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The stalk formula for multi-microlocal Hom functors and the
multi-microlocal Sato triangle

RYOSUKE SAKAMOTO (*)

ABstrACT — The concept of “multi-microlocalization” was introduced to extend the usual micro-
local sheaf theory to a more general scope. This paper aims to further extend this theory by
exploring advanced topics. One is a stalk formula for multi-microlocalized Hom functors
and we compute some examples in multi-microlocal settings. Secondly we construct the Sato
triangle in the context of multi-microlocal analysis. Ultimately we get the Sato triangle for
the multi-microlocalized Hom functors.
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Introduction

In this paper, we consider extending the usual microlocal sheaf theory, which holds
in the more general scope of the multi-microlocal sheaf theory and subanalytic sheaf
theory.

Sato, Kawai, and Kashiwara introduced a new method of analysis: algebraic anal-
ysis [10]. This theory concerns the microlocal properties of a function. Kashiwara
and Schapira used a homological-geometric method based on the derived category of
sheaves to reformalize the theory [5,6]. They introduced the notion of the microsupport
SS(F) for a sheaf F on a derived category of sheaves. This is a formalization of the
singularity of a function using the theory of sheaves, and it is the collection of direc-
tions in which the cohomology of the sheaf F varies. This work provided a powerful
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new framework for studying singularities of solutions to differential equations. The
microlocal sheaf theory can also be interpreted as “a construction that enables the
treatment of Fourier transforms on sheaves on manifolds”. It is well known that Fourier
transforms have applications in differential equation theory. By using the Fourier trans-
formation theory of sheaves, we can consider microlocalization pps. Microlocalization
is the process of considering a sheaf F on X as a sheaf on the conormal bundle to a
submanifold M. Based on such foundations, the study of differential equations has
often been successful.

On the other hand, important analytical objects such as asymptotically developable
functions and tempered distributions do not form classical sheaves, therefore conven-
tional methods cannot be applied. New concepts such as Ind-sheaves and sheaves
on subanalytic sites have been introduced and studied to handle these objects [7, 8].
Honda, Yamazaki, and Prelli [3] introduced a more extended framework called “multi-
microlocalization”. After introducing this multi-microlocalization, they further obtained
multi-microlocalization along the universal family of submanifolds of Hom functors.
Algebraic analysis is becoming applicable to differential equations with more complex
singularities of a wider class of functions. Various types of microlocalization have
been defined and applied to asymptotic analysis and boundary value problems [11, 12].
The theory of multi-microlocalization is constructed to unify these theories.

In Section 1, we assume knowledge of the derived category of sheaves and sum-
marize the basic concepts and definitions related to sheaves on subanalytic sites and
multi-microlocal analysis as explained in [8, 9] and [3]. Also, we would like to give
supplementary facts which follow immediately from the past results but could not be
found in the literature. These subsections provide a foundation for the rest of the paper,
which builds upon this material to explore more advanced topics and ideas.

In Section 2, we derive a stalk formula for multi-microlocalized Hom functors
in general multi-microlocal cases for subanalytic sheaves. A significant challenge in
obtaining a stalk formula for subanalytic sheaves is the absence of a microlocal cut-off
functor. We circumvent this issue by considering constructible sheaves as the first
argument of the Hom functors. In the following section we prepare some lemmas to
obtain a more explicit formula for an easy computation in particular in multi-microlocal
settings. Finally, we compute some examples in specific multi-microlocal settings.
As is well known in the classical theory, a stalk formula is crucial for the microlocal
analysis of sheaves (see [6]). We believe that the stalk formula for multi-microlocalized
Hom functors proved in this paper will be instrumental in the future.

In Section 3, our objective is to establish Sato’s triangle within the framework
of multi-microlocal analysis. To achieve this, we first prepare Uchida’s triangle in
subanalytic sheaf theory. Next we need to multi-microlocalize Uchida’s triangle in
subanalytic sheaf theory. The next step involves multi-microlocalizing Uchida’s triangle,
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which poses a challenge because proper direct image functors do not generally map
conic subanalytic sheaves to conic subanalytic sheaves. We address this difficulty by
proving several lemmas, ultimately leading to the formulation of Sato’s triangle for
the phom functor in multi-microlocalizations. We conclude this section with a simple
example in a multi-microlocal setting to illustrate the theoretical developments. Experts
recognize Uchida’s triangle and Sato’s triangle as fundamental tools for the microlocal
analysis of sheaves. They are particularly suited for solving microlocal Cauchy problems,
boundary value problems, and various other issues. Our results extend these concepts
within the theory of multi-microlocalizations, opening up possibilities for addressing
problems in more general settings.

1. Preliminaries

In this section we recall some basic notions. References are made to [7-9] for the the-
ory of sheaves on subanalytic sites, and [ [-3] for the theory of multi-microlocalizations.

1.1 — Theory of subanalytic sheaves

Here, X will be a real analytic manifold and & a field. We assume all manifolds
are analytic, finite-dimensional, and countable at infinity. Denote by Op(Xs,) (resp.
Op°(X;a)) the category of open (resp. relatively compact open) subanalytic subsets of
X . One endows Op(X,,) with the following topology: Cov(U) C Op(Xs,) is a covering
of U € Op(X,,) if for any compact subset K of X there exists a finite subset Sy of
Cov(U) such that K N {Jy¢g .V =K NU.Wewill call Xy, the subanalytic site. Let
Mod(ky,,) denote the category of sheaves on Xg,.

Let Modgr_.(kx) be the abelian category of R-constructible sheaves on X, and
consider its subcategory Modg, . (kx ) consisting of sheaves whose support is compact.
Denote by p: X — Xj, the natural morphism of sites. The functor p.: Mod(kyx) —
Mod(ky,,) is fully faithful and left exact.

NotaTtion 1.1.1. Since the functor p is fully faithful and exact on Modg_. (kx) we
identify Modg_. (kx ) with the image in Mod(ky_, ). When there is no risk of confusion
we will write F instead of p4 F, for F € Modg_(kx).

