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On the regularity of axisymmetric, swirl-free solutions of
the Euler equation in four and higher dimensions

Evan Miller and Tai-Peng Tsai

Abstract. In this paper, we consider axisymmetric, swirl-free solutions of the Euler
equation in four and higher dimensions. We show that in dimension d > 4, axisym-
metric, swirl-free solutions of the Euler equation have properties which could allow
finite-time singularity formation of a form that is excluded when d = 3, and we prove
a conditional blowup result for axisymmetric, swirl-free solutions of the Euler equa-
tion in dimension d > 4. The condition which must be imposed on the solution in
order to imply blowup becomes weaker as d — 400, suggesting the dynamics are
becoming much more singular as the dimension increases.

Contents

L. IntroducCtion . . . ..ottt e e e 1681
2. Definitions and NOtAtioN . . ... ...ttt e 1686
3. The axisymmetric Euler equation in higher dimensions .. ..................... 1689
4. The Biot—Savart law in higher dimensions . .. ..... ... ... ... ... ... 1700
5. Conditional regularity in four and higher dimensions . . ... ...... ... ... . ..... 1706
6. Anti-parallel vortex tubes . .. ... ... 1712
A. A stream function approach to the Biot—Savartlaw . ......................... 1722
References . . ... ... 1725

1. Introduction

The incompressible Euler equation is one of the fundamental equations of fluid dynamics,
and is given by

u+w-VYu+Vp=0, V-u=0,
where 1 € R? is the fluid velocity, and p is the pressure, which can be determined from
the velocity using the divergence free constraint, yielding
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This means that the Euler equation can be expressed in terms of the Helmholtz projec-
tion as
du + Pyr((u - Vyu) = 0.

It is a classical result that for sufficiently smooth initial data, the Euler equation has
global smooth solutions in two dimensions. In three dimensions, it is a major open ques-
tion in nonlinear PDE whether smooth solutions of the Euler equation can blow up in
finite-time. One of the main partial regularity results is the Beale-Kato—Majda criterion,
which states that the L} LS° norm of the vorticity controls regularity [2], and so if a smooth
solution of the Euler equation blows up in finite-time Tp,x < +00, then

Tmﬂx
/ 13-, )z df = +o0.
0

A special case of the Euler equation in three dimensions is that of axisymmetric, swirl-
free solutions. Axisymmetric, swirl free vector fields have the form

u(x) =u,(r.z)e, +uz(r,z)ez,

/ X1,X2,0)
_ 2 2 _ _ ( 1,42, _
r = xl + x2’ zZ = x3a er - r ’ eZ - e37

and this class of vector fields is preserved by the dynamics of the Euler equation. The
scalar vorticity for axisymmetric, swirl-free solutions is @ = 9, u, — 3, u,, and satisfies
the evolution equation

where

3,a)+(u-V)a)—&a)=0.
r

This implies that the quantity w/r is transported by the flow with
@ +u-v)2 =0,
r

and this is enough to guarantee global regularity subject to reasonable hypotheses on
the initial data. Ladyzhenskaya proved the first global regularity result for axisymmetric,
swirl-free fluids in three dimensions, proving global regularity for axisymmetric, swirl-
free solutions of the Navier—Stokes equation [17]. Ukhovskii and Yudovich proved global
regularity [23] for axisymmetric, swirl-free solutions of the Euler equation in three dimen-
sions with initial vorticity satisfying @, @®/r € L? N L, which was later generalised
by Serfati [21] and Saint Raymond [20]. Danchin relaxed this requirement [6, 7] to initial
data satisfying @® € L3 N L>®, w%/r € L3!. We will note that in the standard regular-
ity class for well-posedness of strong solutions to the three-dimensional Euler equation,
H*(R3), s > 5/2, the conditions by Danchin hold automatically, and so these conditions
do not involve any assumptions beyond sufficient regularity of the initial data.

In this paper, we will consider a generalisation of axisymmetric, swirl-free solutions
of the Euler equation to four and higher dimensions. For d > 4, we will consider solutions
of the form

ulx,t) =u,(r,z,t)e, +uz(r,z,t)e;,
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where

/ (x1,...,Xg4-1,0)
r= xf—}—---—i—xfi_l, Z = Xq, erzf, e; =ey,

The scalar vorticity is again given by w = d,u,; — d,;u,, and now satisfies the evolution
equation

d;w + (u-V)a)—ku—ra) =0,
r
where k = d — 2. This implies that the quantity e /r¥ is transported by the flow with
®
r

Remark 1.1. This immediately opens the possibility of finite-time singularity formation
when d > 4, because the transported quantity w/r* is not necessarily bounded when
k > 2.1In general, for sufficiently smooth, axisymmetric, swirl-free velocities, the vorticity
must vanish linearly at the axis. To be more precise, we will show that if u € H S(]Rd ),
§>2+d/2, thenw/r € L. Ford > 4, by contrast, w/r¥ may be unbounded for even
a Schwartz class vector field.

The fact that there is some control on the advected quantity w/r of the kind imposed
by Ukhovskii and Yudovich [23] or Danchin [6,7] is essential to the guaranteeing global
regularity. In fact, for solutions in which the vorticity is only C?, for a small ¢ > 0, Elgindi
recently proved finite-time blowup for solutions of the axisymmetric, swirl-free Euler
equation in three dimensions [9]. Note that for these solutions, w/r is singular at the
z-axis, r = 0, even before the blowup time. When d > 4, the advected quantity w/r¥
may be singular on the z-axis even for smooth solutions, so this gives us a good reason
to be optimistic that there will be examples of finite-time blowup for smooth, axisym-
metric, swirl-free solutions of the Euler equation in four and higher dimensions. If the
quantity w/r¥ being advected by the flow does not have any reasonable control, then
there is no barrier to blowup from axisymmetry, and we can expect blowup for smooth
solutions in d > 4 analogous to the blowup for strong — but not smooth — solutions proven
by Elgindi when d = 3.

It would seem natural to expect that for d > 4, in the case where w/ rk e L, there
will be global regularity by similar arguments guaranteeing global regularity in d = 3,
when w®/r € L. This is the case when d = 4, and we have the following result.

Theorem 1.2. Suppose the initial data u® € H,(R*), s > 4, is axisymmetric and swirl-
free, and assume w°/r> € L' N L™, Then there exists a global smooth solution of the
Euler equation u € C([0, +00), H(R*)) N C1([0, +o00), Hi ' (R*)). Furthermore, we
have a bound on vorticity, with for all R > 0 and for all 0 <t < 400,
0 2@’
S T C T e
oG Dl < max(lo® Lo B 75 |, e, ) exP@AD)

1/2
LlosR)) '

where
_ C|w/|l/2 0 5 "
p= g |l (1 ey + 25
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with the cylinder €g € R? given by
Cr = {xeR%:|x'| <R}

Remark 1.3. This paper replaces an earlier version by the first author that did not include
this result. In the meantime, Theorem 1.2 was proven independently and first published by
Choi, Jeong, and Lim [5]. We include it in this paper nonetheless, because it fits naturally
into the analysis of upper and lower bounds on the singular behaviour of axisymmetric
solutions the Euler equation in higher dimensions.

Lim and Jeong further refined the analysis in [18], proving global regularity for axi-
symmetric swirl free solutions of the Euler equation whenever d < 6 and w°/r?=2 e L>,
For 3 < d <5, they proved an upper bound on the growth rate of the form

lo(-. 1)L < C(1 4 )4/ 6D,
and for d = 6, the bound
(-, 1)L < Ce*,

in all cases under the assumption that w®/r¢=2 € L>. These results supersede Theo-
rem 1.4 below for d = 5, 6, but the regularity criterion in Theorem 1.4 remains relevant
when d > 7, in which case the finite-time blowup problem is open.

Theorem 1.4. Suppose that u € C([0, Tnax), HE(RY)) N CH([0, Trnax), H3 L (RY)), with
d>5ands > 2+ d/2, is an axisymmetric, swirl-free solution of the Euler equation,
with finite-time blowup at Tyax < +00, and assume that w/r* € L' N L. Then for all
0 <1 < Tax

My 1
lo Gl ey = ( )

d—2)/(d—4 2/(d—4 d=2’
llo/ k|44 oo/ rk 29D (T — 1)205

where My > 0 is a constant depending only on the dimension. Furthermore,

Tmax
f 0 (- 1)l zoe dt = o0,
0

where ut = max(u,, 0).

We will note that in terms of scaling these regularity criteria are substantially stronger
than the Beale—Kato—Majda criterion, and so any blowup of this kind must happen in the
bulk of the flow, at least to a larger degree than Beale—Kato—Majda on its own would
require. These regularity criteria follow from the fact that when w/r* € L, there can
only be finite-time blowup at some time Tr,ox < 400 if a fluid trajectory runs off to spatial
infinity with r () — oo as t = Tax.

As further evidence of potential singularity formation in very high dimensions, we
prove that any solution of the Euler equation in R? with a particular geometry — that
is, axisymmetric, swirl-free, with a scalar vorticity »°(r, z) that is odd in z and satisfying
°(r,z) > 0 forall ,z > 0—blows up in finite time as long as a large enough proportion of
energy remains in the vertical velocity component. Furthermore, the proportion of energy
remaining in the vertical component necessary to guarantee finite-time blowup shrinks at
arate 1/d, making the requirement very weak in high dimensions.
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Definition 1.5. For an axisymmetric, swirl-free solution of the incompressible Euler equa-
tion u € C([0, Tnax): HE(R?)) N CY([0, Thax), HE1(RY)), withd >3 ands > 2+ d /2,
forall 0 <t < Tyax, let

o0 o o0 o
K, (1) =/ / r‘i_zur(r,z,t)2 drdz, K;(t) =/ [ r‘i_zuz(r,z,t)2 drdz,
o Jo o Jo

and let the total energy of the system be given by
Ko = K (0) + K (0).

Note that for all 0 <t < Tiax,

1 1
K. (t)+ K.(t) = lu(-.0))7. = ——[u°|7, = Ko,
m my

due to conservation of energy, so the radial and vertical components of energy always add
to the initial total energy, although energy can be exchanged between these two compo-
nents.

Theorem 1.6. Suppose that u € C([0, Thax): HE(R?)) N C ([0, Tax), HE~1(R?)), with
d >4ands > 2+ d/2, is a solution of the Euler equation, and assume that ®°(r, z) is
odd in z, with, forall r,z > 0,

a)O(r, z) >0,

and w° is not identically zero. Further suppose that there exists € > 0 such that for all
0 =<7 < Trax,

1
K.(0) > %Ko-

Then this solution of the Euler equation blows up in finite-time with

Thax < EKQ/ / “120%(r, z) dr dz.

Remark 1.7. Note that when the dimension is very large, the amount of energy that needs
to remain in the vertical component in order to guarantee blowup becomes extremely
small, which suggests increasingly singular behaviour in very high dimensions. This is
consistent with the work of Drivas and Elgindi [8], which established, in a very different
geometry, finite-time blowup in the infinite-dimensional formal limit d — +oo for the
Euler equation on the torus T¢. The relationship between the finite-time blowup problem
for the axisymmetric Euler equation and the dimension was also studied numerically by
Hou and Zhang [12] and, in the viscous case, by Hou [11].

