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The stalk formula for multi-microlocal Hom functors and the
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Abstract – The concept of “multi-microlocalization” was introduced to extend the usual micro-
local sheaf theory to a more general scope. This paper aims to further extend this theory by
exploring advanced topics. One is a stalk formula for multi-microlocalized Hom functors
and we compute some examples in multi-microlocal settings. Secondly we construct the Sato
triangle in the context of multi-microlocal analysis. Ultimately we get the Sato triangle for
the multi-microlocalized Hom functors.
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Introduction

In this paper, we consider extending the usual microlocal sheaf theory, which holds
in the more general scope of the multi-microlocal sheaf theory and subanalytic sheaf
theory.

Sato, Kawai, and Kashiwara introduced a new method of analysis: algebraic anal-
ysis [10]. This theory concerns the microlocal properties of a function. Kashiwara
and Schapira used a homological-geometric method based on the derived category of
sheaves to reformalize the theory [5,6]. They introduced the notion of the microsupport
SS.F / for a sheaf F on a derived category of sheaves. This is a formalization of the
singularity of a function using the theory of sheaves, and it is the collection of direc-
tions in which the cohomology of the sheaf F varies. This work provided a powerful
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new framework for studying singularities of solutions to differential equations. The
microlocal sheaf theory can also be interpreted as “a construction that enables the
treatment of Fourier transforms on sheaves on manifolds”. It is well known that Fourier
transforms have applications in differential equation theory. By using the Fourier trans-
formation theory of sheaves, we can consider microlocalization �M . Microlocalization
is the process of considering a sheaf F on X as a sheaf on the conormal bundle to a
submanifold M . Based on such foundations, the study of differential equations has
often been successful.

On the other hand, important analytical objects such as asymptotically developable
functions and tempered distributions do not form classical sheaves, therefore conven-
tional methods cannot be applied. New concepts such as Ind-sheaves and sheaves
on subanalytic sites have been introduced and studied to handle these objects [7, 8].
Honda, Yamazaki, and Prelli [3] introduced a more extended framework called “multi-
microlocalization”. After introducing this multi-microlocalization, they further obtained
multi-microlocalization along the universal family of submanifolds of Hom functors.
Algebraic analysis is becoming applicable to differential equations with more complex
singularities of a wider class of functions. Various types of microlocalization have
been defined and applied to asymptotic analysis and boundary value problems [11, 12].
The theory of multi-microlocalization is constructed to unify these theories.

In Section 1, we assume knowledge of the derived category of sheaves and sum-
marize the basic concepts and definitions related to sheaves on subanalytic sites and
multi-microlocal analysis as explained in [8, 9] and [3]. Also, we would like to give
supplementary facts which follow immediately from the past results but could not be
found in the literature. These subsections provide a foundation for the rest of the paper,
which builds upon this material to explore more advanced topics and ideas.

In Section 2, we derive a stalk formula for multi-microlocalized Hom functors
in general multi-microlocal cases for subanalytic sheaves. A significant challenge in
obtaining a stalk formula for subanalytic sheaves is the absence of a microlocal cut-off
functor. We circumvent this issue by considering constructible sheaves as the first
argument of the Hom functors. In the following section we prepare some lemmas to
obtain a more explicit formula for an easy computation in particular in multi-microlocal
settings. Finally, we compute some examples in specific multi-microlocal settings.
As is well known in the classical theory, a stalk formula is crucial for the microlocal
analysis of sheaves (see [6]). We believe that the stalk formula for multi-microlocalized
Hom functors proved in this paper will be instrumental in the future.

In Section 3, our objective is to establish Sato’s triangle within the framework
of multi-microlocal analysis. To achieve this, we first prepare Uchida’s triangle in
subanalytic sheaf theory. Next we need to multi-microlocalize Uchida’s triangle in
subanalytic sheaf theory. The next step involves multi-microlocalizing Uchida’s triangle,
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which poses a challenge because proper direct image functors do not generally map
conic subanalytic sheaves to conic subanalytic sheaves. We address this difficulty by
proving several lemmas, ultimately leading to the formulation of Sato’s triangle for
the �hom functor in multi-microlocalizations. We conclude this section with a simple
example in a multi-microlocal setting to illustrate the theoretical developments. Experts
recognize Uchida’s triangle and Sato’s triangle as fundamental tools for the microlocal
analysis of sheaves. They are particularly suited for solving microlocal Cauchy problems,
boundary value problems, and various other issues. Our results extend these concepts
within the theory of multi-microlocalizations, opening up possibilities for addressing
problems in more general settings.

1. Preliminaries

In this section we recall some basic notions. References are made to [7–9] for the the-
ory of sheaves on subanalytic sites, and [1–3] for the theory of multi-microlocalizations.

1.1 – Theory of subanalytic sheaves

Here, X will be a real analytic manifold and k a field. We assume all manifolds
are analytic, finite-dimensional, and countable at infinity. Denote by Op.Xsa/ (resp.
Opc.Xsa/) the category of open (resp. relatively compact open) subanalytic subsets of
X . One endows Op.Xsa/with the following topology: Cov.U /� Op.Xsa/ is a covering
of U 2 Op.Xsa/ if for any compact subset K of X there exists a finite subset S0 of
Cov.U / such that K \

S
V 2S0

V D K \ U . We will call Xsa the subanalytic site. Let
Mod.kXsa/ denote the category of sheaves on Xsa.

Let ModR-c.kX / be the abelian category of R-constructible sheaves on X , and
consider its subcategory ModcR-c.kX / consisting of sheaves whose support is compact.
Denote by �WX ! Xsa the natural morphism of sites. The functor ��WMod.kX/!
Mod.kXsa/ is fully faithful and left exact.

Notation 1.1.1. Since the functor �� is fully faithful and exact on ModR-c.kX /we
identify ModR-c.kX / with the image in Mod.kXsa/. When there is no risk of confusion
we will write F instead of ��F , for F 2 ModR-c.kX /.

Let X , Y be two real analytic manifolds, and let f WX ! Y be a real analytic
map. We get external operations f� and f �1 which are always defined for sheaves
on Grothendieck topologies. Let Z be a locally closed subanalytic set. As in classical
sheaf theory we may define �Z and .�/Z . We may define the functor of proper direct
image fŠŠ for subanalytic sheaves. If f is proper on supp.F / then f�F ' fŠŠF ; in this
case fŠŠ commutes with ��.
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We denote by D.kXsa/ the derived category of Mod.kXsa/ and its full subcategory
consisting of bounded (resp. bounded below, resp. bounded above) complexes is denoted
byDb.kXsa/ (resp.DC.kXsa/, resp.D�.kXsa/). As usual, we denote byDb

R-c.kX / (resp.
Db

R-c.kXsa/) the full subcategory of Db.kX / (resp. Db.kXsa/) consisting of objects
with R-constructible cohomology. We would like to state the result which immediately
follows from [8, Proposition 2.4.8].

Proposition 1.1.2. Let F 2 DC.kYsa/, and let f WX ! Y be a closed embedding.
Then RfŠŠf �1F ' FX .

Remark 1.1.3. Unlike the classical case, this isomorphism does not hold for an
open embedding in general.

