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Explicit bounds of |{(1 + i?)|

Eunice QinGgy! Hoo (*) — LEE-PENG TEo (*%)

ABSTRACT — In this work, we study a bound of the form |{(1 + i7)| < vlogt for t > t9. We
show that the exponential sum method with second-order derivatives can achieve any v >
% as long as ?¢ is sufficiently large. Using the Riemann—Siegel formula and numerical
computations, we show that when t > e, [¢(1 +it)| < % logt + 0.6633. This allows us to
show that |£(1 + it)| < 0.64431ogt when ¢t > e. This is the best possible result of the form

[¢(1 +it)| < vlogt that holds for all ¢ > e, as the equality is achieved when ¢ = 17.7477.
MATHEMATICS SUBJECT CLASSIFICATION 2020 — 11MO06 (primary); 11L07 (secondary).

Keyworps — Riemann zeta function, exponential sums, Riemann—Siegel formula, explicit
bounds.

1. Introduction

The Riemann zeta function ¢ (s) is defined as
— 1
()=
n=1

when s = 0 + it is a complex number with Re s > 1. It has an analytic continuation
to the complex plane C except for a simple pole at s = 1. For more details on the
Riemann zeta function, one can refer to the books [7, 13, 24].
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It is a classical result that £ (1 + it) # 0 for any real number ¢ # 0. In this work,
we consider upper bounds for |¢(1 4 i¢)|. This has been a problem of interest for more
than 100 years. It was first shown by Mellin [19] that

L(1+it) = O(logt).

Weyl [27] proved that

logt )

¢l +it) = 0(loglogt

Using an improved form of his own mean value theorem, Vinogradov [26] showed that
¢ +it) = O((log1)3).

If we believe that the Riemann hypothesis is true, the order is much smaller. Littlewood
[18] proved that
t(1+1it) = O(loglogt)

if the Riemann hypothesis is true (see also [24, Section 14]). For unconditional explicit
upper bounds, Landau [15] showed that

[C(1 +it)| <2logt whent > 10.
Later, Backlund [4] proved that
|C(1 +it)| <logt whent > 50.
In [8], Ford refined Vinogradov’s method and showed that
1E(1 +it)| < 76.2(logt)  whent > 3.

In fact, he obtained a bound for | (o + it)| for all % <o < 1and? > 3. Trudgian [25]
noticed that the constant 76.2 can be reduced to 62.6 when o = 1. In the same paper
[25], Trudgian claimed that

3
[C(1+it)| < ZIOgZ when ¢ > 3.

Unfortunately, the result was obtained using an incorrect lemma in [6]. In [21], Patel
pointed out the error and showed that

1 1
1E( + i) < min{logz, Slogt +1.93, < log1 + 44.02}.

Notice that i
logt > Elogt + 1.93
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if and only if 1 > 47.47, and

1 1

Elogt +1.93 > glogt + 44.02
if and only if t > 8.54 x 1099, Thus, the bound

1
[C(14+it)| < 3 logt + 44.02

might not be that useful from the point of view of applications.

In this work, we first consider the best upper bound we can obtain for | (1 + it)]
using only the representation of the Riemann zeta function (see Section 2)

1 xl—s B
(6) =Y o+ T+ Bty
+ %Bz({x})x_s_l - s(s;— D /); Bzgiuz}) du

and the exponential sum methods. We obtain bounds of the form
|C(1 +it)| <vlogt whent >t

for various v and #g, with v > % and ¢ sufficiently large. When o = 10°, the best we
can obtain is
|€(1 +it)] <0.74211ogt when ¢ > 106,

Then numerical computations show that the same still holds when e < ¢ < 10°. In fact,
numerical computations show that when e < ¢ < 10°, |£(1 4 it)|/logt achieves the
maximum value 0.6443 when t = 17.7477. In principle, we can show that | (1 4+ it)| <
0.64431logt holds for all ¢ > e if we can perform numerical computations of £(1 + i¢)
fort < 10'°. Due to the limitation of our computer, we prefer to use a different approach.
Using the representation of the Riemann zeta function provided by the Riemann—Siegel
formula, we can show that

1
[C(1 +it)] < Elogt +0.6633 whent > 10°,

Numerical computations show that this inequality still holds when e < ¢ < 10°. In
other words, we find that

1
[C(1+it)| < Elogt 4+ 0.6633 whent > e.
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Using this result, together with numerical computations, we obtain

[C(1 +it)| <0.64431ogt whent > e,
|C(1 +it)| <0.54801logt whent > 652.3704.

The following theorem summarizes the main results of this work.

TueoreMm 1.1. Fort > e, we have

1
(1.1) 1C(1 +it)| < 5 log7 +0.6633
and

(1.2) |C(1 +it)] < 0.64431ogt.

The result (1.2) is the best possible for a bound of the form |¢(1 + it)| < vlogt that
holds for allt > e. When t > 100, the bound (1.1) is better than the bound (1.2). When
t > 652.3704, we can obtain a better bound of the form |{(1 + it)| < vlogt, which
says that

(1.3) [C(1 +it)| <0.5480logt whent > 652.3704.
When 652.3704 < t < 10°, the bound (1.3) is better than the bound (1.1).

In [11], it was shown that

logt
loglo

1E(1+i1)] < 1.7310 forall # > 3.

When ¢ < 6.05 x 1011,

logt

1
—logt 4+ 0.6633 < 1.7310 .
2 gl - loglogt

Thus, for ¢ < 6.05 x 10!!, our results are still better than that obtained in [11].

