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Haar wavelet characterization of Besov-type spaces with
optimal indices and its application to pointwise multipliers

Winfried Sickel, Dachun Yang, Wen Yuan and Yirui Zhao

Abstract. In this article, we give a sufficient and necessary condition on the indices
of Besov-type spaces on R under which the characterization of these spaces in terms
of the Haar system holds. This confirms that the sufficient condition obtained by
H. Triebel is optimal. Moreover, a special case of our results also negatively answers
a question, asked by H. Triebel, about the characterization of lifted local bounded
mean oscillation spaces J sbmo on R with s 2 .�1; �1=2� in terms of the Haar
system. As an application, we prove that characteristic functions of intervals are
pointwise multipliers of Besov-type spaces with the aforementioned optimal indices.
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1. Introduction

Within the last 40 years, wavelets have proven to be an essential and powerful tool for the
understanding and the study of many operators and function spaces; see, for example, [27,
41,61,69]. Characterizations of function spaces in terms of wavelet systems, in particular,
the Haar wavelet system, have found considerable applications. We refer to Coifman et
al. [9], Nazarov et al. [44], and Hytönen [24] for the applications of the Haar system to
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the estimations of singular integral operators, and to Ropela [48], Triebel [56,62], Oswald
[45–47], and Garrigós et al. [16–19] for the applications in characterizing various function
spaces in terms of the Haar system.

The main purpose of this article is to characterize Besov-type spaces on R, with
optimal indices, by means of the Haar wavelet system. Since throughout this article we
always work in R, for simplicity of presentation, we will not indicate this underlying
space in the related notation. Recall that, as a generalization of classical Besov spaces,
the Besov-type spaces, restricted to the Banach case, were first introduced by El Baraka
[12–14], and the extension to the quasi-Banach case was later given in [50, 72, 76]. From
then on, Besov-type spaces have received widely development and found plenty of applic-
ations in harmonic analysis and PDEs; see, for example, [23, 30, 32–34, 64–66, 70]. It
should be mentioned that Besov-type spaces can also be considered as a generalization
of bmo, the space of functions with local bounded mean oscillation, or, more generally, of
the Triebel–Lizorkin spaces F s1;p . Recall that, for any p 2 .0;1/ and s 2R,

Bs;1=pp;p D F s1;p and B
0;1=2
2;2 D F 01;2 D bmo(1.1)

(see, for example, [15,76]). Nowadays, it is known that Besov-type spacesBs;�p;p are also of
importance in connection with the description of the set of all pointwise multipliers for the
classical Besov spaces Bsp;p; see, for example, [31,36,78]. It is well known that pointwise
multipliers of function spaces play an important role in harmonic analysis and PDEs (see,
for example, the monographs [1, 6, 39, 40, 53]). In particular, we mention that, in recent
years, the characterization of pointwise multipliers of BMO.�/, which was studied by
Janson [25] for � D Tn and by Nakai and Yabuta [43] for � D Rn (see also the recent
survey [42] of Nakai and the references therein), plays an irreplaceable role in solving
the so-called optimal bilinear decomposition for multiplications of functions in the Hardy
spaceH 1.Rn/ and its dual space BMO.Rn/, which is precisely Conjecture 1.7 in [5]. The
corresponding conjectures on Hardy spacesHp.Rn/ with p2 .0; 1/ and their dual spaces,
as well as their local versions, were completely solved in [4,7,74,79] via first establishing
the characterizations of pointwise multipliers of Campanato spaces.

The basis problem for the Haar system in Besov and Triebel–Lizorkin spaces has
attracted widely attention and been intensively studied; see, for example, [16–19, 46, 56,
62, 67]. However, this basis problem for Besov-type spaces Bs;�p;q with � 2 .0;1/ must be
rephrased, because these spaces are not separable. But it is still meaningful to ask whether
one can characterize Besov-type spaces in terms of the Haar system (for short, Haar char-
acterization). Already in 2013, Triebel [63] investigated the Haar characterization of some
Morrey-type smoothness spaces, proving a first version of the Haar characterization for
Besov-type spaces. At that time, it was widely unknown whether the restrictions on the
indices of the Haar characterization in [63] are optimal. In 2020, three of the authors stud-
ied the necessity of a part of the restrictions in [77]. This has been done as well by Haroske
and Triebel in [23], where they proposed a conjecture about the optimal restriction of the
Haar characterization of Morrey smoothness spaces (see Conjecture 5.38 in [23]).

In this article, we give a sufficient and necessary condition on the indices of Besov-
type spaces Bs;�p;q on R under which their Haar characterization holds (see Theorem 2.2).
This condition confirms the sufficient condition obtained by Triebel in Theorem 3.41
of [65]. This includes the cases where the Besov-type spaces reduce to the classical
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Triebel–Lizorkin spaces with p D1 (see Corollary 2.4 and Remark 2.5); the latter com-
plements the Haar characterization of Triebel–Lizorkin spaces in the limiting case. More-
over, this optimal condition indicates that the conjecture proposed by Haroske and Triebel
in Conjecture 5.38 of [23] fails (see Remark 2.3(i)). Furthermore, our results imply that
the Haar characterization for the lifted local bounded mean oscillation space bmos with
s � �1=2 is no longer true, which can be also deduced from the argument in Remark 12.1
of [18]. This failure gives a negative answer to the open question proposed by Triebel in
Remark 3.45 of [65] about the Haar characterization of bmos on R with s 2 .�1;�1=2�
(see Remark 7.23).

As an application, we prove that characteristic functions of intervals are pointwise
multipliers of Besov-type spaces under the same aforementioned optimal indices of their
Haar characterizations (see Corollary 2.6), which is also sharp when Besov-type spaces
reduce to Triebel–Lizorkin spaces F s1;p . Historically, pointwise multipliers generated by
characteristic functions of domains play a key role in harmonic analysis and PDEs; we
refer, for example, to [10, 15, 22, 49, 51, 54, 55, 59, 78].

The remainder of this article is organized as follows.
In Section 2, we describe our main results and their applications to pointwise multipli-

ers. In Section 3, we recall some basic properties and the Daubechies wavelet characteriz-
ation of Besov-type spaces. In Sections 4–6, we provide a different proof of the sufficient
condition from that one given by Triebel in Theorem 3.41 of [65]. Section 4 is devoted to
showing the boundedness of the analysis operator T , which maps a given distribution f
into the sequence of its Fourier–Haar coefficients. In Section 5, we study the boundedness
of the synthesis operator S , mapping a sequence of complex numbers into a Haar series.
Next, in Section 6, we search for those situations where T WBs;�p;q ! b

s;�
p;q is an isomorph-

ism with the inverse S . In Section 7, we construct some subtle counterexamples, which
are presented, respectively, in Subsections 7.1, 7.2, and 7.3, to show that the restriction on
indices for T being an isomorphism is necessary. Moreover, in Subsection 7.4, we apply
our results in Section 2 to lifted local bounded mean oscillation spaces J sbmo, which
are of independent interest. Section 8 is devoted to the proof of applications of the main
results in Section 2.

We end this introduction by making some conventions on the notation. We always let
N WD ¹1; 2; : : : ; º, ZC WD N [ ¹0º, and N�1 WD ZC [ ¹�1º, and let Z denote the set of
all integers. We also use R and C to denote respectively the set of all real numbers and
the set of all complex numbers. For any p 2 .0;1�, let p0 WD p=.p � 1/ if p 2 .1;1�
and p0 WD 1 if p 2 .0; 1� be the conjugate index of p. Let L1loc be the set of all loc-
ally integrable complex-valued functions on R, C1c the set of all infinitely differentiable
complex-valued functions on R with compact support, � the set of all Schwartz functions
on R equipped with the well-known topology determined by a countable family of norms,
and � 0 the topological dual of � ; that is, the space of all bounded linear functionals on �

equipped with the weak-� topology. For any j; k 2Z, we denote byQj;k the dyadic inter-
val Œ2�jk; 2�j .k C 1//, and by `.Qj;k/ its edge length. Let

D WD ¹Qj;k W j; k 2Zº;

let jQ WD � log2 `.Q/ for any Q2D , and define

D` WD ¹Q2D W jQ D `º
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for any `2Z. For any set E � R, we denote by 1E its characteristic function and by jEj
its 1-dimensional Lebesgue measure if E is measurable. Moreover, the symbol C denotes
a positive constant which is independent of the main parameters involved, but may vary
from line to line. The symbol f . g always means that there exists a positive constant C
such that f � Cg. If f . g and g . f , we then write f � g. If f � Cg and g D h
or g � h, we then write f . g D h or f . g � h. In addition, given two quasi-Banach
spaces X and Y , we denote by L.X; Y / the space of all bounded linear operators from X

into Y , equipped with the operator norm denoted by kT kX!Y for any T 2L.X; Y /. For
any p 2 .0; 1� and any sequence ¹akºk2I of complex numbers with an at most countable
set I of indices, we will use, without further references, the well-known inequality�X

k2I

jakj
�p
�

X
k2I

jakj
p:

Finally, in all proofs we consistently retain the notation introduced in the original theorem
(or related statement).

2. Main results

We begin with recalling the definition of the Haar system on the real line. The generator
of the Haar system, denoted by h, is defined by setting

h WD 1Œ0;1=2/ � 1Œ1=2;1/:

Consider the set

H WD ¹hj;m W j 2N�1 and m2Zº;(2.1)

where hj;m. �/ WD 2j=2h.2j � �m/ for any j 2ZC and m 2Z, and where h�1;m. �/ WD
1Œ0;1/. � � m/ for any m 2Z. Then the set H forms the well-known orthonormal Haar
wavelet system (for short, Haar system) on R. For any suitable distribution f 2 � 0, its
Fourier–Haar coefficient is defined to be

ı.f / WD ¹ıj;m.f /ºj2N�1;m2Z WD ¹hf; hj;miºj2N�1;m2Z

whenever hf; hj;mi for any j 2N�1 and m2Z is well defined. Recall that, given quasi-
normed linear spaces X and Y , an operator T 2L.X; Y / is called an isomorphism if it is
bijective with bounded inverse.

We first recall what is known in the classical case � D 0, which is a part of The-
orem 3.18 in [67].

Theorem A. Let p;q2 .0;1� and s2R. Then the mapping T Wf 7! ı.f / is an isomorph-
ism from Bsp;q onto bsp;q if

(2.2)
1

p
� 1 < s < min

°
1;
1

p

±
:
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Remark 2.1. (i) The necessity of the condition (2.2) follows from the necessity of the
assertion that H is an unconditional basis of Bsp;q when p; q 2 .0;1/ (see, for instance,
Theorem 1.1 in [17]). Indeed, in this case, the canonical system is clearly an unconditional
basis of bsp;q , and it is preserved in Bsp;q by the isomorphism of T . Therefore, the validity
of the isomorphism implies that H is an unconditional basis in Bsp;q , which, combined
with Theorem 1.1 in [17], further implies (2.2) when p; q 2 .0;1/. We thank the referee
for pointing out this to us.

(ii) We should point out that our proofs in Section 7 also imply the necessity of the
condition (2.2) in Theorem A.

Already in 2013, Triebel [63] published a first extension of Theorem A to Morrey-type
spaces. Later, in 2014, he obtained the following result concerning Besov-type spaces, we
refer to Theorem 3.41 in [65] with

L��1=pBsp;q D B
s;�
p;q :

Theorem B. Let p; q 2 .0;1�, s 2R, and � 2 Œ0; 1=p�. Then the mapping T W f 7! ı.f /

is an isomorphism from B
s;�
p;q onto bs;�p;q if

(2.3)
1

p
� 1 < s < min

°
1;
1

p
� �

±
:

Our main contribution is to demonstrate that the condition in Theorem B is necessary.
Moreover, we also give a detailed proof for the sufficiency, different from that one given
by Triebel [65].

Theorem 2.2. Let p; q 2 .0;1�, s 2R, and � 2 Œ0; 1=p�. Then the mapping T Wf 7! ı.f /

is an isomorphism from B
s;�
p;q onto bs;�p;q if and only if (2.3) holds.

Remark 2.3. (i)Theorem 2.2 shows that the conjecture raised in [23] (see Conjecture 5.38)
fails. Indeed, if Conjecture 5.38 in [23] with % WD �p � 12 Œ�1; 0� holds, then, by equa-
tions (5.109) and (2.30) in [23], we find that 1=p � � � 1 < s < min¹1; 1=p � �º should
be the optimal range for T being an isomorphism fromB

s;�
p;q onto bs;�p;q . But this contradicts

Theorem 2.2.
(ii) Theorem 2.2 with � D 0 coincides with the known results of classical Besov

spaces Bsp;q ; see, for instance, [56], Theorem 2.9 in [62], [17], and also Remark 2.1.
(iii) The a priori assumption � 2 Œ0; 1=p� of Theorem 2.2 is reasonable. Indeed, when

� 2 .1=p;1/, Bs;�p;q coincides with the classical Besov space BsC��1=p1;1 (see Remark 3.2)
and, if � 2 .�1; 0/, then Bs;�p;q is trivial (see, for example, [76]).

(iv) Here we only deal with the situation that T is an isomorphism as a mapping
of Bs;�p;q onto bs;�p;q . In the classical case where � D 0, it is well known that, in some situ-
ations, the range space can be quite different from b

s;�
p;q , e.g., a sequence space without

any finite sequence. We refer to [19] for more details and see also [3] and Theorem 3.2.6
in [28].

Some special cases of Theorem 2.2 might be of interest. The following consequence
follows directly from Theorem 2.2 and the fact that Bs;1=pp;p D F s1;p .
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Corollary 2.4. Let p2 .0;1/ and s2R. Then the mapping T Wf 7! ı.f / is an isomorph-
ism from F s1;p onto bs;1=pp;p if and only if

(2.4)
1

p
� 1 < s < 0:

Remark 2.5. In Triebel’s monograph, see Theorem 3.18 in [67], one can find the suf-
ficiency part of this assertion under the restrictions p 2 .1;1�, 1=p � 1 < s < 0. As a
service for the reader, we summarize and comment our findings with respect to lifted
local bounded mean oscillation spaces J sbmo D F s1;2 in Subsection 7.4.

As an application of Theorem 2.2 and Corollary 2.4, we establish the following result
concerning characteristic functions as pointwise multipliers for Besov-type spaces.

Corollary 2.6. Let p; q 2 .0;1�, s 2R, � 2 Œ0; 1=p�, and I � R be an interval. Then the
following statements hold.

(i) If (2.3) holds, then the mapping PI W f 7! 1If is bounded on Bs;�p;q . Moreover,

sup
J

kPJ kBs;�p;q!B
s;�
p;q
<1;

where the supremum is taken over all intervals J � R.

(ii) If p 2 .0;1/ and (2.4) holds, then the mapping PI Wf 7! 1If is bounded on F s1;p .
Moreover,

sup
J

kPJ kF s1;p!F s1;p <1;

where the supremum is taken over all intervals J � R.

Remark 2.7. To the best of our knowledge, Corollary 2.6(i) is new. On the other hand,
Corollary 2.6(ii) reduces to Theorem 2.48 in [67]. Moreover, the condition (2.4) is optimal
for Corollary 2.6(ii); see, for instance, Theorem 2.48 in [67].