Let X, Y be two real analytic manifolds, and let /: X — Y be a real analytic
map. We get external operations fi and f~! which are always defined for sheaves
on Grothendieck topologies. Let Z be a locally closed subanalytic set. As in classical
sheaf theory we may define I'z and (-) z. We may define the functor of proper direct
image fy for subanalytic sheaves. If f is proper on supp(F') then fi, F ~ fi F; in this
case fii commutes with px.
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We denote by D(kx,,) the derived category of Mod(ky,,) and its full subcategory
consisting of bounded (resp. bounded below, resp. bounded above) complexes is denoted
by D?(kx,,) (resp. D% (kx,,), resp. D~ (kx,,)). As usual, we denote by D]ﬁ_c (kx) (resp.
D]lb%- (kx,,)) the full subcategory of D?(kx) (resp. D?(kx,,)) consisting of objects
with R-constructible cohomology. We would like to state the result which immediately
follows from [8, Proposition 2.4.8].

ProposiTiON 1.1.2. Let F € D" (ky,), and let f: X — Y be a closed embedding.
Then Rf”f_lF ~ Fx.

Remark 1.1.3. Unlike the classical case, this isomorphism does not hold for an
open embedding in general.

The functor R fi, admits a right adjoint, denoted by f'. A similar consequence to
[7, Proposition 5.3.8] follows as shown below.

ProposiTioN 1.1.4. Let G € Db(kx,), F € D (kx,). There is a natural isomor-
phism f' RHom (G, F) ~ RHom(f~'G, f'F).

1.2 — Multi-microlocalization

Let 7;: E; — Z (1 < i < {) be vector bundles over Z, and let E be the dual
bundle of E;. We denote by A; and Vv; the Fourier—Sato transformations and the inverse
Fourier-Sato transformations on E; respectively. Moreover, we denote by A* and v
the Fourier—Sato and the inverse Fourier-Sato transformations on E* respectively. Set
E:=Eyxz--Xz Egand E* := E{ Xz ---xz E.Lett: E — Z be the canonical
projection. Set P/ := {(n,§) € E; xz E;*; (n,§) < 0}:

P'i=P{ - x Py, rt = EXE"\ P/,

and denote by p|: P’ — E and p5: P’ — E™* the respective canonical projections. Set
P :={(n,§) € Ei xz E[; (n,§) = O}:

P:=Py x---xP;, P :=ExXE*"\P,
z z Z

and denote p}: P — E and p): P — E* the respective canonical projections. Let F
and G be multi-conic objects on E and E*, respectively. Then, for short, we set Ag
(resp. V%) to be the composition of the Fourier—Sato transformations A; on E; (resp.
the composition of the inverse Fourier-Sato transformations V) foreachi € {1,...,¢}.

Following [3], we recall the notion of multi-microlocalization of sheaves. Let X be
a real analytic manifold with dim X = n, and let y = {M;, ..., M} be a family of
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closed submanifolds in X. We set, for N € yand p € N,
NRP(N) = {M]‘ € X;D € Mj, N g Mj,ande gN}

Let us consider the following conditions for y:
H1. Each M; € x is connected and the submanifolds are mutually distinct, i.e., M; #
M for j # j'.
H2. Forany N € y and p € N with NR,(N) # @, we have
( N T,,Mj) + T,N = T,X.
M ; eNR) (N)

If y satisfies condition H2, then for any p € X, there exist a neighborhood V' of p in
X, asystem of local coordinates (xp, ..., x,) in V, and a family of subsets {/; }le of
the set {1, 2,...,n} for which the following conditions hold:

(1) Either Iy C Ij,I; C Iy, or Iy NI; =@ holds (k,j € {1,2,...,£}).
(2) Asubmanifold M; € y withp e M; (j =1,2,...,{)isdefinedby {x; =0;i € [;}
inV.
We set, for N € y,
LN) = () M.

NSM;
Here, 1, (N) := X by convention if there exists no j with N & M;. When there is no
risk of confusion, we write ¢(N) for short. We also assume the condition

H3. M; # ((M;)forany j € {1,2,....¢}.
In local coordinates let /1,..., I, C {1,...,£} suchthat M; = {x; = 0;k € I;}. Note

that the family y satisfies conditions H1, H2, and H3 if and only if /5, . .., I; satisfy
the corresponding conditions

(i) either I; C Iy, Ix S I, or I; N I = @ holds for any j # k,
@D Gy ( U Ik) C I; forany ;.
Ix G
Hence, for any j € {1,2,...,£}, the set
(1.2) I =1 \( g Ik)
Ik &1

is not empty by condition H3. By conditions H1, H2, and H3, we have for j € {1,...,{},

L= |] i

IkCIj
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In particular, Ulsjsf I; = fl U---u fg. For convenience, set [g = io =A{l,...,n}\
Ule I;. Then, in local coordinates, we can write the coordinates (xy, ..., x,) as

(x(o), x(l), el x(e)),

where x) denotes the coordinates (x;), iel; (= AR

Under conditions H1-H3, we may obtam multl normal deformation along y (see
[3, Section 1.2] for details). As usual we denote by tas,: Tar; X — M, the normal
bundle. We first consider a normal deformation X M, along M, (see [6, Section4.1]),1.e.,
an analytic manifold X M, » @ pair of mappings pay, : X M1 - X, n:X M, — R, and an
actionof R \ {0} on XMI, (X,r) = X - r such that p,, (X \ My) >~ X\ My x R\ {0},
171(c) >~ X foreach ¢ # 0,and 1771 (0) =~ T, X. We denote by Qs, the open subset of
X M, obtained as the inverse image of R* by 11, by iq My the embedding €27, — X M
PM, = PM, © i, and by sp: 171(0) ~ Ty, X < Xy, the inclusion. We get the
commutative diagram

SMy ~ IQMl

T, X X, Qu,

TMlJ lPMl ~
iM le

M, — 5 X.

