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Equivariant algebraic enhanced de Rham functor

Yohei Ito (*) – Taito Tauchi (**)

Abstract – We propose a definition of an equivariant algebraic enhanced de Rham functor,
which is defined by using the enhanced de Rham functor due to D’Agnolo and Kashiwara.
Moreover, as a small application of this functor, we give an approach to the proof of the
well-known fact that any equivariant algebraic coherent D-module is regular holonomic in
the case that the number of orbits is finite.
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1. Introduction

The irregular Riemann–Hilbert correspondence was established by D’Agnolo and
Kashiwara [5, Thm. 9.5.3], and states that there exists a fully faithful functor called the
enhanced de Rham functor,

DRE
X WD

b
hol.DX / � Eb.ICX /;

from the triangulated category of holonomic DX -modules on a complex manifoldX to
that of enhanced ind-sheaves. After that, there exist attempts to determine the essential
image of the enhanced de Rham (or solution) functor [12, 21–23]. By these results, we
can extract information about holonomic D-modules from their associated enhanced
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ind-sheaves, which can be regarded as their topological counterparts. From this point
of view, this article is motivated by the following question by M. Kitagawa:1

If the number of G-orbits is finite, any G-equivariant coherent D-module on a
G-space is regular holonomic in the algebraic setting, although it is not true
in general in the analytic setting. How does this phenomenon appear on the
enhanced ind-sheaf side?

In this article, we try to give an answer to this question. For this purpose, we
will define an equivariant category of enhanced ind-sheaves on a bordered space
Xcp ´ .X an; yX an/, where yX is a complete smooth algebraic variety containing a
smooth algebraic G-variety X as an open subset such that yXnX is a normal crossing
divisor, and X an (resp. yX an) is the analytification of X (resp. yX). Then we will prove
that the equivariant algebraic enhanced de Rham complex of any equivariant algebraic
coherent DX -module is an object in such a category. More precisely, we prove the
following theorem.

Theorem 1.1. Let G be a linear algebraic group over C and X a smooth alge-
braic G-variety. Then there exist a category Eb

G.ICXcp/ with a (forgetful) functor
UWEb

G.ICXcp/! Eb.ICXcp/ and a functor DRE
eq from the equivariant derived category

Db
G.DX /coh of coherent DX -modules to the category Eb

G.ICXcp/ such that the following
diagram commutes:

(1.1)

Db
G.DX /coh

U //

DRE
eq

��

Db
coh.DX /

DRE
alg

��

Eb
G.ICXcp/

U // Eb.ICXcp/;

where UWDb
G.DX /coh ! Db

coh.DX / is the forgetful functor and DRE
alg is the algebraic

enhanced de Rham functor (Definition 6.1).

Moreover, as a small application of this theorem, and as an answer to the question
above by M. Kitagawa, we give an approach to the well-known fact that any equivariant
algebraic coherent D-module is regular holonomic in the case that the number of orbits
is finite using the functor DRE

eq of Theorem 1.1.

Corollary 1.2 ([16, Thm. 9.3.1], [11, Thm. 11.6.1]). Let G be a linear algebraic
group, X a smooth algebraic G-variety, and M 2 Db

G.DX /coh. Then, if the number of

(1) Private communication.
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G-orbits on X is finite, we have M 2 Db
G.DX /rh, where Db

G.DX /rh is the equivariant
derived category of regular holonomic DX -modules.

Remark 1.3. Note that the proof of Corollary 1.2 using DRE
eq is based on the

methods of the proofs in [16, Thm. 9.3.1] and [11, Thm. 11.6.1]. Namely, we prove
Corollary 1.2 by using the distinguished triangle associated to the closed embedding
and induction on the number of orbits.

Remark 1.4. For an interpretation that Corollary 1.2 does not hold in the analytic
setting from the viewpoint of enhanced ind-sheaves, see Remark 7.2.

This article is organized as follows. In Section 2 we briefly recall the theory of
bordered spaces and enhanced ind-sheaves on them for fixing the notation. In Section 3
we briefly recall the definition of the equivariant derived category of sheaves [2] for
emphasizing the similarity between the definition of it and that of the equivariant
category of enhanced ind-sheaves on Xcp, which is given in Section 4. In Section 5 we
also recall the definition of the equivariant derived category of coherent D-modules,
which will be used in Section 6 for defining the equivariant algebraic enhanced de
Rham functor. Finally, we give an approach to the proof of the fact that any equivariant
algebraic coherent D-module is regular holonomic in the case that the number of orbits
is finite by using the equivariant algebraic enhanced de Rham functor in Section 7. In
the appendix we give proofs of some lemmas for completeness.

2. Preliminaries

In this section we briefly recall the theory of bordered spaces and enhanced ind-
sheaves on them for fixing the notation. Although almost all the materials in this section
are well known, we prove some results for convenience.

2.1 – Bordered spaces

Our main references are [5, Sect. 3.2], [6], and [7]. In this article, we use the
following terminology.

Definition 2.1. A topological space is called good if it is Hausdorff, locally
compact, countable at infinity, and has finite flabby dimension.

We write gTop for the category of good topological spaces.
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2.1.1. Definitions.

Definition 2.2 ([5, Def. 3.2.1]). A bordered space MD .M;C / is a pair of a good
topological space C and an open subset M of C .

For a bordered space M D .M;C /, we write

(2.1) M´M; {M´ C; Mb
´ CnM 2 gTop:

Definition 2.3 ([5, Def. 3.2.1]). A morphism f WM! N between bordered spaces
is a continuous map f WM! N 2 Mor.gTop/ of good topological spaces such that
the projection x�f ! {M is proper, where x�f is the closure of the graph �f � M � N
of f in {M � {N.

Thus, M 7! M is a functor, which is right adjoint to the fully faithful functor
M 7! .M;M/ from gTop to the category Bod of bordered spaces [7, paragraph before
(2.1)], from which we identify M 2 gTop with .M;M/ 2 Bod.

Remark 2.4 (Cf. [7, paragraph before (2.1)]). Note that neither of M! {M nor
M! Mb is a functor.

Definition 2.5 ([6, Def. 2.3.6]). Let M 2 Bod. For a subset Z � M, we say that
Z is relatively compact in M if Z is relatively compact in {M.

2.1.2. Bordered space of compact type.

Definition 2.6. We say that M 2 Bod is of compact type if {M is compact.

Lemma 2.7 ([5, Rem. 3.2.2]). Let M;N 2 Bod. If N is of compact type, then any
continuous map f WM! N induces a morphism f WM! N of bordered spaces.

Proof. By the compactness of {N, this is clear from Definition 2.3.

Lemma 2.8 (Cf. [14, Lem. 2.2]). Let M;N 2 Bod be of compact type with M D N.
Then there exists a unique isomorphism f WM ��! N 2 Mor.Bod/ satisfying f D idM,
where idM is the identity map of M D N 2 gTop.

Proof. This is also an immediate consequence of Definition 2.3.

Lemma 2.9. Let M 2 gTop. Then there exists a compact good topological space
M �, which contains M as an open subset.
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Proof. If M is non-compact, it is sufficient to take the one-point (Alexandroff)
compactification M � ([4, I, p. 67, Thm. 4]) of M (see Appendix A for M � 2 gTop).
If M is compact, it is sufficient to take M itself.

For the notational convenience, we sometimes write uWBod! gTop for the functor
M! M given in (2.1).

Lemma 2.10. There exists a fully faithful functor cW gTop! Bod satisfying u ı c D
idgTop such that c.M/ 2 Bod is of compact type for any M 2 gTop. Moreover, if
c0W gTop! Bod is another functor satisfying the same conditions as cW gTop! Bod,
there exists a unique isomorphism ˛W c ��! c0 of functors such that u.˛M / D idM for
any M 2 gTop.

Proof. For the existence, it is sufficient to take c.M/´ .M;M �/ (under the
notation of Lemma 2.9). Lemma 2.7 implies that cW gTop ! Bod is fully faithful
because c.M/ 2 Bod is of compact type for any M 2 gTop. The uniqueness follows
from Lemma 2.8.

Notation 2.11. LetM 2 gTop and f 2 Mor.gTop/. Then we setMcp ´ c.M/ 2

Bod and fcp ´ c.f / 2 Mor.Bod/, where cW gTop ! Bod is the functor given in
Lemma 2.10. Although these are only determined up to unique isomorphism, this does
not matter in this article.

We sometimes abbreviate fcp to f for the notational convenience.

Remark 2.12. The functor cW gTop! Bod given in Lemma 2.10 is right adjoint
to uWBod! gTop and thus we have adjoint pairs i a u and u a c:

gTop
i //

oo u
c
// Bod;

where we write

i.M/´ .M;M/; u.M/´ M; c.M/´Mcp:

2.1.3. Bordered space with extra variable. Let xR´ R [ ¹�1;1º be the two-point
compactification of R and set R1´ .R; xR/ 2 Bod. Note that R1 ' Rcp 2 Bod (see
Notation 2.11 for Rcp).

Notation 2.13. For a morphism f WM! N of bordered spaces, we write

(2.2) Qf ´ f � idWM �R1 ! N �R1 2 Mor.Bod/:
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2.2 – Ind-sheaves on bordered spaces

Let M 2 Bod and Modcp.CM/ � Mod.CM/ be the full subcategory of sheaves on
M whose support is relatively compact in M (Definition 2.5). Then we write

(2.3) ICM ´ Ind.Modcp.CM//

for the category of ind-sheaves on M. We also write Db.ICM/ for the bounded derived
category of ICM.

Fact 2.14 ([6, Prop. 2.4.1]). We have an equivalence of triangulated categories

(2.4) Db.ICM/ ' Db.IC{M/=D
b.ICMb/

for M 2 Bod, where Mb is defined in (2.1).

By the equivalence (2.4), we identify these categories. We also write

q´ qMWDb.IC{M/! Db.ICM/;

l´ lMWDb.ICM/! Db.IC{M/;
r´ rMWDb.ICM/! Db.IC{M/

for the quotient functor, its left and right adjoints, respectively [6, p. 197].
We also write Rf�, f �1, RfŠŠ, f Š, ˝, and R	hom for the six Grothendieck

operations of ind-sheaves [5, Defs. 3.3.1, 3.3.4], where f WM! N 2 Mor.Bod/. Write
jMWM! {M for the morphism induced by the inclusion jMWM! {M. Then we have
[6, Rem. 2.4.4]

j�1M ' j ŠM ' qM; lM ' RjMŠŠ; rM ' RjM�:

The t -structure of Db.ICM/ is given by [5, Sect. 3.4]

D�0.ICM/´
®
F 2 Db.ICM/

ˇ̌
Hn.RjMŠŠ.F // D 0 for n > 0

¯
;

D�0.ICM/´
®
F 2 Db.ICM/

ˇ̌
Hn.RjMŠŠ.F // D 0 for n < 0

¯
:

We write ��n and ��n for the truncation functors. For a � b, set

DŒa;b�.ICM/´
®
F 2 Db.ICM/

ˇ̌
Hn.RjMŠŠ.F // D 0 for n … Œa; b�

¯
:

Moreover, there exists an exact fully faithful functor [7, p. 31]

�MWDb.CM/ ' Db.CM/ � Db.ICM/;

by which we identify F 2 Db.CM/ with �M.F / 2 Db.ICM/.
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Remark 2.15. Let Modcp.CM/ � Mod.CM/ be the full subcategory of sheaves
on M whose support is relatively compact in M (Definition 2.5). Then the proof of
[6, Prop. 2.4.1] implies that for “lim

!
”Fj 2 ICM with Fj 2 Modcp.CM/, we have

(2.5) A.“lim
!

”Fj / D qM.“lim
!