The functor RfŠŠ admits a right adjoint, denoted by f Š. A similar consequence to
[7, Proposition 5.3.8] follows as shown below.

Proposition 1.1.4. Let G 2 Db.kXsa/, F 2 DC.kXsa/. There is a natural isomor-
phism f Š RHom.G; F / ' RHom.f �1G; f ŠF /.

1.2 – Multi-microlocalization

Let �i WEi ! Z (1 � i � `) be vector bundles over Z, and let E�i be the dual
bundle ofEi . We denote by^i and_i the Fourier–Sato transformations and the inverse
Fourier–Sato transformations on Ei respectively. Moreover, we denote by ^�i and _�i
the Fourier–Sato and the inverse Fourier–Sato transformations on E�i respectively. Set
E ´ E1 �Z � � � �Z E` and E�´ E�1 �Z � � � �Z E

�
`

. Let � WE ! Z be the canonical
projection. Set P 0i ´ ¹.�; �/ 2 Ei �Z Ei

�
I h�; �i � 0º:

P 0´ P 01 �
Z
� � � �

Z
P 0`; PC´ E �

Z
E� n P 0;

and denote by p01WP
0! E and p02WP

0! E� the respective canonical projections. Set
Pi ´ ¹.�; �/ 2 Ei �Z E

�
i I h�; �i � 0º:

P ´ P1 �
Z
� � � �

Z
P`; P�´ E �

Z
E� n P ;

and denote p001 WP ! E and p002 WP ! E� the respective canonical projections. Let F
and G be multi-conic objects on E and E�, respectively. Then, for short, we set ^E
(resp. _�E ) to be the composition of the Fourier–Sato transformations ^i on Ei (resp.
the composition of the inverse Fourier–Sato transformations_�i ) for each i 2 ¹1; : : : ; `º.

Following [3], we recall the notion of multi-microlocalization of sheaves. Let X be
a real analytic manifold with dimX D n, and let � D ¹M1; : : : ;M`º be a family of
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closed submanifolds in X . We set, for N 2 � and p 2 N ,

NRp.N /´
®
Mj 2 �Ip 2Mj ; N 6�Mj ; and Mj 6� N

¯
:

Let us consider the following conditions for �:

H1. EachMj 2 � is connected and the submanifolds are mutually distinct, i.e.,Mj 6D
Mj 0 for j 6D j 0.

H2. For any N 2 � and p 2 N with NRp.N / 6D ;, we have� \
Mj2NRp.N/

TpMj

�
C TpN D TpX:

If � satisfies condition H2, then for any p 2 X , there exist a neighborhood V of p in
X , a system of local coordinates .x1; : : : ; xn/ in V , and a family of subsets ¹Ij º`jD1 of
the set ¹1; 2; : : : ; nº for which the following conditions hold:

(1) Either Ik � Ij , Ij � Ik , or Ik \ Ij D ; holds .k; j 2 ¹1; 2; : : : ; `º/.

(2) A submanifoldMj 2 �withp 2Mj (j D 1;2; : : : ; `) is defined by ¹xi D 0I i 2 Ij º
in V .

We set, for N 2 �,
��.N /´

\
N¤Mj

Mj :

Here, ��.N /´ X by convention if there exists no j with N ¤Mj . When there is no
risk of confusion, we write �.N / for short. We also assume the condition

H3. Mj 6D �.Mj / for any j 2 ¹1; 2; : : : ; `º.

In local coordinates let I1; : : : ; I` � ¹1; : : : ; `º such thatMi D ¹xk D 0Ik 2 Iiº. Note
that the family � satisfies conditions H1, H2, and H3 if and only if I1; : : : ; I` satisfy
the corresponding conditions

(1.1)

(i) either Ij ¨ Ik; Ik ¨ Ij , or Ij \ Ik D ; holds for any j 6D k;

(ii)
� [
Ik¨Ij

Ik

�
¨ Ij for any j :

Hence, for any j 2 ¹1; 2; : : : ; `º, the set

(1.2) OIj ´ Ij n

� [
Ik¨Ij

Ik

�
is not empty by condition H3. By conditions H1, H2, and H3, we have for j 2 ¹1; : : : ; `º,

Ij D
G
Ik�Ij

OIk :
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In particular,
S
1�j�` Ij D

OI1 t � � � t OI`. For convenience, set I0 D OI0´¹1; : : : ; nº nS`
jD1 Ij : Then, in local coordinates, we can write the coordinates .x1; : : : ; xn/ as

.x.0/; x.1/; : : : ; x.`//;

where x.j / denotes the coordinates .xi /i2 OIj (j D 0; : : : ; `).
Under conditions H1–H3, we may obtain multi-normal deformation along � (see

[3, Section 1.2] for details). As usual we denote by �M1 W TM1X ! M1 the normal
bundle. We first consider a normal deformation zXM1 alongM1 (see [6, Section 4.1]), i.e.,
an analytic manifold zXM1 , a pair of mappings pM1 W zXM1 ! X , t1W zXM1 ! R, and an
action of R n ¹0º on zXM1 , . Qx; r/ 7! Qx � r such that p�1M1.X nM1/'X nM1 �R n ¹0º,
t�11 .c/'X for each c 6D 0, and t�11 .0/' TM1X . We denote by�M1 the open subset of
zXM1 obtained as the inverse image of RC by t1, by i�M1 the embedding�M1 ! zXM1 ,
QpM1 D pM1 ı i�M1 , and by sM1 W t�11 .0/ ' TM1X ,! zXM1 the inclusion. We get the
commutative diagram

TM1X
sM1 //

�M1

��

zXM1

i�M1 //

pM1

��

�M1

QpM1||

M1

iM1 // X:

Set z�M1 D ¹.x1; t1/I t1 6D 0º and fM2 ´ .pM1 jz�M1
/�1M2. Then fM2 is a closed

smooth submanifold of zXM1 . Now we can define the normal deformation along M1,
M2 as

zXM1;M2 ´

‚ …
. zXM1/fM2 :

Then we can recursively define the normal deformation along � as

zX ´

‚ …
. zXM1;:::;M`�1/fM` :

Set S� D ¹t1; : : : ; t` D 0º, M D
T`
iD1Mi and �� D ¹t1; : : : ; t` > 0º. Then we have

the commutative diagram

S�
s //

�

��

zX
i� //

p

��

��

Qp
~~

M
iM // X:

Let us consider the canonical map TMj �.Mj /! Mj ,! X (j D 1; : : : ; `). We
write, for short,

S� ' �
X;1�j�`

TMj �.Mj /´ TM1 �.M1/ �
X
TM2 �.M2/ �

X
� � � �

X
TM` �.M`/:
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Definition 1.2.1. The multi-specialization along � is the functor

�sa
� WD

b.kXsa/
// Db.kS�sa

/

2 2

F
� // s�1R���p

�1F:

We also define the functor �� D ��1�sa
� WD

b.kXsa/! Db.kS�/.