2. Classical representation of the Riemann zeta function

In this section we refine a classical formula that can be used to compute (1 4 it).
Given a real number x, we let | x| denote the floor of x, and let {x} = x — [x|. Then
we have

x—1l<|x]<x and 0<{x}<]l.
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The first and second Bernoulli polynomials are given respectively by

1 1
B =x—-, B - -
1) =x =5, Bax) =3P —x+
Using the Euler—Maclaurin summation formula (see for example [13,20]), one has the
following integral representation of the Riemann zeta function {(s) for Res > —1:
1=

(=Y o+ B 4 B

n<x

s(s+1) Ba(uh)
-2 /

us+t2

By choosing x large enough, the first line can be used to give an approximation of
¢(1 + it) with the error given by the integral in the second line. To obtain a smaller
error bound, we replace the polynomial B, (x) =x2—x+ l with the polynomial
h(x) = x?>—x +3 L Since B>(x) — h(x) = 54 1S a constant, and

s(s+1) /°° 1 du:ix_s_l,
2 . ust2 2

we obtain the following integral representation.

TueOREM 2.1. Let s = o + it and let h(x) = x?> — x + %. Ifs #1,0 > —1, then
for any x > 1, we have

f(s)zZ 1 +2

()= 5 ) Shpe
s(s + 1) /‘ h({u})

us+2

2.1

The choice of i (x) over B;(x) is due to the fact that
max [B;()] = -,
0<x<1 6
while ’
o3, I = 5
Using formula (2.1), we obtain the following.

THEOREM 2.2. Fort > 0 and N a positive integer, let

N

1 N7 1 14t
2.2) gn() = an—i-it + - _EN 1 it 4 T _ T T2

n=1
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Then
1+)2+1)

32N?

Proor. From (2.1), we find that when ¢ > 0 and N is a positive integer, we have

a+it)2+ il)‘/‘x’ [h({u})|
2 N

|u3+it|

1EA+ir) —gn(D)] =

1EA+ir) —gn ()] =

_A+0C+1) [*du
o 16 N u3
_(+nQ+1)

N 32N2

By Theorem 2.2, for ¢ > 0, when N is a large enough positive integer, the function
gn (t) (2.2) can be used to approximate ¢ (1 + i¢). The error is at most

(1+02+1)
32N2

To compute £ (1 + i¢) for ¢ in the interval [¢g, T'], choose a fixed spacing & and generate
the points 7 = to + kh for 0 < k < K, where K = [(T —t9)/h]. The spacing h
should be small enough so that the values | (1 + if; )| computed can sufficiently reflect
the behavior of |¢(1 4 it)] for ¢ in the interval [y, T']. Usually it is sufficient to take &
to be 0.01. To control the accuracy of approximation, we fixed an error threshold r and
let N be the smallest positive integer so that

A+7T)2+T)
~— <
32N?2 -

Then gn (x), 0 < k < K are computed and they gave values of | (1 + if;)| with error
at most r. The value of r we take depends on the accuracy of |{(1 + i#;)| that we want

to achieve. For plotting graphs over a large range of 7, we take r = 0.005.
The following is the MATLAB code.

function zeta(t®,T,h,r)

t=t0:h:T;
N=ceil (sqrt ((1+T)*(2+T)/(32%*r)));
g=zeros(size(t));

for n=1:N
g=g+1l./n.A(1+1i*t);
end

g=g+N.A(-1i*t)./(1i*t) -1/2*N.A(-1-1i*t)+(1+1i*t)/16.*N
AC-2-11%t); % g N(t)
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This algorithm has the advantage of being simple. However, the computations
become very intensive when 7 is large. In this work, we limit our computations to
T < 10° only. For e <t < 10°, we find that |¢(1 4 it)|/logt achieves its maximum
value 0.6443 when t = 17.7477.

In the coming section, we want to obtain explicit upper bounds for |£ (1 + i¢)| using
the methods of exponential sums. Applying the triangle inequality to (2.1), together
with the simple estimate

‘(l+1t)(2+zt)/ h({u}) u‘<(t+1)(t+2)

u3tit 32x2 ’

we immediately obtain the following.

TueEOREM 2.3. Forx > landt > 0,

1
Z nl+it

n<x

1 1 t24+5t+4
+—-+—+—

2.3) [C(1+ir)| < r 2x 32x2

To find an upper bound for |{(1 + it)|, it remains to bound the sum in (2.3). A
crude estimate is given by

(2.4) Z -

n<x

Z nl—l—zt

n<x

The sum Znsx % is classical. In [9], it has been shown that for x > 1,

1 n 1
12x2  64x%4’

1 1
Z—flogx—i—)/-i-——
n 2x

n<x

where y is the Euler—-Mascheroni constant. However, we can derive a simpler formula
as follows.

Lemma 2.4. Forx > 1,

1 1
Z—flogx+y+—.
n X

n<x

Proor. Using Euler’s summation formula, one can obtain the harmonic sum bound

1 1
— <1 —
E e 0gN+}/+N
n<N
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1, let

when N is an integer (see for example [2]). Now, for any real number x >
N = |x]. Itis easy to check that the function log x + % is increasing if x > 1. By

definition, N < x. Hence,

1 1 1 1
Z—:Z—flogN+)/+—§logx+y+—. |
n n N by

n=<x n<N

3. Bounds of |{(1 + it)| using exponential sums

To obtain an upper bound for |{(1 + i¢)|, one of the elementary methods is to use
(2.3). One then needs to find a bound for

1
Z n1+it'
n<x

Let a and b be real numbers with a < b. If f(n) is real for all integers n in the
interval / = (a, b], a sum of the form

Z eZnif(n)

a<n<b

is called an exponential sum. A good reference for exponential sums is the book [10].
A classical result by Kuzmin and Landau [14, 16] says that if f is twice continuously
differentiable and A < | f”(x)| < aA for some positive constants A and «, then