” jMŠ
Fj /;

where AWDb.ICM/
�
�! Db.IC{M/=D

b.ICMb/ is the functor inducing the equivalence
(2.4), and qMWDb.IC{M/! Db.IC{M/=D

b.ICMb/ is the quotient functor.
Conversely, the proof of [6, Prop. 2.4.1] implies that for “lim

!
” Fj 2 IC{M with

Fj 2 Modcp.C{M/, we have

(2.6) B.qM.“lim
!

”Fj // D “lim
!

” jM
�1Fj ;

where BWDb.IC{M/=D
b.ICMb/

�
�! Db.ICM/ is the functor inducing the equivalence (2.4).

Note that the derived category of ind-sheaves on a bordered space M is defined as
the right-hand side of (2.4) in [5, Def. 3.2.6]. Therefore, the functors Rf�, f �1, RfŠŠ,
and f Š for f 2 Mor.Bod/ are also defined for the category of the right-hand side of
(2.4) in [5, Def. 3.3.4 and Lem. 3.3.6]. Moreover, although the derived category of
ind-sheaves on a bordered space M is defined as the left-hand side of (2.4) in [6, p. 196],
it seems that the above four functors are also defined for the category of the right-hand
side of (2.4) (via the isomorphism (2.4)) in [6, p. 198].

For the later use, we need formulas of those functors for the category of the left-hand
side of (2.4). We distinguish the categories of (2.4) in the following lemma to avoid
confusion.

Lemma 2.16. Let f W M ! N 2 Mor.Bod/ and k 2 Z. Moreover, we write
AWDb.ICM/

�
�! Db.IC{M/=D

b.ICMb/ and BWDb.IC{M/=D
b.ICMb/

�
�! Db.ICM/ for the

functors inducing the equivalence (2.4).

(i) For “lim
!

”Gj 2 ICN with Gj 2 Modcp.CN/, we have

Bf �1A.“lim
!

”Gj/' “lim
!

”f �1Gj ; BH k.f ŠA.“lim
!

”Gj//' “lim
!

”H k.f ŠGj/:

(ii) For “lim
!

”Fj 2 ICM with Fj 2 Modcp.CM/, we have

BH k.RfŠŠA.“lim
!

”Fj // ' “lim
!

”H k.Rf
Š
Fj /:

(iii) Suppose that M is of compact type (Definition 2.6). Then, for “lim
!

”Fj 2 ICM

with Fj 2 Modcp.CM/ D Mod.CM/, we have

BH k.Rf�A.“lim
!

”Fj // ' “lim
!

”H k.Rf
�
Fj /:
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Proof. Because the proofs are similar, we only prove the push-forward case (iii).
By using [5, Lem. 3.2.5], we can assume that f W M ! N 2 Mor.gTop/ is the

restriction of Lf W {M! {N 2 Mor.gTop/. Moreover, we set j ´ jM (where jM is the
inclusion M ! {M 2 Mor.gTop/) and j 0 ´ jN for the notational simplicity. Then
A.“lim

!
”Fj / is equal to j�1M .“lim

!
”jŠFj / by (2.5) and the isomorphism [5, Lem. 3.3.7 (i)]

of functors j�1M ' qMWDb.IC{M/! Db.IC{M/=D
b.ICMb/. Therefore, it is sufficient to

prove

(2.7) H k.Rf�j�1M .“lim
!

” jŠFj // ' j�1N .“lim
!

”H k.Rj 0�Rf �Fj //

because (2.6) and the isomorphism [5, Lem. 3.3.7 (i)] of functors j�1N ' qN imply that
the image of the right-hand side of (2.7) by B is isomorphic to

“lim
!

” j 0�1H k.Rj 0�Rf �Fj / ' “lim
!

”H k.j 0�1Rj 0�Rf �Fj / ' “lim
!

”H k.Rf
�
Fj /

by the exactness [19, p. 91] of the inverse image functor j 0�1 D jN
�1:

M

f

��

jM // {M

Lf

��

M

f

��

j´jM
oo

N
jN

// {N N:
j 0´jN

oo

From now on, we prove (2.7). By [5, Lems. 3.3.12 (i), 3.3.7 (i), (ii)], we have

Rf�j�1M .“lim
!

” jŠFj / ' j�1N R Lf�RjM�j
�1
M .“lim

!
” jŠFj /

' j�1N R Lf�R	hom.CM; “lim
!

” jŠFj /

' j�1N R LfŠŠR	hom.CM; “lim
!

” jŠFj /;(2.8)

where the last isomorphism follows from the assumption that {M is compact and [20,
Prop. 5.2.6 (ii)]. Moreover, we have

R LfŠŠR	hom.CM;�/ ' R. LfŠŠ ı 	hom.CM;�//;

because 	hom.CM; �/ preserves quasi-injective objects [20, Lem. 5.1.2 (ii)]. Then
[20, Thm. 1.5.6 (ii), (iii)] implies that

H k
�
R. LfŠŠ ı 	hom.CM;�//.“lim

!
” jŠFj /

�
' “lim

!
”H k

�
R. LfŠ ıHom.CM;�//.jŠFj /

�
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because LfŠŠ ı 	hom.CM;�/ has the form I. LfŠ ıHom.CM;�// (under the notation of
[20, p. 7]). Moreover, [19, (2.3.16) and Prop. 2.3.9 (iii)] imply

R. LfŠ ıHom.CM;�// ' R. LfŠj�j�1/ ' R. Lf�j�j�1/ ' R.j 0�f �j
�1/:

Thus, because j�1 preserves injective objects [19, Prop. 2.4.1 (i)], we have

R.j 0�f �j
�1/.jŠFj / ' R.j 0�f �/.j

�1jŠFj / ' R.j 0�f �/.Fj / ' Rj 0�Rf �.Fj /;

where the last isomorphism follows from [19, (2.6.5)]. Thus, the exactness of j�1N
[6, Prop. 2.4.6 (iv)] and (2.8) imply

H k.Rf�j�1M .“lim
!

” jŠFj // ' j�1N .“lim
!

”H k.Rj 0�Rf �Fj //;

which completes the proof of (2.7).

2.3 – Enhanced ind-sheaves on bordered spaces

Let M 2 Bod and � ´ �MWM �R1 ! M be the first projection. Then we write

Eb.ICM/´ Db.ICM�R1/=�
�1
M Db.ICM/

for the category of enhanced ind-sheaves ([5, Def. 4.4.1] or [7, p. 33]).
We write

Q´ QMWDb.ICM�R1/! Eb.ICM/;(2.9)
L´ LMWEb.ICM/! Db.ICM�R1/;

R´ RMWEb.ICM/! Db.ICM�R1/

for the quotient functor, its left and right adjoints, respectively [6, p. 204].

We also write Ef�, Ef �1, EfŠŠ, Ef Š,
C

˝, and R	homC for the six Grothen-
dieck operations of enhanced ind-sheaves [5, Defs. 4.5.1, 4.5.6], where f W M !
N 2 Mor.Bod/. Then we have [6, p. 204]

LMQM.F / ' .C¹t�0º ˚C¹t�0º/
C

˝ F;

RMQM.F / ' R	homC.C¹t�0º ˚C¹t�0º; F /;

where we write ¹t � 0º ´ ¹.x; t/ 2 M �R j t � 0º and ¹t � 0º ´ ¹.x; t/ 2 M �R j

t � 0º. The t -structure of Eb.ICM/ is given by [5, Def. 4.6.1]

(2.10)
E�0.ICM/´

®
K 2 Eb.ICM/

ˇ̌
LM.K/ 2 D�0.ICM�R1/

¯
;

E�0.ICM/´
®
K 2 Eb.ICM/

ˇ̌
LM.K/ 2 D�0.ICM�R1/

¯
:

We write ��n and ��n for the truncation functors. For a � b, set

EŒa;b�.ICM/´
®
K 2 Eb.ICM/

ˇ̌
LM.K/ 2 DŒa;b�.ICM�R1/

¯
:
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2.3.1. Sheaf type. For M 2 gTop, we write

Eb
sh.ICMcp/ � Eb.ICMcp/

for the essential image of the fully faithful functor [5, Prop. 4.7.15]

eMcp WD
b.CMcp/ � Eb.ICMcp/;

F 7! CE
Mcp
˝ ��1.F /:

Lemma 2.17. Let f WM ! N 2 Mor.gTop/. Then we have

Ef �1cp .Eb
sh.ICNcp// � Eb

sh.ICMcp/;

Ef Šcp.E
b
sh.ICNcp// � Eb

sh.ICMcp/;

EfcpŠŠ.Eb
sh.ICMcp// � Eb

sh.ICNcp/:

Proof. This follows from the commutativity of the functor e and the above functors
[14, p. 49]. (See Notation 2.11 for fcpWMcp ! Ncp.)

2.3.2. A distinguished triangle.

Lemma 2.18 ([6, Lem. 2.7.7]). Let Z �M be a closed subset of M 2 gTop and
set U ´MnZ. Then, for any F 2 Eb.ICMcp/, we have a distinguished triangle

Ei�Ei Š.F /! F ! Ej�Ej Š.F /
C1
��! ;

where i WZcp ,!Mcp and j WUcp ,!Mcp are induced by the closed and open embeddings,
respectively.

Proof. Because {Mcp is compact, the closure cl.U / of U in {Mcp is also compact,
which implies Ucp ' U1´ .U; cl.U // 2 Bod. For the same reason, we have Zcp '

Z1 ´ .Z; cl.Z// 2 Bod. Thus, this lemma is an immediate consequence of [6,
Lem. 2.7.7] (and [6, Notation 2.3.3]).

Remark 2.19. Note that if we replace the maps i WZcp ,!Mcp and j WUcp ,!Mcp

in Lemma 2.18 with kZ WZ ! M 2 Mor.Bod/ and kU WU ! M 2 Mor.Bod/ which
are induced by the closed and open embeddings, respectively, then the associated
triangle

(2.11) EkZ�EkŠZ.F /! F ! EkU�EkŠU .F /
C1
��!

is not distinguished in general. For example, a pair M D R, U D Rn¹0º, and F D
“ lim
�!

”
a!1

C¹.x;t/2U�RjtCx�1�aº gives an example that (2.11) is not distinguished.
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2.3.3. Algebraic C-constructible enhanced ind-sheaves.

Notation 2.20. Let X be a smooth algebraic variety over C, and yX a smooth
complete algebraic variety containing X as an open subset such that yXnX is a normal
crossing divisor (whose existence is provided by Nagata’s compactification theorem
[24, Thm. 4.3] and Hironaka’s desingularization theorem [9,10]). In this setting, we set

Xcp ´ .X an; yX an/ 2 Bod;

where X an and yX an are the analytifications of X and yX , respectively. We also write

jXcp WXcp ! yX an
2 Mor.Bod/

for the morphism induced by the analytification j an
X WX

an ! yX an of the inclusion
jX WX ! yX .

In the setting in Notation 2.20, we also write

Eb
C-c.ICXcp/

for the triangulated full subcategory of Eb.ICXcp/ defined in [14, Def. 3.10].

