpnl,

,
(eepn — Eepr)® = 3 (=1 (2077 © &) € p? " TSym™ (0F)).

[%—2r,0]

epn and applying the overconvergent projector

Taking the product of that sum with e
IT; gives

2r 2r .
. _ . s . (V — Jj .
5.6 > ()Tl o2 ol =D (-1) (2r _ )efji;!],
- =

where the equality (without the alternating sum) is [44, Lemma 5.1.5]. Since II; has
denominators bounded in terms of j and m = 1, there is a constant C; such that

I, (e[%—Zr,O] o (le—j o égp”)) €C; p2rn D;l,l’

Cpli cpl‘l

where Dg, | denotes the norm-1 distributions in Dy,1. Applying the big Gysin map
(5.3), the dual map D% 1= D 1nduced by the inclusion % — %, and pr[g J1 o
the right-hand side of (5.6) and usmg the explicit computation

(V)(V—j)= (V=) (V=j) (Y =2r 1) (@)

2r — j Jj! 2r—j) 2r)!

(7)G)

2r 2 )
2 v/ (1) (5 )| = oo

we have

To conclude,

—2rn Z( 1)J ( ) Resg ' poo | Fepn (¢m,j)

Jj=0
Lo ()G

H 2r

< —2rn

< Cilla,"| = C;p*"
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which implies the inequality we want. Thus we may apply [44, Proposition 2.3.3] to
obtain a unique class ch Ve H! (Fepoo, I ®Z,, (Vi ®0" %)) interpolating the
classes Res Fepoo/Fopn (cn,j), where X, denotes the weight space associated to Ar, .
Since all quaternionic modular forms are cuspidal (as the underlying Shimura varieties
are compact), we have H°(F, poo, VE®0*%) = 0, which, via the inflation-restriction
sequence, allows the class above to be defined over F¢,, which we can map to the larger
module

[J' 4l c H (Fcp»Vg ®Zp K?/ '](7")

et
It then follows by the interpolation property in the definition of the class that

Z 3 . k - 2 Z 7
mom ey ) =7 (*,* el

where K is the weight of the Coleman family, which is constant and equal to k = 2r + 2,
thus making the binomial term vanish, concluding the proof. u

DEerinNITION 5.20. The class ch e 0! (Fep, Vi ®Z,, ef’ 5 ") from Proposi-

tion 5.19 is called the big generalized Heegner class associated to F
5.6 — Specialization of big generalized Heegner classes

Foreach k = 2r 4+ 2 € Z N %, composing mom; ,, with the weight k specialization,
we have our complete specialization map

mom?: H(Fep, Vi 8z, 057 963) — H (Fepn, Vi ® a5l

Tueorem 5.21. Foreachk =2r +2 € Z N% withk > j, we have

2 1
mom?, (2679 = a, (fk)—"(]r) Al € H (Fopn Vi, @027 5).

Furthermore, if y is a Hecke character of infinity type (2r — j, j) and finite type
(cp™, NF, o), the specialization at y is

2r 7 *
(i ( ) 8 € HY(Hopn, VE, 9 ).

Proor. By Proposition 5.19, mom; , (zg,’j]) =a,"z E‘p" ]1 The specialization at
[#.j1 -

weight k of a,, is by definition ap (¥i) and the specialization at weight k of z 77’y is

(21.’ )_lzgﬁ:{ ] by Proposition 5.18. The second statement follows immediately. m
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COROLLARY 5.22. Let F* be such that ¥ as above is its p-stabilization with respect
to a root o, of its Hecke polynomial. For eachk =2r +2 € Z N % withk > j and x
a Hecke character of infinity type (2r — j, j), the big generalized Heegner class ¢, » 7.1l

specializes at weight k and character y to
P —n 2r -1 [yﬁ,x %
Ep(F7, 0 -a j Zepno € H'! (Hepn, Vg ® 2).

Proor. Follows directly from Theorem 5.21 and Proposition 5.5. u

5.7 — Big generalized Heegner classes defined over K

To further lower the field of definition of the big generalized Heegner classes, it
is necessary to remove dependence on k9, which is not well defined over H.,. The
workaround is to reparametrize the underlying affinoid of the space of distributions
Vi Rz » o*2~i5l by an appropriate affinoid over a suitable, bigger weight space. The
Vi Rz , 0% part is parametrized by the affinoid % C 7, while the o735) partis a
Ar,-module, thus corresponding to an affinoid %; € %r,, which, for simplicity, we
may take to be the whole weight space. The following is a summary of [33, §5.4].

PROPOSITION 5.23. Let W — W x Wr, be the weight space parametrizing the
continuous characters K*\Ag s — Qp which restrict trivially to (O K)E(p)' Then the

preimage of % X W, in W is an affinoid Y < v isomorphic to U x Wr, and whose
universal character ky is well defined as a character Gal(K ®/K) — O(¥)*, and
therefore is defined over K.

Let Vg 1= Vi ®o@) O(¥)(ky) and consider the image of the big generalized

Heegner class zg’j] in H'(F, P {737), denoted by the same symbol. By an argument

similar to Lemma 5.3, ZE D #41is found to be invariant with respect to Gal(F¢p/Hep), so

it can be seen as a class in H! (Hep, Vg). Finally, define
27 = corechp/K(z iy e HY (K, V),

which, by abuse of nomenclature, we also call the big generalized Heegner class
associated to &, enjoying the same specializations as the original, only being defined
over K.
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