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Haar wavelet characterization of Besov-type spaces with
optimal indices and its application to pointwise multipliers

Winfried Sickel, Dachun Yang, Wen Yuan and Yirui Zhao

Abstract. In this article, we give a sufficient and necessary condition on the indices
of Besov-type spaces on R under which the characterization of these spaces in terms
of the Haar system holds. This confirms that the sufficient condition obtained by
H. Triebel is optimal. Moreover, a special case of our results also negatively answers
a question, asked by H. Triebel, about the characterization of lifted local bounded
mean oscillation spaces JSbmo on R with s € (—1, —1/2] in terms of the Haar
system. As an application, we prove that characteristic functions of intervals are
pointwise multipliers of Besov-type spaces with the aforementioned optimal indices.
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1. Introduction

Within the last 40 years, wavelets have proven to be an essential and powerful tool for the
understanding and the study of many operators and function spaces; see, for example, [27,
41,61,69]. Characterizations of function spaces in terms of wavelet systems, in particular,
the Haar wavelet system, have found considerable applications. We refer to Coifman et
al. [9], Nazarov et al. [44], and Hytonen [24] for the applications of the Haar system to
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the estimations of singular integral operators, and to Ropela [48], Triebel [56,62], Oswald
[45—47], and Garrig6s et al. [16—19] for the applications in characterizing various function
spaces in terms of the Haar system.

The main purpose of this article is to characterize Besov-type spaces on R, with
optimal indices, by means of the Haar wavelet system. Since throughout this article we
always work in R, for simplicity of presentation, we will not indicate this underlying
space in the related notation. Recall that, as a generalization of classical Besov spaces,
the Besov-type spaces, restricted to the Banach case, were first introduced by El Baraka
[12—14], and the extension to the quasi-Banach case was later given in [50, 72, 76]. From
then on, Besov-type spaces have received widely development and found plenty of applic-
ations in harmonic analysis and PDEs; see, for example, [23, 30, 32-34, 6466, 70]. It
should be mentioned that Besov-type spaces can also be considered as a generalization
of bmo, the space of functions with local bounded mean oscillation, or, more generally, of
the Triebel-Lizorkin spaces Fg, ,. Recall that, for any p € (0,00) and s €R,

(1.1) BSYP = F3 , and By,”* = FY, =bmo

(see, for example, [15,76]). Nowadays, it is known that Besov-type spaces B}’ are also of
importance in connection with the description of the set of all pointwise multipliers for the
classical Besov spaces BIS,, ps see, for example, [31,36,78]. It is well known that pointwise
multipliers of function spaces play an important role in harmonic analysis and PDEs (see,
for example, the monographs [1, 6,39, 40, 53]). In particular, we mention that, in recent
years, the characterization of pointwise multipliers of BMO(£2), which was studied by
Janson [25] for £ = T” and by Nakai and Yabuta [43] for 2 = R” (see also the recent
survey [42] of Nakai and the references therein), plays an irreplaceable role in solving
the so-called optimal bilinear decomposition for multiplications of functions in the Hardy
space H'(R") and its dual space BMO(RR"), which is precisely Conjecture 1.7 in [5]. The
corresponding conjectures on Hardy spaces H? (R") with p € (0, 1) and their dual spaces,
as well as their local versions, were completely solved in [4,7,74,79] via first establishing
the characterizations of pointwise multipliers of Campanato spaces.

The basis problem for the Haar system in Besov and Triebel-Lizorkin spaces has
attracted widely attention and been intensively studied; see, for example, [16-19,46, 56,
62,67]. However, this basis problem for Besov-type spaces B}’ with 7 € (0, 00) must be
rephrased, because these spaces are not separable. But it is still meaningful to ask whether
one can characterize Besov-type spaces in terms of the Haar system (for short, Haar char-
acterization). Already in 2013, Triebel [63] investigated the Haar characterization of some
Morrey-type smoothness spaces, proving a first version of the Haar characterization for
Besov-type spaces. At that time, it was widely unknown whether the restrictions on the
indices of the Haar characterization in [63] are optimal. In 2020, three of the authors stud-
ied the necessity of a part of the restrictions in [77]. This has been done as well by Haroske
and Triebel in [23], where they proposed a conjecture about the optimal restriction of the
Haar characterization of Morrey smoothness spaces (see Conjecture 5.38 in [23]).

In this article, we give a sufficient and necessary condition on the indices of Besov-
type spaces Bj’z on R under which their Haar characterization holds (see Theorem 2.2).
This condition confirms the sufficient condition obtained by Triebel in Theorem 3.41
of [65]. This includes the cases where the Besov-type spaces reduce to the classical
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Triebel-Lizorkin spaces with p = oo (see Corollary 2.4 and Remark 2.5); the latter com-
plements the Haar characterization of Triebel-Lizorkin spaces in the limiting case. More-
over, this optimal condition indicates that the conjecture proposed by Haroske and Triebel
in Conjecture 5.38 of [23] fails (see Remark 2.3 (i)). Furthermore, our results imply that
the Haar characterization for the lifted local bounded mean oscillation space bmo® with
s < —1/2is no longer true, which can be also deduced from the argument in Remark 12.1
of [18]. This failure gives a negative answer to the open question proposed by Triebel in
Remark 3.45 of [65] about the Haar characterization of bmo® on R with s € (=1, —1/2]
(see Remark 7.23).

As an application, we prove that characteristic functions of intervals are pointwise
multipliers of Besov-type spaces under the same aforementioned optimal indices of their
Haar characterizations (see Corollary 2.6), which is also sharp when Besov-type spaces
reduce to Triebel-Lizorkin spaces Fj, ,. Historically, pointwise multipliers generated by
characteristic functions of domains play a key role in harmonic analysis and PDEs; we
refer, for example, to [10, 15,22,49,51,54,55,59,78].

The remainder of this article is organized as follows.

In Section 2, we describe our main results and their applications to pointwise multipli-
ers. In Section 3, we recall some basic properties and the Daubechies wavelet characteriz-
ation of Besov-type spaces. In Sections 4-6, we provide a different proof of the sufficient
condition from that one given by Triebel in Theorem 3.41 of [65]. Section 4 is devoted to
showing the boundedness of the analysis operator 7', which maps a given distribution f
into the sequence of its Fourier—Haar coefficients. In Section 5, we study the boundedness
of the synthesis operator .S, mapping a sequence of complex numbers into a Haar series.
Next, in Section 6, we search for those situations where T': B,y — by is an isomorph-
ism with the inverse S. In Section 7, we construct some subtle counterexamples, which
are presented, respectively, in Subsections 7.1, 7.2, and 7.3, to show that the restriction on
indices for T being an isomorphism is necessary. Moreover, in Subsection 7.4, we apply
our results in Section 2 to lifted local bounded mean oscillation spaces Jbmo, which
are of independent interest. Section § is devoted to the proof of applications of the main
results in Section 2.

We end this introduction by making some conventions on the notation. We always let
N:={1,2,...,},Z+ :=NU{0},and N_; := Z4 U {—1}, and let Z denote the set of
all integers. We also use R and C to denote respectively the set of all real numbers and
the set of all complex numbers. For any p € (0,00], let p’ := p/(p — 1) if p € (1, ]
and p’ := oo if p € (0, 1] be the conjugate index of p. Let L} be the set of all loc-
ally integrable complex-valued functions on R, CX° the set of all infinitely differentiable
complex-valued functions on R with compact support, § the set of all Schwartz functions
on R equipped with the well-known topology determined by a countable family of norms,
and §’ the topological dual of §; that is, the space of all bounded linear functionals on §
equipped with the weak-* topology. For any j, k € Z, we denote by Q; i the dyadic inter-
val [277k, 27/ (k + 1)), and by £(Q; x) its edge length. Let

D:={Qjk:Jj.kel}
let jo := —log, £(Q) for any Q € D, and define
Dy :={0eD:jo=1¢
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for any £ € Z. For any set E C R, we denote by 1g its characteristic function and by | E|
its 1-dimensional Lebesgue measure if E is measurable. Moreover, the symbol C denotes
a positive constant which is independent of the main parameters involved, but may vary
from line to line. The symbol f < g always means that there exists a positive constant C
such that f < Cg.If f Sgand g < f,wethen write f ~g.If f <Cgandg=nh
or g < h,wethen write f < g =hor f < g < h.In addition, given two quasi-Banach
spaces X and Y, we denote by £(X, Y) the space of all bounded linear operators from X
into Y, equipped with the operator norm denoted by || T || x—y forany T € £L(X,Y). For
any p € (0, 1] and any sequence {a }xe; of complex numbers with an at most countable
set I of indices, we will use, without further references, the well-known inequality

<Z|ak|)p <3 al”.

kel kel

Finally, in all proofs we consistently retain the notation introduced in the original theorem
(or related statement).

2. Main results

We begin with recalling the definition of the Haar system on the real line. The generator
of the Haar system, denoted by #, is defined by setting

h = 1p0,1/2) — 1f1/2,1).-
Consider the set
2.1 H:=1{hjm:jeN_andmeZj},

where 1} () 1= 2//2h(2/ - —m) for any j € Z, and m € Z, and where h_y ;(-) :=
1jo,1)(- — m) for any m € Z. Then the set } forms the well-known orthonormal Haar
wavelet system (for short, Haar system) on R. For any suitable distribution f € §’, its
Fourier—Haar coefficient is defined to be

8Cf) :=8im(f)}jen_i,mez := U S hjm)}jeN_|, mez

whenever (f, hj,,) for any j € N_; and m € Z is well defined. Recall that, given quasi-
normed linear spaces X and Y, an operator T € £L(X, Y) is called an isomorphism if it is
bijective with bounded inverse.

We first recall what is known in the classical case T = 0, which is a part of The-
orem 3.18 in [67].

Theorem A. Let p,q € (0,00] and s € R. Then the mapping T: f + §(f) is an isomorph-
ism from B, , onto by, , if

| 1
2.2) ——1<s<min{1,—}.
p p
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Remark 2.1. (i) The necessity of the condition (2.2) follows from the necessity of the
assertion that JH is an unconditional basis of B;,q when p, g € (0, co) (see, for instance,
Theorem 1.1 in [17]). Indeed, in this case, the canonical system is clearly an unconditional
basis of by, ., and it is preserved in B, , by the isomorphism of 7'. Therefore, the validity
of the isomorphism implies that J i 1s an unconditional basis in B, ,, which, combined
with Theorem 1.1 in [17], further implies (2.2) when p, g € (0, o0). We thank the referee
for pointing out this to us.

(i) We should point out that our proofs in Section 7 also imply the necessity of the
condition (2.2) in Theorem A.

Already in 2013, Triebel [63] published a first extension of Theorem A to Morrey-type
spaces. Later, in 2014, he obtained the following result concerning Besov-type spaces, we
refer to Theorem 3.41 in [65] with

t—1/pps _ ps,T
L BP:‘I - Bp,q.

Theorem B. Let p,q € (0, oo] s €R, and t €0, 1/ p]. Then the mapping T: f > §(f)
is an isomorphism from B}z onto by if

1 1
23) ——l<s<min{l,—~—z}.
p p
Our main contribution is to demonstrate that the condition in Theorem B is necessary.
Moreover, we also give a detailed proof for the sufficiency, different from that one given
by Triebel [65].

Theorem 2.2. Let p,q € (0,00], s € R, and t € [0, 1/ p]. Then the mapping T f + 8(f)
is an isomorphism from B;:Z onto b;:fl if and only if (2.3) holds.

Remark 2.3. (i) Theorem 2.2 shows that the conjecture raised in [23] (see Conjecture 5.38)
fails. Indeed, if Conjecture 5.38 in [23] with o := p — 1 € [—1, 0] holds, then, by equa-
tions (5.109) and (2.30) in [23], we find that 1/p — 7 — 1 < s < min{l, 1/p — 7} should
be the optimal range for 7" being an isomorphism from Bj’; onto b5 . But this contradicts
Theorem 2.2.

(ii) Theorem 2.2 with T = 0 coincides with the known results of classical Besov
spaces B; 45 See, for instance, [56], Theorem 2.9 in [62], [17], and also Remark 2.1.

(iii) The a priori assumption 7 € [0, 1/ p] of Theorem 2.2 is reasonable. Indeed, when
T €(1/p,0), By 4 coincides with the classical Besov space BSH p (see Remark 3.2)
and, if T € (—00, 0), then By is trivial (see, for example, [76]).

(iv) Here we only deal with the situation that T is an isomorphism as a mapping
of Byg onto by'g. In the classical case where T = 0, it is well known that, in some situ-
ations, the range space can be quite different from bz, e.g., a sequence space without
any finite sequence. We refer to [19] for more details and see also [3] and Theorem 3.2.6
in [28].

Some special cases of Theorem 2.2 might be of interest. The following consequence
follows directly from Theorem 2.2 and the fact that B’ Y? = F5.
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Corollary 2.4. Let p € (0,00) and s € R. Then the mapping T': f +— 8( f) is an isomorph-
ism from F3, , onto b;,”}p/p if and only if

1
24 ——1l<s<0.
p

Remark 2.5. In Triebel’s monograph, see Theorem 3.18 in [67], one can find the suf-
ficiency part of this assertion under the restrictions p € (1,00], 1/p —1 <s < 0. As a
service for the reader, we summarize and comment our findings with respect to lifted
local bounded mean oscillation spaces J*bmo = F, , in Subsection 7.4.

