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On ideals with submaximal analytic spread

DaNieL KA1z (*) — J. GRANT SERIO (%)

ABsTRACT — We construct examples of ideals 7 in a local ring R of dimension d with the property
that / has analytic spread a < d — 1 and the polynomial giving the lengths of Ty (R/I"),
for n large, has degree t <a — 1.

MatHEMATICS SUBJECT CLASSIFICATION 2020 — 13A30 (primary); 13H99, 13P10 (secondary).

Keyworbps — analytic spread, Hilbert polynomial.

1. Introduction

Let (R, m) be a commutative local ring of Krull dimension d and / C R an ideal
such that m is an associated prime of /", for all large n. In other words, 'y (R/1") # 0,
for all large n. Here 'y (—) denotes the zeroth local cohomology functor, so that for
any R-module M, 'y (M) is the set of elements in M annihilated by a power of m.
We will write (1" : m®®) for | ., (I" : m¥), so that T (R/I") = (I" : m™) /1",
for all n. It is well known that under fairly mild circumstances (e.g., R is unmixed in
the sense of Nagata) (1" : m®) is a finitely generated module over the Rees ring
R(I) := P, [" if and only if the analytic spread a (/) of I is less than d; see for
example [2, Theorem 4.1]. This follows roughly because, in this case, mR (/') has height
greater than 1, so that the ideal transform of miR (/) over R(7) is a finitely generated
module over R(/), and clearly €D, ,(I" : m®) is contained in this transform. It
follows that when the analytic spread of 7 is less than d , and m is an associated prime
of 1", for n large, the lengths of the modules 'y, (R/[") are given by a polynomial in
n with rational coefficients. The situation when / has analytic spread d is much more
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complicated. In this case the lengths of the modules 'y, (R /") need not be governed
by a polynomial, but one can consider the growth of the function :—; AT (R/I™)),
as n tends to infinity, where A(—) denotes length. Initially, the limsup of this sequence
was called the ¢ multiplicity of I and it was known that the ¢ multiplicity of / was
non-zero if and only if the analytic spread of I equals d (see [3,6]). In [1], this limit
was ultimately shown to exist when R is an analytically unramified local ring, and this
limit need not be rational.

As far as we know, little information has been given concerning the polynomial
giving the lengths of 'y, (R/I") when [ has analytic spread less than d, except for
the observation that this polynomial must have degree a(/) — 1 or less. In this note we
show that, in fact, such polynomials exist having any analytic spread a < d — 1 and
degree t < a — 1. The ideals we construct are monomial ideals in a polynomial ring
localized at its homogeneous ideal, so our arguments come down to either counting,
or estimating, the number of monomials in (/" : m®), not in /", for various ideals /.
We also note that unlike the case for traditional Hilbert polynomials, having the same
integral closure does not guarantee having the same normalized leading coefficients.

2. The examples

We begin by recalling that for an ideal / contained in the local ring (R, m), the
analytic spread a (/) of I is the Krull dimension of the fiber ring @, " /mI".
When the residue field of R is infinite, a(/) is the minimal number of ggnerators in
a minimal reduction of /. Recall that J C [ is a minimal reduction if J is minimal
among ideals for which J1'~! = I, for some 7 (see [5]).

From here on out, (R, m) will denote a local ring with Krull dimension d and
infinite residue field k. Unless stated otherwise, when considering ideals I C R, we
will assume a(l) < d. When I'y, (R/I™) # 0, for n > 0, we will write Py(n) for the
resulting polynomial.

We now turn to a useful construction. For this, let (R, mt) be an unmixed local
ring and suppose J C [ is a minimal reduction. Then &, . (1" : m®) is also a finite
module over the Rees ring of R with respect to J. Thus, there exists 5 > 0 such that for
alln > b, I" = J*" P[P and (1" : m™®) = J"2(I® : m™). Set a := a([), choose

generators f1, ..., fg for J and indeterminates U1, . . ., U,. Then we have the following
exact sequence of graded R[Uy, ..., Us]-modules:

(I : m™) ¥ JM(IP : m™)
(*) OQK_)I—b[Ul""’Ua]—)@W—)O’

n>0
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where Y (hUZ" - U2**) is the class of hx7*" - xZ in % forh € 'Imoo),
U -+ Ug® amonomial of degree n and K is the kernel of v. Note that ¥ is a graded

homomorphism, so that in each degree we get a surjective R-module homomorphism

((1” ) Ua]) N J(IP : m™)

U9"" _)0.
U Jnb

(%)
The length of the module on the left in (+:) is A{(? : m®)/1%} - ("+*7"), whichis a
polynomial of degree a(/) — 1. Our goal is to create examples where we can gain a
good understanding of K.