Set SZM1 ={(x1,H): 11 ;ﬁ 0} and M, = (pM]|Q ) TM,. Then M, is a closed
smooth submanifold of X, M, - Now we can define the normal deformation along M1,

M, as
—

Xmy v, = (Xar)) 3z
Then we can recursively define the normal deformation along y as
—
X = (Xm,,...Me—) 37 -

Set Sy ={t1,....ty =0}, M = ﬂle M; and Q, = {t1,....t > 0}. Then we have
the commutative diagram

S, X 2,q,

L, b

MMy

Let us consider the canonical map TM].L(M]') M, > X({G=1...10).We
write, for short,

Sx = X,éjszTM/L(Mj) = T, (M) % Tan,t(M3) X T, t(My).
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DerintTION 1.2.1. The multi-specialization along y is the functor

vsa: Db (ky,,) — D (ks, )
w w

F——— S_IRFQXP_IF.
We also define the functor vy, = p~'v$%: Db (ky,,) — D?(ks,).
Let S be the dual vector bundle of Sy:
Sy = Ty, t(My) xx -+ xx Tyy,t(My).
DEerintTION 1.2.2. The multi-microlocalization along y is the functor
i DP(ky,) — DP(ks;,,)
w w
F———— v (F)"Sx.
We set (i, 1= p ' u Db(kx,) — Db(ks;).

Now we are going to restate a stalk formula for multi-microlocalization proved in
[3, Theorem 2.11]. As the problem is local, we may assume that X = R” andg = 0
with coordinates (x1, ..., X;), and that there exists a subset I (k = 1,2,...,£)in
{1,2,...,n} with the conditions (1.1) (i), (ii) such that each submanifold M is given
by {x = (x1,...,x,) € R";x; =0 (i € I})}. Recall that I}, was defined by (1.2) and
that we set M = (), My and ny = ﬂfk. Then locally we have

(1.3) X=Mx(NyxNyx--+xNj)=MxN,
where Ny is R”* with coordinates x®) = (x,-)l.eik. Set, fork € {1,...,¢},
J<p = {] e{l,..., ¢}, I; ¢ Ik},

Sk i =1{j €{l,....00 I; 2 Ix},
Jpr = {] e{l,....0}, ;NI =®}.

Let p=py x---x pg = (q: €D, ... £0) ¢ Ty, t(My) Xx -+ Xx T&EL(ME) and
consider the following conic subset in N:
Vi 1= {(x(l),x(z),...,x(z)) eEN | x) =0 (J € J<x U Jyi),
X e RY (j € J),
(1.4) (€@ >0 =k}
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THEOREM 1.2.3. Let p = py x ---x pg = (q: W, ... £®) € Sy, andlet F €
D?(kx,,). Then we have

H*(uy F)p = lim HE(U: F).
G, U

Here, U is an open subanalytic neighborhood of q in X and G is a closed subanalytic
subset in the form M x Zi:l Gy, with Gy being a closed subanalytic convex cone in
N satisfying G \ {0} C yk, where yy is defined in (1.4).

In [3, Theorem 4.1], the authors proved the existence of Uchida’s triangle ([13,
Appendix A]) in the context of multi-microlocal analysis. In this paper we are going to
show that it holds for sheaves on subanalytic sites as well.

b
THEOREM 1.2.4. Let F € D(R+)l

(kE,,). There exists a natural isomorphism
'Rty F ~ Rpy.py(F/E),

and the natural morphism F — t' Rt F is embedded in the following distinguished
triangle:
F — 'Rty F —> Rp1«RTp+ (p5(F/E)) -

Next we explain the notion of the phom in multi-microlocalizations (see [2]). Let
x satisfy conditions H1-H3. Let A be an £ x £ matrix with

{1 (i €1)),
aji = .
0 (¢I)).

We call A an associated matrix with y. Then X? = X x X and Ay C X2 denotes its
diagonal, i.e., Ay = {(x,y) € X%;x = y}.
Define the ambient space X of the universal family as

X)) =Xx2x---x X2

Define the universal family § = {]\7 Loenns ﬁg} of closed submanifolds in X in the
following manner: Each M; has the form

MJZ j1XZj2X---XijC5(\,
where Z;; C X? is either X2 or Ay determined by the rules

X% (ajx =0),
Jk =
AX (ajk = 1)
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P
For the universal family y, we may consider the multi-normal deformation (X 2)4 5 of

(X?)* along 7 and the multi-microlocalization //,;f‘ (see [2] for details.). And we have
ST =T"Xx--xT"X.

DeriNiTION 1.2.5 (Multi-microlocal Hom functors). Let Fy,..., Fy and G be in
D?(X,,). We define the functor

phom$ (Fy, ..., Fy; G) := p(RHom(p;, ' (Fy B --- ® Fy), p RiaxG))
and we set the functor
prhomy(Fy, ..., F; G) i= p~ ' phom$(Fy,. .., Fi; G),
where )
xtLx 2o xt 2 x,
o intX > X¢ isdefinedby x € X — (x,x,...,x) € X¢,

o p1:(X?) — X*isthe canonical projection (x1, y1) X - - X (xg, y¢) = (X1....,X¢),
and

e Do (X2t - Xxtisthe canonical projection (x1, y1) X -+ X (xg, y¢) = (V1,- .., Ve).

2. A stalk formula for the multi-microlocal Hom functors

In this section we are going to prove a stalk formula for the multi-microlocal Hom
functors. As the question is local, we may assume X is a vector space R”. Let y be a
closed convex cone with vertex at 0. One denotes by X, the set X endowed with the
induced y-topology (see [6, p. 161]), and by ¢,: X — X, the natural continuous map
from X (with the usual topology) to X,. Set Z(y) := {(x,y) e X x X;y —x € y}.

Lemma 2.0.1. Let F € DH%_  (kx) and V be a relatively compact open subanalytic
set. For a closed convex cone y in X, we have

Rpin(py ' (Rp« F)v)z(y) = Rps(¢y ' Ry (F)),

where p1 and p, are the first and second projections from X x X to X.

