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Inverse semialgebras and partial actions of Lie algebras

Mikhailo Dokuchaev, Farangis Johari and José L. Vilca-Rodríguez

Abstract. We introduce the concept of a nonassociative (i.e., not necessarily associ-
ative) inverse semialgebra over a field, the Lie version of which is inspired by the set
of all partially defined derivations of a nonassociative algebra, whereas the associa-
tive case is based on such examples as the set of all partially defined linear maps of a
vector space, the set of all sections of the structural sheaf of a scheme, the set of all
regular functions defined on open subsets of an algebraic variety, and the set of all
smooth real-valued functions defined on open subsets of a smooth manifold. Given
a Lie algebra L, we define the notion of a partial action of L on a nonassociative
algebra A as an appropriate premorphism and introduce a Lie inverse semialgebra
E.L/, which is a Lie analogue of R. Exel’s inverse semigroup S.G/ that governs the
partial actions of a group G. We discuss how E.L/ controls the premorphisms from
L toA, obtaining results on its total control. We define the concept of a Lie F -inverse
semialgebra and obtain Lie theoretic analogues of some classical results of the theory
of inverse semigroups, namely, we show that the category of partial representations
of L in meet semilattices is equivalent to the category F of Lie F -inverse semial-
gebras with morphisms that preserve the greatest elements of � -classes. In addition,
we establish an adjunction between the category of Lie algebras and the category F .

1. Introduction

It is well known that the partial symmetries of a set X form the notorious symmetric
inverse semigroup I.X/ under the composition of the partial bijections taken on the largest
possible domain (see [37]). Moreover, partial group actions on a set are closely related to
inverse semigroups, in particular, to I.X/. Indeed, on the one hand, Exel’s definition of a
partial action of a groupG onX , given in Definition 1.2 of [22], can be seen as a mapG!
I.X/, satisfying properties which characterize what we call a partial representation of G
into an inverse semigroup, see Proposition 4.1 in [22]. In addition, a partial action of G
on X can also be defined as a premorphism of the form G ! I.X/ (see Proposition 2.1
in [32]). On the other hand, in the same paper [22] R. Exel associated to any group G an
inverse semigroup S.G/, defined by generators and relations, such that the actions of S.G/
on a set X are in a one-to-one correspondence with the partial actions of G on X . Later,

Mathematics Subject Classification 2020: 20M18 (primary); 17B99, 16W25, 06A12, 17A99 (secondary).
Keywords: inverse semigroup, Lie algebra, inverse semialgebra, partial derivation, partial action, premorphism,
partial representation.

https://creativecommons.org/licenses/by/4.0/


M. Dokuchaev, F. Johari and J. L. Vilca-Rodríguez 1638

J. Kellendonk and M. V. Lawson [32] proved that S.G/ is isomorphic to the Szendrei
expansion of G (see [48]), the latter being also isomorphic to the Birget–Rhodes [10]
prefix expansion of G.

The above mentioned Exel’s definition was given as an abstraction of the notion of a
partial group action on aC �-algebra, worked out in the theory of operator algebras in order
to describe important classes of C �-algebras as more general crossed products (see [20,
21, 39]). This approach has yielded remarkable results concerning representations, ideal
structures, and K-theory of algebras under consideration. A closely related concept (also
referred to as a “partial action”) can be found in [28], where the authors explore graded
modules over quotients of path algebras.

Kellendonk and Lawson [37] highlighted the importance of partial actions for R-trees,
model theory, the profinite topology of groups, Fuchsian groups, tilings of Euclidean
space, graph immersions and inverse semigroups, as well as topology and group present-
ations. Subsequent developments have extended the theory to include partial actions of
semigroups [16, 27, 29, 33, 34, 36, 40], groupoids [6, 12, 24, 38, 43], and categories [42],
as well as to the setting of partial (co)actions of Hopf algebras (or weak Hopf algeb-
ras) [1,2,5,8,9,13,14,30]. In algebra the new concepts are useful to graded algebras, Hecke
algebras, Leavitt path algebras, inverse semigroups, restriction semigroups and automata
(see the survey article [18] and the references therein).

More recent applications include the use of partial actions to dynamical systems asso-
ciated to separated graphs and related C �-algebras [3, 4], to shifts [4], to paradoxical
decompositions [3], to full or reduced C �-algebras of E-unitary or strongly E�-unitary
inverse semigroups [41], to Matsumoto and Carlsen–Matsumoto C �-algebras of arbitrary
subshifts [19], to topological higher rank graphs [45], to ultragraph C �-algebras [26], and
to universal F -inverse monoids [35]. For more information around partial actions and
their applications, we refer the reader to Exel’s book [23] and the surveys [7, 17, 18].

In view of the numerous interesting developments around partial group actions and
applications, it is natural to ask whether a similar approach can be applied to actions
by derivations on algebras. The main motivation of this paper is to establish a suitable
framework in which an analogue of the theory of partial group actions can be developed in
the setting of Lie algebras and bring into consideration new interesting algebraic structures
which naturally appear this way.

It is well known that Lie algebras act on algebras by derivations. This observation
leads to the following question:

How can a Lie algebra act partially on a non-necessarily associative algebra?

Since partial group actions can be obtained by restricting global actions, it is reas-
onable to approach this question looking at restrictions of global (usual) actions of Lie
algebras. Specifically, given an action of a Lie algebraL over a field F on a nonassociative
(i.e., not necessarily associative) F -algebraB , and a subalgebraA ofB , we consider a nat-
ural restriction of this action to A. This way we obtain the so-called “partial derivations”
ofA, which are linear maps defined on subalgebras ofA that satisfy the Leibniz identity. It
is worth noting that partial derivations (more specifically, those defined on ideals) appear
in the construction of the algebra of quotients of a Lie algebra. The latter was introduced
by M. S. Molina in [47], followed by interesting developments and applications (see, for
example, [11] and [46]).
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In order to obtain an analogue of the inverse semigroup of all partial symmetries in
our context, we consider the set PDer.A/ of all partial derivations of the nonassociative
algebra A. This set can be equipped with an additionCWPDer.A/ � PDer.A/! PDer.A/
and a product (Lie bracket) Œ �; � � WPDer.A/� PDer.A/! PDer.A/, as well as a scalar mul-
tiplication F � PDer.A/! PDer.A/, which is compatible with the previous operations.
For �1 and �2 in PDer.A/, the partial derivations �1 C �2 and Œ�1; �2� are defined on the
largest subalgebra of A on which the expressions �1.x/C �2.x/ and �1�2.x/� �2�1.x/,
respectively, make sense (see Section 2). By axiomatizing the properties of this structure,
we arrive at the notion of what we call a “Lie inverse semialgebras” (see Definition 2.10).
In particular, .PDer.A/;C/ is a commutative inverse semigroup. When combined with
scalar multiplication, this gives rise to a relaxed version of the notion of a vector space,
where the underlying abelian (additive) group is replaced by a commutative (additive)
inverse semigroup. We refer to this structure as an “inverse semivector space” (see Defin-
ition 2.3).

On the other hand, if we focus exclusively on the vector space structure ofA, then each
partial derivation can be regarded simply as a linear map from a subspace of A into A. In
this setting, it is natural to consider the set PEnd.V / of all partial (linear) endomorph-
isms of a vector space V . Equipped with addition and scalar multiplication as previously
described, PEnd.V / forms an inverse semivector space. Furthermore, we can define a
“partial composition” of two partial endomorphisms as their composition on the largest
subspace where it is well defined. Axiomatizing the properties of this structure leads to
the notion of an “associative inverse semialgebra”. This structure arises naturally in many
important contexts, including PEnd.V /. Examples of associative inverse semialgebras (see
Example 3.6 for details) include:
(1) all sections of the structural sheaf of a scheme over a field,
(2) all sections of the sheaf of regular functions of an algebraic variety,
(3) the set of all locally defined smooth real-valued functions on a smooth manifold,
(4) all sections of a sheaf of C �-algebras of locally defined bounded continuous com-

plex-valued functions on a topological space.
This work is devoted to develop the foundations of the notions mentioned above,

including that of a partial action of a Lie algebra on a nonassociative algebra (see Defini-
tion 4.4), and to study the connection between them.

The structure of the paper is as follows. Section 2 addresses the preliminary notions.
In particular, we introduce the concept of an inverse semivector space over a field F . As
mentioned earlier, this is a relaxed version of the notion of a vector space. It is important
to note that this concept is also a weaker version of the known notion of a semimodule
over a ring with a unity (in particular, over a field), as explained before Definition 2.3. We
also define the notion of a nonassociative inverse semialgebra, as well as the concept of a
Lie inverse semialgebra and that of an associative inverse semialgebra. We provide sev-
eral examples and establish some properties needed for subsequent sections. Given a Lie
algebraL, we introduce the Lie inverse semialgebraE.L/ (see Proposition 2.21), which is
pivotal in our study. It is inspired by the above mentioned Exel’s inverse semigroup S.G/,
which governs the partial actions of a group G on sets and whose algebra rules the partial
representations of G in algebras.
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In Section 3, we study a special class of nonassociative inverse semialgebras, namely,
semilattices of nonassociative algebras. Roughly speaking, these are nonassociative in-
verse semialgebras in which the (additive) idempotents have well-behaved interactions
with the product (see Definition 3.1). More specifically, we focus on semilattices of asso-
ciative (or Lie) algebras. An important feature of this structure is its close relationship with
presheaves of associative (or Lie) algebras, as we show in Proposition 3.10. Furthermore,
Corollary 3.14 establishes that any semilattice of Lie algebras can be embedded into a
semilattice of associative algebras.

In Section 4, we introduce the notion of a premorphism between Lie inverse semi-
algebras. Inspired by the concept of partial group actions, we define a partial action of
a Lie algebra L on a nonassociative algebra A as a premorphism from L to PDer.A/.
One of the main results in the section is Theorem 4.11, which essentially states that the
above mentioned Lie inverse semialgebra E.L/ governs the premorphisms defined on L
in a specific way. This result serves as a Lie-theoretic analogue of a well-known result by
R. Exel, Proposition 2.2 in [22] (see also Theorem 2.4 in [32]). Moreover, Corollary 4.12
says that E.L/ controls perfectly the premorphisms from L to semilattices of algebras.
Another important consequence is Corollary 4.13, which establishes a one-to-one cor-
respondence between partial actions of L and actions of E.L/ when dealing with some
important specific classes of algebras.

An interesting class of inverse semigroups close to groups, which keeps drawing
attention of researchers (see, for instance, [35]) is formed by F -inverse semigroups. It
is therefore natural to introduce an analogue of this notion in the context of Lie inverse
semialgebras, naturally expecting that such Lie inverse semialgebras are closely related
to Lie algebras. It is well known that the category of the so-called F -pairs (following the
terminology of M. Petrich in [44]) and their morphisms is equivalent to the category of F -
inverse semigroups with morphisms that preserve the greatest elements of � -classes, see
Section VII.6 of [44]. An important result due to M. Szendrei [48] states that there exists
an adjunction between the latter category and the category of groups. In Lemma 5.4, we
observe that an F -pair can be identified with what is now commonly referred to as a unital
partial representation of a group in a meet semilattice, which can be also equivalently seen
as a unital partial action of the group on the semilattice.

In Section 5, we introduce the notion of a partial representation of a Lie algebra L
in a unital meet semilattice ƒ, defined as a partial representation of the additive group
.L;C/ in ƒ that satisfies an additional compatibility condition. We also adapt the notions
of a congruence and the minimum group congruence from semigroup theory to our set-
ting. Subsequently, we present the concept of an Lie F -inverse semialgebra and establish
several basic results concerning partial representations and Lie F -inverse semialgebras.
A central fact of the section is Theorem 5.14, which establishes a categorical equival-
ence between partial representations of L in unital meet semilattices and Lie F -inverse
semialgebras with morphisms that preserve the greatest elements of � -classes. This can
be regarded as a Lie-theoretic analogue of the categorical equivalence from Section VII.6
of [44], as mentioned in the previous paragraph. Furthermore, in Theorem 5.15, we prove
the existence of an adjunction between the category of Lie algebras and the category of
Lie F -inverse semialgebras with morphisms preserving the greatest elements of � -classes.
This result serves as a Lie-theoretic counterpart to the adjunction for groups and F -inverse
semigroups established by M. Szendrei.
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2. Notions and preliminaries: Lie and associative inverse
semialgebras

In this paper, given a commutative additive inverse semigroup S , we denote by E.S/

the set of all idempotents of S . Furthermore, if S is a monoid, then 0 denotes the identity
element of S . For convenience, we use the notation 0x WD xC .�x/ for any x2S . The sum
xC .�x/will be simply written as x � x. It follows immediately that E.S/D¹0x j x2Sº,
0xCy D 0x C 0y , and 0e D e for any e 2E.S/. We recall that in an inverse semigroup S ,
we have the following natural partial order:

x � y” x D y C e for some e 2E.S/:

It can be observed that

(2.1) x � y” x D y C 0x” 0x D y � x:

Basics on inverse semigroups can be found, for example, in [37] and [44].
It is well known that the partial symmetries of a given set form an inverse semigroup

under the composition of the partial bijections (see [37]). Moreover, the study of partial
group actions on a set is closely related to the semigroup of all partial symmetries of
that set, as established by R. Exel in [22] (see also [32]). A natural question arises: can
a similar approach be applied to actions by derivations on algebras? Dealing with this
question requires us to consider what we call an “inverse semivector space”, which is a
relaxed version of the notion of a vector space, in which the abelian (additive) group is
replaced by a commutative (additive) inverse semigroup. In order to compare this idea
with a known concept of a semimodule over a semiring, we recall formal definitions.

Definition 2.1 (see [25,50]). A semiring is a nonempty set S on which operations of addi-
tion and multiplication have been defined such that the following conditions are satisfied:
(i) .S;C/ is a commutative monoid with identity element 0S I
(ii) .S; �/ is a monoid with identity element 1S I
(iii) multiplication distributes over addition from either side;
(iv) 0s D 0 D s0 for all s 2S .

Thus, any associative ring with unity element is a semiring in the sense of the above
definition.

Definition 2.2 (see [25, 50]). Let .S; � ;C/ be a semiring. An additive commutative mon-
oid M is called a semimodule over S if for all x; y 2M and ˛; ˇ 2 S , the following
conditions hold:
(1) .˛ C ˇ/x D ˛x C ˇx;
(2) ˛.x C y/ D ˛x C ˛y;
(3) ˛.ˇx/ D .˛ˇ/x;
(4) 1Sx D x;
(5) 0Sx D 0M .
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It is worth noting that if in Definition 2.2, S is a ring with unity (in particular, if it is
a field), then conditions (1), (4), and (5) imply that M must be a group: the inverse of x
is .�1/x. As a result, we recover the usual notion of a module over a ring. This shows that
considering semimodules over rings does not yield anything new. In fact, as the reader
will see in our motivating examples, we need a generalization of a vector space whose
additive structure is not necessarily a group, but only an inverse semigroup. Moreover,
it will also be seen that our examples do not satisfy axiom (5) of Definition 2.2, while
satisfying all the others. This is reflected in the following definition, where the choice of
the term “inverse semivector space” seems very natural and avoids confusion with existing
concepts in the literature.