The paper will be structured as follows. In Section 2, we will go over some key defi-
nitions as well as the notation used in the paper. In Section 3, we will show that the class
of axisymmetric, swirl-free vector fields is preserved in four and higher dimensions by
the dynamics of the Euler equation and derive the evolution equation for the vorticity. In
Section 4, we will give a Biot—Savart law for recovering the velocity from the vorticity. In
Section 5, we will discuss the regularity theory in four and higher dimensions when w/r¥
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is bounded, establishing regularity criteria and proving Theorems 1.2 and 1.4. In Sec-
tion 6, we will consider the case of a vorticity with certain symmetry and sign conditions
that corresponds to colliding vortex tubes, and prove some preliminary results that suggest
the possibility of growth in very large dimensions, proving Theorem 1.6. In Appendix A,
we will express the Biot—Savart law in terms of a stream function.

Remark 1.8. It must be stated at the outset that the Cauchy problem for the Euler equa-
tion in four and higher dimensions is completely unphysical. Real, physical fluid flows
are three-dimensional. In some cases, the flow of actual physical fluids is close enough
to being perfectly two-dimensional for the two-dimensional equation to be a reasonable
model, but it is almost inconceivable that the Euler equation in four or higher dimensions
could be a reasonable model for any physical fluids. Even in the case of relativistic fluids,
where time is not neatly separable from space, the Lorentzian structure means the problem
is still fundamentally (3 + 1)-dimensional, as it is in the classical case if time is treated as
a dimension.

Nonetheless, the question of finite-time blowup of the Euler equation in four and
higher dimensions is scientifically interesting beyond purely abstract mathematical curios-
ity. The dramatic qualitative differences between two and three-dimensional fluid mechan-
ics show that turbulence has a very fundamental dependence on dimension. For this rea-
son, any advance on the finite-time blowup of the Euler (or Navier—Stokes) equation in
four and higher dimensions —which seems much more within reach than in the three-
dimensional case — could shed significant light on the possibility of blowup in three dimen-
sions, by allowing the study of the dependence of mechanisms for finite-time blowup on
the dimension.

2. Definitions and notation

Throughout this paper,
3 < d = the spatial dimension, and k =d —2.

For axisymmetric solutions, we shall use the following notation for the decomposition
R? = R4~1 x R:

RY>x =" xg), x' =(x1,...,xq-1) € R4,
We can define the generalised cylindrical coordinates (r, z) for this decomposition by
r=1x'|, z=xg4,

with associated unit vectors

/

X
erz(_’())a €; =é€q,
x|

where {e],...,e;} denote the standard basis for R?. We will say that a vector field
u:R? — R¥ is axisymmetric and swirl-free if

u(x) = ur(rvz)er +UZ(V,Z)€Z,
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and we will say that a scalar function f:R? — R is axisymmetric if

Jx) = f(r.z2).

We will sometimes slightly abuse notation by equating f with f . For derivatives in terms
of the spatial variables, we will often use the shorthand

0

= —>
8x,~

0;

and likewise for 9, and 9.

The Lebesgue spaces L?(R?) will be given the standard definition and norm. For
axisymmetric functions, we will take L? = L?(mgy_, r?~2 dr dz), where my is the sur-
face area of the d-sphere embedded in R *1. So, for 1 < p < oo,

7 ler =171 = (mas [ [ 1 nierd2azar)"”.

For 1 < p,q < 400, we will take the Lorentz spaces L?9(R?) to be the spaces with the
quasinorm

b 1 d / 1/q
1flers = (p [ ot €RY 2| 70] > adl/? da) .
0
In the case ¢ = oo, we will take the quasinorm to be

I/ lroe = (supa?[{x € R 1 | f(x)] > a}]) /7.

a>0

Note that L?? = L? and that for axisymmetric functions, we will again use the mea-
sure mq_, r¢~2 dr dz when working with cylindrical coordinates, so that

[fllLra = 1f llLra.

We will define both homogeneous and inhomogeneous Sobolev spaces, H* and H®
as follows: for s > —d /2,

R 1/2 R 1/2
e = ([ a+lePriF@rae) s g = ([ Je7@ra) "
R4 R4
where f denotes the Fourier transform of f.
Forall s e R, let H, dsf(]Rd ) be the space of divergence free vector fields:
Hi = H3(R?) = {ve H*(R?;RY) : V. v = 0).

Note that the divergence is only a continuous function when s > 1 4+ d/2, so in general
we will say that V- v = 0 if
§-06)=0

for almost every & € R9. We will also take Hgsr(IR{d) to be the space of gradients,

Hf = Hi(RY) ={Vf: fe H'®RY) n HT(RY)}.
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Remark 2.1. Note that v € Hy, if and only if #(£) € span(£) for almost every £ € R?,
and v € Hg, if and only if v(é) € span(§)L for almost every £ € R%. This leads to the
Helmholtz decomposition

H® = Hy ® Hg,.

Denote the Sobolev space of axisymmetric, swirl-free vector fields as
H) =H, (Rd RY) = {ve H*R?;RY) : v(x) = v,(r,2)er + v2(r.2) ez},

and the spaces of axisymmetric, swirl-free, divergence free vector fields and axisymmet-
ric, swirl-free gradients as

H! = HNH}, H

_ s s
as&gr T Has n ng'

Let C¥(R9) denote the space of k times continuously differentiable functions, with
bounded derivatives up to order k, with norm

Ifllcx = sup (195" 95 fllLoe.

QY yenns og>0
ay+tag <k

We will take the analogous definition when dealing with C¥ functions that also depend on
a time variable.

Remark 2.2. Note that for all s > k + d/2, we have the continuous embedding
HY®RY) > C*RY), || fllck < Copall flas-

We will refer to the anti-symmetric and symmetric parts of the gradient of a vector
field u as A and S, with

1
Ajj = (8 uj —o;u;) and S;; = E(aiuj + dju;),
and define the anti-symmetric gradient operator and symmetric gradient operator likewise:
Vasymt = A and Vgnu = S.

For d = 3, A can be represented in terms of the vorticity vector @ = V x u by

1 0 6?)3 —wy
A==|-w;5 0 @
Wy —d1 0

For axisymmetric, swirl-free vector fields u,

1
A(x) = 5 a)(r, Z) (er Ke;—e; Q er)’
where the scalar vorticity is
w(r,z) = 0,u; — dzuy.

Ford = 3,
d(x) = —w(r, z)ey.
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3. The axisymmetric Euler equation in higher dimensions

In this section, we will show that the axisymmetric, swirl-free Euler equation in four and
higher dimensions can be expressed in terms of the evolution of the scalar vorticity, just
as it can in three dimensions.

3.1. Preliminaries

We will begin by going over some of the vector calculus results necessary for the analy-
sis of axisymmetric, swirl-free solutions. The computations are mostly routine exercises,
however, they are very important to the analysis.

Proposition 3.1. Suppose u € HS(R?), with s > 1 + d /2, is axisymmetric and swirl-free.
Then the gradient of u can be expressed as

u,(r,z) -
Vu(x) = o,u,(r,z)e, @ e, + %Id
+ 0zuz(r,z)e; @ e; + 0ruz(r,z)e, @ e; + ,ur(r,2)e; ey,

where y
Ig=1;—¢e Qe —e;, Re,.

Proof. First we know that
u(x) =u,(r,z)e, +uz(r,z)e, and Vr =e,,
and therefore we can see that

Vu(x) = 0ur(r,z)e, @ e + 0,u(r,z)e; Q e,
4+ 0rus(r,z)e, @ e; + ,u,(r,z)e; e + uy(r,z)Ve,.

It remains only to show that

1 -
Ve, = -1;.
r
Recall that ¢, = x'/|x'|, where x’ = (x1,...,x4_1,0). Clearly we have
1 1 1
Vx'=1;—e,®e, and V =V-=——e¢,.
|x’] r r2
Therefore, we can conclude that
1, 1 1 1 L1
Ve, =-VXx'+V—Q@x'=-(Ig—e;,Qe;))— e, x =—-(Ig—e;Qe,—e,Rey).
r |x’| r r2 r
This completes the proof. ]

Proposition 3.2. Suppose u € H*(R?), withs > 1 + d /2, is axisymmetric and swirl-free.
Then the divergence of u can be expressed as
ur(r,z)

Veu(x) = 0pur(r,z) + k ———— + d;u(r, 2),
r

where k = d — 2.



E. Miller and T.-P. Tsai 1690

Proof. Taking the identity from Proposition 3.1, we can see that

Vo u(x) = (Vu(x)) = 9y + 51z + ”’(rr’ D w(iy)
uy(r,z
— 3, (r,2) + 0,1, (r, 2) + (d — 2) (r ).
This completes the proof. ]

Proposition 3.3. Suppose u € HS(R?), withs > 1 + d /2, is axisymmetric and swirl-free.
Then (u - V)u is axisymmetric and swirl free.

Proof. We know by hypothesis that
u(x) = ur(r’ Z)er + uZ(rv 2)627
and by Proposition 3.1 that

ur(r.2) id + 0;uz(r,z)e; ®e;

Vu(x) = o,u,(r,z)er @ er + .

+ouz(r.z)e, @e; + 0 u,(r,z)e; ® ey.
We can see that I is the matrix for the projection onto the subspace span(e;, e;)*, and so

u-Vu=Vu)"u =u,0,ure, +uz0uze, +u,0,uze, +u,0,ure,
=W -Vuy)e, + (u-Vuy)e;,.
Recalling the definition of an axisymmetric vector field, this completes the proof. ]

Proposition 3.4. Suppose u € H*(R?), withs > 1 + d /2, is axisymmetric and swirl-free.
Then

1
A(x) = 3 w(r,z)(e, @ e; —e; ® er),
where w(r,z) = 0pu; — 0 U,.

Proof. Taking the formula for Vu from Proposition 3.1, we can see that

1
A(x) = E (Oruze, ® e; + dzure; @ er — 0yuze; @ ep — 0 ure,  e;)

1
= E (Oruz; —0zu,)(er @ e; —e; Qey).

This completes the proof. |
Proposition 3.5. For all d > 3, the divergence of the radial direction e, € R? is

k
Ve = —-
,
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Proof. Recall that

X
e, =
Y
It then follows that
V.x 1 d—1 x' d—2
Vie,=——+x-V— = —-x'- = .
SR |x'] r |x']? r
This completes the proof. |

Proposition 3.6. Suppose that u € H*(R?;R%), with s > 2 + d /2, is an axisymmetric,
swirl-free vector field. Then the vector Laplacian can be expressed as

k. ok k
—Au(x) = (—af — 0+ - 02)ur(r.2)er + (—af — 0, - aﬁ) Uz (r.z)es.

Proof. Taking the divergence of the gradient formula in Proposition 3.1, using the fact
that —Au = — div Vu, and applying Proposition 3.5, we find that

k -
—Au = —8§u,e, - 8? Uzly — 3fuzez — —0ruze, —div(d, ure, ® e;) — div(& Id).

r r
Again applying Proposition 3.5, we can see that

. k
—div(0,u,(e, ® €,)) = <_a%ur - oy ur)ers
and that
L (Up - Ur\ ~ Uy . k
—d1V<— Id) = —(8, —)Id e ——divily —e, Qe —e, Qe;) = — Urer.
r r r r
This completes the proof. |

Proposition 3.7. Suppose that f € H®, with s > 2 + d /2, is a scalar axisymmetric func-
tion with f(x) = f(r,z). Then

VI x) =8, f(r.2)e + 3. f(r.2)e;
and .
—Af(x) == f(r,z) - - 3 f(r,z) — 32 f(r,2).

Proof. Observe that
Vr =e,,

and so, applying the chain rule,
Vfikx)= a,f(r, Z)er + 8zf(r, Z)e;.

