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Equivariant algebraic enhanced de Rham functor

Youei Ito (*) — Tarro TAUCHI (*%*)

ABsTRACT — We propose a definition of an equivariant algebraic enhanced de Rham functor,
which is defined by using the enhanced de Rham functor due to D’Agnolo and Kashiwara.
Moreover, as a small application of this functor, we give an approach to the proof of the
well-known fact that any equivariant algebraic coherent D-module is regular holonomic in
the case that the number of orbits is finite.

MATHEMATICS SUBJECT CLASSIFICATION 2020 — 32C38 (primary); 14F10, 35A27 (secondary).
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1. Introduction

The irregular Riemann—Hilbert correspondence was established by D’Agnolo and
Kashiwara [5, Thm. 9.5.3], and states that there exists a fully faithful functor called the
enhanced de Rham functor,

DRE:DP,(Dx) > E°(ICx),

from the triangulated category of holonomic Dy -modules on a complex manifold X to
that of enhanced ind-sheaves. After that, there exist attempts to determine the essential
image of the enhanced de Rham (or solution) functor [12,21-23]. By these results, we
can extract information about holonomic {-modules from their associated enhanced
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ind-sheaves, which can be regarded as their topological counterparts. From this point
of view, this article is motivated by the following question by M. Kitagawa:!

If the number of G-orbits is finite, any G-equivariant coherent D-module on a
G -space is regular holonomic in the algebraic setting, although it is not true
in general in the analytic setting. How does this phenomenon appear on the
enhanced ind-sheaf side?

In this article, we try to give an answer to this question. For this purpose, we
will define an equivariant category of enhanced ind-sheaves on a bordered space
Xep = (X, X am) - where Xisa complete smooth algebraic variety containing a
smooth algebraic G-variety X as an open subset such that X \ X is a normal crossing
divisor, and X" (resp. X am) is the analytification of X (resp. X ). Then we will prove
that the equivariant algebraic enhanced de Rham complex of any equivariant algebraic
coherent Py -module is an object in such a category. More precisely, we prove the
following theorem.

THEOREM 1.1. Let G be a linear algebraic group over C and X a smooth alge-
braic G-variety. Then there exist a category EbG (ICx,,) with a (forgetful) functor
u: EbG (ICx,,) —> EP (ICx,,) and a functor DReEq from the equivariant derived category
D% (Dx )con of coherent Dy -modules to the category EbG (ICx,,) such that the following
diagram commutes:

DY (Dx)eoh —— D, (Dx)

(1.1) J/DREq lDRflg

EY (ICx,,) —— E*(ICx,,),

where U: Dt(’; (Dx)con — Dgoh(JDX) is the forgetful functor and DRElg is the algebraic

enhanced de Rham functor (Definition 6.1).

Moreover, as a small application of this theorem, and as an answer to the question
above by M. Kitagawa, we give an approach to the well-known fact that any equivariant
algebraic coherent -module is regular holonomic in the case that the number of orbits

is finite using the functor DRSCl of Theorem 1.1.

CoroLLARY 1.2 ([16, Thm. 9.3.1], [11, Thm. 11.6.1]). Let G be a linear algebraic
group, X a smooth algebraic G-variety, and M € Dté; (Dx )con- Then, if the number of

(Y) Private communication.
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G-orbits on X is finite, we have M € DbG (Dx )rn, where DbG (Dx ) is the equivariant
derived category of regular holonomic Dy -modules.

RemMark 1.3. Note that the proof of Corollary 1.2 using Dqu is based on the
methods of the proofs in [16, Thm. 9.3.1] and [11, Thm. 11.6.1]. Namely, we prove
Corollary 1.2 by using the distinguished triangle associated to the closed embedding
and induction on the number of orbits.

RemMark 1.4. For an interpretation that Corollary 1.2 does not hold in the analytic
setting from the viewpoint of enhanced ind-sheaves, see Remark 7.2.

This article is organized as follows. In Section 2 we briefly recall the theory of
bordered spaces and enhanced ind-sheaves on them for fixing the notation. In Section 3
we briefly recall the definition of the equivariant derived category of sheaves [2] for
emphasizing the similarity between the definition of it and that of the equivariant
category of enhanced ind-sheaves on X, which is given in Section 4. In Section 5 we
also recall the definition of the equivariant derived category of coherent £-modules,
which will be used in Section 6 for defining the equivariant algebraic enhanced de
Rham functor. Finally, we give an approach to the proof of the fact that any equivariant
algebraic coherent -module is regular holonomic in the case that the number of orbits
is finite by using the equivariant algebraic enhanced de Rham functor in Section 7. In
the appendix we give proofs of some lemmas for completeness.

2. Preliminaries

In this section we briefly recall the theory of bordered spaces and enhanced ind-
sheaves on them for fixing the notation. Although almost all the materials in this section
are well known, we prove some results for convenience.

2.1 — Bordered spaces

Our main references are [5, Sect. 3.2], [6], and [7]. In this article, we use the
following terminology.

DerinTION 2.1. A topological space is called good if it is Hausdorff, locally
compact, countable at infinity, and has finite flabby dimension.

We write gTop for the category of good topological spaces.
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2.1.1. Definitions.

DEeriNtTION 2.2 ([5, Def. 3.2.1]). A bordered space M = (M, C) is a pair of a good
topological space C and an open subset M of C.

For a bordered space M = (M, C), we write
2.1 M:=M, M:=C, M:=C\M & gTop.

DeriniTION 2.3 ([5, Def. 3.2.1]). A morphism f:M — N between bordered spaces
is a continuous map f:M — N € Mor(gTop) of good topological spaces such that
the projection f‘f — ﬁ is proper, where l:f is the closure of the graph I'y C M x N
of f in M x N. -

Thus, M +— M is a functor, which is right adjoint to the fully faithful functor
M +— (M, M) from gTop to the category Bod of bordered spaces [7, paragraph before
(2.1)], from which we identify M € gTop with (M, M) € Bod.

ReEmARrk 2.4 (Cf. [7, paragraph before (2.1)]). Note that neither of M — M nor
M — MP is a functor.

DEerinNtTION 2.5 ([6, Def. 2.3.6]). Let M € Bod. For a subset Z C M, we say that
Z is relatively compact in M if Z is relatively compact in M.

2.1.2. Bordered space of compact type.
DEerINITION 2.6. We say that M € Bod is of compact type if M is compact.

Lemma 2.7 ([5, Rem. 3.2.2]). Let M,N € Bod. If N is of compact type, then any
continuous map f:M — N induces a morphism f:M — N of bordered spaces.

Proor. By the compactness of N, this is clear from Definition 2.3.

LemmMma 2.8 (Cf. [14, Lem. 2.2]). Let M,N € Bod be of compact type with M = N.
Then there exists a unique isomorphism f:M => N € Mor(Bod) satisfying S =idy,
where idy is the identity map of M = N € gTop.

Proor. This is also an immediate consequence of Definition 2.3. |

LEmMA 2.9. Let M € gTop. Then there exists a compact good topological space
M*, which contains M as an open subset.
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Proor. If M is non-compact, it is sufficient to take the one-point (Alexandroff)
compactification M * ([4, 1, p. 67, Thm. 4]) of M (see Appendix A for M* € gTop).
If M is compact, it is sufficient to take M itself. ]

For the notational convenience, we sometimes write u: Bod — gTop for the functor
M — M given in (2.1).

LemMma 2.10. There exists a fully faithful functor c: gTop — Bod satisfying uoc =
idgrop Such that c(M) € Bod is of compact type for any M € gTop. Moreover, if
¢’: gTop — Bod is another functor satisfying the same conditions as c: gTop — Bod,
there exists a unique isomorphism a: ¢ —> ¢’ of functors such that u(ay) = idyy for
any M € gTop.

Proor. For the existence, it is sufficient to take c¢(M) := (M, M*) (under the
notation of Lemma 2.9). Lemma 2.7 implies that c: gTop — Bod is fully faithful
because c(M) € Bod is of compact type for any M € gTop. The uniqueness follows
from Lemma 2.8. ]

Notation 2.11. Let M € gTop and f € Mor(gTop). Then we set M, :=c(M) €
Bod and f., := c(f) € Mor(Bod), where c: gTop — Bod is the functor given in
Lemma 2.10. Although these are only determined up to unique isomorphism, this does
not matter in this article.

We sometimes abbreviate f., to f for the notational convenience.

REmaRrk 2.12. The functor c: gTop — Bod given in Lemma 2.10 is right adjoint
to u: Bod — gTop and thus we have adjoint pairs i < uand u - c:

i
—
gTop «<—u— Bod,

Cc

where we write
(M) :=(M,M), uM):=M, c(M):=M,.

2.1.3. Bordered space with extra variable. Let R := R U {—00, 0o} be the two-point
compactification of R and set Ry, := (R, R) € Bod. Note that Ro, >~ R, € Bod (see
Notation 2.11 for Rep).

Notation 2.13. For a morphism f: M — N of bordered spaces, we write

2.2) f = f xid:M x Roy = N x Ry, € Mor(Bod).
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2.2 — Ind-sheaves on bordered spaces

Let M € Bod and Mod,,(Cy) C Mod(Cy) be the full subcategory of sheaves on
M whose support is relatively compact in M (Definition 2.5). Then we write

(2.3) ICy := Ind(Mod,(Cw))

for the category of ind-sheaves on M. We also write DP(ICy) for the bounded derived
category of ICy,.

Facr 2.14 ([6, Prop. 2.4.1]). We have an equivalence of triangulated categories
(2.4) DP(ICy) ~ D°(IC;;) /D (ICyp)
for M € Bod, where MP is defined in (2.1).

By the equivalence (2.4), we identify these categories. We also write

q:= qu: Db(I(C,\V,l) — D(ICy),
| := Iy: DP(ICy) — D°(IC}),
r:=ry: D°(ICy) — Db(IC,\VA)

for the quotient functor, its left and right adjoints, respectively [6, p. 197].

We also write Rfx, f~!, Rfy, f!, ®, and RIhom for the six Grothendieck
operations of ind-sheaves [5, Defs. 3.3.1, 3.3.4], where f:M — N € Mor(Bod). Write
JuiM — M for the morphism induced by the inclusion jy: M — M. Then we have
[6, Rem. 2.4.4] -

Jut = dwaw = Rjwn, > R
The ¢-structure of D?(ICy) is given by [5, Sect. 3.4]

D=%(ICy) := {F € D’(ICy) | H"(Rjun(F)) = 0 forn > 0},
D>°(ICy) := {F € D’(ICy) | H" (R juu(F)) = 0 forn < 0}.