3. Besov-type spaces

In this section, we recall some basic properties of Besov-type spaces.
Given u 2 � 0, we denote by yu its Fourier transform, and by u_ its inverse Fourier

transform in � 0. In particular, if u2 � , then, for any � 2R,

yu.�/ WD .2�/�1=2
Z

R
u.x/ e�ix�� dx

and u_.�/ WD yu.��/. Let '0 2 � be a radial and real-valued function satisfying that 0 �
'0 � 1, '0 � 1 on Œ�1; 1�, and supp'0 � .�3=2; 3=2/. For any k 2ZC and f 2� 0, define

Skf WD .'k yf /
_;(3.1)

where '1. �/ WD '0. �=2/� '0. �/ and, for any integer k � 2, 'k. �/ WD '1.2�kC1 �/. Clearly,P
k2ZC

'k D 1 on R.
Next, we recall the definition of Besov(-type) spaces as follows; see, for example, [76].
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Definition 3.1. Let p; q 2 .0;1�, s 2R, and � 2 Œ0;1/.
(i) The Besov space Bsp;q is defined to be the set of all f 2 � 0 such that

kf kBsp;q WD
° 1X
jD0

2jsq
h Z

R
jSjf .x/j

p dx
iq=p±1=q

<1;

with the usual modifications made if p D1 and/or q D1.
(ii) The Besov-type space Bs;�p;q is defined to be the set of all f 2 � 0 such that

kf kBs;�p;q WD sup
P2D

1

jP j�

° 1X
jDmax¹jP ;0º

2jsq
h Z

P

jSjf .x/j
p dx

iq=p±1=q
<1;

with the usual modifications made if p D1 and/or q D1.

It is known that, for any p; q 2 .0;1� and s 2R, Bs;0p;q D Bsp;q with equivalent quasi-
norms. The following characterization of Besov-type spaces, due to Triebel (Theorem 3.64
in [65]), may be helpful for the reader to understand the philosophy of these spaces. Under
some additional conditions on s; �; p, and q, it holds that f 2 � 0 belongs to Bs;�p;q if and
only if

kf k�
B
s;�
p;q
WD sup

P2D

jP j��kf kBsp;q.P / <1I

that is, we control the quasi-norm kf kBsp;q.P / on all the dyadic intervals, hence, locally
and globally. This relates the “new” spaces Bs;�p;q to the “old” spaces Bsp;q.P / in a rather
transparent way.

Remark 3.2. Let the notation be as in Definition 3.1.
(i) It is known that Bs;�p;q are quasi-Banach spaces independent of the choices of '0 (see

Lemma 2.1 and Corollary 2.1 in [76]).
(ii) We have the monotonicity with respect to s and with respect to q; that is, if �1 <

s1 < s0 <1 and q0; q1 2 .0;1�; then Bs0;�p;q0 ,! B
s1;�
p;q1 I moreover, if 0 < q0 � q1 � 1,

then Bs;�p;q0 ,! B
s;�
p;q1 :

(iii) If either q 2 .0;1/ and � 2 .1=p;1/ or q D 1 and � 2 Œ1=p;1/, then Bs;�p;q D
B
sC��1=p
1;1 (see, for instance, Theorem 2(ii) in [73]). If s C � � 1=p > 0, then the space

B
sC��1=p
1;1 is a Hölder–Zygmund space (see, for instance, Section 2.5.7 of [57]).

(iv) Since Bs;�p;q with � 2 .1=p;1/ is a classical Besov space, we mainly consider the
case � 2 Œ0; 1=p� in this article.

The concept of wavelet bases in Besov and Triebel–Lizorkin spaces is well developed
(see, for example, Meyer [41], Wojtasczyk [69], and Triebel [60, 61]). Let � be an ortho-
normal scaling function on R with compact support and of sufficiently high regularity.
Let  be one corresponding orthonormal wavelet. We suppose � 2CN1 and supp� �
Œ�N2; N2� for some N1; N2 2N. These further imply that

 2CN1 and supp � Œ�N3; N3�(3.2)

for some N3 2N. For any j 2ZC and k 2Z, we write

�j;k. �/ WD 2
j=2 �.2j � �k/ and  j;k. �/ WD 2

j=2  .2j � �k/:
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Furthermore, it is well known that, for any j
 j � N1, j 2ZC, and k 2Z,Z
R
 j;k.x/x


 dx D 0

(see, e.g., Proposition 3.1 in [69]). For convenience, for any k2Z, let �1;k WD �0;k . Thus,

‰ WD ¹ j;k W j 2N�1 and k 2Zº(3.3)

yields an orthonormal basis of L2 (see, for instance, Section 3.9 of [41], and see also Sec-
tion 3.1 of [60]) and is called the Daubechies wavelet system in R. Thus, for any f 2L2,

(3.4) f D

1X
jD�1

X
k2Z

�j;k.f / j;k

in L2, where, for any j 2N�1 and k 2Z, �j;k.f / WD hf; j;ki. Let

�.f / WD ¹�j;k.f /ºj2N�1; k2Z:

Now, we need some associated sequence spaces (see, for instance, Definition 3.24
in [65]). Recall that, for any given dyadic interval P , jP WD � log2 `.P /.

Definition 3.3. Let p;q2 .0;1�, s2R, and � 2 Œ0;1/. The sequence space bs;�p;q is defined
to be the set of all sequences � WD ¹�j;kºj2N�1; k2Z in C such that k�kbs;�p;q <1, where

k�kbs;�p;q WD sup
P2D

° 1

jP j�

h� X
¹mWQ0;m�P º

j��1;mj
p
�q=p

C

1X
jDmax¹jP ;0º

2j.sC1=2�1=p/q
� X
¹mWQj;m�P º

j�j;mj
p
�q=pi1=q±

:

Remark 3.4. We should point out that bs;0p;q coincides with bsp;q in Definition 3.10 of [65]
when n D 1; that is, for any � WD ¹�j;kºj2N�1; k2Z in C,

k�k
b
s;0
p;q
D k�kbsp;q

WD

h� X
m2Z

j��1;mj
p
�q=p

C

X
j2ZC

2j.sC1=2�1=p/q
� X
m2Z

j�j;mj
p
�q=pi1=q

:

As a special case of Theorem 3.26 in [65] with r WD � � 1=p (see also Theorem 4.12
in [37]), we have the following Daubechies wavelet characterization.

Proposition 3.5. Let p;q2.0;1�, s 2R, and � 2 Œ0;1/. Let‰ be the Daubechies wavelet
system as in (3.3) with N1 2N depending on p, q, s, and � . Then f 2Bs;�p;q if and only if
f 2 � 0 and f can be represented as in (3.4) in � 0 such that k�.f /kbs;�p;q <1. Moreover,

kf kBs;�p;q � k�.f /kb
s;�
p;q

with the positive equivalence constants independent of f .
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Combining Proposition 3.5 and Definition 3.3, we easily obtain the following conclu-
sion, and hence we omit the details.

Lemma 3.6. Let the notation be as in Proposition 3.5. Then there exists a positive con-
stant C such that, for any f 2Bs;�p;q ,

sup
j2ZC

2j.sC�C1=2�1=p/ sup
k2Z
jhf; j;kij � Ckf kBs;�p;q :

Moreover, Bs;�p;q ,! B
sC��1=p
1;1 :

4. The analysis operator

Our investigations are based on the study of two linear operators, namely the analysis
operator T and the synthesis operator S . Recall that H denotes the Haar system in R as
in (2.1). In this section, we concentrate on T , defined by setting, for any suitable distribu-
tion f ,

T W f 7! ¹hf; hj;miºj2N�1;m2Z:

Clearly, the first problem we face is whether the operator T is well defined on Bs;�p;q .
To answer this, we need some information on the dual space of a Besov space; see, for
instance, Section 2.11.2 of [57].

Lemma 4.1. Let p 2 Œ1;1/, q 2 .0;1/, and s 2R. Then .Bsp;q/
0 D B�sp0;q0 ; where .Bsp;q/

0

denotes the dual space of Bsp;q .

Proposition 4.2. Let p; q 2 .0;1�, s 2R, and � 2 Œ0; 1=p� satisfy s > 1=p � � � 1, and
let f 2Bs;�p;q . Then the following two statements hold:

(i) the pair hf; hi is well defined for any h2H;
(ii) f D 0 if and only if hf; hi D 0 for all h2H.

Proof. We first show (i). Since s > 1=p � � � 1, it follows that there exists " 2 .0;1/
such that s > 1=p � � � 1C ". By this, Lemma 3.6, and Remark 3.2(ii), we find that

Bs;�p;q ,! BsC��1=p1;1 ,! B�1C"1;2 :(4.1)

Fix h2H. Applying Theorem 2.1(ii) in [77] and Remark 3.2(ii), we obtain

h 2 B11;1 ,! B1�"1;2 :(4.2)

From this and Lemma 4.1, we deduce that

jhf; hij � kf kB�1C"1;2
khkB1�"1;2

. kf kBs;�p;q khkB11;1 <1:(4.3)

Thus, hf; hi is well defined.
Item (ii) is a direct consequence of (4.1), B�1C"1;2 ,! B�11;1, and Proposition 1.1(iii)

in [17]. This then finishes the proof of Proposition 4.2.
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Based on a standard method of the comparison of a smooth wavelet decomposition
with the Haar decomposition (see, for example, [62]), we obtain the following conclusion.

Theorem 4.3. Let p 2 .0;1/, q 2 .0;1�, s 2R, and � 2 .0; 1=p�. Then the analysis
operator

T W Bs;�p;q �! bs;�p;q;

f 7�! ı.f /;

is a bounded linear mapping if 1=p � 1 < s < 1:

To prove Theorem 4.3, we need the following Young inequality for Lebesgue sequence
spaces, whose proof follows directly from the standard proof of the classical Young in-
equality. We omit the details.

Lemma 4.4. Let r 2 Œ1;1� and L2ZC. Then, for any nonnegative sequences ¹akºk2Z

and ¹bkºk2ZC , the following two inequalities hold:

(i)
h 1X
jDL

� jX
kDL

aj�k bk

�ri1=r
�

1X
kD0

ak

� 1X
jDL

brj

�1=r
;

with the usual modification made when r D1.

(ii)
h 1X
jDL

� 1X
kDjC1

aj�k bk

�ri1=r
�

�1X
kD�1

ak

� 1X
jDL

brj

�1=r
;

with the usual modification made when r D1.

As a consequence of Lemma 4.4 with r D 1 and the well-known inequality that, for
any p 2 .0; 1�;�X

k2I

jakj
�p
�

X
k2I

jakj
p; for ¹akºk2I � C; I an at most countable set of indices;

we obtain the following.

Corollary 4.5. Let r 2 .0; 1� and L2ZC. Then, for any nonnegative sequences ¹akºk2Z

and ¹bkºk2ZC , the following two inequalities hold:

(i)
1X
jDL

� jX
kDL

aj�k bk

�r
�

1X
kD0

ark

1X
jDL

brj :

(ii)
1X
jDL

� 1X
kDjC1

aj�k bk

�r
�

�1X
kD�1

ark

1X
jDL

brj :

Proof of Theorem 4.3. The proof is rather lengthy, but the idea is transparent. Mainly, our
estimates below are based on careful investigations of relations of the supports between
two wavelet families, namely the Daubechies wavelet system and the Haar system.
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Step 1. Preparations.
Fix f 2Bs;�p;q . Let ¹ k;`ºk2N�1; `2Z be a sufficiently smooth Daubechies wavelet sys-

tem as in Proposition 3.5. Observe that, for any j 2N�1 and m2Z,

(4.4) hf; hj;mi D

1X
kD�1

X
`2Z

hf; k;`ih k;`; hj;mi;

at least formally. To investigate the coefficients h k;`;hj;mi, we need to employ the various
support relations. First, we need some notation. For any j 2ZC and m2Z, let

Ij;m WD Œ2
�jm; 2�j .mC 1/�;

and let

(4.5) ICj;m WD
h
2�jm; 2�j

�
mC

1

2

�i
and I�j;m WD

h
2�j

�
mC

1

2

�
; 2�j .mC 1/

i
:

Let also I�1;m WD IC�1;m WD I
�
�1;m WD I0;m. Moreover, for any j; k 2N�1 and m2Z, let

Uk;m;j WD ¹`2Z W j supp hj;m \ supp k;`j > 0º:

Obviously, for any j; k 2N�1 andm;`2Z, we have h k;`; hj;mi D 0 if ` 62 Uk;m;j . Next,
choose j; k 2N�1 and m2Z. We consider the following two cases for j and k.

If k > j , then, in this case, the following situations may occur:
(i) supp k;` � ICj;m;
(ii) supp k;` � I�j;m;

(iii) supp k;` is neither a subset of ICj;m nor of I�j;m.
If (i) or (ii) holds for some `2Z, then, from the moment condition of  k;`, we infer

that h k;`; hj;mi D 0. This motivates us to introduce the set

(4.6) U �k;m;j WD ¹`2Uk;m;j W supp k;` is neither a subset of ICj;m nor of I�j;mº:

Then, for any `2U �
k;m;j

, we obtain

jh k;`; hj;mij � 2
.jCk/=2

Z
Ij;m

j .2kx�`/j dx � 2.jCk/=2 2�kk kL1 � 2
.j�k/=2:(4.7)

If k � j , then we simply let U �
k;m;j

WD Uk;m;j . For any ` 2 U �
k;m;j

, using the condition
that

R
R hj;m.x/ dx D 0, we conclude that

jh k;`; hj;mij D 2
.jCk/=2

ˇ̌̌ Z
Ij;m

h.2jx �m/(4.8)

�
�
 .2kx � `/ �  .2kx0 � `/C  .2

kx0 � `/
�
dx
ˇ̌̌

� 2.jCk/=2
Z
Ij;m

j .2kx � `/ �  .2kx0 � `/j dx

� k 0kL1 2
.jCk/=2 2�j 2k�j � 23.k�j /=2;
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where we have chosen x0 2 Ij;m. In addition, if j D �1 (or k D �1) in the left-hand sides
of both (4.7) and (4.8), then the right-hand sides of both (4.7) and (4.8) still hold with j
(or k) replaced by 0.

Therefore, at least formally, we have the following decomposition: for any j 2N�1
and m2Z,

hf; hj;mi DW F
.1/
j;m C F

.2/
j;m;

where

F
.1/
j;m WD

jX
kD�1

X
`2U �

k;m;j

hf; k;`ih k;`; hj;mi(4.9)

and

F
.2/
j;m WD

1X
kDjC1

X
`2U �

k;m;j

hf; k;`ih k;`; hj;mi:(4.10)

Moreover, for any j; k 2N�1 and m2Z, by the definition of U �
k;m;j

, it is easy to verify
that

(4.11) jU �k;m;j j � 1;

where the implicit positive equivalence constants depend only on the support set of  .
Next, we aim to proceed by decomposing the desired estimates of ı.f / in bs;�p;q into

several steps. We only deal with the cases for j; k 2 ZC in the summations of (4.9)
and (4.10) because the estimations of the cases for j D �1 or k D �1 are quite similar.

Step 2. Estimations related to F .1/j;m.
In this step, we mainly need to estimate

I WD
1X

jDmax¹jP ;0º

2j.sC1=2�1=p/q
� X
¹mWQj;m�P º

ˇ̌̌ jX
kD0

X
`2U �

k;m;j

hf; k;`ih k;`; hj;mi
ˇ̌̌p�q=p

;

whereP is a dyadic interval. Without loss of generality, we may assume thatP WD Œ0;2�L/
for some L2Z.