As an application of Theorem 2.2 and Corollary 2.4, we establish the following result
concerning characteristic functions as pointwise multipliers for Besov-type spaces.
Corollary 2.6. Let p,qg€(0,00], seR, t€[0,1/p], and I C R be an interval. Then the
following statements hold.

(i) If (2.3) holds, then the mapping Py: f + 1; f is bounded on B}'3. Moreover,
SlleIIPJIIB;¢;_>B;3; < 00,

where the supremum is taken over all intervals J C R.

(i) If p €(0,00) and (2.4) holds, then the mapping Pr: f + 1; f is bounded on Fg, ,.
Moreover,
supl| Pyl s, ,~Fg, < 00,
J

where the supremum is taken over all intervals J C R.

Remark 2.7. To the best of our knowledge, Corollary 2.6(i) is new. On the other hand,
Corollary 2.6 (ii) reduces to Theorem 2.48 in [67]. Moreover, the condition (2.4) is optimal
for Corollary 2.6 (ii); see, for instance, Theorem 2.48 in [67].

3. Besov-type spaces

In this section, we recall some basic properties of Besov-type spaces.
Given u € §', we denote by # its Fourier transform, and by u" its inverse Fourier
transform in 8’. In particular, if u € §, then, for any § € R,

i) = (2n)_1/2/l;u(x) e dx

and uY (&) := 1 (—£). Let ¢ € § be a radial and real-valued function satisfying that 0 <
wo <1,¢99=1on[—1,1],and suppge C (—3/2,3/2). Forany k € Z and f € §’, define

3.1) Sef = (@ f)Y,

where ¢1(+) := ¢o(+/2) — @o(+) and, for any integer k > 2, i () := @1 (27%+1.). Clearly,
Zk€Z+ or = lonR.
Next, we recall the definition of Besov(-type) spaces as follows; see, for example, [76].
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Definition 3.1. Let p,q € (0, 0], s € R, and 7 € [0, 00).
(i) The Besov space B,, , is defined to be the set of all f€§ " such that

/155, = {gzm [ [ s a]™} " <o

with the usual modifications made if p = oo and/or ¢ = oo.
(ii) The Besov-type space By is defined to be the set of all f € 8§’ such that

sl 3w fissera] ) <

Jj=max{jp,0}

I/ Bz =

with the usual modifications made if p = oo and/or ¢ = oo.

It is known that, for any p, ¢ € (0, 00] and s € R, B;jg = B, , with equivalent quasi-
norms. The following characterization of Besov-type spaces, due to Triebel (Theorem 3.64
in [65]), may be helpful for the reader to understand the philosophy of these spaces. Under
some additional conditions on s, T, p, and ¢, it holds that f € §’ belongs to B;jfl if and
only if

1 5 3= sup 1P 1f ) < o0

that is, we control the quasi-norm || f'[| g3 ,(p) on all the dyadic intervals, hence, locally
and globally. This relates the “new” spaces Bj’q to the “old” spaces B, ,(P) in a rather
transparent way.

Remark 3.2. Let the notation be as in Definition 3.1.

(i) It is known that B;j; are quasi-Banach spaces independent of the choices of ¢¢ (see
Lemma 2.1 and Corollary 2.1 in [76]).

(i) We have the monotonicity with respect to s and with respect to g; that is, if —oo <
s1 < 5o < oo and qo, ¢1 € (0, 00], then Bp%¢ < B} moreover, if 0 < go < g1 < 00,
then By, < Bplg,-

(iii) If either ¢ € (0, 00) and T € (1/p, 00) or ¢ = oo and T € [1/p, 00), then By g =

ngf;gl/l’ (see, for instance, Theorem 2(ii) in [73]). If s + 7 — 1/p > 0, then the space

Bf,j;g VP isa Holder—Zygmund space (see, for instance, Section 2.5.7 of [57]).

(iv) Since B4 with T € (1/p, o0) is a classical Besov space, we mainly consider the
case t € [0, 1/ p] in this article.

The concept of wavelet bases in Besov and Triebel-Lizorkin spaces is well developed
(see, for example, Meyer [41], Wojtasczyk [69], and Triebel [60,61]). Let ¢ be an ortho-
normal scaling function on R with compact support and of sufficiently high regularity.
Let ¥ be one corresponding orthonormal wavelet. We suppose ¢ € CN1 and supp¢ C
[- N2, N3] for some Ny, N, € N. These further imply that

(3.2) v eCM and suppy C[—Ns, N3]
for some N3 € N. For any j € Z and k € Z, we write

G () =222 - —k) and Yx() =272y (2 k).
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Furthermore, it is well known that, for any |y| < Ny, j € Z4,and k € Z,

/ Vik(x)x¥ dx =0

R

(see, e.g., Proposition 3.1 in [69]). For convenience, for any k € Z, let Y_; x := ¢o k. Thus,
(3.3) W:={y;r:jeN_and k €Z}

yields an orthonormal basis of L? (see, for instance, Section 3.9 of [41], and see also Sec-
tion 3.1 of [60]) and is called the Daubechies wavelet system in R. Thus, for any f € L2,

(3.4) F=2"> 2Nk
j=—1keZ
in L2, where, forany j € N_j andk € Z, A; x (f) := (f. ¥j k). Let
ACS) =14k (f)}jen s, kez-

Now, we need some associated sequence spaces (see, for instance, Definition 3.24
in [65]). Recall that, for any given dyadic interval P, jp := —log, £(P).

Definition 3.3. Let p,q € (0,00], s € R, and 7 € [0, 00). The sequence space by is defined
to be the set of all sequences A := {4 x};jeN_,,kez in C such that |M||b§'f, < 00, where

1 q/p
Mg = s { e[ (32 eal?)

{m: Qo,mCP}
> . a/p1/q
+ Z 21(s+1/2—1/p)q< Z |Aj’m|P) ] }
Jj=max{jp,0} {m:Q;mCP}

Remark 3.4. We should point out that 539 coincides with by, o in Definition 3.10 of [65]
when n = 1; that is, forany A := {A; r};en_,,kez in C,

14ll50 = Il
a/p . q/pq1/q
= [( Z |A—1,m|p> + Z 2/(S+1/2—1/17)q< Z |)ij,m|p) ] )
mezZ JEZ 4 meZ

As a special case of Theorem 3.26 in [65] with r := © — 1/ p (see also Theorem 4.12
in [37]), we have the following Daubechies wavelet characterization.

Proposition 3.5. Let p,q €(0,00], s €R, and T €[0,00). Let ¥ be the Daubechies wavelet
system as in (3.3) with N1 € N depending on p, q, s, and ©. Then f € Bls,jfl if and only if
fe8 and f can be represented as in (3.4) in 8’ such that ||)L(f)||b;,; < 00. Moreover,

1 g ~ 1A oy

with the positive equivalence constants independent of f .
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Combining Proposition 3.5 and Definition 3.3, we easily obtain the following conclu-
sion, and hence we omit the details.

Lemma 3.6. Let the notation be as in Proposition 3.5. Then there exists a positive con-
stant C such that, for any f € Byg,

sup 2/6HTH2TUD) qup [( £, 4)| < CLf || gse -
JEZ + keZ .

s+t—1
Moreover, By g < BTE /P

4. The analysis operator

Our investigations are based on the study of two linear operators, namely the analysis
operator T and the synthesis operator S. Recall that J{ denotes the Haar system in R as
in (2.1). In this section, we concentrate on 7', defined by setting, for any suitable distribu-
tion f,

T f o AL by jen s ez

Clearly, the first problem we face is whether the operator 7" is well defined on Bjg.
To answer this, we need some information on the dual space of a Besov space; see, for
instance, Section 2.11.2 of [57].

Lemma4.1. Let p € [1,00), g €(0,00), and s €R. Then (B, ;) = B,/ where (B}, ;)’
denotes the dual space of B, ,.

Proposition 4.2. Let p,q € (0,00], s €R, and t € [0, 1/ p] satisfy s > 1/p —1 — 1, and
let f € B;,:Z. Then the following two statements hold.:

(1) the pair { f, h) is well defined for any h € H,
(i) f =0 ifandonlyif (f,h) =0 forall h e 3.

Proof. We first show (i). Since s > 1/p — v — 1, it follows that there exists ¢ € (0, c0)
such thats > 1/p — t — 1 4 &. By this, Lemma 3.6, and Remark 3.2 (ii), we find that

4.1 By — BSITOVP s BT

Fix h € H. Applying Theorem 2.1 (ii) in [77] and Remark 3.2 (ii), we obtain
4.2) h € B{ ., — B3 .

From this and Lemma 4.1, we deduce that

(4.3) LI = 1 lpige 1hllgise < I Wy Il gr < o0

Thus, { f, h) is well defined.

Item (ii) is a direct consequence of (4.1), B;}; £ s Bo_ol,l, and Proposition 1.1 (iii)

in [17]. This then finishes the proof of Proposition 4.2. ]
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Based on a standard method of the comparison of a smooth wavelet decomposition
with the Haar decomposition (see, for example, [62]), we obtain the following conclusion.

Theorem 4.3. Let p € (0,0), ¢ € (0,00], s €R, and © € (0, 1/ p]. Then the analysis
operator

. RS,T $,T
T: BIMI bp,‘I’

f—80f).
is a bounded linear mapping if 1/p —1 <s < 1.

To prove Theorem 4.3, we need the following Young inequality for Lebesgue sequence
spaces, whose proof follows directly from the standard proof of the classical Young in-
equality. We omit the details.

Lemma 4.4. Let r € [1,00] and L € Z . Then, for any nonnegative sequences {ay }xez
and {bi }rez. . the following two inequalities hold.:

with the usual modification made when r = oo.

@ [ an)]

Jj=L k=j+1 k=—o0 j=L

1/r

with the usual modification made when r = oo.
As a consequence of Lemma 4.4 with r = 1 and the well-known inequality that, for
any p € (0, 1],
p . .
(Z |ak|) < Z lag|?, for {ax}rer C C, I an at most countable set of indices,
kel kel
we obtain the following.

Corollary 4.5. Let r € (0, 1] and L € Z . Then, for any nonnegative sequences {ay }rcz
and {bi }rez., , the following two inequalities hold.:

Jj=L k=L k=0 j=L

0o e} ’ -1 e}
W Y (X awn) =X @y

j=L k=j+1 k=—o00 j=L

Proof of Theorem 4.3. The proof is rather lengthy, but the idea is transparent. Mainly, our
estimates below are based on careful investigations of relations of the supports between
two wavelet families, namely the Daubechies wavelet system and the Haar system.
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Step 1. Preparations.

Fix f€ Byg. Let {Yk ¢}ken_,,cez be a sufficiently smooth Daubechies wavelet sys-
tem as in Proposition 3.5. Observe that, for any j e N_; and m € Z,

(4~4) fhjm ZwakK wkﬁ hjm)

k=—1LeZ

at least formally. To investigate the coefficients (Y« ¢,/ ,), we need to employ the various
support relations. First, we need some notation. For any j € Z and m € Z, let

Lim =27 m, 27 (m + 1)],

and let
] . Ly
@5) 1f, = [27m2 (m+3)] and 15, =27 (m4 ). 27+ D).

Letalso Iy := 1%, =12

Jim = Io,m. Moreover, for any j,k € N_j and m € Z, let
Uk m,j =1L EZ :|supphj, N supp Vi ¢| > 0}.

Obviously, for any j,k € N_j and m,{ € Z, we have (Vi ¢, hjm) = 0if £ & Uy ;. Next,
choose j, k € N_; and m € Z. We consider the following two cases for j and k.
If k > j, then, in this case, the following situations may occur:

(i) suppyre C 1-+ ;
(1) supp Ve C 15,
(iii) supp Vi ¢ is neither a subset of / j'f'm nor of [ m

If (i) or (ii) holds for some £ € Z, then, from the moment condition of v ¢, we infer
that (Y« ¢, hj,m) = 0. This motivates us to introduce the set

(4.6) Ul:,m,j :={€ € Uk m,;j : supp V¢ is neither a subset of I+ nor of /; ,}.

Then, for any £ € U}* em.j We obtain

@) [(Wres hjm)| < 20 +0/2 / [y (25x —0)|dx < 2002 27Ky 1 ~ 2U7R2,

Iim
If k < j, then we simply let U,;"m = U s, j. Forany { € U,f ., using the condition
that [ hjm(x)dx = 0, we conclude that

@8)  [(Wis by = 29072 / 72 x —m)
Iim
x [ 2k x — ) — Y (25 xo — £) + ¥ (2 x0 — 0)] dx‘

< 2<f+k>/2/1 Y (@*x =) =y (2 x0 — O)] dx
J.m

< ||V || 2U+k)/2 9= k=i  23(k=))/2
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where we have chosen xq € I ,. In addition, if j = —1 (or k = —1) in the left-hand sides
of both (4.7) and (4.8), then the right-hand sides of both (4.7) and (4.8) still hold with j
(or k) replaced by 0.
Therefore, at least formally, we have the following decomposition: for any j € N_;
andm e Z,
(fhjm) =2 i)+ Fio)

Jsm’
where
) J

4.9) =3 3 (A v Vae him)

k=—1LeU},, ;
and

oo
(4.10) Fo = 3 3 (Ve (Waehym).

k=j+1LeUy,,

Moreover, for any j, k € N_; and m € Z, by the definition of Uk* m.j it is easy to verify
that

@11 U | ~ 1.

where the implicit positive equivalence constants depend only on the support set of .
Next, we aim to proceed by decomposing the desired estimates of §(f) in by into
several steps. We only deal with the cases for j, k € Z4 in the summations of (4.9)
and (4.10) because the estimations of the cases for j = —1 or k = —1 are quite similar.
Step 2. Estimations related to F /(2
In this step, we mainly need to estimate

00 J
. _ p\4/p
t= Y penema( SIS S (vt b))
Jj=max{jp,0} {m:Q;mCP} k:()[EUl:,m,j

where P is a dyadic interval. Without loss of generality, we may assume that P :=[0,271)
for some L € Z.