Let S�� be the dual vector bundle of S�:

S�� ´ T �M1 �.M1/ �X � � � �X T
�
M`
�.M`/:

Definition 1.2.2. The multi-microlocalization along � is the functor

�sa
� WD

b.kXsa/
// Db.kS��sa/

2 2
F

� // �sa
� .F /

^S� :

We set ��´ ��1�sa
� WD

b.kXsa/! Db.kS�� /:

Now we are going to restate a stalk formula for multi-microlocalization proved in
[3, Theorem 2.11]. As the problem is local, we may assume that X D Rn and q D 0
with coordinates .x1; : : : ; xn/, and that there exists a subset Ik (k D 1; 2; : : : ; `) in
¹1; 2; : : : ; nº with the conditions (1.1) (i), (ii) such that each submanifold Mk is given
by ¹x D .x1; : : : ; xn/ 2 RnIxi D 0 .i 2 Ik/º. Recall that OIk was defined by (1.2) and
that we set M D

T
kMk and nk D ] OIk . Then locally we have

(1.3) X DM � .N1 �N2 � � � � �N`/ DM �N;

where Nk is Rnk with coordinates x.k/ D .xi /i2 OIk . Set, for k 2 ¹1; : : : ; `º,

J�k ´
®
j 2 ¹1; : : : ; `º; Ij ¨ Ik

¯
;

J�k ´
®
j 2 ¹1; : : : ; `º; Ij © Ik

¯
;

J¬k ´
®
j 2 ¹1; : : : ; `º; Ij \ Ik D ;

¯
:

Let p D p1 � � � � � p` D .qI �.1/; : : : ; �.`// 2 T �M1 �.M1/ �X � � � �X T
�
M`
�.M`/ and

consider the following conic subset in N :


k ´
®
.x.1/; x.2/; : : : ; x.`// 2 N

ˇ̌
x.j / D 0 .j 2 J�k t J¬k/;

x.j / 2 Rnj .j 2 J�k/;

hx.j /; �.k/i > 0 .j D k/
¯
:(1.4)
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Theorem 1.2.3. Let p D p1 � � � � � p` D .qI �.1/; : : : ; �.`// 2 S�� , and let F 2
Db.kXsa/. Then we have

H k.��F /p ' lim
�!
G;U

H k
G.U IF /:

Here, U is an open subanalytic neighborhood of q in X and G is a closed subanalytic
subset in the form M �

P`
kD1Gk , with Gk being a closed subanalytic convex cone in

N satisfying Gk n ¹0º � 
k , where 
k is defined in (1.4).

In [3, Theorem 4.1], the authors proved the existence of Uchida’s triangle ([13,
Appendix A]) in the context of multi-microlocal analysis. In this paper we are going to
show that it holds for sheaves on subanalytic sites as well.

Theorem 1.2.4. Let F 2 Db
.RC/`

.kEsa/. There exists a natural isomorphism

� ŠR�ŠŠF ' Rp1�p
Š
2.F

^E /;

and the natural morphism F ! � ŠR�ŠŠF is embedded in the following distinguished
triangle:

F �! � ŠR�ŠŠF �! Rp1�R�PC.p
Š
2.F

^E //
C1
��! :

Next we explain the notion of the �hom in multi-microlocalizations (see [2]). Let
� satisfy conditions H1–H3. Let A be an ` � ` matrix with

aj i D

´
1 .i 2 Ij /;

0 .i 62 Ij /:

We call A an associated matrix with �. Then X2 D X �X and �X � X2 denotes its
diagonal, i.e., �X D ¹.x; y/ 2 X2I x D yº.

Define the ambient space yX of the universal family as

.X2/` D X2 � � � � �X2:

Define the universal family O� D ¹ �M1; : : : ; �M`º of closed submanifolds in yX in the
following manner: Each �Mj has the form�Mj D Zj1 �Zj2 � � � � �Zj` � yX;
where Zjk � X2 is either X2 or �X determined by the rules

Zjk ´

´
X2 .ajk D 0/;

�X .ajk D 1/:
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For the universal family O�, we may consider the multi-normal deformation
‚ …
.X2/` O� of

.X2/` along O� and the multi-microlocalization �sa
O�

(see [2] for details.). And we have

S�
O� D T

�X � � � � � T �X:

Definition 1.2.5 (Multi-microlocal Hom functors). Let F1; : : : ; F` and G be in
Db.Xsa/. We define the functor

�homsa
O�
.F1; : : : ; F`IG/´ �sa

O�

�
RHom.p�12 .F1 � � � �� F`/; pŠ1Ri��G/

�
and we set the functor

�hom O�.F1; : : : ; F`IG/´ ��1�homsa
O�
.F1; : : : ; F`IG/;

where
X`

p1
 �� yX

p2
��! X`

i�
 �� X;

• i�WX ,! X` is defined by x 2 X ! .x; x; : : : ; x/ 2 X`,

• p1W .X
2/`!X` is the canonical projection .x1;y1/� � � � � .x`;y`/! .x1; : : : ;x`/,

and

• p2W .X
2/`!X` is the canonical projection .x1;y1/� � � � � .x`;y`/! .y1; : : : ;y`/.

2. A stalk formula for the multi-microlocal Hom functors

In this section we are going to prove a stalk formula for the multi-microlocal Hom
functors. As the question is local, we may assume X is a vector space Rn. Let 
 be a
closed convex cone with vertex at 0. One denotes by X
 the set X endowed with the
induced 
 -topology (see [6, p. 161]), and by �
 WX ! X
 the natural continuous map
from X (with the usual topology) to X
 . Set Z.
/´ ¹.x; y/ 2 X �X Iy � x 2 
º.

Lemma 2.0.1. Let F 2 Db
R-c.kX / and V be a relatively compact open subanalytic

set. For a closed convex cone 
 in X , we have

Rp1ŠŠ.p
�1
2 .R��F /V /Z.
/ ' R��.�

�1
Q
 R�
�.FV //;

where p1 and p2 are the first and second projections from X �X to X .

Proof. This follows immediately from [8, Proposition 2.2.1], [8, Proposition 1.3.3],
[8, Proposition 1.3.2], and [6, Proposition 3.5.4]. In fact,

Rp1ŠŠ.p
�1
2 .R��F /V /Z.
/ ' Rp1ŠŠ

�
R��.p

�1
2 .FV /Z.
//

�
(2.1)

' R��Rp1Š.p
�1
2 .FV //Z.
/(2.2)

' R��.�
�1

 R�
�.FV //:
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The isomorphism (2.1) follows since F is constructible. The isomorphism (2.2) follows
since p1 is proper on supp.p�12 .FV //Z.
/.

Theorem 2.0.2. Let

p D p1 � � � � � p` D .qI �
.1/; : : : ; �.`// 2

`‚ …„ ƒ
T �X �X � � � �X T

�X ;

G1; : : : ; G` 2 Ob.Db
R-c.kX //, and F 2 Ob.Db.kXsa//. We have

H j .�hom O�.R��G1; R��G2; : : : ; R��G`IF //p

' lim
�!
V; Q


H j

�
R�

�
i�1� V IRHom

�
i�1� R���

�1
Q
 R� Q
�

���̀
iD1

Gi

�
V

�
; F
���

' lim
�!
U; Q


H j
�
R�

�
U IRHom

�
R��

�
i�1� ��1

Q
 R� Q
�..G1 � � � ��G`/U�����U /
�
; F
���

;

where Q
 D �
1 C � � � C �
` � X`, each �
k is a closed conic subanalytic proper convex
subset of 
k [ ¹0º,


k ´
®
.y.1/; : : : ; y.`// 2 X`

ˇ̌
y.j / D 0 .j 2 J�k t J¬k/;

y.j / 2 Rn .j 2 J�k/;

hy.j /; �.k/i < 0 .j D k/
¯
;

and U ranges through the family of open subanalytic neighborhoods of q. Also, V runs
through a family of open subanalytic neighborhoods of i�.q/ in X`.