By taking the divergence of this equation and applying Proposition 3.2, we complete the
proof. ]
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Proposition 3.8. Suppose thatu € HJ, (R%), with s > 2 + d /2. Then the vector Laplacian
can be expressed as

—Au = =2div Vogymu — VV - u.

Proof. First note that for s > 2 + d/2, HS,(R%) < C?(R?), so the both sides of the
expression are well defined for all x € R?. Let

ux) =u,(r,z)e, +uz(r,z)e,.
Recalling that
Veou=0u+ ];ur + dzuz,
we can compute that

k k k
(3.1) VV-u = (83 + 73, - r—z)ure, + 3§uzez + 0, (8ru, + 7u,)ez + 0,0 uze,.

Likewise, recalling that
2Vaymu = (0,u; — 0;u,)(er Q@ e; —e; R ey),
and applying the product rule
div(fM) = fdiv(M) + M"V f,

we find that
k
(3.2) 2divVyynu = ;(aruz —0zur)e; + 0,(0ru; —0zur)e; — 0;(0ru; —0zu,) e,
= 8§urer + (3% + li Br)uzez - li 0sUr€; —0,0;Ure; —0,0,UzCs.
r r

Adding together (3.1) and (3.2), this completes the proof. ]

Remark 3.9. Note that the operators —A, div Vgym, VV -, (—A)_l all preserve the class
of axisymmetric, swirl-free vector fields. For the first three operators, this can be observed
directly from the computations above. For (—A)™1, the result follows in any space where
the kernel of the Laplace operator is trivial from the fact that —A preserves this class.

Proposition 3.10. Axisymmetric, swirl free vector fields in dimension d > 3 have the
following Helmholtz decomposition:

HRY) = HI(R) @ Hy g p(RY).
for all s e R. In particular, for all ve HJ,
(3.3) v = —2div Vygym(—A) v = VV - (=A) v,
with

—2div Vyym(—A) v € HER?Y) and —VV-(=A)"'v € HS g (RY).

as & gr
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Proof. We know immediately from the classical Helmholtz decomposition that for all

ueHiand Vf € Hy g,

(u,Vf)s = 07

and so the spaces are orthogonal. It remains only to show that
HyRY) = HIRY) + Hy g e (RY).

We will first consider this result for s > d /2. Applying Proposition 3.8 to (—A)™ v, we
find that

v = —2div Vagym(=A) v = VV - (=A) 0.
It is obvious that —VV - (=A)"lv € Hj g or» because V - v is an axisymmetric, scalar
function, and thus it remains only to show that —2 div Vsym(—A)"1v € HY. Letting A =

Vasym(—A)~1v, we can see that

d
V. (-2divd) = -2div A= -2 ) 9;0;4;; =0,
i,j=1
due to the anti-symmetry of A. This completes the proof for s > d /2.

We should note that the formula for the Laplacian in Proposition 3.8 holds pointwise
only for C? vector fields, so (—A)~!v must be at least C?2 for this identity to hold clas-
sically. This is why we require that s > d /2 for the identity to hold pointwise. It remains
true, however, that —2 div Vasym(—A)_1 and —VV - (=A)7! are well defined, bounded,
linear operators mapping H* — H¥, for all s € R, and so the decomposition is still valid
and well defined for s < d/2.

In order to prove that the identity

v = =2div Vagym(=A) v = VV . (=A) 1y
holds in H}, for all s € R, we will need to work in Fourier space. We will show that

?(—2 div Vasym(_A)_lv)(s) = Pspan{E}J-ﬁ(g)v
?(—VV : (_A)_] U)(S) = Pspan{*g'}ﬁ(‘i:)s
for almost every £ € R?. This establishes the decomposition, because it proves both the

identity (3.3) and also shows that —2div Vyym(—A)"'v € HS,—VV - (—A) v e Hig&gr.
It is simple to compute that

¢
&1

for almost every & € R?. We also compute that

FVV-(=0)70)E) = (325)56) = Pouieyd(6).

1

F (=2div vasym(_A)_lv)(g) = W

600 -0 ®8).

For all £ € Rd, let

Poanteyr 0(6) = w(§) and Py 0(§) = A(§)€.



E. Miller and T.-P. Tsai 1694

We can immediately see that for almost every £ € R?,

§@0(E) -1 ®E=QwE) —wE) Q&

By definition, we have £ - w(£) = 0, for almost every £ € R?, and so we can conclude that

E-EQIE -1 ®EH = E@wE) —wE) @8 = EPw@),
and therefore,
F(=2div Vasym(_A)_lv)(E) = Pspan{&}iﬁ@‘)
This completes the proof. ]

Remark 3.11. Note that the above proposition shows that for all v € H?

as’

Pdf(v) (S Hzfs'

3.2. Local existence of solutions

Theorem 3.12. For all u® € Hdsf(Rd), withs > 1 4+ d/2 and d > 3, there exists a unique
solution of the Euler equation u € C([0, Trax), H(ff(]Rd)) N CL([0, Tax)- Hgf_l(Rd)),
where c
T > —22 .
" 0] s
Furthermore, if Thix < +00,

Tmax
/ IAC 1) Loe df = +o00.
0

Remark 3.13. This is the classic Beale-Kato—Majda criterion, and was proven in the case
d =3,s > 3in [2]. Kato and Ponce proved the general case where d >3 ands > 1+ d/2
in [15]. They also proved an analogous regularity criterion in terms of the strain, showing
that if T, < 400, then

Tmux
f 1S 0)llzoe df = +o0.
0

See also the work of Kato [14] for details on the local well-posedness theory. For a thor-
ough overview, see Section 3.2 of [19]. Note that this gives a definition of the finite-time
blowup Tiax, as follows:

lim Ju(-,0)||gs = 400,

max

as it is clear that T},,x < +o0 implies

Cs,d

luC-.Ollas =

max — [
Theorem 3.14. For all u® € H:(R%), with s > 1 + d /2, there exists a unique solution of
the Euler equation u € C([0, Tpnax), HS(R?)) N C1([0, Trnax), HE~ (R?)). Furthermore,
if Thax < +00, then

Tmax
/ [0, 1)l df = +o0o.
0

Proof. We know (Theorem 3.12) that there must be a smooth solution of the Euler equa-
tion u € C([0, Trmax), H:(RY)) N C1([0, Tiar), Hi ' (R?)). Applying Propositions 3.3
and 3.10, we can see that if u(-,1) € HE, then Py((u - V)u)(-,t) € H:!. Recalling that



Four and higher-dimensional Euler equation 1695

d;u + Pyr((u - V)u) = 0, we can conclude that if u(-,7) € HZ, then d,u(-,t) € H{~'.This
implies the subspace of axisymmetric, swirl-free vector fields is preserved by the dynam-
ics of the Euler equation, although this deals only with the formal level.

To make this rigorous, and not only formal, it is necessary to consider how the local
existence for the Euler equation (Theorem 3.12) is proven. In Section 3.2 of [19], this local
existence theorem is proven, first by proving local existence for a mollified Euler equation

oru® + Pdfgs(gaus : Vé’aus) =0,

and then by proving strong convergence u® — u in the space C([0, Tiax), Hdsf(]R{d)) N
CH([0, Thax), H3? (R?)). Note that g, is a regularisation operator given by convolution
with a smooth, positive, compactly supported function of mass 1. As long as ¢ involves
convolution with a radial function, it will preserve the class of axisymmetric, swirl-free
vector fields. The Picard iteration then guarantees that u® must be axisymmetric and swirl-
free. Finally, ¥ must be axisymmetric and swirl-free, because it is trivial that this property
is preserved by strong convergence in H*.
Finally, we observe that

1
ALoo:— || Lo,
1Al ﬁll I

and this completes the proof. ]

3.3. The vorticity equation

Now that the necessary preliminaries are out of the way, we can derive the evolution
equation for the vorticity in four and higher dimensions.

Proposition 3.15. Suppose that u € C ([0, Trax); HE(R?)) N CY([0, Tinay). HE™H(R?)),
withd >3 and s > 2 + d /2, is a solution of the Euler equation. Then for all 0 <t < Tyax,
the vorticity satisfies the evolution equation

9w+ -V)io—kw=0.
r

Proof. We begin by observing that due to Sobolev embedding, we have u(-, ) € C? and
consequently w(-,t) € C 1 for all 0 <t < T Next we write the axisymmetric Euler
equation in terms of the components u, and u,, yielding

Oy + (u-V)u, +9,p =0,
diu; + (u-V)u, +d,p =0.

Recalling that v = d,u, — d,u,; we differentiate the equation for u, with respect to z
and the equation for 1, with respect to r, yielding

34 0;0;ur + (u-V)ouyr + (0;u - V)u, + 90,9, p =0,
3.5) 0;0,u; + (u-V)0oru, + (0,u-V)u, +9,9,p =0.

Subtracting (3.4) from (3.5), we find that

diw~+ (u-V)w— (0u-Vu, + (0,u-V)u, =0.
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It remains only to compute the difference term. Plugging in we find that
(3.6) —(0zu - VYuy + (0,u - V)uy,
= =0z, 0rur — 0uz0-ur + 0rurdruz + 0ruz0zu;z
= @ruy + d;uz) Oz —dzuy) = —k =0,
where we have used the divergence free constraint
Oruy + 0 u; + kur—r =0.
This completes the proof. u

Remark 3.16. We will show in the next section that for axisymmetric, swirl-free vector
fields, the velocity u is uniquely determined by the scalar vorticity w, so the vorticity equa-
tion completely determines the dynamics of the axisymmetric, swirl-free Euler equation
in four and higher dimensions, just as it does in three dimensions.

One of the most important features of the axisymmetric Euler equation in three dimen-
sions is that the quantity w/r is advected by the flow, and therefore remains bounded in a
number of important spaces. There is an analogous result in four and higher dimensions:
the quantity w/r¥ is advected by the flow.

Proposition 3.17. Suppose that u € C ([0, Tax); HE(R?)) N CY([0, Tinay), HE™H(R?)),
withd >3 and s > 2 + d /2, is a solution of the Euler equation. Then for all 0 <t < Tyax,

@ +u-V) = =0.
r

Ifwe let £ = w/r*, then this can be expressed as
0 +u-V)E=0.

Proof. Applying the product rule and plugging into the vorticity equation, we can see that

w 1 1

1
_ —k(B,a)+ (u-V)w—kﬂw) = 0.
r r
This completes the proof. ]

Proposition 3.18. Suppose that u € C ([0, Trax): HE(R?)) N CL([0, Tinar). HE™H(RY)),
withd > 3 and s > 2 + d /2, is a solution of the Euler equation, and let X(r, z,t) be the
associated Lagrangian flow map satisfying

dXx

F(r,z,t) =u(X(,z,1),1),

X(r,z,0) =re, + ze,.

Thenforall0 <t < Tpa, r €RT and z € R,

o(X(r,z,1),1) w0 (r, 2)

X, (r,z,t)k rk
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Proof. We will begin by letting

w(r,z,t)

r,z,t) =

frzn) = =7

We have already shown that £ is advected by the flow and so
0 +u-V)E=0.

Deﬁnegby ~
E(r,z,t) = E(X(r,z,1),1).