Step 2.1. Assume that p € (0, 1]. We first consider small dyadic intervals P with
|P| < 1. By (4.11), we dominate I by the two parts; that is,

4.12) IS + 1y,

where

oo

L
I := Z 2j(s+1/2—1/p)q< Z ‘Z Z (f 1ﬁk,£)(1/fk,z,hj,m)‘p>q/p

j=max{L,0} {m:Q; nCP} k=0[EU]:,m’j
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and
o0
(4.13) L= Z 9J(s+1/2—1/p)q
Jj=max{L,0}

X( > ’X]: > (ﬁ%ﬁk,z)(lﬂk,e,hj,m))p)q/p.

{(m:Q;mCP} k=LUeU},

We first estimate ;. Applying (4.8), we find that

L < izj(s+1/2—l/p)q[ Z Z Z fo )| 3k~ ])p/z]q/P.

Jj=L {m: Q;mCPYk=0LeUy,

Note that, when j > L >k, both Qjm C P = [0,27F) and L€ U, - imply —N3 < { <
N3 + 1, where N3 is as in (3.2). For simplicity, we only deal with the case where £ = 0
because the proofs of the other cases where £ € {—N3, ..., N3 + 1} \ {0} are quite similar.
From this, we infer that

(4.14) i 2j<s+1/2—1/p)q[ 3 i 1 f Vo) |? 23(k—j)p/2]q/”
Jj=L {m:Q;nCP} k=0
>, . L alp
—p—La/p Z zj(s—l)q( Z 23kp/2 | £, Wk,0)|p) )
Jj=L k=0

By Lemma 3.6, this is bounded by

2—Lq/p J(s—1)q —k(s+t—1-1/p)p q
Zz [Zz ] 1/ 15

=L
i= < 2_Lq/p 2L(s—1)q 2—L(s+r—l—l/p)q||f”lé;’ _ 2—Ltq ”f”B”’
where the first step used the assumptions s < 1 and T < 1/ p. Thus, we further obtain
LS 275 £)|
P4
where the implicit positive constant depends only s, p, ¢, T, and N3.

Next, we estimate I, which is a little bit different from the estimation of I;. Observe
that, for any given j e NN [L,00),ke€{L,...,j},and £ €Z,

{(mEZ: Qjm C P and |Qjm N supp Y| > 0}] < 277%,

where the implicit positive constant depends only on N3. Thus, for any given L <k < j,

(4.15) S WAl 277 YT (fvka)lP

{m: Qj,mCP}ZEUk’m)] {[:Qk,ZCP}
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By this and (4.8), we conclude that

o0
4.16) I, < Z 21‘(s+1/2—1/p)q[ Z Z Z (f Vi) |P230— j)p/Z]q/p

=L {m:Q;mCP} k= LZEU,;" J
o B J - i q/p
DI l/p)q[ > o 2imkpk=Delz N (foyy €>|p]
) k=L {€: Qo CP}
o0 J o i B q/p
_ Z[Z mDp S kDR £y )]
j=L {£: Qg CP}

pqu

( X/: ajk bk)q/p’

j=L k=L
where
aj = 2Js=1Dp
and
4.17) bji= Yy ETIRTUDPY(fy )P

{[Z Qj’gCP}

for any j € Z 4. Note that {a;l/ P)iez. € L' because s < 1. Moreover, using Proposi-
tion 3.5, we obtain

(4.18) [{65}iezate.o0learn < 27571 f g
From these, (4.16), Lemma 4.4 (i), and Corollary 4.5 (i), we deduce that

(4.19) L S 275 f| %
Pq
Consequently, combining with the estimates of I; and I,, we obtain

LS 275 f e

where the implicit positive constant is independent of L and f.
Step 2.2. Assume that p € (0, 1]. Now, we consider the large dyadic interval, namely
L eZ\ Z+. In this case, we only need to estimate I, as in (4.13) with L := 0. Thus,
repeating the proof of (4.16) with L replaced by 0 and the proof of (4.19), we then obtain
LS 2757 £ [
Step 2.3. Assume that p € (1,00) and L € Z . In this case, we still dominate I by two
parts as in (4.12). Let e € (0, 1 — s). Such ¢ exists due to s < 1.



Haar wavelet characterization of Besov-type spaces with optimal indices 1741

We first estimate the sum I;. Applying Holder’s inequality with 1 =1/p + 1/ p’, (4.8),
and (4.11), we find that

00
I < Z 2Ji(s+1/2=1/p)q

j=L
A X [T D e rennr)(Se) )
{m:Q;mCP} k=0 teu;,, k=0
o L _ qa/p
< ober 3 gl 1/p>q[22k(3/2 a3 RIATN] ] .
Jj=L k=0 {m:Q;mCP) LeUy,

Similarly to (4.14), we only need to deal with the case for £ = 0. From this, Lemma 3.6,
s<l,ande <1—s5 <1—s5+41/p— 1, we infer that

e} L
yLeq Z2j(s—1—l/p)q|:22k(3/2—s)p Z na o)I”]q/p

j=L k=0 {m:Q;mCP}
L

oo
— oleq Z 2j(s—1—l/p)q[ Z K G/2=00P =L | ( £ 0)|p]q/p

j=L k=0

L
I L P _ a/p _L
S D3 et I V] VA i T e
k=0 ' ’

Thus, we have
L <2k f)e
pP.q

Then we estimate the sum I,. By Holder’s inequality, (4.8), and (4.11) again, we obtain
> J al/p
420) L <) 2/bteni=l/pa [ PIPASE LY Z i Wkt |p] '
j=L k=L {(m:Q;mCPY LUy,
Using this and (4.15), we conclude that

) J
4.21) I, Z ](S+€71*1/17)q|: Z 7k(3/2—¢)p Z 2_/*k|(f’ Wk,ZHPin/p
Jj=L k=L

{€: QrCP}

ad J q/p
> (L ean)”
j=L

where ¢; := 2/671%9P and b; is as in (4.17). Clearly, we have that {c]‘.l/p}‘,-eZJr el!
because € € (0, 1 — s). Applying this, Lemma 4.4 (i), Corollary 4.5 (i), and (4.18), we obtain

L 274 £,
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Step 2.4. Assume that p € (1,00) and let L € Z \ Z. In this case, we only need
to consider I, with L replaced by 0. Repeating the proofs of (4.20) and (4.21) with L
replaced by 0, we further obtain

L <27b | £,
204

in this case.
Step 3. Estimations related to Fj(fn)

This time we need to estimate

(o]

i — 2),,149/P
m= ) 26t 1/p)q[ 3 |ij,3|P] .

Jj=max{jp,0} {m:QjmCP}

Here, without loss of generality again, we may assume that P := [0,2~%) for some L € Z.

Step 3.1. Assume that p € (0, 1]. We observe that, for any given j € Z4 N [L, 00),
keZy N (j,00), and m € Z satisfying Q;,, C P, if £ € Z satisfies that | supp Yg ¢ N
Qjml| > 0, then

(4.22) Ore C[-27FN3, 27 4278 N3] € [<27E N3, 275 (N5 + 1),

To avoid more complicated notation, without loss of generality, we may replace (4.22)
simply by Qx¢ C P and further conclude that, for any given j € Z4 N [L, oo) and
keZin(j,o0),

(4.23) o> WP Y Aol

{m: Qj mCP}Y LV, {z: Qr(CP}

where the implicit positive constant depends only on N3. From this and (4.7), we deduce
that

ad et > a/p
< Z 2Jj(s+1 1/P)¢]( Z 7—kp/2 Z I fi Wk,l”p)
Jj=max{L,0} k=j+1 {€: QrCP}
ad > alp
= Y [ N 2URGHUPp SN K2Ry, e)l”]
j=max{L,0} k=j+1 {€: QrCP}

o]

_ Z ( i dj_kbk>q/p’

j=max{L,0} k=j+1

where d; := 2/6T1=1/PP i e 7\ 7 and b; is as in (4.17).
Observe that {d;]/p Vjez\z, €' because s > 1/p — 1. From these, Lemma 4.4 (i),
Corollary 4.5(ii), and (4.18), it follows that

<275 f| e
D4
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Step 3.2. Assume that p € (1, 00) and let ¢ € (0, co) be sufficiently small such that
s +1—1/p > e. Such ¢ exists due to s > 1/p — 1. Using Holder’s inequality with 1 =
1/p+1/p', (4.7), (4.11), and (4.23), we conclude that

) oo
I < Z 2j(s+1/2—1/p)q{ Z [ Z okep

j=maxiL,0} {m: Q;mCP} ke=j+1
o p/p'\a/p
x Y I(ﬂl/fk,z)lpz(J_k)p/z]( ) Tksp,) }
ey, k=j+1
00 o - 00 3 q/p
< Y pflmen I/P)q[ PR I(f,llfke)lp]
j=max{L,0} k=j+1 t:Qpech)
oo 00 o _ q/p
_ oy [ Y 2UTRGmstImUnp 3 pkGet/2 l/p)p|(f,¢kz)|p]
j=ma(L,0} k=j+1 t:Qrechy

[e.]

_ Z ( i ej_kbk>q/p’

j=max{L,0} k=j+1

where e; := 2/6e+1=1/PP j e 7.\ 7\, and b; is as in (4.17). Since e < s + 1 —1/p,
it follows that {e; };ez\z. » {e_lq/p}jez\z+ € {!. By this, Lemma 4.4 (ii), Corollary 4.5 (ii),
and (4.18), we conclude that

W 275 f e

Now, we can summarize all our findings. If (4.4) holds, then Steps 2 and 3 have proved

18 sgs < 1S gy

Thus, it remains to show (4.4). Indeed, for any N € N, let

N
=0 ) (k) Ve

k=—1LeZ

By Proposition 3.5, we obtain fy — f in$’ as N — oo and A(f) € by’. From this and
Proposition 3.5 again, we infer that f — fy € B;jfl, which, combined with Lemma 4.1,
(4.1), and (4.2), further implies that, for any N € N and h € K,

f == If = fvllye Whllgise S NACS = Fn)llpge IRllgy -

Using (4.1) and Proposition 3.5, we find that A(f) € bo_ol,;r €. From this, we deduce that,
when N — oo,

IACS = f)llpzige = O

This, together with the proved fact that i € Bll,oo (see (4.2)), further implies that |{ f —
fn,h)| = 0as N — oo. This finishes the proof of (4.4) and hence Theorem 4.3. L]
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For convenience, in view of (1.1), as a special case of Theorem 4.3, we formulate the
result for the Triebel-Lizorkin space F, , with p € (0, 00) as follows.

Corollary 4.6. If p<(0,00) and 1/p — 1 < s < 1, the analysis operator T: f +— §(f)
is a bounded linear mapping from F3, , into f, , = b;,’,},/p.

Remark 4.7. The special case where s = 0 and p = 2 is of particular interest because,
in this case, bmo = Fc?o,2 with the equivalent norms. Here bmo is the class of functions
with local bounded mean oscillation in the sense of Goldberg [20]; see Section 7.4 for
the precise definition. For the identity bmo = F_, ,, we refer to Triebel (Theorem 2.5.8

in [57] and p. 133 of [15]). Therefore, Corollary 4.6 establishes the boundedness of
T:bmo — bg:é/z.

5. The synthesis operator

In this section, we investigate the synthesis operator S given by setting

. 1LS,T s, T
S bp,q BP#I’
[ele)

n = {Mj,m}jeN_l,meZ = fu = Z Z Mj,m hj,m-

Jj=—1meZ

5.1)

First, we need to show the synthesis operator S is well defined. To this end, we introduce
the following concept: for any given it := {{tj m}jeN_;,mez in C and N € Z, the trun-
cated sequence Ly = {(LN)jm}jeN_;,mez is defined by setting, for any j € N_; and
meZz,

) Him if—lfij,
(e )jom {o ifj > N

Observe that, for any given p and the truncated sequence puy with N € Z 4, the sum f,,,
is locally bounded and hence f,, € L1 . Recall that, for any p € [1, oo], the Sobolev

loc *

space WP on R is defined to be the set of all f € L? such that

I/ wee =1/ lLe + 1/ e < oo

where f’ denotes the weak derivative of f.

We need the following inequality, which is precisely Corollary 1.5 in [19] (A corres-
ponding estimate for W17 (0, 1) with p € [, 00) can also be obtained by using Theorem 1
in Section I11.2 of [28]).