The following remark will facilitate some of the calculations in the proof of the
theorem below.

REMARK. Assume R = k[x1,...,x4] is a polynomial ring over the field k, set
= (x1,...,xg)and J := (x?,...,x2)R, forsome | <a <d.
(1) Fix p > 1, and let i be a monomial of degree 2p in the variables xq, ..., x,.

Then all of the exponents in p are even if and only if © € J?. More generally,
t is the number of factors of u of the form xiz, with 1 <i < q if and only if
W e Jtc2(p—t)\Jt+1Cz(p—t—l)

(i) JC?" = C¥*2 forr = 41, ifaisodd and r = 4, if a is even.

Proor. Part (i) follows from the definition of the ideal J. Part (ii) is more or less
well known, but we include a proof. It suffices to show that the generators of C2" 2
belong to JC?". Suppose a is odd, r = 451 and let © = xfl ce X8 € C? T2 be
a monomial of degree 2r +2 = a + 1. We have e + -+ + e, = a + 1, so some
exponent e; > 2. Therefore, u = x !, for u’ € C?". Thus, u € JC?", which is
what we want. The case when a is even is similar. ]

Before moving on to our general case, we consider the following example, which
shows a component of the general calculation. For an ideal L C R, we will write L, for
the integral closure of L. Recall that x € L if and only if there existn > 1 and [; € L/
such that x” + 1x* 1+ ... + 1, = 0.

ExampLE. Let k be a field and set R := k[xq, ..., Xs5](x,
ring in five variables over k localized at its homogeneous maximal ideal. Set m :=
(x1,...,x5)R. In R, set L := (x?,x2,x2) + (x4)(x1,...,x4) and I := L + mL.
In order to understand K in (%) above, we need to understand which monomials in
(I"*?: m) belong to 12 For this example, we find the monomials in (1> : m®) that
belong to /5. We begin by showing it suffices to determine the monomials in (1> : m®°)

xs)> the polynomial

,,,,,

of degree 10 that are in L°. For this, set C := (x1,...,x4) and J := (xl,xg,x3, ) )
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that J/ = L = C2. By the remark above, JC* = C°, so that J3C* = C1°. Therefore,
L3C* = C'°, We now note that L3C* = L*C?, and for this it suffices to see that
L3C* C L*C?. Let u = af be a monomial generator of L3C* such that o € L3 and
B € C* are monomial generators. If the exponent of x4 in 8 is 0, one of x1, X2, X3,
say x1, has exponent at least 2. Then p = (ax?) - B/ € L*C?. If the exponent of x4
in Bis 1, then u = (ax;x4) - B’, for some 1 <i < 3, belongs to L*C 2. Finally, if the
exponent of x4 in B is 2 or more, u = (ax3) - B’ € L*C2. Thus, C'® = L*C?. On
the other hand, it follows from the proof of the theorem below that (/° : m®) = C19,
We now have

I°=L1L°+ L*mC?* + --- + Lm*C* + m°C1°
=L°4+mCY¥+. ...+ Lm*C® 4+ m>C'°
=L>+mC!'.

Thus, any monomial of degree more than 10 in the ideal C ' belongs to 7° and the
monomials of degree 10 in /° are the same as the monomials of degree 10in L°. So we
must determine which monomials of degree 10 in C !? are L. Note that a monomial
of degree 10 in C 10 is just a monomial of degree 10 in x1, x2, X3, X4.

Consider the monomial 11 = x7'x5%x33x3* of degree 10 in (1° : m™®) = C°.
Let r denote the number of o1, o2, 3 that are odd. Suppose a4 > r. Then we can pair
each x;, with i # 4, whose exponent is odd, with an x4. We then get r terms in L of
the form x; x4 dividing p. Let p¢ denote the product of these r terms from L, so that
can write t = op1. Writing ug = xflxgz)% x4 , B1, B2, B3 are even. Moreover,
since the degree of u is even, 4 is even. Thus, w; is a product of squares from L and
it follows that u € L° C I°.