Definition 2.3. An inverse semivector space over a field F is a commutative additive
inverse semigroup .V;C/ endowed with a multiplication by scalars F � V ! V , denoted
by .˛; x/ 7! ˛x, which for every x; y 2V and ˛; ˇ 2F satisfies:
.1/ .˛ C ˇ/x D ˛x C ˇx;
.2/ ˛.x C y/ D ˛x C ˛y;
.3/ ˛.ˇx/ D .˛ˇ/x;
.4/ 1x D x.

Lemma 2.4. Let .V;C/ be an inverse semivector space over the field F . Then, for any
x; y 2V and ˛ 2F , we have that

(1) .�˛/x D ˛.�x/ D �˛x I
(2) 0x D 0˛x , and in particular, 0x D 0˛x I

(3) ˛0x D 0x , that is ˛e D e for any e 2E.V /I

(4) x � y implies ˛x � ˛y.

Proof. (1) The property .�˛/x D �˛x follows from the equalities

˛x D .˛ � ˛ C ˛/x D ˛x C .�˛/x C ˛x

and
.�˛/x D .�˛ C ˛ � ˛/x D .�˛/x C ˛x C .�˛/x;

as .V;C/ is an inverse semigroup. The other equality is proven analogously.
(2) By item (1), we have 0x D .˛ � ˛/x D ˛x C .�˛/x D ˛x � ˛x D 0˛x . The

remaining assertion follows immediately.
(3) Keeping in mind item (2), we see that ˛0x D ˛.x � x/ D ˛x � ˛x D 0˛x D 0x .
(4) If x � y, then x D eC y for some e 2E.V /. Thus, by item (3), ˛x D ˛eC ˛y D

e C ˛y, yielding ˛x � ˛y.

Note that by (4) of Definition 2.3 and (1) of Lemma 2.4, we have that

.�1/ � x D �.1 � x/ D �x

for all x in an inverse semivector space V .
An inverse semivector subspace of V is subsemigroup W of .V;C/, which is closed

under the multiplication by the scalars. If V and W are inverse semivector spaces, then a
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mapping � W V ! W is called linear if for all x; y 2 V and ˛ 2 F , we have �.x C y/ D
�.x/C �.y/ and �.˛x/ D ˛�.x/. Additionally, if .V;C/ and .W;C/ are monoids, we
say that a linear map � WS ! T is zero-preserving if �.0/ D 0.

Remark 2.5. Observe that for the linearity of a mapping � W V ! W between inverse
semivector spaces, it is enough to require that

�.x C y/ D �.x/C �.y/ and �.˛x/ D ˛�.x/

for all x; y 2V and 0 ¤ ˛ 2F . Indeed, for ˛ D 0 we see, using Lemma 2.4, that

�.0x/D �.xC .�1/x/D �.x/C�..�1/x/D �.x/C.�1/�.x/D �.x/��.x/D 0�.x/;

and so �.0x/ D 0�.x/.

2.1. Inverse semialgebras

Suppose now that an inverse semivector space S over the field F is endowed with a map-
ping � W S � S ! S , which we shall denote by .x; y/ 7! x � y and call a multiplication
map. We shall say that S is right distributive if

(2.2) .y C z/ � x D y � x C z � x

for all x; y; z 2S . Symmetrically, we define the left distributive property, and we shall say
that S is distributive if it is both left and right distributive.

Lemma 2.6. Let S be an inverse semivector space S over the field F endowed with a
multiplication map.

(1) If S is right distributive, then 0x � y D 0x�y , for all x; y 2S .

(2) If S is left distributive, then x � 0y D 0x�y , for all x; y 2S .

(3) If S is distributive, then 0x � 0y D 0x�y , for all x; y 2S .

Proof. (1) We see that 0x � y D .x � x/ � y D x � y � x � y D 0x�y and (2) follows sym-
metrically. (3) Using (1) and (2), we obtain 0x � 0y D 0x�0y D 00x�y D 0x�y , as desired.

Usually, “nonassociative” means “not necessarily associative”. Keeping this in mind,
we give the next definition.

Definition 2.7. A nonassociative inverse semialgebra over the field F is an inverse semi-
vector space S over F together with a map � W S � S ! S , denoted by .x; y/ 7! x � y,
such that for every x; y; z 2S and 0 ¤ ˛ 2F , we have
(1) ˛.x � y/ D .˛x/ � y D x � .˛y/I
(2) x � .y C z/ � x � y C x � zI
(3) .x C z/ � y � x � y C z � yI
(4) x � .e C z/ D x � e C x � z for all e 2E.S/I

(5) .x C e/ � z D x � z C e � z for all e 2E.S/I

(6) e C f � e � f � f for all e; f 2E.S/.
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We shall say that a nonassociative inverse semialgebra S over the field F is associa-
tive if

.x � y/ � z D x � .y � z/

for all x; y; z 2S .

Lemma 2.8. Let S be a nonassociative inverse semialgebra over the field F . Then

(1) e � f C f � e D e C f for all e; f 2E.S/I

(2) x � 0y ; 0x � y 2E.S/ for all x; y 2S I

(3) 0x�y � 0x � y, 0x�y � x � 0y and 0x�y � 0x � 0y for all x; y 2S I

(4) x � .y C z/ � .x � y C x � z/ D 0x�y C 0x�z for all x; y; z 2S .

Proof. (1) By item (6) of Definition 2.7, we have eC f �e � f �f and f C e�f � e�e,
for any e; f 2E.S/, which gives

e C f � e � f C f � e � e C f;

implying the desired equality.
(2) By item (4) of Definition 2.7, we obtain that

x � 0y C x � 0y D x � .0y C 0y/ D x � 0y

and, analogously, 0x � y 2E.S/.
(3) By (4) and (5) of Definition 2.7, we see that

0x�y D x � y � x � y D .x C 0x/ � .y C 0y/ � x � y

D x � y C x � 0y C 0x � y C 0x � 0y � x � y D 0x�y C x � 0y C 0x � y C 0x � 0y ;

which implies the desired inequalities in view of item (2).
(4) Since, x � y C x � z � x � .y C z/ (see (3) of Definition 2.7), we obtain that

x � .y C z/ � .x � y C x � z/ D 0x�yCx�z D 0x�y C 0x�z ;

as required.

Notice that by (2) of Lemma 2.8, we have that ef 2 E.S/ for any e; f 2 E.S/. In
addition, keeping in mind (2) of Lemma 2.4, observe that (3) of Lemma 2.8 says that

0.x � y/ � .0x/ � y; 0.x � y/ � x � .0y/ and 0.x � y/ � .0x/ � .0y/

for all x; y 2S .
Let V be a vector space over F . A partial (linear) endomorphism of V is a linear map

� WK ! V , where K is a subspace of V . The set of all partial endomorphisms of V will
be denoted by PEnd.V /. Given �1WK1 ! V and �2WK2 ! V in PEnd.V / and ˛ 2F , we
define the following operations:

�1 C �2 W K1 \K2 ! V; x 7! �1.x/C �2.x/I

�1�2 W �
�1
2 .K1/! V; x 7! �1.�2.x//I

˛�1 W K1 ! V; x 7! ˛�1.x/:
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Observe that the sum and the product of �1 and �2 are defined on the largest possible
domains where the expressions �1.x/C �2.x/ and �1.�2.x//, respectively, make sense.
Note also that the zero map 0WV ! V is a partial endomorphism on V .

Proposition 2.9. Let V be a vector space. Then, PEnd.V / with the above defined opera-
tions is a right distributive associative inverse semialgebra.

Proof. First, we show that .PEnd.V /;C/ is a commutative inverse monoid. Evidently, the
sum is associative and commutative, and the zero map 0W V ! V is the neutral element.
Now, for � WK!V 2 PEnd.V / it is clear that its (additive) inverse is given by the mapping
�� WK ! V , x 7! ��.x/.

For the rest of the proof, let �1WK1! V , �2WK2! V and �3WK3! V be in PEnd.V /.
It is easy check that PEnd.V / is an inverse semivector space. Indeed, to see (1) of

Definition 2.3, observe that dom.˛.�1 C �2// D K1 \K2 D dom.˛�1 C ˛�2/, and for
x in K1 \K2, the equality .˛.�1 C �2//.x/ D .˛�1/.x/C .˛�2/.x/ is immediate. Sim-
ilarly, the equalities

dom..˛Cˇ/�1/DK1D dom.˛�1Cˇ�1/ and dom..˛ˇ/�1/DK1D dom.˛.ˇ�1//

readily give us (2) and (3) of Definition 2.3, respectively.
Finally, it is obvious that 1F�1 D �1, so that (4) of Definition 2.3 also holds.
Notice that 0� coincides with the restriction 0dom� of the zero map 0WV ! V to dom�,

and for subspaces W1 and W2 of V , we have 0W1 C 0W2 D 0W1\W2 , so that

E.PEnd.V // D ¹0� j � 2 PEnd.V /º D ¹0W j W is a subspace of V º:

Hence, �1 � �2” �1 is a restriction of �2. Since the composition of partial endo-
morphisms is associative, it remains to verify that the inverse semivector space PEnd.V /
satisfies Definition 2.7 and that PEnd.V / is right distributive.

(1) For 0 ¤ ˛ 2F , we have

dom.˛.�1�2// D dom..˛�1/�2/ D dom.�1.˛�2/// D ��12 .K1/;

and clearly ˛.�1�2/.x/ D .˛�1/.�2.x// D �1..˛�2/.x// for all x 2��12 .K1/.
(2) Note that dom.�1.�2C �3//D .�2C �3/�1.K1/ and dom.�1�2/\ dom.�1�3/D

��12 .K1/ \ �
�1
3 .K1/. Then dom.�1�2 C �1�3/ � dom�1.�2 C �3/. Hence, for all x in

��12 .K1/ \ �
�1
3 .K1/, we have

.�1.�2 C �3//.x/ D .�1�2/.x/C .�1�3/.x/;

yielding �1.�2 C �3/ � �1�2 C �2�3.
(3) Observe that

dom..�1 C �2/�3/ D ��13 .K1 \K2/ D �
�1
3 .K1/ \ �

�1
3 .K2/ D dom.�1�3 C �2�3/;

and for all x 2��13 .K1 \K2/, we have

..�1 C �2/�3/.x/ D .�1�3/.x/C .�2�3/.x/:

Consequently, .�1 C �2/�3 D �1�3 C �2�3, proving (2.2). In particular, (3) of Defini-
tion 2.7 holds.
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(4) It is easily seen that

dom.�1.0�3 C �2// D .0�3 C �2/
�1.K1/ D ¹x 2K3 \K2 j �2.x/2K1º

D K3 \ �
�1
2 .K1/;

and
dom.�10�3 C �1�2/ D 0

�1
�3
.K1/ \ .�2/

�1.K1/ D K3 \ �
�1
2 .K1/:

Thus
dom.�1.0�3 C �2// D dom.�10�3 C �1�2/:

As
�1..0�3 C �2/.x// D �1.�2.x// D �1.0�3.x//C �1.�2.x//;

we conclude that �1.0�3 C �2/ D �10�3 C �1�2.
(5) This item follows from the right distributivity property (2.2).
(6) Clearly, dom.0�10�2/ D 0

�1
�2
.K1/ D K2, so that

dom.0�1 C 0�2/ D K1 \K2 � K2 D dom.0�10�2/ D dom.0�2/;

resulting in
0�1 C 0�2 � 0�10�2 D 0�2 :

In particular, (6) of Definition 2.7 holds.
This concludes the proof.

Observe that PEnd.V / satisfies the following specific property:

�10�2 D 0�2 ;

for all �1; �2 2 PEnd.V /. Indeed, using the above notation,

dom.�10�2/ D 0
�1
�2
.K1/ D K2 D dom.0�2/

and
�10�2.x/ D �1.0/ D 0 D 0�2.x/; for all x 2K2;

as desired.

2.2. Lie inverse semialgebras

Definition 2.10. A Lie inverse semialgebra over the field F is an inverse semivector
space S over the field F with a map Œ �; �� W S � S ! S given by .x; y/ 7! Œx; y� such
that for every x; y; z 2S and 0 ¤ ˛ 2F

(1) ˛Œx; y� D Œ˛x; y� D Œx; ˛y�I
(2) Œx; y C z� � Œx; y�C Œx; z�I
(3) Œx; y� D �Œy; x�I
(4) Œx; e C z� D Œx; e�C Œx; z� for all e 2E.S/I

(5) J.x; y; z/ WD ŒŒx; y�; z�C ŒŒy; z�; x�C ŒŒz; x�; y� � 0xCyCz I
(6) e C f D Œe; f � for all e; f 2E.S/.

The operation Œ �; � � in Definition 2.10 will be called the Lie bracket.
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Remark 2.11. It might be interesting for the reader to compare our Definition 2.10 with
the notion of a Lie�-semialgebra with a preorder� given in Definition 3.4 of [15], where
the authors deal with semialgebras equipped with a negation map.

Remark 2.12. Any Lie inverse semialgebra over the field F is a nonassociative inverse
semialgebra over F . Indeed, condition .2/ of Definition 2.10, using items (1) and (4) of
Lemma 2.4, implies that

�Œx; y C z� � �.Œx; y�C Œx; z�/ D �Œx; y� � Œx; z�:

So, by .3/ of Definition 2.10 we get Œy C z; x� � Œy; x�C Œz; x�, which gives (3) of Defin-
ition 2.7. Next, combining (3) and (4) of Definition 2.10, we see that

Œz C e; x� D �Œx; z C e� D �Œx; z� � Œx; e� D Œz; x�C Œe; x�;

which shows (5) of Definition 2.7. Finally, (6) of Definition 2.7 immediately follows from
(6) of Definition 2.10. Thus, it is clear that if a nonassociative inverse semialgebra S ,
whose operation is denoted by the Lie bracket, satisfies (3), (5) and (6) of Definition 2.10,
then S is a Lie inverse semialgebra. In this case we shall also say that the nonassociative
inverse semialgebra S is Lie.