3.1 3 O = 01|22 +272),

a<n<b

where |I| = b — a. To obtain explicit bounds for |¢(1 + it)|, one needs to compute
the implied constants in (3.1). This has been done by several authors [12,21,22,28] in
the case where a and b are integers. For our applications, we consider the general case
where a and b are any real numbers with a < b. Patel [21] made a remark that one
can use an observation in [22] to improve his result to the following. If N and L are
integers, f:[N + 1, N + L] — R is a twice continuously differentiable function, V'
and W are positive numbers with V' < W, and

1 1
7 <|f"x)| < v forallx € [N +1,N + L],

then

N+L

Z e27rif(n)

n=N+1

ML-1)VW 8JW L-—1

< - + +3,

Jr vV U= %

(3.2)
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In the following we consider arbitrary real numbers a and b witha < b. If |b] =
la] = 0, there is no integer n satisfying a < n < b and so the sum is vacuous. If

|b] — |a] = 1, take

—la). L=1b)—la). W=1,

>
1)
NS

in (3.2). Since
L<b—-a+1,

we obtain the following.
TueoreM 3.1. Let a and b be real numbers such that a < b, and let I = (a, b). If
f:1 — R is a twice continuously differentiable function, and there exist A > 0 and

o > 1 such that
A<|f"(xX)| <ar forallxel,

then

3.3

Z eanf(n)

nel

< Lt S a3,
VT N

where |I| = b —a.
Applying Theorem 3.1, we obtain the following.

PropositioN 3.2. Foranyt > 0, and any real numbers a and b such that0 < a < b,

we have
5 1 4\/‘(b_a)\/_ \/’f1 b 8ﬁlogg+8f2
a<n<bn1+it B \/; a ﬁ

Proor. Foru € [a, b], let

S = Y nit

a<n<u

Then S(a) = 0. For fixed t > 0, we take
fx) = ——logx x > 0.

Then

t
2nu2_ (x)<m fora < x <u.
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Applying Theorem 3.1 with
p 2
T2 YT a2
we find that

Zﬁu(u a)f 8+/2u t(u—a)

S| < Tt o

+ 3.

Using Riemann-Stieltjes integration, we have

1 b1 S(b) S(u)
> o= [ pasto =52+ [

a<n<b
Now,
S S 24/2(b — 8 t(b— 3
)()‘il()lix/_( a)\[ «/_ ( a)+_.
b b wa? ﬁ 2ra?b b
On the other hand,

b b
[304]< [*B0,
e U
u—a 8v2 (b1 t bu—a
—d d
—”az\/_/ +\/?/au u+2na2/‘; wz

+3/ —du

2f(b a) f b 8J2 b t b
— log— + —log — + —— log —
Vi f Jt o8 +2J'[Cl2 &4
(b—a)
+<3_2na> ab
It follows that
1 S(b) b Su)
z: pltit —" ‘+- u? du
a<n<b
4«/_(b—a)\/— 2‘/—f1 b 8ﬁlogé+8x/§
VioTa ot
b 3
+ log — + —. ]

Now we can use (2.3) and Proposition 3.2 to give a better estimate of |{(1 + it)|.
Given x > 1, let xo be such that 1 < x¢ < x, and let k be the positive integer such that

X
— < Xxp <

2k — 2k—1°
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This implies that

2k 2 logx —1 log2
(3.4) Z o2 and k< 28X logtotlogs
X X0 log?2
Split the set of integers n with n < x into k + 1 sets Sy, S1, S2, ..., Sk, where

So ={n|n < xo0},
andfor1 < j <k,
= {n | 2% <n< —zjx_l}.
For the sum over Sy, the crude estimate (2.4) and Lemma 2.4 give

1
Z pl4it

n<xo

1 1
< Z;flogxo—l-)/—l-g.

n<xo

For the sum over n in Sj, 1 < j < k, Proposition 3.2 gives

1 2f+ V2 8v2 22i-1;
> | 2T Vi2-1lo g2)+—i7:(1+10g2)%— 5~ log2
2x7<n52/x—1
3x2/
+ .
X
Therefore,
1 2]-{—1\/_ 8«/_ 2j—1
Z e EZ{ Vi(2 —1log2) + —=(1 +log2) + - log2
Xo<n=<x n j=1 \/—
3x 2/
=
X
402k —1)V2 82k
= M—J(Z—logm + L(l + log?2)
X Vi
204k —1 6x 2k —1
5 X ( ) log2 + M
X
Using (3.4), we have

1 8J’ 12 6
Z i | = \/—(2_1 2)+ 1g2+———
n X0 X

xXo<n<x
8ﬁa+mm

log x — log x¢ + log?2).
Jlog2 (log g Xo g2)
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It follows from (2.3) that

. | 1 1 1 >24+5t+4
(1 +it)] < Z it Z ar | Tyt T T
n<xop xXo<n=<x
82 13 8t
<logxo+y + ——~1(2—1log2) + — + 5 log2
X0 Xo 3mxg
8+/2(1 + log2) L, 245e+d
3.5 ————  (logx —logxp +log2) + - + —————.
35) Vilogz Clogx —logxo+log2) + 32x2

For any fixed ¢, we can use elementary calculus to find x¢ and x that minimize the
expression on the right. More precisely, let

8v2(1 + log2 8v2 8
— M e = [(2_10g2)’ ey = 3—log2,
v

eO £ - -
log2 b4

(3.6) Eo(t) = 1 — % E1(t) = es i+ 13, Ea(t) = eat,

eo 12+ 5t +4
37 G ) = —_—, G 1) = _
(3.7 o(?) 7 2(7) D

eplog2 1
3.8 H=y+ ¥
(3.8) Qo(t) =y 7 ;
Then (3.5) says that
Eq(t E>(t Go(t

(.9 120 +in)] = Eo(0lozxy + o) 4 2D 4 Gorytogx + 2 4 04)

X0 0

for any x¢ and x satisfying 1 < xo < x. Notice that E1(t), E>(t), Go(t), G2(t), Qo(t)
are positive for any ¢ > 0, while E¢(¢) > 0 if and only if

t > el = 763.75.