Fact 2.21 ([14, Cor. 3.13]). Let f WX ! Y be a morphism of smooth algebraic
varieties and f anWX an ! Y an its analytification, which induces f an

cp WXcp ! Ycp 2

Mor.Bod/. Then we have

E.f an
cp /
�1.Eb

C-c.ICYcp// � Eb
C-c.ICXcp/; E.f an

cp /
Š.Eb

C-c.ICYcp// � Eb
C-c.ICXcp/;

E.f an
cp /ŠŠ.E

b
C-c.ICXcp// � Eb

C-c.ICYcp/; E.f an
cp /�.E

b
C-c.ICXcp// � Eb

C-c.ICYcp/:

Lemma 2.22. Let f WX ! Y be a morphism of smooth algebraic varieties and
f anWX an ! Y an its analytification, which induces f an

cp WXcp ! Ycp 2 Mor.Bod/. Then
we have

E.f an
cp /�.E

b
sh.ICXcp/ \ Eb

C-c.ICXcp// � Eb
sh.ICYcp/ \ Eb

C-c.ICYcp/:

Proof. Let
F 2 Eb

sh.ICXcp/ \ Eb
C-c.ICXcp/:

Then, by F 2 Eb
C-c.ICXcp/ and [14, Thm. 3.11], there exists M 2 Db

hol.DX / satisfying

(2.12) F ' SolEalg.M/;

where SolEalg is the algebraic enhanced solution functor defined in [14, p. 61] (or see
(D.1)). Moreover, F 2 Eb

sh.ICXcp/ and [13, Lem. 3.10] imply thatM in (2.12) satisfies
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M 2 Db
rh.DX /, where Db

rh.DX / is the derived category of regular holonomic DX -
modules. Let Df� be the direct image functor for D-modules and DX the duality
functor [11, Def. 2.6.1]. Then, setting DfŠ´ DYDf�DX , we have

E.f an
cp /�.F / ' E.f an

cp /�.SolEalg.M// ' SolEalg.DfŠM/ŒdY � dX �

by (2.12) and [14, Prop. 3.12 (3)], where dX and dY are the dimensions of X and Y ,
respectively. Because the functor DfŠ preserves Db

rh.DX / by [11, Thm. 6.1.5 (ii)], we
have

E.f an
cp /�.F / ' SolEalg.DfŠM/ŒdY � dX � 2 Eb

sh.ICYcp/ \ Eb
C-c.ICYcp/

by [14, Prop. 3.14], which completes the proof.

3. Equivariant derived category of sheaves

In this section we recall the definition of the equivariant derived category of sheaves
[2], in order to fix the notation and emphasize the similarity between the definition of
it and that of an equivariant category of enhanced ind-sheaves on a bordered space of
compact type (Definition 2.6) given in Definition 4.7. Although almost all the materials
in this section are also well known, we prove some results for convenience.

3.1 – Preliminaries

In this section we prepare the notation and recall some definitions needed to define
the equivariant derived category of sheaves [2].

3.1.1. Notation I. Let G 2 gTop be a group object and write gTopG for the category
of G-spaces and G-equivariant morphisms. Namely, G 2 gTop is a topological group,
objects of gTopG are those of gTop with continuous G-action, and morphisms of
gTopG are those of gTop commuting with the G-action.

Notation 3.1. For X 2 gTopG , we write gTopG
=X

for the overcategory (slice
category) of X in gTopG . Namely, objects are morphisms in gTopG whose codomain
is X . Then a morphism from r WR ! X 2 gTopG

=X
to sW S ! X 2 gTopG

=X
is given

by a morphism t WR! S 2 Mor.gTopG/ satisfying r D s ı t .

Convention 3.2 (Cf. [2, Def. in Sect. 0.3]). In Sections 3 and 4 we say that an
action G on R 2 gTopG is free if the quotient map R! xR´ R=G makes R into a
locally trivial principal G-bundle.
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Recall that a resolution R of X is an object r WR ! X 2 gTopG
=X

with free G-
action on R. We write ResGX � gTopG

=X
for the full subcategory of resolutions R

of X satisfying xR ´ R=G 2 gTop. We sometimes abbreviate ResGX to ResX . For
f WX ! Y , we also write Nf W xX ! xY for the map induced by f .

3.1.2. Index category.

Notation 3.3. In this article, we write 	 for the category defined as follows.

• Objects are finite sequences I ´ .i1; : : : ; ik/ 2 .Z�0/
k for some k 2 Z�1. Namely,

Obj.	/´
`
1�k.Z�0/

k .

• For I D .i1; : : : ; ik/, J D .j1; : : : ; jl/ 2 Ob.	/, there exists a unique arrow I ! J

if and only if J is a subsequence of I , namely, there exists a sequence 1 � n1 <
� � � < nl � k such that jm D inm

for all m 2 ¹1; : : : ; lº.

3.1.3. Acyclic morphisms.

Definition 3.4 ([2, Def. 1.9.1]). Let n 2 Z�0. We say that a map f WM ! N 2

Mor.gTop/ is n-acyclic if it satisfies the following two conditions:

(Ac1)n For any F 2 Mod.CN / ' DŒ0;0�.CN /, the adjunction f �1 a Rf� [19, Prop.
2.6.4 (ii)] induces

F
�
�! ��nRf�f �1F 2 Db.CN /:

(Ac2)n For any N 0! N 2 Mor.gTop/, the base change f 0WM 0´M �N N
0! N 0

satisfies the property (Ac1)n.

We also say that f WM ! N 2 Mor.gTop/ is n-preacyclic if it satisfies (Ac1)n.

Definition 3.5 ([2, Sect. 1.9.4]). Let n 2 Z�0. We say that A 2 gTop is n-acyclic
if A satisfies the following two conditions:

(A1)n The unique map aWA! ¹ptº from A to the one-point topological space ¹ptº is
n-preacyclic.

(A2)n A is non-empty, connected, and locally connected.

Lemma 3.6 ([2, Criterion in Sect. 1.9.4]). Let A 2 gTop and n 2 Z�0. Then
aWA! ¹ptº is n-acyclic if A is n-acyclic.

Proof. This is a immediate consequence of [2, Criterion in Sect. 1.9.4].

3.2 – Definition

Definition 3.7. We say that a group object G 2 gTop has enough acyclic objects
if for any n 2 Z�1, there exists An 2 ResG

¹ptº which is n-acyclic.
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Notation 3.8. LetG 2 gTop be a group object having enough acyclic objects2 and
X 2 gTopG . In this setting, we fix An 2 ResG

¹ptº which is n-acyclic for each n 2 Z�1,
and set A0´ G. Moreover, we write

XI ´ Ai1 � � � � � Aik �X;

where I D .i1; : : : ;ik/ 2 	 (Notation 3.3). If Hom	.I; J / ¤ ;, we also write

pXIJ WXI ! XJ ; NpXIJ W
xXI ! xXJ

for the projection and the morphism induced by pXIJ , respectively. We sometimes
abbreviate NpXIJ to NpIJ .

Definition 3.9 ([2, Sect. 2.4]). Let G 2 gTop be a group object having enough
acyclic objects. Then, for X 2 gTopG , we write Db

G.CX / for the equivariant derived
category of sheaves defined in the following way (under Notation 3.8):

• An object of Db
G.CX / is a pair F ´ .¹FI ºI2	; ¹�IJ º.I!J/2Mor.	//, where

FI 2 Db.C xXI
/; �IJ W Np

�1
IJ FJ

�
�! FI

satisfying the compatibility conditions �II D id for any I 2 	 and

�IK D �IJ ı Np
�1
IJ .�JK/

for any composable morphisms I ! J 2 Mor.	/ and J ! K 2 Mor.	/.

• A morphism˛WF !F 0 in Db
G.CX / is a set˛D¹˛I ºI2	 of morphisms˛I WFI !F 0I

satisfying the compatibility condition

Np�1IJ FJ
�IJ //

Np�1
IJ
.˛J /

��

FI

˛I

��

Np�1IJ F
0
J �0

IJ

// F 0I

for any I ! J 2 Mor.	/.

Although the category 	 and the functor 	 3 I 7! XI 2 ResGX (Notations 3.3 and
3.8) do not literally satisfy the conditions of [2, Prop. in Sect. 2.4.4] (see Remark 3.10

(2) More precisely, we also use this notation for similar but not identical situations to this
setting.
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given below), this definition is equivalent to that of [2], and the definition of Db
G.CX /

does not depend on the choice of ¹Anºn2Z�1
.

Remark 3.10. The category 	 and the functor 	 3 I 7! XI 2 ResGX satisfy all
the conditions except condition (a) in [2, Prop. in Sect. 2.4.4]. However, the proof
of [2, Prop. in Sect. 2.4.4] shows that the following weaker condition is sufficient
(cf. [1, Lem. 6.4.8]):

(a)0 IfR!X 2 ResGX and S!X 2 ResGX are in the image of j , then the projections
R �X S ! R 2 Mor.ResGX / and R �X S ! S 2 Mor.ResGX / are also in the
image of j ,

where we use the notation of [2, Prop. in Sect. 2.4.4]. The category 	 and the functor
	 3 I 7! XI 2 ResGX satisfy this condition (a)0.

4. Equivariant category of enhanced ind-sheaves on a bordered space
of compact type

In this section, we propose a definition of an equivariant category of enhanced
ind-sheaves on a bordered space of compact type (Definition 2.6) in Definition 4.7. The
definition is similar to that of the equivariant derived category of sheaves [2] (Definition
3.9).

4.1 – Definitions

4.1.1. Enhanced acyclic morphisms of compact type.

Definition 4.1. Let n 2 Z�0. We say that a map f WM ! N 2 Mor.gTop/ is
enhanced n-acyclic of compact type if it satisfies the following conditions:

(cEAc1)n For any F 2 EŒ0;0�.ICNcp/, the adjunction Ef �1cp a E.fcp/� [5, Prop.
4.5.8 (ii)] induces

F
�
�! ��nE.fcp/�Ef �1cp F 2 Eb.ICNcp/:

(cEAc2)n For any N ! N 0 2 Mor.gTop/, the base change f 0WM 0´M �N N
0 !

N 0 satisfies the property (cEAc1)n.

We also say that f WM ! N 2 Mor.gTop/ is enhanced n-preacyclic of compact type
if it satisfies (cEAc1)n.

Lemma 4.2. If A 2 gTop is n-acyclic, then the unique map aWA! ¹ptº from A to
the one-point topological space ¹ptº is enhanced n-acyclic of compact type.
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Remark 4.3. Lemma 4.2 asserts that if a group objectG 2 gTop has enough acyclic
objects (Definition 3.7), it has also enough “enhanced acyclic objects of compact type”.
This remark is used in Definition 4.7 given below.

For the proof of Lemma 4.2, we need some preparation.

Definition 4.4. Let n 2 Z�0. We say that f WM ! N 2 Mor.gTop/ is ind-n-
preacyclic of compact type if it satisfies the following condition:

(IAc1)n For any F 2 ICNcp ' DŒ0;0�.ICNcp/, the adjunction f �1cp a Rfcp� [20, Prop.
5.2.3] induces

F ' ��nRfcp�f
�1

cp F 2 Db.ICNcp/:

Lemma 4.5. Let n 2 Z�0 and A 2 gTop such that A is n-acyclic. Then the first
projection pWN �A! N is ind-n-preacyclic of compact type (Definition 4.4) for any
N 2 gTop.

Proof. Let F 2 ICNcp and pcpWNcp � Acp ! Ncp be the first projection. It is
sufficient to prove that

H k.Rpcp�p
�1
cp F / '

´
F .k D 0/;

0 .0 ¤ k � n/:

For this purpose, we write F ' “lim
!

”Fj with Fj 2 Modcp.CNcp/ D Mod.CN / by
(2.3). Then Lemma 2.16 (iii) implies that we have

H k.Rpcp�p
�1
cp F / ' H

k.Rpcp�p
�1
cp “lim

!
”Fj / ' “lim

!
”H k.Rp�p�1Fj /:

We note that the assumption A being n-acyclic implies that aWA! ¹ptº is n-acyclic
by Lemma 3.6, and thus pWN �A! A is also n-acyclic because this is a base change
of aWA! ¹ptº. Therefore, we have

“lim
!

”H k.Rp�p�1Fj / '

8<: “lim
!

”Fj .k D 0/;

0 .0 ¤ k � n/;

which completes the proof.