A Lie inverse subsemialgebra of a Lie inverse semialgebra S is an inverse semivector
subspace of S which is closed under the Lie bracket. A homomorphism between two
Lie inverse semialgebras S and T is an F -linear map � W S ! T such that �.Œx; y�/ D
Œ�.x/; �.y/� for all x; y 2 S . Evidently, the Lie inverse semialgebras with their homo-
morphisms form a category. If .S;C/ and .T;C/ are monoids, we say that a premorphism
� WS ! T preserves 0 if �.0/ D 0.

The following lemma deals with some elementary properties of the Lie inverse semi-
algebras, which we will frequently use throughout the paper.

Lemma 2.13. Let S be a Lie inverse semialgebra over the field F . Then for all x; y; z 2S
and e 2E.S/, we have:
(1) Œx;�y� D �Œx; y� D Œ�x; y�I
(2) Œx; e�2E.S/I

(3) 0Œx;y� � Œx; 0y �C Œ0x ; y�C 0xCy I
(4) If char F ¤ 2, then Œx; x� � 0x .

Proof. (1) Using .1/ of Definition 2.10 and Lemma 2.4, we obtain

Œx;�y� D Œx; .�1/y� D .�1/Œx; y� D �Œx; y�:

Similarly, Œ�x; y� D �Œx; y�.
(2) This directly follows from (2) of Lemma 2.8.
(3) Item (3) of Lemma 2.8 gives

0Œx;y� � Œ0x ; y�C Œx; 0y �C Œ0x ; 0y � D Œ0x ; y�C Œx; 0y �C 0xCy ;

since Œ0x ; 0y � D 0x C 0y D 0xCy thanks to condition (6) of Definition 2.10.
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(4) By item (3) of Definition 2.10, we have that Œx; x� C Œx; x� D Œx; x� � Œx; x� D

0Œx;x� 2 E.L/. Thus Œx; x� D 1
2
0Œx;x� D 0Œx;x�, which, by item (3), implies that Œx; x� �

0xCx D 02x D 0x .

Remark 2.14. It follows from (2) of Lemma 2.13 and items (3) and (4) of Definition 2.10
that if S is a Lie inverse semialgebra over F and x; y 2S , then

(2.3) x � y ) Œx; z� � Œy; z� and Œz; x� � Œz; y� 8z 2S:

Indeed, x � y means that x D e C y for some e 2 E.S/. Then Œx; z� D Œe C y; z� D

Œe; z�C Œy; z� � Œy; z�, and the second inequality is an immediate consequence of the first
one.

Example 2.15. Every inverse semivector space V has a trivial structure of a Lie inverse
semialgebra, which is given by Œx; y� D 0xCy for any x; y 2V .

Remark 2.16. If S is an associative inverse semialgebra over the field F , then

(2.4) 0xy�yx � 0x C 0y ;

for all x; y 2S . Indeed, using (3) of Lemma 2.8 and (6) of Definition 2.7, we see that

0xy�yx D 0xy C 0yx � 0x0y C 0y0x � 0y C 0x ;

as desired.

Proposition 2.17. Let S be a right distributive associative inverse semialgebra over the
field F . Then, the inverse semivector space S endowed with the bracket Œx; y� D xy � yx
is a Lie inverse semialgebra in which the following identity holds

(2.5) 0Œx;y� D Œ0x ; y�C Œx; 0y �;

for all x; y 2S .

Proof. We will verify conditions (1)-(6) of Definition 2.10 for every x;y;z2S , e;f 2E.S/

and 0 ¤ ˛ 2F .
(1) The equalities ˛Œx; y� D Œ˛x; y� D Œx; ˛y� follow immediately from condition (1)

of Definition 2.7.
(2) By (2) and (3) of Definition 2.7 we have

Œx; y�C Œx; z� D xy � yx C xz � zx D .xy C xz/ � .yx C zx/

� x.y C z/ � .y C z/x D Œx; y C z�:

(3) We see that Œx; y� D xy � yx D �.yx � xy/ D �Œy; x�.
(4) By condition (4) and (5) of Definition 2.7 we obtain

Œx; e C z� D x.e C z/ � .e C z/x D xe C xz � ex � zx D Œx; e�C Œx; z�:

(5) We must to show that J.x; y; z/ � 0x C 0y C 0z . Since S is right distributive we
see that

.�/ J.x; y; z/ D .xy/z � .yx/z � z.xy � yx/C .yz/x � .zy/x � x.yz � zy/

C .zx/y � .xz/y � y.zx � xz/:



Inverse semialgebras and partial actions of Lie algebras 1649

Keeping in mind that S is associative and applying (2) of Definition 2.7, (3) of Lemma 2.8,
(6) of Definition 2.7 and then (2.4), we obtain that .�/ is equal to

D x.yz/ � x.zy/ � x.yz � zy/C y.zx/ � y.xz/ � y.zx � xz/C z.xy/ � z.yx/

� z.xy � yx/

� xŒy; z� � xŒy; z�C yŒz; x� � yŒz; x�C zŒx; y� � zŒx; y� D 0xŒy;z� C 0yŒz;x� C 0zŒx;y�

� 0x0Œy;z� C 0y0Œz;x� C 0z0Œx;y� � 0Œy;z� C 0Œz;x� C 0Œx;y� � 0x C 0y C 0z D 0xCyCz :

(6) By (2) and (1) of Lemma 2.8, we obtain

Œe; f � D ef � fe D ef C fe D e C f;

for all e; f 2E.S/.
For the last assertion, note that (3) of Lemma 2.8 and (1) of Lemma 2.6 imply

0xy D 0xy C x0y D 0xy C x0y

and similarly, 0yx D 0yxC y0x . Consequently, using (2) of Lemma 2.8, we conclude that

0Œx;y� D 0xy�yx D 0xy C 0yx D 0xy C x0y C 0yx C y0x

D 0xy � y0x C x0y � 0yx D Œ0x ; y�C Œx; 0y �;

as required.

The Lie inverse semialgebra of the Proposition 2.17 will be denoted by S�. As an
immediate consequence of Propositions 2.17 and 2.9, we have:

Corollary 2.18. Let V be a vector space. Then the set PEnd.V /� of all partial endo-
morphism of V is a Lie inverse semialgebra.

Definition 2.19. Let A be a nonassociative algebra. A partial derivation of A is a linear
map � WK ! A, where K is a subalgebra of A and �.xy/ D �.x/y C x�.y/ for every
x; y 2K. The set of all partial derivations of A will be denoted by PDer.A/.

Proposition 2.20. Let A be a nonassociative algebra. Then, PDer.A/ is a Lie inverse
subsemialgebra of PEnd.A/�.

Proof. Given ˛2F and �i WKi!A2PDer.A/, i D 1;2, we observe that dom.˛�1/DK1,
dom.�1C �2/DK1 \K2 and dom.Œ�1;�2�/D ��11 .K2/\ �

�1
2 .K1/�K1 \K2 are sub-

algebras ofA. It is immediate to check that ˛�12PDer.A/ and �1C �22PDer.A/, so that
PDer.A/ is an inverse semivector subspace of PEnd.A/. It remains to show that PDer.A/
is closed under the Lie bracket of PEnd.A/�, i.e., Œ�1; �2� D �1�2 � �2�1 2 PDer.A/.
Indeed, for all x; y 2��11 .K2/ \ �

�1
2 .K1/, we have

�1�2.xy/ D �1
�
�2.x/y C x�2.y/

�
D .�1�2.x//y C �2.x/�1.y/C �1.x/�2.y/C x.�1�2.y//;

and interchanging �1 and �2,

�2�1.xy/ D �2
�
�1.x/y C x�1.y/

�
D .�2�1.x//y C �1.x/�2.y/C �2.x/�1.y/C x.�2�1.y//:

Thus Œ�1; �2�.xy/ D Œ�1; �2�.x/y C xŒ�1�2�.y/, as required.
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We present another pivotal example of a Lie inverse semialgebra, which will be fre-
quently used in the subsequent sections. It is inspired by the inverse semigroup S.G/
introduced by R. Exel in [22] to govern partial representations of a group G and partial
actions of G on sets. It is known that S.G/ is isomorphic to the Szendrei expansion of G,
which is isomorphic to the Birget–Rhodes prefix expansion of G (see [32, 48]). Our idea
is to work with a “Szendrei-like” construction in the Lie context.

Let L be a Lie algebra. Let us consider the set

E.L/ WD ¹.A; a/ j A is a finite-dimensional subspace of L; a2Aº:

In E.L/, we define the sum and the Lie bracket of two elements .A; a/ and .B; b/ as
follows:

.A; a/C .B; b/ D .AC B; aC b/ and Œ.A; a/; .B; b/� D .AC B C F Œa; b�; Œa; b�/:

Additionally, for ˛ 2F , we define

˛.A; a/ D .A; ˛a/:

It is straightforward to verify that .E.L/;C/ is an inverse semivector space with zero
element .0; 0/, in which the (additive) inverse of .A; a/ is .A;�a/. Moreover, for any
.A; a/, we have that 0.A;a/ D .A; 0/, and so

E.E.L// D ¹.A; 0/ j A is a finite-dimensional subspace of Lº:

Consequently, .A; a/ � .B; b/ holds if and only if

.A; a/C .A;�a/C .B; b/ D .A; a/” .AC B; b/ D .A; a/” a D b and B � A:

Proposition 2.21. E.L/ endowed with the above operations is a Lie inverse semialgebra,
such that

(2.6) Œ0x ; y� D Œx; 0y � D 0xCy ;

for all x; y 2E.L/.

Proof. We verify conditions (1)-(6) of Definition 2.10 for all .A; a/; .B; b/; .C; c/2E.L/
and 0 ¤ ˛ 2F .

(1) We have

˛Œ.A; a/; .B; b/� D ˛.AC B C F Œa; b�; Œa; b�/ D .AC B C F Œa; b�; ˛Œa; b�/:

On the other hand,

Œ˛.A; a/; .B; b/� D Œ.A; ˛a/; .B; b/� D .AC B C F Œ˛a; b�; Œ˛a; b�/

D .AC B C F Œa; b�; ˛Œa; b�/:

Thus, we have shown that ˛Œ.A; a/; .B; b/� D Œ˛.A; a/; .B; b/�. Similarly, we can check
the equality ˛Œ.A; a/; .B; b/� D Œ.A; a/; ˛.B; b/�.
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(2) We see that

Œ.A;a/; .B;b/C.C;c/�D Œ.A;a/; .BCC;bCc/�D .ACBCCCF Œa;bCc�; Œa;bCc�/:

On the other hand,

Œ.A; a/; .B; b/�C Œ.A; a/; .C; c/� D .ACBCF Œa; b�; Œa; b�/C.ACCCF Œa; c�; Œa; c�/

D .AC B C C C F Œa; b�C F Œa; c�; Œa; b C c�/:

As F Œa; b C c� � F Œa; b�C F Œa; c�, we obtain

Œ.A; a/; .B; b/C .C; c/� � Œ.A; a/; .B; b/�C Œ.A; a/; .C; c/�:

(3) This is straightforward from the definition of the Lie bracket in E.L/.
(4) We compute that

Œ.A; a/; .B; 0/C .C; c/� D Œ.A; a/; .B C C; c/� D .AC B C C C F Œa; c�; Œa; c�/

D .AC B; 0/C .AC C C F Œa; c�; Œa; c�/

D Œ.A; a/; .B; 0/�C Œ.A; a/; .C; c/�;

as desired.
(5) Since

ŒŒ.A; a/; .B; b/�; .C; c/� D Œ.AC B C F Œa; b�; Œa; b�/; .C; c/�

D .AC B C C C F Œa; b�C F ŒŒa; b�; c�; ŒŒa; b�; c�/

we have that J..A; a/; .B; b/; .C; c// is equal to

D .ACBCCCF Œa; b�C F Œb; c�CF Œc; a�CF ŒŒa; b�; c�CF ŒŒb; c�; a�CF ŒŒc; a�; b�; 0/

� .AC B C C; 0/ D 0.A;a/C.B;b/C.C;c/:

(6) This immediately follows from the definition of the Lie bracket in E.L/.
Finally, for any .A; a/; .B; b/2E.L/, we have that

Œ0.A;a/; .B; b/� D Œ.A; 0/; .B; b/� D .AC B; 0/ D Œ.A; a/; 0.B;b/�;

showing (2.6).

Example 2.22. Let L be the Heisenberg 3-dimensional Lie algebra with basis ¹a; b; cº,
where Œa; b� D c and Œa; c� D Œb; c� D 0. Let A D Fa and B D Fb. Then,

0Œ.A;a/;.B;b/� D .L; 0/ ¤ .AC B; 0/ D Œ0.A;a/; .B; b/�C Œ.A; a/; 0.B;b/�:

Thus, x D .A; a/; y D .B; b/ do not satisfy (2.5) and by Proposition 2.17, E.L/ cannot
be embedded in S� for a right distributive associative inverse semialgebra S . Note also
that

0Œx;y� D .L; 0/ ¤ .AC B; 0/ D 0xCy :

In the next section, we will see that certain types of Lie inverse semialgebras can be
embedded into some S� for an appropriate distributive associative inverse semialgebra.
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3. Semilattices of algebras

Let ƒ be a poset. If � and � are elements of ƒ, then their meet is an element � ^ � such
that

(1) ��� ^ � and ��� ^ �,
(2) if � � � and � � �, then � � � ^ �.

A posetƒ is called a meet semilattice if every finite subset ofƒ has a meet. Equivalently, a
meet semilattice is a commutative semigroup .ƒ;^/ in which every element is idempotent.
For instance, the set of idempotents of an inverse semigroup is a meet semilattice. In
particular, E.V / is a meet semilattice, where V is an inverse semivector space.

A meet semilattice ƒ can be also viewed as a category, where the objects are the
elements of ƒ, and for �; �2ƒ, there is exactly one arrow �! � whenever � � � and
no arrow otherwise. A presheaf on ƒ with values in the category C is a contravariant
functor F Wƒ! C . The main objective of this section is to show that the presheaves on a
meet semilattice, with values in the category of nonassociative algebras, correspond to a
certain subclass of nonassociative inverse semialgebras.

Definition 3.1. A semilattice of nonassociative algebras over the field F is a nonassoci-
ative inverse semialgebra S over F such that

(3.1) 0xy D 0xCy

for any x;y 2S . If, in addition, S is associative (or Lie) then S will be called a semilattice
of associative (or Lie) algebras.

Condition (3.1) implies distributivity:

Lemma 3.2. If S is a semilattice of nonassociative algebras over F , then S is distributive.

Proof. Let x; y; z 2 S . Since xy C xz � x.y C z/, we have, using (4) of Lemma 2.8
and (3.1), that

xy C xz D 0xy C 0xz C x.y C z/ D 0xCy C 0xCz C x.y C z/

D 0xC.yCz/ C x.y C z/ D 0x.yCz/ C x.y C z/ D x.y C z/:

Analogously, we check that .y C z/x D yx C zx.