Proof. As the question is local, we may assume X is a vector space Rn and q D 0
with coordinates .x1; : : : ; xn/. Clearly (1.3) becomes X2` D X` �X`. Set

ık ´
®
.y.1/; : : : ; y.`// 2 X`

ˇ̌
y.j / D 0 .j 2 J�k t J¬k/;

y.j / 2 Rn .j 2 J�k/;

hy.j /; �.k/i > 0 .j D k/
¯
:

We propose the following identification ':

(2.3)
X` �X` oo

'
// X` �X`

2 2

.x1; : : : ; x`Iy1; : : : ; y`/ oo // .x1; : : : ; x`I x1 � y1; : : : ; x` � y`/:

We have the following claim.
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Claim 2.0.3. Let G be a closed subanalytic subset in the form X` �
P`
kD1Gk

withGk being a closed subanalytic proper convex cone inX` satisfyingGk n ¹0º � ık .
Then for each such G there exists a closed conic subanalytic proper convex subset�
k n ¹0º � �ık D 
k such that

G � '�1.Z. Q
//;

where Q
 D �
1 C �
2 C � � � C �
` and

Z. Q
/´
®
.x1; x2; : : : ; x`Iy1; y2; : : : ; y`/ 2 X

`
�X`

ˇ̌
.y1 � x1; : : : ; y` � x`/ 2 Q


¯
:

Moreover, for such Q
 we may find a closed subanalytic subset G0 D X` �
P`
kD1G

0
k
,

withG0
k

being a closed subanalytic proper convex cone inX` satisfyingG0
k
n ¹0º � ık ,

so that '�1.Z. Q
// � G0.

In fact, let G be such a conic set. Then there exists Gk n ¹0º � ık . We may find �
k
such that Gk � ��
k and ��
k n ¹0º � �ık . By the identification (2.3), '�1.Z. Q
// D
¹.xI y/ 2 X` � X` j �y 2 Q
º. If .x; y/ 2 G then y 2

P`
kD1Gk . And y 2 � Q
 thus

.x; y/ 2 '�1.Z. Q
//. Finally, take a closed subanalytic proper convex cone G0
k

in X`

so that ��
k � G0k and G0
k
n ¹0º � ık for each k. It is easy to see '�1.Z. Q
// � G0 D

X` �
P`
kD1G

0
k
. Therefore by Theorem 1.2.3 and Lemma 2.0.1 we obtain the chain of

isomorphisms (put
�`
iD1Gi ´ G1 � � � ��G`)

H k�hom O�.R��G1; R��G2; : : : ; R��G`IF /p

' H k� O�

�
RHom

�
p�12

�
R��

�̀
iD1

Gi

�
; pŠ1Ri��F

��
p

' lim
�!
G;U;V

H k

�
R�G

�
U � V IRHom

�
p�12

�
R��

�̀
iD1

Gi

�
; pŠ1Ri��F

���
(2.4)

' lim
�!
Q
;U;V

H k

�
R�Z. Q
/

�
U � V IRHom

�
p�12

�
R��

�̀
iD1

Gi

�
; pŠ1Ri��F

���
(2.5)

' lim
�!
Q
;U;V

H k

�
R�

�
U �X IRHom

��
p�12

�
R��

�̀
iD1

Gi

�
V

�
Z. Q
/

; pŠ1Ri��F
���

' lim
�!
Q
;U;V

H k

�
R�

�
U IRHom

�
Rp1ŠŠ

��
p�12

�
R��

�̀
iD1

Gi

�
V

�
Z. Q
/

�
; Ri��F

���
' lim
�!
Q
;U;V

H k

�
R�

�
i�1� U IRHom

�
i�1� Rp1ŠŠ

�
p�12

�
R��

�̀
iD1

Gi

�
V

�
Z. Q
/

; F
���

' lim
�!
Q
;U

H k

�
R�

�
i�1� U IRHom

�
i�1� R���

�1
Q
 R� Q
�

���̀
iD1

Gi

�
U

�
; F
���

:(2.6)
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The set G runs through a family of closed subanalytic subsets in the form X` �P`
kD1Gk with Gk being a closed subanalytic proper convex cone in X` satisfying

Gk n ¹0º � ık , U and V runs through a family of open subanalytic neighborhoods
of i�.q/ in X`. Notice that U is different from the one in the statement of theorem.
The first isomorphism follows from [8, Proposition 1.3.3] and [9, Proposition 1.3.1],
(2.4) follows from Theorem 1.2.3, and (2.5) is a consequence of Claim 2.0.3. Finally,
Lemma 2.0.1 implies the isomorphism (2.6). We have used adjunctions many times
throughout the chain of isomorphisms.

Lemma 2.0.4. Let 
 be a closed proper convex cone (with vertex at 0) in a vector
space V , G be a closed convex subset. If 
a CG is closed then

��1
 R�
�CG ' C
aCG :

Here we denote the antipodal map x 7! �x by “a”.

Proof. Let us first prove ��1
 R�
�CGC
a
�
�!CGC
a . By adjunction, there exists

a morphism ��1
 R�
�CGC
a ! CGC
a . Then taking a stalk of the cohomology
proves the assertion. In fact, by [6, Theorem 3.5.3] for any x 2 X ,

lim
�!
x2U

H k.U I��1
 R�
�CGC
a/ ' lim
�!
x2U

H k.U C 
 ICGC
a/

and since .xC 
/\GC 
a is convex when .xC 
/\GC 
a ¤;we haveR�..xC

/ \ G C 
aICGC
a/ ' C. Thus it is enough to prove that if x 62 G C 
a then
.x C 
/ \ G C 
a D ;. By contradiction, if we can find g1; g2 2 
 and g3 2 G so
that x C g1 D g3 � g2 then x D g3 � g1 � g2. This implies x 2 G C 
a which is a
contradiction.