We write 7" and =" for the truncation functors. For a < b, set
DIPl(ICy) := {F € D’(ICy) | H"(Rjw(F)) = 0 for n ¢ [a,b]}.
Moreover, there exists an exact fully faithful functor [7, p.31]
im: DP(Cy) ~ D°(Cy) »> DP(ICyy),

by which we identify F € D(Cy) with ty(F) € D°(ICy).
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REMARK 2.15. Let Mod.,(Cy) C Mod(Cy) be the full subcategory of sheaves
on M whose support is relatively compact in M (Definition 2.5). Then the proof of
[6, Prop. 2.4.1] implies that for “lim”F; € ICy with F; € Mod.,(Cy), we have

2.5) ACTLm” F;) = qu(“lim” jy, F),
— - =

where A: D’(ICy) — D(IC;;)/DP(ICyp) is the functor inducing the equivalence
(2.4), and qu: D*(ICj;) — DP(ICj;)/DP(ICyp) is the quotient functor.

Conversely, the proof of [6, Prop. 2.4.1] implies that for “li_r)n” F; € IC}; with
F; € Mod,(Cyy), we have

(2.6) B(qu(“lim” F;)) = “lim” j_M_1 F;
where B: D*(IC;;)/D°(ICy) —> D®(ICy) is the functor inducing the equivalence (2.4).

Note that the derived category of ind-sheaves on a bordered space M is defined as
the right-hand side of (2.4) in [5, Def. 3.2.6]. Therefore, the functors R fix, f~1, R fi,
and f' for f € Mor(Bod) are also defined for the category of the right-hand side of
(2.4) in [5, Def. 3.3.4 and Lem. 3.3.6]. Moreover, although the derived category of
ind-sheaves on a bordered space M is defined as the left-hand side of (2.4) in [6, p. 196],
it seems that the above four functors are also defined for the category of the right-hand
side of (2.4) (via the isomorphism (2.4)) in [6, p. 198].

For the later use, we need formulas of those functors for the category of the left-hand
side of (2.4). We distinguish the categories of (2.4) in the following lemma to avoid
confusion.

Lemma 2.16. Let f:M — N € Mor(Bod) and k € Z. Moreover, we write
A:D°(ICy) = D°(IC;;)/DP(ICyp) and B: D*(ICy;)/DP(ICys) —> DY(ICy) for the
functors inducing the equivalence (2.4).

(i) For “li_r)n” G; € ICy with G; € Mod.,(Cy), we have
B/ ~'A(lim” Gj) =~ “nin”]_f—l(;j, BHk(f!A(“li_En” G,)) ~ “1131"H’<(]_f!(;j).
(i) For “li_r)n” F; € ICy with F; € Mod,(Cy), we have
BHk(Rf”A(“li_En” Fy)) = “lim” Hk(R]_‘! F)).

(iii) Suppose that M is of compact type (Definition 2.6). Then, for “lim” F; € ICy,
with F; € Modp(Cyn) = Mod(Cy), we have

BHk(Rf*A(“li_l;rl” F'])) ~ “li_r)n” Hk(RZ*F]).
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Proor. Because the proofs are similar, we only prove the push-forward case (iii).
By using [5, Lem. 3.2.5], we can assume that f/:M — N € Mor(gTop) is the

restriction of f ‘M—Ne Mor(gTop). Moreover, we set j := ju (Where jy is the

inclusion M — M e Mor(gTop)) and j' := Jn for the notational simplicity. Then

A(“lim” Fy) isequal to j; ! (“lim” ji F;) by (2.5) and the isomorphism [5, Lem. 3.3.7 (i)]
— —

of functors jj;! =~ qu: D*(ICy;) — D°(IC;;)/DP(ICyp). Therefore, it is sufficient to
prove

2.7 HER foji (Clim” jiFp) =~ jg ' (lim” HERRf | F)

because (2.6) and the isomorphism [5, Lem. 3.3.7 (i)] of functors ji' ~ qy imply that
the image of the right-hand side of (2.7) by B is isomorphic to

“lim” T HERGR S Fy) = lim” HE(GTIRGR S Fy) 2 “lim” HE R/ F)

by the exactness [19, p. 91] of the inverse image functor j'~! = m_lz
M—2 W

lf lf
N N

JN J'=)N

From now on, we prove (2.7). By [5, Lems. 3.3.12 (i), 3.3.7 (i), (ii)], we have
R fuji (™ joFy) = g R foR e iy (lim™ o )
~ j'Rf.RIhom(Cy, “lim” J1Fj)

(2.8) ~ ji'RARThom(Cy, “lim” ji Fy),

where the last isomorphism follows from the assumption that M is compact and [20,
Prop. 5.2.6 (ii)]. Moreover, we have

R fyuRIhom(Cy, %) ~ R(fiy o Thom(Cy, %)),

because Thom(Cw, *) preserves quasi-injective objects [20, Lem. 5.1.2 (ii)]. Then
[20, Thm. 1.5.6 (ii), (iii)] implies that

H*(R(fi o Thom(Cy, »))(“lim” jiFy)) ~ “lim” H* (R(/i o Hom(Cy, %) (j1 F;))
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because ﬁy o Thom(Cy, ) has the form I(ﬁ o Hom(Cy, *)) (under the notation of
[20, p. 71). Moreover, [19, (2.3.16) and Prop. 2.3.9 (iii)] imply

R(fi 0 Hom(Cy. %)) = R(fijuj ") = R(fuju ) = RGLS T,
Thus, because j ~! preserves injective objects [19, Prop. 2.4.1 (i)], we have
RGLSJYGE) =~ RGLS )G E) = RGLS)(Fy) = RjIRS_(F)),
where the last isomorphism follows from [19, (2.6.5)]. Thus, the exactness of jy° 1
[6, Prop. 2.4.6 (iv)] and (2.8) imply
HER fojyy ! (lim” jiFy) = j ' (lim” SRR F)),

which completes the proof of (2.7). ]

2.3 — Enhanced ind-sheaves on bordered spaces

Let M € Bod and 7 := my: M X Ro, — M be the first projection. Then we write
E°(ICy) := D°(ICyxRr.,)/ 7y 'D°(ICy)
for the category of enhanced ind-sheaves ([5, Def. 4.4.1] or [7, p. 33]).
We write
(2.9) Q := Qu: D’ (ICyxr.,) — E*(ICy),
L := Ly: E°(ICy) — D°(ICyxr,, )
R := Ry: E°(ICy) — D*(ICyxr..)
for the quotient functor, its left and right adjoints, respectively [6, p.204].

+
We also write E fx, Ef ™!, Efn, Ef', ®, and RIThom™ for the six Grothen-
dieck operations of enhanced ind-sheaves [5, Defs. 4.5.1, 4.5.6], where f: M —
N € Mor(Bod). Then we have [6, p. 204]

LuQu(F) = (Cirz0p ® Cir<op) ®F.
RuQu(F) =~ RIhom™ (Cysop @ Cy<oy, F),
where we write {t > 0} := {(x,#) e MxR | ¢t >0} and {t <0} :={(x,1) e Mx R |
t < 0}. The t-structure of E°(ICy) is given by [5, Def. 4.6.1]
2.10) E=°(ICy) := {K € E°(ICy) | Lu(K) € D="(ICyxro,)}
E>%(ICy) := {K € E°(ICy) | Lu(K) € D**(ICyxro,)}-

We write =" and t=" for the truncation functors. For a < b, set

EMPI(ICy) := {K € E°(ICw) | Lu(K) € D" (ICyxr.,)}-
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2.3.1. Sheaf type. For M € gTop, we write
Egh(ICMCp) C Eb(ICMCp)
for the essential image of the fully faithful functor [5, Prop. 4.7.15]
eM,,- Db(CMCp) > Eb(I(CMcp),
E -1
F— CMcp Q™ (F).
Lemma 2.17. Let f: M — N € Mor(gTop). Then we have
Efo' (B4(CN,,)) C EG(IC,).
Efp (B (ICx,,)) C E¢(ICar,).
E fop11 (B, (ICss,,)) C B (ICw,,).

Proor. This follows from the commutativity of the functor e and the above functors
[14, p.49]. (See Notation 2.11 for fep: Mo — Nep.) n

2.3.2. A distinguished triangle.

LemwMma 2.18 ([6, Lem. 2.7.7]). Let Z C M be a closed subset of M € gTop and
set U := M\Z. Then, for any F € E°(IC M,,), we have a distinguished triangle

Ei Ei'(F) - F — Ej.Ej'(F) BN

wherei:Z., — M, and j:Ugy — M, are induced by the closed and open embeddings,
respectively.

Proor. Because Mcp is compact, the closure cl(U) of U in Mcp is also compact,
which implies Uy ~ Uy := (U, cl(U)) € Bod. For the same reason, we have Z, ~
Zoo := (Z,cl(Z)) € Bod. Thus, this lemma is an immediate consequence of [6,
Lem. 2.7.7] (and [6, Notation 2.3.3]). [

Remark 2.19. Note that if we replace the maps i: Zg, ~—> M, and j: Uy <> M,
in Lemma 2.18 with kz: Z — M € Mor(Bod) and kyy: U — M € Mor(Bod) which
are induced by the closed and open embeddings, respectively, then the associated
triangle

@.11) Ekz+EkY (F) — F — EkyyEkl (F) >

is not distinguished in general. For example, a pair M = R, U = R\{0}, and F =
h_r)n Cix.)eUxR|t+x—1>4) gives an example that (2.11) is not distinguished.

a—>o0
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2.3.3. Algebraic C-constructible enhanced ind-sheaves.

NoTtaTioN 2.20. Let X be a smooth algebraic variety over C, and X a smooth
complete algebraic variety containing X as an open subset such that X \ X is a normal
crossing divisor (whose existence is provided by Nagata’s compactification theorem
[24, Thm. 4.3] and Hironaka’s desingularization theorem [9, 10]). In this setting, we set

X = (X, X™) € Bod,
where X® and X" are the analytifications of X and X, respectively. We also write
TXep: Xep = X € Mor(Bod)

for the mo/r\phism induced by the analytification j": X*" — X of the inclusion
Jjx: X - X.

In the setting in Notation 2.20, we also write

Eg..(ICx,,)

for the triangulated full subcategory of Eb(ICXC p) defined in [14, Def. 3.10].

Facr 2.21 ([14, Cor. 3.13]). Let f: X — Y be a morphism of smooth algebraic
varieties and f*": X®" — Y its analytification, which induces f": X¢p — Yop €
Mor(Bod). Then we have

E(/2) ' (By . (ICy,)) C B¢ (ICx,). E(f)'(Ey.(Cy,)) C E¢ (ICx,).
E(/3)n(Ee (ICx,)) C B¢ (ICy,), E(fiH«(EE (ICx,)) C B¢ (Cy,).