Lemma 4.6. Let n 2 Z�0 and A 2 gTop such that A is n-acyclic. Then the first
projection pWN � A! N 2 Mor.gTop/ is enhanced n-preacyclic of compact type
(Definition 4.1) for any N 2 gTop.
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Proof. Let F 2 EŒ0;0�.ICNcp/; then LNcp.F / 2 DŒ0;0�.ICNcp�R1/ by (2.10). More-
over, the definitions of Epcp� and Ep�1cp [6, p. 206] imply

(4.1) Epcp�Ep�1cp .F / ' Epcp�Ep�1cp .QNcpLNcpF / ' QNcp.R Qpcp� Qp
�1
cp LNcp.F //;

where we use the notation (2.2). On the other hand, we have a distinguished triangle

��n.R Qpcp� Qp
�1
cp LNcp.F //! R Qpcp� Qp

�1
cp LNcp.F /

! ��nC1.R Qpcp� Qp
�1
cp LNcp.F //

C1
��! :(4.2)

For the first term of (4.2), applying Lemma 4.5 to the projectionN �R�A! N �R

and LNcp.F / 2 DŒ0;0�.ICNcp�R1/, we have

LNcp.F /
�
�! ��n.R Qpcp� Qp

�1
cp LNcp.F //:

Thus, (4.2) can be rewritten as

LNcp.F /! R Qpcp� Qp
�1
cp LNcp.F /! ��nC1.R Qpcp� Qp

�1
cp LNcp.F //

C1
��! :

Applying the functor QNcp , we have

(4.3) QNcpLNcp.F /! Epcp�Ep�1cp .F /! QNcp

�
��nC1.R Qpcp� Qp

�1
cp LNcp.F //

� C1
��!

by (4.1). For the first term of (4.3), we have

(4.4) QNcpLNcp.F / ' F 2 EŒ0;0�.ICN/

by the assumption. For the third term of (4.3), we have

(4.5) QNcp

�
��nC1.R Qpcp� Qp

�1
cp LNcp.F //

�
2 E�nC1.ICNcp/´ E�0.ICNcp/Œ�.nC 1/�

by [6, Lem. 2.6.5]. Then (4.4) and (4.5) imply

F
�
�! ��n.Epcp�Ep�1cp .F //

by (4.3), which completes the proof.

Proof of Lemma 4.2. Let aWA! ¹ptº be the unique map. By Definition 4.1, it is
sufficient to prove that for anyN ! ¹ptº, the base changeN �A! N of aWA! ¹ptº
is enhanced n-preacyclic of compact type, which follows from Lemma 4.6.
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4.1.2. Main definition.

Definition 4.7. Let G 2 gTop be a group object having enough acyclic objects
(Definition 3.7) and X 2 gTopG . Then we define a category Eb

G.ICXcp/ called an
equivariant category of enhanced ind-sheaves onXcp as follows (where we use Notation
3.8):

• An object of Eb
G.ICXcp/ is a pair F ´ .¹FI ºI2	; ¹�IJ º.I!J/2Mor.	//, where

FI 2 Eb.IC. xXI /cp
/; �IJ WE. NpIJ /�1cp FJ

�
�! FI

satisfying the compatibility conditions �II D id for any I 2 	 and

�IK D �IJ ı E. NpIJ /�1cp .�JK/

for any composable morphisms I ! J 2 Mor.	/ and J ! K 2 Mor.	/.

• A morphism ˛WF ! F 0 in Eb
G.ICXcp/ is a set ˛D ¹˛I ºI2	 of morphisms ˛I WFI !

F 0I satisfying the compatibility condition

E. NpIJ /�1cp FJ
�IJ //

E. NpIJ /
�1
cp .˛J /

��

FI

˛I

��

E. NpIJ /�1cp F
0
J �0

IJ

// F 0I

for any I ! J 2 Mor.	/.

Remark 4.8. This definition also does not depend on the choice of ¹Anºn2Z�1
for

the same reason as Definition 3.9.

4.1.3. Distinguished triangle.

Setting 4.9. From now on, we write G 2 gTop for a group object having enough
acyclic objects (Definition 3.7) and X 2 gTopG until the end of Section 4.2.3.

Definition 4.10 (Cf. [2, Sect. 2.5]). The shift functor Œ1�WEb
G.ICXcp/! Eb

G.ICXcp/

is defined pointwise, namely,

.F Œ1�/I ´ FI Œ1�:

Definition 4.11 (Cf. [2, Def. 2.5.2]). The distinguished triangles of Eb
G.ICXcp/

are defined pointwise, namely,

F ! F 0 ! F 00
C1
��!
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is a distinguished triangle in Eb
G.ICXcp/ if and only if

FI ! F 0I ! F 00I
C1
��!

is a distinguished triangle in Eb.IC. xXI /cp
/ for any I 2 	.

Lemma 4.12. The above definitions make Eb
G.ICXcp/ into a triangulated category.

Proof. Exactly the same way as the case of Db
G.CX / [2, Prop. in Sect. 2.5.2].

4.2 – Functors

We continue with Setting 4.9.

Notation 4.13. Recall Notation 3.8. Then, for f WX ! Y 2 Mor.gTopG/, we
also use the following notation:

XI ' X �Y YI
fI //

��

YI

��

X
f

// Y;

xXI
NfI // xYI ´ YI=G;

with obvious meaning. Moreover, we sometimes abbreviate . NfI /cp to NfI for notational
convenience.

4.2.1. Inverse image and proper direct image.

Definition 4.14 (Cf. [2, Sect. 2.4.6 (ii)]). Let f WX ! Y 2 Mor.gTopG/. Then,
for F 2 Eb

G.ICYcp/, we define Ef �1.F / 2 Eb
G.ICXcp/ by

Ef �1.F /I ´ E Nf �1I .FI /:

Definition 4.15 (Cf. [2, Sect. 3.3]). Let f WX ! Y 2 Mor.gTopG/. Then, for
F 2 Eb

G.ICXcp/, we define EfŠŠ.F / 2 Eb
G.ICYcp/ by

EfŠŠ.F /I ´ E NfI ŠŠ.FI /:

Remark 4.16 (Cf. [2, Sect. 3.3]). In Definition 4.15, the definition of the transition
isomorphism

E. NpYIJ /
�1E NfJ ŠŠ.FJ / ��! E NfI ŠŠ.FI /

uses the proper base change (cf. [5, Prop. 4.5.11])

E. NpYIJ /
�1E NfJ ŠŠ ' E NfI ŠŠE. NpXIJ /

�1;
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where

. xXI /cp
NfI //

NpX
IJ

��

. xYI /cp

NpY
IJ

��

. xXJ /cp
NfJ

// . xYJ /cp:

4.2.2. Forgetful functor.

Definition 4.17 (Cf. [2, Sect. 2.4.6 (i)]). For F 2 Eb
G.ICXcp/, we define the for-

getful functor by
UWEb

G.ICXcp/! Eb.ICXcp/;

F 7! FI0
;

where I0´ .0/ 2 	 and we identify xXI0
' X (Notation 3.8).

4.2.3. Sheaf type.

Definition 4.18. We define a functor

eXcp WD
b
G.CX /! Eb

G.ICXcp/

by
eXcp.F /I ´ e. xXI /cp

.FI / 2 Eb.IC. xXI /cp
/

for I 2 	. We write
Eb
G.ICXcp/sh � Eb

G.ICXcp/

for the essential image of eXcp .

Lemma 4.19. The functor eXcp is fully faithful and Eb
G.ICXcp/sh is a triangulated

subcategory of Eb
G.ICXcp/.

Proof. This follows from the corresponding property of (usual) e [6, Lem. 2.8.2 (i)]
and the fact that the triangulated structure of Eb

G.ICXcp/ is defined pointwise.

4.2.4. Upper shriek and direct image.

Definition 4.20. We say that a group objectG 2 gTop has enough smooth acyclic
objects if G is a Lie group, and for any n 2 Z�1, there exists An 2 ResG

¹ptº such that
the unique map An ! ¹ptº is n-acyclic and An is a smooth manifold.

Setting 4.21. From now on, we write G 2 gTop for a group object having enough
smooth acyclic objects and X 2 gTopG until the end of Section 4.2.5.
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Definition 4.22 (Cf. [2, Sect. 3.3]). Let f WX ! Y 2 Mor.gTopG/. Then, for
F 2 Eb

G.ICYcp/, we define Ef Š.F / 2 Eb
G.ICXcp/ by (under Notation 4.13)

Ef Š.F /I ´ E Nf ŠI .FI /:

Remark 4.23 (Cf. [2, Sects. 1.8 and 3.3]). In Definition 4.22, the definition of the
transition isomorphism uses the smooth base change

(4.6) E. NpXIJ /
�1E Nf ŠJ ' E Nf ŠI E. NpYIJ /

�1;

which we prove from now on. First, by the definition [6, p. 206] of functors, (4.6) is
equivalent to

Qp�1cp g
Š
cp ' Qf Šcpq

�1
cp ;

where QWDb.IC. xXI /cp�R1
/! Eb.IC. xXI /cp

/ is the quotient functor (2.9) and we use
the following notation for the notational simplicity:

. xXI /cp �R1
fcp
//

pcp

��

. xYI /cp �R1

qcp

��

. xXJ /cp �R1 gcp
// . xYJ /cp �R1;

xXI �R
f´ NfI�id

//

p´ NpX
IJ
�id

��

xYI �R

q´ NpY
IJ
�id

��

xXJ �R
g´ NfJ�id

// xYJ �R:

Therefore, it is sufficient to prove that we have

(4.7) p�1cp g
Š
cpF ' f

Š
cpq
�1
cp F

for any F 2 Db.IC. xXI /cp�R1
/. Moreover, we can assume F 2 IC. xXI /cp�R1

by dévis-
sage. In this case, we can writeF ' “lim

!
”Fj withFj 2Mod.C xXI�R/ by the definition

(2.3). Thus, for (4.7), it is sufficient to prove that we have

(4.8) p�1gŠFj ' f
Šq�1Fj ;

for anyFj 2Mod.C xXI�R/ because we can obtain (4.7) by applying the kth cohomology
functor and “lim

!
” to (4.8) by Lemma 2.16 (i). Moreover, (4.8) follows from the smooth

base change for sheaves [2, Sect. 1.8] because p and q are smooth. This completes the
proof of the smooth base change (4.6) for enhanced ind-sheaves in the present case.

Definition 4.24 (Cf. [2, Sect. 3.3]). Let f WX ! Y 2 Mor.gTopG/. Then, for
F 2 Eb

G.ICXcp/, we define Ef�.F / 2 Eb
G.ICYcp/ by (under Notation 4.13)

Ef�.F /I ´ E NfI�.FI /:
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Remark 4.25 (Cf. [2, Sects. 1.8 and 3.3]). In Definition 4.24, the definition of the
transition isomorphism uses the smooth base change E. NpYIJ /

�1E NfJ�' E NfI�E. NpXIJ /
�1,

which follows from the sheaf case [2, Sect. 1.8] as in Remark 4.23 by using Lemma
2.16.

4.2.5. A distinguished triangle. We continue with Setting 4.21.

Lemma 4.26. Let Z � X be a closed G-invariant subset of X 2 gTopG and set
U ´ XnZ. Then, for any F 2 Eb

G.ICXcp/, we have a distinguished triangle

Ei�Ei Š.F /! F ! Ej�Ej Š.F /
C1
��! ;

where i WZ ,! X and j WU ,! X are the closed and open embeddings, respectively.

Proof. By Definition 4.11, it is sufficient to prove that

.Ei�Ei Š.F //I ! FI ! .Ej�Ej Š.F //I
C1
��!

is a distinguished triangle in Eb.IC. xXI /cp
/ for any I 2 	. By the definitions of functors,

the above triangle can be rewritten as

(4.9) ENiI�ENi ŠI .FI /! FI ! E NjI�E Nj ŠI .FI /
C1
��!;

where

ZI
� � iI //

��

XI

��

UI?
_jIoo

��

Z
� �

i
// X U;?

_

j
oo

. xZI /cp
� � NiI // . xXI /cp . xUI /cp:? _

NjIoo

Note that xZI is closed in xXI because ZI is closed in XI . This implies that the above
triangle (4.9) is exact by Lemma 2.18, which completes the proof.

5. Equivariant algebraic D-modules

In this section we recall the definition of the equivariant derived category of algebraic
D-modules for the later use. Although almost all the materials in this section also seem
to be well known, we prove some results for convenience. Our main references are
[2, Sect. 4], [18, Sect. 4.5], and [1, Chap. 6].