Now suppose r > ay. If ;1 were an element of L>, then . would have to have oy
factors of the form x; x4, with 1 <i < 3. We can then write u = o1, where g is
the product of a4 factors of the form x; x4 with 1 <i < 3 and p; has degree 10 — 204.
(If g = 0, we just take i = q.) Then pq = x‘f‘xgzxé% and at least one f; is odd
(since r > a4). But w; is not divisible by x4, s0 i1 € (x7,x3, x2)>~2% . However, this
cannot happen if some x; in u; has odd exponent. Thus, u & I°.

Putting all of this together, we have that if © € (/° : m®) then € I° if and only
if u has degree greater than 10 or u has degree 10 and r < oy. ]

We note that in the theorem below, our construction takes place in an integrally
closed local domain R of Krull dimension greater than or equal to 2. Thus, we do not
consider the case where a(/) = 1, since such an ideal is principal and (/" : m®>°) = I",
for all n.
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THEOREM. Let k be a field and (R, ) the polynomial ring k[x, ..., xq] localized
at its homogeneous maximal ideal. Then forany2 <a <d —1and0 <t <a — 1,
there exists an ideal I C R satisfying Ty (R/I™) # 0, for all large n, a(I) = a and
deg(Py(n)) = 1.

Proor. Ourideal / will be a monomial ideal in R. We seek to understand K in the
exact sequence (), so our goal is to calculate which monomials in (/7 : m°°) belong

to 17, for any p > 1. In Cases 1 and 2 below, we set J := (x7,...,x2)R, while in
Case 3, we set J = (x13, .. ,xg), so that in each case, J is generated by a regular
sequence, and thus has analytic spread a. If we set C := (x1,...,x4), then J = C?

in the first two cases and J = C3 in the third case since C is a normal ideal, i.e.,
Cn=C" foralln > 1.In particular, JP = (f )2, for all p > 1. Each I we construct
will satisfy J C I C J, so that J is a reduction of /7, and hence a(l) = a.

We now show that (1?7 : m®) = C?? in Cases 1 and 2. In Case 3, we have (I? :
m®) = C3P, but the proof is identical to the previous two cases so we omit it. Note
that for each I we construct and p > 1,

(I ™) Cc (P :m®)={JP :m™®)=JP = (J)? =C??,

where the second equality follows since R satisfies the altitude formula and a(/) <
dim(R) (see [4]). On the other hand, in Cases 1 and 2, each ideal we construct will be
such that I = L 4+ mL, for anideal L satisfying J C L C J=C%s0ol =L+ wmC?2
Thus, I? = L? + LP7'mC? + --- + mPC??, so that C??mP C I?, showing that
C?P C (I? : m™), and hence C?? = (I? : m™).

We proceed to investigate the kernel of the map ¥ in () above. Note that by definition,
¥ (rU;) is the class of rx?, for r € (I? : m®)/I®. Since J"I? is a monomial ideal,
the kernel of ¥ will be a “monomial” submodule in the variables Uy, ..., U,. Thus, a
homogeneous form f(Uy,..., U,) belongs to K if and only if each term rUlq1 e gde
of f(Uy,...,U,)belongs to K. In each of the cases below, we will provide a numerical
criterion on the exponents of a monomial i € (17 : m®) which will determine whether
ornot i € I?. Since this criterion will behave nicely with respect to multiplication by
xl.z, for 1 <i < a, this will give information about K.

Case 1. Suppose t =a — 1. We set I := J + mJ = J + mC? and take u :=
x{'-+-x59 to be a monomial in (/7 : m™) = C?? so that Zflzl a; > 2p. We will
track three quantities which will determine whether or not p is also in /7:

a d

Spalit) 1= (Zai) “2p, Bpal) = (Zai) “op, r( =Y ra@),

i=1 i=1 i=1
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where r5(c) € {0, 1} denotes the residue class of ¢ modulo 2. The last sum above
merely counts the number of exponents in the first a variables that are odd. It follows
that y € m%.¢(W) 2P We claim that

(*) e I? ifandonlyif §,q(u) > ’(“)_—251’0(“)

For this, we first identify the number of factors of u of the form xiz, with 1 <
i < a. This is given by w, which is an integer, since r2(} i, o;) =

> ¢_, ra(a;) mod 2. Rewriting this in terms of 8, 4 (1) gives

Qoiciai) =) Spa(p) +2p—r(p) (1) — 8p.a (1)
= =p—-—".
2 2 2
W =8pal) - N .
Setting j := w it follows that p is divisible by p — j squares from J.