LemMma 2.22. Let f: X — Y be a morphism of smooth algebraic varieties and
SHX™ — Y™ its analytification, which induces f': Xep — Yop € Mor(Bod). Then
we have

E(f2)«(E3,(ICx,,) N Eg (ICx,,)) C B} (ICy,,) NEg_(ICy,)).

Proor. Let
F € B} (ICx,,) NEg (ICx,).

Then, by F € E?c.c(I(Cch) and [14, Thm. 3.11], there exists M € D} ,(Dyx) satisfying

(2.12) F ~ Solf;, (M),
where SOlSlg is the algebraic enhanced solution functor defined in [14, p. 61] (or see

(D.1)). Moreover, F € ES, (ICx,,) and [13, Lem. 3.10] imply that M in (2.12) satisfies
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M € DY (Dx), where DY, (Dy) is the derived category of regular holonomic Dy -
modules. Let D f, be the direct image functor for -modules and Dy the duality
functor [11, Def. 2.6.1]. Then, setting D f; := DyD f.Dyx, we have

E(/3")x(F) ~ E(f3")«(Solf,(M)) ~ Soliy, (D fiM)[dy — dx]

by (2.12) and [14, Prop. 3.12 (3)], where dy and dy are the dimensions of X and Y,
respectively. Because the functor D f; preserves DY (Dx) by [11, Thm. 6.1.5 (ii)], we

have
E(f3")«(F) ~ Solg (D fiM)[dy — dx] € E{, (ICy,) NEg_(ICy,,)
by [14, Prop. 3.14], which completes the proof. ]

3. Equivariant derived category of sheaves

In this section we recall the definition of the equivariant derived category of sheaves
[2], in order to fix the notation and emphasize the similarity between the definition of
it and that of an equivariant category of enhanced ind-sheaves on a bordered space of
compact type (Definition 2.6) given in Definition 4.7. Although almost all the materials
in this section are also well known, we prove some results for convenience.

3.1 — Preliminaries

In this section we prepare the notation and recall some definitions needed to define
the equivariant derived category of sheaves [2].

3.1.1. Notation I. Let G € gTop be a group object and write gTopC for the category
of G-spaces and G-equivariant morphisms. Namely, G € gTop is a topological group,
objects of gTop? are those of gTop with continuous G-action, and morphisms of
gTop? are those of gTop commuting with the G-action.

NoraTion 3.1. For X € gTopG, we write gTopr for the overcategory (slice
category) of X in gTop®. Namely, objects are morphisms in gTop® whose codomain
is X. Then a morphism fromr: R — X € gTop/GX tos:S - X € gTop/GX is given
by a morphism #: R — S € Mor(gTop?) satisfying r = s o ¢.

ConvenTion 3.2 (Cf. [2, Def. in Sect. 0.3]). In Sections 3 and 4 we say that an
action G on R € gTop? is free if the quotient map R — R := R/G makes R into a
locally trivial principal G-bundle.
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Recall that a resolution R of X is an object r: R — X € gTop/GX with free G-
action on R. We write Resg C gTop/GX for the full subcategory of resolutions R
of X satisfying R := R/G & gTop. We sometimes abbreviate Resg to Resy. For
f:X — Y, wealso write f: X — Y for the map induced by f.

3.1.2. Index category.

NortaTion 3.3. In this article, we write I for the category defined as follows.

*  Objects are finite sequences I := (i,...,ix) € (Zso)* for some k € Z>1. Namely,
Obj(1) := 111 <4 (Zz0)".

e Forl =(i1,...,ix),J = (j1,-..,j1) € Ob(I), there exists a unique arrow I — J
if and only if J is a subsequence of 7, namely, there exists a sequence 1 < n; <
-+ <ny <k suchthat j, =i, forallm e {1,...,[}.

3.1.3. Acyclic morphisms.
DeriniTION 3.4 ([2, Def. 1.9.1]). Letn € Zso. We say thatamap f: M — N €
Mor(gTop) is n-acyclic if it satisfies the following two conditions:
(Acl), Forany F € Mod(Cy) ~ DI%0(C ), the adjunction f~!' 4 R fy [19, Prop.
2.6.4 (i1)] induces
F = t="Rf, f~1F € D°(Cy).
(Ac2), Forany N’ — N € Mor(gTop), the base change f": M’ := M xy N’ — N’
satisfies the property (Acl),,.
We also say that f: M — N € Mor(gTop) is n-preacyclic if it satisfies (Acl),.
DeFinITION 3.5 ([2, Sect. 1.9.4]). Letn € Zx(. We say that A € gTop is n-acyclic
if A satisfies the following two conditions:

(A1), The unique map a: A — {pt} from A to the one-point topological space {pt} is
n-preacyclic.

(A2), A isnon-empty, connected, and locally connected.

LemMmaA 3.6 ([2, Criterion in Sect. 1.9.4]). Let A € gTop and n € Z>¢o. Then
a: A — {pt} is n-acyclic if A is n-acyclic.

Proor. This is a immediate consequence of [2, Criterion in Sect. 1.9.4]. [ ]

3.2 — Definition

DEerintTION 3.7. We say that a group object G € gTop has enough acyclic objects
if for any n € Z >, there exists A, € Resg)t} which is n-acyclic.
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NoraTion 3.8. Let G € gTop be a group object having enough acyclic objects? and
X € gTopG. In this setting, we fix 4, € Resgﬁ} which is n-acyclic for eachn € Z >,
and set Ay := G. Moreover, we write

Xpi=A; x--x A xX,
where I = (i,....ix) € I (Notation 3.3). If Homz(/, J) # @, we also write
p}(J:XI — Xy, ]5;(]:)?1 —)XJ

for the projection and the morphism induced by p}(J, respectively. We sometimes
abbreviate ﬁ;’(] to prJ.

DEerinNtTION 3.9 ([2, Sect. 2.4]). Let G € gTop be a group object having enough
acyclic objects. Then, for X € gTop®, we write DbG (Cx) for the equivariant derived
category of sheaves defined in the following way (under Notation 3.8):

* An object of DY (Cx) is a pair F := ({F1 }1e1.{$17}(1—J)emor(D))> Where
Fr €D*(Cg,). ¢rs:prg Fr = Fr
satisfying the compatibility conditions ¢;; = id for any / € I and
$rx = ¢1s © pry (Dik)

for any composable morphisms / — J € Mor(I) and J — K € Mor(1).
¢ A morphisma: F — F’inD'z;((CX)isaseta ={as}rerof morphismsas: F; — Fj

satisfying the compatibility condition

]31_11 FJ o1 FI

7} (Dtj)l l"‘l

P Fy—— Fr
¢IJ
forany I — J € Mor(I).

Although the category I and the functor I 5 I — X € Res)? (Notations 3.3 and
3.8) do not literally satisfy the conditions of [2, Prop. in Sect. 2.4.4] (see Remark 3.10

(®) More precisely, we also use this notation for similar but not identical situations to this
setting.
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given below), this definition is equivalent to that of [2], and the definition of DbG (Cx)
does not depend on the choice of {4, }nez. ;-

ReEMARK 3.10. The category I and the functor I 5 I — X7 € Resg satisfy all
the conditions except condition (a) in [2, Prop. in Sect. 2.4.4]. However, the proof
of [2, Prop. in Sect. 2.4.4] shows that the following weaker condition is sufficient
(cf. [1, Lem. 6.4.8]):

(ay fR—>X¢€e Resg and S — X € Resg are in the image of j, then the projections
Rxxy S > Re€ Mor(Resg) and Rxy S — S € Mor(Resg) are also in the
image of j,

where we use the notation of [2, Prop. in Sect. 2.4.4]. The category I and the functor
Islw— Xse P.esg satisfy this condition (a)’.

4. Equivariant category of enhanced ind-sheaves on a bordered space
of compact type

In this section, we propose a definition of an equivariant category of enhanced
ind-sheaves on a bordered space of compact type (Definition 2.6) in Definition 4.7. The
definition is similar to that of the equivariant derived category of sheaves [2] (Definition
3.9).

4.1 — Definitions
4.1.1. Enhanced acyclic morphisms of compact type.

DerINITION 4.1. Let n € Z>o. We say that a map f: M — N € Mor(gTop) is
enhanced n-acyclic of compact type if it satisfies the following conditions:

(cEAcl), For any F € E0(ICy,), the adjunction Ef," 4 E(fop)s [5, Prop.
4.5.8 (ii)] induces
F = t="E(fyp)«Efy ' F € E°(ICw,,).
(cEAc2),, Forany N — N’ € Mor(gTop), the base change f': M’ := M xy N’ —
N’ satisfies the property (cEAcl),,.
We also say that f: M — N € Mor(gTop) is enhanced n-preacyclic of compact type
if it satisfies (cEAc1),.

Lemma 4.2. If A € gTop is n-acyclic, then the unique map a: A — {pt} from A to
the one-point topological space {pt} is enhanced n-acyclic of compact type.
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Remark 4.3. Lemma 4.2 asserts that if a group object G € gTop has enough acyclic
objects (Definition 3.7), it has also enough “enhanced acyclic objects of compact type”.
This remark is used in Definition 4.7 given below.

For the proof of Lemma 4.2, we need some preparation.

DEFINITION 4.4. Let n € Z>o. We say that f: M — N € Mor(gTop) is ind-n-
preacyclic of compact type if it satisfies the following condition:
(IAcl), Forany F € ICy, ~ DI*(ICy,), the adjunction f;' = R feps [20, Prop.
5.2.3] induces
F >~ t5"R fopu fi | F € D"(IC,,).

LeEmMaA 4.5. Letn € Z>o and A € gTop such that A is n-acyclic. Then the first
projection p: N x A — N is ind-n-preacyclic of compact type (Definition 4.4) for any
N € gTop.

Proor. Let F € ICy,, and pep: Nep X Aep — Np be the first projection. It is
sufficient to prove that

F (k=0),

H*Rpeps p2 F) ~
Rpepepep £ {o (0 #k <n).