Step 2.1. Assume that p 2 .0; 1�. We first consider small dyadic intervals P with
jP j � 1. By (4.11), we dominate I by the two parts; that is,

I . I1 C I2;(4.12)

where

I1 WD
1X

jDmax¹L;0º

2j.sC1=2�1=p/q
� X
¹mWQj;m�P º

ˇ̌̌ LX
kD0

X
`2U �

k;m;j

hf; k;`ih k;`; hj;mi
ˇ̌̌p�q=p
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and

I2 WD
1X

jDmax¹L;0º

2j.sC1=2�1=p/q(4.13)

�

� X
¹mWQj;m�P º

ˇ̌̌ jX
kDL

X
`2U �

k;m;j

hf; k;`ih k;`; hj;mi
ˇ̌̌p�q=p

:

We first estimate I1. Applying (4.8), we find that

I1 .
1X
jDL

2j.sC1=2�1=p/q
h X
¹mWQj;m�P º

LX
kD0

X
`2U �

k;m;j

jhf; k;`ij
p 23.k�j /p=2

iq=p
:

Note that, when j � L � k, bothQj;m � P D Œ0; 2�L/ and `2U �
k;m;j

imply �N3 � ` �
N3 C 1, where N3 is as in (3.2). For simplicity, we only deal with the case where ` D 0
because the proofs of the other cases where `2¹�N3; : : : ;N3C 1º n ¹0º are quite similar.
From this, we infer that

1X
jDL

2j.sC1=2�1=p/q
h X
¹mWQj;m�P º

LX
kD0

jhf; k;0ij
p 23.k�j /p=2

iq=p
(4.14)

D 2�Lq=p
1X
jDL

2j.s�1/q
� LX
kD0

23kp=2 jhf; k;0ij
p
�q=p

:

By Lemma 3.6, this is bounded by

2�Lq=p
1X
jDL

2j.s�1/q
h LX
kD0

2�k.sC��1�1=p/p
iq=p
kf k

q

B
s;�
p;q

. 2�Lq=p 2L.s�1/q 2�L.sC��1�1=p/qkf k
q

B
s;�
p;q
D 2�L�qkf k

q

B
s;�
p;q
;

where the first step used the assumptions s < 1 and � � 1=p. Thus, we further obtain

I1 . 2�L�qkf k
q

B
s;�
p;q
;

where the implicit positive constant depends only s, p, q, � , and N3.
Next, we estimate I2, which is a little bit different from the estimation of I1. Observe

that, for any given j 2N \ ŒL;1/, k 2 ¹L; : : : ; j º, and `2Z,

j¹m2Z W Qj;m � P and jQj;m \ supp k;`j > 0ºj . 2j�k ;

where the implicit positive constant depends only on N3. Thus, for any given L � k � j ,X
¹mWQj;m�P º

X
`2U �

k;m;j

jhf; k;`ij
p . 2j�k

X
¹`WQk;`�P º

jhf; k;`ij
p:(4.15)
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By this and (4.8), we conclude that

I2 .
1X
jDL

2j.sC1=2�1=p/q
h X
¹mWQj;m�P º

jX
kDL

X
`2U �

k;m;j

jhf; k;`ij
p23.k�j /p=2

iq=p
(4.16)

.
1X
jDL

2j.sC1=2�1=p/q
h jX
kDL

2j�k 23.k�j /p=2
X

¹`WQk;`�P º

jhf; k;`ij
p
iq=p

D

1X
jDL

h jX
kDL

2.j�k/.s�1/p
X

¹`WQk;`�P º

2k.sC1=2�1=p/pjhf; k;`ij
p
iq=p

D

1X
jDL

� jX
kDL

aj�k bk

�q=p
;

where
aj WD 2

j.s�1/p

and

bj WD
X

¹`WQj;`�P º

2j.sC1=2�1=p/p jhf; j;`ij
p(4.17)

for any j 2ZC. Note that ¹aq=pj ºj2ZC 2 `
1 because s < 1. Moreover, using Proposi-

tion 3.5, we obtain 

¹bj ºj2ZC\ŒL;1/




`q=p

. 2�L�pkf k
p

B
s;�
p;q
:(4.18)

From these, (4.16), Lemma 4.4(i), and Corollary 4.5(i), we deduce that

I2 . 2�L�qkf k
q

B
s;�
p;q
:(4.19)

Consequently, combining with the estimates of I1 and I2, we obtain

I . 2�L�qkf k
q

B
s;�
p;q
;

where the implicit positive constant is independent of L and f .
Step 2.2. Assume that p 2 .0; 1�. Now, we consider the large dyadic interval, namely

L 2Z n ZC. In this case, we only need to estimate I2 as in (4.13) with L WD 0. Thus,
repeating the proof of (4.16) with L replaced by 0 and the proof of (4.19), we then obtain

I . 2�L�qkf k
q

B
s;�
p;q
:

Step 2.3. Assume that p 2 .1;1/ and L2ZC. In this case, we still dominate I by two
parts as in (4.12). Let "2 .0; 1 � s/. Such " exists due to s < 1.
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We first estimate the sum I1. Applying Hölder’s inequality with 1D 1=pC 1=p0, (4.8),
and (4.11), we find that

I1 .
1X
jDL

2j.sC1=2�1=p/q

�

° X
¹mWQj;m�P º

h LX
kD0

2�k"p
X

`2U �
k;m;j

jhf; k;`ij
p 23.k�j /p=2

i� LX
kD0

2k"p
0
�p=p0±q=p

. 2L"q
1X
jDL

2j.s�1�1=p/q
h LX
kD0

2k.3=2�"/p
X

¹mWQj;m�P º

X
`2U �

k;m;j

jhf; k;`ij
p
iq=p

:

Similarly to (4.14), we only need to deal with the case for ` D 0. From this, Lemma 3.6,
s < 1, and " < 1 � s � 1 � s C 1=p � � , we infer that

2L"q
1X
jDL

2j.s�1�1=p/q
h LX
kD0

2k.3=2�"/p
X

¹mWQj;m�P º

jhf; k;0ij
p
iq=p

D 2L"q
1X
jDL

2j.s�1�1=p/q
h LX
kD0

2k.3=2�"/p 2j�L jhf; k;0ij
p
iq=p

. 2L.sC"�1�1=p/q
h LX
kD0

2k.1���sC1=p�"/p
iq=p
kf k

q

B
s;�
p;q

. 2�L�q kf k
q

B
s;�
p;q
:

Thus, we have
I1 . 2�L�qkf k

q

B
s;�
p;q
:

Then we estimate the sum I2. By Hölder’s inequality, (4.8), and (4.11) again, we obtain

I2 .
1X
jDL

2j.sC"�1�1=p/q
h jX
kDL

2k.3=2�"/p
X

¹mWQj;m�P º

X
`2U �

k;m;j

jhf; k;`ij
p
iq=p

:(4.20)

Using this and (4.15), we conclude that

I2 .
1X
jDL

2j.sC"�1�1=p/q
h jX
kDL

2k.3=2�"/p
X

¹`WQk;`�P º

2j�kjhf; k;`ij
p
iq=p

(4.21)

D

1X
jDL

� jX
kDL

cj�k bk

�q=p
;

where cj WD 2j.s�1C"/p and bj is as in (4.17). Clearly, we have that ¹cq=pj ºj2ZC 2 `
1

because "2 .0;1� s/. Applying this, Lemma 4.4(i), Corollary 4.5(i), and (4.18), we obtain

I2 . 2�L�qkf k
q

B
s;�
p;q
:
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Step 2:4. Assume that p 2 .1;1/ and let L 2Z n ZC. In this case, we only need
to consider I2 with L replaced by 0. Repeating the proofs of (4.20) and (4.21) with L
replaced by 0, we further obtain

I2 . 2�L�qkf k
q

B
s;�
p;q

in this case.
Step 3. Estimations related to F .2/j;m.
This time we need to estimate

II WD
1X

jDmax¹jP ;0º

2j.sC1=2�1=p/q
h X
¹mWQj;m�P º

jF
.2/
j;mj

p
iq=p

:

Here, without loss of generality again, we may assume that P WD Œ0; 2�L/ for someL2Z.
Step 3:1. Assume that p 2 .0; 1�. We observe that, for any given j 2ZC \ ŒL;1/,

k 2ZC \ .j;1/, and m 2Z satisfying Qj;m � P , if ` 2Z satisfies that j supp k;` \
Qj;mj > 0, then

Qk;` � Œ�2
�kN3 ; 2

�L
C 2�kN3� � Œ�2

�LN3 ; 2
�L.N3 C 1/�:(4.22)

To avoid more complicated notation, without loss of generality, we may replace (4.22)
simply by Qk;` � P and further conclude that, for any given j 2 ZC \ ŒL;1/ and
k 2ZC \ .j;1/, X

¹mWQj;m�P º

X
`2U �

k;m;j

jhf; k;`ij
p .

X
¹`WQk;`�P º

jhf; k;`ij
p;(4.23)

where the implicit positive constant depends only on N3. From this and (4.7), we deduce
that

II .
1X

jDmax¹L;0º

2j.sC1�1=p/q
� 1X
kDjC1

2�kp=2
X

¹`WQk;`�P º

jhf; k;`ij
p
�q=p

D

1X
jDmax¹L;0º

h 1X
kDjC1

2.j�k/.sC1�1=p/p
X

¹`WQk;`�P º

2k.sC1=2�1=p/pjhf; k;`ij
p
iq=p

D

1X
jDmax¹L;0º

� 1X
kDjC1

dj�k bk

�q=p
;

where dj WD 2j.sC1�1=p/p , j 2Z n ZC, and bj is as in (4.17).
Observe that ¹dq=pj ºj2ZnZC 2 `

1 because s > 1=p � 1. From these, Lemma 4.4(ii),
Corollary 4.5(ii), and (4.18), it follows that

II . 2�L�qkf k
q

B
s;�
p;q
:
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Step 3.2. Assume that p 2 .1;1/ and let " 2 .0;1/ be sufficiently small such that
s C 1 � 1=p > ". Such " exists due to s > 1=p � 1. Using Hölder’s inequality with 1 D
1=p C 1=p0; (4.7), (4.11), and (4.23), we conclude that

II .
1X

jDmax¹L;0º

2j.sC1=2�1=p/q
° X
¹mWQj;m�P º

h 1X
kDjC1

2k"p

�

X
`2U �

k;m;j

jhf; k;`ij
p 2.j�k/p=2

i� 1X
kDjC1

2�k"p
0
�p=p0±q=p

.
1X

jDmax¹L;0º

2j.s�"C1�1=p/q
h 1X
kDjC1

2k.�1=2C"/p
X

¹`WQk;`�P º

jhf; k;`ij
p
iq=p

D

1X
jDmax¹L;0º

h 1X
kDjC1

2.j�k/.s�"C1�1=p/p
X

¹`WQk;`�P º

2k.sC1=2�1=p/p jhf; k;`ij
p
iq=p

D

1X
jDmax¹L;0º

� 1X
kDjC1

ej�k bk

�q=p
;

where ej WD 2j.s�"C1�1=p/p , j 2Z n ZC, and bj is as in (4.17). Since " < s C 1 � 1=p,
it follows that ¹ej ºj2ZnZC ; ¹e

q=p
j ºj2ZnZC 2 `

1. By this, Lemma 4.4(ii), Corollary 4.5(ii),
and (4.18), we conclude that

II . 2�L�qkf k
q

B
s;�
p;q
:

Now, we can summarize all our findings. If (4.4) holds, then Steps 2 and 3 have proved

kı.f /kbs;�p;q . kf kBs;�p;q :

Thus, it remains to show (4.4). Indeed, for any N 2N, let

fN WD

NX
kD�1

X
`2Z

hf; k;`i k;`:

By Proposition 3.5, we obtain fN ! f in � 0 as N !1 and �.f /2 bs;�p;q . From this and
Proposition 3.5 again, we infer that f � fN 2B

s;�
p;q , which, combined with Lemma 4.1,

(4.1), and (4.2), further implies that, for any N 2N and h2H,

jhf � fN ; hij � kf � fN kB�1C"1;2
khkB1�"1;2

. k�.f � fN /kb�1C"1;2
khkB11;1

:

Using (4.1) and Proposition 3.5, we find that �.f / 2 b�1C"1;2 . From this, we deduce that,
when N !1,

k�.f � fN /kb�1C"1;2
! 0:

This, together with the proved fact that h 2B11;1 (see (4.2)), further implies that jhf �
fN ; hij ! 0 as N !1. This finishes the proof of (4.4) and hence Theorem 4.3.
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For convenience, in view of (1.1), as a special case of Theorem 4.3, we formulate the
result for the Triebel–Lizorkin space F s1;p with p 2 .0;1/ as follows.

Corollary 4.6. If p 2 .0;1/ and 1=p � 1 < s < 1, the analysis operator T W f 7! ı.f /

is a bounded linear mapping from F s1;p into f s1;p D b
s;1=p
p;p .

Remark 4.7. The special case where s D 0 and p D 2 is of particular interest because,
in this case, bmo D F 01;2 with the equivalent norms. Here bmo is the class of functions
with local bounded mean oscillation in the sense of Goldberg [20]; see Section 7.4 for
the precise definition. For the identity bmo D F 01;2, we refer to Triebel (Theorem 2.5.8
in [57] and p. 133 of [15]). Therefore, Corollary 4.6 establishes the boundedness of
T W bmo! b

0;1=2
2;2 .

5. The synthesis operator

In this section, we investigate the synthesis operator S given by setting

(5.1)

S W bs;�p;q �! Bs;�p;q;

� WD ¹�j;mºj2N�1;m2Z 7�! f� WD

1X
jD�1

X
m2Z

�j;m hj;m:

First, we need to show the synthesis operator S is well defined. To this end, we introduce
the following concept: for any given � WD ¹�j;mºj2N�1;m2Z in C and N 2ZC, the trun-
cated sequence �N WD ¹.�N /j;mºj2N�1;m2Z is defined by setting, for any j 2N�1 and
m2Z,

.�N /j;m WD

´
�j;m if � 1 � j � N;
0 if j > N:

Observe that, for any given � and the truncated sequence �N with N 2ZC, the sum f�N
is locally bounded and hence f�N 2L

1
loc . Recall that, for any p 2 Œ1;1�, the Sobolev

space W 1;p on R is defined to be the set of all f 2Lp such that

kf kW 1;p WD kf kLp C kf
0
kLp <1;

where f 0 denotes the weak derivative of f .
We need the following inequality, which is precisely Corollary 1.5 in [19] (A corres-

ponding estimate forW 1;p.0; 1/with p 2 Œ1;1/ can also be obtained by using Theorem 1
in Section III.2 of [28]).

Lemma 5.1. If p 2 Œ1;1�, then there exists a positive constant C such that, for any
' 2W 1;p ,

sup
j2N�1

2j.3=2�1=p/
� X
m2Z

jh'; hj;mij
p
�1=p

� Ck'kW 1;p :

Lemma 5.2. Let � WD ¹�j;mºj2N�1;m2Z 2 b
�1
1;1. Then f� defines a tempered distribution

on R and f�N converges to f� in � 0 as N !1.
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Proof. For any N 2ZC, by Lemma 5.1 with p WD 1 and the disjointness of the supports
of ¹hj;mºm2Z for any j 2 ¹1; : : : ; N º, we conclude that, for any ' 2 � � W 1;1,

jhf�N ; 'ij �

NX
jD�1

sup
m2Z
j�j;mj

X
m2Z

jhhj;m; 'ij

. k'kW 1;1

NX
jD�1

2�j=2 sup
m2Z
j�j;mj . k'kW 1;1 k�N kb�11;1

. k'kW 1;1 k�kb�11;1
:(5.2)

This yields the uniform boundedness of the sequence ¹jhf�N ; 'ijºN2ZC . Using (5.2), we
find that, for any N;M 2ZC with N �M and for any ' 2 � ,

jhf�N � f�M ; 'ij . k'kW 1;1 k�N � �Mkb�11;1
;

which further implies that ¹hf�N ; 'iºN2ZC is a Cauchy sequence and hence a convergent
sequence. For any ' 2 � , let

hf�; 'i WD lim
N!1

hf�N ; 'i:

From this and (5.2), it follows that f� 2 � 0 and f�N converges to f� in � 0 as N !1,
which completes the proof of Lemma 5.2.