The behavior of the (additive) idempotents also becomes better. Indeed, Lemma 3.2,
Lemma 2.6 and (3.1) directly imply:

Lemma 3.3. Let S be a semilattice of nonassociative algebras over F . Then

x0y D 0xy D 0x0y D 0xy D 0x C 0y

for all x; y 2S . In particular,
ef D e C f D fe

for all e; f 2E.S/.
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To be aligned with our notation used in the case of Lie inverse semialgebras, we use
brackets for the product in semilattices of Lie algebras. In this case, we have the following.

Lemma 3.4. Let S be a semilattice of Lie algebras over F . Then for all x; y; z 2S ,

J.x; y; z/ D 0J.x;y;z/ D 0xCyCz :

Moreover, if char F ¤ 2, then
Œx; x� D 0x :

Proof. In the Lie case, (3.1) takes the form

0Œx;y� D 0xCy ;

which readily implies that

0ŒŒx;y�;z� D 0Œx;y� C 0z D 0x C 0y C 0z

for all x; y; z 2S . Then, since J.x; y; z/ � 0xCyCz , we obtain

J.x; y; z/ D J.x; y; z/C 0xCyCz D 0ŒŒx;y�;z� C 0ŒŒy;z�;x� C 0ŒŒz;x�;y� C 0xCyCz

D 0x C 0y C 0z C 0xCyCz D 0xCyCz

proving J.x; y; z/ D 0xCyCz .
Suppose that char F ¤ 2. Then by (4) of Lemma 2.13, Œx; x� � 0x and, consequently,

Œx; x� D 0Œx;x� C 0x D 0x ;

as desired.

Remark 3.5. Let S be a semilattice of associative algebras. Then (3.1) readily implies that
0Œx;y� D 0xCy , so by Lemma 3.2 and Proposition 2.17, we obtain that S� is a semilattice
of Lie algebras.

Evidently, the collection of semilattices of associative (or Lie) algebras constitutes a
subcategory within the category of associative (or Lie) inverse semialgebras.

Example 3.6. Let F be a presheaf of associative F -algebras over a topological space
.X; �/. Given U; V 2 � , with V � U , denote by resUV W F .U / ! F .V / the restriction
homomorphism. Take the disjoint union

SF D
P[
U2�

F .U /

and define the following operations on SF : for U;V 2 � , x 2F .U /, y 2F .V / and ˛ 2F ,
put

˛ � x WD ˛x 2 F .U /;

x C y WD resUU\V .x/C resVU\V .y/ 2 F .U \ V /;

x � y WD resUU\V .x/ � resVU\V .y/ 2 F .U \ V /:

Then it is easy to see that SF is a semilattice of associative F -algebras with the above
defined operations. The following are particular cases of this construction:
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(1) SF is the set of all sections of the structural sheaf F of a scheme X over F .
(2) SF is the set of all regular functions U ! F , where U runs over all open subsets of

an algebraic variety X over F I F is the sheaf of regular functions whose restriction
maps are the usual restrictions of functions.

(3) SF DFpar.X;R/ is the set of all continuous functions f WU !R, whereU runs over
all open subsets of a topological space X . Such functions form a sheaf on X whose
restriction maps are the usual restrictions of functions. Replacing R by C, we obtain
a similar semilattice Fpar.X;C/ of associative algebras over C. In particular, if X is
discrete, then Fpar.X;R/ (or Fpar.X;C// consists of all partial functions (functions
defined on subsets of X ) with values in R (or C).

(4) Let X be a smooth manifold. Then the set of all smooth functions U ! R, where U
runs over the open subsets ofX (considered as embedded open submanifolds), forms
a semilattice of associative algebras over R with the operations defined using the
corresponding sheaf of functions.

(5) Let X be a complex manifold. Then the set of all holomorphic functions U ! C,
where U runs over the open subsets ofX , forms a semilattice of associative algebras
over C with the operations defined using the corresponding sheaf of functions.

(6) Let X be a topological space. For any open subset U of X , let F .U / be the C �-al-
gebra Cb.U / of the bounded continuous functions U ! C, and let F be the cor-
responding sheaf with the usual restriction of functions. Then SF is a semilattice of
associative algebras over C (this is an example of what could be called a semilattice
of C �-algebras).

Example 3.7. Let F be a presheaf of associative F -algebras over a topological space
.X; �/ and let SF be the semilattice of associative algebras from Example 3.6. Then by
Remark 3.5, S�

F
is a semilattice of Lie algebras. Clearly,

S�F D
P[
U2�

F .U /�;

where each F .U /� is the Lie algebra obtained by endowing F .U / with the Lie bracket
Œx; y� D xy � yx. In particular, items (1)–(7) from Example 3.6 produce semilattices of
Lie algebras.

Example 3.8. If L is an abelian Lie algebra, then it is clear that E.L/ is a semilattice
of Lie algebras. Similarly, if L is a 2-dimensional solvable Lie algebra, E.L/ is also a
semilattice of Lie algebras. Indeed, for all .A; a/ and .B; b/ in E.L/, we need to check
that

AC B C F Œa; b� D AC B:

If either A or B is a trivial subspace of L, the equality is immediate. Now, assume that A
and B are non-trivial subspaces of L. If A ¤ B , we have AC B D L, and the equality
still holds. Finally, if AD B , then Œa; b�D 0 for any a; b2A, as A is 1-dimensional. Thus,
the equality holds for every .A; a/; .B; b/2E.L/.

On the other hand, if L is the 3-dimensional Heisenberg algebra, then it follows from
Example 2.22 that E.L/ is not a semilattice of Lie algebras.
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To provide more examples of semilattices of Lie algebras, we introduce the following
notation. Let A be a class of nonassociative algebras, and let A2A. Let us consider the
set

PDerA.A/ D ¹� W I ! A2 PDer.A/ j I E A and I 2Aº;

where I E A denotes the fact that I is a two-sided ideal of A. Before stating the following
proposition, which offers examples of semilattices of Lie algebras, we first recall that a Lie
algebraL is called sympathetic if it is perfect, centerless, and has no outer derivations, i.e.,
ŒL;L�DL;Z.L/D 0 and Der.L/D ad.L/. Every semisimple Lie algebra is sympathetic,
but there are sympathetic Lie algebras that are not semisimple.

Proposition 3.9. Suppose that A is any of the following classes: unital associative algeb-
ras, unital Jordan algebras, sympathetic Lie algebras or semisimple Lie algebras. Let
A2A. Then, for �i WKi ! A in PDerA.A/, i D 1; 2, we have

dom.�1 C �2/ D K1 \K2 D ��11 .K2/ \ �
�1
2 .K1/ D dom.Œ�1; �2�/:

Consequently, PDerA.A/ is a Lie inverse subsemialgebra of PDer.A/ which is a semilat-
tice of Lie algebras.

Proof. First observe that the intersection of two unital ideals of an associative algebra is
unital and that every ideal of a semisimple Lie algebra is itself semisimple. Furthermore,
if A is the class of sympathetic Lie algebras or unital Jordan algebras, then Corollary 2.11
in [49] and Proposition 2.14(1) in [49] imply that K1 \ K2 belongs to A. Therefore, in
all cases,K1 \K2 is idempotent. Let x 2K1 \K2. As x D yz for some y; z 2K1 \K2,
we have

�i .x/ D �i .yz/ D �i .y/z C y�i .z/ 2 K1 \K2 � Ki ;

for i D 1;2. Consequently, ��11 .K2/\ �
�1
2 .K1/�K1 \K2, and since the opposite inclu-

sion is obvious, we obtain the equality K1 \K2 D ��11 .K2/ \ �
�1
2 .K1/. Moreover, as

dom.�1 C �2/ D dom.Œ�1; �2�/ 2 A;

it follows that PDerA.A/ is a Lie inverse subsemialgebra of PDer.A/. Additionally, 0�1C�2
D 0Œ�1;�2�. So, by Definition 3.1, PDerA.A/ is a semilattice of Lie algebras.

Let ƒ be a meet semilattice, let C be a category of nonassociative algebras, and let
F Wƒ! C be a presheaf. For each object � in ƒ, let F.�/ D S�, and for any morphism
f W�! � in ƒ, let F.f / D ��;� W S� ! S�. The collection ¹��;� j � � �º satisfies

(1) ��;� D idV� , and
(2) ��;� ��;� D ��;� for � � � � �.

It is straightforward to verify that SF D P
S
�2ƒS�, endowed with the operations

x� C x� D ��;�.x�/C ��;�.x�/;

x�x� D ��;�.x�/��;�.x�/;

where x� 2S� , x� 2S�, and �D � ^�, is a semilattice of nonassociative algebras. Thus,
for a given presheaf F Wƒ! C , we obtain a semilattice of nonassociative algebras SF .
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We shall say that SF is a semilattice of algebras in C . This establishes a correspondence
F ! SF from presheaves with values in C to semilattices of algebras in C . For a fixedƒ,
a straightforward verification shows that this correspondence gives a functor from the
category of presheaves on ƒ with values in C to the category of semilattices of algebras
in C . Observe that if C is the category of associative (or Lie) algebras, then it is readily
seen that SF is an associative (or Lie) inverse semialgebra, so that it is a semilattice of
associative (or Lie) algebras in the sense of Definition 3.1.

Proposition 3.10. Let S be a semilattice of nonassociative algebras. Then there exists
a presheaf F.S/ on a meet semilattice ƒ with values in the category of nonassociative
algebras, such that S is isomorphic to SF.S/ D P

S
�2ƒS�.

Proof. As .S;C/ is a commutative inverse semigroup, the set ƒ D E.S/ is a meet sem-
ilattice. For each �2ƒ, let us consider S� D ¹x 2 S j 0x D �º. Since S is a semilattice
of nonassociative algebras, for any x; y 2S and ˛ 2F , we have 0xy D 0xCy D 0x C 0y
and 0˛x D 0x , which implies that each S� is a nonassociative algebra, whose zero element
is �. For � � �, the translation map ��;�WS� ! S�, defined by x 7! �C x, is linear. In
order to see that ��;� is also an algebra homomorphism, let x; y 2S�. Then

.�C x/.�C y/ D ��C x�C �y C xy
Lemma 3.3
D �C �C �C �C �C xy D �C xy;

showing that ��;� preserves the product. Moreover, if � � � � �, then � D �C � implies
��;���;� D ��;� . This way we obtain a contravariant functor F from ƒ to the category
of nonassociative algebras defined by F.�/ D S� and F.f / D ��;�, for a morphism
f W �! � inƒ, which is the claimed presheaf F.S/. It is easy to see that S is isomorphic
to SF.S/ D P

S
�2ƒS�.

Given a semilattice of nonassociative algebras S; let S� be as in the proof of Propos-
ition 3.10, i.e., S� D ¹x 2S j 0x D �º, .�2ƒ/. Then obviously S is a disjoint union of
the S�’s, and identifying it with the external disjoint union of the S�’s, we may assume
that S D SF.S/. Moreover, let F be a presheaf on a meet semilattice ƒ with values in the
category of nonassociative algebras. Then obviously E.SF / is isomorphic with ƒ, and
identifying them, we may assume that F.SF / D F . Then the correspondence S ! F.S/

is the inverse of the correspondence F ! SF defined above, so that there is a one-to-
one correspondence between presheaves on meet semilattices with values in the category
of nonassociative algebras and semilattices of nonassociative algebras. In particular, we
have a one-to-one correspondence between presheaves on meet semilattices with values
in the category of associative (or Lie) algebras and semilattices of nonassociative (or Lie)
algebras.

More generally, let C be a category of nonassociative algebras and suppose that S is
a semilattice of nonassociative algebras such that, for each �2ƒ D E.S/, the algebra S�
is in C . Then by Proposition 3.10, S is isomorphic to SF.S/ and SF.S/ is a semilattice of
algebras in C as defined above. This allows us to extend the term “semilattice of algebras
in C” also for such an S . Then we have a one-to-one correspondence between presheaves
on meet semilattices with values in the category C and semilattices of algebras in C .

It is worth noting that there are homomorphisms of semilattices of associative (or Lie)
algebras which do not correspond to morphisms of presheaves.
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Example 3.11. Let ' WA! B be a homomorphism of associative (or Lie) algebras and
let ƒ be the semilattice ¹�; �º in which � � �. Write S� D A, S� D B and ��;� D ',
��;� D idA, ��;� D idB . Then S D S� P[S� is a semilattice of associative (or Lie) algebras.
Consider the map � WS!S defined by �.a/D '.a/ and �.b/D b for any a2A and b2B .
Then evidently � is a homomorphism of inverse semialgebras, which does not come from
a morphism of presheaves.

Letƒ be a fixed meet semilattice and for each semilattice of nonassociative algebras S
such that E.S/ Š ƒ fix an isomorphism �S Wƒ! E.S/. Let Dƒ be the category whose
objects are the pairs .S; �S /, where S and �S are as above. By a morphism .S; �S /!

.T; �T / in Dƒ we mean a homomorphism ' W S ! T such that 'jE.S/ ı �S D �T (if we
identify E.S/ withƒ, then the morphism are those homomophisms S ! T which restrict
to the identity map on ƒ).

Proposition 3.12. Letƒ be a meet semilattice. Then the category of presheaves onƒ with
values in the category of nonassociative algebras is equivalent to the category Dƒ.

Proof. The above constructed correspondence S ! F.S/, restricted to the semilattices of
nonassociative algebras S with E.S/Šƒ, gives rise to a functor from Dƒ to the category
of presheaves of nonassociative algebras on ƒ, which sends an object .S; �S / of Dƒ to
the presheaf F.S/ ı �S on ƒ, and if ' is a morphism .S; �S /! .T; �T / in Dƒ, then for
each � 2ƒ, it is easy to see that ' restricts to a homomorphism S� ! T�, so that we
have a morphism of presheaves F.S/ ı �S ! F.T / ı �T . This, together with the functor
F ! SF , results in a category equivalence.

Remark 3.13. Evidently, the category equivalence in Proposition 3.12 restricts to an equi-
valence between the category of presheaves of associative (or Lie) algebras on ƒ and the
full subcategory of Dƒ, whose objects are the pairs .S; �S /, where S is a semilattice of
associative (or Lie) algebras.

Corollary 3.14. Every semilattice S of Lie algebras can be embedded into T � for some
semilattice of associative algebras T .