For this purpose, we write F' ~ lgn F; with F; € Modg,(Cn,,) = Mod(Cy) by
(2.3). Then Lemma 2.16 (iii) implies that we have

Hk(Rpcp*p(;l F) ~ Hk(Rpcp*p(;)l “li_r)n” ij) ~ “li_r)n” Hk(Rp*p_l ij)

We note that the assumption A being n-acyclic implies that a: A — {pt} is n-acyclic
by Lemma 3.6, and thus p: N x A — A is also n-acyclic because this is a base change
of a: A — {pt}. Therefore, we have

“lim” F;  (k = 0),

“lim” Hk(Rp*p—IF}) ~
— n 9
~ 0 04k <n)

which completes the proof. |

LeEmMA 4.6. Letn € Z>o and A € gTop such that A is n-acyclic. Then the first
projection p: N x A — N € Mor(gTop) is enhanced n-preacyclic of compact type
(Definition 4.1) for any N € gTop.
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Proor. Let F € E[*0] (ICn,,); then Ly, (F) € p[0-0] (ICNxRo,) by (2.10). More-
over, the definitions of E p.,« and E pc_p1 [6, p. 206] imply

4.1)  EpepxBpg! (F) ~ EpepeEpg (QngLng F) 2 Qny, (R peps Py L, (F)),
where we use the notation (2.2). On the other hand, we have a distinguished triangle

=" (RPeps p~c_p1 Ly, (F)) — RﬁCp*ﬁc_I;I Ln,, (F)

~ ~ +1
4.2) = TN R Pops i LN (F)) —

For the first term of (4.2), applying Lemma 4.5 to the projection N x R x 4 - N xR
and Ly, (F) € DY(ICy_ «r.,), we have

LNy (F) 5 75" (R feps g Lvg (F)).
Thus, (4.2) can be rewritten as
LNy (F) = Ry g Ly (F) = 72" (R e g Ly (F)) —> .
Applying the functor Qy,,, we have
(43) QuyLng(F) = EpepeEpy! (F) = Qi (t27F (R feps g Livy (F))) ~—>
by (4.1). For the first term of (4.3), we have
(4.4) Qw, Ln, (F) ~ F € EP(1cy)
by the assumption. For the third term of (4.3), we have
(45) Qu, (T R pepe iy L, (F)) € B 1 (IC, ) 1= B, )[~(n + )]
by [6, Lem. 2.6.5]. Then (4.4) and (4.5) imply
F = t5"(EpepEpg, (F))
by (4.3), which completes the proof. u

Proor or LEmMa 4.2. Leta: A — {pt} be the unique map. By Definition 4.1, it is
sufficient to prove that for any N — {pt}, the base change N x A — N of a: A — {pt}
is enhanced n-preacyclic of compact type, which follows from Lemma 4.6. ]
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4.1.2. Main definition.

DeriniTION 4.7. Let G € gTop be a group object having enough acyclic objects
(Definition 3.7) and X € gTop®. Then we define a category EbG (ICx,,) called an
equivariant category of enhanced ind-sheaves on X, as follows (where we use Notation
3.8):

* An object of EY; (ICx,,) is a pair F' := ({Fr}1e1,{P17 } (1 - J)emor(D))» Where
Fr € Eb(I(C()?,)Cp), ¢17:B(p11)g Fr = Fr
satisfying the compatibility conditions ¢;; = id for any / € I and
¢rx = ¢r7 ° E(p17)g (iK)

for any composable morphisms I — J € Mor(I) and J — K € Mor(I).

e Amorphisma: F — F’in EbG(I(CXCp) isaseta = {oy }rez of morphisms ay: Ff —
F| satisfying the compatibility condition

- ¢
E(p11)g Fr —— Fi

E(pr.)5! (OlJ)J lo"

E(p11)y Fj > Fy
1J

forany I — J € Mor(I).

RemARK 4.8. This definition also does not depend on the choice of {4, }nez.., for
the same reason as Definition 3.9.

4.1.3. Distinguished triangle.

SETTING 4.9. From now on, we write G € gTop for a group object having enough
acyclic objects (Definition 3.7) and X € gTop® until the end of Section 4.2.3.

DErINITION 4.10 (CF. [2, Sect. 2.5]). The shift functor [1]: Ef, (ICx,,) — EY (ICx,,)
is defined pointwise, namely,

(F[1Dr = Fr[1].

DeriniTION 4.11 (Cf. [2, Def. 2.5.2]). The distinguished triangles of E‘é (ICx,,)
are defined pointwise, namely,

FoF —Ff XL
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is a distinguished triangle in EbG (ICx,,) if and only if

+1
/ 4
Fr - F - F —

is a distinguished triangle in E*(IC (X )Cp) forany I € 1.
Lemma 4.12. The above definitions make Et(’; (ICx,,) into a triangulated category.

Proor. Exactly the same way as the case of DbG (Cx) [2, Prop. in Sect. 2.5.2]. =

4.2 — Functors
We continue with Setting 4.9.

Noration 4.13. Recall Notation 3.8. Then, for f: X — Y € Mor(gTop%), we
also use the following notation:

X[ZXXYYILYI Y[L)Y[ZZYI/G,

|,

X ——7,

with obvious meaning. Moreover, we sometimes abbreviate (f7)cp to f7 for notational
convenience.

4.2.1. Inverse image and proper direct image.

DEFINITION 4.14 (Cf. [2, Sect. 2.4.6 (ii)]). Let f: X — Y € Mor(gTop?). Then,
for F € E%(ICy,,), we define E f ~'(F) € B (ICx,,) by

Ef~N(F); :=Ef; '(Fp).

DErINITION 4.15 (Cf. [2, Sect. 3.3]). Let f: X — Y € Mor(gTop®). Then, for
F € EY (ICx,,), we define E fi(F) € EL, (ICy,,) by

Efu(F)r := E fiu(Fy).

ReEMARK 4.16 (Cf. [2, Sect. 3.3]). In Definition 4.15, the definition of the transition
isomorphism
E(ﬁ}fj)_lEfJ!!(FJ) = E fin(Fr)

uses the proper base change (cf. [5, Prop. 4.5.11])

E(pY ;) 'Efrn ~ EfmE(p) ™



Y. Ito — T. Tauchi 122

where

(KDep —2 (F1)ep

_X _y
ll’u lpu

()?J)cp T (YJ)cp-

4.2.2. Forgetful functor.

DeriNiTION 4.17 (Cf. [2, Sect. 2.4.6 (1)]). For F € Et(’; (ICx,,), we define the for-
getful functor by
U:Eg(ICx,,) — E’(ICx,)).
F— F Io»

where Iy := (0) € I and we identify X, 1, =~ X (Notation 3.8).
4.2.3. Sheaf type.
DEerinITION 4.18. We define a functor
ex,,: DY (Cx) — Eg(ICx,,)

by
ex, (F)1 := e(g,), (F1) € Eb(I(C(gl)cp)

for I € I. We write
E%(ICx,,)sn C EG(ICx,,)

for the essential image of ex,, .

Lemma 4.19. The functor ex,, is fully faithful and EbG (ICx,,)sh is a triangulated
subcategory of EbG (ICx,).

Proor. This follows from the corresponding property of (usual) e [6, Lem. 2.8.2 ()]
and the fact that the triangulated structure of E% (ICx,,) is defined pointwise. [

4.2.4. Upper shriek and direct image.

DEeriniTION 4.20. We say that a group object G € gTop has enough smooth acyclic
objects if G is a Lie group, and for any n € Z>, there exists 4, € Resgt} such that
the unique map A, — {pt} is n-acyclic and A, is a smooth manifold.

SETTING 4.21. From now on, we write G € gTop for a group object having enough
smooth acyclic objects and X € gTop? until the end of Section 4.2.5.
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DeriNtTION 4.22 (Cf. [2, Sect. 3.3]). Let f: X — Y € Mor(gTopG). Then, for
F e EbG (ICy,,), we define Ef'(F) e EbG (ICx,,) by (under Notation 4.13)
Ef'(F)r := Eff (Fp).
RemARrk 4.23 (Cf. [2, Sects. 1.8 and 3.3]). In Definition 4.22, the definition of the
transition isomorphism uses the smooth base change
(4.6) E(piy)"Ef; = Ef{E(pr) ™"

which we prove from now on. First, by the definition [6, p. 206] of functors, (4.6) is
equivalent to

1.0 11
Qpep 8ep = QA cpep -
where Q: DP(IC ( )?I)chRoo) — EP(IC ( i{)cp) is the quotient functor (2.9) and we use
the following notation for the notational simplicity:

()?I)chRoo&)(YI)chRoo XIXRM)Y[XR

lpcp lqcp lp:ﬁfj xid lq:ﬁ,yl xid

()Z])CPXROO—>(7J)CPXROO, )?J XR—_A>YJ x R.
8ep g:=fyxid

Therefore, it is sufficient to prove that we have
—1! 11
@7 Pep 8epF = fpd5)' F

for any F € Db(I(C()?/)cpxRoo)' Moreover, we can assume F € I(C()?l)cpxRoo by dévis-
sage. In this case, we can write F' > “lim” F; with Fj € Mod(C g, ,g) by the definition
—

(2.3). Thus, for (4.7), it is sufficient to prove that we have
(4.8) pleF = [T,

forany Fj € Mod(Cg, ) because we can obtain (4.7) by applying the k th cohomology
functor and “lim” to (4.8) by Lemma 2.16 (i). Moreover, (4.8) follows from the smooth

base change for sheaves [2, Sect. 1.8] because p and g are smooth. This completes the
proof of the smooth base change (4.6) for enhanced ind-sheaves in the present case.

DEFINITION 4.24 (Cf. [2, Sect. 3.3]). Let f: X — Y € Mor(gTop®). Then, for
F € EY,(ICx,,), we define E fi.(F) € Eg, (ICy,,) by (under Notation 4.13)

E fo(F); := E f1.(Fy).
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REMARK 4.25 (Cf. [2, Sects. 1.8 and 3.3]). In Definition 4.24, the definition of the
transition isomorphism uses the smooth base change E(ﬁ{,)_lEfJ* ~ EfI*E(ﬁfJ)_l,
which follows from the sheaf case [2, Sect. 1.8] as in Remark 4.23 by using Lemma
2.16.

4.2.5. A distinguished triangle. We continue with Setting 4.21.

LEMMA 4.26. Let Z C X be a closed G-invariant subset of X € gTop® and set
U := X\Z. Then, forany F € EbG (ICx,,), we have a distinguished triangle

Ei Ei'(F) — F — Ej.Ej'(F) == |
wherei:Z — X and j:U — X are the closed and open embeddings, respectively.
Proor. By Definition 4.11, it is sufficient to prove that
(Ei.E'(F); — F — (EjuEj (F) —>

is a distinguished triangle in E° Ic, )?I)Cp) for any / € I. By the definitions of functors,
the above triangle can be rewritten as

T N - - +1
(4.9) Ei;.Ei} (F;) — Fr — Ej.Ej} (F1) —,
where

21 X U (ZD e (XD)ep (T )ep-

| L]

77— X — U,
i J

Note that Z; is closed in X; because Z; is closed in X;. This implies that the above
triangle (4.9) is exact by Lemma 2.18, which completes the proof. ]

5. Equivariant algebraic £©-modules

In this section we recall the definition of the equivariant derived category of algebraic
D-modules for the later use. Although almost all the materials in this section also seem
to be well known, we prove some results for convenience. Our main references are
[2, Sect. 4], [18, Sect. 4.5], and [1, Chap. 6].