Convention 5.1. In this article we always work over C and algebraic varieties are
all quasi-projective.
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5.1 – D-acyclicity

Recall a well-known fact:

Fact 5.2 (Cf. [17, Thm. 4.40]). Let f WX ! Y be a smooth map of algebraic
smooth varieties. Then we have an adjunction

(5.1) Rf�RHomDX
.Df �N;M/ŒdX � ' RHomDY

.N;Df�M/ŒdY �

for M 2 Db.DX / and N 2 Db
coh.DY /, where dX and dY are the dimensions of X and

Y , respectively.

Proof. The same proof as for the analytic setting [17, Thm. 4.40] also works in
the algebraic setting.

Definition 5.3. Let n 2 Z�0. We say that a smooth map f WX ! Y between
smooth algebraic varieties is D-n-acyclic if it satisfies the following conditions:

(DAc1)n For anyM 2Modcoh.DX /'DŒ0;0�coh .DY /, the adjunction Df � aDf�ŒdY �
dX � (5.1) induces

M
�
�! ��n.Df�Df �MŒdY � dX �/ 2 Db.DY /:

(DAc2)n For any morphism Y 0 ! Y from a smooth algebraic variety Y 0 such that
the fiber product X 0´ X �Y Y

0 is smooth, the base change f 0WX 0 ! Y 0

satisfies the property (DAc1)n.

Lemma 5.4 (Cf. [18, (4.5.2)]). LetA be a smooth algebraic variety and aWA!¹ptº
the unique map. Then aWA! ¹ptº is D-n-acyclic if Aan 2 gTop is n-acyclic, where
Aan is the analytification of A.

Although this seems to be well known, we prove this lemma for the sake of com-
pleteness.

Proof of Lemma 5.4. Let aWA!¹ptº be the unique map from a smooth algebraic
variety A to the one-point space and a0WA � B ! B the base change of aWA! ¹ptº
by the unique map B ! ¹ptº from a smooth algebraic variety B to the one-point space:

A � B //

a0´a�id
��

A

a

��

¹ptº � B // ¹ptº:
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Using [11, Prop. 1.5.18 (i) and Prop. 1.5.30], we have

Da0�Da0�M ' D.a � id/�D.a � id/�.C �M/ ' Da�Da�.C/�M;

where M 2 Db
coh.DB/ and � is the external tensor product. Moreover, by [11, Prop.

1.5.28 (i)], we have

Da�Da�.C/ ' Da�.OA/ ' Ra�DRA=¹ptº.OA/ ' R�.A;��A/ŒdA�;

where DRA=¹ptº is the relative de Rham complex [11, p. 45], ��A is the algebraic de
Rham complex on A, and �.A; �/ is the global sections functor. Then we have

R�.A;��A/ŒdA� ' R�.Aan;C/ŒdA� ' Raan
� .a

an/�1.C/ŒdA�;

because the algebraic de Rham cohomology is isomorphic to the usual cohomology of
Aan by [8, Thm. 1’]. Thus, we have

(5.2) Da0�Da0�MŒ�dA� ' Raan
� .a

an/�1.C/�M:

We note that the assumption that Aan is n-acyclic implies

C ��! ��n.Raan
� .a

an/�1.C//:

Thus, the exactness of the exterior tensor product � [11, p. 39] implies

��n.Raan
� .a

an/�1.C/�M/ ' ��n.Raan
� .a

an/�1.C//�M ' C �M 'M:

Therefore, (5.2) implies that

M
�
�! ��n.Da0�Da0�.M/ŒdB � dA�B �/;

because dB � dA�B D �dA, which completes the proof.

5.2 – Definition

Convention 5.5 (Cf. [1, Rem. 6.1.12]). In this section, we say that an action of a
linear algebraic group G on a smooth algebraic variety A is free if the quotient map
A! A=G makes A into a principal G-bundle.3

(3) In this setting, A! A=G is locally trivial in the ètale topology by [1, Rem. 6.1.12].
Moreover, if the action of G on A is free in the sense of Convention 5.5, the action of Gan on Aan

is free in the sense of Convention 3.2 by [1, Prop. 6.1.11], where Gan and Aan are analytifications
of G and A, respectively.
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Definition 5.6. Let G be a linear algebraic group. We say that G has enough
D-acyclic objects if for any n 2 Z�1, there exists a smooth algebraic G-variety An
with free G-action such that the unique map An ! ¹ptº is D-n-acyclic (Definition
5.3), and that .An � X/=G is a smooth algebraic variety4 for any smooth algebraic
G-variety X .

Setting 5.7. From now on, we write G for a linear algebraic group having enough
D-acyclic objects, until the end of Section 5.

Definition 5.8 ([2, Sect. 4.2]). For a smooth G-variety X , we write Db
G.DX /coh

for the equivariant derived category of coherent D-modules defined in the following
way (under Notation 3.8):

• An object of Db
G.DX /coh is a pair M ´ .¹MI ºI2	; ¹�IJ º.I!J/2Mor.	//, where

MI 2 Db
coh.D xXI

/; �IJ WD Np�IJMJ
�
�!MI ;

satisfying the compatibility conditions �II D id for any I 2 	 and

�IK D �IJ ı D Np�IJ .�JK/

for any composable morphisms I ! J 2 Mor.	/ and J ! K 2 Mor.	/.

• A morphism ˛WM !M 0 in Db
G.DX / is a set ˛D ¹˛I ºI2	 of morphisms ˛I WMI !

M 0I satisfying the compatibility condition

D Np�IJMJ
�IJ //

D Np�
IJ
.˛J /

��

MI

˛I

��

D Np�IJM
0
J �0

IJ

// M 0I

for any I ! J 2 Mor.	/.

Remark 5.9. This definition also does not depend on the choice of ¹Anºn2Z�1
for

the same reason as Definition 3.9.

(4) This condition is enough to ensure that .An1
� An2

� � � � � Ank
�X/=G is smooth for

any n1; : : : ; nk 2 Z�1. In fact, it is sufficient to apply this condition to a smooth algebraic
G-variety An2

� � � � � Ank
�X .
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5.2.1. Inverse image.

Definition 5.10 (Cf. [2, Sect. 2.4.6 (ii)]). Let f WX ! Y be a G-equivariant
morphism of smooth algebraic G-varieties, and M 2 Db

G.DY /coh. Then the inverse
image Df �.M/ 2 Db

G.DX /coh of M is given by (under Notation 4.13)

Df �.M/I ´ D Nf �I .MI /:

5.2.2. Forgetful functor.

Definition 5.11 ([2, Sect. 2.4.6 (i)]). Let M 2 Db
G.DX /coh. Then the forgetful

functor is given by
UWDb

G.DX /coh ! Db
coh.DX /;

M 7!MI0
;

where I0´ .0/ 2 	 and we identify xXI0
' X (Notation 3.8).

5.3 – A lemma

Let

Db
G.DX /rh ´

®
M 2 Db

G.DX /coh
ˇ̌
MI 2 Db

rh.D xXI
/ for any I 2 	

¯
be the full subcategory of Db

G.DX /coh consisting of objectsM 2Db
G.DX /coh satisfying

MI 2 Db
rh.D xXI

/ for any I 2 	, where Db
rh.D xXI

/ is the derived category of regular
holonomic D-modules [11, Def. 6.1.1]. The following lemma also seems to be well
known.

Lemma 5.12. LetG be a linear algebraic group andH a closed algebraic subgroup
of G. Then we have

Db
G.DG=H /coh ' Db

G.DG=H /rh:

Proof. We note that the induction equivalence ([2, Thm. in Sect. 2.6.3] or [18,
(4.5.7)]) preserves the coherence and regular holonomicity (which follows from the
definition of the induction functor). Thus, applying this equivalence, we have

Db
G.DG=H /coh ' Db

H .D¹ptº/coh:

Because
Db
H .D¹ptº/coh ' Db

H .D¹ptº/rh

is obvious, we have the lemma by the induction equivalence again.
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6. Equivariant algebraic enhanced de Rham functor

In this section we define an equivariant algebraic enhanced de Rham functor in
Definition 6.11.

6.1 – Algebraic enhanced de Rham functor

Definition 6.1 (Cf. [14, Sect. 3.2]). Let X be a smooth algebraic variety, and yX a
smooth complete algebraic variety containing X as an open subset such that yXnX is a
normal crossing divisor. Then, under Notation 2.20, we define

DRE
algWD

b.DX /! Eb.ICXcp/

by
DRE

alg.M/´ Ej�1Xcp
DRE

yX

�
.DjX�.M//an�

forM 2 Db.DX /, where DRE
yX

is the enhanced de Rham functor on yX an [5, Def. 9.1.1]
and .DjX�.M//an is the analytification of DjX�.M/.

Lemma 6.2. The definition of DRE
alg in Definition 6.1 does not depend on the choice

of yX .

Proof. We prove this lemma5 in Appendix B.

Lemma 6.3 (Cf. [14, Prop. 3.12 (2)]). Let f WX ! Y be a morphism of smooth
algebraic varieties, and f anWX an! Y an its analytification, which induces the morphism
f an

cp WXcp ! Ycp 2 Mor.Bod/. Then, for any M 2 Db.DY /, we have

(6.1) DRE
alg.Df �M/ŒdX � ' E.f an

cp /
ŠDRE

alg.M/ŒdY �:

Proof. We prove this lemma in Appendix C.

Lemma 6.4. Let X be a smooth algebraic variety. Then we have

DRE
alg.D

b
rh.DX // � Eb

sh.ICXcp/ \ Eb
C-c.ICXcp/:

(5) Because the independence of the algebraic enhanced solution functor SolEalg (Definition
D.1) from the choice of yX is not explicitly proved in [14], we prove this lemma in Appendix B.
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Proof. Because the duality functor DX is an anti-autoequivalence on Db
rh.DX /

[11, Prop. 2.6.5 (ii) and Thm. 6.1.5 (i)], it is sufficient to prove

DRE
alg
�
DX .Db

rh.DX //
�
� Eb

sh.ICXcp/ \ Eb
C-c.ICXcp/;

which follows from the corresponding property of the enhanced algebraic solution
functor SolEalg [14, Prop. 3.14] by using the identity SolEalg.DXM/ŒdX � ' DRE

alg.M/ of
Lemma D.4 for M 2 Db

rh.DX /.

Lemma 6.5 (Cf. [13, Lem. 3.10]). Let X be a smooth algebraic variety and M 2
Db

coh.DX /. If DRE
alg.M/ 2 Eb

sh.ICXcp/ \ Eb
C-c.ICXcp/, then we have M 2 Db

rh.DX /.

Proof. Although this also seems to be well known, we prove this lemma in
Appendix D for completeness.6

6.2 – Equivariant algebraic enhanced de Rham functor

Definition 6.6. Let G be a linear algebraic group. We say that G has enough
compatible D-acyclic objects if for any n 2 Z�1, there exists a smooth algebraic G-
variety An with free G-action such that Aan

n 2 gTop is n-acyclic (Definition 3.5), and
that .An �X/=G is a smooth algebraic variety for any smooth algebraic G-variety X .

Lemma 6.7. Let G be a linear algebraic group. Then G has enough compatible
D-acyclic objects.

Although this seems to be well known, we prove this lemma for the sake of com-
pleteness. We need a lemma.

Lemma 6.8. Let n 2 Z�0 and suppose that A 2 gTop is a non-empty smooth
manifold. Then A is n-acyclic if and only if aWA! ¹ptº is n-preacyclic.

Proof. The “only if” part is obvious by Lemma 3.6. For the “if” part, let aWA!¹ptº
be n-preacyclic, which means that A satisfies condition (A1)n in Definition 3.5. In
particular, we have a�a�1.C/ ' C, which implies that A is connected. Moreover, it is
clear that A is locally connected because A is a manifold. Thus, A satisfies condition
(A2)n, which completes the proof by Definition 3.5.