Therefore, u € JP~/ mbr.a (W (C27  Thus, if Spalp) = j = M, it follows
that u € 17,

Conversely, suppose i € I?. Then u € mé& JP~EC?8 for some 0 < g < p. By
part (i) of the Remark, p — M > p—g.Thus, 6, 4(pn) > g > M,
as required, so (*) holds.

We now show that, in the setup of (), the kernel of v is zero. Take o € (I? : m®)
and suppose ¥ (uUF" -~ Ug*) = 0.Set E == Y%_, e; and p’ := pux>¢" - x2%. Then
W e IPFE. We calculate 8y 5.0 (1), 8p4.£.4 (') and r (') from 8p.a (). 8p.a (1)
and r (). Note that

bnat) = (Lo ) 26
i=1

= (Zo{i) +2E-2(b+E)
i=1

=) (i +2¢)—2(b + E)

i=1

= 8b+E,a (/’L/)-

Similarly, one can see that 6,4 g 4 (1") = 6p 4 (). Since all new factors are even powers
of the x;, we also have r (') = r(uw).
Now, since ' € I°+E by (%), we have 8,1 g q(1') > w

r(1)=8p.a (1)
Sp,a(p) > ——=—=24=

and thus,
,soagainby (x), u el b, showing that the kernel of v is zero.
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Thus, for n > b,

(I° :w™)[Uy, ..., Ud]
ZA(( : jltr[IUl,,l,fl,,Ua]U )n—b)
()

which is a polynomial in n of degree a — 1.
Case 2. Suppose 1 <t <a —1. Set
L= (xf,...,xtzﬂ) 4+ (X1, .. Xg)(Xp42, ..., xq) = J + D,

where D is generated by the mixed terms of degree 2 in x1, . . ., x4 divisible by some x;
witht +2 < j <a.Notethat L = C? = J,sothatifweset/ := L + mL =L +mC?,
wehave J € L ¢ I & J. Thus, J is areduction of / and L, and hence these ideals have
analytic spread a. We may therefore use the exact sequence in (), for an appropriate
choice of b.

Take p := x{' - x5 € (I? : m™) = C?7 so that > a; > 2p. In particular,
W e mbpaw)C2p,

Let 8, 4 and §, 4 be asin Case 1. We redefine r (1) as follows: r (1) := f:i ra(eg),
so that r (u) is the number of odd exponents among the first # + 1 variables. Additionally,
we define 07,4 (1) 1= Y 7, 5 i

In analogy with Case 1, we claim that for u € C??,

. . 1
(k) w € 17 if and only if &, 4() > E(r(u) —8p.a(i) — 01,a()).

Since mixed terms involving x;4», ..., X, lie in L, we have more flexibility in iden-
tifying generators of L which are factors of . We again seek the number of such
factors. We first consider the case o, ,(it) > r(u). Note that the right-hand side of
the inequality in () is less than or equal to zero in this case, so the inequality
automatically holds, i.e., the only if direction holds automatically. Continuing, we wish
to show p € LP. Since p € C2P we can write u = piox, <} -+ x5¢, where 10 is a
monomial in xp, ..., x, of degree at least 2 p. Since the assumption oy 4 (1) > r (@)
depends only on the variables x1, ..., x4, it suffices to show o € L?. Thus, after
changing notation, we may assume that x4 is a monomial in x, ..., x, of degree at
least 2 p satisfying o; 4 () > r(i) and show p € L?.

Set (i) := r and assume for the moment that the degree of u is 2p. Without
loss of generality we may further assume «y, ..., «, are odd. Then we may pair
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each of xi, ..., x, with the not necessarily distinct variables x;,, ..., x;., where
t+2=<ji,...,jr <a.Thus, the product x; x;, € L,s0 po := (x1jj;) - (xrxj,) € L".
We now have

T I Il .
(stokk) K= Ho - Xy Xeo X X M2 e

where the monomlal has degree 2p — 2r. Because the displayed exponents of
X1,..., X741 are now even we have 8;41 + -+ + Bq is even. Thus, xf}_fgz- xg“
can be written as a product of generators of L (namely various squares of x;, with
1 <i < a), and similarly so can x{'~ T xf"_ler{l . xt“rl We may therefore
group the irreducible factors of u into monomials of degree 2, each a generator of L,
so that p can be written as a product of p generators of L. Thus u € L? C 7,

If 1 has degree greater than 2 p, we can still choose r as in the previous paragraph
and write @ as in (#s%x). If the degree of w is even, then ) ; f; is even, and we may
still pair the irreducible factors of u as generators of L and there are at least p such
pairs. If the degree of 1 is odd, then ) _; B; is odd, so some f; is odd, say B,. Then the
% has even degree at least 2 p and the previous argument applies, showing that %
and hence p belongsto L? C 7.