For fixed ¢ > 0, consider the functions

(3.10) he(y) = Eo(t)logy + 210 + E;—g)

Gt
hg(y) = Go(?)logy + ;E ), y>1

Note that the functions kg (y) and hg(y) are functions depending on ¢. For fixed ¢,
the derivative of & g (y) with respect to y is

Eo(t) Ei(t) 2Ex(t)  Eo(t)y> — E1(t)y —2E» (1)
- y2 - y3 y3 :

2(y) =
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Its sign is determined by the sign of the quadratic function
(3.11) Qr(y) = Eo()y* — E1(1)y = 2E2(1).

When 1 < 763.75, Eo(t) < 0and so h’z(y) < 0 forall y > 0. This implies that when
t <763.75, hg(y) is a strictly decreasing function of y. When ¢ > 763.75, Eo(t) > 0.
The discriminant of the quadratic function Q(y) (3.11) is

Ag(t) = E1(t)* + 8Eo(t) Ex(t),

which is positive. Therefore, when ¢ > 763.75, Q g (y) has two distinct real roots y;
and y,. Assume that y; < y;. Then we must have y; < 0 < y,. For 0 < y < y,,
QE(y) <0.Fory > y,, Qp(y) > 0. Hence, the function /2 g (y) has minimum value
at the point

Ev(0) + y E30) + 8Eo(0) E(1)
2Eo(1)

(3.12) y=ye({t)=y2=

For the function /g (y), its derivative with respect to y is

Go(t) 2Ga(t) _ Go(t)y* —2Gs(1)
- y3 - y3 :

e =

Its sign is determined by the quadratic function Qg (y) = Go(t)y? — 2G5 (¢). Since
Go(t) is positive for all ¢ > 0, a similar argument shows that the function /¢ (y) has
minimum value at the point

2G, (1)
(3.13) y=y6(t) = | =2
Go(t)
For fixed ¢, the expression (3.9) is minimized when we take xo = yg (¢) and x = yg(¢).
Since we must have x¢ < x, we want to give some simple bounds to yg (¢) and yg(¢)
to determine a value 7g so that yg () < yg(¢) when t > to.
When ¢t > 763.75, we obtain from (3.12) and (3.6) that

(1 + 2 4 \Je? +8ea + 250 1+ 19)

20— %)

YE(@) <

On the other hand, (3.13) and (3.7) give

B

ye(t) = ts.

1660
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When ¢t > 763.75, the function

(er + 12 + \/ef+8e2+ 2601 4 169)

t
Ep (1) = e
NG
is decreasing in ¢, while the function
1 3
1) = t4

is increasing in z. Since &g (2000) < £ (2000), we find that when ¢ > 2000, £ () <
&G (t). Hence, when ¢ > 2000, we find that

13 26 169
(€1+$+\/€%+8€2+%+T)ﬁ< .
2(1 — %) — J16ey

Bl

VE() < < yc().

Therefore, when ¢t > 2000, we have

1EA+in] <= he(ye@) +he(ye(t)) + Qo).
When 7 is large,
(3.14) vE(W) ~ Vi v6() = 00D,

where

er + ,/e% + 8es
A= —————— = 4.9443,

3.15 =
(3.15) 2
Hence,
1 1
(3.16) he(ye(t)) ~ Elogt + A2, hg(yg(t)) = O 2 logt),
where ¢ 0
Ao = logh + —- + -2 = 2.5742.
2 0g 1+ )\.1 + A%

Therefore, when ¢ is large,

1 1
he(ye(@)) + hg(yg(@)) + Qo(t) ~ Elogt + A +y = Elogt + 3.1514.

These show that using exponential sums with second-order derivatives only, we cannot
achieve a bound for |¢(1 + i¢)| that is better than % logt.
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Now we turn to bounds of the form
(3.17) |E(14it)| <vlogt whent > to.

To achieve this, we take
x =1t xo=pt’,

where B, u, v are positive constants satisfying
v<u, B<I.
These conditions ensure that xo < x. Substituting into (3.5), we find that

(3.18) I +it)| <hg(Bt’) + hg(™) + Qo(t) = viogt + A + w(t),

where
A=logpB + 7y,
8v2 1 13 8172 1 2+5t+4
t) = ti_”2 log?2 log2 + _—
o(t) = B ( 0g)+ﬂv 3npE 08 tot 5w
8 1+ log?2
+ M _7[(u v)logt —log B + log2].

log2

To make v log ¢ the leading term in (3.18), we must have

u>1, v>

N =

For fixed u and v with % < v < u, the function w(t) is decreasing on [ez, Q). If we
can find B € (0, 1] and ¢y > e? so that

A+ a)(fo) =0,

then
A+ w(t) <0 forallt > tg.

This will imply that
[C(1 +it)| <vlogt whent > t,.

Whenv:%andu> 1,

tl_i)ngo(A—kw(z)):)/—Hogﬂ—i—%iQ—l g2) + 8,3 log2

_7/+10g/3+ﬁ +ﬁ
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The function
(3] (]
R + P

gl P70

he(B) =y +logp +

has a minimum at

e + ,/e% + 8ey
— = )1 = 4.9443,

2
with minimum value
€1 €2

+ 2 oy 125742 = 31514,
w27

hc(4.9443) =y +logAq +
Therefore, using this method, we cannot achieve a result better than

1
[C(1+it)| < Elogz + 3.1514,

agreeing with our earlier asymptotic analysis.
Now consider the case where v > % When u is also greater than 1, we have

lim w(t) = 0.
—>00

Hence, if B < e™” = 0.5615, there exists fy > e? such that
A+ Q)(Io) =0.