Proof. Let U be the covariant functor that sends a Lie algebra to its universal enveloping
algebra. As, by Proposition 3.10, S Š SF , for some contravariant functor F from a sem-
ilattice ƒ to the category of Lie algebras, the composition UF is a contravariant functor
fromƒ to the category of associative algebras. For each �2ƒ, let ��WF.�/! U.F.�//�

be the canonical injection. Then, setting T D P
S
�2ƒU.F.�//, it is readily seen that the

map �W SF ! T �, defined by �jF.�/ D ��, is an injective homomorphism of semilattices
of Lie algebras.

Remark 3.15. Considering an inverse semivector space V as a semilattice of associative
(or Lie) algebras, where the product for all x and y is defined by xy D 0xCy , we obtain
by Proposition 3.10 a presheaf F.V / of vector spaces on ƒ. Then V D P

S
�2ƒF.�/, with

F.�/ D V� D ¹x 2V j 0x D �º, which we call a semilattice of vector spaces. Thus, any
inverse vector space V is a semilattice of vector spaces. Obviously, .V;C/ is a semilat-
tice of abelian groups, in the sense which is well established in the theory of semigroups.
Clearly, any nonassociative inverse semialgebra, with respect to the addition and multi-
plication by the scalars from the field F , is a semilattice of vector spaces.
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4. Partial actions and premorphisms

The main goal of this section is to introduce the notion of a premorphism between Lie
inverse semialgebras, that of a partial action of a Lie algebraL on a nonassociative algebra,
and to explore their relationship with the Lie inverse semialgebra E.L/ introduced in
Section 2.2.

Partial group actions on sets can be defined using the concept of a premorphism of
inverse semigroups (see [32]). For the Lie case, we give the following definition.

Definition 4.1. Let S and T be two Lie inverse semialgebras. A map �WS ! T is called
a premorphism if for all x; y 2S and 0 ¤ ˛ 2F , we have
(1) �.x C y/ � �.x/C �.y/,
(2) �.Œx; y�/ � Œ�.x/; �.y/�,
(3) �.˛x/ D ˛�.x/.

If .S;C/ and .T;C/ are monoids, we say that a premorphism �W S ! T is zero-
preserving if �.0/ D 0.

Notice that (1) and (3) of Definition 4.1 imply that

�.0x/ � 0�.x/;

for any x 2S . Indeed,

�.0x/ D �.x C .�1/x/ � �.x/C �..�1/x/ D �.x/ � �.x/ D 0�.x/:

Suppose that S is a Lie algebra and T is a Lie inverse semialgebra. If �W S ! T

is a not necessarily zero-preserving premorphism of Lie inverse semialgebras, then, in
particular, � is a premorphism of the additive group .S;C/ to the additive semigroup
.T;C/. Hence, by the proof of Proposition 2.1 in [32], � satisfies

(4.1) �.x/C �.y/ D �.x C y/C 0�.y/;

for all x; y 2 S . Observe that, despite Proposition 2.1 in [32] is stated for a unital pre-
morphism of a group into a monoid, the part of its proof that we need does not use the
facts that the target semigroup is a monoid and that the premorphism is unital. We appre-
ciate the comment of one of the referees pointing this out.

Definition 4.2. Let S and T be Lie inverse semialgebras. A premorphism �W S ! T is
called strong if

Œ�.x/; �.y/� D �.Œx; y�/C 0�.x/C�.y/;

for all x; y 2L.

One can easily see that a premorphism �WS ! T is strong if and only if

(4.2) 0�.Œx;y�/ C 0�.x/C�.y/ D 0Œ�.x/;�.y/�;

for all x; y 2 S . For instance, if T is a semilattice of Lie algebras, every premorphism
�WS ! T is strong. The next fact gives an important example of a strong premorphism.

Lemma 4.3. Let L be a Lie algebra. Then, the mapping � WL! E.L/, given by a 7!
.Fa; a/, is a zero-preserving strong premorphism.
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Proof. It is clear that �.0/ D .0; 0/. Let a; b 2L. Then

�.a/C �.b/ D .FaC Fb; aC b/ � .F.aC b/; aC b/ D �.aC b/:

Moreover,

Œ�.a/; �.b/�D Œ.Fa; a/; .Fb; b/�D.FaCFbCF Œa; b�; Œa; b�/�.F Œa; b�; Œa; b�/D�.Œa; b�/

and

Œ�.a/; �.b/� D .Fa; 0/C .Fb; 0/C .F Œa; b�; Œa; b�/ D 0�.a/ C 0�.b/ C �.Œa; b�/

D 0�.a/C�.b/ C �.Œa; b�/:

Finally, for ˛ ¤ 0, we have that

�.˛a/ D .F.˛a/; ˛a/ D .Fa; ˛a/ D ˛.Fa; a/ D ˛�.a/:

In analogy with the case of groups, it is natural to give the following definition.

Definition 4.4. Let L be a Lie algebra and let A be a nonassociative algebra. A collection

� D ¹�x WDx ! A j Dx E A; x 2Lº � PDer.A/

of partial derivations of A is called a partial action of L on A, if the mapping

� W L! PDer.A/; x 7! �x ; .x 2L/;

is a zero-preserving premorphism.

The next fact gives an alternative definition of a partial action of a Lie algebra.

Proposition 4.5. Let L be a Lie algebra and let A be a nonassociative algebra. A collec-
tion

� D ¹�x WDx ! A j Dx E A; x 2Lº � PDer.A/

of partial derivations of A is a partial action of L on A if and only if the following
properties are satisfied:

(1) D0 D A, and �0 is the zero derivation in A.

(2) Dx \Dy �DxCy and �xCy.a/D �x.a/C �y.a/ for all x;y 2L and a2Dx \Dy .

(3) ��1x .Dy/ \ �
�1
y .Dx/ � DŒx;y� for all x; y 2L, and

�Œx;y�.a/ D �x�y.a/ � �y�x.a/ for all a2 ��1x .Dy/ \ �
�1
y .Dx/:

(4) D˛x D Dx and �˛x.a/ D ˛�x.a/ for all x 2L, a2Dx and 0 ¤ ˛ 2F .

Note that if every Dx is equal to A, then this concept coincides with the traditional
notion of an action (by derivations) of L on A, and we shall call it a global action.

The inclusion Dx \Dy � DxCy in Proposition 4.5 can be replaced by the equality

Dx \Dy D DxCy \Dx ; 8x; y 2L:

Indeed, this inclusion together with condition (4) imply DxCy \Dx D DxCy \D�x �
Dy , which yields the desired equality.
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A partial action � D ¹�x WDx ! A j Dx E A; x 2Lº of L on A will be called strong
if the premorphism � WL! PDer.A/ is strong. Equivalently, � is strong if

��1x .Dy/ \ �
�1
y .Dx/ D Dx \Dy \DŒx;y�:

for all x; y 2L. This implies that

��1x .Dy/ \Dy \DŒx;y� D Dx \ �
�1
y .Dx/ \DŒx;y� D Dx \Dy \DŒx;y�;

for all x; y 2L. Indeed,

Dx \Dy \DŒx;y� D �
�1
x .Dy/ \ �

�1
y .Dx/ \DŒx;y�

� ��1x .Dy/ \Dy \DŒx;y� � Dx \Dy \DŒx;y�;

yielding ��1x .Dy/\Dy \DŒx;y� DDx \Dy \DŒx;y�, and the other equality is obtained
analogously.

Definition 4.6. Assume that A is a class of nonassociative algebras. LetL be a Lie algebra
and let A2A. We say that a partial action � D ¹�x WDx ! A jDx E A;x 2Lº of L on A
is an A-partial action if each Dx 2A.

Suppose that B is a nonassociative algebra and that �WL! Der.B/ is a Lie algebra
homomorphism. If A is an ideal of B , then for each x 2L, we set Dx D A \ ��1x .A/ and
�x D �xjDx . It is straightforward to verify that the collection � D ¹�x WDx ! A j x 2Lº

is a partial action of L on A such that

��1x .Dy/ \ �
�1
y .Dx/ D DŒx;y� \ �

�1
x .Dy/ \Dy D DŒx;y� \Dx \ �

�1
y .Dx/;

for all x; y 2L. This means that the premorphism � WL! PDer.A/; x 7! �x is such that

Œ�.x/; �.y/� D �.Œx; y�/C 0�.y/�.x/ C 0�.y/ D �.Œx; y�/C 0�.x/�.y/ C 0�.x/;

for all x;y 2L. This partial action is called the restriction of � to A. If A is invariant under
the action �, then the restriction of � to A constitutes a global action on A. For instance,
if L is a Lie algebra that contains an ideal I that is not invariant under Der.L/ (see, e.g.,
p. 75 of [31]), then the resulting restriction of the action of Der.L/ to I is not a global
partial action.

Example 4.7. Let L be a Lie algebra and let A be a nonassociative idempotent algebra,
meaningA2DA. DefineD0DA andDx D 0 for x¤ 0, and let �x be the zero map onDx
for every x 2L. It is straightforward to check that � D ¹�x WDx ! A j x 2Lº is a strong
partial action of L on A. Furthermore, � is not a restriction of a global action of L. To see
why, assume by contradiction that there exist a nonassociative algebra B with AE B , and
an action �WL! Der.B/, such that Dx D ��1x .A/ \ A for every x 2L. Then

�x.A/ D �x.A
2/ D A�x.A/C �x.A/A � A;

yieldingA� ��1x .A/. Consequently,Dx DA for every x2L, contradicting our definition
of Dx . Thus, � cannot be a restriction of a global action of L.
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Lemma 4.8. Let L be a Lie algebra, T a Lie inverse semialgebra, and �W L ! T a
premorphism. Assume that A is a finite-dimensional subspace of L and that ˇ is a finite
set of generators of A. Then

inf E.�.A// WD inf¹0�.a/ j a2Aº D
X
xi2ˇ

0�.xi /:

In particular, the sum
P
xi2ˇ

0�.xi / does not depend of the finite set of generators of A.

Proof. Let a 2A. Then a D
P
xi2ˇ

˛ixi , for some ˛i 2 F . As � is a premorphism, we
have �.a/ D �.

P
xi2ˇ

˛ixi / �
P
xi2ˇ

˛i�.xi /, which implies

0�.a/� 0
P
xi2ˇ

˛i�.xi / D

X
xi2ˇ

0˛i�.xi / D
X
xi2ˇ

0�.xi /:

Thus
P
xi2ˇ

0�.xi / is a lower bound of E.�.A//. Now, suppose that �2E.�.L// is another
lower bound of E.�.A//. Then, in particular, � � 0�.xi / for all xi 2ˇ, and hence jˇj� �P
xi2ˇ

0�.xi /, where jˇj denotes the number of elements of ˇ. Since � 2 E.�.L//, we
have jˇj� D �, which implies � �

P
xi2ˇ

0�.xi /. Therefore,
P
xi2ˇ

0�.xi / is the infimum
of E.�.A//.

We derive the following result as a direct consequence of the Lemma 4.8.

Corollary 4.9. Let L, � and T be as defined as in Lemma 4.8. Then, for any finite-
dimensional subspaces A and B of L, we have

inf E.�.AC B// D inf E.�.A//C inf E.�.B//:

The following result was inspired by a well-known result due to R. Exel, Propos-
ition 2.2 in [22] (see also Theorem 2.4 in [32]), which establishes a correspondence
between premorphisms from a group G into a inverse monoid and homomorphism from
the Exel semigroup into the same inverse monoid.

Lemma 4.10. Let L a Lie algebra and let S be a Lie inverse semialgebra satisfying (2.5).
Suppose that �WL! S is a premorphism. Then, the mapping Q�WE.L/! S , defined by
.A; a/ 7! inf E.�.A//C �.a/, satisfies

(4.3) Œ Q�.A;a/; Q�.B;b/�D Q�.Œ.A;a/; .B;b/�/C Œ�.a/; infE.�.B//�C ŒinfE.�.A//; �.b/�;

for all .A; a/; .B; b/2E.L/.

Proof. Note, keeping in mind (4) and (6) of Definition 2.10, that

Œ Q�.A; a/; Q�.B; b/� D Œinf E.�.A//C �.a/; inf E.�.B//C �.b/�

D inf E.�.A//C inf E.�.B//C Œ�.a/; inf E.�.B//�(4.4)
C Œinf E.�.A//; �.b/�C Œ�.a/; �.b/�:

Now, since � is a premorphism and S satisfies (2.5), we have that

Œ�.a/; �.b/� D Œ�.a/; 0�.b/�C Œ0�.a/; �.b/�C �.Œa; b�/:
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Additionally, by (2.3) the inequalities inf E.�.A// � 0�.a/ and inf E.�.B// � 0�.b/ imply
that

Œinf E.�.A//; �.b/� � Œ0�.a/; �.b/� and Œ�.a/; inf E.�.B//� � Œ�.a/; 0�.b/�:

Therefore, by Corollary 4.9, (4.4) is equal to

inf E.�.AC B//C Œ�.a/; inf E.�.B//�C Œinf E.�.A//; �.b/�

C Œ�.a/; 0�.b/�C Œ0�.a/; �.b/�C �.Œa; b�/

D inf E.�.AC B//C Œ�.a/; inf E.�.B//�C Œinf E.�.A//; �.b/�C �.Œa; b�/:(4.5)

Observe that, using again Corollary 4.9, we have that

inf E.�.AC B//C �.Œa; b�/ D inf E.�.AC B//C 0�.Œa;b�/ C �.Œa; b�/

D inf E.�.AC B C F Œa; b�//C �.Œa; b�/:

Hence, (4.5) is equal to

inf E.�.AC B C F Œa; b�//C �.Œa; b�/C Œ�.a/; inf E.�.B//�C Œinf E.�.A//; �.b/�

D Q�.Œ.A; a/; .B; b/�/C Œ�.a/; inf E.�.B//�C Œinf E.�.A//; �.b/�;

completing the proof of (4.3).

Theorem 4.11. Let L be a Lie algebra and let � WL! E.L/ be as in Lemma 4.3. Let,
furthermore, S be a Lie inverse semialgebra. Suppose that �WL! S is a premorphism.
Then, the mapping Q�WE.L/! S , defined by .A; a/ 7! inf E.�.A//C �.a/, is the unique
linear map of inverse semivector spaces such that

(4.6) Q� ı � D �:

Consequently, � is zero-preserving if and only if so is Q�.