Applying the chain rule, we can see that forall 0 < ¢ < T, ¥ € Rtand z eR,

~ dX
at‘i:(rv th) = <8t‘§ + ? : VS)(X(V,Z,I),[) = (ati: +u- vs)(X(er’t)vl) =0.
Therefore, we can conclude that for all 0 < ¢ < T, ¥ € RT and z € R,

E(X(r,z,1),1) = £(X(r,2,0),0) = £°(r, 2),

and that consequently,
o(X(r.z,1),1) _ @°(r,z)

X, (r,z,t)k rk

This completes the proof. ]

Corollary 3.19. Suppose that u € C([0, Toax): HS(R?)) N C ([0, Tomax), H "1 (R?)), with
d >3ands > 2+ d/2, isa solution of the Euler equation, and assume that °/r¥ € L.
Thenforallr eRT, z€R, 0 <t < Tpay

ot k
|l(r,z, )] < Hr—k”mr :

Proof. We can see immediately from Proposition 3.17 that for all 0 < ¢t < Tpux,

IEC.D)llze = 18 Lo,
and therefore forallr e RT, ze R and 0 < 1 < Tax,

w(r,z,t) o
PEED < e g
’

This completes the proof. ]

Corollary 3.20. Suppose thatu € C([0, Tmax); HS (R?)) NC ([0, Tinax), HE1(R?)), with
d >3ands > 2+ d/2, is a solution of the Euler equation. Then the Lorentz quasinorms
of w/rk are all preserved by the flow: forall 1 < p,q < 400 and for all 0 < t < Tpax,

E
Lra@®d) |l rk

)

Lra(R4)’
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Proof. First we observe that by Proposition 3.18, for all 0 < ¢ < T,

& o X Ol Lraay = IE° N Loaay-

Because the transport velocity is divergence free, the flow map X(-, ¢) is volume preserv-
ing, and therefore

1§ 0 X(-. OllLraway = 1§ DllLrawa).
and this completes the proof. ]

Remark 3.21. We will note that there is a fundamental difference between the case d = 3
and the case d > 4. When we take d = 3, we must have 0 /r € L™ for sufficiently smooth
initial data, while in d > 4, there are Schwartz class initial data where w/r¥ ¢ L>®°. We
will show this now.

Proposition 3.22. Suppose u € HS (R?), withs > 2+ d /2. Then w/r € L™ and
1)
— <C 5.
H r ”LOO = Coaliula

Proof. We will begin by observing that if u € H*(R%), then clearly VA € HS"2(R?),
s —2 > d/2, so by Sobolev embedding,

IVAlLe < CIVAl gs—2 < Cllulas.

Now it remains only to control magnitude of @ /r by the magnitude of V A. By definition,
V A is a three tensor with
(VA)ijx = 0i Ajk.
Recall that
AW = J0(r2)(er @ s —e: D),

and we can see that

1 1
3.7) VA = 3 Vo @ (e, e, —e, Qep) + Ea)(Ve, ®e;, —(Ve, ®e;)")

1 lw - - .

= EVG)@(er ®e;,—e; Qer) + 57(1(1 ®e;— (g ®ez)"),
where M * for a three tensor is transpose of the last two elements
M5 = Migj.
Recalling that Vo = d,we, + d,we;, and observing that the two terms in (3.7) are
orthogonal, we can see that
d—-2
VAP = Vol + <2 |2f

w 2
— <4/ ——||IVA| L,
7], = 75174

and this completes the proof. ]

This clearly implies that
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Proposition 3.23. For all d > 4, there exists a Schwartz class divergence free vector field
u € S(RY)gs such that w/rk ¢ L. In particular,

u(x) =r(1 —2z%)exp(—r? —z%) e, —z(k + 1 = 2r?) exp(—r? — z%)e,
satisfies these conditions.

Proof. We will begin by showing that u is Schwartz class and divergence free. Using that
x' = re,, we can see that

u(x) = (x'(1 = 2x3) = xa(k + 1 =2[x"|*)eq) exp(~|x|?),

and so we can see that u € § (R). Next we compute that

k
V-u=0u,+ —u, +0zu,
r
=(k+1- 2r2)(1 = 22%) + (=1 +22%)(k + 1 — 2r2)) exp(—r2 —z%) = 0.

Now that we have shown that u € Sgs, it remains only to show that w/r* is unbounded.
Computing the vorticity we find that

w = 0,U; — 0;U,
= (4rz +2(k 4+ V)rz —4rdz + drz +2rz — 4rz3) exp(—r? —z?)
=rz(2k + 12 — 4r%* — 4z%) exp(—r? — z?),

and so we can conclude that

% = di 2k + 12 — 4r% — 4z%) exp(—r? — 2?).
r rd=3
By hypothesis, d > 4, and so w/r¥ ¢ L°, and this completes the proof. |

We should note that the vorticity equation can also be expressed in “divergence form”,
by making use of the coordinate divergence V - v = 9, v, + 0,v;.

Proposition 3.24. Suppose that u € C ([0, Tpax); HE(R?)) N CY([0, Tinay), HE™H(R?)),
withd >3 and s > 2 + d /2, is a solution of the Euler equation. Then for all 0 <t < Tyax,

8,a)+§-(a)u) =0,

that is,
0w + 0r(wuy) + 9;(wu;) = 0.

Proof. We begin by applying the product rule, and observing that
6-(a)u) =w-Vo+ (V-u)o.

Recalling the identity (3.6) from Proposition 3.15, we already shown that
dw+u-Vio+ (V-u)o =0,

and this completes the proof. ]
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4. The Biot-Savart law in higher dimensions

The scalar vorticity uniquely determines the velocity for axisymmetric, swirl-free vector
fields. In this section, we will derive integral formulae for recovering the velocity and
velocity component functions from the vorticity.

Proposition 4.1. Suppose that u € HS(R?), with s > d /2. Then u can be recovered from
its scalar vorticity as

R X -
4.1) u(x) = —Old/ (. zZ)(er ® ez —e; ® e5) ———dX,
R¢ lx — X|

where F = |X'|, Z = X4, and

_@d-2T(d/2-1)
- 47rd/2 ‘

Proof. Recalling that A = %(Vu — (Vu)'"), we can see that
—2div(4) = —Au+ V(V-u) = —Au,
and so u can be obtained from A by convolution with the Poisson kernel:

_ 1 ag 1 -
= —2div(—A)~ A-—2d1vd 2/]Rd |x—x|d 2A(x)dx

|d A (%) dE

¥d tro= 1
=-2 A F) Vy ————
d—2/Rd 2 T — x[4-2

= —ay / o(,Z)(er @ e; —e; ® e5) g dx. [
Rd |x — x|
Lemma 4.2. Forany fe L'([-1,1];: (1 — ylz)(d_4)/2dy1),
1
@2) L, Fo0ds0) =macs [ 1 =3D2 p0n) dy

T
=mg_s / f(cosB) sin?3 0 d6,
0
where forn > 0,
2 (n+1)/2
I'((n+1)/2)

is the surface area of the n-sphere embedded in R"*1.

my, =

Note that my = 2, corresponding to the fact that S° has two points. The second line
of (4.2) follows from change of variables y; = cos 6.
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Proof. Write R~ 5 y = (y1, 7). Observing that for y € S¥72 ¢ R4,

i+ =P =1
and also that

dS(y) = dy:1 dS(y).

1
/ 2
1 -y
we arrive at

1 1 .
frovasi=[ [ o0 asman

1
- [ ron—s
! Ji-n v

The first equality in (4.2) then follows from

d-3 2\4-3
‘ ) :md—3( l_yl) ’
1-y{
and the second follows from the substitution y; = cos 6. ]

Proposition 4.3. Suppose that u € H dsf(]Rd), with s > d /2 and d > 3, is axisymmetric
and swirl-free. Then the components u, and u; can be recovered from the scalar vorticity
using the formulas

(4.3) ur(r.z) = / / 2z = D) o(F, 2)
yl(l— l2)(d—4)/2 e
dy; drd
X/—l (r2+r2—2rry1+(z—2)2)d/2 yidraz
or
ur(r.z) = _d 2(z - ?o(F,2)
d 3
0 cos 6
44 dé dr dz
@ X/(; (r2+f2—2rr0059+(z—5)2)d/2 réz
and
d—2 [* [
(4.5) uz(r,z) = —— / / P20 (7, 2)
2n —00 J0
1 _ 5 _ o2\(d—-4)/2
(ry1 =1 —y7) o
x/ T 5 __Zd/zdyldrdz
1 (r2 4+ 72 =2rFy; + (z — 2)?)
or
d—2 [ [*®
(4.6) u(r.z)= —/ / 720 (F, 2)
2n —00 JO
T sin? 3 0(r cos§ — ) o
X — - — dé dr dz.
o (r24+72—2rfcosf + (z —2)2)4/2
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Proof. We apply (4.1). Using axisymmetry, we may set x = re; + zeg, and so e, = ej.
Then

ur(r,z) = ey -u(rey + zeg)
rei—x'+(z—2)e,
(r2+|%'|2=2r%, + (z —2)2)4/2

= —age; f o, z2)(er ® e, —e; R ef)
R4

/ 7.%) X1 z—2Z &5
= —« w(r,z7) = - - - X.
d R Fo(r2472=2rx; + (z —2)2)4/2

Letting y = X'/ parameterise SY~2 ¢ R?~!, we find that
4.7)

ur(r,z) = —ay /_00 /000 fdfz(z —)w(r,2)

ba!
si—2 (r2 4+ 72 =2riy; + (z — 2)%)4/2

dS(y) dr dz.

Expressions (4.3) and (4.4) then follow from applying Lemma 4.2 on spherical integration,
and observing that
d—-2

27

Ogmyg—3 =
where m _5 is taken as in Lemma 4.2.
The computation of u, is similar:
uz(r.z) = eq -u(rey + zeq)
rep—x' +(z—2)e,
(r2 +72=2rx| + (z — 2)?)4/2

= —age, [ w(r,z)(e; R e, —e; ® ef)
R4

/ (7.2) Sl d
=« w(F
d (r2 + 72 =2riy; + (z — 2)2)d/2

=ad/ / a2 727 )

ryy —r -
dS(y)drdz,
/Sd 2 (r2 + 72 =2riy; + (z = 2)?)4/2 () drdz

and again applying Lemma 4.2 produces expressions (4.5) and (4.6). ]

Next we extend an upper bound of [10] on the radial velocity from d =3 toall d > 3.
Lemma 4.4. For all d > 3, define F;:[0, +00] — (0, +00) by
9d—3

Fals) = /0 (1 4+ 2s(1 — cos(0))4/2 @

Then, for all s > 0,
d—2
-2’

Ld-3
————dr
(14 A2)d/2

b4 C ©
4.8 F, < F, < —) ith C =
a8 R =’ 40 = g Wi /
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Proof. For the first inequality, observe that 1 — cos(6) > 0, and so Fj; is clearly a decreas-
ing function in s, and therefore

d-2

d—2

Fi(s) < F4(0) =

For the second inequality, observe that for all 0 < § < &, we have 1 — cos(6) > % 62.

Therefore,
d-3

T 0
F, < ——df
a(s) _/0 1+ 502

Now take the change of variables T = 4/s 6, and we can see that

1 \d—2 Js ‘L'd 3 1 00 .[d 3
Fi(s) < (—) / dr < / dr. =
a(s) NG 0o (I+ 52y AP Jo (4 So2ydn

Proposition 4.5. Suppose thatd >3,s>d/2,0<b<1/2. Letq=(d —2)b/(1/2—Db).
Then for all u € H3,g ., such that o /r*¥ € L' N L>® and riw € L',

1/2 | w
(49 el = Ca| S| | %] it

where Cy depends only on d. In particular, when b = 0,
w ||1/2 1/2
(4.10) Il = Ca || ol

Proof. We will prove (4.10). Then (4.9) follows from writing

w 2b
w = (_k) (rqw)l_zb
r

and applying Holder’s inequality. Note that the inequality in (4.10) is invariant under trans-
lation in z, and under the rescaling (we leave this to the reader to check)

uA(r, z) = u(Ar,Az).