Instead of fixing v > % and looking for ¢y, we can fix g and look for u, v, and B that
can achieve (3.17). As discussed above, we want to have A + w(#y) = 0. By (3.18),
this is achieved if

(3.19) he(Bty) + ha(tg) + Qolto) = vlogto.

To make v the smallest possible for the given zy, we need to choose B, u, and v
that will minimize the left-hand side. From our earlier analysis, when ¢y > 2000, the
minimum of the left-hand side is achieved when Btj = yg (o) and 1§ = yg (o), with
yE(to) < yg(to). Hence, for given #y > 2000, we first compute yg (¢o) and yg (o)
from (3.12) and (3.13) respectively. By (3.19), we should let v be the positive number
such that

v — he(yE(t0)) + he(ye(to)) + Qo(l‘o)'

3.20
( ) log to

Then u and B should be defined so that

(3.21) Bto = ye(t) and 1§ = yg(to).
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TaBLE 1. The values of 8, v, and u satisying (3.20) and (3.21) for given fg.

) B v u |t B v u

10°  0.1474 0.8134 0.9854 | 1020  0.2116 0.5684 1.1839
106 0.1796 0.7421 1.0295 | 1030 0.2116 0.5456 1.2059
107 0.1978 0.7003 1.0610 | 100 0.2116 0.5342 1.2169
108 02061 0.6726 1.0847 | 10°° 02116 0.5274 1.2235
10° 02095 0.6526 1.1030 | 10°0  0.2116 0.5228 1.2280
1019 02108 0.6370 1.1177 | 107°  0.2116 0.5196 1.2311
1011 02113 0.6245 1.1297 | 1080 02116 0.5171 1.2335
1012 0.2115 0.6141 1.1398 | 10°° 02116 0.5152 1.2353
1013 02115 0.6053 1.1482 | 1019° 02116 0.5137 1.2368
1014 02116 0.5978 1.1555 | 10290 02116 0.5068 1.2434
1015 02116 0.5912 1.1618 | 1039° 02116 0.5046 1.2456

For v, B, and u defined in this way, we must have A + w(#9) = 0. From what we have
discussed above, this implies that

(3.22) [C(1+it)| <vlogt whent > 1.

For a fixed to > 2000, the v obtained in this way is the minimum possible v such that
(3.22) holds.

In Table 1, we list some values of 8, v, and u computed using (3.20) and (3.21)
with given #y. We can see the trend that as #y gets large, v approaches the limit % = 0.5,
while u approaches the limit % = 1.25. As for §, equations (3.21) and (3.20) say that

(3.23) —log B = (he(yE(t0)) —log yE(10)) + ha (y6 (o)) + Qo(to).

By (3.10) and (3.14), we find that when ¢ is large,

Eilto) | Ex(to) er e
ye(to)  yE(0)?> A1 A3

he(yE(to)) —log ye (to) ~

where A1 is given by (3.15). From (3.16), we have hg(yg(fp)) — 0 when ¢ty — co.
From the definition of Q¢ (¢) (3.8), Qo(to) — y when ty — oo. Hence, when ¢ is
large, (3.23) shows that 8 should approach the limiting value

o2 _y) =021l
exp(—x — A_% — y) = 0.2116.

This is indeed the case, as shown in Table 1.



E. Q. Hoo-L.P. Teo 218

Once we have shown that the inequality |{(1 + i¢)| < vlogt holds for ¢ > ty, we
can extend this to # > #; for some 0 < t; < fg, by numerically computing ¢(1 + i¢)
fort; <t < ty. For example, we have shown that

|€(1 +it)] <0.74211ogt when ¢ > 106,

When e <t < 10%, numerical calculations of |¢(1 + i¢)| using the code in Section 2
show that we still have
[C(1 +it)| <0.74211ogt.

Hence, we conclude that

[C(1 +it)| <0.74211ogt whent > e.
This implies the result in [25] which says that

[C(1 +it)| <0.75logt whent > e.
From Table 1, we find that
|€(1 +it)] <0.6370logt whent > 10'°.

If we can numerically compute ¢(1 + i) for ¢ up to 10'°, we can then verify that

|C(1+it)] <0.6443logt whent > e.

However, ordinary computers cannot handle computations based on the simple algo-
rithm given in Section 2 up to this value of ¢. To get around this, we use the Riemann—
Siegel formula.

4. Bounds of |{(1 + it)| using the Riemann-Siegel formula

When ¢ is large, Theorem 2.2 does not give an efficient way to compute ¢(1 + it).
For a more efficient way, we can use the Riemann—Siegel formula.

In 1932, Siegel presented in his paper [23] an unpublished result of Riemann’s and
gave derivations of the formula that is now known as the Riemann—Siegel formula.
In this section we are mainly concerned with using the Riemann-Siegel formula to
obtain a better bound for |{(1 4 it)|. For efficient computations of ¢(s) using the
Riemann-Siegel formula, one can refer to the work [3].

The starting point of the Riemann—Siegel formula is the following representation
of the Riemann zeta function given by Riemann.
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TreOREM 4.1 (Riemann). Fors € C,

4.1) £(s) = R(s) + xR —5),
where o,
R(s) =/ L dw, R(s) = RG)
0/1 e — e
and
It rss)
4.2) x(s) =n°"2 re)

. o . . _3mi
The integration contour 0 /' 1 in the definition of R(s) is the line a + te~ "% , t € R
that passes through a point a between 0 and 1, with southwest direction as indicated
by the arrow.

The main ingredient of the Riemann—Siegel formula is the asymptotic expansion

for the function
irw?