Proor. This follows immediately from [8, Proposition 2.2.1], [8, Proposition 1.3.3],
[8, Proposition 1.3.2], and [6, Proposition 3.5.4]. In fact,

2.1 Rpin(ps " (Rp« F)v) 2y = Rpin(Rp«(ps (Fv) z)))

2.2) ~ Rp«Rp1(py " (Fv))z(y)
>~ Rpx« (¢;1R¢y*(FV))
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The isomorphism (2.1) follows since F' is constructible. The isomorphism (2.2) follows
since pj is proper on supp(p5 ' (Fv)) z()- [

TueoreM 2.0.2. Let
L

p=p1x-xpr=(EV, EO)eT*X xx - xx T*X,

Gi,...,Gy € Ob(D (kx)), and F € Ob(D®(kx.,)). We have

HY (uhom;(Rp«G1, Rp«Ga. ..., Rp«Gy; F)),
J4
Hj(RF(i_lV;Ri}Com i Rox¢S R Gi F))
; (15" Rot Ro7 (4 G1), ). F)

H (RF(U;RJ-(um(Rp* (i3'65" Rpya ((G1 B -+ B G)ursntr)), F))),

[

=

li

3

~

5

i

<l

where 7 = 71 + -+ + 71 C XY, each 7k is a closed conic subanalytic proper convex
subset of yi U {0},

ve = {0,y e x|y =0 € Ja U Tp),
yD e R (j € Jop),
(YD e®y <0 (j = k),

and U ranges through the family of open subanalytic neighborhoods of q. Also, V' runs
through a family of open subanalytic neighborhoods of ia(q) in X £,

Proor. As the question is local, we may assume X is a vector space R” andg = 0
with coordinates (x1, ..., x,). Clearly (1.3) becomes X2¢ = X¢ x X*. Set

S = {00, ..y e x| yD =0 € Ja U Jpp),
y(.i) eR" (j € Jup),
(Y. 6®) >0 = k).

We propose the following identification ¢:

Xt x xt ¢ Xt x xt
2.3) w w
(X1, oo X V10 s Vo) (X1, oo, XS X1 — V1o oo s X — Vi)-

We have the following claim.
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Cram 2.0.3. Let G be a closed subanalytic subset in the form X* x Z£=1 Gk
with Gy being a closed subanalytic proper convex cone in X ¢ satisfying Gy \ {0} C 8.
Then for each such G there exists a closed conic subanalytic proper convex subset
Yk \ {0} C =8 = y such that

G C o~ (Z7)),
where y = y1 + ¥2 + -+ + y¢ and

Z(7) = (01, X2, o X Y1 20 ¥) € XEX XY [ (1 —x1h e —x0) € )7}.

Moreover, for such y we may find a closed subanalytic subset G’ = X tx Z k=1 Gp»
with G/,’c being a closed subanalytic proper convex cone in X ¢ satisfying G, \ {0} C Sk,
so that o~ 1(Z(})) C G'.

In fact, let G be such a conic set. Then there exists Gy \ {0} C 8. We may find
such that G, C —j% and —J% \ {0} C —8. By the identification (2.3), ¢ "1(Z(})) =
{(x;y) e X! x Xt | —y e p}.If (x,y) € G then y € Zi:l Gi. And y € —y thus
(x,y) € 9~ Y(Z(7)). Finally, take a closed subanalytic proper convex cone G, in X ¢
so that —yx C Gy and G}, \ {0} C & for each k. It is easy to see ¢~ (Z(7)) C G’ =
Xt x Z£=1 G, Therefore by Theorem 1.2.3 and Lemma 2.0.1 we obtain the chain of
isomorphisms (put @le G =G X--- K Gy)

H* puhomy(Rp«G1, Rp«Ga. ... RpxGy; F)y

~ HkM(R:}wm(pgl(Rp*g G,-),p!lRiA*F))p

L
Q4) ~ h'_r)nHk(RI‘G (U x V;R%om(pgl(Rp*g G,-),p’lRiA*F)))

G, UV i=1

2.5) ~ lim k(RT‘Z(y)(UxV Rﬂ-fom(pz (Rp*|X|G,~),p!1RiA*F)))

i=1

o5 150, )

i=1
~ lim H* (RF (U; RJ—CUm(Rpl!! ((pgl (Rp*g Gi)v)zm)’ RiA*F)))
£

~ 1 k —177. 1 -1 ,
~ h_r)nH (RF(ZA U,Rﬂ-fom(zA Rpm(p2 (Rp*&G,)V)ZW),F)))

i=1

2.6) zl_ir_)nHk(RF(ixlU;RJ{Um(iglRp* 1R¢y*((|éG) ) )))

i=1
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The set G runs through a family of closed subanalytic subsets in the form X tx
Zi:l G with G, being a closed subanalytic proper convex cone in X ¢ satisfying
Gy \ {0} C 8, U and V runs through a family of open subanalytic neighborhoods
of ia(g) in X¢. Notice that U is different from the one in the statement of theorem.
The first isomorphism follows from [8, Proposition 1.3.3] and [9, Proposition 1.3.1],
(2.4) follows from Theorem 1.2.3, and (2.5) is a consequence of Claim 2.0.3. Finally,
Lemma 2.0.1 implies the isomorphism (2.6). We have used adjunctions many times
throughout the chain of isomorphisms. |

Lemma 2.0.4. Let y be a closed proper convex cone (with vertex at 0) in a vector
space V, G be a closed convex subset. If y* + G is closed then

¢, RpyxCi ~ Cyayg.

“, 9

Here we denote the antipodal map x — —x by “a’.

Proor. Let us first prove ¢! Ry« C+ya —> Cg4ya. By adjunction, there exists
a morphism ¢,/ 'R¢py+CG4ya — Cg1ya. Then taking a stalk of the cohomology
proves the assertion. In fact, by [6, Theorem 3.5.3] for any x € X,

h% H*(U:; ¢, " RpyxCgyya) ~ h% H*(U + y:Cg1ya)

and since (x + y) N G + y“isconvex when (x + y) N G + y¢ # @ wehave RT'((x +
Y) NG + y%; Cg4ya) >~ C. Thus it is enough to prove that if x ¢ G + y“ then
(x +y) N G + y* = @. By contradiction, if we can find g1, g, € y and g3 € G so
that x + g1 = g3 — g then x = g3 — g1 — g». This implies x € G + y? whichis a
contradiction.