Now we prove the general assertion. We have a morphism CGC
a!CG . Therefore,
by the first assertion we get a morphism

CGC
a ' �
�1

 R�
�CGC
a ! ��1
 R�
�CG :

Then taking a stalk of the cohomology proves the assertion. In fact, by [6, Theo-
rem 3.5.3],

lim
�!
x2U

H k.U I��1
 R�
�CG/ ' lim
�!
x2U

H k.U C 
 ICG/

and since .x C 
/ \ G is convex when .x C 
/ \ G ¤ ; we have R�..x C 
/ \
GICG/' C. Thus it is enough to prove that if x 62 G C 
a then .xC 
/\G D ;. By
contradiction, if we can find g1 2 
 and g2 2 G so that xC g1 D g2 then x D g2 � g1.
This implies x 2 G C 
a which is a contradiction.
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Corollary 2.0.5 (Normal crossing type). Assume X is a vector space. Let O� D
¹ yD1; : : : ; yD`º where

yDj D Zj1 �Zj2 � � � � �Zj` � yX;

Zjk ´

´
�X .j D k/;

X2 .otherwise/:

LetM1; : : : ;M` be ` closed subanalytic convex subsets ofX . Then forpD .qI�1; : : : ; �`/
2 T �X �X � � � �X T

�X withMk � ¹x 2 X I hx � q; �ki � 0º (k D 1; : : : ; `), we have

H j .�hom O�.CM1 ;CM2 ; : : : ;CM` IF //p
' lim

�!
U;�ı1;:::;�ı`

H
j

.M1C
�ı1/\.M2C�ı2/\���\.M`C�ı`/\U .U IF /;

where each �ık is a closed subanalytic proper convex cone of ık [ ¹0º, ık D ¹x 2 X I
hx; �ki > 0º and U is an open subanalytic neighborhood of q in X .

Proof. By Theorem 2.0.2 we have
H j .�hom O�.CM1 ; : : : ;CM` IF //p

' lim
�!

U1;:::;U`; Q


H j

� \̀
jD1

Uj IRHom
�
R��i

�1
� .��1

Q
 R� Q
�.CM1\U1�M2\U2�����M`\U`//; F
��
;

where Q
 D �
1 C � � � C �
` � X`, each �
k is a closed conic subanalytic proper convex
subset of 
k [ ¹0º,


k ´
®
.x.1/; : : : ; x.`// 2 X`

ˇ̌
hx.j /; �ki < 0 .j D k/;

x.j / D 0 .otherwise/
¯
;

and each Uj ranges through the family of open subanalytic neighborhoods of q in X .
Let Q
 be a cone as above. We may find open neighborhoods U1; U2; : : : ; U` of q

such that

M1 \U1 �M2 \U2 � � � � �M` \U`DM1 �M2 � � � � �M` \ .U1 � � � � �U`C Q
/:

In fact, for each j we may take an open neighborhood Uj of q which is an intersection
of a �
j -open set in Mj and ¹x 2 X I hx � q; �j i > �"º (" > 0).

Thus since for such U1; U2; : : : ; U` the direct and inverse images of � Q
 commute
with .�/U1�����U`CQ
 , we have

(2.7) .��1
Q
 R� Q
�CM1\U1�����M`\U`/jU1�����U` ' .�

�1
Q
 R� Q
�CM1�����M`/jU1�����U` :
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Therefore, by Lemma 2.0.4 we have
H j .�hom O�.CM1 ; : : : ;CM` IF //p

' lim
�!

U1;:::;U`; Q


H j

� \̀
jD1

Uj IRHom
�
R��i

�1
� .��1

Q
 R� Q
�.CM1\U1�M2\U2�����M`\U`//; F
��

' lim
�!

U1;:::;U`; Q


H j

� \̀
jD1

Uj IRHom
�
R��i

�1
� ..��1

Q
 R� Q
�.CM1�M2�����M`//U1�����U`/; F
��

' lim
�!

U1;:::;U`; Q


H j

� \̀
jD1

Uj IRHom.R��i
�1
� .CM1�M2�����M`CQ
a\U1�����U`/; F /

�

' lim
�!

U1;:::;U`; Q


H j

� \̀
jD1

Uj IRHom.R��.i
�1
� .CQ`

jD1.MjCqj .�
j a//\Q`jD1Uj //; F /
�

' lim
�!

U1;:::;U`; Q


H j

� \̀
jD1

Uj IRHom.R��C.M1Cq1.�
1a//\���\.M`Cq`.�
`a//\T`jD1Uj ; F /
�

' lim
�!
U; Q


H
j

.M1Cq1.�
1a//\.M2Cq2.�
2a//\���\.M`Cq`.�
`a//\U .U IF /;
where qk is kth projection and U ranges through the family of open subanalytic neigh-
borhoods of q in X . The second isomorphism follows from (2.7) and the third one
follows from Lemma 2.0.4. The fourth isomorphism follows from the fact that M1 �

M2 � � � � �M` C Q
 D .M1 C q1.�
1a// � .M2 C q2.�
2a// � � � � � .M` C q`.�
`a//.
The fifth one follows since i�1� CZ ' Ci�1

�
.Z/ for a locally closed subset Z.

Example 2.0.6. LetX DC2 and O�D ¹��C2; C2 ��º. Consider closed subsets
M1 D ¹y1 D 0; x1 � 0º D R�0 �C and M2 D ¹y2 D 0; x2 � 0º D C �R�0.

By Corollary 2.0.2 for any subanalytic sheaf F 2 Db.CXsa/ and

p D .qI �1; �2/ 2 T
�X �X T

�X D T �C2
�C2 T

�C2
D

total space‚ …„ ƒ
C2„ƒ‚…

base space

�C2
�C2„ ƒ‚ …

fiber space

;

with Mk � ¹z 2 X IRehz � q; �ki � 0º (k D 1; 2),

H j .�hom O�.CM1 ;CM2 IF //p ' lim
�!

U;�ı1;�ı2
H
j

.M1C
�ı1/\.M2C�ı2/\U .U IF /;

where each �ık is a closed subanalytic proper convex cone of ık [ ¹0º, ık D ¹z 2 C2I

Rehz; �ki > 0º, and U ranges through the family of open subanalytic neighborhoods
of q. Here, h.z1; z2/; .z3; z4/i ´ z1z3 C z2z4.
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Let p D ..1; 1/I .
p
�1; 0/; .0;

p
�1//. We have

H j .�hom O�.CM1 ;CM2 IF //p ' lim
�!
U

H
j
H�H\U .U IF /;

where U ranges through the family of open subanalytic neighborhoods of .1; 1/ and
H´¹xC iyIy � 0º. IfF DR��OX then by [4, Theorem 2.2.2] or the useful criterion
[6, (2.9.14)] for j 6D 2 we have

H j .�hom O�.CM1 ;CM2 IR��OX //p ' lim
�!
U

H
j
H�H\U .U IR��OX / D 0:

When p D ..1; 0/I .
p
�1; 0/; .0;

p
�1//,

H j .�hom O�.CM1 ;CM2 IF //p ' lim
�!
�;U

H
j
G��H\U

.U; F /;

where G� D �CR�0 � C and � runs through the family of closed conic subanalytic
proper convex subsets in C with its vertex being 0 such that � � ¹y1 < 0º [ ¹0º and U
ranges through the family of open subanalytic neighborhoods of .1; 0/. If F D R��OX
then by the useful criterion [6, (2.9.14)] for j 6D 2 we have

H j .�hom O�.CM1 ;CM2 IR��OX //p D 0:

Finally, consider p D ..0; 0/I .
p
�1; 0/; .0;

p
�1//:

H j .�hom O�.CM1 ;CM2 IF //p ' lim
�!