Lemma 5.1. If p € [1, 00], then there exists a positive constant C such that, for any
pewhr

. 1/p
sup 2/02VD (Y (g ) 17) " < Clglwns.
JEN- mez

Lemma 5.2. Let p:= {{4jm}jeN_,,meZ € b(;l,l. Then f, defines a tempered distribution
onR and f,,, convergesto f,, in 8" as N — oo.
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Proof. Forany N € Z,, by Lemma 5.1 with p := 1 and the disjointness of the supports
of {hjmimez forany j €{l,..., N}, we conclude that, forany p € § C Wbl

N
{Sun- @) < D sup [iiml Y [(hjm, 0]
j=—1Mm€Z meZ
N
(5.2) Sllellwn Y 2797 sup |yl < I llwa ey, < lellwra el
me ’ ’

j=—1

This yields the uniform boundedness of the sequence {|{ f.y . ¢)|}nez, . Using (5.2), we
find that, for any N, M € Z with N > M and for any ¢ € §,

(Fun = Funa- @) S Il lw = pona g

which further implies that {{ f,,y.¢)}~nez, is a Cauchy sequence and hence a convergent
sequence. For any ¢ € §, let

(fug) i= lim (f.y. ).
N—o0
From this and (5.2), it follows that f, € 8’ and f,, converges to f, in 8’ as N — oo,
which completes the proof of Lemma 5.2. |

Lemma 5.3. Let p,qg € (0,00], s €R, and t €[0, 1/ p] satisfy s > 1/p — 1 — . Then,
forany n € byy, f defines a tempered distribution on R and f,,,, convergesto f, in S’
as N — oo.

Proof. Applying Lemma 3.6, Remark 3.2 (ii), and Proposition 3.5, we obtain
by = b3 ? = by
This, together with Lemma 5.2, further implies the desired conclusion, which completes

the proof of Lemma 5.3. ]

Our main result of this section proves the Morrey variant of Proposition 2.6 in [62]
under a stronger upper bound and a weaker lower bound.

Theorem 5.4. Let p € (0,0), g € (0,¢], s €R, and t € (0, 1/p]. Then the synthesis
operator S is a bounded linear mapping from b;’,fl into B;:f] if

(5.3) max{l—z,l—r—1}<s<l—f.
p p p
Proof. As in the previous section, the proof is rather lengthy but the idea is transparent.
Step 1. Preparations.
Fix 0 :={Wjm}jeN_,,mez € by g. Now, we rewrite S(u) by using sufficiently smooth

Daubechies wavelets; see Proposition 3.5. To this end, for any & € JH, since & € L? and ¥
as in (3.3) is an orthonormal basis in L2, it follows that

h= " (h Vi) Vi

k=—14LeZ
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in L2 and hence in §’. By this, Lemma 5.3, and the assumption thats > 1/p — 7 — 1, we
conclude that, for any ¢ € S,

{fu¢) Z Z“Jm jms ) = Z Z Z Z(Mj,m(hj,m»l/’k,e)'(//k,ﬁ»ql’),

j=—1meZ J=—1meZk=—14LcZ
which further implies that

(5.4) Su=SwW =33 tim (hjm: Vke) Ve

Jj=—1meZ k=—1LeZ

in §’. As in the previous section, we need additional information about the coefficients
(h, ) for any h € H and € W. For any given k, j e N_; and £ € Z, let

Ji,j ={meZ :|supphjm, N supp Y ¢| > 0}.

Obviously, for any k, j e N_y and £ € Z, (hjm, Y ¢) = 0if m ¢ Ji ¢, ;. Moreover, simil-
arly to (4.6), for any k, j € N_; and £ € Z, in the case where k > j, we let

Jej = Am € Jig,j : supp Y ¢ is neither a subset of ITm nor of 7, },

where /; + and /-, forany j € N_; and m € Z are the same as in (4.5); in the case where

k<], we 51mp1y write Jki = Ji,j. For any given k, j e N_; and £ € Z, from the
definition of J;f, 0. We easily 1nfer that
1 itk > j
5.5 VAP . -7
(> ie.s! {2J—k ifk < j.

Next, we claim that the right-hand side of (5.4) unconditionally converges in $’. In
what follows, we only consider k, j € Z in the summations of (5.4) because the proofs

involving k = —1 or j = —1 are quite similar. By the definition of b7, we find that, for
any j € Z4 andmeZ,
(5.6) |jm| < ||/L||b” 9—i(s+1/2+1=1/p)

Using this, (4.7), (5.5), Lemma 2.4 in [76] with M > max{1/p —t —s — 1/2,0}, and the
assumption that s < 1/p — 7, we find that, for any ¢ € §,

0o k
U= 5 S sl om0 | (V- )]

k=0 ler=0meJ,:‘l .

j(s+1/241—1/p) n(j—k)/2 n—kM
<||:Uv||b” ZZZ Z 2 2 2 1+ 12— k@|)1+M

k=0LeZ j= OmeJ,;‘ej

< o 2—k(1/2+M) —j(S+T—1/p)
”'U“”b Z Z (1 + |2 kg|)1+M Z

Z 9—k(1/2+M+s+t-1/p)
k=0

~ [l allpse ~ lptllpse -
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On the other hand, from (5.6), (4.8), (5.5), Lemma 2.4 in [76] with M > max{l/p — t —
s —1/2,0}, and the assumption that s > 1/p — t — 1, it follows that, for any ¢ € §,

=YY S S [y v (Ve 9]

k=0LeZ j=k+1 meJ,:‘
. . 1
—j(s+1/2+t—1/p) 53(k—j)/2 n—kM
< ||l’«||b” ZZ Z Z 2 2 2 (1 + [2kg|)1+M

k=0(eZ j= k-%—lmeJ];k .

5 ”H’”b"r 2k(1/2 M) 2—j(s+l+1’—l/p)
oyt £

”H‘”bsr sz(l/Z M—s—t+1/p) _

k=0

~ lilipse-

Thus, U; 4+ Uy < oo implies the claim holds. This, together with (5.4), further implies
that, in §’,

(5.7 =200 > tim e V) Vi = Fr + Fa,

k=—14{€Z j=— lmeJk 0

where .
o0
=2 200 > wimlhim Vre) Ve
k=-—1 ZGZj=—1meJ]:Lj

and

= Z Z Z Z Wim (Bjoms Yie0) Vi -

k=—1LeZ j=k+1meJ}, j

By the definition of J ,:‘ 0. We conclude that

(5.8) sup sup {£eZ: MEJkejH < o0.
Jjsk>=—1meZ

The value of this supremum only depends on the size of supp ¥, i.e., the number Nj.
Without loss of generality, we may assume that P := [0,27L) with L € Z below. Note
that, for any given j,k € N_; and £ € Z satisfying Q¢ C P, if m € Z satisfies that
| supp Vk.e N Qjm| > 0, then

(5.9) Qjm C [-27%N3,27F + 278 N3]  [=27E N3, 275 (N5 + D))

again, to avoid more complicated notation, we replace (5.9) simply by Q;,, C P and,
using (5.8), further conclude that

(5.10) YooY P s Y lwal”

W: QeCPymeJy, . {m:QjmCP}

where the implicit positive constant depends only on Nj.
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Step 2. We estimate || Fy ”Bﬁ‘}
By Proposition 3.5, we only need to estimate ||A(Fy) ||b;’;- To this end, let

00 k
p\4/p
= Z 2k(s+1/2—1/17)q( Z ‘ Z Z Wim (hj,m, Wkl)‘ ) .
k=max{L,0} {€: QreCP} j=0me‘]l:,l,j

We estimate I by the following four steps.

Substep 2.1. Assume that p € (0, 1] and L € N. In this case, we divide I into the
following two parts:

IS + 1o,
where
loe) L—-1 p\q/p
o= Y eSS )|
k=L {6:Qr P} j=0meJy, .
and

s k
I := Z Zk(s+l/2—1/p)q( Z ‘ Z Z Wim (hj,m,lﬂk,z)‘p)q/p.
k=L

{€: QkCP} j=L mEJ;l,j

As we will see below, I, can be estimated in a straightforward manner, but I; needs
some additional care. Therefore, we start with the estimation of I,. Using (4.7) and (5.10),
we obtain

o0 k
ST S G| D DD M s RS i
k=L {6 QreCPYj=LmeJ},
— k q/p
< [Zz(k—j)(s—l/p)p 3 2j(s+1/2—1/p)17|ujm|17]
k=L j=L {m:Q, mCP}
> k q/p
=Y (Xasby)
k=L j=L
where o 1= 2/6=1/P)P gnd
(5.12) Bj = Z 21(S+1/2—1/p)p|ﬂj,m|p

{m:QjmCP}

for any j € Z 4. Clearly, {a;-l/p}jez+ € ! because s < 1/p — v and 7 > 0. In addition,
combining with the definition of b3, we have the upper bound

(5.13) |48} ez ni.oo [ garr = 275 llitl e
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Applying this, Lemma 4.4 (i), and Corollary 4.5 (i), we further obtain
L S 275 |y,
D.q

Now, we turn to the estimation of I;. Estimate (5.10) is too rough for the estimation
of I;. Note that, for any given k e N N [L,00) and j €{0,...,L — 1} and for any £ € Z
satisfying Qx¢ C P, |Qjm N supp ¥ ¢| > 0 implies that 277/ (m + 1) > —27% N3 and
27im < 2L 4 2k N3, which, combined with j < L < k, further implies that

(5.14) me (=Ns—1,N3 + 1).

To avoid more complicated notation, we replace (5.14) simply by m = 0 because the
argument for the cases where m € (—N3 — 1, N3 + 1) \ {0} is quite similar. In this sense,
by (5.8), we find that, for any given k e N N [L,00) and j €{0,..., L — 1},

(5.15) Yoo D lwiml? ~ gl

{L: Qk,gCP} me‘ll:,f,j

Sinces < 1/p —t < 1/p, from (4.7) and (5.15), we deduce that

L-1

o0
s Y 2K 3 2(14«»/2]‘”1’
Pay) j=0

-1
(5.16) S2L(S—l/p)q<22jp/2|Mj0|p)q/17.
j=0
Applying Lemma 3.6, we conclude that, for any j € Z

(5.17) /AT 0] < Nl ygoce < Dellgs-

From this, (5.16), and the assumption that s < 1/p — t, we infer that

L—1

. a/p
L < 2L(s—1/p)q[ 2J(1/p—s—1)p P”]
= j}_oj Il

< 2L(s—1/p)q 2L(1/p—s—1:)q qs . = 2—qu qs .
< Il 1l

Substep 2.2. Assume that p € (0, 1] and L € Z \ N. In this case, we only need to
consider I, with L replaced by 0. Repeating the proof of (5.11) with L replaced by 0, we
then obtain

1< 275 )l
pq

This is the desired estimate.

Substep 2.3. Assume that p € (1,00) and L € N. Let ¢ € (0, o0) be sufficiently small
such that

1
(5.18) E< ——T—35.
4
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We first estimate I,. From (4.7), Holder’s inequality with 1=1/p+1/p’, (5.5), and (5.10),
we deduce that

I, < i 2k(s—1/p)q[ Z i Z 2j(1/2_8)p|ﬂj,m|p( i 21»6[,,)17/11’]4/11

{:0rcPYj=LmeJy, ; Jj=L

k=L

> k ‘ alp
522k(s+s—1/p>q[z 3 2](1/2—a)p|ﬂj,m|p]
k=L J=L{m:Q;mCP}
oo

k
. . . B q/p
[Zz(k J)(s+e=1/p)p Z 2J(s+1/2 l/p)p|uj’m|p] ;
j=L {m:Q;jmCP}

(5.19)

which is bounded by 2779 || ||%.. from Lemma 4.4 (i), Corollary 4.5(i), (5.18), (5.12),
psq

and (5.13).
Now, we turn to the estimation of I;. By Holder’s inequality, (5.5), (4.7), (5.15), the
assumptions < 1/p —7 < 1/p, (5.17), and (5.18), we find that

00 L-1 L-1
- (12— o\ PP 14/ P
LY 2k 1/p)q[ Yy Y e a)p|Mj,m|p<szep) ]
k=L {£: Q4 (CPYJ=0 meJ}, . j=0
Lea N~ gkts-1/ma] N pit1/2-0 . 10]"
<2ty 2 (> 17017 |
k=L j=0
L al/p
< 2L(s+8—1/p)q[ Z 2i(1/2—&)p |Mj50|p]
j=0
“ a/p
< 2L(s+8—l/p)q[ 3 21(1/p—s—r—8)p] ”M”q;’;
j=0 ’

< 2L(s+a—l/p)q 2L(1/p—s—r—s)q ”M”q& L= 2—qu ||M||qs ..
p.q Pp.q

Substep 2.4. Assume that p € (1, 00) and L € Z \ N. In this case, we only need to
consider I, with L replaced by 0. Repeating the proof of (5.19) with L replaced by 0, we
then obtain

L2787 e
p.q

In conclusion, combining all the above estimates, by Definition 3.3 and Proposi-
tion 3.5, we conclude that

(5.20) 1 Fullggs ~ DA s < Nlags

Step 3. We estimate ||F2||B;‘;~
To this end, we only need to estimate ||A(F2)|| boe due to Proposition 3.5. Recall that,
when k, j € N_y with k < j, |/, ;| S 277k see (5.5).



Haar wavelet characterization of Besov-type spaces with optimal indices 1751

Substep 3.1. Assume that p € (0, 1]. Using (4.8) and (5.10), we conclude that

o0 oo
pN\4/p
M= Z 2k(s+1/2—1/p)q( Z ) Z Z Hj,m(hj,m»lfl/k,ﬁ)‘>
k=max{L,0} {€: Qi CPY j=k+1meJy,
> s . N . N a/p
< Y [ 3 okt lpp SR i1 l/p)p|ujm|p:| .
k=max{L,0} j=k+1 {m:Q;mCP}

This, together with Lemma 4.4 (ii), Corollary 4.5(ii), (5.13), and s > 1/p — 2, further
implies that
<2755 |
p4q

This is the desired estimate.