ConvenTioN 5.1. In this article we always work over C and algebraic varieties are
all quasi-projective.
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5.1 = D-acyclicity
Recall a well-known fact:

Facr 5.2 (Cf. [17, Thm. 4.40]). Let f: X — Y be a smooth map of algebraic
smooth varieties. Then we have an adjunction

5.1)  Rf.RHomgp, (Df*N, M)[dx] ~ R¥omgp, (N.D f,M)[dy]

for M € D’(Dy) and N € Dgoh (Dy), where dy and dy are the dimensions of X and
Y, respectively.

Proor. The same proof as for the analytic setting [17, Thm. 4.40] also works in
the algebraic setting. ]

DeriniTION 5.3. Let n € Zso. We say that a smooth map f: X — Y between
smooth algebraic varieties is £-n-acyclic if it satisfies the following conditions:
(DAcl), Forany M € Modon(Dy) ~ DES;IO](i)y), the adjunction D f* 4D fi[dy —

dx] (5.1) induces

M = =D £,D f*M|[dy — dx]) € D*(Dy).

(DAc2), For any morphism Y’ — Y from a smooth algebraic variety Y’ such that
the fiber product X’ := X Xy Y’ is smooth, the base change f’: X’ — Y’
satisfies the property (DAcl),.

Lemma 5.4 (Cf. [18, (4.5.2)]). Let A be a smooth algebraic variety and a: A — {pt}
the unique map. Then a: A — {pt} is D-n-acyclic if A*™ € gTop is n-acyclic, where
A™ is the analytification of A.

Although this seems to be well known, we prove this lemma for the sake of com-
pleteness.

Proor or LEMmA 5.4. Leta: A — {pt} be the unique map from a smooth algebraic
variety A to the one-point space and a’: A X B — B the base change of a: A — {pt}
by the unique map B — {pt} from a smooth algebraic variety B to the one-point space:

AxB— A

Ja’::axid la

{pt} x B —— {pt}.
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Using [11, Prop. 1.5.18 (i) and Prop. 1.5.30], we have
Da/ . Da”*M ~ D(a x id)«D(a x id)*(C X M) ~ Da.Da*(C) X M,

where M € DY, (Dp) and X is the external tensor product. Moreover, by [11, Prop.

1.5.28 (i)], we have
Da*Da*((C) g Da*((9A) =~ Ra*DRA/{pt}(@A) =~ RF(A, QZ)[dA],

where DR /¢y is the relative de Rham complex [11, p.45], 2§ is the algebraic de
Rham complex on A, and I'(A4, -) is the global sections functor. Then we have

RT(A4, Q})[d4] = RT(A™, C)[da] =~ Ra (@)~ (C)[dal,

because the algebraic de Rham cohomology is isomorphic to the usual cohomology of
A* by [8, Thm. 1’]. Thus, we have

(5.2) Da,Da’* M[—d4] ~ Ra®™(a™) " 1(C) X M.
We note that the assumption that A*" is n-acyclic implies
C = =" (Ra™(@™)~1(C)).
Thus, the exactness of the exterior tensor product X [11, p. 39] implies
="(Ra™(@™) 1 (C) K M) ~ t="(Ra™(@™) ' (C)®IM ~CXM ~ M.
Therefore, (5.2) implies that
M = 15" (Da,Da’™ (M)[dp — daxB]).

because dp — dyxp = —dy4, which completes the proof. [ ]

5.2 — Definition

ConvEeNTION 5.5 (Cf. [1, Rem. 6.1.12]). In this section, we say that an action of a
linear algebraic group G on a smooth algebraic variety A is free if the quotient map
A — A/G makes A into a principal G-bundle.?

(®) In this setting, A — A/G is locally trivial in the etale topology by [1, Rem. 6.1.12].
Moreover, if the action of G on A is free in the sense of Convention 5.5, the action of G*" on A*"
is free in the sense of Convention 3.2 by [1, Prop. 6.1.11], where G*" and A" are analytifications
of G and A, respectively.
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DerintTION 5.6. Let G be a linear algebraic group. We say that G has enough
D-acyclic objects if for any n € Z s, there exists a smooth algebraic G-variety A,
with free G-action such that the unique map A, — {pt} is D-n-acyclic (Definition
5.3), and that (4, x X)/G is a smooth algebraic variety* for any smooth algebraic
G-variety X.

SETTING 5.7. From now on, we write G for a linear algebraic group having enough
D-acyclic objects, until the end of Section 5.

DerintTION 5.8 ([2, Sect. 4.2]). For a smooth G-variety X, we write D'é; (Dx ) con
for the equivariant derived category of coherent £D-modules defined in the following
way (under Notation 3.8):

* An object of DY (Dx)eon is a pair M 1= ({Mr}1e1, {17 }(1 - J)emor())> Where
My e ch)oh(‘fD)?I)’ ¢r7:Dpf; My = My,
satisfying the compatibility conditions ¢;; = id for any / € I and

d1x = ¢17 o Dpr;(dsk)

for any composable morphisms I — J € Mor(I) and J — K € Mor(1).
e Amorphisma: M — M’in DbG (Dx)isaseta = {ay}rer of morphisms ay: My —
M| satisfying the compatibility condition

Dpx, My -2 M,

D137_1 (g )l lal

Dp;, M) —— M,
¢1J
forany I — J € Mor(I).

RemARrk 5.9. This definition also does not depend on the choice of {4, }nez., for
the same reason as Definition 3.9.

(#) This condition is enough to ensure that (4, X Ay, X -+ X Ay, x X)/G is smooth for
any ni,...,ng € Z=1.In fact, it is sufficient to apply this condition to a smooth algebraic
G-variety Ay, X -+ X Ay, x X.
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5.2.1. Inverse image.

DerintTION 5.10 (Cf. [2, Sect. 2.4.6 (ii)]). Let f: X — Y be a G-equivariant
morphism of smooth algebraic G-varieties, and M € DbG (Dy )con- Then the inverse
image D f*(M) € D% (Dx )con of M is given by (under Notation 4.13)

Df* (M) := D f*(My).
5.2.2. Forgetful functor.

DerintTION 5.11 ([2, Sect. 2.4.6(1)]). Let M € Dt(’; (Dx )con- Then the forgetful
functor is given by
U: DY (Dx)eoh — Doy (Dx).

M — M]O,

where Iy := (0) € I and we identify X, 1, =~ X (Notation 3.8).

5.3-A lemma
Let
D (Dx)en = {M € Dg(Dx)eon | My € D} (Dg,) forany I € I}

be the full subcategory of D% (Dx )con consisting of objects M € Dt(’; (Dx )con satisfying
My € DY, (Dg,) forany I € I, where th(i)fl) is the derived category of regular
holonomic H-modules [11, Def. 6.1.1]. The following lemma also seems to be well
known.

LemMA 5.12. Let G be a linear algebraic group and H a closed algebraic subgroup
of G. Then we have

DI?} (@G/H)Coh X DI?} (;’DG/H)rh'

Proor. We note that the induction equivalence ([2, Thm. in Sect. 2.6.3] or [18,
(4.5.7)]) preserves the coherence and regular holonomicity (which follows from the
definition of the induction functor). Thus, applying this equivalence, we have

DbG (‘DG/H)coh jad D};-I (i){pt})coh‘

Because
DI;J (°(O{pt})coh x~ Dtj’q (i){pt})rh

is obvious, we have the lemma by the induction equivalence again. ]
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6. Equivariant algebraic enhanced de Rham functor

In this section we define an equivariant algebraic enhanced de Rham functor in
Definition 6.11.

6.1 — Algebraic enhanced de Rham functor

DEerintTION 6.1 (Cf. [14, Sect. 3.2]). Let X be a smooth algebraic variety, and Xa
smooth complete algebraic variety containing X as an open subset such that X \Xisa
normal crossing divisor. Then, under Notation 2.20, we define

DR}, :D*(Dx) — E*(ICx,,)
by

DRE

ae(M) 1= Ejx ) DRS((Djix«(M))™)

for M € D°(Dy), where DR];:? is the enhanced de Rham functor on X" [5, Def. 9.1.1]
and (D jx«(M))?" is the analytification of D jy «(M).

LemMma 6.2. The definition of DRE,g in Definition 6.1 does not depend on the choice
of X.

Proor. We prove this lemma® in Appendix B. u

LemMA 6.3 (Cf. [14, Prop. 3.12(2)]). Let f: X — Y be a morphism of smooth
algebraic varieties, and f*": X* — Y *" its analytification, which induces the morphism
op: Xep = Yop € Mor(Bod). Then, for any M € D®(Dy), we have

6.1) DRE

S *M)[dx] ~ E(f2")'DRE, (M)[dy].

p alg

Proor. We prove this lemma in Appendix C. |

LemmA 6.4. Let X be a smooth algebraic variety. Then we have

DRE

52 (DX (Dx)) C EY (ICx,,) N Eg_(ICx,,).

E

(®) Because the independence of the algebraic enhanced solution functor Solj,

(Definition

D.1) from the choice of X is not explicitly proved in [14], we prove this lemma in Appendix B.
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Proor. Because the duality functor Dy is an anti-autoequivalence on D% (Dx)

[11, Prop. 2.6.5 (ii) and Thm. 6.1.5 (1)], it is sufficient to prove
DR}, (Dx (D}, (Dx))) C ES,(ICx,,) N Eg_ (ICx,,).

which follows from the corresponding property of the enhanced algebraic solution

functor Solij, [14, Prop. 3.14] by using the identity Solyj, (Dx M)[dx] ~ DRE, (M) of
Lemma D.4 for M € D} (Dx). ]

LemMma 6.5 (Cf. [13, Lem. 3.10]). Let X be a smooth algebraic variety and M €
D" (Dx). IfDRgg(M) € B3, (ICx,,) N EY. (ICx,,), then we have M € D} (Dx).

Proor. Although this also seems to be well known, we prove this lemma in
Appendix D for completeness.® u

6.2 — Equivariant algebraic enhanced de Rham functor

DeriniTION 6.6. Let G be a linear algebraic group. We say that G has enough
compatible D-acyclic objects if for any n € Zx, there exists a smooth algebraic G-
variety A, with free G-action such that A%" € gTop is n-acyclic (Definition 3.5), and
that (4, x X)/G is a smooth algebraic variety for any smooth algebraic G-variety X .

LemMA 6.7. Let G be a linear algebraic group. Then G has enough compatible
D-acyclic objects.

Although this seems to be well known, we prove this lemma for the sake of com-
pleteness. We need a lemma.