Lemma 5.3. Let p; q 2 .0;1�, s 2R, and � 2 Œ0; 1=p� satisfy s > 1=p � 1 � � . Then,
for any �2 bs;�p;q , f� defines a tempered distribution on R and f�N converges to f� in � 0

as N !1.

Proof. Applying Lemma 3.6, Remark 3.2(ii), and Proposition 3.5, we obtain

bs;�p;q ,! bsC��1=p1;1 ,! b�11;1:

This, together with Lemma 5.2, further implies the desired conclusion, which completes
the proof of Lemma 5.3.

Our main result of this section proves the Morrey variant of Proposition 2.6 in [62]
under a stronger upper bound and a weaker lower bound.

Theorem 5.4. Let p 2 .0;1/, q 2 .0;1�, s 2R, and � 2 .0; 1=p�. Then the synthesis
operator S is a bounded linear mapping from b

s;�
p;q into Bs;�p;q if

(5.3) max
° 1
p
� 2;

1

p
� � � 1

±
< s <

1

p
� �:

Proof. As in the previous section, the proof is rather lengthy but the idea is transparent.
Step 1. Preparations.
Fix� WD ¹�j;mºj2N�1;m2Z 2 b

s;�
p;q . Now, we rewrite S.�/ by using sufficiently smooth

Daubechies wavelets; see Proposition 3.5. To this end, for any h2H, since h2L2 and ‰
as in (3.3) is an orthonormal basis in L2, it follows that

h D

1X
kD�1

X
`2Z

hh; k;`i k;`
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in L2 and hence in � 0. By this, Lemma 5.3, and the assumption that s > 1=p � � � 1, we
conclude that, for any � 2 � ,

hf�; �i D

1X
jD�1

X
m2Z

�j;m hhj;m; �i D

1X
jD�1

X
m2Z

1X
kD�1

X
`2Z

˝
�j;m hhj;m;  k;`i k;`; �

˛
;

which further implies that

(5.4) f� D S.�/ D

1X
jD�1

X
m2Z

1X
kD�1

X
`2Z

�j;m hhj;m;  k;`i k;`

in � 0. As in the previous section, we need additional information about the coefficients
hh; i for any h2H and  2‰. For any given k; j 2N�1 and `2Z, let

Jk;`;j WD ¹m2Z W j supp hj;m \ supp k;`j > 0º:

Obviously, for any k; j 2N�1 and `2Z, hhj;m;  k;`i D 0 if m…Jk;`;j . Moreover, simil-
arly to (4.6), for any k; j 2N�1 and `2Z, in the case where k � j , we let

J �k;`;j WD ¹m2Jk;`;j W supp k;` is neither a subset of ICj;m nor of I�j;mº;

where ICj;m and I�j;m for any j 2N�1 andm2Z are the same as in (4.5); in the case where
k < j , we simply write J �

k;`;j
WD Jk;`;j . For any given k; j 2N�1 and ` 2Z, from the

definition of J �
k;`;j

, we easily infer that

(5.5) jJ �k;`;j j .

´
1 if k � j;
2j�k if k < j:

Next, we claim that the right-hand side of (5.4) unconditionally converges in � 0. In
what follows, we only consider k; j 2ZC in the summations of (5.4) because the proofs
involving k D �1 or j D �1 are quite similar. By the definition of bs;�p;q , we find that, for
any j 2ZC and m2Z,

j�j;mj � k�kbs;�p;q 2
�j.sC1=2C��1=p/:(5.6)

Using this, (4.7), (5.5), Lemma 2.4 in [76] withM > max¹1=p � � � s � 1=2; 0º, and the
assumption that s < 1=p � � , we find that, for any � 2 � ,

U1 WD
1X
kD0

X
`2Z

kX
jD0

X
m2J �

k;`;j

j�j;mj jhhj;m;  k;`ij jh k;`; �ij

. k�kbs;�p;q
1X
kD0

X
`2Z

kX
jD0

X
m2J �

k;`;j

2�j.sC1=2C��1=p/ 2.j�k/=2 2�kM
1

.1C j2�k`j/1CM

. k�kbs;�p;q
1X
kD0

2�k.1=2CM/
X
`2Z

1

.1C j2�k`j/1CM

kX
jD0

2�j.sC��1=p/

�k�kbs;�p;q

1X
kD0

2�k.1=2CMCsC��1=p/ � k�kbs;�p;q :
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On the other hand, from (5.6), (4.8), (5.5), Lemma 2.4 in [76] with M > max¹1=p � � �
s � 1=2; 0º, and the assumption that s > 1=p � � � 1, it follows that, for any � 2 � ,

U2 WD
1X
kD0

X
`2Z

1X
jDkC1

X
m2J �

k;`;j

j�j;mj jhhj;m;  k;`ij jh k;`; �ij

. k�kbs;�p;q
1X
kD0

X
`2Z

1X
jDkC1

X
m2J �

k;`;j

2�j.sC1=2C��1=p/ 23.k�j /=2 2�kM
1

.1C j2�k`j/1CM

. k�kbs;�p;q
1X
kD0

2k.1=2�M/
X
`2Z

1

.1C j2�k`j/1CM

1X
jDkC1

2�j.sC1C��1=p/

� k�kbs;�p;q

1X
kD0

2k.1=2�M�s��C1=p/ � k�kbs;�p;q :

Thus, U1 C U2 < 1 implies the claim holds. This, together with (5.4), further implies
that, in � 0,

(5.7) f� D

1X
kD�1

X
`2Z

1X
jD�1

X
m2J �

k;`;j

�j;m hhj;m;  k;`i k;` DW F1 C F2;

where

F1 WD

1X
kD�1

X
`2Z

kX
jD�1

X
m2J �

k;`;j

�j;m hhj;m;  k;`i k;`

and

F2 WD

1X
kD�1

X
`2Z

1X
jDkC1

X
m2J �

k;`;j

�j;m hhj;m;  k;`i k;`:

By the definition of J �
k;`;j

, we conclude that

(5.8) sup
j;k��1

sup
m2Z
j¹`2Z W m2J �k;`;j ºj <1:

The value of this supremum only depends on the size of supp , i.e., the number N3.
Without loss of generality, we may assume that P WD Œ0; 2�L/ with L 2Z below. Note
that, for any given j; k 2N�1 and ` 2 Z satisfying Qk;` � P , if m 2 Z satisfies that
j supp k;` \Qj;mj > 0, then

Qj;m � Œ�2
�kN3; 2

�L
C 2�kN3� � Œ�2

�LN3; 2
�L.N3 C 1/�I(5.9)

again, to avoid more complicated notation, we replace (5.9) simply by Qj;m � P and,
using (5.8), further conclude that

(5.10)
X

¹`WQk;`�P º

X
m2J �

k;`;j

j�j;mj
p .

X
¹mWQj;m�P º

j�j;mj
p;

where the implicit positive constant depends only on N3.
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Step 2. We estimate kF1kBs;�p;q .

By Proposition 3.5, we only need to estimate k�.F1/kbs;�p;q . To this end, let

I WD
1X

kDmax¹L;0º

2k.sC1=2�1=p/q
� X
¹`WQk;`�P º

ˇ̌̌ kX
jD0

X
m2J �

k;`;j

�j;m hhj;m;  k;`i
ˇ̌̌p�q=p

:

We estimate I by the following four steps.
Substep 2.1. Assume that p 2 .0; 1� and L 2N. In this case, we divide I into the

following two parts:

I . I1 C I2;

where

I1 WD
1X
kDL

2k.sC1=2�1=p/q
� X
¹`WQk;`�P º

ˇ̌̌L�1X
jD0

X
m2J �

k;`;j

�j;m hhj;m;  k;`i
ˇ̌̌p�q=p

and

I2 WD
1X
kDL

2k.sC1=2�1=p/q
� X
¹`WQk;`�P º

ˇ̌̌ kX
jDL

X
m2J �

k;`;j

�j;m hhj;m;  k;`i
ˇ̌̌p�q=p

:

As we will see below, I2 can be estimated in a straightforward manner, but I1 needs
some additional care. Therefore, we start with the estimation of I2. Using (4.7) and (5.10),
we obtain

I2 .
1X
kDL

2k.sC1=2�1=p/q
h X
¹`WQk;`�P º

kX
jDL

X
m2J �

k;`;j

j�j;mj
p 2.j�k/p=2

iq=p
(5.11)

.
1X
kDL

h kX
jDL

2.k�j /.s�1=p/p
X

¹mWQj;m�P º

2j.sC1=2�1=p/p j�j;mj
p
iq=p

D

1X
kDL

� kX
jDL

˛k�j ǰ

�q=p
;

where j̨ WD 2
j.s�1=p/p and

ǰ WD

X
¹mWQj;m�P º

2j.sC1=2�1=p/pj�j;mj
p(5.12)

for any j 2ZC. Clearly, ¹˛q=pj ºj2ZC 2 `
1 because s < 1=p � � and � > 0. In addition,

combining with the definition of bs;�p;q , we have the upper bound

¹ ǰ ºj2ZC\ŒL;1/




`q=p
� 2�L�pk�k

p

b
s;�
p;q
:(5.13)
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Applying this, Lemma 4.4(i), and Corollary 4.5(i), we further obtain

I2 . 2�L�q k�k
q

b
s;�
p;q
:

Now, we turn to the estimation of I1. Estimate (5.10) is too rough for the estimation
of I1. Note that, for any given k 2N \ ŒL;1/ and j 2 ¹0; : : : ; L � 1º and for any `2Z
satisfying Qk;` � P , jQj;m \ supp k;`j > 0 implies that 2�j .mC 1/ > �2�kN3 and
2�jm < 2�L C 2�kN3; which, combined with j < L � k, further implies that

m 2 .�N3 � 1;N3 C 1/:(5.14)

To avoid more complicated notation, we replace (5.14) simply by m D 0 because the
argument for the cases where m2 .�N3 � 1;N3 C 1/ n ¹0º is quite similar. In this sense,
by (5.8), we find that, for any given k 2N \ ŒL;1/ and j 2 ¹0; : : : ; L � 1º,X

¹`WQk;`�P º

X
m2J �

k;`;j

j�j;mj
p
� j�j;0j

p:(5.15)

Since s < 1=p � � < 1=p, from (4.7) and (5.15), we deduce that

I1 .
1X
kDL

2k.sC1=2�1=p/q
hL�1X
jD0

j�j;0j
p 2.j�k/p=2

iq=p
. 2L.s�1=p/q

�L�1X
jD0

2jp=2 j�j;0j
p
�q=p

:(5.16)

Applying Lemma 3.6, we conclude that, for any j 2ZC,

(5.17) 2j.sC�C1=2�1=p/ j�j;0j � k�kbsC��1=p1;1
. k�kbs;�p;q :

From this, (5.16), and the assumption that s < 1=p � � , we infer that

I1 . 2L.s�1=p/q
hL�1X
jD0

2j.1=p�s��/p k�k
p

b
s;�
p;q

iq=p
. 2L.s�1=p/q 2L.1=p�s��/q k�k

q

b
s;�
p;q
D 2�L�q k�k

q

b
s;�
p;q
:

Substep 2:2. Assume that p 2 .0; 1� and L 2Z n N. In this case, we only need to
consider I2 with L replaced by 0. Repeating the proof of (5.11) with L replaced by 0, we
then obtain

I . 2�L�q k�k
q

b
s;�
p;q
:

This is the desired estimate.
Substep 2.3. Assume that p 2 .1;1/ and L2N. Let "2 .0;1/ be sufficiently small

such that

" <
1

p
� � � s:(5.18)
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We first estimate I2. From (4.7), Hölder’s inequality with 1D1=pC1=p0, (5.5), and (5.10),
we deduce that

I2 .
1X
kDL

2k.s�1=p/q
h X
¹`WQk;`�P º

kX
jDL

X
m2J �

k;`;j

2j.1=2�"/pj�j;mj
p
� kX
jDL

2j"p
0
�p=p0iq=p

.
1X
kDL

2k.sC"�1=p/q
h kX
jDL

X
¹mWQj;m�P º

2j.1=2�"/p j�j;mj
p
iq=p

D

1X
kDL

h kX
jDL

2.k�j /.sC"�1=p/p
X

¹mWQj;m�P º

2j.sC1=2�1=p/p j�j;mj
p
iq=p

;(5.19)

which is bounded by 2�L�qk�kq
b
s;�
p;q

from Lemma 4.4(i), Corollary 4.5(i), (5.18), (5.12),
and (5.13).

Now, we turn to the estimation of I1. By Hölder’s inequality, (5.5), (4.7), (5.15), the
assumption s < 1=p � � < 1=p, (5.17), and (5.18), we find that

I1 .
1X
kDL

2k.s�1=p/q
h X
¹`WQk;`�P º

L�1X
jD0

X
m2J �

k;`;j

2j.1=2�"/pj�j;mj
p
�L�1X
jD0

2j"p
0
�p=p0iq=p

. 2L"q
1X
kDL

2k.s�1=p/q
hL�1X
jD0

2j.1=2�"/p j�j;0j
p
iq=p

. 2L.sC"�1=p/q
hL�1X
jD0

2j.1=2�"/p j�j;0j
p
iq=p

. 2L.sC"�1=p/q
hL�1X
jD0

2j.1=p�s���"/p
iq=p
k�k

q

b
s;�
p;q

. 2L.sC"�1=p/q 2L.1=p�s���"/q k�k
q

b
s;�
p;q
D 2�L�q k�k

q

b
s;�
p;q
:

Substep 2.4. Assume that p 2 .1;1/ and L 2Z n N. In this case, we only need to
consider I2 with L replaced by 0. Repeating the proof of (5.19) with L replaced by 0, we
then obtain

I . 2�L�q k�k
q

b
s;�
p;q
:

In conclusion, combining all the above estimates, by Definition 3.3 and Proposi-
tion 3.5, we conclude that

(5.20) kF1kBs;�p;q � k�.F1/kb
s;�
p;q

. k�kbs;�p;q :

Step 3. We estimate kF2kBs;�p;q .

To this end, we only need to estimate k�.F2/kbs;�p;q due to Proposition 3.5. Recall that,
when k; j 2N�1 with k < j , jJ �

k;`;j
j . 2j�k ; see (5.5).
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Substep 3.1. Assume that p 2 .0; 1�. Using (4.8) and (5.10), we conclude that

II WD
1X

kDmax¹L;0º

2k.sC1=2�1=p/q
� X
¹`WQk;`�P º

ˇ̌̌ 1X
jDkC1

X
m2J �

k;`;j

�j;m hhj;m;  k;`i
ˇ̌̌p�q=p

.
1X

kDmax¹L;0º

h 1X
jDkC1

2.k�j /.sC2�1=p/p
X

¹mWQj;m�P º

2j.sC1=2�1=p/p j�j;mj
p
iq=p

:

This, together with Lemma 4.4(ii), Corollary 4.5(ii), (5.13), and s > 1=p � 2, further
implies that

II . 2�L�q k�k
q

b
s;�
p;q
:

This is the desired estimate.
Substep 3.2. Assume that p 2 .1;1/. Since 1=p � � > s > 1=p � � � 1 � �1, it

follows that there exists "2 .0;1/ such that

1

p0
< " < s C 2 �

1

p
�(5.21)

By this, Hölder’s inequality, (4.8), (5.5), and (5.10), we find that

II .
1X

kDmax¹L;0º

2k.sC1=2�1=p/q
h X
¹`WQk;`�P º

1X
jDkC1

X
m2J �

k;`;j

j�j;mj
p 23.k�j /p=2 2j"p

�

� 1X
jDkC1

X
m2J �

k;`;j

2�j"p
0
�p=p0iq=p

.
1X

kDmax¹L;0º

2k.sC2�1=p/q
° X
¹`WQk;`�P º

1X
jDkC1

2j.�3=2C"/p
X

m2J �
k;`;j

j�j;mj
p

�

h
2�k

1X
jDkC1

2j.1�"p
0/
ip=p0±q=p

.
1X

kDmax¹L;0º

2k.sC2�1=p�"/q
h 1X
jDkC1

2j.�3=2C"/p
X

¹mWQj;m�P º

j�j;mj
p
iq=p

D

1X
kDmax¹L;0º

h 1X
jDkC1

2.k�j /.sC2�1=p�"/p
X

¹mWQj;m�P º

2j.sC1=2�1=p/p j�j;mj
p
iq=p

;

which, combined with Lemma 4.4(ii), Corollary 4.5(ii), (5.21), and (5.13), further implies
that

II . 2�L�q k�k
q

b
s;�
p;q
:

This is the desired estimate.
In summary, applying Definition 3.3 and Proposition 3.5, we find that

kF2kBs;�p;q � k�.F2/kb
s;�
p;q

. k�kbs;�p;q :
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This, together with (5.20), further implies that, under the restriction of (5.3),

kf�kBs;�p;q . k�kbs;�p;q ;

which completes the proof of Theorem 5.4.