Substep 3.2. Assume that p € (1,00). Since 1/p—t>s>1/p—1—1>—1, it
follows that there exists € € (0, co) such that

1 1
(5.21) — <e<s+2-—
p p
By this, Holder’s inequality, (4.8), (5.5), and (5.10), we find that
o0 o0
< Z 2k(S+1/2—1/p)q[ Z Z Z 1tjm|? 23(k—=i)p/2 Hjep
k=max{L,0} {€: QxeCP}j=k+1 me"lz(,l,j
ad . N\P/P'7alP
(XX )]
j=k+1m€],:’£’j
o0 o0
< Y okerl/pa { DD AR S T
k=max{L,0} {€: QrCP}j=k+1 mEJI:,Z,j
ad p/p'\alp
x[z—k 3 2/(1—sp'>] }
j=k+1
— k —1/p— > i q/p
< Z ok(s+2-1/p 8)11[ Z 2i(=3/2+8)p Z |M/.m|p]
k=max{L,0} j=k+1 {m:QjmcCP}
ad N b L . _ a/p
> [ 3 oketant/pmap N 56t/ l/p)Pluj,mlp] 7
k=max{L,0} j=k+1 {m:Q;mCP}

which, combined with Lemma 4.4 (ii), Corollary 4.5 (ii), (5.21), and (5.13), further implies
that
<275 .
pq

This is the desired estimate.
In summary, applying Definition 3.3 and Proposition 3.5, we find that

| Fall g ~ IAED) s < g
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This, together with (5.20), further implies that, under the restriction of (5.3),

| fiullgze < il
which completes the proof of Theorem 5.4. ]

Again, as a special case of Theorem 5.4, we state the consequence for the space F5, .

Corollary 5.5. Let p € (1/2,00) and s € R. Then the synthesis operator S is a bounded
linear mapping from b;,’,},/p = foo,p into F3, , if max{l/p —2,—1} <5 <O0.

6. Sufficiency for isomorphism

This section aims to complete the sufficiency proof of Theorem 2.2.

Obviously, we have S o 7 = Id and T o S = id, where Id refers to the identity map-
ping on finite linear combinations of the elements of the Haar system, and id refers to the
identity mapping on finite sequences. Now, we deal with extensions of these two asser-
tions.

The following theorem is already known (see Theorem 3.41 in [65]). Here we provide
a different proof based on Theorems 4.3 and 5.4.

Theorem 6.1. Let p € (0,00), ¢ € (0,00], s € R, and t € (0, 1/ p]. Then the mapping
T: f v 8(f) is an isomorphism from B}’ g onto by g (with the inverse S) if

1 1
6.1) ——1<s<min{1,——r}.
p p
Proof. The injectivity of T By g — byg follows directly from Proposition 4.2 (ii).
Next, we show that T is surjective. To do so, we choose u € bf,’,fl. For any N € N,
let u denote the truncated sequence of . Choosing ¢ € (0,5 — 1/p + 7 + 1) and apply-

ing (4.3), (4.2), and Theorem A with p := 00, g :=2,and s := —1 + ¢, we conclude that,
forany N e N and h € X,

(= SIS W fu = lgmrse Whllgyse < it = e llpcose [l gy — O

as N — oo, where f}, is the same as in (5.1). From this and the orthogonality of I, we
deduce that, forany j e N_; and m € Z,

(f;uhj,m) = <fMN’hj,m) = Hjm

lim
N—o0

and hence Tf,, = w. By Theorem 5.4, we obtain f, € By,z. Therefore, T is surjective.
Consequently, T is an isomorphism of B, onto b, which completes the proof of The-
orem 6.1. ]

As an immediate consequence of Theorem 6.1, we obtain the following corollary.
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Corollary 6.2. Let the notation be the same as in Theorem 6.1 and let fe€ 8. If (6.1)
holds, then f € By if and only if there exists i := {itjm}jeN_,,mez € bygq such that

6.2) f=Tu= 2 wimhjm

jeN_| meZ

unconditionally converges in 8'. Moreover, for any f € B;jf], the Fourier—Haar series f
is the unique representation of f with u = {(f. hjm)}jeN_,, mez.

Proof. The sufficiency follows directly from Theorem 5.4, and the necessity can be con-
cluded by the injectivity of 7. Moreover, we have shown the unconditional convergence in
the proof of Theorem 5.4; see (5.4) and (5.7). The uniqueness of f, is obvious because T’
is surjective. This finishes the proof of Corollary 6.2. ]

Remark 6.3. In Corollary 6.2, we cannot expect the right-hand side of (6.2) converges
to f in By because the space Bj; is not separable when t € (0, 00).

Because of BIS,:},/ P = F}, , with s € R and p € (0, 00), we find a characterization
of F5, , in terms of Fourier—Haar coefficients as well.

Corollary 6.4. Let p € (0,00) and s € R. Then the mapping T': f +— 8(f) is an isomorph-
ism from F3, , onto b;,’,i,/p (with the inverse S) if 1/p—1 <5 <0.

Remark 6.5. (i) To guarantee that T": F5, » b,s,’,},/ ? is an isomorphism, Triebel (The-

orem 3.41 in [65]) proved the sufficiency of the restriction 1/p — 1 < s < 0; see also
Theorem 3.18 in [67] and Section 5.7 of [23] for further comments.

(ii) Garrigds et al. [18] investigated the boundedness of the dyadic average operators,
defined by setting, forany N € Z4 and f€§,

6.3) Envfi=) 1oy 2" | f(»)dy.
keZ Ok

Let p € (0, 0] and s € R. Garrigés et al. (Theorem 1.4 in [18]) proved that the operat-
ors E admit an extension from § into Fg, , such that

(6.4) sup |En|lFs, ,—~Fs, <0
N€Z+

if and only if —1 < s < 0. Let us discuss the relation between (6.4) and the assertion that 7'

is an isomorphism from Fgo, p onto b;,’,i,/ P Observe that, for any N € Z4, if f is a linear

combination of elements of the Haar system, then
N-1

6.5) Evf =Y > {fhix)hix.
j=—1keZ

Since it always holds that, for any N € Z 4,

I8CEN F)llysaro < N8CH s/,
p,p p,p
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1/p
P

it follows that, if 7' is an isomorphism from Fgo’ p» onto b;,” , then, for any f e FS

S=EoD)f =/,
with o := {(f, hjk)}jeN_,, kez and

1Ew flles, S I8CEx PDllyye <1/ leg,-

p,p

P’

This further implies (6.4) under the range s € (1/p — 1, 0), which is more restrictive than
the range s € (—1, 0] stated in [18].

7. Necessity for isomorphism

In this section, we investigate the necessity of the restrictions in (2.3). Precisely, we obtain
the necessity of the lower bound s > 1/p — 1, whose proof borrows some ideas from
Sections 4-7 of [52], in Subsection 7.1, the necessity of the upper bound s < 1/p — 7 in
Subsection 7.2, and the necessity of the upper bound s < 1 in Subsection 7.3. Finally, in
Subsection 7.4, we apply Theorem 2.2 to lifted local bounded mean oscillation spaces,
which is of independent interest.

Now, we first recall the characterization of B;;fl in terms of local means. Consider
Yo, ¥ €§ and an integer M > —1 such that, for some given ¢ € (0, c0),

(7.1) [Wo(§)| >0 forany [§] < 2e,
(7.2) |U(£)] >0 foranye/2 < || < 2e,

and, when M € Z 4,
(7.3) / x*Y(x)dx =0 forany || < M.
R

Here the conditions (7.1) and (7.2) are called the Tauberian conditions. For any j € N, we
let

v () =2y ().
The following local mean characterization is originally from Theorem 4.1 in [11]
for the space £5%5 = B3a/®"D p 4€(0,00), s €R, and A € [0, 00). We also refer to

Theorem 2 in [71], which treats the homogeneous version with full ranges of p, g. The
inhomogeneous analogs were mentioned in p. 3809 of [71].

Lemma 7.1. Let s € (—oo, M + 1), T €0, 00), and p, q € (0, 00]. Then the quasi-norms

> o a/py1/q
(7.4) sup W{j:mxz{j,,,o} 2] /P vy o7 dx] )

and ”f”B,ij; are equivalent in Bpg.
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Usually v; * f in (7.4) is called the local mean. Compared with Definition 3.1, the
local mean characterization Lemma 7.1 allows us to choose ¢, ¥ with compact supports,
which is convenient as we are considering wavelets with compact supports. In what fol-
lows, we always choose functions o, ¥ € C™ supported in (—27%, 27%) satisfying the
Tauberian conditions with ¢ = 1/2. In addition, we assume that v satisfies (7.3) for some
M e N. It is known that there exists a subinterval J C [1/4,3/4] and a positive constant
¢o such that |J| = 1 and, for any x € J,

(1.5 [¥ * h(x)| = co

(see, for instance, p. 110 of [52] or equation (88) in [17]). This is useful for showing
certain lower bounds.

We also need the atomic characterization of Besov-type spaces in terms of the follow-
ing atoms.

Definition 7.2. Letd, N, L € (0, 00). A function ag is called a (d, N, L)-atom (for short,
atom)on acube Q C R if

(i) supp(ag) C dQ;

(i) |D%ag(x)| < |Q|~1/271l for any x e R and @ € Z 4 withr < N;

(i) [z xPag(x)dx = O0forany f€Z, with B < L.

The following lemma is a part of Theorem 3.33 in [65] with r := 7 — 1/ p therein.

Lemma 7.3. Let s € R, p,q € (0, 00], and T € [0, 00). Let d € (1,00) and N, L € (0, co0)
satisfy N > s +max{t — 1/p,0} and L > max{1/p,1} —1 —s.

Then f € By if and only if f €8’ and f can be represented as f = Y 0ep Aodo
in 8’ such that ||{/XQ}Q€1)||b;,; < 00. Moreover,

1 lggs ~ lAoloeollyy:

with the positive equivalence constants independent of f.

7.1. The necessity of the lower bound s > 1/p — 1

Theorem 7.4. Let p,q € (0,00] and t €[0,1/p]. If s € (—o0, 1/ p — 1], then the operator
T: By g — byg is not an isomorphism.

The cases <1/p —1

We first consider the case for s < 1/p — 1 in Theorem 7.4. To this end, we now provide
some test functions and give the upper bound for their norms.

First, we provide the definition of a family of test functions. Let n € C>° be an odd
function supported in (—27#,274) such that 7 has the vanishing moment of order M € N
and such that

1/2
(7.6) / n(x)dx > 1.
0
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Fix m € N and, for any £ € N N [m, 00), let ;" be a set of 2m=t_separated points in [0, 1];
that is,

f'lm = {Xg,l, ey xg,Nl}
with Ny < 267 and, forany v e {1,..., N, — 1}, Xg,p < Xg,y4+1 and
(1.7) Xe w1 — X = 2778

Moreover, let £™ denote a finite collection of nonnegative integers greater than or equal
to m, and let

U™ = {(L,v) : L€ L™, x4, € PP,

For any £ € £™, define
Uy ={v:v)eu™

and, for any (€, v) € U™, define

new(-) 1= 22025 — xp,0))

and, for any s € R, define

(7.8) 8s,m = Z 2—E(s+1/2) Z agvNe,w,

tegm veuy

where the sequence {ay,, }(¢,eun in C satisfies sup(; ,)eqym |@e,v| < 1. Let us mention
that functions of this type have been considered already in [52].

Proposition 7.5. Let s € (—My, 00), p,q € (0,00], and t €[0, 1/ p].

(i) For any m € N, let g5, be as in (7.8). Then there exists a positive constant C,
independent of m, such that

Igsmllgss < C27MIP [(E™)M4.

(ii) Assume that the sets {£™}neN are disjoint and, for any sequence {Bm}men in C,
let

(7.9) g:=) Bnlsm

meN

Then there exists a positive constant C, depending only on s, t, p, and q, such that

1/q
lglsgz < C[ 3 18wl 2792 gem)]

meN

Proof. We only show (ii), because (i) follows directly from (ii). Fix m € N. Clearly,
for any (£, v) € U™, there exists a dyadic cube Qg k) € D¢ such that x¢, € Qg k)
and hence 7y, is an atom supported in 3Qy i (v). Furthermore, (7.7) guarantees that, for
any £ € £™,

Ok # Qe ifv#V.
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By these, the assumption that the sets {£™}5°_, are disjoint, Lemma 7.3, and the fact that
SUp (g vyeun |ae.v| < 1, we obtain

_ _ qa/py1/q
Islag; < sup [P| SN D D ] D DI N L
€

meN {tegm = jp) (VeU .00k CP)

1/q
< sup 2Lr[ 3 1Bnlt 3 27t/ 2(@—m—L>q/p]
L=0 meN Legm

tsup 22 3 fle Y 2talp ptmar ]
L=0 meN legm

1/q
= sup 2L(r—1/p)[ Z |Bm|? 2—maq/p ﬁ(xm)]
L20 meN

Lt ml? —mq/p g(pm 1a
+sup 257 3 Bl 2707 (™|

meN

~ [ Bt 2mal gz,

meN

where the last step used the assumption t € [0, 1/ p]. This proves (ii) and hence finishes
the proof of Proposition 7.5. ]

In what follows, fix A C {2/ : j € Z 4} and some N € N such that
(7.10) 2V < (4) < 2NHL
For any givenn e {l,..., N}, k € Z4, and u € Z and for any x € R, define
M (%) 1= 5F7 (x = 27F = 27%71),

where 7 is as in (7.6). Define the Rademacher function ry, k € Z., by setting, for any
teR,

1 ifo<r—|r] <1/2,
ro(t) = .
-1 ifl/2<t—|t] <1
and ¢ (7) := ro(2%t), where the symbol |t | denotes the largest integer not greater than ¢.