Now we prove the general assertion. We have a morphism Cg 1y« — Cg. Therefore,
by the first assertion we get a morphism

CGtya =~ ¢, RpyxCiiya — ¢, RpyxCo.

Then taking a stalk of the cohomology proves the assertion. In fact, by [6, Theo-
rem 3.5.3],

lim H*(U: ¢, ' Rpy+Co) = lim H*(U + y:Cg)

xeU xeU
and since (x 4+ y) N G is convex when (x + y) N G # @ we have R['((x + y) N
G;Cg) ~ C. Thus it is enough to prove thatif x € G + y? then (x + y) N G = @. By
contradiction, if we can find g; € y and g, € G sothat x + g1 = g then x = g, — g;.
This implies x € G + y? which is a contradiction. [
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CoroLLARyY 2.0.5 (Normal crossing type). Assume X is a vector space. Let y§ =
{131, e, l’jg} where

ﬁj =Zj1XZj2X---XZj¢Cf(\,

_)Ax =k,
Zig = 5 .
X* (otherwise).

Let My, ..., My be !l closed subanalytic convex subsets of X. Then for p =(q:&1,. ... &)
eT*X Xy -+ xx T*X withMy C{xe X;{x—q,&)>0}(k=1,...,£), wehave

HY (uhomy(Car,, Casy. ... Cagys F))p

~ lim H’ _ - ~ (U;F),
— _ (M +8)N(M2+82)NN(Mg+8,)NU

U81,....6

where each 8~k is a closed subanalytic proper convex cone of 8 U {0}, 6y = {x € X;
(x,&) > 0} and U is an open subanalytic neighborhood of q in X.

Proor. By Theorem 2.0.2 we have
HY (homy(Cpyy., ..., Cayi F))p
14
o~ ll_r)n Hj( ﬂ Uj;R%Um(RP*iZI(d’;lR¢)7*(CM1r‘\leMzﬂsz-»ngﬂUg))a F))
Uy, Up, 7 j=1
where 7 = 71 +--- + y¢ C X¥, each 7% is a closed conic subanalytic proper convex
subset of y; U {0},

v o= {x W, x D) e X (xD &) <0(j = k),
xY) = 0 (otherwise)},

and each U; ranges through the family of open subanalytic neighborhoods of g in X .
Let y be a cone as above. We may find open neighborhoods Uy, Uz, ..., U; of g
such that

MiNU XM, NUy X---xMyNUg =My XMy Xx---xMyN(Uyp x---xUp + 7).

In fact, for each j we may take an open neighborhood U; of ¢ which is an intersection
of a yj-open setin M; and {x € X; (x —¢q,&;) > —¢} (¢ > 0).

Thus since for such Uy, Us, ..., Uy the direct and inverse images of ¢; commute
with (1) y, x..xU, +7, we have

(2-7) (¢;1R¢}7*CM]ﬂU]XmXM@ﬂUg)lU]X'"XUg = (¢;1R¢)7*(CM1X---XMZ)|U]x---ng-
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Therefore, by Lemma 2.0.4 we have
H’ (/LhOm;((CMI R CMZ; F))p
12

hm H](ﬂUJ,RJ{Um(RP*l (95 ' Ry (Crty AUy x Moy U xox MU )5 F))
Uy,..., U@,)7 j=1

[

~

= hm HJ ﬂUJ»R:}CUm(Rp*l ((¢ 1R¢y*((CM1XM7X XM[))le XUZ) F))
Uy,..., U[,)7 j=1

12

lim H’ ( () Uy RHOM(R pai 5" (Cty xbyxox Mo 740U, x-xU, )+ F))
Ui,.. ,Ue, Jj=1

2

~  lim Hf(ﬂU,,RJ{om(Rp*(igl(@

ITj =1 (M} +a, (7 “NNIT5 = Uj))’ F))
Ui,..., U@,y j=1

L
~ J
~ lim H (ﬂ Up: RHom(RP«C y, 1 g, (g1 n-n(M +a0Ginn0e Uj’F))
Ui,y Uz)7 Jj=1
2llimH(M1+Q1(V1“))0(M2+qz(17i”))ﬂ et innu U E)-
YV

where gy, is kth projection and U ranges through the family of open subanalytic neigh-
borhoods of g in X. The second isomorphism follows from (2.7) and the third one
follows from Lemma 2.0.4. The fourth isomorphism follows from the fact that M x
Moo x Mo+ 7 = (My + q1(T1) x (M + q2(75%) x - x (Mg + qe(76%)).
The fifth one follows since iy 'Cz =~ Cigl (z) for a locally closed subset Z. ]

ExampLE2.0.6. Let X = C?and § = {A x C2, C? x A}. Consider closed subsets
M, :{yl =0, x1 20}:R20X(CandM2={y2:0, XZZO}:CXRE().
By Corollary 2.0.2 for any subanalytic sheaf F € D?(Cy,) and

total space
— . * * _ k2 k2 2 2 2
p=(q:01.0) e T*X xy T*X =T*C? xc2 T*C? = C?2 xC?xC2?,

base space fiber space

with My C {z € X;Re{z — ¢, ) = 0} (k = 1,2),

j . . ~ T J _ _ .
B (phomy (Cary Cotz F))p = lér_>n~ H(M1+81)n(M2+82)nU(U’F)’
U,51,62

where each 8~k is a closed subanalytic proper convex cone of §; U {0}, §x = {z € C?;
Re(z, {x) > 0}, and U ranges through the family of open subanalytic neighborhoods
of g. Here, ((z1,22), (23, 24)) := 2123 + 2224.
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Let p = ((1,1); (+/—1,0), (0, v/—1)). We have

H (thomy(Cay, Cagy F))p = lim Hyp, gy (U3 F),
U
where U ranges through the family of open subanalytic neighborhoods of (1, 1) and

H:={x+iy;y <0}.If F = Rp.Ox then by [4, Theorem 2.2.2] or the useful criterion
[6, (2.9.14)] for j # 2 we have