Again, as a special case of Theorem 5.4, we state the consequence for the space F s1;p .

Corollary 5.5. Let p 2 .1=2;1/ and s 2R. Then the synthesis operator S is a bounded
linear mapping from b

s;1=p
p;p D f s1;p into F s1;p if max¹1=p � 2;�1º < s < 0:

6. Sufficiency for isomorphism

This section aims to complete the sufficiency proof of Theorem 2.2.
Obviously, we have S ı T D Id and T ı S D id; where Id refers to the identity map-

ping on finite linear combinations of the elements of the Haar system, and id refers to the
identity mapping on finite sequences. Now, we deal with extensions of these two asser-
tions.

The following theorem is already known (see Theorem 3.41 in [65]). Here we provide
a different proof based on Theorems 4.3 and 5.4.

Theorem 6.1. Let p 2 .0;1/, q 2 .0;1�, s 2R, and � 2 .0; 1=p�. Then the mapping
T W f 7! ı.f / is an isomorphism from B

s;�
p;q onto bs;�p;q (with the inverse S/ if

(6.1)
1

p
� 1 < s < min

°
1;
1

p
� �

±
:

Proof. The injectivity of T WBs;�p;q ! b
s;�
p;q follows directly from Proposition 4.2(ii).

Next, we show that T is surjective. To do so, we choose � 2 bs;�p;q . For any N 2N,
let �N denote the truncated sequence of �. Choosing "2 .0; s � 1=pC � C 1/ and apply-
ing (4.3), (4.2), and Theorem A with p WD 1, q WD 2, and s WD �1C ", we conclude that,
for any N 2N and h2H,

jhf� � f�N ; hij . kf� � f�N kB�1C"1;2
khkB1�"1;2

. k� � �N kb�1C"1;2
khkB11;1

! 0

as N !1, where f� is the same as in (5.1). From this and the orthogonality of H, we
deduce that, for any j 2N�1 and m2Z,

hf�; hj;mi D lim
N!1

hf�N ; hj;mi D �j;m

and hence Tf� D �. By Theorem 5.4, we obtain f� 2B
s;�
p;q . Therefore, T is surjective.

Consequently, T is an isomorphism of Bs;�p;q onto bs;�p;q , which completes the proof of The-
orem 6.1.

As an immediate consequence of Theorem 6.1, we obtain the following corollary.
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Corollary 6.2. Let the notation be the same as in Theorem 6.1 and let f 2 � 0. If (6.1)
holds, then f 2Bs;�p;q if and only if there exists � WD ¹�j;mºj2N�1;m2Z 2 b

s;�
p;q such that

f D f� WD
X
j2N�1

X
m2Z

�j;mhj;m(6.2)

unconditionally converges in � 0. Moreover, for any f 2Bs;�p;q , the Fourier–Haar series f�
is the unique representation of f with � D ¹hf; hj;miºj2N�1;m2Z.

Proof. The sufficiency follows directly from Theorem 5.4, and the necessity can be con-
cluded by the injectivity of T . Moreover, we have shown the unconditional convergence in
the proof of Theorem 5.4; see (5.4) and (5.7). The uniqueness of f� is obvious because T
is surjective. This finishes the proof of Corollary 6.2.

Remark 6.3. In Corollary 6.2, we cannot expect the right-hand side of (6.2) converges
to f in Bs;�p;q because the space Bs;�p;q is not separable when � 2 .0;1/.

Because of Bs;1=pp;p D F s1;p with s 2R and p 2 .0;1/, we find a characterization
of F s1;p in terms of Fourier–Haar coefficients as well.

Corollary 6.4. Let p2 .0;1/ and s2R. Then the mapping T Wf 7! ı.f / is an isomorph-
ism from F s1;p onto bs;1=pp;p (with the inverse S/ if 1=p � 1 < s < 0:

Remark 6.5. (i) To guarantee that T WF s1;p ! b
s;1=p
p;p is an isomorphism, Triebel (The-

orem 3.41 in [65]) proved the sufficiency of the restriction 1=p � 1 < s < 0; see also
Theorem 3.18 in [67] and Section 5.7 of [23] for further comments.

(ii) Garrigós et al. [18] investigated the boundedness of the dyadic average operators,
defined by setting, for any N 2ZC and f 2 � ,

ENf WD
X
k2Z

1QN;k 2
N

Z
QN;k

f .y/ dy:(6.3)

Let p 2 .0;1� and s 2R. Garrigós et al. (Theorem 1.4 in [18]) proved that the operat-
ors EN admit an extension from � into F s1;p such that

(6.4) sup
N2ZC

kEN kF s1;p!F s1;p <1

if and only if�1 < s � 0. Let us discuss the relation between (6.4) and the assertion that T
is an isomorphism from F s1;p onto bs;1=pp;p . Observe that, for any N 2ZC, if f is a linear
combination of elements of the Haar system, then

(6.5) ENf D

N�1X
jD�1

X
k2Z

hf; hj;kihj;k :

Since it always holds that, for any N 2ZC,

kı.ENf /kbs;1=pp;p
� kı.f /k

b
s;1=p
p;p

;
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it follows that, if T is an isomorphism from F s1;p onto bs;1=pp;p , then, for any f 2F s1;p ,

f D .S ı T /f D f�

with � WD ¹hf; hj;kiºj2N�1; k2Z and

kENf kF s1;p . kı.ENf /kbs;1=pp;p
. kf kF s1;p :

This further implies (6.4) under the range s 2 .1=p � 1; 0/, which is more restrictive than
the range s 2 .�1; 0� stated in [18].

7. Necessity for isomorphism

In this section, we investigate the necessity of the restrictions in (2.3). Precisely, we obtain
the necessity of the lower bound s > 1=p � 1, whose proof borrows some ideas from
Sections 4-7 of [52], in Subsection 7.1, the necessity of the upper bound s < 1=p � � in
Subsection 7.2, and the necessity of the upper bound s < 1 in Subsection 7.3. Finally, in
Subsection 7.4, we apply Theorem 2.2 to lifted local bounded mean oscillation spaces,
which is of independent interest.

Now, we first recall the characterization of Bs;�p;q in terms of local means. Consider
 0;  2 � and an integer M � �1 such that, for some given "2 .0;1/,

j y 0.�/j > 0 for any j�j < 2";(7.1)

j y .�/j > 0 for any "=2 < j�j < 2";(7.2)

and, when M 2ZC, Z
R
x˛ .x/ dx D 0 for any j˛j �M:(7.3)

Here the conditions (7.1) and (7.2) are called the Tauberian conditions. For any j 2N, we
let

 j . �/ WD 2
j  .2j �/:

The following local mean characterization is originally from Theorem 4.1 in [11]
for the space L

�;s
p;q D B

s;�=.nq/
p;q , p; q 2 .0;1/, s 2R, and � 2 Œ0;1/. We also refer to

Theorem 2 in [71], which treats the homogeneous version with full ranges of p; q. The
inhomogeneous analogs were mentioned in p. 3809 of [71].

Lemma 7.1. Let s 2 .�1;M C 1/, � 2 Œ0;1/, and p; q 2 .0;1�. Then the quasi-norms

sup
P2D

1

jP j�

° 1X
jDmax¹jP ;0º

2jsq
h Z

P

j j � f .x/j
p dx

iq=p±1=q
(7.4)

and kf kBs;�p;q are equivalent in Bs;�p;q .
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Usually  j � f in (7.4) is called the local mean. Compared with Definition 3.1, the
local mean characterization Lemma 7.1 allows us to choose  0; with compact supports,
which is convenient as we are considering wavelets with compact supports. In what fol-
lows, we always choose functions  0;  2 C1c supported in .�2�4; 2�4/ satisfying the
Tauberian conditions with " D 1=2. In addition, we assume that  satisfies (7.3) for some
M 2N. It is known that there exists a subinterval J � Œ1=4; 3=4� and a positive constant
c0 such that jJ j & 1 and, for any x 2J ,

j � h.x/j � c0(7.5)

(see, for instance, p. 110 of [52] or equation (88) in [17]). This is useful for showing
certain lower bounds.

We also need the atomic characterization of Besov-type spaces in terms of the follow-
ing atoms.

Definition 7.2. Let d;N;L2 .0;1/. A function aQ is called a .d;N;L/-atom (for short,
atom) on a cube Q � R if

(i) supp .aQ/ � dQ;
(ii) jD˛aQ.x/j � jQj

�1=2�j˛j for any x 2R and ˛ 2 ZC with ˛ � N ;
(iii)

R
R x

ˇaQ.x/ dx D 0 for any ˇ 2ZC with ˇ � L.

The following lemma is a part of Theorem 3.33 in [65] with r WD � � 1=p therein.

Lemma 7.3. Let s 2R, p; q 2 .0;1�, and � 2 Œ0;1/. Let d 2 .1;1/ and N;L2 .0;1/
satisfy N > s Cmax¹� � 1=p; 0º and L > max¹1=p; 1º � 1 � s.

Then f 2Bs;�p;q if and only if f 2 � 0 and f can be represented as f D
P
Q2D �QaQ

in � 0 such that k¹�QºQ2Dkbs;�p;q
<1. Moreover,

kf kBs;�p;q � k¹�QºQ2Dkbs;�p;q

with the positive equivalence constants independent of f .

7.1. The necessity of the lower bound s > 1=p � 1

Theorem 7.4. Let p; q 2 .0;1� and � 2 Œ0; 1=p�. If s 2 .�1; 1=p � 1�, then the operator
T WB

s;�
p;q ! b

s;�
p;q is not an isomorphism.

The case s < 1=p � 1

We first consider the case for s < 1=p � 1 in Theorem 7.4. To this end, we now provide
some test functions and give the upper bound for their norms.

First, we provide the definition of a family of test functions. Let � 2C1c be an odd
function supported in .�2�4; 2�4/ such that � has the vanishing moment of orderM0 2N
and such that Z 1=2

0

�.x/ dx � 1:(7.6)
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Fixm2N and, for any `2N \ Œm;1/, let Pm
`

be a set of 2m�`-separated points in Œ0; 1�;
that is,

Pm
` WD ¹x`;1; : : : ; x`;N`º

with N` � 2`�m and, for any � 2 ¹1; : : : ; N` � 1º, x`;� < x`;�C1 and

x`;�C1 � x`;� � 2
m�`:(7.7)

Moreover, let Lm denote a finite collection of nonnegative integers greater than or equal
to m, and let

Um
WD ¹.`; �/ W `2Lm; x`;� 2Pm

` º:

For any `2Lm, define
Um
` WD ¹� W .`; �/2Um

º

and, for any .`; �/2Um, define

�`;�. �/ WD 2
`=2 �.2`. � � x`;�//

and, for any s 2R, define

gs;m WD
X
`2Lm

2�`.sC1=2/
X
�2Um

`

a`;� �`;� ;(7.8)

where the sequence ¹a`;�º.`;�/2Um in C satisfies sup.`;�/2Um ja`;� j � 1. Let us mention
that functions of this type have been considered already in [52].

Proposition 7.5. Let s 2 .�M0;1/, p; q 2 .0;1�, and � 2 Œ0; 1=p�.

(i) For any m 2N, let gs;m be as in (7.8). Then there exists a positive constant C ,
independent of m, such that

kgs;mkBs;�p;q � C2
�m=p Œ].Lm/�1=q :

(ii) Assume that the sets ¹Lmºm2N are disjoint and, for any sequence ¹ˇmºm2N in C,
let

g WD
X
m2N

ˇmgs;m:(7.9)

Then there exists a positive constant C , depending only on s, � , p; and q, such that

kgkBs;�p;q � C
h X
m2N

jˇmj
q 2�mq=p ].Lm/

i1=q
:

Proof. We only show (ii), because (i) follows directly from (ii). Fix m 2N. Clearly,
for any .`; �/ 2Um, there exists a dyadic cube Q`;k.�/ 2 D` such that x`;� 2Q`;k.�/
and hence �`;� is an atom supported in 3Q`;k.�/. Furthermore, (7.7) guarantees that, for
any `2Lm,

Q`;k.�/ ¤ Q`;k.�0/ if � ¤ �0.
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By these, the assumption that the sets ¹Lmº1mD1 are disjoint, Lemma 7.3, and the fact that
sup.`;�/2Um ja`;� j � 1, we obtain

kgkBs;�p;q . sup
P2D

jP j��
° X
m2N

jˇmj
q

X
¹`2Lm;`�jP º

2�`q=p
h X
¹�2Um

`
;Q`;k.�/�P º

ja`;� j
p
iq=p±1=q

� sup
L�0

2L�
h X
m2N

jˇmj
q
X
`2Lm

2�`q=p 2.`�m�L/q=p
i1=q

C sup
L�0

2L�
h X
m2N

jˇmj
q
X
`2Lm

2�`q=p 2.`�m/q=p
i1=q

D sup
L�0

2L.��1=p/
h X
m2N

jˇmj
q 2�mq=p ].Lm/

i1=q
C sup
L�0

2L�
h X
m2N

jˇmj
q 2�mq=p ].Lm/

i1=q
�

h X
m2N

jˇmj
q 2�mq=p ].Lm/

i1=q
;

where the last step used the assumption � 2 Œ0; 1=p�. This proves (ii) and hence finishes
the proof of Proposition 7.5.

In what follows, fix A � ¹2j W j 2ZCº and some N 2N such that

2N � ].A/ < 2NC1:(7.10)

For any given n2 ¹1; : : : ; N º, k 2ZC, and �2Z and for any x 2R, define

�n;k;�.x/ WD �.2
kCn.x � 2�k� � 2�k�1//;

where � is as in (7.6). Define the Rademacher function rk , k 2ZC, by setting, for any
t 2R,

r0.t/ WD

´
1 if 0 � t � btc < 1=2;
�1 if 1=2 � t � btc < 1

and rk.t/ WD r0.2kt /, where the symbol btc denotes the largest integer not greater than t .

Lemma 7.6. Let s 2R, p; q 2 .0;1�, and � 2 Œ0; 1=p�. For any n2 ¹1; : : : ; N º, t 2 Œ0; 1�,
and x 2 Œ0; 1�, define

fn;t .x/ WD 2
n=p�N=q

X
2k2A

rk.t/ 2
�.kCn/s

2k�1X
�D0

�n;k;�.x/:(7.11)

Then, for any n2 ¹1; : : : ; N º and t 2 Œ0; 1�,

kfn;tkBs;�p;q . 1;

where the implicit positive constant is independent of n, t; and N .
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Proof. Fix n 2 ¹1; : : : ; N º. Let

Ln
WD ¹` W 2`�n 2Aº:

Then we can rewrite fn;t for any t 2 Œ0; 1� as

fn;t D 2
n=p�N=q

X
`2Ln

r`�n.t/ 2
�`.sC1=2/

2`�n�1X
�D0

2`=2 �.2`. � � x`;�//;

where
x`;� WD 2

n�`�C 2n�`�1 2 Œ0; 1�:

Note that, for any `2Ln,

jx`;� � x`;�0 j � 2
n�` if � ¤ �0.