�1;�2;U

H
j
G�1�G�2\U

.U; F /;

where each G�k D �k C R�0 � C and �k runs through the family of closed conic
subanalytic proper convex subsets in C with its vertex being 0 such that �k � ¹yk < 0º
[ ¹0º and U ranges through the family of open subanalytic neighborhoods of .0; 0/. If
F D R��OX then by the useful criterion [6, (2.9.14)] for j 6D 2 we have

H j .�hom O�.CM1 ;CM2 IR��OX //p D 0:

Summing up the computations above, H 2.�hom O�.CM1 ;CM2 IR��OX //p is isomor-
phic to8̂̂̂̂

ˆ̂̂<̂
ˆ̂̂̂̂̂:

lim
�!
U

H
j
H�H\U1

.U IF / if p D ..1; 1/I .
p
�1; 0/; .0;

p
�1//,

lim
�!
�;V

H
j
G��H\V

.V; F / if p D ..1; 0/I .
p
�1; 0/; .0;

p
�1//,

lim
�!

�1;�2;W

H
j
G�1�G�2\W

.W; F / if p D ..0; 0/I .
p
�1; 0/; .0;

p
�1//.
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Here, U1 ranges through the family of open subanalytic neighborhoods of .1; 1/ and
H ´ ¹x C iyIy � 0º. Also, G� D �CR�0 � C and � runs through the family of
closed conic subanalytic proper convex subsets in C with its vertex being 0 such that
�� ¹y1 < 0º [ ¹0º andV ranges through the family of open subanalytic neighborhoods
of .1; 0/. Each G�k D �k CR�0 � C and �k runs through the family of closed conic
subanalytic proper convex subsets in C with its vertex being 0 such that �k � ¹yk < 0º
[ ¹0º and W ranges through the family of open subanalytic neighborhoods of .0; 0/.
If j 6D 2, H j .�hom O�.CM1 ;CM2 IR��OX //p ' 0.

3. The multi-microlocal Sato triangle

In this section we construct the multi-microlocal Sato triangle. Suppose � D
¹M1;M2; : : : ;M`º satisfies the conditions H1, H2, and H3.

Proposition 3.0.1. Let i WM ! X be the canonical embedding and � WS�� !M

be the canonical projection where M D
T`
jD1Mj . For F 2 Db.kXsa/,

�sa
� .F /jM ' R���

sa
� .F / ' R�M .F /jM ' i

ŠF:

Proof. It is enough to prove the second isomorphism. By Theorem 1.2.4, for
H D �sa

� .F / we have
� ŠR�ŠŠH ' Rp1�p

Š
2H
^S� :

By the base change formula ([8, Proposition 2.2.9]) on the Cartesian square

S� �M S��
p2 //

p1

��

S��

�

��

S� �
// M;

we have Rp1�pŠ2H
^S� ' � ŠR��H

^S� . Thus

� ŠR�ŠŠH ' �
ŠR��H

^S� :

Applying i Š to both sides,
R�ŠŠH ' R��H

^S� :

Since R�ŠŠ�sa
� .F / ' R�M .F / by [3, Proposition 2.6], we get

R�M .F / ' R���
sa
� .F /:

Next we extend the result in [13, Corollary A.2] to subanalytic sheaf theory.
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Proposition 3.0.2. Let � WE ! Z be a vector bundle and E� be its dual. Set
P D ¹.x; y/ 2 E �Z E

�I hx; yi � 0º. For a conic object G 2 Db
RC
.kEsa/, there is a

natural isomorphism

��1R��G ˝ !E=Z ' Rp1ŠŠp
�1
2 G^

and a commutative diagram

G Rp1ŠŠ.p
�1
2 G^/P ˝ !E=Zoo

��1R��G

OO

Rp1ŠŠp
�1
2 G^ ˝ !E=Z ;oo

OO

where every horizontal arrow is an isomorphism.

Proof. We have a commutative diagram

G Rp1ŠŠ.p
Š
2G
^/P

�oo Rp1ŠŠp
Š
2G
^oo

��1R��G

OO

��1R��Rp1ŠŠ.p
Š
2G
^/P

�oo

OO

��1R��Rp1ŠŠp
Š
2G
^;

˛oo

ˇ

OO

where each horizontal arrow of the left square is an isomorphism by [9, Theorem 3.2.6].
To show ˛ is an isomorphism, it is enough to prove

R��Rp1ŠŠH ! R��Rp1ŠŠHP

is an isomorphism for a conic objectH 2 Db
RC
.kE�ME�sa/ on E �M E�sa. We make

use of the following Cartesian diagram:

E �Z E
� � 0 //

p1

��

Z �E�
� � i 0 //

p0
1

��

E �Z E
�

p2 //

p1

��

E�

E
�

// Z
� �

i
// E:

We have the commutative diagram

R��Rp1ŠŠHP
� // i�1Rp1ŠŠHP

� // Rp0
1ŠŠ
i 0�1HP

R��Rp1ŠŠH
� //

OO

i�1Rp1ŠŠH
� //

OO

Rp0
1ŠŠ
i 0�1H;

OO
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where horizontal isomorphisms follow from R�� ' i
�1 ([9, Lemma 3.1.5 ]) and the

base change formula ([8, Proposition 2.2.8]). Since

i 0.Z �Z E
�/ � P ;

the third vertical arrow is an isomorphism. Thus ˛ is an isomorphism. We will prove
ˇ is an isomorphism. Since p2 D p2 ı i

0 ı � 0 and by the base change formula([8,
Proposition 2.2.9]), we have

Rp1ŠŠp
�1
2 G^ ˝ !E=Z ' Rp1ŠŠ�

0�1i 0�1p�12 G^ ˝ !E=Z

' ��1i�1Rp1ŠŠp
�1
2 G^ ˝ !E=Z

' ��1R��Rp1ŠŠp
Š
2G
^:

Proposition 3.0.3. Let G be a multi-conic object on E�sa. We have

G_
�
E ' Rp001ŠŠp

00�1
2 G ˝ !E=Z ' Rp1ŠŠ.p

Š
2G/P :

(For notation see Section 1.2.)

Proof. By induction assume ` D 2. We have the following diagram:

P
p00
2;2

//

p00
1;1

��

p00
1

		

p00
2

%%

�

P1 �
Z
E�2

p00
1;1

��

p00
1;2

// E�

E E1 �
Z
P2

p00
2;1

oo

p00
2;2

// E1 �
Z
E�2 :

Then by Proposition 1.1.2 we have

G_
�
1
_�
2 ' Rp2;1ŠŠ.p

�1
2;2Rp1;1ŠŠ.p

�1
1;2G/P1/P2 ˝ !E=Z

' Rp002;1ŠŠp
00�1
2;2 Rp

00
1;1ŠŠp

00�1
1;2 G ˝ !E=Z

' Rp002;1ŠŠRp
00
1;1ŠŠp

00�1
2;2 p

00�1
1;2 G ˝ !E=Z

' Rp001ŠŠp
00�1
2 G ˝ !E=Z :

Assume ` > 2. Set

E 0´
�̀
Z;iD2

Ei ; E 0�´
�̀
Z;iD2

E 0�i ; PE 0 ´
�̀
Z;iD2

Pi :
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We have the following commutative diagram:

P
p00
E0;2

//

p00
1;1

��

p00
1

		

p00
2

%%

�

P1 �
Z
E 0�

p00
1;1

��

p00
1;2

// E�

E E1 �
Z
PE 0

p00
E0;2

//

p00
E0;1

oo E1 �
Z
E 0�:

By the induction hypothesis, we have

.G_
�
1 /_
�
E0 ' Rp001ŠŠp

00�1
2 G ˝ !E=Z :

Therefore, the induction proceeds.