LEmMMA 6.8. Let n € Z>o and suppose that A € gTop is a non-empty smooth
manifold. Then A is n-acyclic if and only if a: A — {pt} is n-preacyclic.

Proor. The “only if” part is obvious by Lemma 3.6. For the “if”” part, leta: A — {pt}
be n-preacyclic, which means that A satisfies condition (A1), in Definition 3.5. In
particular, we have a,a~!(C) ~ C, which implies that A is connected. Moreover, it is
clear that A is locally connected because A is a manifold. Thus, A satisfies condition
(A2),, which completes the proof by Definition 3.5. |

() In[13, Lem. 3.10], this lemma (for Solflg) is proved under the assumption M € Dﬁol(i)x)
(instead of M € ch’oh(!()x)).
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ProoF oF LEMMA 6.7. Let n € Zx;. By Definition 6.6, it is sufficient to prove
that there exists a smooth algebraic G-variety A, with free G-action such that A%
is n-acyclic, and that (4, X X)/G is a smooth algebraic variety for any smooth
G-variety X.

Let k be an integer such that G can be realized as a closed subgroup of GL(k, C),
which we regard as a subgroup of GL(k + n, C) by

GL(k,C) ~ GL(k,C) x 1 ¢ GL(k,C) x GL(n,C) C GL(k + n,C).
Moreover, we write H for a subgroup of GL(k + n, C) defined by
H = {((1) fg‘) € GL(k +n,C) | ueM,(C),ge GL(n,(C)},

where My, (C) is the space of k x n matrices. Then we set A, := GL(n + k,C)/H
(the non-compact complex Stiefel variety of k-frames in C*¥*7) with right G-action,
which is well defined because GL(k, C) normalizes H .

By [25, Thm. 2.2] (with Convention 5.1) for any smooth G-variety X, the quotient
(GL(k +n,C)x X)/(G x H) ~ (A, x X)/G is an algebraic variety (which is equal
to GL(k + n, C) *gxg X under the notation of [25, Def. 2.1]). The smoothness
of (4, x X)/G follows from [1, Prop. 6.1.16] (applying to the second projection
Ap x X — Ap) because A, /G is smooth.

For the n-acyclicity of A", itis sufficient to prove thata: A5" — {pt}*" is n-preacyclic
by Lemma 6.8. For this purpose, we write A}, for the compact complex Stiefel manifold
of orthonormal k-frames in C*¥*”_ Then Aj, is homotopy equivalent to A% [15, p. 15].
Thus, writing a’: A, — {pt}, we have

Rasa 'F ~Rd,(a')"'F

for any F' € Mod(Cy,) by the homotopy invariance of cohomology [19, Cor. 2.7.7 ()],
which implies that it is sufficient to prove that a’: A, — {pt} is n-preacyclic. This
follows from Lemma 6.9 given below because we have

Z = t="(Rd,(a’) "1 (2))
by [3, Prop. 9.1]. |

LEMMA 6.9. Let n € Z>o and A € gTop. Suppose that A is a compact smooth
manifold satisfying
7Z = 1" (Rasa™ Y(2)).

Then a: A — {pt} is n-preacyclic.
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Proor. The compactness of A implies Ra; = Ra. Therefore, we have

Ra.a 'F ~ Ra!a_lF
~ Ra(a” 1 (Z) ®a-1(z) a~'(F))
~ Ra\(a Y (Z2)) ®z F
~ Ra.(a"(2)) ®z F

for any F' € Mod(Cpyan) by [20, Prop. 2.6.6], which completes the proof. u

RemMark 6.10. Let G be a linear algebraic group. Then Lemma 6.7 implies
that G has enough compatible D-acyclic objects, and thus there exists a sequence
{An}nez., satisfying the conditions of Definition 6.6. In this setting, we can define
E"G (ICx,,) by using this {A4}"},ez., (Definition 4.7) because A} € gTop is n-acyclic
by Definition 6.6. Moreover, we can define D'Z; (Dx) by using the same {4y }nez.,
(Definition 5.8) because the unique map a: 4,, — {pt} is D-n-acyclic by Lemma 5.4.
This remark is used in Definition 6.11 given below. Moreover, the definition of the
transition isomorphism of Definition 6.11 uses Lemma 6.3 and the isomorphism of
functors E(ﬁfJ)!cp[dfl] ~ E(ﬁffj)c_p1 [dx,] (which follows from [7, (2.3)] and [19,
Prop. 3.3.6 (iii)]), where we use Notation 3.8.

DEerinNITION 6.11. Let G be a linear algebraic group. We define an equivariant
algebraic enhanced de Rham functor

DR, : Dg; (Dx)eon — B (ICx,,)

by
DREq(M)I = DR];lg(MI)’

where I € T and M € D'z; (Dx)con-

Proor oF THEOREM 1.1. We check the commutativity of (1.1). Let M € DbG (Dx)con-
Then, by Definition 5.11, we have

DRE

alg(U(M)) = DR];]g(MIO).

On the other hand, by Definitions 4.17 and 6.11, we have
U(DRE,(M)) ~ DR, (M), ~ DRE, (My,),

which completes the proof. ]
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LemMA 6.12. Let f: X — Y be a G-equivariant morphism of smooth algebraic
G-varieties, f™: X — Y its analytification, and M € DbG (Dy )con- Then we have

DR, (D f*M)[dx] ~ E(f™)'DRE o(M)[dy].
Proor. By Definitions 4.10, 6.11, and 5.10, we have

(DR (Df*M)[dx]); ~ DRE oD M) [dx]
~ DRE, (D f*M)p)[dx]
~ DRE, (D f;*(M))[dx].

Lemma 6.3 and Definition 6.11 imply that
DR, (D f7*(M1))[dx] ~ E(/{") DR, (M)[dy] ~ B(f{")' DRE,(M)1)[dy].
Moreover, we have
E(f") (DRE,(M)1)[dy] ~ (E(f*™)'DRE(M));[dy] ~ (E(f™)'DRE,(M)[dy])1

by Definitions 4.22 and 4.10. This completes the proof. |

6.3 — Equivariant algebraic C-constructible enhanced ind-sheaves
In this section, G always denotes a linear algebraic group.

DerinNtTION 6.13. Let X be a smooth algebraic G-variety. Then we define a full
subcategory EP ¢UCx,,)cc of EY ¢ICx,) by

Ey(Cx,,)c := {F € E}(ICx,,) | F1 € E (Cg,,) forany I € I}.

LEMMA 6.14. Let X be a smooth algebraic G-variety. Then EbG (ICx,)cc is a
triangulated full subcategory of E ¢UCx,,).

Proor. This follows from the corresponding property of E%_C (ICx,,) C EP(IC Xe)
(cf. [14, paragraph after Def. 3.10]). ]

LeEmMA 6.15. Let f: X — Y be a G-equivariant morphism of smooth algebraic
G-varieties and f*: X*™ — Y™ its analytification. Then we have

E(f™) " (B} (ICy,)c<) C E§(ICx,,)ce. E(f™) (EE(ICy,,)c) C EE(ICx,,)C-c.
Efi"(Eg(ICx, )cc) C EG(Cy, )ce,  Ef™(Ey(ICx,,)c-) C By (ICy, ).
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Proor. This follows from Fact 2.21. [

LemMMA 6.16. Let f: X — Y be a G-equivariant morphism of smooth algebraic
G-varieties and f*": X* — Y its analytification. Then we have

E f"(Eg (ICx,)sn N Eg(ICx,,)c-e) € Eg(ICy, )en N EG(Cy,, )cec-
Proor. This follows from Lemma 2.22. ]
LemMA 6.17. Let H be a closed algebraic subgroup of G. Then we have
DR, (D% (Dg/a)eon) € EGUCG/m),)sh NVEGAC(G/H),,)Cec-
Proor. By Lemma 5.12, we have
DY (D6 )eon == DY (D6 /# )ihs
which completes the proof by Lemma 6.4 and the definitions. ]

LemMA 6.18. Let X be a smooth algebraic G-variety and M € DbG (Dx)con- If

DR{, (M) € B, (ICx,,)sn N BY (ICx,,)C-c, then we have M € D (Dx ).

Proor. This easily follows from Lemma 6.5. ]

7. Regular holonomicity in the finite orbits case in the algebraic setting

In this section, as an answer to the question in Section |, we give an approach to
the well-known fact (Corollary 1.2) that any equivariant algebraic coherent -module
is regular holonomic if the number of orbits is finite. We need a lemma.

LemmMma 7.1. Let G be a linear algebraic group, X a smooth algebraic G-variety,
and M € Dt(’; (Dx)con- Then, if the number of G-orbits on X is finite, we have

DR, (M) € Ef(ICx,,)sn N EG(ICx,,)Cc-

Proor. We use induction on the number of orbits. Thus, we first consider the case
that there exists only one orbit. In this case, we have an isomorphism X ~ G/H for
some closed algebraic subgroup H of G. Thus, the lemma follows from Lemma 6.17
in this case.

Suppose that the number of orbits is n > 1. Take a closed orbit Z in X and set
U := X\Z. Then the number of orbits on U is n — 1. Let M € DbG(SOX)C(,h. By
Lemma 4.26, we have a distinguished triangle

(7.1)  EiEG™)'(DRE (M) — DRE (M) — EjE(j™) (DRE, (M) >,
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where i: Z < X is the closed embedding and j: U < X is the open embedding.
Moreover, Lemma 6.12 and the induction hypothesis imply

E(i*")'DRE, (M)[dx] ~ DRE, (Di* M)[dz] € B3 (ICz,,)on NEL (ICZ, )c-c,

E(j™)'(DRE (M)) ~ DR, (Dj*M) € E (ICy,,)sn N EL (ICy,, ) C-c-

Thus, Lemma 6.16 implies

EjE(j*) (DRE,(M)) € B (ICx, )sn N By (ICx,,)C-c.
Ei2"E(i™)'(DRE,(M)) € E (ICx,,)sn N EG(ICx,,) -

This and (7.1) imply

DRE (M) € Ej;(ICx,,)sn NBY (ICx, )

by Lemmas 4.19 and 6.14, which completes the proof. ]
Then we prove Corollary 1.2 from Section 1.