Therefore it suffices to prove the inequality (4.10) for r = 1, z = 0, and the result then
follows for all » > 0, z € R by scaling and translation invariance (note that u,(0, z) = 0,
so we get the case r = 0 for free). Fixing r = 1, z = 0, we can apply Proposition 4.3 to
observe

d—=2 [ [®° (" 4, __ sin? =3 6 cos 6 .
ur(l,O)——/ / / 7 za)(r,z)(l+f2_2fcose+22)d/2d9drdz

Zo(F.Z) [~ sin? 3 0 cos 0 o
/ / (r—1)2+22)d/2/(; a3 do dr dz.
(1+ = 1)2+22 (1—cos 9))

Using the fact that 0 < sin(f) < 6 forall 0 < 6 < m, we can see that

luy (1,0)] < d_Z/OO [oo i | ( ’ )d'd‘
u s s — — — — — rdaz
’ 2 ) Jo (GF—1)2+22)d-12 G121 22
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for F; defined in Lemma 4.4. Note that we have a singular integral kernel at7 =1,z =0,
but there will be some cancellation, because

2r

ST ot

— 400 as(r,z) — (1,0)

and c
Fa(s) = a1

We will now break the domain into three pieces to deal with the singular integral. We have

d—2¢ #*|o(F, 7)| F .
|ur(170)| =< 7;17 I] _/[4] ((f _ 1)2 +22)k/2+1/2 Fd((f _ 1)2+22)drd2»
where
A ={F-12+2> <3}, A={;<(F-1D’+2><4}, A3={4=<(F-1)>+2%}

We begin by bounding /,. Applying (4.8) from Lemma 4.4, we find that

_k/2 - =
4.11) IZSC// G G P
Az
w

((F—1)2 + 22)1/2

G e s
ke ], (=12 + 22172

w 11/2 N A 1/2 1 ke oae as 1/2
SC r_k Lw(/A2|w(r’Z)|r drdZ) (/Azmr drdz)
1/2

0]
rk

<C

1/2

EC Lt

el

where we applied Holder’s inequality in the last step with respect to the measure 7% d dz.
Now we will bound /7, considering two cases. First suppose that || rﬂk Il < |l@|lp1-
Then again applying Lemma 4.4, we find that

_k/2 - =
L <C // ! |620(rv_22)|1/2 dr dz
F-124z2<1/a (F =12+ 2%)

w 1

< CH—H // _ _dFdz
rk Lo (’:_1)2+5251/4 ((r—l)2+22)1/2
w (] 1/2 1/2

| ], =clw] hen

Now suppose that || /r¥ ||z > ||@||L1, and let

1 1/2 w _1/2
R =5l | 7] .
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Then

T Mioipisecge (F—12422)1/2
P2 w(F, 2)|
+/[ —dfdf
R2<(F—-1)2+22<1/4 (F—1)2422)1/2
< C” H // S T
L= JG-12+22<Rr2 ((F—=1)>+22)1/2

+ —// lw(7, )| 7* dF dz
R R2<(r—1)242z2<1/4

< cR| ], + ot =[] el

It remains now only to bound /3. First suppose that w1 < ||@/r¥||ze. Then we
can see from the bound (4.8) from Lemma 4.4 that

Flo(F,2)|
I3=C : dF dz
o /f< yppzrms (F— D2+ 22)k/2F172

<cC / (7. 2)| 47 dZ < Cllollp < Cllo]?
(F—1)2+22>4

1/2
HLoo'

Next suppose that ||| 1 > [[@/r¥]||pe. Let R = 2(||o||.1 ||w/rk||zgo)1/(2(k+1)). Then

—k _
I3 < C// _ r |w(r_,zl|
a<(-12152<r2 ((F = 1)2 4 22)k/2+1/2

_k - -
r*lo(r, 2)| o
+C ﬂ = - drdz
121522 ((F—1)2 + 22)k/2+1/2

f2k

=€ H ” / / dF dz
L= Jycrypiz<pe (F = 1)2 + 22)k/2+1/2
C [/ . 2)|* dF dz
+ (7, 2)|7* dF dz
REH1 (r—1)2+z2>R?

< CRk+1 Hﬁk
r® L

drdz

= Cllol|l}?

el

C
W”C‘)HU

We have now shown, by bounding /;, I», and 73, that

u, (1,0)] < Cyllo ||”2

which completes the proof. Note that the dependence of the constant C; on the dimen-
sion comes from the factor of (d — 2)/(27) from the Biot-Savart law, the constants in
Lemma 4.4 that are expressed explicitly in terms of d, as well as in the bounds on certain
definite integrals (e.g., (4.11)). ]
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5. Conditional regularity in four and higher dimensions

In this section, we will prove conditional regularity results in four and higher dimensions
when the advected quantity, w/r? 2, is bounded for the initial data.

Proposition 5.1. Suppose that u € C([0, Trax), HE(R?)) N CL([0, Toax), HE(RY)),
withd >3 and s > 2 4 d /2, is an axisymmetric, swirl-free solution of the Euler equation,
and assume that ®° /1% € L. Then for all R > 0 and for all 0 < t < Ty,

1 [t k
lox(-. 1)l Loo < max (||| Loecesy. R @/ r* | Loocer)) (1 + E/o (-, o) lLee df) :

Recall that €g is the cylinder {(r,z) : r < R}.

Proof. Again letting X (r, z, t) be the associated flow map, and recalling Proposition 3.18,

we let

w (r z)

w(X(r,z,t),t) = X, (r,z, 1)k,

‘We know that .
X (r,z,t)=r +/ u(X(r,z, 1), 1) dr,
0

and so we can conclude that for all 0 < ¢ < Tpay, ¥ € RT,z €R,
t

Xo(rzt) <r+ / i (- )l oo di.
0

This clearly implies that
wO(r, 2)
o (X(r,2,0).0)] < |r—| / lut (.0l df) .
Now fix R > 0. We can clearly see that forall 0 <r < R,

|o® (r 2|

0(X(rz.00.0)] < (& + [ ol ar)’

|o° (V,Z)| x + k
= r—kR 1+ }/0 luy (- ) llLee df) :
Likewise, for all r > R,
1 [ k
020,00 10 I(1+ 1 [ (o)l )
rJo
1 [ k
< |a)0(r,z)|<l + 5/0 ||uj'(-,r)||Loo dr) .

Therefore, we can clearly see that for all 0 < ¢ < Tiyax,

1 K
— +(. .
o0 X(-.1) 0 = max( o) Lo cepy. R 77 HLOO(ER) (1+ R/o (- D) llzeo )
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Recalling that X (-, ) is a volume-preserving diffeomorphism, we see that
lwo X(-.0)[[Lee = ll(-.0)l|L,
and this completes the proof. ]

Corollary 5.2. Suppose that u € C ([0, Tnax), H f(Ra’)) NCH([0, Trax). HY™ L(R?)Y), with
d > 4ands > 2+ d/2, is an axisymmetric, swirl-free solution of the Euler equation, and
assume that a)o/rk € L. If Thax < 400, then

Tmax
/ e (- ) df = +o0.
0

Proof. This follows from Proposition 5.1 and the Beale—Kato—Majda theorem. ]

Proposition 5.3. Suppose that u € C([0, Tyax), H(ff(Rd)) N CH([0, Thay). ij_l(Rd)),
withd > 3 and s > 2 + d /2, is an axisymmetric, swirl-free solution of the Euler equation,
and assume that a)O/rk € L. Then for all 1 < q < 400, for all R > 0, and for all

O§[<Tmax;
1/q 1 rt k
1+ — +(.. ood) .
R (B /0 e (- o) dr

Proof. Begin by fixing R > 0. As we have already shown above, forall 0 <r < R,

0n4q
oG Dlles = (10 W ageg) + B| %

0 t
(X (r.2.0).1)] < M R+ [ ot o) )

_lo? (r 2)|

Rk 14— /||u+( r)||Loodr),

r

and likewise, for all r > R,
0 1 ! + k
02000 £ 02021 (141 [ ¢ 0l )
rJo
1 [ k
<10°C(1+ 5 [ CDlm )

Therefore, we can clearly see that for all 0 <t < Tiux,

[t k
Y
s R (1 & | 1 Dl e

1)
oo XC.Dllzacen < |
and that
0 L k
oo X 0)llzacegy < o lzacey (1+ [ 67 o)l dr)
0
We can compute that

”a) © X(v t)”zq(Rd) = ||(,L) o X(v l)”qu(‘eR) + ”a) o X('vt)“qu('ijfz)

@) kq 09 Ly kq
= (Hr_k Lq(fR)R +le HM(‘C%))O"‘E 0||ur (‘7T)||L°°dt)
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Recalling that X(-,t) is a volume-preserving diffeomorphism, we see that

oo X(-.0)llLe = [lw(-.1)|La,
and this completes the proof. ]

Proposition 5.4. Suppose that u € C([0, Tnax), Hi:(RY)) N C ([0, Tnay), Hi ' (RY)),
withd > 3, s > 2+ d/2, is an axisymmetric, swirl-free solution of the Euler equation,
and assume that a)o/rk eLln L™, Then for all R > 0 and for all 0 <t < Thax,

+ o V20, 1/2
e 0l = Ca| % | (10 anceqy + R 5 : )
1 t
x (1 [ I ool ae)
R Jo
Furthermore, letting
1 t
f(t) = 1 + ﬁ[ ||M:_(',‘L')||Loo d‘L’,
0
we can conclude that for all 0 <t < Thax,
df k/2
— <
dr — A
where
1/2 0 1/2
‘ H (lw It e H rk L‘(‘CR)) :
Proof. Fix R > 0. Applying Propositions 4.5 and 5.3, we find that
w(-,1) /2 1/2
et ()l = Ca| 25| o0l
1/2 o 1/2 | k/2
< |ty + R[5 e) (1 [ e ool ar)

Finally, we can use the fundamental theorem of calculus to compute that

af 1 4 k)2
R D) < .
o = gl GOl = uf

This completes the proof. |

Theorem 5.5. Suppose that the initial data u® € H{(R*), s > 4, is axisymmetric and
swirl-free, and assume that ©°/r? € L' N L. Then there exists a global smooth solution
of the Euler equationu € C([0, +00), H5:(R*)) N C1([0, +00), H3 1 (R*)). Furthermore,
we have a bound on vorticity, with for all R > O and forall0 <t < 400,

5.1 lo(-, )|lLe < max(||a) [L=ces). R H H )exp(ZuI),

Lo (CR)

w? >1/2
r2llLicer)/

where

1/2
S [ o + )
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Proof. We know that such a solution must exist locally-in-time up until some maximal
time 7Tx. By the Beale-Kato—Majda criterion, we know that if the bound (5.1) holds for
all times 0 <t < Tjax, then we must have Tp,,, = 400, and therefore it suffices to prove
this bound holds up until the maximal time of existence.

We will begin by fixing R > 0 and letting

t
f) =1+ %/ i () e d.

We can see from Proposition 5.1 that

)f®?