Thus, from Proposition 7.5(i) and (7.10), it follows that

kfn;tkBs;�p;q . 2n=p�N=q 2�n=p .]Ln/1=q � 1:

This finishes the proof of Lemma 7.6.

The case q � p

For any t 2 Œ0; 1� and any suitable distribution g, we define

Ttg WD
X
2j2A

rj .t/

2j�1X
�D0

hhj;�; gihj;�;(7.12)

where rj denotes the Rademacher function on Œ0; 1�. Let fn;t be as in (7.11) for any
n 2 ¹1; : : : ; N º and t 2 Œ0; 1� and let ¹˛nºNnD1 be given real numbers. For any t 2 Œ0; 1�,
define

ft WD

NX
nD1

˛nfn;t :

The key part is the lower bound of kTt1ft2kBs;�p;q for most t1; t2 2 Œ0; 1�.

Lemma 7.7. Let s 2R, 0 < q � p <1, and � 2 Œ0;1/. Let fn;t be as in (7.11) for any
n2 ¹1; : : : ; N º and t 2 Œ0; 1�. Then there exists a positive constant C , independent of N ,
such that the lower bounds� Z 1

0

Z 1

0

kTt1fN;t2k
q

B
s;�
p;q
dt1 dt2

�1=q
� C2N.1=p�1�s/(7.13)

and � Z 1

0

Z 1

0

kTt1ft2k
q

B
s;�
p;q
dt1 dt2

�1=q
� C

ˇ̌̌ NX
nD1

˛n 2
n.1=p�1�s/

ˇ̌̌
(7.14)

hold.
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The following lemma is Khinchine’s inequality; see, for instance, p. 336 of [38].

Lemma 7.8. For any p 2 .0;1/, there exist constants 0 < Ap � Bp <1 such that, for
any m2N and any complex numbers ¹ciºmiD1,

Ap

� mX
jD1

jcj j
2
�p=2

�

Z 1

0

ˇ̌̌ mX
jD1

cj rj .t/
ˇ̌̌p
dt � Bp

� mX
jD1

jcj j
2
�p=2

:

Now, we are ready to show Lemma 7.7, whose proof borrows some ideas from the
proof of Proposition 5.2 in [52].

Proof of Lemma 7.7. Observe that the inequality (7.13) follows directly from (7.14) by
choosing ˛N WD 1 and ˛n WD 0 for n < N . Thus, we only need to prove (7.14).

To this end, note that, for any k 2ZC and t1; t2 2 Œ0; 1�,  k � Tt1ft2 is supported in the
interval Œ�1; 2�. From this, q � p, and the Minkowski integral inequality for Lp=q.Œ0; 1�/
with q � p, it follows that� Z 1

0

Z 1

0

kTt1ft2k
q

B
s;�
p;q
dt1 dt2

�1=q
(7.15)

�

h Z 1

0

Z 1

0

X
2k2A

k2ks k � Tt1ft2k
q

Lp.Œ0;1�/
dt1 dt2

i1=q
�

° X
2k2A

� Z
Œ0;1�

h Z 1

0

Z 1

0

j2ks k � Tt1ft2.x/j
q dt1 dt2

ip=q
dx
�q=p±1=q

:

For any 2k 2A and n2 ¹1; : : : ; N º, let

ƒk;n WD 2
n.�sC1=p/

2k�1X
�D0

�n;k;�

and

ƒk WD

NX
nD1

˛nƒk;n:

Using these, for any 2k 2A and t1; t2 2 Œ0; 1�, we rewrite  k � Tt1ft2 as

 k � Tt1ft2.x/ D
X
2j2A

ǰ;t2.x/rj .t1/ for any x 2R;

where

ǰ;t2.x/ WD 2
�N=q

X
2`2A

r`.t2/ 2
�`s

2j�1X
�D0

hƒ`; hj;�i k � hj;�.x/:
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By Khinchine’s inequality (see Lemma 7.8) and picking up only the term j D k, we find
that, for any 2k 2A and x 2 Œ0; 1�,h Z 1

0

Z 1

0

j2ks k � Tt1ft2.x/j
q dt1 dt2

i1=q
�

° Z 1

0

2ksq
h X
2j2A

j ǰ;t2.x/j
2
iq=2

dt2

±1=q
�

h Z 1

0

2ksq jˇk;t2.x/j
q dt2

i1=q
:

Using Khinchine’s inequality again and picking up only the term `D k, we conclude that,
for any 2k 2A and x 2 Œ0; 1�,h Z 1

0

Z 1

0

j2ks k � Tt1ft2.x/j
q dt1 dt2

i1=q
& 2�N=q

ˇ̌̌ 2k�1X
�D0

hƒk ; hk;�i k � hk;�.x/
ˇ̌̌
:(7.16)

For each 2k 2A and �2¹0; : : : ; 2k � 1º, since the functions hk;� and �n;k;�0 have disjoint
supports if � ¤ �0, it follows that

hƒk ; hk;�i D

NX
nD1

˛n 2
n.1=p�s/

2k�1X
�0D0

h�n;k;�0 ; hk;�i D

NX
nD1

˛n2
n.1=p�s/

h�n;k;�; hk;�i

D

NX
nD1

˛n 2
n.1=p�s/

Z
R
�.2kCn.x � 2�k� � 2�k�1// 2k=2 h.2kx � �/ dx

D

NX
nD1

˛n 2
n.1=p�s/

Z
R
�.2n.y � 2�1// 2�k=2 h.y/ dy

D

NX
nD1

˛n2
n.1=p�s/2�k=2

h Z 0

�1=2

�.2ny/ dy �

Z 1=2

0

�.2ny/ dy
i

D �

NX
nD1

˛n 2
n.1=p�1�s/ 2�k=2C1

Z 1=2

0

�.z/ dz:

This further implies that (7.16) is bounded from below by

& 2�N=q�k=2
ˇ̌̌ 2k�1X
�D0

 k � hk;�.x/

NX
nD1

˛n 2
n.1=p�1�s/

Z 1=2

0

�.u/ du
ˇ̌̌
:(7.17)

For any 2k 2A and �2 ¹0; : : : ; 2k � 1º, let

Jk;� WD 2
�k�C 2�kJ;(7.18)

where the interval J is as in (7.5). Clearly, for any x 2Jk;�,

 k � hk;�0.x/ D 0 if � ¤ �0.



Haar wavelet characterization of Besov-type spaces with optimal indices 1761

Using this and (7.5) and putting (7.17) into the rightmost side of (7.15), we obtain° X
2k2A

� Z 1

0

h Z 1

0

Z 1

0

j2ks k � Tt1ft2.x/j
q dt1 dt2

ip=q
dx
�q=p±1=q

&
° X
2k2A

� 2k�1X
�D0

Z
Jk;�

h
2�N=q�k=2 j k � hk;�.x/j

�

ˇ̌̌ NX
nD1

˛n2
n.1=p�1�s/

Z 1=2

0

�.u/ du
ˇ̌̌ip

dx
�q=p±1=q

D

ˇ̌̌ NX
nD1

˛n 2
n.1=p�1�s/

Z 1=2

0

�.u/ du
ˇ̌̌

�

� X
2k2A

2�N
h 2k�1X
�D0

Z
Jk;�

j2�k=2 k � hk;�.x/j
p dx

iq=p�1=q
&
ˇ̌̌ NX
nD0

˛n 2
n.1=p�1�s/

ˇ̌̌
;

where the last step used (7.10), (7.6), and the fact that jJk;�j& 2�k . This finishes the proof
of Lemma 7.7.

Proof of Theorem 7.4: Case s < 1=p � 1 and q � p. Suppose that the analysis operator
T WB

s;�
p;q ! b

s;�
p;q is an isomorphism for s < 1=p � 1. From Lemma 7.7, it follows that

there exist t1; t2 2 Œ0; 1� such that

kTt1fN;t2kBs;�p;q & 2N.1=p�1�s/:

On the other hand, by Lemma 7.6, we conclude that kfN;t2kBs;�p;q . 1: This implies that

kTt1kBs;�p;q!B
s;�
p;q

& 2N.1=p�1�s/:

Let

E˙ WD ¹hj;� W 2
j
2A; rj .t1/ D ˙1; �2 ¹0; : : : ; 2

j
� 1ºº:(7.19)

By the definition of Tt1 , we obtain Tt1 D PEC � PE� and hence the operator norm of
either PEC or PE� is bounded from below by 2N.1=p�1�s/, which diverges as N !1
because s < 1=p � 1. Without loss of generality, we may assume that

kPECkBs;�p;q!B
s;�
p;q

& 2N.1=p�1�s/:

However, since we assume that T WBs;�p;q ! b
s;�
p;q is an isomorphism, it follows that, for any

f 2B
s;�
p;q ,

kPECf kBs;�p;q . k¹hf; hiºh2ECkbs;�p;q � kı.f /kbs;�p;q . kf kBs;�p;q ;

where the implicit positive constants are independent of N . This further implies that PEC
is uniformly bounded with respect toN , which contradicts the assumption that PEC is not
uniformly bounded. Hence T is not an isomorphism from B

s;�
p;q onto bs;�p;q in this case.
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The case q > p

We need to recall some basic concepts on the complex interpolation of quasi-Banach
spaces (see, for example, [2]). Let A0; A1 be a couple of quasi-Banach spaces, which
are continuously embedding into a large Hausdorff topological vector space Y . The space
A0 C A1 is defined by setting

A0 C A1 WD ¹h2Y W there exists hi 2Ai ; i 2 ¹0; 1º; such that h D h0 C h1º;

and its quasi-norm k�kA0CA1 is given by setting, for any h2A0 C A1,

khkA0CA1 WD inf¹kh0kA0 C kh1kA1 W h D h0 C h1; hi 2Ai ; i 2 ¹0; 1ºº:

A quasi-Banach space .A; k�kA/ of complex-valued sequences is called a quasi-Banach
sequence lattice if, for any a D ¹akºk2ZC 2A and for a complex-valued sequence b D
¹bkºk2ZC satisfying jbkj � jakj for all k 2ZC, we have b 2A and kbkA � kakA. The
Calderón product of the couple A0; A1 of quasi-Banach sequence lattices is defined to be
the set of all complex-valued sequences a D ¹akºk2ZC satisfying that, for all k 2ZC,

jakj � ja
.0/

k
j
1��
ja
.1/

k
j
�

for some a.0/ D ¹a.0/
k
ºk2ZC 2A0 and a.1/ D ¹a.1/

k
ºk2ZC 2A1. Its quasi-norm kakA1��0 A�1

is defined by setting

kakA1��0 A�1
WD inf

®
ka.0/k1��A0

ka.1/k�A1

¯
;

where the infimum is taken over all couples .a.0/; a.1// satisfying jakj � ja
.0/

k
j1�� ja

.1/

k
j� ,

for k 2ZC, with a.0/ 2A0 and a.1/ 2A1.
Let

U WD ¹z 2C W 0 < Re.z/ < 1º

be an open strip on the plane, and let xU be its closure, where, for any z 2C, we denote
by Re.z/ its real part. A quasi-Banach space A is said to be analytically convex if there
exists a positive constant C such that, for any analytic function f WU ! A which is con-
tinuous on the closed strip xU ,

max
z2U
kf .z/kA � C max

Re.z/2¹0;1º
kf .z/kA:

Assume that A0 C A1 is analytically convex. The set

F WD F .A0; A1/

is defined to be the collection of all bounded continuous functions f W xU ! A0CA1 on xU
that are analytic on U , R3 t 7! f .j C i t/2Aj is a bounded continuous function for each
j 2 ¹0; 1º, and is equipped with the quasi-norm

kf kF WD max
j2¹0;1º

sup
t2R
kf .j C i t/kAj :



Haar wavelet characterization of Besov-type spaces with optimal indices 1763

The outer complex interpolation space ŒA0; A1�� with � 2 .0; 1/ is defined by setting

ŒA0; A1�� WD ¹g 2A0 C A1 W g D f .�/ for some f 2F º

and its norm k�kŒA0;A1�� is given by setting, for any g 2 ŒA0; A1�� ,

kgkŒA0;A1�� WD inf¹kf kF W g D f .�/ for some f 2F º:

The following conclusion is a part of Corollary 1.11 in [75].

Lemma 7.9. Let � 2 .0; 1/, s; s0; s12R, p;p0;p1; q; q0; q12 .0;1�, and �; �0; �12 Œ0;1/
be such that

s D .1� �/s0 C �s1;
1

p
D
1 � �

p0
C

�

p1
, 1

q
D
1 � �

q0
C
�

q1
, � D .1� �/�0 C ��1:

Then
ŒBs0;�0p0;q0

; Bs1;�1p1;q1
�� � B

s;�
p;q :

Remark 7.10. The proof of Lemma 7.9 mainly relies on Hölder’s inequality and both
the definitions of the complex interpolation and the Calderón product. The proof of the
converse embedding is much more involved, but we do not need to use the converse
embedding for our purpose.

Let VBs;�p;q denote the closure of the Schwartz space in Bs;�p;q . It is well known that the
complex interpolation yields the corresponding operator interpolation (see, for instance,
Theorem 4.4.1 in [2]).

Lemma 7.11. Let, for any i 2 ¹0; 1º, si 2R, pi ; qi 2 .0;1�, and �i 2 Œ0;1/. Assume that

L W VBs0;�0p0;q0
\ VBs1;�1p1;q1

! Bs0;�0p0;q0
\ Bs1;�1p1;q1

is linear and there exist two positive constants M0 and M1 such that, for any i 2 ¹0; 1º
and f 2 VBs0;�0p0;q0 \

VB
s1;�1
p1;q1 ,

kL.f /k
B
si ;�i
pi ;qi
�Mikf kBsi ;�ipi ;qi

:

Then L can be uniquely extended to a bounded linear mapping from Œ VB
s0;�0
p0;q0 ;

VB
s1;�1
p1;q1 �� to

ŒB
s0;�0
p0;q0 ; B

s1;�1
p1;q1 �� with the norm at most M 1��

0 M �
1 for any � 2 Œ0; 1�.

Proof of Theorem 7.4: Case s < 1=p � 1 and q > p. In this case, suppose that 0 < p0 <
q0 �1, �0 2 Œ0; 1=p0�, s0 2 .�1; 1=p0 � 1/, and T WBs0;�0p0;q0 ! b

s0;�0
p0;q0 is an isomorphism.