—S
ﬁ(s)zf B gw.
0/1 elﬂ.’w_e ITw

Let t and z be complex numbers. For a real number o, consider the function

2

4.3) g(t,z) = exp{ (U + ﬁ) log(l + 2itz) — 4Z—T + l%}

When |27z| < 1, Taylor series expansion about the point z = 0 gives
2

_ (0+8l—)log(1 +2m)—i +iZI

—Z< D (r 2 (i"f;zkﬂ)fk.

Hence, g(t, z) has an expansion of the form
oo
(4.4) g(r,z) = Z Pr(z)7¥,

where Pg(z) is a polynomial in z and o. In particular, Py(z) and P;(z) are given
respectively by

1
4.5) Po(z) =1, Pi(z) = —323 —2ioz.

The following expansion of R (s) given in [3] is often attributed to Lehmer [17]. For a
proof, see [3].
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TueoreEM 4.2. Givens = o + it witht > 0, let

t 1
a = N = |a =1—2a+2N, 17=—,
\/ 7 lal, p N

(4.6) U—exp{ [ lg——E—g]}.

Then —1 < p < 1. For any nonnegative integer K, the function

—s imw?2
wSelTw

01 eimtw _ p—imw

has an expansion of the form

N
1 Nelrr —o Cr(p)
(4.7) fR(s)=Zn—s+(—1) Ua {Z i+ RSk(p),
n=1 k=0
where
e F 1 e~ 5 w=ip)?
4.8 Cr(p) = P —ip))dv,
489 G =g [ g REC i
- o~ F (w=ip)?

49)  RSx(p) = Rgx (v, /m(v —ip)) dv,

4 JNip coshZv
g(t,z) and Py (z) are defined in (4.3) and (4.4),
K
Rgg(r.2) = g(r.2) = Y _ Pre(2)7",
k=0

and the integration path \ ip is the line ip + te"%,t € R that passes through the
point i p and points in the southeast direction as indicated by the arrow.

By definition (4.6), |U| = 1. Hence, (4.7) gives the following bound for R (o + it):

+ (?)g{éwk(pn(z?”)g + |RSK(P)|}-

Since Py(z) = 1, Co(p) is independent of o, but Cr(p) depends on o for all k > 1.
Similarly, RSk (p) depends on ¢ for all K > 0.
Specializing to 0 = 1, (4.1) gives

N

Yy —
o+it
1I’l

n=

4.10) |R(o +it)| <

tA+it)y =R +it) + x(1 +it)R(—it).



Explicit bounds of |{(1 + it)] 221

Asin [21], we take K = 1 in (4.10) and obtain

1 1

@1y ga+inl<| Y e > | +x(0),

n<t/@m) n<.t/@x)
where

w0y =\ 7 (bo+b1(1) s c(tl))

T Ix(1 + ll)|(bo T hi0) C(O)),
with
4.12) bo = _{nax
(4.13) bi(o) = _max | [C1(p)I.
(4.14) c(o) = {nax [tRS1(p)|.

In the following, we find upper bounds for | y(1 4 iz)| and by, as well as b; (o) and
¢(0) when o = 0 and 0 = 1, and compare our results to [21].

We start with | y(1 + i¢)|. By Euler’s reflection formula and Legendre’s duplication
formula, we find that
-1 F(%) s—% F(%)F(l_;s) _ 2s—1 s 1 1

() =m""2 F(%) =7 w_ g sin@m'

Hence, when ¢ > 0,
1 1
I‘(l + it) sin ”T”

X(l + lt) — _2it7_[1+it

. . 1 1
(415) — 21+ltiﬂ1+lt . — —.
L1 +it) (e —e %)

By [1, Theorem 1.4.2], we find that when Re s > 0,

1 [ B
logI'(s) = (S - —> logs —s + — 10g(2n) _|_ - EA (xz_(:);i)Z dx.

where B(x) = x2 — x + % is the second Bernoulli polynomial. As explained in

2

Section 2, we can replace B,(x) with the function A(x) = x* — x + % and obtain

3 1 1 I [ h({x})
(4.16) logI'(s) = (s - 5) logs —s + 5 log(2ﬂ) LTI §f0 * +9)2 dx

In the following theorem, we use this formula to obtain an upper bound for |y (1 + iz)|.
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TuaeoreM 4.3. Fort > 0, we have

2 b4 1 5 1
4.17 1+i0)] < /= exp( = — .
@.17) k@ +inl =3 eXp(?,zz 2472 +24t4)1—e_’”

Proor. When ¢ > 0, (4.15) gives

~

T

2

1 e
2”‘1‘(1 +it)|(1 ety

(4.18) [x(1+it)| =

Whent > 0,

1

1
log(1 +it) = 3 log(1 + %) +itan~'z.

Hence (4.16) gives

log ————— = —RelogI'(1 ¢
ST +in)| gL(1+in)

1 1 1
= ——log(l1 +t*)+ttan 't + 1 — = log(2n) — ———~
1 *  h(x})
4.19 - R ———dx.
(4.19) t3 6/0 (x4 1 +i1)2
By Taylor’s remainder theorem,
(14 4) = 4 -
0 — - = —.
g t2) 712 214
Therefore,
1 1 1
2y _ il —
log(1 +¢t°) = 2logt +log(1 + 12) > 2logt + 2 5

It is easy to see that

1
>1—u? forallu € R.
1+ u?
Therefore,
1 1 1 1 1 1
= >_(1__)>___'
L+12 2(1+%) 12 12) 12 4

On the other hand, when x > 0,

) x 1 X ) x3
tan”  x = du > 1—u)du=x——.
0 l—|—u2 0 3

This gives
. b4 1 1
t tan t+1=t(5—tan ;)—i—lf——{——.
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For the last term in (4.19), we find that

1 ® h({x)) L [ h({x})
ERG/O (x+1+it)2dx5§[0 (x+1+it)2dx‘

1/°° 1 1/°° dx

< —  u=—_ 4

16 0 (x—|—1)2—|—t2 16 1 x2+t2
1 L1y 11
161 (2 an ) 16(2 2t 3:4)

Collecting the estimates together, we find that

log‘ﬁ‘ log(2m) o % B 241t2 + zft“'
From this, we conclude that
wt 14 1 5
‘r(1 —{—zt)‘ \/ﬁeXp(T T T T W)'
Then (4.17) follows from (4.18). ]

Our result (4.17) is better than the bound

. |2 5
lx(1+it)| < Te (6t+3l‘_2)

obtained in [21]. The reason behind this is we use the alternate expression (4.15)
to bound |y(1 + it)| while Patel [21] obtained bounds for the terms |T'(=* it)| and
T (=2 12” )| in the numerator and denominator of (4.2) separately.