ProoF oF CoroLLARY 1.2. By Lemma 7.1, we have

DR (M) € Eg(ICx,,)on N EY (ICx,, ).

which completes the proof by Lemma 6.18. ]

ReEmARK 7.2. In the proof of Lemma 7.1, we use the distinguished triangle (7.1)
associated to Uy, < X¢p, which is induced by the open embedding U < X. (The
existence of this distinguished triangle is provided by Lemma 4.26, which is based
on Lemma 2.18.) This can be regarded as a reason (from the viewpoint of enhanced
ind-sheaves) why Corollary 1.2 is not valid in the analytic setting. In fact, the target
category of the enhanced de Rham functor in the analytic setting is E°(ICy) (instead
of EP(IC X.,))- Thus, if we want to imitate the proof of Lemma 7.1, we must use a
distinguished triangle associated to the morphism U < X (instead of U, <> Xp) of
bordered spaces. However, the associated triangle

Ekz+EkY (F) — F — Eky.Ekl (F) >

is not distinguished in general (see Remark 2.19), where kz: Z — M € Mor(Bod) and
ky:U — M € Mor(Bod) are induced by the closed and open embeddings, respectively.
Thus, the analogous proof of Lemma 7.1 in the analytic setting does not work.
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A. Compactification of a good topological space

In this section we prove that the one-point (Alexandroff) compactification of M €
gTop is good (Definition 2.1).

LemMA A.1. Let M be a non-compact good topological space and M* the one-
point (Alexandroff) compactification of M. Then M* is good.

Proor. We only show that M * has finite flabby dimension because it is clear that
M* is Hausdorff, locally compact, and countable at infinity.

Recall that for any locally compact space, it has finite flabby dimension if and only
if it has finite c-soft dimension [19, Ex. I1.9 (c)]. Therefore, it is sufficient to prove that
M ™ has finite c-soft dimension. This is a consequence of Lemma A.2 given below. =

LemMa A.2. Let M be a non-compact good topological space and M* be the
one-point (Alexandroff) compactification of M. Then the c-soft dimension of M™* is
equal to that of M.

Proor. Let cpr and cpr« be the c-soft dimensions of M and M *, respectively.
Then, by definition (cf. [20, p. 83] or [19, Ex. I1.9 (b)]), cas« is smaller than or equal to
¢y if and only if

(A.1) Ra)(F) e DI%m}(C)

for any F € Mod(Cps+), where a’: M* — {pt} is the unique map from M™* to the
one-point topological space {pt} and Mod(Cjs+) is the category of sheaves on M *.
First, we will prove (A.1).

Recall that there exists an exact sequence ([19, Prop. 2.3.6 (v)]) for any F €
Mod(Car+),

(AZ) 0— FM - F - F{oo} ad 0,

where co € M ™ is the unique point in M*\M. Applying Raj to (A.2), we have a
distinguished triangle

(A3) Ra|(Fyr) — Ra}(F) — Ra}(Fioy) —> .
It is clear that
(A.4) Rat|(Fio0}) =~ Foo € DYN(Q),

where Fo is the stalk of F' at oo € M*. On the other hand, by [19, Prop. 2.5.4 (ii)],
we have
Fy = jij = (F) = Rjij 7 (F),
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where j is the open embedding j: M — M *. Then we have
Ra)(Fu) =~ Ray(Rjij ™ (F)) ~ Rarj = (F),

where a := a’ o j: M — {pt}. Thus, we have

(A.5) Ra,j "' (F) € DI%MI(C)

by the definition of cj; and because j ! (F) € Mod(Cps). Combining (A.3), (A.4),
and (A.5) we have (A.1), which implies

(A.6) CM* < CM.

Moreover, because cyy is the c-soft dimension of M, there exists F' € Mod(Cyy)
satisfying
HM (Ray(F)) # 0,

where H M is the cpsth cohomology functor. Then ji F = Rji F € Mod(Cjs+) satisfies
H™ Ra\(RjiF)) = HMRa\F) #0

by a’ o j =a: M — {pt}, which implies

(A.7) CM* = CM.

By (A.6) and (A.7), we have the lemma. ]

B. Proof of Lemma 6.2

In this section we prove Lemma 6.2. Therefore, we do not use the notation DRaElg in
this section. We need four lemmas.

LemMma B.1. Let X be a smooth algebraic variety, and X a smooth complete
algebraic variety containing X as an open subset such that X \X is a normal crossing
divisor. Then, under Notation 2.20, if the support supp(M ) of M € DP(D ¢) is contained
in chp = )/(\‘”‘“\Xa“, we have

(B.1) Ej,;C; DR];?(M"‘") ~0,

where DRI;:? is the enhanced de Rham functor on Xan [5, Def. 9.1.1].
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Proor. Leti: X cbp <5 X™ be the closed embedding. Then the definition [5, Def.
9.1.1] of DRI;:? and the assumption supp(M) C X Cbp imply that we have

DR (M™) € QD°(ICxs xk.,)) C QD (C g, ) = E*(Cg.0),

where Q: D*(IC g, ) — E°(IC,,) is the quotient functor and where we regard
Db (ICxs xR..) as a full subcategory of D(IC gun, ) by the fully faithful functor
Riy: DP(IC X5 xRoo) = D°(IC g ) (under the notation (2.2)). Thus, we have (B.1)
because

E jgci:Eb(IC ¢m) — E°(ICx,)

is induced by
Jx: DP(C gu g ) = D (ICK xR0 ),

which sends objects in Db(I(CXprROO) Cc D°(IC f““xRoo) to zero. ]

Lemma B.2. Let X be a smooth algebraic variety, and X a smooth complete
algebraic variety containing X as an open subset such that X \X is a normal crossing
divisor. Then, under Notation 2.20, if there exists a morphism My — My in D® (Dg)
whose restriction to X is an isomorphism, we have

Ejx, DRL(M}") ~ Ejx | DR (M5").

Proor. By the assumption, there exists a morphism M; — M, whose restriction
to X is an isomorphism. Thus, there exists a distinguished triangle

(B.2) My > M, > N =5

for some N € Db(éDf) whose support is contained in X, Cbp =X am\ X" By applying
the functor E j;- ; DRI;?((-)a“) to (B.2), we have
. . . - +1
Ejx,, DRY(M{") — Ejx DRL(MS") — Ejx_ DRL(N™) —
whose third term is zero by Lemma B.1 because supp(N) C X, é’p. This completes the

proof. |

Lemma B.3. Let X be a smooth algebraic varietyand j:U — X an open embedding.
Then we have an adjunction Dj* 4 D j,:DP(Dx) < DP(Dy).
Proor. Because j is an open embedding, we have isomorphisms of functors

*

Dj¥ ~jx'. Djxx = Rjxx
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by [11, Ex. 1.5.12] and [11, Ex. 1.5.22], respectively. Thus, by the adjunction j;l —
Rjx« [19, Prop. 2.6.4 (ii)], we have the lemma. [ ]

LemMMA B.4. Let f: X — Y be a morphism of smooth algebraic varieties, and
X (resp. Y ) a smooth complete algebraic variety containing X (resp. Y ) as an open
subset such that X \X (resp. ?\Y ) is a normal crossing divisor. Then there exist
another smooth complete algebraic variety X’ satisfying the same conditions as X
(namely, X' contains X as an open subset and X’ \X is a normal crossing divisor),
and a morphism f X' > 7Y (resp. g: X' > X ) whose restriction to X coincides with
f:X =Y (resp.idy: X — X).

Proor. Let jy: Y — Y be the inclusion, and I';,, .y C X x Y the graph of jy o
f. Take the closure ijof of I'j,or in X x Y and write pry: F]Yof — Y for the

second projection. Let 7: X' —T; iy o s be aresolution of singularities. We summarize
the situation in the following diagram, where “RS” means that 7: X’ — I'j, o is a
resolution of singularities:

open ~
1(ijof) X'
nlz 7 |RS

X ~ ij of closure F]yOf X xV

! pry NI
pra

Y i Y X.
Then it is sufficient to setf = przon:)?’ % and g := pr; om: X' —> X. u

Then we prove Lemma 6.2. Namely, we prove the following.

LemMma B.5. Let X be a smooth algebraic variety, X 1 and X 2 two smooth complete
algebraic varieties containing X as an open subset such that X1\ X and X\ X are
normal crossing divisors. Set XC’; = (X, )’(\,‘é‘“) € Bod and write ch’%: XC]; — )’(\,‘;‘“ €
Mor(Bod) for the mor;/a\hism induced by the analytification jy, : X;" — X o of the
inclusion jx,: Xx — Xy fork = 1,2. Then, for any M € D°(Dx), we have

Ejxi DRS ((Djx,«(M))™) = Ef'Ejy3 DRG ((Djx,«(M))™),

~

where f: X Clp — X Czp € Mor(Bod) is the unique isomorphism of Lemma 2.8.
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Proor. (i) First we will prove the lemma in the case that there exists a morphism
f: X1 — X, which is an extension of f =idy: X — X:

j A chl Ea
x 258 xL—2 Xm
(B.3) f=idy le f flz l fan
X——X 2 v
N XG—— X

p
By the commutative diagram on the left-hand side in (B.3), we have
D;jf Df*Djx,s(M) =D Djx,«(M) = M

Moreover, we have the adjunction D jX*1 -1 Djx,« by Lemma B.3 because jy, is the
open embedding. Thus, there exists a morphism

(B.4) D/ *D,jx,« (M) — Djx,«(M).

Because D j;l is isomorphic to the restriction functor [11, Ex. 1.5.12], the restriction
to X of the morphism (B.4) is given by

D;j§ Df*Djx,«(M) — Djg Djx,«(M).
This is an isomorphism because
Dj;lDf*Dsz*(M) ~ Dj;szxz*(M) ~ M, Dj;(‘IDjXI*(M) ~M

by the commutative diagram on the left-hand side in (B.3). Thus, applying Lemma B.2
to the morphism (B.4), we have an isomorphism

(B5)  Ejyi DR ((Df*Djx,«(M))™) = Ejy )l DRY, (D)« (M)™).
Moreover, the left-hand side of (B.5) is isomorphic to
(B.6) Ejyy DR (D(/*")* (Djx,+(M))™") = Ejy | E(/*)' DRE, ((Djxy(M))™)

by [11,Prop.4.7.2 (i)] and [5, Thm. 9.1.2 (ii)]. The right-hand side of (B.6) is isomorphic
to

(B7)  Ejy E(/*)'DRY ((Djx,+(M))™) = Ef'Ejg, DR ((Djxps (M))™)

by the isomorphism j;c 111) ~ j)!( 5 of functors [5, 3.3.7 (i)] and the commutative diagram
on the right-hand side in (B.3).