Now, we choose � WD 1=2, s1 2R, and p1 2 .0;1� satisfying

s1 2
� 1
p1
� 1;min

°
1;
1

p1

±�
and s0 �

1

p0
C s1 �

1

p1
C 2 < 0:

Such s1 and p1 exist if s1 is sufficiently close to 1=p1 � 1 because s0 2 .�1; 1=p0 � 1/.
Then we take q1 2 .0;1/ sufficiently small such that

1

p0
�
1

q0
C

1

p1
�
1

q1
� 0:
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Finally, choose �1 2 Œ0; 1=p1�. The aforementioned choices ensure that T WBs1;�1p1;q1 ! b
s1;�1
p1;q1

is an isomorphism due to Theorem B and that

s WD
1

2
s0 C

1

2
s1;

1

p
D

1

2p0
C

1

2p1
, 1

q
WD

1

2q0
C

1

2q1
and � WD

1

2
�0 C

1

2
�1

satisfy s < 1=p � 1, 0 < q � p <1 and 0 � � � 1=p. Since T WBsi ;�ipi ;qi ! b
si ;�i
pi ;qi is an

isomorphism for any i 2 ¹0; 1º, it follows that Tt is uniformly bounded on Bsi ;�ipi ;qi for
all t 2 Œ0; 1�, where Tt is as in (7.12). Using this and Lemma 7.11, we find that, for any
t 2 Œ0; 1� and f 2 � ,

kTtf kŒBs0;�0p0;q0
;B
s1;�1
p1;q1

��
. kf k

Œ VB
s0;�0
p0;q0

; VB
s1;�1
p1;q1

��
;(7.20)

where the implicit positive constant is independent of t and f . Let fN;t2� be as in (7.11)
and let Vbsi ;�ipi ;qi be the closure of finite sequences in bsi ;�ipi ;qi for any i 2 ¹0; 1º. Then, for any
N 2N, there exist t1; t2 2 Œ0; 1� such that

2N.1=p�1�s/ . kTt1fN;t2kBs;�p;q . kTt1fN;t2kŒBs0;�0p0;q0
;B
s1;�1
p1;q1

��
(7.21)

. kfN;t2kŒ VBs0;�0p0;q0
; VB
s1;�1
p1;q1

��
� kS'.fN;t2/kŒ Vbs0;�0p0;q0

; Vb
s1;�1
p1;q1

��

� kS'.fN;t2/k. Vbs0;�0p0;q0
/1�� . Vb

s1;�1
p1;q1

/�
. kfN;t2k1��B

s0;�0
p0;q0

kfN;t2k
�

B
s1;�1
p1;q1

. 1;

where the first step used Lemma 7.7, the second step used Lemma 7.9, the third step
used (7.20), the fourth step used the well-known '-transform characterization (see The-
orem 2.1 in [76] for the precise definition of S') with certain ' 2 � , the fifth step used
the well-known fact that ŒA0; A1�� D A1��0 A�1 if one of A0; A1 is analytically convex and
separable, the next step used the definition of Calderón product and Theorem 2.1 in [76],
and the last step used Lemma 7.6. This leads to an obvious contradiction when N is suffi-
ciently large because s < 1=p � 1. Thus, T WBs0;�0p0;q0! b

s0;�0
p0;q0 is not an isomorphism, which

then completes the proof of Theorem 7.4.

The endpoint case s D 1=p � 1

Now, we consider the endpoint case sD 1=p � 1. The following proof borrows some ideas
from the proof of Theorem 6.1 in [52]. Fix N 2N sufficiently large. Then we choose
A � ¹2n W n 2Nº satisfying that both ].A/ � 4N and there exist 4N disjoint intervals
¹I�º

4N

�D1 such that the length of I� is N and ].I� \ log2.A// � N for all � 2 ¹1; : : : ; 4N º.
Let

Z WD
1

4N

4NX
�D1

].I� \ log2.A//:(7.22)

Clearly, Z � N .
We consider the following test functions. For any � 2¹1; : : : ; 4N º, let b� be the largest

integer in I� ,
U� WD I� \ log2.A/;
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and

E� WD
®
.j; �/ W j 2U� ; �2 2

j�b�CNC2Z \ Œ1; 2j /
¯
:(7.23)

Define
L WD LN

WD ¹b� CN W � 2 ¹1; : : : ; 4
N
ºº:

Let � be as in (7.6) and, for any `2L and x 2R, let

H`.x/ WD

NX
�D1

2��
X

¹�2NW0<22NC2�`�<1º

�.2`�� .x � 22NC2�`�//:(7.24)

Then we have the following upper estimate.

Lemma 7.12. Let p; q 2 .0;1� and � 2 Œ0; 1=p�. For any t 2 Œ0; 1� and x 2R, let

ft .x/ WD 2
2N.1=p�1=q/

X
`2L

r`.t/ 2
`=p0H`.x/;

where ¹rj ºj2N is the system of Rademacher functions. Then there exists a positive con-
stant C such that

kftkB1=p�1;�p;q
� CN 1=q

holds uniformly in t 2 Œ0; 1�.

Proof. For any � 2 ¹1; : : : ; N º, let L.�/ WD ¹b� CN � � W � D 1; : : : ; 2
2N º. Clearly, the

sets L.�/ are disjoint and ].L.�// D 22N for all � 2 ¹1; : : : ; N º. For any t 2 Œ0; 1�, we
rewrite ft as in (7.9):

ft D

NX
�D1

2.2N��/=p�2N=q g�;t ;

where

g�;t . �/ WD
X

`2L.�/

2`.1=p
0�1=2/

X
¹�2NW0<22NC2�`�<1º

r`C� .t/ 2
`=2 �.2`. � � 22NC2�`���//:

We aim to use Proposition 7.5(ii) with m WD 2N � � . To this end, observe that the points

¹2mC2�`�º¹�2NW0<22NC2�`�<1º

are 2m�`-separated with m WD 2N � � . Using this and Proposition 7.5(ii) with

ˇ2N�� WD 2
.2N��/=p�2N=q;

we conclude that, for any t 2 Œ0; 1�,

kftkB1=p�1;�p;q
.
h NX
�D1

2.2N��=p�2N=q/q 2�.2N��/q=p ].L.�//
i1=q
D N 1=q;

where the implicit positive constant is independent of t . This finishes the proof.
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Let

E WD EN WD

4N[
�D1

E� ;

where E� is as in (7.23). For any t 2 Œ0; 1� and f 2L1loc, define

Ttf WD
X

.j;�/2E

rj .t/hf; hj;�ihj;�:

Then we have the following lower bound.

Proposition 7.13. Let 0< q �p <1 and � 2 Œ0;1/. Then there exists a positive constant
C WD Cp;q;� , depending on p, q, and � , such that, for sufficiently large N ,h Z 1

0

Z 1

0

kTt1ft2k
q

B
1=p�1;�
p;q

dt1 dt2

i1=q
� CNZ1=q;

where Z is as in (7.22).

Proof. Similarly to (7.15), under the assumption of q � p, we only need to estimate the
lower bound of

° 22NX
�D1

X
k2U�

� Z 1

0

h Z 1

0

Z 1

0

j2k.1=p�1/ k � Tt1ft2.x/j
q dt1 dt2

ip=q
dx
�q=p±1=q

:(7.25)

Using Khinchine’s inequality (see Lemma 7.8), we find that (7.25) is equivalent to

° 22NX
�D1

X
k2U�

� Z 1

0

h X
j2U�

X
`2L

ˇ̌̌ X
¹�W .j;�/2E�º

h2`=p
0

H`; hj;�i(7.26)

� 2k.1=p�1/ 22N.1=p�1=q/  k � hj;�.x/
ˇ̌̌2ip=2

dx
�q=p±1=q

;

whereH` is as in (7.24). We drop all the terms with .j; `/¤ .k;b� CN/, and hence (7.26)
is bounded from below by

° 22NX
�D1

X
k2U�

h Z 1

0

ˇ̌̌ X
¹�W .k;�/2E�º

h2.b�CN/=p
0

Hb�CN ; hk;�i(7.27)

� 2k.1=p�1/ 22N.1=p�1=q/  k � hk;�.x/
ˇ̌̌p
dx
iq=p±1=q

:

Repeating an argument similar to that used in the proof of the identity (52) in [52], we
obtain, for � D �n WD 2k�b�CNC2n with n2N,

hHb�CN ; hk;�ni D N2
k=2�b��N

Z 1=2

0

�.x/ dx:
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Recall that, for any k 2N and n 2N with �n < 2k , the interval Jk;�n is as in (7.18).
Applying this, the fact that the intervals ¹Jk;�nºn2N are disjoint, and (7.5), we conclude
that (7.27) is bounded from below by

° 22NX
�D1

X
k2U�

h X
¹nW0<2k�b�CNC2n<2kº

Z
Jk;�n

ˇ̌̌
2.b�CN/=p

0

N 2k�b��N

� 2k.1=p�1/ 22N.1=p�1=q/
Z 1=2

0

�.u/ du
ˇ̌̌p
dx
iq=p±1=q

:

Combining this, the fact that X
¹nW0<2k�b�CNC2n<2kº

jJk;�n j � 2
b��N�k ;

and (7.22), we further find that the last expression is bounded from below by

° 22NX
�D1

X
k2U�

2.b��N�k/q=p
ˇ̌
2.b�CN/=p

0

N2k�b��N 2k.1=p�1/ 22N.1=p�1=q/
ˇ̌q±1=q

D

� 22NX
�D1

X
k2U�

N q2�2N
�1=q
D NZ1=q :

This finishes the proof of Proposition 7.13.

Now, we are in the position to prove the endpoint case of Theorem 7.4.

Proof of Theorem 7.4: Case s D 1=p � 1. We consider the following two cases on p; q.
Case (1): q � p.
In this case, applying Lemma 7.12, Proposition 7.13, and an argument similar to that

used in the proof of the case s < 1=p � 1 and q � p of Theorem 7.4, we conclude that

max
˙
kPE˙kB1=p�1;�p;q

& N 1�1=qZ1=q � N;

where E˙ is as in (7.19). In the last step we have used Z � N . This means that T is not
an isomorphism in this case.

Case (2): q > p.
In this case, let 0 < p0 < q0 � 1, s0 WD 1=p0 � 1, and �0 2 Œ0; 1=p0/. Suppose

that T WB1=p0�1;�0p0;q0 ! b
1=p0�1;�0
p0;q0 is an isomorphism. Now, we choose p1 2 .1;1/, s1 D

1=p1 � 1, and �1 2 .1=p1; 1/. Let � 2 .0; 1/ be such that

.1 � �/�0 C ��1 �
1 � �

p0
C

�

p1
�(7.28)
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Such � 2 .0; 1/ exists due to �0 2 Œ0; 1=p0/. Then fix q1 2 .0; p1/ sufficiently small such
that

1 � �

q0
C
�

q1
�
1 � �

p0
C

�

p1
�(7.29)

Let

s WD .1� �/s0C �s1;
1

p
D
1 � �

p0
C
�

p1
, 1

q
D
1 � �

q0
C
�

q1
, � WD .1� �/�0C ��1:

Using (7.28) and (7.29), we obtain 0 < q � p <1, s D 1=p � 1, and � 2 .0; 1=p�. This,
together with Proposition 7.13, further implies that, for any given sufficient large N 2N,
there exist t1; t2 2 Œ0; 1� such that

kTt1ft2kB1=p�1;�p;q
& N 1C1=q :(7.30)

On the other hand, by Remark 3.2(iii), we find that

Bs1;�1p1;q1
D B�1�11;1:

Moreover, since �1 2 .1=p1; 1/, from Theorem 3.41 in [65], we deduce that T WB�1�11;1 !

b�1�11;1 is an isomorphism. Applying an argument similar to that used in the proof of (7.21),
we find that

kTt1ft2kB1=p�1;�p;q
. N 1=q;

which, combined with (7.30), further implies an obvious contradiction. Thus,

T W B1=p0�1;�0p0;q0
! b1=p0�1;�0p0;q0

is not an isomorphism in this case. This finishes the proof of Theorem 7.4.

7.2. Necessity of the upper bound s < 1=p � �

The following conclusion shows that, when s 2 .1=p � �;1/, T WBs;�p;q ! b
s;�
p;q is not an

isomorphism, which is a part of Theorem 2.1 in [77].

Lemma 7.14. Let p; q 2 .0;1�, s 2R, and � 2 Œ0; 1=p�. Then, for any h 2H, h 2Bs;�p;q
if and only if either s D 1=p, q D 1, and s � 1=p � � or s < 1=p, q 2 .0;1�, and
s � 1=p � � .

We are forced to consider the endpoint case s D 1=p � � . Let p; q 2 .0;1� and
� 2 Œ0;1=p�. Observe that Lemma 7.14 implies that, when �D0 and q 2 .0;1/, h…B1=p;0p;q .
This immediately shows that S W bs;�p;q ! B

s;�
p;q is not an isomorphism. Thus, in what fol-

lows, when � D 0, we always consider q D 1. For convenience, we say the Besov-type
space B1=p��;�p;q is a bmo-type space if either p 2 .0;1/, q 2 .0;1�, and � 2 .0; 1=p�, or
p2 .0;1�, q D1, and � D 0. The following function plays a major role in this situation.
Let

(7.31) f WD

1X
jD0

2�j=2 hj;0
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and, for any N 2N, the partial sum fN of f is defined by setting

(7.32) fN WD

N�1X
jD0

2�j=2 hj;0:

Obviously, f is an unbounded compactly supported function in L2.
To study the properties of fN , we need to recall the characterization of B01;1 in terms

of local means; see, for instance, Subsections 2.4.6 and 2.5.3 in [58]. Let  0;  2C1c
be two functions supported in .�1=2; 1=2/ satisfying (7.1), (7.2), and (7.3) with some
M 2N. Then, for any f 2B01;1,

kf kB01;1 � sup
x2R

sup
k2ZC

j k � f .x/j:(7.33)

Now, we present some properties related to fN as follows.

Lemma 7.15. Let fN for any N 2N be the same as in (7.32). Then the following asser-
tions hold.

(i) The sequence ¹fN ºN2N is unbounded in all the bmo-type spaces.

(ii) The sequence ¹ı.fN /ºN2N is bounded in all the sequence spaces of bmo-type spaces.

Proof. Fix a bmo-type space B1=p��;�p;q for some p, q, and � , and consider its sequence
space b1=p��;�p;q .

We first prove (i). Let  0 and  be the same as in (7.33). Without loss of generality,
we may assume that Z 0

�1=2

 .z/ dz ¤ 0:

Fix N 2N. By Lemma 7.14, we conclude

fN 2 B
1=p��;�
p;q :

Note that, for any j 2¹0; : : : ;N � 1º and k �N � 1, hj;0� 2j=2 on .0;2�k�1/. Therefore,
when k � N � 1,

 k � fN .0/ D 2
k

N�1X
jD0

Z 2�j

0

 .�2ky/ 2�j=2hj;0.y/ dy

D 2k
N�1X
jD0

Z 2�k�1

0

 .�2ky/ dy D N

Z 1=2

0

 .�z/ dz:

This, together with (7.33), further implies that

(7.34) kfN kB01;1 & N:

Moreover, by Lemma 3.6, we find that

B1=p��;�p;q ,! B01;1:(7.35)
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Using this and (7.34), we conclude that

kfN kB1=p��;�p;q
& kfN kB01;1 & N:

Thus, (i) holds.
Next, we show (ii). Notice that

sup
N2N
kı.fN /kb1=p��;�p;q

� sup
L2Z

2L�
h 1X
jDmax¹L;0º

2j.1=p��C1=2�1=p/q 2�jq=2
i1=q

(7.36)

� sup
L2Z

2L� 2�max¹L;0º�
D 1 <1;

which still holds with a slight modification made when q D1. This finishes the proof of
(ii) and hence Lemma 7.15.

Concerning f in (7.31), we have the following lemma.

Lemma 7.16. Let f be the same as in (7.31). Then the following assertions hold.

(i) The function f does not belong to any bmo-type space.

(ii) The sequence ı.f / belongs to all the sequence spaces of bmo-type spaces.