H (1thomy(Car, . Cagy: RpsxOx))p = n_n)lH,ngmU(U; Rp+Ox) = 0.
U

When p = ((1,0); (v/=1,0), (0, vV=1)),

HY (whomy(Cry . Cagy F))p = lim HE, gy (UL F),
AU

where G, = A + R>¢ C C and A runs through the family of closed conic subanalytic
proper convex subsets in C with its vertex being 0 such that A C {y; < 0} U {0} and U
ranges through the family of open subanalytic neighborhoods of (1,0). If F = Rp.Ox
then by the useful criterion [6, (2.9.14)] for j # 2 we have

HY (whomg(Car, . Casy: RpaOx)), = 0.
Finally, consider p = ((0, 0); (~/—1,0), (0, v/—1)):

HY (whomg(Caty, Cays F))p = lim HéllelzﬁU(U,F),
A1,A2,U

where each G, = Ax + R>¢ C C and Ay runs through the family of closed conic
subanalytic proper convex subsets in C with its vertex being 0 such that A C {yx < 0}
U {0} and U ranges through the family of open subanalytic neighborhoods of (0, 0). If
F = Rp«Oyx then by the useful criterion [6, (2.9.14)] for j # 2 we have

H/ (nhomy(Ca,, Carys RpxOx))p = 0.

Summing up the computations above, H? (nhomy (Cpry, Carys RpsOx))p is isomor-
phic to

lim Hyy, g, U+ F) if p = ((1.1): (vV=1,0), (0. /= 1)),
U
lim B, gy (V. F) if p = ((1.0): (v=1.0). (0. V=1,
AV

lim Héh <Gy W F) if p = ((0.0): (vV=1,0). (0. v/~ 1)).
Al A2, W
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Here, U; ranges through the family of open subanalytic neighborhoods of (1, 1) and
H :={x+iy;y <0}. Also, G) = A1 + R C C and A runs through the family of
closed conic subanalytic proper convex subsets in C with its vertex being O such that
A C{y1 <0} U {0} and V ranges through the family of open subanalytic neighborhoods
of (1,0). Each G, = A + R5¢ C C and A, runs through the family of closed conic
subanalytic proper convex subsets in C with its vertex being 0 such that Ay C {yx < 0}
U {0} and W ranges through the family of open subanalytic neighborhoods of (0, 0).
If j # 2, H' (uhomy(Cay, . Cagy: RpsOx))p = 0.

3. The multi-microlocal Sato triangle

In this section we construct the multi-microlocal Sato triangle. Suppose y =
{My, M>, ..., My} satisfies the conditions H1, H2, and H3.

ProrosiTion 3.0.1. Leti: M — X be the canonical embedding and : S; - M

be the canonical projection where M = ﬂle M;. For F € D"(kx,),
WSH(F) |y = Rypi§(F) = RTp (F)|pg = i'F.

Proor. It is enough to prove the second isomorphism. By Theorem 1.2.4, for
H = vi}(F) we have
t'RoyH ~ Rpl*p!zH’\SX.

By the base change formula ([8, Proposition 2.2.9]) on the Cartesian square

x P2 *
Sy xu S~ 83

ml l

Sy —— M,
T

we have Rpl*pyzHASx ~ t'Rn.H"Sx . Thus
T'RtyH ~ 'R H 5.

Applying i to both sides,
RtnH ~ RJT*HASX.

Since Rmyvy'(F) =~ RTp (F) by [3, Proposition 2.6], we get

RUM (F) > Ry pu) (F). ]

Next we extend the result in [13, Corollary A.2] to subanalytic sheaf theory.
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ProrosiTioN 3.0.2. Let 1: E — Z be a vector bundle and E* be its dual. Set
P ={(x,y) € Exz E*;{(x,y) > 0}. For a conic object G € D]§+ (kE,,), there is a
natural isomorphism

t'R1.G ® wg;z ~ Rpinp, ' G"
and a commutative diagram

G +—— Rpin(p5'GMp Q wg)z

| |

' RtuG +—— Rpup;' G ® o)z,
where every horizontal arrow is an isomorphism.
Proor. We have a commutative diagram

G +————— Rpin(p5GN)p «————— Rp1npyG"

| T I

T Rt.G «~— 'Rt Rpin(pyGMp +— 1 'Rt Rp1n p5G*,

where each horizontal arrow of the left square is an isomorphism by [9, Theorem 3.2.6].
To show « is an isomorphism, it is enough to prove

Rt«RpinH — Rt«RpinHp

is an isomorphism for a conic object H € Dﬂb§+ (kExp E*,) on E xpr E*g,. We make
use of the following Cartesian diagram:

Exy E* Y s Zx E* ' yEx, E*x P2, p*

n| pgl n|

E A E.
T

We have the commutative diagram

Rt RpiwHp —— i~ 'RpinHp —— Rp},i" ' Hp

| T T

Rt.RpinH -5 i_lRply!H = Rp/ml'/_lH,



R. Sakamoto 76

where horizontal isomorphisms follow from Rz, ~ i~! ([9, Lemma 3.1.5 ]) and the
base change formula ([8, Proposition 2.2.8]). Since

i'(Z xz E*)C P,

the third vertical arrow is an isomorphism. Thus « is an isomorphism. We will prove
B is an isomorphism. Since p, = p, oi’ o T/ and by the base change formula([8,
Proposition 2.2.9]), we have

Rp1ps'G" ® wgyz ~ Rpint' ™' ' p3'G" ® wiyz
~ 1t T Rpinp; ' G @ wg )z
~ r_er*Rplggp!ZGA. n

PropositioN 3.0.3. Let G be a multi-conic object on E,. We have
GVE ~ Rp}ywPy'G ® wg/z ~ Rpin(psyG)p.
(For notation see Section 1.2.)