We need to extend the result [9, Proposition 3.2.9]:

Lemma 3.0.4. Let E1, E2 be vector bundles over Z, a biconic object F 2
Db

RC�RC
.kE1�ZE2sa/ on E1 �Z E2sa, and pW E1 �Z E2 ! E1. Then RpŠŠF 2

Db
RC
.kE1sa/. Here, the first RC-action on E1 �Z E2 is either ..zI �1; �2/; t1/ 7!

.zI t1�1; t1�2/ or ..zI�1; �2/; t1/ 7! .zI t1�1; �2/, and the second one is ..zI�1; �2/; t2/ 7!

.zI �1; t2�2/. Moreover,
.RpŠŠF /

^E1 ' Rp0ŠŠF
^E1 ;

where p0WE�1 �Z E2 ! E�1 .

Proof. The natural embedding i WE1 ! E1 �Z E2 is a conic morphism with
respect to the first action on E1 �Z E2. By [9, Proposition 2.5.13] we get i ŠF 2
Db

RC
.kE1sa/. Since F is a conic object on E1 �Z E2sa with respect to the second

action, by [9, Lemma 3.1.5] we obtain i ŠF ' RpŠŠF . Therefore,RpŠŠF 2Db
RC
.kE1sa/.

Consider the diagram below where the squares are Cartesian:

E�1 �
Z
E2

p0
//

�

E�1

P 0 �
Z
E2

q0
2

OO

q0
1

��

Qp
//

�

P 0

q2

OO

q1

��

� �

j
// E1 �

Z
E�1

p2

bb

p1
||

E1 �
Z
E2

p
// E1:
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Here, P 0´ ¹.�; �/ 2 E1 �Z E�1 I h�; �i � 0º. Notice that Rq2ŠŠq�11 G ' G^E1 for a
conic object G on E1sa. In fact,

Rp2ŠŠ.p
�1
1 G/P 0 ' Rp2ŠŠRjŠŠj

�1p�11 G

' Rq2ŠŠq
�1
1 G:

Therefore,

.RpŠŠF /
^E1 ' Rq2ŠŠq

�1
1 RpŠŠF

' Rq2ŠŠR QpŠŠq
0�1
1 F

' Rp0ŠŠRq
0
2ŠŠq
0�1
1 F

' Rp0ŠŠ.F
^E1 /:

Proposition 3.0.5. Let F be a multi-conic object on Esa. We have a natural
isomorphism

��1R��F ' Rp1ŠŠp
Š
2F
^E ;

and the natural morphism ��1R��F ! F is embedded in the following distinguished
triangle:

Rp1ŠŠ.p
Š
2F
^E /P� �! ��1R��F �! F

C1
��! :

(For notation see Section 1.2.)

Proof. If ` D 1, the result follows by Proposition 3.0.2. Assume ` > 1, and E 0´�`
Z;iD2 Ei , E 0� ´

�`
Z;iD2 E

�
i , and P 0E 0 ´

�`
Z;iD2 P

0
i . Moreover, let ^E 0 (resp.

_�E 0) be the composition of ^i (resp. _�i ) for i D 2; : : : ; `. Consider the following
diagram:

E �
Z
E�

pE0;2
//

p1;1

��

p1

��

p2

&&

�

E1 �
Z
E�

p1;2
//

p1;1

��

E�

E
pE0;1

// E1 �
Z
E 0 �

Z
E 0�

pE0;2
// E1 �

Z
E 0�:

By the commutative diagram

E
�1 //

�E0

��

�

E 0

�E0

��

E1 �1
// Z
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and [8, Proposition 2.4.8] and the dual base change formula, we have

��11 R�1��
�1
E 0 R�E 0�F ' �

�1
1 ��1E 0 R�1�R�E 0�F

' ��1R��F:(3.1)

Hence, by Proposition 3.0.2 and the induction hypothesis, we obtain the following
commutative diagram:

F F ^E0_E0
��oo F ^E0_

�
E0
^1_1

��oo

��1E 0 R�E 0�F

OO

RpE 0;1ŠŠp
Š
E 0;2.F

^E0 /
�

ˇ1

oo

OO

��11 R�1��
�1
E 0 R�E 0�F

OO

��11 R�1�RpE 0;1ŠŠp
Š
E 0;2.F

^E0 /
�

ˇ2

oo

OO

��1R��F

�˛

OO

Rp1;1ŠŠp
Š
1;2..RpE 0;1ŠŠp

Š
E 0;2.F

^E0 //^1/:
�

ˇ3

oo

� 


OO

The isomorphism˛ comes from (3.1),ˇ1 is an isomorphism by the induction hypothesis,
ˇ2 is the isomorphism ��11 R�1�.ˇ1/, 
 follows from Proposition 3.0.2, and ˇ3 is a
composition of isomorphisms.

By Lemma 3.0.6 below for a multi-conic objectH onE1�ZE 0�sa , we haveH_
�
E0
_1'

H_1_
�
E0 . Therefore, we have

H_
�
E0
^1 ' .H_

�
E0
_1/id�a ˝ !˝�1

E1=Z

' .H_1_
�
E0 /id�a ˝ !˝�1

E1=Z

' H^1_
�
E0 :

Thus, we get the following chain of isomorphisms by Proposition 3.0.3 and [3, Propo-
sition 2.2]:

F ^E0_
�
E0
^1_1

�

' F ^E0^1_
�
E0
_1
�

' Rp001ŠŠp
00�1
2 F ^E ˝ !E=Z :

Lastly, by Lemma 3.0.4 and [9, Proposition 3.2.9] we have

Rp1;1ŠŠp
�1
1;2

�
.RpE 0;1ŠŠp

�1
E 0;2.F

^E0 //^1
�

' Rp1;1ŠŠp
�1
1;2Rp

0
E 0;1ŠŠp

0�1
E 0;2.F

^E /(3.2)

' Rp1;1ŠŠRpE 0;1ŠŠp
0�1
1;2 p

0�1
E 0;2.F

^E /(3.3)
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' Rp1;1ŠŠRpE 0;1ŠŠp
�1
2 .F ^E /

' Rp1ŠŠp
�1
2 .F ^E /;

where morphisms on (3.2) arep0E 0;2WE
0 �Z E

�!E� andp0E 0;1WE
�
1 �Z E

0 �Z E
0�!

E�1 �Z E
0. On (3.3) we used the base change formula [8, Proposition 2.2.9] on the

Cartesian square as shown below:

E �
Z
E�

p0
1;2

//

pE0;1

��

E 0 �
Z
E�

p0
E0;1

��

E1 �
Z
E�1 �

Z
E 0

p1;2
// E�1 �

Z
E 0

By the above isomorphisms,
��1R��F // F

Rp1;1ŠŠp
Š
1;2.RpE 0;1ŠŠp

Š
E 0;2F

^E0 /^1 //

�

OO

F ^E0_
�
E0
^1_1

�

�

OO

Rp1ŠŠ.p
Š
2.F

^E //P� // Rp1ŠŠp
Š
2F
^E //

�

OO

Rp00
1ŠŠ
p00�12 .F ^E /˝ !E=Z

C1
//

�

OO

�

��

Rp1ŠŠ.p
Š
2.F

^E //P� // Rp1ŠŠp
Š
2F
^E // Rp1ŠŠ.p

Š
2F
^E /P

C1
// :

Lemma 3.0.6. Let E1 and E 0� be as in the proof of Proposition 3.0.5. For a
multi-conic object H on E1 �Z E 0�sa we have H_

�
E0
_1 ' H_1_

�
E0 .