Next we turn to by (4.12). By [3, Theorem 6.1], we have the following.

Tueorem 4.4. For p € [—1,1], let

4.20 C L
( . ) 0(p) - 4 \ip Cosh% v.

Then 1
bo = _max |C0(P)| =

Proor. The proof given in [3] is for the more general case. Here we give a straight-
forward proof. As mentioned in [3], the integral (4.20) can be evaluated explicitly, and
it is given by (see for example [5])

2

421) Colp) = m(exp{ni(% + %)} —iv2cos %)



E. Q. Hoo-L.P. Teo 224

This is an entire function, and Co(—p) = Co(p). Hence, to determine by, it is suf-
ficient to consider Cy(p) for 0 < p < 1. Figure 1 shows the function |Cy(p)| when
p €[0,1].

From Figure 1, we find that |Co(p)| is increasing on [0, 1]. Since

1 Im;
C()(l) = —Ee 8 l,
we find that

1
bo = |Co(D)| = >

Now we consider by (o) (4.13). By (4.8), we find that

_im

e~ 8 e_% (U—ip)2

—— P —ip))dv,
16/ J\ip coshZ (Vv —ip))dv

Ci(p) =

where

1
Pi(z) = —523 —2ioz
is the polynomial given in (4.5).

THEOREM 4.5. Let
bi(0) = max [Ci(p)|.
—1=<p<1

Then
(4.22) b1(0) =0.0173 and by(1) = 0.0932.
05
045t
04}
035F
03 : : : :
0 0.2 0.4 06 0.8 1

FiGure 1. The function |Co(p)| when 0 < p < 1.
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Ficure 2. The function |C;(p)| when 0 < p < 1.

Proor. By definition,

= [T L i —2iovE o~ i) d
1(p) = 16ﬁ \ipw(—g[ w(v—ip)]” —2io ﬂ(v—lp)> v.

Using the definition (4.20) for Co(p), we find that

1 (1-20) .,

(4.23) Ci(p) = ;7.5C0' () + ——Co(p)-

Since Cy(p) is an even function, C;(p) is an odd function. Hence, to find a bound
for |C1(p)| for p € [—1, 1], it is sufficient to consider |C; (p)| when p € [0, 1]. Using
the explicit expression for Cy(p) given by (4.21), we can compute C1(p) by (4.23).
Figure 2 shows the graphs of |C1(p)|, p € [0, 1] when 0 = 0 and o = 1 respectively.

From Figure 2(a), we find that when o = 0, |C1(p)| is increasing on [0, 1]. Hence,

b1(0) = |C1(1)g=0| = 0.0173.

From Figure 2(b), we find that when 0 = 1, |C;(p)| is increasing on [0, 1]. Hence,
bi(1) =|C1(1)g=1] = 0.0932.

This completes the proof. ]

In [21], [3, Theorem 4.1] is quoted directly to give the bounds

1
b1(0) < =0.1772, bi(1) < = 1.7952.

9
/23 —2log?2) 22w
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Obviously, our exact results (4.22) are much better.

Finally, we consider
c(0) = _max [(RSi(p)].

where RS1(p) is defined by (4.9). Arias de Reyna [3] has obtained a bound RSk (p)
for all K > 1. We specialize to the case where K = 1 and obtain a better upper bound
here.

THEOREM 4.6. Let
clo) = _max | [tRS1(p)|.

Then
c(0) <0.9704, c¢(1) < 1.0450.

Proor. Asin [3], let

1 1 1
fu) = _E_E_u_zlc’g(l —u).

Then by [3, equation (4.9)], we have

1 o0
tRS1(p)] < — [ H.y)dy.
T _
o0
where

_ _ —0 -2
H(o,y) =1 —u(y)[~"u(y)] TEVa0)’

u(y) = % TyeT, V) =Re fu).

Using numerical calculations, we obtain
1 [ 1 [*®
—/ H(0,y)dy = 0.9704, —/ H(l,y)dy = 1.0450. ]
72 J_» 7?2 J_o

Patel [21], cited [3, Theorem 4.2] with K = 1 to obtain

121 242
c(0) < ?(;T —1.0861, ¢(1) < ‘/_” — 3.0719.

Our explicit computations in Theorem 4.6 give smaller upper bounds.
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Now we return to the estimate of |{(1 4 i¢)|. From (4.11), Theorems 4.3, 4.4, 4.5,
4.6, we find that when ¢ > 0,

. 1
ca+inl<| > | ) Y — |+ ),
n<it/(2n) n<t/Q2n)

where

2 b4 1 5 1
) = \/;CXP(E B 24:2 + 54 T
a0 = 2 (3502 + D) 403+ 0y 27+ 4Oy,

with

b(0) = 0.0173, b(1) = 0.0932, ¢(0) = 0.9704, ¢(1) = 1.0450.