Now suppose () > 0y,4(@). Set r := r(u) and s := o0;,4(). As before, we

assume o1, ..., «, are odd. Then we can write
— . a—1 as—1  Os+1 41 at+1
o= (x1xj,) -+ (xsx50) - {xg CXOTIXGY e e i)
®g+1

. xa+1 ---xd s

where t; < ji,...,js <a at;d (xlle)1 (xsxj,) is aproduct of 07 4 (1) mixed terms
el o] og— Us4+1 oy Or41 ‘xt—',-l

from L. In addition, {x] “Xg'TUXA e Xp XL --- X4} is divisible by

% Zﬁ:}(ai —r(i)) + 01,a(@) squares x? from L. Thus, the product of these two
latter expressions belongs to L raised to the

t+1 a
21000+ 5 (L =rn) = 5 (L =+ aiatr))
i=1 i=1

power. Simplifying, we have

3 =700+ 0000 ) = 52 + i) =10+ 000

i=1

1
p— E(r(ﬂ) - 5p,a (n) — 0t,a(|)).

Writing j := %(r(p,) — 8p.a() — 01,q(p)), it follows that u € LP~ T mbr.a 2
Therefore, ju € 17 whenever 8,4 (1) = j = 3(r(10) = 8p.a (1) — 01 (1),
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Conversely, suppose i € I 7. Maintaining the notation from the previous paragraph,
by virtue of the assumption 7 (i) > 04(u), we have w € J?~/ mbr.aW 2/ This
forces 8, 4(n) > j = %(r () — 8p,a(t) — 01,4(1)), which establishes (k)

We now wish to apply the criterion () to an analysis of the kernel of ¥. For
ease of notation, we set H := (’b}‘;‘“’), U:={U,,....U}andlethy,... h; beaset
of (non-zero) monomial generators of H as an R-module, so that each A; is the image

in H of a monomial in (Ib : ™), but not in 1% Then hq,... , hg also generate H [U]
as a module over R[U]. Thus, a monomial in H [U] will be a monomial in R[U] times
some ;.

Now, for any non-zero monomial u € H, consider W(uUf' < Ug%) = /. Asin
Case 1, with E = >"{_, e;, we have

(x%)  SpyEa() =8pa(1).8p+Ea(1) = Spa(p) and r(u') =r(uw).

The only term in the new criterion (*#) that might change is 0; 4. If €442 = --- =
eq = 0, then we have 0, 4(u') = 0,4() and therefore ' ¢ I°%E . This shows that
none of the monomials in H[Uj, ..., U;+1] belong to the kernel of ¢ and since each
of these monomials goes to a unique monomial in the image of v, we have

n+b . .. 00

since there are ("jt) monomials in Uy, ..., U;4 of degree n.
On the other hand, if ¢; # 0, for some ¢ + 1 < i, then 0, 4(t) < 07 4(1t’), while

all the other expressions in (**) remain the same. Suppose i € H is non-zero, so that
8p.a (1) < 5(r(1) = 8p.a(1t) — 0r.a()). Write

S0 (1) + & = 500 = 85.0() — 01a (10
for some ¢ > 0. Set E/ := Y "7_, ., €, 50 01,4(1') = 01,4() + E'. Then
$p+E.a(1V) = 8p,a(1h)
= 0 02) = pali0) — ora() ¢

= () =By (W) — Gra) — E) —¢

! E
= S0 W) =g —0ra(W) + = —e.