Proof. For any a2L, we see that

Q� ı �.a/ D Q�.Fa; a/ D inf.E.�.Fa///C �.a/ D 0�.a/ C �.a/ D �.a/;

which shows (4.6).
We shall check next that Q� is linear. Let .A; a/; .B; b/2E.L/ and 0 ¤ ˛ 2F . As � is

a premorphism, by (4.1) we have �.a/C �.b/ D �.aC b/C 0�.b/, which implies

inf E.�.B//C �.aC b/ D inf E.�.B//C �.a/C �.b/;

and thus, using Corollary 4.9,

Q�..A; a/C .B; b// D Q�.AC B; aC b/ D inf E.�.AC B//C �.aC b/

D inf E.�.A//C inf E.�.B//C �.aC b/

D inf E.�.A//C inf E.�.B//C �.a/C �.b/

D Q�.A; a/C Q�.B; b/:
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Furthermore,

Q�..A; ˛a/ D inf E.�.A//C �.˛a/ D ˛ inf E.�.A//C ˛�.a/

D ˛.inf E.�.A//C �.a// D ˛. Q�.A; a//;

as ˛ ¤ 0. It follows by Remark 2.5 that Q� is linear.
Now, let us address the assertion of uniqueness. For this suppose that �WE.L/! S is

a linear mapping such that � ı � D �. In particular, we have that �.0.A;a//D �.0.A;a//D
0�.A; a/ D 0�.A;a/ for all .A; a/2E.L/. Since

�.A; a/ D �.A; 0/C �.Fa; a/ D �.A; 0/C �.a/ D �.A; 0/C Q�.Fa; a/;

it is enough to verify that �.A; 0/ D Q�.A; 0/. Let ˇ be a finite set of generators of A. Then
we obtain

�.A; 0/ D �
�X
x2ˇ

Fx; 0
�
D

X
x2ˇ

�.Fx; 0/ D
X
x2ˇ

�.0.Fx;x//

D

X
x2ˇ

0�.Fx;x/ D
X
x2ˇ

0�.x/ D inf E.�.A// D Q�.A; 0/;

as required.

Corollary 4.12. Suppose that L is a Lie algebra, S is a semilattice of Lie algebras,
�WL ! S is a premorphism, and let � WL ! E.L/ be as defined in Lemma 4.3. Then
Q�WE.L/! S is a homomorphism of Lie inverse semialgebras, and it is the unique homo-
morphism satisfying Q� ı � D �.

Proof. By Theorem 4.11, it remains only to show that Q� satisfies Œ Q�.A; a/; Q�.B; b/� D
Q�.Œ.A; a/; .B; b/�/. Since S is a semilattice of Lie algebras, it follows by Lemma 3.3 that

Œ�.a/; inf E.�.B//�C Œinf E.�.A//; �.b/� D 0�.a/ C inf E.�.B//C inf E.�.A//C 0�.b/

D inf E.�.A//C inf E.�.B//:

Then (4.3) and Corollary 4.9 imply

Œ Q�..A; a//; Q�..B; b//� D Q�.Œ.A; a/; .B; b/�/C Œ�.a/; inf E.�.B//�

C Œinf E.�.A//; �.b/�

D inf E.�.AC B//C �.Œa; b�/C inf E.�.A//C inf E.�.B//

D inf E.�.AC B//C 0�.Œa;b�/ C �.Œa; b�/

D inf E.�.AC B C F Œa; b�//C �.Œa; b�/ D Q�.Œ.A; a/; .B; b/�/;

as required.

Corollary 4.13. Assume that A is any of the following classes of nonassociative algeb-
ras: unital associative algebras, unital Jordan algebras, sympathetic Lie algebras, or
semisimple Lie algebras. Let A2A and let L be a Lie algebra. Then, there exists a one-
to-one correspondence between

(1) A-partial actions of L on A, and

(2) zero-preserving homomorphisms of Lie inverse semialgebras E.L/! PDerA.A/.
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Proof. By definition, the A-partial actions of L on A are exactly the zero-preserving pre-
morphisms of the form �WL! PDerA.A/. By Proposition 3.9, PDerA.A/ is a semilattice
of Lie algebras, so that given such a �; Corollary 4.12 gives us the unique homomor-
phism of Lie inverse semialgebras Q�WE.L/! PDerA.A/ such that Q� ı � D �. Moreover, Q�
is zero-preserving. On the other hand, for any zero-preserving homomorphism of Lie
inverse semialgebras ' WE.L/ ! PDerA.A/, the composition � D ' ı � is obviously a
zero-preserving premorphism. Hence by the uniqueness property, ' D Q�, and we obtain
the desired one-to-one correspondence.

Example 4.14. We will see that, in general, the map Q�WE.L/ ! S in Theorem 4.11
is not a homomorphism of Lie inverse semialgebras. To see this, we refer to the well-
known example by Jacobson involving a Lie algebra with an ideal that is not invariant
under derivations, see p. 75 of [31]. Let us consider a field F with characteristic p greater
than 2, and let A be the commutative associative algebra with basis ¹1; z : : : ; zp�1º, where
zp D 0. Now, let S be any simple Lie algebra, and put LD S ˝A, where the bracket in L
is given by Œs ˝ a; t ˝ b� D Œs; t �˝ ab. Consider the ideal I D S ˝ span¹z; : : : ; zp�1º
of L and the derivation d WL! L given by d.s ˝ zi / D s ˝ izi�1, for i D 1; : : : ; p � 1.
Then, we have that

Id WD I \ d
�1.I / D ¹s ˝ a2 I j d.s ˝ a/2 I º D S ˝ span¹z2; : : : ; zp�1º:

The restriction �D ¹�h W Ih! I j h2 Der.L/º of the action of Der.L/ onL to I is a non-
global partial action of Der.L/ on I . Consequently, the mapping �WDer.L/! PDer.I /,
defined by h 7! �h, is a premorphism. We claim that the mapping Q�W E.Der.L// !
PDer.I /, given by Q�.A; a/ D inf E.�.A//C �.a/, is not a homomorphism. Indeed, if Q�
were a homomorphism, then

Œd jId ; d jId � D Œ�d ; �d � D Œ Q�.Fd; d/; Q�.Fd; d/� D Q�.Fd; 0/ D 0�d ;

which implies that the domains of the maps Œd jId ; d jId � and d jId must be equal, that is,
d�1.Id /\ Id D Id . However, since d.s˝ z2/D 2s˝ z … Id for s ¤ 0, we find s˝ z2 in
Idnd

�1.Id /. Therefore, Q�WE.Der.L//! PDer.I / is not a homomorphism of Lie inverse
semialgebras.

5. Lie F -inverse semialgebras and partial representations

5.1. Recalling F -inverse semigroups

An interesting class of inverse semigroups close to groups is formed by F -inverse semi-
groups, i.e., inverse semigroups each � -class of which contains a greatest element. An
important fact due to M. Szendrei states that there is an adjunction between the category of
groups and the category of F -inverse semigroups, with those morphisms which preserve
greatest elements of � -classes [48]. It is also known that the latter category is equivalent
with the category of the so-called F -pairs and their morphisms (see Section VII.6 of [44]).
It is easy to see that an F -pair can be identified with what we call a unital partial action of
a group on a meet semilattice. For the reader’s convenience, we recall the following.
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Definition 5.1. (see [22] and [23]) Let G be a group with identity element 1G and let X

be a set. A partial action # of G on X is a collection of subsets Dg � X .g 2G/ and
bijections #g WDg�1!Dg such that for all g;h2G, the following conditions are satisfied:

(i) D1G D X and #1G is the identity map of X;
(ii) D.gh/�1 � #

�1
h
.Dh \Dg�1/;

(iii) #g ı #h.x/ D #gh.x/ for each x 2#�1
h
.Dh \Dg�1/.

Note that conditions (ii) and (iii) mean that the function #gh is an extension of the
function #g ı #h. Moreover, #�1g D #g�1 and it is easily seen that (ii) can be replaced by
a “stronger looking” condition:

(5.1) #�1h .Dh \Dg�1/ D Dh�1 \Dh�1g�1 ;

for all g; h2G (see [23]). If X is a semigroup, then we assume that each Dg is an ideal
in X and each #g is an isomorphism of semigroups. We say that the partial action of G
on a semigroup X is unital if each Dg is a monoid (note that we use the term “unital” for
partial actions in a different sense than the authors of [32]).

Let now # be a unital partial action of a group G on a meet semilattice ƒ D .ƒ;�/.
Denote by eg the identity element of the monoid Dg ; .g 2G/. In particular, e1G is the
identity element of D1G D ƒ; which we denote by ". Observe that (5.1) can be rewritten
as #g.Dg�1 \Dh/ D Dg \Dgh, which implies that

(5.2) #g.eg�1 ^ eh/ D eg ^ egh;

for all g; h2G. Let

# D¹#g WDg�1!Dg j g2G;Dg �ƒº and Q# D¹ Q#h W zDh�1!
zDh j h2H; zDh �

Qƒº

be unital partial actions of the groups G and H on the semilattices ƒ and Qƒ, respectively.
A morphism # ! Q# is a pair .'; �/, where ' Wƒ! Qƒ is a monoid homomorphism and
� WG ! H is a group homomorphism, which for every g 2G satisfy

'.Dg/ � zD�.g/ and ' ı #g D Q#�.g/ ı ' on Dg�1 :

We say that the morphism .';�/ is unital if the restriction of ' to Dg is a homomorphism
of monoids Dg !

zD�.g/ for each g2G. Evidently, the collection of unital partial actions
of groups on semilattices, together with their unital morphisms, form a category.

Definition 5.2. Let G be a group and let ƒ be semilattice with unity ". A unital partial
representation ofG onƒ is a map � WG! End.ƒ/ such that for all g;h2G, the following
conditions are satisfied:

(1) im�g is an ideal of ƒ;
(2) �1G is the identity map on ƒ;
(3) �g�1�g�h D �g�1�gh;
(4) �g�h�h�1 D �gh�h�1 .

Note that it follows from the above definition that �g.ƒ/ is a monoid with unity �g."/,
so that im�g is a unital ideal of ƒ.
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Given a unital partial representation � WG ! End.ƒ/, for the sake of simplicity, we
will denote �g�g�1 by �g , for g2G. Note that �g is idempotent, which satisfies �g�g D
�g�g�1 D �g . Also, an element � 2ƒ lies in im �g if and only if �g.�/ D �. Condi-
tions (3) and (4) in the definition above can be rewritten as:

�g�h D �gh�h�1 and �g�h D �g �gh:

Moreover, for all �;�2ƒ and g; h2G, the following useful relation holds:

(5.3) �g.�/ ^ �h.�/ D �g.� ^ �g�1h.�//:

To verify this, observe that

�g.� ^ �g�1h.�// D �g.�/ ^ �g.�g�1h.�// D �g�g.�/ ^ �g.�h.�//

D �g.�g.�/ ^ �h.�// D �g.�/ ^ �h.�/:

Let � WG! End.ƒ/ and z� WH ! End. Qƒ/ be unital partial representations of the groupsG
and H on the unital semilattices ƒ and Qƒ, respectively. A pair .'; �/, where ' Wƒ! Qƒ

is a monoid homomorphism and � WG ! H is a group homomorphism, is a morphism
� ! z� if for all g 2G and �2ƒ, we have

'.�g.�// D z��.g/.'.�//:

Observe that, since '."/ D Q", where Q" is the unity element of Qƒ, we have that

'.�g."// D z��.g/.'."// D z��.g/.Q"/;

which is the unity of z��.g/.zƒ/. Thus the restriction of ' to �g.ƒ/ is a homomorphism
of monoids �g.ƒ/! z��.g/.zƒ/ for each g 2G. Clearly, unital partial representations of
groups with their morphisms form a category.

Given a unital partial representation � WG ! End.ƒ/ as above, we can define a unital
partial action # by setting Dg D im�g and #g D �g jDg�1

. Now, let z� WH ! End. Qƒ/ be

a unital partial representation of the group H on the unital semilattice Qƒ, let Q# D ¹ Q#h W
zDh�1 !

zDh j h2H; zDh �
Qƒº be the corresponding unital partial action of H on Qƒ, and

let .'; �/ be a morphism � ! z� . Then for all g 2G,

'.Dg/ D '.�g.ƒ// D z��.g/.'.ƒ// � z��.g/. Qƒ/ D zD�.g/;

and for any g 2G; �2Dg�1 ,

'.#g.�// D '.�g.�// D z��.g/.'.�// D z#�.g/.'.�//;

showing that .'; �/ is a morphism # ! Q# of partial actions, which is clearly unital. Thus,
we have a functor from the category of unital partial representations of groups on semil-
attices and their morphisms to the category of unital partial group actions on semilattices
with unital morphisms.

In fact, we have the following result.
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Proposition 5.3. The category of unital partial actions of groups on semilattices and
unital morphisms is isomorphic to the category of unital partial group representations on
semilattices and their morphisms.

Proof. It remains to construct the inverse functor. If # is a unital partial action of G onƒ,
then the mapping � WG ! End.ƒ/ given by

�g.�/ D #g.eg�1 ^ �/

defines a unital partial representation. Let Q# D ¹ Q#g W zDh�1 !
zDh j h2H; zDh �

Qƒº be a
unital partial action of a group H on a semilattice Qƒ, let z� WH ! End. Qƒ/ be the corres-
ponding unital partial representation, and let .'; �/ be a unital morphism # ! Q# . Using
the symbol Qeg for the unity element of zDg , we have that '.eg/ D Qe�.g/ for each g 2G,
and for any �2ƒ, we obtain

'.�g.�// D '.#g.eg�1 ^ �// D
Q#�.g/.'.eg�1 ^ �//

D Q#�.g/. Qe�.g�1/ ^ '.�// D z��.g/.'.�//;

showing that .'; �/ is a morphism � ! z� of unital partial representations. It is readily
seen that the constructed functors are inverse to each other.

Lemma 5.4. Let G be a group and let .ƒ; �/ be a semilattice with unity ". A map
� WG ! End.ƒ/ is a unital partial representation if and only if for any g; h 2G and
�2ƒ, we have:

(1) �1G is the identity map on ƒ; and

(2) �g�h.�/ D �g."/ ^ �gh.�/.

Proof. First suppose that � WG ! End.ƒ/ is a unital partial representation. We need to
verify condition (2) above. From (5.3), we have that

�g."/ ^ �gh.�/ D �g." ^ �h.�// D �g�h.�/:

Conversely, suppose that � WG ! End.ƒ/ verifies conditions (1) and (2). We first
check that im�g D ¹�2ƒ j � � �g."/º. Indeed, taking h D 1 in (2) immediately gives
the inclusion im�g � ¹�2ƒ j � � �g."/º. Now, taking �2ƒ such that � � �g."/, we
have that

� D �g."/ ^ � D �g."/ ^ �gg�1.�/ D �g.�g�1.�// 2 im�g ;

showing the converse inclusion. It follows immediately that im�g is an ideal of ƒ with
unity �g."/.