Thus, (B 5), (B.6), and (B.7) imply the lemma in the case that there exists a morphism
f X 11— X » which is an extension of the identity morphism idy: X — X.
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(i1)) Then we will prove the lemma in the general case. By Lemma B.4, there exist
a smooth complete algebralc Varlety X 0 satlsfymg the same conditions as X1, and a
morphism f2 Xo — X2 (resp. f1 Xo X 1) whose restriction to X coincides with
idy (resp. idy):

ixo =~ 0 Ix S1 o =idy Ja=idx
PR A (RIS ¢ x 2 _
Sr=idx [ fk fklz Jf]ém ].XIJ( l]XQ lsz
N A o P 2
X — Xg, xk ___, yan XCP — ch — ch.
JX cp JXZ% k>’ f

Thus, by the first part of the proof of this lemma, we have two isomorphisms
(B.8) Ejxg 0 DR% ((Djxgs(M))™) = E fIE j;,l DR ((Djx,(M))™),
(B.9) E;j Jxg | DRE ((D Jxor(M))™) ~ Ef,E ixz 3 DRE ((D Jxx(M))™),

where fi: Xg, 0 X k is the unique morphism of Lemma 2.8 satisfying Ji = idx for

k=1,2. Because f1 X9 = X} has the inverse f{': X} = X0, we have

Ejyy DR ((Djjx;«(M))™) ~ E(f)'Ef{Ejyy DRG ((Djx,+(M))™).
By (B.8) and (B.9), this is isomorphic to
E(fi)'ELElxz DRE ((Djx,w(M))™).

Note that f: X, Clp - X czp has a factorization f = f> o f;”! € Mor(Bod). Thus, this is
isomorphic to
Ef'Ejyzz DRE, ((Djxy«(M)™).

which completes the proof of the general case. |

C. Proof of Lemma 6.3

In this section we prove Lemma 6.3.

Proor. Take a smooth complete algebraic variety X (resp. 17) containing X
(resp. Y) as an open subset such that X \X (resp. Y \Y) is a normal crossing divisor
(see Notation 2.20). Then Lemma B.4 implies that there exist another smooth complete
algebraic variety X’ satisfying the same conditions as X,and a morphism f X' >Y
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whose restriction to X coincides with f: X — Y. Thus, by changing the notation, we
can assume that there exists a morphism f X — Y whose restriction to X coincides
with f: X — Y from the beginning. Then we use those X and Y for the definition of
DRaElg (Definition 6.1) in this proof (where we use the independence of DR];‘lg from the
choice of X (Lemma 6.2)):

x X% Xep Xan
(C.1) fl l fcinl lfan
Y T> Y, YCp —_— I’z\an

Thus, the right-hand side of (6.1) is isomorphic to the leftmost term of the following
chain of isomorphisms:

E(f3")'Ejy,! DRE (D jy«(M))™)[dy] ~ E(f3)'Ejy, DR ((Djy+(M)™)dy]
~ Ejy, E(f™)' DRE((Djy+(M))™)ldy],

where the first and second isomorphisms follow from the isomorphism . L~ j}!,Cp
of functors [5, 3.3.7 ()] and the diagram (C.1), respectively. Then [5, Thm. 9.1.2 (ii)]
implies that the rightmost term in the last equation is isomorphic to the left-hand side
of the following equation:

Ejx,, DR (D /*")* (D jy«(M))™)[dx] ~ Ejg, DR% ((Df*D jy«(M))™)[dx],

where we use [ 1, Prop. 4.7.2 (1)]. Moreover, the right-hand side of the last equation is
isomorphic to

(C2) Ejy,, DR% ((Djx+DjgD /Dy «(M))™")[dx]

by Lemma B.2 because the adjunction Djy — D jx« (Lemma B.3) implies that there
exists a morphism

Df*Djy«(M) — Djx«DjyDf*Djy«(M)
whose restriction to X is an isomorphism. Moreover, we have
Djx:«DjiD f*Djy.(M) = DjxsD f*DjyDjy«(M) = Djx:D f* (M)

by the diagram on the left-hand side of (C.1). Therefore, (C.2) is isomorphic to the
left-hand side of (6.1) by the definition of DRE alg
]ch ~ ]ch of functors [5, 3.3.7 ()], which completes the proof. ]

(Definition 6.1) and the isomorphism
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D. Proof of Lemma 6.5
In this section we prove Lemma 6.5. We need some preparation.

DerintTION D.1 ([14, p. 61]). Let X be a smooth algebraic variety, and X a smooth
complete algebraic variety containing X as an open subset such that X\ X is a normal
crossing divisor. Then, under Notation 2.20, we define

Solf,: DY, (Dx) — E*(ICx,,)

alg’

by

(D.1) Solye (M) := Ejx} Sol% (D jx«(M))™)

for M € DY, (Dx), where Soll} iss the enhanced solution functor on X" 5, Def. 9.1.1]

and (D jx«(M))* is the analytification of D jx.(M). This definition does not depend
on the choice of X (which follows from” Lemmas 6.2 and D.4).

Remark D.2. The analogous statements to Lemmas B.1 and B.2 also hold for

Sol;, because we can apply the same proof mutatis mutandis to this case.

E
alg

Lemma D3 (Cf. [14, p. 6118). Let X be a smooth algebraic variety, and X a smooth
complete algebraic variety containing X as an open subset such that X\ X is a normal
crossing divisor. Then, under Notation 2.20, we have

(D.2) E quﬁ Sol' (D jx1(M))™) ~ Solf,

(M)

for any M € D° (Dx), where we set D jx := D ¢Djx«Dx and Dy is the duality

coh

functor [11, Def. 2.6.1].
Proor. First, we will construct a morphism
(D.3) Djng —>DjX*M.

By the definition D jy) := D ¢ D jx«Dx and the adjunction D jy - D jx« (Lemma B.3),
it is sufficient to construct a morphism

(D.4) DD ¢DjxDxM — M

(") The proof of Lemma D.4 does not use this independence.
(®) In[14, p.61], this result is proved under the assumption M € Dﬁol({OX).
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for (D.3). By [11, Thm. 2.7.1 (ii) and Prop. 2.6.5 (ii)], we have
(D.5) DjyD¢Djx«DxM ~ DxDjyDjx«DxM ~ DxDxM ~ M,

which implies the existence of (D.4). Thus, we have a morphism (D.3).
Second, we will show that the restriction of (D.3) to X is an isomorphism. Because
Dy is isomorphic to the restriction functor [11, Ex. 1.5.12], it is sufficient to show that

DjiDjxi:M — DjiDjx«M ~ M
is an isomorphism, which follows from the definition D jx := D ¢D jx«Dx and (D.5).

Thus, the restriction of (D.3) to X is an isomorphism, which completes the proof of
the lemma by Lemma B.2 (and Remark D.2) applying to (D.3) and the definition (D.1)

of Solflg. ]
Lemma D.4. Let X be a smooth algebraic variety, and M € DS, (Dx). Then we

have

(D.6) DR}, (M) ~ Soly, (Dx M)[dx].

Proor. We have an isomorphism
(D.7) M ~ DxDx M

by [11, Prop. 2.6.5 (ii)]. Take a smooth complete algebraic variety X containing X
as an open subset such that X\ X is a normal crossing divisor. Applying the functor
D $Djx« (under Notation 2.20) to (D.7), we have

(D.8) D¢Djx«M >~ Djx\Dx M,

by Djx1 := DD jx«Dx. Moreover, applying the functor E/fci Soll;:? (()™) to (D.8),
we have
Ejx, S0l ((D gD jx« M)™) = Ejx_ Sl (D jx1Dx M)™)
(D.9) ~ Solg;, (Dx M)
by (D.2). On the other hand, we have a morphism
(DlO) (D)?D]X*M)dn - ]D)Aan(DjX*M)an’

whose restriction to X is an isomorphism by [11, Prop. 4.7.1] and the assumption
M e D'goh(!DX). Thus, applying Lemma B.2 (and Remark D.2) for (D.10), we have

SolE

aig(Dx M) = Ejx  Sol% (D g (D jx M)™)

by (D.9). This completes the proof by Lemma D.5 given below. ]
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LemMma D.5. Let X be a smooth algebraic variety, and X a smooth complete
algebraic variety containing X as an open subset such that X\ X is a normal crossing
divisor. Then, under Notation 2.20, we have

Ejx,, SOI% (D g (D jx« M)™) = DRy, (M)[—dx]
forany M € D°, (Dx).

Proor. By induction of the cohomological length of M € D? , (D), it is sufficient
to prove the lemma in the case that M is a coherent Dy-module. In this case, there
exists a D -submodule

N < H°(Djx«M)

such that N is coherent and the restriction N |y of N to X is isomorphic to M =~
Djx«M|x by [11, Cor. 1.4.17 (ii)] (which is applicable because the assumption that
M is a coherent Dx-module implies H(D jx+M) is a quasi-coherent D g-module
[11, Prop. 1.5.29]). Thus, there exists a distinguished triangle

(D.11) N = DjxM — N' 25

for some N’ € Db(o‘Df) whose support is contained in X \X. Note that we have
N e D° (Dg.) (cf. [11, p. 120]). Applying the functors E]);C; DR}}E? ()™ [—dx]

coh

and E jy- ; Sol% (D . ()*™) to (D.11), we have a morphism of distinguished triangles

;= an ;— o an ;= an +1
Ejg! DR (N*)[~dx] — Ejg! DRS (D jx« M)™)[~dy] — Ejg} DRE (V™) [~dy] T4

| J |

E j;q{sm‘j? DewN™) — E J;?CiSOl]}:? (D 30D jx«M)™) — E jX—C; 501‘;? (D g N 15,

whose leftmost vertical map is an isomorphism by [5, equation after Def. 9.1.1] and
ID)%m ~idon D® (Ds..) [17, (3.9)], and both of the rightmost terms are isomorphic

coh
to zero by Lemma B.1 (and Remark D.2) because supp(N’) C X\ X. Thus, the middle
vertical map is also an isomorphism, which completes the proof of the lemma by the

definition (6.1) of DRElg. ]

Proor oF LEmMaA 6.5. By (D.6) and the assumption of the lemma, we have

DRE

(M) ~ Sol}

i (Dx M)[dx] € ES, (ICx,,) N Eg (ICx,).
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Thus, by [14, Lem. 3.15° and Prop. 3.16], we have
shy,, (Soljj, (Dx M))[dx] ~ Solx (Dx M)[dx] € shx,, (E¢-.(ICx,,)) C Dg_.(Cx).

where shy,, is the sheafification functor on X, ([14, §2.2]) and Soly is the (usual)
solution functor. Then [19, Thm. 11.3.3] implies Dy (M) € D ,(Dx). Therefore, we
can apply [13, Lem. 3.10] to

SolE

Re(Dx M)[dx] € Ef, (ICx,,).

which implies
(D.12) Dx M € D (Dx).

Thus, applying Dy to (D.12), we have the lemma because Dy preserves D% (Dx)
[11, Thm. 6.1.5 (i)] and D2 ~ id [11, Prop. 2.6.5 (ii)]. [ ]
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