(6) In [13, Lem. 3.10], this lemma (for SolEalg) is proved under the assumptionM 2 Db
hol.DX /

(instead of M 2 Db
coh.DX /).
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Proof of Lemma 6.7. Let n 2 Z�1. By Definition 6.6, it is sufficient to prove
that there exists a smooth algebraic G-variety An with free G-action such that Aan

n

is n-acyclic, and that .An � X/=G is a smooth algebraic variety for any smooth
G-variety X .

Let k be an integer such that G can be realized as a closed subgroup of GL.k;C/,
which we regard as a subgroup of GL.k C n;C/ by

GL.k;C/ ' GL.k;C/ � 1 � GL.k;C/ � GL.n;C/ � GL.k C n;C/:

Moreover, we write H for a subgroup of GL.k C n;C/ defined by

H ´
®�
1 u
0 g

�
2 GL.k C n;C/

ˇ̌
u 2 Mk;n.C/; g 2 GL.n;C/

¯
;

where Mk;n.C/ is the space of k � n matrices. Then we set An´ GL.nC k;C/=H
(the non-compact complex Stiefel variety of k-frames in CkCn) with right G-action,
which is well defined because GL.k;C/ normalizes H .

By [25, Thm. 2.2] (with Convention 5.1) for any smooth G-variety X , the quotient
.GL.kC n;C/�X/=.G �H/' .An �X/=G is an algebraic variety (which is equal
to GL.k C n;C/ �G�H X under the notation of [25, Def. 2.1]). The smoothness
of .An � X/=G follows from [1, Prop. 6.1.16] (applying to the second projection
An �X ! An) because An=G is smooth.

For then-acyclicity ofAan
n , it is sufficient to prove thataWAan

n !¹ptºan isn-preacyclic
by Lemma 6.8. For this purpose, we writeA0n for the compact complex Stiefel manifold
of orthonormal k-frames in CkCn. Then A0n is homotopy equivalent to Aan

n [15, p. 15].
Thus, writing a0WA0n ! ¹ptº, we have

Ra�a�1F ' Ra0�.a0/�1F

for any F 2Mod.C¹ptº/ by the homotopy invariance of cohomology [19, Cor. 2.7.7 (i)],
which implies that it is sufficient to prove that a0WA0n ! ¹ptº is n-preacyclic. This
follows from Lemma 6.9 given below because we have

Z ��! ��n.Ra0�.a0/�1.Z//

by [3, Prop. 9.1].

Lemma 6.9. Let n 2 Z�0 and A 2 gTop. Suppose that A is a compact smooth
manifold satisfying

Z ��! ��n.Ra�a�1.Z//:

Then aWA! ¹ptº is n-preacyclic.
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Proof. The compactness of A implies RaŠ D Ra�. Therefore, we have

Ra�a�1F ' RaŠa�1F
' RaŠ.a�1.Z/˝a�1.Z/ a

�1.F //

' RaŠ.a�1.Z//˝Z F

' Ra�.a�1.Z//˝Z F

for any F 2 Mod.C¹ptºan/ by [20, Prop. 2.6.6], which completes the proof.

Remark 6.10. Let G be a linear algebraic group. Then Lemma 6.7 implies
that G has enough compatible D-acyclic objects, and thus there exists a sequence
¹Anºn2Z�1

satisfying the conditions of Definition 6.6. In this setting, we can define
Eb
G.ICXcp/ by using this ¹Aan

n ºn2Z�1
(Definition 4.7) because Aan

n 2 gTop is n-acyclic
by Definition 6.6. Moreover, we can define Db

G.DX / by using the same ¹Anºn2Z�1

(Definition 5.8) because the unique map aWAn ! ¹ptº is D-n-acyclic by Lemma 5.4.
This remark is used in Definition 6.11 given below. Moreover, the definition of the
transition isomorphism of Definition 6.11 uses Lemma 6.3 and the isomorphism of
functors E. NpXIJ /

Š
cpŒd xXI

� ' E. NpXIJ /
�1
cp Œd xXJ

� (which follows from [7, (2.3)] and [19,
Prop. 3.3.6 (iii)]), where we use Notation 3.8.

Definition 6.11. Let G be a linear algebraic group. We define an equivariant
algebraic enhanced de Rham functor

DRE
eqWD

b
G.DX /coh ! Eb

G.ICXcp/

by
DRE

eq.M/I ´ DRE
alg.MI /;

where I 2 	 and M 2 Db
G.DX /coh.

Proof of Theorem 1.1. We check the commutativity of (1.1). LetM 2Db
G.DX /coh.

Then, by Definition 5.11, we have

DRE
alg.U.M// D DRE

alg.MI0
/:

On the other hand, by Definitions 4.17 and 6.11, we have

U.DRE
eq.M// ' DRE

eq.M/I0
' DRE

alg.MI0
/;

which completes the proof.
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Lemma 6.12. Let f WX ! Y be a G-equivariant morphism of smooth algebraic
G-varieties, f anWX an ! Y an its analytification, and M 2 Db

G.DY /coh. Then we have

DRE
eq.Df �M/ŒdX � ' E.f an/ŠDRE

eq.M/ŒdY �:

Proof. By Definitions 4.10, 6.11, and 5.10, we have

.DRE
eq.Df �M/ŒdX �/I ' DRE

eq.Df �M/I ŒdX �

' DRE
alg..Df �M/I /ŒdX �

' DRE
alg.D Nf �I .MI //ŒdX �:

Lemma 6.3 and Definition 6.11 imply that

DRE
alg.D Nf �I .MI //ŒdX � ' E. Nf an

I /
ŠDRE

alg.MI /ŒdY � ' E. Nf an
I /

Š.DRE
eq.M/I /ŒdY �:

Moreover, we have

E. Nf an
I /

Š.DRE
eq.M/I /ŒdY � ' .E.f an/ŠDRE

eq.M//I ŒdY � ' .E.f an/ŠDRE
eq.M/ŒdY �/I

by Definitions 4.22 and 4.10. This completes the proof.

6.3 – Equivariant algebraic C-constructible enhanced ind-sheaves

In this section, G always denotes a linear algebraic group.

Definition 6.13. Let X be a smooth algebraic G-variety. Then we define a full
subcategory Eb

G.ICXcp/C-c of Eb
G.ICXcp/ by

Eb
G.ICXcp/C-c ´

®
F 2 Eb

G.ICXcp/
ˇ̌
FI 2 Eb

C-c.IC. xXI /cp
/ for any I 2 	

¯
:

Lemma 6.14. Let X be a smooth algebraic G-variety. Then Eb
G.ICXcp/C-c is a

triangulated full subcategory of Eb
G.ICXcp/.

Proof. This follows from the corresponding property of Eb
C-c.ICXcp/ � Eb.ICXcp/

(cf. [14, paragraph after Def. 3.10]).

Lemma 6.15. Let f WX ! Y be a G-equivariant morphism of smooth algebraic
G-varieties and f anWX an ! Y an its analytification. Then we have

E.f an/�1.Eb
G.ICYcp/C-c/� Eb

G.ICXcp/C-c; E.f an/Š.Eb
G.ICYcp/C-c/� Eb

G.ICXcp/C-c;

Ef an
ŠŠ .E

b
G.ICXcp/C-c/� Eb

G.ICYcp/C-c; Ef an
� .E

b
G.ICXcp/C-c/� Eb

G.ICYcp/C-c:
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Proof. This follows from Fact 2.21.

Lemma 6.16. Let f WX ! Y be a G-equivariant morphism of smooth algebraic
G-varieties and f anWX an ! Y an its analytification. Then we have

Ef an
� .E

b
G.ICXcp/sh \ Eb

G.ICXcp/C-c/ � Eb
G.ICYcp/sh \ Eb

G.ICYcp/C-c:

Proof. This follows from Lemma 2.22.

Lemma 6.17. Let H be a closed algebraic subgroup of G. Then we have

DRE
eq.D

b
G.DG=H /coh/ � Eb

G.IC.G=H/cp/sh \ Eb
G.IC.G=H/cp/C-c:

Proof. By Lemma 5.12, we have

Db
G.DG=H /coh ' Db

G.DG=H /rh;

which completes the proof by Lemma 6.4 and the definitions.

Lemma 6.18. Let X be a smooth algebraic G-variety and M 2 Db
G.DX /coh. If

DRE
eq.M/ 2 Eb

G.ICXcp/sh \ Eb
G.ICXcp/C-c, then we have M 2 Db

G.DX /rh.

Proof. This easily follows from Lemma 6.5.

7. Regular holonomicity in the finite orbits case in the algebraic setting

In this section, as an answer to the question in Section 1, we give an approach to
the well-known fact (Corollary 1.2) that any equivariant algebraic coherent D-module
is regular holonomic if the number of orbits is finite. We need a lemma.

Lemma 7.1. Let G be a linear algebraic group, X a smooth algebraic G-variety,
and M 2 Db

G.DX /coh. Then, if the number of G-orbits on X is finite, we have

DRE
eq.M/ 2 Eb

G.ICXcp/sh \ Eb
G.ICXcp/C-c:

Proof. We use induction on the number of orbits. Thus, we first consider the case
that there exists only one orbit. In this case, we have an isomorphism X ' G=H for
some closed algebraic subgroup H of G. Thus, the lemma follows from Lemma 6.17
in this case.

Suppose that the number of orbits is n > 1. Take a closed orbit Z in X and set
U ´ XnZ. Then the number of orbits on U is n � 1. Let M 2 Db

G.DX /coh. By
Lemma 4.26, we have a distinguished triangle

(7.1) Ei an
� E.i an/Š.DRE

eq.M//! DRE
eq.M/! Ej an

� E.j an/Š.DRE
eq.M//

C1
��!;
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where i WZ ,! X is the closed embedding and j WU ,! X is the open embedding.
Moreover, Lemma 6.12 and the induction hypothesis imply

E.i an/ŠDRE
eq.M/ŒdX � ' DRE

eq.Di�M/ŒdZ � 2 Eb
G.ICZcp/sh \ Eb

G.ICZcp/C-c;

E.j an/Š.DRE
eq.M// ' DRE

eq.Dj �M/ 2 Eb
G.ICUcp/sh \ Eb

G.ICUcp/C-c:

Thus, Lemma 6.16 implies

Ej an
� E.j an/Š.DRE

eq.M// 2 Eb
G.ICXcp/sh \ Eb

G.ICXcp/C-c;

Ei an
� E.i an/Š.DRE

eq.M// 2 Eb
G.ICXcp/sh \ Eb

G.ICXcp/C-c:

This and (7.1) imply

DRE
eq.M/ 2 Eb

G.ICXcp/sh \ Eb
G.ICXcp/C-c

by Lemmas 4.19 and 6.14, which completes the proof.

Then we prove Corollary 1.2 from Section 1.

Proof of Corollary 1.2. By Lemma 7.1, we have

DRE
eq.M/ 2 Eb

G.ICXcp/sh \ Eb
G.ICXcp/C-c;

which completes the proof by Lemma 6.18.

Remark 7.2. In the proof of Lemma 7.1, we use the distinguished triangle (7.1)
associated to Ucp ,! Xcp, which is induced by the open embedding U ,! X . (The
existence of this distinguished triangle is provided by Lemma 4.26, which is based
on Lemma 2.18.) This can be regarded as a reason (from the viewpoint of enhanced
ind-sheaves) why Corollary 1.2 is not valid in the analytic setting. In fact, the target
category of the enhanced de Rham functor in the analytic setting is Eb.ICX / (instead
of Eb.ICXcp/). Thus, if we want to imitate the proof of Lemma 7.1, we must use a
distinguished triangle associated to the morphism U ,! X (instead of Ucp ,! Xcp) of
bordered spaces. However, the associated triangle

EkZ�EkŠZ.F /! F ! EkU�EkŠU .F /
C1
��!

is not distinguished in general (see Remark 2.19), where kZ WZ!M 2 Mor.Bod/ and
kU WU !M 2 Mor.Bod/ are induced by the closed and open embeddings, respectively.
Thus, the analogous proof of Lemma 7.1 in the analytic setting does not work.
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A. Compactification of a good topological space

In this section we prove that the one-point (Alexandroff) compactification of M 2
gTop is good (Definition 2.1).