Thus, §p £ (') > %(r(,u’) —8p+E.a(') —014(1")) whenever E’ > 2¢. In particular,
Y(u') = 0.Leteq, ..., &4 be such that

Sna () + 65 = 5 () = 8y,0(h) — 0r.a(hi).
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for each 1 <i < g. Let w denote the maximum of {2ei}§z?. Then it follows
from (ss:x) that Y (h;M) =0, forall 1 <i <gand M € (Us4a,...,Uz)” R[U].
Therefore, (Us42, ..., Uy)Y H[U] is contained in the kernel of vr. Thus, H[U]/
Uis2,....U))YH [ ] maps onto the image of y. However,

H[U]/(Ut+2, ..., Us)" H[U]
= (H[UH_z, cey Ua]/(Ut—i-Z, cey Ua)w)[Ul, ey Ut+1].
Set A := A(H[Us42,...,Us]/(Ussa,...,Uz)?). Then we have

(I"th ;™) n+t
P[(I’l+b):)t(1nT)§A ¢ .
Thus, Pr(n + b) is bounded above and below by polynomials with positive leading
coeflicients and degrees equal to ¢. Therefore, deg(P; (n)) = t, as required.

Case 3. Suppose t = 0. Let L denote the ideal of R generated by all monomials of

degree 3in x1,. .., X, except the monomial x2x,. Set I := L + mL = L + mC?3.

Thus, €2 has dimension 1, since every monomial of degree greater than 3 in C 3 belongs

to I. Moreover, J := (x3,...,x2) is a minimal reduction of L and (I" : m®) = C3".
We first note that LC3 = C ®. To see this, we have C3 = (L, x?x3), so that

= (L% x sz X x%) LC3? + (xfx%).

But x{x3 = x1x3 - x3 € LC?3, which gives C® = LC?3. From this equation it follows
that
C3n — Lc3(n—1) — Ln—lc3

foralln > 2.
We now want to show that A( ) = 1, for all n > 1, which will give that the

degree of Py (n) equals zero. This is clear for n = 1, by the first paragraph in Case 3
3n—1

(I"":m®°)
77
above. Now, for any n > 1, itis not hard to see that x;” ™" x> is a monomial of degree 3n
which is not in L”, and hence not in /", since the monomials of degree 3n in 1" are the
monomials of degree 3n in L” (see (1) below). In particular, we have xf”_lxz e
m®)\ 1", However, any other monomial of total degree 37 in C3" belongs to L". To
see this, we have C3" = L"1C3 = L" V(L ,x3xp) = L" + L" 'x%x,, foralln > 2.
Suppose M is a monomial of degree 3n in L" ! x?x, that is not equal to x;" ! x,.
Then M =1y -++lp—zly—1X3x2, where each [; € L. Since [y ---1,—1 # x3" 3, without
loss of generality, we can write /,—; = x;x; xx, where we fix x; ;é x1. If xjxp # x1x2,
then we can write M = [y ---l,_ - (x1xjxk) - (X1x;x2) € L™ If x;x¢ = x1x2 and

Xi # X3, then

M=1...1_5 (xix1x2) -xfxz =1l (xlxg) . (xfxi) e L.
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Finally, if x; = x5 and xjx; = x1x5, then

M = ll ---ln_z-xlxg 'X%)Cz = ll '~'ln_2 'Xi” -X; e L".
Thus, every monomial of degree 3n in C 3" except x3" 1 x5 belongs to L", and hence /".
What about monomials of degree greater than 37 in C3"? We have

1" = (L+mc3)n :Ln+an_1C3+m2Ln_2C6+---+mnC3n
(Hh  =L"+wmC™,

since C3" = L"~1C3. Thus the monomials in C3" of degree greater than 3 belong to
1" 1t follows that )L((In}r,‘foo)) =1, forn > 1, so that

Lﬂ““’))zl,

Pr(n) :A( -

which gives deg(Py(n)) = 0. [

RemARrks. We close with the following remarks, the second of which is more or
less known to experts.

(1) Unlike the case where / C R is an m primary ideal, so A((I" : m®)/I") =
A(R/I™) or the case of A(I'y (1" /1"1)), when a(I) = d, the degree and leading
coeflicients of the associated polynomials Py (n) above are not controlled by the integral
closure of /. Indeed, Cases 1 and 2 above show that the degree of P;(n) can change
while the integral closure stays the same. On the other hand, the leading coefficients
might change, even though the ideals in question have the same degree and the same
integral closure. For example, when n = 2, and m = (x, y), if we set J; := (x*, y*)
and J, := (x*,x2y2,y%),and I, = J; + mJ; and I, := J, + mJs, then it is not
difficult to show that Py, (n) = 4n — 1 and Py, (n) = 2n, so that even though /;and I,
have the same integral closure, and deg( Py, (n)) = deg(Py,(n)), Py, (n) and Py, (n)
have different leading coefficients.