Lemma 7.6. Lets€R, p,q€(0,00], and t €[0,1/p]. Foranyne{l,...,N},t€]0,1],
and x € [0, 1], define

2k_1
(7.11) Sua(x) o= 2MPTNIE N (1) 27 EES N ().
2keA n=0

Then, foranyn e€{l,...,N}andt €10, 1],

I fnellgse < 1.

where the implicit positive constant is independent of n, t, and N.
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Proof. Fixn € {1,...,N}. Let
L= {25 e A).

Then we can rewrite f, ; for any ¢ € [0, 1] as

2t=n—1
g = 2PN Ty (1) 27D T 22 (25— ),
letn n=0

where
Xgy = 2"t 2m 1 e o, 1].

Note that, for any £ € £",
e — Xew] =270 ifp
Thus, from Proposition 7.5 (i) and (7.10), it follows that
| foill s S 20/ P=Na27nIP (gigm)ta ~ 1,

This finishes the proof of Lemma 7.6. ]

The caseqg < p

For any ¢ € [0, 1] and any suitable distribution g, we define

2/-1
(7.12) Tig:= > rj() > (hju &) hjp.
2ieAd n=0
where r; denotes the Rademacher function on [0, 1]. Let f,; be as in (7.11) for any
ne{l,...,N}and t €[0, 1] and let {Otn}flv=1 be given real numbers. For any ¢ € [0, 1],
define
N
Jr= Zanfn,t-
n=1

The key part is the lower bound of || 77, fz, ||B;.; for most t1, 1, € [0, 1].

Lemma 7.7. LetseR, 0 < g < p < 00, and T € [0, 00). Let f ¢ be as in (7.11) for any

ne{l,...,N}andt €0, 1]. Then there exists a positive constant C, independent of N,
such that the lower bounds
1 1 l/q N
(7.13) ( / / 1T S| %se dity dtz) > C2N/p=1=9)
o Jo P-4
and
1 p1 1/q N

(7.14) (/ / 1T frall gy At dlz) > C‘ > a2 /p71m

0 Jo ’ n=1

hold.
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The following lemma is Khinchine’s inequality; see, for instance, p. 336 of [38].

Lemma 7.8. For any p € (0, 00), there exist constants 0 < A, < B, < 0o such that, for
any m € N and any complex numbers {c; }7L,,

" )\ P/2 1 p " 2\ P/2
Ap(Zlcﬂ ) S/O ‘ch”j(t)‘ dt < Bp(Zlcjl ) :
j=1 Jj=1

Jj=1

Now, we are ready to show Lemma 7.7, whose proof borrows some ideas from the
proof of Proposition 5.2 in [52].

Proof of Lemma 7.7. Observe that the inequality (7.13) follows directly from (7.14) by
choosing o := 1 and o, := 0 for n < N. Thus, we only need to prove (7.14).

To this end, note that, for any k € Z and t1,t, € [0, 1], Y * Ty, fz, is supported in the
interval [—1, 2]. From this, ¢ < p, and the Minkowski integral inequality for L?/7([0, 1])
with ¢ < p, it follows that

1 1 4 1/q
(7.15) ( /0 /0 1T fir s it dtz)

1 1 »
> [ / / D125 % Ty fio 1 .17y 41 dzz]
0 0

2keA
bt pla q/py1/q
={ Y (/ [/ / 25y Ty iy (O didia | dx) )
skey Y0115 J0 Jo
Forany 2k e Aandne{l,..., N}, let
2k 1
A o= 2"sT1/P) Z .
w=0

and

N
Ag = ZanAk,n.
n=1
Using these, for any 2% € 4 and ¢, 1, € [0, 1], we rewrite Y * Ty, f;, as

Vi x Ty, fr,(x) = Z Bjt(x)rj(t1) forany x eR,

2/ €A

where _
2/-1

Bian(x) 1= 27NN " ry(12) 275 " (A hy ) Uik * ().

2teA =0
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By Khinchine’s inequality (see Lemma 7.8) and picking up only the term j = k, we find
that, for any 2% cAdand x € [0, 1],

L[ [ oo s T o an an]
AL S r] ) = [ [ 2 o ]

2/€A

Using Khinchine’s inequality again and picking up only the term £ = k, we conclude that,
for any 2% € 4 and x €0, 1],

1 1 1/q
([ [ 12 T fuott an acs
0 0

2k—1
(7.16) 2 27N S A D ()|
n=0

For each 2¥ € A and ;1 € {0, ...,2% — 1}, since the functions hk,, and n, . have disjoint
supports if u # p/, it follows that

2k—1 N
(A, hi M Z Opn on1/p=s) Z nn ks hx ,u Z anzn(]/p_s)(nn,k,u, hk,u)

n=1

= Za 2" (/p= S>/ n@F (x —27F = 27K ) K2 (2 x — ) dx
n=1

Mz

oy 2"1/P7) A n@"(y =272 n(y)dy

n=1

N 0
-3 a, 2n(1/p—s)2—k/2[ /

n=1

—1/2

1/2
n2"y) dy—fo n(2”y)dy]

1/2
_ ZO‘" on(1/p—1-5) p—k/2+1 / n(z) d-.
0

n=1
This further implies that (7.16) is bounded from below by

2k_1

1/2
(7.17) > 2~ Na- k/z‘ R *hku(x)Za o1/ p=1= S)/o n(u)du‘.

u=0

For any 2K € A and 1 € {0, ..., 2K — 1}, let

(7.18) Jep=2"Fu 27,
where the interval J is as in (7.5). Clearly, for any x € Ji 4,

Vi * higw(x) =0 if o # .
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Using this and (7.5) and putting (7.17) into the rightmost side of (7.15), we obtain

(S (L) v mcor ana] ™ )}

2keq
2k—1
A Y (X [ [ s bl
kea  n=0"Tku

1/q

X ) ianz”(l/l’—l—ﬂ /1/2 nu) du)]l’dx)q/p}
n=1 0

N 1/2
= ‘ Zan 2”(1/p_1_s)[ n(u) du‘
n=1 0

2k_1

(X5 e o] )

2keAd

’

N
> ‘ Z a, 2" (1/P=1-9)
n=0

where the last step used (7.10), (7.6), and the fact that | J; .| 2 27 This finishes the proof
of Lemma 7.7. [

Proof of Theorem 7.4: Case s < 1/p — 1 and ¢ < p. Suppose that the analysis operator
T: By g — byg is an isomorphism for s < 1/p — 1. From Lemma 7.7, it follows that
there exist 1, t, € [0, 1] such that

” Tl1 fN,tz “B;z; 2 2N(]/p_l_S) .
On the other hand, by Lemma 7.6, we conclude that || f s, || BLE < 1. This implies that

N(1/p—1—
1 7ol gz g 2 277717

Let
(7.19) EX :={h;, 2/ €A, ri(h) = 1, uel{0,....,27 —1}}.

By the definition of T;,, we obtain T;, = Pg+ — Pg- and hence the operator norm of
either Pg+ or Pg- is bounded from below by 2V1/P=1=%) which diverges as N — oo
because s < 1/p — 1. Without loss of generality, we may assume that

1PE+llgss gy 2 2V /P71,
However, since we assume that T': By’ — b}y is an isomorphism, it follows that, for any
/€ B,
1Pe+ fllgge < A her s < 18 sgs < 1S lgge.

where the implicit positive constants are independent of N. This further implies that Pg+
is uniformly bounded with respect to N, which contradicts the assumption that Pg+ is not
uniformly bounded. Hence T is not an isomorphism from By’ onto b, in this case. m
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The case g > p

We need to recall some basic concepts on the complex interpolation of quasi-Banach
spaces (see, for example, [2]). Let Ay, A1 be a couple of quasi-Banach spaces, which
are continuously embedding into a large Hausdorff topological vector space Y. The space
Ao + A, is defined by setting

Ao+ Ay :={h €Y : thereexists h; € A;, i €{0, 1}, suchthat h = hg + h1},
and its quasi-norm || - | 4,+4, is given by setting, for any i € Ao + A1,
21l ag+a4, := inf{[|2ollag + ll21llay = b = ho + N1, hi € Ai, i €40, 1}).

A quasi-Banach space (4, ||-]|4) of complex-valued sequences is called a quasi-Banach
sequence lattice if, for any a = {ay}rez, € A and for a complex-valued sequence b =
{bi}kez. satistying |bg| < |ai| for all k € Z, we have b € A and ||b|4 < ||a]l4. The
Calderon product of the couple Ay, A; of quasi-Banach sequence lattices is defined to be
the set of all complex-valued sequences a = {ay }rez.. satisfying that, forallk € Z,
0)1-6 (1
jax] < 1ai”1' a1
for some a© = {a,(co)}k.ezJr € Ag and a® = {a,(cl)}kez;+ € Ay. Its quasi-norm ||a||A(1)79A?
is defined by setting
lall 3 49 := inf {la 5% la® 15, }-
where the infimum is taken over all couples (a(?, ™) satisfying |ag| < |a](€0) |19 |a,(€1) |9,
fork € Z ., witha©® € 4y and aV € A;.

Let
U:={zeC:0<Re(z) <1}

be an open strip on the plane, and let U be its closure, where, for any z € C, we denote
by Re(z) its real part. A quasi-Banach space A is said to be analytically convex if there
exists a positive constant C such that, for any analytic function f:U — A which is con-
tinuous on the closed strip U,

<C .
rzneagllf(Z)llA_ Reér)l(z_élﬁ),l}llf(Z)IIA

Assume that Ag + A; is analytically convex. The set
F = ?(A(), Al)

is defined to be the collection of all bounded continuous functions f: U— Ag + A; on U
that are analyticon U, R3¢ +— f(j +it) € A; is a bounded continuous function for each
J €40, 1}, and is equipped with the quasi-norm

I/l = max sup|f(j +it)la,-
J€{0,1} reR
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The outer complex interpolation space [Ag, A1]g with 8 € (0, 1) is defined by setting
[Ao, A1]lg :={g€ Ao+ A1 : g = f(0) forsome feF}
and its norm || -||[40,4,], 1S given by setting, for any g € [Ao, A1]g,

I glltao. 413 := nf{ll fll# : & = f(6) for some f e F}.

The following conclusion is a part of Corollary 1.11 in [75].

Lemma7.9. Let 6 €(0,1), s,50,51 €R, p, po, p1.9,90,491 € (0,00], and 7, 79, 71 €[0, 00)
be such that
1—-6 0 1 1-6 0

1
s=(1-=0)sg+6s;, —= + — - = 4+ — t=({1=-0)t9+01.
p Po P1 q q0 q1

Then

50,70 51,71 s,T
[Bpo,qo’ Bpl,q1]9 C BP,q'

Remark 7.10. The proof of Lemma 7.9 mainly relies on Holder’s inequality and both
the definitions of the complex interpolation and the Calder6én product. The proof of the
converse embedding is much more involved, but we do not need to use the converse
embedding for our purpose.

Let B3 denote the closure of the Schwartz space in BS'%. It is well known that the
complex interpolation yields the corresponding operator interpolation (see, for instance,
Theorem 4.4.1 in [2]).

Lemma 7.11. Let, for anyi €{0,1}, s; €R, p;,q; € (0,00], and t; € [0, 00). Assume that

o o
. RSo0,T0 S1,T1 5 50,70 51,71
L: BP(),qo N BPl,ql Bpo,qo N BPlaql

is linear and there exist two positive constants My and M, such that, for any i € {0, 1}
o o
and € By 0 B,
1L gz < Mill £l ggiv -
Blo-To

o
Then L can be uniquely extended to a bounded linear mapping from [Bp0' g , B;}jffl]g to
[By2w, Bylitlg with the norm at most M{ = MY for any 6 € [0, 1].