0
®

w(-,t oo<max< 0?1 c,RZH—H

o 0)llLe < ™ || oo ceg) 77 || Loocen

We know from Proposition 4.5 that

df
—_— <<
& = uf,

and we can see by definition that f(0) = 1. Applying Gronwall’s inequality, we find that
forall 0 <t < Thax,

f(1) < exp(ut),
and consequently
"
— exp(2ut).
r2 HLOO(‘GR)) ppt)

This completes the proof. ]

o)z~ = max(Jlo® lLcegy. 2|

Theorem 5.6. If the initial data u® € H{,(R?), s > 7/2, is axisymmetric and swirl-free,
then there exists a global smooth solution of the Euler equation u € C ([0, +00), H(ff(R3))
NCL([0, +00), Hi 1 (R?)). Furthermore, we have a bound on vorticity, with for all R > 0
and forall 0 <t < 409,

" 1 2
52 G0l = max(leleeg. R | (14 Sur)
- R r llzescer) 2
where
o o W (BT N
F= R e\ L R r loicer))

Proof. We know that such a solution must exist locally-in-time up until some maximal
time Tiax. By the Beale-Kato—Majda criterion, we know that if the bound (5.2) holds for
all times 0 < ¢ < Tiax, then we must have Tp,,x = +00, and therefore it suffices to prove
this bound holds up until the maximal time of existence.

We will begin by fixing R > 0 and letting

1 t
10 =1+ [ ¢ ol ar

We can see from Proposition 5.1 that

wO
e (1 ] . )10
o)l < max(llo mcepy. R| ==, o )7
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We know from Proposition 4.5 that
df 1/2
— <
G S
and we can see by definition that f(0) = 1. Integrating this differential inequality, we find
that for all 0 < ¢t < Tax,

1 2

fy = (1+5m1)
and this completes the proof. ]
Theorem 5.7. Suppose that u € C([0, Trax), HE(RY)) N CH([0, Trnax), H3 L (RY)), with

d >5ands > 2+ d/2, is an axisymmetric, swirl-free solution of the Euler equation, and
assume that a)o/rk e L' N L®. Then forall R > 0 and for all 0 < t < Tpay,

max (||w® oo,Rk /% oo
(5.3) (- 0)llze = ( (l”L )2(! 2)/ I ),
—at
where (d 4)C 12 12
d
x el 1 e + R ] )
In particular, this lmplles that
2R

Tmax = cul/2 X i 1/2 :
(d = HCallo/r*| /< (lll1ces) + R¥llw/ ¥ L1cey))

Proof. We know from the Beale—Kato—Majda theorem that if 7};,,x < +o00, then

Tmax
/0 oo, 1)l oo dr =

and so it suffices to prove the bound (5.3), which immediately then implies the lower
bound on Tp,,. We will begin by defining f as in Proposition 5.4, letting

1 t
=1+ 7 [f ol an
R Jo
Applying Proposition 5.1, we have for all 0 < ¢ < T,

o)z < max(Jlo° 2, R

1) 70"

therefore it suffices to show that for all 0 < ¢t < Tpax,

1
f([)k =S

(1 —at) a2

Observing that @ = % W, and applying Proposition 5.4, we find that
4

and that consequently

d _
- k12) > _q.
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Integrating this differential inequality and using the fact that f(0) = 1 by definition,
we find that for all 0 < ¢ < Tpax,

FOY*?2 =1 —ar

and therefore |
L(d—2a)
l 2 < —_—
J@y? 7

Finally, we observe that for all 0 < ¢ < Tiax,

1
—_—_—m k .
f(0) = (1 —ar)2/@ and  f(1)" = (1 — at)2d-2)/d~4)

This completes the proof. ]

Corollary 5.8. Suppose that u € C([0, Tnax), H:(R9)) N C ([0, Tnax), H 1 (R?)), with
d>5ands > 2+ d/2, is an axisymmetric, swirl-free solution of the Euler equation,
with finite-time blowup at T, < +00, and assume that a)O/rk € L' N L. Then for all
R>0andall0 <t < Ty,

- 4R?
L'®Y) ~ (d —4)2CH o/ r*| pooay(Tmax — 1)?

k w
oG Dlzceg) + R |

Note, in particular, that this implies that

4R?
Iim (Thax — ¢ 2New(-, ¢t =
A, T =70 G Dl = a6 1 e

Proof. Fix R > 0. Applying Theorem 5.7 to our solution at time 7, we can see that for all
0 <t < TmaXv

2R
. 172"
(d = 4)Cq 252 k|| 2 (lo (. O 1 cegy + RElo(-.0)/rF || eg))

Observe that for all 0 < ¢ < Tax,

Tmax -t =

w(-,1) _
1= ] = 1
and likewise
w(-,1) w(-,1)
1= en = 15 ey = [ ey
Therefore, we may conclude that for all O 5 t < Thmax»
2R

Tmax -t =

1/2 172"
(d = HCallo/r |2 (loC. Oy + R¥lo/rk 1)
Rearranging this inequality, we find that for all 0 < ¢ < Tjax,

_ 4R?
L' (d —4)2C2 o/ r¥|| oo (Trax — )2

k w
o Dlceg) + R |

and this completes the proof. ]
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Corollary 5.9. Suppose that u € C([0, Tyax), Hi:(RY)) N CL([0, Tnax), Hi (RY)), with
d>5ands > 2+ d/2, is an axisymmetric, swirl-free solution of the Euler equation,
with finite-time blowup at Tpax < +00, and assume that ©°/r* € LY 0 L. Then for all
0 =<1 < Thax

My 1
JoCo0) gy > ( )

d—2)/(d—4 2/(d—4 d—2’
oo/ % S22 Yoo/ rk 2147 ) (T — 1)2 55

where e
( )

Md= sup m—M

M=>0
Proof. For all R > 0, we can see from Corollary 5.8 that
loC, Dl 1@y = o, DllLices)

- 4R?
B (d - 4)2 C,?”‘”/”k ||L°° (Tmax - t)z

k w
~ R

L
Now we will introduce the parameter

R(Tmax - t)z/(d_4)
oo/ PRI o kA2

Substituting in M, we can see that for all M > 0 and for all 0 < ¢ < Tiax,

loC. Ol ®e)

(5.4) - ( 4M? k)( 1 ) 1
= 2 k/(k— k— d—2
d - 42C] oo/ P 15EE 2 Yo/ PR [22E7 ) (Topag — 1245

We know that k > 3, and so we can observe that

0< 4M> M*) < +
sup (— — ) 00,
M=o\ (d —4)2C3
and so by taking the supremum over M > 0 of (5.4), we complete the proof. ]

6. Anti-parallel vortex tubes

In this section, we will discuss the special case of colliding anti-parallel vortex tubes. This
scenario will involve vorticities which are odd with respect to z and positive for z > 0.
We will begin by deriving a special form of the Biot—Savart law that applies to vorticities
which are odd with respect to z.

Proposition 6.1. Suppose that u € H (ff(IRd ), with s > d /2, d > 3, is axisymmetric and
swirl-free, and assume that w(r, z) is odd in z, with

w(r,—z) = —w(r,z), forallr >0, z€eR.
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Then the velocity can be recovered from the vorticity in the upper half plane using the
following formulas:

d—2 [*[*®
6.1) u,(r,z) = —/ f H(r,z,f,Z)fd_za)(f,Z)dFdE,
27 0 0
where
1 _ -
zZ+z zZ—z
H(r 272 = [ ( - _ + S _
( ) /0 (r24+7r2=2rit + (z+2)2)42 * (r2+7242rFt + (z—2)?)4/2
z+z
(r2 4724 2rit + (z + 2)2)4/2
z—zZ

— 1— 2 (d—4)/2d i
2+ 72 —2rFt + (z — z)Z)d/z) w1 =7 ‘

and
d _2 o0 o0
(6.2) us(r,z) = ——/ [ G(r,z,7,2) 2 w(F, 2) dF dz,
21 0 0
where
1 - -
r—rt r+rt
G(r,z,r,z) = ( - - - + - - -
( ) /0 (F2472 =2rit + (z =2))4/2 * (r2472 4+ 2rit + (z —2)2)4/2
r—rt
(r2 +72 =2rit + (z + 2)2)4/2
r+rt
_ 1— 2 (d—4)/2d ]
(r2+r2+2rit+ (z + 2)2)d/2)( ~) ‘

Further note that u,(r, z) is even in z, while u,(r, z) is odd in z, and for all r,z > 0,
u(0,z) =0, u,(r,0)=0.

Proof. We begin by recalling the Biot—Savart law in Proposition 4.3:

u,(r, z) =—% /_oo /Ooo F472(z = Z)w(F, 2)

[ e
1 (P2 472 =21y, + (z —2)2)d/2

dy; drdz.
Using the odd symmetry of w in Z, and the change of variables Z = —Z,

0 o0 1 =~ _ =2\(d—-4)/2
1
—/ / f”"z(z—f)w(f,i)/ =) _ dj, dF dz
—0 Jo 1 (r24+ 72 =2rFj; + (z — 2)?)4/2

oo oo 1 = _ 52d—-4)/2
—d—2 - I 711 yl) ~ 4= g~
= r z+2ow(r,z ~ - dy;drdz.
fo /o (2ol )/_1 2+ 72 —2ri1 + G+ 522 !
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Therefore, the identity for u, can be rewritten as

d _ 2 [ olydee)
uy(r,z) = e / / fdfza)(f,f)
o Jo

y /1 CHIRA=FHED? @D o
NP2 =2+ + D)2 (P24 P2 —2rig + (2 —2)2)d2 ) ’
Making the substitution T = —y7, for —1 < y < 0, we can see that
/" CHIRA=FHED? @D IR
A\ P22 + 4+ D22 (P24 P22 + (2 —2)2)42 )

/1 (z 4 2)t(1 —?)d-2/4 (z —2)t(l —2)d-2/4 d
— _ T.
o \ (FP2+7P24+2rft+ (z+2)2)42  (r2+ 724+ 2rit + (z — 2)?)4/2
By making the trivial substitution 7 = y for 0 < y < 1, we complete the proof of the
identity (6.1).

We proceed similarly for u,, starting with the identity from Proposition 4.3,

d—2 [ [ 1 51— F)(1 — 72 d—4)/2
Uy (r,z) = f / fd_zw(f,f)f (1 =N =) dj, dF dz.
27 J_so Jo 1 (P2 72 = 2riy + (z — 2)2)4/2

Again applying the odd symmetry of w in z, we find that

d _2 o o0
u(r,z) = —7/0 /0 fd_za)(fj)

O G e DV (O e (F —ry)(1 —3H 972 o
X — — - - - — — dy; drdz.
S\ (P22 =2rF 1+ (z—2)2)42  (r2472=2rrj1 + (z +2)?)4/2
Again taking the substitution T = —y;, we find that
/" F—ry)A—3p 2 G-ripd =Y ;
L\ P2+ P22 + =22 (P2 4 72— 2rF g + (2 + 2)2)d2 )
/1 (F 4+ ro)(1 — t2)d-4/2 (F 4+ ro)(1 — 2)@d=4/2 d
— - T.
o \(r2+72+2rit+(z—2)2)42  (r24+7r2+2rit + (z + 2)?)4/2

By making the trivial substitution t = y; for 0 < y; < 1, we complete the proof of the
identity (6.2).
Finally, we observe that

H(r,—z,r,z) = H(r,z,7,2),

which implies that
up(r,z) = u,(r,—z).