Proor. By induction assume £ = 2. We have the following diagram:
Py

1’/2/,2
. P—>P1XE;—>E*

Pl z Pis
pi O lp/lf )

E+——E\ x P, —— E| X EJ.
7 7
P2,1 p2’2 Z

Then by Proposition 1.1.2 we have

G112 ~ RP2,1!!(pg,ngl,ll!(pl_éG)Pl)Pz ® WE/z
~ RpY 1nPy5 Rp{ 11P12'G ® wg)z

n—1 _mn—1

~ Rpy 1nRPY 1P, Pl G ® 0z

" n—1

~ Rpiwp, GQ®wg/z.

Assume £ > 2. Set
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We have the following commutative diagram:
Py

14
Pproa
. P————P X E* ——E*

Dy z P12
4
Pra | lp/{l

E(H—El XPE/”—)El x E'*.
Prrg z Prro VA

By the induction hypothesis, we have
(GV)VE' ~ Rp}ypy'G @ wg)z.
Therefore, the induction proceeds. ]

We need to extend the result [9, Proposition 3.2.9]:

Lemma 3.0.4. Let E|, E; be vector bundles over Z, a biconic object F €
Db+xR+(kEIXZE%a) on Ei xz Eag, and p: Ey xz E» — Eq. Then RpyF €
Dy (kg,,). Here, the first R*-action on E| xz E, is either ((z; €1, &), t1) —
(z:t181,11&) or ((z;€1,82).t1) > (z: 1161, &2), and the second one is ((2;61,£2),12) —
(z; €1, 1262). Moreover,

(RpuF)"Ev >~ Rpy F" Er,

where p': Ef xz Ey — E7.

Proor. The natural embedding i: E; — E; Xz E; is a conic morphism with
respect to the first action on E; xz E». By [9, Proposition 2.5.13] we get i'F €
D%+ (kg,,,)- Since F is a conic object on E; xz E,, with respect to the second
action, by [9, Lemma 3.1.5] we obtaini'F ~ Rpn F. Therefore, Rpn F € D]ZI’{Jr (kg,,)-
Consider the diagram below where the squares are Cartesian:

/

p
E*Xx E; 2 E}
Z

q/zT 0o e X

P’;Ezép’%EléE;‘

/ O q1
q'l %

EléEZL)El.
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Here, P’ := {(n,€) € E1 xz E}; (n,€) < 0}. Notice that Rgong;'G ~ G 1 for a
conic object G on E1g,. In fact,

Rpan(pi'G)pr =~ RpouRjnj ' pi'G
~ Rgangy'G.

Therefore,

(RpuF) 1 ~ Rqongy ' RpyF
~ RgnRpug ' F
~ RpyRqqy ' F
~ Rpy(F"Ev). ]

Proposition 3.0.5. Let F be a multi-conic object on Eg,. We have a natural
isomorphism
t 'Rt F ~ Rpiyps F\E,

and the natural morphism ™Rty F — F is embedded in the following distinguished
triangle:

Rpin(pyF E)p— —> 1t 'RtuF — F Rl

(For notation see Section 1.2.)

Proor. If £ = 1, the result follows by Proposition 3.0.2. Assume £ > 1,and E’ :=
XZZ,i=2 E;, E™ = XZZ,i=2 E, and Pp, = XZZ,;’:Z P/. Moreover, let Ag/ (resp.
v};,) be the composition of A; (resp. V}) fori = 2,...,£. Consider the following

diagram:
P2

¥ Pro * *
EXE E{x E*——FE
VA P1.2

P Z
Pl,lJ{ a lpl,l

E——E xE' xXE* ——E; x E"™.
PE’ 1 Z Z PE’ 2 A

By the commutative diagram

E-2,F

‘EE/l O l‘(E/

E11—>Z
1
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and [8, Proposition 2.4.8] and the dual base change formula, we have

rl_erl*rE}RrE/*F ~ rl_ltE}er*RrE/*F
(3.1 ~ ¢ 'Re,F.

Hence, by Proposition 3.0.2 and the induction hypothesis, we obtain the following
commutative diagram:

F <; FAE’VE’* % F/\E/V*E//\lvl*
_ ~ !
TE/IRTE’*F 5, RpE’,l!!pE/’z(FAE/)
_ — ~ — 1
'Rty t5 ) Rtps F A T Rt RpE 11 pps 5 (FAE')
|~ ~|y

~

IRt F
17! Rz, 5

RP1,1!!Pll,z((RPE/,M!P;E/,Z(FAE’))A‘)-

The isomorphism & comes from (3.1), 81 is an isomorphism by the induction hypothesis,
B2 is the isomorphism 7! Rt14(B1), y follows from Proposition 3.0.2, and B3 is a
composition of isomorphisms.

By Lemma 3.0.6 below for a multi-conic object H on E1 Xz E/, we have HYEY1 >
HY1VE' . Therefore, we have

VELAL ~ V¥, Viyidxa ®—1
H e ~ (HYE'") ®wg 7

~ V1V, yidxa ®—1
~ (H"'E) ®wp 7

~ HMVE .
Thus, we get the following chain of isomorphisms by Proposition 3.0.3 and [3, Propo-
sition 2.2]:
F/\E’VTE//\IVI* ~ F/\E//\IV*E/VI*
~ Rp\ypy ' F"E @ wg)z.
Lastly, by Lemma 3.0.4 and [9, Proposition 3.2.9] we have
Rp1npi5((RpE1npg! o (FAE )M
(3.2) ~ Rp1i,unpi 2 Rpg: 1 Perp(F"F)
(3.3) ~ Rp1anRpEanpi; Ppia(FAF)
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~ RpinRperanpy (FMF)
~ Rpinp; | (FME),
where morphisms on (3.2) are p, ,: E' xz E* — E*and py, | E{ xz E' xz E™ —

EY xz E’. On (3.3) we used the base change formula [8, Proposition 2.2.9] on the
Cartesian square as shown below:

/
P12
ExE* —— s E'x E*
Z VA

pE’,lJ/ l‘p/E’,l

EiXEfXE —— E} xE'
z z P12 z

By the above isomorphisms,
t IRt F F

>k *
Rpl,l!lp!l,z(RpE’,l!!P!E/’ZFAE')Al FAENV AV

Rpin(py(F ) p- —————— Rprupy FNE —————— Rp, py L (F ) ® wg )z RN

Rpin(py(F E)) p—- ——————— Rpinph FNe ———————————— Rpin(py FF)p — .
=

LemMma 3.0.6. Let E1 and E’* be as in the proof of Proposition 3.0.5. For a
multi-conic object H on E1 xz E!* we have HYE'Y'' ~ HY'VE’,