Proof of Theorem 7.4: Case s < 1/p — 1 and q¢ > p. In this case, suppose that 0 < py <
qo < 00, 79 €[0,1/po], so € (—00,1/po — 1), and T: Bpy'gh — bpeah is an isomorphism.
Now, we choose 6 := 1/2, s; € R, and p; € (0, 0o] satisfying

1 1 1 1
sle(——l,min{l,—}) and so— — +s51——+2<0.
P1 P1 Po P1
Such 57 and pq exist if s; is sufficiently close to 1/ p; — 1 because s¢ € (—o0, 1/ pg — 1).
Then we take g1 € (0, oo) sufficiently small such that
1 1 1 1

—_—— 4+ ——-—=<0.
Po 4o P1 q1
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Finally, choose 77 € [0, 1/ p1]. The aforementioned choices ensure that 7' Bp.'g, — bpi'a,
is an isomorphism due to Theorem B and that

1 n 1 1 1 n 1 1 1 n 1 d 1 n 1
Si==so+-85, —=—+—0: =—+— and ti=-190+-71
2 2 P 2p0 2p1 ¢ 2q0 241 2 2

satisfy s < 1/p—1,0<g <p<ooand 0 <t < 1/p. Since T: Bp’f. — b;,’;.’fji is an
isomorphism for any i € {0, 1}, it follows that T} is uniformly bounded on Bji'f. for
all t € [0, 1], where Ty is as in (7.12). Using this and Lemma 7.11, we find that, for any
tel0,1]and f€S,

20:40°°p1:41 Bpiay

(7.20) ”th”[BSO”O Bl e < ||f||[§;g:;% B lo’

where the implicit positive constant is independent of  and f. Let fy ;€S beasin(7.11)

and let b7 be the closure of finite sequences in b,z for any i € {0, 1}. Then, for any
N €N, there exist t1, t, € [0, 1] such that

N(1/p—1—
(7.21) 2NVPTI) Ty S llgss S 1T, TNl gy,

s ”fN,tz||[§;3z;%,§;}:;11]9 ~ ||Sqo(fN,tz)”[5;81;%552111;11]9

1-6 6
~ ||S<0(fN,t2)||(b°;?)2;%)1_9(l‘7’;11,’;11)9 S ||fN,t2 ||B;g:2% ||fN,t2||B;1:;11 <1,

where the first step used Lemma 7.7, the second step used Lemma 7.9, the third step
used (7.20), the fourth step used the well-known @-transform characterization (see The-
orem 2.1 in [76] for the precise definition of S,) with certain ¢ € §, the fifth step used
the well-known fact that [Ao, A1]g = A3 7% A if one of Ay, A; is analytically convex and
separable, the next step used the definition of Calder6n product and Theorem 2.1 in [76],
and the last step used Lemma 7.6. This leads to an obvious contradiction when N is suffi-
ciently large because s < 1/p — 1. Thus, T: Bpy'gb — bpo’gh is not an isomorphism, which
then completes the proof of Theorem 7.4. |

The endpoint cases = 1/p — 1

Now, we consider the endpoint case s = 1/ p — 1. The following proof borrows some ideas
from the proof of Theorem 6.1 in [52]. Fix N € N sufficiently large. Then we choose
A C {2" : n € N} satisfying that both ff(4) > 4V and there exist 4" disjoint intervals
{IK}ill such that the length of I, is N and f(I, Nlog,(A4)) ~ N forallk € {1,...,4V}.
Let

4N
1
(7.22) Z:= 15 D e Nlogy(A)).
k=1
Clearly, Z ~ N.
We consider the following test functions. For any « € {1, ..., 4N }, let by be the largest

integer in /I,
Uy := I, Nlog,(A4),
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and
(7.23) Ec:={(j,p): j €Ue, pe2/bctNt27 q[1,27)},

Define
£ = $N = {bK+NZK€{1,...,4N}}.

Let 7 be as in (7.6) and, for any £ € £ and x € R, let

N
(7.24) Hy(x):= ) 27° > n(259 (x — 22N 274,

o=1 {peN:0<22N+2-Cp<1}
Then we have the following upper estimate.
Lemma 7.12. Let p,q € (0,00] and Tt €[0,1/ p]. Foranyt €[0, 1] and x € R, let
i) i= 2NAIP=UD N "y (1) 287 Hy (),
let

where {r;}jeN is the system of Rademacher functions. Then there exists a positive con-
stant C such that
| fill pipore < CN12
P9

holds uniformly in t € [0, 1].

Proof. Foranyo e{l,...,N},let£(0) :={b + N —0:k =1,.. .,22N}. Clearly, the
sets £(o) are disjoint and ff(£(c)) = 22N forall o € {1,..., N}. For any ¢ € [0, 1], we
rewrite f; as in (7.9):

N

fi = Z 7(@N—0)/p—2N/q Sors
o=1
where
Sou()i= Do 2WPTUD T g (02228 - 2N,
LteL(o) {pEN:0<22N+2-Lp<1}

We aim to use Proposition 7.5 (ii) with m := 2N — ¢. To this end, observe that the points

+2—¢
{2 p}{pGN:0<22N+2’[p<l}

are 2 *-separated with m := 2N — o Using this and Proposition 7.5 (ii) with
BoN—o := 2@N=0)/P=2N/a
we conclude that, for any ¢ € [0, 1],

N
el gypse < [ 32 20N-0/r20a y-CN=0alr g 07)] " = 1,
P.q

o=1

where the implicit positive constant is independent of ¢. This finishes the proof. ]
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Let

4N
E:=EVN .= U E,,
k=1

where E, is as in (7.23). For any t € [0, 1] and f € L} , define

loc?

Tof = Y 1O b by

(.m)€E
Then we have the following lower bound.

Proposition 7.13. Let0 < g < p < oo and t € [0,00). Then there exists a positive constant
C := Cp 4,1, depending on p, q, and v, such that, for sufficiently large N,

1 1 4 1/q "
([ [ 17 sty anan] ™ = vzt
0 0 D.q

where Z is as in (7.22).

Proof. Similarly to (7.15), under the assumption of ¢ < p, we only need to estimate the
lower bound of

228 1 Lol plq q/py\1/q
(7.25) {ZZ(/O [/0 /0 |2k(1/1’_1)wk*T,lf,z(x)|‘1dtldt2] dx) } .

k=1keU,

Using Khinchine’s inequality (see Lemma 7.8), we find that (7.25) is equivalent to

22N 1
CONEEDIDY (/ (X2 X @Y Hemw
k=1keU, °0 “jeUctet {w: (,n)eEe}

’

x 2K/ p=1) 22N/ p=1/4) ., hju(x)‘z]p/z dx)q/p}l/q

where Hy is as in (7.24). We drop all the terms with (j,£) # (k, b, + N), and hence (7.26)
is bounded from below by

22N 1
(7.27) >3] [ Y RO H )
k=1keUe *0  {w:(k.0)eEe)

x 2K /p=1) 2N/p=1/0) y s u(x))l’ dx]q/p}l/q.

Repeating an argument similar to that used in the proof of the identity (52) in [52], we
obtain, for = p, := 2k~bc+tN+2) withn e N,

1/2
(Hpe+ N M) = N2k/2_bK_N/ n(x)dx.
0



Haar wavelet characterization of Besov-type spaces with optimal indices 1767

Recall that, for any k € N and n € N with u, < 2%, the interval Ji,u, 18 as in (7.18).
Applying this, the fact that the intervals {Jg ., }nen are disjoint, and (7.5), we conclude
that (7.27) is bounded from below by

22N

{Z Z [ Z / ‘2(bK+N)/p/N2k_bK_N

k=1keUc {n:0<2k—bx+N+2y <2k} Tk pin

1/2
o« ok(1/p=1) 22N(1/p—1/q)f n(u)du’pdx]q/p}l/q_
0

Combining this, the fact that

Z |Jk,;L,,| ~ 2bK_N_k,

{n:0<2k=bic+N+2p <2k}

and (7.22), we further find that the last expression is bounded from below by
92N .
{ 337 2B NRalp ot NP N gkbemN gk p=1) 92N/ p=1/a) |q} /a

k=1keU,
92N

=(X> N‘12_2N)1/q = NZ4,

k=1keU,
This finishes the proof of Proposition 7.13. ]
Now, we are in the position to prove the endpoint case of Theorem 7.4.

Proof of Theorem 7.4: Case s = 1/p — 1. We consider the following two cases on p, q.
Case (1):q < p.
In this case, applying Lemma 7.12, Proposition 7.13, and an argument similar to that
used in the proof of the case s < 1/p — 1 and g < p of Theorem 7.4, we conclude that

max || Pgsll gu/p-1c 2 N'7V4ZV4 > N,
+ D4

where E¥ is as in (7.19). In the last step we have used Z ~ N. This means that 7 is not
an isomorphism in this case.

Case (2):q > p.

In this case, let 0 < py < go < 00, 59 := 1/po — 1, and 7o € [0, 1/ py). Suppose
that T By 20~1™ — pl/20=1%0 i an isomorphism. Now, we choose p; € (1, 00), 51 =
1/p1 —1,and 1 € (1/p1,1). Let 8 € (0, 1) be such that
-0 0

_l’_ —_—
Po P1

1
(7.28) (1—0)7o + 011 <
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Such 6 € (0, 1) exists due to 79 € [0, 1/ po). Then fix g; € (0, py) sufficiently small such

that

1-6 6 1-6 6
> +

(7.29) >
q0 q1 Po P1

Let

1 1-6 6 1 1-6 6
Sl=(1—9)80+9S1, —_= + — —= + — ‘L'Z=(1—0)‘L’0+0‘L’1.
4 Po D1 q q0 q1
Using (7.28) and (7.29), we obtain 0 < g < p < o0, s = 1/p — 1, and 7 € (0, 1/ p]. This,
together with Proposition 7.13, further implies that, for any given sufficient large N € N,
there exist 11, t; € [0, 1] such that

(7.30) 1T fooll gr/p—1e 2 N1FYA
P9
On the other hand, by Remark 3.2 (iii), we find that
T -1
Bovay = Boooo:

Moreover, since 7; € (1/p1, 1), from Theorem 3.41 in [65], we deduce that T': B;})_cxl3 —
bg})_o}) is an isomorphism. Applying an argument similar to that used in the proof of (7.21),

we find that
||Tt1 fl‘z”Bl/p—l,r S Nl/q,
P9

which, combined with (7.30), further implies an obvious contradiction. Thus,

. pl/po—1,70 1/po—1,70
T: BPO,QO - bpo,qo

is not an isomorphism in this case. This finishes the proof of Theorem 7.4. ]

7.2. Necessity of the upper bound s < 1/p — 7

The following conclusion shows that, when s € (1/p — 7, 0¢0), T: Bpg — bpg is not an
isomorphism, which is a part of Theorem 2.1 in [77].

Lemma 7.14. Let p,q € (0,00], s € R, and t € [0, 1/ p]. Then, for any h € K, h € By
if and only if either s = 1/p, g =00, and s < 1/p—t ors < 1/p, q € (0, ], and
s<1/p—r.

We are forced to consider the endpoint case s = 1/p — 1. Let p, ¢ € (0, oo] and
7€]0,1/ p]. Observe that Lemma 7.14 implies that, when t =0 and g € (0,00), 1 ¢ B;,/qp’o.
This immediately shows that S: b,z — By is not an isomorphism. Thus, in what fol-
lows, when T = 0, we always consider ¢ = oco. For convenience, we say the Besov-type
space BA/P ™" is a bmo-type space if either p € (0, 00), ¢ € (0, 00], and 7 € (0, 1/ p], or
p €(0,00], g = 00, and T = 0. The following function plays a major role in this situation.
Let

(7.31) =Y 27 h,

j=0
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and, for any N € N, the partial sum fy of f is defined by setting

N-1

(7.32) Sy =Y 27 Ry

Jj=0

Obviously, f is an unbounded compactly supported function in L2.

To study the properties of f, we need to recall the characterization of Bgo’oo in terms
of local means; see, for instance, Subsections 2.4.6 and 2.5.3 in [58]. Let ¥, y € CX°
be two functions supported in (—1/2, 1/2) satisfying (7.1), (7.2), and (7.3) with some
M € N. Then, for any f € B?

00,00°

(7.33) I/ 1182

00,00

~ sup sup |V * f(x)].

x€R keZ
Now, we present some properties related to f as follows.

Lemma 7.15. Let fn for any N € N be the same as in (7.32). Then the following asser-
tions hold.

(1) The sequence { fn }NeN is unbounded in all the bmo-type spaces.
(i1) The sequence {6( fn)}NneN is bounded in all the sequence spaces of bmo-type spaces.

Proof. Fix a bmo-type space BI},/,IP " for some p, ¢, and T, and consider its sequence

1/p—rt,
space bp,/qp o

We first prove (i). Let ¥ and v be the same as in (7.33). Without loss of generality,
we may assume that

0
/ Y(z)dz # 0.

—1/2

Fix N € N. By Lemma 7.14, we conclude
1/p-t,

N € Bp,qp nT
Note that, forany j €{0,...,N —1}andk > N — 1, h; o = 27/? on (0,27¥~1). Therefore,
whenk > N —1,

N—-1 ,o-j
Vi fu©) =283 /0 Y(=250) 2772y 0() dy
j=0
N-1 k-1 1/2
>3 [ wednay=n [ veo
0 0
This, together with (7.33), further implies that

(7.34) I/~ By, ., 2 N.

Moreover, by Lemma 3.6, we find that

(7.35) BMPTTT < BY .
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Using this and (7.34), we conclude that
I £ Nguip-ee 2 1S lpg, . 2 V.

Thus, (i) holds.
Next, we show (ii). Notice that

> . . oal/q
(736)  sup [8(/w)llyp-re < sup2te[ Y7 ST g a2
NeN P Le .
j=max{L,0}

2Lr 2~ max{L,0}t

~ sup =1 < o0,

LeZ

which still holds with a slight modification made when ¢ = oco. This finishes the proof of
(ii) and hence Lemma 7.15. ]

Concerning f in (7.31), we have the following lemma.

Lemma 7.16. Let [ be the same as in (7.31). Then the following assertions hold.
(1) The function f does not belong to any bmo-type space.
(ii) The sequence §(f) belongs to all the sequence spaces of bmo-type spaces.

Proof. Fix a bmo-type space B/ ™" for some p, ¢, and t.

We first show (i). To this end, we suppose that f € B;,/qp_r’r. By (6.5), we conclude
that, for any N € N,

N-1
Enf=) 2"hjo=fn.
Jj=0

where Ep is the same as in (6.3). From this, Theorem 1.9(ii) in [17], and the embed-
ding (7.35), we deduce that, forany N € N,

I fnllBe, ., = IENfllBe, ., < sup |EnliBy By N flBY
: oo = or : : :
€L+

<17 gygper < o0

This contradicts (7.34) and hence f ¢ BI},/qp ~®T_ This finishes the proof of (i).
On the other hand, (ii) follows directly from (7.36), which then completes the proof of
Lemma 7.16. u

As an immediate consequence of Lemma 7.16, we obtain the following interesting
result.