Lemma A.1. Let M be a non-compact good topological space and M � the one-
point (Alexandroff) compactification of M . Then M � is good.

Proof. We only show that M � has finite flabby dimension because it is clear that
M � is Hausdorff, locally compact, and countable at infinity.

Recall that for any locally compact space, it has finite flabby dimension if and only
if it has finite c-soft dimension [19, Ex. II.9 (c)]. Therefore, it is sufficient to prove that
M � has finite c-soft dimension. This is a consequence of Lemma A.2 given below.

Lemma A.2. Let M be a non-compact good topological space and M � be the
one-point (Alexandroff) compactification of M . Then the c-soft dimension of M � is
equal to that of M .

Proof. Let cM and cM� be the c-soft dimensions of M and M �, respectively.
Then, by definition (cf. [20, p. 83] or [19, Ex. II.9 (b)]), cM� is smaller than or equal to
cM if and only if

(A.1) Ra0Š.F / 2 DŒ0;cM �.C/

for any F 2 Mod.CM�/, where a0WM � ! ¹ptº is the unique map from M � to the
one-point topological space ¹ptº and Mod.CM�/ is the category of sheaves on M �.
First, we will prove (A.1).

Recall that there exists an exact sequence ([19, Prop. 2.3.6 (v)]) for any F 2
Mod.CM�/,

(A.2) 0! FM ! F ! F¹1º ! 0;

where 1 2 M � is the unique point in M �nM . Applying Ra0
Š

to (A.2), we have a
distinguished triangle

(A.3) Ra0Š.FM /! Ra0Š.F /! Ra0Š.F¹1º/
C1
��! :

It is clear that

(A.4) Ra0Š.F¹1º/ ' F1 2 DŒ0;0�.C/;

where F1 is the stalk of F at1 2M �. On the other hand, by [19, Prop. 2.5.4 (ii)],
we have

FM ' jŠj
�1.F / ' RjŠj�1.F /;
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where j is the open embedding j WM !M �. Then we have

Ra0Š.FM / ' Ra0Š.RjŠj
�1.F // ' RaŠj�1.F /;

where a´ a0 ı j WM ! ¹ptº. Thus, we have

(A.5) RaŠj�1.F / 2 DŒ0;cM �.C/

by the definition of cM and because j�1.F / 2 Mod.CM /. Combining (A.3), (A.4),
and (A.5) we have (A.1), which implies

(A.6) cM� � cM :

Moreover, because cM is the c-soft dimension of M , there exists F 2 Mod.CM /
satisfying

H cM .RaŠ.F // ¤ 0;

whereH cM is the cM th cohomology functor. Then jŠF DRjŠF 2Mod.CM�/ satisfies

H cM .Ra0Š.RjŠF // D H
cM .RaŠF / ¤ 0

by a0 ı j D aWM ! ¹ptº, which implies

(A.7) cM� � cM :

By (A.6) and (A.7), we have the lemma.

B. Proof of Lemma 6.2

In this section we prove Lemma 6.2. Therefore, we do not use the notation DRE
alg in

this section. We need four lemmas.

Lemma B.1. Let X be a smooth algebraic variety, and yX a smooth complete
algebraic variety containing X as an open subset such that yXnX is a normal crossing
divisor. Then, under Notation 2.20, if the support supp.M/ ofM 2Db.D yX

/ is contained
in Xb

cp D
yX annX an, we have

(B.1) Ej�1Xcp
DRE

yX
.M an/ ' 0;

where DRE
yX

is the enhanced de Rham functor on yX an [5, Def. 9.1.1].
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Proof. Let i WXb
cp ,!

yX an be the closed embedding. Then the definition [5, Def.
9.1.1] of DRE

yX
and the assumption supp.M/ � Xb

cp imply that we have

DRE
yX
.M an/ 2 Q.Db.ICXb

cp�R1// � Q.Db.IC yXan�R1
// D Eb.IC yXan/;

where QWDb.IC yXan�R1
/! Eb.IC yXan/ is the quotient functor and where we regard

Db.ICXb
cp�R1/ as a full subcategory of Db.IC yXan�R1

/ by the fully faithful functor
RQiŠŠWDb.ICXb

cp�R1/! Db.IC yXan�R1
/ (under the notation (2.2)). Thus, we have (B.1)

because
Ej�1Xcp

WEb.IC yXan/! Eb.ICXcp/

is induced by
Qj�1Xcp
WDb.IC yXan�R1

/! Db.ICXcp�R1/;

which sends objects in Db.ICXb
cp�R1/ � Db.IC yXan�R1

/ to zero.

Lemma B.2. Let X be a smooth algebraic variety, and yX a smooth complete
algebraic variety containing X as an open subset such that yXnX is a normal crossing
divisor. Then, under Notation 2.20, if there exists a morphism M1 !M2 in Db.D yX

/

whose restriction to X is an isomorphism, we have

Ej�1Xcp
DRE

yX
.M an

1 / ' Ej�1Xcp
DRE

yX
.M an

2 /:

Proof. By the assumption, there exists a morphism M1 !M2 whose restriction
to X is an isomorphism. Thus, there exists a distinguished triangle

(B.2) M1 !M2 ! N
C1
��!

for some N 2 Db.D yX
/ whose support is contained in Xb

cp D
yX annX an. By applying

the functor Ej�1Xcp
DRE

yX
..�/an/ to (B.2), we have

Ej�1Xcp
DRE

yX
.M an

1 /! Ej�1Xcp
DRE

yX
.M an

2 /! Ej�1Xcp
DRE

yX
.N an/

C1
��! ;

whose third term is zero by Lemma B.1 because supp.N / � Xb
cp. This completes the

proof.

Lemma B.3. LetX be a smooth algebraic variety and j WU !X an open embedding.
Then we have an adjunction Dj � a Dj�WDb.DX / � Db.DU /.

Proof. Because j is an open embedding, we have isomorphisms of functors

Dj �X ' j
�1
X ; DjX� ' RjX�
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by [11, Ex. 1.5.12] and [11, Ex. 1.5.22], respectively. Thus, by the adjunction j�1X a

RjX� [19, Prop. 2.6.4 (ii)], we have the lemma.

Lemma B.4. Let f WX ! Y be a morphism of smooth algebraic varieties, and
yX (resp. yY ) a smooth complete algebraic variety containing X (resp. Y ) as an open

subset such that yXnX (resp. yY nY ) is a normal crossing divisor. Then there exist
another smooth complete algebraic variety yX 0 satisfying the same conditions as yX
(namely, yX 0 contains X as an open subset and yX 0nX is a normal crossing divisor),
and a morphism Of W yX 0 ! yY (resp. gW yX 0 ! yX ) whose restriction to X coincides with
f WX ! Y (resp. idX WX ! X ).

Proof. Let jY WY ! yY be the inclusion, and �jY ıf � X � Y the graph of jY ı
f . Take the closure �jY ıf of �jY ıf in yX � yY and write pr2W �jY ıf !

yY for the
second projection. Let � W yX 0 ! �jY ıf be a resolution of singularities. We summarize
the situation in the following diagram, where “RS” means that � W yX 0 ! �jY ıf is a
resolution of singularities:

��1.�jY ıf /

o�

��

open
// yX 0

RS�

��

X

f

��

� // �jY ıf

pr2
{{

closure // �jY ıf

pr2
��

pr1

##

// yX � yY

Y
jY // yY yX:

Then it is sufficient to set Of ´ pr2 ı � W yX 0 ! yY and g´ pr1 ı � W yX 0 ! yX .

Then we prove Lemma 6.2. Namely, we prove the following.

Lemma B.5. LetX be a smooth algebraic variety, yX1 and yX2 two smooth complete
algebraic varieties containing X as an open subset such that yX1nX and yX2nX are
normal crossing divisors. Set Xkcp ´ .X an; yX an

k
/ 2 Bod and write jXk

cp
WXkcp !

yX an
k
2

Mor.Bod/ for the morphism induced by the analytification j an
Xk
WX an

k
! yX an

k
of the

inclusion jXk
WXk ! yXk for k D 1; 2. Then, for any M 2 Db.DX /, we have

Ej�1
X1

cp
DRE

yX1

�
.DjX1�.M//an�

' Ef ŠEj�1
X2

cp
DRE

yX2
..DjX2�.M//an/;

where f WX1cp
�
�! X2cp 2 Mor.Bod/ is the unique isomorphism of Lemma 2.8.
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Proof. (i) First we will prove the lemma in the case that there exists a morphism
Of W yX1 ! yX2 which is an extension of f D idX WX ! X :

(B.3)

X

ofDidX

��

jX1 // yX1

Of
��

X
jX2

// yX2;

X1cp

f o

��

j
X1cp
// yX an
1

Of an

��

X2cp j
X2cp

// yX an
2 :

By the commutative diagram on the left-hand side in (B.3), we have

Dj �X1
D Of �DjX2�.M/ ' Dj �X2

DjX2�.M/ 'M:

Moreover, we have the adjunction Dj �X1
a DjX1� by Lemma B.3 because jX1

is the
open embedding. Thus, there exists a morphism

(B.4) D Of �DjX2�.M/! DjX1�.M/:

Because Dj �X1
is isomorphic to the restriction functor [11, Ex. 1.5.12], the restriction

to X of the morphism (B.4) is given by

Dj �X1
D Of �DjX2�.M/! Dj �X1

DjX1�.M/:

This is an isomorphism because

Dj �X1
D Of �DjX2�.M/ ' Dj �X2

DjX2�.M/ 'M; Dj �X1
DjX1�.M/ 'M

by the commutative diagram on the left-hand side in (B.3). Thus, applying Lemma B.2
to the morphism (B.4), we have an isomorphism

(B.5) Ej�1
X1

cp
DRE

yX1

�
.D Of �DjX2�.M//an�

' Ej�1
X1

cp
DRE

yX1

�
.DjX1�.M//an�:

Moreover, the left-hand side of (B.5) is isomorphic to

(B.6) Ej�1
X1

cp
DRE

yX1

�
D. Of an/�.DjX2�.M//an�

' Ej�1
X1

cp
E. Of an/ŠDRE

yX2

�
.DjX2�.M//an�

by [11, Prop. 4.7.2 (i)] and [5, Thm. 9.1.2 (ii)]. The right-hand side of (B.6) is isomorphic
to

(B.7) Ej Š
X1

cp
E. Of an/Š DRE

yX2

�
.DjX2�.M//an�

' Ef ŠEj Š
X2

cp
DRE

yX2

�
.DjX2�.M//an�

by the isomorphism j�1
X1

cp
' j Š

X1
cp

of functors [5, 3.3.7 (i)] and the commutative diagram
on the right-hand side in (B.3).