Proof. Consider the following commutative diagram:

P 01 �
Z
P 0E 0

p0
1;2

��

p0
1

��

p0
E0;2
//

p0
2

&&

P 01 �
Z
E 0�

p0
1;2

��

p0
1;1
// E1 �

Z
E 0�

E�1 �
Z
E 0 E�1 �

Z
P 0E 0p0

E0;1

oo

p0
E0;2

// E�1 �
Z
E 0�;

where the square is Cartesian. Then we have

H_
�
E0
_1 ' Rp0E 0;1�p

0Š
E 0;2Rp

0
1;2�p

0Š
1;1H ' Rp

0
E 0;1�Rp

0
1;2�p

0Š
E 0;2p

0Š
1;1H

' Rp01�p
0Š
2H:
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For the same reason, we obtain H_1_
�
E0 ' Rp01�p

0Š
2H .

Proposition 3.0.7. Let F 2 Db.kXsa/. Let i and M be as in Proposition 3.0.1.
Then

R�ŠŠ�
sa
� .F / ' R�M .�

sa
� .F // ' i

�1F ˝ !M=X :

Proof. Set H ´ �sa
� .F / and E ´ S�. Then by Proposition 3.0.5 we have

��1R��H ˝ !E=M ' Rp1ŠŠp
�1
2 H^E :

By the base change formula ([8, Proposition 1.4.6]) on the Cartesian square,

E �M E�
p2 //

p1

��

E�

�

��

E
�

// M;

we have
��1R�ŠŠH

^E ' Rp1ŠŠp
�1
2 H^E :

Thus
��1R�ŠŠH

^E ' ��1R��H ˝ !E=M :

We apply i�1 to get
R�ŠŠH

^E ' R��H ˝ !M=X :

Since R��H ' F jM ([3, Proposition 2.6]) we have

R�ŠŠ�
sa
� .F /

^E ' F jM ˝ !M=X :

Corollary 3.0.8 (Multi-microlocal Sato triangle). We get the distinguished trian-
gle

F jM ˝ !M=X �! R�M .F /jM �! R P���
sa
� .F /

C1
��!;

where P� is the restriction of � WS�� !M to S�� nM .

Proof. We finish the proof by applying the above results (Propositions 3.0.1, 3.0.7)
to the following distinguished triangle:

R�ŠŠ�
sa
� .F / �! R���

sa
� .F / �! R P���

sa
� .F /

C1
��! :

Now we construct Sato’s triangle for multi-microlocal Hom functors. We replace
X and � with an ambient space yX and the universal family O�.
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Convention 3.0.9. Since, if we let i WT �X �X � � � �X T �X ! S�
O�

be a canonical
embedding, by [2, Lemma 2.18] we get

Ri�i
�1�homsa

O�
.G1; : : : ; G`IF / ' �homsa

O�
.G1; : : : ; G`IF /;

�homsa
O�
.G1; : : : ; G`IF / may be seen as an object on T �X �X � � � �X T �X . We apply

this convention throughout this paper.

Proposition 3.0.10. Let � WT �X �X � � � �X T �X ! X be a canonical projection
and G1; : : : ; G`; F 2 Ob.Db.kXsa//. Then

R���homsa
O�
.G1; : : : ; G`IF / ' RHom.G1 � � � ��G`; Ri��F /

' Ri�� RHom.G1 ˝ � � � ˝G`; F /:

In particular,

HomDb.kXsa /

�Ò
iD1

Gi ; F

�
' H 0.T �X �X � � � �X T

�X I�homsa
O�
.G1; : : : ; G`IF //:

Proof. We have the following chain of isomorphisms:

R���
sa
O�

RHom.q�12 .G1 � � � ��G`/; qŠ1Ri��F /

' ıŠ RHom.q�12 .G1 � � � ��G`/; qŠ1Ri��F /

' RHom.ı�1q�12 .G1 � � � ��G`/; ıŠqŠ1Ri��F /

' RHom.G1 � � � ��G`; Ri��F /

' Ri�� RHom.G1 ˝ � � � ˝G`; F /;

where ı is a diagonal embedding X` ! .X2/`, .x1; : : : ; x`/ 7! .x1; x1; x2; x2; : : : ;

x`; x`/. The first isomorphism follows from Proposition 3.0.1. The second isomorphism
follows from Proposition 1.1.4.

Proposition 3.0.11. Let G1; : : : ; G` 2 Db
R-c.kX / and F 2 Db.kXsa/. We obtain

the following isomorphisms:

R�ŠŠ�homsa
O�
.G1; G2; : : : ;G`; F / ' RHom.G1 � � � ��G`; kX`/˝Ri��F

' Ri��.D
0G1 ˝ � � � ˝D

0G` ˝ F /;

where we set D0F ´ RHom.F; kX / for F 2 Db.kXsa/.
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Proof. We have the following isomorphisms by Proposition 3.0.7:

R�ŠŠ�homsa
O�
.G1; G2; : : : ;G`; F /

' ı�1
�
RHom.p�12 .G1 � � � ��G`/; pŠ1Ri��F /

�
˝ !

X`= yX

' ı�1.RHom.G1 � � � ��G`; kX`/�Ri��F /(3.4)
' RHom.G1 � � � ��G`; kX`/˝Ri��F
' Ri��.D

0G1 ˝ � � � ˝D
0G` ˝ F /:(3.5)

Here, ıWX` ,! .X2/` is a diagonal embedding. The isomorphism (3.4) follows from
[9, Lemma 5.3.9], and (3.5) follows from [6, Proposition 3.4.4] and the projection
formula.

Corollary 3.0.12. For G1;G2; : : : ;G` 2Db
R-c.kX / and F 2 Db.kXsa/, we have

the following distinguished triangle:

Ò
iD1

D0Gi ˝ F �! RHom

�Ò
iD1

Gi ; F

�
�! R P���homsa

O�
.G1; : : : ; G`IF /

C1
��!;

where P� is the restriction of � W T �X �X � � � �X T �X ! X to T �X �X � � � �X
T �X nX .

Example 3.0.13. Let X D C2 and O� D ¹� � C2; C2 � �º. Consider closed
subsetsM1 D ¹y1 D 0; x1 � 0º DR�0 �C andM2 D ¹y2 D 0; x2 � 0º DC �R�0.

Since D0.CM1/ ' C¹y1D0;x1>0ºŒ�1�, D
0.CM2/ ' C¹y2D0;x2>0ºŒ�1� we obtain

.RHom.CM1\M2 ; R��OX //.0;0/ ' .R P���hom O�.CM1 ;CM2 IR��OX //.0;0/:
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