Now, we see that

�g�1�gh.�/ D �g�1." ^ �g�1�gh.�// D �g�1."/ ^ �g�1�gh.�/

D �g�1.�g."/ ^ �gh.�// D �g�1�g�h.�/;

showing (3) of Definition 5.2. Finally, keeping in mind equation (5.3), we obtain

�gh�h�1.�/ D �gh."/ ^ �g.�/ D �g.� ^ �h."// D �g.�h�h�1.�//;

which shows (4) of Definition 5.2.
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Lemma 5.4 states that unital partial representations of groups in unital meet semil-
attices are precisely the F -pairs as defined by M. Petrich in Section VII.6 of [44]. For
the reader’s convenience, we recall an important result from [44], which establishes an
equivalence between the category of F -pairs (unital partial representations) and the cat-
egory of F -inverse semigroups whose morphisms are homomorphisms which preserve
the greatest elements of � -classes. To this end, we first recall the notion of an F -inverse
semigroup. Given an inverse semigroup S , the congruence � is defined by setting s � t
if and only if there exists an idempotent e such that se D te. An inverse semigroup S is
called F -inverse if every � -class Ns 2S=� has a greatest element.

Theorem 5.5 ([44]). The category of F -pairs (unital partial representations) is equival-
ent to the category of F -inverse semigroups and their homomorphisms which preserve
the greatest elements of � -classes.

As an immediate consequence of Theorem 5.5 and Proposition 5.3, we have the fol-
lowing.

Corollary 5.6. The category of unital partial actions of groups on unital semilattices
with unital morphisms is equivalent to the category of F -inverse semigroups and their
homomorphisms which preserve the greatest elements of � -classes.

One of the main objectives in the next subsections is to prove a Lie analogue of
the Theorem 5.5. To this end, we adapt the notions of unital partial representation and
F -inverse semigroup to the Lie context.

5.2. Partial representations

To avoid certain anomalies, we assume for the remainder of the paper that the base field F
is of characteristic different from 2.

We start introducing the notion of a partial representation of a vector space V on a
unital semilattice ƒ. This is defined as a unital partial representation � WV ! End.ƒ/ of
the additive group .V;C/ on ƒ together with an additional condition. More precisely, we
give the following.

Definition 5.7. Let V be a vector space and let ƒ D .ƒ;�/ be a meet semilattice with
unity ". A partial representation of V on ƒ is a mapping V � ƒ! ƒ; .a; �/ 7! a � �

which verifies the following axioms for all a; b 2V; 0 ¤ ˛ 2F and �;�2ƒ:
(1) 0 � � D �,
(2) a � .� ^ �/ D a � � ^ a � �,
(3) a � .b � �/ D a � " ^ .aC b/ � �,
(4) .˛a/ � � D a � �.

Notice that Lemma 5.4 implies that in the above definition V � ƒ! ƒ is indeed a
unital partial representation of the additive group .V;C/ on the semilatticeƒ. In particular,
a �ƒ D ¹a � � j �2ƒº is a unital ideal with unity a � " for every a2V .

A partial representation of a Lie algebra L on a meet semilattice ƒ, with unity ", is a
partial representation of the vector space L on ƒ. We shall denote this partial representa-
tion by .ƒ;L/.
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Given two partial representations .ƒ; L/ and .…; H/, a morphism from .ƒ; L/ to
.…; H/ is defined as a pair .'; �/, where ' Wƒ ! … is a monoid homomorphism and
� WL! H is a Lie algebra homomorphism satisfying

'.a � �/ D �.a/ � '.�/

for every a 2L and �2ƒ. It is easy to see that the partial representations of Lie algebras
on unital meet semilattices form a category, which we denote by I.

The following result addresses some elementary properties of partial representations
that will be used throughout this section.

Lemma 5.8. Let .ƒ;L/ be a partial representation. Then, for any �;�2ƒ and a; b 2L,
the following holds:
(1) a � .a � �/ D a � �.

(2) a � � ^ a � � D a � � ^ � D � ^ a � �.

(3) a � .b � �/ D b � .a � �/.
(4) a � � � � for all �2ƒ and a2L.

(5) The action of L on ƒ is compatible with the order of ƒ, that is, � � � implies
a � � � a � � for all �;�2ƒ. In particular, a � � � a � " for all �2ƒ.

(6) � � a � " if and only if a � � D �.

(7) If a2 span¹x1; : : : ; xkº, then

(5.4)
x1 � .x2 � � � .xk � "/ � � � / D a � " ^ x1 � " ^ � � � ^ xk � "

D a � .x1 � .x2 � � � .xk � "/ � � � //:

In particular, x1 � .x2 � � �.xk � "/ � � �/ is invariant under any permutation of x1; : : : ;xk .

Proof. To see (1), since a � " is the unity of the ideal a � ƒ WD ¹a � � j � 2ƒº, we have
from (3) and (4) of Definition 5.7 that

a � .a � �/ D a � " ^ .2a/ � � D a � " ^ a � � D a � �;

For item (2), observe that, since a � � ^ � belongs to the ideal a � ƒ, the previous item
implies

a � � ^ � D a � .a � � ^ �/ D .a � a � �/ ^ .a � �/ D a � � ^ a � �:

The second equality follows analogously.
For item (3), note that a � .b � �/ D a � " ^ .a C b/ � �2 .a C b/ � ƒ. Using item (1)

and then (4) and (3) from Definition 5.7, we have

a � " ^ .aC b/ � � D .aC b/ � .a � " ^ .aC b/ � �/ D .aC b/ � ..�a/ � "/ ^ .aC b/ � �/

D .aC b/ � " ^ b � " ^ .aC b/ � � D b � " ^ .aC b/ � �I

the last equality follows from the fact that .a C b/" is the unity of the ideal .a C b/ �ƒ.
Therefore a � .b � �/ D b � .a � �/.

Statements (4)–(6) follow directly from items (1)–(3).
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To see (7), we will first show that for any x1; : : : ; xk 2V , we have

(5.5)
x1 � " ^ � � � ^ xk � " D x1 � .x2 � � � .xk � "/ � � � /

D x1 � " ^ .x1 C x2/ � " ^ � � � ^ .x1 C � � � C xk/ � ":

For the first equality in (5.5), observe that

x1 � .x2 � "/ D x1 � " ^ .x1 C x2/ � "
item (2)
D " ^ x1 � ..x1 C x2/ � "/

D .�x1/ � ..x1 C x2/ � "/ D .�x1/ � " ^ x2 � " D x1 � " ^ x2 � ":

Arguing by induction, suppose that the first equality in (5.5) holds for k � 1 elements.
Then we see that

x1 � .x2 � � � .xk � "/ � � � / D x1 � .x2 � " ^ � � � ^ xk � "/ D x1 � .x2 � "/ ^ � � � ^ x1 � .xk � "/

D x1 � " ^ x2 � " ^ � � � ^ x1 � " ^ xk � "

D x1 � " ^ x2 � " ^ � � � ^ xk � ":

For the second equality, observe that the case k D 2 is (3) of Definition 5.7. Suppose that
the second equality in (5.5) holds for k � 1 elements. Then

x1 � .x2 � � � .xk � "/ � � � / D x1 � .x2 � " ^ .x2 C x3/ � " ^ � � � ^ .x2 C � � � C xk/ � "/

D x1 � .x2 � "/ ^ x1 � ..x2 C x3/ � "/

^ � � � ^ x1 � ..x2 C � � � C xk/ � "/

D x1 � " ^ .x1Cx2/ � " ^ � � � ^ x1 � " ^ ..x1Cx2C � � � Cxk/ � "/

D x1 � " ^ .x1 C x2/ � " ^ � � � ^ .x1 C � � � C xk/ � ":

Suppose now that a D ˛1x1 C � � � C ˛kxk for some ˛i 2F . Then using ˛ixi instead
of xi in (5.5) and applying (2), we obtain

x1 � .x2 � � � .xk � "/ � � � / D .˛1x1/ � ..˛2x2/ � � � ..˛kxk/ � "/ � � � /

D .˛1x1/ � " ^ .˛1x1 C ˛2x2/ � " ^ � � � ^ .˛1x1C � � � C˛kxk/ � "

D a � ..˛1x1/ � " ^ .˛1x1 C ˛2x2/ � "

^ � � � ^ .˛1x1 C � � � C ˛k�1xk�1/ � " ^ "/;

so that x1 � .x2 � � � .xk � "/ � � � /2 aƒ. Then, using (1), (2) and (5.5), we conclude that

x1 � .x2 � � � .xk � "/ � � � / D a � .x1 � .x2 � � � .xk � "/ � � � // D a � .x1 � " ^ � � � ^ xk � "/

D a � ." ^ x1 � " ^ � � � ^ xk � "/ D a � " ^ x1 � " ^ � � � ^ xk � ";

as desired.

Let .ƒ;L/ be a partial representation, and let A be a finite-dimensional subspace of L.
We use A � " to denote the set ¹a � " j a2Aº. For a finite set of generators ˇ D ¹x1; : : : ; xkº
of A, we define

ˇ ı " WD x1 � .x2 � � � .xk � "/ � � � /:

Note that from (5.5), we have that ˇ ı " D x1 � " ^ � � � ^ xk � ".
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Lemma 5.9. Let .ƒ; L/ be a partial representation, let A be a finite-dimensional sub-
space of L, and let ˇ D ¹x1; : : : ; xkº be a finite set of generators of A. Then

inf.A � "/ D ˇ ı " D x1 � " ^ � � � ^ xk � ":

In particular, ˇ ı " WD x1 � .x2 � � � .xk � "/ � � � / does not depend on the choice of the finite
set of generators ˇ of A.

Proof. Let a2A. Then, by equation (5.4), we have

ˇ ı " D a � " ^ x1 � " ^ � � � ^ xk � " � a � ";

which implies that ˇ ı " is a lower bound ofA � ". Now, assume that d 2ƒ is another lower
bound of A � ". In particular, d � xi � " for all i D 1; : : : ; k; and this implies d � ˇ ı ".
Hence ˇ ı " is the greatest lower bound of A � ".

Proposition 5.10. The following holds.

(1) If A and B are finite-dimensional subspaces of L, then

inf..AC B/ � "/ D inf.A � "/ ^ inf.B � "/:

(2) For any a2L, we have that

a � " ^ inf.A � "/ D inf..AC Fa/ � "/ D a � inf.A � "/:

Proof. (1) Suppose that ˇ D ¹x1; : : : ; xkº generates A and that ˇ0 D ¹y1; : : : ; ylº gener-
ates B . Then ˇ [ ˇ0 generates AC B and, using Lemma 5.9, we obtain

inf.A � "/ ^ inf.B � "/ D x1 � " ^ � � � ^ xk � " ^ y1 � " ^ � � � ^ yl � " D inf..AC B/ � "/:

(2) The first equality follows from item (1). For the second equality, suppose that
¹x1; : : : ; xkº generates A. Then ¹a; x1; : : : ; xkº generates AC Fa, and thus, using again
Lemma 5.9, we conclude that

inf..AC Fa/ � "/ D a � .x1 � .x2 � � � .xk � "// � � � // D a � inf.A � "/;

as required.

5.3. Lie F -inverse semialgebras

Let S be a Lie inverse semialgebra. Inspired by the concept of a congruence on semi-
groups (see [37, 44]), we define a congruence on S as an equivalence relation ! such
that .s; t/2! implies that .r C s; r C t /; .Œr; s�; Œr; t �/ and .˛s; ˛t/ also belong to ! for
all r 2 S and ˛ 2 F . It is straightforward to see that if ! is a congruence on S , then the
quotient S=! is a Lie inverse semialgebra with the natural operations, and the natural
projection !# WS ! S=! is a homomorphism of Lie inverse semialgebras.

On S we define the relation � by setting s � t if and only if there exists e 2E.S/ such
that s C e D t C e. It is easy to see that � is a congruence and that S=� is a Lie algebra.
Moreover, if ! is another congruence on S such that S=! is a Lie algebra, then � � !.
We will refer to � as the minimum Lie congruence on S . If � WS ! T is a homomorphism
between Lie inverse semialgebras, there exists a unique Lie algebra homomorphism �� W

S=�! T=� such that �# ı �D �� ı �#. This means that �� .Ns/D �.s/;where Ns stands for
the � -class of s 2S and �.s/ for that of �.s/. Furthermore, clearly, .� ı  /� D �� ı  � .
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Adapting the notion of an F -inverse semigroup to the Lie context, we say that a Lie
inverse semialgebra S is F -inverse if every � -class Ns2S=� has a greatest elementmNs and
for every s; t 2S , the following condition holds:

(5.6) Œs; t � D mŒs;t� C 0sCt :

It follows, in particular, that .S;C/ is an F -inverse semigroup and, consequently, it is a
monoid (see Proposition 7.1.3 in [37]), so that S has 0. Observe that the fact thatmNs is the
greatest element of the � -class Ns means that Ns D E.S/CmNs , i.e., Ns is the principal order
ideal generated by mNs in the additive inverse semigroup .S;C/ considered as a partially
ordered set. Moreover,

m˛s D ˛mNs and mNs CmNt � msCt ;

for all s; t 2S and ˛ 2F . Sincem N0 D 0, it follows that the map .S=�;C/! .S;C/ given
by Ns 7! mNs is a premorphism from an additive group into an additive inverse monoid. In
particular, from (4.1) we have that

(5.7) mNs CmNt D 0mNs CmsCt D 0mNt CmsCt ;

for all s; t 2S .

Example 5.11. A pivotal example of a Lie F -inverse semialgebra is the Lie inverse semi-
algebra E.L/ associated with any Lie algebra L (see Section 2). Specifically, for .A; a/
and .B; b/ in E.L/, it can be verified that .A; a/�.B; b/ if and only if a D b. Con-
sequently, .Fa; a/ is the greatest element for the � -class of .A; a/, and the equality

.AC B C F Œa; b�; Œa; b�/ D .F Œa; b�; Œa; b�/C .AC B; 0/

implies that E.L/ is an Lie F -inverse semialgebra.

Let .ƒ;L/ be a partial representation. We define

F.ƒ;L/ D ¹.�; a/2ƒ � L j � � a � "º;

endowed with the following operations:

.�; a/C .�; b/ D .� ^ �; aC b/;

˛.�; a/ D .�; ˛a/;

Œ.�; a/; .�; b/� D .Œa; b� � .� ^ �/; Œa; b�/;

for all ˛ 2F , �;�2ƒ and a; b 2L.

Proposition 5.12. F.ƒ;L/ is a Lie F -inverse semialgebra.