Likewise, we can observe that
G(@r,—z,r,z) = —-G(r,z,T1,2),

which implies that u, (r, —z) = —u,(r, z). This completes the proof. |
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It is clear, from the analysis in Section 5, that blowup for solutions of the axisymmetric,
swirl-free Euler equation in four and higher dimensions requires compression along the z-
axis and stretching in the r-hyperplane. We will show that this is precisely what is afforded
to us by vorticities which are odd in z, and non-negative for z > 0, giving hyperbolic flow
in the neighbourhood of a stagnation point at the origin.

Proposition 6.2. Suppose thatu € H, dsf(Rd), withs > 1+ d /2 and d > 3, is axisymmetric
and swirl-free. Further suppose that w is odd in z, that for all r,z > 0, w(r,z) > 0, and
that w is not identically zero. Then for all z > 0,

u,(0,z) <0,

and for all r > 0,
ur(r,0) > 0.

Proof. Taking the identity (6.2) from Proposition 6.1, we see that

d=2 [®> ~d—1, (= = ! 2\(d—4)/2
uZ(O,z)=—T o r¢ " o(r, z) A (1-17%)
1

1
x ((F2 FaESE T o = 2)2)0,/2) de dF dz.
Observe that for all 7, z, z > 0,
! 2\(d—4)/2 1 1
/0 (1—-1%) ((f2+(z—2)2)d/2_(f2+(z+2)2)d/2)df>o'
This implies that for all z > 0,

u;(0,z) <0.

Likewise, applying the identity (6.1) from Proposition 6.1, we can see that for all > 0,

d=2 [®(®_ 4, __ [ 2\(d—4)/2
uy(r,0) = zr w(r,z) (1 —17)
o Jo 0
1 1

T

drdrdz.

X —
((r2 + 72 —2riT +22)4/2 (P2 472 4 2rit + 22)“’/2)

Observe that forall 7, z,r > 0,

1
1 1
1— 12 (d—4)/2( _ )d >0,
/o = (P2 + 2 —2ric + 232 (P24 72+ 2rie + 222
and so for all r > 0,

ur(r,0) > 0. |

Proposition 6.3. Suppose u € C([0, Tnax): HE(R?)) N CH([0, Thax). HE™L(R?)), with
d >3,5>24d/2, is asolution of the Euler equation. Then the velocity i € C ([0, Trax);
HER4)) N CY([0, Tmax), H~ (R?)) is also a solution of the Euler equation, where
ﬁr(ra z, t) = ur(rv -z, t)v
Uy(r,z,t) = —u,(r,—z,t),

o(r,z,t) = —w(r,—z,t).
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Proof. First, we observe that the new velocity field is divergence free, with
k
V-u(x) = 0,u,(r,z,t) + 0u,(r,z) + —u,(r,z,t)
r

k
= (8,u, + d,u, + 7u,)(r, —z,t) =0.
Likewise, taking the scalar curl, we confirm that
arﬁz(r, z) — 0zt (r, z) = _8ruz(rv —z) + azur(r» —z) = —ow(r,—z) = o(r,z),

and so we have confirmed @ is the scalar vorticity associated with #%. Finally, we compute
k
(3,6?) 0w + i 0,0 + —u;ca)(r,z, )
r
. . k . .
= (—atw—urara)—uzaza)— —ura))(r, —z,t) = 0. ]
r

Theorem 6.4. Suppose that u € C([0, Tnax): HE(R?)) N CL([0, Tax). HE™1(RY)), with
d >3ands > 2+ d/2, is a solution of the Euler equation, and assume that wO(r, z) is
odd in z. Then for all 0 < t < Tyax, the vorticity w(r, z,t) is odd in z and

o0 o0 o0 o0
/ / (,()(V,Z,[)d}"dZ:/ / a)O(r,Z)drdz.
o Jo o Jo

Furthermore, if for all r,z > 0,
w°(r,z) = 0,

then forall 0 <t < Tiax, 1,2 > 0,
w(r,z,t) > 0.

Proof. We begin by defining # and ® as in Proposition 6.3. We know that ©# must also
be a solution of the Euler equation and because w°(r, z) = —w°(r, —z), we can see that
w® = &°. By uniqueness, this implies that for all 0 < ¢ < Ty,

w(r,z,t)=w(rz,t) = —w(r,—z,t),

and so we can conclude that w being odd in z is preserved by the dynamics. It then follows
from Proposition 6.1 that u,(r, z) is even in z and u,(r, z) is odd in z.

To prove the conservation of vorticity mass, we will consider the divergence form of
the vorticity equation, d; w + 9, (wu,) + 9, (wu,) = 0, computing that

d oo o0 o0 o0
—/ / w(r,z,t)drdz = —/ / Or(w(r,z,t)u,(r,z,t))drdz
dr Jo Jo o Jo

—// dz(w(r,z,)uz(r,z,t))dzdr,
o Jo

and so

d o o0
—// w(r,z,t)drdz
dr Jo Jo
o0

o0
=/ w(0,z,t)u,(0,z,t)dz +[ w(r,0,)u,(r,0,t)dr =0,
0 0
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where we have used the fact that wu, and wu, decay at infinity, and that
w(0,z,t) =0, w(r,0,7) =0,
due to regularity and oddness, respectively. Finally, we will observe that for all r € R,
uz(r,0) =0,

because u, is odd in z. This implies that stream lines cannot cross the plane z = 0, and
therefore the set {(r, z) : r,z > 0} is preserved by the flow map. We know that w/r¥ is
transported by the velocity, so if for all r, z > 0,

a)/rk(r, z) >0,

thenforall 0 <t < Tyax, 1,2 > 0,
ﬁk(r,z,t) > 0. [
r

We have now shown that in the geometric setting of odd scalar vorticities, non-negative
when z > 0, we can view (r, z, 1) dr dz as a finite measure on [0, +00]? with constant
total measure. Up to rescaling, w(r, z,t) dr dz is a probability measure. Therefore, it makes
sense to consider the regularity problem in terms of the moments. We will show that a
certain radial moment is increasing, and a certain vertical moment is decreasing.

Theorem 6.5. Suppose that u € C([0, Tnax): HE(R?)) N CL([0, Tnax), HE™1(R?)), with
d>3ands > 2+ d/2, is a solution of the Euler equation, and assume that w(r, z,t) is
odd in z, with for all r,z > 0,

w(r,z,t) > 0.

Then for all 0 <t < Tax,

—/ f zw(r,z,t)drdz = ——/ u-(0,z)%dz —k/ f —uy(r,z)?drdz.
dr Jo Jo 2 Jo o Jo T

Proof. We will use the divergence form of the vorticity equation,
0w + 0r(wuy) + 9;(wu;) = 0.

We can then compute that

diz /OOO/OOO zw(r,z,t)drdz = —/Ooo/oooz(ar(a)ur) + 9z (wuz))

o0 oo oo o0
:/ / U, wdrdz :/ / Uz (0,uy; —dzu,)drdz,
o Jo o Jo

by integration by parts. Now calculate that

o0 o0 o0 o0 1 o0
/ / U0, U, drdz = / / —a,u§ drdz = —/ uZ(O,z)2 dz.
o Jo o Jo 2 0

Integrating by parts and applying the divergence free constraint, we find that

o0 o0 o0 o
—// uzazurdrd2=// dzuzu,drdz
o Jo o Jo
o0 001 o0 o0
= —k —u?drdz — Up0,u, drdz.
o Jo T " o Jo



E. Miller and T.-P. Tsai 1718

Finally, observe that

o0 o0 1 o0 o x
—/ / Up0,u,drdz = ——/ / 8rufdr dz = / u,(0,2)%dz = 0. [ ]
o Jo 2Jo Jo 0

Theorem 6.6. Suppose that u € C([0, Thax): HE(R?)) N C ([0, Tax), HE~1(R?)), with
d >3ands > 2+ d/2, is a solution of the Euler equation, and assume that w(r,z,t) is
odd in z, with

w(r,z,t) >0 forallr,z > 0.

Then for all 0 <t < Tiyax,

d [*® [ d—1 [
— 4 o(r,z, t)drdz = —— r4 2 u,(r,0)2 dr.

Proof. Following the same approach as above and integrating by parts, we compute that

d o0 o0 oo o0
—/ [ r¢ lo(r, z,t)drdz = —/ / r¢ 10, (wuy) + 9z (wuy))
dr Jo Jo o Jo
o0 o0 o0 o0
=(d— 1)/ / 42y, 0drdz = (d — 1)/ / rd_zur(aruz —0u,)drdz.
o Jo o Jo
Next observe that
o0 o l [o9)
—/ [ 42y, 0,u, drdz = —[ rd_zu,(r, 0)2dr.
o Jo 2

0

Using the form of the divergence free constraint
O (r 7 2u,) + 8,(r2u,) = 0,

we can compute that

o0 o0 o0 o0
/ / r4 2y, 0,u, drdz = —/ / uzar(rd_zur)dr dz
o Jo o Jo
o0 o0 1 o0
= / / uzaz(rdfzuz) drdz = ——/ rdfzuz(r, O)2 dr =0.
0o Jo 2 Jo

This completes the proof. ]

We will now consider a moment involving both r and z whose time derivative does
not have a sign, but does relate in an interesting way to the partition of the energy between
the radial and vertical directions.

Proposition 6.7. Suppose that u € C([0, Tna); HE(R?)) N CL([0, Thax). HE™H(R?)),
withd >3 and s > 2 + d /2, is a solution of the Euler equation, and assume that w(r, z,t)
is odd in z, with

w(r,z,t) >0, forallr,z > 0.
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Then for all 0 <t < Tyax,

d o0 o0
—[ / rd_lzw(r,z, t)drdz
dr Jo Jo
oo o0 o0 (o)
=—(d - 1)/ / rd_zuz(r,z,t)2 drdz + / / rd_zur(r,z,t)2 drdz.
o Jo o Jo
This can also be expressed as
d o0 (o)
—/ / r¢ Y z0(r,z,t)drdz = —dK,(t) + Ko,
dt Jo Jo
where

o0 oo
K.(t) = / / rd_zuz(r,z,t)zdr dz,
o Jo

o0 o0 o0 o0
Ky = / / rd=2 ug(r, z)2drdz +/ / rdfzug(r, z)?drdz.
o Jo o Jo

Proof. Again starting with the divergence form of the vorticity equation and integrating
by parts, we compute that

d o0 o
E/ / rd_lzw(r,z,t) drdz
o Jo

_/00/00 rd_lz(ar(a)u,) + 0, (wuz))drdz
o Jo

o0 oo
/ / ((d — l)rd_zza)u, + rd_la)uz)dr dz.
o Jo

We will deal with these two terms separately. Again integrating by parts, we find that

00 00 o o0
/ / ri2z0u, drdz = / / r2zu, (9,uz — 0;u,) drdz
o Jo o Jo

o0 o0 1
= / / (—zuzar(rd_zu,) - = rd_zzazuf> drdz
o Jo 2

o0 o0 1
= / / (zuzaz (rd_zuz) + - rd2 uf) drdz
o Jo 2

1 [oclyile o]
3 / / (—r?72u2 4 97202y dr dz.
o Jo

Next we compute that

o0 o0 o0 oo
/ / rd_la)uz drdz = f / rd_l(aruz — 0u,)u,drdz
o Jo o Jo

d—1 (> [® *re
= [ raa s [T b araz,
2 Jo Jo o Jo

Putting these estimates together we find that

d o0 o0 o o0
(6.3) —/ / rd_lza)(r,z,t) drdz = —(d — 1)/ / rd_2u§ drdz
dr Jo Jo o Jo

d—1 [ [® 00 poo
+ —/ / rd=2y?dr dz +/ / 4, 0,u, dr dz.
2 Jo Jo o Jo



E. Miller and T.-P. Tsai 1720

We will use the divergence free constraint to simplify the last term, computing that

/000./000 urauzdrdz—// (d 2)——8u)drdz
x( —(d—2))/0/0 rd=202 dr dz.