(2) Let (R, m) be an arbitrary local ring of positive dimension and / C R an ideal
whose analytic spread is less that the dimension of R with the properties that
FCw(R/I™) # 0, for n large and €, (" : m®) is a finite module over the Rees ring

of R with respect to I, e.g., any ideal with submaximal analytic spread in an unmixed

(I":m°°)
n 2

for n sufficiently large. It is not hard to express the degree of P;(n) in terms of the

local ring. As before, let P;(n) denote the polynomial giving the lengths of

associated graded ring of R with respect to /. One first notes that the polynomial
Q7 (n) giving the lengths of 'y (1" /1™ 1) has the same degree as Py (n). This follows
from the subadditivity of I'y, (—). To see this, our assumption on / implies that there
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exists ¢ > 0 such that (/" : m®) C "¢, forn > c. Thus,

A(Fm(ln_l/ln)) < /\(Fm(R/]n))
= /\(Fm(ln—l/]n—l)) 4+ .. 4 )L(Fm(ln_l/]”_c+1))

< Y 0.

i=n—c+1

Since Q;(n) has a positive leading coefficient, > ;_, . 41 Qi(i) = cQr(n), which
shows that Py (n) and Qj(n) have the same degree. It now follows that

(x%*) deg(Pr(n)) = max{dim(ﬁ([)/Q) | Q € Ass(9(1)) and m& (1) C Q} -1,

where (1) := @, I"/1" ", the associated graded ring of /. This follows from
above and the general fact that if A is a Noetherian ring and J C A is an ideal, such
that "y (A) # 0, then the Krull dimension of the module 'y (A4) is max{dim(A/Q) |
J € Q and Q € Ass(A)}. To see this, note that Q is in the support of I'j(A) if and
only if I'y,(Ag) # 0 if and only if J € Q¢ € Q, for some Qo € Ass(A). Note
further, that since we are assuming a(/) < d, the prime Q C §(1) withdeg(P;(n)) =
dim(¥(1)/ Q) — 1 must be an embedded prime of & (/). In the case of our Theorem, it
was much easier to simply count (or estimate) the monomials in (/" : m®)\ /", than
to calculate the associated graded ring of / and its various associated primes.

(3) Onecanthinkof R/I" as TorR(R/I™, R),sothat ['y(R/1") = Dy (TorX(R/I™,
R)). Suppose M is a non-free finite R-module such that the lengths of 'y, (M /1" M)
do not have polynomial growth, i.e., [y, (Tor(l)e (R/I™, M)) does not have polynomial
growth. In this case, the higher Tor modules need not vanish, so one can ask about the
growth of the lengths of Ty, (ToriR (R/I™,M)), fori > 0. In these cases, the lengths of
the higher Tor modules are eventually given by a polynomial. It is not difficult to see
that Torl-R(R/I”, M) is a module of the form (/" F;_; N B;—_1)/1" Bi_1, where F;_
is the (i — 1)st free module in a free resolution of M, and B;_; is the corresponding
boundary module. However, M := €D, o(I" Fi—1 N Bi—1)/I" Bi—; is a finite module
over the Rees ring of R with respect to I and hence, so is the module Iy, (M). It follows
that the lengths of the higher Tor modules in question have polynomial growth.

To see an example with a non-zero Tor module in homological degree greater
than 0, suppose (R, m) is a local ring and / C R an ideal such that the lengths of
I'w(R/1™) are not given by a polynomial for n > 0. Take M = I. Then the exact
sequence 0 — I/I"t! — R/I"t! — R/I — 0 gives rise to the exact sequence

0 = Tu(M/I"M) — T (R/I"™) % T (R/T).
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If Ty (R/I) = 0, then Ty (M/I"M) = Ty (R/1™1), so the lengths of the former
module are not polynomial. Suppose 'y, (R/1) # 0. Then this is an Artinian R-module.
If we let C,, denote the image of f;,, then C; © C, D ---is a descending sequence of
submodules in 'y (R /1), and thus is stable at some C,,,. Then, for n > ng, we have a
short exact sequence

0 = Tu(M/I"M) — Tw(R/I"Y) 7 €, = 0,

for all n > ny. It follows that the lengths of 'y (M/I"M) = Ty, (Tor(‘;e (R/I™, M))
do not have polynomial growth. On the other hand, by the comments in the preceding
paragraph, the lengths of I'y, (TorlR (R/I™, M)) do have polynomial growth, for values
ofi > 0.
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