Thus, (B.5), (B.6), and (B.7) imply the lemma in the case that there exists a morphism
Of W yX1 ! yX2 which is an extension of the identity morphism idX WX ! X .
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(ii) Then we will prove the lemma in the general case. By Lemma B.4, there exist
a smooth complete algebraic variety yX0 satisfying the same conditions as yX1, and a
morphism Of2W yX0 ! yX2 (resp. Of1W yX0 ! yX1) whose restriction to X coincides with
idX (resp. idX ):

X

ofkDidX

��

jX0 // yX0

Ofk

��

X
jXk

// yXk;

X0cp

fk o

��

j
X0cp
// yX an
0

Of an
k

��

Xkcp j
Xkcp

// yX an
k
;

X
f1
�1
DidX

�
//

jX1

��

X
f2DidX

�
//

jX0

��

X

jX2

��

X1cp
f �1

1

�
//

f

44X0cp
f2

�
// X2cp:

Thus, by the first part of the proof of this lemma, we have two isomorphisms

Ej�1
X0

cp
DRE

yX0

�
.DjX0�.M//an�

' Ef Š1Ej�1
X1

cp
DRE

yX1

�
.DjX1�.M//an�;(B.8)

Ej�1
X0

cp
DRE

yX0

�
.DjX0�.M//an�

' Ef Š2Ej�1
X2

cp
DRE

yX2

�
.DjX2�.M//an�;(B.9)

where fk WX0cp ! Xkcp is the unique morphism of Lemma 2.8 satisfying fk D idX for
k D 1; 2. Because f1WX0cp

�
�! X1cp has the inverse f �11 WX

1
cp
�
�! X0cp, we have

Ej�1
X1

cp
DRE

yX1

�
.DjX1�.M//an�

' E.f �11 /ŠEf Š1Ej�1
X1

cp
DRE

yX1

�
.DjX1�.M//an�:

By (B.8) and (B.9), this is isomorphic to

E.f �11 /ŠEf Š2Ej�1
X2

cp
DRE

yX2

�
.DjX2�.M//an�:

Note that f WX1cp ! X2cp has a factorization f D f2 ı f �11 2 Mor.Bod/. Thus, this is
isomorphic to

Ef ŠEj�1
X2

cp
DRE

yX2

�
.DjX2�.M//an�;

which completes the proof of the general case.

C. Proof of Lemma 6.3

In this section we prove Lemma 6.3.

Proof. Take a smooth complete algebraic variety yX (resp. yY ) containing X
(resp. Y ) as an open subset such that yXnX (resp. yY nY ) is a normal crossing divisor
(see Notation 2.20). Then Lemma B.4 implies that there exist another smooth complete
algebraic variety yX 0 satisfying the same conditions as yX , and a morphism Of W yX 0 ! yY
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whose restriction to X coincides with f WX ! Y . Thus, by changing the notation, we
can assume that there exists a morphism Of W yX ! yY whose restriction to X coincides
with f WX ! Y from the beginning. Then we use those yX and yY for the definition of
DRE

alg (Definition 6.1) in this proof (where we use the independence of DRE
alg from the

choice of yX (Lemma 6.2)):

(C.1)

X
jX //

f

��

yX

Of

��

Y
jY

// yY ;

Xcp
jXcp

//

f an
cp

��

yX an

Of an

��

Ycp
jYcp

// yY an:

Thus, the right-hand side of (6.1) is isomorphic to the leftmost term of the following
chain of isomorphisms:

E. Of an
cp /

ŠEj�1Ycp
DRE
yY

�
.DjY �.M//an�ŒdY � ' E. Of an

cp /
ŠEj ŠYcp

DRE
yY

�
.DjY �.M//an�ŒdY �

' Ej ŠXcp
E. Of an/Š DRE

yY

�
.DjY �.M//an�ŒdY �;

where the first and second isomorphisms follow from the isomorphism j�1Ycp
' j ŠYcp

of functors [5, 3.3.7 (i)] and the diagram (C.1), respectively. Then [5, Thm. 9.1.2 (ii)]
implies that the rightmost term in the last equation is isomorphic to the left-hand side
of the following equation:

Ej ŠXcp
DRE

yX

�
.Df an/�.DjY �.M//an�ŒdX � ' Ej ŠXcp

DRE
yX

�
.Df �DjY �.M//an�ŒdX �;

where we use [11, Prop. 4.7.2 (i)]. Moreover, the right-hand side of the last equation is
isomorphic to

(C.2) Ej ŠXcp
DRE

yX

�
.DjX�Dj �XDf �DjY �.M//an�ŒdX �

by Lemma B.2 because the adjunction Dj �X a DjX� (Lemma B.3) implies that there
exists a morphism

Df �DjY �.M/! DjX�Dj �XDf �DjY �.M/

whose restriction to X is an isomorphism. Moreover, we have

DjX�Dj �XD Of �DjY �.M/ ' DjX�Df �Dj �YDjY �.M/ ' DjX�Df �.M/

by the diagram on the left-hand side of (C.1). Therefore, (C.2) is isomorphic to the
left-hand side of (6.1) by the definition of DRE

alg (Definition 6.1) and the isomorphism
j�1Xcp
' j ŠXcp

of functors [5, 3.3.7 (i)], which completes the proof.



Equivariant algebraic enhanced de Rham functor 143

D. Proof of Lemma 6.5

In this section we prove Lemma 6.5. We need some preparation.

Definition D.1 ([14, p. 61]). LetX be a smooth algebraic variety, and yX a smooth
complete algebraic variety containing X as an open subset such that yXnX is a normal
crossing divisor. Then, under Notation 2.20, we define

SolEalgWD
b
coh.DX /! Eb.ICXcp/

by

(D.1) SolEalg.M/´ Ej�1Xcp
SolE
yX

�
.DjX�.M//an�

forM 2 Db
coh.DX /, where SolE

yX
is the enhanced solution functor on yX an [5, Def. 9.1.1]

and .DjX�.M//an is the analytification of DjX�.M/. This definition does not depend
on the choice of yX (which follows from7 Lemmas 6.2 and D.4).

Remark D.2. The analogous statements to Lemmas B.1 and B.2 also hold for
SolEalg because we can apply the same proof mutatis mutandis to this case.

Lemma D.3 (Cf. [14, p. 61]8). LetX be a smooth algebraic variety, and yX a smooth
complete algebraic variety containing X as an open subset such that yXnX is a normal
crossing divisor. Then, under Notation 2.20, we have

(D.2) Ej�1Xcp
SolE
yX

�
.DjXŠ.M//an�

' SolEalg.M/

for any M 2 Db
coh.DX /, where we set DjXŠ ´ D yXDjX�DX and DX is the duality

functor [11, Def. 2.6.1].

Proof. First, we will construct a morphism

(D.3) DjXŠM ! DjX�M:

By the definition DjXŠ´ D yXDjX�DX and the adjunction Dj �X a DjX� (Lemma B.3),
it is sufficient to construct a morphism

(D.4) Dj �XD yXDjX�DXM !M

(7) The proof of Lemma D.4 does not use this independence.
(8) In [14, p. 61], this result is proved under the assumption M 2 Db

hol.DX /.
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for (D.3). By [11, Thm. 2.7.1 (ii) and Prop. 2.6.5 (ii)], we have

(D.5) Dj �XD yXDjX�DXM ' DXDj �XDjX�DXM ' DXDXM 'M;

which implies the existence of (D.4). Thus, we have a morphism (D.3).
Second, we will show that the restriction of (D.3) to X is an isomorphism. Because

Dj �X is isomorphic to the restriction functor [11, Ex. 1.5.12], it is sufficient to show that

Dj �XDjXŠM ! Dj �XDjX�M 'M

is an isomorphism, which follows from the definition DjXŠ´ D yXDjX�DX and (D.5).
Thus, the restriction of (D.3) to X is an isomorphism, which completes the proof of
the lemma by Lemma B.2 (and Remark D.2) applying to (D.3) and the definition (D.1)
of SolEalg.

Lemma D.4. Let X be a smooth algebraic variety, and M 2 Db
coh.DX /. Then we

have

(D.6) DRE
alg.M/ ' SolEalg.DXM/ŒdX �:

Proof. We have an isomorphism

(D.7) M ' DXDXM

by [11, Prop. 2.6.5 (ii)]. Take a smooth complete algebraic variety yX containing X
as an open subset such that yXnX is a normal crossing divisor. Applying the functor
D yXDjX� (under Notation 2.20) to (D.7), we have

(D.8) D yXDjX�M ' DjXŠDXM;

by DjXŠ´ D yXDjX�DX . Moreover, applying the functor Ej�1Xcp
SolE
yX
..�/an/ to (D.8),

we have

Ej�1Xcp
SolE
yX
..D yXDjX�M/an/ ' Ej�1Xcp

SolE
yX
..DjXŠDXM/an/

' SolEalg.DXM/(D.9)

by (D.2). On the other hand, we have a morphism

(D.10) .D yXDjX�M/an
! D yXan.DjX�M/an;

whose restriction to X is an isomorphism by [11, Prop. 4.7.1] and the assumption
M 2 Db

coh.DX /. Thus, applying Lemma B.2 (and Remark D.2) for (D.10), we have

SolEalg.DXM/ ' Ej�1Xcp
SolE
yX
.D yXan.DjX�M/an/

by (D.9). This completes the proof by Lemma D.5 given below.
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Lemma D.5. Let X be a smooth algebraic variety, and yX a smooth complete
algebraic variety containing X as an open subset such that yXnX is a normal crossing
divisor. Then, under Notation 2.20, we have

Ej�1Xcp
SolE
yX
.D yXan.DjX�M/an/ ' DRE

alg.M/Œ�dX �

for any M 2 Db
coh.DX /.

Proof. By induction of the cohomological length ofM 2 Db
coh.DX /, it is sufficient

to prove the lemma in the case that M is a coherent DX -module. In this case, there
exists a D yX

-submodule
N ,! H 0.DjX�M/

such that N is coherent and the restriction N jX of N to X is isomorphic to M '
DjX�M jX by [11, Cor. 1.4.17 (ii)] (which is applicable because the assumption that
M is a coherent DX -module implies H 0.DjX�M/ is a quasi-coherent D yX

-module
[11, Prop. 1.5.29]). Thus, there exists a distinguished triangle

(D.11) N ! DjX�M ! N 0
C1
��!

for some N 0 2 Db.D yX
/ whose support is contained in yXnX . Note that we have

N an 2 Db
coh.D yXan/ (cf. [11, p. 120]). Applying the functors Ej�1Xcp

DRE
yX
..�/an/Œ�dX �

and Ej�1Xcp
SolE
yX
.D yXan.�/

an/ to (D.11), we have a morphism of distinguished triangles

Ej�1Xcp
DRE

yX
.N an/Œ�dX � //

��

Ej�1Xcp
DRE

yX
..DjX�M/an/Œ�dX � //

��

Ej�1Xcp
DRE

yX
.N 0an/Œ�dX �

C1
//

��

Ej�1Xcp
SolE
yX
.D yXanN

an/ // Ej�1Xcp
SolE
yX
.D yXan.DjX�M/an/ // Ej�1Xcp

SolE
yX
.D yXanN

0an/
C1
// ;

whose leftmost vertical map is an isomorphism by [5, equation after Def. 9.1.1] and
D2
yXan ' id on Db

coh.D yXan/ [17, (3.9)], and both of the rightmost terms are isomorphic
to zero by Lemma B.1 (and Remark D.2) because supp.N 0/ � yXnX . Thus, the middle
vertical map is also an isomorphism, which completes the proof of the lemma by the
definition (6.1) of DRE

alg.

Proof of Lemma 6.5. By (D.6) and the assumption of the lemma, we have

DRE
alg.M/ ' SolEalg.DXM/ŒdX � 2 Eb

sh.ICXcp/ \ Eb
C-c.ICXcp/:
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Thus, by [14, Lem. 3.159 and Prop. 3.16], we have

shXcp.SolEalg.DXM//ŒdX � ' SolX .DXM/ŒdX � 2 shXcp.E
b
C-c.ICXcp// � Db

C-c.CX /;

where shXcp is the sheafification functor on Xcp ([14, §2.2]) and SolX is the (usual)
solution functor. Then [19, Thm. 11.3.3] implies DX .M/ 2 Db

hol.DX /. Therefore, we
can apply [13, Lem. 3.10] to

SolEalg.DXM/ŒdX � 2 Eb
sh.ICXcp/;

which implies

(D.12) DXM 2 Db
rh.DX /:

Thus, applying DX to (D.12), we have the lemma because DX preserves Db
rh.DX /

[11, Thm. 6.1.5 (i)] and D2
X ' id [11, Prop. 2.6.5 (ii)].
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