Plugging this back into (6.3), we find that

d o0 o0 o0 o0
—/ / rd_lza)(r,z,t)drdz:—(d—l)/ / rd_zuz(r,z,t)zdrdz
dr Jo Jo o Jo
o0 o0
+/ / rd_zur(r,z,t)zdrdz.
o Jo

The result then follows by conservation of energy by making the substitution

K:(t) = Ko — K;(t). |

We will now use Proposition 6.7 to prove Theorem 1.6, our conditional blowup result
for the Euler equation with the colliding vortex tube geometry, which is restated for the
reader’s convenience.

Theorem 6.8. Suppose that u € C([0, Tnax): HE(R?)) N C ([0, Tnax), HE~1(RY)), with
d>4ands > 2+ d/2, is a solution of the Euler equation, and assume that wO(r, z) is
odd in z, with

w°(r,z) >0, forallr,z >0,

and that ©° is not identically zero. Further, suppose that there exists ¢ > 0 such that for

all 0 <t < Thax
1
K1) > %Ko.

Then this solution of the Euler equation blows up in finite-time, with

1 o0 o
Tmax < —/ / rd_lza)o(r,z) dr dz.
eKo Jo Jo

Proof. Applying Theorem 6.4, we can see that the oddness and positivity conditions on
the vorticity are both preserved by the dynamics, and applying Proposition 6.7, we find
that for all 0 <t < Tpax,

o0 o0
_/ / r4 1 z0(r, 2,0 dr dz = —dK. (1) + Ko < —eKo.
0 0

Integrating this differential inequality we find that for all 0 < 7 < Tpux,

00 [o%s) o0 o0
/ / rdﬁlza)(r,z,t) drdz < / [ rdflza)o(r,z)drdz—sKot.
0 0 0 0

Due to non-negativity, we can see that for all 0 < < Tux,

o o0
[ / rd_lza)(r,z,t) drdz > 0.
o Jo
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Taking the limit # — T},,x, we can see that

o0 oo
eKoTmax < / / rd_lza)o(r, z)drdz,
o Jo
and this completes the proof. ]

Remark 6.9. The most natural blowup scenario to consider for axisymmetric, swirl-
free solutions in four and higher dimensions are vorticities that are odd in z, positive
on the upper half plane, and vanish only linearly at the axis of symmetry, leading to
®/r?=2 ¢ L>®. Theorem 6.8 suggests the possibility that there exists some do > 4, such
that for all d > d,, there exists u® € Hi(]Rd), s > 24 d/2, with ®? odd in z, for all
r.z>0,0%0r z) >0, and ©°/r¢=2 ¢ L, such that the solution of the Euler equation
with this initial data blows up in finite-time.

This is precisely the geometric setup given in Elgindi’s recent blowup result [9] for
axisymmetric, swirl-free C 1% solutions of the Euler equation in three dimensions. Similar
to the geometric setup proposed for finite-time blowup here, the vorticity Elgindi’s blowup
solutions are odd in z and positive in the upper half plane, and involve blowup driven by
compression along the z axis, and stretching in the horizontal plane. Furthermore, a key
aspect of Elgindi’s blowup result is that w®/r ¢ L. This suggests that a similar approach
may be able to yield smooth solutions of the Euler equation in four and higher dimensions
that blowup in finite-time when w/r¥ ¢ L. This is also the geometry used by Choi and
Jeong [4] to prove growth of the vorticity at infinity of the form

(-, 1)||Le > C(1 +1)/157¢,

for smooth, axisymmetric, swirl-free solutions of the Euler equation in three dimensions.
This class of data was also investigated by Childress in three dimensions as a potential
case of vorticity growth [3].

Remark 6.10. Even in two dimensions, the geometric scenario considered in Remark 6.9
has a substantial precedent in the literature. There are a great number of papers in the
literature of the two-dimensional Euler equation based on vorticities @ that are odd with
respect to both x; and x,,

w(—=x1,x3) = —w(x1,x2) and w(xy1,—x2) = —w(x1, X2),

and non-negative in the first quadrant, with w(xy, x2) > 0 for x1, x, > 0. For examples,
Iftimie, Gamblin, and Sideris used a vorticity with this structure to prove linear growth in
the radius of support in two dimensions [13], showing that

dR o

5 = K@),

where «(0®) > 0 is a constant depending on the initial vorticity. This is also the geome-

try of the log-Lipshitz stationary solution of the Euler equation considered by Bahouri and

Chemin [1] that exhibits double exponential growth in the Lagrangian map. Kiselev and

Sverak used a very similar geometry [16], but with a boundary, to prove double exponen-

tial growth of the vorticity gradient for solutions of the Euler equation in two dimensions.
We should note that this is precisely the two-dimensional analogue geometric setup

proposed for finite-time blowup in four and higher dimensions in Remark 6.9. Note that in



E. Miller and T.-P. Tsai 1722

two dimensions, r = |x;| and e, = sgn(xy) ey, and so u is axisymmetric if and only if 1
is odd in x; and u, is even in x;. Recall that = d;u, — d,u;, and we can see that if
u is axisymmetric, then w is odd with respect to x;. Using the Biot—Savart law, it can be
seen that in fact u is axisymmetric in two dimensions if and only if w is odd with respect
to x;. Furthermore, in two dimensions any axisymmetric vector field is automatically
swirl-free, as R? = span{e,, e, }. Thus, the requirement that w is odd with respect to x;
in two dimensions is analogous to the requirement that u is axisymmetric, swirl-free in
three and higher dimensions. Likewise, the requirement that @ is odd with respect to x,
in two dimensions is analogous to the requirement that w is odd with respect to z in
three and higher dimensions. Finally, the requirement that w is non-negative in the first
quadrant in two dimensions is analogous to w being non-negative for z > 0 in three and
higher dimensions. This shows that the geometric setup proposed for finite-time blowup in
four and higher dimensions in Remark 6.9 is entirely analogous to the geometric setup to
previous works giving lower bounds based on a hyperbolic stagnation point at the origin.

A. A stream function approach to the Biot—Savart law

In this appendix, we will give a second derivation of the Biot—Savart law (Proposition 4.3)
for axisymmetric no-swirl divergence-free vector fields in RY, d > 3, using the stream
function. For the three-dimensional axisymmetric flows, the stream function is given by

1 T rrcos 6
,Z) = — do r,z)drdz,
V(r,z) 5 //H/O T 2ol 1 (D wq(F,z)dr dz

see p.97 of [10], and also formula (2.3) in [4]. Here IT = (0, c0) x R for (¥, z), and

wy = d;ur — 0,u, has an opposite sign as @. Another common choice of the stream

function for d = 3is g = r~ 'y with —A(Ygeg) = wg eg, see equation (10.12) in [22].
For general dimensiond = k +2 > 3, duetodivu = 0,

3 (rFuy) + 8, (rFu,) = 0,

there is ¥ (r, z) such that
(A1) rkur =—0;V, rkuz = 0, Y.
Thus,

_ B _ k
® = 0ty — dptty = 0r(r KO, 0) — Dy (—r KD, y) = r k(af + 92— ;a,)l//.

Let ¢ = rk+1y. Then

k+2
o= r(@f + TE)r + 8?)77 = rARi+3xr1-

Hence, we have = (Agk+3xg) 'R, 2 = w/r. We can compute 1(r, z) at rej + ze;,
where e, is the last standard basis vector in R¥T3 x R,

n(r.z) = /R —Co Q(x) dx,

k+3xR |re; + ze; — x|k+2
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where
' d/2)

Co = 47d/2+1

is the constant of the Newton kernel in R¢*2. Write x = (y, ) € R¥*3 x R, with
(F.Z)eMand y = (y1.y’) € S%, y; € [-1, 1] being the first component of y. We have

rey +ze; —x> =0 —iy)> +1FyP+ (-2 =0 -7’ +2rFi(1—y1) + (z —2)°

and

—Co a)(r Z)
n2) = // /Sd [((r —=7)2 4+ 2rF(1 — y1) + (z — £)2]4/2 dS(y) ——drdz.

By Lemma 4.2,

k+1
n(r,z) = —C [/ TGO dO sk a7 dz,

Xd/2
r'd/2) . 2r? 1
where C; = Comp4q = 47r(d//2+)1 ) rgz/z) = 27> and

= (r—7)* +2ri(1 —cos ) + (z — 7).

Thus,

k+1
(A2) Y(2) = -5 // (S“)‘(i)/z 40 (7, 2) (rF)F+1 dF dz.

From (A.2) and (A.1), since u,(r,z) = —rik d,¥, we have

k+1
up(r, z) = BRIV (z — D)w(F, 2)ri*+1 dF dz.
27‘[ X2+1

We can rewrite it using dg X = 2rr sin 6 and integrate by parts in 0,
1 T T 1 0 N
(A.3) ur(r,z) = — (s1n ) 9(W) df (z — 2)w(r,z)r* dr dz

T (sin 0)* ! cos @ o
2n // T xdiz do (z — 2)w(r, 2)r" drdz.

This recovers (4.4).
We can also rewrite v in (A.2) as in (A.3) to get

(A.4) W(r,z)=%// /n(sine)kae(kx%/z)dew(f,z)(rf)kdfdz

7 (sin 6)%¥1 cos 6 o4 e
=3 // — Ytz d0 w(r,z)(rr)* drdz.
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From (A.4) and (A.1), since u,(r,z) = ,ik d, ¥, and using 9, X = 2r — 27 cos 6, we have

1 T _ k(r —7cosf k ko -
uz(r,Z)ZE///(; (sin )% 1cos@( (Xk/2+1 )—rxk/2>d9a)(r,z)rkdrdz
n

=1+ I,

We rewrite I, and integrate by parts to get

1 S| . k = vk 4= 4=
,2:_2_/// s Da((sin 0)F) 46 (7, 2)7* dF 2

k+1
= // (SH)’(?/Z 40 (7, 2)F*+1 dF dz.
T

Thus,
u(r,z) =1+ 1,

k—1
2 // (81;332 [(cos 0)(r — F cos B) — (sin 9)27] df w(r, E)fk dr dz

0 k—1
= // (Slzd)/z (r cos 0 — 7) d6 (7, 2)7* dF dz.
T

This recovers (4.6).
We can rewrite the stream function formulas in (A.2) and (A.4) as

V(r z 1) =—% // F(S)(rP)¥* V w(F,z,1)dF dz,
I

where . .
S = (r=7) +_(Z_Z) , X=rr(2—2cosf+S9),
rr

and for s > 0,

14 : k+1 k14 : k—1
F(s) = / (sin 0) 49 — / (sin9)*~" cos @
o [2(1 —cos@) + s]4/2 o [2(1 —cos @) + s]k/2

This form isolates the dependence on length variables r, r’, z, z’ in the angular integral.
The velocity components are recovered from the stream function via (A.1), resulting in
the expressions

1
u,(r,z,t) = m// F'(S)z —2)rP)?* 2 w(F, z,1)dF dz
Tr n
and

1 d—-2
Mz(r,Z,t) = —m // (ff’\'/(S)arS + T?(S))(Ff)d/z_l a)(F,Z,Z)dde
11
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