Proof. First, we will see that the above operations are well defined. Let .�; a/ and .�; b/
be in F.ƒ;L/. Then, using (6) of Lemma 5.8, we have

� ^ � D � ^ � ^ " D a � � ^ b � � ^ " D a � � ^ � ^ b � "

D � ^ � ^ a � .b � "/ D � ^ � ^ a � " ^ .aC b/ � " � .aC b/ � ";
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which implies .�; a/C .�; b/2F.ƒ; L/. Next, as � ^ � � ", by (5) of Lemma 5.8, we
have Œa;b� � .�^�/� Œa;b� � ", which ensures that Œ.�;a/; .�;b/�2F.ƒ;L/. Furthermore,
for any ˛ 2F , we have .˛a/ � " D a � " � �, showing that ˛.�; a/2F.ƒ;L/. Hence, the
operations defined on F.ƒ;L/ are indeed well defined. It is also straightforward to verify
that F.ƒ;L/ is a commutative inverse semigroup, whose set of (additive) idempotents is
given by E.F.ƒ; L// D ¹.�; 0/ j �2ƒº. Note that .�; a/ � .�; b/ if and only if a D b
and � � �.

Next, we need to verify that conditions (1)–(6) of Definition 2.10 are satisfied. How-
ever, since the other conditions are straightforward, we will focus only on conditions (2)
and (5). To see (2) let .�; a/; .�; b/; .�; c/2F.ƒ;L/. Then we have

Œ.�; c/; .� ^ �; aC b/� D .Œc; aC b� � � ^ � ^ �; Œc; aC b�/;

and

Œ.�; c/; .�; a/�C Œ.�; c/; .�; b/� D .Œc; a� � � ^ � ^ Œc; b� � � ^ �; Œc; aC b�/

D .� ^ Œc; a� � � ^ Œc; b� � �; Œc; aC b�/:

Now, we see that

.Œc; a�C Œc; b�/ � � ^ � ^ � � Œc; a� � " ^ .Œc; a�C Œc; b�/ � � ^ � ^ �

D Œc; a� � .Œc; b� � � ^ � ^ �/ D � ^ Œc; a� � � ^ Œc; b� � �:

Hence, we conclude that Œ.�; c/; .�; a/C .�; b/� � Œ.�; c/; .�; a/�C Œ.�; c/; .�; b/�, which
gives (2).

To prove (5), note that using (4) of Lemma 5.8, we have

ŒŒa; b�; c� � .Œa; b� � .� ^ �/ ^ �/ � � ^ � ^ �;

and then

ŒŒ.�; a/; .�; b/�; .�; c/� D .ŒŒa; b�; c� � .Œa; b� � .� ^ �/ ^ �/; ŒŒa; b�; c�/

� .� ^ � ^ �; Œa; Œb; c��/:

Thus

J..�; a/; .�; b/; .�; c// � .� ^ � ^ �; J.a; b; c// D .� ^ � ^ �; 0/ D 0.�;a/C.�;b/C.�;c/:

Therefore, F.ƒ;L/ is a Lie inverse semialgebra.
It remains to prove that F.ƒ;L/ is F -inverse. Notice that .�; a/�.�; b/ if and only if

aD b. HenceF.ƒ;L/=� D¹. �; a/ j a2LºŠL. Since �� a � " for every .�;a/2F.ƒ;L/,
it follows that . �; a/ D ..a � "/ ^ƒ; a/ and that .a � "; a/ is the greatest element of the � -
class . �; a/. Finally, the equality

.Œa; b� � "; Œa; b�/C .� ^ �; 0/ D .Œa; b� � " ^ � ^ �; Œa; b�/

D .Œa; b� � .� ^ �/; Œa; b�/ D Œ.�; a/; .�; b/�

shows that the equation (5.6) holds for F.ƒ;L/. So, F.ƒ;L/ is indeed an Lie F -inverse
semialgebra.
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Example 5.13. Let L be a Lie algebra, and denote by Pf .L/ the set of all finite-dimen-
sional subspaces of L. Then .Pf ;C/ is a meet semilattice whose unity is the subspace 0.
It is straightforward to see that the map L� Pf .L/! Pf .L/ defined by a �AD AC Fa
gives a partial representation .Pf .L/; L/. A simple calculation shows that F.Pf .L/; L/
coincides with the Lie F -inverse semialgebra E.L/.

In what follows, F denotes the category whose objects are the Lie F -inverse semial-
gebras, and whose morphisms are the homomorphisms which map the greatest element of
a � -class to the greatest element of a � -class.

Suppose that .�; �/W .ƒ;L/! .…;H/ is a morphism of partial representations. Then,
it is straightforward to verify that the mapping F.�; �/WF.ƒ;L/! F.…;H/, defined by
.�; a/ 7! .�.�/; �.a//, is a homomorphism of Lie F -inverse semialgebras. Furthermore,
for any a2L, we have

F.�; �/.a � "; a/ D .�.a � "/; �.a// D .�.a/ � "; �.a//;

which shows that F.�;�/ sends the greatest element of a � -class to the greatest element of
a corresponding � -class. Thus we obtain a functor F WI! F sending .ƒ;L/ to F.ƒ;L/
and .�; �/ to F.�; �/. Our objective is to show that the category I, of partial representa-
tions, is equivalent to the category F . To achieve this, we need to construct a functor in
the opposite direction.

Let S be a Lie F -inverse semialgebra, and let mNs denote the greatest element of the
� -class Ns. Consider the Lie algebra S=� , and the meet semilattice E.S/ of (additive)
idempotents of S . Then, it is easy to see that a mapping S=� � E.S/! E.S/ defined by

Ns � � D 0mNs C �;

gives a partial representation .E.S/; S=�/. Indeed, conditions (1), (2) and (4) of Defini-
tion 5.7 are straightforward, whereas (3) is a consequence of (5.7). Moreover, if ' WS ! T

is a homomorphism of Lie F -inverse semialgebras which maps the greatest element of a
� -class to the greatest element of a � -class, then the pair .�; '� /, where � D 'jE.S/ and
'� W S=� ! T=� is as defined above, is a morphism in I. Thus, we obtain a functor
K WF ! I setting K.S/ D .E.S/; S=�/ and K.'/ D .�; '� /.

For every .ƒ; L/2 I, we define the mapping .�ƒ; �L/W .ƒ; L/! KF.ƒ; L/, where
�ƒ.�/ D .�; 0/ and �L.a/ D . �; a/. On the opposite direction, for S 2 F , we define
the mapping 
S W S ! FK.S/ by 
S .s/ D .0s; Ns/. The following theorem shows that
the mappings .�ƒ; �L/W .ƒ; L/ ! KF.ƒ; L/ and 
S W S ! FK.S/ establish an equi-
valence between the categories I and F . The proof is essentially the same as that of
Lemmas VII.6.7 and VII.6.8 in [44], with some minor adaptations. However, to keep our
exposition self-contained, we provide the details of the proof.

Theorem 5.14. The mapping .�ƒ;�L/ establishes an equivalence between the functors idI

and KF , while the mapping 
S establishes an equivalence between the functors idF

and FK. Consequently, the categories I and F are equivalent.

Proof. First note that for any .ƒ; L/2 I, we have that �ƒ is an isomorphism between ƒ
and E.F.ƒ;L//, and �L is an isomorphism between L and F.ƒ;L/=� . Furthermore, for
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any a2L and �2ƒ, we have

�ƒ.a � �/ D .a � �; 0/ D ." ^ a � �; 0/ D .a � " ^ �; 0/

D .a � "; 0/C .�; 0/ D 0m
. �;a/
C .�; 0/ D �L.a/ � �ƒ.�/;

which shows that .�ƒ; �L/ is an isomorphism in the category I. In order to show that the
correspondence .ƒ;L/ 7! .�ƒ; �L/ is natural, let .�;�/W .ƒ;L/! .…;H/ be a morphism
of partial representations, and for convenience, set .� 0; �0/ D KF.�; �/. Then, for every
�2ƒ and a2L, we have

.� 0; �0/ ı .�ƒ; �L/.�; a/ D .�
0; �0/..�; 0/; . �; a// D ..�.�/; 0/; . �; �.a//

D .�…; �H / ı .�; �/.�; a/;

showing that the correspondence .ƒ;L/ 7! .�ƒ; �L/ is a natural equivalence.
We now address the second assertion. First note that for any S 2F , the mapping 
S

is a bijection. Indeed, if s; t 2 S are such that 0s D 0t and Ns D Nt , then s D mNs C 0s D

mNt C 0t D t , showing that 
S in injective. Now, consider any .�; Ns/ 2 FK.S/. Since
� � 0mNs , setting t D �CmNs we obtain


S .t/ D .�C 0mNs ; .�CmNs// D .�;mNs/ D .�; Ns/;

which shows that 
S is onto. Furthermore, it is clear that for any ˛ 2 F and s; t 2 S , we
have 
S .s C t / D 
S .s/C 
S .t/ and 
S .˛s/ D ˛
S .s/. In addition, using (5.6), we see
that

Œ
S .s/; 
S .t/� D Œ.0s; Ns/; .0t ; Nt /� D .Œs; t � � 0sCt ; Œs; t �/

D .0m
Œs;t�
C 0sCt ; Œs; t �/ D .0Œs;t�; Œs; t �/ D 
S .Œs; t �/;

which implies that 
S is an isomorphism in the category F . It remains to show that the
correspondence S 7! 
S is natural. For this suppose that ' WS ! T is a homomorphism
in F . Then, for any s 2S , we have that

FK.'/ ı 
S .s/ D FK.'/.0s; Ns/ D .'.0s/; '.s// D .0'.s/; '.s// D 
T ı '.s/;

which gives the naturality of the correspondence S 7! 
S .

5.4. Lie analogue of Szendrei’s theorem

Suppose that � WL! H is a Lie algebra homomorphism. Then, � induces a homomor-
phism Q� WE.L/!E.H/ given by Q�.A;a/D .�.A/;�.a//. This homomorphism maps the
greatest elements of the � -class of .A; a/ to the greatest element of the � -class of Q�.A;a/.
Additionally, it is important to note that A� ı  D Q� ı Q .

Let L denote the category of Lie algebras, and let F denote the category of Lie
F -inverse semialgebras and their homomorphisms which map the greatest element of a � -
class to the greatest element of a � -class. By the previous paragraph, the correspondence
L 7!E.L/, � 7! Q� defines a functorE WL!F . Similarly, the correspondence S 7! S=� ,
� 7! �� , defines a functor QWF ! L. The main result of this section is the following
theorem, which is a Lie analogue of a well-known result by M. Szendrei, see Theorem 2
in [48].
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Theorem 5.15. The functor E WL! F is left adjoint to the functor QWF ! L.

The remainder of this section is devoted to prove Theorem 5.15. The proof follows
the approach from [48], with additional ingredients needed for our Lie context. More spe-
cifically, instead of proving the theorem directly, we factorize the functors E WL ! F

and QWQ ! L in Theorem 5.15 through the functors F and K described in Subsec-
tion 5.3. To do this, we first recall from Example 5.13, that for a given Lie algebra L
we have the meet semilattice Pf .L/ of all finite-dimensional subspaces of L, and the
mapping L � Pf .L/! Pf .L/ defined by a � A D A C Fa, gives a partial representa-
tion .Pf .L/; L/. Furthermore, if � WL ! H is a Lie algebra homomorphism, then the
mapping y� WPf .L/! Pf .H/, defined by y�.A/D �.A/, is a homomorphism of monoids;
and, clearly, the mapping .y�;�/W .Pf .L/;L/! .Pf .H/;H/ is a morphism of partial rep-
resentations. Moreover, we have that 1� ı  D y� ı y . Therefore, we can define a functor
xE WL! I by setting xE.L/ D .Pf .L/; L/ and xE.�/ D .y�; �/. Similarly, we can define

a functor xQW I ! L by setting xQ.ƒ;L/ D L and xQ.�; �/ D �. The functors xE and xQ
satisfy E D F xE and Q D xQK, where E and Q are the functors in Theorem 5.15. By
virtue of Theorem 5.14, to prove Theorem 5.15 it suffices to show the following theorem.

Theorem 5.16. The functor xE is left adjoint to the functor xQ.

Proof. Let L be a Lie algebra and .…;H/ a partial representation. Then, for each homo-
morphism � WL!H D xQ.…;H/, let ˇ.�/W xE.L/! .…;H/ be defined by � 7! .‚� ;�/,
where ‚� WPf .L/! … is defined by ‚�.A/ D inf.�.A/ � "/. It follows from Proposi-
tion 5.10, that the pair .‚� ;�/ is a homomorphism of partial representations. The mapping
ˇ WHom.L; xQ.…;H//!Hom. xE.L/; .…;H//, defined by � 7! ˇ.�/, is clearly injective.
To see that ˇ is onto, note that for .‚; �/2 Hom. xE.L/; .…;H// and for any a 2L, we
have that

‚.Fa/ D ‚.a � "/ D �.a/ � " D ‚�.Fa/;

which implies that ‚ D ‚� . Therefore the mapping ˇ is bijective. To complete the proof,
we need to establish the naturality of ˇ D ˇL;.…;H/ in both components.

(Naturality of ˇ in the first component). Let 
 WL! K be a Lie algebra homomor-
phism. For � 2 Hom.K;H/, we have that

ˇ.Hom.
;H/.�// D ˇ.�
/ D .‚�
 ; �
/;

and on the other hand,

Hom..y
; 
/; .…;H//.ˇ.�// D Hom..y
; 
/; .…;H//.‚� ; �/ D .‚� y
; �
/:

Now, for any A2Pf .L/, we see that

‚� O
.A/ D ‚�
.A/ D inf.�
.A/ � "/ D ‚�
 .A/;

which implies ‚� O
 D ‚�
 . Therefore, ˇ is natural in the first component.
(Naturality of ˇ in the second component). Let .‚;�/W .…;H/! .ƒ;M/ be a homo-

morphism of partial representations. Then, for  2 Hom.L;H/, we have that

Hom. xE.L/; .‚; �//.ˇ. // D Hom. xE.L/; .‚; �//.‚ ;  / D .‚‚ ; � /
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and
ˇ.Hom.L; �/. // D ˇ.� / D .‚� ; � /:

We need to verify the equality ‚‚ D ‚� . For A2Pf .A/, suppose that ¹x1; : : : ; xkº
is a finite set of generators for A. Using Lemma 5.9 and the fact that .‚; �/ is a homo-
morphism of partial representations, that is, it satisfies ‚.a � �/ D �.a/ �‚.�/ for a 2H
and �2…, we have

‚‚ .A/ D ‚..inf .A/ � "// D ‚. .x1/ � " ^ � � � ^  .xk/ � "/
D �. .x1// � " ^ � � � ^ �. .xk// � " D inf.� .A/ � "/ D ‚� .A/:

Hence ‚‚ D ‚� , which establishes the naturality of ˇ in the second component.
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