Notice that |
k(1) = O(E)'

For the two sums over n < a = /t/(2m), using exponential sums with second-order
derivatives (3.3), one would not be able to obtain estimates that are better than the
crude estimates

1
>

n<a

1 1
fZ;floga—!—y—FE and

n<a

n<a

Thus, we use these crude estimates and obtain
1 1
[C(1+it)| < Elogt +y - Elog(Zn) + (1),

where

2 1 5 1
dO) =y e p(szz ur T 24:4)1—e—m T e2(0).

It is easy to see that ¥ (¢) is decreasing when ¢ > 1. Hence, for any #9 > 1, if we let
1
(4.24) C=y-— > log(2m) + ¥ (2o),

then :
[C(1+it)| < Elogt + C whent > t.

In Table 2, we list the values of C for different 7.
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TaBLE 2. The values of C (4.24) for different #g.

to C
101 2.4868
102 1.1727
103 0.8178
104 0.7085
10°  0.6741
10 0.6633
107 0.6599
108 0.6588
10°  0.6584

1010 0.6583

Since |
lim #(¢t) =1 and y— =log(2w) = —0.3417,
t—00 2

we find that |
C>y-— > log(27) + 1 = 0.6583.

In other words, we cannot use this method to yield a bound for | (1 + i¢)| that is better
than

1 1
Elogt +1-0.3417 = Elogt + 0.6583.

Since we only perform numerical calculations of £ (1 + i) forz < 106, we take to = 10°.
In this case, C = 0.6633, and we have

1
1C(1+it)| < E1ogz +0.6633 fort > 106.

The same code as in Section 2 is used for the numerical calculations of |{(1 4 i#)| and
for plotting Figure 3. The graphs show that for e <t < 10, |£(1 + it)] is bounded
above by 1 log? + 0.6633. Thus,

1
|E(1 +it)] < 5 logr +0.6633 fore <t =< 108.
Hence, we obtain the following theorem.

Tueorem 4.7. Fort > e,

1
[C(1+it)| < Elogt + 0.6633.
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FiGure 3. The figures show comparisons of ¢ (1 + iz)| with % logt 4+ 0.6633 whene <t < 10°
and when e <t < 500.

ReMARk 4.8. Patel [21] directly cited the results of [3] for bounds of 5(0), b(1),
¢(0), and c(1). We have obtained exact values for b(0), b(1), and obtained better
bounds for ¢(0) and ¢(1) using direct computations. These improvements are not
that significant for improving the bounds for |{(1 + i¢)| when ¢ is large, as they only
affect terms of order /2. The reason Patel only obtained the bound % logt +1.93is
that he has only used to = 47.47, as this is the point where the bound % logt +1.93
is better than Backlund’s bound log ¢. If we take tp = 47.47, we will get the bound
% log ¢t 4 1.4184, which is still better than Patel’s result.

S. Concluding the proof of Theorem 1.1

As in Section 3, we are interested in a bound of the form | (1 4 it)| < vlogt for
all > e. As mentioned in Section 2, for e < ¢t < 10°, numerical calculations show
that | (1 + it)|/logt achieves its maximum value 0.6443 when ¢ = 17.7477. To show
that |C(1 4+ it)| < 0.6443logt holds for all ¢ > e, we can use Theorem 4.7. Notice
that when ¢ > 100,

1
3 logt + 0.6633 < 0.6443log1.

In Figure 4, the graphs of |{ (1 +i¢)|/logt whene <t <100 and when 10 <¢ <20
are shown. The values of |{(1 + i?)| are computed using the same code as in Section 2.
The graphs show that for e < ¢ < 100, |{(1 + it)|/logt has a maximum value of
0.6443. Thus, we obtain the following theorem.
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Ficure 4. The figures show |¢(1 +it)|/logt when e < ¢t < 100 and when 10 < ¢t < 20.

THEOREM 5.1. Whent > e,
|C(1 +it)] <0.64431ogt.
Equality is achieved when t = 17.7477.
Finally, we use Theorem 4.7 to refine our results in Section 3 in the following way.

Fort >ty > e,
1 0.6633 - 1 0.6633

2T logt — 2 F logry
Hence, if
5.1) 5= 1 . 0.6633,
2 log ty
then

1
[C(1+ip)| < Elogt 4+ 0.6633 < vlogt whent > tg.

In Table 3, we list the values of v and compare to the values of v obtained in Section
3 for various values of 79. We see that the values of ¥ are always smaller than the values
of v. For ty = 10°, we find that

|€(1 +it)] < 0.54801logt whent > 106,

Using the code in Section 2 to numerically compute | (1 4 it)| fore <t < 106, we
find that when 652.3704 < t < 10°, we also have |¢(1 + it)| < 0.54801og . This is
sharp as the equality is achieved when ¢t = 652.3704. Therefore,

1£(1 +it)] < 0.54801ogt when > 652.3704.



TaBLE 3. The values of v (3.20) and v (5.1) for given #o.

Explicit bounds of ¢ (1 + it)|

to v v ‘ to v v
10°  0.8134 0.5576 | 1020  0.5684 0.5144
106 0.7421 0.5480 | 10%°  0.5456 0.5096
107 0.7003 0.5412 | 10*0  0.5342  0.5072
108 0.6726 0.5360 | 10°0  0.5274 0.5058
10°  0.6526 0.5320 | 10°°  0.5228 0.5048
1019 0.6370 0.5288 | 1079 0.5196 0.5041
101 0.6245 05262 | 1080 05171 0.5036
1012 0.6141 0.5240 | 10°° 05152 0.5032
1013 0.6053 0.5222 | 10190 05137 0.5029
101 0.5978 0.5206 | 10290 0.5068 0.5014
1015 05912 0.5192 | 10399 05046 0.5010

231

This result is better than % logt + 0.6633 when 652.3704 <t < 10°. This concludes

the proof of our main results given in Theorem 1.1.
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