Proof. Fix a bmo-type space B1=p��;�p;q for some p; q, and � .
We first show (i). To this end, we suppose that f 2B1=p��;�p;q . By (6.5), we conclude

that, for any N 2N,

ENf D

N�1X
jD0

2�j=2 hj;0 D fN ;

where EN is the same as in (6.3). From this, Theorem 1.9(ii) in [17], and the embed-
ding (7.35), we deduce that, for any N 2N,

kfN kB01;1 D kENf kB01;1 � sup
N2ZC

kEN kB01;1!B01;1kf kB01;1

. kf k
B
1=p��;�
p;q

<1:

This contradicts (7.34) and hence f …B1=p��;�p;q . This finishes the proof of (i).
On the other hand, (ii) follows directly from (7.36), which then completes the proof of

Lemma 7.16.

As an immediate consequence of Lemma 7.16, we obtain the following interesting
result.

Corollary 7.17. Let p; q 2 .0;1� and � 2 Œ0; 1=p�. If the space B1=p��;�p;q is a bmo-type
space, then

f 2 S.b1=p��;�p;q / n B1=p��;�p;q ;

where f is as in (7.31) and S is as in (5.1).
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Remark 7.18. In Theorem 1.10 of [19], Garrigós, Seeger, and Ullrich have shown that,
for any p 2 Œ1;1/,

(7.37) f 2 S.b1=p;0p;1 / n B1=p;0p;1 ;

where f is the same as in (7.31). Let us mention that Lemma 7.16(i) implies that (7.37)
holds for any p 2 .0;1� because, from the Sobolev-type embeddings (see, for instance,
Corollary 2.2 in [76]), it follows that B1=p;0p;1 ,! B01;1 for any p 2 .0;1�.

7.3. Necessity of the upper bound s < 1

In this subsection, we work with a standard extremal function for the Haar system. Let �
be a smooth function such that � 2C1c , supp � � Œ�1; 2�, and �.x/ D 1 if x 2 Œ0; 1�. For
any x 2R, let

f .x/ WD �.x/x:(7.38)

Clearly, f 2C1c .

Proposition 7.19. Let p; q 2 .0;1� and � 2 Œ0; 1=p�. Then T is not an isomorphism
from B

1;�
p;q onto b1;�p;q .

Proof. We consider the following two cases on q 2 .0;1�.
Case (1): q 2 .0;1/.
Let f be the same as in (7.38). Since f 2C1c , it easily follows f 2B1;�p;q . Now, we

turn to the Fourier–Haar series of f . Indeed, we only need to consider the Fourier–Haar
series of f on Œ0; 1/. Elementary calculations yield that, for any x 2 Œ0; 1/,

f .x/ D
1

2
�
1

4

1X
jD0

2�3j=2
2j�1X
kD0

hj;k.x/:

By this and q 2 .0;1/, we find that

kT .f /k
b
1;�
p;q

&
h 1X
jD0

2j.1C1=2�1=p/q
� X
¹mWQj;m�Œ0;1/º

2�3jp=2
�q=pi1=q

D

� 1X
jD0

1
�1=q
D1;

which still holds with a slight modification made when p D1. This shows that

T .f / … b1;�p;q;

and hence the desired conclusion holds in this case.
Case (2). q D1.
Let � 2C1c .0; 1/ satisfy ��1 on Œ1=4; 3=4�. For any large N 2 .2;1/\N, let

EN WD
°
j 2N W

N

4
< j <

N

2

±
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and, for any j 2EN and x 2R, let

�j .x/ WD e
2�i2j x�.x/:

Next, we consider the following two cases on p 2 .0;1�.
If p 2 .0;1/, then, for any t 2 Œ0; 1� and x 2R, define

fN;t .x/ WD
X
j2EN

rj .t/

2j
�j .x/;

where ¹rj ºj2EN are the Rademacher functions.
Using Lemma 7.3 in [18] and Lemma 7.1, we find that, for any t 2 Œ0; 1�,

kfN;tkB1;�p;1
. sup
P2D

jP j�� sup
k2ZC\ ŒjP ;1/

2k.3=2�1=p/



 X
j2EN

2�j j k � �j j




Lp.P /

. sup
P2D

jP j�� sup
k2ZC\ ŒjP ;1/

2k.3=2�1=p/
X
j2EN

2�j 2�jj�kjM 2�k=2 jP \ Œ0; 1�j1=p

. sup
P2D

jP j�� jP \ Œ0; 1�j1=p sup
k2ZC

2k.1�1=p/
X
j2ZC

2�j 2�jj�kjM

� sup
P2D

jP j�� jP \ Œ0; 1�j1=p sup
k2ZC

2�k=p � 1;

where the second step used the fact that, for any k; j 2ZC,

j k � �j j . 2�jj�kjM 2�k=2

with M 2N \ .1;1/ (see Lemma 7.3 in [18]) and the implicit positive constants are
independent of t .

On the other hand, we have

kT .fN;t /kb1;�p;1
� 2N.3=2�1=p/

� X
¹m2ZWQk;m�.1=4;3=4/º

jhfN;t ; hN;mij
p
�1=p

:

Using this and the estimation of (8.10) in [19], we find that there exists t1 2 Œ0; 1� such that

kT .fN;t1/kb1;�p;1
&
p
N:

Therefore, T is not an isomorphism from B
1;�
p;1 onto b1;�p;1 in the case where p 2 .0;1/.

If p D1, then, for any x 2R, define

fN .x/ WD
X
j2EN

2�j�j .x/:

Then, using the estimate in (8.12) of [19] with q WD 1, we obtain kfN kB11;1 . 1. How-
ever, from inequality (8.14) in [19], it follows that

kT .fN /kb11;1 & N:

This further implies the desired conclusion in this case, which completes the proof of
Lemma 7.19.
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Remark 7.20. By an interpolation argument similar to (7.21) and Proposition 7.19, one
can easily find that, when s2 .1;1/, p;q2 .0;1�, and � 2 Œ0; 1=p�, T is not an isomorph-
ism from B

s;�
p;q onto bs;�p;q . We omit further details.

We summarize the results of this subsection as follows.

Corollary 7.21. Let p; q 2 .0;1�, s 2R, and � 2 Œ0; 1=p�. If T WBs;�p;q ! b
s;�
p;q is an iso-

morphism, then

s 2
� 1
p
� 1;min

°
1;
1

p
� �

±�
:

Proof. The necessity of the upper bound has been shown in Subsections 7.2 and 7.3. The
necessity of the lower bound is treated in Sections 7.1.

7.4. Lifted local bounded mean oscillation spaces

In this subsection, we consider the Haar characterization of some spacial cases of Besov-
type spaces, namely the local bounded mean oscillation spaces, which have a close con-
nection with Navier–Stokes equations (see, for instance, [29] and Chapter 6 of [65]). For
more details of bounded mean oscillation spaces, we refer to [8, 26] and the references
therein.

Recall that the space bmo is the collection of all f 2L1loc such that

kf kbmo WD sup
jP jD1

Z
P

jf .x/j dx C sup
jP j�1

1

jP j

Z
P

jf .x/ � fP j dx <1;

where, for any interval P ,

fP WD
1

jP j

Z
P

f .x/ dx

and the suprema are taken over all finite intervals P , either with length equal to 1 or with
length not more than 1. Let s2R. The lift operator J s is defined by setting, for any f 2� 0,

J sf WD
�
.1C j � j2/�s=2 yf

�_
;

which is a bijection on both � and � 0 onto themselves. Then, for any s 2R, the lifted local
bounded mean oscillation spaces bmos is defined by setting

bmos WD J sbmo WD ¹J sf W f 2 bmoº:

It is known that

bmos D Bs;1=22;2 D F s1;2(7.39)

in the sense of equivalent norms; see, for instance, equation (3.193) in [65]. By this, we can
immediately formulate the consequences of our general results with respect to this special
case. We first consider s D 0. Let us start with the Daubechies wavelet characterization of
bmo. This yields

(7.40) kf kbmo � k¹hf; j;kiºj2N�1;k2Zkb0;1=22;2
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for any pair .�;  / of sufficiently smooth compactly supported generators of a wavelet
system. Wojtaszczyk (see Exersize 8.8 in [69] with BMO instead of bmo) and Triebel (see
Section 3.3.1 in [65]) have shown that �;  2C 1 is sufficient. More than 40 years ago,
Wojtaszczyk [68] has shown a similar characterization as in (7.40) of BMO.0; 1/ by using
the Franklin system.

Applying (7.39) and Theorem 2.2, we obtain the following conclusion.

Corollary 7.22. Let s2R. Then the mapping T Wf 7! ı.f / is an isomorphism from bmos

onto bs;1=22;2 if and only if s 2 .�1=2; 0/.

Remark 7.23. (i) As pointed out in Remark 3.45 of [65] by Triebel, it is not clear whether
the space bmos admits the Haar expansion if s2.�1;�1=2�. From Corollary 7.22, we infer
that, when s � �1=2, the Haar characterization for the space bmos is no longer true. Not-
ably, this failure can be also deduced from the argument in Remark 12.1 of [18], due to the
counterexamples developed in [52]. This fact gives a negative answer to aforementioned
question.

(ii) The negative statement in (i) concerning bmo can be supplemented by a positive
result in the homogeneous situation due to Chang and Fefferman [8]. Let BMOd denote
the dyadic BMO, i.e., the class of all locally integrable functions f on R such that

sup
P2D

1

jP j

Z
P

jf .x/ � fP j dx <1:

Obviously, BMO ,! BMOd. In Proposition on p. 26 of [8], Chang and Fefferman proved
that a function f 2L1loc belongs to BMOd if and only if there exists a positive constant C
such that, for any dyadic interval P 2 D ,

1X
jDmax¹jP ;0º

X
¹mWQj;m�P º

jhf; hj;mij
2
� C jP j:

8. Remaining proofs

It remains to prove Corollary 2.6. To this end, we need to give an interpretation about the
pointwise multiplication; see, for instance, Section 4.2 in [49]. For any k2ZC and f 2� 0,
let

Skf WD

kX
jD0

Sjf;

where, for any j 2ZC, Sj is the same as in (3.1). It is well known that, for any k2ZC and
f 2� 0, Skf 2C1 with all of its derivatives having polynomial growth at infinity; see, for
instance, Theorem 2.3.20 in [21].

Definition 8.1. Let f; g 2 � 0. The product of f and g is defined by setting

fg WD lim
k!1

Skf Skg

if the limit on the right-hand side exists in � 0.
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We need the following useful conclusions on the properties of Sk , which is a part
of equation (5) in Subsection 4.2.1 of [49].

Lemma 8.2. If p 2 .0;1�, q 2 .0;1/, and s 2R, then, for any f 2Bsp;q ,

lim
k!1
kSkf � f kBsp;q D 0:

Definition 8.3. LetX ,! � 0 be a quasi-Banach space. Then the pointwise multiplier space
M.X/ of X is defined to be the set of all m2 � 0 such that, for any f 2X , mf 2X and

kmkM.X/ WD sup
¹f 2X; f¤0º

kmf kX

kf kX
<1;

where 0 denotes the null element of X .

The following lemma is useful for the proof of Corollary 2.6.

Lemma 8.4. Let p 2 Œ1;1/, q 2 .1;1/, and s 2R. Then, for any f 2B�sp0;q0 , g 2B
s
p;q ,

and m2M.Bsp;q/ \ L
1
loc ,

hmf; gi D hf;mgi:

Proof. Fix f 2B�sp0;q0 , g 2 B
s
p;q , andm2M.Bsp;q/\L

1
loc . Using Lemma 2.12 in [35] and

Lemma 4.1, we find that
m 2M.Bsp;q/ DM.B

�s
p0;q0/:

Note that, for any ' 2 � and k; j 2ZC,

jhmf; 'i � hf;m'ij

� jhmf; 'i � hmSkf; 'ij C jhmSkf; 'i � hSjmSkf; 'ij

C jhSjmSkf; 'i � hf;m'ij

DW I1 C I2 C I3:

We first estimate I1. Since m 2M.B�sp0;q0/, from Lemma 4.1, we infer that, for any
' 2 � and k 2ZC,

I1 � km.f � Skf /kB�s
p0;q0
k'kBsp;q . kf � Skf kB�s

p0;q0
k'kBsp;q :

Now, we estimate I2. It is known that, for any h2 � 0,

Sjh! h(8.1)

in � 0 as j !1 (see, for instance, equation (2) in Subsection 4.2.1 of [49]). For any given
k 2ZC, by (8.1) and the fact that Skf 2C1 with all of its derivatives having polynomial
growth at infinity, we conclude that SjmSkf ! mSkf in � 0 as j !1. This further
implies that, for any given k 2ZC,

lim
j!1

I2 D 0:
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Next, we estimate I3. Using (8.1) again and Lemma 8.2(ii), we find that, for any k 2ZC,

lim
j!1

I3 D jhmSkf; 'i � hf;m'ij:

This, together with the assumption that m 2M.Bsp;q/ \ L
1
loc and Lemma 4.1, further

implies that, for any k 2ZC,

lim
j!1

I3 D jhSkf � f;m'ij . kf � Skf kB�s
p0;q0
k'kBsp;q :

Combining above estimates and using Lemma 8.2, we conclude that, for any ' 2 � ,

jhmf; 'i � hf;m'ij � lim
k!1

lim
j!1

.I1 C I2 C I3/ D 0:(8.2)

Since � is dense in Bsp;q , it follows that there exists a sequence ¹'nºn2N in � such that
'n ! g in Bsp;q . From this, (8.2), Lemma 4.1, and the assumption that m 2M.Bsp;q/ \
L1loc , we deduce that, for any n2N,

jhmf; gi � hf;mgij � jhmf; gi � hmf; 'nij C jhf;m'ni � hf;mgij

. kf kB�s
p0;q0
kg � 'nkBsp;q ! 0

as n!1. This finishes the proof of Lemma 8.4.

Now, we are ready to prove Corollary 2.6.

Proof of Corollary 2.6. Let " 2 .0;1/ be such that s > 1=p � � � 1C ". Applying The-
orem 1 in Section 4.6.3 of [49] and Lemma 2.12 in [35], we obtain

1.0;1/ 2M.B�1C"1;2 / DM.B1�"1;2 /:

Clearly, 1¹0º D 0 in � 0 and 02M.B1�"1;2 /. Thus, 1Œ0;1/ 2M.B1�"1;2 /: From these and from
the translation invariance and the reflection invariance of Besov spaces, it follows that, for
any a2R,

1.a;1/; 1Œa;1/; 1.�1;a/; 1.�1;a� 2M.B1�"1;2 /:

This further implies that, for any interval I � R,

1I 2M.B1�"1;2 / \ L
1
loc :(8.3)

Now, we assume that I is either a dyadic interval or I WD Œ0;1/. Then, by Lemma 8.4,
(8.3), (4.1), and (4.2), we find that, for any f 2Bs;�p;q and h2H,

h1If; hi D hf; h1I i;

which further implies that

kı.1If /kbs;�p;q � kı.f /kbs;�p;q :(8.4)
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Applying this and Theorem 2.2, we conclude the desired conclusion in this case. By an
argument similar to that used in the proof of (8.4), we obtain the desired conclusion in the
case where I WD Œ0; a/ for any a2N.

Since Besov-type spaces are translation invariant, it remains to show the desired result
in the case where I WD Œ0; b/ for some b 2 .0;1/ nN. Without loss of generality, we may
assume that Œ0; c/ � I � Œ0; a/, where either a; c 2N or a; c 2 ¹2�j W j 2Nº satisfy 0 <
c < b < a and a � 2c. From a standard argument that used in the proof that the definition
of Besov-type spaces is independent of the choice of '0 (see, for instance, the proofs of
Lemma 4.1 in [76] and Theorem 1.1 in [71]), we infer that the mapping f 7! f .��/ is
uniformly bounded from B

s;�
p;q into itself with respect to �2 Œ1=2; 2�. This further implies

that the desired result holds in the case where I WD Œ0; b/ for some b 2 .0;1/ nN, which
completes the proof of Corollary 2.6.
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