Corollary 7.17. Let p,q € (0, 00] and t € [0, 1/ p]. If the space B;,/qp_r’r is a bmo-type
space, then
7 Sy B

where f is asin (7.31) and S is as in (5.1).
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Remark 7.18. In Theorem 1.10 of [19], Garrigés, Seeger, and Ullrich have shown that,
for any p € [1, 00),

(7.37) feSm/r0\ B)E°

p,o0

where f is the same as in (7.31). Let us mention that Lemma 7.16 (i) implies that (7.37)
holds for any p € (0, oo] because, from the Sobolev-type embeddings (see, for instance,
Corollary 2.2 in [76]), it follows that B,/2° <> B, _ for any p € (0, oc)].

7.3. Necessity of the upper bound s < 1

In this subsection, we work with a standard extremal function for the Haar system. Let p
be a smooth function such that p € C2°, supp p C [—1,2], and p(x) = 1 if x € [0, 1]. For
any x € R, let

(7.38) f(x) = p(x)x.

Clearly, fe C.

Proposition 7.19. Let p, g € (0, 00] and © € [0, 1/p]. Then T is not an isomorphism
from By% onto by},

Proof. We consider the following two cases on ¢ € (0, 00].

Case (1): q € (0, 00).

Let f be the same as in (7.38). Since f e C, it easily follows fe BI},’; . Now, we
turn to the Fourier—Haar series of f. Indeed, we only need to consider the Fourier—Haar
series of f on [0, 1). Elementary calculations yield that, for any x € [0, 1),

2/ -1

f(x) = 22—31/2 Z hjge(x).

By this and ¢ € (0, 00), we find that
o - o\d/p1/a N
1Tl 2 [sz(ul/zfl/p)q( 3 273117/2) ] (Z )
j=0 {m:QjmCl0,1)} j=0
which still holds with a slight modification made when p = oo. This shows that
T(f) & by,

and hence the desired conclusion holds in this case.
Case (2).q = o0
Let € C°(0, 1) satisfy ¢ =1 on [1/4, 3/4]. For any large N € (2,00) NN, let

EN —{]eN E<]<%}
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and, for any j € Ey and x € R, let

¢ (x) 1= > X ().

Next, we consider the following two cases on p € (0, co].
If p € (0, 00), then, for any ¢ € [0, 1] and x € R, define

fra(x) =) i @)

27
JEEN

¢ (x),

where {r;j};ec, are the Rademacher functions.
Using Lemma 7.3 in [18] and Lemma 7.1, we find that, for any ¢ € [0, 1],

| fwalgys, < sup [PIT sup  2KC/27UP | S 0y gy
P ped keZ N [jp,00) jeen

LP(P)

S sup [P[TT 0 sup  2KGR2TUP N o pnlimkIM k2 p Ao, 1))P

PeD keZ N [jp,00) fert

< sup [P[7T[P N [0.1]]"/7 sup 2X01/P) N7 gmi prlimkIM
PeD keZ JEZ 4

~ sup |[P|F|P N[0, 1]|Y7 sup 27%/P ~ 1,
PeD keZ+

where the second step used the fact that, for any k, j € Z 4,
Wi x j| S 27/ KIM g/

with M € N N (1, 00) (see Lemma 7.3 in [18]) and the implicit positive constants are
independent of 7.
On the other hand, we have

B 1/p
1Tl = 2V ( 3 s hvm)l?)
{meZ: Qk mC(1/4,3/4)}

Using this and the estimation of (8.10) in [19], we find that there exists 71 € [0, 1] such that

17 () ||b;:go > V/N.

Therefore, T is not an isomorphism from Bpl,’f,o onto b;jf,o in the case where p € (0, c0).
If p = oo, then, for any x € R, define

v =" 277 ¢;(x).
JEEN

Then, using the estimate in (8.12) of [19] with g := oo, we obtain || x|y < 1. How-
ever, from inequality (8.14) in [19], it follows that

IT(fM)llpg, o = N-

This further implies the desired conclusion in this case, which completes the proof of
Lemma 7.19. u
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Remark 7.20. By an interpolation argument similar to (7.21) and Proposition 7.19, one
can easily find that, when s € (1, 00), p,q € (0,00], and 7 €[0, 1/ p], T is not an isomorph-
ism from By onto b,’5. We omit further details.

We summarize the results of this subsection as follows.

Corollary 7.21. Let p,q € (0,¢], s €R, and v €[0,1/p]. If T: Bpg — bpg is an iso-

morphism, then
1 1
s € (— — l,min{l, —— ‘L'})
p p

Proof. The necessity of the upper bound has been shown in Subsections 7.2 and 7.3. The
necessity of the lower bound is treated in Sections 7.1. ]

7.4. Lifted local bounded mean oscillation spaces

In this subsection, we consider the Haar characterization of some spacial cases of Besov-
type spaces, namely the local bounded mean oscillation spaces, which have a close con-
nection with Navier—Stokes equations (see, for instance, [29] and Chapter 6 of [65]). For
more details of bounded mean oscillation spaces, we refer to [8,26] and the references
therein.

Recall that the space bmo is the collection of all f € L! such that

loc

I o = sup / @I+ sup /If(x)—fpldx<oo

=1 1P|

where, for any interval P,
P =

|P| / f(x)dx

and the suprema are taken over all finite intervals P, either with length equal to 1 or with
length not more than 1. Let s € R. The lift operator J* is defined by setting, for any f € §’,

Pf=[a+ 1P AT

which is a bijection on both § and §’ onto themselves. Then, for any s € R, the lifted local
bounded mean oscillation spaces bmo® is defined by setting

bmo® := J*bmo := {J° f : f €bmo}.
It is known that
(7.39) bmo® = ByY? = F5,,

in the sense of equivalent norms; see, for instance, equation (3.193) in [65]. By this, we can
immediately formulate the consequences of our general results with respect to this special
case. We first consider s = 0. Let us start with the Daubechies wavelet characterization of
bmo. This yields

(7.40) 1/ Momo ~ IHCS Wjked ey kezll .2
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for any pair (¢, ¥) of sufficiently smooth compactly supported generators of a wavelet
system. Wojtaszczyk (see Exersize 8.8 in [69] with BMO instead of bmo) and Triebel (see
Section 3.3.1 in [65]) have shown that ¢, € C 1 is sufficient. More than 40 years ago,
Wojtaszczyk [68] has shown a similar characterization as in (7.40) of BMO(0, 1) by using
the Franklin system.

Applying (7.39) and Theorem 2.2, we obtain the following conclusion.

Corollary 7.22. Lets € R. Then the mapping T f +> 8( f) is an isomorphism from bmo®
onto b;’,;/z if and only if s € (—1/2,0).

Remark 7.23. (i) As pointed out in Remark 3.45 of [65] by Triebel, it is not clear whether
the space bmo® admits the Haar expansion if s € (—1,—1/2]. From Corollary 7.22, we infer
that, when s < —1/2, the Haar characterization for the space bmo® is no longer true. Not-
ably, this failure can be also deduced from the argument in Remark 12.1 of [18], due to the
counterexamples developed in [52]. This fact gives a negative answer to aforementioned
question.

(ii) The negative statement in (i) concerning bmo can be supplemented by a positive
result in the homogeneous situation due to Chang and Fefferman [8]. Let BMO4 denote
the dyadic BMO, i.e., the class of all locally integrable functions f on R such that

1
sup —
PeD |P|

/P () — fol dx < oo.

Obviously, BMO < BMOy. In Proposition on p. 26 of [8], Chang and Fefferman proved

that a function f € L} . belongs to BMOy if and only if there exists a positive constant C

such that, for any dyadic interval P € D,

S Y WhmP <CIPl

j=max{jp,0} {m: QjmCP}

8. Remaining proofs

It remains to prove Corollary 2.6. To this end, we need to give an interpretation about the
pointwise multiplication; see, for instance, Section 4.2 in [49]. For any k € Z 4 and f€§’,
let

k
Sk f=)"5;f.
=0

where, forany j € Z, S; is the same as in (3.1). It is well known that, for any k € Z ; and
fe8’, §* feC>® with all of its derivatives having polynomial growth at infinity; see, for
instance, Theorem 2.3.20 in [21].

Definition 8.1. Let f, g € S’. The product of f and g is defined by setting
fg:= lim Skf kg
k—o00

if the limit on the right-hand side exists in §’.
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We need the following useful conclusions on the properties of S¥, which is a part
of equation (5) in Subsection 4.2.1 of [49].

Lemma 8.2. If p € (0, 0], ¢ € (0, 00), and s € R, then, for any f € B;,q,
Jim [1S€f = fll5;,, =0.

Definition 8.3. Let X < 8’ be a quasi-Banach space. Then the pointwise multiplier space

M (X) of X is defined to be the set of all m € §’ such that, for any f € X, mf € X and

. llmf || x
||m||M(X) = sup <
(rex, 20y 1/ lIx

’

where 0 denotes the null element of X .

The following lemma is useful for the proof of Corollary 2.6.
Lemma 8.4. Let p €[1,00), q € (1,00), and s € R. Then, for any f € B;Sq,, gEe B;’q,
andme M(Bj; ;) N L!

loc”

(mf.g) = (f.mg).
andmeM(B, ;)N L! . Using Lemma 2.12 in [35] and

loc *

Proof. Fix f e B;fq,, gE€B,,
Lemma 4.1, we find that
me M(B;,,q) = M(Bl;fq/).

Note that, forany ¢ € § and k, j € Z,

l(mf. o) — (f.mg)|
< [(mf.0) — (mS* f.o)| + [(mS* f.0) — (STmS* f.¢)]
+ [(S'mSk f.0) = (f.mp)]
=1L +L+]1.

We first estimate I;. Since m € M (B;fq,), from Lemma 4.1, we infer that, for any
peSandkeZy,

L < lm(f =S Nz, lelsy, <1f =S flsz, lelss,-
Now, we estimate I5. It is known that, for any € §’,
(8.1 STh—h

in §" as j — oo (see, for instance, equation (2) in Subsection 4.2.1 of [49]). For any given
k € Z 4, by (8.1) and the fact that S¥ £ € C* with all of its derivatives having polynomial
growth at infinity, we conclude that S/mS¥ f — mS* f in 8’ as j — oco. This further
implies that, for any given k € Z 4,

Jj—o00
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Next, we estimate I3. Using (8.1) again and Lemma 8.2 (ii), we find that, for any k € Z
,'lifgo I3 = [(mS* f.0) — (£ mo)|.

This, together with the assumption that m € M(Bj ) N L},. and Lemma 4.1, further
implies that, for any k € Z .,

lim Iy = [(S*f = fime)| S I1f =S¥ fls lelss,-
J—00 p'q
Combining above estimates and using Lemma 8.2, we conclude that, for any ¢ € §,

(8.2) l{imf. @) — (fime)| < lim lim (I; +» +I3) = 0.
k—o00 j—00

Since § is dense in B} ., it follows that there exists a sequence {¢, }nen in § such that
¢y —> g in B;,q. From this, (8.2), Lemma 4.1, and the assumption that m € M(B;’q) N

L}OC , we deduce that, for any n € N,
[(mf.g) = (fomg)| < [{mf. &) — (mf.on)| + |(f.mepn) — (f.mg)|
S/ 155, g = enllsg, =0
as n — oo. This finishes the proof of Lemma 8.4. ]

Now, we are ready to prove Corollary 2.6.

Proof of Corollary 2.6. Let ¢ € (0,00) be such thats > 1/p — 7 — 1 + . Applying The-
orem 1 in Section 4.6.3 of [49] and Lemma 2.12 in [35], we obtain

Lio,00) € M(BL'S®) = M(B{5°).

(o]

Clearly, 150 = 0in §’ and 0 € M(Bllf). Thus, 1[p,00) € M(BIIE“"). From these and from
the translation invariance and the reflection invariance of Besov spaces, it follows that, for
any a € R,

l(a,oo)v 1[a,oo), 1(—oo,a)v 1(—oo,a] € M(Bll,;s .

This further implies that, for any interval / C R,

(8.3) 1; € M(B{5*) N L}

loc *

Now, we assume that / is either a dyadic interval or I := [0, 00). Then, by Lemma 8.4,
(8.3), (4.1), and (4.2), we find that, for any f € B,z and h € K,

(11 f, 1) = (f, h1p),

which further implies that

(8.4) 18CLr F)llagy = 18 oy
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Applying this and Theorem 2.2, we conclude the desired conclusion in this case. By an
argument similar to that used in the proof of (8.4), we obtain the desired conclusion in the
case where [ := [0, a) for any a € N.

Since Besov-type spaces are translation invariant, it remains to show the desired result
in the case where I := [0, b) for some b € (0, c0) \ N. Without loss of generality, we may
assume that [0,c) C I C [0,a), where eithera,c € N ora,c € {27/ : j € N} satisfy 0 <
¢ <b <aanda < 2c. From a standard argument that used in the proof that the definition
of Besov-type spaces is independent of the choice of ¢q (see, for instance, the proofs of
Lemma 4.1 in [76] and Theorem 1.1 in [71]), we infer that the mapping f — f(A-) is
uniformly bounded from B} into itself with respect to A € [1/2, 2]. This further implies
that the desired result holds in the case where I := [0, b) for some b € (0, c0) \ N, which
completes the proof of Corollary 2.6. ]
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