Proor. Consider the following commutative diagram:

/

1%

/ 4
Pl x pL TE2 pro g PUU B pre
17 E’ 17 IZ

ll’/l,z ll’a_z

Ei“xE’</—E;‘xP}E, - Ef x E™,
z Pgra 4 Pgra z

4

where the square is Cartesian. Then we have

HY eV o Rplps 1D o RPY 2o PYAH 2 RPpr 1 RPY 50 P o P H
!
~ Rpi.ry H.
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*
. !
For the same reason, we obtain HV'VE' ~ Rp|, ph H. n

ProposiTION 3.0.7. Let F € D?(kyx,). Let i and M be as in Proposition 3.0.1.
Then
Rayp$(F) ~ RUy (U5 (F)) ~ i 7' F @ wpyx.

Proor. Set H := v}!(F) and E := Sy. Then by Proposition 3.0.5 we have
t'RtuH ® wg/m ~ Rpinp, 'HE.
By the base change formula ([8, Proposition 1.4.6]) on the Cartesian square,

E xy E* 22, E*

E——M,
we have
‘E_IRT[”HAE ~ Rplggpz_lH/\E.

Thus
t'"ReyH"E ~ 17 'Rt H @ wg/m-

We apply i ~! to get
RT[!!HAE ~ Rt. H Q wpm/x-

Since Rt H ~ F|p ([3, Proposition 2.6]) we have

Ry (F)™E ~ Flp ® wpyx. u

CoroLLARY 3.0.8 (Multi-microlocal Sato triangle). We get the distinguished trian-
gle
. +1
Flu ® omyx —> RUm(F)Ilm —> Ravspy (F) —,

where 7t is the restriction of w: Sy — M to Sy \ M.

Proor. We finish the proof by applying the above results (Propositions 3.0.1, 3.0.7)
to the following distinguished triangle:

Rrupif(F) — Rrafii(F) —> Ricapp(F) — -

Now we construct Sato’s triangle for multi-microlocal Hom functors. We replace
X and y with an ambient space X and the universal family j.
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CoNVENTION 3.0.9. Since,ifweleti:T*X xx ---xx T*X — S)’(f be a canonical
embedding, by [2, Lemma 2.18] we get

Ri*i_l,uhom}f(Gl, .-G F) = phomy(Gy, ..., Gg; F),

Mhom‘}a(Gl, ..., Gy; F) may be seen as an object on T*X xx --- xx T*X. We apply
this convention throughout this paper.

ProposITION 3.0.10. Let m:T*X xx --- Xy T*X — X be a canonical projection
and Gy, ...,Gy, F € Ob(D?(kx,)). Then

Rn*uhom?(Gl, .o, Goi F) 2 RHom(Gy K --- K Gy, RiaxF)
>~ Ripx RHom(G; ® --- @ Gy, F).

In particular,

14
Hompp gy (® Gi, F) ~ HO(T*X xx -+ xx T*X: phom(Gy. ... Gy; F).
i=1

Proor. We have the following chain of isomorphisms:
Rn*uj(f‘RiHom(qz_l(Gl X-. X Gg),q!lRiA*F)
~ §' RHom(q; ' (G1 R ---® Gy), ¢\ Rip« F)
~ RHom (87 'q; 1 (G R ---® Gy),8'q} Rias F)
>~ RHom(G1 ®--- K Gy, RiaxF)
>~ Ripx RHom(G1 ® --- ® Gy, F),

where § is a diagonal embedding Xt - (Xz)e’ (X1,...,x¢) > (X1,X1,X2,X2,...,
X¢, X¢). The first isomorphism follows from Proposition 3.0.1. The second isomorphism
follows from Proposition 1.1.4. |

ProposriTion 3.0.11. Let Gq,...,Gy € D%_C (kx) and F € Db(kxsa). We obtain
the following isomorphisms:

Rn”uhom}a(Gl, Ga,...,G¢, F) ~ RHom(G1 R --- K Gy, kye) @ Rip«F
~ Ripx(D'G1 ®---® D'Gy ® F),

where we set D'F := RHom(F,kx) for F € D®(kx,,).
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Proor. We have the following isomorphisms by Proposition 3.0.7:

Rmyphom3(Gy, G, ....Gy, F)
~ 8_1(R}Com(p2_1(G1 X-. X Gy), p!IRiA*F)) ® Wy g

(3.4) ~ § Y (RHom(G, K --- K Gy, kye) ® RipsF)
~ RHom (G W - X Gy, kye) ® RiaxF
(3.5) ~ Ripx(D'G1 ® ---® D'Gy ® F).

Here, §: Xt — (X?)fisa diagonal embedding. The isomorphism (3.4) follows from
[9, Lemma 5.3.9], and (3.5) follows from [6, Proposition 3.4.4] and the projection
formula. u

CoroLLARY 3.0.12. For G1,G,,...,Gy € D%_C (kx)and F € Db(kxsa), we have
the following distinguished triangle:

L V4
®D’Gi ® F —> RHom (®G,~,F) — Rﬁ*uhom}a(Gl,...,Gg;F) +—1>,

i=1 i=1
where 7t is the restriction of w: T*X xXx -+ xx T*X — X to T*X xx --- Xx

T*X \ X.

ExampLE 3.0.13. Let X = C2? and j = {A x C2, C? x A}. Consider closed
subsets M1 ={y; =0, x; >0} = R>o xCand M, = {y, =0, x, >0} = C x R>o.
Since D'(Cpr,) =~ Cyy =05, >03[— 1], D'(Cp,) = Cyy,=0,x,>01[—1] we obtain

(RHom(Cpynmy > Rp«Ox))(0,0) = (Ritspthomy(Cary, Carys RpxOx))(0,0)-
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